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odv jvn0rd (, rdv pvaegpvf Rd(prvRr .7rd gR 

,°n6l= & 1gn —,°;p*n= 6 i[ è; #n6j p
JR 7 Ium.p(feir (, rdv 7j0(pgrdT# rdvRv 37jevR I & ,°+ #n=6 hq

p p
.p(3gfv j(Dvp I(enfR (n rdv jvn0rd (, TgngTeT Rvaevniv .7rdR Dgrd 7R

rdv j7Rr +(IM Gdgjv .vp,(pTgn0 rdv grvp7rg(nR gn °t=# gr gR 7f3gR7Ijv r(

p rdv T7kgTeT (, rdv IK>R i(T.ervf ,(p rdv ReiivRRg3v .vn7jrgvR

yoM odvRv 37jevR S 7pv i7jjvf rdv !gT.jgigr I(enfR! ,(p t Mp p

# n 6 l

Rr(pv gn S

odv gT.jgigr I(enfR 7jj(D v7pju ,7rd(Tgn0 (, rdv ReI.p(IjvTR tK g, 

SK *8S °8S gR rdv jvn0rd (, rdv IvRr ;n(Dn Rvaevniv .7rd=M odv vk.j(p7rg(n 

Rrp7rv0u i7jjvf w:|C °(p fv.rdm,gpRr Rv7pid# (p I7i;rp7i;gn0= Dgjj T7;v 

eRv (, 7 ReIRvaevnr p7n;gn0 (, rdv pvT7gngn0 tp>R* 7ii(pfgn0 r( 7 n(nA

gnipv7Rgn0 (pfvp (, rdvgp gT.jgigr I(enfRM odgR vk.j(p7rg(n Rrp7rv0u T7u 

Iv .pv,vppvf Ivi7eRv (, grR .pvfgirgIjv Rr(p70v pvaegpvTvnr# gn i(nrp7Rr

Dgrd rdv jv7Rr I(enf Rrp7rv0u °+eT.mrp7i;gn0=M

Jn(rdvp gT.jgi7rg(n (, rdv eRv (, rdv gT.jgigr I(enfR gR i7jjvf

!T(fg,gvf ReI0p7fgvnr!M J,rvp R(Tv Rd(prvRr .7rd grvp7rg(nR# rdv 37jevR

(, SK 7pv j7p0v vn(e0d r( T7;v rdv Rd(prvRr .7rd gn rdv Dd(jv nvrD(p; 

(, n( 37jev gn grRvj,M :r 7..v7pR T(pv 7f3gR7Ijv r( eRv# 7R 7 fgpvirg(n 

(, T(fg,gi7rg(n ,(p rdv .vn7jrgvR# rdv Rd(prvRr .7rd vnfgn0 gn rdv n(fv °;KMn= 

jv7Rr I(enf SpM :n rdgR T7nnvp# 7 T(pv R.vig,gi 7rrvT.r gR T7fv 

r( gT.p(3v rdv D(pRr °jv7Rr= gT.jgigr I(enf# 7nf rdgR i(ejf Iv Rvvn 7R

Dgrd

r7;gn0 7f37nr70v (, 7 j((;m7dv7f .(Dvp (3vp rdv R(nR (, rdv ieppvnr .p(IjvTM

odv vk.vpgTvnrR T7fv fepgn0 rdv fvRg0ngn0 .d7Rv (, rdv 7j0(pgrdTR ,(p

Rv3vp7j 7..jgi7rg(nR °o£t# o7pfgnvRR .p(IjvT=# Rd(Dvf rd7r rdgR T(fg,gA

i7rg(n D7R vR.vig7jju D(prdDgjv# 7R Teid ,(p v7pjgvp ,7rd(Tgn0 7R ,(p

rg0drvngn0 rdv I(enfRM



vjR

v lM/ F(Tgn7niv ovRrM

:n (pfvp r( pvfeiv rdv RgNv (, rdv vneTvp7rg(n# 7 f(Tgn7niv rvRr gR

gnrp(feivf ,(p ,7Rr fvrvirg(n (, en.p(,gr7Ijv ReI.p(IjvTRM odgR rvRr gR

I7Rvf (n 7rrvT.rR r( gT.p(3v 7 ieppvnr °.7prg7j= R(jerg(n Iu gnRvprgn0 7

Rv0Tvnr (, rdv Rvaevniv IvrDvvn rD( (rdvp ReiivRRg3v +(IRM

£e..(Rv rd7r 7 ReI.p(IjvT °t= gR fv,gnvf Iu ,gkgn0 rdv °nm;= j7Rr
rd+(IR# R7u -;64 ’ > ‘ K > KrR R(nR Dg“ Iv fv,gnvf Iu ,gkgn0 rdv ;

+(IM h(nRgfvp 7R 7 .(RRgIjv j7Rr +(IM :, rdv .7prg7j Rvaevniv

i7n Iv gT.p(3vf# Dgrd(er 7jrvpgn0 rdv ; ,gpRr .d7RvRM-p’-;6g’-;64’ ’ ‘ ‘ ’ -n

rdvn rdv i(ppvR.(nfgn0 ReI.p(IjvT Dgjj n(r i(nr7gn rdv (.rgT7j RvaevnivM

:T.p(3vTvnrR T7u Iv idvi;vf Iu gnRvprgn0 - IvrDvvn - 7nf -;6U«;6l ;64

rdvn IvrDvvn - MM# ,gn7jju IvrDvvn - 7nf rdv ,gn7j Rr7rvMn
JR R((n 7R 7nu gT.p(3vTvnr (iiepR# rdv i(ppvR.(nfgn0 ReI.p(IjvT gR fgRpvm

7nf -;6c ’ L;6U

07pfvfM

CrdvpDgRv# rg0dvp rvRrR T7u Iv .vp,(pTvf Iu gnRvprgn0 rdv Rv0Tvnr

IvrDvvn --;6l’ -;64

Rv0Tvnr T7u Iv I(enfvf Iu 7 ,gkvf .7p7Tvrvp (p Iu grR j7p0vRr 37jev

nml
7,rvp -K=M :, rdv R7Tv rvRr d7R Ivvn 7..jgvf gn rdv .pv3g(eR Ip7nidgn0 

Rrv.R 7nf g, n( gT.p(3vTvnr (iiepR# rdvn rdv .7prg7j Rvaevniv -K#

MMM# -n gR 7 j(i7jju (.rgT7j Rvaevniv Dgrd ,gkvf 7R !,gpRr!+(I# 7nf 

rdv rgTv .vpg(fR Ivgn0 ,p(T ; r( n6lM

7nf - # 7nf R( (nM odv neTIvp (, +(IR gn rdv;6U ;6c

nm;6l °i(ppvR.(nfgn0 r( rdv gnRvprg(n (, rdv Rv0Tvnr -;6l’’‘ L *



l/M

odvRv rvRrR i(ejf Iv .vp,(pTvf Iv,(pv rdv Rd(prvRr .7rd grvp7rg(nR

gn (pfvp r( pvfeiv rdv neTIvp (, .(RRgIjv j7Rr +(IR 7nf T7;v rdv Rd(pA

rvRr .7rd grvp7rg(nR 7nf rdv pvj7rvf gT.jgigr I(enfR T(pv 7iiep7rvM

odv 37jev (, rdgR f(Tgn7niv rvRr# Ddgid i7n Iv vkrvnfvf r( 7 j7p0v

neTIvp (, vneTvp7rg(n 7j0(pgrdTR# D7R Dgfvju fvT(nRrp7rvf gn rdv o£t

7nf rdv o7pfgnvRR h(Rr .p(IjvT 7..jgi7rg(nR (, rdv T(fvj) gr pvRejrvf

gn 7 i(nRgfvp7Ijv pvfeirg(n gn rdv RgNv (, rdv vneTvp7rg(n 7nf gn rdv

i(T.ervp rgTv#7nf rdgR r( rdv vkrvnr rd7r gr 7jj(Dvf rdv R(jerg(n (,

.p(IjvTR Ddgid Dvpv enR(j37Ijv °gn 7 !pv7R(n7Ijv! rgTv= Dgrd(er grM

odv gfv7 (, gT.p(3gn0 7 0g3vn R(jerg(n Iu gnRvprg(n D7R eRvf Iu

lbTT(nR / r( gnrp(feiv dgR .pvivfvniv pvj7rg(nM J R.vig7j i7Rv# Ddvpv
+

rdv Rv0Tvnr gR pvfeivf r( (nv +(I 7nf rdv gnRvprg(n gR rpgvf +eRr (n

I(rd RgfvR (, rdgR +(I gR i7jjvf !7f+7ivnr .7gpDgRv gnrvpid7n0v!M

£vv 4 Ddvpv 7 0((f fgRieRRg(n (, rdgR ;gnf (, Tvrd(f gR 0g3vnM :r
,7..v7pR rd7r rdv gfv7 (pg0gn7rvR ,p(T rdv D(p; Iu 2vgrvp 7nf £dvpT7nQly # 

fvRipgIgn0 rdvgp 0vnvp7j dvepgRrgi Tvrd(f ,(p fgRipvrv (.rgTgN7rg(nM

:n .7prgiej7p# gr .p(3gfvR 7 0((f dvepgRrgi Tvrd(f ,(p (Ir7gngn0 7

0((f gngrg7j R(jerg(nM :rR 37jev gR Dvjj Rd(Dn ,(p rdv R.vig,gi 7..jgA

i7rg(nR r( rdv o£t 7nf rdv Gvg0drvf o7pfgnvRR .p(IjvTM

odv 7erd(pR Dgjj n(r .pvRvnr i(T.er7rg(n7j pvRejrR ,(p rdv 0vnvp7j

oFo£t# Rgniv gr gR T7gnju Ip(e0dr e. 7R 7 T(fvj ,(p R(j3gn0 7 0vnvp7j

ij7RR (, (.rgT7j .vpTer7rg(n 7nf pvj7rvf .p(IjvTRM 1(pv(3vp# fv,gngn0

rvRr f7r7 ,(p Reid 7 0vnvp7j .p(IjvT Iu p7nf(T R7T.jgn0 (, rdv vnrpgvR 

d7R jgrrjv Tv7ngn0 7nf gr 7..v7pR rd7r R.vig7jgNvf .p(IjvTR 7pv Teid 

T(pv fg,,giejr rd7n p7nf(T (nvRM



l<M

I= hg°r= & iKhr m iw=

odv .p(IjvT gR r( TgngTgNv rdv Dvg0drvf j7rvnvRRé gr gR R(j3vf

Iu G£to Rvaevnign0 °Dvg0drvf Rd(prvRr .p(ivRRgn0 rgTv= gMvM Iu 7 n(nA

fvipv7Rgn0 (pfvp (, tg_7g < £vv 4 M

i= hKhr= & 17k —Wé r m fK 6

odgR T(pv 0vnvp7j .p(IjvT gR r( TgngTgNv rdv ReT (, °Dvg0drvf=

r7pfgnvRR i(RrR 7nf ,j(DmrgTv i(RrRM

#l<odv 1oht pvivg3vf Teid 7rrvnrg(n < 7nf gr gR i(nRgfvpvf

7R 7 fg,,giejr i(TIgn7r(pg7j .p(IjvTM

:n Rvirg(nR 4m4 7nf 4mU rdv i(Rr ,enirg(nR 7pv Re..(Rvf r( Iv 7nu

n(nmfvipv7Rgn0 ,enirg(nRM



19.

2.2 oFo£t |(pTej7rg(nM

b7pjgvp pvRejrR# (pg0gn7rvf Dgrd rdv D(p; (, bTT(nR / # 7pv D(prdm

Dgjv ,(p fv,gngn0 7 !.pvivfvniv pvj7rg(n!# rd7r gR 7 .7prg7j (pfvp (n rdv

+(I Rvr# Reid rd7r 7n (.rgTeT Rvaevniv D(ejf Iv ,(enf 7T(n0 rdv vkrvnRg(nR

(, rdgR .7prg7j (pfvpM odv pv7fvp gR pv,vppvf r( Rvirg(nR 4m4 7nf 4mU (,

l< ,(p rdv fv,gngrg(n 7nf i(T.er7rg(n (, Reid 7 .pvivfvniv pvj7rg(nM

odgR pvj7rg(n Dgjj Iv fvn(rvf Iu t 7nf gt+ Tv7nR rd7r +(I TeRr Iv 

.vp,(pTvf Iv,(pv +(I -EM# 

fvRivnf7nr (, +(I 7nf +(I gR i7jjvf 7n 7Rivnf7nr (, -K 7nf

Dgjj pvR.virg3vju fvn(rv rdv Rvr (, gnfgivR (, fvRivnf7nrR 7nf (, 7Rivnf7nrR 

(, +(I -x°gn rdv ,(jj(Dgn0# JEK 7nf Dgjj fvn(rv gnfg,,vpvnrju Rvr (, gnA

fgivR 7nf RvrR (, rdv i(ppvR.(nfgn0 +(IR=M

wvrrgn0 £°g#+#r= Iv rdv Rvr (, RvaevnivR Ddgid 7pv vkrvnRg(nR (, rdv

+(I gR 7nf rdv °r6l=

gR -+*Dv Dgjj 0g3v n(D vkgRrvniv i(nfgrg(nR ,(p d73gn0 £°g#+#r= K WM

:n rdgR i7Rv# 7 j(Dvp I(enf ,(p r7pfgnvRR i(Rr gnieppvf Iu +(I -x gn 

7nu Rvaevniv (, £°g#+#r= Dgjj Iv i7jiej7rvfM

gR i7jjvf 77ii(pfgn0 r( té gn rdgR i7Rv# +(I

Rr0g3vn .pvivfvniv pvj7rg(n 7nf gn Ddgid rdv r

-(I Dgjj Iv i7jjvf 7 !.pvfvivRR(p! (, +(I g, gt+ 7nf n( +(I -K#

fgRrgnir ,p(T -M 7nf -M# 
g -

wvTT7 lM |(p 7nu r# £°g#+#r= & W g,

°g= g € <K 7nf gR n(r 7 .pvfvivRR(p (,

R7rgR,gvR gt; 7nf ;t+M

°gg= g [ J+M(p

tp((,# °g= 7 +(I gnijefvf IvrDvvn 7nf TeRr Iv .p(ivRRvf IvrDvvn

.d7Rv# Ddgid gR gT.(RRgIjvMrd 7nf °r6l=rdv r



4WM

°gg= (I3g(eRM
#

Fv,gngn0 S°g#+= & —gè 8 8 7nf fvn(rgn0 Iu QS°g#+=Q rdv neTIvp 

(, grR vjvTvnrR# Dv d73v)

_ W g, rdv ,(jj(Dgn0 pvj7rg(n)wvTT7 4M

QS°g#+$Q < r °4ml=

f(vR n(r d(jfM

tp((,) 7jj rdv +(IR Dd(Rv gnfgivR 7pv gn S°g#+= TeRr Iv .p(ivRRvf gn

rdv r ,gpRr .d7RvRM
#

:, °4ml= d(jfR Dgrd vae7jgru# rdv Rvr (, rdv °r6l= ,gpRr +(IR gR

engaevju fvrvpTgnvf 7nf)

C1. 
g$ & h#° VK t3 6 

;vShg#+=

gR rdv vk7ir r7pfgnvRR i(Rr gnieppvf Iu +(I M

-

:, °4ml= d(jfR Dgrd 7 Rrpgir gnvae7jgru# rdvn rdv pvT7gngn0 +(IR r( 

Iv .p(ivRRvf Iv,(pv 7nf i7nn(r Iv id(Rvn 7T(n0 rdv fvRivnf7nrR (,

& —+è 8 Jg 8 J+

2°g#+= & —l#4#MMMn= m °S°g#+= 8 J°g#+==#

7nf -M M £(# fv,gngn0 J°g#+=
-

7nf

Dv d73v rdv ,(jj(Dgn0 jvTT7)

£°g#+#r= & W g, rdv ,(jj(Dgn0 pvj7rg(n)wvTT7 UM

'2°g*+=' * r m S°g#+= °4m4=

f(vR n(r d(jfM



4lM

tp((,) (I3g(eR ,p(T rdv 7I(3v 7p0eTvnrRM
,

:, °4m4= d(jfR Dgrd 7n vae7jgru rdvn rdv Rvr (, +(IR r( Iv

.p(ivRRvf gn rdv °r6l= ,gpRr .d7RvR gR vk7irju S°g#+= 8 2°g#+=M

:, °4m4= d(jfR Dgrd 7 Rrpgir gnvae7jgru# rdvn 7 j(Dvp I(enf (n rdv 

i(T.jvrg(n rgTv (, +(I -+ gR (Ir7gnvf Iu id((Rgn0 rdv °r m QS°g#+=Q=

£gniv °r= gR 7 n(n fvipv7Rgn0

g+

+(IR gn 2°g#+= Dgrd jv7Rr .p(ivRRgn0 rgTvM

,enirg(n# Dv d73v)

hMl
it
& hM °orM= gR 7 j(Dvp I(enf (, rdv r7pfgnvRR i(Rr ,(p -M
l gj 3

)w .d7Rv# +eRr 7,rvp +(I -xM

wvTT7 cM

Ddvn -M gR .p(ivRRvf gn rdv °r6l=
-

Ggrd rdv j(Dvp I(enf hMK (, jvTT7 c# 7 rgTvmfv.vnf7nr o£t T7u Ivg+
eRvf ,(p .p(3gfgn0 7 j(Dvp I(enf (n rdv r(r7j r7pfgnvRR i(Rr) fv,gnv 7

Tejrg.7prgrv 0p7.d jg;v gn tJ2o C^b# Dgrd feTTu gngrg7j n(fv °W= 7nf ,gn7j

r6l== d73v jvn0rd hw

odv ,gpRr .d7Rv n(fvR °-w r= 7pv 

& hw°.K=é rdv nvkr .d7Rv

n(fv °n6l=M odv 7piR °°-M r=# °-M#
i I 3

fv,gnvf °gMvM Ddvn °4ml= 7nf °4m4= d(jf=M

Ddvn rdvRv 7piR 7pvg+

fv,gnvf (nju ,(p rd(Rv +(IR Dgrd SK & W 7nf

!7irg3v! n(fvR 7pv pviepRg3vju fv,gnvf 7R ,(jj(DR)

!°-+#r6l= vkgRrR g, 7nf (nju g, rdvpv gR 7 n(fv °-w# r= 7nf gR

fv,gnvfM!

w7Rr vf0vR °°-M n=#n6j= 7pv feTTu 7nf d73v 7 jvn0rd vae7j r( WM
l -

odv ,(jj(Dgn0 vk7T.jv gR r7;vn ,p(T ’gR$ Dgrd 

°K°r= & iK17k °CMrmfKM

:jjeRrp7rg(n)



44M

odv f7r7 7pv 0g3vn gn o7Ijv ::

o7Ijv ::

l 4 U c / s yg

U4tM
g

lcsfM
g

<

|:P82b 4

odv j(Dvp I(enfR hKEM (n rdv i(RrR 7nf rdv i(ppvR.(nfgn0 Tejrg.7prgrv

network were given to illustrate the PART ONE. Note that the final 

node corresponds to job since, from the precedence graph, must be 

processed in the last position.



4UM

Jjj ,v7RgIjv RvaevnivR £ °gnijefgn0 t«= R7rgR,u)

q & l ,(p 7jj gM R()7M
g

[°D= « lS ,(p 7jj RvaevnivR £

|p(T °gg= 7nf rdv(pvT l# gr ,(jj(DR rd7r)

h°D= h°£= ,(p 7jj RvaevnivR £M
#

:, (nju i(nfgrg(n °g= gR R7rgR,gvf# rdvn rdv i(ppvR.(nfgn0 Rvaevniv

D gR 7 !0((f! R(jerg(n r( Coht 7nf rdv 37jev (, 7n (.rgT7j R(jerg(n £«

TeRr R7rgR,u)

[°D= < hh£«= h°D=

:, i(nfgrg(n °g= gR n(r R7rgR,gvf# 7 Rr(..gn0 ipgrvpg(n# 7R fv,gnvf 

gn tJ2o C^b# (iiepR 7nf rdv T7kgTeT jvn0rd [°“v= (, 7 Rd(prvRr .7rd gR 7 

j(Dvp I(enf r( h°£«=

[°8v= « h°£«=

J Sp7nid 7nf S(enf# I7Rvf (n rdv ,p7TvD(p; fv,gnvf gn tJ2o C^b#

gR n(D pvaegpvfM Sv,(pv fvRipgIgn0 grR R.vig,gi fvr7gjR# gr gR 7f3gA

R7Ijv r( gnrp(feiv .(Dvp,ej pvfeirg(nR gn rdv Tejrg.7prgrv nvrD(p;M



4cM

ub a0odv(pvT lM -D°nm+= gR 7 Rvaevniv R7rgR,ugn0 rdv 

0g3vn .pvivfvniv pvj7rg(n# Dgrd r7pfgnvRR i(Rr h°D= 7nf
war Jw(2r-' L *

p^o a0 #n=# n6l= gR rdv i(ppvR.(nA

fgn0 .7rd# Dgrd jvn0rd [°D= gn rdv Tejrg.7prgrv 0p7.d

omo p0 °-,2),D°4= • • • *Tam D°n=

Kw') ^ p aTgrdvn

tp((,) rdv rdv(pvT gR +eRrg,gvf Iu rdv 7I(3v jvTT7R l r( cM
#

£gniv rdv jvn0rd (, rdv .7rd 7RR(ig7rvf Dgrd 7 Rvaevniv gR (nju 7

j(Dvp I(enf ,(p rdv r7pfgnvRR i(Rr (, rdgR Rvaevniv# gr gR n(r nvivRR7pu

r( R(j3v rdv oFo£té 7 .p(ivfepv .p(3gfgn0 7 0((f j(Dvp I(enf (n grR R(jeA

rg(n gR Re,,gigvnr 7nf rdgR gR .vp,(pTvf Iu rdv ReI0p7fgvnr rvidngaev fvRA

ipgIvf gn tJ2o C^bM

:,# ,(p R(Tv .vn7jru 3vir(p ::# rdv Rd(prvRr .7rd t« R7rgR,gvR 

rdv rD( ,(jj(Dgn0 pvj7rg(nR)

°g= gr i(nr7gnR vk7irju (nv n(fv ’-M r= 7RR(ig7rvf Dgrd

v3vpu +(I # fv,gngn0 rdv .vpTer7rg(n D °Iu D°r=&g=

odv(pvT 4M

°gg= [°D+ & hhD=

rdvn rdv Rvaevniv fv,gnvf Iu D gR 7 TgngTeT i(Rr RvaevnivM

£gniv t« gR rdv Rd(prvRr .7rd ,(p rdv .vn7jru 3vir(p “# Dvtp((,)

d73v# ,(p 7jj .7rdR t

Ff uuR 
l l

.« v3 y £e 2 ££aTg 2 £ FJ 
g



4/M

odv pvfeirg(nR Dgjj Iv .vp,(pTvf Iu fvjvrgn0 (nv (, rdv rD( 7piR 

fv,gnvf Iu rdv i(RrR hKM 7nf 7R R(Tv i(nfgrg(n d(jfRMg+ +g

h(nRgfvp 7nf Reid rd7r n( .pvivfvniv pvj7rg(n d(jfR IvrA

Dvvn rdvTM Fvn(rv Iu WK

(, rdv °r ml= ,gpRr +(IR gn 7 ,v7RgIjv Rvaevniv gn Ddgid 7nf -M 7pv
üd

.p(ivRRvf pvR.virg3vju gn r

7 j(Dvp I(enf (n rdv r(r7j .p(ivRRgn0 rgTvg+

-
rd

7nf °r 6 l= .(Rgrg(nM 2vT7p; rd7r

r r & WvM 6 
g+ tg 6 t& oog+ +g +

Fvn(rv 7jR( Iu WK

WrM & WrM 7nf W+M& WrM= 
g+ -g g+M -g

7n e..vp I(enf (n rdv R7Tv 37jev °(, i(epRvg+

:,# ,(p 7jj H € WrM WKM
: gj g+-

Dv d73v °C6.K6.K= m hEM °H6t+= < °s6.K6.K= m hKh£6.K=

rdvn rdv 7pi fv,gnvf Iu rdv i(Rr

odv(pvT U)

°4MU=

i7n Iv fvjvrvfM
+g

rdtp((, ) :n 7nu ,v7RgIjv Rvaevniv Dgrd 7R rdv r 
°r6j=rd

W €’vrM#vrM>
: ll jj-

odvn# rdv gT.p(3vTvnr (Ir7gnvf Iu vkid7n0gn0 7nf gR 
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(providing are obtained by simply

selecting the jobs in R(i,j) with least processing time. In the same 

, the upper bounds 0^. are obtained by selecting the jobs in R(i,j) 

with greatest processing time.

The lower bounds 0t
ij

way

For the reductions, two more precise statements of theorem 3

hold.

If (i) d.£ d.
i J

and (ii) 0^ 

then delete the arc defined by Ct

Corollary 1.

£ Min (d., d. -p.) -p.
i 3 3 iij

3 i"

^ 0^.+ p.< d.
27 2 2

Condition (ii) implies O+p^Proof:

and 0+p. + 2.
i 3

« d.+ Pi +« P3ij 3

so the two jobs are processed before their due-date if this is done 

according the FDD (earliest due-date) order defined by condition (i). #

If (i) Pi/wi 4 Pj/Wj 

and (ii) 0^.

then delete the arc defined by C^

Corollary 2.

> Max (d^ “ P^> dj -

ji

Proof: Condition (ii) implies

0 + Pi . and 9+p. > d. 
i 3 3
> d

th
So J. and J. 
2 .

the WSPT order is the best one, since the costs are reduced to weigh-

are late jobs as soon as processed in t position. Then

#ted lateness.

(
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The implementation of these tests is performed for each pair 

of incomparable by successively computing 0^_. (used for de­

fining T^j) f°r c = !B(i,j) | until t = |B(i,j)| + |R(i,j)|. The computa­

tion of is abandonned as soon as Corollary 1 does not apply.ij

Illustration: if Corollaries I and II are applied to the illus­

trative 7-job example. One obtains the reduced network pictured in

Fig. 3. Note that several arcs and nodes become meaningless: for exam­

ple, node (2,2) and the issued arcs may be deleted (no path from the

origin to the end may use them). After the deletion of useless elements,

the network is then reduced to the one pictured in Fig.4. Clearly the

problem is then solved in one (trivial) shortest path iteration.

Finally the dominance test, as described in the previous section.

is applied to each job in the last phase. At each improvement, the cor­

responding job is erased from the last phase. If after these tests,

there is no job in the last phase, then backtracking occurs; if there

is just one job, then a simple branching is decided, otherwise shortest

path iterations are performed, as described in PART ONE.
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2.4 Computational Results

The algorithm was coded in FORTRAN for the Weighted Tardiness pro­

blem and run on the GDC Cyber 74-18 of the University of Montreal on

84 test problems, with 15 and 20 jobs. The data for the first set of

42 problems are those of Rinnooy Kan and al.18 , and tests were performed

on the 15-job problems with tardiness factor t of 0.6 and 0.8, and

the 20-job problems with t = 0.4, 0.6 and 0.8. The solution time and

number of nodes in the enumeration are summarized in Tables III and IV.

The mean solution times (resp. number of nodes) are given for each

set of problems with fixed size and tardiness factor. In order to pro­

vide comparisons with the algorithm of Rinnooy Kan and al., the median and

maximum for the solution time and the number of nodes are also given.

The second set of 42 problems adresses the Total Tardiness problem.

and was solved with the same algorithm. While some simplifications are

possible in the case where a^=l for all i, for instance a reduction of 

about one third in the execution time of the heuristic, no such modifi­

cation was attempted in order to study the behaviour of our algorithm

for this special case. The test data are those of the first set, except

that the weights are uniformly set to 1. The mean and maximum of the

solution time and the number of nodes are given in table V.

Considering that the CYBER 74 is reported to be from 2.5 to 3.5

(hereafter RKLL),faster than the CYBER 73 used by Rinnooy Kan & al.

the results given in Table III show a real improvement.



32.

It appears that the improvement over RKKL is about of the same

order of magnitude as the improvement of RKLL over the previous exis­

ting methods. The comparisons for small n and t have less meaning due to

the low computation time involved, and the fact that our algorithm is

preceded by the heuristic method which requires a fairly constant time

of 0.5 second for n = 15 and 1.1 seconds for n = 20.

For the total tardiness problem, no direct comparison with the work

Fisher reports in 6 i some comparison between 

his algorithm running on IBM 360 - 67 and RKLL on CDC Cyber 73-38 and

pof Fisher 6 is feasible.

"generally their solution times were about equal to ours (Fis-comments:

her) for the 20-job problems". It seems that, at least for the 20-job

problems, our algorithm will perform better than Fisher's. However,

further computational tests are forecast, as soon as the corresponding

data are available to the authors.

Some improvements to the existing algorithm are possible. First, 

attempts to refine on the precedence relation should be performed at

The arc length

network should provide better bounds if the value of 6^. were computed

each node in the enumeration. in the multipartiteij

ij
in a more accurate way than by just considering the jobs with least

For instance, for t = |B(i,j)| + 1, it isprocessing time in R(i,j).

more advisable to select, among the jobs in R(i,j) which are preceded

by no other job in R(i,j), the one with least processing time. For

greater values of t, this selection turns out to become a very diffi­

cult problem in itself, but it is likely that tigher bounds could be

obtained at a small additional expense. Reductions using Theorem 3
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could be extended for the Weighted Tardiness problem to cases in

which Corollaries 1 and 2 do not apply, that is in the "middle part"

of the network. Finally the shortest path algorithm could be replaced

by an algorithm which would reject paths including segments such as

(j,t+l). (i.t+2). This shortest path algorithm is described in

15 , and works in an average running time less than twice the time of

the simple dynamic programming algorithm.

Besides these attempts to refine the lower bounds, the branch and

bound structure itself could be improved. Considering that the costs

c1^:1
ij

last jobs is simply determined, one could extend the implicit bounds

in the last transition are exact, and the best order of the two

and the branching scheme to pairs of jobs in the two last phases. So

the branch and bound will work implicitly two levels down. Of course,

this may be extended to triples of jobs in the three last phases, and

generally to r-tuples of jobs in the r last phases. It is likely that

there is a threshold value for r, from which it becomes much too dif­

ficult to handle the r-tuples for larger values of r. However, it is

not obvious that the best value of r is for r=l, which is currently

used in our algorithm.

The given algorithm may be simply adapted to handle more difficult

problems than the tardiness problem. Set-up costs d 

job is followed by job J\. 

model, by simply adding d

occuring whenij’

on the machine, are easily handled in this 

to the arc length C^., for all t such that
ij ij

is defined. More generally, these set-up costs may be time-depen­

dent exactly in the sense described in PART ONE. It should be noted that the 

bounds C^. become tighter as the set-up part of the costs are more important.
ij
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It appears that the model presented here is able to handle one- 

machine problems with more general cost functions than any existing

algorithm.

TABLE III

SOLUTION TIME (CPU Seconds)

Rinnooy Kan 
Lageweg Lenstra $New algorithmNumber of

problemstn

Median MedianAverage Maximum Maximum

6.30.615 12 1.9 1.6 5.9 121.8

45.60.8 12 1.61.7 3.4 85.6

20 0.4 6 2.7 1.5 6.4 1.1 20.3
0.6 6 13.6 6.5 30.7 180.8 >300
0.8 6 12 11.0 20.8 >300 >300

* CDC Cyber 74-18

$ CDC Cyber 73-28



35.
TABLE IV

Number of Nodes

Rinnooy Kan 

Lageweg Lenstra
Number of New algorithm

tn problems

MedianAverage Maximum Median Maximum

15 0.6 12 64729.5 17 121 9564
0.8 453212 28.0 24 57 9952

20 0.4 6 2511.3 1 34 1206
0.6 111056 118.8 48 302
0.8 6 136.6 120 327

TABLE V

Computational Results with a.=li

Number of Solution Time * 
(CPU seconds)

Number of Nodes
tn problems

Average Maximum Average Maximum

15 0.6 12 0.8 1.0 9.0 15

0.8 12 0.7 1.0 12.4 43

20 0.4 6 1.1 1.6 5.5 14
0.6 6 2.7 5.7 21.0 52
0.8 6 12.83.7 38.8 168

* CDC Cyber 74-18
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EXTENSIONS AND CONCLUSION

The TDTSP which was described in PART ONE and applied to the

Tardiness Cost problem is PART TWO, may be used to approach several

optimum permutation and related problems.

The first obvious application is to the Traveling Salesman Pro­

blem. Actually, this provided the basic impetus for developping the

general model. The first work in this area was described in two ear­

lier research reports 15 , 16 . D. Houck and R.Vemuganti:, from Bal­

timore, have independently discovered the same approach to the TSP

and provided some experimental comparisons with the "1-arborescence"

approach suggested by Held and Karp 9 , for the asymétrie problem

H- A joint publication is currently in preparation. The approach
may be extended to several routing problems, for instance to the mul­

tiple TSP in which the salesmen have to visit the same number of eus-

Htomers. The reader is referred to for further description of the

routing applications.

Some extensions of the scheduling applications for the one-machine

problem were outlined at the end of PART TWO. It appears that the me­

thod could be extended to problems involving several machines, such as

flow-shop and job-shop problems, and this would require further exami­

nation.

Another optimum permutation problem, somewhat related to one-

machine scheduling problems,is the "Linear Ordering"(D.Adolphson and T.C.

Hu 1 ). This problem may be handled as the Weighted Tardiness problem

described in PART TWO. The main difference lies in the way the bounds

defining the multipartite network are computed.
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Turning to a more general formulation of optimum permutation

problems, one obtains the "Quadratic Assignment problem", see 14

for instance. This problem appears to be a very general way to for­

mulate several optimization problems, and turns out to be a very

difficult problem. At the present time exact solution methods are

tractable only for small-sized problems. In the application of the

TDTSP model, the computation of the bounds used to defined the mul­

tipartite network is performed through'the solution of related assign­

ment problems. These last two applications (linear ordering and qua­

dratic assignment problem) are currently studied by the authors.

It appears that much work has to be done, as well for impro­

ving the present approach as for applying it to several existing

difficult problems.
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