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Let us now define, from the maximal flow in this network, a bipartite

graph B=(SUT,A) by deleting

-all the arc-sources.

-all the arc-sinks.

-the intermediate arcs (x^ ,x^) or (x^x^) which have a flow of value 

0 and the nodes x^ which have no inflow.

The graph B=(SUT,A) has the following characteristics:

I'Sl = m ; | T| ^ n and |A| = m

where n and m are the number of nodes and the number of edges, respectively.

of the original graph G.

The degree of each node of S is exactly one and the degree of each

node of T is at least one and no more than k; furthermore there exists at 

least one node of T with degree equal to k; if not, d(G) would be<k.

By the theorem of KBnig-Hall, its is obvious that we can decompose B

Mk<Sk'JVy '
To the matching (S AJT^A^) (i=l,2,... ,k) corresponds in G a subgraph. 

G^ defined by the nodes of TH^ and the edges related to the nodes of S^; 

furthermore G^ is a pseudo-forest since each of its connected component has 

a number of edges which is not greater that its number of nodes.

Consider the graph G = (N,E) of Figure 6.

into exactly k matchings ^ .A^ ,M2 (S2UT2,A2) , | | | »

ILLUSTRATION 5:

FIGURE 6
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A maximal flow corresponding to the minimum cut problem which yields

the pseudo-arboricity i.e.:

a56
X

X

3 X X X X X 1 1 XXX

4 X X X X X X X X 1 1 X

5 XXIX X X X X 1

6 X X X 1 X XXIX
The corresponding bipartite graph B= (S T,A) is given in Fig. 7

2&

a 13]

[a 15 2/

Ç3-
2a 25]

a 26]

42a 34

a 3

A 36] 5
a 45

a 46

2a 56 FIGURE 7

Two matchings in B lead, for example,to the decomposition of G into two

pseudo-forests, given in Figure 8.
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FIGURE 8

It is worthwile to note that in this case, the components of

each pseudo-forest are pseudo-tree; this is always the case if d(G) is

given by G itself and is an integer number.

y*-.
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4.3 The Arboricity of a Graph

The arboricity F(G) of a graph G=(N,E) is defined as the minimum 

number of edge disjoint forests into which G can be decomposed; it is also

the minimum number of colours necessary to colour the edges of G so that

no cycle has all its edges with the same colours. The arboricity of a

graph finds applications in Matroid Theory.

Nash-Williams [l4l has proved the following result.

The arboricity r(G) of a graph G=(N,E) isTheorem of Nash-Williams:

given by

eG(A,A)
F(G) = : ACN, I A I > 1Max L 24 Le

where AQJ, e (A,A) is the number of edges having their extremities in A
(j

andfxldenotes the smallest integer greater than or equal to x.

The search for r(G)can be defined as:

find r(G) = y(G)

e e
« . 4t4t4 
ij i 3usu nso w4dfi,r, mhaxs lkt

e
sbpu g uB=

3=1
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arboricity r(G) could be found by the Matroid Partitioning 

Algorithms of Edmonds [13]. 

network flow this number can be determined in at most 0(n^ log n) ite­

rations .

THEOREM 3:

The

In this section we will show that using

(i, SUooUfTeA r,okdTUe ,tTwdw ),df,,e di, y,ewTd- yhax US 

a key mhax c yhax .mhax .yhax ^ u

shv0p:0x key aIs hv04:0x ), dfU w')Ark;iw US a fiT|i -T,oy yhax key 

mhax r,w;,|dTG,o-4 (i, STrwd Te,q'koTd- Tw U)GTU'w4

nl = mi= » n2= IN2Iand |E2I

PROOF: <,d

<,ddTeA

K K
yhax s

eo HI
Td |UK,wc

key

eIJo

<,d 'w kww'K, dikd mhax0yhax ^ u

= Y(G)

m m m
+ 1> —

-a'1 "i

m9 m9 —-^ + 1v1
2

m2^n2 - n2 , contradicting the fact that m2 cannot be

di,e ^ u
eI

H,e|,
eI

Ur
I

Ar,kd,r dike eI eI C
2

Corollary 3-1. We have ; P(G) <r(G) <P(G) + 1

LS yhax Tw ke Ted,A,r e'K),r di,ecNUrUookr- EgI

rhax s Fhax ^ u s yhax ^ u

key e0 r,;r,w,ed di, e'K),r US ,ygNUrUookr- EgE4 <,d yhax s 6
Mo

ges key di, e'K),r US eUy,wp r,w;,|dTG,o-p US di, w')Ark;i
H"! Jmi

Gr(Ni,Ei) which yields d(G); ifjirrï >^L p di,e
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SyhaxJ| ^r(G) = 1 = P (G) + 1

If d(G) does not satisfy the assumption of one of the corollaries 3-2

or 3-3, then we have to solve the problem:

nn
2 2 
i=l 1=1

a..x.x. 
T= T E

n
2 x. > 1.
3 = 1 3

s.t.24Le = Max n
Xj = 0,1 2. x. - 1 

3 = 1 3

Because of the presence of the number -1 in the denominator of the

function to be maximized, the problem is a little more complicated to

solve than the density problem; A Branch and Bound approach is described in

[22]; this algorithm solves at most n maximal flow problems and hence
4

necessitates at most 0(n log n) operations.



30

1 4.4 The Maximum Clique and Vertex Packing Problems

From the density d(G) of a graph may be deduced an upper bound

on the maximum size c(G) of a clique contained in G and, consequently, on

the maximum size of a stable (vertex packing) in the complementary graph G. 

Indeed, recall that the complementary graph G of G is a graph with the 

same node set as G, but such that two nodes are adjacent in G if and only

if they are not adjacent in G. Clearly, to a clique in G corresponds a

stable in G and conversely, hence c(G) equals the stability number a(G)

So, the density d(G) may also be used in a branch-and-of its complement.

bound algorithm for solving the vertex packing problem on G (i.e find

a(G) and a corresponding maximum stable set in G).

0 hqg»4The density (K ) of a clique K is
q q

the maximum size of a clique in G, we must have

Hence, if c(G) denotes

~ ( c(G)-l)d(G) >

c(G) < 2d (G)+li.e.

and, denoting by [ x ] the integer part of x,

c(G) < [ 2d(G)] + 1

This bound may be used in a branch-and-bound algorithm for finding c(G).
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4.5 Generalisation of the Selection Problem

The Selection problem |23] can be stated in terms of "activities"

and "facilities", associated with benefits and costs respectively, and

available only on a (0,1) basis. Any activity depends on the existence

of a particular set of facilities necessary to that activity. The pro­

blem is the selection of activities and facilities to maximise the

the excess of benefit over cost A 0-1 formulation of this problem is:

n n
Max z(X,Y) = 2 £ c y i y i i=l 1 1

P. x. 
1 13=1

if activity j implies facility ix.

x. = 0,1 

= 0,1

i = 1,2, .. .,n

j 1 » 2,. .. ,royi

where p. and c.
E T

associated to facility i respectively.

are the profit associated to activity j and the cost

Instead of maximizing the excess of benefit over costs we may also

maximize the ratio benefit over cost. The resulting problem is:
n
£ P. x- 3 33=1

z(X,Y)x =Max m
£ c y i y ± i=l 1

x. < 
3
yi for (j,i) e t
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x =0,1 î 1,2,.. . , nj

= 0,1 i= 1,2...,myi

With the results of sections 1 and 2 this problem can be solved as a

sequence of at most n+m selection problems.

A generalization could be the following problem:
n

^ T t n 
SeA

^ P. x.
j=l J J T, w tn

Max z(X,Y) =
m n y

yiS c y i yii=l
X c^ Ct ifT
TeB

x ^ y^ if activity j implies facility ij

x. = 0,1 
3 3 1,2. . . n

Where p^ represents an additional profit if the subset S of 

activities is selected and c^ is a reduction on cost if the subset T 

of facilities is selected.

This problem also can be solved as a sequence of (at most n+m)

selection problems.



CONCLUSION

In this study, we have shown how a network technique, namely the identi­

fication of a minimum cut through solution of a maximum flow problem, can

be useful for solving a nonlinear 0-1 programming problem. We have discus­

sed several graph-theoretic applications to this approach, including a poly­

nomial algorithm for finding the arboricity of a graph.
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