
Titre:
Title:

Traveling salesman problem as a constrained shortest path 
problem: theory and computational experience

Auteurs:
Authors:

David J. Jr. Houck, Jean-Claude Picard, Maurice Queyranne, & 
Ramakrishna Rao Vemuganti 

Date: 1978

Type: Rapport / Report

Référence:
Citation:

Houck, D. J. J., Picard, J.-C., Queyranne, M., & Vemuganti, R. R. (1978). Traveling 
salesman problem as a constrained shortest path problem: theory and 
computational experience. (Rapport technique n° EP-R-78-28). 
https://publications.polymtl.ca/5977/

Document en libre accès dans PolyPublie
Open Access document in PolyPublie

URL de PolyPublie:
PolyPublie URL:

https://publications.polymtl.ca/5977/

Version: Version officielle de l'éditeur / Published version 

Conditions d’utilisation:
Terms of Use:

Tous droits réservés / All rights reserved 

Document publié chez l’éditeur officiel
Document issued by the official publisher

Institution: École Polytechnique de Montréal

Numéro de rapport:
Report number:

EP-R-78-28

URL officiel:
Official URL:

Mention légale:
Legal notice:

Ce fichier a été téléchargé à partir de PolyPublie, le dépôt institutionnel de Polytechnique Montréal
This file has been downloaded from PolyPublie, the institutional repository of Polytechnique Montréal

https://publications.polymtl.ca

https://publications.polymtl.ca/
https://publications.polymtl.ca/5977/
https://publications.polymtl.ca/5977/


' ÜH

Génie Industriel

Forrt=n -3.,1lei3 1tb gvy>•F•m>

-Ug -F+)g‘af( T+‘gT'+f vF^h‘g' +T + w^fT-F+afgs
TU^F-gT- v+-U vF^h‘g'{

-Ug^F] +fs w^'vq-+-a^f+‘ guvgFagfwg

dp
so’lj cb U^qwL 6=b q1l’3=:lnp t2 'o=pxo1j hoxnlCt=3

wti1npP hoxnlCt=3P 'jP qT+ 
c3o1•wxoij3 vaw+Fs g.tx3 vtxpn3.,1lei3 j3 't1n=3ox 
'oi=l.3 £qg]F+ffg g.tx3 vtxpn3.,1lei3 j3 't1n=Iox 
o1j
FbFb )g'q(+f-a q1l’3=:lnp t2 hoxnlCt=3 

hoxnlCt=3P 'jP qT+

Tgv-g'hgF A€y>

Ecole Polytechnique de Montréal

CA2PQ
UP4

Campus de l'Université 
de Montréal 
Case postale 6079 
Succursale 'A'
Montréal, Québec 
H3C 3A7

73R2£



i 0 SEPT 1978

B
i

-Ug -F+)g‘af( T+‘gT'+f vF^h‘g' +T + w^fT-F+afgs

TU^F-gT- v+-U vF^h‘g'{

-Ug^F] +fs w^'vq-+-a^f+‘ guvgFagfwg

dp
w
£ so’lj cb U^qwL 6=b q1l’3=:lnp t2 'o=pxo1j hoxnlCt=3

wti1npP hoxnlCt=3P 'jP qT+/

c3o1•wxoij3 vaw+Fs g.tx3 vtxpn3.,1lei3 j3 't1n=Iox
g.tx3 vtxpn3.,1lei3 j3 't1n=Iox'oi=l.3 £qg]F+ffg 

o1j
FbFb )g'q(+f-a q1l’3=:lnp t2 hoxnlCt=3P 

hoxnlCt=3P 'jP qT+b
B

0

B

Tgv-g'hgF A€y>

O



+hT-F+w-

-,3=3 o=3 Co1p =3xozonlt1: t2 n,3 n=o’3xl15 :ox3:Co1 r=tdx3CP Ct:n

1tnodxp n,3 o::l51C31n r=tdx3C o1j n,3 A•n=33 o1j A•o=dt=3:.31.3 =3xozo;

nlt1: t2 U3xj o1j Lo=rb a1 n,l: ror3= 73 r=3:31n o 137 =3xozonlt1P .oxx3j

o1 1•ron, 7,l., .o1 d3 l1.t=rt=on3j l1 n,3 5313=ox 2=oC37t=H t2 U3xj o1j

Lo=rK: ox5t=ln,Cb +1 1•ron, l: o ron, 2=tC o 5l’31 ’3=n3z nt ln:3x2 7,l.,A

+ :3n t2 ’3=n3z r31oxnl3: 7,l., :iC nt [3=t Cop.t1nol1: 3zo.nxp 1 o=.:b

.,o153 n,3 x315n, t2 1•ron,: 7,l., o=3 1tn nti=: din jt3: 1tn .,o153 n,3

x315n, t2 nti=:b an l: :,t71 n,on n,3 r=tdx3C t2 2l1jl15 trnlCox ’3=n3z

r31oxnl3: l: =3xon3j nt n,3 xl13o= r=t5=oCCl15 =3xozonlt1: t2 :tC3 xl13o=

l1n353= r=t5=oCCl15 2t=Cixonlt1: t2 n,3 n=o’3xl15 :ox3:Co1 r=tdx3Cb Wi=n,3=

ln l: :,t71 n,on n,3 1•ron, =3xozonlt1 i:l15 n,3 trnlCox ’3=n3z r31oxnl3:

i1l2t=Cxp r=t’lj3: o dti1j d3nn3= n,o1 n,3 o::l51C31n =3xozonlt1b wtCrino;

nlt1ox 3zr3=l31.3 do:3j t1 n7t d=o1., o1j dti1j ox5t=ln,C:P l1.t=rt=onl15

n,3 1•ron, =3xozonlt1 l: jl:.i::3jb

0
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af-F^sqw-a^f

-,3 xln3=oni=3 t1 n,3 n=o’3xl15 :ox3:Co1 r=tdx3C N-TvS l: =on,3= 3zn31;

:l’3 9mPYP4PyPA4PA8PAyPmAPmkPYkPY8%b hin o 5ttj ox5t=ln,C o: j32l13j dp

gjCt1j: 9>% ,o: 1tn p3n d331 2ti1jb -,3 =3:ixn: t2 =323=31.3 mm :n=t15xp

l1jl.on3 n,on :i., o1 ox5t=ln,C Cop 1tn 3zl:nb 't:n t2 n,3 3zo.n ox5t;

=ln,C: 9YP4PA8PAyPmkPYkPY8% nt jon3 o=3 t2 n,3 d=o1., o1j dti1j ’o=l3npb

-,3:3 ox5t=ln,C: o=3 do:3j t1 n,3 =3xozonlt1: t2 -Tv 2t= 7,l., 5ttj ox5t;

=ln,C: ,o’3 d331 2ti1jb -,3 =3xozonlt1: t2 -Tv :t 2o= ojj=3::3j l1 n,3

xln3=oni=3 o=3 o::l51C31n 94PYkPY8%P m•Con.,l15 94%P A•n=33 9A8PAy% o1j 

A•o=dt=3:.31.3 9A8PAy%b U3xj o1j Lo=r 9A8PAy% ,o’3 r=3:31n3j lCr=3::l’3

.tCrinonlt1ox 3zr3=l31.3 i:l15 n,3 A•n=33 =3xozonlt1 2t= n,3 :pCC3n=l.

TCln,P T=l1l’o:o1 o1j -,tCr:t1 9Y8% ,o’3 r=3:31n3j :ir3=lt= .tCri•-Tvb

=onlt1ox 3zr3=l31.3 i:l15 n,3 o::l51C31n =3xozonlt1 2t= n,3 o:pCC3n=l. -Tvb

-,3 322l.l31.p t2 o1p d=o1., o1j dti1j ox5t=ln,C 2t= n,3 -Tv j3r31j: 

irt1 n,3 dti1j: 5313=on3j dp n,3 =3xozonlt1: o1j n,3 nlC3 =3eil=3j nt .ox.i;

xon3 n,t:3 ,ti1j:b a1 :3.nlt1 m t2 n,l: ror3= 73 r=3:31n o 137 =3xozonlt1 t2

n,3 -Tv .oxx3j o1 1•ron,b )3=n3z r31oxnl3: 7,l., :iC nt [3=t Cop .,o153 n,3

x315n, t2 1•ron,: 7,l., o=3 1tn nti=: din n,3 x315n, t2 nti=: 7lxx 1tn d3

.,o153jb s3n3=Cl1l15 n,3 trnlCox ’3=n3z r31oxnl3: 7,l., 7lxx Cl1lCl[3 n,3

jl223=31.3 d3n7331 n,3 x315n, t2 o1 trnlCox nti= o1j n,3 trnlCox 1•ron, l:

:lClxo= nt j3n3=Cl1l15 n,3 trnlCox ’3=n3z r31oxnl3: i:l15 n,3 A•n=33 =3xozo•

-,3=32t=3 ti= 7t=H l: .xt:3xp =3xon3j nt n,on t2 U3xj o1j Lo=rbnlt1b a1

:3.nlt1 Y ln l: :,t71 n,on n,3 dti1j: 5313=on3j dp n,3 1•ron, =3xozonlt1 i:l15

I n,3 trnlCox ’3=n3z r31oxnl3: o=3 i1l2t=Cxp d3nn3= n,o1 n,3 dti1j: 5313=on3j

dp n,3 o::l51C31n =3xozonlt1b

T3.nlt1 4 jl:.i::3: :tC3 r=tr3=nl3: t2 trnlCox r31oxnl3: 7,lx3 T3.nlt1 k

:,t7: n,3 =3xonlt1 d3n7331 1•ron,: o1j o1 l1n353= r=t5=oCCl15 2t=Cixonlt1

t2 n,3 -Tv 5l’31 dp Uojx3p 9Ak%P T3.nlt1 8 lxxi:n=on3: ,t7 :id5=ojl31n
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trnlCl[onlt1 .o1 d3 i:3j nt 2l1j 5ttj ’3=n3z r31oxnl3: o1j l1 :3.nlt1 y n,l:>

n3.,1lei3 l: l1.t=rt=on3j l1nt n7t jl223=31n d=o1., o1j dti1j ox5t=ln,C:b

T3.nlt1 > j3’3xtr: o =32l13C31n nt n,3 1•ron, r=tdx3C lCr=t’l15 n,3 dti1j:
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mb f•v+-UT +fs Fg‘+-gs ‘afg+F af-g(gF vF^(F+''af( W^F'q‘+-a^fT ^W -Tv

wt1:lj3= o jl=3.n3j .tCrx3n3 5=or, ( 7ln, 1 ’3=nl.3: o1j jl:no1.3:

2=tC ’3=n3z ljl6 nt 6P Nj* " V 2t= l " xPmPbbbP1 o1j o1p 1t1•i

3zl:no1n o=.: .o1 d3 5l’31 l12l1ln3 x315n,bS + H•ron, d3n7331 ’3=nl.3:

6 N1tn 13.3::o=lxp jl:nl1.nS l: o :3ei31.3 t2 H o=.: 

. " DNlP*SP Nl*lr

lE lx

l o1j

o I r A k-path c is elementary if theR J M J

’3=nl.3: l*G*P 6 o=3 oxx jl:nl1.n 3z.3rn rt::ldxp l o1j 6b9 ?
aP

t2 o H•ron, . l: 5l’31 dp n,3 :iC t2 n,3 x315n,: t2 n,3-,3 x315n, j.

o=.: l1 .b an l: td’lti: n,on o1 1•ron, 2=tC ’3=n3z A nt ’3=n3z A l: o

nti= l2 o1j t1xp l2 ln l: 3x3C31no=pb +1 trnlCox :txinlt1 nt -Tv .o1 d3

.o1 d3 tdnol13j dp 2l1jl15 o1 3x3C31no=p 1•ron, t2 Cl1lCiC x315n, 2=tC

’3=n3z A nt ln:3x2b -,l: l: o jl22l.ixn r=tdx3Cb Ut73’3=P jp1oCl. r=t;

5=oCCl15 ­m€PYYPY4Y .o1 d3 i:3j nt 2l1j o1 1•ron, N1tn 13.3::o=lxp 3x3;

C31no=pS 2=tC ’3=n3z A nt ln:3x2 t2 Cl1lCiC x315n,b Tl1.3 73 o=3 l1n3=3:n3j

l1 nti=:P ln l: rt::ldx3 nt .t1:lj3= t1xp 1•ron,: 7,l., jt 1tn .t1nol1

’3=n3z A o: o1 l1n3=C3jlon3 ’3=n3zb a2 73 x3n 2NlPHS j31tn3 n,3 Cl1lCiC)

x315n, t2 o H•ron, 2=tC ’3=n3z A nt ’3=n3z l n,31 2NxP1S l: n,3 x315n,

t2 l1n3=3:nb -,3 2txxt7l15 =3.i=:l’3 =3xonlt1: j32l13 2NlPHSb

f(i,D = du for i = 2,3 ,. . . , n

i = 2,3,...,n 

2 3*- 9 -* 9 •
Ef ( j >k-l) + dji] k =f(i,k) = Min n-1j€|2. •• 9

• • • 9

[f( j,n-l) + d,, ]f(l,n) =and Min
jlj€|2 n!9***9

1•ron, .t==3:rt1jl15 nt 2NxP1S .o1 d3 2ti1j dp =3.t=jl15P 2t= 3o., 2NlPHSb-,3

t
• 4



t
2NxP1S o1j n,3 .t==3:•n,3 l1j3z 6 7,l., 7o: n,3 Cl1lCiCP 

rt1jl15 1•ron, .o1 d3 2ti1j l1 <N1•RS ojjlnlt1: o1j .tCro=l:t1:P 

l2 n,3 1•ron, l: o nti= ln :tx’3: -Tvb

an .o1 d3 :331 n,on

^d’lti:xp

+ ‘l13o= a1n353= v=t5=oCCl15 Wt=Cixonlt1 t2 -TvP

‘3n w d3 n,3 :3n t2 oxx 1•ron,: 2=tC ’3=n3z A nt ln:3x2 7,l., jt 1tn

. é wP x3n j.t1nol1 n,3 ’3=n3z A o: o1 l1n3=C3jlon3 ’3=n3zb Wt= 3o., .

d3 n,3 1iCd3= t2 nlC3: n,3d3 n,3 x315n, t2 n,3 1•ron, o1j x3n o b .=

an l: 3o:p nt ’3=l2p n,on1•ron, . ro::3: n,=ti5, ’3=n3z lb

1
E o NmbAS1 • A 2t= oxx . é w b.ll " m

-,3 2txxt7l15 l: o xl13o= l1n353= r=t5=oCCl15 2t=Cixonlt1 t2 n,3 -Tvb

dcxc(IP1) Minimize
c ÇC

£s. t. = 1 , i = 2,3,... ,na ci ccÇC

xc s 0 and integer.o1j

o=3 1t1135onl’3 l1n353=: :onl:2pl15 NmbASP o1 trnlCox

2t= :tC3 .M­w o1j z

Tl1.3 oxx o b 
.l

" <:txinlt1 nt avx Ci:n :onl:2p M.M"A

an 2txxt7: n,on n,3 1•ron, ck l: o1 trnlCox nti=b ‘3n

2t=.

.éNw•.MS boxx

‘vA d3 n,3 xl13o= r=t5=oCCl15 =3xozonlt1 t2 avx o1j x3n v d3 n,3 rtxp;

,3j=t1 j32l13j dp ln: .t1:n=ol1n:b -,31 73 .o1 r=t’3 n,3 2txxt7l15 l1n3=;

3:nl15 =3:ixn 7,l., l: 1tn l1.xij3j l1 n,3 =3:ixn: t2 vojd3=5 o1j Fot 9Y<à%b

-,3t=3C Ab -,3 jloC3n3= t2 v l: n7tb

v=tt2 { Tl1.3 avx ,o: o 23o:ldx3 :txinlt1P v l: 1t1•3Crnpb ‘3n h d3

o 23o:ldx3 do:l: t2 ‘vAb a2 h .t1nol1: n,3 .txiC1 ’3.nt= o::t.l•o M .M

h nt ‘vA pl3xj: n,3 trnlCox :txinlt1
*‘b

on3j 7ln, . n,31 n,3 do:l:

k



Tirrt:3 n,3 do:l: h jt3: 1tn .t1nol1 n,3 ’3.nt=nt avAb -,3 ’oxi3:Y.Mà

t2 n,3 do:l. ’o=lodx3: o::t.lon3j 7ln, n,3 do:l: h o=3 5l’31 dp

•A
" h A buh

ftnl15 n,on oxx 3x3C31n: t2 o M o=3 i1lnp 73 tdnol1.

•li h o M " hyc* " u h J.

Tl1.3 on x3o:n t13 3x3C31n t2 u5 l: rt:lnl’3P ln 2txxt7: n,on

hl I MhAR<è• A J'l1 è -,3=32t=3P 73 .o1 31n3= n,3 .txiC1 o M o1j =3Ct’3
yc*i .

R < 2=tCo1p .txiC1 = 7ln, hP i:l15 n,3 i:iox =ix3: t2 rl’tnl15b -,3uh=

137 do:l: o2n3= n,l: :l15x3 rl’tn l: n,3 trnlCox :txinlt1 nt avA o1j ,31.3

Ioj6o.31n nt oxx 3zn=3C3 rtl1n: t2 vb -,i: n,3 jloC3n3= t2 v l: n7t.b

an l: rt::ldx3 nt j3’3xtr o .txiC1 5313=onlt1 :.,3C3 N:33 =323=31.3 mYS

nt :tx’3 ‘vAb ‘3n h d3 o do:l: nt ‘vA Nn,3 l1lnlox do:l: Cop .t1:l:n t2

o=nl2l.lox ’o=lodx3:S o1j x3n =l " N --* P --* k J J J R --* S d3 n,3 .t==3:rt1jl15 jiox

’o=lodx3:b -,3 :,ojt7 r=l.3 t2 n,3 ’o=lodx3 z l:.

j " j • 1o.. .

l: n,3 .txiC1 ’3.nt= o::t.lon3j 7ln, z an .o1 d3 :331 n,on7,3=3 o . .
+a
j* l: n,3 x315n, t2 1•ron, . 7ln, r31oxnl3: 

Ti., o r31oxnp Cop d3 312t=.3j dp Ctjl2pl15 n,3 jl:no1.3 Con=lz dp

o::t.lon3j 7ln, ’3=n3z lbTT.
1

i

. Xrr - (l - X)tt.
1 J

satisfying 0 ^ X ^ 1. Thus we can find d = Min
= . é w

2t= 3o., lP6Q 7,3=3 u l: o 2lz3j ro=oC3n3=jl6 _• j
+

j* dp 2l1jl15 n,3 :,t=n3:n

+

1•ron, i:l15 n,3 Ctjl2l3j jl:no1.3:b a2 j * < n,31 n,3 .i==31n :txinlt1=

l: trnlCoxb ^n,3=7l:3 73 :3x3.n .txiC1 o

a2 n,3 .txiC1 o*G nt 31n3= n,3 do:l: .t==3:rt1j: nt o nti= n,31 

ln l: o1 trnlCox nti=b

nt 31n3= n,3 do:l:b

‘3CCo Ab

8



73 ,o’3v=tt2{ Wt= o1p 1•ron, . o1j ln: o::t.lon3j .txiC1

d = d -Tfa sd -TTacr cr r

d £ d . I
r c ™If c is also a tour, then TTa = rra and hence.=

-,3 trnlCox :txinlt1 nt ‘vA r=t’lj3: o xt73= dti1j t1 n,3 x315n, t2

-,l: l12t=Conlt1 .o1 d3 i:3j l1 j3’3xtrl15 o d=o1., o1jo1 trnlCox nti=b

dti1j ox5t=ln,C nt :tx’3 avAb Ut73’3= n,3 .txiC1 5313=onlt1 :.,3C3

l: l1 5313=ox ’3=p :xt7 l1 .t1’3=5l15 nt n,3 trnlCox :txinlt1 o1j n,3=32t=3

t1xp :Coxx :l[3 r=tdx3C: .o1 d3 :tx’3j i:l15 ‘vxb

0

A

y



Yb Fg‘+-a^f hg-Wggf ‘vA +fs -Ug +TTa(f'gf- Fg‘+u+-a^f

-,3 o::l51C31n =3xozonlt1 t2 -Tv l: {
1 1

Z! S j z lox 6"x ij
N+FS 'l1lCl[3

1
:bnb 72 z
6"x

" A l " APmPb b b P1l6

1
" A 6 — APmPbbbP1

o < 2t= oxx NlP6Sbzb b 
l6

Wln, n,3 ,3xr t2 n,3 2txxt7l15 =3:ixn: ln 7lxx d3 :,t71 n,on ‘vA

always provides better bounds than AR. Consider any solution to LPl. Let

l= jcec|xc>o|.‘ d3 n,3 :3n t2 oxx 1•ron,: l1 n,on :txinlt1P lb3 J 9

‘3n rNlP6SP n,3 73l5,n: o::l513j nt n,3 o=. NlP6SP d3 5l’31 dp

rNlP6S " Z z.1.NlP6S NYbAS
.é‘

7,3=3 1.NlP6S l: n,3 1iCd3= t2 nlC3: n,3 

o=. NlP6Sb Wt= o1p 1•ron, . 73 ,o’3 2t= 3o., ’3=n3z l

1•ron, . ro::3: n,=ti5, n,3

1 1
Z 1.NlP6S " g 1.N6PlS " o.b
6 " x 6"x

=n - Si It 3.,1lei=o1j NYbmSl6

1 1
ZrNlP6S" Z u Z 1 NlP6S 

.Ç‘ . 6"x .
ft7

6 " x

" Z u o b. .l " A NYbYS2t= l "APmPbbbP1
. ­‘

TlClxo=xp ln l: 3o:p nt :,t7 n,on

1
Z rNlP 6S • A 2t= 6 " APm NYb4Sb P19 • •
l "A

>



-,3t=3C mb bgv zm [ d3 n,3 trnlCox ’oxi3: t2 ‘vA o1j +F +Lo1j

=3:r3.nl’3xpb -,31 2t= o1p 5=or, [ R [
ForFt 1y +Fà

0 ‘vAP 2=tC NYbYS o1j NYb4S ln 2txxt7: v>•vv=tt2 { (l’31 o1p :txinlt1 nt

^13 ’oxi3 t2 n,3 td63.nl’3rNlR6SR o: j32l13j l1 NYbASP l: 23o:ldx3 nt +Fb

2i1.nlt1 o::t.lon3j 7ln, rNlP6S l:

1 1
" ZO u Z ­ 1 NlP6Sj 
.Ç‘ . l" A 6"x .

Z Z tN l R 6 S j
l " x 6"x ‘ l6l6

" Z z j 
. ÇL . .

2=tC NYbmSb

-,i: .t==3:rt1jl15 nt 3o., :txinlt1 nt ‘vAP n,3=3 3zl:n: o :txinlt1B

+F à ®

-,3 2txxt7l15 n,3t=3C :r3.l2l3: i1j3= 7,l., .t1jlnlt1: n,3 dti1j

nt +F 7ln, 3eiox td63.nl’3 2i1.nlt1:b -,3=32t=3 R [Z‘vA

Z‘vA

l: 1tn :n=l.nxp d3nn3= n,o1 Z+FM

n,31 on x3o:n t13 t2 n,3 2txxt7l15 o::3=nlt1: ,txjb-,3t=3C Yb a2 Z+F Z‘vA

NlS -,3 trnlCox o::l51C31n l: 1tn i1lei3b

NllS -,3 :,t=n3:n nti= l: trnlCox nt dtn, ‘vA o1j +Fb

v=tt2 { Tirrt:3 o1j n,3 trnlCox o::l51C31n l: i1lei3b ‘3n rNlP6SZ+F Z‘vA

d3 n,3 73l5,n o::l513j nt n,3 o=. NlP6S i:l15 n,3 trnlCox :txinlt1 nt ‘vAb 

wt1:lj3= n,3 5=or, (*" NuPgS 7,3=3 u" 6xPmPbb 1 è o1j g " èNlP6Sè rNlP6SR<%bJ R

W=tC ‘vx 73 H1t7 n,on l1 (* n,3=3 3zl:n ron,: 2=tC ’3=n3z A nt 3’3=p tn,3= 

(* l: :n=t15xp .t113.n3jP 

73 H1t7 n,on rNlP6S l: trnlCox nt +F b Tl1.3 ln l: o

’3=n3z o1j ’l.3 ’3=:ob -,3=32t=3

T l1.3 Z+F Z‘vA

i1lei3 trnlCox o1j :n=t15xp .t113.n3j :txinlt1 ln Ci:n d3 o nti=bè

-,3 2txxt7l15 :3.nlt1 j3:.=ld3: o1tn,3= xl13o= r=t5=oC 7,l., l: .xt:3xp

=3xon3j nt ‘vxb

€



4b ^v-a'+‘ vgf+‘-agT

nt n,3 ’3=nl.3: t2 n,3 5=or,Tirrt:3 73 o::l51 r31oxnl3: E --* JK"1R J J

Gr
• ub--l • NA• uS--6 P o: :non3j odt’3bdp ja2 73 =3rxo.3 n,3 jl:no1.3: jl6 l6

n,31 n,3 x315n, t2 o1p 1•ron, . l: j* • ==o* b a2 n,3 r31oxnl3: :onl:2p

1
m*"< N4bAS
l " m

then for any tour

d - TTa = d
c c c

Ut73’3= n,l: l: 1tn 13.3::o=lxp n=i3 2t= o1 1•ron, 7,l., l: 1tn o nti=b ‘3n
0

j M d3 x315n, t2 o1 trnlCox nti=b W3 7tixj xlH3 nt .,tt:3 1 Fo n,on.

à j M • 'l1 Nj • ==o S
. . 8 w . .

-,l: l: 3eil’ox31n nt n,3 2txxt7l15 xl13o= r=t5=oCbl: o Cl1lCiCb
l

‘vm{ 'ozlCl[3 C

?­ j 2t= oxx .Çw:bnb .i + ==o ..
1
Eo1j " <l" m--l

o=3 i1=3:n=l.n3j bqSR --*

‘3CCo m Q -,3 jiox t2 ‘vm l: 3eil’ox31n nt ‘vxb

v=tt2{ ‘3n z d3 n,3 jiox ’o=lodx3 o::t.lon3j 7ln, 3o., .t1:n=ol1n .3..

o1j x3n p d3 n,3 jiox ’o=lodx3 o::t.lon3j 7ln, n,3 xo:n .t1:n=ol1nb -,31

n,3 jiox t2 ‘vm l:

A<



£ d x 
cec c c

Minimize

£ xc = 1s. t.
c€C

^ aci x + y = 0c i = 2,3 . ,n9 • •c €C

z *< o1j p i1=3:n=l.n3jP . J

+jjl15 n,3 :3.t1j :3n t2 .t1:n=ol1n: 73 53nl
­ z ­ + N1•xSp " <I w l"m.8w

1
ftnl15 n,on ­ o ­ z " AP 

.éw .
1 • A 2t= oxx . é w o1j n,onI l"m .l

Ab -,3=32t=3 n,3 odt’3 r=tdx3C l: 3eil’ox31n nt73 53n p "

­ j z 
.Ç w . .

'l1lCl[3

­ o b z 
. <A .l .

l " mPYPbbbP1b" A:b nb

o1j z. * <

-,l: l: 6i:n ‘vAb

-,3t=3C 4 Q -,3 2txxt7l15 n7t r=tr3=nl3: o=3 3eil’ox31n

NlS -,3=3 3zl:n r31oxlnl3: ==M :i., n,on n,3 trnlCox nti= . l: 

o1 1•ron, t2 Cl1lCiC x315n,b

NllS -,3=3 3zl:n: o1 l1n353= trnlCox :txinlt1 nt ‘vAb0

v=tt2 { NllS "R NlSb a2 n,3 trnlCox :txinlt1 nt ‘vA l: l1n353= n,31

‘3n -Î d3 n,3 =t7 ’3.nt= t2 .t==3:rt1jl15 jiox ’o=lodx3:bZ‘vA ■ j.Mà

-,31 73 ,o’3 " b hp trnlCoxlnp t2

1 o * < 2t= o1p 1•ron, .b Ut73’3=

‘vA 73 ,o’3
✓f

• == MA " < b" j Mj " j j M.M

1•ron, 7ln, n,3 73l5,n: == b

... .

-,i: .M l: n,3 :,t=n3:n

AA



“JeNlS "R NüS b a2 n,3 trnlCox nti= . l: 1tn trnlCox nt ‘vA n,31 73 

‘vA .MCi:n ,o’3

Wt= oxx r31oxnl3: --P :onl:2pl15 N4bASP n,3 jioxlnp n,3t=3C lCrxl3:

.iN--S " 'l1 Nj •--o S ­ [ 
. Ç w * *

‘3n -- d3 n,3 r31oxnl3: 7,l., pl3xj n,3 nti= . 

v " -- l

N4bmS< j M b‘vA .

" --M• Nr0N1•xSSGx b 

q}N--à S " qSN--MS + r " j M b

o1j -- ào1j x3n an l: 3o:p nt

’3=l2p n,on -,l: .t1n=ojl.n:.

t“JeN4bmSb -,3=32t=3 n,3 trnlCox nti= . l: o1 trnlCox :txinlt1 nt ‘vAb 

^d:3=’3 n,on ‘vm ,o: o xo=53 1iCd3= t2 .t1:n=ol1n:b +1 trnlCox 

t= 13o= trnlCox :txinlt1 nt n,l: r=tdx3C .o1 d3 tdnol13j i:l15 o :id;

5=ojl31n ox5t=ln,C 9A4PAyPA€%b -,l: l: jl:.i::3j l1 o xon3= :3.nlt1bi

-,3=3 l: p3n o1tn,3= xl13o= l1n353= r=t5=oCCl15 2t=Cixonlt1 t2 -Tv

7,l., l: =3xon3j nt ‘vm o1j l: ojj=3::3j l1 n,3 2txxt7l15 :3.nlt1b

Am



kb +f^-UgF ‘afg+F af-g(gF vF^(F+''af( W^F'q‘+-a^f ^W -Tv

-,3 2txxt7l15 l1n353= r=t5=oCCl15 2t=Cixonlt1 t2 -Tv l: 5l’31 l1

Uojx3p 9l:%b ‘3n
l2 n,3 Hn, o=. t2 n,3 nti= 5t3: 2=tC 

’3=n3z l nt ’3=n3z 6czl6H

tn,3=7l:3 b

1 1 1m r r =
l"l6"lH"l

NavmS 'l1lCl[3 l6 "l6H

1
­ z " lt NkbAS:b nb a6x6 " m

1
z" ­ zb „
a6x 1l"m cCm

NkbmS6"mPb b b P1

1
­ z

1
" ­z NkbYSl6H m 6CH + A 6"m

o1j H"m
l " m C" R J J

1 •m1 ••• 9

1
­ ubb b " z*P
l61•A 6l1

Nkb4SRm Pb b b P 1
l "m

1 1•A 
+ ­ ­ z 
l"m H"m

NkbkSl6H A 6"mPbbbP1ux6x

1
­ z 
l"m xx1

Nkb8S" A

1 1
­ ­ z 
l " m 6"m

NkbyS" A H"mPbbbP1•xl6H

o1j zb l: < t= l6H A 2t= oxx lP6PH b

wt1:n=ol1n: NkbAS o1j Nkb8S l1:i=3 n,on ’3=n3z A l: n,3 2l=:n o1j xo:n

wt1:n=ol1n: NkbmS•Nkb4S l1:i=3 n,on l2 73 5t nt ’3=n3z 6l1 n,3 nti=b t1

n,3 Hn, o=.P 73 Ci:n x3o’3 ’3=n3z 6 t1 n,3 NH+xS:n o=.b wt1:n=ol1n:

NkbkS o1j NkbyS l1:i=3 n,on 73 ’l:ln 3o., ’3=n3z o1j n,on 73 5t nt :tC3

’3=n3z t1 3o., x35 t2 n,3 nti=b

AY



‘3CCo Y{ wt1:n=ol1n: Nkb8S o1j NkbyS o=3 =3ji1jo1nb

TiCCl15 n,3 .t1:n=ol1n: l1 NkbmSQNkbYSP o1j Nkb+S t’3= 6 

1 1
- S m
6" m C"m

v=tt2{ 73 tdnol1
1
g zl6l u6CmP
6"m

1 1
- è U + 
6"m C"m

s m u6CH 6CH+AP H"mPb bb P1•m6"m C"m

1 1) E +
6"m C"m

. è u6x1o1j 6C1•A
j=2

W=tC n,l: o1j NkbAS 73 tdnol1 

1 1) E +
6 " m C" m 6CH" A P H"mPbbbP1•x

o1j
1
E z " l6l16 " m

o1j n,3=32t=3 n,3 .t1:n=ol1n: Nkb8S o1j NkbyS o=3 =3ji1jo1nbO

‘3n ‘vY d3 n,3 xl13o= r=t5=oCCl15 =3xozonlt1 t2 avm Ntdnol13j dp

=3rxo.l15 n,3 <•A =3:n=l.nlt1: t1 z dp 1t1135onl’lnp =3:n=l.nlt1:S o2n3=

j=trrl15 n,3 =3ji1jo1n .t1:n=ol1n: Nkb8S o1j NkbySb ‘vY .o1 d3 j3.tCrt:3jb

i:l15 n,3 so1n[l5•Wtx23 r=l1.lrx3P dp 1tnl15 n,on n,3 .t1:n=ol1n: NkbAS nt 

Nkb4S j32l13 o 13n7t=H 2xt7 r=tdx3C 7,l., l: .xt:3xp =3xon3j nt 1•ron,:b

vA d3 n,3 rtxp,3j=t1 2t=C3j dp n,3:3 .t1:n=ol1n: NkbAS nt Nkb4S o1j n,3‘3n

1t1135onl’lnp =3:n=l.nlt1 t1 zb

I +xx t2 n,3 3zn=3C3 rtl1n: t2 vA‘3CCo 4b o=3 l1n353=: o1j o=3 l1 t13 nt

t13 .t==3:rt1j31.3 7ln, n,3 1•ron,:b

v=tt2 { an l: 3o:lxp ’3=l2l3j n,on 3o., .txiC1 t2 n,3 .t1:n=ol1n Con=lz

j32l1l15 v .t1nol1: 3zo.nxp t13 + A o1j t13 •Ab -,3=32t=3 n,l: Con=lz

l: ntnoxxp i1lCtjixo= o1j j32l13: n,3 rt::ldx3 :,lrrl15: t2 t13 i1ln t2

2xt7 n,=ti5, o =3xon3j nlC3 3zro1j3j 13n7t=H 9YA% b

A4



+: l1jl.on3j l1 =323=31.3 AA Nrb AY<SP :i., o r=tdx3C l: 3eil’ox31n nt

o :,t=n3:n ron, r=tdx3CP o1j dp NkbmS nt Nkb4S l: o.nioxxp o1 1•ron, r=tdx3C

l: <•A ’oxi3j o1j j32l13:l1 (b Wi=n,3=Ct=3 o1p 3zn=3C3 rtl1n t2 v

o1 1•ron, l1 (b wt1’3=:3xpP o1 1•ron, j32l13: o 23o:ldx3 rtl1n l1 v P

I<•A7,l., l: ’oxi3jP o1j Ci:n n,31 d3 o1 3zn=3C3 rtl1nb

an orr3o=: n,on ‘vY l: 3eil’ox31n nt o 13n7t=H 2xt7 2t=Cixonlt1 t2

n,3 -Tv 5l’31 dp Ftp 9YYP rb k4€•k<%P -,3 .tCrxl.onl15 ’3=n3z .t1:n=ol1n:

NkbkS o=3 ,o1jx3j dp Ftp dp ojjl15 ojjlnlt1ox o=.: o1j l1n=tji.l15 "di1jx3"

.t1:n=ol1n:P n,on l: 5313=oxl[3j .oro.lnl3: 2t= n,3 :iC t2 2xt7: l1 :3n: t2

W,lx3 Ftp :,t7: n,on n,l: r=tdx3C Cop d3 ,o1jx3j dp 'onn,pà: C3n,tjo=.:b

9my%P ln l: 1tn p3n r=t’3j n,on n,l: C3n,tj l: n=o.nodx3b Ut73’3=P l1n35=ox;

lnp t2 n,3 :txinlt1 l: 1tn 5io=o1n33j o1j n,3 2txxt7l15 n,3t=3C :,t7: n,on

:tx’l15 ‘vY l: 3eil’ox31n nt :tx’l15 ‘vAb

-,3t=3C kb -,3 trnlCox ’oxi3 t2 ‘vY l: [‘r=

v=tt2 { +rrxpl15 n,3 so1n[l5•Wtx23 j3.tCrt:lnlt1 r=l1.lrx3 nt ‘vYP o1j i:l15 

n,3 r=3’lti: x3CCoP r=t’lj3: n,3 2txxt7l15 Co:n3= r=tdx3C{

­ j u 
.éw . .

'l1

x - i
. é w .
I o b u " A 
wx . l " mPYPbbbP1

.éw

\ :<

a1 n,l: r=tdx3C n,3 2l=:n .t1:n=ol1n l: 6i:n n,3 .t1’3z .tCdl1onlt1 .t1:n=ol1n

o1j n,3 .t1:n=ol1n: m nt 1 .tC3 2=tC NkPkSb +: ln 7o: ox=3ojp td:3=’3j l1

n,3 r=tt2 t2 x3CCo m n,3 2l=:n .t1:n=ol1n l: =3ji1jo1nP o1j j=trrl15 ln

‘vAb è=3:ixn: l1

a1 n,3 2txxt7l15 :3.nlt1 73 j3:.=ld3 o :id5=ojl31n trnlCl[onlt1 n3.,1lei3

nt :tx’3 ‘vmb

Ak



8b Tqh(F+sagf- ^v-a'aZ+-a^f

v=3xlCl1o=p =3:ixn: l1jl.on3 n,on n,3 .txiC1 5313=onlt1 :.,3C3 2t= :tx’l15

b‘t l: :xt7 l1 .t1’3=5l15 nt n,3 trnlCox :txinlt1b TlClxo= 3zr3=l31.3 l: 

:irrt=n3j dp U3xj o1j Lo=r 9x8PAy% l1 n,3 .t1n3zn t2 n,3 A•n=33 =3xozonlt1

2t= n,3 :pCC3n=l. -Tvb

Tl1.3 o d=o1., o1j dti1j ox5t=ln,C l: nt d3 3Crxtp3jPP o xt73= dti1j t1

.tixj d3 i:3j l1:n3oj t2 n,3 trnlCox ’oxi3b +..t=jl15 nt o =3:ixn dp 

so1n[l5 3n oxb 9y % o xt73= dti1j z 2t= [

Z‘vA

on o1p 5l’31 :lCrx3z ln3=onlt1LP1
is given by

- TTa )z = z + Min (d 
- c£C c c

7,3=3 [ l: n,3 .i==31n ’oxi3 t2 ‘vA o1j rr n,3 .t==3:rt1jl15 jiox ’o=l•

odx3:b a1 5313=ox n,3 d3,o’lti= t2 [* l: 3==onl. o1j l: 1tn ’3=p 5ttjb

an l: l1n3=3:nl15 nt 1tn3 n,on 2t= o 5l’31 :3n t2 ’3=n3z r31oxnl3: a-P

o xt73= dti1j t1 n,3 x315n, t2 n,3 trnlCox nti= .o1 d3 tdnol13j dp 2l1jl15

U3xj o1j Lo=r 9Ay* j3’3xtr3j o C3n,tj .oxx3j 

:id5=ojl31n trnlCl[onlt1 NT(^S nt orr=to., trnlCox ’3=n3z r31oxnl3: l1

1•ron, t2 Cl1lCiC x315n,bo1

n,3 .t1n3zn t2 n,3 :pCC3n=l. -Tv i:l15 A•n=33 =3xozonlt1:b g22l.l31n

lCrx3C31nonlt1 r=t.3ji=3: o1j 5313=oxl[onlt1: t2 T(^ o=3 jl:.i::3j l1

=323=31.3: 8P A4P A> o1j A€b -,3 T(^ C3n,tj r=t’lj3: orr=tzlCon3 trnl;

Cox r31oxnl3: l1 o =3o:t1odx3 1iCd3= t2 ln3=onlt1: o1j n,3 xt73= dti1j: 5313;

=on3j i:l15 n,3:3 r31oxnl3: o=3 :onl:2o.nt=pb

‘3n t=nrr= " 'l1 Nj • =2o Sb -,31 n,3 trnlCox r31oxnp r=tdx3CP ‘vmP 
.éw . .

.o1 d3 :non3j o:

N^vS 'oz -t3rr= I rr., " < è

A8



‘3n o d3 n,3 .txiC1 ’3.nt= o::t.lon3j 7ln, o :,t=n3:n 1•ron, . 2t= 
-- a-

n,3 ’3=n3z r31oxnl3: --b an l: 3o:lxp ’3=l2l3j n,on 1 - o* l: o :id5=ojl31n 

jl=3.nlt1 2t= qcP 7,l., Cop d3 i:3j nt j32l13 n,3 ln3=onl’3 :.,3C3 

--*‘ --c + n6Nl" o-=cS à
h •wqN-- j)

NT33 =323=31.3: 8P AyP A€P o1j Y€bS

X .7,3=3 l: o :3ei31.3 t2 =3ox 1iCd3=: o1j BWe used t . =
Ili-Vll2 ]

l: o1 irr3= dti1j t1 Coz t1nrr=. Wt= 3zoCrx3 h .o1 d3 :3n 3eiox nt n,3 x315n,

t2 o1p nti= r=t’lj3j dp o ,3i=l:nl. ox5t=ln,Cb a2 " A n,3 ln3=onlt1 .o1

6+A S nt noH3 n,3 ’oxi3 hb Wt= o jl:•d3 ’l373j o: o1 onn3Crn nt 2t=.3 iiN--

.i::lt1 t2 n,3 .,tl.3 t2 n :33 =323=31.3 A>b6

an l: 13.3::o=p nt j32l13 o :ntrrl15 .=ln3=lt1 o: n,3=3 l: 1t 5io=o1n33

.,on n,3 ln3=onl’3 :.,3C3 n3=Cl1on3: l1 o 2l1ln3 1iCd3= t2 :n3r:b a2 2t=

:tC3 l1j3z 6P .*6 l: o nti=P n,31 -Tv l: :tx’3jb ^n,3=7l:3 73 :ntr n,3 

ln3=onl’3 r=t.3:: 7,31 n,3 CozlCiC ’oxi3 t2 t=nrr= 2ti1j :t 2o= ,o: 1tn

lCr=t’3j 2t= r ln3=onlt1: 7,3=3 r l: ro=oC3n3= .,t:31 l1 oj’o1.3b

Wt= o r=tdx3C 7ln, Ym ’3=nl.3:P noH31 2=tC =323=31.3 A€P n,3

:lCrx3z xt73= dti1j o1j n,3 dti1j tdnol13j i:l15 n,3 :id5=ojl31n ox5t;

=ln,C o=3 rxtnn3j o: o 2i1.nlt1 t2 n,3 1iCd3= t2 ln3=onlt1:b

•‘v

+: .o1 d3

:331 2=tC Wl5i=3 AP n,3 d3,o’lti= t2 l: 3==onl. o1j n,3 :id5=ojl31n•‘v

method provides better bounds.

17



AAP<<<
^rnlCox -ti=

t1lrre,=
A<P<<<

[•‘v

€P<<<

>P<<<

yP<<<)+‘qg

8P<<<

kP<<<b

4P<<<b

YP<<<b

mP<<<b

AP<<<b

A< m< Y< 4< k<

a-gF+-a^fT

t a



yb hF+fwU +fs h^qfs +‘(^Fa-U'Tb

a1 n,l: :3.nlt1 73 r=3:31n n7t d=o1., o1j dti1j ox5t=ln,C: 2t= :tx’l15

-TvP dtn, t2 7,l., l1.t=rt=on3 n,3 Cl1lCiC 1•ron, r=tdx3C o: o :idr=tdx3Cb

+‘(^Fa-U' Ab

-,3 2l=:n ox5t=ln,C l: o :no1jo=j d=o1., o1j dti1j ox5t=ln,C 9Am*P 7ln, o ‘aW^

+ 2lz3j 1iCd3= t2 :id5=ojl31n ln3=onlt1: o=3 i:3jr=tdx3C :3x3.nlt1 =ix3b

a2 2on,tCl15 jt3: 1tn t..i= n,31 n,3l1 n=pl15 nt 2on,tC 3o., :idr=tdx3Cb

-,3 d=o1.,l15:idr=tdx3C l: ro=nlnlt13j l1nt n7t t= Ct=3 137 :idr=tdx3C:b

=ix3 7lxx d3 lxxi:n=on3j dp o1 3zoCrx3b

h=o1.,l15 Fix3{ wt1:lj3= o r=tdx3C 7ln, 8 ’3=nl.3:b q:l15 o :3n t2

--5 P :irrt:3 n,3 :,t=n3:n 8•ron, l: ." 6N APmS P NmPYS P NYPmS P’3=n3z r31oxnl3: A*m? J J J R

NmPYSP NYP8SP N8PAS % b a1 n,3 d=o1.,l15 x3n j31tn3 n,3 :3n t2 o=.: l1 

W* d3 n,3 :3n 

-,31 n,3 2txxt7l15 .t1jlnlt1: ro=nlnlt1 n,3 :3n t2 oxx

o :idr=tdx3C 7,l., Ci:n d3 .t1nol13j l1 o1 1•ron, o1j x3n

t2 3z.xij3j o=.:b

tours.

(a) F1 = 0 ,

(b) Fl = {(1,2) |

(c) F1 = {(1,2),(2,3) !

F2 = K1’2) !

F2 = {(2,3) !

f2 = <7

Wt=.l15 o1 o=. l1nt o :txinlt1 .o1 d3 o..tCrxl:,3j dp 6tl1l15 n,3 n7t

.t==3:rt1jl15 ’3=nl.3: o1j n,i: =3ji.l15 n,3 5=or, t2 l1n3=3:nb Wt= 3zoCrx3b

W* " 6NxPmSè 6tl1: ’3=nl.3: A o1j m 3xlCl1onl15 o=.: NAPYSP NAP4SP NAPkSP 

NAP8SP NYPmSP N4PmSP NkPmS o1j N8PmSb -,i:P l1 .o:3 NdSP 73 7o1n n,3 :,t=n3:n

k•ron, 2=tC ’3=n3z m nt ’3=n3z A 7ln,tin o=. NmPYSb +=.: l1 Wm o=3 :lCrxp

j3x3n3j 2=tC n,3 5=or, t= 5l’31 l12l1ln3 .t:nb

A€



Tirrt:3 73 :tx’3j .o:3 NdS o1j tdnol13j n,3 k•ron, . " DNmP4SP N4PkSP 

NkP4SP N4PkSP NkPAS è b -,3 :idr=tdx3C: 5313=on3j ,3=3 7tixj d3

NjS WA " DNAPmS 6

N3S WA " DNAPmSP NmP4S6

Wm " èNmPYSP NmP4S è 

Wm " AN4PkS6

N2S Fl " DNAPmSP NmP4SP N4PkS } Wm " < b

+‘(^Fa-U' mb

-,3 2txxt7l15 ox5t=ln,C l: o :r3.loxl[onlt1 t2 o1 ox5t=ln,C j3:l513j 2t= n,3

Ct=3 5313=ox nlC3•j3r31j31n n=o’3xl15 :ox3:Co1 r=tdx3CP o1j n,3 =3oj3= l:

=323==3j nt 9YA% 2t= o j3nolx3j j3:.=lrnlt1b -,3 ox5t=ln,C ox:t 2txxt7: n,3

xl13: t2 n,3 5313=ox :.,3C3 :H3n.,3j l1 9A<P rb yy% o1j t1xp n,3 Col1 jl223=;

31.3 7ln, n,3 r=3’lti: ox5t=ln,C o=3 tinxl13j d3xt7{

oS d=o1.,l15 =ix3 { + r=tdx3C 7ln, t=l5l1 A o1j l1n3=C3jlon3 ’3=nl.3: mPbbbP1

l: :3ro=on3j l1nt N1•AS :idr=tdx3C: o..t=jl15 nt n,3 jl223=31n .,tl.3: t2

+2n3= o 1iCd3= t2 :3ro=onlt1:P

o 5313=ox :idr=tdx3C l: j32l13j dp ln: xo:n H 2lz3j ’3=nl.3: *

n,3 ’3=n3z nt d3 2lz3j l1 n,3 xo:n rt:lnlt1b

c J J J

2t=Cl15 o 2lz3j ron, l • l •Pbb•l •A 7ln, x315n, j31tn3j dp W‘b Ti., o
f fy ( T. 1y

:idr=tdx3C Cop d3 .t1:lj3=3j o: o -Tv 7ln, t=l5l1 A o1j N1•xS•H l1n3=C3;

jlon3 ’3=nl.3:P dp =3rxo.l15 n,3 x315n, t2 n,3 "xo:n" o=.: dp j
JV

dS { a2 n,3=3 l: :tC3 r3=Cinonlt1 N6P P6P APbbbP6AS t2 n,3 xo:n
Lb L ” lb c‘

‘-Jk-Jk-i-'-'-Jr1
l•l*•l* *•bbb•l*•A n,31 n,3 :idr=tdx3C j32l13j dp 2lzl15 l l1 xo:n 

rt:lnlt1 l1 n,3 .i==31n :idr=tdx3C .o11tn .t1nol1 o1 trnlCiC nti=b W,lx3 

n,3 r=tdx3C t2 2l1jl15 o :,t=n3:n ,oClxnt1lo1 ron, 7ln, t=l5l1 l o1j 31j AP

jtCl1o1.3 n3:n

H 2lz3j ’3=nl.3: :i., n,on n,3 =3:ixnl15 ron, l: :,t=n3=

n,o1

l1 n,3 :id5=or, 5313=on3j dp n,3 ’3=nl.3: lPl*Pl* 

.ixn o: n,3 -Tv ln:3x2P n,3 jtCl1o1.3 n3:n .,3.H: n,3 5l’31 ron, 2t= o1

V1 l: o: jl22l•J 9
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lCr=t’3C31n dp n=pl15 oj6o.31n rol=7l:3 l1n3=.,o153: o1j :35C31n l1:3=;

nlt1:P l1 n,3 :rl=ln t2 n,3 7t=H t2 F3ln3= o1j T,3=Co1 9Ym% N1tn3 n,on

n,l: C3n,tj l: jl:nl1.n 2=tC n,3 C3n,tj i:3j dp a51oxx o1j T.,=o5i3 9m<%

2t= o :lClxo= jtCl1o1.3 n3:nbS -,l: n3:n l: r3=2t=C3j 2t= 3o., :idr=tdx3C

N7ln, on x3o:n n7t 2lz3j ’3=nl.3:S o1j 3o., 1t1•2lz3j ’3=n3z lP d32t=3 n,3

:,t=n3:n ron, ln3=onlt1:b +: :tt1 o: o1 lCr=t’3C31n l: 2ti1jP n,3 .t==3:;

rt1jl15 ’3=n3z l: j3x3n3j 2=tC o xl:n t2 "xo:n rt:lnlt1 ’3=nl.3:" 2t= n,3

.i==31n :idr=tdx3Cb

.S Wt= 3o., r31oxnp ’3.nt= ==P n,3 jp1oCl. r=t5=oCCl15 ox5t•aCrxl.ln dti1j:{

=ln,C i:3j 2t= n,3 :,t=n3:n ron, .ox.ixonlt1:P .tCrin3: n,3 ’oxi3:

d6N--S "

Ctjl2l3j jl:no1.3:P 2t= n,3 ’3=nl.3: 6 =3Col1l15 l1 n,3 xo:n rt:lnlt1 xl:nb

d6N-xS + W‘ N2lz3j x315n,S l: o ’oxlj xt73= dti1j 2t= n,3

6 l1 xo:n rt:lnlt1P n,3 CozlCiC ’oxi3 oCt15 n,t:3 .tC;

rin3j 2t= n,3 :i..3::l’3 r31oxnp ’3.nt=: == Cop d3 i:3j 2t= 2on,tCl15 Nj3x3•

2N 6 P1• AS + j Nn,3 Cl1lCiC t2 7,l., j32l13: 2NxP1SS 7ln, n,36x

ftnl15 n,on

d3:n nti= 7ln,

nl15 6 2=tC n,3 xo:n rt:lnlt1 xl:n 7,31 hb l: 1tn x3:: n,o1 n,3 x315n, t2
A

the imcumbent) and "redirecting" the subgradient.

jS F3jl=3.n3j :id5=ojl31n{ a1 rxo.3 t2 noHl15 n,3 :id5=ojl31n jl=3.nlt1 Gx•o* 

o::t.lon3j 7ln, o :,t=n3:n 1•ron,P n,3 =3jl=3.n3j :id5=ojl31n jl=3.nlt1 

N7,l., l: .oxx3j "Ctjl2l3j :id5=ojl31n" l1 9Yx%Sl: j32l13j dp n,3 jl=3.•

o::t.lon3j 7ln, o :,t=n3:n 1•ron, 7ln,P 
v

’3=n3z 6 7ln, x3o:n .i==31n lCrxl.ln dti1j h

nlt1 A•o o: xo:n ’3=n3zP o

-,l: o’tlj: 3zrxt=l156M

i12=iln2ix =35lt1: t2 n,3 r31oxnp :ro.3b N+ =3xon3j lj3o l: .oxx3j o

"=3:ti=.3•:ro.3 nti=" l1 9m8%Sb

3S gzrxt=onlt1 :n=on35p{ W,31 o 5l’31 1iCd3= t2 :id5=ojl31n ln3=onlt1: ,o’3

,o’3 d331 r3=2t=C3j l1 n,3 .i==31n :idr=tdx3CP ln l: d=o1.,3j 2=tCP l1 o1

onn3Crn nt =32l13 n,3 dti1j:P o..t=jl15 nt n,3 =3Col1l15 ’3=nl.3: l1 n,3

mA b



xo:n rt:lnlt1 xl:nb

t2 r=tdx3C: l1 o1 t=j3= t2 1t1•l1.=3o:l15 ’oxi3: t2 n,3l= lCrxl.ln dti1j: h*P

W,31

-,3 .t==3:rt1jl15 :idr=tdx3C: o=3 ojj3j nt n,3 xl:n

o1j n,3 xo:n :idr=tdx3C l1 n,3 xl:n l: n,31 :3x3.n3j N‘aW^ =ix3Sb

n,3 :,t=n3:n 1•ron, Nj32l1l15 n,3 =3jl=3.n3j :id5=ojl31nS l: o nti=P t=

7,31 n,3 xo:n rt:lnlt1 xl:n d3.tC3: 3CrnpP n,3 .i==31n r=tdx3C l: j3x3n3j

2=tC n,3 xl:nP o1j n,3 xo:n :idr=tdx3C =3Col1l15 l1 n,3 xl:n l: :3x3.n3j

Ndo.Hn=o.Hl15S i1nlx n,l: xl:n l: 3Crnpb

Wt= Ct=3 j3nolx:P :33 =323=31.3 YAb

+ =i1 t2 n,3 odt’3 ox5t=ln,C l: j32l13j dp n,3 jl:no1.3 Con=lz o1j dpI

r*N=3:rb rmS l: n,3 

1iCd3= t2 :,t=n3:n ron, ln3=onlt1: o2n3= 7,l., n,3 l1lnlox r=tdx3C N=3:rb

o :3n t2 i:3= ro=oC3n3=: -,3 ro=oC3n3=pr v

o :idr=tdx3CS l: d=o1.,3j 2=tCb W,31 1t lCr=t’3C31n l1 n,3 x3o:n lCrxl.ln

dti1j h b l: 2ti1j 7ln,l1 :i..3::l’3 ln3=onlt1:P n,3 :n3r :l[3 N7,l.,vYc

l: l1lnloxxp AS l1 N8•AS l: Cixnlrxl3j dp r* N:n3r :l[3 =3ji.nlt1 =on3P

< < r* * ASP T33 9AY* 2t= o jl:.i::lt1 t2 n,3 .t1’3=531.3 t2 n,3 :id5=ojl31n 

ln3=onlt1: 7ln, =3:r3.n nt n,3 ’oxi3: t2

l: n,3 "Ctjl2l3j :id5=ojl31n" j3:.=ld3j l1 98% N:33 ox:t 9m4YP 9Y€YSb

o1j +1 oxn3=1on3 :n=on35pvY v4‘

Ut7;

3’3=P n,3 i:3 t2 n,3 =3jl=3.n3j :id5=ojl31n Cop l1’oxlj n,3 n,3t=3nl.ox

=3:ixn: t= 3Crl=l.ox td:3=’onlt1: odtin n,3 ’o=lti: :id5=ojl31n :n=on35l3:b
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8. REFINEMENTS

A Tighter Relaxation of TSF.
O

1•ron, . " DNxblrP

td:3=’3j n,on 2t= Co1p 1•ron,:P

b Nl* AS an ,o: d331wt1:lj3= o1p R J J

" l 2t= :3’3=ox ’oxi3: t2 Hb +1H+ m

1•ron, . l: :olj nt .t1nol1 o1 t:.lxxonlt1 l2 n,3=3 3zl:n: o H :i.,

n,on lP " lb P G 2t= :tC3 Hb Tl1.3 o nti= .o11tn .t1nol1 o1 t:.lxxonlt1P H H+m

73 o=3 l1n3=3:n3j t1xp l1 1•ron,: 7ln,tin t:.lxxonlt1:b Wt= o1 1 ’3=n3z

1•mr=tdx3C n,3 1iCd3= t2 1•ron,: 2=tC ’3=n3z A nt ’3=n3z A l: N1•AS N1•mS

1•Y-,3 1iCd3= t2 1•ron,: 7ln,tin t:.lxxonlt1: l: N1•AS N1•mS N1•YS -,3

=onlt t2 n,3 1iCd3= t2 1•ron,: nt n,3 1iCd3= t2 1•ron,: 7ln,tin t:.lxxo;

nlt1: l: B 1•YmB1•Y1 •
l +1 • Y

7,l., l: orr=tzlCon3xp 3N"mbyA>bbbS 2t= :i22l.l31nxp xo=53 1b 

l: 3o:p nt r=t’3 n,on n,3 =onlt t2 n,3 1iCd3= t2 1•ron,: nt n,3 1iCd3= t2

TlClxo=xpP ln

1•ron,: 7ln,tin H•t:.lxxonlt1: Nlb3b 1•ron,: l1 7,l., 1t ’3=n3z orr3o=: Ct=3

H•An,o1 t1.3 l1 o1p :3ei31.3 t2 H .t1:3.inl’3 ’3=nl.3:bS l: o:pCntnl.oxxp 3

-,i: o1 oj’o1no53 t2 =3:n=l.nl15 onn31nlt1 nt 1•ron,: 7ln,tin t:.lxxonlt1:

l: n,on ln r=t’lj3: o d3nn3= xt73= dti1j 2t= -Tvb W3 j3:.=ld3 d3xt7 o1 ox5t;

=ln,C 2t= 2l1jl15 o1 1•ron, t2 Cl1lCiC x315n, 7,l., jt3: 1tn .t1nol1 t:.lxxo;

nlt1: b

-1lnloxl[onlt1Nn" mS

‘3n a j31tn3 n,3 :3n t2 l1n353=: mPYPbbbP1b

1.

For each i€ I let

f (i> 2) = Min jd. + d ] 
j € I J J1

= d_ .* + >

m( i, 2) = j*,

f'<l,2). «|n|<ilk+

* dlk*+ Vi

m (i,2)= k*.and
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n - 1)General Step (t=3,..mb J y

Wt= n =i11l15 2=tC Y nt 1•A jt n,3 2txxt7l15b

s32l13 n,3 oizlxlo=p nodx3 W 2t= léa o1j 6­a o:

2 N6Pn•xS + j l"CN 6Pn•xSl26lWNlP6S "
2 N6Pn•xS + j tn,3=7l:36l

2t= 3o., l­aP x3n

min
j€I

lF(i,j)}

.*= F(i,j ) ,

m(i,t) = j*,

f' (i,t)= min {F(i,k) |k^m(i,t) \
k€I

= F ( i,k*) ,

m (i,t) = k*.and

3. Last Step, (t = n).

-,3 x315n, t2 n,3 1•ron, t2 Cl1lCiC x315n, 7,l., jt3: 1tn .t1nol1

t:.lxxonlt1: l: 5l’31 dp

j " 'l1 è2 N l P 1•AS + j b} 
l Ça Ac•

" 2NlMP1•xS + j* lMé a b2t= :tC3

-,3 1•ron, t2 Cl1lCiC x315n, .o1 d3 =3n=l3’3j i:l15 n,3 2txxt7l15

ln3=onl’3 :.,3C3b
" lMA1•x N:33 :n3r YS

P1•xSl < " CNl 1•m 1•A

b m4 G



For t = n-3 .,1 , let i be given by> • •

mUt+i,t+1) t+1> * ‘t+aif m( it+T
i =t

m' (lt+l,t + ^ otherwise.

{(l.i^, (i 1) ] is the required n-path of minimumThen
n-1 ’

length.

The following lemma provides the justification of the above procedure.

Lemma 6: For t=2,...,n-l, f(i,t) is the length of a minimum t-path

without oscillation from vertex 1 to vertex i and f'Cijt) is the mini-

^ m(i,t).mum length of such a t-path with i t-1

Proof : The result is true for t = 2 and all i£I . Assume that it is

true for all i€I and t ^ s. By induction, when t = s + l , the algorithm

F(i,j)defines to be the length of the shortest s+ 1-path from vertex 1

to vertex j without oscillation which has arc (i,j) as the last arc. Thus

j€l . I
3

It can be verified that the above algorithm requires 0(n )
O r\

and 0(n +nz log^n) comparisons. Thus one can see that the additional 

effort required by this algorithm is minimal when compared with the algorithm

f( j ,s+ 1) and f ' ( j ,s + l) are defined correctly for each

additions

of section 2.
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9. COMPUTATIONAL EXPERIENCE

I The computational results reported in this section are divided into two

parts; a study of the bounds generated by the n-path relaxation and results 

from the implementation of the two algorithms discussed in section 7.

To compare the bounds generated by different methods complete graphs

were generated with random costs ranging from 0-10 up to 0-200. Both symmetric

and asymmetric graphs were generated and each problem was solved both with

the original cost matrix as well as with the shortest distance matrix (which

satisfies the triangle inequality). The 1-tree bounds were found for the

symmetric problems and the 1-arborescence bounds (mentioned by Held and 

Karp [163) were found for the asymmetric problems. The n-path bounds with

and without oscillations were found for all problems. Column generation was

used to find these bounds for each method.

Table 1 summarizes the results found. The three entries under each method are

the average bound obtained, the average number of simplex iterations needed.

and the number of times a tour was generated.
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TABLE 1

n-Path 
Without 
Oscillations

1-Tree or 
1-Arborescence

No. of No. of
Cities Problems Symmetric

Triangle
Inequality n-Path

10 62.9 63.910 63.9No Yes
40.5 47.630.2
3 5 2

10 10 66.6 68.1 67.8No No
41.9 35.6 64.8
4 6 4

10 148.710 160.7Yes Yes 162.1
42.122.9 31.6

0 5 2

1010 166.5 184.7
39.4

Yes 184.7
55.0

No
27.7
0 9 9

15 10 51.2 51.3
137.4

50.8No Yes
629.8179.7

2 2 0

15 10 53.5 54.0 54.3No No
282.6 444.3181.5

2 3 5

10 177.4
60.2

15 203.0
188.6

Yes 197.7Yes
93.4

0 1 0

15 10 197.3
73.7

236.4 236.4Yes No
443.5 350.2

0 5 5
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It should be noted that n-paths without oscillations did significantly

better than n-paths with oscillations in the symmetric graph case. Also

n-paths without oscillations did about the same as the 1-trees and the

1-arborescences, while in general taking fewer iterations. In addition the

n-paths without oscillations yielded tours in 36 of the problems to only

27 for the 1-trees and 1-arborescences.

These results make it clear that minimal 1-trees are still better for 

symmetric problems as they can be solved in 0(n2) time. (It should be noted 

that the time required for one shortest path iteration for symmetric problems 

can be cut in half by using d^- % rt - y ) Although Tarjan [38] has 

recently presented on 0(n2)algorithm for finding minimal 1-arborescences it

is not yet clear whether they are better, due to the increased number of

Table 2 gives the somewhat disappointing results of implementingiterations.

algorithms 1 and 2. Again random graphs were generated and n-paths without

oscillations were used as the subproblems.

TABLE 2

Average No. 
Of Shortest 
Paths Found

No. of 
Problems

No. of 
Cities

Average
Execution Time*(sec)Algorithm

9.810 611 15
36.220 5 1051

127 9.220 32
95.33302
>24040 12

Although these results do not show good running time the number of branches

selected in the enumeration trees were in general quite small (less than 10 in

Thus if the n-paths computation could be reduced, or somethingmost cases).

like the "cell cost operators" of Srinivasan and Thompson [37] developed.

*Algorithm 1 was run on a UNIVAC 1108 and algorithm 2 on a CDC Cyber 74-18.
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this method would show considerable promise.

One area where this method does work well is in problems with special

Reference 31 shows excellent results forstructure in the cost matrix.

the time dependent traveling salesman problems.
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