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ABSTRACT

A network flow technique is used for solving the unconstrained nonlinear

0-1 programming problem, which is maximizing the ratio of two polynomials,

assuming that all the nonlinear coefficients in the numerator are non-

negative and all the nonlinear coefficients in the denominator are non-

positive. The proposed algorithm requires the solution of a sequence of

minimum cut problems in a related network, and can be extended to some

more general problems of the same type. This approach is applied to find

the density of a graph (the maximum ratio, among its subgraphs, of the

number of edges to the number of nodes) and its arboricity, for which

polynomial algorithms are described. It is also useful by providing a

bounding scheme for the maximum clique and vertex packing problems.



L. INTRODUCTION

Consider the following 0-1 programming problem (P)

(P) Max f£(X) = b ag I X,
SeA i€ s
%, 5 0,1 1L = 152,060
i
where A CP ({1,2,...,n}) is a family of subsets of {1,2,...,n} and

aS >0 for all S such that ISl = 2. This problem can be seen as the
unconstrained bivalent maximization of a posynomial, with linear terms
of arbitrary sign. Let A’ denote the set of all S € A such that ISl =2
and Yg = I1 xi for all S € A/; problem (P) becomes equivalent to

i€S
problem (Pl)

n
Max f(X,Y) = Z agyg + .2 a x,
SEA i=1
(Pl) /
s.t 4 < X, all i € S and all S € A
yg = 0,1 , all se A/
x, = 0,1 i=1,2,...,n

(where ai denotes the value a{i} of the singleton {i}). Without loss
of generality we can assume a; < 0, since a; 2 0 will imply X, = 1 in
an optimal solution. (Pl) can be seen as a selection problem, as defi-

ned by Rhys [23] and Balinski [ 2 ] or the problem of finding a maximal



closure of a graph as defined by Picard [16 ].

A closure of a directed graph G is defined as a subset
of nodes such that if a node belongs to the closure, then all its
successors also belong to the set. If a weight is associated to each
node of G the weight of a closure is the sum of the weights of the nodes
in it and a maximal closure is defined as a closure of maximal weight.
(Pl) is the selection problem, i.e. the problem of finding a maximal

closure in the bipartite graph given in Fig. 1.

FIG. I




where an arc (yS, Xi) exists iff i € S,

Rhys, Balinski and Picard showed that the selection problem
can be solved as a maximal flow problem in the network formed by the
bipartite graph with infinite capacities on its arcs, a source linked
to each node (ys) by an arc of capacity ag and a link from each node
(xi) by an arc of capacity -a. The variables which take on value 1

in an optimal solution of (Pl) correspond to the labelled vertices in

the last iteration of the Ford-Fulkerson algorithm.

ILLUSTRATION 1: Max fX) = 2x.x, + 2x_x.x. + 6x1x X

1% e 2%4
+x2x3x[+ + x1x2x3x4 - 2xl - x2
(P)
- 5x3 - 2x4
s.t. X, = 0,1 j =1,2,...,4
Max f(X,y) = 2y12 + 2y123 + 6y124 + Y934
T o5y © Py - Xy = By = 2,
< < < <
(By) st ¥y, 5 % Y199 =% Yyo4 = ®1 Yoz %2 Yiozu<*™@
< < & <
Y12 % Y123 S %2 Y124 %3 Tags %3 Yo =P
< < < <
Yio9g ~ %3 Yyo4 = 4 Yozs % Y1234 %3
<
Yyo9s =4



The corresponding network is shown in Figure 2 with its maximal

flow and the labelled nodes at the last iteration.

CAPACITIES <

FIGURE 1T

Hence an optimal solution X* to (P) is given by

* = % = * = % =
Xl x2 x4 1 Xj 0



2. A 0-1 FRACTIONAL PROGRAMMING PROBLEM

Consider the following O-1 programming problem (F)

z a I x

S€E i€ i
A 163 £(X)
Max z(X) = -
z b nm  x g(x)
TeB T jeT 3
(F)
s.t. x, = 0,1 i=1,2,...,n (1)
and X = (xl, x2,...,xn) * 0 (2)

where A, B CP ({1,2,...,n})
a.,=2 0 for S such that |S] =2

b..S 0 for T such that |T| =2

T
g(x) > 0 for any solution X # 0
and z(x) = O for any solution X # 0

For simplifying notations, define, as before

AN = {seA /Is| =2}, B = {1eB /IT| =2}
and denote by a; (resp. bj) the singleton values ariy (resp. b{j})'

Then (F) can be written as:

n
> aS 11 xi + Z aixi
4 i€es i=1
SEA i i £(X)
(F) Max z(x) = =
= g(X)
z bT M x. + Z b.x,
TeR’ jeT 3 =1 JJ
x. = 0,1 i=1,2,...,n



By considering the unit-vector solutions X(l) (defined by xi(l) =1

(1)

and Xj = 0 for all j # i) we observe that positivity assumptions

imply bi > 0 and a, 2 0 for all i.

LEMMA I:

Let X° # 0 be an arbitrary 0-1 vector; then XO is an optimal solution
to (F) if and only if the maximal value of the function
wo (X)) = £(X) - 2(X°) g(X)

with the restriction (1) is zero.

PROOF: Obvious.

If X0 is not an optimal solution to (F) then an improved solution Xl is
found by solving the following 0-1 programming problem (Fo), which has
the same structure as problem (P) defined in section 1.

=

Max w (X) = z ag m x, - z2x9 z bT n  x,
se N ies 1 TeR’ jer 3
(o] I} (o] 2
(F) + £ ax -3() Z bx,
i:]_ 11 -i:l J J
X, = 0,1 1 = L2, o

The following algorithm solves (F) by solving a (finite) sequence of
problem (Fk) similar to (F°) except that the constant term z(Xo) is re-

placed by z(Xk).



ALGORITHM :
(0) Let X° # 0 be an arbitrary initial solution
Set k=20
k
(1) Solve (F))
y k 3 ; k .

(2) If the maximal value of w (X) is zero, then terminate: X is an

optimal solution to (F).

. k+1 . : k

(3) Otherwise: Let X be an optimal solution to (F ); replace

k by k+1 and go to (1). Note that the number of iterations is

finite since z(Xk) increases at each iteration and that the

feasible solutions is finite (2n - 1). As it was recalled in

the introduction, (Fk) is equivalent to a maximal flow problem in

a network with n+2 nodes.
ILLUSTRATION 2: Consider the following problem (F):

B +

Xy + X, + 2x5 + 2x1x3 + 4x1x4 + 3x2x5 + X X5%g 2x2x3x4x5
Max z(X) =
5x1 + 3x2 + 5x3 + 6x4 + 2x5 - xlx2 - 2xlx2x4 - 2xlx2x3x4x5
(F)
s.t Xj = 0,1 J 8 142, ewngd
X+#0




15° ITERATION: starting with x° = (1,1,1,1,1) and z(x)) =4e— = 1
we first solve the following 0-1 programming problem
o —
Max w (X) = Xy + X, + 2x5 + 2xlx3 + 4xlx4 + 3x2x5 + xlx3x5
. + 2x2x3x4x5 - (5xl + 3x2 + Sx3 + 6x4 + 2x5
(F7)
- XXy = 2x1x2x4 - 2xlx2x3x4x5)
x, = 0,1 j= 1,2, o)
J
or
o
Max w (X) = - 4x1 - 2x2 - 5x3 - 6x4 + XX, + 2x1x3 + 4xlx4
+ + +
(Fo) + 3x2x5 + 2x1x2x4 X, XX, 2x2x3x4x5 2x1x2x3x4x5
xj = 0,1 4 = Li2,00545

A minimum cut in the related network is characterized by N = {s,(2), (5),

2,5) }; hence an optimal solution to (Fo) is:
b ]

X = {0,1,0,0,1) and z(X"y = —?- s AR |

an ITERATION: we have to solve (Fl)



1
{ Max w (X) = xl + X, + 2x5 + 2x1x3 + loxlx4 + 3x2x5 + x1x3x5
+ - + + +
{ 2x2x3x4x5 6/5 (SXl 3x2 Sx3 +6x4 2x5
7
| — = =
(Fl) X%, 2x1x2x4 2xlx2x3x4x5)
s.t. xj = Oal ji-= l',2,...,5
or
i 1
Max w (X) = —25xl - 13x2 - 30x3 - 36x4 - 2x5 + 6x1x2
+ 10x1x3 + ZOxlxh + 15x2x5 + 12xlx2x4
(Fl)
{ + 5xlx3x5 + 10x2x3x2x5 + 12xlx2x3x4x5
s.t Xj = O’l J = 1’23 ’5

~

A minimum cut is characterized by N = {s}; hence an optimal solution to

(Fl) is x; = 0 (d4=1,2,...,5) i.e. the maximal value of wl(X) is zero.

* %
An optimal solution to (F) is then X = Xl = (0,1,0,0,1) with z(X ) = 6/5.

Before stating the main result, assume that the optimal solution
k
X" used in the algorithm is minimal among all the optimal solutions to F

in the following sense: if is a nonzero binary vector,

AV}

X

. N =, AV
IR = K = K< X
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The existence of such a minimal solution and the fact that
it is precisely produced by the labelling method of Ford and Fulkerson

are well-known results (see [ 5 |, chap. 1, thm 5.5 [11] p. 109-11).

THEOREM 2: L < oF for all k3> 1
PROOF :
For k=1

Xk solves Max wkﬁl(X) f£(X) - z(Xk_l) g(X)

8.t xj =0,1 j=1,2, ,n
+
Xk 1 solves Max wk(X) = f(X) - Z(Xk) g(X)
s.t xj =0,1 ji=1,2, ,n
Let I= {1l x* = 15 x 1 -0)
i i
g 21 2% = 13 2" w1}
i i
_ k _ k+1 _
K= {1] X, = 0 X =11}
We will prove that K = ¢
Let X be defined by‘x‘i =1 if 1i€J

X, = 0 otherwise

1

1if ieI UJUK

o~ ~
and X be defined by X

Pa
X

i 0 otherwise



4

X a +

Let c¢ = g ai
sepA’  ° i€K
s CJUK
SNK F#¢

and d= X bT + Z b,
TeB’ jek
TCJUK
T YK F0

Since K # @, then ¢ = 0

+
Since)(k e is an optimal solution to Fk and

T€ ¥ ten 0 €F N ® = c-zxH)d (1)

Now, we claim that:

c - z2xhH a> o (2)

(i) if d = 0, the inequality (2) is equivalent to (1)
Py . P k"l . . .
(ii) if d <0 and z(X ) = 0, the inequality (2) is proven
by contradiction: if (2) does not hold, then ¢ = 0; in that

. ; " k -
case, X is also an optimal solution to F , a contradiction

with the assumption that Xk is minimal.

(iii) if d <0 and z(Xk-l) > 0, the inequality (2) follows only

from ¢ = 0.
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(iv) finally, and the most important case, if d > 0 the

inequality (2) follows from z(Xk_l) = z(Xk) and (1)

On the other hand, define.

eg= 2 a and d= =%
SEA/S TEB/T
s C1 UK TCIUK
SNIF¢ TOL*¢
SNKFP TNKFQ

From the sign assumptions, we have € 2 0 and d <O

then
L ) = () =5 b oo~ BT dez (BT d

> c-z (xk“l) d> 0

F— ’ . k . ; 2
a contradiction with the assumption that X is an optimal solution fo Fk. #

This theorem implies that the number of iterations (maximal
flow problems) is in fact at most n. Using Karzanov's algorithm [12],
which finds the maximal flow in a network with v vertices in at most O (V3)
operations, the above algorithm solves the original problem (F) in at most

O(n4 ¥ na3) operations, where a = I AT,



3. EXTENSIONS

The approach described in section 1 could be extended to the

following most general 0-1 programming problem (G).

Max f(X) = Z a I x

S i€ S
©) “h *

x, = 0,1 i=1,2,...n
1

with aS arbitrary in sign.

With the same notations as in section 1 and 2, G can be written as:

n
Max f(X) = 2 a, Il x + 2 a, x.
se p/ i€s i=
(G)

Lefting yg = IT x;, we can define the problem (G’ ):
i€S

n
( Max f(X,Y) = sz/as Ye + ifl a, x,
¢ yg Svyg alls, s’ € Asuch that 8'C s,
Ssits Yg S;Xi all i € S and all S € A/
yg = 0,1 all s e g
t %, = 0,1 i=1,2,...,n

13

In general, (G) and (G’ ) are not equivalent. An optimal solution (X*,Y*)

to G’ can be infeasible to G in the sense that x*i = 1 for all i € S does

not imply necessarily that y*S =1 in @ .



However an optimal solution (X*, Y*) to G’ gives an upper bound
f(X*, Y*) for the maximum of f(X) in problem (G). These remarks

could be use in a branch and bound scheme.

ILLUSTRATION 3: Consider the following 0-1 programming problem

Max f(X) = 2xl - X, + 3x., - 2x, -X.X, - 2x_X

2 3 4 172 14
(G) + 2x2x3 - 2x1x2x3 + 4x1x2x4 + X X XX,
xj - 0,1 J = 1,204

¢ is given by:

Max f(X,Y) = 2x1-—x + 3x3-2x

2 4~ Y12 T Y14 T g3

= 2¥123 ¥ Y124 T Y1234

Bk Y1236 < Y123 Y124 <712 Y123 < Y12
< Y124 <14 < Y23
< Y12 ] < %
< Y14 <* < *

¢")
< Y93 “ % < ™
e %
« "y
€ Y

N
"
S

14



2
< % < % < 3
x, = 0,1 S O yg= 1 allse A
An optimal solution to G/, using the maximal flow algorithm, would

i X = xk_ = xk = xk =
yield x* = x%, x*, x*, 1

* = * = * = %
g ™ 714 = Fgg = ¥y

* = *
Y%1234 Y7123 = o0

hence an upper bound of value 5 for the maximum of f(X). In fact for

our example these exists an optimal solution to (G) of value 5 which

is given by X] = x5 = 1 and X, = x4 =0

The above approach can be also extended to some (continuous or integer)

fractional programming problems with '"box constraints".

Consider the following problem:

Q(X)
Max z' (X) =
R(X)
p/
\F 2 Satis 1, < x, < u, all i=1, 2,...,n

where Q and R are polynomials linear in each variable, R is

the feasible set defined by (3), and li < u, .

(3)

positive on

15



16

PROPOSITION 1:

There is an optimum solution to (P’ ) which is an extreme point of the

feasible set defined by (3).

PROOF':

Consider an optimum solution X* and assume that some component
x*i is strictly between its bounds.
By fixing all the other components at their present value, one obtains

a function h of the single variable X,

f(xi) = z(x*l,...,x*i_l, X5 x*i+l""’

x* )
n
and, since Q and R are linear in each variable:

ax, + b
i
f(x,) =
5

ex, +d
i
Since the denominator cx, + d does not vanish in the interval [li, ui],
this function f(xi) either assumes its unique maximum at one end of the
interval, or is constant on it. The first alternative implies a contra-

diction, and, in the second case, one can arbitrarily set x*i =u, or 1i

and consider another component X*i strictly between its bounds, and so
on until either a contradiction or an optimum extreme point is attained.
Consequently, the problem (P’) is reduced to a problem of the type

discussed above, by the variable change



17

x1 N l1

yi = ——— for @ll 4 = 1, 2,...5 0
u, - 1,
i i

In the case where X (and the bounds L and U) is restrained to be integer,
this transformation is much better than the introduction of the binary

expansion of the components X, - li'



4, APPLICATIONS

4.1 The Density of a Graph

Consider an undirected graph G = (N,E) with n

edges. Hereafter, the notation HCG will mean that H is a partial

subgraph of G.

The density of the graph G, denoted by d(G), is defined as the

maximum, over all partial subgraphs of G, of the ratio of the number of

edges to the number of nodes, i.e.:

e
d(G) = Max h

HCG Ty

nodes and e

18

Clearly, we can restrict the maximization to subgraphs generated by

subsets of N. Associating to each node i of N a 0-1 variable X, where
X, = 1 means that the node i belongs to H, then the problem of finding

d(G) and the corresponding subgraph H can be formulated as;

n, 0,
z z

: i=1 j=1
d(G) = 5 Max -
G

Z x

=1 #

xj 0,1 j 152545+

where aij are the elements of the node-to-node adjacency matrix of G.
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This last problem is a particular case of problem (F) of

section 2.

ILLUSTRATION: Consider the graph G = (N,E) pictured in the following

picture.

e
Starting with z(Xo) e 1.3, we find the subgraph H

=)

& . generated by

3

e
H
{1,2,3,4,5,6,7}. Another iteration with z(Xl) =

=

yields

10
7

]

the subgraph H, generated by {1,2,3,4}. No improvement can be done with

2
2 Hy g
z(X7) = Sk A 1.5; hence d(G) = 1.5 and the corresponding subgraph is
H
2

the subgraph Hza

This algorithm has been applied on a set of ten 20-nodes graphs

and nineteen 50-nodes graphs. In 907 of the cases, only one iteration
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was required and the average CPU solution time (with one IBM 360-75)

for the nineteen 50-nodes graphs was 0.4 second (for more detail see

t221).

4,2 Pseudo-arboricity and pseudo-forest decomposition of a graph

In this section, we will show that the density of a graph gives
the minimum number of edge disjoint pseudo-forests into which G can be
decomposed; furthermore the flow solution of d(G) will provide this

decomposition. Before proving these results, we need some definitions.
Pseudo-Tree: A Pseudo-Tree is a tree which contains exactly one cycle
(or equivalently a connected graph with n nodes and n

edges).

Pseudo-Forest:A Pseudo-Forest is a graph each connected component of

which is a pseudo-tree or a tree.

Remark: If G = (X,U) is a pseudo-forest, then |U| = |X | and we

have the equality if each component is a pseudo-tree.



ILLUSTRATION 3:

O—0O O

(See Figure 4)

FIGURE 4

PSEUDO-TREE

PSEUDO-FOREST

21
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Pseudo-Arboricity of a Graph: The Pseudo-Arboricity P(G) of a graph G

is defined as the minimum number of edge-disjoint pseudo-

forests into which G can be decomposed.

"ILLUSTRATION 4: K5 (éomplete graph with 5 nodes) can be decomposed into

“9 pseudo;forests, i.e. P(KS) = 2, see Figure 5.

FIGURE 5

Remark: while Ks'admits several pseudo-forest decompositions (e.g in

two spanning cycles), picking an arbitrary pseudo-forest does -

not neceséa:ily produce such a decomposition: for instance; there

is no d;cﬁﬁpbsitioniof KS 1nc1gd1gg a pseud&-forest in'wﬁich a

node haé degree 4.

The problem of finding a minimum pseudo-forest decomposition of a
given graph can be solved usiné the theorems 9-6 and 9-7 of [9] in the case of
complete graphs. The following theorem solves this problem in the general
case:
THEOREM 2: Let G = (N,E) be a graph of demsity d(G), then P(G) = [d(G)].,
where fd(Gf] is the smallest integer greater or equal to

the density d(G) of the graph G.
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PROOF: Let G'XN',E') be the subgraph which yields the density of G;i.e.

d(G) = E: where n'= [N'| and m'=l|E'l.

For simplicifation, we will denote[c.l(c‘)] by k.

We have P(G) 2k.

If not, we could decompose G, so G', into k'(k'<k) pseudo-forests
G =(N',E]), Gy=(N',E}),...,G,=(', E',) with

|E'|+IE |+ +|Ek | =m"*

But |Ei|<n' T 1, 2, ..., k; the last inequalities imply that

| ln:|+u.:5|+ +|z1;.|<n'kf

i.e. m'<n'k'

or m' <k'

n'

Hence [_E'_I <k' <k contradicting the fact that l'.n_ﬁ_-l =k
nl |

So the theorem will be proved if we can show that it is always possible
to decompose G into k pseudo-forests. This can be proved in the following way.

By definition of d(G), we have:

min an-—f _aijxixj + d(G) an

x; =0,1\4=1 j=1 1=1
so :lj XX 3 +[d(G)} ‘
(B e e -

i.e. the maximal flow value corresponding to the following minimum cut

problem (Q) :

n n
Q) minz=ZZ-a LR +P(G)Z“x
=1 j=1 i=1
Xy = 0,1 for i=1, 2, ..., n

is equal to m; inother words, all arc-sources of the related network are sa-

turated.
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Let us now define, from the maximal flow in this network, a bipartite

graph B=(S UT,A) by deleting

-all the arc-sources,
-all the arc-sinks,

—the intermediate arcs (x ) or (x

. L 1373

0 and the nodes xi which have no inflow.

x,) which have a flow of value

Thé graph B=(SUT,A) has the following characteristics:
IISl=m ; ITISn and |Al=m

where n and m are the number of nodes and the number of edges, respectively,
of the original’gréph G.‘

The degree‘of each node of S is exactly one and the dégree of each
node of T is at least one and no more than k; furthermore there exists at
least one node of T with degree equal to k; if not, d(G) would be <k.

By the theorem of KY¥nig-Hall, its is obvious that we éan decompose B
into exactly k matchings Ml(SfJTl’Al) M (S2 2,A Y wnes Mk(sk k’Ak)'

To the matching Mi(SfJTi’Ai) (i=1,2,...,k) corresponds in G a subgraph

Gi defined by the nodes of T, and the edges related to the nodes of S, ;

i i

furthermore G1 is a pseudo-forest since each of its connected component has

a number of edges which is not greater that its number of nodes.

ILLUSTRATION 5: Consider the graph G = (N,E) of Figure 6.

FIGURE 6

The pseudo-arboricity P(G) of G is equal to 2 and is giveh by G itself.
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A maximal flow corresponding to the minimum cut problem which yields

the pseudo-arboricity i.e.:

6
Min z(X) = Z -a, . x x, + 2 x
| jz:l 13713 );1 1
x, = 0,1 for =1, 2, ..., 6

is given in the following tableau.
al2 al3 ol5 al6 a25 a26 o34 a35 a36 045 a46 aS56

1l 1 1 X X X X X X X X
2 X X X 1 1. X X X X X X
3] x X X x X 1 1 X X X
44X X X X X X X k‘ 11 x
5/ x x 1 X X X X X 1
6]l x X x 1 X X X 1 X

The corresponding bipartite graph B= (S T,A) is given in Fig. 7

®
®

QR
=
()

Q
=
U

FEHEERREER

Two matchings in B lead, for example,to thé decomposition of G into two

pseudo-forests, given in Figure 8,



FIGURE 8

It is worthwile to note that in this case, the components of
each pseudo-forest are pseudo-tree; this is always the case if d(G) is

given by G itself and is an integer number.

26
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4.3 The Arboricity of a Graph

The arboricity I'(G) of a graph G=(N,E) is defined as the minimum
number of edge disjoint forests into which G can be decomposed; it is also
the minimum number of colours necessary to colour the edges of G so that
no cycle has all its edges with the same colours. The arboricity of a

graph finds applications in Matroid Theory.

Nash-Williams [14] has proved the following result.
Theorem of Nagh-Williams: The arboricity I'(G) of a graph G=(N,E) is

given by

f e (A,4)
I'e) = Max } TaT -1 F AN, A > 1

where ACN, eG(A,A) is the number of edges having their extremities in A

and{%]denotes the smallest integer greater than or equal to x.

The search for I'(G)can be defined as:

find I'(G) = [;(G;]

n n
a, . x . x, n.
-7 5= iji]
where ¥(G)= Max 1=1 j=1 8.t. 2_. xj > 1.
n j:l .

xj=0,1 Z_xj -1
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The arboricity I'(G) could be found by the Matroid Partitioning

Algorithms of Edmonds [13]. In this section we will show that using

network flow this number can be determined in at most O(n4 log n) ite-

rations.
THEOREM 3: The following relation exists between the density d(G) of
G and Y(G) : d(G) <Y(G) <d(G) + 1
PROOF: Let Gl =(Nl,El) and G2= (Nz'Ez) be two subgraphs of G which yield d(G) and

Y(G) respectively. The first inequality is obvious.

Lettin = = = =
g | n, lNll’ m IEll » 1, INzland m, lEzl
m, m
it comes: d(G) = e X
" M
and
m m
1 2
nl—l nz-—l

Let us assume that Y(G)=2d(G) + 1

m m m
then —_3_1%111 + 1>._2 +1

% 1 "2

m, m
Hence __21> 241

¥ 2
or m, >n§ -n, contradicting the fact that m, camnot be

- n2— n
greater than 2 "2
2

Corollary 3-1. We have : P(G) SI'(G)<P(G) + 1

Corollary 3-2.. If d(G) is an integer number then:

I'G) = P@G) +1 = d(G) + 1
- |

Corollary 3-3. Let d(G) = -n—l, where m, and n, represent the number of ed-
1

ges and the number of nodes, respectively, of the subgraph

pey B
GT(NI’El) which yields d(G); if!;;—:—i ;\1— , then
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') = |:1(Gﬂ + 1= PG + 1
If d(G) does not satisfy the assumption of one of the corollaries 3-2

or 3-3, then we have to solve the problem:

n n
z z a; 5%y ; n
_ i=1  j=1 Bt Z x5 2> 1,
Y(G) = Max 3 j=1 3
x, =0,1 Z
X, =
. =13

Because of the presence of the number -1 in the denominator of the

function to be maximized, the problem is a little more complicated to

solve than the density problem; A Branch and Bound approach is described in
[22] ; this algorithm solves at most n maximal flow problems and hence

; 4 ;
necessitates at most O(n log n) operationms.
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4.4 The Maximum Clique and Vertex Packing Problems

From the density d(G) of a graph may be deduced an upper bound
on the maximum size c(G) of a clique contained in G and, consequently, on
the maximum size of a stable (vertex packing) in the complementary graph 1,

Indeed, recall that the complementary graph G of G is a graph with the

same node set as G, but such that two nodes are adjacent in G if and only
if they are not adjacent in G. Clearly, to a clique in G corresponds a
stable in G and conversely, hence c(G) equals the stability number o (G)

of its complement. So, the density d(G) may also be used in a branch-and-
bound algorithm for solving the vertex packing problem on G (i.e find

a(G) and a corresponding maximum stable set in G).

The density (Kq) of a clique Kq is % (q-1). Hence, if c(G) denotes
the maximum size of a clique in G, we must have
d(6) > 3 (c(6)-1)

i.es c(G) < 2d (G)+1
and, denoting by [x ] the integer part of x,

c(6) <[2dE)] +1

This bound may be used in a branch-and-bound algorithm for finding c(G).
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445 Generalisation of the Selection Problem

The Selection problem [23] can be stated in terms of "activities"
and "facilities'", associated with benefits and costs respectively, and
available only on a (0,1) basis. Any activity depends on the existence
of a particular set of facilities necessary to that activity. The pro-
blem is the selection of activities and facilities to maximise the

the excess of benefit over cost A 0-1 formulation of this problem is:

n n
Max z(X,Y) = 2 p. X, - 2 c, Y.
=1 4 4 g=1 7
xj < ¥y if activity j implies facility i
x, = 0,1 1= 132,600510
J
¥y 0,1 g = Ly 2y ey

where pj and c, are the profit associated to activity j and the cost

associated to facility i respectively.

Instead of maximizing the excess of benefit over costs we may also

maximize the ratio benefit over cost. The resulting problem is:

Max z(X,Y)x =

s+

x, < ¥y for (j,i) € A



Y: < 011 i= 1,2...,m
With the results of sections 1 and 2 this problem can be solved as a

sequence of at most nt+m selection problems.

A generalization could be the following problem:

n
Ep,xj-i- Ep II

j=1 J SeA . j€S xj
Max z(X,Y) =
m
ifl € ¥, = TfB ¢ &0 Yy
x, Sy, if activity j implies facility i
xj =0,1 J= 1,2, 550

Where Pg represents an additional profit if the subset S of

activities is selected and CT is a reduction on cost if the subset T

of facilities is selected.

This problem also can be solved as a sequence of (at most n+m)

selection problems.
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CONCLUSTION

In this study, we have shown how a network technique, namely the identi-

fication of a minimum cut through solution of a maximum flow problem, can

be useful for solving a nonlinear 0-1 programming problem. We have discus-

sed several graph-theoretic applications to this approach, including a poly-

nomial algorithm for finding the arboricity of a graph.
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