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RESUME

La photonique est une plateforme prometteuse pour construire des systémes de traitement de
I'information quantique & grande échelle [1-5]. Dans beaucoup de ces systeémes, la détection
du nombre de photons joue un role essentiel en fournissant une ressource clé pour obtenir
un avantage quantique. Ces détecteurs peuvent étre utilisés, par exemple, pour générer des
états quantiques non-gaussiens [6-13], pour échantillonner des distributions de probabilité
difficiles & calculer classiquement [14-19] ou pour améliorer la précision d’expériences inter-
férométriques en résolvant directement plusieurs quanta [20,21]. L’utilisation de détecteurs
capables de compter le nombre de photons est intéressante, car un seul détecteur peut mesurer
précisément le nombre de photons d’un état quantique [22,23], sans avoir besoin d’un réseau
complexe de détecteurs de seuil avec tous les problemes de complexité et d’inefficacité que

cela peut entrainer [16,24,25].

Les capteurs a effet de transition (Transition Edge Sensors ou TES) ont été utilisés pour
cette tache, offrant une résolution élevée sur une large gamme d’énergies. La résolution de
30 photons dans un pulse de lumiére a été démontrée [26], bien que les performances soient

souvent plus modestes, de 'ordre de 17 photons, avec des techniques plus simples [23].

Les TES exploitent la transition de phase supraconductrice de matériaux photosensibles
pour obtenir un calorimetre extrémement sensible [27]. Pendant 1'utilisation des détecteurs,
le matériau est refroidi en dessous de sa température critique puis soumis a un courant dans la
région de transition entre I'état supraconducteur et 1’état normal. L’absorption d’un photon
fait alors varier de maniére mesurable la résistance du matériau [28,29]. Ce changement de
résistance est ensuite détecté par un amplificateur a faible bruit comme les dispositifs SQUID
(Superconducting Quantum Interference Devices), qui permettent aussi de créer des réseaux

denses de détecteurs TES graces au multiplexage [27].

La lecture des signaux de ces détecteurs n’est cependant pas triviale, car la quantité que 'on
veut mesurer, 1’énergie (ou le nombre de photons a fréquence fixe), se traduit de maniere
non linéaire dans le signal de tension [30]. Par le passé, on a utilisé l'intégrale (I’aire) du
signal pour estimer le nombre de photons [23,31], mais cette méthode perd en résolution pour
les grands nombres de photons. Des techniques linéaires comme l'analyse en composantes
principales (PCA) ont alors été employées [32], ainsi que des méthodes d’apprentissage au-
tomatique inspirées de 'algorithme des K-moyennes pour tenir compte de la statistique de

Poisson des sources laser [33].

Avec la popularité croissante de Iapprentissage automatique en traitement du signal [34]



et dans les systémes quantiques [35], on peut se demander si des méthodes plus avancées
permettraient d’améliorer encore la résolution du nombre de photons. Dans cette étude, nous
évaluons les performances de plusieurs techniques pour classifier le nombre de photons a partir
de signaux TES, en utilisant une mesure de confiance qui quantifie le chevauchement des
distributions dans l’espace latent. Nous montrons que les méthodes précédemment utilisées
comme l'aire du signal et la PCA peuvent résoudre jusqu’a 16 photons avec une confiance
supérieure & 90%, tandis que les techniques non linéaires peuvent atteindre 21 photons avec
le méme seuil de confiance. Nous présentons aussi des réseaux de neurones pour exploiter
la présence de structures locales et augmenter la confiance dans 'attribution du nombre
de photons, et démontrons 'avantage de certaines méthodes non linéaires pour détecter et

supprimer les signaux aberrants.
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ABSTRACT

Photonics is a strong contender for building large-scale quantum information processing sys-
tems [1-5]; in many of these systems, photon number detection plays an essential role, serv-
ing as a resource for quantum advantage. Photon number resolving detectors can be used,
for example, for the heralded generation of non-Gaussian states [6-13], for the sampling
of classically-intractable probability distributions [14-19] or for directly resolving multiple

quanta improving the Fisher information of interferometric protocols [20,21].

Transition edge sensors (TES) have been used for this task, offering resolution over a wide
energy range. Resolutions up to 30 photons have been demonstrated [26], although this

quantity is typically lower, on the order of 17, if more straightforward techniques are used [23].

TESs exploit the superconducting phase transition of photosensitive materials to achieve an
extremely sensitive calorimeter [27]. During operation, the material is cooled below its critical
temperature and then current-biased to the transition region between its superconducting
and normal state. In this region, the temperature increase following the absorption of a single

photon leads to a measurable change in the material’s resistance [28,29].

The readout of these devices is non-trivial as the quantity one wants to determine, the
energy (or the photon number for a fixed frequency), is reflected in a nonlinear fashion in
the voltage signal produced by the detectors’ electronics [30]. Historically, the integral (area)
of the signals has been used to assign photon numbers [23,31]. However, distinguishing
large photon numbers becomes challenging with this technique. To address this issue, linear
techniques such as Principal Component Analysis (PCA) have been used [32]. A machine
learning method, adapted from the K-means algorithm to account for the Poissonian statistics

of laser sources, has also been developed [33].

With the increased popularity of machine learning in the field of signal processing [34] and
quantum systems [35], one might naturally ask whether employing more sophisticated meth-
ods could lead to enhanced resolution of photon numbers. In this work, we answer this
question by assessing the performance of multiple techniques for photon number classifica-
tion using TES signals. We do so by considering a confidence metric that quantifies the
overlap of the photon number clusters inside a latent space. We demonstrate that for a test
dataset, previous methods such as the signal’s area and PCA can resolve up to 16 photons
with confidence above 90% while nonlinear techniques can resolve up to 21 with the same
confidence threshold. Furthermore, we also showcase implementations of neural networks to

leverage information within local structures, aiming to increase confidence in real time pho-
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ton number assignment. Finally, we demonstrate the advantage of some nonlinear methods

to detect and remove outlier signals.
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CHAPTER 1 INTRODUCTION

1.1 General Context

Photon-number-resolving detectors (PNRDs) have become a cornerstone technology for ad-
vancing quantum photonics, enabling applications across quantum information processing
and quantum metrology. These detectors are particularly relevant for tasks such as generating
non-Gaussian states, where precise photon statistics underpin the creation of highly entan-
gled resources [6-13] (Fig. 1.1a). Additionally, PNRDs facilitate experiments that challenge
classical computational limits, such as sampling complex probability distributions [14-19]
(Fig. 1.1b). In metrology applications, these detectors enhance the precision of interferome-
try by providing richer statistical information, increasing the Fisher information of quantum

measurements [20,21].

do(x)
8(x)

1/(N+1)

1/N
5(x)

: : 1/2
o(x) n

[© nm: photon number measurement

(b) Borealis, a quantum computer from the company
(a) Optical circuit for Gaussian breed- Xanadu, composed of dynamically programmable loop-
ing, where photon number resolving based interferometers. The output of the system is mea-
detectors are used to make indirect sured using a multiplexed array of transition edge sen-
measurements [6]. sors [19].

Figure 1.1 Examples of systems where photon number resolving detectors are used.

Transition edge sensors (TESs) represent one of the most advanced implementations of PN-
RDs. Operating at the boundary between superconducting and normal states, TESs achieve
exceptional sensitivity by leveraging the steep resistance change that occurs near their criti-
cal temperature [27]. This unique property enables them to detect individual photons with
high efficiency, reaching up to 98% in some configurations [39]. When combined with mul-
tiplexed readout techniques using superconducting quantum interference devices (SQUIDs),

TES arrays offer a scalable solution for high-fidelity photon-number resolution [28,29].



Despite these advantages, extracting accurate photon counts from TES signals is a non-trivial
problem due to their inherently nonlinear response. Standard techniques, such as integrating
the signal, are reliable for low photon counts but face significant limitations in resolving
higher photon numbers or analysing light from non-classical sources [23,31]. To address these
challenges, researchers have explored advanced methods, including dimensionality reduction
techniques like Principal Component Analysis (PCA) [32], and machine learning approaches
tailored to photon statistics [33]. By combining physical models with data analysis, this

technique aims to unlock the full potential of TESs for quantum applications.

1.2 Research objectives and approach

The objective of this work is to increase the photon number resolution of transition edge
sensors. The problem is labelled as an unsupervised classification task where a photon number
can be assigned to every signal. The term unsupervised describes that the true number of
photons inside each light pulse is unknown. Only structures inside the data provide the
information that is used to make the assignment. While simulating samples or considering
the statistics of a characterisation source is possible to change the problem to a supervised or
semi-supervised problem, the approach is deliberately chosen to minimally include physical
models in the way this problem is solved. This is done to increase the performance of existing

devices, independent of their specific hardware implementation or experiment.

To find a solution to this unsupervised classification problem, an exploration of dimension-
ality reduction techniques is done. These techniques, through some process, transform high-
dimensional TES signals (many time steps) into a low-dimensional representation while re-
taining a maximum amount of information about the original signals. Reducing data dimen-
sionality makes the interpretation of large amounts of high-dimensional data easier. Inside
this new space, the position of samples describe similarities with other signals, creating re-

gions of high density.

From these low dimensional spaces, the samples are labelled by considering similarities be-
tween data inside an abstract space based on some criterion. Only a single algorithm is used
in this work (gaussian mixture model) however, a wide range of techniques exist. This pro-
cess is called clustering and is never done directly on the high-dimensional signals for reasons
discussed in Sec. 4.4.2.

While many photon detection experiments can operate with minimal noise and background
photons, this is not always guaranteed. The presence of photons hitting the detector at

random times is also problematic for a number of experiments. To address these issues, we



expand the problem of photon number assignment to include the presence of noise photons
inside the signals. The low-dimensional space generated by some techniques is therefore

explored for exotic signal structures.

1.3 Thesis Structure

This thesis is structured as follows:

First, an introduction is provided in Chap. 2 on the context and historical foundation of the
previously discussed problems. This is done by discussing photon number resolving detectors
and some of their key features. From this general description, the history of transition
edge sensors is described. This section includes the development and an overview of the
working principle of this type of detector. An exhaustive literature review of the published
signal analysis techniques for TES is done. This section aims to establish the landscape of
approaches and problems that researchers have encountered while working with TESs. To
further describe experimental constraints and context around the photons that are typically

detected by TESs, a brief overview of the types of photon sources is done.

In Chap. 3 the description of neural networks is expanded from a computational point of

view, including properties that make them useful in the context of photon detection.

In Chap. 4 the full article “Accurate Unsupervised Photon Counting From Transition Edge
Sensor Signals” is presented which is at the moment of writing this thesis available online as
preprint [40]. When reading the full document, it is suggested to go quickly over the abstract
and introduction in Chap. 4 since the subject is already discussed in Chap. 1 and Chap. 2.
This article describes the problem of photon-number discrimination in the general setting of
unsupervised classification and includes the notion of dimensionality reduction. In Sec. 4.5,
a brief overview is provided of the methods used to compute similarities between signals and
how to distinguish events that belong to the different photon number classes. The results
are presented in Sec. 4.6 using experimental data, followed by a discussion of the use cases
of the described methods in Sec. 4.7.

The thesis ends in Chap. 5 by describing how this work contributes to the field of photon de-
tection. A final summary describes the strengths and limitations of the proposed approaches
for TES signal analysis and discusses ongoing challenges, highlighting avenues for future

research.



CHAPTER 2 LITERATURE REVIEW

This chapter provides the necessary background for the project and article discussed in
Chap. 4. First, an overview of Photon Number Resolving Detectors (PNRD) is done, high-
lighting the unique feature that makes them valuable for various applications. Next, Tran-
sition Edge Sensors (TES) are discussed, including their history and operating principles.
Additionally, a review of the historical approaches for analysing the voltage response of TES
is provided. Finally, an overview of some key concepts of photon statistics is presented to

give context for Chap. 4.

2.1 Photon Number Resolving Detectors

Photodetectors function by converting incident light into a measurable electrical signal.
When it comes to detecting quantum states, such as single photons, these devices utilize
methods, i.e. avalanche breakdown, to achieve significant electrical gain. However, this am-
plification often introduces noise, leading to a loss of information regarding the precise energy
absorbed by the photodetector. As a result, these detectors simply register a “click” upon the
detection of at least one photon, lacking the ability to differentiate between multiple photons

in a single detection event.

In contrast, more advanced photodetectors can quantify the number of photons present in a
given light field. Rather than just signalling a detection, these devices generate an output that
reflects the characteristics of the detected photons, allowing them to measure the number
of photons in the incoming light and directly assess the statistical properties of the light
source. In Fig. 2.1 an example is shown of the voltage responses of a transition edge sensor
to photons number 0 to 8. In this case, the peak height allows for the distinction of photon

numbers.
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Figure 2.1 Example of 1024 raw transition edge sensor signals with 100 time steps. The
height of the voltage response gives information about the detected photon number following
the labels 0 to 8.

2.1.1 Detection Efficiency

Detection efficiency describes all processes that can alter the capacity of a detector to generate
a response when hit by a photon with sufficient energy. Often this process is quantified using
the beam splitter model of losses which is described by imagining a beam splitter placed

before the detector, this is discussed in more detail in Sec. 2.3.2 [41,42].

Various experimental conditions can affect a detector’s efficiency. For example, fibre-coupled
detectors are subject to internal losses within the fibre itself and can lose photons at the
coupling stage. Additionally, the absorbing surface of the detector has its own quantum
efficiency, a metric that reflects how well the detector converts incoming photons into a
detectable electrical output, typically in the form of electron current. Quantum efficiency
can be formally expressed as the ratio of charge carriers generated (e.g. electrons) to the

total incident photons that strike the detector surface [43].

2.1.2 Time Jitter

The timing jitter refers to the time uncertainty at which an incident photon or event is
detected. The amount and nature of jitter depend on the detector type [44]. For example,
in SNSPDs (superconducting nanowire single photon detectors) the geometry of the detector

can play a role in the detection time as the sensor’s recorded response time is position



dependent [45]. The hardware used to generate the light and trigger the detector also has an

impact on this uncertainty.

Timing jitter is important in applications requiring precise time resolution, as it affects the

detector’s ability to accurately resolve the timing of photon events.

2.1.3 Noise

Noise refers to unwanted phenomena that introduce uncertainty into a measurement, making
the observation process more challenging. It manifests as additional random processes on the
desired signal. For photon number resolving detectors, it impacts their ability to accurately
discriminate between different photon number states. Noise can originate from intrinsic
sources like thermal fluctuations, and environmental disturbances such as electromagnetic
interference or mechanical vibrations that can affect a variety of hardware components [27]. It

can also be present in terms of unexpected detection events generated inside the experiment.

In signals generated by PNRDs, the noise can appear in a variety of features. For instance,
thermal and electrical noise can generate electrical uncertainty. This translates to a broaden-
ing of the observed electrical signal values, making the distinction of photon numbers harder.
In the case of random detection events, the noise translates into characteristic signal struc-
tures at a random time. This kind of structure can occur in the recovery time of the detector,

making the interpretation of the signal harder.

2.1.4 Dead Time

Photodetectors respond to a detection event over a period in which the device resets to its
initial state, allowing it to be ready for the next detection. In Fig. 2.1, it is possible to see the
dead time of a transition edge sensor. In this case, the detector outputs a voltage level that
is associated with the vacuum or zero photon scenario. When a photon hits the detector, the
voltage first increases then decreases to reach back to its initial state. The dead time refers
to the time interval taken by the sensor to come back to its initial state after the detection
event. For TESs, the area of the voltage response changes with the energy of the photon,

the dead time increases with the number and energy of the photons being detected.



2.2 Transition Edge Sensors

2.2.1 History

Transition Edge Sensors (TESs) are highly sensitive calorimeters capable of detecting low-
energy signals, offering exceptional precision. The concept behind TES technology dates back
to the late 1930s when D.H. Andrews and A. Goetz independently thought of exploiting the
rapid resistance change in a superconducting material during its phase transition to measure
power and energy accurately [27,42,46]. Andrews’ team later demonstrated this idea in 1941
with a TES-based bolometer, applying a current to a tantalum wire in its superconducting
transition at 3.2 K to measure infrared signals through changes in resistance [47,48]. By
1949, TESs were adapted to be used as calorimeters for the detection of alpha particles,
extending their use beyond radiometry [49].

TES development faced two key challenges, the first being the need for amplifiers compatible
with the low resistance of superconducting thin films. The second difficulty was maintaining
the sensor in its transition state after the detection, since it would quickly revert to a fully
superconducting or normal state [46,50]. These issues were resolved in the 1980s with the
introduction of Superconducting Quantum Interference Devices (SQUIDs), providing low-

noise amplification that enhanced TES stability and efficiency [51,52].

Originally designed for astronomy, TESs became useful for detecting faint signals from distant
cosmic sources [52,53]. To achieve the necessary sensitivity, TESs are cooled below 100 mK
in a dilution refrigerator, with materials like tungsten that are kept at their superconducting
transition temperature [41]. Operating in this narrow region under a voltage bias, TESs

register small energy deposits from photons or particles as detectable resistance changes.

Today, TES technology plays a crucial role in fields like quantum optics, quantum information
science, and photon-number-resolving applications. The journey from early bolometric sen-
sors to advanced photon detectors highlights TESs’ vital role in scientific research demanding

high precision.

2.2.2 Working Principles

Transition Edge Sensors are composed of three main elements: an absorber, a thermometer,
and a cold bath. The absorber intercepts incoming photons and converts their energy into
heat, while the thermometer detects the resulting temperature changes to determine the
energy of the photons. Operating at cryogenic temperatures, typically in the millikelvin

range, the cold bath maintains a stable thermal environment, ensuring high sensitivity and



precise measurements [27,42,46].

TESs are voltage-biased, meaning they are maintained at a constant voltage across their
superconducting layer. The superconducting state of the TES exists at the edge of the ma-
terial’s superconducting-to-normal transition, making it extremely sensitive to temperature
changes. When a photon is absorbed, the temperature increases, causing a rise in the TES’s
resistance. This change in resistance serves as a feedback mechanism. The system naturally
stabilizes the temperature by dissipating the extra heat, ensuring the TES quickly returns to
its equilibrium temperature. This self-regulating behaviour allows for precise measurement

of photon energies.

The signals generated by the TES are extremely faint, so an ultra-sensitive Superconducting
Quantum Interference Device (SQUID) is typically used to amplify them. SQUID amplifiers
operate at low temperatures near the TES but interface with room-temperature electronics
for readout. However, the low output voltage of a SQUID presents challenges for direct
coupling to room-temperature amplifiers, as noise performance can degrade significantly. To
address this, specialized techniques, such as impedance matching and additional amplification

stages, are used to preserve the signal quality and ensure accurate data collection.

2.2.3 Characteristics

Some features discussed for photon number resolving detectors are presented for TESs in

Tab. 2.1.

Table 2.1 Technical features of transition edge sensors.

Property \ Value Reference
Working Temperature 50-100 mK 23]
Efficiency 98% [39]
Time Jitter 4 ns [44]
Dead Time ! 5-10 s 23]
Maximum Photon Number Resolved 33 26]

2.2.4 TES Noise

Extending on the discussion of PNRD noise features from Sec. 2.1.3, TESs have a number

of specific hardware components that generate noise. Excluding the TES itself, noise can be

IThe reported value is given a single photon, the values changes with the number of photons measured
(larger photon number results in longer delay).



associated to many phenomena such as RF pickup, ambient photon shot noise, noise in the
amplifier, contact resistance fluctuations, Johnson noise (inside SQUIDs), fluctuations in the

temperature bath, and many more [27].

Now, only considering the detector, noise can occur in terms of internal thermal fluctuation
noise (ITFN). This noise source arises from internal thermal fluctuations between the dis-
tributed heat capacities within the TES [27]. The second type of noise is labelled as “excess
electrical” noise and shares the same frequency dependence as the Johnson noise voltage in
the sensor. Finally, an “excess low frequency” noise that often correlates strongly with excess

electrical noise is present.

These noise features historically have been characterized, in Fig. 2.2 the frequency dependence
of the noise is presented. The figure comes from the work of Irwin and Hilton presented in

the chapter “Transition Edge Sensors” from the book “Cryogenic Particle Detection” [27].

.
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Figure 2.2 Frequency dependence of TES noise features from chapter “Transition Edge Sen-
sors” from the book “Cryogenic Particle Detection” [27].

2.2.5 Signal Analysis of Transition Edge Sensors

To optimize TES systems, research groups initially characterized these systems empiri-
cally [54,55] and developed a theoretical understanding of the solid state physics that describe
these detectors [56-61]. With strong theoretical foundations and significant advancements in
solid-state devices, the photon-number resolution capability has greatly improved. To date,

TESs have demonstrated the ability to resolve up to 33 photons in a single light pulse [26].
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Historically people have looked at a variety of signal features to describe TES response, the
most obvious features being the maximum value of the signal, the signal’s pulse width, the
pulse maximum slope and the signal’s area [23,26,42,62]. From these features, presented in
Fig. 2.3, the one that is best suited for the photon number classification task is the signal’s

area, which relates nonlinearly to the energy of the detected particle.
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(c) Signal Maximum Slope (d) Signal Area

Figure 2.3 Signal features that have been used or tested to extract photon numbers from
Transition Edge Sensors.

Even if this feature allows for the resolution of photon numbers, different groups have con-
sidered using more sophisticated approaches to extract the rich information contained in
TES signals. For instance, in the realm of signal processing, multiple work discuss filtering
techniques to remove the noise [23, 63, 64] present in these signals aiming to increase the

performance of the signal’s area.

TES have a recovery time on the order of a few microseconds [23] which is extremely slow
when compared to other detectors like single photon avalanche photodetectors (SPADs) that
can have dead times of a few nanoseconds [65]. To overcome this limitation, researchers have
looked into ways to interpret the overlap of voltage response to light pulses [66]. In this work,
the use of the least square fit is discussed to distinguish photon numbers of different pulses

that happen within the recovery time of the detector.

In the field of machine learning, researchers at the National Institute of Standards and Tech-
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nology developed a variation of the extremely popular K-means algorithm [67-69] applied for
photon number resolving detectors [70]. This algorithm adds a Poisson likelihood component
to the standard K-means objective function. This way the algorithm can be trained taking

advantage of the Poissonian statistics of laser sources.

Later, the use of principal component analysis (PCA) to transform signals into a low dimen-
sional representation where photon numbers appear as clusters has been introduced [32]. This
work is the first to relate the photon number assignment task to the notion of dimensionality
reduction, which is the main subject of the article in Chap. 4. This work also introduces a
tomography routine for TES that utilizes the continuous space generated by a dimensionality

reduction technique.

The application of neural networks for evaluating the quality of TES signals has shown
promising results [71]. In this approach, a variational autoencoder (VAE) is trained on high-
quality signals with minimal noise and no anomalies, learning the characteristic shape of TES
traces. This neural network architecture compresses the signal into a low-dimensional latent
space via an encoder, then reconstructs it through a decoder, attempting to recreate the
original signal (with additional considerations). By training the VAE on well-behaved data,
this method can serve as an anomaly filter by measuring the reconstruction error for new
samples. When the VAE processes signals containing anomalies, the reconstructed output

significantly deviates from the original input, effectively flagging the signal as anomalous.

2.3 Photon Statistics

Photon detection is often a tool to measure the outcome of an experiment. The properties
of the detected light are influenced by various experimental factors, often tied to the char-
acteristics of commonly used devices. In this section, the characteristics of some devices are

presented.

2.3.1 Photon Sources

Lasers are an indispensable tool for modern science, this technology can come in a wide
range of technical specifications depending on the specific hardware implementation. These
devices are widely used as photon sources in various fields due to their precise control over
wavelength, intensity, and coherence. Lasers can be used to produce entangled photons
through processes like spontaneous parametric down-conversion (SPDC) [72, 73|, they are
the standard source type used in interferometric systems [20,21] and used in many imaging

schemes such as fluorescence microscopy [74]. Laser sources have Poisson statistics, meaning
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that the probability of generating a photon number n follows

Pn)="""" (2.1)

where (n) is the average photon number of the light source.

Thermal sources or thermal states refer to a type of light that comes from different systems.
Only single-mode thermal light is considered in this work, meaning that a single frequency
is present in the system. This translates into a particular type of source which follows a

Geometric distribution

(n)"
Pn)=——"—F———. 2.2
=W 22
The thermal states are well described by the black-body radiation but can be generated using
other systems. For instance, thermal light can be generated by sending a coherent light source
that acts as a pump through a ring resonator. The resulting resonances are described by a
series of intensity peaks in frequency space on both sides of the pump light. Each of these

resonances follows thermal statistics.

Another interesting type of photon sources are single-photon sources that attempt to generate

a single-photon on demand. The ideal photon number distribution would follow
P(n) = 6,1, (2.3)

where the delta function indicates that the source always generates a single photon. In
practice, true single-photon sources are challenging to realize, as even the best single-photon
sources may occasionally emit zero or more than one photon due to imperfect preparation,

losses, or background light.

2.3.2 Optical Losses

Optical loss refers to the reduction in the intensity or energy of an optical field as it propagates
through a medium or optical system. This loss is typically modelled as a beam splitter
interaction, where part of the optical field couples to a vacuum mode. In the photon number
picture, this model quantifies the process of losing photons. It is often convenient to describe

this model using a loss matrix, where every element gives the probability that n photons are
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measured considering k input photons following

k!

L)k =n"(1— n)k‘”m- (2.4)

In this equation, 1 describes the probability of a photon going through the beam splitter to
the detector, which tunes the amount of loss in the system. For edge case n = 0, all the
light is directed to the vacuum mode of the beam splitter and the probability of observing a
photon at the detector becomes 0. In opposition, for = 1 no loss is present in the system

and all the photons from the system would reach the detector.

2.3.3 Second-Order Correlation Function

In quantum optics, the second-order correlation function ¢(®(7) characterizes the statistical
properties of light by quantifying the correlation between intensity measurements at different

times. It is defined as o
UL+ 7))
<2

{I(t))

where (-) denotes an average, and I (t) represents the field intensity operator, which is

g?(r) = (2.5)

proportional to the square of the electric field operator E (t), and 7 is the time delay between

the intensity measurements.

In practice, g® () is often measured using a Hanbury Brown and Twiss (HBT) setup [75].
This experiment does not require photon number resolution, the light is split into two paths,

and coincident photon detection events are recorded as a function of the time delay 7.

In the context of PNRDs, it is often more convenient to describe the second-order correlation

in the photon-number basis as
n?) — (n
g?(0) = M’ (2.6)

Where (n) is the mean photon number of the source, and (n?) can be expressed in terms of
the photon number variance o as (n?) = o2 + (n)”. For classical light, ¢ (7) > 1, with
g?(0) = 1 for coherent states (e.g., laser light) and ¢(®(0) = 2 for thermal light. In quantum
optics, g®(0) < 1 indicates non-classical behaviour, such as photon antibunching observed

in single-photon sources [76].
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CHAPTER 3 NEURAL NETWORKS FOR PHOTON DETECTION

In this chapter, the objective is to describe key features of neural networks to provide a general
understanding. This is done by introducing how neural networks are built and trained, this
section continues with a discussion on the properties of some types of networks, and concludes

by highlighting the training process and considerations.

3.1 Neural Networks

In this chapter, the notation is slightly changed from Chap. 4 to follow notation from the field
of neural networks. Let us consider a data matrix X € R that stores u samples z; of size
t (transpose from Chap. 4). The problem that networks attempt to solve is to approximate
a function f(X) as closely as possible by training a function F(¢', X) with parameters 6.
To achieve this goal, a function F' is trained using a procedure that automatically tunes

parameters @', resulting in a state of F' that can achieve the desired operations.

3.1.1 Components

Neural networks are often presented as graphs making the visualization of operations easier,
following this notation a standard neural network architecture is shown in Fig. 3.1. In this
figure, it is possible to see that the NN is composed of a series of layers with nodes (columns of
circles), where the first describes the input and the last one the output. This graph describes
a series of operations that typically goes from left to right. In these layers, each node is
called a neuron, since these elements were developed to resemble the computation of biological
neurons [77]. In their simplest form, neurons with a single input x compute y = xw+b, where
w and b are trained scalar parameters and respectively named weight and bias. Typically,
once y is computed, it goes through an activation function which introduces a nonlinearity
in the computation. Activation functions are essential components since they significantly
increase the capacity of neural networks to approximate nonlinear data structures. They can
follow a number of operations that often resemble a step function, in Tab. 3.1 a few examples
are presented. Let us transition from a visual discussion to a more mathematical perspective
on neural networks by describing in more detail the network presented in Fig. 3.1. The
discussed network belongs to an extremely common class of NN called feedforward neural
network (FNN) since the flow of operations follows a single direction (left to right). The
action of the network is described by following an input data matrix X € R™* through the
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hidden hidden
layer 1 layer 2

Figure 3.1 Example of a neural network graph with 2 hidden layers, each containing 4 neurons.
Each orange arrow represents a weight connection between two neurons. In the representa-
tion, the first layer is the input (green), the second and third are hidden layers (blue) and
the last one is the output (red)

neural network; this transformation is referred to as a forward pass. A simple architecture is
considered which only contains dense layers, also called fully connected linear layers [78]. In
this context, the input data X is the input layer and is connected to the first hidden layer,
every connection in Fig. 3.1 describes the presence of a weight between two layers. Since
fully connected layers are considered, every node of a layer is connected to every node of the
previous layer. The action of the first hidden layer on X is given by a function Fi(-), defined

(following colours from Fig. 3.1) as
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For every object, we use the superscript (i) to describe the ith layer. In this equation,
WO e Rhxb is a weight matrix that describes the connections between the input layer of
size [y and the first hidden layer of size ;. Weight matrices have elements wJ(Q that describe
the weight connecting the kth neuron in the (i — 1)th layer to the jth neuron of the ith layer.
While, b)) € RU*1 is a bias vector, let us highlight that the addition considers broadcasting,
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Table 3.1 Example of commonly used activation functions in neural networks. The name,
plot, function, and range of the different functions are presented.

Name \ Plot Function Range
4
2 0if x <0
ReLLU &2 o(x) = T [0, 00)
xifz >0
0
—4 -2 0 2 4
Input
f
Zf« axifr <0
Leaky ReLU | 57 o(x) = . N (—00,0)
xifz >0
0
—4 -2 0 2 4
Input
1.00
0.75
Logisti %0..30 (z) 1 (0,1)
ogistic S olx) =
g 0.25 1 + 6—:0 )
0.00
—4 -2 0 2 4
Input
1.0
0.5
Tanh S o(x) = -1,1
0.5 ( ) et +e 7% ( ’ )
—1.0
—4 ) 0 2 4

Input

therefore the bias vector is added to every column of W) X . Additionally, oy describes the

element-wise activation function for the first layer. An important property of the output of
the first hidden layer A®) € R1*% is that it does not have to be the same dimensions as X,

the input.

Following similar a structure, the second hidden layer takes A (first hidden layer) as an
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input and the output layer takes A to give the following computations

A AN
Ll(zw ”m—‘ w® e ey b®
11 L w@ W L@ L,® 11 lu p(2)
| (o @ | 11 U12 U13 V14 & 1) 1
Ao Aoy Az T Qgy [ . | (1)
’ l=o | =R(A (3.2)
2) ) 2 - o oot 2(47),
| @31 @30 | 5 5 5 5 a3y A3y, S
w? W@ w? W b
(2) (2) a1 42 )43 V44 (1) (1) |
gy v Gy Qg1 0 Gy
A®
v w® (2) 2) XE)
(3 (3) (3 (37 |11 1y (3)
| ‘ w7 Wiy Wiy wyy I . . I by
as as,’
- : T 2u | : - ) ( )
Yoo Yu| T O3 : : . e @ | + 1 = F5(A7). 3.3
- o
. . . - 31 3u -
3 3 3 3 3
| | “’:(31) U’é; 7"’(;3) “’:(34) (2) (2) bg :
Qg Ay

The total feedforward neural network can therefore be described as nested functions
Y = Fy(Fy(Fi(X))), (3.4)

where every function describes a layer. In this picture, it becomes possible to see how graphs
offer a visual interpretation for the flow of operations. We also see from this example how a
neural network can be a single layer of trainable parameters, and how we can generalize the
structure for different types of layers and activation functions. Adding on an earlier comment
on dimensionality, from the matrix and graph representation it becomes possible to see how

a neural network can have an input and output of arbitrary size.

3.1.2 Universal Approximation Theorem

A characteristic that makes neural networks powerful tools in a wide variety of fields is their
capacity to approximate almost any function. In the previous section, we established that
NNs are composed of a variety of tunable operations. The size and number of these building
blocks limits the set of possible operations that the network can reproduce. Following this
intuition, important results in the field of machine learning are the universal approximation
theorems. These theorems typically demonstrate that for a family of neural networks and a
function space there exists a neural network function F' that can arbitrarily well approximate

f for a given criterion [79,80].

We do not go into the derivation of these theorems, however a key characteristic of these
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proofs is that they only demonstrate approximation capabilities of the networks, never how
to find these solutions. This is a key distinction, since finding these solutions is often not

guaranteed and can be challenging.

3.1.3 Loss Functions

A loss function describes how close the neural network is from f (the true transformation).
It is by optimizing this quantity that the network parameters are tuned, and its definition
is context dependent. Most problems solved using neural networks fall into two categories:

regression and classification.

Regression problems describe situations where we aim to approximate a continuous function
based on input variables. Often distance based losses are used for these problems, we list a
few in Tab. 3.2. In Tab. 3.2, losses are described in terms of the absolute error |y; — ;| between

the neural network output ¢; and the true value y;. On the other hand, in classification tasks

Table 3.2 Example of commonly used loss functions in regression problems. The name and
function of the different functions is presented.

Name ‘ Function

Mean Absolute Error | MAE = — Z\y, Uil

Mean Squared Error | MSE = Z lyi — 0il

samples belong to a set of classes, the goal becomes to predict the specific class associated
with any sample. In this case, networks approximate discrete solutions that describe the

classes.

3.1.4 Backpropagation

The standard approach to optimize the parameters of a neural network is to use a gradi-
ent descent. For an individual parameter, this iterative process updates the parameter to

converge towards a value that optimizes the selected loss function following

9’£+1 = 9; - 86/ 9

(3.5)
where OL(9;,y;)/00" is the partial derivative of the selected loss L(¥;,y;), and « the learning
rate. The main computational cost in this optimization comes from the evaluation of the

derivative for every parameter in the network. To make this process efficient, backpropagation
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makes use of the chain rule to avoid having to compute multiple times the same quantities.
For example, for the network in Fig. 3.1 the derivative of the loss in terms of the input can

be written as

OL OL 0A® 9ZB) oA 9Z2 gAM 9z M

OX AP 9ZB IA@ 9Z@D gAML 9ZD X (3.6)

where Z® is a weighted output at layer i before the activation function step is applied. In
this equation it becomes apparent that the derivative of the loss in terms of any element
can be obtained by writing a chain rule that is already contained in Eq. 3.6. Therefore,
by computing the intermediary elements of dL/0X it is possible to extract all the desired

derivative in a single efficient pass.

3.2 Types of Neural Networks

The size and type of neural network plays a major role in determining its ability to approx-
imate an arbitrary function and solve problems efficiently. While neural networks are often
praised for their surprising capacity to approximate complex functions, there are fundamental

limits to this capability that depend on the network architecture and size.

An interesting illustration of this idea is captured by the concept of Von Neumann’s elephant,
which originates from the famous quote “With four parameters, I can fit an elephant, and with
five, I can make him wiggle his trunk” [36,81]. This highlights the potential of mathematical
models to capture seemingly complex phenomena with limited parameters. On the other
hand, this idea can serve as a reminder of the inherent limitations in such approximations by
looking at the actual elephants presented in Fig. 3.2 (see Ref. [82] for an interactive elephant).
While these two examples are impressive, Fig. 3.2a is a crude approximation and Fig. 3.2b

relies on symmetries, which is not always possible.



20

Elephant from 4 non-zero parameters
90°

Original data
Fitted curve
4o

80

60 1

40

20 A

—20

—40

—60

-60 -40 -20 0 20 40 60 80 270°
(a) (b)

Figure 3.2 Example of different implementations of Von Neumann’s elephants [36, 37].

With this in mind, the choice of neural network architecture is highly context dependent. To
approximate a complex function, a network can utilize situational properties that will reduce
the number of required parameters. In opposition, a small network offers a smaller set of

possible transformations, reducing its potential to consider subtle features.

3.2.1 Feedforward Neural Networks (FNN)

Feedforward neural networks (FNN) are a broad class of networks that process information
in a single direction, in opposition to recurrent neural networks (RNN) that can compute op-
erations in cycles, using multiple times the same set of transformations. One main advantage
of FNNSs is the simplicity of the information flow, making them easier to interpret. FNN can

come in a wide variety of architectures, making them extremely versatile.

3.2.2 Perceptrons (MLP)

Perceptrons are one of the most common types of networks, first described in the mid
19th [83]. Furthermore, Perceptrons are one of the simplest form of neural network, this
is why one was used in Sec. 3.1 to introduce the concept of NNs. Like their name suggests,
single-layer Perceptrons are composed of a single layer, transforming directly the input into
an output. The architecture is limited to solving linearly separable problems due to the

reduced number of layers; a graph structure is presented in Fig. 3.3a.
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(a) Single-Layer Perceptron (b) Multi-Layer Perceptron

Figure 3.3 Comparison of single and multi-layer perceptrons.

Multi-Layer Perceptrons (MLPs) on the other hand are a class of feedforward artificial neural
networks composed of multiple layers of nodes, where each node (neuron) is connected to
every node in the subsequent layer. These networks have at least one hidden layer between
the input and output layers, enabling them to model complex nonlinear relationships. An

example of MLP is presented with two hidden layers in Fig. 3.3b.

3.2.3 Convolutional Neural Networks (CNNs)

Convolutional Neural Networks (CNNs) are deep learning models specifically designed for
processing data with a grid-like structure, such as images and time series. CNNs exploit
the spatial and temporal dependencies in data by applying convolutional operations, making
them highly effective for tasks in image recognition, computer vision, and other domains with

structured data.

The first main characteristic of this family of networks is the use of convolutional layers.
Naturally, this type of layer applies a convolution operation between the input and a kernel
K composed of tunable parameters. A visual representation of the convolution operation
on a two-dimensional input matrix is shown in Fig. 3.4. The elements of the convolution
describe the sum of the element-wise multiplication between the kernel and a sub-matrix of
the input. The operation is flexible in the way it is implemented, for example the size of the

kernel is a user defined parameter. Additionally, padding around the input can be added,
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Figure 3.4 Convolution operation of a 3 x 3 kernel applied to a 7 x 7 matrix.

which describes increasing the size of the input to include user defined values around the
input (often zeros). The step size of the convolution is also sometimes changed to give a
coarser description of the operation. Finally, multiple kernels or filters can be applied on
the same input, this is often described using the term channels [84,85]. In this case, parallel

operations can be applied to the input.

The convolution operation is interesting since it reduces the number of connections between
two layers by only considering local features, in contrast to fully connected layers [84]. This
property is incredibly powerful in the context of image recognition, since features are often
local. Furthermore, CNNs have shift invariance properties which describe the capacity to
capture features independently of the position of the feature inside the input [86]. Intuition
for this property is that a CNN can detect an object inside an image independently of the
position of the object inside the image. It is important to mention that CNNs are not
perfectly shift invariant, but that existing literature on the subject has mainly solved this
issue [86].

The second important building block of CNNs is the pooling layer. Often a maximum pooling
layer is used in combination with convolution layers. From a computation point of view, it
describes the maximum value inside a sub-matrix of some input matrix /. This computation
is shown in Fig. 3.5 for a 6 x 6 input matrix and a kernel of size 2 x 2. The main property
of pooling layers is to provide a down sampling process for the convolution layer. This down
sampling describes a reduction of the input size that the convolution cannot achieve directly.
To increase the dimensionality of the data, it is also possible to achieve up sampling [87]. Tt
is through a combination of convolutional layers, each followed by a pooling step, that CNN

computes process data.
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Figure 3.5 Max pooling operation on a random input matrix.

3.2.4 Autoencoders

Autoencoders describe a family of networks that contain an encoder and decoder layer. The
encoder typically transforms high dimensional inputs into a lower-dimensional representation,
this new representation is then transformed back to the original dimension. In Fig. 3.6
an example of an autoencoder is described where a size 6 input is encoded into a size 3
intermediary output, this output is then processed by a decoder layer that transforms back

the information into a size 6 output. A powerful property of autoencoders is that the network

input output

encoder decoder

Figure 3.6 Example of an autoencoder neural network, where the first section describes the
encoder layer and the second the decoder.

does not require the problem to be supervised. In fact, so far, the discussion around neural
networks considers that the user has access to the ground truth and can feed this knowledge
through the optimization of the loss function. However, this is not always possible, an

example is the previously discussed photon number classification problem.



24

Autoencoders can be trained to reproduce their input at the output. While this objec-
tive might initially seem unproductive, it serves a critical purpose: the network learns to
transform the data into a compact, low-dimensional representation. The accuracy of this
compression is ensured because the decoder must reconstruct the original data from the

compressed representation, effectively capturing the essential features of the input.

The size of the bottleneck (size of encoder output) sets the complexity of the features the
network can describe and limits the accuracy of the reconstruction (output of the decoder
compared to the autoencoder input). To enhance the capabilities of the network to create
a low-dimensional that describes a maximum number of features, the loss function is often
defined in terms of a combination of multiple criteria. For example, variational autoencoders
(VAE) typically optimize a combination of MSE between the input and output of the autoen-

coder and a KL divergence between the output of the encoder and a normal distribution [88].
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4.2 Abstract

We compare methods for signal classification applied to voltage traces from transition edge
sensors (TES) which are photon-number resolving detectors fundamental for accessing quan-
tum advantages in information processing, communication and metrology. We quantify the
impact of numerical analysis on the distinction of such signals. Furthermore, we explore
dimensionality reduction techniques to create interpretable and precise photon number em-
beddings. We demonstrate that the preservation of local data structures of some nonlinear
methods is an accurate way to achieve unsupervised classification of TES traces. We do so
by considering a confidence metric that quantifies the overlap of the photon number clusters
inside a latent space. Furthermore, we demonstrate that for our dataset previous methods
such as the signal’s area and principal component analysis can resolve up to 16 photons
with confidence above 90% while nonlinear techniques can resolve up to 21 with the same
confidence threshold. Also, we showcase implementations of neural networks to leverage
information within local structures, aiming to increase confidence in assigning photon num-
bers. Finally, we demonstrate the advantage of some nonlinear methods to detect and remove

outlier signals.

4.3 Introduction

Photonics is a strong contender for building large-scale quantum information processing sys-
tems [1-5]; in many of these systems, photon number detection plays an essential role, serving
as a resource for quantum advantage. These detectors can be used, for example, for the her-

alded generation of non-Gaussian states [6-13,89], for the sampling of classically-intractable
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probability distributions [14-19] or for directly resolving multiple quanta improving the Fisher
information of interferometric protocols [20,21,90]. The use of photon number resolving detec-
tors provides a significant advantage as a single detector can determine the number of photons
associated with a quantum state accurately [22,23], without requiring a multiplexed network
of threshold detectors with its concomitant complexity and potential inefficiency [16,24, 25].
Transition edge sensors (TES) have been used for this task, offering resolution over a wide en-
ergy range. Resolutions up to 30 photons have been demonstrated [26], although this quantity

is typically lower, on the order of 17, if more straightforward techniques are used [23].

TESs exploit the superconducting phase transition of photosensitive materials to achieve an
extremely sensitive calorimeter [27]. During operation, the material is cooled below its criti-
cal temperature and then current-biased to the transition region between its superconducting
and normal state. In this region, the temperature increase following the absorption of a sin-
gle photon leads to a measurable change in the material’s resistance [28,29]. The resistance
change is read-out using a low noise amplifier such as superconducting quantum interfer-
ence devices (SQUIDs), which also enable the creation of large arrays of TES detectors via
read-out multiplexing [27]. Optimized materials and coupling techniques have demonstrated
efficiencies of up to 98% [39].

The readout of these devices is non-trivial as the quantity one wants to determine, the energy
(or the photon number for a fixed frequency), is reflected in a nonlinear fashion in the voltage
signal produced by the detectors’ electronics [30]. Historically, the integral (area) of the sig-
nals has been used to assign photon numbers [23,31]. However, distinguishing large photon
numbers becomes challenging with this technique. To address this issue, linear techniques
such as Principal Component Analysis (PCA) have been used [32]. A machine learning
method, adapted from the K-means algorithm to account for the Poissonian statistics of
laser sources, has also been developed [33]. However, these methods’ simplicity or assump-
tions can limit their performance or usability for model-free photon number detection and
when measuring non-classical sources, which typically do not have Poisson photon-number

statistics.

With the increased popularity of machine learning in the field of signal processing [34] and
quantum systems [35], one might naturally ask whether employing more sophisticated meth-
ods could lead to enhanced resolution of photon numbers. In this work, we answer this
question by assessing the performance of multiple techniques for photon number classifica-
tion using TES signals. We do so by considering a confidence metric that quantifies the
overlap of the photon number clusters inside a latent space. We demonstrate that for our

dataset previous methods such as the signal’s area and PCA can resolve up to 16 photons
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with confidence above 90% while nonlinear techniques can resolve up to 21 with the same
confidence threshold. Furthermore, we also showcase implementations of neural networks to
leverage information within local structures, aiming to increase confidence in assigning pho-
ton numbers. Finally, we demonstrate the advantage of some nonlinear methods to detect

and remove outlier signals.

Our manuscript is structured as follows: in the next section, Sec. 4.4, we formulate the
problem of photon-number discrimination in the general setting of unsupervised classification
and dimensionality reduction. Next, in Sec. 4.5, we offer a brief overview of the methods
used to compute similarities between signals and how we distinguish signals that belong to
the different photon number classes. We present our results in Sec. 4.6 using experimental

data, followed by a discussion of the use cases of the described methods in Sec. 4.7

4.4 Methodology

4.4.1 Problem Formulation

Consider a data matrix X € R“*' that stores u signals z; of size t. We assume there
exists an operation f(X) that can transform X into a vector n € R**! that contains the
photon number associated with every signal. The goal of the classification becomes finding
a parametric transformation F'(¢’, X) with user-defined parameters ¢’ that approximates as

closely as possible the true transformation f(X).

The problem is defined as an unsupervised classification, meaning the true elements of n are
unknown. Additionally, given an experiment, the method needs to accept arbitrarily high

photon numbers within the visibility limit of the detector.

4.4.2 Dimensionality Reduction

To solve this unsupervised classification problem, dimensionality reduction techniques are
used. This process describes the transformation of X into a lower-dimensional output Y €
R**" that retains a meaningful amount of the input information. The new space of dimension
r < t is referred to as a latent space and is limited to one and two dimensions in this study.
The proposed approach could be used for an arbitrarily large latent space, although these

higher dimensional spaces are harder to interpret.

We use dimensionality reduction since it is a natural extension of previous work that uses
PCA [32]. Moreover, this framework is used to make the current work compatible with

existing tomography routines [32]. It also enables the visualization and interpretation of an
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entire dataset, a task difficult by directly observing the TES signals. Supposing an accurate
transformation exists and is faster to process than the acquisition rate of the detector, the
low-dimensional representation reduces the memory requirements of experiments by acting

as a compression step.
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Figure 4.1 (a) Example of a dataset X with u = 1024 raw TES traces with ¢ = 100. (b) The
dataset X is transformed into Y which has a single dimension (r = 1), here plotted using
a kernel density estimation [38]. The dimensionality reduction technique (maximum value
of the signals in this case) creates a low-dimensional space where signal features become
apparent. Each peak is a cluster that represents the underlying dominant feature of the
signals: the photon numbers. (c) In this case, clusters in the latent space are assigned a
photon number n € {0, 1, ...,8}. To assign samples, the space is divided in regions most likely
to be associated with a specific photon number (see Sec. 4.5.6). From labelled samples, a
photon number distribution can be generated.
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Considering every signal in X can be associated with a photon number n € {0, 1, ..., ¢}, where
¢ is the photon-number cutoff, i.e., the largest distinguishable photon number. We assume
that effective dimensionality reduction organizes similar samples near each other, forming

regions of high density.

We illustrate the process in Fig. 4.1 by transforming the TES signals (Fig. 4.1a) into one-
dimensional samples presented in Fig. 4.1b. This low dimensional space is visualized using a
kernel density estimation of the latent space (Gaussian kernel) [38]. From the position of the
samples in the latent space (never considering the density estimation in the computation)
it is possible to find regions most likely to describe a photon number n € {0,1,...,8}, we
discuss this step in Sec. 4.5.4. Finally, from this interpretation of the low-dimensional space,
a photon number can be assigned to every sample (Fig. 4.1c). The regions of high density in
Fig. 4.1b are called clusters and are associated with photon numbers. We note that clusters

can be defined using other heuristics like neighbour distances.

An additional justification for the use of dimensionality reduction in combination with clus-
tering instead of directly clustering over high dimensional data is that existing work has
empirically demonstrated that creating a low dimensionality embedding increases the clus-

tering capabilities in unsupervised settings [91].

4.5 Methods

We test a wide range of methods to showcase different approaches to the dimensionality
reduction task. Due to the range of published solutions to the dimensionality reduction task,

we limit our tests to the methods described in this section.

With experimental motivations, we consider the properties and use cases of dimensionality
reduction techniques. To do so, the methods are divided into three categories based on their

characteristics: basic feature, non-predictive, and predictive.

4.5.1 Basic features

The methods in this category rely on some feature with physical significance, and their latent
space represents the value of this feature. These methods are fast to compute due to their

simplicity and can be combined with noise filtering to increase resolution [23].
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Maximum Value

The maximum value of the signals has been used in some cases for photon number reso-
lution [23]. For experiments that only require the measurement of low photon numbers,
sufficient information is found in the maximum value. For high enough photon numbers, the

traces reach a plateau and the maximum value no longer gives information [30].

Area

TES pulse area relates non-linearly to the energy absorbed by the sensor and therefore can be
used for dimensionality reduction [23]. The area is sensitive to noise outside the pulse, hence
filtering and background rejection are used in some cases to increase the performance of this
method. To offer a fair representation of this technique, a Butterworth filter is applied to
the signals and a threshold is introduced to reduce the influence of noise. Following existing
work, the threshold is defined above the noise distribution in the flat region of the TES

signals (where only vacuum is detected) [23].

4.5.2 Non-predictive methods

The methods in this category organize data within a latent space by considering the entire
dataset. However, once computed, these methods do not provide a transformation that can
be directly applied to new data. To predict the position of a new sample in the latent space,
the entire dataset must be recomputed. As a result, these methods are less scalable and are

better suited for post-processing data.

t-Distributed Stochastic Neighbour Embedding (t-SNE)

The method t-SNE is non-predictive and attempts to create a low-dimensional representation
of the data by organizing all the samples in a low-dimensional space. The position of the
samples is assigned using a gradient descent by minimizing the Kullback-Leibler divergence
(KL)

u u

LPIQ) =33 py; 1ogp”. (4.1)

i=1j5=1

J#
In the KL divergence, p;; represents joint probabilities that describe the similarities between
high-dimensional samples z; and z; and is the g;; joint probabilities for low-dimensional

samples y; and y; [92]. The high-dimensional joint probabilities are set to be symmetric
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conditional probabilities defined as

Pjli + Pilj

Dij = el ou 3 (4.2)

with conditional probabilities defined using Gaussian functions

Iy — . l12/52
o[ all —all/o] )
il = o : .
2 =1 €XP [_%sz - xk||2/0ﬂ
k#1
where ||z|| = (3; 22)"/? represents the Euclidean norm. In low-dimensional space, the joint
probabilities are given by Student t-distribution

qi; = = m 1
T i (U vk — wl )
1%k

To offer high resolution over local structures in the data the variance o2 of each high dimen-
sional Gaussian is tuned using an information parameter called the Perplexity. Perplexity is
defined as

Perp(P;) = 211, (4.5)
where H(F;) is the Shannon entropy
H(P;) = = >_ pjii 108z piji- (4.6)
j=1

This parameter, initially introduced in speech recognition, is user-defined and is often de-
scribed as an effective number of neighbours [93]. The intuition behind this value is that
the variance of each Gaussian in the high dimensional space is tuned to have a tail with a
limited number of relevant neighbours. This means neighbours outside the effective range of

the Gaussian will have similarity values considerably smaller.

Uniform Manifold Approximation and Projection (UMAP)

We describe UMAP by emphasizing its similarities with t-SNE. UMAP makes use of stochas-

tic approximate nearest neighbour search and stochastic gradient descent to optimize a cross-
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entropy cost function [94] defined as

C’:Zvalog<

i=1j=
i

) + (1 — vy) log ( L= vy ) : (4.7)
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where v;; and w;; are similarities respectively in high and low-dimensional space. UMAP’s
high-dimensional conditional probabilities v;; are defined as local fuzzy simplicial set mem-

berships

vy = exp [(—d(zi, 75) — pi) [oi] - (4.8)

In v;);, a user-selected smooth nearest neighbours distance d(x;, z;) is defined (only Euclidean

VE
distance is used in this work), p; is the nearest neighbour distance [95] and o; is an approxi-

mation for the k-nearest neighbour distance.
Like t-SNE the high dimensional similarities v;; are defined to be symmetric and follow
vig = (Ul = il;) = Vjjivij- (4.9)
As for the low-dimensional similarities w;; they follow
wy = (1+ally —yl*) (4.10)

where a and b are user-defined parameters found through a fitting algorithm. If a and b are
1, we have the t-student function of t-SNE.

Isometric Mapping (Isomap)

[sometric mapping finds the nearest neighbours of every sample and creates a graph repre-
sentation where every point is connected to its neighbour [96]. The algorithm attempts to
compute the shortest distance between every connected point. Finally, a multidimensional

scaling step computes a low-dimensional graph representation.

4.5.3 Predictive methods

Predictive methods need to be trained using data, once trained these methods offer a transfor-
mation that can be used to label new signals. This generally translates into fast computation

but requires an initialization step to train the model.
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Principal Component Analysis (PCA)

Principal component analysis is a linear method previously used for TES and superconducting
nanowire single-photon detector (SNSPD) signal classification [32,97]. For a data matrix X,
PCA transforms X to a new coordinate system to minimize the total distance between the
samples and the principal components (columns of W). By minimizing this distance, the
variance of the projected points is maximized [98]. For a data matrix X and a principal

component matrix W € R**"| the matrix multiplication
Y =XW, (4.11)

transforms every signal into a low-dimensional representation Y € R**" of size r equal to
the number of principal components considered. It can be shown that optimal vectors of W
are given by the singular value decomposition (SVD) of the covariance matrix X " X . This is
further simplified to SVD elements of X where W is taken directly from X = UXW . In
this decomposition, U and V are orthogonal and ¥ is a rectangular diagonal matrix. Once

W is defined, prediction is done by replacing X by new data X,.q in equation (4.11).

Kernel Principal Component Analysis (Kernel-PCA)

Kernel principal component analysis uses a mapping to project data onto a feature space of
size @ (typically @ > t) where the data has the potential of being linearly separable [99].
It can be shown that the projection of the data points inside the feature map ¢(z) onto the
principal components in the feature space can be computed without explicitly computing the
mapping ¢(x). This is done through the introduction of a kernel function that follows some

restrictions in its construction [100].

We benchmark a Polynomial (Poly), Radial Basis Function (RBF), Sigmoid and Cosine kernel
defined as:

Poly :  k(z,,2p) = (Y2, 20 + €)%, (4.12)
RBF : k(x,,x,) = exp (—7||$n — [EmH2) : (4.13)
Sigmoid :  k(zp, z,) = tanh(yz, 2, + ¢), (4.14)
Cosine 1 k(xp, Tm) = (wp2,) (|20 ||2m]]) 7" (4.15)
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Non-Negative Matrix Factorization (NMF)

Non-negative matrix factorization is an iterative process that attempts to find a decomposi-
tion without negative elements to minimize some objective function. The method gives an

approximate decomposition of the data matrix X described by
X ~YH, (4.16)

where Y represents the transformed data matrix and H the transformation matrix, which
are both smaller matrices than X. The general process behind NMF offers a framework to
compute adequate decompositions for specific applications. In other words, the loss function

is chosen given an application. In this paper, we use a loss defined as
L<X7Y7H) = HX_YHHI%‘rob (417)

The Frobenius norm is a matrix norm defined for a matrix A with elements a;; as || A||pob =
(X4 |ai;[*)/2. 1t can be shown that the optimization of the Frobenius norm is equivalent to
the maximum likelihood estimate of X without Gaussian noise [101]. Additionally, we test

NMF optimization using the KL divergence, where the loss function becomes
L(X,Y,H)=KL(X|YH). (4.18)

Similarly to the Frobenius norm, the use of the KL divergence is equivalent to the maximum

likelihood estimate of X without Poissonian noise [101].

To make a prediction using NMF, a new approximate decomposition is optimized based on

a close-to-optimal initial guess defined in the training step.

Neural Networks

Neural networks have the potential to reproduce a wide variety of operations in a numerical
structure that can be used efficiently to process large amounts of data. To quickly apply
UMAP and t-SNE on new data, we use parametric implementations of these methods using
neural networks. The main principle behind these parametric implementations is to constrain
the embedding to transformations done through a neural network. In other words, a neural
network is trained to optimize the KL divergence in the case of t-SNE and the cross-entropy
in UMAP. By applying this constraint during training, we create a neural network that
considers local structures and behaves similarly to t-SNE and UMAP. At this stage, new

data can be embedded at an efficiency restricted by the complexity of the neural network



36

architecture.

More details about the neural network architecture and the training process are provided in
Appendix A.

4.5.4 Clustering

Clustering refers to identifying groups of similar samples inside a latent space. For this task
we use a Gaussian mixture model, given a user-defined number of clusters, this method finds

the parameters of a mixture of Gaussians to describe the sample’s distribution.

The choice is highly inspired by a similar model previously used in the tomography of TESs in
combination with PCA [32]. Mixture models offer a statistical interpretation of latent spaces

convenient for metrology and performance evaluation (confidence metric in Sec. 4.5.6).

The mixture model gives a continuous probability density function for the position s of
samples given optimal parameters 0 = {(wg, g, 2x) : kK = 1,--- , K}. In the model, every
cluster k is weighted by a value wy, (where S5, wi = 1), and modelled by a Gaussian with
mean p and covariance matrices 3. The individual Gaussians N give the cluster probability
density function and the probability of observing samples in position s given parameters 6

are defined by

p(s|0) = kz_: wWeN (8| e, 2)- (4.19)

The probability density function is found through an expectation maximization algorithm
(EM algorithm) that attempts to find the maximum likelihood estimate of samples following
a likelihood of

i=1k=1

Numerically it is more convenient to express this problem in terms of the log-likelihood given

by

1) = Ton(9) = Yo (Lo s, ) ). (@.21)

=1 k=1

where the problem can be computed in terms of sum instead of products.
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4.5.5 Number of clusters

The Gaussian mixture model offers different advantages for quality assessment but cannot
directly determine the number of clusters in a latent space. The problem is solved using an

elbow method considering the Akaike information criterion (AIC)
AIC = 2K —21In(L(6)), (4.22)
or the Bayesian information criterion (BIC)
BIC = K In(u) — 2In(L(#)). (4.23)

The criteria assign a score given a number of clusters K, a likelihood function £(6), and a
total number of data points u. By sweeping the number of clusters used in some models, these
criteria give a way to find a balance between the number of clusters and the likelihood. In our
case, the likelihood of the Gaussian mixture model is used to evaluate the information scores.
The general idea of these criteria is to negatively score the number of clusters, considering it
is always possible to overfit the data with more clusters. In other words, a model with more
clusters can always achieve a higher or equal likelihood than a model with fewer clusters.
The point of diminishing return is given by the “elbow” of the AIC and BIC when evaluating
the criteria as a function of the number of clusters. After this point, the additional clusters

mostly overfit the data.

The Silhouette score is also used with the information criteria to evaluate the number of
clusters [102]. Since similar results are found with this method, the details are not described

here.

4.5.6 Quality Assessment

Assessing the performance of dimensionality reduction techniques in an unsupervised setting
is difficult since the ground truth is unknown. To tackle this task, we quantify cluster
separation. To improve the performance evaluation it is also important to understand that the
problem is not completely unsupervised considering photon sources used to generate samples
follow known distributions. We include this knowledge of photon number distributions as an

additional validation to cluster separation evaluation in the confidence metric (Sec. 4.5.6).
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Confidence

We consider the probability density of photon events can be approximated from the sample’s
distribution in the latent space following the Gaussian mixture model. Following previous
work [32], the confidence C,, is used as a performance metric for the resolution of photon

numbers in a latent space following,

o [ pen)P)

= ) TGP (4.24)

In this equation, p(s|n) is the probability density of observing a sample in position s in
the latent space given it is labelled as n photons. Additionally, P(n) is the probability of
assigning a photon number n. In this model, we consider that the true clusters follow a

Gaussian structure inside the latent space.

The confidence represents the probability of correctly labelling a sample in a given cluster in
the mixture model. We note that equation 4.24 describes the confidence for a one-dimensional

space but can be generalized to an arbitrarily high-dimensional latent space.

In practice p(s|n) can be measured using a trusted source of n photons (i.e. using detector
tomography), in which case C), is equal to the probability of the detector measuring and

assigning the correct number of photons [32].

It is important to mention that the distances in the latent space do not necessarily have a
physical meaning. The separation must only be interpreted as our capacity to distinguish

clusters, and the confidence translates this concept into a probabilistic framework.

4.5.7 Datasets

Experimental data from previous work at the National Institute of Standards and Technology
(NIST) is used to benchmark the different techniques in this work [30]. The original dataset
was generated by progressively attenuating a coherent source from 29dB to 7dB, leading
to 24 datasets each containing v = 20480 signals and ¢t = 8192 time steps. This results
in datasets that each have Poisson photon number distributions and mean photon number
(n1) = 2.26 to (ny) = 7.08 x 10°. These values were independently measured using a

calibrated photodetector.

Instead of directly using these distributions, we construct two synthetic datasets (made of
real traces) that follow a close-to-uniform and close-to-geometric distributions P(n). These
datasets are labelled as Synthetic Uniform and Synthetic Geometric in Table 4.1. Further-

more, for both of these datasets, a training and testing set were generated. Considering
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Table 4.1 Number of samples u, number of time steps ¢ and photon number distribution for
both the training and testing portion of all the datasets used in this work. For cases where
the photon number distribution is engineered to resemble a goal distribution, the blue bars
represent the expected photon number distribution for a mixture of Poisson distribution and
the yellow bars are the goal distributions used to fit the weights w,.

Name | Number (u) Size (t) Distributio:w Reference
Synthetic Uniform Tffilslg 38 228 350 | (30,103]
Synthetic Geometric T%zisr; g; 838 350 m = (30, 103]
Synthetic Large T;Z:; 228 888 200 [104]

Noise Test : 200000 50 [104]

randomly selecting a portion of the samples in each experiment is equivalent to varying the
weight w, of a given Poisson distribution P,y(n) inside a mixture of Poisson distributions.

The total expected distribution P(n) can be described by

1

P(n) = ¢ Z Wiy Proy (1), (4.25)
(n)eN
with
=D Wy, (4.26)
(n)eN

and where N is the set of available mean photon numbers (n). With this construction, the
expected photon number distribution is a mixture of Poisson distributions shown in Table.
4.1. The choice of a uniform distribution is motivated by the desire to make the labelling

task difficult by maximizing the distribution’s entropy. In other words, for every sample
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in a perfectly uniform distribution, the method would have equal chances of guessing every
class. The choice of testing a geometric distribution comes from the desire to precisely
measure thermal optical sources that follow a geometric photon number distribution. Also,
distributions with a long tail can be difficult to process for certain methods since fewer

examples are present in some classes (imbalanced dataset).

We add that these expected distributions are used as P(n) in the computation of the con-
fidence. The predictive methods are trained with the training set, and the analysis of per-
formance metrics is done by feeding the test set to the trained methods. In the case of
non-predictive and basic feature methods, the test set is directly used. The training and
test datasets contain a total of u = 30550 traces of size t = 350 (first 350 values of the
8192 available time steps). We note that most of the weights w, are set to zero because of
the number of available Poisson distributions in the desired photon number range is small,

making the synthetic distribution not perfectly uniform (see top row in Table 4.1).

To validate a hypothesis discussed in Sec. 4.7.2 we also use a larger dataset named Synthetic
Large that was created using signals generated by TESs at the National Research Council
Canada (NRC) in Ottawa. The data was generated by tuning the attenuation of a laser and

measuring v = 100 000 signals for each of these coherent sources.

Finally, we also make use of a dataset labelled Noise, in Sec. 4.7.5, for this dataset, u = 200000
TES signals were produced by detecting light generated by an integrated optical parametric
oscillator (OPO) pumped below threshold using a pulsed-carved continuous wave laser, as
in Ref. [105]. The OPO generated signal photons following a quasi-thermal distribution. In
addition, noise photons from the pump leaked into the detected mode due to imperfect pulse
carving and filtering. These noise photons were generated at random times relative to the

signal photons. All datasets are summarized in Table 4.1.

4.6 Results

4.6.1 Validation

Before looking at performance metrics, a sanity check is done to validate the basic char-
acteristics of the Synthetic Uniform dataset. This is done for the data from the different
coherent sources (all with different mean photon numbers). Since coherent sources are used

to generate the samples, a g® (second-order correlation) of 1 is expected. This quantity is
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defined in terms of the first two moments of the photon number distribution, as

@ _ (%) — () (4.27)

We use the ¢(® as a validation metric both ways by making sure the statistics of the light are
correct and that the generated statistics using the numerical methods follow the physics of
the system. In Fig. 4.2 we can see that every method has a ¢® close to 1 for most datasets.
All methods consistently get farther from one as the mean photon number increases, the lack
of resolution for high photon numbers explains this behaviour. Additionally, the number of
signals associated with the high mean is limited compared to the low mean cases. The lack
of resolution is especially present for the method based on the maximum value of the signals,

since it cannot resolve photon numbers higher than 10 in our dataset.

4.6.2 Confidence

Considering the different dimensionality reduction techniques and following Gaussian mix-
ture clustering, the confidence associated with every method is compiled in Fig. 4.3 for the
Synthetic Uniform dataset. In this plot, the Kernel PCA techniques and NMF are not pre-
sented to facilitate readability, since they do not offer significant differences with PCA or
are significantly worse. The number of clusters considered in the confidence plots is defined
using the AIC and BIC information criteria and other considerations. First, the last cluster
is always removed since it often offers an artificially high confidence considering there is no
other cluster to overlap with farther in the latent space. Additionally, regions associated with
multiple photons described by a uniform density are ignored. This is done since regions of

uniform density can be described by an arbitrarily large number of Gaussians.

We found a significant increase in performance can be achieved using nonlinear methods.
In Fig. 4.3 and Fig. 4.4 we show the confidence metric for the different methods considered
for both the Synthetic Uniform and Synthetic Geometric datasets. We see that for both
datasets previous methods like the signal’s area and PCA can resolve up to 16 photons with
confidence above 90% while t-SNE and UMAP can resolve up to 21 with the same confidence
threshold. Parametric implementations of t-SNE and UMAP did not give satisfying results
for these datasets however, in Sec. 4.7.2 we show that these implementations can outperform
PCA if the dataset is sufficiently large.
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Figure 4.3 Confidence of photon number clusters for the different methods using the Synthetic
Uniform dataset. In this figure, and the ones that follow, methods using a 1D latent space
are represented by dotted lines, while those with 2D latent spaces are shown with solid lines.
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Figure 4.4 Confidence of photon number clusters for the different methods using the Synthetic
Geometric dataset

4.7 Discussion

4.7.1 Qualitative Analysis

Through a visual analysis of the sample’s distributions in latent spaces, it is possible to iden-
tify methods that show potential for unsupervised classification. In other words, methods
that visually offer clear cluster separation have the potential to better perform at the classifi-
cation task. To visualize the data in these different spaces, we use kernel density estimation,
which involves summing a kernel function (Gaussian in this case) over all the samples to

provide a smooth representation of the data distribution.

PCA is the first interesting method, since it was previously used for this task. We observe
clear clusters, and the samples followed the expected arc-like structure presented in Fig. 4.5a

and observed in previous work [32].

We also notice the promising separation of clusters using both t-SNE and UMAP. The sample
distributions generated by these methods in two dimensions are presented in Fig. 4.5b and
Fig. 4.5¢.

The other methods tested in this work generate sample distributions with no special prop-
erties and, for this reason, are not further discussed. However, all methods and their results

are available online [106].
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Figure 4.5 Kernel density estimation of the low dimensional embedding of TES signals gen-
erated by (4.5a) PCA 2D, (4.5b) t-SNE 2D, (4.5¢) UMAP 2D, (4.5d) PCA 1D, (4.5€)
t-SNE 1D, (4.5f) UMAP 1D.

4.7.2 Limits for Parametric Implementations

We consider t-SNE and UMAP to offer some approximate upper bound on the confidence
of their parametric implementation. This is justified by the fact that both methods follow
the same optimization scheme. However, non-parametric methods are not limited by the
set of possible transformations in the neural network architecture. We therefore hypothesize
that given a large enough neural network and adequate hyperparameters, the performance of

Parametric t-SNE and UMAP has the potential to resemble their non-parametric equivalent.

The training process to generate a network with the reported performance for the Synthetic
Uniform and Geometric datasets required a fair amount of tuning to give satisfying results,
which is not ideal for experimental setups. We mainly attribute this problem to the limited
amount of training data, which makes it easy to overfit the model to the training data. More
precisely, by learning local data structures the neural network learns less generalized features
which limits its capacity to make predictions. This family of neural networks is therefore
more reliant on having access to a large training dataset, since it needs examples for a

wider range of fine signal features. This limits the performance capabilities demonstrated
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in this work, however, with a larger training set the neural networks can have prediction
capabilities similar to the transformation of their non-parametric implementation. To verify
this intuition, we used the Synthetic Large dataset previously mentioned in section 4.5.7.
Using the u = 300000 signals, we trained a small feedforward neural network (5 linear layers
of size 300). We present in Fig. 4.6 that with sufficient data, this network offers advantageous

confidence values compared to previously used techniques in one-dimension.
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Figure 4.6 Confidence of Parametric UMAP compared with the non-parametric implemen-
tation and 1D PCA, for the Synthetic Large dataset taken at the National Research Council
in Ottawa.

4.7.3 Impact of Embedding Dimension

The analysis of the dimensionality reduction techniques in this work assumes that the un-
derlying true classes are associated with the photon numbers. This gives satisfying results
because the traces for each photon number follow a clear pattern that different methods can
easily capture. However, additional considerations are needed to solve the photon number
classification problem. First, cluster distinguishability inside the low-dimensional represen-
tations is possible because the underlying structures of photon numbers are dominant in
comparison to other characteristics like noise. Additionally, the dimensionality reduction
techniques are only aware of data structure at different scales and never explicitly have a
grasp of the physical system. We emphasize this property since it makes the method almost
completely independent of the statistics of the measured light and does not require prior

knowledge of the light source. To come back to the data structures, when methods encode
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data in a low dimensional space they need to find a representation that describes the entire
complexity of the signals. This means that noise and photon number structures are equally
preserved in the embedding. If enough noise structures exist, the method will not have enough
space in a single dimension to represent this variety, and the resulting embedding can show
excessive broadening of clusters. The constraint of preserving structures in the data limits
the potential of finding well separated clusters in lower dimensional embeddings. This is a
reason why it is easier to find an embedding with well-separated clusters in two-dimensional
spaces, even if the underlying classes we wish to identify are contained in a single dimension:

the photon number.

4.7.4 Global vs Local data structures

In unsupervised classification tasks, it is often suggested to use dimensionality reduction
techniques that preserve global structures rather than local structures [107]. This is because
preserving the local structure may alter the distances and density of the data from the
original space to the generated embedding. This characteristic makes it harder to guarantee
that generated clusters are real or associated with the desired classes. Depending on the
data, noise structures can also be grouped, creating artificial clusters. While this can be
true, in the case of TES traces we argue that data does not contain electrical noise important
enough to create artificial clusters. Additionally, noise from temporally uncorrelated photons
is described by well-defined signal signatures. Looking at local structures gives the capacity
to cluster these structures, arguably making it a positive rather than a negative feature, as

we explain in the next section.

4.7.5 Outlier Detection

A one-dimensional embedding is efficient from a computational point of view, since the
clustering problem can be translated into a sorted array search. However, depending on the
use case, we argue that two dimensions may offer deeper insight due to their capacity to
capture a wider range of structures. For example, if temporally uncorrelated light overlaps
with the light modes one seeks to analyse, then a single dimension is likely not enough space
to correctly capture the photon-number statistics of the modes under analysis. Adding to
what is mentioned in the previous section, the noise becomes an additional structure to
represent, and effectively the proportion of information that the method can allocate to the
photon number structure is reduced. This is shown in Fig. 4.7a where we use the Noise
dataset (section 4.5.7) and observe cluster broadening due to the presence of temporally

uncorrelated photons. In this case, the two-dimensional representation becomes more useful,
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cf. Fig. 4.7b, to describe the complexity of the dataset. Using a second dimension, the
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(a) Density estimation of PCA embedding using (b) Scatter plot of embedding of TES traces using
the first principal component. PCA in two dimensions.

Figure 4.7 Low dimensional representation using PCA of the Noise dataset containing signals
from a system with temporally uncorrelated photons.

uncorrelated light becomes distinguishable, as shown in Fig. 4.8. In this space, it is not only
easier to interpret the proportion of uncorrelated light, but it is also possible to remove these

outliers by carefully selecting the latent space regions associated with correlated light.

We also noticed that methods that preserve local structures tend to create clearer clusters
for noise structures, facilitating the clustering task. This effect is seen in Fig. 4.8 where the
uncorrelated noise is found on curve structures and photon numbers in tear-like shapes. If
we look closely at the content of these clusters, we see that it is possible to identify signals of
uncorrelated single photons before the trigger time (cluster 4.8¢) and after the trigger time
(cluster 4.8b). Similarly, we find uncorrelated single photons combined with correlated single
photons in clusters 4.8e and 4.8f. In clusters 4.8a, 4.8d, 4.8g, and 4.8h we find the standard
photon numbers 0 to 3 without uncorrelated light. Similar analysis could be done using more
traditional methods like PCA, however the clustering becomes significantly harder. This lack
of cluster structure is visually demonstrated in Fig. 4.7 where the uncorrelated light becomes

a broadening of the temporally correlated photon numbers.

We note that the Gaussian Mixture Model is not as effective in clustering noise features,
especially considering a photon number embedding from UMAP. We found that methods
like HDBSCAN, which is a hierarchical density-based clustering technique, are well-suited
for UMAP embedding [108]. This technique has the main advantage of working on clusters
that do not follow a Gaussian structure, which is adequate for noise clusters that can have a

variety of shapes.
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Figure 4.8 In the centre, we present a low dimensional representation using UMAP of a
dataset containing signals from a system with temporally uncorrelated noise. Each cluster in
the kernel density estimation is identified using lower case letters, and each graph, identified
using the associated upper case letter, represents the signals in each labelled clusters. (4.8a),
(4.8d), (4.8g), and (4.8h) give the temporally correlated photon numbers 0 to 3. (4.8b) and
(4.8c) are associated to uncorrelated signals, with zero photons correlated before and after
the trigger time. (4.8e) and (4.8f) are single photons at the trigger time and uncorrelated
signals before and after the trigger.

4.7.6 Impact of Gaussian Mixture Model

We note that one-dimensional results for t-SNE offer clusters that follow top-hat-like dis-
tributions, cf. Fig. 4.5. This feature decreases the confidence results, but not the actual
potential clustering over this embedding. For a more accurate representation of t-SNE clus-
ters, we use a generalized Gaussian distribution to represent the probability density of each

cluster defined as

5 — ln
Cn

(s]n) = — D exp |- ’ (4.28)
P 26,0(1/8) | |

with

(= 0.l 1/5) (4.29)
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In these equations, u,, o2, and I'" are respectively the mean and variance of a given photon
number cluster and the Gamma function. In Fig. 4.9a we present a qualitative representation

of the fit quality of t-SNE embedding using the standard and generalized Gaussians functions.

In Fig. 4.9a we see that the generalized Gaussian distribution is a better estimation of the
density inside the latent space. The small tail reduces greatly the overlap of probability
density functions, which increases the computed confidence. The new values of confidence
are plotted in Fig. 4.9b where we observe a significant increase in the confidence, reaching

values similar to one-dimensional UMAP.

4.7.7 Potential Applications

Based on the benchmarks, the dimensionality reduction techniques that focus on local struc-
ture preservation offer the best low-dimensional representation of the transition edge sensor

signals.

These methods provide high cluster separation and follow the expected distribution to a
degree unmatched by other techniques. For these reasons, t-SNE and UMAP are effective
methods for applications that do not involve frequently adding new samples to their dataset
and require high accuracy. The existence of open-source platforms like UMAP-learn [107]
and Scikit-Learn [109] that offer complete and optimized implementations of these methods
facilitates its usability. The number of user parameters necessary to use these methods is also
very small, which makes them ideal for experts and non-experts. We note that the operation
complexity scaling of UMAP is much more advantageous when compared to t-SNE, it is

therefore more efficient to use UMAP since they both have similar performances.

Considering the previous performance results, neural networks (5 linear layers of 300 neu-
rons) can offer a trustworthy and interpretable low-dimensional representation of the TES
traces. The condition necessary for this method to be accurate is to provide a balanced
dataset containing the range of photon numbers we want to detect. It is essential to un-
derstand that the network cannot predict photon number outside the trained range, since
it never learned an embedding for these signals. The training data restricts the learned
transformation. Moreover, our results suggest that a small neural network implemented in
a Field Programmable Gate Array (FPGA) [110] could replace currently used methods like
trace area and PCA [23] to process the TES traces directly. With this type of hardware,
we believe real-time processing can be achieved considering TESs have a dead time of a few
microseconds and knowing our CPU implementation can process a TES signal of 200 points

in 4.9us. This value is obtained using a laptop with a clockspeed of 3.2 GHz, 8 cores and 16
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Figure 4.9 Impact of using a generalized Gaussian function to estimate the clusters generated
by t-SNE.

threads.

We emphasized using a close-to-uniform distribution to train the network, since it becomes
equally optimized for every class (photon number). Following the example used to benchmark
the different methods, the use of a coherent source with tunable mean photon number is
more than sufficient to create a balanced dataset. It is therefore possible to create suitable
conditions only using a laser and tunable attenuation. We could also imagine using a high

mean photon number thermal source, depending on the available equipment.

Coming back to the use of methods that preserve local structures, we believe that using
methods like UMAP can enable the use of TESs on temporally uncorrelated light, making
it a useful tool to remove noise in a variety of cases. Also, this feature can be exploited to
characterize photon statistics of continuous-wave sources where no time trigger can be used.
Existing work on the topic [111] uses a different approach to this problem, making it difficult
to compare. However, the methods we describe make this task simple to implement for a
wide variety of cases, since it is invariant to the combinations of photon events inside a single
signal. In other words, traces associated with exotic scenarios, for example a single photon
trace slightly overlapped by a two-photon trace, should have its position inside the latent
space making it distinguishable. This task is also well suited for neural networks since they
can be designed to be shift-invariant, meaning that similar structures, independent of their

position, could be clustered.
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4.7.8 Future work

A one-dimensional embedding is optimal for experimental systems where the number of
possible outliers is limited since the clustering task becomes simplified. To improve on this
work, we hypothesize that there is a solution in one dimension that can reach the confidence
values of two-dimensional UMAP and t-SNE. To address this problem, we could enhance our
understanding by examining the relationship between the dimensionality reduction process
and clustering. Additionally, it may be possible to strengthen the representation of photon

numbers while minimizing the space allocated to noise features.

While testing the different methods, the clustering step (Gaussian Mixture Model) was par-
ticularly sensitive to the initialization process. Often some manual adjustments had to be
done to guarantee the quality of the results. To further improve the quality and robustness
of photon number classification, future work could explore clustering techniques that may be
better aligned with the novel methods introduced in this study. This way it could be possi-
ble to completely automate the photon number classification process even for low visibility

clusters.

Accessing the ground truth in the case of photon number classification remains difficult,
and further validation would be desirable to guarantee the performance of the proposed
methods. We propose using the joint probability distribution of photon pairs to benchmark
dimensionality reduction methods. In more detail, in a perfect system, photon pairs should
have the same photon number in both modes. Experimentally, loss and misassigned photons
broaden the joint probability distribution, which would be otherwise perfectly diagonal [112].
With this in mind, we expect broadening effects associated with the numerical analysis. This
way, the width of the joint probability distribution becomes an experimental tool to quantify

the performance of numerical techniques.

4.8 Conclusion

Nonlinear methods like t-SNE and UMAP that aim to preserve local data structures offer
better resolution over photon numbers in the case of transition edge sensor signals compared
to previously used techniques like signal area and PCA. These methods can be used directly
to replace currently used methods, with the caveat that they cannot predict new samples

without computing the entire dataset.

With a large dataset (u = 550000 samples), we demonstrate the potential of neural net-
work that recreate the embedding of t-SNE and UMAP. These models remain simple and

could be further explored, offering a promising direction for future research. Enhancing the
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generalization capabilities of these models could enable their application in real-time photon

number resolution, advancing the field of quantum optics.

Beyond TES devices, the techniques explored in this work hold promise for enhancing the
performance of other single-photon detectors, such as SNSPDs. For instance, principal com-
ponent analysis (PCA) has shown potential in processing SNSPD signals [22,97], highlighting

the versatility of these approaches across photon-detection technologies.

All the numerical methods and data discussed in this document are available in Ref. [103,

104, 106).
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CHAPTER 5 CONCLUSION

5.1 Computational Considerations

While the performance of the techniques is discussed in terms of the confidence in previous
sections, it is interesting to have a notion of the time required to execute the different algo-
rithms. In Fig. 5.1 this time is presented for the different techniques, the computer used to
execute the code has a CPU with up to 6 GHz of clock speed, 24 cores, and 32 threads. All
algorithms are executed on a CPU in this test, even if techniques utilizing neural networks

can be computed much faster on a GPU.

Table 5.1 Comparison of the time required to process the Synthetic Uniform and Synthetic
Geometric datasets for all the dimensionality reduction techniques (once trained).

Name Time (s) Time (s)
Synthetic Uniform Synthetic Geometric
Maximum value 0.191 0.335
Area 1.209 2.259
PCA 1D 0.055 0.074
PCA 2D 0.050 0.087
KPCA RBF 2D 20.210 71.617
KPCA Sigmoid 1D 20.456 71.923
KPCA Cosine 2D 12.288 42.817
tSNE 1D (perplexity of 450) 122.950 262.758
tSNE 2D (perplexity of 450) 129.805 260.479
UMAP 1D (1000 neighbors) 251.482 468.574
UMAP 2D (700 neighbors) 165.661 321.298
NMF 1D 2.090 5.477
Isomap 1D 1160.342 1072.104
PTSNE 1D 0.050 0.130
PUMAP 1D 0.061 0.152

The scripts are executed using a random seed to assure reproducibility, however this reduces
the speed of the UMAP implementation since the script becomes single threaded when using
this mode. Additionally, the number of neighbours considered has a significant impact on the
run time. When removing the requirement for a random seed and selecting 450 neighbours,
UMAP 1D runs in 78.155 s compared to 127.015 s for tSNE 1D with the same considerations.
As a general rule UMAP should be used instead of tSNE since it has better complexity scaling.
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5.2 Application of Neural networks for TES signals

In Chap. 4 it is demonstrated that parametric implementations of UMAP and t-SNE offer
a latent space where photon number clusters are easier to distinguish. While this result
is interesting, neural networks offer a platform with more potential than simply creating
interpretable latent spaces. For instance, in Chap. 4 only the use of an encoder is discussed,
however a decoder can easily be added to resemble the architecture of a VAE. In this structure
the encoder provides a space to assign standard photon numbers and the decoder can be used
for anomaly rejection following the same strategy as Ref. [71]. Precisely, this configuration
can be trained on “clean” data, learning an accurate transformation to encode and decode the
desired signals. With this trained network, clustering can be done on the encoder output to
assign photon numbers and by defining a threshold on the reconstruction loss discard signals

that the network does not recognize (cannot reconstruct correctly).

Another configuration that is compatible with the previously described autoencoder is to use
shift invariant layers in the construction of the network. In this configuration, the network
can interpret photon numbers independently of the time of arrival of the photons. This
network could be relevant for instance in the detection of light coming from a continuous

light source where the time of arrival is unknown.

In the opposite case, the deliberate decision to make the network sensitive to shifts can help
discard unwanted light that hits the detector at random times. This can be explained by
considering that the network learns to encode and decode signals at the trigger time and never
outside this time frame. The network being unable to recreate such a signal will interpret

the signal as unwanted since the reconstructed signal does not resemble the input.

5.3 Summary of Works

This work discusses the problem of photon number assignment in the case of transition
edge sensors. To increase the performance of such detectors, this work explores the use of
dimensionality reduction techniques that transform the high-dimensional data (signals) into
a low-dimensional representation where the features of interest appear from data structures.
The comparison of techniques demonstrated that some nonlinear techniques can offer an
embedding for TES signals where photon numbers are easier to distinguish. The techniques
that show potential have never been used in this context and show a new approach for

researchers to analyse data generated from TESs.

The comparison of techniques is done in a quantitative manner, following a confidence metric

(Sec. 4.5.6) that gives the probability of correctly assigning a photon number based on a latent
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space.

While t-SNE and UMAP are powerful tools, they do not offer a platform to predict the
class of new samples. This work demonstrates that neural networks can learn an embed-
ding of TES signals that closely approximate the latent space of t-SNE and UMAP. From
these transformations, the prediction of new samples is possible with greater confidence than

previously used techniques.

The entire work was designed with reproducibility in mind. This translates into the creation
of a public repository where all the code necessary to reproduce the results is available [106].
Also, a major part of this work has been to access data from TESs since this type of detector
is expensive and only used by a few research groups in the world. From collaboration with
NIST and NRC the creation of two public data repositories was achieved [103,104] making

the comparison of analysis techniques accessible to the full scientific community.

5.4 Limitations

While interesting results came out of this exploration of dimensionality reduction techniques,
some problems remain. First, the use of a one-dimensional embedding simplifies clustering,
but does so at the cost of potentially losing critical information necessary for resolving photon

numbers in more complex scenarios.

Additionally, the Gaussian Mixture Model (GMM) clustering step exhibited sensitivity to
initialization, occasionally requiring manual intervention to achieve optimal results. This is
inconvenient considering the desire to create a fully automated photon-number classification

pipeline.

Furthermore, the entire work is done on data without accessing the ground truth, which
is an intrinsic weakness of the methodology. Indeed, the only physical validation in this
work is done via the evaluation of the ¢ which does not give a direct confirmation that an
individual signal is correctly classified. Moreover, the performance evaluation only considers
the distinguishability of clusters inside an abstract space. The methodology is therefore

sensitive to techniques that can create artificial clusters.

Further experimental validation would be helpful to guarantee the reported performance of
the discussed dimensionality reduction techniques. One approach that is previously described
in Chap. 4 is the use of photon pairs. Indeed, in a perfect system, the joint probability
distribution of photons from both modes should be perfectly diagonal. The presence of loss
in the real implementation and misassigned photons in the post-processing step result in

a broadening of this distribution. Considering the average loss is constant, the width of
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this joint probability distribution can become an experimental validation for the numerical

analysis.

5.5 Future Research

To overcome the limitations of one-dimensional representations, future work could explore
whether more robust encoding schemes can achieve the performance of two-dimensional t-
SNE and UMAP. This involves investigating the relation between dimensionality reduction
and clustering to find solutions that better represent photon numbers while minimizing noise

contributions.

To enhance automation and robustness, research into alternative clustering techniques, such
as density-based or deep-learning-based clustering, is possible. These methods could reduce

sensitivity to initialization and handle low-visibility clusters more effectively.

The width of the joint probability distribution in photon pair experiments offers an exper-
imental playground for benchmarking numerical techniques. Future work could focus on
systematically analysing broadening effects to establish quantitative metrics for method per-

formance, enabling more rigorous validation.

Although this work demonstrates the feasibility of neural networks to emulate t-SNE and
UMAP embeddings, future efforts could aim to improve the generalization capabilities of
these models. This includes exploring architecture designs or transfer learning approaches
to enable real-time photon number resolution, which would have significant implications for

quantum optics and related fields.

Finally, the techniques proposed in this work could potentially benefit other single photon
detection technologies, such as SNSPDs. By using methods like t-SNE, UMAP, and PCA to

these devices, it may be possible to improve their performance.

Continuing to expand and refine the publicly available datasets and codebases will facilitate
further development and adoption of the proposed methods. Future work should prioritize
creating comprehensive benchmarks and ensuring the reproducibility of numerical techniques

across the community.

By addressing these limitations and pursuing the outlined research directions, this work lays
the foundation for more robust, automated, and generalizable photon number classification

methods, advancing the state-of-the-art in single-photon detection technologies.
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APPENDIX A NEURAL NETWORK

For both parametric implementations of t-SNE and UMAP, we use a simple feed-forward
neural network defined as a series of blocks containing linear layers with ReLLU activation
functions followed by a batch normalization step. The results presented in this work use a
neural network with 4 blocks, where each linear layer contains 300 inputs and outputs. While
more complex architectures could be used for this task, we find that even an elementary neural

network can achieve this task accurately, resulting in fast data transformation.

We note that we use the same neural network to predict data for both close-to-uniform and
close-to-geometric cases. This is done to train the neural network on a balanced dataset,
and in this process we guarantee that the neural network is never trained on test data.
Using different distributions for the training step is not advantageous to parametric methods,
since the close-to-uniform dataset contains fewer samples than in the close-to-geometric case.

Additionally, other methods do not benefit from being trained using this data.

For more details about the implementation, the source code for parametric algorithms is

available on the public repository provided in Ref. [106].
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