
Titre:
Title:

A Stochastic Levenberg-Marquardt Method for Nonsmooth 
Regularized Inverse Problems

Auteur:
Author:

Valentin Sylvain Bernard Dijon 

Date: 2024

Type: Mémoire ou thèse / Dissertation or Thesis

Référence:
Citation:

Dijon, V. S. B. (2024). A Stochastic Levenberg-Marquardt Method for Nonsmooth 
Regularized Inverse Problems [Mémoire de maîtrise, Polytechnique Montréal]. 
PolyPublie. https://publications.polymtl.ca/61111/

Document en libre accès dans PolyPublie
Open Access document in PolyPublie

URL de PolyPublie:
PolyPublie URL:

https://publications.polymtl.ca/61111/

Directeurs de
recherche:

Advisors:
Youssef Diouane, & Dominique Orban 

Programme:
Program:

Maîtrise recherche en mathématiques appliquées

Ce fichier a été téléchargé à partir de PolyPublie, le dépôt institutionnel de Polytechnique Montréal
This file has been downloaded from PolyPublie, the institutional repository of Polytechnique Montréal

https://publications.polymtl.ca

https://publications.polymtl.ca/
https://publications.polymtl.ca/61111/
https://publications.polymtl.ca/61111/


POLYTECHNIQUE MONTRÉAL
affiliée à l’Université de Montréal

A Stochastic Levenberg-Marquardt Method for Nonsmooth Regularized Inverse
Problems

VALENTIN SYLVAIN BERNARD DIJON
Département de mathématiques et de génie industriel

Mémoire présenté en vue de l’obtention du diplôme de Maîtrise ès sciences appliquées
Mathématiques appliquées

Novembre 2024

© Valentin Sylvain Bernard Dijon, 2024.



POLYTECHNIQUE MONTRÉAL
affiliée à l’Université de Montréal

Ce mémoire intitulé :

A Stochastic Levenberg-Marquardt Method for Nonsmooth Regularized Inverse
Problems

présenté par Valentin Sylvain Bernard DIJON
en vue de l’obtention du diplôme de Maîtrise ès sciences appliquées

a été dûment accepté par le jury d’examen constitué de :

Charles AUDET, président
Youssef DIOUANE, membre et directeur de recherche
Dominique ORBAN, membre et codirecteur de recherche
Fabian BASTIN, membre



iii

DEDICATION

To my family, my girlfriend and my friends who always supported me,
I love you.



iv

ACKNOWLEDGEMENTS

In these few lines, I would like to thank all the people who made this master’s thesis possible
and who helped me get through the various challenges I faced over the last 2 years.

First of all, I give my thanks to the jury members Mr. Charles AUDET, Mr. Fabian BASTIN,
Mr. Youssef DIOUANE and Mr. Dominique ORBAN for their appreciation of my work.

Then, I would like to thank my supervisors Mr. Youssef DIOUANE and Mr. Dominique
ORBAN, who supported me and believed in my abilities throughout this project.

I would also like to warmly thank my family, who, even on the other side of the Atlantic,
have never stopped believing in me and have always supported and encouraged me in what I
wanted to do.

Finally, I would like to thank all my friends, both those who stayed in France and those I was
lucky enough to meet in Montreal who have been with me through good and bad times.



v

RÉSUMÉ

On conçoit une variante stochastique avec régularisation non lisse de l’algorithme de Levenberg-
Marquardt utilisé pour résoudre des problèmes de moindres carrés non linéaires. Notre
algorithme est stochastique puisqu’il permet des évaluations inexactes du résidu moindres
carrés et de sa jacobienne par un échantillonnage de ces derniers.

La dimension non lisse du problème empêche d’utiliser des métriques de stationnarité usuelles
en optimisation car celles-ci reposent sur le gradient. Par ailleurs, l’aspect stochastique lié aux
estimations basées sur un échantillonnage impacte la manière de sélectionner le prochain itéré
ainsi que la convergence de l’algorithme. Nous avons conçu une preuve de convergence de notre
variante de l’algorithme de Levenberg-Marquardt accompagnée d’une étude de complexité.
Nous avons testé notre méthode avec une implémentation dans le langage de programmation
Julia sur des problèmes de grande dimension provenant de l’intelligence artificielle et de la
vision par ordinateur.

Les résultats de l’analyse théorique montrent que la borne de complexité de cette variante
est analogue à d’autres déjà existantes, aussi bien lisses que non lisses. Les tests numériques
révèlent que l’échantillonnage permet d’accélérer la vitesse de convergence en réduisant le coût
numérique de l’optimisation pour certains problèmes. Ces tests montrent également que la
régularisation non lisse permet d’obtenir une solution plus creuse et donc moins volumineuse
à stocker.
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ABSTRACT

We designed a stochastic and nonsmooth variant of the Levenberg-Marquardt algorithm
used to solve nonlinear least squares. With large-scale problems in mind, our algorithm is
stochastic in the sense that it allows inexact evaluations of both the least-squares residual
and its Jacobian by sampling them.

The nonsmooth dimension of the problem prevents the use of common stationarity metrics
in optimization because of the inability to access the gradient. Furthermore, the stochastic
estimates based on sampling have an impact on how to select the next iterate and on the
convergence of the algorithm. We designed a convergence analysis for the Levenberg-Marquardt
algorithm, along with a complexity study. We tested our method with an implementation in
Julia on high-dimensional problems that arise from artificial intelligence and computer vision.

The results of the theoretical analysis show that the complexity bound of this variant is
similar to other methods that already exist, both smooth and nonsmooth. Numerical tests
illustrate that sampling accelerates the speed of convergence by reducing the numerical cost of
optimization for some problems. These tests also show that nonsmooth regularization enables
the return of a sparser solution that is cheaper to store.
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CHAPTER 1 INTRODUCTION

We introduce two kinds of large-scale problems, arising from data science, artificial intelligence,
and computer vision, that motivate us to devise a new LM variant. These problems result in
challenges that necessitate the development of state-of-the-art methods to address them.

1.1 Context

In this section, we describe two well-known families of large-scale problems that share a
common structure.

1.1.1 Nonlinear SVM

Figure 1.1 MNIST dataset © Suvanjanprasai CC BY-SA 4.0.

In the field of artificial intelligence, Support Vector Machines (SVMs) are a type of learning
algorithm that has been the subject of a great deal of research due to their performance
in object recognition and their statistical properties [53]. SVMs can be used to recognize
handwritten numbers, such as those in the MNIST dataset [46], with a high degree of
confidence.

After training the SVM, we evaluate its predictive ability on a set of unknown data, called the
test set. The aim, therefore, is to maximize the number of correct predictions (or minimize
the number of errors) on this test set in order to obtain the most generalizable model possible.

https://commons.wikimedia.org/wiki/File:MnistExamplesModified.png
https://creativecommons.org/licenses/by-sa/4.0/
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The binary classification problem can be formulated as follows:

min
x∈Rn

1
2∥1 − tanh

(
b⊙ A⊤x

)
∥2, where 1 = [1, 1, . . . , 1]⊤, (1.1)

where A ∈ Rn×m is the matrix of embedded images that represent two different digits and
b is a vector of labels where b ∈ {−1, 1}m. Note that b is composed of 1 and −1 since we
exclude all digits except two from the dataset to be in a binary classification context. The
classification then determines whether a digit is in one group or the other. The operator ⊙ is
the pointwise product, i.e., taking two vectors x ∈ Rn and y ∈ Rn, the pointwise product of
x and y is x⊙ y = [x1y1, x2y2, . . . , xnyn]⊤.

However, the challenge in training these neural networks is that they have to process a large
amount of data, and the calculations can prove quite costly. For MNIST, after embedding,
the dimensions of the data matrix are 12665 × 784. For another problem called IJCNN1
(taken from the LIBSVM library [26]) whose data was used for competition between binary
classifiers, the dimensions of the data matrix are 49990 × 22.

The considerable amount of data thus poses a real challenge to the effectiveness of algorithms
that seek to train on such datasets. Moreover, the solutions returned can also be substantial.
For storage efficiency, we aim to find sparse solutions, i.e., with many zeros.

1.1.2 Bundle Adjustment Problems

Figure 1.2 Concept behind Bundle Adjustment problems © Dongliang Huang, CC BY 4.0.

Bundle Adjustment problems consist of reconstructing structures in computer vision from

https://www.researchgate.net/figure/llustration-of-3D-spatial-reconstruction-based-on-SfM-algorithm_fig1_370105685
https://creativecommons.org/licenses/by/4.0/
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photographs. The goal is to generate 3D points from a collection of 2D images. We want
to minimize the error between the observations and the data. This process is illustrated
by Fig. 1.2 from [30].

The problem can be formulated as follows:

min
X,C

Npoints∑
i=1

Ncams∑
j=1

vi,j∥P (Xi, Cj) − bobsi,j ∥2, (1.2)

where Npoints and Ncams are the number of points and the number of cameras respectively and

• Xi = [xi, yi, zi]T ∈ R3 is the 3D coordinates of point i ∈ {1, . . . , Npoints},

• Cj ∈ R9 represents the 9 parameters of camera j ∈ {1, . . . , Ncams},

• vi,j ∈ {0, 1} indicates if camera j observes point i,

• P (Xi, Cj) is the projection function of point Xi on a camera Cj,

• bobsi,j is 2D real observation for point i and camera j.

With solutions of these problems, it is possible to reconstruct an entire city or famous
monuments in computer vision [1]. However, they are extremely large, and generating the full
Jacobian may cause out-of-memory errors on a standard computer. Fortunately, it turns out
that these problems have very sparse structures, that need to be exploited by optimization
strategies.

1.2 Research question

Regarding those two sorts of problems, we would like to develop an algorithm able to return
sparse solutions (for storing advantages). We aim for it to handle large amounts of data
and compute efficiently. Besides, (1.1) and (1.2) share a common problem structure called
nonlinear least squares as they aim for minimizing a finite squared sum. An algorithm devised
by Levenberg [47] and Marquardt [50] exploits this structure efficiently and is today the main
reference for methods solving nonlinear least squares.

As we consider large-scale problems, returned solutions may be large as well. That is why, we
could draw advantages from computing sparse solutions as their storage is more economical.
A strategy used in numerical optimization, called regularization, can allow algorithms to
select a solution with specific properties like sparsity. However, many regularizers that return
sparse solutions are nonsmooth (i.e., not differentiable) [3].
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In the same spirit, since the amount of data may be too large for the entire residual to fit in
memory, we will treat only a sample. This involves a stochastic framework, as the method
uses estimates instead of exact quantities [9].

The main framework here is to merge nonsmooth regularization and sample schemes. But
these two strategies altogether impact both the stopping criterion and the quality of the
solution returned by the algorithm. Hence, to what extent can we include a nonsmooth
regularization and a stochastic framework to the Levenberg-Marquardt algorithm to solve
more efficiently nonlinear least squares and return specific solutions?

The thesis is organized as follows. In Chapter 2 we present the necessary mathematical
background and recent works in nonsmooth and stochastic algorithms. We develop in
Chapter 3 the theory of our LM variant of the algorithm and conduct numerical tests. In
Chapter 4, we summarize our theoretical and numerical results, along with the limits and
perspectives of this approach.
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CHAPTER 2 LITERATURE REVIEW

In this literature review, we present the key notions needed to understand the problem
framework. Sections 2.1 and 2.2 present the basic background to understand what math-
ematical optimization and nonlinear least squares are where Section 2.3 deals with the
Levenberg-Marquardt (LM) algorithm which solves nonlinear least-squares problems. Eventu-
ally, Sections 2.4 and 2.5 introduce notions covering specificity added to the LM algorithm
with this research framework.

2.1 Mathematical optimization

Mathematical optimization or mathematical programming is a field of mathematics that
arises from several mathematical aspects like linear algebra, analysis, and programming. We
provide here the main concepts of mathematical optimization stated in [54].

2.1.1 Basic mathematical background

In mathematics, an unconstrained optimization problem can be formulated as follows:

min
x∈Rn

f(x), (2.1)

where f : Rn → R is called the objective function to minimize. We then search for an
argument x ∈ Rn satisfying 2.1 written as

x ∈ argmin
x∈Rn

f(x). (2.2)

Note first here the difference between min representing the minimum real value attained by f ,
and argmin which is the set of all x such that f(x) attains its minimum value. A constrained
problem can be formulated as

min
x∈Rn

f(x),

s.t. x ∈ C,
(2.3)

where C is a nonempty set. The way of managing the constraints is not central to our subject,
as unconstrained optimization is mainly treated here. Adding constraints to an optimization
problem represents more realistic scenarios but complicates their resolution.

Minimization is implicit in optimization problems, as it is a standard convention in the
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literature. For maximization problems, there is the following proposition:

Proposition 1. Let f : Rn → R. Then

max
x∈Rn

f(x) = − min
x∈Rn

−f(x)

argmax
x∈Rn

f(x) = argmin
x∈Rn

−f(x).

There exist different types of minima with the first distinction of global and local minima.

Definition 1. Let f : Rn → R. Then x∗ is a global minimizer of f if f(x∗) ≤ f(x) for all
x ∈ Rn.

Definition 2. Let f : Rn → R. Then x∗ is a local minimizer of f if there is a neighborhood
N of x∗ such that f(x∗) ≤ f(x) for all x ∈ N .

Another very useful tool in optimization is Taylor’s theorem.

Theorem 1. [55, Theorem 2.1] Suppose that f ∈ C1 and that p ∈ Rn. Then we have that

∀x ∈ Rn, f(x+ p) = f(x) + p⊤∇f(x+ tp), (2.4)

for some t ∈ (0, 1). If f ∈ C2, we have that

∀x ∈ Rn, f(x+ p) = f(x) + p⊤∇f(x+ tp) + 1
2p

⊤∇2f(x+ tp)p, (2.5)

for some t ∈ (0, 1).

Here, ∇f(x) and ∇2f(x) represent the gradient and the Hessian of f at x respectively. They
are defined as

∇f(x) :=


∂f(x)
∂x1...
∂f(x)
∂xn

 and ∇2f(x) :=


∂

2
f(x)
∂x

2
1

· · · ∂
2
f(x)

∂x1xn

... . . . ...
∂

2
f(x)

∂xnx1
· · · ∂

2
f(x)
∂x

2
n

 . (2.6)

To characterize if x is a minimum, there exists a necessary first order criterion.

Theorem 2. [54, Theorem 2.2] First Order Necessary conditions: If x∗ is a local
minimizer and f is continuously differentiable on a neighborhood of x∗, then ∇f(x∗) = 0.

This criterion can then be used by an algorithm as a stopping condition.
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2.1.2 Algorithmic notions

An optimization algorithm is a method that generates iterates xj at each iteration j to be
closer and closer to a local minimum. Its goal, as described in [55], is twofold. It has to be

1. Efficient: The algorithm has to compute a solution with the least operations possible
and as fast as possible.

2. Accurate: We require the returned solution to be sufficiently close to the real solution
according to a given threshold.

Efficiency is more inherent to the way the algorithm is designed, while accuracy can be
measured relative to the optimality criterion stated earlier. Consider the notion of global
convergence.

Definition 3. Let a sequence {xj} and f : Rn → R such that f ∈ C1. Then {xj} converges
globally if

lim
j→+∞

∥∇f(xj)∥ = 0, (2.7)

for any x0 ∈ Rn.

Not all algorithms converge globally or at the same speed. The convergence rate can be stated
as follows:

Definition 4. The sequence {xj} converging to x∗ is said to converge at rate r if there exist
r > 0 and c ≥ 0, such that for all j ∈ {0, 1, . . . }

∥xj+1 − x∗∥
∥xj − x∗∥r

≤ c. (2.8)

The convergence rate is said linear if r = 1 and c ∈ (0, 1), super linear if r ∈ (1, 2), and
quadratic if r = 2 and ∥x0 − x∗∥ ≤ 1

c
.

A higher convergence rate results in faster convergence to a local minimum. Note finally the
analysis notion of Lipschitz-continuity.

Definition 5. A function f : Rn → Rm is said Lipschitz-continuous with Lipschitz constant
L > 0 if for all x, y ∈ Rn,

∥f(x) − f(y)∥ ≤ L∥x− y∥. (2.9)
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2.2 Nonlinear least squares

2.2.1 Linear least-squares problems

As presented in Chapter 1, we minimize problems with a very specific structure, and it is
crucial to present it in this section to familiarize the reader with it.

Before introducing nonlinear least squares, it is essential to first explain linear least squares,
as their understanding is necessary for grasping their nonlinear counterparts. A least-squares
problem is formulated as

min
x∈Rn

f(x) := 1
2∥Ax− b∥2, (2.10)

where A ∈ Rm×n and b ∈ Rm. For this structure, we have

∇f(x) = A⊤(Ax− b) and ∇2f(x) = A⊤A. (2.11)

The necessary first order optimality condition can be written as

A⊤Ax = A⊤b, (2.12)

and are known as the normal equations of the main problem. In practice, solving explicitly
the normal equations is not recommended due to matrix conditioning issues. Indeed, the
conditioning number of an invertible matrix A ∈ Rn×n is defined by

cond(A) := ∥A−1∥∥A∥, (2.13)

and, cond(A⊤A) = cond (A)2 and may result in numerical instability. Methods to solve linear
least-squares problems are presented in Section 2.3.2.

2.2.2 Nonlinear least-squares problems

Consider now the nonlinear least-squares problem formulated as follows:

min
x∈Rn

f(x) := 1
2∥r(x)∥2, (2.14)

where r : Rn → Rm such that r(x) = [r1(x), . . . , rm(x)]. For all i ∈ {1, . . . ,m}, ri(x) are
nonlinear. Like for linear least squares, we have explicit expressions of the gradient and the



9

Hessian:

∇f(x) = J(x)⊤r(x) and ∇2f(x) = J(x)⊤J(x) +
m∑
i=1

∇2ri(x)ri(x), (2.15)

where J(x) is the Jacobian of r(x), also denoted J(x) = ∇r(x). To solve (2.14), we can use
an iterative approach, called the Gauss-Newton method, derived from the Newton method
which is used to find the roots of a function. The goal of the Gauss-Newton method is to find
iteratively at each computed point xj a step sGNj which is the solution of the following linear
system:

∇2f(xj)sGNj = −∇f(xj). (2.16)

The Gauss-Newton step is unique as long as ∇2f(xj) is invertible and, if so, we have that
sGNj = −∇2f(xj)−1∇f(xj).

According to (2.15), the computation of ∇2f(xj) requires all the ∇2ri(xj), which is computa-
tionally expensive. Thus, a common assumption is to consider for all i ∈ {1, . . . , n} that ri(xj)
is very small or nearly affine to neglect the right-hand term of the Hessian in (2.15). Conse-
quently, the Hessian of the objective function f at xj can be approximated by J⊤(xj)J(xj).
Thus, (2.16) comes down to solve the linear system

J(xj)⊤J(xj)sGNj = −J(xj)⊤r(xj) ⇐⇒ J(xj)⊤(J(xj)sGNj + r(xj)) = 0. (2.17)

We recognize here the normal equations of the following linear least-squares problem.

min
s∈Rn

1
2∥J(xj)s+ r(xj)∥2. (2.18)

In other words, solving a nonlinear least-squares problem involves iteratively solving linear
least-squares problems. One limitation of the Gauss-Newton method is that there is no
guarantee that J(xj)⊤J(xj) is invertible, particularly when J(xj) is not full rank. Additionally,
Gauss-Newton is highly dependent on the starting point x0. Therefore, an improved method
for solving nonlinear least-squares problems would be highly beneficial.

2.3 Levenberg-Marquardt algorithm

We present in this section the method designed by Levenberg [47] and Marquardt [50] to solve
problem (2.14).
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2.3.1 Presentation of the method

The key modification to ensure (2.17) has a unique solution is to introduce a positive
regularization parameter σj to solve instead the system

(J(xj)⊤J(xj) + σjIn)sj = −J(xj)⊤r(xj), (2.19)

which are the normal equations of a regularized linear least-squares problem:

min
s∈Rn

1
2∥J(xj)s+ r(xj)∥2 + σj

2 ∥s∥2 ⇐⇒ min
s∈Rn

1
2

∥∥∥∥∥∥
 J(xj)
√
σjIn

 s+
r(xj)

0

∥∥∥∥∥∥
2

. (2.20)

This formulation ensures with
[
J(xj)⊤ √

σjIn
]⊤

, which is always full rank, that (2.20) has
a unique solution. For clarification, introduce the notation corresponding to the model
associated to (2.20):

m(s;xj, σj) := 1
2∥J(xj)s+ r(xj)∥2 + σj

2 ∥s∥2. (2.21)

The LM algorithm is detailed in the pseudo-code of Algorithm 1.

Algorithm 1 Levenberg-Marquardt algorithm.
1: Initialization: Define r : Rn → Rm, J(x) = ∇r(x), 0 < η1 < η2 < 1, σmin > 0, λ1 < 1,
λ2 > 1,εa > 0, εr > 0.

2: Choose x0 and σ0 ≥ σmin.
3: Compute r(x0) and J(x0).
4: for j = 0, 1, 2, . . . do
5: if ∥J(xj)⊤r(xj)∥ ≤ εa + εr∥J(x0)⊤r(x0)∥ then
6: Stop algorithm
7: end if
8: Compute an approximate minimizer sj of (2.20)
9: Compute the quality ratio

ρj := f(xj) − f(xj + sj)
m(0;xj, σj) −m(sj;xj, σj)

. (2.22)

10: if ρj ≥ η1 then, set xj+1 = xj + sj
11: if ρj ≥ η2 then, set σj+1 = max{λ1σj, σmin}.
12: end if
13: else, set xj+1 = xj and σj+1 = λ2σj.
14: end if
15: end for
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The stopping criterion of Algorithm 1 depends on both an absolute tolerance εa and a relative
one εr|J(xj)⊤r(xj)|. The absolute tolerance ensures the norm of the gradient decreases
beneath a specified threshold, while the relative criterion ensures the norm of the gradient
decreases enough compared to its initial value.

At each iteration, the quality ratio ρj, defined in (2.22), is computed based on the actual
reduction of the objective function,

Ared := f(xj) − f(xj + sj) (2.23)

and the reduction of the objective function predicted by the model,

Pred := m(0 : xj, σj) −m(sj;xj, σj). (2.24)

As sj is an approximate minimizer of m(s;xj, σj), we have

0 < Ared ≤ Pred. (2.25)

Therefore, ρj = Ared

Pred
∈ (0, 1]. A ρj value closer to 1 indicates that the step sj significantly

reduces the objective function, while a value near 0 suggests the opposite. Consequently, ρj
categorizes the computed step as successful, very successful, or failed. The step sj is then
accepted or rejected compared to threshold η1, while if η2 is fulfilled, the current iteration is
considered very successful.

The LM algorithm converges globally with superlinear convergence [66], whereas the Gauss-
Newton method achieves quadratic but local convergence. Other globalization techniques
though exist, with trust-region (TR) schemes as the most famous [28]. The primary difference
in the LM approach lies in solving the subproblem, which is transformed into a constrained
optimization problem involving a trust-region radius ∆j > 0. The subproblem (2.20) becomes
for TR strategies

min
s∈Rn

1
2∥J(xj)s+ r(xj)∥2,

s.t. ∥s∥ ≤ ∆j.
(2.26)

The main drawback of trust-region approaches is they transform the unconstrained subproblem
into a constrained one, which is more complicated to solve. On the other hand, the quadratic
regularization introduced in (2.20) is an explicit modification of the subproblem and involves
an additional inaccuracy, while trust-region schemes do not change the subproblem objective
to minimize. Each approach has its strengths and weaknesses, which must be considered
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when designing an algorithm based on either scheme.

Thus, one of the main issues of Algorithm 1 is how to compute sj . We present in the following
section different ways to do this.

2.3.2 Methods to solve the subproblem

There are two main ways to solve approximately (2.20): direct methods and iterative (or
Krylov) methods.

A direct method: QR decomposition

A way to solve the LM subproblem is to use a direct method, i.e., using a matrix factorization
for the linear subproblem. The very used approach is the QR factorization which aims to
find for a matrix A ∈ Rm×n an upper triangular matrix R ∈ Rm×n and an orthogonal one
Q ∈ Rm×m such that A = QR. Note an orthogonal matrix satisfies Q−1 = Q⊤.

This factorization is commonly used to solve linear systems as it can be applied to any matrix
A ∈ Rm×n and is unique as long as the diagonal terms of R are nonnegative. Besides, it
reveals the rank of A as rank(A) = |{Ri,i ̸= 0, i ∈ {1, . . . ,min(m,n)}}|. Note A ∈ Rm×n,
overdetermined matrix (m ≥ n), is full (column) rank when all its columns are linearly
independent.

To solve (2.20), QR factorization of the leftmost matrix in (2.19) is computed. Let Q̂j and
R̂j be the matrices from the QR decomposition of J(xj)⊤J(xj) + σjIn:

Q̂jR̂js = −∇f(xj) ⇐⇒ R̂js = −Q̂j

⊤
∇f(xj). (2.27)

Since R̂j is upper triangular, we can finish the resolution of the system (2.27) easily. It is
possible to compute this QR factorization by different methods, but one of the most numerically
robust and mainstream approaches uses Householder reflections [41]. A Householder reflection
is a matrix of the form

H(v) := In − 2vv⊤, (2.28)

where v ∈ Rn is an unitary vector. For any unitary vector v, H(v) is orthogonal. For all matrix
A =

[
aj,k

]
1≤j≤m,1≤k≤n

∈ Rm×n, we denote any submatrix of A by Ai:m,i:n =
[
aj,k

]
i≤j≤m,i≤k≤n

∈
R(m−i+1)×(n−i+1).

Considering then A =
[
a1, · · · , am

]
, for u1 = a1 − ∥a1∥e1 and v1 = u1

∥u1∥ , H(v1) = ∥a1∥e1. So,
using Householder reflections, we can build iteratively an upper triangular matrix R̄, which
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results in the QR decomposition of A:

A = Q⊤
1 Q

⊤
2 · · ·Q⊤

t R̄, (2.29)

where t = min{m − 1, n} and Qi =
Ii−1

H(vi)

 with H(vi) the Householder reflection

associated to vi := ui

∥ui∥
where ui := ai − ∥ai∥ei1 with ei1 = [1, 0, . . . , 0]⊤ ∈ Rm−i+1 and ai is the

first column of Ai:m,i:n.

Another way of computing a QR factorization is to use Given’s rotations [37] by nullifying
subdiagonal elements of J using matrices of the formcos(θ) − sin(θ)

sin(θ) cos(θ)

jk
jl

 =
r
0

 . (2.30)

Note that it is possible to compute the QR factorization of
[
J(xj)⊤ √

σjIn
]⊤

economically by
using Householder reflections for J(xj) and Given’s rotations on the diagonal submatrix √

σjIn.

Iterative methods

One of the main disadvantages of direct methods is the need for an explicit matrix to compute
the factorization, while iterative methods can approximate the inverse without constructing
the matrix. Focus here on Krylov methods.

Let A ∈ Rn×n and consider its characteristic polynomial pA(X) := det(A−XIn). Write down
the full expression of pA(X):

pA(X) := Xn + pn−1X
n−1 + . . . p1X + p0In. (2.31)

The Cayley-Hamilton theorem states that pA(A) = 0, then, if p0 ̸= 0, we have

A(An−1 + pn−1A
n−2 + . . . p1In) = −p0In ⇐⇒ −A

p0
(An−1 + pn−1A

n−2 + . . . p1In) = In. (2.32)

In other words, if p0 ̸= 0, A is invertible and

A−1 = − 1
p0

(An−1 + pn−1A
n−2 + . . . p1In). (2.33)

It means that it is possible to iteratively construct the inverse of A with its successive powers.
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Let b ∈ Rn, the Krylov subspace generated by {b, Ab, . . . , An−1b} is denoted Kn(A, b). Ac-
cording to (2.33), if x is the solution of Ax = b, then x ∈ Kn(A, b). The basic idea behind
Krylov methods for solving the linear system Ax = b is to build a sequence of iterates {xj}j≥0

such that, for all j ≥ 0, xj ∈ Kn(A, b).

A Krylov method suitable for our framework is LSMR, as described in detail by Fong and
Saunders [35].

2.4 Nonsmooth optimization

In this section, we introduce essential nonsmooth analysis notions presented in [58].

2.4.1 Background

Consider functions h that can take infinite values. Define R := R∪{±∞} and let h : Rn → R.
Notice that if h(x̄) = −∞ for x̄ ∈ Rn, then x̄ ∈ argmin

x∈Rn
h(x). Besides, if inf h = +∞, then

argmin
x∈Rn

h(x) = ∅.

Yet, allowing functions to take infinite values is useful in an optimization framework. Indeed,
in constrained optimization, one way to handle constraints is to add an extreme barrier
relative to the feasible set C. Consider the problem

min
x∈C

h(x), (2.34)

which can be transformed into an unconstrained optimization problem by rewriting it as

min
x∈Rn

h(x) + χC(x), (2.35)

where χC(x) is the indicator function of set C defined by

χC(x) :=

0 if x ∈ C

+∞ otherwise.
(2.36)

In the following, consider functions that are nonsmooth, i.e., not differentiable on parts of
their domain. In such cases, the gradient may no longer be accessible, necessitating the
introduction of new concepts to handle nonsmooth issues.

Definition 6. The effective domain of a function h : Rn → R, denoted dom(h), is the set
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defined by
dom(h) := {x ∈ Rn : h(x) < +∞}. (2.37)

Definition 7. [58] A function h : Rn → R is said proper if h(x) > −∞ for all x and
f(x) < +∞ for at least one x ∈ Rn.

A proper function is then a function whose effective domain is not empty. Requiring a
function to be proper in an optimization context simply demands that h can take finite values
somewhere on Rn. To introduce more variational concepts, it is necessary to extend the
notion of limit. Denoting B(x̄, r) the (closed) ball of center x̄ of radius r > 0 for the norm
∥ · ∥2 the set

B(x̄, r) := {x ∈ Rn : ∥x− x̄∥2 ≤ r}. (2.38)

Definition 8. [58, Definition 1.5] The limit inferior of a function h : Rn → R at x̄ is the
value in R defined by

lim inf
x→x̄

h(x) := lim
δ↘0

(
inf

x∈B(x̄,δ)
h(x)

)
. (2.39)

The function h is lower semicontinuous (lsc) at x̄ if

lim inf
x→x̄

h(x) ≥ h(x̄) or equivalently lim inf
x→x̄

h(x) = h(x̄). (2.40)

Note that we have the equivalence since lim inf
x→x̄

h(x) ≤ h(x̄) is always satisfied for all x̄. With
a sequential approach, considering a sequence {xj}, lim inf

j→+∞
xj represents the lowest value of

the sequence after a specific integer N .

The (lower) level set of a function h, denoted lev≤α h for α ∈ R, is defined by

lev≤α h := {x ∈ Rn : h(x) ≤ α}. (2.41)

One has the following definition,

Definition 9. [58, Definition 1.8] A function h : Rn → R is (lower) level-bounded if for
every α ∈ R the set lev≤α h is bounded (possibly empty).

With these new notions, we have the following theorem.

Theorem 3. [58, Theorem 1.9] Assume h : Rn → R proper, lsc, and level-bounded. Then the
value of inf h is finite and the set argmin

x∈Rn
h(x) is nonempty and compact.

This theorem is crucial as it guarantees the existence of a subsequence of iterates that converges
to a minimum of h, a key feature for devising algorithms within a nonsmooth framework.
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To introduce a useful result for our framework, we define “envelope” functions.

Definition 10. [58, Definition 1.22] For a proper, lsc function h : Rn → R and a parameter
value λ > 0, the Moreau envelope function eλh and the proximal mapping Pλh are defined by

eλh(x) := inf
u∈Rn

{
h(u) + 1

λ
∥x− u∥2

}
≤ h(x) (2.42)

Pλh(x) := argmin
u∈Rn

{
h(u) + 1

λ
∥x− u∥2

}
. (2.43)

Graphically, Moreau envelopes bound below the function h with a quadratic penalty of
parameter 1/λ. They are useful to define a crucial notion in our context.

Definition 11. [58, Definition 1.23] A function h : Rn → R is prox-bounded if there exists
λ > 0 such that eλh(x) > −∞ for some x ∈ Rn. The supremum of the set of all such λ is the
threshold λh of prox-boundedness for h.

This property of prox-boundedness can be interpreted as it imposes any quadratic regular-
ization of h to be bounded below. Since LM introduces a quadratic regularization in the
subproblem, this prox-boundedness feature is key to devising nonsmooth Levenberg-Marquardt
algorithms. We finally state the following theorem.

Theorem 4. [58, Theorem 1.25] Let h : Rn → R proper, lsc and prox-bounded with threshold
λh > 0. Then for every λ ∈ (0, λh) the set Pλh(x) is nonempty and compact and eλh(x) is
finite and depends continuously on (λ, x) with

eλh(x) ↗ h(x) for all x as λ ↘ 0. (2.44)

This last theorem endorses a similar role as Theorem 3 with the weaker assumption of
prox-boundedness rather than level-boundedness for quadratic regularized nonsmooth func-
tions. Since a quadratic regularization naturally appears in the subproblem with the LM
approach, Theorem 4 prevails for the analysis made in Chapter 3.

2.4.2 Subderivatives and proximal methods

Since nonsmoothness implies the inability to compute gradients, it is necessary to extend this
notion to handle functions without gradients. For this reason, we introduce the notion of
subderivatives and subdifferential.
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Definition 12. [58, Definition 8.1] For a function h : Rn → R and a point x̄ with h(x̄) is
finite, the subderivative function dh(x̄) : Rn → R is defined by

dh(x̄)(ω̄) := lim inf
τ↘0, ω→ω̄

h(x̄+ τω) − f(x̄)
τ

. (2.45)

This definition, alike Definition 8, is an extension of the definition of the common directional
derivative in ω̄ including ω in the lim inf as well. As the derivative is extended, the gradient
is as well,

Definition 13. [3, Definition 2.1] Consider a function ψ : Rn → R and a point x∗ ∈ Rn

with ψ(x∗) finite. For a vector v ∈ Rn, one says that v is a regular subgradient of ψ at x∗,
written v ∈ ∂̂ψ(x∗) if

lim inf
x→x

∗
, x ̸=x∗

ψ(x) − ψ(x∗) − v⊤(x− x∗)
∥x− x∗∥

≥ 0.

The set of regular subgradients is also called the Fréchet subdifferential. One says that v ∈ Rn

is a (general) subgradient of ψ at x∗, and we write v ∈ ∂φ(x∗), if there are sequences {xk}
and {vk} such that

xk −−−→
k→∞

x∗, ψ(xk) −−−→
k→∞

ψ(x∗), vk ∈ ∂̂ψ(xk) and vk −−−→
k→∞

v.

The set of general subgradients is called the limiting subdifferential.

We say that x∗ is first order stationary for ψ if 0 ∈ ∂ψ(x∗). Besides, subdifferentials have a
property similar to linearity.

Proposition 2. [58, Theorem 10.1] Considering g : Rn → R such that g(x) = φ(x) + ψ(x)
with φ : Rn → R where φ ∈ C1 and ψ : Rn → R. If ∂ψ(x̄) exists at point x̄ ∈ Rn, then

∂g(x̄) = ∇φ(x̄) + ∂ψ(x̄). (2.46)

Furthermore, for any local minimizer x∗ of φ+ ψ with φ(x) = 1
2∥r(x)∥2, using Proposition 2,

we have
0 ∈ J(x∗)⊤r(x∗) + ∂ψ(x∗). (2.47)

Introduce now a central operator used in many nonsmooth methods.
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Definition 14. Let a function ψ : Rn → R, a point x∗ and a parameter ν > 0. The proximal
operator of νψ at x̄ is defined as

proxνψ(x̄) := argmin
u∈Rn

1
2∥u− x̄∥2 + νψ(u). (2.48)

The prox finds the best compromise between minimizing the function νψ and staying as close
as possible to the input vector x̄. This notion is the base of prox-based optimization methods.
One of the first of them is the prox-gradient method [36]. Consider the optimization problem

min
s∈Rn

φ(s) + ψ(s), (2.49)

where φ is smooth and ψ is nonsmooth. Then, the prox-gradient method generates a
sequence {sk} of iterates such that

sk+1 ∈ proxνψ(sk − νk∇φ(sk)), (2.50)

where νk > 0 is the prox-gradient steplength for iteration k. The intuition behind (2.50) is
we want to have a sequence that minimizes both ψ while being as close as possible to the
steepest descent direction for φ. Prox-gradient methods also share the following property.

Proposition 3. [14, Lemma 2] Let ∇φ be Lipschitz-continuous with Lipschitz constant L > 0,
ψ be proper, lsc and inf ψ > −∞. Let sk ∈ dom ψ, 0 < ν < 1/L and sk+1 be defined according
to (2.50). Then,

(φ+ ψ)(sk+1) ≤ (φ+ ψ)(sk) − 1
2(ν−1 − L)∥sk+1 − sk∥2.

Consequently, iterates generated by a prox-gradient method ensure a decrease of φ+ ψ.

2.4.3 Nonsmooth nonconvex optimization

Composite nonsmooth optimization has been studied for a long time. Several methods
minimize f(x) + h(c(x)), where f and c are smooth, and h is convex and nonsmooth [34]. A
function f is said convex when for all α ∈ [0, 1] and for all x, y ∈ Rn we have

f(αx+ (1 − α)y) ≤ αf(x) + (1 − α)f(y). (2.51)

Convexity is a strong property in optimization because, if f is convex, any local minimizer x∗
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of f is a global minimizer. Recent works devised methods to minimize f(x) + h(c(x)) where
f and h are convex or Lipschitz-continuous [25, 38, 59] but, in our framework, f and h are
nonconvex.

Following recent work on proximal-based methods, we assume c is the identity function.
Trust-region schemes pioneered [21, 25, 57] with recent complexity analyses [32, 33, 48, 52]
to solve the problem where c is the identity function. Leconte and Orban [44] establish a
worst-case complexity bound related to unbounded Hessian approximations. Other works
developed proximal gradient methods using diagonal quasi-Newton updates (e.g., TRDH [45])
or modified quasi-Newton methods with possibly unbounded Hessians (e.g., R2N [31]). In our
framework, we exploit the specific structure of nonlinear least squares to emancipate from
second order models and assumptions.

Previous works minimizing f(x) + h(x) assume f and h are nonconvex, such as [49], which
designed an accelerated prox-gradient method requiring f + h to be coercive for convergence.
The definition of coercivity may vary depending on the function, but simply put, a function
is coercive if it grows rapidly at the boundaries of its domain. Stella et al. [60] devised the
algorithm PANOC, based on a line search limited-memory BFGS, that converges if f+h respects
the Kurdyka-Łojasiewicz (KŁ) assumption [13, 43]. Similarly, Bolte et al. [14] designed a
proximal alternating linearized minimization (PALM) for partitioned variables, i.e., x = (x1, x2)
and h(x) = h1(x1) + h2(x2) where h1 and h2 are nonconvex. Themelis et al. [62] also designed
ZeroFPR, a non-monotone line search proximal quasi-Newton method, which still needs the
KŁ assumption for global convergence similar to Boţ et al. [19] who devised a proximal
method with momentum.

Our approach, laid out by nonsmooth LM and LMTR [3], aims to exploit the least-squares
structure of (3.1) and curvature information to propose a method requiring neither coercivity
nor KŁ assumptions.

Consider the problem
min
s∈Rn

f(x) + h(x), (2.52)

where f(x) := 1
2∥r(x)∥2 with r : Rn → Rm and h : Rn → R nonsmooth. Both f and h are

nonconvex. To solve the subproblem associated to (2.52) at iteration j, consider the current
iterate xj, the regularization parameter σj > 0, and models of f and h as follows:

m(s;xj, σj) := φ(s;xj) + ψ(s;xj) + 1
2σj∥s∥

2, (2.53a)

φ(s;xj) := 1
2∥J(xj)⊤s+ r(xj)∥2, (2.53b)

ψ(s;xj) ≈ h(xj + s). (2.53c)
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The model described by (2.53a) is (2.20) with the model of h(x+s) in addition. By construction,
φ(0;xj) = f(xj) and ∇sφ(0;xj) = ∇f(xj). Consider for the rest of this section that ψ(·;xj)
is proper, lsc, and prox-bounded of threshold λx. Assume as well that ψ(0;xj) = h(xj) and
∂ψ(0;xj) = ∂h(xj). These assumptions are automatically satisfied as long as h is proper, lsc,
prox-bounded, and ψ(s;xj) = h(xj + s) for all s ∈ Rn. Introduce now

p(xj, σj) := min
s∈Rn

m(s;xj, σj), (2.54a)

P (xj, σj) := argmin
s∈Rn

m(s;xj, σj). (2.54b)

Notice problem P is the subproblem associated to (2.52). We have then,

s ∈ P (xj, σj) ⇐⇒ 0 ∈ ∇φ(s;xj) + σjs+ ∂ψ(s;xj). (2.55)

Since we do not yet have a stationarity measure for problem (2.52), we define

ξ(xj, σj) = f(xj) + h(xj) − φ(sj;xj) − ψ(sj;xj), where sj ∈ P (xj, σj), (2.56)

which represents the error between the objective function and its shifted model by a step
solving (2.54b). With (2.56), we have the following proposition.

Proposition 4. [3, Lemma 3.1] Let xj ∈ Rn and σj ≥ λ−1
x . Then

ξ(xj, σj) = 0 ⇐⇒ 0 ∈ P (xj, σj) ⇒ xj is first order stationary for problem (2.52). (2.57)

In addition, xj is first order stationary for (2.52) if and only if sj = 0 is first order stationary
for (2.53a).

Thus, ξ(xj, σj) can be used to determine if the solution of the subproblem sj does not allow any
descent of the current point xj. However, finding sj ∈ P (xj, σj) exactly is nearly impossible.
Therefore, we introduce a simpler model and its associated parametrized problems.

mcp(s;xj, σj) := φcp(s;xj) + ψ(s;xj) + 1
2σj∥s∥

2, (2.58a)

φcp(s;xj) := f(xj) + (J(xj)⊤r(xj))
⊤
s, (2.58b)

pcp(xj, σj) := min
s∈Rn

mcp(s;xj, σj), (2.58c)

Pcp(xj, σj) := argmin
s∈Rn

mcp(s;xj, σj). (2.58d)
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The “cp” in (2.58a)-(2.58d) stands for Cauchy point as they aim for generalizing this notion
from trust-region methods where it provides a sufficient decrease of the TR model. Here, our
Cauchy Point is determined by the first step of a proximal gradient method that minimizes
both φ(s;xj) + ψ(s;xj) and φcp(s;xj) + ψ(s;xj). Indeed, let xj ∈ Rn and νj > 0,

sj,cp ∈ Pcp(xj, ν−1
j )

= argmin
s∈Rn

mcp(s;xj, ν−1
j )

= argmin
s∈Rn

f(xj) + (J(xj)⊤r(xj))
⊤
s+ ψ(s;xj) + 1

2ν
−1
j ∥s∥2

= argmin
s∈Rn

1
2∥s+ νjJ(xj)⊤r(xj)∥2 + νjψ(s;xj)

= proxνjψ(·;xj)(−νjJ(xj)⊤r(xj)).

Thus, computing sj,cp requires only the computation of a prox. If ν−1
j ≥ σj, we have

m(s;xj, σj) ≤ m(s;xj, ν−1
j ) and a decrease is ensured. We define the following metric

ξcp(xj, ν−1
j ) = f(xj) + h(xj) − φcp(sj,cp;xj) − ψ(sj,cp;xj), for sj,cp ∈ Pcp(xj, ν−1

j ). (2.59)

Analogously as Proposition 4, we can establish

Proposition 5. [3, Lemma 3.3] Let xj ∈ Rn and σj > 0. Then

ξcp(xj, ν−1
j ) = 0 ⇐⇒ 0 ∈ Pcp(xj, ν−1

j ) ⇒ xj is first order stationary for problem (2.52).
(2.60)

In addition, xj is first order stationary for (2.52) if and only if sj,cp = 0 is first order stationary
for (2.58a).

We have then an easier way to determine if xj is a first-order stationary point for (2.52). In a
smooth case framework, i.e., h = 0, sj,cp = −νj∇f(xj) and

ξcp(xj, ν−1
j ) = f(xj) − φcp(sj,cp;xj) = νj∥∇f(xj)∥2. (2.61)

Therefore, it invites us to consider ν−1/2
j ξcp(xj, ν−1

j )1/2 as stationarity metric for an algorithm
solving (2.52).
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2.5 Stochastic optimization

We now address the second key feature of our research framework: a sampling scheme. We will
first review the essential probability background, followed by existing methods for stochastic
optimization.

2.5.1 Probability background

The problems described in Chapter 1 involve massive datasets and incur high computational
costs for both r and J . All required information for nonlinear least squares reads in its
residuals and the Jacobian of its residuals. Hence, reducing the computational cost of r and
J will necessarily improve the overall efficiency and speed of the LM algorithm. The goal of
this stochastic framework is to find a more computationally efficient way to calculate r and J .
One simple approach is to compute them on a reduced sample of them.

Consider a problem p consisting of m equations and n variables, with the residual function
r(x) = (r1(x), . . . , rm(x)) and its Jacobian J(x) ∈ Rm×n for all x ∈ Rn. Let S ⊆ {1, . . . ,m}
a random set of indexes. Then, considering a nonlinear least-squares framework , i.e.,
f(x) := 1

2∥r(x)∥2 =
m∑
i=1

ri(x)2, the sampled version of f denoted fS would be

fS(x) :=
∑
i∈S

ri(x)2. (2.62)

This strategy immediately improves computation speed as long as |S| < m. But, as f is a
sum of nonnegative terms,

fS(x) ≤ f(x). (2.63)

As a consequence, considering S1 ⊆ S2, for all x ∈ Rn, we have fS1 ≤ fS2 . Thus, comparing
two estimates with different samples is flawed.

Moreover, an algorithm relying on estimates may provide descent directions based on ap-
proximations, potentially accepting a step that increases the deterministic objective function.
However, it is convenient to allow stochasticity in optimization, like noisy r and/or J , as
it may lead the optimization to a different local minimum, which might be better than the
solution returned by a deterministic approach. A stochastic scheme can also lead to faster
convergence due to reduced computational costs.

Review then the essentials of probabilistic background to familiarize to specific notations and
concepts stated in [15–17].
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Definition 15. A probability space is a triple (Ω,F ,P) where

• Ω is a set representing all possible outcomes,

• F is a σ-algebra representing the set of all events. An event is a subset of Ω,

• P : F → [0, 1] is a probability measure such that P(Ω) = 1 and, for disjoint events
denoted E1, E2, · · · ∈ F , we have

P
(+∞⋃
i=1

Ei

)
=

+∞∑
i=1

P(Ei). (2.64)

The probability measure P possesses many properties that are closely related to set properties.
To cite some of them, consider events A,B ∈ F ,

• P(A ∪B) = P(A) + P(B) − P(A ∩B).

• Denoting Ac the contrary event of A, P(Ac) = 1 − P(A), and consequently, P(∅) = 0.

• If A ⊆ B, then P(A) ≤ P(B).

Another crucial notion in probabilities is the definition of random variables and expectation.

Definition 16. A random variable X is a measurable function from a probability space (Ω,F ,P)
to the reals such that for any set B,

X−1(B) = {ω ∈ Ω : X(ω) ∈ B} ∈ F . (2.65)

We use in the sequel the common simplified notation:

{X = x} := {ω ∈ Ω : X(w) = x}, (2.66)

for any realization x of X.

Definition 17. The expectation of a random variable X given on a probability space (Ω,F ,P)
is defined as the quantity

E [X] :=
∫

Ω
X(ω)dP(dω), (2.67)

where the integral is the Lebesgue integral.



24

Even if Definition 17 may appear very abstract, it simply tells the expectation represents the
mean or the average of possible outcomes of a random variable. For instance, considering a
discrete variable X that takes a finite set of possible values {a1, a2, . . . , an}, then,

E [X] =
n∑
i=1

aiP(X = ai). (2.68)

In probability, it is common to encounter events conditioned by previous ones. This notion of
conditioning is closely related to independence too.

Definition 18. Let (Ω,F ,P) be a probability space and A and B two arbitrary events. A
and B are independent if

P(A ∩B) = P(A)P(B). (2.69)

Definition 18 can be generalized to a larger collection of events and to random variables’
framework too. We now define the notion of conditioned events.

Definition 19. Let (Ω,F ,P) be a probability space and A and B two arbitrary events. If
P(B) > 0, the conditional probability of the event A given B has occurred is denoted P(A | B)
and is defined by

P(A | B) := P(A ∩B)
P(B) . (2.70)

As an immediate consequence, considering two independent events A and B on a probability
space (Ω,F ,P), then

P(A | B) = P(A). (2.71)

In other words, if two events are independent, the probability that one occurs does not impact
the realization of the other one. This notion can be extended to expectations as well.

Definition 20. Let X be a random variable defined on a probability space (Ω,F ,P) and
B ∈ F such that P(B) > 0. The conditional expectation of X given B is defined by

E [X | B] :=
∫
BX(ω)dP(dω)

P(B) . (2.72)

Definition 20 combines the ideas of Definitions 17 and 19. With this background, we are now
prepared to address the general framework of an LM algorithm with nonsmooth regularization
based on estimates.
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2.5.2 Existing methods for stochastic optimization

Many problems encounter a nonlinear least-squares structure like inverse problems [29, 61, 63],
but may have a huge amount of data so they face both storing and numerical issues like in
Machine Learning field [18] and Bundle Adjustment problems [23, 64]. As a result, sampling
strategies emerged to reduce the computational cost of evaluating the objective function
and its derivatives. The first works came out with Gauss-Newton approaches [20]. They
have been later improved thanks to Cartis et al. [24] by setting a derivative-free framework
and Herrmann et al. [40] who designed a Gauss-Newton algorithm with a l1-penalized
subproblem. Besides, Zhou et al. [67] designed an incremental Gauss-Newton (IGN) approach
to solve f(x) = 0. It also uses a mini-batch approach (MB-IGN) with a Hölder continuity
assumption on the Jacobian impacting the convergence rate. El Houcine et al. recently
used an unbiased stochastic sketching operator, similar to stochastic gradient descent [39], to
provide the iteratively regularized Gauss-Newton method with a general stochastic framework
(SIRGNM) [10].

Bellavia et al. [6] developed an LM method that implements a dynamic accuracy threshold
for r and J estimations. As this scheme imposes estimates to respect this specific accuracy
threshold, the algorithm has to be able to reduce the noise if necessary. Blanchet et al. [27]
designed a trust-region algorithm that handles noisy functions through probabilistic models.
This TR scheme has a complexity bound in O(ε−2) in expectation for the norm of the gradient
to be lower than a given accuracy ε [27]. As it can involve two sources of randomness, the
analysis we carry out in Chapter 3 accounts for different estimates whether for the model or
the objective function evaluations.

Like stochastic LM [9], we incorporate estimates to compute the least-squares residuals and
their Jacobian.
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CHAPTER 3 A STOCHASTIC LEVENBERG-MARQUARDT METHOD
FOR NONSMOOTH REGULARIZED INVERSE PROBLEMS

In this chapter, we introduce a variant of the LM algorithm adding stochastic estimates and
a nonsmooth regularizer. Section 3.1 presents the modified LM algorithm using probabilistic
models and nonsmooth accuracy metrics. The main assumptions and helpful lemmas are
shown in Section 3.2. Both convergence and complexity analysis are detailed in Section 3.3
while Section 3.4 displays the numerical tests carried out on nonlinear SVMs and Bundle
Adjustment problems.

3.1 A probabilistic LM algorithm based on estimated values

We consider the nonsmooth regularized nonlinear least-squares problem

min
x∈Rn

f(x) + h(x), (3.1)

where f : Rn → R is defined by f(x) := 1
2∥r(x)∥2, with r : Rn → Rm continuously

differentiable, and the regularizer h : Rn → R ∪ {+∞} is proper, lower semi-continuous (lsc)
and prox-bounded with λx > 0 the threshold of prox-boundedness. Both f and h may be
nonconvex.

We consider a context where r and its Jacobian cannot be exactly computed because of a
numerical cost that is too high. The framework of the LM variant we want to design is a
merge of both a stochastic LM [9] and a nonsmooth regularized LM [3].

3.1.1 Models and estimates

Let Ωj represents all the possible executions of our algorithm at iteration j and ωj ∈ Ωj.

At iteration j, the algorithm only has access to stochastic estimates of the residual and the
Jacobian

rj := r(xj, ωj) ≈ r(xj), Jj := J(xj, ωj) ≈ J(xj), fj := 1
2∥rj∥2, and gj := J⊤

j rj. (3.2)

We introduce the LM regularization parameter σj > 0. We compute a trial step sj as an



27

approximate minimizer of a model of f + h about xj,

m(s;xj, σj) := φ(s;xj) + ψ(s;xj) + 1
2σj∥s∥

2, (3.3a)

φ(s;xj) := 1
2∥J⊤

j s+ rj∥2, (3.3b)

ψ(s;xj) ≈ h(xj + s). (3.3c)

By construction, φ(0;xj) = fj and ∇sφ(0;xj) = gj. The model ψ(· ;xj) must satisfy the
following assumption.

Assumption 1. For all xj ∈ Rn, ψ(· ; xj) is proper, lsc and prox-bounded with threshold
λx ∈ R+ ∪ {+∞}. In addition, ψ(0;xj) = h(xj) and ∂ψ(0;xj) = ∂h(xj).

We consider a simpler first-order model that allows us to define a stationary measure, set
minimal requirements on steps computed during the iterations of the algorithm, and derive a
complexity analysis. This first-order model generalizes the concept of Cauchy point (“cp”).
For fixed νj > 0, we define

φcp(s;xj) := fj + gj
⊤s, (3.4a)

mcp(s;xj, ν−1
j ) := φcp(s;xj) + ψ(s;xj) + 1

2ν
−1
j ∥s∥2, (3.4b)

pcp(xj, ν−1
j ) := min

s∈Rn
mcp(s;xj, ν−1

j ), (3.4c)

Pcp(xj, ν−1
j ) := argmin

s∈Rn
mcp(s;xj, ν−1

j ), (3.4d)

ξcp(xj, ν−1
j ) := fj + h(xj) − (φcp(sj,cp;xj) + ψ(sj,cp;xj)) ≥ 0, (3.4e)

where sj,cp ∈ Pcp(xj, ν−1
j ). Hence, using [14, Lemma 2],

ξcp(xj, ν−1
j ;ωj) ≥ 1

2ν
−1
j ∥sj,cp∥2 ≥ 0. (3.5)

In the smooth case, i.e., h = 0 and ψ = 0, sj,cp = −νjgj and

ξcp(xj, ν−1
j ;ωj) = 1

2ν
−1
j ∥sj,cp∥2 = 1

2νj∥gj∥
2,

which suggests ν−1/2
j ξcp(xj, ν−1

j ;ωj)
1/2 as a stationarity measure that generalizes the norm of

the gradient to the nonsmooth setting. In the sequel, we set

ξj := ν
−1/2
j ξcp(xj, ν−1

j ;ωj)
1/2
. (3.6)

We will use a “star” superscript to indicate quantities obtained deterministically, e.g.,
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P ∗
cp(xj, ν−1

j ), s∗
j,cp, ξ∗

cp(xj, ν−1
j ), etc.

To derive complexity bounds in the smooth case (i.e., h = 0), Bergou et al. [9] set σj as a
multiple of the gradient norm. By analogy, we set

σj := µjξj, (3.7)

where µj is updated following the classical LM mechanism update based on an achieved
decrease in stochastic estimates of f . We set the step length νj to

νj := θ(∥Jj∥2 + µmin)−1, (3.8)

where θ ∈ (0, 1) and µmin > 0 are preset parameters. The complete procedure is summarized
in Algorithm 2.

The step sj is required to satisfy Cauchy decrease, which we define as in [2, 3, 31]:

φ(0;xj) + ψ(0;xj) − (φ(sj;xj) + ψ(sj;xj)) ≥ κmdcξcp(xj, ν−1
j ), (3.9)

for κmdc ∈ (0, 1) given. In other words, sj must result in a decrease in φ(·;xj) + ψ(·;xj)
that is at least a fraction of that achieved in the first-order model φcp(·;xj) + ψ(·;xj) by the
Cauchy step scp and a well-chosen step length νj.

At Line 13 of Algorithm 2, the ratio ρj assesses the quality of sj by comparing the decrease
achieved in f(·;ωj) + h to that predicted by the model. A generalization of our approach
consists in using a different estimate of f(xj) than fj = φ(0;xj) in the numerator of ρj , denoted
f 0
j while preserving convergence and complexity properties [8]. To simplify in practice, we use

the readily available estimate fj, which is also what would happen in most implementations.

3.2 Probabilistic properties of models and function estimates

The framework of Algorithm 2 allows for approximations of the objective function and its
derivatives to construct stochastic estimates for both the model and the function values. In this
section, we consider that the function values and the derivatives can only be accessed through
noisy approximations, and we define accuracy formulas in a deterministic and probabilistic
sense.

Definition 21. [9, Definition 3.1] Consider a realization of Algorithm 2, and the model
m of f defined around the iterate xj, and let κf , κg, κξ > 0. Then, the model m is called
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Algorithm 2 PLM: A probabilistic LM method using random models and estimates.
Require: η1 ≥ 1 > η2 > 0, η3 > 0, µmin > 0, θ ∈ (0, 1), λ > 1, x0 ∈ Rn, and µ0 ≥ µmin.

1: for j = 0, 1, 2, . . . do
2: Select ωj ∈ Ωj and a random sample Sj ⊂ {1, . . . ,m}.
3: Compute estimates rj and Jj and corresponding fj and gj as in (3.2).
4: Compute estimate f 0

j of f(xj) by sampling using Sj
5: Set νj := θ(∥Jj∥2 + µmin)−1.
6: Compute sj,cp ∈ Pcp(xj, ν−1

j ).
7: Compute ξj as in (3.6) and set σj := µjξj.
8: Compute an approximate minimizer sj of m(· ;xj, σj) that satisfies (3.9).
9: if ∥sj∥ > η1∥sj,cp∥ then

10: Set sj := sj,cp.
11: end if
12: Compute an estimate f+

j of f(xj + sj) by sampling using Sj.
13: Set

ρj := f 0
j + h(xj) − (f+

j + h(xj + sj))
φ(0;xj) + ψ(0;xj) − (φ(sj;xj) + ψ(sj;xj))

. (3.10)

14: if ρj ≥ η2 and ξj ≥ η3/µj then set xj+1 = xj + sj and µj+1 = max{µj/λ, µmin}.
15: else, set xj+1 = xj and µj+1 = λµj.
16: end if
17: end for

(κf , κg, κξ)-first-order accurate with respect to (xj, µj) if the following properties hold:

∥∥∥∇f(xj) − gmj
∥∥∥ ≤ κg

µj
,

∣∣∣ν−1/2
j ξ∗

cp(xj, ν−1
j )1/2 − ξj

∣∣∣ ≤ κξ
µj

and
∣∣∣f(xj) − fj

∣∣∣ ≤ κf
µ2
j

. (3.11)

In smooth case, i.e., h = 0, ξmj,cp(xj, ν−1
j ) = νj∥gmj ∥2 and ξ∗

j,cp(xj, ν−1
j ) = νj∥∇f(xj)∥2, then,

∣∣∣ν−1/2
j ξ∗

cp(xj, ν−1
j )1/2 − ξj

∣∣∣ =

∣∣∣∣∣∣
√√√√νj∥∇f(xj)∥2

νj
−

√√√√νj∥gmj ∥2

νj

∣∣∣∣∣∣
=
∣∣∣∥∇f(xj)∥ − ∥gmj ∥

∣∣∣
≤ ∥∇f(xj) − gmj ∥

≤ κg
µj
.

Definition 22. [9, Definition 3.3] Consider a realization of Algorithm 2, and the residual
estimates f 0

j and f+
j computed at iteration j. Given εf > 0, we say that f 0

j and f+
j are
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εf -accurate estimates of f(xj) and f(xj + sj) with respect to (xj, µj) if

∣∣∣f 0
j − f(xj)

∣∣∣ ≤ εf
µ2
j

and
∣∣∣f+
j − f(xj + sj)

∣∣∣ ≤ εf
µ2
j

. (3.12)

3.2.1 Probabilistic properties

The randomness introduced by the stochastic variable ωj implies that the iterates, regular-
ization parameters, and trial steps become stochastic processes. We now introduce random
variables that represent the process of our algorithm along its iterations as it computes inexact
residuals and Jacobian [9]. Let Xj, Sj, Σj, Mj, Vj and Ξj be random variables whose realiza-
tions are xj , sj , σj , µj , νj and ξj , respectively. Let also Rj and Jj be random variables whose
realizations are rj and Jj respectively, and denote Fj = 1

2∥Rj∥ and Gj = J ⊤
j Rj . Analogously,

we define F 0
j and F+

j as the stochastic process generating f 0
j and f+

j respectively. The two
following definitions generalize Definitions 21 and 22 to the probabilistic setting.

Definition 23. [9, Definition 3.4] Let p ∈ (0, 1], κf > 0, κg > 0, κξ > 0, and consider the
sequence {(Xj,Mj)}. For a sequence of random variables {(Rj,Jj)} and denote Fj = 1

2∥Rj∥2,
Gj = J ⊤

j Rj and ξj = V
−1/2
j ξcp(Xj, V

−1
j )1/2. Define the events UF,j := {|f(Xj)−Fj| ≤ κf/M

2
j },

UG,j := {∥∇f(Xj) −Gj∥ ≤ κg/Mj}, and Uξ,j := {|V −1/2
j ξ∗

cp(Xj, V
−1
j )1/2 − ξj| ≤ κξ/Mj}. We

say that {(Fj, Gj, ξj)} is p-probabilistically {κf , κg, κξ}-first-order accurate with respect to
{(Xj,Mj)} if the event Uj := UF,j ∩ UG,j ∩ Uξ,j satisfy

p∗
j := P(Uj | Fj−1) ≥ p, (3.13)

where Fj−1 is the σ-algebra generated by {R0,J0, . . . , Rj−1,Jj−1} ∪ {F 0
0 , F

+
0 , . . . , F

0
j−1, F

+
j−1}.

Definition 24. [9, Definition 3.5] Let εf > 0, q ∈ (0, 1], and consider the sequence
{(Xj,Mj)}. Define the events W0,j := {|F 0

j −f(Xj)| ≤ εf/M
2
j } and W+,j := {|F+

j −f(Xj)| ≤
εf/M

2
j }. A sequence of random quantities {(F 0

j , F
+
j )} is called q-probabilistically εf -accurate

with respect to {(Xj,Mj)} if the event Wj := W0,j ∪W+,j satisfy

q∗
j := P(Wj | Fj−1/2) ≥ q, (3.14)

where Fj−1/2 is the σ-algebra generated by {R0,J0, . . . , Rj,Jj} ∪ {F 0
0 , F

+
0 , . . . , F

0
j−1, F

+
j−1}.

We can then establish the following proposition.

Proposition 6. Let {Xj}j≥0 be a sequence of random variables generated by Algorithm 2
and consider the jth iteration. Assume that ψ(· ; Xj) satisfies Assumption 1 and Vj > 0. For
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any α ∈ (0, 1],

P(Ξj = 0) ≥ α ⇐⇒ P(0 ∈ Pcp(Xj, V
−1
j )) ≥ α (3.15)

=⇒ P(Xj is a stationary point for (3.1)) ≥ α. (3.16)

Proof. Let xj be a realization of Xj. Since ψ(· ; xj) satisfies Assumption 1, we have

ξcp(xj, ν−1
j ) = 0 ⇐⇒ 0 ∈ Pcp(xj, ν−1

j ). (3.17)

Hence, P(ξcp(Xj, V
−1
j ) = 0) ≥ α ⇐⇒ P(0 ∈ Pcp(Xj, V

−1
j )) ≥ α. In addition,

s ∈ Pcp(xj, ν−1
j ) =⇒ 0 ∈ ∂mcp(s;xj, ν−1

j ) = ∇φcp(s;xj) + ∂ψ(s;xj) + ν−1
j s.

Thus,

{
0 ∈ Pcp(Xj, V

−1
j )

}
⊆
{
0 ∈ ∇φj,cp(0;Xj) + ∂ψ(0;Xj) = J(Xj)⊤r(Xj) + ∂h(Xj)

}
=
{
Xj is a stationary point

}
.

Therefore, we have P(0 ∈ Pj,cp(Xj, V
−1
j )) ≤ P(

{
Xj is a stationary point

}
). As P(0 ∈

Pj,cp(Xj, V
−1
j )) ≥ α,

P(
{
Xj is a stationary point

}
) ≥ α

3.2.2 Deterministic useful results

We state our deterministic assumptions.

Assumption 2. f is continuously differentiable on an open set containing the level set
L(f(x0)+h(x0)) := {x ∈ Rn|f(x) + h(x) ≤ f(x0) + h(x0)}, with Lipschitz continuous gradient
of Lipschitz constant L.

Assumption 3. There exists κJ > 0 such that for all j, ∥Jj∥ ≤ κJ .

Assumption 4. There exists κm > 0 such that for all j, the step sj computed at Line 8 of
Algorithm 2 satisfies

|fj + gj
⊤sj + h(xj + sj) − (φ(sj;xj) + ψ(sj;xj))| ≤ κm∥sj∥2. (3.18)
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If we set ψ(s;xj) = h(xj + s) for all s ∈ Rn, (3.18) holds with κm = 1
2κ

2
J using Assumption 3.

The following assumption states that the trial step satisfies desirable bounds on its norm.

Assumption 5. There exists κs > 0 such that for sj computed at Line 8 of Algorithm 2
satisfies

∥sj∥ ≤ κs/µj (3.19)

Assumption 5 generalizes [9, Assumption 4.5] to the nonsmooth setting. In fact, when h = 0,
one can show that ∥sj∥ ≤ ∥gj∥

σj
= 1

µj
, e.g., [7, Lemma 5.1].

The next lemmas describe useful results for our complexity analysis. The obtained results
hold for any realization of Algorithm 2.

Lemma 1. Let Assumptions 1, 2, 4 and 5 hold for a realization of Algorithm 2. Consider the
j-th iteration of that realization, and suppose that the model is (κf , κg, κξ)-first-order accurate.
Then, ∣∣∣f(xj + sj) + h(xj + sj) − φ(sj;xj) − ψ(sj;xj)

∣∣∣ ≤ κ1/µ
2
j , (3.20)

with κ1 := κf + κgκs + κ2
s

(
κm + L

2

)
.

Proof. Using Assumptions 1, 2, 4 and 5 and Taylor expansion of f around xj, we have
∣∣∣f(xj + sj) + h(xj + sj) − φ(sj;xj) − ψ(sj;xj)

∣∣∣
≤
∣∣∣f(xj + sj) − fj − gj

⊤sj
∣∣∣+ κm∥sj∥2

≤
∣∣∣f(xj) + ∇f(xj)⊤sj − fj − gj

⊤sj
∣∣∣+ L+ 2κm

2 ∥sj∥2

≤
∣∣∣f(xj) − fj

∣∣∣+ ∥sj∥∥∇f(xj) − gj∥ + L+ 2κm
2 ∥sj∥2

≤ 2κf + 2κgκs + κ2
s(L+ 2κm)

2µ2
j

.

The next lemma shows a decrease on f +h with respect to the inexact stationarity measure.

Lemma 2. Let Assumptions 1 to 5 hold for a realization of Algorithm 2, and consider iteration
j. If the model is (κf , κg, κξ)-first-order accurate and

µj ≥ κ2

ξj
, with κ2 :=

√√√√3(κf + κ1)(κ2
J + µmin)

2κmdcθ
, (3.21)
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then the trial step sj satisfies

(f + h)(xj) − (f + h)(xj + sj) ≥ κ3
ξj
µj
, with κ3 := κ1 + κf

2κ2
. (3.22)

Proof. Since the model is (κf , κg, κξ)-first-order accurate, using Assumptions 1 to 5 and Lemma 1
we have

(f + h)(xj + sj) − (f + h)(xj)

=
(
(f + h)(xj + sj) − φ(sj;xj) − ψ(sj;xj)

)
+ φ(sj;xj) + ψ(sj;xj) − (f + h)(xj)

≤ κ1

µ2
j

+
(
φ(sj;xj) + ψ(sj;xj) − φ(0;xj) − ψ(0;xj)

)
+ fj − f(xj) + ψ(0;xj) − h(xj)

≤ κ1

µ2
j

− κmdcξcp(xj; ν−1
j ) + κf

µ2
j

≤ κ1 + κf
µ2
j

− κmdcνjξ
2
j

≤ κ1 + κf
µ2
j

− κmdcθ

κ2
J + µmin

ξ2
j =

(
κ1 + κf
ξjµj

− κmdcθ

κ2
J + µmin

ξjµj

)
ξj
µj
.

Using (3.21), we get ξjµj ≥ κ2 , hence

(f + h)(xj + sj) − (f + h)(xj) ≤
(
κ1 + κf
κ2

− κmdcθ

κ2
J + µmin

κ2

)
ξj
µj

= −κ1 + κf
2κ2

ξj
µj
.

The next result is a consequence of Lemma 2, which shows a decrease on f + h with respect
to the exact stationarity measure.

Lemma 3. Let Assumptions 1 to 5 hold for a realization of Algorithm 2, and consider iteration
j. If the model is (κf , κg, κξ)-first-order accurate and

µj ≥
(
κξ + κ2

)√ νj
ξ∗
cp(xj; ν−1

j )
, (3.23)

where κ2 and κξ are defined in Lemma 2 and Definition 21 respectively. Then the trial step sj
satisfies

(f + h)(xj + sj) − (f + h)(xj) ≤ −C1
1
µj
ν

−1/2
j ξ∗

cp(xj, ν−1
j )1/2, with C1 := κ2κ3

κξ + κ2
. (3.24)
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Proof. Using (3.23) and the fact that the model is (κf , κg, κξ)-first-order accurate, we have

κξ + κ2

µj
≤ ν

−1/2
j ξ∗

cp(xj, ν−1
j )1/2 = ν

−1/2
j ξ∗

cp(xj, ν−1
j )1/2 − ξj + ξj ≤ κξ

µj
+ ξj. (3.25)

Hence, µj ≥ κ2
ξj

and ξj ≥ κ2
κξ+κ2

ν
−1/2
j ξ∗

cp(xj, ν−1
j )1/2. Thus, by using Lemma 2, we get

(f + h)(xj + sj) − (f + h)(xj) ≤ −κ3
ξj
µj

≤ − κ2κ3

κξ + κ2

ν
−1/2
j ξ∗

cp(xj, ν−1
j )1/2

µj
.

The next lemma guarantees a least decrease of the objective function for successful iterations.

Lemma 4. Let Assumptions 1 to 5 hold. For a given realization of Algorithm 2, let j be the
index of a successful iteration. Assuming that (f 0

j , f
+
j ) is εf -accurate and

η3 >

√√√√2εf (κ2
J + µmin)

η2κmdcθ
, (3.26)

we have
(f + h)(xj + sj) − (f + h)(xj) ≤ −C2

µ2
j

, (3.27)

where C2 := η2η
2
3κmdcθ(κ2

J + µmin)−1 − 2εf > 0.

Proof. Let j be the index of a successful iteration, then ρj ≥ η2, hence,

f+
j + h(xj + sj) − (f 0

j + h(xj)) ≤ −η2(φ(0;xj) + ψ(0;xj) − (φ(s;xj) + ψ(sj;xj))).

Thus, as the estimated residuals are εf -accurate, we get

(f + h)(xj + sj) − (f + h)(xj) = f(xj + sj) − f+
j + f+

j + h(xj + sj) − f 0
j − h(xj) − f(xj) + f 0

j

≤ 2εf
µ2
j

− η2(φ(0;xj) + ψ(0;xj) − (φ(s;xj) + ψ(sj;xj)))

≤ 2εf
µ2
j

− η2κmdcξcp(xj; ν−1
j )

≤ 2εf
µ2
j

− η2κmdcθ

κ2
J + µmin

ξ2
j .
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As iteration j is successful, µjξj ≥ η3. Then,

(f + h)(xj + sj) − (f + h)(xj) ≤ −
(
η2η

2
3κmdcθ

κ2
J + µmin

− 2εf
)

1
µ2
j

= −C2

µ2
j

.

Note that by (3.26), C2 > 0.

Lemma 5. Let Assumptions 1 to 5 hold. Consider a realization of an iteration j of Algorithm 2.
Assume that the model is (κf , κg, κξ)-first-order accurate, (f 0

j , f
+
j ) is εf -accurate, and

µj ≥ κ4

ξj
, with κ4 := max


√√√√(κ1 + 2εf + κf )(κ2

J + µmin)
(1 − η2)κmdcθ

, η3

 . (3.28)

Then, the iteration j is successful, i.e., ρj ≥ η2 and ξj ≥ η3
µj

.

Proof. Using Lemma 1, and the fact that the model is (κf , κg, κξ)-first-order accurate and f+
j

is εf -accurate,

∣∣∣1 − ρj
∣∣∣ =

∣∣∣∣∣1 −
f 0
j + h(xj) − f+

j − h(xj + sj)
φ(0;xj) + ψ(0;xj) − φ(sj;xj) − ψ(sj;xj)

∣∣∣∣∣
=

∣∣∣φ(0;xj) + ψ(0;xj) − φ(sj;xj) − ψ(sj;xj) − f 0
j − h(xj) + f+

j + h(xj + sj)
∣∣∣

|φ(0;x) + ψ(0;x) − φ(s;x) − ψ(s;x)|

=

∣∣∣h(xj) − φ(sj;xj) − ψ(sj : xj) + f+
j + fj − f 0

j

∣∣∣
|φ(0;x) + ψ(0;x) − φ(s;x) − ψ(s;x)|

≤
κ1
µ

2
j

+ 2εf

µ
2
j

+ κf

µ
2
j

κmdcξj,cp(xj, ν−1
j )

≤ κ1 + 2εf + κf
κmdcθ(κ2

J + µmin)−1
1

µ2
jξ

2
j

.

Thus, by using (3.28), we get
∣∣∣1 − ρj

∣∣∣ ≤ 1 − η2, hence ρj ≥ η2. Since (3.28) implies also
ξj ≥ η3

µj
, we conclude that the iteration j is successful.

3.2.3 Probabilistic useful results

We now formulate assumptions regarding the probabilistic properties satisfied by our method.
We formulate here a similar variance condition as from [56, Assumption 2.4] using our
notations.
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Assumption 6. Considering p ∈ (0, 1] and q ∈ (0, 1], we assume that

(i) the random sequence {(Fj, Gj, ξj)} is p-probabilistically {κf , κg, κξ}-first-order accurate
for κf , κg, κξ > 0;

(ii) the sequence of random function estimates {(F 0
j , F

+
j )} is q-probabilistically εf -accurate

for εf > 0;

(iii) there exists κv > 0 such that

E
[
|f(Xj) − F 0

j |2 | Fj−1

]
≤ κ2

v

M4
j

(1 − pq), (3.29)

E
[
|f(Xj + Sj) − F+

j |2 | Fj−1/2

]
≤ κ2

v

M4
j

(1 − pq). (3.30)

Finally, we formulate an assumption on η3 for convergence purposes.

Assumption 7. The constant η3 is chosen such as

η3 ≥ max


√√√√2εf (κ2

J + µmin)
η2κmdcθ

,

√√√√3(κf + κefs)(κ2
J + µmin)

2κmdcθ

 . (3.31)

The next lemma holds almost immediately using (3.29) and Hölder’s inequality.

Lemma 6. Let (iii) from Assumption 6 hold and consider that pq ∈ (0, 1]. Then,

E
[∣∣∣f(Xj) − F 0

j

∣∣∣ | Fj−1

]
<

κv
M2

j

and E
[∣∣∣f(Xj + Sj) − F+

j

∣∣∣ | Fj−1/2

]
<

κv
M2

j

. (3.32)

Proof. Using Hölder’s inequality and (3.29),

E


∣∣∣f(Xj) − F 0

j

∣∣∣
κv/M

2
j

| Fj−1

 ≤ E
[
1 | Fj−1

]1
2 E

∣∣∣∣∣f(Xj) − F 0
j

κv/M
2
j

∣∣∣∣∣
2

| Fj−1


1
2

≤
√

1 − pq < 1.

We use the same arguments to get the second inequality, replacing f(Xj), F 0
j and Fj−1 by

f(Xj + Sj), F+
j and Fj−1/2 respectively.

We have consequently the following lemma.
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Lemma 7. Let (iii) from Assumption 6 hold. Assume that the iteration j of Algorithm 2 is
successful. Then,

E
[
(f + h)(Xj + Sj) − (f + h)(Xj) | Fj−1/2

]
≤ 2κv
M2

j

. (3.33)

Proof. Using the fact that Fj−1 ⊆ Fj−1/2 and Lemma 6, we have

E
[
f(Xj + Sj) + h(Xj + Sj) − f(Xj) − h(Xj) | Fj−1/2

]
≤ 2κv

M2
j

+ E
[
F+
j − F 0

j + h(Xj + Sj) − h(Xj) | Fj−1/2

]
.

As iteration j is successful, using Assumption 4,

E
[
F+
j − F 0

j + h(Xj + Sj) − h(Xj) | Fj−1/2

]
≤ −η2E

[
φ(0;Xj) + ψ(0;Xj) − φ(Sj;Xj) − ψ(Sj;Xj) | Fj−1/2

]
≤ −η2κmdcE

[
ξj,cp(Xj, V

−1
j ) | Fj−1/2

]
≤ 0.

Hence,
E
[
f(Xj + Sj) + h(Xj + Sj) − f(Xj) − h(Xj) | Fj−1/2

]
≤ 2κv
M2

j

.

Note that Lemma 7 still holds for any conditioning event as long as it is included in Fj−1/2.
For our complexity analysis, we will assume that pq ̸= 1, since if pq = 1 then for all j we have

p∗
j = P (Uj | Fj−1) = p = q∗

j = P (Wj | Fj−1) = q = 1,

and the behavior of the algorithm reduces to that of a deterministic method.

3.3 Complexity analysis

3.3.1 Key theorem

Similarly to existing analyses, e.g., [8, 9, 12], for a given iteration j of Algorithm 2, we consider
the following random variable

Πj = τ(f(Xj) + h(Xj)) + 1 − τ

M2
j

, (3.34)
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for an appropriately chosen τ ∈ (0, 1) that respects

τ

1 − τ
> max

4

(
λ2 − 1

λ
2

)
C1ζ

,

(
λ2 − 1

λ
2

)
C2

,
2
(
λ2 − 1

λ
2

)
κf + κefs

 , (3.35)

where ζ is a parameter such that

ζ ≥ κξ + max
{
κ4, κ

2
J , κ2

}
. (3.36)

In addition, the probabilities p and q are required to satisfy:

pq − 1
2

(1 − p)(1 − q) ≥ C3

C1
, where C3 := 2κv

ζ
. (3.37)

The bound (3.37) demands so that pq ≥ 1
2 . Moreover,

(1 − p)(1 − q) ≤
(1 − τ)

(
1 − 1

λ
2

)
4(τC3ζ + (1 − τ)(λ2 − 1))

. (3.38)

Denote conditions (3.37) and (3.38) are satisfied for p and q sufficiently close to 1. The
main task in deriving our convergence and complexity result consists in proving the following
theorem.

Theorem 5. Let Assumptions 1 to 7 hold where p and q are chosen respecting (3.35)–(3.38).
Then, there exists γ > 0 such that, for all j, one has

E
[
Πj+1 − Πj | Fj−1/2

]
≤ − γ

M2
j

, (3.39)

where the expectation is taken over the product trace σ-algebra generated by all models and
function value estimates. We point out that the right-hand side is measurable relative to
Fj−1/2.

Proof. The proof focuses on a realization of the process Πj, and divides the iterations into
two subsets, depending on whether the following condition holds:

ν
−1/2
j ξ∗

cp(xj, ν−1
j )1/2 ≥ ζ

µj
. (3.40)

This condition is strongly related to the requirements on µj in the previous lemmas.

Consider a realization of Algorithm 2, and let πj be the corresponding realization of Πj. If j
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is the index of a successful iteration, then xj+1 = xj + sj, and µj+1 ≥ µj

λ
. Then

πj+1 − πj ≤ τ((f + h)(xj+1) − (f + h)(xj)) + (1 − τ)λ
2 − 1
µ2
j

. (3.41)

If j is the index of an unsuccessful iteration, xj+1 = xj and µj+1 = λµj, leading to

πj+1 − πj = 1 − τ

µ2
j

( 1
λ2 − 1

)
< 0. (3.42)

For both types of iterations, we will consider four possible outcomes, involving the quality of
the model and the estimates.

Case 1: V −1/2
j ξ∗

cp(Xj, V
−1
j )1/2 ≥ ζ

Mj
.

1. Both m and (f 0
j , f

+
j ) are accurate. Because the model is (κf , κg, κξ)-first-order

accurate, using (3.36),

ξj ≥ ν
−1/2
j ξ∗

cp(xj, ν−1
j )1/2 − κξ

µj
≥ ζ − κξ

µj
≥ κ4

µj
.

Therefore (3.28) holds. Since the estimates are also accurate, the iteration is necessarily
successful by Lemma 5. Moreover,

ν
−1/2
j ξ∗

cp(xj, ν−1
j )1/2 ≥ ζ

µj
≥

(
κξ + κ2

)
1
µj
,

where κ2 is defined in Lemma 3. So the condition (3.23) is satisfied and, by Lemma 3,
we have (3.24) and it leads to

πj+1 − πj ≤ −τC1
1
µj
ν

−1/2
j ξ∗

cp(xj, ν−1
j )1/2 + (1 − τ)(λ2 − 1) 1

µ2
j

. (3.43)

2. Only m is accurate. From Lemma 3, (3.24) is still valid. Therefore, if the iteration is
successful, then (3.43) holds. We also have using (3.35) and λ ≥ 1

πj+1 − πj ≤ −τC1
1
µj
ν

−1/2
j ξ∗

cp(xj, ν−1
j )1/2 + (1 − τ)(λ2 − 1) 1

µ2
j

≤ 1 − τ

µ2
j

( 4
λ2 − 4λ2 + λ2 − 1

)

≤ 1 − τ

µ2
j

( 1
λ2 − 1

)
< 0.
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As we know that (3.42) also holds whenever iteration j is unsuccessful, then, whether
iteration j is successful or not, we have

πj+1 − πj ≤ 1 − τ

µ2
j

( 1
λ2 − 1

)
. (3.44)

3. Only (f 0
j , f

+
j ) is accurate. If the iteration is unsuccessful, then we have (3.42).

Otherwise, by Lemma 4 we have (3.27). Hence,

πj+1 − πj ≤
[
−τC2 + (1 − τ)(λ2 − 1)

]
1
µ

2
j

≤ (1 − τ)
( 1
λ2 − 1

)
1
µ

2
j

,

where we used (3.35) to obtain the last inequality. Thus, (3.44) also holds if the iteration
is successful.

4. Both m and (f 0
j , f

+
j ) are inaccurate. We treat this last case later in the proof.

Summarizing the four cases, we have that the bound (3.43) on πj+1−πj holds for Case 1 and the
bound (3.44) holds for Cases 2 and 3. Denoting Ej = Fj−1/2 ∩

{
V

−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 ≥ ζ

Mj

}
and Aj the event "m and (r0

j , r
s
j) are accurate”, we have

E
[
Πj+1 − Πj | Ej

]
≤ pq

(
−τC1

1
Mj

V
−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 + (1 − τ)(λ2 − 1)

M2
j

)

+ ((1 − p)q + p(1 − q))
(

1 − τ

M2
j

( 1
λ2 − 1

))

+ (1 − p)(1 − q)E
[
Πj+1 − Πj | Ej ∩ Acj

]
.

We have using Lemma 7 that
E
[
Πj+1 − Πj | Ej ∩ Acj

]
≤ 1−τ

M
2
j

(
1
λ

2 − 1
)

if iteration j is unsuccessful

E
[
Πj+1 − Πj | Ej ∩ Acj

]
≤ 1−τ

M
2
j

(λ2 − 1) + τ 2κv

µ
2
j

otherwise.

As 1−τ
µ

2
j

( 1
λ

2 − 1) ≤ 1−τ
µ

2
j

(λ2 − 1) and τ 2κv

µ
2
j

≥ 0, then, whether iteration j is successful or not, we
have

E
[
Πj+1 − Πj | Ej ∩ Acj

]
≤ (1 − τ)

M2
j

(λ2 − 1) + τ
2κv
M2

j

. (3.45)
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Then,

E
[
Πj+1 − Πj | Ej ∩ Acj

]
≤ 2τ κv

M2
j

+ 1 − τ

M2
j

(λ2 − 1)

≤ τ

Mj

2κv
ζ
V

−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 + (1 − τ)(λ2 − 1) 1

M2
j

= τ
C3

Mj

V
−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 + (1 − τ)(λ2 − 1) 1

M2
j

.

Following the lines of [9, Theorem 4.14] for the rest of the proof, we have then

E
[
Πj+1 − Πj | Ej

]
≤ pq

(
−τC1V

−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 1

Mj

+ (1 − τ)(λ2 − 1)
M2

j

)

+ ((1 − p)q + p(1 − q))
(

1 − τ

M2
j

( 1
λ2 − 1

))

+ (1 − p)(1 − q)
(
τC3

1
Mj

V
−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 + (1 − τ)(λ2 − 1) 1

M2
j

)

= (−C1pq + (1 − p)(1 − q)C3)
τ

Mj

V
−1/2
j ξ∗

cp(Xj, V
−1
j )1/2

+ (pq − 1
λ

2 (p(1 − q) + (1 − p)q) + (1 − p)(1 − q))(1 − τ)(λ2 − 1) 1
M2

j

≤ (−C1pq + (1 − p)(1 − q)C3)
τ

Mj

V
−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 + (1 − τ)(λ2 − 1) 1

M2
j

,

where the last line uses

pq − 1
λ

2 (p(1 − q) + (1 − p)q) + (1 − p)(1 − q) ≤ (p+ (1 − p))(q + (1 − q)) = 1.

Since p and q are chosen such that

pq − 1
2

(1 − p)(1 − q) ≥ C3

C1
(3.46)

holds and λ ≥ 1, by combining (3.46) and (3.35),

−C1pq + (1 − p)(1 − q)C3 ≤ −C1

2 ≤ −2
(1 − τ)(λ2 − 1

λ
2 )

τζ
≤ −2(1 − τ)(λ2 − 1)

τζ
. (3.47)
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Since V −1/2
j ξ∗

cp(Xj, V
−1
j )1/2 ≥ ζ

Mj
,

(1 − τ)(λ2 − 1)
M2

j

≤ −1
2 (−C1pq + (1 − p)(1 − q)C3)

τ

Mj

V
−1/2
j ξ∗

cp(Xj, V
−1
j )1/2.

Using (3.47), it leads to

E
[
Πj+1 − Πj | Ej

]
≤ −1

4C1
τ

Mj

V
−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 ≤ −C1τζ

4M2
j

.

Using (3.47), we finally have

E
[
Πj+1 − Πj | Ej

]
≤ −

(1 − τ)
(
λ2 − 1

)
M2
j

≤ −
(1 − τ)

(
1 − 1

λ
2

)
4M2

j

. (3.48)

Case 2: V −1/2
j ξ∗

cp(Xj, V
−1
j )1/2 < ζ

Mj
.

Whenever ξj < η3
Mj

, iteration j is necessarily unsuccessful and (3.44) holds. We thus assume
in what follows that ξj ≥ η3

Mj
, and consider again four cases.

1. Both m and (f 0
j , f

+
j ) are accurate. Unlike in the previous case, it is now possible

for the iteration to be unsuccessful and in that case we have (3.44). Otherwise, if the
iteration is successful, we can use (3.27) from Lemma 4. We can thus apply the same
reasoning as in Case 1.3, which implies that (3.44) also holds when the iteration is
successful.

2. Only m is accurate. If the iteration is unsuccessful, it is clear that (3.44) holds.
Otherwise, we apply the same argument as in the proof of Lemma 4. Since the model is
(κf , κg, κξ)-first-order accurate, using Lemma 1,

f(xj) + h(xj) − f(xj + sj) − h(xj + sj)

= f(xj) − fj + fj + h(xj) − φ(sj;xj) − ψ(sj;xj)

+φ(sj;xj) + ψ(sj;xj) − f(xj + sj) − h(xj + sj)

≥ −κf
µ2
j

+ κmdc
ξ2
j θ

κ2
J + µmin

− κefs
µ2
j

≥ −κf
µ2
j

+ κmdc
η2

3θ

(κ2
J + µmin)µ2

j

− κefs
µ2
j

≥
(
κmdcη

2
3θ(κ2

J + µmin)−1 − (κf + κefs)
) 1
µ2
j

≥ (κf + κefs)
2

1
µ2
j

,
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where the last line comes from (3.31). Using (3.35), we have

πj+1 − πj ≤
[
−τ κf + κefs

2 + (1 − τ)(λ2 − 1)
]

1
µ

2
j

⇐⇒ πj+1 − πj ≤ (1 − τ)
( 1
λ2 − 1

)
1
µ

2
j

. (3.49)

3. Only (f 0
j , f

+
j ) is accurate. We can reason as in Case 1 to show that (3.44) holds

regardless if the iteration is successful or unsuccessful.

4. Both m and (f 0
j , f

+
j ) are inaccurate. As explained earlier and denoting E ′

j =
Fj−1/2 ∩

{
V

−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 < ζ

Mj

}
, we still have (3.45). Since ζC3 = 2κv,

E
[
Πj+1 − Πj | E ′

j

]
≤ τ

ζC3

M2
j

+ (1 − τ)(λ2 − 1)
M2

j

. (3.50)

Thus, (3.44) is satisfied for each subcase except for Case 4 where (3.50) holds. Then we have

E
[
Πj+1 − Πj | E ′

j

]
≤ [pq + p(1 − q) + q(1 − p)](1 − τ)

( 1
λ2 − 1

) 1
M2

j

+ (1 − p)(1 − q)
[
τC3ζ + (1 − τ)(λ2 − 1)

] 1
M2

j

≤ −pq(1 − τ)
(

1 − 1
λ2

) 1
M2

j

+ (1 − p)(1 − q)
[
τC3ζ + (1 − τ)(λ2 − 1)

] 1
M2

j

.

As p and q have been chosen such that pq ≥ 1
2 and

(1 − p)(1 − q) ≤
(1 − τ)

(
1 − 1

λ
2

)
4(τC3ζ + (1 − τ)(λ2 − 1))

(3.51)

holds, using (3.51), we have

E
[
Πj+1 − Πj | E′

j

]
≤ −

(1 − τ)
(
1 − 1

λ
2

)
4

1
M2
j

, (3.52)

which is the same bound as in (3.48). Let γ :=
(1−τ)

(
1− 1

λ
2

)
4 > 0, we have then established

that for every iteration j,
E
[
Πj+1 − Πj | Fj−1/2

]
< − γ

M2
j

,
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which concludes the proof.

From this theorem, we have the following corollary.

Corollary 1. Let Assumptions 1 to 7 hold with probabilities p and q chosen as for Theorem 5.
Assume also that f and h are bounded from below. Then,

P

 ∞∑
j=0

1
M2

j

< +∞

 = 1. (3.53)

From Corollary 1, we have

P
(

1
Mj

→ 0
)

= 1 ⇐⇒ P
(
Mj → ∞

)
= 1. (3.54)

Following the lines of the proof of [27, Theorem 4.16], Algorithm 2 generates
(
Xj, Vj

)
sequences

which almost surely satisfy

lim inf
j→∞

V
−1/2
j ξ∗

cp(Xj, V
−1
j )1/2 = 0. (3.55)

3.3.2 Complexity bound

General result

In this section, we introduce the necessary tools to derive the convergence rate from a general
result established by the stochastic trust-region algorithm in [12]. Given a stochastic process
{Xj}, we say that T is a stopping time for {Xj}, if, for all j ≥ 1, the event {T ≤ j} belongs
to the σ-algebra associated with X1, X2, . . . , Xj.

Let Λj be a birth and death stochastic process, defined on the same probability space as
{Πj,∆j}j≥0, with Λ0 = 1 and, for all j ≥ 0

P(Λj+1 = 1 | Fj) = β,

P(Λj+1 = −1 | Fj) = 1 − β,
(3.56)

where Fj is the σ-algebra generated by (Π0,∆0,Λ0), . . . , (Πj,∆j,Λj). Let {Tε′}ε′≥0 be a family
of stopping times with respect to Fj. Then, we have the following theorem from [12].

Theorem 6. [12, Theorem 2] Consider the following assumptions
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i.) There exists a constant γ̂ > 0 such that there exists a ∆max = ∆0e
γ̂jmax where jmax ∈ Z

and such that, for all j, ∆j ≤ ∆max.

ii.) There exists a constant ∆ε
′ = ∆0e

γ̂j
ε

′ where jε′ ∈ Z− and, for all j ≥ 0,

1{T
ε

′>j}∆j+1 ≥ 1{T
ε

′>j} min
{
∆ε

′ ,∆je
γ̂Λj+1

}
,

where Λj+1 satisfies (3.56) with β > 1
2 .

iii.) There exists a non-decreasing function g and a constant Θ > 0 such that

1{T
ε

′>j}E
[
Πj+1 | Fj

]
≤ 1{T

ε
′>j}

(
Πj − Θg

(
∆j

))
.

Then we have
E [Tε′ ] ≤ β

2β − 1
Π0

Θg(∆ε
′) + 1. (3.57)

Convergence rate for stochastic nonsmooth regularized LM

The result given in Section 3.3.2 is a general complexity bound satisfied for any stopping
time Tε′ respecting the filtering of Fj. We will then prove that we can construct a stochastic
process such that Algorithm 2 ensures V −1/2

j ξ∗
cp(Xj, V

−1
j )1/2 ≤ ε for a given ε > 0.

Let ε > 0, we define a random time Tε by

Tε := inf
{
j ≥ 0 | V −1/2

j ξ∗
cp(Xj, V

−1
j )1/2 ≤ ε

}
,

where Tε is a stopping time for Algorithm 2 with respect to the σ-algebra Fj−1/2. We will
prove the assumptions of Theorem 6 are satisfied with ∆j = 1

Mj
. Hence, the assumptions can

be alternatively written as follows

i.) There exists a constant γ̂ > 0 such that there exists a Mmin = M0e
−γ̂jmax where jmax ∈ Z

and such that, ∀j, Mj ≥ Mmin.

ii.) There exists a constant Mε = M0e
−γ̂jε where jε ∈ Z− and

1{Tε>j}Mj+1 ≤ 1{Tε>j} max
{
Mε,Mje

−γ̂Λj

}
,

where Λj satisfies (3.56) with β > 1
2 and Fj = Fj−1/2.
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iii.) There exists a non-decreasing function g and a constant Θ > 0 such that :

1{Tε>j}E
[
Πj+1 | Fj−1/2

]
≤ 1{Tε>j}

(
Πj − Θg

(
1
Mj

))
.

Let Mε = ζ/ε ; assuming µ0 = Mε/λ
s and µmin = Mε/λ

t where s, t > 0 are integers, we have
Mj = Mε/λ

k for some integer k. Hence, we can choose µmin such that µmin = µ0λ
s−t where s

is the smallest integer where ζ satisfies (3.36). Therefore, let jmax = t− s ∈ Z and,

Mmin = M0λ
−jmax

⇐⇒ Mmin = M0e
log(λ)(−jmax).

As λ > 1, let γ̂ = log(λ) > 0. So there exists a constant γ̂ > 0 such that Mmin = M0e
−γ̂jmax

where jmax ∈ Z and Mj ≥ Mmin for all j ≥ 0. So, (i) is satisfied.

Considering the event Sj: “Iteration j is successful”, we have the following lemma.

Lemma 8. Let Assumptions 1 to 7 hold and choosing p and q such that pq > 1
2 . For all

j < Tε, assuming also Mj ≥ Mε, we have

Mj+1 = Mje
−γ̂Λj , (3.58)

where γ̂ = log(λ), 1Sj
equals 1 if iteration j is successful and 0 otherwise and Λj = 21Sj

− 1
is a birth-and-death process satisfying

β = P(Λj = 1 | Fj−1/2,Mj ≥ Mε) = 1 − P(Λj = −1 | Fj−1/2,Mj ≥ Mε) ≥ pq > 1
2 .

Proof. By the mechanism of Algorithm 2, we have

Mj+1 = Mj

1
λ

1Sj
+Mjλ(1 − 1Sj

). (3.59)

Let γ̂ = log(λ) and Λj = 21Sj
− 1, then

e−γ̂Λj = e
− log(λ)(21Sj

−1)

= e
− log(λ)(1Sj

−1)−log(λ)1Sj

= e
log(λ)(1−1Sj

)+log(1/λ)1Sj .
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Consequently, If 1Sj
= 1, e−γ̂Λj = elog(1/λ) = 1

λ
,

Else, e−γ̂Λj = elog(λ) = λ.

Then, e−γ̂Λj = 1
λ
1Sj

+ λ(1 − 1Sj
). Thus,

Mj+1 = Mj(
1
λ

1Sj
+ λ(1 − 1Sj

)) = Mje
−γ̂Λj .

Moreover, if µj ≥ Mε, as j < Tε,

ν
−1/2
j ξ∗

cp(xj, ν−1
j )1/2 > ε = ζ

Mε

≥ ζ

µj
.

Then, assuming both m and (f 0
j , f

+
j ) are accurate, we have with the κξ accuracy of ξj,

ξj > ν
−1/2
j ξ∗

cp(xj, ν−1
j )1/2 − κξ

µj
≥ 1
µj

(ζ − κξ) ≥ κ4

µj
.

According to Lemma 5, iteration j is a success. Hence, we have

P(Λj = 1 | Fj−1/2,Mj ≥ Mε) ≥ pq.

Lemma 9. Let Assumptions 1 to 7 hold and choosing p and q such that pq > 1
2 . Then, (ii) is

satisfied with Λj = 21Sj
− 1 and γ̂ = log(λ) > 0.

Proof. As (ii) is satisfied whenever 1{Tε>j} = 0, we assume Tε ≤ j.

• If Mj < Mε, recalling that Mj = Mε/λ
k, as Mj < Mε, k > 1 and we have Mj ≤ Mε/λ.

Hence Mj+1 ≤ Mε [9].

• If Mj ≥ Mε. As Tε > j, we have from Lemma 8

Mj+1 = Mje
−γ̂Λj , (3.60)

where γ̂ = log(λ) > 0. Besides, 1Sj
equals to 1 if iteration j is successful and Λj = 21Sj

−1
is a birth-and-death process satisfying

P(Λj = 1 | Fj−1/2,Mj ≥ Mε) = 1 − P(Λj = −1 | Fj−1/2,Mj ≥ Mε) ≥ pq > 1
2 .
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Thus (ii) is satisfied.

We finally have the following proposition to prove (iii) is satisfied for Algorithm 2.

Proposition 7. Let Assumptions 1 to 7 hold. Assume as well we have p and q such that
pq > 1

2 satisfying
pq − 1

2
(1 − p)(1 − q) ≥ C3

C1
,

and

(1 − p)(1 − q) ≤ 1
4

 (1 − τ)(1 − 1
λ

2 )
τC3ζ + (1 − τ)(λ2 − 1)

 .

Then, for g : x 7→ x2 and Θ := γ where γ :=
(1−τ)

(
1− 1

λ
2

)
4 , (iii) is satisfied.

Proof. Let g : x 7→ x2 and Θ := γ > 0. As g is a non-decreasing function on R+ and all
assumptions of Theorem 5 are respected, we have with Theorem 5

E
[
Πj+1 | Fj−1/2

]
1Tε>j

≤ Πj1Tε>j
− Θg

(
1
Mj

)
1Tε>j

.

Hence (iii) is satisfied.

Since (i), (ii) and (iii) are satisfied, as 1
Mε

= ε
ζ

and ∆ε
′ = 1

Mε
, we have from Theorem 6

E [Tε] ≤ β

2β − 1
Π0

γg
(

1
Mε

) + 1

⇐⇒ E [Tε] ≤ β

2β − 1
Π0ζ

2

γ
ε−2 + 1. (3.61)

Thus, from (3.61), the complexity rate of our algorithm is O(ε−2), a common convergence
rate in this framework [3, 9, 11, 25, 65].

3.4 Numerical experiments

We implemented Algorithm 2 in Julia 1.8.3 and named our method PLM for “Probabilistic
Levenberg-Marquardt”. As the acceptation condition ξj ≥ η3

µj
of Algorithm 2 is necessary in

the theory but too restrictive in practice, we adapted the implementation consider iteration
j is a fail if ρj < η2 and a very successful step if ξj ≥ η3

µj
and ρj ≥ η2. We update
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µj+1 = max
{
µj

λ
, µmin

}
only for very successful iterations. This means µj remains unchanged

for successful iterations, similar to a standard LM step selection.

Besides, in the theory, we considered having fj ̸= f 0
j possible. However, in this implementation,

we use the same sample to compute both fj and f 0
j . If not, we should compute an additional

residual only for f 0
j which spends more computing resources only for another estimate of

f(xj). STORM algorithm [27] proposes variants stating that f 0
j may be different to fj, but the

way f 0
j is estimated is not explained. We then use the same sample for fj and f 0

j to save
numerical cost, resulting in f 0

j = fj like TR-SAA variant of STORM.

We set η1 = 1016 as we want to avoid as much as possible using the Cauchy point throughout
the algorithmic process. It aims to decrease sufficiently the objective function by rejecting
too large steps using the Cauchy step instead which satisfies condition (3.9).

We use a quadratic regularization method named R2 from RegularizedOptimization.jl package
to compute LM step at Line 8 [4]. We use in practice sj,cp as the initial guess of the
proximal-based method used for computing sj to satisfy (3.9). The solver steplength is defined
by

ν̂j := θ

∥Jmj ∥2 + σj
, (3.62)

which can be calculated after σj update. It results in sj,cp not being exactly the first step of
the proximal-based method used for sj computation but still being an acceptable initial guess
for R2. The nonsmooth subsolver stops whenever

(
ξ̂j,cp(xj + sj; ν̂−1

j )
)1

2 ≤

10−1, if k = 0,

max
{
ε,min

(
10−2, ξj,cp(xj, ν−1

j )/10
)}
, if k > 0,

(3.63)

where ν̂j is defined by (3.62) and
(
ξ̂j,cp(xj + sj; ν̂−1

j )
)1

2 represents the first-order stationarity
measure of the subsolver. Here ψ(s;x) = h(x + s) and we compute it with tools from
ShiftedProximalOperators.jl package [5].

We first devised a strategy using a constant sample rate τ̂ ∈ (0, 1], called τ̂%. We secondly
designed methods using nondecreasing sample rate approaches (Nondec-Batch), taking τ̂0 as
the initial sample rate. The first scheme increases the sample rate with respect to the number
of epochs (Nondec-Batch (w/ Epoch)): after two epochs at τ̂0 < 20%, we set the sample
rate at 20% for one epoch, then at 50% for 3 epochs, then 5 epochs at 90% and ends at 100%.
The second increases the sample rate with respect to the evolution of the stationarity metric
(Nondec-Batch (w/ Stationarity)). It increases the sample rate whenever ξj is 10−1 lower

https://github.com/JuliaSmoothOptimizers/RegularizedOptimization.jl?tab=readme-ov-file
https://github.com/JuliaSmoothOptimizers/ShiftedProximalOperators.jl
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than a stored threshold ξmem initialized with ξ0 and is decreased by 10−1 each time the sample
rate changes. The goal of this approach is to increase the precision relative to the increasing
accuracy throughout optimization.

We finally designed adaptive sample rate schemes (Adapt-Batch) based on the step selection
and among sample rates used for Nondec-Batch schemes, i.e., among {τ̂0, 20%, 50%, 90%, 100%}.
When we encounter two consecutive very successful steps, we increase the sample rate; con-
versely, after two consecutive failures, we decrease it. However, using only this scheme may
cause the sample rate to stay unchanged whenever we have too many consecutive successful
iterations. We consequently devised an adaptive strategy using a buffer to bound below
the sample rate (Adapt-Batch (w/ Buffer)). The sample rate is increased by λ for very
successful steps and by λ−1 for each fail, while the buffer increases when too many successive
iterations occur. The buffer takes successively the rates 20%, 50%, 90%, and 100% each
time it has to change. This aims to prevent Algorithm 2 from accepting successful iterations
that do not improve the value of f and to ensure we respect Assumption 6 asymptotically.
Table 3.1 summarizes each sampling strategy.

In practice, we change the sample for each successful iteration or each time the sample rate
changes for all the estimates to be based on the same sample at each iteration j. Otherwise,
we leave it unchanged for unsuccessful ones where the sample rate does not change. It is a
compromise we made between the numerical cost and the stochastic aspect of Algorithm 2
as each change of sample requires computing again rj and Jj. Following this scheme, for all
iteration j, each estimate is based on the same sample.

The stopping condition of Algorithm 2 depends on whether the sampling is constant or not,
as described below:

• τ̂%: stops when ξj ≤ εa + εrξ0 three consecutive times,

• Nondec-Batch and Adapt-Batch: stops when τ̂ = 100% and ξj ≤ εa + εrξ0,

where εa and εr are the absolute and relative tolerances respectively. We set εa = εr for
simplicity. τ̂% is required to fulfill the stopping criterion ξj ≤ εa+εrξ0 three consecutive times
arbitrarily to be more confident for the current point to be stationary but without being too
demanding for Algorithm 2 to stop. It is not required for Nondec-Batch and Adapt-Batch
variants as they are designed to reach a 100% sample rate asymptotically.

We compare PLM strategies altogether and to R2 from RegularizedOptimization.jl package [4].
Note that 100% is a classical LM method with the only specificity that σj is subject to the

https://github.com/JuliaSmoothOptimizers/RegularizedOptimization.jl
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scaling formula (3.7). As numerical experiments have not been carried out so far, we also
designed a smooth variant of PLM which is an implementation of the algorithm of Bergou et al.
[9]. The smooth subproblem is approximately solved using LSMR from Krylov.jl package [51].
The stopping criterion of LSMR is

∥Ĵ⊤
j r̂j∥ ≤ min

(
10−1, εa + εr∥J⊤

j rj∥1.3
)
, (3.64)

where Ĵ⊤
j r̂j is the estimated gradient of LSMR. Similar to R2, εa and εr are the absolute and

the relative stopping tolerances of LSMR respectively, where εa = εr. When the Jacobian is
sparse (like for Bundle Adjustment problems), we solve the LM subproblem using QRMumps.jl
routines instead to exploit the sparse structure of the problem [22].

We run PLM 10 times, the plots are median results and tables show statistics of a median run.
The number of evaluations of the Jacobian are real numbers since they are weighted relative
to the current sample rate.

3.4.1 Nonlinear SVM Problems

We consider problems related to binary classification by nonlinear SVM of the form (3.1)
where

r(x) = 1 − tanh (b⊙ ⟨A, x⟩) , where 1 = [1, 1, . . . , 1]⊤.

We introduce the Mean Squared Error (MSE) defined as follows

l(B) = 1
|B|

∑
i∈B

(yi − ŷi)2,

where B is the sample (or mini-batch), yi ∈ {−1, 1} is a given label and ŷi is a predicted label.
In the least-squares context,

l(B) = 1
|B|

∥rmj ∥2 = 2
|B|

fj. (3.65)

We run our tests ensuring σ0 = 1.

IJCNN1

We tested our implementation on the IJCNN1 dataset containing 49990 samples and 22
features. The objective here is to train a neural network architecture for binary classification,
starting with x0 = 1 so approximately half of labels are misclassified.

https://github.com/JuliaSmoothOptimizers/Krylov.jl
https://github.com/JuliaSmoothOptimizers/QRMumps.jl
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Table 3.1: Summary of devised sampling strategies.

Method name Batch size evolution
τ% Constant of rate τ

Nondec-Batch (w/ Epoch) Nondecreasing: Increase with respect to a
specific number of epochs.

Nondec-Batch (w/ Stationarity) Nondecreasing: Increase when ξj
becomes lower than ξmem.

Adapt-Batch Adaptive: Increase when 2 successive big success
or decrease when 2 successive fails.

Adapt-Batch (w/ Buffer)

Adaptive: Increase when 2 successive big success
or decrease when 2 successive fails.
Increase lower bound of sample rate (buffer)
if too long without changing.

We use 100%, 10%, 5% and 1% batch size for τ̂% schemes and set the initial sample rate at
5% for Nondec-Batch and Adapt-Batch schemes. We set the precision εa = εr = 10−8 and
the maximum budget is of 100 epochs. We plot exact f + h (i.e., f + h with 100% batch-size),
ν

−1/2
j ξ∗

cp(xj, ν−1
j )1/2 and MSE in terms of epochs for each strategy of PLM for three different

regularizers: λ∥ · ∥1, λ∥ · ∥1/2
1/2 and h = 0 (i.e., the smooth variant) with λ = 10−1. We choose

those nonsmooth regularizers as they have an exact expression of their prox and they allow
for having a sparse solution [3]. Note exact f + h and ν

−1/2
j ξ∗

cp(xj, ν−1
j )1/2 are supposedly

unavailable, but we compute them to draw unbiased comparisons between all the possible
PLM sampling strategies.

Figs. 3.1 to 3.3 show that 5% and 10% are comparable relative to objective value and MSE
descent while 1% is outperformed by the others regarding the objective function value, the
MSE, and the stationarity metric. Moreover, 5% computes less expensive residuals and
Jacobian products than 10% and 100%. However, constant sample rate strategies do not allow
a decrease of the stationarity measure unlike 100%.

τ̂% for τ̂ < 1 schemes are not able to decrease the stationarity measure below 102 asymptot-
ically. However, Nondec-Batch (w/ Epoch) and Adapt-Batch (w/ Buffer) reach a 10−4

precision for both smooth and nonsmooth cases faster than 100%.

Thus, for each h, the most promising approach among τ̂%, Nondec-Batch and Adapt-Batch
schemes are 5%, Nondec-Batch (w/ Epoch) and Adapt-Batch (w/ Buffer) respectively. We
denote in the sequel Nondec-Batch (w/ Epoch) and Adapt-Batch (w/ Buffer) by Epoch
and Success respectively.

Fig. 3.4 shows the stochastic approaches decrease faster than PLM 100% to the objective
function and the MSE, but the PLM 5% struggles to get high precision results unlike PLM Epoch
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Figure 3.1 PLM method on IJCNN1 dataset with h = λ∥ · ∥1. Stationarity measure is
ν

−1/2
j ξ∗

cp(xj, ν−1
j )1/2.
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Figure 3.2 PLM method on IJCNN1 dataset with h = λ∥ · ∥1/2
1/2. Stationarity measure is

ν
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cp(xj, ν−1
j )1/2.
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Figure 3.3 PLM method on IJCNN1 dataset with h = 0. Stationarity measure is
∥J(xj)⊤r(xj)∥.
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Figure 3.4 PLM methods on IJCNN1 dataset with h = λ∥ · ∥1. Stationarity measure is
ν

−1/2
j ξ∗

cp(xj, ν−1
j )1/2.

and PLM Success. With asymptotically increasing batch sizes, PLM respects Assumption 6
and gets high precision results. Besides, PLM Epoch and PLM Success decrease the exact
stationarity metric ν−1/2

j ξ∗
cp(xj, ν−1

j )1/2 faster than PLM 100%. PLM Epoch and PLM Success
achieve very similar performances on IJCNN1 according to Fig. 3.4.

Thus, stochastic variants are advantageous for the IJCNN1 problem, enabling faster conver-
gence to higher-quality solutions.

MNIST

Consider an image recognition problem using the MNIST dataset, composed of 13, 007 training
and 2, 163 testing vectorized images, each with a dimension of 784. For binary classification,
we retain only the digits 1 and 7 and initialize x0 as a vector of ones, resulting in approximately
50% misclassified data, similar to IJCNN1. As we want the support to be sparse, we choose
h = λ∥ · ∥1/2

1/2 where λ = 10−1, but we also run experiments with h = 0. The relative stopping
condition here uses ξ0 from R2 and applies to all PLM methods to ensure consistency in stopping
criteria. We give a budget of maximum 500 epochs (i.e., 500 iterations for deterministic
methods) and set ε = 10−4. We denote by #E the number of epochs, #f the number of
residual computations, #∇f the number of Jacobian and transposed Jacobian products, and
#inner the total number of subsolver iterations, representing the number of prox calls for
nonsmooth methods and LSMR iterations for smooth ones. We also compare those methods
with a reduced budget of 20 epochs.

Additionally, Tables 3.2 and 3.3 show statistics from the run with the median training set
score. Note we display the value of h = λ∥ · ∥1/2

1/2 for the smooth variants as an indicator of the
sparsity of the returned solution. As it is purely indicative information, we display it in italic
font and we do not show the value of f + h for smooth schemes since the problem nature is
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different.
Table 3.2: Table of execution statistics on MNIST for 1 and 7 digits classification with a 500
epochs budget.

Alg f h f + h (Train, Test) # E #f # ∇f # inner
Nonsmooth
R2 64.23 81.58 145.81 (99.77, 99.31) 324 324.00 255.00 324
PLM ND-Epoch 91.11 57.57 148.67 (99.65, 99.17) 19 32.35 1596.65 614
PLM AD-Buffer 79.61 65.44 145.04 (99.65, 99.21) 12 18.05 1449.75 546
PLM 100% 66.44 76.19 142.63 (99.75, 99.31) 10 9.00 1643.00 575
PLM 5% 269.01 15.72 284.73 (98.90, 98.57) 231 462.05 9040.70 10805
Smooth
R2 33.45 310.17 - (99.89, 99.45) 501 501.00 402.00 501
PLM ND-Epoch 22.53 370.22 - (99.94, 99.40) 21 35.35 529.10 239
PLM AD-Buffer 20.45 375.67 - (99.95, 99.40) 13 18.85 374.15 127
PLM 100% 10.90 411.05 - (99.99, 99.49) 15 14.00 426.00 108
PLM 5% 32.98 323.48 - (99.88, 99.40) 23 68.95 698.95 1589

Table 3.3: Table of execution statistics on MNIST for 1 and 7 digits classification with a 20
epochs budget.

Alg f h f + h (Train, Test) # E #f # ∇f # inner
Nonsmooth
R2 190.93 93.92 284.85 (99.30, 99.12) 21 21.00 19.00 21
PLM ND-Epoch 90.32 60.50 150.82 (99.65, 99.08) 20 33.35 1492.20 575
PLM AD-Buffer 79.55 64.06 143.60 (99.67, 99.31) 14 20.85 1435.40 498
PLM 100% 66.44 76.19 142.63 (99.75, 99.31) 10 9.00 1643.00 575
PLM 5% 275.69 17.62 293.31 (98.93, 98.47) 20 39.85 847.30 1378
Smooth
R2 170.77 159.62 - (99.34, 99.17) 21 21.00 19.00 21
PLM ND-Epoch 20.79 374.17 - (99.95, 99.40) 20 34.35 536.50 237
PLM AD-Buffer 20.55 376.39 - (99.95, 99.40) 14 21.05 419.85 139
PLM 100% 10.90 411.05 - (99.99, 99.49) 15 14.00 426.00 108
PLM 5% 58.91 258.37 - (99.75, 99.45) 20 39.85 409.90 928

As for IJCNN1, Figs. 3.5 and 3.6 show nondeterministic PLM schemes enable a fast descent of
the objective function and the MSE, but here PLM 100% becomes better in terms of f + h

value and MSE than the other methods after a few epochs. Besides, PLM 5% achieves a sharp
decrease on the first epochs but is not able to converge ultimately for nonsmooth schemes.

In Tables 3.2 and 3.3, the h indicator for smooth variants is higher than nonsmooth ones,
hence this latter is sparser and so cheaper to store. Fig. 3.7 shows a gray map representation
of such solutions returned by methods using a nonsmooth regularization for a 500 epochs
budget. These solution maps can be interpreted as how important are the pixels to help the
SVM determine if the picture is a 1 or a 7.
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Figure 3.5 R2 and four PLM variants on MNIST with h = λ∥ · ∥1/2
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R2 needs more iterations to converge than PLM, so it is outperformed for a budget of 20 epochs
(see Table 3.3). Among PLM schemes, PLM 5% returns the worst classifier while all the others
are comparable in terms of f + h final value and Train and Test accuracy score.

For nonsmooth variants, Tables 3.2 and 3.3 show that PLM Success and PLM Epoch carry out
less J and J⊤ products than PLM 100% and fewer prox calls for PLM Success. However, they
need more residual evaluations than PLM 100%. Indeed, we must compute additional residuals
and Jacobian products each time we have a successful iteration or a sample rate change.

For smooth variants, Tables 3.2 and 3.3 show PLM 100% returns the best final f value while
scores on Train and Test databases are comparable among the other solvers. PLM Success
achieves to converge the fastest with the lowest Jacobian and transposed Jacobian products.
However, PLM 100% needs the least number of LSMR iterations and the lowest number of
evaluations of r.

Thus, a well-chosen sampling strategy achieves sharper objective descent with lower computa-
tional cost and comparable final statistics across smooth and nonsmooth variants. Nonsmooth
variants return sparser solutions than smooth ones and are consequently cheaper to store.
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3.4.2 Bundle Adjustment problems

Bundle Adjustment problems in computer vision aim to construct a 3D environment from 2D
photographs [1]. Problem models for these tasks are available in the BundleAdjustmentMod-
els.jl package [42].

We run PLM on the first problem from dubrovnik dataset composed of 16 images for 22106
points aiming to represent Onofrio’s fountain (see on Figure 3.9 from the old city of Dubrovnik
(Croatia). We illustrate the 3D scatter of the returned solution in Fig. 3.10 and the evolution
of f and ∇f are in Fig. 3.8. We set εa = εr = 10−8 and Table 3.4 presents the values of f
and ∇f at both x0 and the returned solution. It shows #E and #∇f as well which are the
number of epochs and the number of Jacobian and transposed Jacobian products respectively.

We conducted five test runs, each starting with σ0 = 10−1.

Table 3.4: Table of solution statistics of problem from dubrovnik dataset with h = 0.

Alg f(x0) f(x) ∥∇f(x0)∥ ∥∇f(x)∥ # E # ∇f

PLM 100.0% 4.19e+06 1.80e+04 1.71e+08 1.52e-01 8 13.00
PLM Epoch 4.19e+06 1.80e+04 1.71e+08 6.83e-03 18 41.30

PLM Success 4.19e+06 1.80e+04 1.71e+08 2.85e-03 10 29.35

Unlike nonlinear SVM, Fig. 3.8 shows stochastic approaches are not able to decrease the
objective function sharper than a deterministic scheme, even if they are slightly better relative
to the stationarity metric descent on the first epochs. Even if all the methods reach comparable
solutions in terms of f and visualization (see on Fig. 3.10), the most competitive variant
against PLM 100% remains PLM Success.

The results in Table 3.4 suggest that alternative sampling strategies may be needed for this
type of problem to achieve lower computational costs. A possible explanation of why sampling
fails on Bundle Adjustment is due to the very specific coherence of the overall problem.
Stochastic estimates may mislead too much at the beginning of the optimization. To address
this, we could provide more data to stochastic methods initially by starting with a lower
sample rate and then increasing it more aggressively.

Besides, the current behavior of our methods tends to have a nondecreasing sample rate
even if they can decrease it. It would be interesting to examine the results of a sample rate
strategy that first increases, then decreases, and finally increases again. The advantage of
such a scheme would be to allow PLM to reach a lower local minimum than the one found by
deterministic approaches.
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Figure 3.8 PLM methods on Bundle Adjustment Dubrovnik problem.

Figure 3.9 Onofrio’s fountain © Dennis Jarvis, CC BY-SA 2.0

https://www.flickr.com/photos/archer10/10008375135
https://creativecommons.org/licenses/by-sa/2.0/
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(c) Nondec-Batch (d) Adapt-Batch

Figure 3.10 3D representation of Bundle Adjustment Dubrovnik problem using 3 PLM variants.
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CHAPTER 4 CONCLUSION

4.1 Summary of Work

We proposed a Levenberg-Marquardt (LM) algorithm to solve nonsmooth regularized nonlinear
least-squares problems, leveraging estimates of f and ∇f for large-scale optimization. We
provided a convergence proof and complexity bound for the method using a scaling formula for
the regularization parameter, allowing comparisons to trust-region schemes. The complexity
bound in expectation aligns with that of other LM methods.

Our results demonstrate that utilizing estimates facilitates a sharp descent of the objective
function, resulting in efficient schemes for low-budget or large-scale optimization. PLM is
very efficient on IJCNN1 and reaches quickly solutions of very high quality. On the MNIST
dataset, the stochastic schemes initially exhibit rapid descent, while the deterministic schemes
ultimately converge faster. PLM may converge faster than R2 and to a similar quality solution
as PLM 100% with a lower computational cost on Jacobian products and prox evaluations.

Additionally, nonsmooth regularization enables PLM to return sparse solutions, unlike the
dense solutions produced by smooth schemes, leading to significant savings in computational
storage.

4.2 Limitations

The primary limitations of PLM stem from its sampling strategy, which can significantly impact
results if poorly configured. First, PLM τ̂% methods struggle to produce accurate results
because the accuracy assumptions are not met.

Results on MNIST highlight performance limits for PLM Epoch, especially concerning objective
descent and computational cost. Computational savings are not always achieved, as stochastic
schemes may require more outer or subsolver iterations, particularly in the smooth case.

Bundle Adjustment problems further highlight these limitations. In particular, the supposedly
optimal nondeterministic PLM methods fail to outperform PLM 100% in terms of both descent
speed and computational cost.

For stochastic estimates, we sampled only the smooth part of the problem, leaving the impact
of estimates on the nonsmooth part untested. Additionally, our implementation does not
exploit the flexibility of allowing f 0

j ̸= fj, despite the theory supporting it.
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4.3 Future Research

The performance of PLM depends significantly on the quality of the subsolver employed. Thus,
developing a more efficient subsolver or using an improved one, like R2N [31], is crucial for
enhancing the method’s performance and should be explored.

Another relevant direction is to explore the inexact computation of h and the prox, in addition
to f . Although sampling the variables is debatable, exploring alternative ways to estimate
nonsmooth quantities could be valuable.

Since the current implementation does not leverage the flexibility of f 0
j ̸= fj, developing an

approach that employs distinct stochastic estimates for the model and objective function,
without added computational cost, would be worthwhile.

Eventually, PLM can be improved through its sampling strategies. We tested basic ones based
on simple heuristics, but more refined approaches may yield improved results. As there are
potentially countless ways of sampling (and each problem may require its own one), further
research may help to develop more generic and adaptive sampling schemes.
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