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Photon-number moments and cumulants of Gaussian states

Yanic Cardin and Nicolds Quesada

Département de génie physique, Ecole Polytechnique de Montréal, Montréal, QC, H3T 1J4, Canada

We develop closed-form expressions for the
moments and cumulants of Gaussian states when
measured in the photon-number basis. We ex-
press the photon-number moments of a Gaus-
sian state in terms of the loop Hafnian, a func-
tion that when applied to a (0,1)-matrix rep-
resenting the adjacency of a graph, counts the
number of its perfect matchings. Similarly, we
express the photon-number cumulants in terms
of the Montrealer, a newly introduced matrix
function that when applied to a (0,1)-matrix
counts the number of Hamiltonian cycles of that
graph. Based on these graph-theoretic connec-
tions, we show that the calculation of photon-
number moments and cumulants are #P—hard.
Moreover, we provide an exponential time al-
gorithm to calculate Montrealers (and thus cu-
mulants), matching well-known results for Haf-
nians. We then demonstrate that when a uni-
formly lossy interferometer is fed in every input
with identical single-mode Gaussian states with
zero displacement, all the odd-order cumulants
but the first one are zero. Finally, we employ
the expressions we derive to study the distri-
bution of cumulants up to the fourth order for
different input states in a Gaussian boson sam-
pling setup where K identical states are fed into
an /-mode interferometer. We analyze the de-
pendence of the cumulants as a function of the
type of input state, squeezed, lossy squeezed,
squashed, or thermal, and as a function of the
number of non-vacuum inputs. We find that
thermal states perform much worse than other
classical states, such as squashed states, at mim-
icking the photon-number cumulants of lossy or
lossless squeezed states.

1 Introduction

Gaussian states, those that have a Gaussian Wigner
function, are some of the most well studied continuous-
variable systems [1, 2]. Their statistics under continu-
ous outcome measurement (such as homodyne or het-
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erodyne) are well understood [3]. Moreover, they are
some of the easiest non-classical states of light to pre-
pare experimentally [4, 5, 6]. While the statistics of
Gaussian measurements on Gaussian states are well un-
derstood, this is not the case for non-Gaussian measure-
ments such as photon-number or threshold measure-
ments. Only recently have photon-number probabilities
been studied [7, 8, 9], motivated by the introduction of
Gaussian Boson Sampling (GBS), a subuniversal model
of quantum computation that can demonstrate quan-
tum computational advantage [7, 10, 11, 12, 13, 14]
and that finds interesting connections with proper-
ties of graphs [15, 16, 9, 17]. Unlike standard Boson
Sampling [18|, which requires hard-to-generate single-
photon states [19], in GBS, a set of squeezed states
are entangled by an interferometer and are then mea-
sured using photon-number [20] or threshold detec-
tors [21, 22, 23, 24, 25]. Note that the particle statistics
of continous-variable quantum states also plays an im-
portant role in understanding issues in relativistic quan-
tum information where harmonic oscillator detectors
can be used to probe locally the properties of bosonic
fields [26, 27, 28, 29, 30, 31].

While it is by now well understood that the probabil-
ities of Gaussian states measured with photon-number-
resolving or threshold detectors are given by loop Haf-
nians [7, 8, 9, 32] and loop Torontonians [12, 33| respec-
tively, not so much is known for the moments of the
photon-number distribution which have an infinite di-
mensional support. Unlike for distributions supported
over bit strings (like the one associated with thresh-
old detection), photon-number moments cannot be re-
duced to marginals [34]. Indeed, explicit results are
only known for the first and second order moments and
cumulants (also known as Ursell functions, connected
correlation functions, truncated correlation functions or
cluster functions [35, 36]) of the photon-number distri-
bution of Gaussian states [37, 38].

In this contribution, we close this gap in the knowl-
edge of the photon-number statistics of Gaussian states
by deriving simple expressions as well as a graph repre-
sentation for the moments and cumulants of this distri-
bution. We also show that the calculation of both these
expressions are #P-hard and provide an exponential
time algorithm for the calculation of cumulants. Be-
sides fundamental interest in understanding the statis-

Accepted in {Yuantum 2024-10-30, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Photon-number%20moments%20and%20cumulants%20of%20Gaussian%20states&reason=title-click
mailto:yanic.cardin@polymtl.ca
mailto:nicolas.quesada@polymtl.ca

tics of this family of states, our results can be used as
verification tools for experimental implementations of
GBS. Thus our work extends the theoretical proposal in
Ref. [39] where only second-order cumulant comparisons
are used as partial evidence in validating the correct
functioning of GBS machines. Certifying the correct
functioning of a GBS machine is still a significant open
problem since like for many sampling-based quantum
advantage proposals it is computationally intractable to
calculate probabilities using the Born rule and experi-
mentally infeasible to try to collect sufficient samples to
have good frequentist estimates of these same quanti-
ties.

Using our graph representation, we are able to prove
that, except for the photon-number mean, all odd-order
cumulants are zero for multimode Gaussian states that
have zero displacement and the property that the expec-
tation value <&I&j> is zero where the creation operator

&;f and the destruction operator a; refer to two different
modes. This is the case if all the inputs of an interferom-
eter with uniform losses are illuminated with the same
single-mode zero-displacement Gaussian state. We ob-
tain this result by introducing a new matrix function
that we call the Montrealer. This matrix function could
be of independent interest in the combinatorics/graph-
theory community.

Moreover, we use the expressions we construct to
compare the distribution of cumulants up to the fourth
order for four different families of Gaussian states:
squeezed, lossy squeezed, squashed and thermal states.
While previous studies considered cumulants up to sec-
ond order for squeezed and thermal states [39], our
study goes further by looking at how hard it can be
to distinguish squeezed and lossy squeezed against not
only thermal states, but also squashed states. Unlike
thermal states, squashed states possess phase-sensitive
excess noise and are the optimal classical states (lacking
any negativity of the Glauber-Sudarshan P-function) to
spoof a lossy squeezed distribution [40, 34].

This paper is organized as follows: we first review
the Gaussian state formalism from which we develop
a general expression for the photon-number moments
in terms of the phase-insensitive and phase-sensitive
moment matrices in Sec. 2. We then connect photon-
number moments to the loop Hafnian in Sec. 3 and in-
troduce their graph representation in Sec 4. Having ob-
tained expressions for the moments, we move on to the
cumulants in Sec. 5. In this section, we first motivate
and derive from the concept of alternating walks new
matrix functions, the Montrealer and the loop Mon-
trealer, used to calculate photon-number cumulants of
Gaussian states. Then, after exploring the properties of
these new functions, we show their connection to Hamil-
tonian walks. We close this section by showing that the

computation of moments and cumulants are # P-hard
problems and by providing an exponential time algo-
rithm to calculate the cumulants. In Sec. 6 we per-
form a statistical analysis comparing the cumulants up
to fourth order for four different types of single-mode
Gaussian states fed into a subset of the inputs of an
interferometer. Conclusions are presented in Sec. 7.

2 Background on Gaussian states

We consider a collection of £ modes that are described
by annihilation @ and creation a' operators that we
group as follows

N T
g:(ah...,az,a{,...,a}) . (1)

In terms of the components of { we can write the
bosonic canonical commutation relations as

2o o . (1, O
[CZ?CJ’] = ZZ,J with Z = <OZ _16) , (2)

where 1, (0;) is the identity (zero) matrix of size £. It
is customary to use the quadrature operators for the
phase-space representation of modes. The necessary
tools to go between the two representations are given
in Appendix A.

The state of a quantum mechanical system is uniquely
characterized by its density operator p. An equivalent
complete description of a continuous-variable state is
given in terms of its s-ordered characteristic function,

(€)= Te [pD(Q)| exp (slICI?) . (3)

where ¢ = (a1,...,as a7, ...,a3)" while the displace-
ment operator is defined as

14
D(¢) = exp (fTZC) = exp (Z il — a;‘&i> . (9
i=1

Gaussian states are the set of states that have a Gaus-
sian characteristic function in the variable ¢ which we
write as (cf. chapter 4 of Serafini [3] and Appendix A
of Ref. [41]),

x(Q) =exp (-1¢1220Z¢ +¢12¢),  (5)

where we introduce the vector of means and the hermi-
tian covariance matrix as

C: é>:(&17"')@67@T7"')6¢Z)T7 (6)

5 = 4 iad] + e - 0] -6 =[] @

—
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The vacuum state |0), the unique state for which
a; |0) = 0, has () = 158 150 and ¢ = 0.
It is convenient to introduce the following block form

of the covariance matrix

s NT M
E(S): 12512[+( >’
where we use the (hermitian and positive-semidefinite)
phase-insensitive matrix IN and the (symmetric) phase-

sensitive matrix M with entries
Nij = (ala;) — (@) (a;) = Ny, (9)
M;j = (aia;) — (aq) (a;) = Mj;. (10)
The vacuum state has N = M = 0,.
By setting s = 1, we can obtain any normal-ordered

moment of the creation and annihilation operators by
taking derivatives [42, 3]

(@hHr ... (@ahralr...al)
aN"( 9\"
= - s= 11
I(5) (-50) xa© (1)
i=1 ¢=0
By setting s = —1, one obtains anti-normal-ordered ex-

pectation values and similarly, for s = 0, one obtains
symmetric-ordered expectation values.

3 Photon-number moments

To obtain any s-ordered moment of the creation and
annihilation operators for a Gaussian state we need to
evaluate

[1(5) () v

i=1 ¢=0
1 (50) ()
: Oa; oo}
i=1
exp (37240 2¢+812¢)| . (12

where we define A®) = X3 with block form

\ M~ N+ U538
A = T 27, (13)
N +Tlg M

X = (10[ };’) , (14)

and we used ¢X = ¢7 and ZX = —XZ. We shall
refer to A = AG=Y as the adjacency matrix of the
Gaussian state. The previous result is shown in more
detail in Ref. [43]. If in the last expression we swap

af for —af (which we are allowed to do as they are
dummy differentiation variables evaluated at zero), then
Z¢| . = ¢ and we obtain

i

I () () v

Y4

11 <ai)m (8‘39_‘)“ exp (écTA@)c + Efc) ]CZO .

i=1

af——a

- (15)
¢=0

Note that in going from Eq. (12) to Eq. (15) the minus
signs in the derivatives with respect to « disappear
together with the matrix Z. In Appendix A of Ref. [32],
it is shown that the last expression coincides with the
loop Hafnian allowing us to write

() (o) x©

=1

¢=0
— Thaf [fdiag (Aﬁf’e;t, Ej@t)} : (16)

where r &t = (rq, .. ,te)". Note that in Ap-
pendix A of Ref. [32] the argument of the loop hafnian
corresponds to the precision matrix of the Husimi Q-
function of a Gaussian state. Here instead, it is directly
proportional to the s—ordered covariance matrix.

In the equation above, the notation Ag is used to
define the matrix obtained by repeating the i*" column
and row of A a total of k; times. Similarly, the notation
Ck is used to represent the vector obtained by repeating
the i*? entry of ¢ a total of k; times. fdiag(A,¢) is the
matrix obtained by replacing the diagonal elements of
A by the entries of . Finally, lhaf A is the loop Hafnian
of matrix A. Note that for zero-mean Gaussian states,
that is if ¢ = 0, one can replace the right-hand side of
Eq. (16) by hat AS),.

The Hafnian (haf) of a symmetric matrix is a quan-
tity that appears in graph theory. If we let Q be an
arbitrary symmetric (0, 1)-matrix representing the ad-
jacency matrix of a given graph, then the Hafnian of
Q@ gives the number of perfect matchings of that graph
[26]. The Hafnian of an arbitrary m x m symmetric
matrix @ is given by [44]

> IT @u. (17)

B € PMP(m) (i,j) € B

.,T[,tl,...

haf Q =

where PMP(m) stands for the set of perfect match-
ing permutations of m (even) objects [45]. Note that
the expression above is equivalent to Isserlis’ [46] or
Wick’s [47] theorem when the matrix in the argument
of the hafnian is positive semi-definite and corresponds
to the covariance matrix of a zero-mean multinormal
distribution.
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For m = 2,4 one finds

PMP(2) = {(1,2)}, (18)
PMP(4) = {(1,3)(2,4), (1,2)(3,4), (1,4)(2,3)}, (19)

which correspond to the perfect matchings with edges
coloured in red and green in Fig. 1 and Fig. 2 respec-
tively. The set PMP(6) is shown graphically in the
graphs with vertices in red and green in Fig. 3. Note
that the number of elements in PMP(2¢) is given by
[PMP(20)| = (20— =1x3x5x---x20—1.

The loop Hafnian (lhaf) is built similarly with one
notable exception; it allows for repetition of indices. For
an m X m symmetric matrix Q, we have [44]

> I @u. (20)

B €SPM(m) (i,5) € B

lhaf Q =

where, to account for the possibility of loops, the set
of perfect matching permutations PMP is generalized
to include single-pair matchings that we note SPM. For
m = 2,4 one finds

SPM(2) :{(172)7 (1)(2)}7 (21)

SPM(4) ={(1,3)(2,4),(1,2)(3,4),(1,4)(2,3), (22)
(1,2)(3)(4), (1)(2)(3,4), (1,4)(2)(3),
(1)(2,3)(4), (1)(2,4)(3), (1,2)(3)(4),
M@)B3)(4)},

which correspond to the perfect matchings in Fig. 1 and
Fig. 2 respectively. The set SPM(6) is shown graphi-
cally in Fig. 3. The number of elements in SPM(2/) is
given by |[SPM(2¢)| = T(2¢) where T(n) is the n*!* Tele-
phone number [44]. Note that for large number of ver-
tices there are superpolynomially many more single-pair
matchings than perfect matchings since T'(n)/(n—1)!! ~
sexp (yvn— %) as n — oo [44]. Also the loop Hafnian
and the Hafnian of matrix @ coincides in the case where
Q has zeros along its diagonal.

While the characteristic function of a Gaussian state
has been reported in the literature [39], to the best of
our knowledge, no explicit connection has been made
between moments of the creation and annihilation op-
erators and the loop Hafnian. This connection is use-
ful since it allows us to use recently developed fast
algorithms to calculate loop Hafnians. Indeed, using
the results from Bulmer et al. [48], the loop Hafnian
in Eq. (16) can be calculated in time that scales as

@) <03 \/Hle(” +1)(t; + 1)> where c¢ is the number of

non-zero entries in r@t. In particular if for all £ modes,
r; = t; = 1, then the time complexity will scale as ¢£32°.

Given the previous results, we can develop an explicit
equation linking the photon-number moments to the

<’
° S

Figure 1: Perfect matchings for a graph with two vertices
allowing for loops. These perfect matchings correspond to the
first order photon-number moment, (f1).

TTo—oyo—oQQ

o O o0—0 o o & & o0—0

Figure 2: Perfect matchings for a graph with four vertices
allowing for loops. These perfect matchings correspond to the
second order photon-number moment, (7172).

loop Hafnian. The explicit expression giving normal-
ordered expansion of the powers of the photon-number
operator [49] is

-5050 e

k=1

is a Stirling number of the second kind.
With this expression, we can write the first main
result of our work giving expectation values of prod-

ucts of power of number operator as follows (recall that
A= AL=Y)

<ﬁ’11~ Syt = (25)
Z Z{ } { }lhaf[fdlag(Aj@j,C;®j)].

For zero-mean Gaussian states, the formula above re-
duces to

(A .. 7yt Z Z{ }{ }hafAJ@J

Jji=1 Jje=1
(26)

Note that in general the problem of computing the Haf-
nian (and loop Hafnian) even for generic (0,1)-matrices
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Figure 3: Perfect matchings for a graph with six vertices allowing for loops. These perfect matchings correspond to the third
order photon-number moment, (R17273).
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has been shown to be #P—complete [45], however the
matrices appearing inside the moment expression are
not arbitrary since they are linked to covariance matri-
ces satisfying the uncertainty relation (cf. Appendix A).
However, as we show below, at least for a subset of
the Gaussian states the calculation of their moments is
#P— hard. To this end, note that in the case where

(=M =0,r; =1 for all i and thus A = (]S,ZT&’) we
obtain the photon-number moments of thermal states

in terms of Permanents
(fy ... ﬁg>|M:C:0 =per N (27)
0, A ‘
where per A = haf (AT 04) = > ges, Lliz1 Aio(iy for
A a square matrix of dimension ¢ and Sy the symmetric
group. This observation allows us to state that the cal-
culation of photon-number moments of Gaussian states,
at least when there are no repeated photon-number
operators and thus » = (1,...,1), is #P-hard since,
as shown by Grier and Schaeffer [50], Permanents of
positive-semidefinite matrices are # P-hard to compute.
We conclude this section by writing the moment gen-
erating function for the photon-number statistics of
Gaussian states. This is defined as

M(t) = (&) =Tk [p(S.¢)e™]
—Z(- T [p(Z,Or(-8)],  (28)

where we have written p(3, ¢) to emphasize the specific
Gaussian state in consideration, the vector t € Rf and

AT = (fy,...,7y) and we introduced the normalized
Gibbs state
e B 5 d 1
= Z(8) = Tr (e~ ™P) = - -
T(ﬂ) Z(,B) ) (/3) r (6 ) };[1 1 —eBi

(29)

The trace in Eq. (28) can now be evaluated using phase-

space methods by writing the Gaussian @) -function of

the state p(3,¢) and the Gaussian P-function of the

state 7(8) to obtain

exp (3¢7 Gl - GZ] ')
det (1 — GX)

G = [@i (" = D] @ [@i (" =], (31)

M(t) = , where  (30)

As a sanity check, it is easy to confirm that in the
case where X = 0oy, which corresponds to a product of
coherent states in each mode, the moment-generating
function reduces to a product of moment generating
functions for Poisson distributions with means \; =
|oui]?

¢
M(t)|s—0 = HeXP (Ni(e" = 1)). (32)
i=1

* Hafnian - TheWalrus
Auto. Diff. - PyTorch
1004 % Hafnian - TheWalrus (no disp.) hd
® Auto. Diff. - PyTorch (no disp.)
[ )
8 101 4 °
c
o
O
8 o
g
= 1072 °
[ ] *
o *
1073 4 * ¥
°
% x *
*
2 3 4 5 6 7 8 9

£ (Number of modes)

Figure 4: We benchmarked the time required to calculate
photon-number moment of ¢ modes by either using the
Hafnian algorithms of thewalrus [52] or using automatic
differentiation on the generating functions using pytorch [53]
using the methods from Fitzke et al. [51]. The code used to
perform the simulation together with hardware and software
details is publicly available at [54]. We display results for both
states with and without displacements. Note that this has a
significant effect on the automatic differentiation timings, but
leaves largely unchanged the corresponding timings for
Hafnian methods.

With Eq. (30) at hand one can obtain moments by tak-
ing derivatives with respect to ¢

(R Ay = ﬁ (£> M(t)

As suggested in Ref. [51] one can use automatic differ-
entiation techniques to obtain moments. We compare
their methods with ours and find that it is significantly
faster to use the algorithms in Refs. [48, 44] to calculate
Hafnians to obtain moments. Indeed, as seen in Fig. 4,
the Hafnian methods are significantly faster, even for
small numbers of modes, and moreover have a better
scaling as the problem size is increased.

(33)

t=0

4  Graph representation of photon-

number moments

Up to this point we have not explicitly used the block
structure of the adjacency matrices needed to obtain
moments. Note that these matrices are obtained from
quantum covariance matrices that need to satisfy the
uncertainty relation (cf. Appendix A). Indeed, these
matrices cannot be completely arbitrary since their Haf-
nians need to be non-negative as they correspond to
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loop Hafnian

Hafnian I N
loop Montrealer [N N
Montrealer I

Table 1: Color coding used for the graph representation of
loop Hafnians, Hafnians, loop Montrealers and Montrealers.

moments of a distribution with support over the non-
negative integers. In order to facilitate the visualisa-
tion of the photon-number moments of Eq. (25), we in-
troduce the graph representation illustrated on Fig. 5
Without loss of generality, we will from now on work
with A and ¢ instead of Ajg; and {jg;. Equivalently,
we assume that 7, = 1V4 € {1,...,¢}. The general
case for which r allows for null values can be reduced
to this simpler case by removing from the adjacency
matrix the rows and columns for which r; = 0. The
cases for which r; > 1 can still be handled by taking
higher-order derivatives in Eq. (33) but are no longer
homogeneous polynomials in the entries of M and IN
making a graph theoretic interpretation more compli-
cated.

The graph representing the Gaussian state is made of
two rows of ¢ vertices numbered from 1 to 2¢. The top
row contains the vertices {1,2,..., ¢}, while the bottom
row contains the vertices {{+1,(+2,...,2¢}. Every ver-
tex represents a matrix index while edges represent el-
ements of fdiag (A, ¢ *) For example, an edge between
vertices 1 and 7 refers to matrix element A;7, while a
loop on vertex 5 refers to the fifth element of the conju-
gated vector of means ¢*. Given the block form of the
adjacency matrix in Eq. (13), every edge on this graph
can be directly expressed in terms of phase-sensitive and
phase-insensitive matrix elements. An edge connecting
two vertices in the bottom row is associated with an
element of the phase-sensitive matrix M while an edge
connecting vertices on the top row is associated with
M*. The edges connecting vertices in opposite rows
crossing from left to right are associated with the phase-
insensitive matrix IN while the edges crossing right to
left are linked to elements of N*. Finally, note that
loops in the bottom (top) row correspond to (conju-
gated) displacements & (a*).

5 Photon-number cumulants

A probability distribution is entirely specified by its cu-
mulants which are the genuine correlations between sub-
sets of random variables [35, 55]. The first three cumu-
lants correspond with the first three central moments,
but this is not true for fourth order and beyond. We

@—@ C5%>

A17 Ay g

©)
As 9 qod)

)

gt 3

Ny 4
° A
s

Figure 5: Graph representation of lhaf [fdiag (A7 f*)]
perfect matchings for £ = 5. The graph is made of two rows
of ¢ vertices. Every vertex represents a row or a column from
fdiag (A, é*) while the edges represent its elements. The
perfect matchings of the loop Hafnian associated with a
graph is obtained from the product of the matrix elements
associated with the edges.

write the photon-number cumulants as

((Agy oo, )) =
> (rl==n" T <Hn> (34)
w € P(v) Ber \iep
where 7 is a collection of mode labels.
We use P(y) to denote the partitions of a
set 4.  For example, P([3]) = P({1,2,3}) =
{{1,2,3},{1]2,3}, {1,203}, {1,3[2}, {1]2[3}},  where

[4] is a shorthand notation for the set of integers from
1 to £. In the equation above, 7 is a partition of
while |7| is the number of parts in the partition. The
number of partitions of [¢] is given by the ¢—th Bell
number [56]. The photon-number moments appearing
in the previous equation are calculated using Eq. (25).

For cumulants where each mode appears only once,
one equivalently writes a recursion [21],

(.. fg)) = (... Ag) — Z H<<Hﬁj>>
TeP/([£]) Bem jEB
(35)
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Here, P'([¢]) is the set of partitions of [¢] excluding the
universal partition {1,2,...,¢}. Thus we see that cu-
mulants are moments from which we remove some lower
order terms.

Below we evaluate the first four cumulants (the last
one only for zero-displacement) for Gaussian states,

(1)) = Nux +|aa %,
((P1ng)) =

|Mia|? + |Ni2|* + (@180 M7y + G1@3 Nig + c.c.),
((Pnnzha)) = (36¢)
MisMiaNas + Mys MigNig + MysMi3Ni2 + NisNiaNog

+ a1a2 Mi3Nog + anaa M3z Nig + anaz M5 Nog

+ aras M3 N1o + anas M5 Mag + a1 a5 Njg N1

+ aras My Mos + an a5 N1aNog + aoais M5 N1

+ agag M{sNTy + aoa My Mg + aadN{yNag

+c.c.
((afofizfia))|e_o = (36d)
M3 M3y Myo M3y + Myy Moz Myz Moy + Myy Mgz Mo My
+ Mi3N3 Mo Noy + MiyNy3Mi3Noy + Miy M2 Noz N3y
+ Mys N3y My N1y + M3 Nyy M1y N1z + M3 Nyy Mo N1y
+ My N3y Mi4Nig + M3y Ni3MazNig + My Nas M3 N1y
+ Mgy Nyz M4 N1z + M3y MioN13 N3y + M3y My3N12 N3y
+ M3y NiyMos N1y + M3y Niy Moy Ni3 + M3y Mi2N13Noy
+ M3y M1aN14Nog + M3y Mi3N12 Nog + M3y M14N12No3
+ Ny3N33 N1aNag + NiyNogNi3Nog + NiyN12Naz N3y
+ c.c.

(36a)
(36b)

More generally, using the recursion Eq. (35), it is readily
seen that the cumulants are given by restricted subsets
of perfect matchings. Consider first the case of ¢ = 2
modes. Eq. (35) states that one should first calculate
the loop Hafnian of a 2¢ x 2¢ matrix (2¢ = 4) which
in this case has |SPM(2¢ = 4)| = 10 terms. Then one
must subtract the product of the terms corresponding
to single-mode cumulants. The four single-pair match-
ings that are removed are coloured in red and purple in
Fig. 2 while the six single-pair matchings that survive
and thus give the sought-after cumulant are coloured
in green and blue and correspond with the six terms in
Eq. (36b). Note moreover that if we restrict to Gaussian
states with zero displacement then the blue graphs also
drop out leaving only the green perfect matchings. This
process can be repeated inductively to obtain the subset
of single-pair matchings that describe a cumulant of a
given order. For 3 modes, we use the same colour con-
vention as described in the previous paragraph to sep-
arate the single-pair matching that are present in the
third order cumulant in green and blue and the ones
that drop out coloured in red and purple; the corre-

sponding perfect matchings and monomials are shown
in Fig. 3 and Eq. (36¢). Finally, we show the loop-less
perfect matchings contributing to the fourth order cu-
mulant appearing in Fig. 8 and Eq. (36d). The colour
scheme used for the different perfect matchings is fur-
ther shown in Table 1. This graph representation of
cumulants highlights the adequacy of the connected cor-
relation functions terminology.

5.1 The Montrealer and Loop Montrealer

It is desirable to have a deeper understanding of the
properties of the perfect matchings that make it into
the cumulants. To this end we introduce some graph-
theoretic notation [44]. Photon-number cumulants can
be built using alternating walks. A walk is defined as
a sequence of vertices w = {wg, w1, ..., w,} where no
elements are allowed to be repeated except for the first
wp and the last w,. A walk w = {wg,w1,...,w,} is
said to be Y-alternating if and only if, Vi < n,

e jiseven: (w;,wit1)¢Y,
e iisodd: (w;,wi11) €Y,
and moreover

e If the walk has no loops then w has to be closed
(wo = wy) -

e If the walk has loops then there are only two of
them and they lie at the endpoints of the walk
(wo = w1 and wy—1 = wy,).

Since in our graph representation vertices ¢ and i + ¢
represent the same mode, we will be interested in the
Y-alternating walks over the perfect matching

Y ={(1,6+1),(2,6+2),...,(6,20)},  (37)

represented graphically in Fig. 6(A). The Y-alternating
walks for the Y defined above will be of length n = 2/
if there are no loops and of length n +1 =241 if a
pair of loops is present.

Note that every perfect matching contributing to
a cumulant will make, when joined with Y, a Y-
alternating walk, and reciprocally, that any perfect
matching not contributing to the cumulant will be un-
able to make a Y —alternating walk as illustrated graph-
ically in Fig. 6. Indeed, if the union of an element
from X € PMP and Y does not make a Y-alternating
then it must be that the term corresponding to X in a
photon-number moment can be obtained as the product
of two lower-order cumulants; however, the definition
in Eq. (35) removes these product terms from a given
photon-number moment to form a photon-number cu-
mulant. Examples of such excluded graphs are given in
Fig. 7.
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For a given graph with 2/¢ vertices we define the set

RPMP(2¢) (restricted perfect matching permutations) g g g ¢ ° 1 g
as the set of perfect matchings without loops that when
interleaved with Y give a Y-alternating walk. Simi- Y -

larly, we define the set RSPM(2¢) (restricted single pair
matchings) as the set of perfect matchings including
loops that when interleaved with Y give a Y-alternating
walk. These two sets capture the perfect matchings that
contribute to the photon-number cumulants of a Gaus-
sian state. We then introduce the Montrealer and the
loop Montrealer of a 2¢ x 2¢ matrix A as

mtl A = Z H Aij, (38)

B € RPMP(2¢) (i,j) €B

mtl A= 1T 4. (39)

B € RSPM(2¢) (i,5) € B

For zero-displacement Gaussian states, the Montrealer
(mtl) of the adjacency matrix A coincides with the
{—th order photon-number cumulant in Eq. (35); corre-
spondingly the loop Montrealer of fdiag(A, ¢*) gives the
photon-number cumulants of the Gaussian state with fi-
nite displacement ¢ and adjacency matrix A.

The set RPMP can be constructed as follows: we
first need a fiducial element from which all others will o o (~]
be derived by appropriate transformation. A convenient (+1 £+2 £+3 20—-1 20
fiducial element for arbitrary £ is given by

Xpa = {(1,6+2),(2,043),...,(—1,20), (¢, 0+ 1)}.

(40) Figure 6: Graphical representation of the perfect matching Y

defining the alternating walks, the fiducial restricted perfects

matching Xsq and their union.
Note that if we take the edges in Xgq together with the § i

edges in Y we obtain a Y-alternating walk of length

precisely 2/. o a oo
We now note that the set of permutations that leave y y °>(
o O O o

invariant the set perfect matching defining the alternat- O\O_O/o
ing walk, Y in Eq. (37) are of two types

1. Products of transpositions that permute vertices 4
and i 4+ ¢ for 1 < ¢ < £. There are 2¢ of these

o ; ; ;
products. ><$< y
. . .. o o é o\oo/o
2. Any permutation of £ objects that jointly permutes

the sets {1,2,...,¢} and {¢{+1,¢+2,...,2¢}. There C ((Arhgng)) x ((fig)) C ((Arfg)) x ({(Nafiz))
are a total of £! permutations of ¢ objects.

Thus by applying the transformations described in the Figure 7: Examples of graphs appearing in a fourth order

list above on Xgq, one should be able to obtain all the moment that are not Y-alternating walks. Such disjoint
elements in RPMP(2¢). However, if we apply all the graphs can always be attributed to lower order cumulants not
2091 — (20)!! permutation on Xgq we will generate each contributing to the fourth order cumulant as shown by
element of RPMP(2¢) a total of 2¢ times. Eq. (35).

It is desirable to restrict the permutations so that
each element is generated only once, thus we use the
following set of permutation on Xgq to generate the set 1. Products of transpositions that permute vertices ¢
RPMP(2¢) and i + ¢ for 2 < i < £. There are 2¢=1 of these
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products.

2. Any permutation of £ objects that jointly permutes
the sets {2,...,¢} and {¢+2,...,2¢}. There are a
total of (£ — 1)! permutations of £ — 1 objects.

Note that the above construction gives |RPMP(2¢)| =
(2¢ —2)N.

To obtain the perfect matchings RSPM of the loop
Montrealer we use the same algorithm as the one we
previously defined for the RPMP but with an additional
step. All the perfect matchings of the Montrealer are
also included in the loop Montrealer, but we now add
new perfect matchings built by taking each element for
RPMP and breaking a single edge from all of them,
turning it into two individual loops. We end up break-
ing all edges from the previous graphs but always only
one at the time. Hence, the additional graphs of the
loop Montrealer containing single-pair perfect match-
ings will always contain precisely two loops. Since all
graphs of the Montrealer have exactly ¢ edges we find
that |[RSPM(20)| = (¢4 1)(2¢ — 2)!! .

5.2 Properties of the photon-number cumulants
and the Montrealer

The photon-number cumulants satisfy a number of in-
teresting identities, which also translate into identities
for the Montrealer. If we let A = @f_, \; be a complex
diagonal matrix, and A = AT € C2¢*2¢ be an arbitrary
complex symmetric matrix then

l
mtl[(A®A*) A(A @ A*)] = <H|A,»|2> mtl A. (41)

i=1

Note that the phases of the A; do not affect the value of
the final result, which is only affected by the product of
the magnitudes. This first observation about the phases
physically corresponds to the fact that applying local
rotations to the modes right before measurement, i.e.,
letting

&j — &jewf, (42)
does not modify the photon-number statistics. The sec-
ond observation is simply related to the fact that a prod-
uct of photon-number operators of different modes,

calajas...an)y,  (43)

is trivially normal ordered and thus under loss chan-
nels with energy transmission 7; = |\;|? will transform
precisely as in the last equation.

Note that since the Montrealer is constructed around
the idea of invariance with respect to the action of

the same permutation on vertices (1,...
1,...,2¢) then it must hold that

,0) and (¢ +

mtl (P& P) A (P" & P") =mtl A, (44)

where P is a permutation matrix. Physically, this equa-
tion comes from the fact that a cumulant is invariant
under a permutation of the random variables given as
its argument. This permutation invariance property is
also shared by other matrix functions such as the Deter-
minant, the Permanent, the Hafnian and the Pfaffian.

Since the Montrealer describes the genuine correla-
tions of a set of modes, it must hold that if the four
£ x £ blocks of A have direct sum structure, then the
Montrealer of the associated adjacency matrix must be
Zero

M, 0 | N, 0
0 M| 0 Ny |

mtl NT 0 (M 0 =0, (45)
0 Nf| 0o My

where M4, M3, N7 have dimensions kx k and My, My,
N> have dimensions ¢/ — k x ¢ —k and M; = MZT Phys-
ically, this comes from the fact that if the input matrix
has the block-diagonal form shown above, then clearly
there are no global correlations between all modes, but
only between the first £ modes and separately between
the last £ — k modes. This property of the Montrealer
is not shared by the Permanent, the Determinant, the
Hafnian or the Pfaffian which distribute as a product
when acted over a direct sum.

Finally, note that if we write the argument of the
Montrealer in block form

mtl( ]\N/I ]\]\4, ) (46)

then the final value is independent of the diagonal ele-
ments of M and NN if the number of modes is greater
than 1. Note that in general, the diagonal elements of
the argument do not contribute, thus we need not worry
about diagonal values of the M. As for the diagonal el-
ements of IN they appear in perfect matchings that do
not make an Y-alternating walk and thus cannot con-
tribute to a cumulant.

In the context of Gaussian states this will imply that
if N = @f_;n; then the photon-number cumulant of
the Gaussian state will be given by

N N _ M~ ‘ @leni
(g ... 7)) =mtl ( S| ) (47a)

M*| 0
=mtl ( 0 AT ) ,
and thus will be independent of the mean-photon num-
bers n; = N;; (for £ > 2). Moreover, note that in this

(47b)
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Figure 8: Perfect matchings contributing to the fourth order cumulant ({(f.17127:374)) of a zero-displacement Gaussian state.

case if £ is odd then the photon-number cumulants will
be zero. This is because the weight associated to the
perfect matchings linking the bottom and lower halves
of the graph is zero, and for an odd number of columns
one can not build a Y-alternating walk using only the
perfect matchings corresponding to M which are the
perfect matching that do not cross between the two
halves of the graph. For even ¢ the photon-number cu-
mulants will in general be nonzero as one can perfect
match both the top and lower half of the graph sepa-
rately.

nian cycles on a graph. Given a graph G = (V, E) where
V is a set of vertices and E a set of edges connecting
vertices, we define a Hamiltonian cycle (or circuit) as a
path that visits each vertex of the graph only once using
the edges of the graph and in which the first and last
vertex of the path coincide. Given a graph, counting the
number of Hamiltonian cycles it has is a #P—complete
problem as shown by Valiant [57].

Just like counting perfect matching on a (bipartite)
graph can be associated with the (Permanent) Hafnian
of its adjacency matrix, one can introduce a matrix
function that calculates the number of Hamiltonian cy-
cles given the adjacency matrix of the graph. Thus the
Hamiltonian cycle polynomial (ham) [58] is defined as

4
ham B = Z HBi,o(i)7

oc€H, i=1

5.3 Complexity theory: Connection with Hamil-
tonian walks

In this section we establish a connection between the
photon-number cumulants of Gaussian states, the Mon-
trealer matrix function and a well-known problem in
complexity theory: counting the number of Hamilto-

(48)

where B is the adjacency matrix of the graph,
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H, (|H,] = (n — 1)!) is the set of permutations of n
objects having exactly one cycle (equivalently they are
all the n-cycle permutations). Note that at this point
B need not be a (0,1)-matrix and can in general be
defined over the complex numbers.

With these definitions, we can now show that

mtl( g" (i ) = ham B. (49)
To prove this identity, first recall that the diagonal
blocks of the matrices entering the Montrealer repre-
sent edges linking vertices within the same upper or
lower half of the graph (cf. Fig. 5). In the equation
above these types of edges have zero weights and thus
we are allowing for alternating walks over Y that nec-
essarily also alternate between the upper and lower half
of the graph. Thus we can without loss of generality
merge the upper and lower half, literally merging ver-
tices ¢ and 7 + ¢ of the graph and thus it holds that an
alternating walk over Y must be also a cycle over the
graph (1 <> ¢+ 1,2 <> £+ 2,...,¢ <> 2{). This pro-
cess is represented graphically in Fig. 9. Eq. (49) im-
plies that in general calculating photon-number cumu-
lants of Gaussian states is a #P—hard problem. This
is the case because given an arbitrary (0,1) adjancency
matrix of an undirected graph B = BT we can con-
struct a thermal state with N = NT = \1,, + B and
M = 0 and X chosen so that IN is positive semidefi-
nite. This Gaussian state will have cumulants given by

mtl ( J?I”T év ) = ham IN and thus calculating photon-
number cumulants is as hard as counting Hamiltonian

cycles of undirected graphs.

While both the photon-number distribution of Gaus-
sian states and the multinormal distribution are similar
in that their moments are given by loop Hafnians, they
sharply differ in that the cumulants of the former are
# P-hard to compute while the latter are trivial, as they
are all zero beyond second order.

5.4 Photon-number cumulants of Gaussian

states in exponential time

In this section we derive an exponential-time algo-
rithm to calculate photon-number cumulants of Gaus-
sian states. A naive evaluation of the cumulants can be
obtained by using Eq. (34) giving cumulants in terms
of moments. For f-order cumulants involving as many
modes (and assuming for simplicity zero displacements)
this will require to evaluate the partitions of precisely
¢ numbers, which are given by the /—th Bell number,
By, which asymptotically scales as (cf. page 108 of

De Bruijn [59])

lloglogt

log ¢

Lt (1og10gg)2 o (zloglog£> ]
logl¢ 2 log ¢ (log £)2

which grows exponentially in . Moreover, this requires
the evaluation of Hafnians of size as large as 2¢, making
this method highly impractical.

A second alternative is to use the definition of the
Montrealer, which again for ¢ modes will require (2¢ —
2)!! sums. However, one can do better by writing down

the cumulant-generating function (recall Eq. (30) and
Eq. (33))

K(t) = log M(t) (51a)

= 1{'G[12 — GZ]7'{ — Llogdet (15 — BG)
(51b)

By ~ exp [E log ¢ — Lloglogl — ¢ + (50)

(51d)

where we have used the Taylor series of (1 —x)~! and

the Mercator identity linking Determinants and power-
traces, and recalled that XX = A.

With this equation we can write the Montrealer of
any adjacency matrix A as

mtl A = H <£i> K(t) (52a)

1 5\ & tr [(GXAV}
1 1;[1 ((%) ; : 3 (52b)
_ 2161‘[1 <£i> o [(GxA)] 3 (52¢)

Lo tr[(TXA)
_ 1;[1 (m) [ - } R (52d)
where

T = [®i_ ] @ [@i_1t:] . (53)

To arrive at Eq. (52c¢) we noted that in the sum of
Eq. (52b) only the term with power i = ¢ will con-
tribute. To arrive to Eq. (52d) we noted that el —1=

Y E=t+0).

9
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Figure 9: Turning Y-alternating walks on a graph with 2¢ = 8 vertices into Hamiltonian cycles on a graph with ¢ = 4 vertices.

Having expressed the quantity of interest as a poly-
nomial of degree ¢ in the indeterminates 1, ¢z, ..., t; we
can employ the methods from Ref. [60, 61] to write

1

milA = o S (=0 [BE], (54)

i€P([4])

where [¢{] = 1,2,...,¢, P(A) is the powerset of A, i.e.,
the set of all subset of A (recall that if A has |A]| el-
ements then P(A) has 214 elements), X[é] is the ma-
trix obtained from 3 = X A by keeping the rows and
columns [iy, ... 0,71 + £,... 45 + £] where |i| is the
number of elements in ¢. Note that the number of sum-
mands in the equation above is precisely 2¢ and the
calculation of any of them requires at most O(¢3) oper-
ations, thus the formula above give an exponential-time
algorithm for calculating Montrealers and also for calcu-
lating Hamiltonian cycles. The speed of our algorithm
is comparable to the state of the art methods of Bjork-
lund et al. (Sec. 1.2 of Ref. [62]) for calculating the
number of Hamiltonian cycles. The methods described
here are implemented using fast just-in-time compiled
Python (via Numba [63]) as of version 0.21 of The Wal-
rus [52].

6 Distribution of cumulants for Gaus-
sian states prepared with Haar-random in-
terferometers

We now consider the statistics of cumulants up to the
fourth order when K identical single-mode Gaussian
states are injected in an /-mode interferometer as illus-
trated on Fig. 10. For the remainder of this article, we
will only consider zero displacement inputs although,
recent GBS experiments on displaced squeezed states
have been reported [23].

The input £ x £ phase-sensitive and phase-insensitive

—

Figure 10: Gaussian boson sampling scheme. K identical
single-mode zero displacement Gaussian states are sent
through an ¢-mode interferometer represented by the unitary
U leaving the remaining £ — K modes to the vacuum. The
output state of the interferometer is sampled using
photon-number resolving detectors.

matrices, M, and Nj, are

Ni =n (1K &) 0[7}() 5 Min =m (1K &) 027[() ) (55)

where n = (a'a) and m = (a2) are the expected photon-
number and eccentricity of the input modes.

Single-mode gaussian states can be uniquely specified
by their mean photon-number and eccentricity. The re-
lation between these two quantities for all states consid-
ered in this section is illustrated in Table 2. Note that
squashed states are classical states for they have non-
negative Glauber-Sudarshan P function [34, 40, 64, 65,
66, 67]. Those classical states exhibit behaviors similar
to their close relatives, the squeezed states, which are
quantum states, making squashed states a candidate of
choice to spoof GBS.

The transformation law of the phase-insensitive and
the phase-sensitive matrices under an interferometer
represented by a unitary matrix U reads

Now = U'N, U, M, =UM,UT. (56)
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Figure 11: Monte Carlo simulation of the expected cumulant (straight line) and a single standard deviation (shading) over a
million unitary matrices U sampled uniformly at random from the Haar measure for different cumulant orders and different states
of light for 100-mode boson samplers using identical single-mode zero displacement states. The mean photon-number in each
input state is n = 1 for all studied states. For the lossy squeezed state case we consider an input mean photon number in each
mode 7, = 2, followed by an energy transmission of n = 1/2 to give a net mean photon number 1 = nni, = 1.

State m (Eccentricity) Classical
Squeezed V(i + 1) X
Lossy squeezed vi(n+mn) X
Squashed n v
Thermal 0 v

Table 2: Relation between mean photon-number n and
eccentricity m of selected Gaussian states, n being the
transmission rate of the lossy squeezed state. A state is
deemed non-classical if m > n as it has a negative P
function. Note that when  — 1 a lossy squeezed state
becomes a squeezed state.

Interferometers are represented by unitary matrices,
thus, it is possible to portray the statistical signature
of GBS from many unitaries sampled uniformly at ran-
dom from the Haar measure which we refer to as Haar-
random interferometers. One can, in principle, find an-
alytic expressions of the moments of the cumulants over
the Haar measure for arbitrary orders by using Wein-
garten calculus but we will not do that here for these
expressions are unwieldy [39, 68, 69, 70]. We instead
resort to Monte Carlo simulations of the first four or-
ders. This can be done by feeding unitary matrices U
sampled at random from the Haar measure into the cu-

mulant expressions previously found. For each value of
K, a million such matrices were used to obtain the re-
sults in Fig. 11. The shading surrounding the expected
cumulant is the simulated standard deviation.

We first note the clear resemblance between squeezed
and squashed states, much more so than between
squeezed and thermal states. Indeed, as shown in
Fig. 10, both the expected value and the standard devi-
ation of the cumulants, for all considered orders, grow in
the same way for squeezed, lossy squeezed and squashed
states. The same cannot be said of thermal states,
which exhibit less variability than any other state in our
simulations. Their expected cumulants are also consid-
erably closer to zero for all values of K than any of the
three other states.

The third-order expected cumulants and their stan-
dard deviation are in agreement, for K = ¢, with our
analytical results which predict that odd-order cumu-
lants are precisely zero when all input modes are oc-
cupied giving a diagonal IN. For the fourth order cu-
mulants, the standard deviation over the Haar measure
is much larger than the expected cumulants. In order
to better capture the expected fourth-order cumulants,
we compare them directly in Fig. 12. As it is seen in
this figure, input-states that are phase sensitive behave
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Figure 12: Monte Carlo simulation for 10 million trials of the
fourth order cumulant expected value under the Haar
measure, Ey[((R1fiafizfa)))], for 0 < K < ¢ =100. For all
shown states, 7 = 1. It is assumed that there is no
displacement in the system.

similarly, essentially all being a scaled version of each
other. This of course is not the case for thermal states,
which are not phase-sensitive and thus the behavior of
their mean fourth order cumulant is flat relative to the
other states.

7 Conclusion

In this work, we developed a closed-form expression as
well as a graph representation for the moments and
cumulants of Gaussian states when measured in the
photon-number basis. We found that the moments can
be expressed in terms of loop Hafnians or simply in
terms of Hafnians for zero displacement Gaussian states.
Similarly, we introduced a new matrix function, the
Montrealer, to calculate photon-number cumulants of
Gaussian states. We show that the calculation of the
moments and cumulants expressions are #P-hard. We
also provide an exponential time algorithm to calculate
the cumulants, and point to recently developed algo-
rithm for Hafnians which allow for a calculation of mo-
ments with similar exponential time complexity.

Some interesting properties of the Montrealer were
then deduced. For instance, the Montrealer of any ad-
jacency matrix built from an odd-sized diagonal phase-
insensitive matrix is zero. Thus, except for the mean,
the odd-order cumulants for different modes, for zero-
displacement Gaussian states, are all identically zero.
Counterintuitively, this implies that a perfect GBS ma-
chine built with perfect squeezers in every input of a

lossless interferometer will have zero odd-order cumu-
lants, while a noisy machine (with potentially zero en-
tanglement) in which some of the input modes of inter-
ferometer are fed with vacuum will have finite non-zero
values for these quantities.

We then performed a statistical analysis, through
Monte Carlo simulations, comparing the cumulants up
to the fourth order for four different types of single-
mode Gaussian states fed into a subset of the inputs
of an interferometer. We showed, based on our ex-
pression for cumulants, that squashed states are signifi-
cantly better than thermal states at mimicking photon-
number cumulants of lossy and lossless squeezed states,
while thermal states perform poorly.

We believe the formulas we derived will be of use to
experimentalists aiming at providing partial evidence
for the correct functioning of a GBS machine, extending
what was already done for the experiment in Ref. [20].
Moreover, they give a nice duality relation between
probabilities of Gaussian states, given in terms of loop
Hafnians of the precision matrix, the inverse of the co-
variance matrix, and their moments, given in terms of
loop Hafnians of the covariance matrix.
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A Quadrature and ladder operators

The hermitian quadrature operators and annihilation

and creation operators are related as follows

s _ Gty 4D

a; = NS ; o7
RVGT GT (57)

where £ is a convenient scale parameter for the variances
of the vacuum state.

The quadrature operators can also be collected into
a single 2/-dimensional vector, that is,

R N JOA T
= (1, 4o, P1,---,P0)" - (58)
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which is related to the vector of creation and annihila-
tion operators as follows

2 1

= —Rv7, 59
<= (59)
where we introduced the unitary matrix
1 /1, i1,
R=— ; . 60
V2 <1e —W) (60)

We can write the commutation relations of the quadra-
ture operators succinctly as

(73, 7] = ih€%; with Q = <_0f£ gj) . (61)

The relation between the two representations’ covari-
ance matrices, V' and X, for the quadratures represen-
tation and the annihilation and creation representation
respectively, is

1
%) = ﬁRV@)RT. (62)

Note that the covariance matrices obey their respective
uncertainty relation (cf. Sec. 3.4. of Serafini [3])

2 4+ 174 51,5, >0, (63)

V) il 4 31, > 0. (64)

An immediate consequence of these inequalities is that

|My| < min {\/N“«a +Ny,), \/ij(l + Nu)} . (65)

and moreover if for some 4, Ny = 0 then M;; = 0 Vj.
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