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Abstract
This work focuses on developing and motivating a stochastic version of a
wellknown inverse problem methodology. Specifically, we consider the iterat-
ively regularized Gauss–Newton method, originally proposed by Bakushinskii
for infinite-dimensional problems. Recent work have extended this method
to handle sequential observations, rather than a single instance of the data,
demonstrating notable improvements in reconstruction accuracy. In this paper,
we further extend these methods to a stochastic framework through mini-
batching, introducing a new algorithm, the stochastic iteratively regularized
Gauss–Newton method (SIRGNM). Our algorithm is designed through the
use randomized sketching. We provide an analysis for the SIRGNM, which
includes a preliminary error decomposition and a convergence analysis, related
to the residuals. We provide numerical experiments on a 2D elliptic partial dif-
ferential equation example. This illustrates the effectiveness of the SIRGNM,
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through maintaining a similar level of accuracy while reducing on the compu-
tational time.

Keywords: stochastic optimization, inverse problems, regularization,
Gauss–Newton method, convergence analysis, random projection

1. Introduction

The field of optimization [12, 39, 40] is of crucial importance many areas of applied math-
ematics, which is concerned with minimizing functions, or functionals of interest. Popular
examples include control theory, calculus of variations, numerical analysis and others. This is
particularly apparent with its recent success in the emerging fields of machine learning, data
science and deep learning [11, 45, 49]. However a particular application, which is of interest
for this work, is parameter estimation associated with differential equations. This mathemat-
ical discipline is commonly known as inverse problems [37, 44, 46], which is concerned with
the recovery of some quantity, or parameter, u† ∈ X of interest from some noisy observations
y† ∈ Y , i.e.

y† = F
(
u†
)
, (1.1)

with F : X →Y being the forward operator associated with the targeted problem, and X and
Y are assumed to be two Hilbert spaces. In practice, due to the unavoidable presence of obser-
vational noise in real applications, equation (1.1) must be replaced by

yδ = F
(
u†
)
+ η, η ∼N

(
0, δ2I

)
, (1.2)

where yδ ∈ Y represents the corrupt noisy data, η takes the form of additive Gaussian nose, and
δ > 0. Traditionally inverse problems are solved using variational techniques, motivated from
regularized least-squares, where the solution of (1.2) is estimated by the following minimizer

u∗ ∈ argmin
u∈X

1
2

∥∥∥yδ −F(u)
∥∥2

Y +α∥u∥2X , (1.3)

where α is a step-size rule, and ∥u∥2X acts as a penalty term. This is a well-used, and popular
choice of penalty known as Tikhonov regularization. There has been huge developments in the
area of developing regularized least-squares solvers for inverse problems, which are ill-posed,
known as iterative regularization methods [19, 34]. Well-known algorithms based on this
include the regularized Levenberg–Marquardt method (LMM), ν-methods and the Landweber
iteration [9]. Our focus in this workwill be another method, which has connections to the above
statedmethodswhich is the iterated regularizedGauss–Newtonmethod (IRGNM) proposed by
Baksushinkii [2, 3], which aims to mimic the classical iterated Gauss–Newton method, but for
ill-posed problems. Since its development it has seen significant advances both related to the-
ory and applications. Such example are the development of error bounds in different function
space settings, demonstrating convergence and applications to data assimilation-based meth-
ods, such as when one has sequential data [4, 10, 15, 26, 31, 32, 48]. Despite these important
directions and works, there has been somewhat a discontinuity between classical optimiza-
tion understanding, and development, of algorithms, and those related to inverse problems. In
particular a recent attraction has been that of stochastic gradient methods [11, 12, 43], which
have proven popular due to their cost-effectiveness, compared to full-gradient methods. This
is related to not using the full derivative information, but rather a random subset of it. The most
well-known example of this includes the stochastic gradient descent. In the context of least-
squares optimization this has also been done, for the non-regularized Gauss–Newton method,
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the LMM and evolutionary algorithms. However this has not been very well-understood in the
context of iterative regularization methods for inverse problems. Recent work has looked at
understanding stochastic iterative methods for inverse problems, however much of the analysis
is assumed to be in the linear and finite-dimensional setting [27, 30, 33]. Therefore this acts
as our primary motivation to apply these techniques to iterative regularization methods, such
as the IRGNM.

Specifically our form of stochastictywe apply is based on randomprojectionmethodswhich
have been introduced in [20, 41, 42], which is also known as sketching. These forms of pro-
jection has been shown to be easy to apply with desirable convergence properties. It is also
well-known that sketching, in this form, is equivalent to using mini batching within optimiz-
ation. Another motivation from the development of a stochastic version, is the derivation of
convergence analysis which has not been considered before. In the classical IRGNM this has
not been considered. We will consider both the IRGNM and a recent dynamic version (with
multiple observations [15]), which are both presented in the infinite-dimensional setting.

1.1. Contributions

Our highlighting contributions from this paper are provided below:

• We propose a stochastic version of the IRGNM, which multiplies a projection operator
by the forward operator. This technique is related to the sketching. Our method is entitled
the stochastic iteratively regularizaed Gauss–Newton method (SIRGNM). The addition of
stochastic gradients is considered for both the classic and sequential/dynamic IRGNM.

• We present an analysis of the convergence properties of SIRGNM, which extends the well-
established properties of the deterministic IRGNM. Our analysis is based on a projection
operator for the sketching, where we present an error decomposition and a convergence
analysis, which includes the residuals.

• We evaluate the efficiency of our novel approach through experimentation on a 2D par-
tial differential equation (PDE)-based inverse problem. Our PDE of choice is referred to as
Darcy, or groundwater flow, concerned with modelling fluid flow in a porous medium under-
ground. We demonstrate the efficiency of exploiting a stochastic version while attaining a
similar order of accuracy.

1.2. Outline

The outline of this work is as follows. In section 2 we provide a primer on the necessary
material required for the manuscript. This includes a review on the IRGNM, while discussing
the aspects of projection, and sketching. This will lead onto section 3where we present our new
developed methodology of the stochastic method SIRGNM. We aim to carry out an analysis
related to convergence, which will be presented in section 4. Numerical results are presented
in section 5 demonstrating the effectiveness of the our proposed method. Finally we present
an overview of our work, while mentioning fruitful areas of future work, to be conducted in
section 6.

2. Background material

In this section we briefly recall our motivating algorithm, which is the iterative regularized
Gauss–Newton method and its dynamic counterpart, i.e. the dIRGNM.

3
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Without loss of generality and to avoid unnecessarily notation we assume yδ = 0 in (1.3).
Hence, our target in this paper reduces to solving the following least squares problem:

min
u∈X

f(u) :=
1
2
∥F(u)∥2Y +α∥u∥2X . (2.4)

A popular and well-known methodology for solving (2.4) is the iterated regularizaed Gauss–
Newton method (iRGNM). The variational form based on the IRGNM is defined as:

un+1 :=
argmin
u∈X

[
∥F(un)+F ′ [un] (u− un)∥

2
Y +αn ∥u− u0∥2X

]
, (2.5)

where αn > 0 is a the step-size (which os iteration dependent). The control of the parameter αn
of the iterations is often essential for the convergence of the iterative process. In our setting,
u0 ∈ X represents the apriori information on un. If u0 = un, it corresponds to the classical
LMM. u0 can be also set to some initial guess that does not depend on the iterative process [14].
F ′ [u] is the Fréchet derivative of F at u. Without loss of generality, a covariance operator
can be included to scale the term ∥u− u0∥2X . Namely, the latter term can be replaced with∥∥C−1/2(u− u0)

∥∥2

X where C is a covariance operator, which we will discuss in more details in
the numerical section.

In the work of [14], the authors designed an alternative version for (2.5), which takes
into consideration random sequential data, motivated from the field of data assimilation.
Specifically, the observational model with sequential noisy observations has the form

Yi = F
(
u†
)
+σξi, i = 1,2, . . . , (2.6)

where now the averaged observations, Zn, of (2.6) is defined as

Zn = n−1
n∑

i=1

Yi = F
(
u†
)
+
σ

n

n∑
i=1

ξi. (2.7)

Themotivation behind considering (2.7) is that the covariance of the data decreases as i increas-
ing, unlike the fixed data choice of Y which is σ, i.e.

CovZn = Cov
σ

n

n∑
i=1

ξi =
σ2

n2

n∑
i=1

Covξi =
σ2

n
idY.

For the negative log-likelihood functional of the normal distribution, it replaces the term g :=
F(un)+F ′ [un] (u− un) by

Sn (F(un)+F ′ [un] (u− un)) :=
1
2
∥F(un)+F ′ [un] (u− un)∥

2
Y

−⟨F(un)+F ′ [un] (u− un) ,Zn⟩ , (2.8)

where Zn ∈ Y is observation dependent term, typically Zn is set as the average of a selected
subset of sequential observations.

Hence, instead of (2.5), one uses the following method modification:

un+1 :=
argmin
u∈X

[
Sn (F(un)+F ′ [un] (u− un))+αn ∥u− u0∥2X

]
. (2.9)

Remark 2.1. An important question is why do we consider the negative log-likelihood defined
in (2.8) compared to ∥g∥2Y? The reason for this is because, in infinite dimensions, the quantity
∥g∥2Y is almost-surely infinite, with respect to the data Y. This is because Gaussian measures
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Algorithm 1. Iterated regularized Gauss–Newton method.

inputs: u0 ∈ X , α0 > 0 (an initial value for the regularisation), and M (a maximum
number of iterations).

for n= 0, . . . ,M− 1 do
Select Zn ∈ Y .
Set the Sn as defined in (2.8).
Compute un+1, i.e.,

un+1 :=
argmin
u∈X

[
Sn

(
F(un)+F ′ [un] (u− un)

)
+αn ∥u− u0∥2X

]
.

Update the regularization parameter αn+1.
end
output: uM.

in infinite dimensions do not lie in the associated Cameron–Martin space Im(Y1/2). This is
also the case because Y as a function rather than a finite-dimensional vector. Therefore what
we do is subtract off the ‘infinite’ part in (2.8).

Alternatively we can express the minimization procedure of (2.9) in terms of the first order
optimality condition as

un+1 = un+
(
F ′ [un]

∗F ′ [un] +αnIdX
)−1 (

F ′ [un]
∗
(Zn−F(un))+αn (u0 − un)

)
, (2.10)

where F ′ [un]
∗
: Y →X is the adjoint operator of F ′ [un] : X →Y . For computational effi-

ciency, we can then use Woodbury lemma for (2.10) yielding

un+1 = u0 +F ′ [un]
∗ (F ′ [un]F

′ [un]
∗
+αnIdX

)−1
(Zn−F(un)−F ′ [un] (u0 − un)) . (2.11)

An overview of the iterated regularized Gauss–Newton method (IRGNM) is provided in
algorithm 1. We note that we now take the notation for the maximum number of iterations
to M.

3. Stochastic IRGNM

The recent success and popularity of variational, or optimization schemes, has been evident
in the areas of machine learning and data science, where one aims to optimize a function or
objective function. In particular this has been the case primarily due to stochastic optimization
methods, which are known to have faster convergence properties while taking less computa-
tional time than evaluating the full gradient. The disadvantage of these methodologies is gen-
erally the accuracy is slightly worse. Given this, our aim is to incorporate ideas from stochastic
gradient descent applied to the IRGNM, in the context of solving (1.1).

3.1. Towards a general stochastic framework for IRGNM

To initiate this we can take two particular approaches in doing so. The first is based on a sketch-
ing operator, that projects the problem on a lower-dimensional space, i.e. one uses P [F(u)] as
a stochastic estimation of F(u), where P is the stochastic sketch operator that we assume is
unbiased

5
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Algorithm 2. Stochastic iterated regularized Gauss–Newton method.

Inputs: u0 ∈ X , α0 > 0 (an initial value for the regularisation), and M (a maximum
number of iterations).

for n= 0, . . . ,M− 1 do
Select Pn a stochastic sketching operator.
Select Zn ∈ Yp.
Set the S̃n as defined in (3.13).
Compute un+1, i.e.,

un+1 :=
argmin
u∈X

[
S̃n

(
F(un)+F ′ [un] (u− un)

)
+αn ∥u− u0∥2X

]
.

Update the regularization parameter αn+1.
end
Output: uM .

As a result we can include the modified operator Pn (depending on the iteration index n) in
the variational problem as

un+1 :=
argmin
u∈X

[
S̃n (F(un)+F ′ [un] (u− un))+αn ∥(u− u0)∥2X

]
. (3.12)

The operator S̃n is defined as follows:

S̃n (g) :=
1
2
∥Pn [g]∥2Yp

−⟨Zn,Pn [g]⟩ . (3.13)

where Yp is set as the projected observations space. The vector point Zn ∈ Yp is selected by
the user. The proposed framework is detailed in algorithm 2. We note that the update of the
regularization parameter is purposefully left unspecified at this stage. From now on, we will
refer to our proposed approsch as SIRGNM.

3.2. On the randomized sketching operator

In what comes next, we use the following notations to easy the readability of the paper:

F†
n := F(un)+F ′ [un]

(
u† − un

)
; (3.14)

Fn+1
n := F(un)+F ′ [un] (un+1 − un) . (3.15)

Note that in the casePn is the identity (meaning that we use full batch in the case of sampling),
we have S̃n (·) = Sn (·). The sketching operatorPn plays a key role in our proposed framework.
For a better illustration, we can consider the case where the computation of F ′(un) is very
expensive, not feasible numerically or only a part of it can be computed. In this case, the
operatorPn can be represented by a diagonal matrix Pn with ones and zeros elements randomly
distributed over its diagonal. We can also consider the sketched version of the Jacobean, in the
definition of Pn, i.e, PnF ′(un). Note that for the new matrix PnF ′(un−1), we need to compute
only the derivatives of the function F component for which we have one in the corresponding
position in Pn. Therefore, by controlling the ‘number of ones’ in Pn, we control the number of
components of F for which we compute the derivative. Therefore, in this case, the sketching is
equivalent to consider a random mini batch of the sum instead of considering the whole sum
at each iteration.

6
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Another example is where the precise evaluation of the operator F and its Jacobian are
unattainable. This situation is particularly evident when, given a specific input x, the operator
F(x) is defined as the expected value over a random variable ξ, for instance F(x) = Eξ(F̃(x, ξ)).
In such cases, the only viable approach for estimating F and its Jacobian is through sampling.
In this work we will make the following assumption on the sketching operator. The assumption
is inspired by the standard mini-batch assumption in the stochastic gradient method [23].

Assumption 3.1. The randomized sketching operator satisfies the following properties:

• En
[
Pn

[
F†
n

]]
= F†

n.
• There exists σ ⩾ 0, such that En

[∥∥Pn
[
Fn+1
n

]
−Fn+1

n

∥∥]⩽ σ.
• There exists a constant δ > 0, such that ∥Pn

[
Fn+1
n

]
−Zn∥⩽ δ.

where En[X] := E[X | P1, . . . ,Pn−1] designates the conditional expectation of the random vari-
able X with respect to the filtration generated by the sigma-algebra of P1, . . . ,Pn−1.

3.2.1. Discussion on assumption 3.1. We note that for the first part of this assumption, the
sketching operator when it is applied to F†

n is leading to unbiased stochastic estimates for all
objectives. These type of assumption are very common in the machine learning community
where the sketching operator is often related to the use of subsampling over small fractions
of the data [23]. The second part of the assumption, is related to the fact that the variance of
the sketching operator Pn is bounded which is also a very standard assumption similar when
we consider the particular case where the residual function is scalar and sketching operator
operates via subsampling [23]. The third part of the assumption indicates that the gap between
the Pn

[
Fn+1
n

]
and Zn has to be uniformly bounded. In practice, Zn is often selected as the

average of observations over Fn+1
n . One example of Pn that one may consider is the diagonal

matrix including 0 s and 1’s that are chosen randomly according to the Bernoulli distribution
with some parameter 0< p⩽ 1. This a common example, which we will use in our numerical
experiments in section 5.

4. Convergence analysis

In this section we present our main theoretical contribution which is a convergence analysis of
our SIRGNM method. This will require a preliminary error decomposition, based on different
error terms. We will then discuss our main result, which provides a bound on the expected
residual, independent of αn.

4.1. Preliminary error decomposition

In this section, we firstly begin by introducing some notation we will throughout. Specifically,
we introduce the effective noise level as follows:

errn (g) :=
1
2
∥g− y†∥2Y −

(
Sn (g)−Sn

(
y†
))
, g ∈ Y,

and its stochastic version

ẽrrn (g) :=
1
2
∥g− y†∥2Y −

(
Sn (g)−Sn

(
y†
))

+
(
Sn (g)− S̃n (g)

)
= errn (g)+

(
Sn (g)− S̃n (g)

)
, g ∈ Y.

7
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Let also

∂ẽrrn := ẽrrn
(
Fn+1
n

)
− ẽrrn

(
F†
n

)
, (4.16)

∂errn := errn
(
Fn+1
n

)
− errn

(
F†
n

)
, (4.17)

∂Sn+1
n := Sn

(
Fn+1
n

)
− S̃n

(
Fn+1
n

)
, (4.18)

∂S†
n := Sn

(
F†
n

)
− S̃n

(
F†
n

)
. (4.19)

Then, we have

∂ẽrrn = ∂errn+ ∂Sn+1
n + ∂S†

n,

The first term in ∂ẽrrn is due to the noise in the data and in case of noise-free observations it
vanishes. The rest is due to sampling.

Now, using assumption 3.1, we introduce the following lemma, which follows naturally.

Lemma 4.1. Let assumption 3.1 hold. Then the randomized error ẽrrn evaluated at F†
n is an

unbiased estimator of errn at F†
n, i.e.

En
[
ẽrrn

(
F†
n

)]
= errn

(
F†
n

)
.

Then next auxiliary results is usefull for our convergence analysis.

Lemma 4.2. Under our working assumptions, one has

αn

[
∥un+1 − u0∥2X −

∥∥u† − u0
∥∥2

X

]
+

1
2

∥∥Fn+1
n − y†

∥∥2

Y ⩽ ∂ẽrrn+
1
2

∥∥F†
n− y†

∥∥2

Y .

Proof. Indeed, one has,

S̃n
(
F†
n

)
− S̃n

(
Fn+1
n

)
=
(
S̃n

(
F†
n

)
−Sn

(
F†
n

))
+
(
Sn

(
F†
n

)
−Sn

(
y†
))

+
(
Sn

(
y†
)
−Sn

(
Fn+1
n

))
+
(
Sn

(
Fn+1
n

)
− S̃n

(
Fn+1
n

))
=
(
errn

(
F†
n

)
− ẽrrn

(
F†
n

))
+

(
1
2
∥F†

n− y†∥2Y − errn
(
F†
n

))
−
(
1
2
∥Fn+1

n − y†∥2Y − errn
(
Fn+1
n

))
+
(
ẽrrn

(
Fn+1
n

)
− errn

(
Fn+1
n

))
.

Hence,

S̃n
(
F†
n

)
− S̃n

(
Fn+1
n

)
=

1
2

∥∥F†
n− y†

∥∥2

Y − 1
2

∥∥Fn+1
n − y†

∥∥2

Y + ẽrrn
(
Fn+1
n

)
− ẽrrn

(
F†
n

)
. (4.20)

On the other hand, the minimality condition of (3.12) implies that

S̃n
(
Fn+1
n

)
+αn ∥un+1 − u0∥2X ⩽ αn

∥∥u† − u0
∥∥2

X + S̃n
(
F†
n

)
.

Hence,

αn

[
∥un+1 − u0∥2X −

∥∥u† − u0
∥∥2

X

]
⩽ S̃n

(
F†
n

)
− S̃n

(
Fn+1
n

)
.

8
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Now, by using the equality (4.20), one gets

αn

[
∥un+1 − u0∥2X −

∥∥u† − u0
∥∥2

X

]
+

1
2

∥∥Fn+1
n − y†

∥∥2

Y ⩽ ∂ẽrrn+
1
2

∥∥F†
n− y†

∥∥2

Y .

To proceed further, we need the following variational source condition, which has been
first formulated in [24] and has become a standard assumption in the analysis of variational
regularization methods. In many situations it turns out that variational source conditions are
necessary and sufficient for convergence rates [25]. Note that—as typical for source conditions
in general—the smoothness of u† is therein measured relative to the smoothing properties of
F.

Assumption 4.3 (Variational source condition). There exists a concave index function φ
(i.e. φ(0) = 0 and φ ↗∞) such that for all u ∈ D(F) it holds∥∥u− u†

∥∥2

X ⩽ ∥u− û0∥2X −
∥∥u† − û0

∥∥2

X +φ

(
1
2

∥∥F(u)−F
(
u†
)∥∥2

Y

)
. (4.21)

In order to further treat the nonlinearity, we employ also the following assumption.

Assumption 4.4 (Tangential cone condition). There exists constants Ctc ⩾ 1 and η > 0 suf-
ficiently small such that, for all u,v ∈ X ,

1
Ctc

∥∥F(v)− y†
∥∥2

Y − η
∥∥F(u)− y†

∥∥2

Y ⩽
∥∥F(u)+F ′ [u] (v− u)− y†

∥∥2

Y

⩽ Ctc

∥∥F(v)− y†
∥∥2

Y + η
∥∥F(u)− y†

∥∥2

Y .

Remark 4.5. This tangential cone condition follows from the standard tangential cone condi-
tion with some Ctc, see [26, lemma 5.2]. If φ ⩾

√
t as t→ 0, it can—using the techniques from

[48]—be replaced by a Lipschitz-type assumption.

In what comes next, we will use the following notation:

dn := E
[∥∥un− u†

∥∥2

X

]
, (4.22)

tn :=
1
2
E
[∥∥F(un)− y†

∥∥2

Y

]
. (4.23)

Therewith, we have proven the following:

Lemma 4.6 (Preliminary error estimate). Let assumptions 4.3 and 4.4 hold and assume that
un ∈ D(F) is well defined. Then un+1 satisfies the following error decomposition

αndn+1 +
1

2Ctc
tn+1 ⩽ E [∂ẽrrn] +αnΨ (2Ctcαn)+ 2ηtn, (4.24)

where we abbreviate Ψ(2Ctcαn) as

Ψ(2Ctcαn) := (−φ)∗
(
− 1

2Ctcαn

)
= sup

τ⩾0

[
φ(τ)− τ

2Ctcαn

]
, (4.25)

with (−φ)∗ being the Fenchel conjugate of the convex function −φ.

9
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Proof. Indeed, plugging assumption 4.3 into lemma 4.2 with u= un+1 yields

αn
∥∥un+1 − u†

∥∥2

X +
1
2

∥∥Fn+1
n − y†

∥∥2

Y

⩽ ∂ẽrrn+αnφ

(
1
2

∥∥F(un+1)−F
(
u†
)∥∥2

Y

)
+

1
2

∥∥F†
n− y†

∥∥2

Y . (4.26)

Now, using v= un+1 and u= un in the tangential cone condition (from assumption 4.4) gives
for the second term on the left-hand side of (4.26) that

1
Ctc

∥∥F(un+1)− y†
∥∥2

Y − η
∥∥F(un)− y†

∥∥2

Y ⩽
∥∥Fn+1

n − y†
∥∥2

Y ,

and for the third term on the right-hand side, with (1.1), that∥∥F†
n− y†

∥∥2

Y ⩽ Ctc

∥∥F(u†)− y†
∥∥2

Y + η
∥∥F(un)− y†

∥∥2

Y = η
∥∥F(un)− y†

∥∥2

Y .

By inserting the last two inequalities (above) into (4.26), we obtain the recursive error estimate

αn
∥∥un+1 − u†

∥∥2

X +
1

2Ctc

∥∥F(un+1)− y†
∥∥2

Y

⩽ ∂ẽrrn+αnφ

(
1
2

∥∥F(un+1)−F
(
u†
)∥∥2

Y

)
+ η

∥∥F(un)− y†
∥∥2

Y . (4.27)

Now by taking the expectation on both sides of the last inequality (and then apply the Jensen’s
inequality), one gets

αnE
[∥∥un+1 − u†

∥∥2

X

]
+

1
2Ctc

E
[∥∥F(un+1)− y†

∥∥2

Y

]
⩽ E [∂ẽrrn] +αnφ

(
1
2
E
[∥∥F(un+1)−F

(
u†
)∥∥2

Y

])
+ ηE

[∥∥F(un)− y†
∥∥2

Y

]
.

Equivalently,

αndn+1 +
1
Ctc

tn+1 ⩽ E [∂errn] +αnφ (tn+1)+ 2ηtn. (4.28)

On the other hand, by using the properties of the Fenchel conjugate of −φ,

Ψ(2Ctcαn) = (−φ)∗
(
− 1

2Ctcαn

)
= sup

τ⩾0

[
φ(τ)− τ

2Ctcαn

]
⩾ φ (tn+1)−

tn+1

2Ctcαn
.

Thus,

αnφ (tn+1)⩽ αnΨ(2Ctcαn)+
tn+1

2Ctc
. (4.29)

Hence, by combining inequalities (4.28) and (4.29), the proof is concluded.

Lemma 4.7. Under assumption 3.1, we have that

E [∂ẽrrn]⩽ E [∂errn] +
σ2

2
+ δσ.

10
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Proof. We have

∂ẽrrn = ∂errn+ ∂Sn+1
n + ∂S†

n.

Since F†
n does not depend on un+1, thus by lemma 4.1, one has

En

[
∂S†

n

]
= En

[
S̃n

(
F†
n

)
−Sn

(
F†
n

)]
= 0.

Note that for the remaining term (4.17), i.e. ∂Sn+1
n , we can not use lemma 4.1 because of the

dependence between Fn+1
n , un+1 and the sketching operator Pn. In this case, one has

∂Sn+1
n = Sn

(
Fn+1
n

)
− S̃n

(
Fn+1
n

)
=

1
2
∥Fn+1

n ∥2Yp
−
〈
Zn,F

n+1
n

〉
− 1

2
∥Pn

[
Fn+1
n

]
∥2Yp

+
〈
Zn,Pn

[
Fn+1
n

]〉
=

1
2
∥Fn+1

n −Pn
[
Fn+1
n

]
∥2Yp

+
〈
Pn

[
Fn+1
n

]
−Zn,F

n+1
n −Pn

[
Fn+1
n

]〉
⩽ 1

2
∥Fn+1

n −Pn
[
Fn+1
n

]
∥2Yp

+
∥∥Pn

[
Fn+1
n

]
−Zn

∥∥
Yp

∥∥Fn+1
n −Pn

[
Fn+1
n

]∥∥
Yp
.

Hence using assumption 3.1, one gets

En

[
∂Sn+1

n

]
⩽ σ2

2
+ δσ.

Which, by using to total expectation theorem, concludes the proof.

For the sake of readability and simplicity of our final results on the convergence rates and
without loss of generality, we assume that φ(t) =

√
t, therefore ψ(t) = t/2.

The following theorem provides the main bound on the expected residual at iteration n+ 1.
This bound comprises three terms: the first term accounts for the noise error, the second term
can be managed by selecting an appropriate step size rule, and the third term is controlled by
choosing a sufficiently small parameter η.

Theorem 4.8. Let assumptions 3.1, 4.3 and 4.4 hold. Assume that η < 1
4Ctc

then we have the
following convergence rates

tn+1 ⩽
(
2Ctcemax +Ctcσ

2 + 2Ctcδσ
) n∑
i=0

(4Ctcη)
i
+ 2C2

tc

n∑
i=0

(4Ctcη)
i
α2
n−i+(4Ctcη)

n t0,

where emax =maxn⩾0E [∂errn].

Proof. From lemmas 4.6 and 4.7, we have

tn+1 ⩽ 2CtcE [∂ẽrrn] +C2
tcα

2
n+ 4Ctcηtn

⩽ 2CtcE [∂errn] +Ctcσ
2 + 2Ctcδσ+ 2C2

tcα
2
n+ 4Ctcηtn.

By unrolling the recurrence we get

tn+1 ⩽
(
2Ctcemax +Ctcσ

2 + 2Ctcδσ
) n∑
i=0

(4Ctcη)
i
+ 2C2

tc

n∑
i=0

(4Ctcη)
i
α2
n−i+(4Ctcη)

n t0.

11
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The following corollarly gives the convergence rates for the constant and the geometrically
decreasing regularization.

Corollary 4.9. Let assumptions 3.1, 4.3 and 4.4 hold. Assume also that we have a constant or
linear decreasing step size, i.e. there exists γ ⩽ 1 such that αn = γαn−1 and that η <

γ2

4Ctc
then

we have the following convergence rates

(i) (General case)

tn+1 ⩽
(
2Ctcemax +Ctcσ

2 + 2Ctcδσ
)

1− 4Ctcη
+O

(
α2
n

)
,

(ii) (Noise free case, i.e, ∂errn = 0 and full sampling)

tn+1 =O
(
α2
n

)
and dn+1 =O (αn) .

Proof. (i) From theorem 4.8 we have

tn+1 ⩽
(
2Ctcemax +Ctcσ

2 + 2Ctcδσ
) n∑
i=0

(4Ctcη)
i

+ 2C2
tc

n∑
i=0

(4Ctcη)
i
α2
n−i+(4Ctcη)

n t0.

Therefore by using the fact that αn = γαn−1 we get

tn+1 ⩽
(
2Ctcemax +Ctcσ

2 + 2Ctcδσ
) n∑
i=0

(4Ctcη)
i

+ 2C2
tcα

2
0γ

2n
n∑

i=0

(
4Ctcη

γ2

)i

+(4Ctcη)
n t0

⩽
(
2Ctcemax +Ctcσ

2 + 2Ctcδσ
)

1− 4Ctcη
+

2C2
tcα

2
0γ

2n

1− 4Ctcη
γ2

+(4Ctcη)
n t0

=

(
2Ctcemax +Ctcσ

2 + 2Ctcδσ
)

1− 4Ctcη
+O

(
α2
n

)
.

(ii) This is the noise free case, i.e. ∂errn = 0 for all n⩾ 0 so emax = 0. We have also full
sampling so σ = δ = 0. Injecting this in the previous result we get tn+1 =O(α2

n).
Finally, for dn+1 from lemma 4.6 we have

dn+1 ⩽ C2
tcαn+

4Ctcηtn
αn

− tn+1

αnCtc
=O (αn) .

The previous corollary establishes that the residuals exhibit convergence toward a neigh-
borhood of zero, and this convergence occurs at a rate proportional to α2

n. In other words, as
the sequence progresses, the residuals progressively approach a neighborhood of zero with
quadratic rate. In the noise free case, the theorem asserts the dual convergence of both the
residual and iterate sequences toward zero. Specifically, the residual sequence converges with
a rate proportional to α2

n, indicating a quadratic decrease, while the iterate sequence exhibits
a convergence rate of αn, implying a linear decrease.

12
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5. Numerical experiments

In this section we provide numerical experiments demonstrating, and highlighting the benefit,
of our stochastic IRGNM.We apply this in the context of both noise-free and noisy data, where
we test our algorithm on a random PDE example, takingmotivation from geophysical sciences.
We will compare our methodology to previously discussed methods which demonstrate an
improvement on accuracy.

5.1. Overview of algorithms

We briefly provide an overview of our algorithms before discussing our numerical simulations.
Throughout the experiments we use algorithms 1, 2 and 4. Algorithm 1 consists of the version
of the vanilla iterative scheme, referred to as the IRGNM. For this algorithm we consider the
‘classical’ version which contains no modified noise, where Zn = Y as from (2.6), and the
dynamic version with sequential observations from (2.7). This takes motivation from the work
of Chada et al [15], which takes sequential observations. We then consider a stochastic version
of this whichwe refer it as the sIRGNM in algorithm 2. Finally our last algorithm is algorithm 4
which is the stochastic version of the dynamic algorithm, referred to as SdIRGNM.

5.2. Darcy flow model

We consider the inversion of the Darcy flow model [22], which models groundwater flow in
a porous medium. For this we consider the problem of solving an elliptic PDE, where the
forward problem is to solve the PDE

−∇ · (κ∇p) = f, x ∈ Ω, (5.30)

with mixed boundary conditions

p(x1,0) = 100,
∂p
∂x1

(6,x2) = 0, −κ ∂p
∂x1

(0,x2) = 500,
∂p
∂x2

(x1,6) = 0, (5.31)

and the source term f defined as

f(x1,x2) =


0, if 0⩽ x2 ⩽ 4,

137, if 4⩽ x2 ⩽ 5,

274, if 5⩽ x2 ⩽ 6,

where κ ∈ L∞(Ω) denotes the permeability, f ∈ L∞(Ω) is a source term and p ∈ H1(Ω) is the
pressure, representing the forward solution. For our problem the domain is specified as Ω=
[0,6]2. The inverse problem associated with (5.30) is to determine the permeability κ ∈ L∞(Ω)
from pointwise measurements of the PDE solution p ∈ H1(Ω). The specific form of the PDE
model (5.30), (in relation to the boundary conditions and f ), is tested by Hanke [22] whom
motivated a regularized LM algorithm. More information on this PDE model can be found in
[8]. To treat a more general setting, we consider the following weighted L2 space

H≡
{
u ∈ L2 (Ω)

∣∣ ||C−1/2u||L2(Ω) ⩽∞
}
, (5.32)

such that our covariance operator C induced by a correlation function given by

C (u) [x] =
ˆ
Ω

u(x ′)c(x,x ′)dxdx ′. (5.33)

13
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Specifically we choose a Matérn covariance function which takes the form

C (x,x ′) = Γ(ν)

21−ν
Kν

(
|x− x ′

ℓ

)(
|x− x ′

ℓ

)ν

,

where (ν,ℓ) ∈ R+ ×R are associated hyperparameters which define the smoothness and
lengthscale, and Kν(·) represents a Bessel function of the second kind, where use the same
notation of C as the covariance operator, and its corresponding function. We use this function,
as it is common when aiming to simulate Gaussian random fields.

We compare the performances of our approaches against their corresponding deterministic
versions. The equivalent updates of (2.10) of the deterministic algorithm cIRGNM [15] that
take into consideration weighting of C is given by

un+1 = un+
(
F ′ [un]

∗F ′ [un] +αnC−1
)−1 (

F ′ [un]
∗
(y−F(un))+αnC−1 (u0 − un)

)
, (5.34)

and similarly for the dIRGNM [15]. For computational efficiency we use theWoodbury lemma
to compute the updates, for instance (5.34) is equivalent to

un+1 = u0 + CF ′ (un)
∗(F ′ (un)CF ′ (un)

∗
+αnI

)−1
(y−F(un)−F ′ (un)(u0 − un)) .

We consider two experiments with two different groundtruths to recover, the first being a
smooth function defined as,

u†(x,y) = exp
[
−100

(
(x− 0.3)2 +(y− 0.7)2

)
)
]
+

1
2
exp

[
−100

(
(x− 0.7)2 +(y− 0.35)2

)]
,

over the domain Ω= [0,6]2. The second ground truth is a piecewise constant function based
on a level set thresholding of a Gaussian random field.

5.2.1. Parameter choices. We choose 64 pointwise measurements within our domain Ω,
and run our experiment for n= 104 iterations. For the regularization parameter, we set α0 =
0.5. We modify the choice of the regularization parameter, which is explained in the next
subsection, and within the figures. The variance of the data is chosen as δ= 0.1. For theMatérn
covariance function, we specify (ν,ℓ) = (2.4,15). u0 = 1 is chosen to be the vector of ones.

For our stochastic algorithm variants, we choose Pn to be the ‘minibatch’ operator, in the
sense that it selects only a part of the vector. Within our experiment, at each iteration, for our
stochastic variants (SIRGNM and SdIRGNM) we keep 32 components selected randomly at
uniform. In the numerical experiments, as a stopping criteria, we use the of relative error which
is defined as

errrelative =
∥u− u†∥L2(Ω)

∥u†∥L2(Ω)

,

which considers the percentage of difference with respect to the L2(Ω) norm. For the initial
guess of the discontinuous truth we set u0 = 1, and u0 = 0.1 for the smooth ground truth. As
discussed in [15], this choice is not important which was tested for different choices previously.

14
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Figure 1. Stochastic IRGNM and dIRGNM for a discontinuous truth u†.

5.2.2. Discussion on assumptions. We emphasis with the PDE model we have chosen, that
demonstrating our assumptions, regarding assumption 4.3 and 4.4, hold is beyond the scope
of this paper. It is not entirely obvious to show this, for the case of the stochastic method, and
the fact that we are using dynamic data. These assumptions in general are difficult to show,
and are sensitive to choice of F. This is also discussed in the work of [15]. However, despite
this we will show that our numerical simulations work well and follow the theory, in terms of
demonstrating convergence, despite the fact we cannot exactly verify certain assumptions.

5.3. Summary from figures

Our first set of plots relate to comparing SIRGNM and SdIRGNM to the deterministic
algorithms (IRGNM and dIRGNM), where we consider the relative L2 error. Figure 1 presents
a comparison of different plots where for the noisy-data, we consider alternative choices for the
adaptive regularization parameter. As we can observe in both instances the stochastic version
performs better than its deterministic counterpart, where we see an improvement in accuracy.
The fluctuations that arise, are induced from the uncertainty. We also provide 95% confid-
ence intervals, where we notice a low variance where the upper level usually is as good as its
deterministic method.

The results obtained both both ground truth are similar and the stochastic algorithms seem
to perform the best. We further show the effect if we consider a constant αn, in comparison
with noise-free data cases in figure 2 which further highlights the benefit of the stochastic
method, and the lack of significant effect on the constant choice for the regularization para-
meter. Finally, to get an understanding on the performance of these methods, we compare the
final reconstruction of some of these algorithms where we plot the SIRGNM in figures 3 and 4
and in all cases we see a similar performance, where the noise-free algorithms seem to perform
the best. We not the early termination of the noise-free data is based on a threshold, which is
attained in both experiments. We also terminate the noise-free simulations early as we aim
to demonstrate the convergence speed difference, even though we are primarily interested in
noisy observations.
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Figure 2. IRGNM and SIRGNM with constant regularization term.

Figure 3. Final reconstruction plots of various methods on the discontinuous
groundtruth.

5.4. Effect of mini-batching on the convergence speed

Another question, in the context of stochastic optimization algorithms, is the effect of mini-
batching. In particular we repeated the experiments above with the effect of mini-batching.
Table 1 provides results of this, where we change the size of mini-batches corresponding to
the data set, and monitor the final reconstruction error at the end of each experiment. Our
results here are for both the smooth and non-smooth truths. The table is considered for the
adaptive choice of αn = α0n−0.9.

As demonstrated in the table, as we increase the batch-size, the CPU time and iterations
required to achieve a relative error of 0.1 increases, which is expected. However the relative
errors, independent of the batch-size, does not differ significantly, which improves slightly as
we increase the batch-size.
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Figure 4. Final reconstruction plots of various methods on the smooth groundtruth.

Table 1. The effect of mini-batching and truth type on the convergence speed (measured
by the number of iterations and related CPU time) of the proposed method. The stopping
criterion is set to achieve errrelative ⩽ 0.1.

Truth u† Mini-batch size
Relative

error (final) # of iterations CPU time

Discontinuous

16 0.198 1925 4.5 h
32 0.173 2269 4.4 h
64 0.172 2741 4.5 h

128 0.166 3034 4.6 h

Smooth

16 0.092 613 4.4 h
32 0.083 697 4.4 h
64 0.077 723 4.5 h

128 0.076 856 4.7 h

To emphasize again, as we observe from table 1, using a small min-batch size of 16, or
32, achieves a good final reconstruction in terms of a relative error, without the use of many
iterations. As expected as we increase the size of the mini-batch,this increases the numbers of
iterations and CPU time. This is especially the case of the smooth truth, where the accuracy
is higher, independent (relatively) of the mini-batch size. To save on both iterations and CPU
time, we can consider a small batch size, while retaining a good level of accuracy.

6. Conclusion

Stochastic gradient-based algorithms have become very important in the fields of applied
mathematics and machine learning, where exact gradient-evaluations can be cumbersome
and costly. This argument extends to this work where we develop a stochastic version of the
inverse-problem methodology which is the iteratively regularizaed Gauss–Newton method. In
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particular we also extend this to recent work of Chada et al [15] which proposed a dynamics
versionwhich allows sequential observations.We provided the error analysis related to our new
approach. We then provided numerical experiments on a nonlinear a 2D elliptic PDE example,
which demonstrate the improved performance of the SIRGNM method, and its dynamic vari-
ant. This is compared to various methods with varying choices of regularization parameters.

In terms of further directions to consider for future work, we list a number of these below.

(i) This work considered a version of the Gauss–Newton method. It would be of interest to
consider to the extension to the regularized LMM, which follows very similarly with a
key difference being the penalty term. A more thorough investigation is needed in order
to develop sound theory.

(ii) Another potential direction would be to consider a further analysis for infinite-
dimensional optimization such as gradient flow systems.

(iii) Using these ideas for sequential observations, and uncertainty could be potentially
applied, and used, in understanding the ensemble Kalman filter algorithm for inverse
problems [13, 14, 16, 17, 47]. Despite the algorithm being derivative-free, it has many
connections with both the Gauss–Newton and LMMs.

(iv) Another potential work is the setting where one has a corrupt operator, or biased operator
with respect to the forward operatorF(·). Such a consideration is common in the stochastic
optimization which is covered in various pieces of literature [1, 18].

(v) Finally one could aim to understand various stopping criterion’s in the context of
stochastic iterative regularization. This has been achieved in the non-dynamic version,
however this is still very much in the dynamic setting. One starting point may be the use
of the Lepskii principle [36, 38].
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Appendix. Algorithms

Algorithm 3. Stochastic iteratively regularized Gauss–Newton method (SIRGNM).

inputs: u0 ∈ X , α0 > 0 (an initial value for the regularisation), and M (a maximum
number of iterations).

for n= 0, . . . ,M− 1 do
Select Pn a stochastic sketching operator.
Select αn ∈ R.
Select Zn = Y ∈ Yp.
Set the S̃n as defined in (3.13).
Compute un+1, i.e.,

un+1 :=
argmin
u∈X

[
S̃n

(
F(un)+F ′ [un] (u− un)

)
+αn ∥u− u0∥2X

]
.

end
output: uM.

Algorithm 4. Stochastic dynamic iterated regularized Gauss–Newton method (SdIRGNM).

inputs: u0 ∈ X , α0 > 0 (an initial value for the regularisation), and M (a maximum
number of iterations).

for n= 0, . . . ,M− 1 do
Select Pn a stochastic sketching operator.
Select αn ∈ R.
Set

Zn =
1
n

n∑
i=1

Yi ∈ Yp,

i.e. the averaged observations.
Set the S̃n as defined in (3.13).
Compute un+1, i.e.,

un+1 :=
argmin
u∈X

[
S̃n

(
F(un)+F ′ [un] (u− un)

)
+αn ∥u− u0∥2X

]
.

end
outputs: uM.
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