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f*8rEifB1ir6 f* icfE Ei:6O fE fNN:Ei91ir6 f* UfBu au Pi fE Err* ic1i

*r19 icr T):*619frE§ E)Vr B9f6 VrEcrE 19r f*ir9Er^ir6 TO ic1i ^:98ru
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0fic icr E1Vr E^crVr 1E R)9 f*ir9f)9 -)f*iEu U:9icr9V)9r§ fi fE *)ir6
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r1EfNO Tr r\ir*6r6 i) ic9rr.6fVr*Ef)*1N i91*ER)9V1if)*Eu U:9icr9V)9r§

1*6 icfE fE icr )T2r^if8r )R icfE 9r-)9i§ icr ^)*8r9Br*^r )R 9rN1\1if)*

E^crVrE ^1* Tr f*^9r1Er6 TO 1i Nr1Ei )*r )9 i0) )96r9E )R V1B*fi:6r TO

1 *)8rN ir^c*ft:r ^1NNr6 V:NifB9f6u icfE ^1* Tr ic):Bci )R 1E 1*

1^^rNr91if)* )R icr ^)*8r9Br*^r 1*6 fE *)i i)) 6r-r*6r*i )* 819f):E

-191Vrir9E E:^c 1E )8r99rN1\1if)* R1^i)9Eu

icfE c1E Trr* 1--Nfr6 i) i0) T1Ef^ 9rN1\1if)* E^crVrE§ -)f*i

rCS 1*6 Nf*r rCSu L)V-19fE)*E Ec)0 ic1i icr ^)V-:if*B ifVr fE 9r6:^r6

TO R1^i)9E )R 5 1*6 4 9rE-r^if8rNOu C9 icr 1^^:91^O R)9 1 Bf8r* ^)V<

-:i1if)*1N rRR)9i fE fV-9)8r6 TO )*r 1*6 i0) )96r9E )R V1B*fi:6r 9rE-r^if8rNOu
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^1E^16r 1E Ec)0* f* UfBu 5u icr ^c191^ir9fEif^E )R icr *r0 ^))96f*1ir

EOEirV fE ic1i icr T):*619frE ^)f*^f6r 0fic ^))96f*1ir Nf*rE )9 ic1i icr

^c1**rN 9rBf)* V1-E f*i) 1 9r^i1*BNru C*r EfV-Nr 1*1N)BO i) fNN:Ei91ir

1* r\ir*EfTNr VrVT91*r )* 0cf^c 1 ^19irEf1* B9f6 c1E Trr* 6910*u icfE
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VrVT91*r fE icr* Ei9r^cr6 f* E:^c 1 01O 1E i) V1“r fiE T):*619frE

^)f*^f6r r\1^iNO 0fic icr -cOEf^1N 9rBf)*u icr B9f6 Nf*rE 0fNN Tr

Ei9r^cr6 1^^)96f*B i) icr -9)-r9ifrE )R icr VrVT91*r 1*6 icr Ec1-r 

)R icr 9rBf)* fi fE R)9^r6 i) V1i^c§ 1*6 icr 9rE:Nif*B B9f6 fE icr

E):Bci ^))96f*1ir EOEirVu

U)9 icr -9rEr*i 1--Nf^1if)* icr -cOEf^1N ^))96f*1irE 9n§hiC

fE i91*ER)9Vr6 f*i) 1 9r^i1*B:N19 EOEirV f* icr 6rE^9fTr6 V1**r9u

e1icrV1if^1NNO§ icr wEi9ri^cf*Bw )R icr VrVT91*r fE )Ti1f*r6 TO icr

E)N:if)* )R icr R)NN)0f*B EOEirV )R rNNf-if^ rt:1if)*Eu

a<j> + Y<}> - 2B<J> + J2Q((> + J2R4>Tnn tt rriT

aZ + YZ - 2gZ + J2OZ + J2RZit nx x n x

(1)= 0

(2)= onn

a = (J)2 + Z2
T T

Y = (f)2 + z2n n

where

(3)
a = (f>n4>T + z„zn t

J = <J) Z - é Z 
q x n‘x n

This system is obtained by inverting Laplace's equation in the trans-P
R)9Vr6 -N1*ru icfE -9)^r6:9r fE 6rE^9fTr6 f* SrRu a 1*6 5u icr R):9

T):*619frE 19r 6r*)ir6 TO Uf U5 U4 1*6 U7 1*6 ^)f*^f6r 0fic t k * 

R)9 U§ § t k t R)9 U § \ k \ 

icr -cOEf^1N -N1*r

i

for F3 and T = T2 for ^ In
4 ‘1
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!M f (Hj ,T) 
\f2^
! along F

Z

I g, (n2,T)| 
\g2 (n2,x)^

along T2! = 1
i Z’
\ ;

(4)
■

h,
h, (i-1,)/

along T3
zi
<P = q.Cn.T,)

Vi-V
along F4

z;n I

icr -9)TNrV 9r6:^rE i) icr E)N:if)* )R *)*.Nf*r19 rNNf-if^

6fRRr9r*if1N rt:1if)*E 9a( 1*6 95( 0fic Df9f^cNri ^)*6fif)*E )* icr

T):*619O Uu icr :*“*)0*E R)9 icfE -9)TNrV 19r icr -cOEf^1N ^))96f*1irE

hby 1*6 q f* ir9VE )R 9-§\( u icr fV-)Efif)* )R icr T):*619O ^)*6fif)*E

fE i) Vr9rNO E-r^fRO icr 81N:rE )R icr T):*619O Ec1-rE§ furu 81N:rE )R

9- 1*6 q 1E 1 R:*^if)* )R t 1*6 \ 1N)*B icr 1--9)-9f1ir ^))96f*1ir

Nf*rEu Pi fE *)ir6 ic1i icr ^)99rE-)*6r*^r )R icr -cOEf^1N -)f*iE 9$u5(

0fic 9* §\( E1O 1N)*B icr ^))96f*1ir Nf*r t k t fE 19Tfi919Ouf f

icr R:*^if)*E Q 1*6 S 19r :Er6 i) ^)*i9)N icr ^)*^r*i91if)*

)R icr ^))96f*1irE Nf*rE f* icr -cOEf^1N 6)V1f*u icfE 1NN)0E icr -)EEfTfNfiO

)R 1 Rf*r9 6fE^9rifn1if)* f* ^r9i1f* -19iE )R icr 6)V1f* 0cr9r cfBc 819f1if)*E

)R 1 Bf8r* -9)-r9iO fE r\-r^ir6u P* icr -9rEr*i -9)TNrV icfE 0):N6 Tr icr

Nr16f*B 1*6 i91fNf*B r6BrE R)9 r\1V-Nru

Uf*1NNO fi fE *)ir6 ic1i icr VrEc Br*r91ir6 TO icr E)N:if)* )R 9a(

1*6 95( 19^ *)i f* Br*r91N )9ic)B)*1N 1*6 icfE fE *)i rEEr*if1N f* V)Ei

-9)TNrVEu

I
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4u LdCPL! CU 5 Wce!SPL5X rLd!e!

4ua DfE^9rifn1if)*

icr E)N:if)* )R icr -9rEr*i -9)TNrV fE f* Br*r91N -)EEfTNr

)*NO TO *:Vr9f^1N Vric)6Eu icfE ^)*EfEiE )R 9r-N1^f*B icr 6r9f81if8rE

f* !t:1if)*E 9a( 1*6 95( TO icrf9 Rf*fir 6fRRr9r*^r 1--9)\fV1if)*E

ic:E OfrN6f*B 1* rt:f81Nr*i EOEirVE )R 1NBrT91f^ rt:1if)*Eu icr 6fE<

^9rifn1if)* 0fNN :Er ^r*i91N 6fRRr9r*^rE R)9 T)ic Rf9Ei 1*6 Er^)*6

)96r9 6r9f81if8rE OfrN6f*B Er^)*6 )96r9 1^^:91^Ou C*r ic:E )Ti1f*E 

R)9 r8r9O -)f*i )*r 1NBrT91f^ rt:1if)* R)9 icr *)61N 81N:r )R

U)9 icr i1*Br*if1N ^))96f*1ir<P 1*6 qf2 f2 ’

1p[ ^2( + h2(u § + op[ ^2(u u - 2<p. . + (p. . u]
Of.N2J of2+a Of2.N

- 2(f)i+lj ij

- 26 [<}) ]/4AnAT- <p - <P + <p
i+lj + 1 i-l,j + l ri + l,j-l 

)/2An + J2R [ (})

i-Lj-1

+ J2Q(cp ]/2At = 0 (5)- <t> - <Pi+1 J i-1 J ij+l ij -1

1*6 R)9 icr 1\f1N ^))96f*1ir

] + Y'[Z. .a'[ Z ]2Z. . + Z 2Z.. + Zi+1, j ij i-lj ij ij-1ij + l

Zi-l,j+l " Zi+l,j-l

- Z. . .)/2Aq + J2R [ Z 
i-l,J

- 26 [ z ]/TAnAx+ zi+1,j+1 i-l,j-1 

- Z. )/2Ax = 0 (6)+ J2Q(Z
i+1, j ij + l

where

)2 + (Z - Zij_1)2)/((2AT)2*(An)2)

- Zi.ljj)2)/((2Ar1)2*(AT)2)

a' = ((<}) - <Pij + l ij-1 ij + l

)2 + (ZY' = ((<}, - <)> i“l, j

- 4>- -, •) • -, - 4>- • ,) +i-l, j rij + i Yij-i^ 

(Zij+1 - Z.._1))/(2An*2AT) .

i+l, j i+1, j

3 = ( (4) (z :i+1,j "i-l,ji + 1, j
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icfE OfrN6E R)9 icr r*if9r -9)TNrV 1 EOEirV )R *)*.Nf*r19 ^):-Nr6

rt:1if)*E 0cf^c V:Ei Tr E)N8r6 fir91if8rNO§ f* 1 -9)^r6:9r 0cr9r 1i r1^c

Eir- icr ^)rRRf^fr*iE )R !t:1if)*E 9x( 1*6 9s( 19r R9)nr* 1*6 :-61ir6

1Rir9 *r0 81N:rE )R icr :*“*)0*E 19r )Ti1f*r6u !EEr*if1NNO i0) 1--9)1^crE

c18r Trr* :Er6 R)9 icfE ^N1EE )R -9)TNrVE

f( r:^^rEEf8r.)8r99rN1\1if)* 9SrRu a(u

ff( icr 1Nir9*1if*B.6f9r^if)*.fV-Nf^fi E^crVrE 9SrRu 5(u

P* icr N1iir9 1--9)1^c icr rNNf-if^ -9)TNrV fE i91*ER)9Vr6 f*i) 1 -191T)Nf^

-9)TNrV TO icr 166fif)* )R 1 i91*Efr*i ir9Vu icfE ^1* Tr ic):Bci )R 1E

1* 19ifRf^f1N ifVr 1*6 r1^c ifVr Eir- V1O Tr 1EE)^f1ir6 i) 1* fir91if)* )R

icr rCS Vric)6u r) T)ic Vric)6 19r EfVfN19 1*6 icr )*NO ^9fir9f1 Ec):N6

Tr icr 91ir )R ^)*8r9Br*^r§ 1*6 r1Er )R -9)B91VVf*Bu W) R)9V1N ^)V-19fE)*

Tri0rr* icr i0) Vric)6 fE 181fN1TNr 1*6 icr ^c:\y_r 01E V16r )* 1* f*i:fif8r

T1EfE 1*6 r\-r9fr*^r B1icr9r6 TO icr -9rEr*i 1:ic)9E )* -9f)9 1--Nf^1if)* )R

Pi fE RrNi ic1i 1 E^crVr T1Er6 )* 9rN1\1if)* 0fNNT)ic )R icrEr Vric)6Eu

OfrN6 1 V)9r rRRf^fr*i )8r91NN E^crVru

M:i V)9r fV-)9i1*iNO fi fE icr Vric)6 ic1i Nr*6E fiErNR TrEi i)

ic:E icr ^c)f^r )R icr Vric)6 )R E)N:if)* fE 1 E:^^rEEf8rfV-9)8rVr*iEu

9rN1\1if)* E^crVr 0fic 1 V:NifB9f6 Vric)6 i) 1^^rNr91ir icr 91ir )R ^)*<

8r9Br*^r u
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dO d }d*i
S

dR . aLaLaLai U
i4 *

c

^ *
^

i

-B l
S1 Ml! i

S1 u1 25 3015
WORK UNITS

FIG, 15 OPTIMUM NUMBER OF SWEEPS PER LEVEL FOR MULTIGRID WITH LINE 
RELAXATION SHOWING RELAXATION HISTORIES WITH 3 AND 4 

SWEEPS PER LEVEL,



40

-310 -3

-410 1

\
%<g \

CO \
\LU 1,5,3cr
\

\
\
\-510 - \

\
\
\

\
\4,5,3 \\ \

\ «
N %

N %-610 rm tttI rm 1111
2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

irn rm

WORK UNITS

FIR. 16 EFFECT OF THE NUMBER OF SWEEPS ON THE FINE GRID ON THE CON­

VERGENCE RATE OF MULTIGRID WITH LINE RELAXATION.



41

-410

i
I ;? !

-5

5 -6g 10
co
LUce

POINT

“/

10

MG POINT

-810 MilMM MM Ml

0 10 20 30 5040

WORK UNITS

FIG, 17 COMPARISON OF RELAXATION HISTORIES FOR THE L\ METHODS FOR 
CASCADE A USING 9 X 17 NODES,



42

-510 v-
N

\

N.-6 x10 v-i
N
'X

POINT

-«S
'v-710

MG LINE
'"Ni MG POIMQ

CO
LUcc

“8 LINE
10 v-

V-910 -

-1010 rrn rrn rm rrn rmrm rm
5 10 15 20 25 30 35 40

WORK UNITS

FIG, 18 COMPARISON OF RELAXATION HISTORIES FOR THE 4 METHODS FOR 
CASCADE A USING 17 X 55 NODES,



45

-610 9- C\N
s
N

\

\

\ \
-710 \

\

\
\
N
\
\ POINT
\

<: \
\§ I0“8-

(S> 1 \
LU \

1

\MG LINE \ LINE\\
\
N
\\
\MG POINT

R1s9W

-1010 rrn rm i i i i i i i i i i i ii i i i

15 20 25 50 55105
WORK UNITS

FIG, 19 COMPARISON OF RELAXATION HISTORIES FOR THE 9 METHODS FOR 
CASCADE A USING 17 X 65 NODES.



-610 v-

-710

A

I I0'8-
CO BLU
a:

C

-910

-1010 rrn i i iirm i i i ii i i i

15 20 25 30 35105

WORK UNITS

FIG. 20 EFFECT ON THE RELAXATION CONVERGENCE OF THE TOTAL NUMBER OF
-1*i^I G1r .54St!I 5L.SN! t-* ..E5Sc!F



45

c-c
LL7/ >-
C-Z1Z <
i/ 3

S
5
s

^z/ acaz LU

P
CO r-v 
QJ LP\ 
Z (-C
_I X
I
Z
Li_ —'
o
Z CQ
C
H- UJ

g I
I— COË 5
CNl

e:
u_



-P*FIG. 22 ATTRACTION OF NiLINES TO TOP LEADING EDGE AND BOTTOM TRAI- 
LINGEDGE^ FOR CASCADE B (17 X 65).

ON



i
!

t
f

fi

pIG. 23 ATTRACTION OF N-LINES TO TOP AND BOTTOM BOUNDARIES R)R 
CASCADE A,

4^
^4



48

ACKNOWLEDGEMENTS

This work was sponsored by the National Research Council

of Canada and the Office of Research of Ecole Polytechnique.



•% '
a 1 wf-

■■1
ki

.

i



]t ' •

]
■ , )

- : r',; V ]
]
]
1
]
]
]
]
]
]
]
]
]
]
]

i J
TS*----r~rrr


