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ABSTRACT This work proposes a phase-only synthesis technique for shaping the beam of a circularly 

polarized dual-reflector antenna with a subreflector consisting of a reflectarray and a main parabolic reflector. 

The proposed technique exploits the element patterns of each reflectarray unit cell embedded in the whole 

system, including a feed horn, a reflectarray, and a main reflector. By using a penalty function that forces 

only the fitting of the desired and obtained patterns, the algorithm leads to a quasi-random phase distribution 

on the reflectarray and a poor radiation pattern. A term for minimizing the Laplacian of the phase distribution 

is added to the penalty function to force a smoothly varying phase distribution on the reflectarray. This 

modification provides more stable results and yields patterns with desired shapes and regular contours. The 

beam shaping capability of the algorithm is demonstrated with simulations of a 100-element reconfigurable 

circularly polarized reflectarray, by controlling independently the 10 dB beamwidth of the antenna in two 

orthogonal planes The algorithm is also validated experimentally. Beamwidth accuracies vary from 0 to 2.15 

degrees.  

INDEX TERMS Dual-reflector antenna, reconfigurable sub-reflectarray, beam shaping, beam synthesis, 

particle swarm optimization, circular polarization 

 

I. INTRODUCTION 

High-gain antennas that rely on parabolic reflectors are 

widely used in long-distance communications [1, 2]. For 

example, dual-reflector antennas with a main parabolic 

reflector and reconfigurable subreflector can be used in 

direct broadcast satellite (DBS) missions with contoured 

beam requirements while maintaining the high gain and 

wideband properties of the parabolic dish [3].  In a dual-

reflector system, implementing reconfigurability at the 

subreflector level, for instance by controlling the phase shifts 

of reflectarray elements, is advantageous from a 

manufacturing perspective due to the smaller sub-

reflectarray size [3].  In addition, it is possible to control the 

beamwidth, sidelobe level, and null positions adapted to the 

desired coverage by applying phase-only synthesis [3]. Some 

efforts have been made to synthesize the beam of linearly 

polarized dual-reflector antennas with a reconfigurable 

subreflector by synthesizing the required phase on the sub-

reflectarray. In [2], beam scanning was realized by 

implementing a progressive phase shift (PPS) on the sub-

reflectarray, whereas in [4] shaped beams were synthesized 

by applying phase delays caused by an equivalent ellipsoidal 

subreflector in a Gregorian system. In [5], scan angles of up 

to ±6 degrees were achieved. Rather than applying PPS, the 

phases on the sub-reflectarray are derived from the field 

reflected by the main reflector (using physical optics) 

exposed to an incident plane wave originating from the 

desired scanning direction. Hu et al. [6] also applied PPS on 

a sub-reflectarray to demonstrate beam steering in a system 

operating in the W band in which no reconfigurability is 

implemented. This work differs from the state-of-the-art 

methods in three main aspects. First, it is the only work that 

includes an experimental demonstration of reconfigurability 

at the sub-reflectarray level. Second, this is the only case in 

which circular polarization is used. Third, and more 

importantly, owing to experimental and fabrication 

constraints, the size of the reflectarray is much smaller, both 

in terms of wavelength and number of elements, than the 

sub-reflectarrays considered in [2-6]. Therefore, local 

periodicity cannot be assumed to analyze the reflectarray, 

which makes the phase synthesis techniques used in [4, 5] 

unusable. In Section IIB and IIC of this paper, we propose a 

novel approach for calculating and synthesizing the far-field 

pattern of a dual-reflector system using such a small sub-

reflectarray. In this approach, the entire reflectarray is 

simulated using the method of moments to build an element-
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by-element system response that considers the array edge 

effects, structural scattering and possible specular reflection.    

Several beam synthesis algorithms based on phase-only 

techniques have been reported in literature. These include the 

projection matrix algorithm (PMA), intersection approach 

(IA), iterative sampling method, genetic algorithm (GA), and 

particle swarm optimization algorithm (PSO) [7-12].  

IA is one of the most efficient methods for phase-only 

synthesis of reflectarrays in terms of memory usage, speed, 

and convergence [8]. Moreover, this method has been used 

for large reflectarrays [13, 15]. However, it suffers from the 

local minimum problem.  

Unlike the traditional optimization methods, such as the least- 

square approach for pattern synthesis, GA and PSO algorithms 

allow the specification of multiple design goals, such as 

sidelobe level, beamwidth, and null control [10, 14]. PSO has 

a less complex implementation and requires less computing 

time than GA while simultaneously running global and local 

searches [10, 11].  

 Following the work presented in [15], this study aims to 

experimentally demonstrate the reconfigurable beam 

shaping capability of a system that includes a main parabolic 

reflector and a flat reconfigurable subreflector. As described 

in [16], mechanically rotated circularly polarized (CP) unit 

cells were used. However, instead of covering the main 

reflector, the cells only covered the subreflector, which 

significantly reduced their number. A new beam synthesis 

approach based on the superposition of patterns associated 

with each individual cell of the sub-reflectarray, after 

reflection from the parabolic dish, is proposed. This 

approach is easy to implement in a system with a small 

reconfigurable sub-reflectarray.  A PSO-based phase-only 

synthesis algorithm [17] is used to realize the desired beams. 

The proposed technique can shape and steer the main beam 

of an antenna. However, for brevity, this study addresses 

only beam shaping. Section II introduces a modified penalty 

function used in the PSO algorithm for beam synthesis of the 

proposed dual-reflector system. The performance of the 

algorithm is explored in Section III by synthesizing shaped 

beams, and the proposed approach is validated 

experimentally in Section IV. 

II. BEAM SYNTHESIS BASED ON SUB-
REFLECTARRAY ELEMENT PATTERNS 

A. DUAL-REFLECTOR ANTENNA STRUCTURE 

The structure of the antenna used to illustrate the proposed 

synthesis method is shown in Fig. 1. The antenna includes a 

horn, a reconfigurable sub-reflectarray (RSR) for which the 

phases must be optimized, and a solid parabolic dish. The 

dimensions of the horn and subreflector were selected to 

comply with the limitations of the fabrication and test 

equipment available for experimental validation.  

Many techniques to realize reconfigurable reflectarrays or 

intelligent surfaces have been studied. Recent works, such as 

[18, 19] use 1-bit PIN diode based unit cells, varactor diodes 

as in [20], or tunable liquid crystals [21].  

For reflectarrays used as a subreflector, a recent paper by 

Kulkarni et al. [22] present a Cassegrain antenna in which 

the hyperboloidal subreflector is replaced with a 

metasurface. No beam shaping is applied, and the unit cell is 

narrow-band. In order to address the needs of satellite 

communications, reconfigurable elements with circular 

polarization, low loss, large bandwidth and high power 

handling are needed. For this reason, we have chosen for this 

work to use the mechanically-reconfigurable unit cells 

described here.   The size of the RSR is 3.67 3.67   

(λ=42.8 mm at the design frequency of 7 GHz) with 10 10  

elements with a periodicity of 15.75 mm (0.365 λ) in a square 

lattice. The RSR unit cell introduced in [23] is illustrated in   

Fig. 2, and Table 1 lists the relevant dimensions. Each 

element consists of a small disk-shaped printed circuit 

implementing the Pancharatnam-Berry phase: mechanical 

rotation by an angle of  about the local direction normal to 

the RSR causes a variation of 2 in the phase of the signal 

FIGURE 1.  (a) Dual-reflector antenna including a horn, a sub-
reflectarray, and a solid parabolic dish. The unit cell in the dotted 
circle shows the front view of the reflectarray element. (b) Side 
view of (a) with dimensions. 
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reflected by the corresponding RSR cell, without changing 

the sense of CP rotation.  

A board driving 100 low-cost servo motors (SER0039 from 

DFRobot) with 1-degree resolution on   was designed. 

Control is realized with an Atmega328P microcontroller, 

using external current drivers (PCA9685 from Adafruit). 

Each motor is attached to the 2-mm shaft of the unit cell 

visible in Fig. 2, in order to rotate the top disk. 

Fig. 3a shows the amplitude of the reflected wave under 

normal incidence illumination for different rotation angles 

covering the 360-degree range. These simulation results 

were obtained using Ansys-HFSS. The co-polarized curves 

show the reflection coefficient , corresponding to the 

level of reflected right-hand polarization for an incident 

right-handed polarized signal. The cross-polarized curves 

show , which corresponds to the level of reflected left-

hand polarization for an incident right-handed polarized 

signal.   

TABLE 1.  Unit cell structure parameters 

  

As shown in Fig. 3a, is 20 dB or more below  over 

a frequency range of 5.9 to 7.3 GHz (21%). Fig. 3b shows 

the phase of  as a function of the element rotation angle 

for three frequency points: 6.2, 6.7 and 7.2 GHz.  The red 

dashed lines have a slope of 2, which shows that the phase 

variation of is twice the rotation angle of the element, 

as expected.  

The projected diameter of the dish in the xy plane is 24  

(102.7 cm), and the focal distance to diameter ratio (F/D) is 

0.5. Given the small number of RSR elements, 32 and 4 of 

the 100 cells are, respectively, on the edges and corners of 

the array. Therefore, assuming identical far field patterns for 

all the elements of an infinite array will not give accurate 

beam synthesis results. To account for this, the embedded 

element factor of each RSR cell has been calculated, as 

explained in the next subsection.  We have designed and 

fabricated the feed horn of the system, which is a dual-port 

septum-polarized horn antenna with the half power 

beamwidth (HPBW) of 36  and an axial ratio of less than 1 

dB in the frequency range of 6-7.8 GHz. The beamwidth and 

horn positions were adjusted to properly illuminate the sub-

reflectarray. Since the main reflector will change the sense 

of CP rotation, spillover of the horn fields around the 

subreflector will contribute to cross-polarization in the +z 

region. 

B.  BEAM SYNTHESIS ALGORITHM FOR THE 
PROPOSED SYSTEM 

A beam synthesis algorithm was implemented to shape the 

far field pattern of the antenna expressed as a function of the 

direction cosines or ( , )u v  coordinates ( sin sinv  =  and 

sin cosu  = , where   and   define the far field direction 

in the spherical coordinate system). For the chosen dish size, 

the antenna’s main beam approximately covers the interval 

RR

LR

LR RR

RR

RR

Parameter Value 

Dielectric-Thickness (Duroid 6002) (DD) 3.048 mm 

Θs (Gap) 40 degrees 

Line Width (ΔR) 1.4 mm 

Rout 6.3 mm 

Unit Cell Size (UL) 15.75 mm 

Dielectric-Cylinder Radius (CR) 7 mm 

FIGURE 3.  (a) Amplitude of co- and cross-polarized reflected waves for 
different rotation angles of the unit cell for normal incident angle (b) Co-
polarization phase for different rotation angles of the unit cell at 6.2, 6.7 and 

7.2GHz. 

FIGURE 2.  Unit cell structure (in the figure, the element 

rotation angle is  ) 
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[-0.1, 0.1] in the u and v coordinates.  Because the radiation 

intensity drops rapidly outside these intervals, it was decided 

to limit the beam synthesis to the range  [ 0.3, 0.3]−  for both 

u and v. To realize beam synthesis by controlling the phases 

at the subreflector level, it is necessary to account for the 

reflection of each RSR element’s fields on the main reflector. 

Because all elements have different positions in front of the 

dish, each element factor will be different.   A simplified 

radiation source model that accounts for the specific element 

factors of all the array elements was proposed. In this model, 

the element factor ( , )
n

f u v  was defined as the contribution of 

the nth RSR element to the radiation pattern of the entire 

system. It consists of the fields scattered by the RSR element, 

which are then reflected by the parabolic dish and propagated 

to the far field. Therefore, the far-field pattern ( , )F u v is a 

weighted sum of all the element factors and is given by 

1
( , ) ( , ) ( , )

n n struc

N

n
F u v a f u v F u v

=
= +

 (1) 

In (1), ( , )
struc

F u v  is an antenna structure contribution to the 

far field pattern originating from scattering that is not 

directly affected by the excitation of the array elements. 

Functions ( , )
n

f u v  are complex element factors associated 

with the N elements of the RSR in the far field of the dish. 

The 
n

a  coefficients are associated with each RSR element. 

Their magnitudes are determined by the incident 

illumination from the horn on the nth element, and their 

phases, 
n

 , can be controlled by element rotation. In the 

reference case used in the calibration process (see step 1a 

below), all 
n

  values are considered to be zero. Therefore, 

n
  is the difference between the phase of element n and the 

phase of element n in the reference state used in the 

calibration.  In this state, the rotation angles of the unit cells 

are adjusted to generate a narrow beam in the far field of the 

reflector, for instance by having near-field focusing of the 

rays reflected by the RSR at the focal point of the dish. These 

rotations were determined by assuming identical behaviors 

for all unit cells (i.e., as in an infinite array). 

 The following steps were used to determine the functions 

( , )
n

f u v  and  ( , )
struc

F u v  using simulations of the antenna 

system, and (1) was used to synthesize the desired radiation 

patterns. It is assumed that the structural scattering term does 

not depend on the phase settings of the RSR elements; 

therefore, the two terms in (1) can be treated independently. 

For these simulations, a hybrid “MoM-PO” approach was 

used in which the feed horn and RSR were treated with the 

method of moments (MoM), while the main reflector was 

modeled using physical optics (PO). The FEKO simulation 

tool from Altair was used in this study. 

1. Determination of ( , )
struc

F u v  

a. With the RSR in the reference state, the pattern F
+

is 

calculated by simulating the entire system. This pattern 

corresponds to the following: 

( , ) | | ( , ) ( , )n
j

n n struc
F u v a e f u v F u v

+
= +

 (2) 

For this reference case, we consider that the phases of all 

coefficients 
n

a  are zero, that is,   0
n

 = . Therefore, we 

have 

( , ) | | ( , ) ( , )
n n struc

F u v a f u v F u v
+

= +
 (3) 

b. All the array elements are rotated by 90º in the same sense 

of rotation. This adds a phase of 180º to all 
n

a  coefficients. 

In this case, the simulated pattern corresponds to 

( , ) | | ( , ) ( , )
n n struc

F u v a f u v F u v
−

= − +  (4) 

       c. Extract ( , )
struc

F u v  with  

( , )
2

struc

F F
F u v

+ −
+

=  (5)
  

 

Using this procedure, it was found that ( , )
struc

F u v  is 20 dB 

or more below ( , )F u v in the whole ( , )u v  range of 

interest. The structural scattering is therefore small 

compared to the RSR elements scattering. 

2. Determination of the element patterns ( , )
n

f u v  for the N  

elements 

a.  Use the same setting as in Part 1a (i.e.,  0
n

 = ), 

except for the element number k . Rotate the element k  by 

90º. This effectively changes the phase of the 
th

k element by 

180º, thereby changing the sign of 
k

a . Using (1) we obtain 

( , ) | | ( , ) | | ( , ) ( , )strucn nk k k
n k

F u v a f u v a f u v F u v


= − +
 (6) 

 

b. Based on the result of step 2a, and assuming that the 

magnitude of  is known, the element pattern 

associated with the kth unit cell can be obtained as 

( , )
2 | |

k

k

k

F F
f u v

a

+
−

=  (7) 

The magnitude of 
k

a  was obtained from the intensity of the 

horn illumination on element k in the desired polarization. 

This can be obtained by simulating the horn without the RSR 

and sampling the field amplitude of the horn at the location 

of element k, which corresponds to | |
k

a .  

ka
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c. Repeat steps 2a and 2b for the N  elements of the RSR. 

This yields the set of element patterns that can then be used 

in (1). 

These element patterns correspond to the far field of the 

elements embedded in the entire system (horn, RSR, and 

dish). As implied by (7), 100 simulations of the whole system 

(horn, RSR, and dish) situated at the same physical location 

are necessary to obtain all the  
k

f ’s. As a result, there is no 

need for the usual path length factors ˆexp( )r rj k   in the 

sum of (2). The path length factors are implicitly included in 

the element factors 
k

f .  

3. Use an optimization algorithm to find the set of phases 

 
n

  to be applied to coefficients 
n

a  to generate a 

desired far field pattern ( , )
d

F u v . Mean-square error 

(MSE) based only on the magnitude of the normalized 

patterns is first used: 

,

2
( , ) ( , )

,
/normalizednormalizedd

MSE F u v F u v
u v

P= −

 (8) 

where ,d normalized
F  denotes the normalized desired pattern and 

normalized
F  denotes the normalized optimized pattern at the 

current iteration of the algorithm, and P denotes the number 

of sampling points in the ( , )u v space. 

The non-normalized pattern (1) can be rewritten as 

1
( , ) ( , ) ( , )n

struc n n

N

n

j
F u v F u v a e f u v



=
= +   (9) 

Altogether, N+2 simulations of the antenna are required to 

obtain the N element patterns, F
+

, and 
struct

F , regardless of 

the number of iterations in the iterative beam synthesis 

process. During the iterative process, the sum in (8) is 

calculated over P selected points in the uv plane. For all the 

examples shown in this work, 256 sample points equally 

spaced in the range ( , ) ([ 0.3, 0.3],[ 0.3, 0.3])u v = − −  were 

used. This range was selected based on the geometry of the 

system and the wavelength. It covers the main beam of the 

focused beam and allows the demonstration of efficient 

beam shaping. In addition, the 
struc

F  term was not considered 

in the beam synthesis procedure because it has an 

insignificant amplitude level compared to F
+

.  

The simulated and normalized reference radiation pattern of 

the dual-reflector antenna, F
+

,  are shown in Fig. 4 in the 

reference state, in which the feed horn beam reflected by the 

RSR is focused at the focal point of the dish. The reference 

rotations of the elements were adjusted using the standard 

path equalization RSR formula. The focal point was located 

between the RSR and dish, as in a Gregorian reflector 

system. For comparison, Fig. 4 also shows the pattern 

without the RSR, when the feed horn directly illuminated the 

dish. In this case, the beamwidth in the u and v coordinates 

is 2.5 times smaller. Using the RSR to shape the antenna 

pattern will clearly lead to a wider beam, with reduced 

aperture efficiency and higher sidelobes.    

 

C.  MODIFICATION TO THE ALGORITHM BY FORCING 
A CONTINUOUS PHASE DISTRIBUTION 

The synthesis method described in Section IIB was applied 

using numerical examples for various beam shapes. 

Although the agreement of the calculated normalized 

patterns F  with the desired patterns 
dF  was good and the 

MSE converged to stable and low values, the hybrid MoM-

PO simulations of the antennas with the optimized sets of 

phase  
n

  led to poor agreement and distorted patterns. In 

[17], it was conjectured that these poor results are caused by 

the penalty function (8), which forces only the fitting of the 

desired and obtained patterns, without any constraint on the 

phase distribution over the array. The optimized phases 

exhibited rapidly varying distributions in the RSR.  In the 

simplified model embodied in (1), the mutual interactions 

between a finite number of unit cells are considered more 

accurately when the phase distribution is close to the 

reference distribution. To obtain a more similar behavior of 

the model and the real RSR, one strategy could be to force 

the real RSR to have less abrupt variations in the distribution 

of the 
n

 values. In [17], an approach to minimize abrupt 

phase variations between adjacent cells was proposed.  

Based on this conjecture, the optimization algorithm should 

have two objectives: 1. minimizing the differences between 

the normalized synthesized and desired patterns and 2. 

maximizing the smoothness of the  
n

  distribution in the 

RSR.  The penalty function in (8) only considers the first 

objective. When calculating a metric for phase smoothness, 

one must be careful with the inevitable 2  discontinuities 

that occur in the phase distributions. These numerical 

transitions do not physically correspond to phase 

discontinuities. To avoid this difficulty, we chose to force 

smoothness of the complex quantity exp( )nj instead of 
n

 . 

FIGURE 4.  Normalized reference pattern in the uv plane (right-
hand circular polarization, scale in dB). Left: structure in Fig. 1 
with RSR, applying near-field focusing on the focal point of the 
dish. Right: no RSR, with the horn phase center at the focal point 
of the dish. 
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To allow the desired beam steering, we do not want to 

penalize the phase gradient but rather the fast variations in 

the phase gradient. Such variations occur at points in the 

phase distribution (referred to as phase singularities) that are 

significantly different from the phases at the surrounding 

points. A continuous phase gradient with no singularities 

indicates that the gradient has no divergence. Thus, the aim 

is to minimize the divergence of the phase gradient, that is, 

the Laplacian of the phase distribution: 

2
  =                                        (10) 

or the complex exponential 

2
exp( )j                                       (11) 

The Laplacian of the discrete distribution at element (i, j) was 

approximated numerically by employing finite differences 

using (12) [16]. 

, , 1, 1,

, 1 , 1

2 1
exp( ) exp( ) (exp( ) exp( )

4

exp( ) exp( ))

− +

− −

  − +

+ +

i j i j i j i j

i j i j

j j j j

j j

   

 

              (12) 

where 
,i j

 (corresponding to 
n

 ) is the phase applied to the 

unit cell at point n with coordinates ( , )
i j

x y . The new 

objective function to be minimized can then be written as: 

2

2

,

,

,

, ( , ) ( , )

exp( )

/

/
i j

u v

i j

d normalized normalizedOBJ F u v F u v

j

P

N 

= −

+ 




        (13) 

 Absolute values are used in the Laplacian because positive 

and negative Laplacians can partially cancel out when they 

are summed in (13), which would overestimate the 

smoothness of the phase distribution. Constant   is a real 

parameter to be tuned. Several numerical experiments were 

required to adjust  , starting with a low value and then 

increasing it progressively. The value of   should not be too 

large because it may “over-smooth” the phase and decrease 

the relative weight of the first term in the MSE forcing 

pattern fitness. 

D. PARTICLE SWARM OPTIMIZATION (PSO) APPLIED 
TO SUB-REFLECTARRAY PHASE SYNTHESIS 

This section introduces the PSO algorithm as an optimization 

approach to determine the appropriate phase distribution on 

the RSR for synthesizing the beam of a dual-reflector 

antenna. PSO is an iterative algorithm based on the search of 

birds hunting for food [24]. The algorithm aims to minimize 

OBJ, as defined in (13). In our case, the algorithm stopped 

when a pre-defined iteration number was reached. The 

population number, that is, the number of “particles,” is a 

primary parameter to be defined for solving the algorithm. 

Each particle i represents a potential solution. A solution 

consists of a set of phase shifts applied by the RSR elements. 

In this work, we consider an RSR of 10 × 10 cells on a square 

lattice. A velocity parameter is used to control the moving 

track of each particle during the search process of the 

algorithm. Velocity (v) and position (x) are vectors that 

define the state of each particle in the algorithm. Both vectors 

have 100 elements, which are updated at iteration 1m + , as 

follows: 

1

1 1 2 2
( ) ( )

m m m m m

i i i i i

m
c c

+
=  + − + − v v r p x r g x

               (14) 

1 1 .x v x
+ +
= +

m m m

i i i
                                                                (15) 

 

In (14),   is the inertia weight, which has a scalar value, and 

the scalars 
1

c and 
2

c  are the acceleration coefficients, 

whereas 
1
r  and 

2
r  are random vectors of  100 real numbers in 

the range [0,1], which are updated in each iteration. The 

circled dot symbol corresponds to the Hadamard product. 

The position and velocity of the ith particle were given by 

1 2 100
( , , ...., )

T

i i i i
x x x=x  and 

1 2 100
( , , ...., )

T

i i i i
v v v=v , 

respectively. In (14), 
i

p , called the personal best position, 

is the position vector that gives the best cost of the ith particle 

over all previous iterations, while g  is the global best 

position vector with the best cost value among all particles 

over all previous iterations.  

On the right-hand side of (14), the first term is related to the 

velocities of the particles in the previous iteration, the second 

term is associated with each particle’s behavior, and the third 

term is a “social” contribution, which expresses the 

cooperation among the particles [25, 26]. 

The algorithm begins by assigning100 arbitrary values to the 

position vector for all the particles (corresponding to 
,i j

 ) 

and assigning zeros to the velocity vector. The two best 

positions, including the parameters of the global and 

personal best solutions, update the particles as potential 

solutions. The set of 100 phases in each particle is updated 

in each iteration. After the last iteration, the optimized phase 

distribution of the particle with the best global cost was used 

to calculate the far-field pattern. As this is a minimization 

problem, the global best cost is initialized to a very large 

value. A flowchart of the PSO algorithm for a pre-defined 

iteration number is shown in [23]. 

III. BEAM SHAPING EXAMPLES 

The beam shaping property of the antenna using the 

proposed algorithm was investigated. For this purpose, we 

considered three tapered Gaussian patterns defined by (16) 

as the desired beams. Table 2 lists the parameters of the PSO-

based algorithm used to synthesize these patterns. To 

evaluate OBJ in a reasonable computation time, each pattern 

is sampled at 256 sample points in the range [ 0.3, 0.3]− , for 

u and v, which cover the main beam and near side lobes. 
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A large number of iterations was performed to ensure that 

OBJ stabilized before the end of the process. All the results 

shown are for a frequency of 7 GHz. For each example, the 

performance of the algorithm is illustrated by comparing the 

normalized pattern computed with (9) using the phases 

obtained by PSO with the normalized pattern obtained with 

the hybrid MoM-PO solution using the same phases. Fig. 5 

shows the convergence of OBJ for the first example in Table 

2. It can be seen that OBJ converged to a low value after only 

a few hundred iterations and that the first and second terms 

stabilized at nearly the same number of iterations for the 

chosen value of parameter α. 

 

  
 

 

 

 

 

The results for the Gaussian pattern with v =0.105 and 

u =0.075 are shown in the first row of Fig. 6. Fig. 6(a) 

shows the desired beam sampled at 256 (u,v) points. Figs. 

6(b) and 6(c) show, respectively, the pattern calculated with 

(9) and the distribution of 
n

 on the RSR obtained from PSO, 

using  
,i j

  of the last iteration. Fig. 6(d) shows the radiation 

pattern in the uv plane obtained by MoM-PO, after applying 

the phase distribution in Fig. 6(c) to the subreflector 

elements. The -10 dB beamwidths for the patterns in 

subfigures (b) and (d) are reported in Table 3 for the three 

test cases. For the first example, the beamwidths predicted 

by the PSO optimization along the 0u = and 0v =  planes 

give 0.32v =  and 0.22u = , respectively, whereas the 

MoM-PO simulated pattern gives 0.36v =  and 

0.22u = . Therefore, the optimized and simulated results 

agree well with those of the desired Gaussian pattern. For the 

second example, the results with v =0.075 and u =0.075 

are shown in the second row of Fig. 6. The -10 dB 

beamwidths predicted by PSO (Fig. 6(b)) are 0.22v =   

and 0.22u =  , whereas the MoM-PO simulation of the 

antenna (Fig. 6(d)) gives 0.23v =  and 0.22u = . 

Again, a very good agreement was observed.  

For the third example, we consider v =0.0045 and u
=0.075;  the results are shown in the third row of Fig. 6. PSO 

predicted 0.15v = and 0.21u =  for -10 dB 

beamwidths, while the MoM-PO simulation provided 

0.15v =  and 0.21u = . As in the desired pattern, both 

figures have a narrower beam for the u=0 cut than for the v=0 

cut. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

TABLE 2.  ALGORITHM PARAMETERS FOR SHAPING THREE DESIRED 

BEAMS 

Desired pattern Population 

number 

Iteration 

number 
  OBJ 

 
1 v =0.105   

u =0.075 

 
2000 

 
3000 

 
5e-3 

 
0.00133 

 

2 v =0.075   

u =0.075 

 

2000 

 

3000 

 

5e-3 

 

0.00108 

 

3 v =0.045   

u =0.075 

 

2000 

 

3000 

 

5e-3 

 

0.0026 

 

TABLE 3.  -10 DB beamwidth of examples in Fig. 6 
Centered 

Gaussian 

pattern 

Method BW (-10dB) 

along the v 

axis 

BW (-10dB) along 

the u axis 

Reference 

pattern 

Pattern 

simulated by 

PO-MoM 

0.175v =  

10 º 

0.225u =  

13 º 

 
 

 

v

=0.105 

u

=0.075 

Desired 
Gaussian pattern 

0.32v =  

18.6 º 

0.22u =  

12.7 º 

 

Pattern 

optimized by 

PSO 

0.32v =  

18.6 º 

 

0.22u =  

12.7 º 

 

Pattern 

simulated by 

PO-MoM 

0.36v =  

21.1 º 

 

0.22u =  

12.7 º 

 

 

 
 

v

=0.075 

u

=0.075 

Desired 

Gaussian pattern 
0.22v =  

12.7 º 

 

0.22u =  

12.7 º 

 

Pattern 

optimized by 
PSO 

0.22v =  

12.7 º 

 

0.22u =  

12.7 º 

 

Pattern 
simulated by 

PO-MoM 

0.23v =  

13.29 º 

0.22u =  

12.7 º 

 

 
 

 

v

=0.045

u

=0.075 

Desired 
Gaussian pattern 

0.13v =

7.46 º 

 

0.22u =  

12.7 º 

 

Pattern 

optimized by 

PSO 

0.15v =  

8.6º 

 

0.21u =  

12.12 º 

 

Pattern 

simulated by 

PO-MoM 

0.15v =  

8.6 º 

 

0.21u =  

12.12 º 

 

 

FIGURE 5.  Total, first and second terms of objective function (13) 

vs. iteration number for = 0.105 and = 0.075, with 

0.005. 
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IV. EXPERIMENTAL VALIDATION  

A.  DESCRIPTION OF THE EXPERIMENTAL SETUP 

This section aims to experimentally demonstrate the 

capability of the proposed beam synthesis method for dual-

reflector antennas. For this purpose, the structure shown in 

Fig. 7 was used, which is similar to the dual-reflector 

antennas shown in Fig. 1. Both configurations have the same 

RSR size and horn. However, the dish size of the 

measurement setup in Fig. 7 is smaller owing to the limited 

size of the quiet zone of the compact antenna test range 

(CATR) available to the authors. The major and minor axes 

of the projected aperture of the elliptically shaped dish are 65 

cm (15.18λ) and 43.3 cm (10.11λ), respectively, with a focal 

distance of 49.2 cm (11.14λ at the design frequency of 7 

GHz). Owing to the smaller dimensions of the reflector, the 

displacement of the illuminated region on the reflector 

caused by variations in the phase distribution on the 

subreflector is more likely to cause spillover and should 

therefore be limited. Nevertheless, it is possible to observe 

variations in the beamwidth created by the beam synthesis. 

Fig. 8 shows the CATR measurement setup used to measure 

the far-field cuts along the v and u axes.  

 

FIGURE 7.  Dual-reflector antenna for the measurement setup, including 
a horn, a reconfigurable sub-reflectarray, and a solid parabolic dish. The 
clearance between the top edge of the reflectarray and the bottom edge 
of the main reflector is 120 mm, and the distance between the 
reflectarray and the horn is 200 mm, with an illumination of -4.2 dB on 
the edges of the reflectarray.  

FIGURE 6.  (a) Sampled centered Gaussian patterns with =0.105 and =0.075, =0.075 and =0.075, and =0.045 and 

=0.075. (b) Normalized amplitude of  optimized by PSO. (c) Distribution of   in degrees on the reflectarray for the 

optimized pattern. (d) Normalized amplitude of  simulated with MoM-PO using the phase distribution in (c). 
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B.  EXPERIMENTAL RESULTS  

A centered tapered Gaussian pattern was used as the desired 

beam. Before applying the beam synthesis algorithm, a new  
set of element factors of the 100-element RSR (i.e., the 

functions 
k

f  of (7)) must be generated for the dual-reflector 

structure in Fig. 7, that is, with the smaller elliptical dish. 

Once this step is completed, beam synthesis is performed and 

the obtained phases are applied to the RSR elements in the 

experimental antenna. Again, all phases are relative to the 

phases of a reference pattern, in which the elements are 

adjusted so that the beam reflected by the RSR is focused at 

the focal point of the dish. Fig. 9 shows the co-polarization 

reference pattern of the system in the far field of the antenna, 

as calculated by MoM-PO. The elliptical dish model is used 

in the beam synthesis steps presented in Section II and in the 

far field computations.  

As an illustrative example, the centered Gaussian pattern 

with v =0.09 and u =0.06, as shown in Fig. 10(a), is 

defined as the desired beam. The PSO algorithm with a 

population number of 5000 and  =5e-3 yields an OBJ value 

of 0.0032 after 1000 iterations. These parameters were 

determined through several numerical experiments. Figs. 

10(b) and 10(c) show the pattern in the uv plane and the 
n

  

phase distribution on the RSR obtained from PSO, 

respectively. Fig. 10(d) shows the radiation pattern in the uv  

plane of the dish calculated by MoM-PO after applying the 

optimized phase distribution. As desired, the synthesized 

pattern in Fig. 10(d) had a wider beam than the reference 

pattern in Fig. 9 along the u=0 axis. Cuts along the u and v 

axes of the patterns in Figs. 9 and 10(d) are shown in Figs. 

11(a) and 11(b), respectively. Each figure includes the 

measured and simulated cuts for the reference pattern and the 

desired Gaussian patterns, together with the theoretical 

desired patterns. Both the simulation and measurement 

results show the capability to widen the beam along one axis 

while keeping the width almost constant along the other axis. 

The -10 dB beamwidths are reported in Table 4. For the u=0 

cut, the desired, simulated, and measured Gaussian patterns 

have nearly similar beamwidths, which are larger than those 

of the reference case. However, in the v=0 cut, the 

beamwidths of the desired, simulated, and measured 

Gaussian patterns were similar to that of the reference beam. 

For the proposed experimental setup, the optimization 

algorithm works with a reduced solution space owing to the 

limited dish size. This effect is observed in Fig. 12 by 

comparing the current distributions on the dish for the 

structures in Fig. 1 and Fig. 7, when synthesizing the beam 

for centered Gaussian patterns.  A few reasons could explain 

the differences between the measured and MoM-PO 

FIGURE 9.  Reference radiation pattern of the structure in Fig. 7.  

 

FIGURE 8.  Setup for measuring the pattern cuts along the u 
and v axes. 

FIGURE 10.  (a) Centered Gaussian pattern with =0.09 and 

=0.06. (b) Normalized amplitude of the optimized pattern by PSO. 

(c) Distribution of  in degrees on the reflectarray for the 

optimized pattern. (d) Normalized co-polarization amplitude of 
the radiation pattern obtained by simulation of the antenna in 
FEKO using the phase distribution ሼ𝝋𝒏ሽ in (c). 
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simulated results. First, we used a: low-quality commercial 

reflector antenna that was cut to fit in the quiet zone of the 

CATR. Second, misalignments of the horn, sub-reflectarray 

and dish are possible. 

  

 
TABLE 4.  -10 dB BW of the reference and synthesized beams 

Pattern Method BW (-10dB) 

along the v axis 
BW (-10dB) 

along the u axis 
 

 
 

Reference 

pattern 

Pattern 

optimized by 
PSO 

0.15v = , 

8.62º 
0.2u = , 

11.53º 

Pattern 

simulated by 
PO-MoM 

0.13v = , 

7.4º 

 

0.19u = , 

10.9º 

 

Measurement 0.16v = , 

9.2º 
0.2u = , 

11.5º 
 

 

 
Gaussian 

pattern with 

v =0.09  

and   

u =0.06 

Desired 

Gaussian 

pattern 

0.28v = , 

16.26º 

 

0.2u = , 

11.53º 

 

Pattern 

optimized by 
PSO 

0.3v = , 

17.45º 
0.21u = , 

11.53º 

Pattern 

simulated by 
PO-MoM 

0.28v = , 

16.0º 

 

0.19u = , 

10.9º 

 

Measurement 0.34v = , 

19.6º 
0.18u = , 

10.3º 

 

Third, the simulations did not include the reflectarray 

mounting brackets; they were covered with absorbers during 

the tests and these absorbers can cause some blockage that 

affects the patterns. 

Fig. 13 shows the normalized reference and synthesized 

patterns along the v and u axes obtained from measurement.  

XPD levels of approximately 15 dB and 19 dB (AR of 1.5dB 

and 0.97dB) within the HPBW along the v and u axes were 

obtained, respectively, for the synthesized beam, while an 

XPD of approximately 25 dB (AR of 0.48dB) was obtained 

for the reference beam along both axes.  The RHCP term is 

considered to be the co-polarization term, and LHCP is 

deemed to be the cross-polarization term. These XPD levels 

were higher than those of the unit cell (see Fig. 3). However, 

the optimization algorithm did not include X-pol and it did 

not calculate the element patterns for X-pol. It can be 

observed that for the case of the focused beam, the XPD level 

is better than that of the shaped beam. This was also the case 

in [16]. A comparison of different studies in which a sub-

reflectarray is used for beam shaping is given in Table 5. To 

the best of our knowledge, this paper is the first to include an 

experimental demonstration with a reconfigurable sub-

reflectarray. Accordingly, the number of array elements was 

significantly smaller. This study is also the first to consider 

circular polarization. Except for [5], it can be observed that 

aperture efficiency increases when the size of the 

subreflectarray increases, possibly due to less spillover 

losses. 

 

V. CONCLUSION 

The proposed approach for synthesizing beams in a dual-

reflector system using RSR element factors was demonstrated 

through simulations and validated experimentally with smooth 

Gaussian patterns. It was shown that the proposed algorithm 

can control the beamwidth along the v and u axes. Good 

agreement was found between the beamwidths predicted by 

optimization and those obtained from the simulations. Owing 

to the limitations of the antenna test range, a smaller main 

reflector was used in the experiments, leading to stronger 

currents near the edge of the reflector (Fig. 12(b)). This led to 

FIGURE 11.  Cuts of the Gaussian pattern with =0.09 and =0.06. 

(a) Normalized co-polarization electric field along the v axis (u=0) for 
the reference beam (measured) and the synthesized beams 
(measured, simulated, and desired) for the Gaussian patterns. (b) 
Same cases but along the u axis (v=0). 

 

FIGURE 12.  Current distribution on the dish obtained by 
simulation of the antenna in FEKO, using (a) the phase 
distribution ሼ𝝋𝒏ሽ in Fig. 6(c) for the centered Gaussian pattern 

with =0.105  and =0.075 and  (b) the phase distribution in 

Fig. 10(c) for the centered Gaussian pattern with =0.09 and 

=0.06. 
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more differences between the measured and predicted 

beamwidths, but the agreement for the -10 dB beamwidths 

was still within a few degrees (differences of 0.6º for the 

narrow width and 3.6º for the wider width).  It is concluded 

that the limitation of the algorithm in terms of controlling the 

beamwidth, especially for narrow beams, can be improved by 

increasing the aperture size of the main reflector. In all test 

cases, with an RSR of only 100 elements, the addition of a  

penalty term in the PSO criterion to prevent abrupt variations 

in the phase settings was found to be essential. Applying this 

approach to an N-element RSR first requires N+2 simulations 

of the entire antenna system (one for each element, one for the 

structural scattering term, and one for the reference beam). A 

hybrid approach in which the RSR and feed horn were 

modeled with MoM and the main reflector was modeled with 

PO led to good results. Once this computation-intensive phase 

is performed, beam optimization is realized rapidly and 

efficiently.  
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