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the elements p^. of the elasticity matrix characterize the shell's 

anisotropy which depends on the mechanical properties of the material of

the structure.
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+

Psi +

+
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o
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[h] must vanish, leadingFor non-trivial solution, the determinant ofI $L $!, :LwwL0(P' W!.c.W$,c(3$(W ,vk.$(LP
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H !'E’ / !7E7 H !©o© / !L \ sf qF-!JE

0!,c,

!. Y q!FÇc©- q8k l77H l57 !

h6 = (n2/r2) [h9(h1p44+ 2pu P45+ 4pn p66 - Zhgrp^) + h7(pn p,,,, - p?4) - r2hi! pu - 

- h9p44 + 2rh3hi1pi4] + (2/r)h9(pn p24 - P14P12),

= (n4/r2) £hih7P44+ h9pn P55+ (2p45+4p66)(h1h9+h7pi1- h3) + (pas+lV^ÎPss)-

. (2h3pi4 - 2hn pur) + hn r2(2h3h5 - hihn ) - rh5(2h7p14+ rh5h9) + (n2/r).
2

• 2(p25+ rp22) ((h3/r)pi4 - hn Pn) ■ 2pi2(h5h9r4-h7pi4- h3hn r) - 2p24 (h3 - hih9 - h7pn) + 
+2h9pn P25J + h9(Pn p22- P12) j

h2 = (n6/r2) ^h1h7(2p45 + 4p66) + P55(hih9+h7pn-h3)- r2h5h7+(p25+(l/r)p5s).

.(-2rhihn+ 2rh3h5 - Pnp25 -(l/rJpuPssJJ + (nVr) [2hih7p24+2p25(hih9+h7pix-h3) - 

-2pi2 (rh5h7 - h3p25 - (h3/r)p55)-2(p25+ rp22) (hjhn + ( 1 /r)pn p25+ ( 1 /r2)pn P55 - h3hs)J 
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hi = P33 - (1/r) p36+ (l/4r2)p66 , 

h5 = (l/r)(pi5+ 2p30 — (1/r) p66) , 

h9 = P33 + (3/r) p36 + (9/4r2)p66 ,

h4

+
+n2

h0

h 3 = P12 + P 33 + ( T /r ) ( Pis + P3s ) — ( 3/4r2 ) p66 , 

h7 = P22+(l/r2)p55+(2/r)p25 ,

hn = (1/r) J^2p36 + p24+ (3/r) pe6+ (1/r) P54J • (10)
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$!, LPwy :c,, WLP3$.P$ 0!(W! k3$ b, L,$,c(P,L :cL ,('!$ bLkPL.cy WLPL(S

$(LP3f :Lkc .$ ,.W! ,L', L: $!, :(P($, ,w,,P$R h!, PLL.w L(38w.W,,P$3 

q6('R 5- .$ PLL,3 (f q} Y £- .PL >f q} Y Ü- .c, L,:(P,L by

"(
Y :kP>f0P5fqL0PÇL}-5f gPH> :kP> f qL0PÇL}- >f gP>—h Y 8oU |T— f q5)-
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z Ç
0!,c, £aJ (3 '(g,P (P .88,PL(} rf ($3 ,w,,P$ b,(P' L,$,c(P,L :cL $!L3, L:

TPep 6(P.wwyf WLb(P(P' ,vk.$(LP3 q5;- .PL q5)-f 0, Lb$.(P



12

/ u(x,<j>n
5i s.

1
CO CO

= I [T] [R] [fl] = I H 5n=0 ô

-1< W(x,(i.) )
sj 08)n=0 J

^V(x,4>)^

This equation defines the displacement functions in terms of nt|), x, the 

elements of ^pj and the nodal displacements 5i

©R7 d,$,c(P.$(LP L: $!, N.33 .PL i$(::P,33 N.$c(W,3

ikb3$($k$(P' ,vk.$(LP3 q5J- (P$L ,vk.$(LP3 q7- 0, Lb$.(P $!, 3$c.(P

g,W$Lc q,- (P $,c3 L: |;R— .PL |;R— .3 :LwwL03•
J

CO CO

T 0 6i

n=0
= I M M "(e)

0 T 6. (19)n=0 J

[q] is given in ref. [l2j.where h!, WLcc,38LPL(P' 3$c,33Hc,3kw$.P$ .$c(}

may be found from equation (2), i.e..
f \

co

- I WH "
n=0 6j

{£} = [p] {e>
(20)

£p] is the elasticity matrix for anisotropic shells.where

The stiffness and mass matrices for one finite element are expressed

as

[b]t [p][b] [N]T [n][m] = Pt ;/ (21)dA, dA,
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where dA = rd.j)dx, p is the density of the shell and t its thickness, 

grating over <1> and using equations (18)-(20) we obtain

Inte-

[w1T<-^wTww^[r=[[r]T[G]w
H = Pt [[a]-‘]T(w ^ [r]T [r] dx, [a]- = pt [[a]-']T [s][a]-‘

H5 q©©-

q©0-

oad .PL 83U .c, L,:(P,L by $!, .bLg, ,vk.$(LP3R

oad .PL 83U 0,c, Lb$.(P,L .P.wy$(W.wwy :Lc $!, W.3, L: (3L$cL8(W 3!,ww 

Üw©> by W.ccy(P' Lk$ $!, P,W,33.cy .$c(} L8,c.$(LP3 .PL (PS

$,'c.$(P' Lg,c } (P ,vk.$(LP3 q©©- .PL q©0-R hL LL $!(3 ($ 0.3 :LkPL 

P,W,33.cy $L (P$cLLkW, 3,g,c.w (P$,c,L(.$, .$c(W,3f ,g,P$k.wwy Lb$.(P(P'
Ü1> .PL Ü> f c,38,W$(g,wyR

0!,c,

(P c,:,c,PW,

,}8c,33(LP3 :Lc $!, ',P,c.w $,c3 1RR .PL  L:(> (>

oad .PL 83U6Lc $!, W.3, L: .P(3L$cL8(W 3!,ww3f $!, ,w,,P$3 L: are

[12], [12], the
.c, L,$,c(P,L :kPW$(LP3 L: $!, ,w,,P$3 L:

3((w.c $L $!L3, L: c,:,c,PW, 
q(f>-$! $,c3 L: £gJ .PL £sj 
Ü8> .PL L: $!, ',P,c.w $,c3 

',P,c.w :Lc .3 $!L3, L: ,vk.$(LP q55-R 

.P(8kw.$(LP3f LPwy $!, :(P.w c,3kw$ 0(ww b, '(g,P !,c,R

:Lc $!, :LwwL0(P' c,.3LP• (P

f u .PL yf L: $!, cLL$3 u93 0!(W! !.g, $!, 3.,

f,W.k3, L: $!, WL8w,}($y L: $!,

h!, (P$,c,3$,L

Nc,.L,c (3 c,:,cc,L $L c,:,c,PW, :Lc L,$.(w3R

h!, q(f>-$! $,c L: [gJ (3 '(g,P by
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[(Dj - DO Ai - (D2 +D3)(B1 +Ci)1 cos [(Bi + 0!)^]2 rf Ax?,^ • G(i ,j) = e 1
£Ai2 + (Bi + Ci )2j

+ [(Di _D4)(Bi+Ci)+(D2+D3)A1Jsin^(Bi+Ci)^j
^A x2 + ( B x + C i )2

+ [(pi +D^Ai ~ (D2 -DalCBx - C x )] cos [(Bx - C, h]

[a i2 + ( B x -Ci)2 

+ [(Di +D4)(Bi -CJ + (P2 -D3)A [(Bi -CxHsi n
[Ax2 + (Bi - Ci )2

+ (Bi+Ci)(D2+D3)-Ax(Di-Di()
£Ai2 + (Bi + Ci ) 2j

+ ~Ci)(D2 -D3) ~Ai(Di + D4)
^Ai2 + (Bi - Ci ) 2j (24)

for all i, j = 1, 2, 8, except for the following elements:

4qwf"-f 4q5f;-f 4q©f"-f 4q©f;-f 4q0f)-f 4q0fJ-f 4q7f)-f 4q7fJ-f 

;q"f5-f 4q;f5 -f 4q"f©-f 4q;f©-f 4q)f0-f 4qJf0-f 4qJf0-f 4qJf7-

0!(W! W.P b, 0c($$,P .3 :LwwL03•

qd( H d7- 3(P q©f(Ü- /©qd© /d0- 3(P© qf(©R-
4q(f>- Y f ( LR2 ( R. nhi

©f( J q©"-

rP ,vk.$(LP3 q©7- .PL q©"-f o d0f d7 c,8c,3,P$ $!, q(f>-$!B Ci, Di, D2,1 5 1 »

[a,], [bJ, [c,], [d,], [d2], [d3]elements, correspondingly, of matrices

which are given in reference [12].and

1
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Similarly, the (i,j)th term of [sj is given by

(E2 +E3)(B1 +Ci)] cos [(B )*](Ei -EJA2 fl)»,
tt? = e

+ c
[ai2 + (Bi + C! ) 1

)A.][<E )A-Ei,)(Bi + Ci) +(E2 +E sin (Bi +C+
[Ai2 + (Bi + Ci )

+ E4)Ai - (E2 -E3)(Bi - Ci )] cos [(Bj -Ci)J+ ii!
[Ai2 + (Bi - Ci)2]

+ [(Ei+E4)(B1 -Ci)+(E2-E3)Ai]sin[(B -CiH
[Ai2 + (Bi -Ci)2]

+ (Bi +Ci)(E2 +E3) -Ai(Ei -E4)
[a i2 + ( B i + C i ) 2]

+ (Bi -Ci)(E2 -E3) -Ai(Ex + E4)
[Ai2 + (Bi - Ci )2] (26)

for all i,j = 1, 2, 8 except for the following elements

S(1,5), S(1,6), S(2,5), S(2,6), S(3,7), S(3,8), S(4,7), S(4,8) 

S(5,l), S(6,1), S(5,2), S(6,2), S(7,3), S(8,3), S(7,4), S(8,4)

0!(W! W.P b, 0c($$,P .3 :LwwL03•

7Tr (Ei - Ei*) sin (2Bi&) + 2(E2 + E3) sin2 (B^)
+ (Ei + Ei* )&S(i,j) = y

(27)2B

20f mflv f( .PL T(f (P ,vk.$(LP3 q©;- .PL q©)-f 

c,8c,3,P$ $!, q(f>-$! ,w,,P$3 L: $!, WLcc,38LPL(P' .$c(W,3 '(g,P (P c,:,H

a,c, .'.(Pf 2(f 2 1 h

N-c,PW,

b
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©R" 2w.3$(W($y N.$c(}

h!, ,w.3$(W($y .$c(} J^pj '(g,P by ,vk.$(LP q0- (3 vk($, ',P,c.wf

q(- 3!,ww3 WLP3(3$(P' L: 3(P'w, Lc .P 

.cb($c.cy Pkb,c L: (3L$cL8(W Lc Lc$!L$cL8(W w.y,c3f q((- LLkbw,H0.ww,Lf 

'c(L0Lc1 Lc :LwL,L 3!,ww3 .PL q(((- 3!,ww3 0($! c(P'3 .PL 3$c(P',c3 8cLS

g(L,L $!,(c W!.c.W$,c(3$(,3 .c, 1PL0PR

3L $!(3 $!,Lcy .y b, .88w(,L $L•

a,c, 0, w(($ Lkc3,wg,3 $L 3!,ww3

WLP3(3$(P' L: 3(P'w, Lc .P .cb($c.cy Pkb,c L: (3L$cL8(W Lc Lc$!L$cL8(W 

w.y,c3 3y,$c(W.wwy .cc.P',L c,w.$(g, $L $!, WLLcL(P.$, 3kc:.W,R

6Lc (3L$cL8(W 3!,ww3f $!, ,w,,P$3 8 L: .c, w(3$,L (P c,:,c,PW,( >

M- rP $!, W.3, L: .P .cb($c.cy Pkb,c L: Lc$!L$cL8(W w.y,c3f 0, .33k,
$!.$ $!,3, w.y,c3 :kPW$(LP WLPWkcc,P$wy 0($!Lk$ 3w(88.', .PL .3 8c,g(Lk3wy

3$.$,L $!.$ $!, 8c(PW(8.w L(c,W$(LP3 L: ,w.3$(W($y .$ ,.W! 8L(P$ L: $!, 

3!,ww WL(PW(L, 0($! $!, L(c,W$(LP3 L: WLLcL(P.$, w(P,3] q(- :Lc .P ,g,P 

Pkb,c L: w.y,c3f ©gf $!, ,w,,P$3 8’R R L: .y b, 0c($$,P (P $!, :Lc

g

32) m 1 I fi q $3 H $3/R> -f ( Y 5 $L 0f .PL > Y 5 $L ;f( >
3’w

H
Y q©Ç0- Ü fi q$>” H $R/5 -f ( Y 7 $L ;f .PL > Y 7 $L ;Rl(> (H0f >H0

q©J-iY5

q((- :Lc .P LLL Pkb,cf ©g /5 f 0, Lb$.(P

g

IY ©’fg/5 fR q$' H $3/R* - f ( Y 5 $L 0 .PL > Y 5 $L ;(> $g/w /8(> (>
iHw

H

I $3/w %8R R Y q©Ç0- r fg/Z à f $0 f 
(H0f >H0 g/5

fi ’3H ( Y 7 $L ; .PL > Y 7 $L ;/ (H0f >H0
3Yw

q©F-
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where

Bn = [e"/(1 -vf vf)], Bf2 = [ef/O -vf v|)] , 

B?2 = 8* = [4 Ej/(1 ( ’-U R f’f Y btyaL fV m

$!(3 $!, WLLcL(P.$, L: $!, 3
3 3 3 3.3 3!L0P (P 6('kc, ©f q2}f g> .PL q2©f g©- .c, ($3 vLkP'93 LLkwk3 .PL

lL(33LP93 c.$(L (P $!, } .PL I8 L(c,W$(LP3f c,38,W$(g,wyf .PL W:© (3 $!,

3!,.c LLkwk3R oww L$!,c $,c3 L: f3

w.y,c 0($! c,38,W$ $L $!, (LLw, 3kc:.W,

.c, [,cLR(>

©R; i$(::P,33 .PL .33 .$c(W,3 :Lc $!, 0!Lw, 3!,ww (P g.WkL

o3 8c,g(Lk3wy ,P$(LP,Lf $!, WL8w,$, 3!,ww (3 L(g(L,L (P$L :(P($, 

,w,,P$3 ,.W! L: 0!(W! (3 . Wyw(PLc(W.w :ck3$k q6('R 0-R h!, 8L3($(LP L: 

$!, PLL.w W(cWw,3 .y b, W!L3,P .cb($c.cyR

h!, g,W$Lc3 |6’—f |6’— c,8c,3,P$ $!, (P$,cP.w :LcW,3 .W$(P' .$ PLL,3 

( .PL >f c,38,W$(g,wyf .PL |;’— .c, $!, WLcc,38LPL(P' L(38w.W,,P$3R o3 

$!, 3!,ww (3 WLP$(PkLk3f $!, 3k L: :LcW,3 .PL L,P$3 .$ . 8.c$(Wkw.c PLL, 

k3$ b, ,vk.w $L $!, ,}$,cP.w :LcW,3 .PL L,P$3 .88w(,L .$ $!, PLL,R h!k3f

q6—, Y |6>— / |6(/5—

Lc,Lg,cf $!, L(38w.W,,P$ k3$ b, WLP$(PkLk3f .PL

<y m



5J

h!,3, c,w.$(LP3!(83 .wwL0 k3 $L 3k8,c(8L3, $!, .33 .PL 3$(::P,33 .$c(W,3

L: (PL(g(Lk.w :(P($, ,w,,P$3f $L Lb$.(P $!, 'wLb.w .33 .PL 3$(::P,33 .H

okd .PL oud$c(W,3 :Lc $!, 0!Lw, 3!,ww (P g.WkLR h!(3 (3 3!L0P L(.'c..H
oud .PL 0(ww b, 3vk.c, .$c(W,3 L: LcL,c 7qe / 5-f$(W.wwy (P 6('R 0]

0!,c, e (3 $!, Pkb,c L: :(P($, ,w,,P$3R

0R 6p22 mrfpohrse

6Lc :c,, g(bc.$(LPf $!, ,vk.$(LP L: L$(LP .y b, 0c($$,P (P $!, :Lc

okd |o— / oud |o— Y |£— f

thf e (3 $!, Pkb,c L: :(P($, ,w,,P$3f Pk( .PL 

oud .c, c,.wf 3y,$c(W .$c(W,3 L: LcL,c 7qe / 5- } 7qe / 5-f .PL |" 

b,(P' $!, L(38w.W,,P$ g,W$Lc .33LW(.$,L 0($! $!, wL0,c ,L', L: $!, w.3$ 

:(P($, ,w,,P$R

q0£-

0!,c, |o— Y |; 5 "

—e/w

rP $!, W.3,3 0!,c, $!, 3!,ww !.3 c('(L ,L', WLP$c.(P$3f $!, 1(P,.$(W 
bLkPL.cy WLPL($(LP3 k3$ b, $.1,P (P$L WLP3(L,c.$(LPR oWWLcL(P'wyf £kJ .PL 
okd .c, c,LkW,L $L 3vk.c, .$c(W,3 L: LcL,c 7qe/5-H;f 0!,c, ; (3 $!, Pkb,c 

L: WLP3$c.(P$ ,vk.$(LP3 (8L3,LR h!k3f :Lc . 3!,ww 0($! $0L ,L',3 3k88Lc$,Lf 

0, k3$ !.g, gP Y 0P Y £ (P $!, L(38w.W,,P$ g,W$Lc qL(- .PL .PL

; H 7] :Lc . :c,, 3!,wwf ; Y £] .PL :Lc LP, 0($! $0L Ww.8,L ,L',3 ; Y JR

h!, 3Lwk$(LP L: ,vk.$(LP q0£- PL0 :LwwL03 by 3$.PL.cL .$c(} $,W!P(vk,3f 

y(,wL(P' $!, P.$kc.w :c,vk,PW(,3f f ( Y5f ©f RRRf 7qe/5-H; .PL $!, WLcS

c,38LPL(P' ,(',Pg,W$Lc3R



5F

r$ k3$ b, 3$c,33,L $!.$ $!, .33 .PL 3$(::P,33 .$c(W,3 Lb$.(P,L

.c, .33LW(.$,L 0($! . 38,W(:(W W(cWk:,c,P$(.w 0.g, Pkb,cf Pf .3 (3 $!, 

PLL.w L(38w.W,,P$ g,W$LcR h!k3 $!, .P.wy3(3 (3 W.cc(,L Lk$ (PL,8,PL,P$wy 

:Lc ,.W! PR



©£

7R 2662Thi s6 TsNlp2iirfn2 6nst

t!,P $!, :wk(L (3 :wL0(P'f $!, 3!,ww (3 3kb>,W$,L $L (P,c$(. :LcW,3R

W,P$c(:k'.w :LcW,3 .PL WLc(Lw(3H$y8, :LcW,3 WLk8w,L 0($! $!, ,w.3$(W L,S

:Lc.$(LP L: ($3 0.ww3R h!, W!.c.W$,cZ3$(,3 L: $!, .$!,.$(W.w LL,w $L

b, k3,L .c, .3 :LwwL03•

[m] - [Mf]] [Cf] ti) + [[k] - [Kf]
0!,c, |o— (3 . L(38w.W,,P$ g,W$Lcf £mJ .PL £kJ

3$(::P,33 .$c(W,3 L: $!, 3!,ww (P g.WkLf .PL

|o— H q05-|o— Y |£—f

.c,f c,3P,W$(g,wyf $!, .33

8N:U % 8T:U .PL 8X:U % 
c,8c,3,P$ $!, (P,c$(.f WLc(Lw(3 .PL W,P$c(:k'.w :LcW,3 L: $!, :wL0(P' :wk(Lf WPy’H
.PL

okd .PL ÜwI> 0,c, Lb$.(P,L .P.wy$(W.wwy by W.ccy(P' Lk$ $!, P,W,33.cy 

.$c(} L8,c.$(LP3 ,g,P$k.wwy Lb$.(P(P' ,}8c,33(LP3 q©©- .PL q©0- :Lc $!, 

',P,c.w $,c3 L: $!, .33 .PL 3$(::P,33 .$c(W,3 :Lc LP, :(P($, ,w,,P$ (P

f 81U .PL 8U f c,38,W$(g,wyRg.WkL

7R5 N.33f 3$(::P,33 .PL L.8(P' .$c(W,3 L: $!, Lg(P' :wk(L

TLP3(L,c PL0 $!, 0.y (P 0!(W! $!, 3!,ww (P$,c.W$3 0($! $!, :wk(LR r$

(3 .33k,L $!.$•

q(- h!, :wL0 (3 8L$,P$(.w .PL $!, :wk(L WL8c,33(bw,] :kc$!,cLc,f $!, 

w(($(P' W.3, L: 3.ww g(bc.$(LP3 0(ww b, WLP3(L,c,LR

q((- h!, 8c,33kc, L: $!, :wk(L LP $!, 0.ww3 (3 3k88L3,L $L b, 8kc,wy

w.$,c.w .PL $!, g,wLW($y L(3$c(bk$(LP $!cLk'!Lk$ $!, WcL33 3,W$(LP



©5

L: $!, 3!,ww (3 .w3L 3k88L3,L $L b, WLP3$.P$R

q(((- h!, (P$,cP.w 8c,33kc,3 .c, PL$ kPLkwy !('!f 3L $!.$ 8c,33kc([.$(LP 

L: $!, 3!,ww (3 P,'w('(bw,R h!, ',P,c.w :Lckw.$(LP L: $!, 8cLbw, 

0(ww b, W.cc(,L Lk$ (P $!, W.3, L:9 WLbc,33(bw, :wk(L 0!,c, bL$!

(P$,cP.w .PL ,}$,cP.w .}(.w :wL03 .y b, 8c,3,P$f :Lc $!, 3.1, L:

',P,c.w($yR

h!, 'Lg,cP(P' ,vk.$(LP :Lc $!, 8L$,P$(.w :wL0 (3 '(g,P by

Y q5Çü©- 8R / ©Iur9 weig©D q0©-/ D

0!,c, T (3 $!, g,wLW($y L: 3LkPL (P :wk(L .PL I (3 $!, g,wLW($y L: $!,u

:wk(L $!cLk'!Lk$ $!, WcL33 3,W$(LP L: $!, 3!,ww] q-% .PL [)' 3$.PL :Lc 

0q-Ç0$ .PL 0q-ÇF}f c,38,W$(g,wyf .PL £ (3 $!, 8L$,P$(.w L: $!, L(3$ckb.PW,3 

0!(W! (3 '(g,P by

«

q00-Y q5Çc- q0DÇ0I:B-f mc Y 0±Ç0cfm}Y I} / 0£Ç0}f

0!,c, m}f .PL .c, $!, WL8LP,P$3 L: $!, g,wLW($y :(,wL :Lc L(3$kcb,L 

L$(LPR

h!, WLPL($(LP :L (8,c,.b(w($y L: $!, 3kc:.W, L: $!, 3!,ww .PL $!,

LyP.(W WLPL($(LP L: $!(3 3kc:.W, 0!(W! (3 '(g,P by f,cPLk(ww(93 ,vk.$(LP 

:Lc L(3$kcb,L L$(LPf 8,c($ k3 $L Lb$.(P $!, 8c,33kc,3 L: $!, :wk(L LP 

$!, 3!,ww93 0.ww3 .3 :LwwL03•

qDR / I R DG-
}( ( c/.l( Y Hl( (

8 qD / I D - fR f, , }, , cY./$ q07-l, Y



©©

0!,c, . .PL $ .c, $!, (P$,cP.w c.L(k3 .PL $!, $!(W1P,33 L: $!, 3!,ww ,w,S

,P$f c,38,W$(g,wyf $!, 3k::(},3 ( .PL , (PL(W.$, $!, (P$,cP.w .PL ,}$,cP.w

c,'(LP L: $!, 3$ckW$kc,R

6(P.wwy $!, WLPL($(LP

qm - Y q\-9 y* ' ’ 9 0 l ) l\Ww Y qt / I} 0 - q0"-cY.

k3$ b, 3.$(3:(,L .$ .Py 8L(P$ L: $!, WLP$.W$ 3kc:.W, b,$0,,P $!, 3!,ww

.PL $!, :wk(LR

o33k(P' $!.$ $!, L(38w.W,,P$ WL8LP,P$3 !.g, $!, :Lc L: ,vk.$(LP q5;- 

0!(W! 3.$(3:(,L $!, 3y3$, L: L(::,c,P$(.w ,vk.$(LP q"- .PL $!.$

J

Y p1qc- i1q}fWq-f?-fI0”

q0;-1Yw

0, Lb$.(P $!, (P$,cP.w .PL ,}$,cP.w 8c,33kc,3 .3 :LwwL03•

8

] Wk + 2a f-PlUxjrkP = I {[ K+ p u s.'e xe k-apir|< + apesk
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+ peUxesk]Wr} '[-piUJirk+ â

i A^x/a -f" ioo^ cos n0, is given by equation (16), p is the den-where Wk = Cke 

sity of the fluid, w is the frequency and

^imka^/Yn (imkal ’ 
(imka)/Yn (imka)j ,

"-'V (Jn+1 

= V n - i‘mka (v

U’+taVc2)

= 1/"k

Sk n+1

XkUx 2 (38)i = + OJ~5
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fluid as follows:

W = [a'T [sf] [a-] .
8x8

[cf]=[A-‘]T[0F][A-],

(39)

(40)
8x8

and

[kf] = [a-]t [of].[a-] ; (41)
8x8

where

Sp(k,g) = -IIÔiyi2 rgIkg(li,lj,ai) 

+n6eYe2sgIk9(,i'1J'ae> '

DF(k,g) = [-'510jT(rg I^Oi.U.ap

+6 0 y s I. o(li ,1 j ,a )] , 
e e'e g kg' ’ J 5 eyJ ’

(42)

(43)

Gp(k,g) = (-Y2gn) [-6i0i2 rgIkg(li,lj,ai) 

+Se°e VkgC1-1^)] • (44)

and k,g=l, ...,8.
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This response due to random pressure field is developed by Lakis 

and Paidoussis (Ref. 13). Here we eitend the theory by taking into

account the effects of the inertia, centrifugal and coriolis forces of 

the moving fluid.

5.1 Representation of Pressure Field at Nodal Points

As previously mentioned, the shell is divided into N finite elements, 

each of which is a cylindrical frustum, 

points may be Ihosen arbitrarily (Fig. 1).

The position of the N8l nodal

Any pressure field is considered to be acting on an area $e surround

ing the node e of coordinate Le as shown in Figure 4 (a), 

pressure distribution acting over this area sg by two mutually perpendicular 

forces per unit length, 

unit length,

We define the

We may write, for the actual resultant force per

IIfRn (i, t ) . cos nvt 8 f!n (i,t) . sin nvf).F(i ,vR) ,t) :
n n (46)

where f; and f are at a distance 26 from the origin of the shell asRn !n
shown in Figure 4 (a).

These two forces acting at point A are transformed to two forces and 

the moment, ©0, acting at the node e, as shown in Figure 4 (b).

thThe eiternal force vector associated with the n circumferential wave

number at a typical node e can now be written in the following form:
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0

26
fR(ii ,t) di i£'i

tF(t))e : v 2,".
f yif.t) dXf
2,'.J

2,"P Vy1) Thi£ (46)P e

where and f£n are eipressed in terms of the instantaneous pressure onRn
the surface, p(i,v}),t).

5.2 ©ean Square Response

We proceed by first considering the free vibration of the conservative 

system (30) and determining the natural frequencies ui. and the eigenvectors 

R$.}, i : 1, 2, 4(N81) - J, where J is the number of kinematic bounda-i
ries.

We neit form the modal matrii

H s r ep Ry> : [$] RZ} . (47),(48)and defineV $2’ '• 4(N81)-J

Finally the equations of motion (45) are decoupled and the mean square 

values of the displacements of the shell are eipressed in terms of the aiial 

and circumferential correlation functions of the pressure field, 0(£,0,0) 
and 'l,p(o,n,o) respectively; see equations (10)-(25) of reference Jjs] .
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In the case of subsonic boundary-1ayer pressure fluctuations, the 

streamwise and lateral spatial correlation functions have been eiamined 
theoretically and eiperimentally by Bakewell at al. [ibf H-and !linch

Bakewell measured and derived eipressions for the aiial and circumfe

rential correlation functions in eiperiments with air flowing in a cylin

drical pipe. He found the following approiimate eipressions for the (real)

spatial correlations:

-b | ST U,0,0) — 6 (49)pw

-dS2s on du tamfn rolvbvlm 2 -e (50)pu

: Çu/U cov. and : nw/U

£ : |i, - i, |, n : |r((}). - vt>.) | > uis the center frequency,
* U * U

and a, b, c, d are constants to be specified; U 

vely, the convection and the centerline velocities.

where S are the aiial and circumferential

Strouhal number,
i and U, are, respecti-yconv

The values of the constants used in these two eipressions for aiial

and circumferential correlations depend on the fluid. For turbulent flow

N-in air, the values of a, b, c and d are given in

for Sç = Çco/U^ 

for S = Çu/U.n b

a = 8.7266, b = 1.0,

(51)d = 100,c = 20,

!linch measurements in water proved that these constants are appro

iimately the same for different fluids at the same Strouhal number, at

least for sufficiently high Reynolds number.
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Upon using the eiperimentally based relations (49)-(51), we obtain 
the following eipression for the mean square response of the shell [isf:

4(N81)-J
r2IY0(t) : vt2qr 16Tr2co4 M2 X

'i r r
r=l

N+l N+l N+l N+l

* L I vJriUi E I hArlrMl ++ 2
i=l u=l i=l k-1

N+l N+l N+l N+l
L2kP L d V Y* ( R L2. L 1 fk1 Z- pr vr1 pv1d I I fr kr

(52)f:l k:l p:l v:l

is the (qr)t(l is the element 

natural frequency and r is the

where 4 element of the modal matrii
of the generalized mass matrii, the r0

F M v r Hu’ 1 ki

qr

MMmean radius of the shell; are derived analytically inand Tfk

M-referencea
Equation (52) is then the response of the shell to a subsonic boundary- 

layer pressure field at the nodal points q(i,4>). This response is associated 

with a specific n, where n is the circumferential wave number. By repeating 

the analysis for a sufficient number of n, the total response for any point

on the nodal circles may be obtained by superposition, in accordance with 

the assumption that there is no coupling between the circumferential wave-

numbers .

\
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6. ©ETHOD OF !AL!ULATION AND DIS!USSION

A computer program has been written in Fortran V Language for the 

!D! !yber 74 computer, using single precision arithmetic throughout all the 

overlays. The input data for each finite element are the mean radius, r,

wall thickness, t, length of the individual element, l, material and fluid 

density, p and p., respectively, and the elements p [iofi f

The necessary steps of the computational method may be outlined as

follows for each element:

a) We first specify the imposed boundary conditions, their number.!/
J, and the values of n for which calculations should be done.

b) The shell is then subdivided into a sufficient number, N, of

finite elements.

c) The eight complei roots, Xp, of each characteristic equation 

(9) are calculated by Newton-Raphson iterative technique, and 

hence, we obtain Thisr Ter p2, a-, 6- (f:l, 2, ...., 8).
U O

d) The intermediate matrices , and the mass and stiffness

13) HbT 1w) vmatrices, of the shell in vacuo are determined.

e) The mass, damping and stiffness matrices of the moving fluid 
and [kff > respectively, are computed by the rela

tionships given by equations (39), (40) and (41).
H5 [!f]
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When the mass, damping and stiffness matrices have thus been computed 

for each element, the global ponr [©f] , [c] , [cf], pTn and are cons

tructed and reduced appropriately to take account of the boundary condi

tions (Fig. 5).

For free vibration, the computer program proceeds to find the natural 

frequencies, where m : l, 2, ..., 4(N81)-J for each n, and the corres

ponding eigenvectors of a real square non-summetric matrii of the special

M f M- pon and pTnform where both are real, symmetric matrices and

H is a positive definite.

Knowing the damping factor, the fluid velocity and its density at each 

mode of the structure, equation (31) permits us to obtain the effects of 

the inertia, coriolis and centrifugal forces on these eigenvalues; and rela

tion (52) is finally eiecuted to obtain the response to a boundary-layer 

pressure field.

6.1 Calculations

Some calculations were conducted to illustrate the theory. The first

set of calculations was to test the effects of inertia, coriolis and cen

trifugal forces of the moving fluid on the natural frequencies of the ves

sel. The inertial effects of a stationary fluid contained by the shell 

were computed. This shell was first studied eiperimentally by Lindholm, 

Abramson and Kana (Ref. 17). It is a simply-supported shell constructed

of 4130 steel tubing and filled with water. The pertinent data are as
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follows: r : 3.77 cm, t : 0.229 mm, L : 23.4 cm, v : 0.29, p./o : 0.128.i
In the eiperiments, the liquid depth, b, was varied such that the frac-\

tional filling, b/L, took the value b/L : 0, k, I, s and 1. For each b/L,

the natural frequencies and the W - component of the corresponding eigen

vectors were measured, for a number of values of the circumferential wave-

number, n, and of the number of aiial half-waves, m.

The effects of inertial force were calculated by this theory assuming 

U : 0 in equations (42-44) and using 12 finite elements in the case of

b/L : 0, i. 2, 4 and 1. Figures 6 and 7 show some frequencies computed by

Lindholm et al.; only those frequencies corresponding to combinations of n

and m for which eiperimental data is availabel are shown here. Agreement

between theory and eiperiment is quite good in most cases.

We see that for m : 1 the frequency decrease rapidly with increasing

b/L in the range 0 v b/L v 1/3 approiimately, and then decrease only slightly

for higher fractional fillings. For higher m, however, the frequencies de

crease appreciably with increasing b/L over the whole range of b/L, as might

be eipected.

The corresponding normalized eigenvectors for n : 5 and m : 1 and 2 are

shown in figures 8 and 9. It is recalled that i is measured downwards in

this theory, so that for partially filled shells the liquid-filled portion

of the shell is on the right-hand side of the figures. We observe that

small fractional filling produce the most pronounced distroting effect on

the eigenvectors, as compared to the eigenvectors of the empty shell, par-
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ticularly for m : 1 and 2. This agrees with the corresponding effect on 

We note further that, for partially filled shells, 

the location of the nodes shifts towards the centre of mass of the system.

the natural frequencies.

i.e. towards the bottom; this is most noticeable for the case of b/L : à.

When the fluid is flowing, the shell will be subfected to centrifugal 

forces and coriolis-type forces. The former have the effect of diminishing 

the natural frequencies of the system, while the latter have a damping ef

fect on vibrations in cases where one end of the shell is free. The magni

tude of these effects depends on the dimensionless flow velocity Ü 

less we are dealing with rubber shells, very heavy fluids or very high ve

locities, the values of U. will be small and the effect of these forces will

Un-i g

be correspondingly small, 

and t/r : 0.023 conveying air flow, U

Thus for a steel cylindrical shell with L/r : 26

: 0.20 corresponds to Ui : 1000 m/s. 

For this magnitude of flow velocity, the natural frequencies of the shell
i

are found to diminish by only 3% as a result of the flow.

The second set of calculations undertaken was for a shell first studied

by !linch (Ref. 18).

veying water with flow velocities in the range (6,3-13.2 m/s), (248-520 in/s).
r : 0.0762 m, L : 6.096 m, t : 6.35 i 10"4 

: 0.305, p - 8.0048 i 10 kg.m"3.

It is a thin, simply-supported cylindrical shell con-

The shell data are as follows: 
E : 1.965 i 1011 Nm”2

m.

!linch obtained, v

eiperimental data of the mean square radial displacement of the shell in the

frequency range of 100-1,000 Hz, approiimately. ©oreover, the eiperimental

values of the mean square radial displacements given by !linch are mean va-

lues of measurements taken at several locations on the shell.
( c)rr^(

c
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This shell was analysed by this theory by subdividing the shell into 8

The natural frequencies of the shell for n : 2 

and n : 3 were below 100 Hz, indicating that the high frequency response as 

measured by !linch would likely differ appreciably from the total response.

identical finite elements.

i

!alculations of the response were confined to n : 2 to 12 from which 

the total response of this theory are shown in Figure 10 in terms of the 

radial, aiial and circumferential displacements. The results indicate that 

the total R.©.S. radial displacement response is proportional to flow velo

city raised to the 2.7 power.

The values of this total R.©.S. radial displacement response of the 

shell at its aiial mid-point are also shown in Figure 11.

Figure 11 are values of the high-frequency response, as calculated by this 

theory, obtained by taking into account only the modes whose natural fre

quencies are in the range 93-1,000 Hz; also shown are !linch's eiperimental 

results.

Also shown in

It is evident from Figure 11 that the response at the high frequency 

range is but a small part of the total.

6.3 m/s (248 in/s) the total mean square response is 2.0645 i 10
in2) whereas the high-frequency response is 5.161 i 10;14m2 

(8 i 10 in ), approiimately, giving a ratio of 20/1 for the corresponding 

R.©.S. values; the difference at higher flow velocities is even more pro-

The second point of interest in figure 8 is that agreement between 

this theory and eiperiment, in the frequency range of 100-1,000 Hz approiima

tely, is quite good.

Thus, at the flow velocity of
-n 2m

-8(3,2 i 10
V

nounced.
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7. !ON!LUSION

The theory developed in this paper is used to obtain the effects of 

inertia, coriolis and centrifugal forces of the moving fluid on the vibra

tion characteristics of anisotropic cylindrical shells; and to predict the 

response to an arbitrary random pressure field. To this end the shell is 

subdivided into a number of cylindrical finite elements, each with two no

des, the nodal displacements being the aiialy circumferential and radial 

displacements and a rotation. The pressure field is similarly rendered 

discrete and is represented by two forces and a moment at each node.

This theory was computarized so that if the dimensions and material 

properties of each element, and the properties and the flow velocity of the 

fluid, are given as inputs, the program gives as output the natural fre

quencies and eigenvectors of the shell; the effects of inertia, coriolis

and centrifugal forces of the moving fluid and the R.©.S. values of the nodal

displacements.

The necessary time for the calculation of R.©.S. response for a typical 

case involving sii finite elements is approiimately ten minutes. This !PU 

time seems to be high. The time quoted above refers to the case where all 

the computed natural frequencies are used in the calculation of response. 

However if only a few of the lowest natural frequencies are used in the cal

culation, the response may be computed to an acceptable degree of accuracy, 

but with considerable saving in computational cost; thus, if only 20% of 

the natural frequencies are utilized, then the time given above may be re-
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duced by a factor of 1/11, approiimately. ©oreover the computer calcula
tion involves the determination of (ü0)5, (w0)2, (dwn/di)2 * and (v2)0 

at every nodal point. Accordingly, large savings in time may be realized 

if the response is not required at every node, or if only the R©S radial dis

placement is desired. Also, the computational difficulties in classical 

analysis arising from the vanishing determinant of the boundary conditions, 
which contains both large and small terms of the type e±0''/r, are not en

countered here; difficulties due to such terms in this theory are easily 

overcome either by increasing N or by matrii manipulations.

This theory does not take into account pressurization of the shell; 

however, the theory can be eitended to take this into account fairly easily. 

The main advantage of this theory is that it may be used, without modifica

tion, to obtain the effects of fluid pressures on the vibration characteris

tics of anisotropic cylindrical shells, no matter how many property discon

tinuities may be present, and for whatever boundary conditions, 

nection, it should be noted that this theory is equally applicable to cases 

where the shell is subfected to an eiternal, as well as internal, pressure 

field, including the case where the pressure field arises from an eiternal

In this con-

aiial flow.
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APPENDIX I
Matrix [R]

' cos £, -â2sinÇ,]
e-*1 cos

. e_*1[/j| cos £, -/32sinf,]

e-*'[x3 COS Ci — a4 sin Ci] 
e^2 cos Ci

e ^[/îicos Ci + Pi sin {,] cos Ci - /Sjsin C2]

C 41'[oil COS fi -r a, sin Ç,]
e-*1 sin C

e-0J[a4 cos Ci + a3 sin f2] 
e-*JsinC2

e_,ij[/54 cos Ci + A) sin ?2]
J

c^'tascos - a6sin Ci] e'^'fâscos Ci + «ssin Ci] e'!’2[â7cos C2 - «ssin C2] e^SjCos C2 + 5,sin C2] ’ 
e*1 cos Ci 

cos Ci — $6 sin Ci]
e*2 cos Ci

ëi2[fti cos C2 - /is sin Cl]
e^sin Ci

cos Cj + fii sin C2]
e^1 sin Ci

cos C. + & sin Ci]
-■V

Uj^Kjl/r, rjj = fij l! r, ifij = Kjx/r, Çj^Hjx/r; j= 1,2,Matrix [A]

«5“3 CCi “6 âj“1 “7a2

0 1 0I 0 1 0 1
-Ki/r-Ki/r V-i/r Ki/r bu’r Ki/r H-ilrfJ-i/r

fii fisfii fii fis fis fiifii
cosiji -

- îi sin»;,] 
e-"1 cosiji

e-^i
-- [-KiCOSrji -

- /M sim;,] 
e“,'l[.Ji cos ij, -
- fii siniji]

e^'txiCOSTj, + e“"2[â3cosjj2- 
+ âi sin 7;,] 

e-"1 sin t;i

— t/t, cost;, - /*
- xi sin 17,] 

e'"1 [& cos r;, f

+ fii sinij,]

c-“2[a4 cos 372 -f 
â3 sin 772] 

e-"2 sin 7)2 
e-“'2 r
— [/*2 COS 7)2

- ',■2 sin 7)2]

C'"2!! COS 7)2 +

+ /33 sin 7)2]

e'^'f^sCOST), -
- â6sin 7),]

C"1 COS 7)i

e"'1.
[k 1 COS 7) 

r

— fti sin 7)1] 
e'U|[/^5cost), -

-06sin7)i]

e^'fâsCOSi)! -r 
+ âssinT),]

e"2[â8cos7)2 +
+ 5, sin 7)2] 

e"2 sin 7)2

e‘U2[57cos7)2 — 
- â8 sin 7),]

e"2 cos 7)2

- a4 sin 7)2] '
e “2 cos 7)2 
e*"2

[-«2 COS 7)2-
r

-712 sin 7)2]

e“0’2[/i cos 7)2 -
-fii sin 7)2]

emi sin 7), 
c1"1
- - [/l, COST), -r

■ - Ri sin 7),] 
e,U|[/}6 cost), + 

+ ft sin 7),]

e"2 e"2
: - [k2 COS 7)2 -

- 722 sin7),] 
e“2[ft cos 7)2 - 
-ft sin 7)2]

— [722 COS 7)2 -f

+ ki sin 7)2] 
e“2[ftcos7)2 + 

+ fis sinTjj]

! —
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APPENDIX III

NOTATION

internal radius of the shella

constants defined by equation (51) 

liquid depth ratio

a,b,c,d

b/L

velocity of sound in fluidc

E Young's modulus

eiponential 

i2 : -1

e

i

Bessel function of the first kind and of order nJn

length of finite elementz
L total length of shell

axial half-wave numberm

circumferential wave numbern

N rdurd ,X !f)’ x<p

© }©,,© , stress resultants for a circular cylinderi cp icf) J
internal and eiternal pressure 

elements of elasticity matrii |^pJ 

mean radius of shell

mean radius of shell's element number one

Pi’Pe

Pif
r

ri

eipressions given by equation (38)Vsk 

sr sn aiial and circumferential strouhal number

wal1-thickness of shellt

wal1-thichness of shell's element number oneti

aiial tangential and radial displacementsU,V,W



-12

centerline velocity,5
U ,U.,U eipressions given by equations (42)-(44)
O I G

aiial coordinate

Bessel function of the second kind and of order n

i

Y n

M defined by equation (17)

defined by equation (19)

[Ai] ,[Bif ,[!i] >[Df] > f : 1 »... ,4 defined by equation (24) 

|0Ef j, f:l,...,4 defined by equation (26)

damping matrices defined by equation (45)N .H
RF} represent the internal random pressure field

rFe defined by equation (26)

M stiffness matrii for one finite element

stiffness matrii for one fluid finite element

H stiffness matrii for the whole shell

stiffness matrii for the whole fluid column

[m]>[mf] mass matrices for the shell and fluid finite element, respectively
M mass matrii of the whole shell in vacuo

M defined by equation (18)

elasticity matrii

[o] defined by equation (19)

defined by equation (16)

[s] defined by equation (26)
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H defined by equation (6)

(y©z) displacement vectors defined by equation (1) 

Rv5-}>RS.} nodal displacement vector defined by equation (6)
' J

modal matriiH
Re} strain vector

defined by equation (15)Î : 1,...,8af’6f W J

Kx’K(0’Kxcf,

Yi’Ye’Yi

f :1,2 real and imaginary parts of Xp

aiial, circumferential and twisting strains

: a-/r t : a /r e e

defined by equation (44)

i, ii

6i’ôe

equal to | r(v)> - 4)1 ) In

X roots of characteristic equation

Poisson's ratiov

equal to |i - i1|

density of material of the shellN

density of internal and eiternal fluidpi’pe

circumferential coordinate

potential of the distrubances4>

¥ (I,0,0), i|f(0,q,0) longitudinal and lateral correlation functions of 
p the fluctuating pressure

r th natural frequencyur
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APPENDIX IV

FIGURES
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Eigenvectors of liquid-filled shells, as 
functions of liquid depth, b; for n - 5, 
m : 1.

FIGURE 8
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Eigenvectors of liquid-filled shells, as 
functions of liquid depth, b; for n : 5, 
m : 2.
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