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PRACTICAL SENSinVITY REDUCTION TESTS FOR LINEAR AND NONLINEAR SYSTEMS +

Fu

cNc
-L01nL +J )pD1ntPs

^J D=++T-j

haPs 313pe 3epspnts sL0p 8e13aPl1m spnsPtP2Ptu epHdltPLn tpsts ELe

hapsp tpsts 1ep dspEdmtP0p Pn21eP1nt mPnp1e 1nH nLnmPnp1e EppHF1l_ sustp0sJ

Pn 1n1mu€Pn8 tap spnsPtP2Ptu Fpa12PLe LE 1 0dmtP21eP1tp 3m1nt [aPla a1s Fppn

0LHPEPpH Fu tap PnteLHdltPLn LE 1 ,cPn3dt c ,cLdt3dt EppHF1l_ lL03pns1tLeJ

hapu 1ep F1spH Ln MubdPst 3mLt 1nH HpslePFPn8 EdnltPLn tplanPbdps 1nH Pn2Lm2p

mPttmp p]te1 pEELet Pn 1HHPtPLn tL ta1t [aPla Ps dsd1mmu epbdPepH tL Hptpe0Pnp

st1FPmPtuJ

)v31etp0pnt Hp WvnPp fmpltePbdp5 flLmp iLmutplanPbdp Hp +Lntev1m* 

+Lntev1m5 iJ>J5 r1n1H1J

: haPs epsp1ela [1s Pn 31et sd33LetpH Fu tap r1n1HP1n M1tPLn1m -psp1ela 

rLdnlPm5 We1nt MLJ TcgkooJ
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1. INTRODUCTION

Sp [Pmm lLnsPHpe tap , Pn3dt c k Ldt3dt mPnp1e 3m1nt ep3epspntpH Pn

haPs 3m1nt [Pmm Fp stdHPpH Pn tpe0s LE tap ELmmL[Pn8 01tap01tPl1m~P8dep ,J

0LHpm

^ 4q?& - I 
, q

e ThV A,q uLP 6 1
3L et dd ) h^q

x ThL pl J L -1Ck 5Ly02j k

& ;P iu^,uP 6
P

q : Lan a Akuu9 wk / ^k —

hap su0FLms h 5 h 5 Thc55 Th 5 ~ 1nH ~ ep3epspnt mPnp1e tP0p Pn21eP1nt 0133Pn8s
Pb d fb d iy d

Ln .I7/7L$5 tap s31lp LE ep1m 21mdpH sbd1ep Pntp8e1Fmp EdnltPLn HpEPnpH Ln tap

^ ^
d5 hK5 T,5 y1 1nH uk

hk HpslePFp tap Pn3dtcLdt3dt Fpa12PLe LE tap 3m1nt dnHpe nL0Pn1m L3pe1tPn8

pmp0pnts LE .k<^5lL$Jep1m mPnp6 hI 1nH1ep

h, ' EXTERNAL PERTURBA HON

O O (
^

C um ; u^, : I

7=hi=ho icd
^-13Let " C uk | u^k : Ak

Fl^me I: The Open loop plant
/
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lLnHPtPLns6 ThcI 1nH hpl t1_p PntL 1llLdnt tap 21eP1tPLn LE tap 3m1nt 31e10ptpes

EeL0 tapPe nL0Pn1m 21mdps6 1nH 1ep dspH tL p21md1tp tap PnEmdpnlp LE 1n

^ ^
dC wR/ TI5 ­, 1nH

ep3epspnt eps3pltP2pmu tap nL0Pn1m Ldt3dt5 tap Pn3dt5 tap p]tpen1m 3petdeF1tPLn5 

tap Ldt3dt peeLe 1nH tap Ldt3dt LE tap 3m1ntJ

p]tpen1m 3petdeF1tPLnJ ~Pn1mmu5 tap pmp0pnts u^,5 u>k5

hL epHdlp tap spnsPtP2Ptu LE tap Ldt3dts uI 1nH uk tL tnp 3epspnlp LE 

h$5 ThI 1nH Thk Pt Ps n1tde1m tL p0FpH tap 3m1nt LE ~P8dep , Pn 1 EppHF1l_ lLnEP'

8de1tPLn LE tap tu3p ep3epspntpH Pn ~P8dep kJ haPs lLnEP8de1tPLn Ps sdla ta1t 

dnHpe nLe01m L3pe1tPn8 lLnHPtPLns5 °ta1t Psx ELe hK | ^5 Th5 | ^5 Th5 |^$5 tap 

lL03pns1tpH 3m1nt Ps pbdP21mpnt tL tap LeP8Pn1m LnpJ Ts 1 lLnspbdpnlp tap lL0'

3pns1tpH 3m1nt l1n Fp 0LHpmmpH Pn tpe0s LE tap ELmmL[Pn8 pbd1tPLn

h,

r\
cRc

,c C um | u^, : I

i c c C uk u^k : Ik

k g y^,

~P8dep kx hap lL03pns1tpH 3m1ntJ
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Sp [Pmm EPest lLnsPHpe tap bdpstPLn LE spnsPtP2Ptu Pn tap l1sp [apep + Ps mPnp1e

.1tpe [p [Pmm 1msL HPsldss tap l1sp [apep + Ps 8P2pn Fu tap1nH tP0p Pn21eP1ntJ

l1sl1Hp lL03LsPtPLn LE 1 mPnp1e L3pe1tLe +ô ELmmL[pH Fu 1 nLnmPnp1e 0p0Leumpss

L3pe1tLe MJ

7de 3de3Lsp Ps tL 3epspnt sL0p 3e1ltPl1m 8e13aPl1m tpsts [aPla

sP03mPEu 1 HPsldssPLn 1FLdt tap ELmmL[Pn8 bdpstPLnsx

c )ptpe0Pn1tPLn LE DpnsPtP2Ptu -pHdltPLnx WP2pn Thc55 Th 1nH hm5 Ps tap peeLe
c. kA

Pn tap lL03pns1tpH 3m1nt s01mmpe ta1n ta1t Pn tap LeP8Pn1m L3pn mLL3 3m1nt ü

c )psP8n ieLlpHdep ELe DpnsPtP2Ptu -pHdltPLnx Sa1t epstePltPLns 0dst Fp

P03LspH Ln tap lL03pns1tLe + Pn LeHpe tL 1laPp2p spnsPtP2Ptu epHdltPLn ü

c DpnsPtP2Ptu -pHdltPLn dnHpe MLe01m 73pe1tPn8 rLnHPtPLnsx Dd33Lsp ta1t [p 

l1n LFspe2p TI 1nH TI m,, tap LeP8Pn1m 3ausPl1m 3m1nt5 [aPmp hK5 1nH 

1ep dn_nL[nJ RL[ l1n Lnp Hptpe0Pnp [aptape tap PnteLHdltPLn LE 1 8P2pn

31Pe LE lL03pns1tLes . 1nH + epHdlp spnsPtP2Ptu ü

haPs tu3p LE bdpstPLns a12p 1mep1Hu Fppn lLnsPHpepH Pn epm1tPLn tL 1

, Pn3dt c , Ldt3dt 3m1nt <\K6 tap 3epspnt Hp2pmL30pnt p]tpnHs tap epsdmts Pn <\K 

tL tap l1sp LE 1 , Pn3dt c k Ldt3dt 3m1ntJ haPs p]tpnsPLn Ps LE Pntpepst Pn 1

nd0Fpe LE 3e1ltPl1m sPtd1tPLns [apep Lnp a1s tL 1n1musp tap spnsPtP2Ptu P03mPl1c
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tPLns 1ssLlP1tpH [Pta tap PnteLHdltPLn LE 1 , Pn3dt c , Ldt3dt EppHF1l_ lL03pn'

s1tLe tL P03eL2p tap 3peELe01nlp LE 1 0dmtP21eP1tp 3m1ntJ T tu3Pl1m

sPtd1tPLn LE taPs _PnH Llldes ELe p]103mp [apn tap lLnteLm pn8Pnppe a1s tL 1n1'

mu€p tap P03eL2p0pnt Pn tap 3peELe01nlp LE 1n auHeLpmpltePl 3L[pe 3m1nt [aPla

l1n Fp LFt1PnpH Fu PnteLHdlPn8 1 Eepbdpnlu Hp2P1tPLn sP8n1m PntL tap 2Lmt18p

lLnteLm mLL35 °rdpnLH5 WPmmps5 pt 1mP1s5 <“K$J 

Fp apm3Edm tL lm1ePEu tap lLnnpltPLns Fpt[ppn Lde 01tap01tPl1m 0LHpm 1nH tap

Ts 1 0LtP21tPLn 2paPlmp5 Pt 01u

0LHpm lLnsPHpepH Pn <“ mJe hL HL taPs Pt Ps sdEEPlPpnt tL lL031ep Lde ~P8dep k

[Pta ~P8dep \ Pn <“, 1nH tL sdFspbdpntmu Pntpe3ept Lde su0FLms 1s ELmmL[sx 1nH I

1ep tL Fp 2Pp[pH 1s tap Eepbdpnlu 1nH tap 2Lmt18p 21eP1tPLns LE tap sunlaeLnLds 8pnpe1tLe 

°HpnLtpH eps3pltP2pmu Fu d 1nH 2 Pn <“,$6 Tn ep3epspnts tap Ldt3dt LE tap Eepbdpn'

luc2Lmt18p ep8dm1tLe6 h" ep3epspnts tap 3pelpnt18p 21eP1tPLn LE tap mL1H °HpnLtpH 

Fu € Pn <“,$J SPta taPs lLeeps3LnHpnlp LE nLt1tPLns5 tap ep1Hpe saLdmH nL[ a12p nL HPEc

EeL0 ~P8dep \ Pn <“, tap 0133Pn8s h 5 h 5 ~ 5 ~ 1nH +
fb d ib d1

qn HLPn8 taPs Lnp [LdmH EPnH ta1t tap

EPldmtu tL Hptpe0Pnp

[aPla la1e1ltpeP€p tap 0LHpm Pn ~P8dep kJ

3ausPl1m 3eLFmp0 lLnsPHpepH Pn <“, l1n nL[ Fp stdHPpH Pn tpe0s LE tap 01tap01'

tPl1m spttPn8 3eL3LspH Pn tap 3epspnt Hp2pmL30pntJ

kJ +TqM -fD=.hD

hap 1n1musPs LE tap spnsPtP2Ptu bdpstPLns dnHpe lLnsPHpe1tPLn Ps Pn

8pnpe1m bdPtp lL03mp] 1nH dsd1mmu l1mms ELe tap dtPmP€1tPLn LE 1H21nlpH 01tap'

01tPl1m tplanPbdps <,K5 <kK5 <‘,* 7de 8e13aPl1m tpsts aL[p2pe tden Ldt tL

qn tap mPnp1e l1sp5 taPs sP03mPlPtu ELmmL[s EeL0 tapFp 2peu sP03mpJ

1ssd03tPLn ta1t tap 3petdeF1tPLn Ps ep3epspntpH Fu 1 sPndsLPH1m EdnltPLnJ

qn tap nLnmPnp1e l1sp [p [Pmm Edetape 1ssd0p ta1t Lde sustp0 s1tPsEPps taLsp
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ep1sLn1Fmp pn8PnppePn8 lLnHPtPLns dnHpe [aPla tap HpslePFPn8 EdnltPLn 133eL1la 

Ps dsd1mmu 133mPpH °spp <oK5 la13tpe “$J TIt$

Tk°t$ [Pmm Fp 133eL]P01tpH Pn tpe0s LE tapPe EPest a1e0LnPls TI°t$ 1nH TIrt$J

qn taPs 2pPn tap peeLes 1nH

hap ELmmL[Pn8 sP03mPEPpH spnsPtP2Ptu epHdltPLn lePtpePLn [Pmm Fp dspHx tap

lL03pns1tpH sustp0 epHdlp tap spnsPtP2Ptu LE tap Pcta Ldt3dt LE tap LeP8Pn1m

^sustp05 PE tap 103mPtdHp LE TI°t$ Ps s01mmpe ta1n tap 103mPtdHp LE TI°t$J

T HPeplt 133eL1la tL tap 1n1musPs LE spnsPtP2Ptu epHdltPLn

[LdmH sd88pst tap dtPmP€1tPLn LE 1 spttPn8 LE tap tu3p ep3epspntpH Pn ~P8dep ‘J

qn taPs spttPn8 h, 1nH d 1ep 133mPpH tL FLta tap lL03pns1tpH 1nH tap L3pn mLL3

3m1nts6 tap Ldt3dts LE tapsp 3m1nts 1ep sdFste1ltpH EeL0 tap Ldt3dt LE tap 

nL0Pn1m 3m1ntJ haPs 01_ps Pt 3LssPFmp tL lL031ep TI5 TI5 [Pta 

lLeeps3LnH1nlp [Pta 21ePLds 21mdps LE h/5 ThI5 Thk— d 1nlA haLd8a nLt 2peu 

pEEPlPpnt5 taPs 133eL1la [LdmH Pn 3ePnlP3mp 1mmL[ Lnp tL 1ns[pe tap bdpstPLn

1nHA,

1FLdt [aptape spnsPtP2Ptu epHdltPLn a1s Fppn 1tt1PnpH Le nLtJ hL HL taPsJ

aL[p2pe5 FLta d 1nH h, 1ep epbdPepH tL Fp 1llpssPFmp6 1 lLnHPtPLn [aPla Ps nLt

dsd1mmu s1tPsEPpHJ hads tap 3eLFmp0 LE Hptpe0PnPn8 spnsPtP2Ptu epHdltPLn dnHpeX

nLe01m L3pe1tPn8 lLnHPtPLns ep01Pns dnsLm2pHJ Tn 1HHPtPLn1m 1nH 0Lep epmp21nt

saLetlL0Pn8 LE tap HPeplt 133eL1la Ps ta1t Pt HLps nLt LEEpe tap PnsP8at [aPla

Ps nppHpH tL Hp2pmL3p 1 [pmm HpEPnpH lL03pns1tLews HpsP8n ste1tp8u mp1HPn8 tL

spnsPtP2Ptu epHdltPLnJ hap ELmmL[Pn8 3eL3LsPtPLns 1mmp2P1tp Pn 31et tapsp t[L

saLetlL0Pn8sc5 1nH 1ep 1t tap F1sPs LE tap 1mtpen1tP2p 133eL1la 3epspntpH Pn tap

sdFspbdpnt spltPLnsJ
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~P8dep ‘x DpttPn8 dspH Pn tap HPeplt 133eL1la tL 
spnsPtP2Ptu epHdltPLn anP ep3epspnts 
tap nL0Pn1m 3m1nt$J°

q
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ieL3LsPtPLn ,J hap lmLspH 1nH L3pn mLL3 peeLes T3 1nH aü l1n Fp 

LFt1PnpH tap Lnp EeL0 tap Ltape Fu dsPn8 tap spnsPtP2Ptu 0LHpms ep3epspntpH Pn

~P8deps o 1nH \J

ieLLEJ qt Ps sdEEPlPpnt tL nLtp ta1t

Ik Ik Ik+I,

[apep h | h : hpb 1nH ta1t
Z* Lt Zi

T, | °q:I+$

[apep I | : I,ô °FFPs [1s 3eL2pH Pn <,,$J

c, ^
L1

cA
hap spnsPtP2Ptu LE tap EPest Ldt3dt LE tap lL03pns1tpH 3m1nt Ps 

Fpttpe ta1n ta1t LE tap LeP8Pn1m 3m1nt PE ""q:hI+"" C ,J 

splLnH Ldt3dt Ps Fpttpe PE

ieL3LsPtPLn kJ

hap spnsPtP2Ptu LE tap

HI-T^d+^M) 1Î'1F2“:L|| < 1, = 0when AT^ = AT2

or if

I|i-t2m(i+T1m)"1at1at2"1|| < 1, [apn h/ | ^J

ieLLEJ hap EPest 31et LE tap 3eL3LsPtPLn Ps 1n P00pHP1tp lLnspbdpnlp LE

ieL3LsPtPLn ,J SPta ep81eH tL tap splLnH 31et5 Pt Ps sdEEPlPpnt tL LFspe2p ta1t

if A^ = AT2 = 0 then
A2 = (i-t2m(i+t1m)"1f1f2~1) a£ ,

and if T| = 0 then

= (l-T2M(l+T1Mr1AT1AT2 1) Q .Tk

c]c
WP2pn 1n L3pe1tLe5 h5 tap su0FLm ""h"" HpnLtps tap nLe0 LE hJ
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mshf

Dd33Lsp ta1t 1mm tap 0133Pn8s dnHpe lLnsPHpe1tPLn 1ep tP0pieL3LsPtPLn ‘J

Pn21eP1ntJ qE Th | Thk | ^5 tapn 1nuLnp LE tap ELmmL[Pn8 lLnHPtPLns Ps sdE'

EPlPpnt tL P03eL2p tap spnsPtP2Ptu LE tap Pcta Ldt3dtx

1$ iP°/1/$ Ps PntpePLe tL tap lPelmp [aPla a1s lpntpe 1t °c,5^$ 1nH 31ssps taeLd8a 

tap 3LPnt [apep iI/dd$ | ^ 1nH ik°/d/$ | /L$ 6

F$ iI°/d/$ Ps PntpePLe tL tap lPelmp [aPla a1s lpntpe 1t c ?tt 1nH 31ssps+°/td$

taeLd8a hI°/dC$ [apep iI | ^ 1nH ik°/PZ$ | °hI~kchk~,I~k

^ A,

i^

Vo+

~P8dep ox DP03mPEPpH 0LHpm ELe LFt1PnPn8 tap lL03pns1tpH 3m1nt peeLe EeL0 tap 
L3pn mLL3 3m1nt peeLeJ

^IC:c

+
i ,4o

Tk
t

~P8dep \x DP03mPEPpH 0LHpm ELe LFt1PnPn8 tap L3pn mLL3 3m1nt peeLe EeL0 tap 
lL03pns1tpH 3m1nt peeLeJ

qn taPs 3eL3LsPtPLn tap mpttpes ~cI5~ iI 1nH iI 1ep dspH tL HpnLtp
tap Eepbdpnlu eps3Lnsps LE tap dnHpem1uPn8 0133Pn8sJ



c,^c

l$ hI+°q:hI+$ ,°/=/$ Ps PntpePLe tL tap lPelmp [aPla 31ssps taeLd8a tap LeP8Pn

P | °VI5^$5 [apep lII | ^5 1nH lk |1nH a1s lpntpe Pn l

l/Pj^jw)l/M^Cjou)
d) 20 log < 20 log 1 + l/JMjtu)1 + l/MT^ju))

hap l1sp P | , Ps 1 HPeplt lLnspbdpnlp LE ieL3LsPtPLn kJ qn ep81eH tLieLLEJ

tap l1sp P | k5 LFspe2p ta1t ELe 1n P03eL2p0pnt LE tap spnsPtP2Ptu LE tap Ldt3dt

uk5 [p 0dst a12p

mP c tdfa1ityfocykykd h" V ,

that is

-1 1+T1M 

1M(I+T1M) I ’it- 1I < 1.T„F F 
2 12

haPs m1st Pnpbd1mPtu P03mPps tap ELmmL[Pn8 Pnpbd1mPtPpsx

T F -T F 12 2 1 | < Il + TjM I ;I1 + M
F2

T F -T F 12 2 1
•M l<l« + Til+

F2

F2p - T^d+^M) 1 <
F1F1

Il/TjM| 1/P2
, which in turn imply a),b),c),and d).V k^ mL8k^ mL8 mm:mXI+ " P:PX3k

qE hm | ^ [aPmp ThI 1nH Thk 1ep HPEEpepnt EeL0 €peL5 tapn tap 

st1tp0pnt LE ieL3LsPtPLn ‘ Ps stPmm 21mPH5 3eL2PHpH ta1t tap ELmmL[Pn8 la1n8p LE

ieL3LsPtPLn ‘,J

nLt1tPLns Ps P03mp0pntpH

UTi~&

w~k AhkL
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3. APPLICAnONS

‘J, )ptpe0Pn1tPLn LE DpnsPtP2Ptu q03eL2p0pnt6

;qt Ps 3eL3LspH tL p0FpH tap 1ssP8npH 3m1nt i °~P8dep ,$ Pn 1 EppHF1l_

lLnEP8de1tPLn 1HL3tPn8 1 s3plPEPl lL03pns1tLe + °~P8dep k$J RL[ l1n [p 2pePEu [aptape

taPs p0FpHHPn8 P03eL2ps tap 3m1nt 3peELe01nlp ü; =sPn8 tap 0LHpm LE ~P8dep “5

tap 3eL3LspH 3eLlpHdep tL 1ns[pe tap 1FL2p bdpstPLn l1n Fp HpslePFpH 1s ELmmL[sx

,$ )ptpe0Pnp tap Eepbdpnlu eps3Lnsps Fpt[ppn tap 3LPnts Çl) 1nH °‘$ 5 1nH (V) 

1nH (T) J haPs stp3 8P2ps ~I 1nH F^;

k$ )ptpe0Pnp tap Eepbdpnlu eps3Lnsps Fpt[ppn (T) 1nH (T) 1nH >ü$ 1nH (T) J haPs

8P2ps ds hI+ 1nH iI6

‘$ (pePEu ta1t tap LeP8Pn 1nH iO°/d$$ 1ep PntpePLe tL tap lPelmp [aPla a1s lpntpe 

1t °c,5^$ 1nH 31ssps taeLd8a hc/+°/Pd$J

k

4 eE -->GQ t 3
°m/$ c,~5~,k

~P8dep “x 73pn mLL3 tpsts tL Fp lLnsPHpepH ELe spnsPtP2Ptu 1n1musPsJ



c,kc

qE tap 3m1nt i a1s 1mep1Hu Fppn p0FpHHpH Pn tap lmLspH mLL3 lLnEP8de1'

tPLn 1nH PE ~Ir/dd$ X ~I°/Ld$ Ps _nL[n5 tapn [Pta epEpepnlp tL ~P8dep y 5 tap 

ELmmL[Pn8 1mtpen1tP2p 3eLlpHdep l1n Fp dspHx

,$ )ptpe0Pnp tap Eepbdpnlu eps3Lnsp Fpt[ppn (T) 1nH (T) 5 1nH Fpt[ppn (T)

°ü$ J haPs 8P2ps ds W,°/=/$ | ,I°,:&I$O,°/dd$ 1nH WI/0$ | hIq:hI+$;,A /d/$J

k$ (pePEu ta1tx P$ WI°/d$$ Ps PntpePLe tL tap lPelmp [Pta lpntpe 1t °,5^$

1nH 31ssPn8 taeLd8a tap LeP8Pn6
~k

PP$ W °/ld$ Ps PntpePLe tL tap lPelmp [Pta lpntpe 1t ✓
k ~, 
1nH 31ssPn8 taeLd8a tap LeP8PnJ

i
1nH

x.F1u

I
8 8#i

tTm8

e-Ôe+
t

~P8dep y x ~ppHF1l_ tpsts tL Fp lLnsPHpepH ELe spnsPtP2Ptu 1n1musPsJ
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Let the plant P be defined by the block diagram represented inExample 1.

Figure 8 and suppose that the perturbation T1 has a frequency spectrum contained

Does the addition of the compensator M (joj) = 7TT~1+J 0)

improve the plant sensitivity, (Figure 9) ? Using the procedure proposed in

3.1 we represent the Nyquist plots of T^M(ja3) =

2
-l-l oH-qj_ _ _ _ _

( 1+3 j ur-2 u)2 ) ( 1+j -13

we can see that if -1 € [0,l] then both the origin and the point P2(juj) are 

interior to the circle with center at (-1,0) and passing by T^M(jaj). 

then conclude that in the frequency interval of interest the compensator M

in the interval Le € [0,1].

1 , and
( 1+j -13 2

. This is done in Figure 9. From these Nyquist plotsP2 =

We can

does indeed improve the plant sensitivity,

T1
1

1 + ,5s
!

2

++1 - *ylu =T 1 + s

1
> y21 + 2s

Figure 8 : System considered in Example 1-
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T1

1
^ 1 + ,5s

2

1u = 1 1
1 >yi
1 + s

1
>y21 + 2s

-1&1 +1
1 + s

Figure 9 : A compensation scheme for the system of Figure 8.
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3.2 Compensator Design Procedure:

Let the plant P be assigned (Figure 1) and let us consider the problem

of designing a compensator M to improve the sensitivity (Figure 2). How do we

proceed to select the appropriate M ?

With reference to Figure 6, this question can be approached as

follows :

1) Determine the frequency response between (^T) and (3) and (3) and . 

This gives us F^ and F^;

2) Determine the frequency responses between (l^) and (3J and ^3) and (J) . 

This gives us and P^;

3) Choose M(juj) in such a way that P2(ju>) and the origin are interior to the 

circle with center at -l/k(ja)) and passing by T^(jaj).

Example 2.

we have T ( j m) = 77:
1 1+3 uu

Consider once again the plant represented in Figure 8.
-l+tii^-i eu
2

+1—2 m +3 j (jj
frequency responses are represented in Figure 10.

In this case

and P2(jm) = . The Nyquist plot of these two

From this figure we can see

that to improve the plant sensitivity it is sufficient to choose a compensator

M(jm) in such a way that - is contained in the region $. For example

in the case of a proportional compensator, M = K, it is sufficient to choose

1- 7 < -.5, that is 0 < K < 2.K
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3.3 Determination of Sensitivity Improvement from Normal Operating Data:

"Suppose that we are given the physical open loop plant P, (Figure 1), 

with and known, while F^, u and T| are unknown; let the errors kj*

2^ be accessible.

adopting a specific compensator M (Figure 2).

and

It is proposed to embed this plant in a feedback configuration

Does this embedding improve the

plant performance ?"

This question can be solved by adopting the diagram represented in 

and 2^ are applied at the input of the mathematical 

The output of this model gives and

I Figure 12. The errors

A2‘model suggested by Proposition 1.

T
1 M

!0

45' 1PHYSICAL
T20PLANT *2

>a2

I _

COMPUTER MODEL

Figure 12: Configuration to be considered for sensitivity analysis using 
norma] operating data.
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4. THE CASE OF THE NONLINEAR COMPENSATOR

In this section we will suppose that the feedback compensator ap­

pearing in Figure 2 is given by the cascade composition of a nonlinear memoryless

and time invariant system, N, followed by a linear and time invariant system M'.

This case is more involved than that considered in section 3 because now for a

sinusoidal perturbation of a given frequency, the compensated plant may have a

smaller sensitivity than the original plant for some values of the amplitude and a

larger sensitivity for other amplitude values. The test which distinguishes

these two possible occurences is established by the following proposition. 

In stating this proposition, the symbol N(.) will denote the describing 

function associated with the nonlinearity N; the symbol 0^ will represent 

the amplitude of the first harmonic of the error function A^(t).

Proposition 1. For a sinusoidal perturbation of amplitude A and angular velocity

U)^, the compensated plant reduces the sensitivity of the i-th output if A and tu

are such that P.(ju)) is interior to the circle which has center at - a
i N( & )

ses through the point M'T^tjuj) , where P^ju) = 0 and P2(juo) = M ' ( T-jF^-T^F^F

and pas-

( ju)).

Note that A and A0 are related by the 
11 JProof: Let T](t) = A sin U) t.o

following equation

A1 = (I + T-jM'N) 1 A°^ (1)
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where A0.,(t) = 6°^ sin uu t, with 6°,, = |Fn(i^ )| A. 
i 1 o 1 i o

Assuming that the function can be approximated by its first harmonic 

A^(t) = 6^ sin (tu^t + 9), and that 6^ can be computed using the describing 

function approach^from (1) we obtain

6 = [l + T (ji) ) M'U1" )N(6 )] ^
I 1 o oil

(2)

where: T^(ju)^) and denote the frequency response at and M';
A

N(. ) is the describing function of N; and ô-^ is a complex number whose 

modulus is equal to 6^ and whose phase is 9. 

we will have sensitivity improvement with respect to the first output 

if and only if

From (2) it follows that

U + M'(ju)o) N (61)| > 1,

that is if and only if

+ T (.iw ) ) > 1
1 O O T-

N(61)

1

N(61)

This last inequality is equivalent to the geometrical condition considered

by the proposition in the case i = 1.

Proceeding in a similar way we would also find that the

condition for sensitivity improvement with respect to the second output is
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1 1+ Tl(jüü )
o o

+ P2(j<") .>
N(61)N(61)

This is equivalent to the geometrical condition proposed by the proposition

in the case i = 2.

Example 3: Let us modify the plant represented in Figure 13 by introducing

the nonlinear compensation scheme indicated in Figure 14. Let the charac­

teristic curve of the nonlinear element be represented in Figure 15. To

illustrate the applicability of Proposition 1, we sketch in Figure 16

the critical locus - 1_  , \ e (0,“), together with the Nyquist plot of

N( X)

T^M'CiU)) = .625
(s2 + .6s +1) (s + 1)

- T0F )F 1(i<Ju) = .25 (-s3 - 2.6s2 + 2.8s + .5 ^
Z -L Z ^

(s + .6s + 1) (2s +1) (s + 1)

and P2 (iu)) =
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1- -

1/(1+. 5 s)I
I2

1u = 1 +2.5 yi
(s + .6 s + 1)

^ô-1 ^y2
(l + 2s)

J P

Figure 13: Open Loop Plant considered in Example 3.

3L

V
4- ^ ylethu = 1 p

^ y2

p Wÿ-.25 2.5✓
l 1 e

Figure 14 : Nonlinear Feedback Compensation for the Plant of Figure 12.
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A
a
+i

n - - - -
+i

-i
P

Figure 15 : Characteristic curve associated with the nonlinearity of the

system in Figure 14.

Suppose that the perturbation T| is sinusoidal with amplitude A and frequency

equal to =#91 rad/sec. For what values of A is the sensitivity of the 

compensated plant better than that of the original plant? To answer this

question we draw the circle which has center on the critical locus, passes

by the origin and contains the point T^M'(-91j), (Figure 16). Looking at 

this circle and applying Proposition 1 we can then conclude that we have

sensitivity improvement with respect to the first output if the amplitude 

of the perturbation is such that 6 is smaller than 1.5 that is if A is 

smaller than .75; if A is bigger than .75 then we will have sensitivity

In regard to the second output, y , we observe that no matter 

what value the amplitude of A is, the point P^(.91j) is always interior

and passing by T^M’C-Slj).

deterioration.

to the circle with center at - 1 This
N(61)

means that in correspondence to a perturbation with a frequency equal to

.91 rad/sec the sensitivity of the second output of the compensated plant

is always better than that of the open loop plant.
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Suppose now that the sinusoidal perturbation has an amplitude

which is equal to .9. For what values of the frequency <u does the compen­

sated system improve sensitivity? The answer is obtained as follows. We

draw the circle which passes by the origin and has center at -_ _ 1 ;

N(1.8)
we note that the frequency associated with the intersection between this

circle and the Nyquist plot of is equal to .89 rad/sec.

geometry of Figure 16 and Proposition 1, it then follows that, in relation

From the

to the first output, sensitivity improvement can be insured for 0 ^ tu ^ .89;

if te > .89 we have sensitivity deterioration. With regard to the second

output we have sensitivity improvement for all values of the frequency.

CLOSURE

The main results of this paper permit to analyse the sensitivity

improvement which can be obtained by introducing a 1 input - 1 output linear

or nonlinear feedback compensator into a 2 outputs - 1 input plant. In the

linear case, Proposition 3.3 gives a simple procedure to establish sensitivity

performance in terms of Nyquist plots conditions. Proposition 4.1 suggests

that by considering the critical locus associated with the nonlinearity a si­

milar procedure can be developed for the nonlinear case. These two procedures

can both be implemented graphically and require little extra effort in addition

to that which is usually undertaken to verify stability conditions with the

Nyquist and describing fonction criteria.

It is of interest to note that the conditions described by Propo­

sition 3.3 and 4.1 are only sufficient. In practical applications they may
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tum out to be more restrictive than necessary. If the perturbation is not

completely unknown, however, or if it presents certain given characteristics

then naturalmodifications of the graphical procedure can be implemented.

Thus, if it is known, for example, that the frequency spectrum of the per­

turbation is mainly concentrated in a given frequency interval, then one would

implement the sensitivity procedure by considering only that part of the

Nyquist plot which is associated with the relevant frequency interval. This

concept is illustrated in Example 1.

In the case where one deals with sinusoidal perturbations of a

given frequency, then using a reasoning similar to that adopted in the proof

of Proposition 3.3, it follows that one can easily evaluate a quantitative

This measure can be established in termsmeasure of sensitivity improvement.
| Ai(j 0)) | 
l£(j»)| ’ 1 =1,2 and can be evaluated graphicallyof the sensitivity factors

in terms of the following ratios;

!Ai(jtu) I |l + Pi(jm)l '^ÜT^+Pi^1 lci(ju)) -TiM(l+T1M)"1(jU)) ! 

I = ll + T-jMÜuj) ! = 1ci(jaj) |

From these expressions one can see that our graphical approach can readily be

applied to the case of a multivariate plant embedded into a multivariate feedback 

configuration,(Figure 17). To do this, it would be sufficient to visualize the mul­

tivariate feedback compensator as given by a n-tuple of 1-input - 1 output

elements; the analysis would then be conducted along the indicated lines, by

introducing an element at the time and by considering the product of the va­

rious sensitivity improvement factors.
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As a final remark, note that the results of the present development

can be extended to time varying and sampled data systems by using a procedure

which is similar to that discussed respectively in [3] and [4],

,yl
U1

yiu.
X p- ->l E ->

bdu
p A

I
_ _ Ic— f £

ij

y01 y0i y0n

Figure 17 ; Multivariate Plant embedded in a Multivariate Feedback 
Configuration.
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