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SOME JOINT PROBABILITY DISTRIBUTIONS

In the Technical Report EP76-R-4, it has been observed that the time
to wait for the occurrence of an 'event' in a job network can be expressed
in the generic form

Y= [(X+ %) A (X3 + Xy + o] A [Xoax T[]

where the Xi are the random activity times. The formal rules of
manipulating and expanding these expressions have also been laid down.
It should be clear, then, that in order to calculate the expected
value of Y, one must have some formulas for the expected value of
'suprema' and 'infima' of several random variables. This calls for
not only a knowledge of their joint probability distributions but
also, more concretely, some assumption regarding their mutual
dependence or independence. Now, in the analysis of job networks
that are equipped with a precedence relation, it has been customary
to assume that service-times (i.e., completion-times for an
individual, component task) are mutually independent, each being
distributed exponentially.

The purpose of this and the following Chapter is to relax the

assumption of independence. Accordingly, we present some preliminary
results which will prepare the way for the substantive results.

§1  SOME RESULTS ON REPRESENTATION

Theorem 1 : If X and Y are arbitrary r.v.'s with a joint distribution
function and if E(Y|X = x) has a linear representation ax + b, then

the coefficients in the representation are given by :
g o
a=oax- ; b=E(Y)—pgy-E(X),
% x

where p is the correlation coefficient.
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_ E(xy) - E(x) E(Y)

Gxdy

Proof : From the definition, namely, p , one
can write

[ xy £(xy) ax dy = [[ xy £(x) £(y|X=) dy ax ==poxoy+E(X)E(Y)
which is equivalent to

Jx E(Y]|X=x) f(x)ax = PO,y + E(X)E(Y), E(Y|X=x) = g(x).
Suppose g(x) = E(Y|X=x) has the form ax + b. So, it remains to
determine a and b. Thus,

f x(ax + b) f(x) dx = po,0, + E(X)E(Y)
T aE(X2) + bE(X) = po O, * E(X)E(Y)
Applying the well-known formula E(X2) = E2(X) + ci , one has

ac. + B(X) (aB(X) + b) = poya, + E(X)E(Y) from vhich it
follows that

g g
a=p =L ; b==8Y)-p—=LEX).
Ox g

x
g
Therefore g(x)=ax + b =E(Y) + p ;I. (x - B(X)).
x
Theorem 2 : Under the same assumption, the variance of
” 2 2 2
Y| X =x 1s © =g 1l - z
{ | } YIX y ( p°)
Proof : 02 can be written as

y|X=x

2
°;|x=x =[] [y - E(¥[x =x)] flxy) axdy
which after expansion becomes,

02 1 yme = [ ¥? £lay) axdy - [[ 2y B(Y|x=) £(xy) axay
+ [ B2 (Y|¥x=) f(xy) axdy
The first integral on the right-hand side is seen to be

[ v2 £(y|¥%=x) £(x) dyax = E(Y2) = c; + E2(Y)



The second integral can be evaluated by substituting E(Y|X=x) by
g

B(Y) # p Ex-(X—E(X)) and a rearrangement of terms
x
[] 2y E(Y|x=) f(xy) axdy = 2[E2(Y) + p2 03] y

and the third integral, after expansion and simplification becomes,

2
g D g
[] [E@)+p 2 (x-E())] flxy) axdy =E2(Y)+p? ¥~ [E(x2) - E2(X)].
x x
Regrouping these three integrals, one has
2 =2 2
g =0 (1- or o} =g vV 1-pZ .
y = T %y (=07 yle=x % " P
Theorem 3 : The linear representation is unique in the class of
polynomial representation.
Proof : Let us assume that E(Y|X=x) = ax2 + bx + c; we will try to

evaluate the parameter a, b and c by the same procedure used in
Theorem 1.

Thus,, Jx(ax? + bx +c) £(x) dx = po, o, *+ E(X)E(Y)

the results obtained by expanding and evaluating the left-hand side

of the equation shows that the parameters a and b are function of c.
Which implies that the representation used for E[?|X=x] is not
feasible.

Therefore we can see easily that the same type of results will be
obtained for any representation of E[}|X=x] by any polynomial of higher

degree.



§2 JOINT DISTRIBUTION OF EXPONENTIAL VARIABLES

The ideas developed in theorems 1, 2 and 3 will be used in the joint

exponential distribution.

Theorem 4 :
[._L_)E(Y X ]pﬂ Q[ -E(Y x=x)Jhrp
1.“(x.y)=>\1e_>‘lx e %y [x= (1rp) , [y=E[¥|x=]]" | e %y | %=
OYIX=X cy[X=ac

is the joint exponential density distribution, written under the form
f(xy) = £(x) « f(y|X=) of the random variables X and Y.

Proof : The proof will be carried out by showing that the marginals

are exponential and that f(x,y) is a density of distribution.

First, expand f(xy) using the regression formula

o
=R + A -E . = 1-
E(Y|X=x) (Y)+p - (x-E(X)) ; O |x=x ~ % Y 1-p2
X
Replacing E(X), o. by - E(Y), o by i one phisina
x Al y Ao
(¥ |mme) = L A 1y
EYIX-%{ —-X;[l+p-k—2-x—‘;-]’OY|X=‘7(~T;V -02
which gives
ptl
XpAi+p-1 5
=X s ———
. [ Y 1-p% ] Ap(1+p) lzy-phx*p-l-l
f(x,Y)=)\1€ e . 5
v :l.‘---p2 ' l-p2 J
p+l

Aoy-pAix+p -1
Y 1-p2




a) Proof that, the integration of f(xy) with respect to y gives an
exponential distribution :
® o0 -Alx

g flxy)dy = [ £(x) « £(y|X=x) dy = 1; e
0

+1
-XpAitp-1 e

@ -A1x / 1-p? A2(1*p) >‘.o:y-r>>\1>h~p-l]°
f )\le e L °
0 Y 1-pZ v 1-p® J
pt+l
Azy—pA1x+p—l]
v l—p2 J
e e dy
+1
[-pr1+p—l]p Azy—pA1x+p-l]p+1
-A1X 4 l—p2 4 l—p2 J N
= 1€ . e « {-e }
0
&1 ptl
[—xp)\l-o-p-l:l -pA1xX+p-1
-A1x 4 l—p2 14 l--p2
= Ale e { e }
-A1x
= Ale

b) Proof that, the integration of f(xy) with respect to x gives an

exponential distribution, [ f(x,y) dx = A, e22Y | muis can be carried
0

out in an analogous manner, replacing f(x,y) by f(y) « £(x|Y=y).



© o

c) Proof that [ [ f(xy) a&x dy =1 : Replace f(xy) by £(x) - fly|x=x);
0 ©

0 o o

then, the expression becomes [ [ f(x) £(y|X=x) dydx =/ X, N
0o 0 0

dx =1,
Therefore, f(x,y) is the joint exponential distribution of the random

variables X, Y.

§ 3 MEAN-VALUES AND VARIANCES OF XVY AND XAY

Consider the random variable Z(w) = X(w) VY(w), and suppose that X(w)
and Y(w) are jointly distributed with the density fXY(xy). Then, the
probability density function of Z(w) is given by :

a o
fz(a) =1£ £y (a,y) dy +{m fXY(x,a) dx

a

o
=/ £ (a) - fY(yIX=u) dy +f fola) « £ (x]|Yy) ax (15)

. ]

oo

The expected value of Z(w), i.e., E(Z) = [ zf (z) dz may be calculated
- 00

in the following manner. Replace fz(z) by the corresponding expression

found in (15), to obtain

©

o © q
E(z) =[af fx(a) fY(y|X=u)dyda +f a ffY(a) fX(x|Y=n) dxda (16)

-—00 00 —-00 00

In the case where fXY(xy) is jointly exponential, the following theorem

can be proved :

Theorem 5 : When X and Y are jointly exponential, then the E Sup(X,Y)

is given by :



1
1 1 Ll -XpA1+p-1 L Azx—pxlx+p—l1p+
.)\__+—X_- ka]_ exp{ -Ale[————‘—-} = [ j } ax
1 h2 g ST% /TZ
+1 +1
!“ { ~ypAp+p-17° le-pl2Y+p-l]p
= ] YAz expl -Azy *[—'—] - [ } ay
0 4 l—-pz 4 1—p2 J
Proof : As it is well know , the expected value of Z is given

it X

© ¥
by E(2) =£ X { £(x,y) dydx +£ Y { £(x,y) axdy

Since f(x,y) is jointly exponential, therefore, the first integral on
the right-hand side becomes

1
—prl#p—lJp*

X -\x [ Y 1-pZ

o _ _1.p
[ Ty o . Ao (1+p) '[Azy pA1X#p l]
0
Y Y 1-p2 % l--p2 J
+
[Xzywhxw—l]p :
Y 1-p?
c e dydx
1 +1
-XpA1+p-1 e Azy—pxlx+p—l1p
g -A1x [,/—2’ ] _[ ST ) 3
=[x\ e e S e {-e P l } ax
0

[-xpkl*-p—l]pﬂ [Azx—p)\l}Hp—l-lp " rp}\l}hp-l]
Vv Siz? |

had -A 1X

==f X\ e e {-e + e } ax
0



Now split this expression into two integrals, namely,

-A1X © -XpAi+p-1 prl Azx—pA1x+p—l]pf1
== f X\ e dx - /| xA; exp { -A;x #‘L————————J - [ ] }dx
0 14 l—pz v 1—02
which is simplified as
1 1
1 L -XpAytp-1 pY )\zx—p)\lx+p—l-|p+
Y PO
! 0 1-p 1-p
The second integral on the right-hand side of E(Z) can be evaluated
in a similar manner, giving
prl prl
© -ypAy+p-1 MY=pAry+p-1; »
T NP .. ... S "
2 0 1-p d=p .
The integrals can always be evaluated by numerical methods in the
general case.
The expected value of Inf, using the relation (13) becomes
E(U) = E(X) + E(Y) - E(2Z)
1
o -XpAi+p-1 g rkzx-pklx+p—l]p*l
or E(U) = f x\; exp { ~\x + [————————J - J } dx
0 v l—pz o v l—p2
+1 1
f°° ~ypAg+p-19° FMY-pAzwo—l-lp* .
YAp exp { ~Apy f—‘——————] - dy
0 Y l—p2 o % l—p2 J

* Special case, p == 0; here, E(Z) becomes,

@ >
E(Z) ==%—“*%-— / xxle_xlx “A2Xgy - [ ¥2s e A2Y MY gy
1 %2 9 0
. ... SN N W, RS S
A1 A2 (Al*lz)z (A1+X2)2 A1 A

which corresponds to the results obtained in the case of independence.



The same method can be used to evaluate the variances of supremum
and infinum of a joint exponential r.v.'s.
In certain classes of problems, the joint normal-exponential density

may be useful.

§4 JOINTLY NORMAL-EXPONENTIAL RANDOM VARIABLES

Two random variables X and Y are said to be jointly normal-exponential,

when their marginal densities are of the forms,

_ (x-E(x))2
/—2—11’0 e H f(Y) = )e .
- %
First, write f(xy) as f(x) f(y|X=x)
-(x-E(X))?2 [-E(le——x)]" . -[X—E(Y]x=x)Jp
Z o
_ 1 s 20x Uy|X=x ) (p+1) j Yy E[le=X]:| . O‘y_lxac
2mo oy|X=x oylx#x
and note that in this case, the regression formulas,
g
—— - A . P =
E(Y|X=x) = E(Y)+ p 5 (x-E(X)) and Oy | e = Ty Y 1-p%
become, with the proper parameters,
— Bs : =k /Io7
B(E|ma) =2 [1 4 o (x-E(X))]; O g =% 7 1P
-(x-E(X))?
L) 1 202
Next, verify that [ f(xy)dy =——— e > , observe that
0 2ng
X
1
~(x-E(x))? [-Emh)]"” ] ¢ [ P
© 1 20 O e (p+1) [y-ElY|X=x o
f . x y|X=x . _[ | e ¥ | X= dy
0 v 270

X 0y|X=x °y|X=x



1
~(x-E(x))?2 [-E(Y[Xac)]p [—-E( x=x)]"+1
. -
_ - 20x oin——~xJ oy[X==x ®
= — e 1—€e }
Y 2mag 0
x
-(x-E(X))2
1 20
= —— , which is the marginal density of X.
vV 2mo 2
x -(x=-E(X))
o id 20°
On the other hand, f e - dx == 1 which shows that
- 27
f(xy) == f(x) « £f(y|X=x) is a density distribution.
We may also write, f(x,y) as f(y) . f(x|Y=y)
~[x-E(x|¥-¥)]?
Xy 1 205 1w
== \e e X|Y=y
Oy v 2ﬂ(l—p25
In that case, the regression formulas
9%
E(X|ty) =E(X)*+ o = (y - E(Y)) 5 o_jy_.= o, ¥V 1-p?
o] x|Yny x
¥
become, with the proper parameters,
s == - .:L. . == -—
E(X[Yy) = E(X)+p o (x-73) ; Oy Jr=y = % Y 1-p?
We now verify that [ flxy) dx = R
- 2
B IX“E(XIYTZ)I
© =AY 1 20x|Y==y
] 3 . -
o0 Oy Y 2n(1-p%)
- &Y
= e which is the marginal density of Y.

[oo]
On the other hand, [A e N gy =1 which shows that f(xy) = £(y) £(x|Y=y)
0

is a density distribution.

10.



11,

Next, we shall evaluate the expected value of Z = XVY for the case on
o X 0 v
hand. Now, E(Z) = [ x [ f£(x) « f(y|x=) ayax + [y [ f£(y) £(x|v=y) axay.
0 0 0

The first integral becomes ,

-(x-E(X))2 [-E(YLx=x)]°“

© pA L ~ p
f g Ix 1 . 2OX . 0y|X=x (p +1) .[y E(Y K=K)}
~= 0 ¥ 210 Oy | %= % | x=x
_[X—E(YIXW)]‘WI
a ¥
‘e ¥ | %= ar de
- 2 ptl p+l
) fw x (x-E(X)) —E(Y]Xﬁ)—] x-E(Y |x=x)

= E(X) - Sreauiil > i 4‘[ - [——} pdx

- ¥ 270 2°x Cle#x J oy|X=x

(1)

While the second integral in the expression for E(Z) becomes,
2
x-E(X|Y
5 ' i " e . _Leoglw)l
{ ¥y f Ae . e x[Yéy dx dy,

Ux 14 2wll—pzj

© _Ay

=£ yA e ( =E&lYy)

iy ... (2)
N(0,1) x|y

Therefore, E(XVY) in this particular case is equal to (1), (2),

which can always be evaluated by numerical methods.



§ 5 PRACTICAL BOUNDS

In Technical Report, we have shown that the assumption of indepen-
dence between two activities can be relaxed by the introduction of joint
distributions. But the results are quite complicated and an extension
to the case of more than two random variables is difficult and tedious.
This leads us to search for a new formulation of the P.E.R.T. type

problems.

12.



§17 PRACTICAL BOUNDS

In this chapter, we have shown that the assumption of independence
between two activities can be relaxed by the introduction of joint
distributions. But the results are quite complicated and an extension
to the case of more than two random variasbles is difficult and tedious.
This leads us to search for a new formulation of the P.E.R.T. type

problems, a task which we take up in the following Chapters.
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