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Inverse demand functions are also called demand-price func- 

(Hurwicz [is] ) , marginal valuation functions (Hicks 14 ) ,

ginal propensities to pay or marginal willingness to pay (Malinvaud

(Pearce [j2oJ ) , direction of preference (Debreu

tion mar-

),

Martian demand functions

[^]) , and so on. The plurality of these appellations suggests

that the inverse demand functions are not well defined and are period

ically rediscovered by several authors working in different fields.

There is a simple explanation to this: while demand functions were fully

characterized and their meaningful theorems fully celebrated (Samuelson

[22]), no such thing was done for inverse demand functions. Scattered

results exist (Antonelli [1], Pearce [20], Wold [25], Hurwicz [15] , Katzner

[16], Diewert [11], Bronsard [5]) but are not complete and have no generality.

As a matter of fact, they differ from an author to another according to the

chosen normalization rule.

In section I, proposition I asserts that inverse demand functions

have the same level of generality that direct demand functions. In proposi

tion II, we give their meaningful theorems in full generality and establish

their duality with the usual meaningful theorems characterizing demand func

tions . The keystone of this duality is the fact that an Antonelli matrix

is a reflexive g-inverse of a Slutsky matrix. Moreover, the duality is such

that we were able to use the classical technical apparatus (as expressed, 

for instance, by Barten, Kloek and Lempers (jiJ ) to exhibit it.

In section II, we investigate if the duality relations of the

individual level have some counterpart at the aggregated level. Proposition

IV asserts that such a counterpart exists. This last result leads to useful

applications and we conclude by some examples.
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I. THE DEMAND DIFFEOMORPHISM

The classical theory of consumer demand is based on a utility func

tion u, u = u(x) where x = [x^] is an n-element vector of quantities, 

utility function is maximized subject to the budget constraint p'x = m, where 

m is the income and p = [p^] is the n-element vector of strictly positive 

prices (with p' its transpose).

The

To handle this problem, it is usually assumed

that :

u is defined at least in some open subset of Rn containing an 

optimum x^ and twice continuously differentiable on this set,

if) the elements of the gradient u^ of u are strictly positive,

the second partial derivatives of u (the nxn hessian matrix ofiii)

u noted U) are such that C’U £ < 0, for every vector Ç * 0 such that p'Ç = O"^. 

The Lagrangean technique for characterizing an optimum x^ leads to a system

of n+1 equations

(1)

(2) -p'x + m = 0,

where X is the Lagrangean multiplier (the marginal utility of income). Under

the classical assumptions, these equations can be solved explicitly for x

and X in terms of p and m, yielding a unique solution. In other words, there

exist a vector-valued function q' = [q1,...,qn] and a numerical function

Moreover, these functions aresuch that x = q (P,m) and X = qn+1(p,m).^n+l

continuously differentiable and q is homogeneous of degree zero in p and mw .
2/

This last point and the fact that the Jacobian matrix of q is n x (n+1)
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explain that the inversion of q and the derivation of the meaningful theorems 

* have not been undertaken in full generality. Some results were foundon q

3/
under the peculiar normalizations p^ = 1 and m = 1

As a matter of fact, our first proposition will assert that

but were considered as

a curiosum.

direct and inverse demand functions have the same level of generality. This

reflects the fact that if a consumer buy something to a given price, then

his marginal propensity to pay (marginal willingness to pay) is precisely

equal to this price.

To do so, we must characterize the class of the normalization rules.

Let us consider a numerical function e such that a unit of account be defined

by

(3) e(p,m) = s.

where s is a positive parameter. We assume that:

iv) the function e is positively homogeneous of degree r (r > 0)

4/
in p and m and continuously differentiable

Consequently, s can be written as

(4) m'p = s,

where

m' = (1/r)[e1 + e x'], 
v ' L p m J

(5)

with

e' = 3e/8p, e 
p ^ m

= 9e/3m.

Invertibi, Zi ty of Demand Functions

Under assumption i-iv, both demand function andProposition I:

inverse demand functions exist and are continuously differentiable. They
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define the demand diffeomorphism, which can be written:

-1
[q'.e]C6) x = q(p,m). P = f(x,s) ,

(x,s), q,e,f,fs = e(p,m) , m = £ e c.(7) n+1 n+1

Let us consider (1) and (2) under the general formProof :

= [x',X], b' = [p',m]. By assumption fj fifj h ish(a,b) = 0, where a

continuously differentiable and such that

U -p
3h/6a =

-p' q

has rank n+1. We then apply the first part of the implicit function theo

rem (see Dieudonné [10], p. 265-267) to prove existence and continuous

differentiability of q and qn+j such that x = q(p,m) and X = q 

This is proving that a = a(b).

(p,m).
n+1

By the second part of the implicit function theorem, we know 

that h(a(b),b) = 0, that is to say
o 3. o D

the Fundamental Matrix Equation of the Consumer Demand

3h
This last point gives us

3b'

XI 0 5/U -p Q qm
(8)

-p ' 0 X' X -1x
P‘ m

where Q = 3x/3p is the matrix of price-effects, q^ = 3x/3m the vector of in-

The right member matrix of this 

Consequently, the Jacobian matrix of q and qn+^ has 

rank n+1 while the Jacobian matrix [Q,qm] has rank n.

come-effects, X^ = 3X/3p and X^ = 3X/3m.

relation has rank n+1.

Now, let us consider
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the system x = q(p,m) and s = e(p,m) and its Jacobian matrix

Q qm

e’ e
P m

This Jacobian matrix has rank n+1. Indeed, assume the contrary. Then there

exists an n-dimensional vector and a scalar 0 such that [iJP,0] * 0 and

Then [>' ,0] = y[p' >m] , y e R= 0. But Qp+qmm = 0 by homogeneity.

As e'p+e m > 0, 
pr m

since [Q,q 1 has rank n. 
m

[^',0] = 0, a contradiction.

we have y = 0 and consequently

So, q and e are continuously differentiable
/

and have a Jacobian matrix of rank n+1. By the implicit function theorem.

f and f exist and are continuously differentiable. This ends the proof
n+1

of Proposition I.

Corollary I: The Jacobian matrix of the inverse demand function

(x,s) is the inverse of the Jacobian matrix of thep = f(x,s) , m = f
n+1

direct demand function x = q(p,m), s = e(p,m). This duality relation can

be written

Q qm F (l/rs)p I 0
n

(9)
m' (l/rs)m 

in -A
e ! 0 1e
P

where F = 3f/3x is a matrix of quantity-effects and m^ = 3m/3x a vector of 

marginal revenus.
i

Proof : Proposition I implies

Q q^ F 3p/3s 

3m/3s

I 0
n

e ' m' 0 1e
xP m
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By substitution.where dm = x'dp + p'dx.

Kdp + qj/'dx*dx = K = Q + q x'. 
m

(13)

The coefficients of this differential are the Slutsky matrix K

(K = (9x/3p)p,^x_p) and the income-effect vector q^. 

ful theorems of direct demand theory (Samuelson [22]) are their characteriza-

The classical meaning-

Now, the differential of the inverse demand functions istions.

dp = Fdx + (1/r)(ds/s)p(14)

as indicated by (9). Let us define

H e F[In-(l/s)ü)P'].(15)

By substitution into (14) we have.

dp - Hdx + (l/s)F(i)p'dx + (1/r) (ds/s)p.(16)

The coefficients of this differential are a generalized Antonelli matrix H

a somewhat complex vector (1/s)Fü) to be

analysed further and the unit-of-account-effect (l/rs)p. The general

ized meaningful theorems of inverse demand theory are their characteriza-

They are established in the primal space of commodities and willtions.

be called primal meaningful theorems, the classical ones being the dual

The dual meaningful theorems can be used in a money economy (atones.

least as a first approximation) because, being infered without a previous
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price normalization, they can be accomodated to any unit of account. An

interesting point of proposition II is that such a generality is possible

for primal meaningful theorems.

Under assumptions i-i-V, both matrix H andProposition II:

matrix K are symmetric, additive and negative semidefinite. Moreover, H

is a reflexive g-inverse of K. Formally:

(17) H = H' , Hm = 0, ç'Hç < 0,

(18) K = K ' , Kp = 0, . ç'Kç < 0,

(19) KHK = K, HKH E H.

Proof:

a) Let us consider the differential of (10), we have

sU , m'dp
- -  dx + - - p.

s r
_(20) dp = I 

r n s m'u
x

Premultiplying (14) by and rearranging terms :

a) ' dp
+ - - p.

s r
(21) dp = I Fdx

n

By the unicity of the differential it follows

h sU
(22) I F

CO ' uL nn
x

By (9),

(23) e ' F + e m ' 
m x 0.

P
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This last relation can be written

= -(l/r)emP'to'F(24)

Consequently, our equation (22)by (5) and the fact that nC = x'F+p'. 

becomes :

- (—) e pp '. rs
sU

(25) IF
cd'un x

Postmultiplying by [ In-(1/s)cop ' ] and taking (15) into account give;

I _ mlsUI _ Em(26) H in n ss u'u
x

Then, the two first equations of (17) are proved by inspecting (26). To

prove that H is negative semidefinite, write any non null vector ç

as the linear combination ç = aÇ + geo, where Ç'p = 0 and co'p = s > 0. By

■ii-i, ç'Hç < 0 if ç * goo and ç'Hç = 0 if ç = gw. The third equation of (17)

is proved.

b) Let us consider equation (8) and postmultiply by

(1/X)I 0

(lA)x' -1

We have

-C(1A)K 0Iu -p
n

(27)

-qm -X 0 1I 0L-P m

and equation (18) follows.
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c) Equation (27) implies:

(1A)KU + qmp(28) = In’

where

K = K[In-(l/s)pu>'](29)

Substituting in (28) and post multiplying by [1^-(l/s)up'], weby (18).

have

- [In-(l/s)mp'].(30) KH

Taking (18) into account and postmultiplying by K, we have the first rela-

NoV, (30) and the symmetry of K and H implytion of (19).

5 [In-(l/s)pa>'].(31) HK

Taking (17) into account and postmultiplying by H, we have the second rela-

< tion of (19). This ends the proof.

A reflexive g-inverse is not necessarity unique (seeRemark I :

Rao-Mitra [21]) and it is clear, by (30) and (31), that K and H, depending

A sufficient condition for unicity is that ourupon (i), are not unique.

This is the case when KH = [KH]' andg-inverse be a Moore-Penrose one.

[HK] = [HK] ' , that is to say when tup' = pm'. Such a condition is met by

the normalization rule

I Pi E 1
i

but is not with
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1.

Fortunately, we can prove that the condition up' = pw is oversufficient.Î

Under assumptions i-iv and for any givenProposition III :

normalization rule K and H are unique. Moreover, both have rank n-1.

Proof : Gathering results of Proposition II gives

(l/s)pK H I 00)
n

(32)
_m' Oj^Cl/s^' 0 0 1

For any given normalization rule, the matrix

K

to ' 0

is unique and, consequently, the matrix H is unique as pertaining to the

inverse of that matrix.

On the other hand, K and H have the same rank by (19). By (17), rank

By (32), rank H > n-1 (as the corner matrix of a matrix havingH < n-1.

rank n+1). Consequently, rank H = n-1 and so the rank of K as asserted.

Remark II: When changing the normalization rule, K and H be

have dissymmetrically. K is homogeneous of degree minus one in p and m

and consequently robust relatively to the choice of a unit of account.
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Nothing like that can be proved for H and, in consequence, some economic 

results depend upon the choice of the normalization rule. / Unspecifying

this normalization rule (as done here) allows for spanning all results.

Remark III: Propositions II and III contain the previous result

of Samuelson [22], Katzner [16], Bronsard [5], Diewert [11] and, among those

of Pearce [20], those ones consistent with inverse demand functions.

We turn now to the other coefficients of (13) and (16). By (27),

(33) P'^n, s W

and this settle'the matter with (13). Premultiplying (16) by [1^-(l/s)pa)']

gives

dp = Hdx + yp'dx + (1/5)0)'dp p.(34)

where y = (1/s) [In~ (l/s)po)']Fo) by definition. Then

(35) w ' y = 0

is our restriction on y. To interpret it, we note that, by (24),

Y = (1/s) [Fo)+emp] .

5 [(l/s)Fo)p'qm-Fqm] by (33).

As (9) implies Fq^ = -(l/sje^p, y = [ (l/s) 

Rearranging our terms :

(36) -HvY

and is the image by [-H] of the income-effects. Knowing (36) , we can

premultiply (13) by H in order to obtain (34), use being made of (31).

Conversely, we can premultiply (34) by K in order to obtain (13), use

being made of (30).
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II. ON MEANINGFUL THEOREMS AND THEIR AGGREGATION

Let us consider an economy involving Z consumers, each one being

indicated by an index h. (13) can be written

, h ,-h, , h h
dx = K dp + q p'dx 

r nmr
(37)

as we suppose, as usual, the existence of a unique price system in the

Summing over h:initial situation and in the final one.

= KdP + I qVdxl\ 
h

dx(38)

where •

K = Z Kh.dx = Z dxh.
hh

the aggregation of the matrices K^1 is easy but all dif-In other words :

ficulties are carried back on q*\
nm

Clearly the above procedure cannot be transposed when dealing

This amounts to say that in general the g-inverse of K is notwith (34).

(

Z Hh.
h

Nevertheless knowing this g-inverse can be useful and in this section we

Our starting point to do so will be theshall directly characterize it.

empirical implication (18): we still have these properties after aggre-

We shall admit the normalization rule in the class defined bygating.

7/
(3).
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Lemma I : Let

K - £ Kh
h

be the aggregate Slutsky matrix, K^1 being characterized by Propositions II

Then, theand III and the price system p >> 0 normalized by w'p = s > 0.

matrix

K Ü)

0)' 0

has rank n+1.

Proof : Suppose the contrary. Then there exists a vector X of 

IRn and a scalar 0 such that

K X A0)
= 0, for * 0.

000)’ 0

But K has rank n-1 and Kp = 0. KA + o)0 = 0 and

oi'A = 0 imply A1 KA = 0 and so A = ap. If a * 0, this contradicts oi'p > 0.

If a = 0, [A',0] = 0, a contradiction.

Proposition IV: Under the assumptions of Lemma I, the aggregate

Slutsky matrix K has a reflexive g-inverse G. Both matrix K and matrix G

are symmetric, additive and negative semidefinite. Formally:

(39) KGK = K, G KG H G

(40) K = K' , Kp = 0, ç'Kç < 0

G = G ', Gü) H 0, ç'Gç < 0.(41)
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Proof: By Lemma I we have proved the existence of

bG

b* c

the classical inverse of

K 0)

0U

b e Rn, c e R. One has :

(42) GK + btol = I
n

(43) Kb + we = 0.

Postmultiplying (42) by p and taking (4) and (18) into account leads to

b = (1/s)p. Therefore, c = 0 in (43) and we can write:

(l/s)pG I 0K • rn
n

(44)
oj La/s)p' 0 10(1)

Therefore :

KG = In-(l/s)ü)p',(45)

KG = In-(l/s)pa)',(46)

w'G = 0.(47)
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Postmultiplying (45) by K and (40) by G, taking respectively (18) and (47)

into account, leads to (39). (40) is pure aggregation of (18). Finally,

G is symmetric by the symmetry of the inverse

-1
K 0)

0to

Gui = 0 by (44) and G is negative semidefinite because so is GKG. This ends

the proof.

Remark IV : Let us premultiply by G the equation (38). By (46)

and after rearrangement of our terms, we have

dp = Gdx + £ <f>^ p dx^1 +(48)
to 'ph

where 4>^ = -Gq^ is the image by [-G] of the income-effects pertaining to

When we compare (48) with (34) we could think that (48) showsconsumer h.

the local existence of an inverse demand function "à la Wald", that is to

say an inverse demand function derived from a utility function having the

aggregates

V h 1 x = x
h

for arguments (i.e. a market utility function). This is not necessary:

the only aggregation hypothesis we have done is the unicity of the price

system and of its variations in the consumption sector. As a matter of

fact the general significance of G and of the integrability condition
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G = G' lies in the definition of a Scitowski-Debreu contour (Debreu

[8] p. 102,105). Let us consider the sum of the sets:

r ,h , h,. h, ^ -h, 
X* = {X /u (x ) > u }

where {xVu^(x^)

jL

X* and is convex since so is X* by the quasi-concavity of the utility 

functions u^.

= u^1} is an indifference manifold. This sum is denoted

Consequently, minimizing the expenditures of each consumer 

h
on X* amongs to minimize the global expenditures on X*. Therefore we can

span a contour

-h, -1 
V(x,u ,. ..,u ,...,u ) = 0(49)

by minimizing p'x ou X* for different price systems p.

Of course by changing 

the distribution of the u 's we have a family of contours and they can

So a Scitowsky-Debreu contour does not imply the existence of

This contour is a Scitowski-Debreu contour.

intersect.

indifference manifold in the aggregate space. Nevertheless, (49) is twice

differentiable almost everywhere by convexity. Let

v
X

s Im ' v
x

be its normalized gradient. We have

v
X

p = s
W'V

X

and the differential of this relation is sufficient to generate (48).
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In the same manner (38) is "explained" by the existence of a

Scitowsky-Debreu contour in the dual space.

Concluding remarks

a) As well known equation (38) is the framework of the

Rotterdam model. This suggests of using (48) in a converse parametriza- 

tion. There is a good reason to do so: at the level of aggregation

where is lodged the econometrics of demand, prices appear as 'depending

In an equation like (48) it isupon quantities in a very intuitive manner.

the variations of absolute prices which are explained, and they depend upon

the variation of supply, the structure of substitution and complementarity,

the variations of real incomes and the level of "pure inflation" (u'dp/m’p).

8/
The econometrics of inverse demand functions could be useful.

b) In second best analysis, the optimal taxation formula is

often given under the form:

Kt = ^[x-0cü] ,(51)

I where t is the tax vector, \p and 0 two scalars. Premultiplying by G and

using (41) and (46), we have

t = m't/m'p p-Hj;Gx,(52)

where the optimal tax vector has a proportional part and a differentiated

The rate of proportional taxation m't/m'p depends upon m. In theone.

same way, G is function of w by (46). Therefore, the structure of optimal
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taxation depends upon the chosen unit of account. This a rather depressing

factor but, in the other hand, gives flexibility to formulas (51) and (52).

Suppose we want to use them in the real world, a monetary one. 

a) = x^, x^ being the consumption vector of a base year.

We can fix

Premultiplying

(51) by p', we obtain that 0 = p'x/p'x^ (a Paasche volume index) if * 0. 

This index is meaningful in a money economy and gives us a relevant speci

fication of our optimal taxation formula.

c) This dependence of an economic result on the unit of account

suggests many research avenues, especially in fields like planning proce

dures and stability studies. For instance, the efficiency of a process

could be improved by a suitable choice of the unit of account.

I
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NOTES

By assumption iii, u is strongly quasiconcave (see Ginsberg [13] and1/

Debreu [7]) .

The homogeneity of q can be proved by inspection of (1) and (2).2/

Katzner [16], Bronsard [6], Diewert [11].3/ See e. g.

4/ The usual normalization rules:

?Pi
i

= 1, pn = 1,

Ip.q, (p>m) = 
i

fulfill this assumption. 'We enter m into (3) to include the normaliza

tions used in duality and planning procedures.

5/ Barten [2] presented it with a slight different arrangement.

6/ The sensibility of the Hicks-Alien definition of substitution to the

choice of the numeraire has been emphasized by Samuelson [23]. The

sensibility of the stability results to the choice of the numeraireI
has been stressed by Arrow-Hahn [2] and Mukherji [19]. 

allocation of monopoly equilibrium (Bronsard [6]) and of oligopoly

The final

equilibrium (Gabszewick and Vial [12]) depend also upon the unit of

Such are the planning procedures, the public goods determina-account.

tion procedures. The interest of establishing these theories with a

general normalization is to generate all the results and to allows of

choising as unit of account the one that has the best descriptive
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We shall give an example in our con-value relative to the real world.

eluding remarks.

7/ Even, in a general equilibrium use can be made of the m^'s in the nor

malization rule. For instance the concept of distribution economy, as

developped by Malinvaud [18], involves such a normalization.

8/ A suggestion made by Hicks ([14], p. 83).
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