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RESUME

Les maillages courbes, ou d’ordre élevé, sont utilisés depuis plusieurs dizaines d’années comme
support pour simulations par éléments finis ou volumes finis. La flexibilité inhérente aux élé-
ments courbes a traditionnellement été mise a profit pour fournir une meilleure résolution
des frontieres CAD que celle offerte par des discrétisations linéaires par morceaux. Les mail-
lages d’ordre élevé ont gagné en intérét au cours de la derniere décennie, puisqu’il a été
montré que les schémas numériques d’ordre élevé, bénéficiant d’une convergence accélérée
par rapport aux schémas classiques d’ordre deux, pouvaient nécessiter des discrétisations
géométriques également d’ordre élevé pour ne pas perdre leurs propriétés d’approximation.
Ces maillages sont courbés a posteriori, en placant les sommets d’ordre élevé sur la géométrie
CAD. Courber uniquement les éléments aux frontieres peut les rendre invalides, cependant.
Ils sont alors "démélés", propageant ainsi de la courbure dans les éléments intérieurs. La
courbure des éléments intérieurs n’est donc jamais activement recherchée, mais est la con-
séquence de la procédure de démélage. Récemment, l'idée est apparue de mettre a profit
ces degrés de liberté supplémentaires pour réduire I'erreur d’approximation dans le domaine
de calcul, donnant lieu a I’adaptation de maillages curvilignes. Bien que des éléments cour-
bés arbitrairement impactent négativement la convergence des méthodes d’interpolation, il
a été montré que des maillages courbes optimisés apportaient un gain d’erreur substantiel,

motivant leur utilisation pour ’adaptation de maillages.

Cette these est la continuité de travaux récents dans cette direction et aborde le probleme de
I’adaptation de maillages curvilignes en deux dimensions a l'aide de métriques. Plus partic-
ulierement, le probleme qui nous occupe est de générer, a 'aide de métriques riemanniennes,
des maillages de triangles quadratiques minimisant l'erreur d’interpolation sur un champ
scalaire. Cela requiert d’étendre les questions usuelles de I'adaptivité, c¢’est-a-dire, quanti-
fier 'erreur commise en interpolant sur des éléments courbes, obtenir la métrique minimisant
cette estimé d’erreur, décrire les propriétés des simplexes idéaux pour cette métrique, et enfin
générer des triangulations courbes composées uniquement d’éléments idéaux. Chacune de ces
questions est abordée de maniere plus ou moins approfondie. Un récent estimateur d’erreur
d’interpolation linéaire est d’abord étendu pour traiter des interpolants d’ordre arbitraire.
De la, le probléeme a résoudre pour la métrique optimale est formulé, et un schéma numérique
rudimentaire est proposé. La question des simplexes idéaux est traitée en proposant une nou-
velle définition d’éléments unités, basée sur des isométries riemanniennes. Cette définition
englobe les précédentes. Finalement, un algorithme de génération de maillage fournissant

des triangulations courbes et quasi-idéales pour une métrique donnée est présenté.
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ABSTRACT

Curvilinear, also called high-order, meshes have been used for decades as a support for nu-
merical simulations with finite element and finite volume methods. The added flexibility of
high-order elements has historically been used to provide a more accurate representation of
curved CAD boundaries than that offered by piecewise linear meshes. High-order meshes
have gained interest in the last decade, as it has been shown that high-order numerical
schemes, which enjoy accelerated convergence compared to classical second-order methods,
may require high-order discretizations so as not to lose their approximation properties. Such
body-fitted meshes are curved a posteriori by placing high-order vertices on the geometry.
Curving boundary elements only may cause them to become invalid, i.e., tangled. Untan-
gling methods cause edge or face curvature to be propagated inside the domain. Thus, the
curvature of interior elements is never sought; it appears instead as a by-product of the
untangling procedure, and the ideal element is always straight. Recently, the idea emerged
of using the additional degrees of freedom provided by high-order meshes to further reduce
the approximation error inside the computational domain. This is the topic of high-order
anisotropic mesh adaptation, or simply curvilinear mesh adaptation. The classical theory of
interpolation discourages arbitrarily curved elements, as they negatively impact the conver-
gence rate of interpolation operators. It has been shown, however, that optimized curvilinear
meshes may actually provide a substantial reduction in interpolation error, motivating their

use in adaptivity.

This thesis builds upon recent work in this direction and tackles the problem of metric-based
curvilinear mesh adaptation in two dimensions. Specifically, we are concerned with the
problem of generating, with the means of Riemannian metrics, meshes of quadratic triangles
which minimize the interpolation error on a scalar field. This requires extending the classical
questions of adaptivity, namely, quantifying the error committed on curved elements, deriving
the Riemannian metric minimizing this error, describing the properties of ideal triangles for
this metric, and finally, generating curved triangulations consisting of these ideal simplices.
Each of these questions is addressed in more or less depth. We extend a recent linear error
estimate to handle interpolation of arbitrary order on curved elements, then formulate the
problem for the optimal metric, for which we provide a crude numerical scheme. The question
of ideal simplices is treated by proposing a new definition of so-called unit elements based
on Riemannian isometries, which encompasses the existing definitions. Finally, a meshing

algorithm that outputs quasi-ideal triangulations for a given metric is presented.
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CHAPTER 1 INTRODUCTION

Real-life experiments in various disciplines, such as engineering, physics, or climatology, have
been increasingly replaced by numerical simulations. These simulations involve translating
the problem at hand into mathematical models, typically in the form of partial differential
equations (PDE) in various fields (temperature, fluid velocity, material displacement, etc.),
which are in turn discretized and solved on computers. In mechanical design, for instance,
the process begins with creating a computer-assisted design (CAD) model of the studied
component. When simulation is carried out with a finite element or finite volume method,
the numerical solution is computed on a mesh, that is, a geometric discretization of the
domain of interest. The quality of the mesh greatly impacts the precision and the robustness
of the simulation. The initial mesh is usually not optimal, and is iteratively adapted based on
the computed solution. This process can be repeated until convergence of both the mesh and
the solution, from which useful design quantities (heat fluxes, lift and drag, various stresses,

etc.) are then post-processed.

Meshes can be adapted by relocating the vertices to minimize an error functional of interest.
Over the past few decades, anisotropic mesh adaptation has proven to be a cost-effective
way of capturing complex simulation features, by creating meshes characterized by stretched
elements in the directions of anisotropy of the problem at hand. Their use is particularly jus-
tified for strongly anisotropic phenomena, such as shocks and other complex fluid dynamics
applications. Consequently, there is a rich literature regarding anisotropic mesh adapta-
tion, especially for computational fluid dynamics (CFD) [1-7]. Metric-based adaptation is
probably the most popular framework for the generation of anisotropic meshes: it relies on
Riemannian metrics to modify how lengths and angles are computed, so that anisotropic and
distorted meshes are viewed as isotropic and uniform for a given metric. The continuous
mesh framework [8,9] establishes a duality between discrete triangulations and Riemannian
metrics, and derives optimal metrics for different error functionals, such as the interpolation
error measured in LP norm, or the error on specific quantities of interest. Anisotropic tri-
angulations adapted for the former capture the overall features of the studied fields with an
emphasis on the small scales depending on the chosen L” norm, while meshes adapted to
quantities of interest provide accurate predictions of outputs used in design, such as the lift
and drag of an airfoil or the concentration of a tracer at a given location. This framework
was initially developed for linear interpolation on straight-sided meshes, in both two and
three dimensions [1], and was then extended to interpolation of arbitrary order on straight
meshes [10-12].



Aside from mesh adaptation, high-order, or high-fidelity, numerical schemes, such as spectral
and Discontinuous Galerkin (DG) methods, can be used to better approximate the governing
equations, providing more accurate results for the same computational cost. It has been
shown [13, 14], however, that high-order schemes require high-order (that is, curvilinear)
meshes to fully take advantage of their inherent accelerated convergence. Using piecewise
linear approximations of curved boundaries, for instance, can hinder the optimal convergence
of such high-order methods. In this sense, the majority of the research on curvilinear meshes
has been devoted to the generation of body-fitted meshes, whose curved elements are placed
close to the boundaries to accurately capture the CAD model, to leverage these high-order
numerical schemes. Validity, a constraint needed to perform meaningful interpolation and
integration, becomes an issue with the elements of a high-order mesh. Linear elements are
valid if they simply have a positive area, that is, if they are not inverted. For quadratic and
higher-order elements, validity requires the strict positivity of their Jacobian determinant
everywhere on the element. Assessing the validity of merely quadratic meshes is not an easy
task [15], and neither is enforcing validity on all elements [16,17]. State-of-the-art methods
create body-fitted curved meshes from a linear mesh, snap the high-order vertices on the
CAD boundaries, then untangle the curved elements by propagating curvature inside the
domain [16,18-20]. In these approaches, interior curvature is never sought and is only a by-
product of the untangling of boundary elements, so that the ideal element is still the straight

underlying triangle.

Recently, the idea of curving the mesh elements inside the domain emerged as a way of
reducing the approximation error, in the same way that anisotropic meshes reduce the error
compared to uniform or isotropic meshes [17,21-30]. This was done incrementally in Zhang
et al. [21-23] by proposing a meshing algorithm to produce valid curvilinear triangulations
for a given Riemannian metric, then by devising such a metric from an input field, be it
analytical or a numerical solution coming from CFD computations. In Aparicio-Estrems
et al. [25-27], interior curvature is achieved by generating triangles and tetrahedra which
are the image through the metric of an ideal equilateral simplex. The initially straight
simplices are curved to minimize a metric-weighted distortion with respect to this ideal
simplex. Sanjaya [28,29], in contrast, builds upon the framework developed by Yano and
Darmofal [31], and proposed to move the high-order vertices to locally minimize an error
estimate for a quantity of interest. The work of Rochery [17,24,32,33] aimed at extending
the established continuous mesh framework to curvilinear mesh adaptation. Key ingredients

of the method, such as error estimates for linear interpolation and a generalization of ideal



elements, were modified for curved simplices. The approach taken by Zhang falls within
this framework, generalizing the error—metric—ideal element paradigm discussed in detail
hereafter. Lastly, Caplan et al. [30] create curvilinear meshes of arbitrary order as projections
of uniform meshes isometrically embedded in a higher-dimensional space, building on similar

ideas for anisotropic mesh generation [34, 35].

This thesis aims at extending the continuous mesh framework to curvilinear adaptation,
and thus builds on the work of Zhang [23], Rochery [17] and, to a lesser extent, Aparicio-
Estrems [27]. Similarly to Zhang, our work is driven by three research questions, which are

now motivated.

Research questions

Mesh adaptation is the process of translating error indicators into size fields, then con-
verting size fields into meshes. Error indicators are post-processed from a numerical solution
and drive the adaptation procedure. Mesh adaptation combines both a priori and a poste-
riori analyses: a priori estimates predict the error function associated with a given problem
and discretization. These estimates study the underlying structure of the problem at hand,
allowing to devise strategies to adapt the mesh to minimize the error indicator. The inter-
polation error over smooth functions, for instance, relies on Taylor’s remainder and involves
both high-order derivatives of the interpolated field and the local mesh size. The imple-
mentation of these adaptation strategies is made possible by a posteriori indicators, which
quantify the error effectively obtained on the current discretization, allowing to compute size
fields. Then, the mesh generator creates a geometric discretization that respects this size

field as best as possible, according to a given criterion.

For some adaptation procedures, some of these aspects are trivial. For instance, in a tree-
type mesh (e.g., quadtree/octree), it is common to compute a scalar error indicator and refine
(resp. coarsen) the tree cells whose error lies within the top (resp. bottom) X% bracket, with
the goal of distributing the error equally. Both the size field and mesh modification processes
are trivial: either do nothing, merge neighbouring cells or divide a cell by 2. Moreover, these
three aspects may be clearly separated, or, on the contrary, tightly linked. For instance, the
anisotropic mesh adaptation procedures proposed by Bois et al. [36] and Fortin et al. [6,37]
rely on local mesh modifications to control the L? and H! norms of the interpolation error.
Therefore, the size prescription and remeshing steps are coupled in an optimization problem.
In metric-based frameworks, on the other hand, the (possibly anisotropic) size field is encoded

in a Riemannian metric containing the ideal sizes and orientation at all points. The size field



is a distinct entity, over which operations such as smoothing or derivatives computations can

be performed.

In this thesis, we consider metric-based mesh adaptation and we aim at generating two-
dimensional meshes made of curvilinear triangles. As a first step, we focus on triangula-
tions tailored to control the interpolation error. The characterization of the three given
steps, error indicators, size fields and mesh generation, can be summarized for metric-based

methods by the following questions:

1. Error indicators: How can we write local estimates for the interpolation error on

simplices?

2. Optimal size fields: What are the Riemannian metrics minimizing the integral (e.g.
LP or W#P) norm of these estimates under a given constraint on the number of mesh

vertices or elements?

3. Mesh generation: How can we generate meshes made of simplices whose size and

orientation are prescribed by these metrics?

We build upon the continuous mesh framework, which answers these questions for
straight-sided meshes. Fully extending the continuous mesh framework to high-order sim-
plices is still an open problem, with current generalizations due to Rochery [17]. The following

details the existing solution on linear meshes, and the state of the art for quadratic simplices:

1. Error indicators: Error estimates for linear and high-order interpolation error on
linear simplices are based on Taylor’s remainder. For linear interpolation, they involve
the edges of the simplex and the Hessian of the function. To work in a fully continuous
setup, discrete estimates are translated into continuous ones, involving only Riemannian
metrics and no longer referring to discrete mesh edges. This is done using invariants
shared by ideal simplices, also called unit simplices, for a given metric. These sim-
plices are equilateral when viewed through the eyes of the metric, and can be described
only with the information of the metric. More precisely, all instances of the edges in the
linear error estimate can be replaced by the metric, no longer bounding the estimate
to a particular simplex and making it a pointwise error estimate. Higher-order inter-
polation error estimates are derived for linear simplices by bounding the derivatives of
order m > 3 around each mesh vertex by a positive-definite quadratic form. Then, the
pointwise error estimate has the same form as for linear interpolation. A closed-form

solution for this quadratic form exists for linear and quadratic interpolation in 2D and



is due to Mirebeau [38]. For linear interpolation, it is simply the absolute value of the
Hessian matrix, so that the error estimate reduces to the one described above. For
quadratic interpolation, a closed-form solution depending on the homogeneous polyno-
mial describing the error around a mesh vertex exists. For higher-order interpolation,
numerical optimization is required. Coulaud and Loseille proposed a method based on

the simplex algorithm [11,12] to derive this quadratic form.

Error estimates for linear interpolation over quadratic simplices were derived by Rochery
[17], working exclusively on the reference simplex and considering the error on the
composition with the nonlinear element transformation. The resulting error estimate
features an additional term involving the Hessian of the element transformation, that
is, the curvature of the simplex, which vanishes for linear elements. Similar estimates

were also obtained by Zhang along quadratic curves [22].

. Optimal size fields: The optimal Riemannian metric minimizes the L? norm of the
pointwise error field. For linear interpolation, the cost functional is simple and the
minimization problem was solved analytically [8,9], yielding a closed-form solution for
the optimal Riemannian metric under a constraint on the number of mesh vertices. For
higher-order interpolation, the problem can also be solved analytically and takes the

same form as for the linear case, with different parameters.

Alternatively, the minimization problem can be tackled numerically. This is done in the
Mesh Optimization via Error Sampling and Synthesis (MOESS) approach from Yano
and Darmofal [31], where a Riemannian metric is built iteratively to minimize any given
error functional. This has been successfully applied to minimize various goal-oriented
functionals [39,40].

In contrast, the metric minimizing the LP norm of the pointwise error for quadratic
simplices has not been derived, either analytically or numerically. This means that
the closed-form of this metric, if it exists, is yet unknown. It requires minimizing a
functional involving both the metric and its derivatives, with additional derivatives
involved as the order of the polynomial representation of the simplices increases. Ad
hoc Riemannian metrics were proposed in Zhang and our work [41], with mitigated
success. These metrics are inspired by the induced metric, discussed in Chapter 3, and

limit the interpolation error along the isolines and gradient lines of the field of interest.

. Mesh generation: Unit linear simplices have edges of unit length when measured
with respect to a Riemannian metric, and are thus equilateral for this metric. They

are, as a result, anisotropic with respect to the Euclidean metric. Unit simplices are



the ideal elements for a given metric, and optimal triangulations should ideally consist
only of such elements. It is generally impossible to generate meshes consisting only of
truly unit simplices, hence quasi-unit simplices relax this condition. Their edges are
of length within [1/4/2,1/2], and are achievable for practical mesh generators. Quasi-
unit meshes are generated by splitting edges and collapsing vertices until all edges have
the required length with respect to the metric, and various topological operations are

performed to enhance the mesh quality.

There is currently no off-the-shelf metric-based mesh generator that creates curved
meshes, thus generation must be implemented within an in-house code. As linear
meshing softwares rely on an efficient generation of unit and quasi-unit simplices,
these notions must be extended to curvilinear elements. Rochery proposed a definition
of high-order unit simplices based on their Jacobian matrix, which is usually taken
as an invariant for linear simplices. Such unit elements have unit edges, and thus
encompass the linear case. They recently proposed a one-step curving method to curve
edges, so as to be unit according to this definition, giving a practical way of generating
unit quadratic simplices [33]. Alternatively, Aparicio-Estrems [25,26] proposed to curve
mesh simplices by minimizing a distortion measure with respect to the metric. This
approach is closely related to Rochery’s definition of unit simplices, as discussed in

Chapter 4 and in Rochery’s thesis.

Contributions of this thesis

The main contribution concerns curvilinear mesh adaptation with triangles in two dimensions:

e Error indicators: We expand Rochery’s results and propose an error estimate for
interpolation of arbitrary order on curved triangles. This estimate is a straightforward
application of the high-order estimate described in Coulaud et al. [11,12] to the high-

order derivatives on the reference simplex of the field of interest.

o Optimal size fields: We discuss an improved version of the ad hoc metric proposed
by Zhang [22], limiting the interpolation error on edges. Then, from the error estimate
above and the log-simplex method of Coulaud et al., we propose an iterative method to
derive the optimal metric for high-order interpolation on curved triangles. The presence
of metric derivatives changes the nature of the problem from a nonlinear equation to
a nonlinear system of PDE in the metric components. This system was not solved in
this work, rather, we propose an ad hoc extension of the iterative scheme in [11,12] to

obtain a solution on a simple application.



o Mesh generation: We revisit unit elements in light of notions of Riemannian geom-
etry. Observing that linear unit elements preserve the edge length of an equilateral
triangle, and that Rochery’s extension to curvilinear triangles involves the pointwise
Jacobian matrix of the transformation, we define unit elements as transformations of a
reference simplex by Riemannian isometries. These isometries preserve the lengths,
angles and areas, but also the Riemannian metric, imposing the same condition on
the Jacobian matrix as the one proposed by Rochery. This is the main contribution
of this thesis. Such a definition of unitness in terms of Riemannian isometries has
several advantages. The first is that, conceptually, it describes unit elements as what
they are and not through their properties, either in terms of edge lengths or Jacobian
matrix. Then, as isometries, unitness preserves the geodesic property of the edges of
the reference simplex. In other words, the edges of isometric unit elements are also
geodesics in their metric space, that is, curves of minimal length. This justifies the
intuitive construction of curved edges by length minimization used in [17, 21,22, 41].
Lastly, this offers a broader framework as unit triangulations can be based on other ref-
erence simplices, not only regular (equilateral) simplices. For instance, triangulations
isometric to a regular tiling of the space with right triangles are constructed. Unit
isometric triangles are generated by explicitly controlling the inner angles, in addition
to the edge lengths, then curved to minimize either the metric distortion [25,26] or the

Riemannian length.

Aside from these recent results on curvilinear mesh adaptation, we present a small contribu-
tion to the computation and storage of a size field induced by the CAD model for 3D mesh
generation. This work was done at the beginning of this thesis, and concerns isotropic and
linear tetrahedral meshes, whose size is governed locally by the curvature and the thinness
of the CAD model. It was published in the International Journal for Numerical Methods in
Engineering in 2021.

Plan of the thesis

o High-order Lagrange simplices are introduced in Chapter 2. We define the notations
adopted in this document, as well as interpolation and integration on Lagrange P9
triangles. The notion of validity is introduced, with practical criteria on the Bézier
control coefficients [15,17]. As a motivation to generate curvilinear meshes, we present
the minimization problem considered by Rochery: starting from a linear mesh, the P?
edge vertices are moved to minimize the exact interpolation error in L? norm. The

resulting meshes show a considerable reduction in both the L? norm and H' seminorm



of the error, going up to almost a full order of convergence. With the exception of this
motivating example, the contents of this chapter are standard and the reader familiar

with high-order meshes can skip this chapter without loss of continuity.

Riemannian metrics are used throughout this thesis, and are formally introduced in
Chapter 3. The definition of unit elements in Chapter 4 relies on Riemannian isometries,
which pull the metric on a smooth manifold back to the metric of another smooth
manifold. Such manifolds are said to be isometric, and thus have the same curvature.
These notions are better appreciated after a proper introduction to the geometry of
manifolds. We made the choice of presenting these textbook notions in a self-contained
form, resulting in a theoretical and slightly tedious chapter, but which helps grasping
some key aspects of Riemannian geometry. The reader who is already familiar with
these notions and their application to mesh generation can skip this chapter without

loss of continuity.

In Chapter 4, the existing definitions of unit simplices are compared, then we introduce
a new one for curved simplices in terms of Riemannian isometries. Simplices are said
to be unit if they are an isometric transformation of an ideal simplex, which may be
arbitrary and does not have to be equilateral. From the properties of isometries, the
existing definitions of unitness are recovered, as well as the invariants shared by unit
simplices. Criteria for the existence of high-order unit triangles are discussed: they
exist on flat manifolds, that is, manifolds isometric to the Euclidean space R™. Most
manifolds are not flat, so we discuss a generalization of quasi-unitness for isometric
simplices. Error estimates are then derived on isometric simplices, following the linear

error estimate derived by Rochery [17].

We review in Chapter 5 existing optimal Riemannian metrics for anisotropic adaptation
on linear meshes. These are the state-of-the-art metrics to create anisotropic meshes to
control the interpolation error. The closed-form solution of Mirebeau [38] is recalled,
as well as the log-simplex method for high-order interpolation [11,12], for which an
interpretation as a fixed-point method between manifolds is given. This interpreta-
tion is used in Chapter 6 to generalize the problem of the optimal metric to curved
elements. Illustrative examples show the application of optimal metrics to perform
mesh adaptation with linear elements, with respect to both analytical fields and CFD

benchmarks.

Chapter 6 tackles the problem of finding optimal metrics to minimize the interpolation

error on curved meshes. The metric proposed in Zhang [22] is first discussed, and its



limitations are identified. Then, we apply the log-simplex method to the error estimate
of Chapter 4 to derive the equations satisfied by the optimal metric. The exact system
of PDE is not solved, but we propose a simple ad hoc iterative scheme based on the

log-simplex method.

o Quasi-isometric triangulations are generated in Chapter 7. A frontal algorithm for
the generation of quadratic triangulations is presented, following [21,22,42,43]. In
addition to the edge lengths, the inner angles are controlled with respect to the input
metric, according to the selected ideal simplex. Results are presented by setting the
ideal simplex as equilateral, thus the meshes have unit edges and inner angles centered
around 60° with respect to the metric. Curvature is driven by minimizing either the

Riemannian length or the distortion with respect to the metric and the ideal element.

o Lastly, early work of this thesis, unrelated to curvilinear mesh adaptation, is presented
in Chapter 8. Isotropic size fields are computed for 3D CAD models based on their
surface curvature and their medial axis. The approach is illustrated on geometric

models from various datasets.

The role of each chapter with respect to the research questions is summarized below. Chapter
4 should be read before Chapters 5, 6 and 7. Chapters 4 and 7 can be read as a whole,
where a definition of unitness and its practical implementation are presented. Chapter 8 is

disconnected from the rest of the thesis and can be read separately.

Error indicators Optimal size fields Mesh generation
Chapter 5 Chapter 4
Chapter 4 (Metrics for linear elements) (Isometric elements)
(Isometric elements) Chapter 6 Chapter 7
(Metrics for curved elements) (Generation of
curved triangulations)

Publication and conference proceedings

o "Automatic feature-preserving size field for three-dimensional mesh generation', A.
Bawin, F. Henrotte, J.-F. Remacle, Int. Journal for Numerical Methods in Eng., 2021.

« "Optimally Convergent Isoparametric P? Mesh Generation", A. Bawin, A. Garon, J.-F.
Remacle, STAM IMR proceedings, 2023.

o "Isometric simplices for high-order mesh adaptation', A. Bawin, A. Garon, J.-F. Remacle,

SIAM Journal of Numerical Analysis, in preparation.
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Participation to conferences

» International Meshing Roundtable 2019, Buffalo. Presentation of a poster: "Mesh Size
Field with Minimal User Input".

o Toronto Fields Institute — UOttawa Workshop, 2021, Virtual: "Generation of Quasi-

Unit Curvilinear Meshes for 2D Numerical Simulations".

o WCCM-APCOM 2022, Virtual: "Curvilinear Grids Adapted from 2D Numerical Sim-

ulations.
o SIAM IMR 2022, Virtual: "Curving Strategy for P? Mesh Generation'.
o SIAM IMR 2023, Amsterdam: "Optimally Convergent Isoparametric P? Mesh Gener-

ation".
o« WCCM 2023, Cannes: "Metric-based Curvilinear Mesh Adaptation on Lagrangian Co-

herent Structures".

« Poster presentations during the GPS (Génie Par la Simulation) workshops at Polytech-

nique Montréal.

Code

o Development of an open-source, generic purpose, 0-, 1- and 2D unsteady finite element

(continuous Galerkin) C++ library, with the following features:

— Natively high-order code, dealing with P! or P? triangulations.

— Toolbox of differential operators (finite element weak forms) on scalar and vector
fields inspired by the MFEM project [44], with interface with Intel MKL Pardiso
and PETSc for linear solvers and exportation of simulation results for visualization

with ParaView.

— Recovery of solution and derivatives of arbitrary order with Zhang and Naga’s

polynomial preserving recovery (see Appendix B.1).
— Computation of metric tensor fields for anisotropic adaptation, metric and deriva-

tives interpolation, and interface with mmg2d for anisotropic remeshing.

o Collection of routines in GMSH for the generation of curved triangulations: points gen-

eration, triangulation, edge curving, elements validity routines, topological operations.

o Collection of routines in GMSH for automatic isotropic mesh size prescription for 2D
and 3D models based on P4EST [45].



11

CHAPTER 2 HIGH-ORDER SIMPLICES

High-order simplices denote curves, triangles and tetrahedra represented by polynomials of
degree 2 and higher. These polynomials are usually written using either the Lagrange or
Bézier basis functions. In the Lagrange formulation, the control points coincide with the
mesh vertices making the Lagrange description of a high-order simplex quite intuitive. With
the exception of corner vertices, the Bézier control points are generally not constrained to lie
on the boundary of the simplex. In this thesis, following the work of Zhang [23], simplices
are represented with Lagrange polynomials, and the emphasis is put in this chapter on the
Lagrange formulation. High-order simplices may curve to reduce the approximation error on
the geometry or on the resolved fields. Historically, curved simplices were almost exclusively
located near the boundaries to improve the representation of the CAD model. Inner simplices
would only curve to avoid the inversion of boundary simplices. Recent works [17,21-23,27,41]
explored applying the added flexibility of curved simplices to control e.g. the interpolation

error inside the computational domain.

We introduce in this chapter well-known concepts and notations used throughout the thesis,
including the transformation from reference to high-order simplices (Sections 2.1 through
2.3), Lagrange interpolation (Section 2.4), and integration (Section 2.5). These last oper-
ations constrain the simplices to be positively oriented everywhere, yielding the notion of
validity, discussed in Section 2.6. Interpolation on curved meshes computed through the ref-
erence simplex is generally discouraged, as arbitrary edge curvature can degrade the optimal
convergence order. In Section 2.7, we show as in Rochery [17] that triangulations curved to

minimize the interpolation error exhibit reduced error in L? norm and H' seminorm.

This chapter is inspired by the excellent presentation of Rochery [17] on Bézier simplices.
Similar notations are used for easier identification, and we refer to their work for the proof

of some results.

2.1 Reference element

In standard finite element methods, the mesh is defined in the so-called physical space
or world space €2, which is a compact subset of R” where the CAD model is defined. In
this work, we use the notation & = (z',...,z") to denote coordinates for the physical space,

which we call physical coordinates. In contrast, practical computations are performed on a
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single reference element, after a change of variable, in the reference space Q. The reference
space is also a compact subset of R", with reference coordinates &€ = (¢!,...,£"). In this
thesis, we only consider meshes of triangles, but we present here definitions for simplices
of arbitrary dimension n. When working with simplices, another useful set of numbers
are the barycentric coordinates u = (u',... u"™), which are the ratios of the volume
of each subsimplex formed by a point p and the n opposing points of the simplex to the
volume of the whole simplex. They are not coordinates in the sense of coordinates maps
introduced in Chapter 3 when looking at manifolds, because they are n + 1-tuples, but
they are constrained by the closure relation 3,4’ = 1 and thus only have n independent

coordinates. The correspondence between reference and barycentric coordinates is:

E—u(f) = (1—§:§i,§1,...,§”> ;o ow E(u) = (u? L umh), (2.1)

where the position of the closure relation is arbitrary and was set here as the first barycentric
coordinate to match the linear Lagrange basis functions introduced hereafter. For instance,

we have in two dimensions:

(6.6 £ (&m = (wv,w) = (1—-E—n,&n),

(2.2)
(uh, u?,u?) & (u,v,w) = (&,1) = (v,w).

The reference n-simplex K , also called the reference element when the dimension is

understood, is a convex combination of n + 1 points of Q and is defined by either of the

§1} {ue [0, 1]+

In two dimensions, it is the triangle of vertices (0,0), (1,0) and (0,1). On the reference ele-

following sets:

Aé{5601

nful = 1} (2.3)

ment, the Lagrange polynomials of degree k, introduced hereafter, are defined from equally
spaced nodes along each coordinate axis, see Fig. 2.1. These nodes have reference coordi-
nates £ = (%, . %) with i, € [0, k], the set of positive integers between 0 and k. Their
barycentric coordinates are obtained from (2.1) and can be written in a compact way using
multi-indices, as proposed by Rochery [17]. In dimension n, the set of multi-indices of

degree £ is defined by:

Kk 2 {a e [0, k]!

o = %az = k} (2.4)
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Multi-indices are n + 1-tuples of positive integer numbers, which are frequently used to
write compact expressions for e.g. Newton’s binomial or higher-order Taylor’s expansions
for several variables. For example, the elements of f(\% are the triplets (1,0,0),(0,1,0) and
(0,0,1). This way, the barycentric coordinates of the Lagrange nodes are simply u, = (a/k)
for v € K*. Similarly, &, = (0, ..., an41)/k. As mentioned in [17], the notation K* comes
from the fact that the set of multi-indices can be identified with the intersection of the grid N"
of naturals with the scaled reference element n x K. This yields a compact identification of
the vertices of the reference element of arbitrary order, as shown in Fig. 2.1. The cardinality
|KC*| of this set, also noted N (k), is [17]:

= (k+n)!
thus: (k+ 1)(k +2) k4 1)(k+2)(k+3

_ _ +1)(k + _ 1)k +2)(k+

o=k, (R = EEDEED gy ERDELDEED =
001 002 003

oL e 011

@ [ 4 @
100 010 200 110 020 300 210 120 030

Figure 2.1 Reference nodes of triangles of order 1, 2 and 3.

2.2 Lagrange basis functions on the reference element

The Lagrange basis functions are a well-known polynomial basis defined on the reference
element. They are unit at their associated node and zero at all other nodes, and are thus
particularly easy to come by when interpolating fields. First, we define the space of homo-
geneous polynomials of degree k£ on K in barycentric coordinates by:

—_ n+1 . —~ —~
HF(K) = { span [[(u')™ |u € K, me K, |m|=k } (2.7)
i=1
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These are the homogeneous polynomials of the form u*, u*~2vw, vw*~!, etc. Then, the La-

grange basis functions of degree £ in barycentric coordinates are the set of polyno-
mials ¢! € H*(K) such that for all o, 3 € K*:

ohtus) =t () = dun (2.9

where the superscript b stands for barycentric. In other words, these are the homogeneous
polynomials of degree k which are 1 at the barycentric coordinate 3/k and 0 everywhere else,
where 3 is a multi-index. The linear Lagrange basis functions in two dimensions are simply

the barycentric coordinates, since they are 1 at their vertex and vanish at the two others:

¢lfoo =1, ¢810 =1, 925801 =W (2.9)
The quadratic functions are given by:

¢goo =u(u—v—w), ¢II10 = duw, ¢820 =v(v—u—w),

by _ - (2.10)
Go11 = dvw, dgpy = w(w —u —v),

b
101 = 4uw.

These polynomials are also commonly written in terms of the reference coordinates. The La-
grange basis functions of degree k in reference coordinates are obtained by evaluating

the ¢? basis at u(€). They are given explicitly by [17]:

60(6) 2 dh () = e — IT 1T (w(©) - 7). 2.1)

T+l
H Oélzle

where the first term is a normalization coefficient obtained by evaluating the double product
at the grid node u,. Graphically, (2.11) associates to a grid node the normalized product of
the k straight lines passing through the remaining \}/(\ X — 1 grid nodes, which is sometimes
the way these polynomials are introduced. For quadratic polynomials in two dimensions,

either computing (2.11) or substituting w(§) into (2.10) yields:

bm=20-¢-n-0)(1-€-n-3)  =(1-e-n-2-2)
$r0=4(1 - —0)(£-0) =41 - ¢ =),
1
oo = 26 - o>( ) — g2 1),
go11 =4 (£ —0)(n—0) = 4,

< )

1
Pooz =2 (n—0) <77 5 =n(2n—1),
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b =40-=1-0)(n-3) —an(1—¢ — ).

The Lagrange basis functions form a partition of unity, that is, >, ¢, = 1, thus for all
iy Yo 0@l (u) = 0, and similarly Y, O:io (&) = 0. The Lagrange basis functions can be

positive or negative on K , unlike the Bernstein polynomials which are always nonnegative.

2.3 Physical and regular element

Mesh elements in the physical space are described by a set of control nodes and basis func-
tions. In this thesis, mesh elements are represented by Lagrange functions, so that the
associated control nodes are the mesh vertices x;, which all lie inside or on the boundary
of the elements. Other choices are possible, such as the Bernstein polynomials used to de-
scribe mesh elements as Bézier curves. In that case, some control nodes lie outside of the

elements.

Definition 2.1. A d-dimensional Lagrange simplex of degree q, or simply a P?-simplex,
is a curved simplex K = FK(_f(\) in the physical space 2 C R™, where the map F', called the

reference-to-physical transformation, is defined for a set of f(\g mesh vertices x,, by:

Fx2Fs , K> K:€m Fr(€) =Y ¢u(é)za. (2.12)

aeK!

This definition covers the case of simplices whose intrinsic dimension d is lower than the
dimension n of the physical space, for instance curves (d = 1) and triangles (d = 2) in R3. In
this work, we mostly focus on triangles in R?, for which n = d. Such a triangle K is referred
to as a physical element or a physical triangle. K is also called a linear triangle or a
straight triangle if ¢ = 1, a quadratic triangle if ¢ = 2, and so on. If ¢ > 1, we also use
the generic appellation high-order triangle (of degree ¢). The transformation for a P?
triangle, on which we focus in this work, is illustrated in Fig. 2.2, along with the numbering

convention introduced further.

For linear triangles, all vertices @, are regular mesh vertices, which we also call corner
vertices. For quadratic triangles, we call edge vertices the three vertices @119, o171 and
101, and additionally, for cubic triangles, the vertex x;; is called an element vertex, with
the straightforward generalization to edge and element vertices for higher-order triangles.
Linear triangles are, obviously, always straight, whereas high-order triangles are a special
case of curved triangles, i.e., triangles made of three smooth (C*°) curve segments, for

which the curves are polynomial. Depending on the localization of their vertices x, in the
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€002 = &3 Fx©)

§101 = &6 o §o11 = &5

[ 4 L 4
&200 = &1 E10=& &no=& T2 = T

Figure 2.2 Reference-to-physical transformation for a P? triangle and numbering convention.

physical space, high-order triangles can either be straight and linear, if their vertices are
uniformly placed as in Fig. 2.1, or straight and nonlinear, if their edge vertices are aligned
but not uniformly spaced, or curved and nonlinear. Interpolation in the physical space,
introduced hereafter, requires the transformation Fx to be invertible. In general, however,
there is no expression for the inverse Fj!', except for linear triangles. This is not a problem
if the application of Fj' can be bypassed by manipulating the reference coordinates directly
(e.g. when computing quadratures, see Section 2.5), but it matters for the localization of a
physical point in a background high-order mesh. In that case, the reference coordinates of
the queried point are obtained by solving numerically the nonlinear system & = Fy'(x), for

instance with a Newton-Raphson method.

The Jacobian matrix of the reference-to-physical transformation is the n x d matrix

Ji defined by:
8FK OF!
Je = J E i = —5&.
K K (&) D€ — Kij i

For a physical element K, n = d and Jg is a square matrix. As mentioned previously,

(2.13)

interpolation on K requires Fi to be invertible. By the inverse function theorem, this is
guaranteed when Jg is invertible on K, thus when its determinant is nonzero. This is

discussed in more details in Section 2.6.

The continuous mesh framework, introduced in Chapter 4, aims at generating elements with
unit edges, which are essentially the images of a regular (equilateral) simplex. To this end, it is
useful to define a reference regular element or ideal element K, in R", with coordinates
y = (y',...,y"). The coordinates £, & and y are fundamentally one and the same, but they

are kept distinct to emphasize which elements we examine. In two dimensions, K, is defined
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as the equilateral linear triangle with vertices y; = (0,0),yo = (1,0),y; = (1/2, V3/2). Its edges
have unit length, and its area is |[Ka| = v3/4. The transformations from the reference element
to K and from KA to a physical element K are noted Fa S Ff?—mA and Fa_ i 2 Fr,. ok,

respectively, with Jacobian matrices:

06 0¢

OF OF" 1 1 OFA_, OF:
Jn(€) = = L — (0 \/52), and  Jax(y) = gy K _ 8?;1;(’ (2.14)

and satisfy, as illustrated in Fig. 2.3:

Faox=FxoFt and  Jax = it (2.15)
7 Em—
Frow |
ok = JeJib 1 Q
FALN
Fpa,Ja :

Ft Ji!

Frt, ngi Inbx = Jady!

_______________________________

Figure 2.3 Reference elements K and K A, physical element K and their transformations.

The boundary of a d-dimensional P* simplex is the union of d + 1 P* simplices of dimension
d — 1: these boundary simplices are the faces in three dimensions and the edges in two
dimensions. For instance, the boundary of a quadratic triangle is the union of three P? edges
noted 0K;. The mesh vertices of the i-th of these edges are the x, with the multi-index «
such that a; = 0 [17].

Lastly, we define two types of orientations of a physical triangle as follows. The reference
triangle K is a subset of R? with standard basis vectors (e1,e3). This basis is said to be
positively oriented because e, is located counterclockwise to e;. Since the vector fields
e; and ey are defined at all points of K , we can say that K is locally positively oriented

everywhere. Similarly, we say that a physical triangle K is locally positively oriented at
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x = Fi (&) if the image! by Fi of ey(€) is counterclockwise to the image of e;(£), as shown in
Fig 2.4. When it is the case, we say that Fx is an orientation-preserving transformation,
and one shows that the Jacobian matrix of Fix at & has strictly positive determinant ([46], Ex.
15.13). Alternatively, orientation in the meshing literature is often defined by the numbering
of the vertices, edges and faces of an element. For instance, one can declare a triangle to be
positively oriented if its vertices are numbered in counterclockwise order, as is done in GMSH.
With the multi-index convention used so far, a numbering is not relevant since there is no
order relation between two multi-indices, however, for implementation purposes, it is useful
to assign a sequential number to each vertex and edge of an element to store them in a table.
Using the numbering convention hereafter, we say that a triangle is globally positively
oriented if its vertices (and thus its edges) are numbered in counterclockwise order. For
high-order triangles, the adopted convention numbers the corner vertices first, then the edge
vertices, followed by the element vertices, thus several numbering loops are performed, all in

counterclockwise order.

Linear triangles that are globally positively oriented are also locally positively oriented every-
where. This is not true for high-order triangles, which can be positively oriented globally but
not locally, that is, which can be inverted despite being numbered counterclockwise. Such

elements are invalid, as discussed in Section 2.6 further.

Ky

Figure 2.4 K and K are locally positively oriented everywhere, but K5 is not.

Convention for the vertices and edges of P? triangles

Since we work mostly with quadratic triangles, we define shorter notations to refer to their

vertices and edges. Instead of using multi-indices, the vertices are numbered from 1 to

IThe formal definition of the image of a vector by a map F is presented in Chapter 3 as the image by the
differential of F, Section 3.1.1. We refer to e.g. Chapter 15 of Lee [46] for a formal presentation of orientation
on manifolds.
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6, starting with the three corner vertices, then the edge vertices. The edge vertices are

alternatively noted with two indices, relative to their edge’s endpoints, so that:

Iy = T200, T2 = To20, T3 = To2,
(2.16)
Ly = T12 = T110, L5 = 23 = Lo11, L — 31 = L101-

These notations are used interchangeably, and we use whichever is most convenient depending
on the context. The same notation is adopted for the associated basis functions. The three

edges are noted either e; or e;;, are oriented, and originate from x;, so that:
€1 = €19 = 0K3, €9 = €93 — 8K1, €3 = €31 = 6’K2 (217)
For instance, for reference coordinates € such that u3(€) = n = 0, we have:

e1(€) = Z D0 (&)Ta = P200(&)T200 + P110(§) X110 + Po20(&) X020
oael?f, a3=0 (218)

= ¢1(§)x1 + Pa(&)xs + P2(&) o

The basis functions above for 7 = 0 reduce to the 1-dimensional basis functions for £ € [0, 1]:

¢1(8) = (1 =1 =28), ¢a(§) =4€(1 =€), ¢2(§) =£(26 - 1), (2.19)

and similarly for the other two edges, so that each edge can be parameterized by t € [0, 1]:

e;ij(t) = (1 —t)(1 — 2t)x; + 4t(1 — t)x;; + t(2t — 1)y,

(2.20)
t) = (4t — 3)x; + 4(1 — 2t)x;; + (4t — 1)x;.

e;j(
Finally, we also note &;; = (x; + x;)/2 the middle of the straight segment x;x;, and define

the displacement a;; = x;; — T;; from this midpoint to the edge vertex.

2.4 Interpolation and interpolation error

Next, we introduce interpolation with Lagrange basis functions on elements of arbitrary
order. Interpolation can be performed by a change of variable, using the reference element,
or directly on the physical element: these approaches are known in Botti [47] as reference

space interpolation and physical space interpolation, respectively.
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Reference space interpolation

For f K — R, the Lagrange interpolant of degree k of f on the reference element
is the polynomial H’;A( f (&) defined by the value of f at the uniformly spaced interpolation
nodes &,:

MLf oK =R & I f(€) = 3 6a(6)f(8a). (2.21)

aeKk

Then, Lagrange interpolation is defined on the physical element K by composing the function
f+ K — R with the reference-to-physical transformation Fy. If K is a P9-simplex of dimen-
sion n and if Fi is invertible for all € K, the reference space Lagrange interpolant
of degree k of f on K is defined by:

Wif : K= R i f(x) = 5(f o Fi)(F'(2))
= Z bo(Fi' () (f 0 Fi)(€a)
= 3 Gal6(®@)f(Fi(€)) (222)

= > dal&(@)f(z0).

acKk

This is how real-valued functions are interpolated in this thesis, so we simply refer to IT% f
as the interpolant of f. When it is clear from context that we refer to the interpolant on
physical elements, we omit the K subscript and write II¥ f. The degree k of the interpolant
I1* f need not be the same as the degree q of the geometric transformation Fy: when k > g,
the interpolant (or the associated finite element) is usually called subparametric. When k =
q, the interpolant is called isoparametric, and the case k < ¢ is called superparametric.
Sub- and isoparametric elements are used for most high-order discretizations of PDE, with
a linear mesh everywhere except close to curved boundaries. To distinguish between both
polynomial degrees, we write (P, 11¥) to denote degree k interpolation on a P?simplex. In
this work, the term node always refers to an interpolation node &, on the reference element,
whereas points (;)~" in the mesh are called vertices. Nodes do not always have a physical
counterpart in the mesh: for instance, for cubic interpolation on quadratic triangles, i.e., a
(P?,11%) configuration, the geometry is interpolated using nodes indexed by a € K9 = _f(\g,
while the field f is interpolated with nodes indexed by £ € K k= f(\g’, and only the corner

nodes of f(\g’ have an associated vertex in the mesh, Fig. 2.1.

From the last line of (2.22), the basis effectively used to interpolate on the physical space
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is 0a(€(x)) = (¢a © Fi')(x), which is well-defined as long as Fy is invertible. The inverse
transformation Fi' is not polynomial unless Fy is linear, so the functions ¢ (&(x)) are
arbitrary and not polynomial in the physical space. This is illustrated in Fig. 2.5 for linear
interpolation on both linear and quadratic triangles. This is a major difference between
interpolation on linear or on curved meshes. As a result, polynomials in the physical space
are only preserved by interpolation if they are of maximum degree |k/q| (see e.g. [17] for
a proof). This means, for instance, that quadratic interpolation over a quadratic mesh can
no longer represent exactly the function x?. For such function, however, it is up to the

error estimate to prescribe straight triangles yielding zero interpolation error, as discussed in
Chapter 6.

Figure 2.5 Linear interpolation on linear and quadratic triangles.

The Lagrange interpolation error of degree k of f on K is the real-valued function:
ehf K —R:xzweh(x) = flz) - UL f(). (2.23)

Following the discussion above, the interpolation error is identically zero only for polynomial
functions f of degree up to |k/q]| in the physical space. In particular, Moxey et al. [4§]
predict a reduced convergence rate of [k/q| 4+ 1 in L* norm as soon as curved elements are
used, and Botti [47] predicts a similar rate for L? projection using curved meshes. However,
these results are on the conservative, and slightly pessimistic, side, and each of their numerical
experiments involves curving the elements in a uniform and arbitrary way. Results of Sanjaya
[28], Rochery [17] and of this thesis show, on the one hand, that direct minimization of the
interpolation error on quadratic meshes yields an improved convergence rate compared to
linear meshes, and, on the other hand, that mesh curving driven by Riemannian metrics

obtained from all the relevant derivatives of f yields meshes recovering the k+ 1 convergence
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rate for the interpolation error.

Physical space interpolation

Alternatively, Lagrange interpolation can be defined to be polynomial on the physical ele-
ment. In this case, the basis varies from one element to another and is determined by solving

a linear system on each element:
h
oo (TK,5) = Oap. (2.24)

The physical space Lagrange basis functions I}?Zf(w) span the space of continuous and

piecewise-polynomial functions on {2:
PHT) = {f € L*(Q) | flx €PH(K), VK €T}, (2.25)

where T is a conforming (i.e., without hanging vertices) triangulation of 2 and P*(K) is the
space of polynomials of degree &k on K. Thus, the global interpolant on the physical space
is polynomial, unlike interpolation with reference space basis functions. Similarly to (2.21),

the physical space Lagrange interpolant of degree k of f on K is defined by:

EPY f o K 5 Row e TP f(@) = S0 o2 (@) f (). (2.26)

acKk

Although the resolution of (2.24) yields a physical space basis, more numerically efficient
methods are usually implemented. For instance, an orthonormal basis can be obtained from
the monomial basis on each element through a Gram-Schmidt procedure, yielding unit diag-

onal mass matrices [47,49,50].

2.5 Integration

As for reference space interpolation, integrals on physical elements are computed on the ref-
erence element by a change of variable. The integral of a function f : K — Ris approximated

by a quadrature with n, points §; and weights w;:

[rig=Yws@), [krae=S | T oaef€)] @2

acKk



23
The change of variable formula yields for the integral over K:

/K fdx = /I?(f o Fi) det Jy d§ ~ fjwif(FK(ﬁi)) det Ji (&),

/K MM f da = /E eZf(k(%oFK1oFK)f(zca) det Jx d€ (2.28)
= [ X tu@)f @ det Ticde = Yo wi | T 6ul€) () | det Jx ()
ackk i=1 acRk

In particular, the transformation Fx from the change of variable cancels out with the in-
verse transformation Fj', since the interpolant is defined on the reference element. For P?
elements, the elements of the Jacobian matrix are polynomials of degree ¢ — 1, hence the
determinant is a polynomial of degree 2(¢—1). Together with the interpolant of degree k, the
last integral involves a polynomial of degree 2k(q — 1) in &. Quadrature points and weights
to integrate exactly polynomials of arbitrary degree on simplices can be found in e.g. Solin
et al. [51]. Integrals on spaces equipped with a Riemannian metric are discussed in Section
3.2.6.

2.6 Validity of high-order simplices

Interpolation and integration on high-order simplices bring two constraints on the reference-
to-physical transformation Fg: (7) it should be invertible for all € K, so that interpolation
using the basis functions ¢, (F'(x)) is well-defined, and (4i) the orientation should be con-
sistent on K, so that the integrals are meaningful. The inverse function theorem guarantees
that Fj is invertible if its Jacobian determinant Jg (&) £ det Jx is nonzero on K , and,
from the discussion on orientation, K is locally positively oriented everywhere if additionally
Jk is positive. Therefore, we say that a P¢-simplex K is valid if both interpolation and
integration are well-defined on K, that is, if its Jacobian determinant Jx is strictly positive
for all € € K.

As discussed in the previous section, the elements of the Jacobian matrix Jg for P?-simplices
in R™ are polynomials of degree ¢ — 1, yielding a polynomial determinant Jx (&) of degree
n(qg—1) in & As a polynomial on the reference element, Jx (&) can be expanded using the
Lagrange basis functions ¢, of appropriate degree, however, the ¢, can be negative and do
not yield easily computable lower bounds for Jx(§). In Johnen et al. [15] and Rochery [17],

Bernstein basis polynomials B, (§) are used instead, so that the Jacobian determinant has
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Figure 2.6 Jacobian determinant J (&) of some valid and invalid P? triangles.

the two representations:

jK(S) = Z Ja%(f) = Z NaBa(£)7 (2'29)

ae[?z(q—l) ae]?ﬁ(q_l)

where the J, = Jk(&,) are the evaluations of the determinant at the interpolation nodes,
and the N, are the Bézier control coefficients. These can be obtained either using the
change-of-basis matrix described in [15], or computed directly using the expression hereafter
provided in [17]. Notably, the corner coefficients of both representations match: J, = N, for
all corner indices noted aomers, for instance Jooo = Nogo, Jo20 = Nooo and Jygo = Nooe for
P? triangles. The Bernstein basis functions B, are always positive and form a partition of

unity, thus they offer the following lower and upper bounds on the pointwise value of Jg (&):

Nmin = min Na < jK(s) < Nmax = max Na- (23())
acKna= acRMa1)
It follows that:
Npin <min Jx(€) < min N, = min J,. (2.31)
56[/(\' Q€ Qcorners @ € Qicorners

To assess the positivity of Jx (&) on K , we thus have a sufficient condition: if Ny, > 0,
then Jxk is positive everywhere on K , and a necessary condition: if 7, < 0 at corner nodes,
then Jk is negative at that node. If Ny, < 0, then a sharper bound must be obtained by
dividing iteratively the triangle, as described in [15] and implemented in GMSH.
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In this thesis, we use these conditions to verify the validity of curved triangles during mesh
generation. We implemented the explicit form of the Bézier control points given by Rochery
[17] for P? triangles and for 3 € K27V

Ng =

12 3 N
qi'_ Z (H 61) |Pa+€1 — Potes Poyer — Pa’+63| ) (2-32)

| A
1))! worcra-t Nim Oitg!
a+a'=8

where the P, are the Bézier control points in the Bézier representation of the reference-to-
physical transformation Fx = 3, PaBa, the ef are the multi-indices with 1 in i-th position
and 0 otherwise and |z y| = 2'y? — 2%y! is the determinant of the matrix of column vectors
x and y. For P? triangles, the Bézier control points for Fi are given by P, = x, for corner
vertices, and for instance Py1g = (—@200 + 4@110 — Xo20)/2 for edge control points. Those
points do not lie on the boundary of K, rather, they are the intersection of the two tangent
lines to their edge originating from each endpoint. With our convention for P? triangles and

using the displacement a5 associated to the edge vertex x5, Pi1p also writes:

T + X9

5 =12 + aqo.

P12 = 2%12 — (233)

The evaluation of (2.32) for P? triangles is provided by Rochery [17] and yields, with our

convention in terms of the mesh vertices rather than Bézier control points:

Ny = Nago = 4 |1 — (231 + as1)
Ny = Nogo = 4 |3 — (%12 + a12)
N3 = Nooz = 4 |T3 — (€23 + a23)

( )

Ny = Ny =2|x1 — (31 + a3

+2|x12 + a1 — (T3 + a@93)

N5 = Noi1 = 2|z — (212 + @12)

+2|xo3 + azs — (31 + as)

Ng = Nig1 = 2 |x3 — (23 + @23)

+2|z31 + as — (12 + ar2)

Ty + ap — (T3 + az1)l,

T3 + Qg3 — (T12 + a12)],

x31 + az — (T3 + ags)|,

Ty — (T3 + an3)|

x1 + ax — (T3 + as)l, (2.34)
x3 — (T31 + az1)|

T3 + g3 — (T12 + a12)],

1 — (12 + a12)|

31 + az — (23 + a23)|.

2.7 Motivation example: P? edge curving to minimize the interpolation error

It is known since Ciarlet and Raviart [52] that the displacement a;; = x;;— (x;+ «;)/2 should
remain asymptotically small to preserve the optimal convergence rate of the interpolation

error. For P? triangles for instance, a should remain O(h?) or higher to preserve the third
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order convergence in e.g. L? norm. Indeed, as soon as a displacement of order h* with k& < 2
is imposed to a uniform mesh, the optimal rate is lost. This is illustrated in Fig. 2.7: the
optimal convergence rate is lost for & = 1. Here, the inner edges of a structured mesh are

curved by applying the displacement orthogonal to v = x; — x;:

k
1
a=0.1x (W) At x 0.1 x ¥4+ for k=0,1,2,3, (2.35)

where 4+ is unit and orthogonal to 4 and the interpolated function is f = (22 + y?)? = r*.
This behaviour is also reported in Botti [47] for L? projection and in Moxey et al. [48], and
rightly discourage the use of curvilinear triangulations with reference-space interpolation

when the elements are arbitrarily curved.

—=No curvature
<-k=1
——k=2
—*k=3

I
10!

VN,

Figure 2.7 Arbitrarily curved mesh and convergence of the interpolation error.

As a motivating example, as was done by Rochery [17], it is shown here that when the edges
are curved to minimize the analytical interpolation error, not only is this rate loss avoided,
but the error convergence is accelerated by a rate of 0.5 to 1. Curving is thus beneficial even
as the meshes becomes finer, even though the elements become asymptotically straighter.
To show this, we let f be a smooth function defined on 2 C R? and we consider linear and
quadratic interpolation. Starting from an anisotropic triangulation 7 adapted to f, the edges

are curved to minimize the exact L? norm of the interpolation error:

E=€"flr2@ = /Q(e’ff)2 dx ~ J > i(ekf(fi)P Tk (&) w;. (2.36)

KeT i=1
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This yields superparametric (P? II') and isoparametric (P2, 11?) elements respectively on
the curved meshes. The edge vertices influence £ through the transformation Fk (&) =
Y, ¢;(&);, required to evaluate e*f(&;) = ¥ f(Fk(&)), and through the Jacobian deter-
minant Jx(&;). In [17], € is minimized sequentially, edge by edge, over pairs of triangles
sharing the current edge, and the loop over the edges is repeated until the change in total
error becomes lower than a given threshold. Here, we propose to minimize £ globally by
moving all the edge vertices in a single unconstrained optimization problem. Moving all edge

vertices may be more expensive, but helps avoid local error minima.

Enforcing validity

Minimizing £ alone may lead to invalid triangles. To enforce validity throughout the opti-
mization without resorting to constrained optimization, we do as in Toulorge et al. [16] and
consider a smooth logarithmic barrier [53] that prevents the Bézier control coefficients of any
Jacobian determinant to become negative. A term F is thus added to the interpolation error

to form the cost function. It writes:

6 Ng ' x—e\1? 9
F=> ZF€ (j ’J> with  F.(z) = [ln <1 — eﬂ + (z—1)7, (2.37)
KeT j=1 K0
where the N ; are the 6 Bézier control coefficients described in Section 2.6 and such that the
degree n(q — 1) = 2 polynomial Jacobian determinant of the P? triangle K writes Jx (&) =
>; Nk;B;(§), and Jk o is the Jacobian determinant of the underlying P! triangle associated
to K. The Nk ; depend on the edge vertices according to (2.34) while the Jk o depend only
on the corner (P') vertices and are thus constant during the optimization. The log-barrier
F, with € < 1 has a logarithmic term to prevent the Bézier coefficients to become negative

and a quadratic term to penalize large coefficients, Fig. 2.8.

The sum F blows up as soon as any control coefficient of the mesh becomes lower than
€Jro- In the following, we simply set € = 0 to ensure Ng; > 0 and that all triangles
remain valid during the minimization. This is a sufficient, but not necessary condition for
the associated determinant Jx to remain positive. The objective function is thus overly
conservative and forbids valid configurations with min N ; < 0. In [16], F is used to untangle
invalid P? triangles and the ideal Jacobian is 1 to preserve straight elements. The log-barrier
F. vanishes for x = 1 accordingly. Here, the P? triangles minimizing the interpolation error
are not expected to preserve the Jacobian determinant of their underlying P! triangles, thus
& and F compete for different objectives. To prioritize interpolation error in the cost function

while ensuring smooth increase for validity control, F is multiplied by a coefficient u&y/Fo,
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Figure 2.8 Log-barrier function for € = 0.

where the zero subscript indicates quantities evaluated on the initial mesh. This way, the
validity term is scaled to the order of magnitude of £, then scaled down by e.g. pu = 1072
The parameter p can be lowered on finer meshes to reach curved triangles with lower positive

Jacobian determinants. The complete cost function defined this way is:

E=&+p—F. (2.38)

Minimization and results

The starting P! triangulation 7 is an anisotropic straight mesh adapted to the optimal
Riemannian metric (5.48) described in detail in Chapter 5. This metric yields quasi-unit
meshes minimizing the interpolation error for f and the prescribed degree k. The P! vertices
are kept fixed and only the edge vertices are moved to minimize the cost function. The
minimization is performed with a quasi-Newton L-BFGS method via the library CERES [54],
by providing the exact gradient VE w.r.t. the edge vertices. This gradient is given in
Appendix A.1.1. The minimization terminates when either the relative decrease in the cost
function, the maximum norm of its gradient or the change in the problem parameters ||Az;||

passes below the default threshold of CERES, which are 107%,1071% and 1078 respectively.

We consider the following three scalar fields, shown in Fig. 2.9:

1. fi(z,y) =sinzsiny on Q = [0, 27)?,

1+0?
1+ b?)sin? z cos? y

sinz cosy on Q = [0,27]?, with b = 15,

2. folz,y) = \l (
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2z — sin(5y)
J

3. f3(z,y) = 23 + 2%y + tanh <

) on Q= [—1,1]% with § = 0.1.

Figure 2.9 The fields fi, fo and fs.

In addition to the Lagrange interpolation error, the L2-orthogonal projection error is reported
on the curved meshes, as in Botti [47]. We are interested in a projection using reference space

Lagrange basis functions. Following [47], we define the function space:
ViE 2 {fh € LX(Q) | fu(€) = fu(Fk(€)) € PH(K), VK €T}, (2.39)

If T is a curved triangulation, the elements of Vi are polynomial of degree k in &, but not in x
unless the reference-to-physical transformation F is linear. It differs from P*(7) introduced
earlier, whose elements are piecewise polynomial of degree k in &. The considered projection

is the operator s : L%(Q) — V{¥ which preserves functions in P/ (K):
myef = f, forall fePWI(K). (2.40)

For instance, let £ = ¢ = 2 corresponding to the projection of a square-integrable function
onto the space of functions defined on a curved (quadratic) triangulation and which are
piecewise quadratic w.r.t. €. As F is already quadratic, f o Fi is quadratic in & only if f
is linear. More generally, if f(x) is polynomial of degree at most p in @, then f(Fk(€)) €
PP(K)oPI(K) C PPY(K), which coincides with P*(K) when p = |k/q]. The projection Ty f

is computed by solving:
(mypf — fron) =0, forall v, € Vg, (2.41)
whose discrete finite element formulation consists in finding f;, = Tyk f such that:

(fu,vn) = (f,vp), forall v, € ViF. (2.42)
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Using reference-space Lagrange finite elements of degree 1 or 2, the nodal values F; of the
projection are obtained by solving the linear system A;; F; = b;, with the mass matrix A;; =
(¢;,¢;) and the source term b; = (f,¢;). All the scalar products are understood in the L?
sense, that is, (f,g) = [, fgdx.

From classical theory of interpolation on smooth functions, the error on straight meshes
with degree k interpolants is expected to behave as |[e*f||L2 < Ch*™! and |e*f|yn < ChF
respectively, that is, convergence with an order £+ 1 and k£ with respect to the characteristic
size h of the mesh elements. The Lo-projection satisfies the same bounds on straight meshes,
but is affected by element curvature so that these estimates reduce to |[f — myufll2 <
Chl¥/a+! when ¢ > 1 [47], similarly to the interpolation error discussed in Section 2.4.
Here, the starting triangulation is anisotropic and no longer described by a unique mesh size.
Instead, the error is written in terms of the number of mesh vertices N,,, which asymptotically
satisfies NV, = C'h™" for isotropic meshes, with n the space dimension. This yields a priori
estimates ||e¥ f||2 = ON;*+D/m and |e¥ |1 = CN;*/™ in terms of N, so that the optimal
convergence rates in 2D are expected with respect to v/N,. They are illustrated hereafter as

the negative slope of the error in a (v/N,, ||e]|) log graph.

For each field, the curved meshes for (P2 II') and (P? 11?) discretizations are shown in
Fig. 2.14. The interpolation and projection error in L? norm and H' seminorm are reported
in Figs. 2.10 through 2.12. For (P!, I1') and (P!, I1?) interpolation, that is, interpolation on
the starting linear meshes (blue lines), the optimal rates in L? norm of 2 and 3 respectively are
observed. Similarly, rates of 1 and 2 in H' seminorm are reported for both the interpolation
and the projection error. The starting anisotropic triangulations for f, and f3 even exhibit
convergence of order up to 3.3 (L?) and 2.3 (H'), which is not unusual for higher-order and

metric-based adaptation with linear meshes, as also reported in Chapter 5.

On all optimized meshes, a gain of at least half an order of convergence is observed for both
norms for the considered mesh densities. This gain is observed for both the interpolation
and the Ls-orthogonal projection error, using reference space basis functions in each case.
It directly translates into less vertices (hence, fewer degrees of freedom) needed by a curved
mesh to reach an error level comparable to the one obtained with a straight mesh. Moreover,
an improved convergence rate indicates that curving becomes more beneficial as the meshes
are refined, whereas one could a priori expect the opposite. The same observations were made
by Rochery [17]. Although the meshes were optimized for the L? norm, a matching gain is

observed for the H! seminorm. For the tested applications, curving appears to be more
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beneficial for linear (P2, I1') rather than quadratic interpolation, with gains going almost up
to a full order for the H' seminorm and the L? norm of f; and fy. For fi, this amounts to
a ratio of up to 36 between error ||e!f||zz norm on the finest straight and curved meshes.
Lastly, the max and 2-norm of the displacement a of the optimized curves meshes for f; are
shown in Fig. 2.13. These are defined from the magnitude of the displacement vector at each

edge as follows:

Nedges

> llaillz, lafle~ £ _max [lail.. (2.43)
i=1

N
lalle = A

For both linear and quadratic interpolation, the curvature decreases in O(mfl) ~ O(h),
slower than required in [52]. Unlike Fig. 2.7, this does not prevent the curved meshes to
exhibit the optimal convergence rates, as the curvature is guided by the field of interest and
is no longer arbitrary. These are encouraging results, which show that the reduced |k/q| +1

convergence rate for both errors can be mitigated by curving along privileged directions.

2.8 Conclusion

This introductory chapter presented the notations associated to high-order simplices, with
a strong emphasis on P? Lagrange triangles. Because it plays a fundamental role in mesh
adaptation, transformations and Jacobian matrices associated to the reference regular ele-
ment K (i.e., the ideal element) were discussed. Reference and physical space interpolation,
as well as the interpolation error, were introduced on Lagrange simplices. Interpolation error
plays a key role in the rest of this thesis, as the developed adaptation methods aim at mini-
mizing this quantity. Interpolation and integration require the triangles to be positively and
consistently oriented, yielding the definition of validity, which can be assessed on high-order
simplices from their Bézier control coefficients. Lastly, as a motivation to create optimal
curvilinear meshes, we presented, as did Rochery [17], examples of P? meshes which con-
siderably decrease the interpolation error in both L? norm and H' seminorm. As a proof
of concept, these meshes are obtained by direct minimization of the interpolation error and
not through metric-based generation. The goal of this thesis is precisely to work towards
extending the metric-based framework developed by Alauzet and Loseille [1,8,9], so that

meshes with similar properties can be created in a cheaper, robust and automatic fashion.
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Figure 2.10 Error for f; with linear (left) and quadratic (right) interpolation. Interpolation
error in L? norm (@) and H' seminorm (4) and Ly-orthogonal projection error in L? norm
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Figure 2.14 Optimized meshes for (P2 11') (left) and (P2 T1%) (right) discretizations.
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CHAPTER 3 RIEMANNIAN METRICS

Anisotropic adaptation produces stretched and distorted meshes, where elements may exhibit
high aspect ratios. In its simplest form, a Riemannian metric prescribes how inner products,
and thus lengths and angles, are computed on surfaces and volumes. The shape and aspect
ratio of mesh elements can be locally encoded in a Riemannian metric, making it a natural
tool for anisotropic adaptation. It is the choice made in this thesis, which builds on the
continuous mesh framework based on Riemannian metrics [1,8,9,55]. We should stress that
anisotropic adaptation need not be performed with Riemannian metrics, see for example the
methods developed by Bois et al. [36] and Fortin et al. [6,37]. Formally, Riemannian metrics
are tensor fields defined on smooth manifolds, turning them into Riemannian manifolds. In
the mesh adaptation literature, it is usual to present Riemannian metrics as fields of symmet-
ric positive-definite (SPD) matrices defined on R"™. Nonetheless, useful insight can be gained
from a proper introduction using manifolds. More importantly, certain notions of Rieman-
nian geometry motivate the results of this thesis. In Chapter 4, for instance, we propose a
broader definition of unit elements, a key concept of the continuous mesh framework, based
on Riemannian isometries. Such isometries are the isomorphisms between Riemannian man-
ifolds, that is, the structure-preserving applications. To properly define these isomorphisms,
elements of differential geometry first need to be introduced: smooth manifolds, tangent vec-
tors and covectors as well as the spaces they span, tensors and pullbacks of tensors. Then,
Riemannian geometry, which studies manifolds related by isometries, provides results jus-
tifying their use in mesh generation. In particular, unit meshes, when viewed as isometric
transformation of a reference tiling, only exist on manifolds isometric to R%. These manifolds

are characterized by their absence of curvature, a local quantity invariant under isometries.

The goal of this chapter is to present these ideas in a self-contained form. They are introduced
in a formal manner, but we try to give an intuitive interpretation of each quantity and to
provide illustrative examples. The material of this chapter is basic notions of differential
geometry, without original contribution. The presentation is adapted from Lee’s books on
smooth and Riemannian manifolds [46, 56], to which we refer for proofs, precisions and
additional examples. Lee’s convention for the definitions is also adopted here: the terms
are written in bold when they are defined. Recurring concepts of geometry used in mesh

adaptation, such as Riemannian metrics, additionally have an emphasized Definition.



36

Plan of the chapter

Before diving into the presentation, we give here the big picture of the chapter. We start in
Section 3.1 with smooth manifolds, which are abstract generalizations of curves and surfaces,
on which we can define smooth functions. At each point p of a smooth manifold is attached
another manifold of the same dimension, made of all the vectors tangent to the manifold
at p, called the tangent space. The tangent space is a linear approximation of the manifold
at p, and is where inner products are defined. Tangent vectors at p can be thought of as
the velocity vectors of curves passing through p. This intuitive view of vectors makes sense
because we naturally consider manifolds as part of an ambient R™ of higher dimension. For
instance, a sphere is usually viewed as a surface of R3, even though it is, in itself, a 2-
dimensional object. Some more abstract manifolds do not come with such a natural ambient
space, so a more abstract interpretation is given to tangent vectors instead: they are no longer
interpreted as arrows with a starting point and a length, but as directions along which one
can evaluate directional derivatives. Hence, vectors become operators that one applies to
sufficiently regular functions to yield a real number. Covectors, or cotangent vectors, are
real-valued linear functionals taking tangent vectors as input. They are dual quantities to
vectors, and are defined on the dual of the tangent space, called the cotangent space. The
tangent and cotangent spaces are the domains of definition of tensors: these are real-valued
multilinear maps taking an arbitrary number of arguments in either space. Pullbacks of
tensors bring tensors on a manifold back to another, thus providing a way of comparing
them. Riemannian metrics, which are of great interest in this thesis, are tensor fields taking
two tangent vectors and returning a real number which is the result of their inner product.
They are presented in Section 3.2, along with Riemannian isometries, which are differentiable

maps preserving the Riemannian metric and are the basis of Riemannian geometry.

The following sections cover the topics of Riemannian geometry needed to discuss the curva-
ture of manifolds. The first ingredient is a derivative operator for vector fields, in the form
of the covariant derivative. A connection, and in particular the Levi-Civita connection, is a
machine that produces such covariant derivatives. They are the generalization of the nabla
operator for smooth and Riemannian manifolds, and are introduced in Section 3.3. Covariant
differentiation yields a well-defined acceleration for curves, which in turn generalizes straight
lines to Riemannian manifolds, in the form of geodesics, discussed in Section 3.4. Geodesics
are of great significance in this work, as unit mesh elements defined as isometries have geodesic
edges, see Chapter 4. The notion of curvature is introduced in Section 3.5: it measures how

much a manifold deviates from the Euclidean space of the same dimension. Curvature is



37

invariant under isometries. In other words, two Riemannian manifolds are, in some sense,
indistinguishable if they have the same curvature. As we aim at generating meshes that are
essentially indistinguishable from a regular tiling of the plane, curvature plays a key role in
determining when those meshes exist. Lastly, this chapter concludes in Section 3.6 on well-
known useful operations on metrics for practical mesh adaptation: interpolation, intersection

and gradation of metrics.

Tensors  — Riemannian — Jsometries — | Unit simplices

and pullbacks metrics .
Smooth (CO—)T.angontA Space, / | Curvature — | Existence of
manifolds differential, trvatire unit meshes
vector fields \ -
. ) Edges of
Connections Geodesics = | ynit simplices

Notations and summing convention

In the following, both points on a manifold and tangent vectors are written in bold, for
instance p € M or v € T,M. The components of basis vectors are written with a lower
index, such as e;, and the components of a vector in this basis are written with an upper
index, so that v = Y, v'e;. Although e; is used to denote both basis vectors and the edges
of a simplex, it should always be clear from context what the symbol refers to. Einstein’s
summation convention is used and the summation symbol is ommitted whenever an index
appears exactly once as an upper index and once as a lower index inside a product, so that
v simply writes v = v'e;. The only exception to this rule concerns matrices which are not
associated to a tensor, such as Jacobian matrices. These are written with two lower indices,
e.g. Jij, as it is standard in engineering. As a result, whenever matrices are involved in
a product, the sum acts over repeated indices independently of their position. All partial
derivatives are written with an upper index at the "denominator', for instance 9/0z*, but
this index is still considered a lower index. The Kronecker delta is written either d;; or 5;-
depending on the context, and is 1 if © = j independently of the position of ¢ and 7, and 0

otherwise.

3.1 Smooth manifolds

In essence, a manifold is the generalization of geometric objects such as curves, surfaces and
volumes, which can then be classified as manifolds of dimension 1, 2, and 3 respectively. As an
informal introduction, an n—dimensional manifold M, or simply an n-manifold, is a space

that "looks locally like the Euclidean space R™, but globally might be more complicated, such
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as a sphere or a torus" [57]. Here, "looks locally like R"" means that the space is an assembly
of subsets U C M that can each be mapped to R™ by a bijection ¢, called a coordinate map.
The pair (U, ¢) is called a chart, Fig. 3.1, and how these charts overlap with one another
determines the smoothness of the manifold. The inverse map ¢! : p(U) — U is called a
local parameterization of M. If p is a point in U, the functions p(p) = (z!,...,z") are
called the local coordinates of p on U. When U = M, they are also global coordinates

on M. A collection of charts is (rightfully) named an atlas.

\
© R*® ‘
M U

Figure 3.1 A chart (U, ¢) defined on U C M.

Examples and counterexample of manifolds

o The Euclidean space R™ is the simplest example of manifold: it is described by an atlas
made of a single chart, whose domain is U = R"™ and the local coordinates are obtained
everywhere from the identity map ¢ = Id such that ¢(p) = 2' = p’. They are also

global coordinates.
o The surface described by the graph G of a function f : R® — R, defined by the set of

(x, f(x)) in R*™! is another example of manifold, which is frequently used in this thesis.
When n = 2, it is also called a Monge patch. Defining the projection p(x, f(x)) = x,
the chart (G, ¢) provides global coordinates for G by simply projecting the first term

onto R".

o The sphere in R?, on the other hand, is a manifold that needs to be covered by at least
two charts (using e.g. stereographic projections), hence there exist no global coordi-

nates on the sphere.
o In numerical geometry, meshes can sometimes form nonmanifold configurations, such

as the rightmost image of Fig. 3.2. This surface is a 2-manifold everywhere except at
the common edge shared by the 4 triangles: one can travel on all triangles with two

parameters, but not at the common edge.
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R"L

Figure 3.2 Examples and counterexample of manifolds.

Smooth structure and smooth maps

The simplest manifolds are called topological manifolds. They can be equipped with addi-
tional structures depending on the target application. In this thesis, we are concerned with
Riemannian manifolds, which are smooth manifolds equipped with a way of computing
inner products, called a Riemannian metric. Smooth manifolds are a very important special
case of topological manifolds: they are those on which one can define calculus over smooth
(i.e., infinitely differentiable or C*°) functions, that is, compute integral and derivatives. On
a smooth manifold, the charts are glued together seamlessly. Formally, this means that in
the overlapping region of two neighbouring charts (U, ¢) and (V,%), one can go from the
image p(UNV) € R" to the image ¥(UNV) € R" by a C* composition o=t : R" — R",
called the transition map from ¢ to . This is illustrated in Fig. 3.3. The transition map
is a change of coordinates for the points in U NV, as these points can be described by
both their coordinates ¢(p) and 1 (p).

An atlas is said to be smooth if all of its charts overlap smoothly, and the largest smooth atlas
on a manifold constitutes the smooth structure of the manifold. A smooth manifold is
formally a pair (M, .A), where M is a topological manifold and 4 is a smooth atlas. In other
words, a smooth structure on a manifold is simply a requirement of compatibility between its
charts. Thanks to this compatibility, we can define smooth maps on and between manifolds
by going back and forth to R™. These maps are defined as follows. Let M and N be smooth
manifolds of dimension m and n, respectively. A map f : M — N is smooth if for U C M
and V C N and for every p € M, there are charts (U, ¢) containing p and (V1) containing
f(p) such that the composition ¥ o fo ™! : R™ — R" : p(U) + (V) is smooth. All the
maps in the following are smooth, so that the image of a manifold has the same compatibility
between its charts and is also a smooth manifold. If the map has a smooth inverse, it is called
a diffeomorphism. Because smooth manifolds do not yet have a notion of lengths or angles,

two such manifolds are indistinguishable if they are related by a diffeomorphism. Smooth
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real-valued functions f : M — R are the special case of smooth maps with N = R and
¢ = Id, and we denote by C*°(M) the set of all smooth real-valued functions whose domain

isin M.

-1

A g (LR
R2 R2
e T
YU NV)
Jw(U) (V)

Figure 3.3 Compatible charts and transition map.

3.1.1 Tangent vectors, tangent spaces and differential

A tangent vector at a point p € M is intuitively an arrow originating at p and that is tangent
to M, forming a linear approximation of M at p. In the more abstract context of smooth
manifolds, it is actually more tractable to identify tangent vectors to directional derivatives
of smooth functions, called derivations and satisfying Leibniz’s rule. This comes from the

fact that a direction v defines the directional derivative of functions in C*°(M) by:

D, f(p) = (jt flp+tv) = v’gﬂ (p), (3.1)

t=0

which satisfies Leibniz’s rule:

Dy(fg)(p) = Do f(p)g(p) + f(P)Dwg(p). (3.2)
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With this in mind, we call a linear map' v : C*°(M) — R a derivation at p if for any
f,g € C®(M), it satisfies:
v(fg) =v(f)g(p) + f(P)v(9). (3.3)

The set of all derivations at p is called the tangent space to M at p and is noted T, M.
Its elements are called tangent vectors at p. As illustrated further, it turns out that any
derivation at p can be identified with the velocity vector of a curve on M passing through
p, thus reconciling the intuitive interpretation of a tangent vector with its more abstract
definition as a derivation. The tangent space T,M is a vector space that has the same
dimension as the manifold itself. For example, the tangent space to any point p € R? is
a copy of R? centered at p, and the tangent space to a surface (a 2-manifold) in R? is a
plane, Fig. 3.4. The union of all tangent spaces at all points of an n—manifold forms another
manifold of dimension 2n, called the tangent bundle of M, noted TM. The tangent
bundle, as well as its dual, the cotangent bundle 7™M introduced hereafter, are of particular

significance because they are the spaces over which tensor fields (such as Riemannian metrics)

are defined.
T,M , 2 A R
p // ‘\\

ll i o S
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Figure 3.4 The tangent space to of a surface M at p.

In light of (3.3), it makes sense to say that we apply a tangent vector to a smooth function,
and, although it is somewhat unusual in engineering, a basis for the vector space T,,M is given
by the operators of partial derivatives 9/0x[,. Indeed, once applied to a smooth function f,
these vectors are the partial derivatives df/0z'(p) and span the directional derivatives (3.1).

A tangent vector v can then be written as:

;Of
oxt

v = viii such that wvf = wv(f)=v (p) = Dyf(p) € R. (3.4)

1Tt is unusual to write a real-valued map in bold, but this allows to be consistent with the engineering
notations where vectors are usually in bold.
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The ! with respect to which we take the partial derivatives are the local coordinates of points
on the manifold. In other words, any choice of coordinates z* on U C M induces a basis
0/0x" for the tangent spaces at each point p € U, known as a coordinate basis. These
different notions are illustrated in Fig. 3.4. The tangent space plays an important role in
anisotropic mesh adaptation: this is where norms and angles are measured once the manifold
is endowed with a metric. The length of a curve is obtained by integration, summing the

contributions of lengths computed along tangent vectors.

Differential of a smooth map

In calculus, the derivative or Jacobian matrix of a function F' locally describes its best linear
approximation. On manifolds, this is generalized by the differential of F', which acts linearly
between tangent spaces. More precisely, if M and N are smooth manifolds, the differential of
a smooth map F': M — N at p is a linear map dF}, : T,M — Tr,) N that associates to the
derivation v at p, another derivation dF,(v) at F(p). The latter acts on smooth functions

of C*°(N) as follows:
dFp(v)(f) = v(f o F), (3.5)

that is, it applies v to the composition f o F' viewed as a smooth function on M, Fig 3.5.

T,M

TrpN

Figure 3.5 Differential of a smooth map F': M — N.

This rather abstract and coordinate-free form of the differential becomes clearer when written
in coordinates. For instance, letting F' be a map from U C R" with coordinates 2 to V' C R™

with coordinates 3, the action of the differential on the basis vector 9/9z"|, € T, M writes:

d 0 OFi
dF, (axz‘ p) (f) = 5. ) ) = ( o F(,,)> £ (36)

The term in the last parentheses is the result of the differential written as an element of

0

p ay]

OFJ
Fp) 9%

0
(FoF)= 5%

Tr@p)N, i.e., as a linear combination of the basis vectors 9/dy’|,: its components dF7 /9z'|,
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are precisely the n x m Jacobian matrix of F' at p. Hence, the differential of a map can be
seen as a coordinates-free generalization of its Jacobian matrix. Having identified the action

of dF},, on the basis vectors, its action on any tangent vector v writes:

) Z. ) OFI
: )Z“de(axi )‘“ o
p p

de(’U) = de (Uzaz
Since the differential "pushes" tangent vectors from a manifold to another, it is also referred

0

p ay]

S TF(p) N. (37)

F(p)

to as the pushforward. This differential is somewhat different from the usual total variation

of a real-valued function f:

0
df:ag:i

In the next section, the symbols daz® are properly introduced, and we shall see that both

da’. (3.8)

concepts really represent the same thing.

Velocity vector of a curve

A curve (segment) on M is a continuous map 7y : I — M, where I C R is an interval
of real numbers, Fig. 3.6. The usual velocity vector of v extends to manifolds using the

differential introduced above. The velocity of v at ¢y € I is the tangent vector defined by:

d
"(to) £ dy, | =
7(0) /Yt() <dt

) € Ty0) M. (3.9)

to
Here, d/dt = 0/0t is the coordinate basis vector for the tangent space T}, = T; R. In other
words, the velocity is the pushforward on T, M of the tangent vector d/dt € Ty 1. The

velocity acts on smooth functions by returning the total derivative of the composition with

the curve:
(35

2 ), Uen =) (3.10)

7' (to)

From (3.6) and letting v(t) = (y*(¢),...,7"(t)) denote the representation in coordinates of

the curve v, the velocity writes:

0

i
t ox

d~'
/

tn) =

Y ( 0) dt

(3.11)

7(to)

Thus, the components of the velocity vector in the tangent space are the derivatives of each of
its components with respect to the parameter ¢, as expected from geometry in the Euclidean

space. As we will see in Section 3.3, this is not the case for the acceleration vector, which
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requires a new tool, called a connection, to be defined in a coordinate-independent way.

7/(750)

Figure 3.6 The velocity of a curve as a tangent vector v'(¢y) € T, M.

Vector fields and local frames

Similarly, vector fields on smooth manifolds are a natural extension of vector fields in multi-
variable calculus. A vector field X on M is an application that assigns to each point of M

an element of its tangent space, i.e., a tangent vector:
X:M—=TM:p— X, =v, € T,M. (3.12)

In coordinates x?, the value of X at p writes:

0

p

: (3.13)

where the X are the component functions of X. The vector field X is smooth if its component
functions are smooth, and the set of all smooth vector fields on M is noted X(M). The
simplest example of smooth vector fields are the coordinate vector fields, noted 9/dz".

They point in the direction along which the i-th coordinate increases and are defined by:

0
ox’

p—

501 (3.14)
The coordinate vector fields form a basis for the tangent space at each point. More generally,
a local frame for M is an ordered n-tuple of vector fields (E1, ..., E,), simply noted (E;),
defined on an open subset U C M that spans the tangent bundle of M. That is, (E;[,) is a
basis for the tangent space at p € U. If U = M, then (E;) is also a global frame. Given
the chart (U, z"), the coordinate vector fields (9/0z") are thus a local frame for U, called a

coordinate frame. In R", a local frame whose vector fields are orthonormal (with respect
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to the standard inner product of R") is called an orthonormal frame. Orthonormal frames
can be extended to abstract manifolds with a Riemannian metric, introduced hereafter, as
a way of computing the inner product. It is always possible to turn a local frame into an
orthonormal frame by applying Gram-Schmidt’s procedure, however, there does not usually
exist a choice of coordinates for which the coordinate frame is orthonormal. The obstruction
to the existence of orthonormal coordinate frames is precisely the curvature of the manifold,

discussed in Section 3.5.

Two vector fields X, Y € X(M) do not usually commute, that is, if f € C°°(M), the real-
valued function YX f = Y(Xf) = Y(X(f)) obtained by applying Y after X is not usually
equal to XY f. In fact, the compositions XY and Y X are not even always vector fields,
because they may not satisfy the product rule, that is, their result may not be a vector in
the sense of a derivation. The operator [X,Y] £ XY — Y X, called the Lie bracket of X

and Y is however always a vector field. In coordinates, its action on f writes:

YT Of 0X'Of

XY = X g oI Ox'’ (3.15)

In particular, as mixed derivatives of f commute, the Lie bracket of coordinate vector fields

always vanishes:

g 0 J of o of
A Y~ - P e . .1
L%E“ (%N] 0zt 0xd  Qxd Dt 0 (3.16)
A local frame that satisfies [E;, E;] = 0 for all 7,7 is called a commuting frame or a

holonomic frame. It follows that all coordinate frames are commuting frames. Lie brackets

are used in Section 3.5 to help define the curvature of a manifold.

Example: Cartesian and polar basis vectors

The Euclidean space R? with Cartesian coordinates (z,y) is trivially described by the global
chart (U = R?,2%), with 2! = z and 22 = y. The coordinate vector fields are (9,,0,) =
(0/0x,0/0y). They form an orthonormal coordinate frame that is a global frame for R?

which means that they form a basis of the tangent space T,R? everywhere.

These vectors are also often written (e,,e,). The basis vectors in polar coordinates (r,0),
with (z,y) = (rcosf,rsinf), are particularly interesting. The coordinate vector fields are
(0,,09) = (0/0r,0/00), and are related to the Cartesian coordinate vectors by:

0, = a—x&r + @Gy = cosf O, + sind 9,
oo (3.17)
Op = —0, + ja = —rsinf 0, +rcost 0,.

96 06 Y



46

They are by definition a coordinate frame and they are orthogonal, but they are not orthonor-
mal because 0y is not a unit vector. An orthonormal frame can be obtained by dividing 0y

by 7, yielding the basis vectors (e, ey):

e, =0, = cosf 0, +sinb 0,
(3.18)

ey = @ = —sinf 0, + cosf 0,.
T

The basis (e, eg) is orthonormal, but no longer derives from coordinates: it is an example
of noncoordinate basis. It is also a noncommuting/nonholonomic basis: this can be
interpreted by the fact that, since ey has constant length but #-lines are longer as we move
further from the origin, moving by a unit displacement on a rectangle along the basis vectors

does not form a closed loop.

3.1.2 Covectors, cotangent spaces and pullback

At each p € M, the vector space dual to T,M is called the cotangent space at p, and
is noted Ty M. Its elements are called covectors at p, and are thus linear functionals
w: Tp,M — R, taking tangent vectors as input. The union of all cotangent spaces at all
points of a manifold forms the cotangent bundle of the manifold, noted T*M. It is a
property of dual spaces V' and V* of finite dimension that (i) they have the same dimension,
hence the same number of basis vectors, and (ii) if e; are basis vectors for V, the set of
A" € V* defined by X (e;) £ 6% is a basis for V*. Applying this to the tangent space of basis
vectors 9/0z7, the covectors \'|, defined by:

i O\ a i
Np (8:1:3> =05 (3.19)
form a basis of the cotangent space. It follows that any covector can be written as:

i 9\ i - 9\ _ i 9N\ _
w=wA|p=w (f)ﬂ) Alp, since w (8:63) =wi\'|p (W) = w;i0; = wj, (3.20)

that is, applying w to the j-th basis vectors selects the j-th component of w. The action of

a covector w on a tangent vector v is thus:

w(v) = wi)\i|p('v) = wi/\i|p (vjai]) = wivj/\i\p (;) = wivj(S; = wv' € R. (3.21)
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The basis covectors X[, are for now not especially evocative of anything, but their interpre-

tation will become clearer very shortly.

Differential of a function

The strength of differential geometry on manifolds is the ability to generalize concepts from
calculus in a coordinates-free setting. In calculus, the gradient of a real-valued function f is
a vector whose components are the partial derivatives of f. On manifolds, this is still true for

the gradient in R™ in Cartesian coordinates, but not in general, e.g. for polar coordinates?:

of of f 8f
= gulnt g, T a0

a vfpolar — 8f 1 afag 7£

cart __
Vi 87’ r2 00

—0p. (3.22)
The above shows that the polar gradient does not write as a vector whose components are
simply the partial derivatives (0, f,dyf). The motivation behind covectors is that partial
derivatives are, in fact, always the components of a covector field called the differential
of the real-valued function f, which matches the usual definition (3.8). To see this, we
introduce the differential of a real-valued function f as the covector df : T,M — R defined
by:

df(v) = v, (3.23)

thus simply the application of a tangent vector to the function f. As an element of the

cotangent space, df, can be written as the linear combination:

(3.20) 0 s (323) O
dfy =" dfp ((91:’) A |p = Ot
P

¥l = 2L, (3:24)

In particular, given a chart (U, z7), consider the coordinate functions f = 2’ : U — R which
assign to p € U C M its j-th coordinate. Their differentials write:

oy
dal) = ;j)xb_yxb_xb (3.25)

In other words, the basis covectors A are precisely the differentials d2’ from usual calculus,
seen as linear forms acting on tangent vectors according to d$§,(v) = v'. As shown in the
next section, they are the building blocks to construct covariant tensors, such as Rieman-
nian metrics, which is why they are presented here. The usual definition (3.8) can thus be

interpreted as an equality between the covector fields df and dz®. As their names suggest,

ZHere, V fPolar is written with respect to the coordinate basis (9., dp) instead of the basis (e, eg), which
changes the usual 1/r factor for 1/r2, since 9y = reg.
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the differentials of a smooth function f : M — R introduced in the previous section and in

this section are the same object, see Appendix A.2.1 for a proof and discussion.

Pullback of covector

We briefly mention an important tool associated to cotangent spaces: the pullback of cov-
ectors. As its name hints, the pullback pulls covectors from one manifold to another, and
provides a way of comparing them. The pullback is the dual map?® of the pushforward, that
is, of the differential. Since the differential is a linear map dF}, : T,M — Tp ) M, the pullback
is a linear map dFj : Tlii(p)M — T; M between cotangent spaces. When we will define unit
elements in Chapter 4, we will mostly be interested in comparing Riemannian metrics (that
is, covariant tensors) on different manifolds, rather than covectors. Thus, we postpone the

detailed presentation of pullbacks to the next section.

3.1.3 Tensors

We are almost in the position to introduce tensors, which are multilinear applications between
vector spaces. Let Vi,..., Vi and W denote real vector spaces. We say that a map F' :
Vi x ... x Vi = W is multilinear if it is linear with respect to each of its arguments, and
we note L(Vi,...,Vi; W) the set of all multilinear maps from V; x ... x Vi to W. Letting
now w,”n € V* denote covectors taking their argument in V', their tensor product is the

real-valued function w ® 7 : V x V — R defined by:
w @ 1(v1,v2) £ w(v1)n(vs). (3.26)

The tensor product is associative and preserves linearity: since w,n are linear functionals,
w ® n is linear with respect to v; and vy, hence w ® n € L(V,V;R). Tt follows that the
tensor product of an arbitrary number of real-valued multilinear maps is also a multilinear
map between the Cartesian product of the relevant vector spaces and R. For instance, if F
and G are multilinear maps of two vectors each and H is a multilinear map of three vectors,

their tensor product is:

F®G®H(v,. .., v7) = F(vi,v2)G(vs, v4) H (05, v6, v7). (3.27)
An important property of the set L(Vi, ..., Vi;R) is that its elements are linear combinations
of tensor products of the form e’&) ®.. .®eé’;€), where 1 <i; < dim(V}),...,1 <ip < dim(V}),

3If T : V — W is a linear map between vector spaces, its dual map is the map 7% : W* — V* defined by
T*(w)=woT, for we W*.
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and the ez('j) are basis vectors of the dual spaces V;* (for the cotangent spaces of a manifold,
those are the dz'). For instance, a basis for the bilinear maps from R? x R? — R is given by
the set:

el@el, el®e?, e, 2®e (3.28)

where e! and e? are the standard basis of (R?)*. These covectors are sometimes called the con-
travariant basis and represented by the row vectors (1,0) and (0, 1): this is possible because
there is an identification between vectors and covectors as elements of (finite dimensional)
dual vector spaces, but one should keep in mind that the e’ are linear functionals. With these
identifications, we have indeed e'(e;) = (1,0)(1,0)T = 1, e(e2) = (1,0)(0,1)” = 0, etc., so
that e'(e;) = 5;, and the action of €’ ® ¢/ on two column vectors v, w can be thought of as
the product v Aw, where A is a matrix with 1 at the position (4, ) and zeros everywhere

else.

A construction similar to (3.28) exists for vector spaces: the tensor product of vector
spaces V] ®...® V. Its formal definition is more subtle and is not presented here, however,
there is a canonical identification between the tensor product of dual spaces V;*®...® V" and
the set of multilinear maps L(Vi, ..., Vj;R), thus allowing to use either notation to denote

such maps.

We are now able to introduce the main concepts of this section. Let V' be a finite-dimensional
vector space, let k be a positive integer, and let T%(V*) denote the k-fold tensor product
V*®...@V*. A covariant k-tensor T on the vector space V a is an element of T%(V*),

i.e., a real-valued multilinear function of k£ vectors:

T:Vx..xV—>R (3.29)
k times

For example, 0-tensors are functions that take 0 argument and return a real number, hence
simply real numbers. Covariant 1-tensors are linear maps from V to R, i.e., linear function-
als or covectors. In anisotropic mesh adaptation, we are mostly concerned with covariant
2-tensors, which are the bilinear forms (i.e., the inner products) on V. Although we will
mostly focus on covariant 2-tensors, we also define contravariant k-tensors on V', which
are elements of the k-fold tensor product space T#(V) =V ® ... ® V. With the exception
of 1-tensors, which are elements of V' and thus simply vectors, the interpretation of a con-
travariant tensor is far less obvious than for covariant tensors. This is probably because,
similarly to V* ® ... ® V*, the tensor product V ® ... ® V' can be identified with the set
LV, ..., V¥ R) of multilinear maps taking linear functionals as arguments, instead of vec-

tors. Covariant k-tensors are sometimes written as (0, k)-tensors, and contravariant [-tensors
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as ([,0)-tensors. Tensors need not be only covariant or contravariant: a tensor that is k-
covariant and [-contravariant is called a mixed tensor, also written as a ([, k)-tensor. The
Riemann curvature tensor, introduced in Section 3.5, is for example a (1,3) mixed tensor,
which can also be written as a 4-covariant tensor. The integer k,[ or k£ 4 [ is the order
or rank of a covariant, contravariant or mixed tensor, respectively. A covariant tensor is
symmetric if its output remains the same whenever two input vectors are interchanged®.
The symmetric product of two covectors w,n is used to write Riemannian metrics: it is
the symmetric covariant 2-tensor defined by wn £ %(w ® 1+ n®w), without any operators

between the covectors.

Covariant tensors on the cotangent bundle

Going back to smooth manifolds, we define covariant tensors by setting V' = T,M in the
previous definitions. A covariant k-tensor 7, on a manifold M at p is an element of the

tensor product of cotangent spaces Tk(T;;M) =T,M®...®T;M,ie., amultilinear map:
Ty TpM x ... xT,M — R. (3.30)

Since the dz'|, form a basis of the cotangent space T,M, we can write T}, as the linear

combination of k? terms:
Ty =T ilpde"|, ® ... ® dx™|,, (3.31)

where T}, ;| is the k X k matrix of the components functions of 7,. In this thesis, we will use
both the notations 7}, ;, |, and [T}] to denote the matrix of components of 7},. The former
is used whenever index notation is required, and the latter is used to write relations between
matrices, such as matrix products. Note that we do not use brackets to write matrices that
are not associated with a tensor, such as Jacobian matrices. Dropping the reference to p, a

smooth covariant k-tensor field 7" writes:
T="T,. ;d"®... &dr"*, (3.32)

where both the coordinates ¢ and the components T} are smooth functions. It is a smooth

1.0k

map that assigns a covariant k-tensor to each point of the manifold. Since 0-tensors are real

numbers, smooth O-tensor fields on M are simply smooth functions on M. A smooth tensor

4Symmetric k-tensors with k& > 2 are thus fully symmetric, e.g., the coefficients of a symmetric covariant
4-tensor T satisfy Tiju = Tjire = Tjur = Tkisj = Tinji = - ... In continuum mechanics, such a tensor has both
the so-called minor and major symmetries.
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field is symmetric if it assigns a symmetric tensor everywhere.

Pullback of covariant tensors

Lastly, we introduce the pullback of tensor fields, a construction that brings tensors back from
the image of a smooth map to its domain. It is used extensively in the following chapters, to
compare e.g. Riemannian metrics on different manifolds. Let M and N be smooth manifolds,
let F: M — N be a smooth map, and let 7' € T*(T*N) be a covariant k-tensor field on N.
The pullback of T by F is the covariant k-tensor field F*T € T*(T*M) defined on M by

the pointwise relation:
(F*T)p(v1, .., 08) 2 Trg(dBy(v1), .., dFy(w3)), (3.33)

where the v; € T, M are tangent vectors at p. In words, to evaluate the pullback tensor on
M, we just need to push its arguments on the image manifold N with the differential dF},,
then evaluate the original tensor defined on N. If 3 are coordinates for IV, the pullback
tensor writes ([46], Corollary 12.28):

F*T=F Ty, dy" ®@...@dy"*) = (T, i, o F)d(y" o F)®...@d(y* o F).  (3.34)

This expression looks complicated, but the computation is actually quite simple. Both the
tensor components 7;, ; and the basis covectors dy® are composed with F, hence given
the map, one has to view the tensor on N written as a function of the coordinates of M.
Alternatively, observing that 3* o F' = F" is the i-th component of F, the differential writes
in coordinates: .
d(y' o F) = dF' = a—ﬁ da?, (3.35)
ox7
where 27 are coordinates on M, the domain manifold. Thus, the pullback of a covariant

2-tensor writes in coordinates:

OF" OF

F*T = (Tijo F)d(y' o F)®d(y' o F) = (TijoF)%dxk@deé
OF*OF7 ' 3.36
= (Ty0 F)sp o dat o do (3.36)
= (F"T)k de* @ dxt.
The matrix of components [F*T] is given by:
. OF OF7  (9F*\" OFI
(F e = (T o F)g 55 = < o7 ) (T o F) 57 (3.37)
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or, denoting by Jr = OF"/0x’ the Jacobian matrix of F', the matrix representations of T

and its pullback are related® by:

[F*T) = JE [T o F] Jp = JE[T] Jp. (3.39)

Example: Pullback from Cartesian to polar coordinates ([46], Ex. 12.29)

To illustrate these notions, consider the right half-plane described in Cartesian coordinates
by (z,y) with > 0, and in polar coordinates by (r,0) with r > 0,|0| < 7/2. Let M denote
the polar representation of the half-plane, and N the Cartesian representation, so that a
map F' : M — N is given by (z,y) = F(r,0) = (rcosf,rsinf). We consider the tensor
field T = 272 dy ® dy defined on N, with 272 as the only component function. Viewed as
a function of (r,0), this tensor writes F*T = z72(r,0) dy(r,0) @ dy(r,0). Substituting the
transformation, we have as in (3.36):

F*T = (rcos®) %d(rsin6) ® d(rsin 6)
= (rcos@) % (sin@dr + rcos df) @ (sin @ dr + r cos 0 df)
= (rcosf)™? {sin2 Odr @ dr +rsinfcosf (df @ dr + dr @ df) + r* cos® 0 df @ d@}
=r2tan’0dr @ dr +r ' tan 6 (df ® dr + dr ® df) + df @ db,

(3.40)
where we used the fact that the differentials act on functions according to Leibniz’s rule as
in usual calculus, i.e., d(fg) = df g + f dg. The pullback tensor is thus obtained by writing
down the original tensor and replacing each occurrence of the image variables by the domain

variables. In terms of components, the tensor 7" and its pullback are represented by the

0 O . r~2tan’0 r~'tand
m=(p %) = ). (341)

matrices:

Letting r/ denote the coordinates (r, #), the Jacobian matrix Jp is:

(Jr)ij =

oz B (cosﬁ —rsm@) 7 (3.42)

Ori  \sinf rcos6

5Tn continuum mechanics, for example, the second Piola-Kirchhoff stress tensor S, defined on the reference
configuration, is the pullback of the Kirchhoff stress tensor 7, which itself is the scaled Cauchy stress tensor
0. Those tensors are contravariant 2-tensors, and the pullback writes with a slightly different, but analog,

relation:
[S]=F ' [r]F T, (3.38)

where F' is the Jacobian matrix of the map between configurations and is usually called the gradient of the
transformation.
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one checks that [F*T) = JL[T o F|Jr = JE[T(r,0)]JF.

3.2 Riemannian metrics

We now introduce the most important tensor field for anisotropic mesh adaptation:

Definition 3.1. A Riemannian metric g on a smooth manifold M is a smooth symmetric
covariant 2-tensor field on M that is positive-definite at each point. When M is equipped with

a Riemannian metric, it is called a Riemannian manifold, and is noted (M, g).

From Einstein’s work in general relativity, it is customary in mathematics and physics to use
the letter g (for gravity) to denote Riemannian metrics [58]. In the mesh adaptation literature,
which we will follow in this thesis, it is usually the letter M that is used. Therefore, we write
a Riemannian manifold as (M, M). Although M is a tensor field, we sometimes abuse the
notation and simply write M to denote the tensor at a point when the point is clear from
context. We also sometimes write M(p) to denote M,, the tensor field evaluated at p, or,
on the contrary, to put the emphasis on the field, but the meaning should always be clear.

Moreover, we often drop the "Riemannian" denomination, and just call M a metric.

As a covariant 2-tensor, a Riemannian metric writes in local coordinates:

where M;; is a symmetric and positive-definite matrix field. The symmetry of M,;, together
with the symmetric product of covectors da'da? £ 1(dz'®da? + da? @ dz') introduced earlier,

allow to write the metric under the equivalent form:

As a multilinear map, the metric tensor is completely determined by its action on the n basis
vectors of the tangent space. Since the differentials dz* are dual to the basis tangent vectors

d/0x", we can write:

ERCAW N AN (9 gt (2) =
M(W,axj)_(/\/tk@dx d@(aﬂ,aﬂ)_m dz (axi>dx 5.7 | = Mi- (3.45)

5k 5t
i J

At each point, the symmetric tensor M,, takes two tangent vectors u,v € T, M and returns

a positive real number, and thus defines an inner product, noted (u, v) 4, = M, (u,v). The
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simplest Riemannian metric is the Euclidean metric M of R”, whose component matrix
is the identity:
M =4y datde? = da'da’ £ (da')?. (3.46)
i=1

i=1

It is associated to the canonical inner product® of R™, formally:

(u, v)5; = M(u,v) = dz'(u)dz' (v) + ... + dz"(u)dz"(v)
=ulol + . u"" (3.47)

=u-v,

where we used the fact that dz’(u) = u', i.e., the differentials dz* select the i-th component
of their vector argument. In the following, this inner product is simply noted (., .), without
explicit reference to the Euclidean metric. For a general metric, the inner product can be

computed from the matrix [M,]:

(1, 0) 5, = Myp(w,v) = u? [MyJo = (u, [M,]o). (3.48)

3.2.1 Induced metric

Any smooth manifold M can be equipped with uncountably many Riemannian metrics, so
there is not a natural way of choosing a metric for a given abstract manifold. If M is viewed
as a submanifold of (R™, M) with m > n (i.e., extrinsically), then the ambient Euclidean
metric of R™ can be pulled back to define a Riemannian metric on M. This pullback metric
is called the induced metric on M: it is simply the Euclidean metric restricted to pairs of
vectors on the tangent spaces of M. It should be stressed that this is one way of equipping M
with a metric, among many others. In differential geometry of surfaces, the induced metric
is generally used to measure lengths and areas on surfaces in R3. Consider for instance
the parameters (u,v) € U C R? and the surface M described by the graph of a function
f(u,v), characterized by the map F : R? — R3 : (u,v) — (u,v, f(u,v)) = (z,y,z). This
surface can be equipped with the induced metric, which we also denote M. It is given on

M by M = da? + dy?® + dz?, and its pullback to the parameter space is obtained by simply

60n R", the tangent spaces TpR"™ can all be identified to R™ itself after translation, thus tangent vectors
can be identified to any point of R™. Since the Euclidean metric is constant, we can take the inner product
of any two vectors even when they do not originate from the same point, by considering a copy of either fixed
at the origin of the other, and thus living in the same tangent space.
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substituting the dependence in u, v of z,y, z:

F*M = F*(d2® + dy* + dz*) = d(u)* + d(v)* + d(f(u,v))?
= du® + dv® + (fudu + fodv)?
= du® + dv* + f2du® + f2dv? + 2f, fodudv (3.49)
= (1+ f2) du? + 2fufududv + (1+ £2) dv?
= (F*M);; du'du’

with f, = d.f, etc. The associated component matrix is:

o (L+ 2 fufe
[F*M] = ( I vaz). (3.50)

It is also known as the first fundamental form, noted I(u,v) and obtained as the inner
product of the vectors df /Ou’ - Of /Ou?. Using (3.39), the Jacobian matrix of F writes:

: 1 0 1 1 0

OF! —

Jp=755=10 1] sothat [F*M] = (é (1) ji“) 1 0 1|=JpJp (351)
fu fU Y 1 fu fv

The induced metric is the natural size prescription of a surface, viewed on the parameter
space (u,v). In Chapter 6, we discuss the use of this metric in the context of curvilinear
mesh adaptation, following ideas from [9,21,23,29,41].

3.2.2 Riemannian manifolds for anisotropic mesh adaptation

In metric-based mesh adaptation, the Riemannian manifolds of interest are generally the
reference space (Q C R", M) endowed with the Euclidean metric, the physical space (€ C
R™ M) equipped with the Riemannian metric of interest, typically derived from the min-
imization of an error functional, and the physical space (2 C R", M) equipped with the
Euclidean metric. The mesh is created in the latter: it lives on a bounded subset of R",
which is equipped with the Euclidean metric by CAD softwares and PDE solvers. How-
ever, the manifold (Q C R", M) guides the mesh generation. In 2D, the parameter space
U = (u,v) introduced above describes, together with the induced metric F*M, the surface
M in R3, and a mesh created on U and adapted to F* M reflects the shape and orientation
of the surface M. This has been explored in recent work [30,34,35,59] to produce anisotropic
and curvilinear meshes that are isometrically embedded in R™ with n > 3, then projected
back to the physical space. The idea and hypothesis behind these methods is that "a uni-

form isotropic mesh in a higher-dimensional space corresponds to an anisotropic mesh in a
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lower-dimensional space" [35]. In Caplan et al. [30,59], U is equipped with the Riemannian
metric [M] = JEJp with F : R? — R? : & — (z, f(x)), which is precisely the metric in-
duced by the graph of f(x). At the end of this chapter, we discuss an open question with
which we are concerned, namely, instead of the graph of f, which is intrinsic to the function
and is not related to the interpolation error a priori, (when) is there a function g such that
the metric induced by the graph of ¢ yields metric-conforming triangulations which control

and/or equidistribute the interpolation error?

3.2.3 Lengths and distances

The main utility of Riemannian metrics is to measure lengths on manifolds. On the tangent
space, a Riemannian metric determines the length of tangent vectors and the angle formed
by two vectors. On the manifold, two points are not connected by a vector, but by a curve.
We define the length of a curve, and how curves induce a distance function between two

points.

Definition 3.2. Let u,v € T,M be two tangent vectors at p.

o The norm or length of u is defined by:

g, = /(2 g, = /uT M. (3.52)

o The angle formed by u and v is the unique real number 0 € [0, 7| such that:

<’U,7 v>Mp

_ 3.53
Talrcliolla, (3:53)

cosf =

A metric prescribes the length of curves as follows:

Definition 3.3. The length of a curve vy parameterized by t € [a,b] is:

b b
) = [ I @Ollacdt = [0,/ 0) yd. (3.54)
Similarly, the energy of a curve is defined by:
1 b / 2 _ 1 b / /
En() =5 [ IV Oldt =5 [ (/0,7 0 dt. (3.55)

An important property of the length of a curve is that it is independent of its parameter-

ization. This is not true for the energy, however. Evaluating lengths is not trivial, as in
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general the metric varies along the curve. In the meshing process, lengths are computed
often to evaluate quality indicators, decide if an edge is unit, or decide if two vertices are
too close to one another, see Chapters 4 and 7. To allow for fast computations, lengths are
computed with a quadrature with a low number of Gauss points, typically 3 for the edges
of P? triangles. In practice, the metric is known only at the discrete mesh vertices so that
metric interpolation, discussed in Section 3.6.1, is required. When performing anisotropic
adaptation with linear meshes, all curves are straight lines, and a line between x, and x;
can be parameterized by v = @(t) = ¢ + t(x; — xo) for t € [0, 1]. Its length with respect to

the metric is:

1 1
) = [Nl = wollaadt = [\ (@ — @0, @1 = @o) e

1 (3.56)
_ /O V(@1 — 20)TIM] (20 + t(z1 — 20)) (@1 — 20) di

When the manifold is R™ and the metric is constant, simplifications arise. For general curves,
the metric in the inner product of (3.54) needs to be evaluated only once, and for straight

lines, the integral reduces to the single computation:

lu(y) = /0 1 V(@ —20)TIM] (21 — @) dt = \/(21 — @) [M] (21 — 20)- (3.57)

If M is connected, which is assumed from now on, any two points can be connected by a

curve and the metric induces a distance function between them:

Definition 3.4. The distance between two points p and q is the infimum of the lengths of

all curve segments joining p and q, i.e.:

dp(p, q) = inf Cpm(7), (3.58)
where y(a) = p and v(b) = q.

On a Riemannian manifold, a curve of minimum length between two points is called a
geodesic: we postpone the presentation of geodesics and the discussion of the distance func-
tion to Section 3.4, because it requires first defining the coordinate-free acceleration of curves.
There is in general no closed-form expression for the geodesic between two points, so the defi-
nition above does not provide an explicit way of computing distances on arbitrary manifolds.
On (R™, M) with constant metric, however, as for the usual Euclidean space, straight lines
are the shortest path between two points. As the tangent spaces of R" can be identified to

R™ itself, vectors can be added or subtracted, and the distance function is given explicitly by
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the usual expression:

du(p,q) = P — qllm- (3.59)

3.2.4 Eigenvalues and eigenvectors

Riemannian metrics are used for anisotropic mesh adaptation because they encode the target
sizes h; > 0 and directions v; of the adaptation process. Since the matrix representing the

metric is SPD, its eigenvectors are orthogonal and it can always be diagonalized by:

M) = PAPT = () w,) (AOI i) (2) — (o1 ) (W h2_2> (z;) (3.60)

with P orthogonal. In linear algebra, the matrices [M] and A are called similar, as there
exists Q = PT = P~! such that both matrices are related by [M] = Q*AQ. Similar matrices
share several invariants, including their characteristic polynomial, hence their eigenvalues and
the quantities derived from them, such as the determinant and the trace. The components
of covariant 2-tensors, such as Riemannian metrics, do not transform as similar matrices,

however, as shown below.

Transformation of a covariant 2-tensor

Consider on M the change from coordinates z* to new coordinates 7/, with Jacobian matrix
Jij = 0%'/0x?. From the chain rule, the coordinate basis vectors transform as:
0 ort 0 Jx"™ 0 oz’ 0 4, 0

TR SN R ST T S (3:61)

The components of M in the new coordinates are determined by the new basis:

_ o 0 gzt 9 o' 9\ _oatoat (0 0

M=M<88>:M<8335>:‘98M<88> (3.62)
_81”“%/\4 _ (o 3\/{ oa! |
“ o ow " \oak )M o

In matrix form, this writes [M] = J~T[M]J . Note that from the expression of the pullback
tensor (3.39), the components in the old coordinates are indeed recovered by [M] = [F */\7] =

JEM]T = JV T TIM]J 1T = [M], where F : M — M : z* — 77 is the change of coordinate

map. Thus, the components matrix in both coordinate systems obey a relation of the form:

M] = Q" MIQ, (3.63)
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where QT # Q7! in general: [/\71] and [M] are not similar, but congruent matrices. Their
invariants are characterized by Sylvester’s law of inertia, which states that congruent matri-
ces only share the same numbers of positive, zero or negative eigenvalues. In particular, the
characteristic polynomials of both matrices, and thus their eigenvalues, trace and determi-
nant, differ. For instance, the determinant of [M] is det [M] = (det J~1)? det [M] # det [M].
The number of eigenvalues of each sign in the matrix of a Riemannian metric is called its
signature. Since Riemannian metrics are positive-definite, this only ensures that all their
eigenvalues are positive. In other words, the eigenvalues and eigenvectors of the matrix rep-
resenting the metric bear no intrinsic significance, since they are not preserved by change of
coordinates. As we discuss below however, setting the components of the tensor in one basis
completely determines the tensor, and the eigenvalues and eigenvectors can be used to this
end. Before that, we show that, while the eigenvalues do not characterize a covariant tensor,

they characterize mized tensors.

Mixed tensors

Eigenvectors and eigenvalues are, in fact, only well-defined for mixed (1, 1)-tensors, which

map vectors to vectors’. Such a tensor writes:

0

and takes as input both a covector and a tangent vector. Unlike coordinate vectors, the

differentials di® transform according to the usual calculus relation for differentials:

di' = == da*, (3.65)

Then T transforms as:

—_ y oxt . oxt 9 07" Oz p O
Tj_T(‘l“" fj> T(axkd 8ij>_8xk8$JT<dx’W>
_ 0w o, OF 4y 0ot
C Oakor Tt oxh T fox)

"Mixed (1, 1)-tensors are real-valued multilinear maps T : (w,v) + T'(w,v) that take a covector w and a
tangent vector v as input and return a real number. However, they can be also seen as maps T : v — T'(.,v)
from vectors to vectors, by observing that T'(.,v) : w — T'(w, v) is indeed a vector, because it takes a covector
and returns a real number. This amounts to contracting only one index of T. Note that to properly apply
the vector to a covector, we actually identify the vector v with an element of the double dual (T, M)** to the
tangent space, which is the tangent space itself, as it is a vector space of finite dimension.

(3.66)
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In matrix form, this writes [T] = J[T]J !, which describes similar matrices. It follows that

the matrices [T] and [T] share the same eigenvalues and eigenvectors.

Although eigenvalues are defined only for mixed tensors, a Riemannian metric is completely
determined by its matrix in a given system of coordinates, so it does make sense to view
the eigenvalues of this matrix as the principal sizes when it is associated with Cartesian
coordinates. As a simple example, consider the metric M on R? described in Cartesian
coordinates z° = (z, y) by the diagonal matrix diag(A;, A2), and let ' : R? — R? be the change
to polar coordinates 7 = (r,0). Note that we consider here the change from Cartesian to
polar, unlike the example in Section 3.1.3 from polar to Cartesian, thus the inverse Jacobian

matrix is the Jacobian from Section 3.1.3:

(3.67)

b i sinf@ rcos6

0t (cosﬁ —7rsin 9)

In Cartesian coordinates, the eigenvalues [M] are Aj, Ay, and when \; # \o, its eigenvectors

are the basis vectors e, and e,. In polar coordinates, the matrix for M is:

Mpotar = I [M]eare S = ( cosf sin @ ) <>(\)1 )(\)2> (cos@ —7rsin 9)

—rsinf rcosf sinf rcosf
(3.68)
B ()\1C0829+)\281H29 rcosfsin® (A — o) >

rcosfsin® (A — Xg) 1r%(A\ycos? 6 + Aj sin? 6)

whose eigenvalues differ from those of [M]e.®. However, they represent the same metric
tensor and measure the same lengths. For instance, consider in polar coordinates the radial
straight curve v(t) = (¢ + rot,0y) for ¢ > 0 and t € [0,1]. It is a geodesic, hence locally the
shortest path between its endpoints, see Section 3.4, and its velocity vector is v/ (t) = (rg, 0).

Its length is:

lm(y) = /01 VY (8), 7 (1)) p dt = \/rg()\l cos? By + Ag sin? 6p). (3.70)

In particular, if 8y = 0, the curve is aligned with e, and its length is ro/A; = ro/hq, thus

a segment of Euclidean length ry = h; is of unit length with respect to M, as prescribed

8In particular, in the case A = Ay = 1 of the Euclidean metric:

[M}cart—(é ?) and [M]polar—<(1) 7"02) (3.69)

that is, the line elements write ds? = da? + dy? and ds? = dr? 4 r2 d§?, respectively.
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by the first eigenvalue of [M] in Cartesian coordinates. One checks that the lengths pre-
scribed by either [M]yoar OF [M]cart match for the other directions. In other words, even
though the eigenvalues and eigenvectors of the metric are not invariant, we can use them to
uniquely determine the tensor in all coordinates systems. On R™ with Cartesian coordinates
in particular, the eigenvalues are associated to lengths and the eigenvectors are associated to

directions, and thus have a clear physical interpretation.

Matrix operations

From the decomposition [M] = PAPT, we define several standard matrix operations that
are used throughout this thesis: matrix power, absolute value, exponential and logarithm.
For o € R, we denote by [M]® the symmetric matrix obtained by elevating to the power «

the eigenvalues of [M]:
(M]* & PA“PT = Pdiag(\$, \S) PT. (3.71)
The absolute value of [M], the exponential and the logarithm are defined similarly by:

|[[M]] 2 P diag(| ], |)\2|>PT7
exp[M] £ P diag(exp Ay, exp \y) P7, (3.72)
In[M] £ Pdiag(ln A;,1In \y) PT.
As it only makes sense to apply these operations on the matrix representing a Riemannian
metric in a given coordinate system and not on the tensor itself, we can omit the brackets

and write M*, M|, exp M and In M without confusion. Similarly, the determinant of the
matrix representing M is simply noted det M.

3.2.5 Riemannian isometries

Next, we introduce an important family of maps between Riemannian manifolds.

Definition 3.5. Let (M, M) and (M, M) be two Riemannian manifolds. A diffeomorphism
F:M — M is called a (Riemannian) isometry if F*M = M.

In other words, an isometry is a diffeomorphism that preserves the metric, so that for all

p € M and for any two tangent vectors u,v € T,M:

My (u,v) = Mp(p)(deu, dFyv). (3.73)
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Isometries are the isomorphisms between Riemannian manifolds, that is, the structure-
preserving maps whose inverse is also structure-preserving. The term structure-preserving
depends on the context: an isomorphism is a bijective map with additional properties depend-
ing on the sets put in relation. For instance, an isomorphism between sets without additional
structure is just a bijection. If the sets are given a topology, isomorphisms are the continuous
bijections with continuous inverse, that is, homeomorphisms, which preserve the topology. In
particular, isomorphisms between topological manifolds are homeomorphisms. Smooth mani-
folds are given an additional smooth structure, which is preserved by smooth (i.e., C*°) maps.
[somorphisms between smooth manifolds are thus diffeomorphisms, i.e., smooth homeomor-
phisms with smooth inverse. Lastly, Riemannian manifolds are smooth manifolds equipped
with a metric tensor field: the corresponding isomorphisms are the metric-preserving diffeo-
morphisms, hence the Riemannian isometries defined above. In mathematics, Riemannian
geometry is precisely the branch of geometry that studies the properties of manifolds that are
invariant under isometries, a very important of which is curvature, presented in Section 3.5.
The isomorphisms between each class of manifolds are summarized in (3.74) below, where X
is a topology on the set M and A is the largest smooth atlas for M, i.e., its smooth struc-
ture. Smooth and Riemannian manifolds inherit the additional structure of each preceding
class of manifolds. For instance, Riemannian manifolds are in particular both smooth and
topological manifolds, thus (M, M) is a short notation for (M, X, A, M).

Topological manifolds: (M, X) =22 (M, X)

Diffeo

Smooth manifolds: (M, A) =% (M, A) (3.74)
Riemannian manifolds: (M, M) Lomeny, (M, M)

Two objects that are isomorphic are indistinguishable from each other, in the sense of the
structures of interest. In fact, (3.74) alone motivates the use of Riemannian isometries in
Chapter 4 to define unit elements and unit meshes. Indeed, the goal of anisotropic mesh
adaptation is to generate triangulations that are essentially indistinguishable from a regular
tiling of the plane: viewed as triangulations on Riemannian manifolds, they need to be

isomorphic, thus isometric.

The composition of isometries is also an isometry, as well as the inverse of an isometry.
Riemannian isometries are, in particular, metric isometries, i.e., isometries between metric
spaces, and thus preserve distances and angles ([56], Prop. 2.51). Moreover, isometries send

geodesic curves on M to geodesic curves on M, see Section 3.4. Riemannian isometries play
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a key role in Chapter 4, where unit elements of the continuous mesh framework are defined
as isometric transformations of a reference equilateral triangle K. This is motivated by the
discussion above, and by the observation that the current definition of unit elements is based
on transformations Fa_,x whose Jacobian matrices are of the form Ja_,x = M~2R, with
R a rotation matrix. The following proposition shows that this is a necessary condition for

Fa_ g to be an isometry:

Proposition 3.1. Let (M, M) be a Riemannian manifold. If F : (R*, M) — (M, M) is a
Riemannian isometry, then its differential in coordinates is the Jacobian matrix:

OF

_ ~1/2
Jr =5 = Mo RO, (3.75)

ij
for some orthogonal matriz O, where y’ are coordinates for R?.

Proof. If F is an isometry, then F* M = M, i.e., it pulls back the metric M to the Euclidean
metric on R?. The matrix representing M is the identity matrix, and using (3.39) to compute

the pullback matrix, we write:

[F*M] = JEM]Jp = [M] = 1. (3.76)

This is satisfied when the Jacobian is of the form Jp = M~Y20 = PA~'2PT0, with O any

orthogonal matrix (i.e., OTO = OOT = I). Indeed, since P is also orthogonal:

JEM]Jp = OTPAY2PTPAPTPAY?PTO =1, (3.77)
thus Jp = M~120 = (M~Y2 0 F)O as claimed. O
Orthogonal matrices include rotations, reflections and their compositions, however reflections
have negative determinant, so the transformation Fa_, i inverts the triangle K, making it

invalid. Thus, we only consider the orthogonal matrices R € SO5 associated to rotations, so

that the Jacobian matrices of interest are of the form:
Jp = M7V2R, (3.78)

and from there:
det Jp = (det M)~1/2, (3.79)

which is used hereafter to write down integrals.
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The relation (3.78) is a necessary, but not sufficient condition for F' to be an isometry. To be
an isometry, F' must be a diffeomorphism, thus infinitely differentiable and with commuting
mixed derivatives of all orders. However, if Jr is set by a Riemannian metric, then the higher-
order derivatives of F' commute only if the metric has certain symmetries. For instance,

suppose Jp = M~Y2 for simplicity. Then the Hessian matrix of F' in coordinates writes:

PFF 9 oM aFm aMM?

= = L (Mo F : 172
oy~ o M o) = 5 By Ggm Mmi (3.80)
——
=(JF)mj
and is symmetric iff:
M2 oMoV
/;;’jlj\/lmﬁmz axiﬁi/\/lmiﬂ for all 4, j, k. (3.81)

This symmetry condition on M was also obtained by Rochery [33] when investigating high-
order unit elements. Since F' is smooth, one should check all derivatives, possibly by induc-

tion. For third derivatives, we have:

OPF!

O (O MM 4 0 MG 20, M) M (3.82)

and symmetry must be enforced for all components [ and all permutations of i, j, k, and so
on for higher derivatives. We did not obtain the set of constraints on M to ensure that F
is smooth, but we conjecture that it is equivalent to require that the scalar curvature of M
vanishes, see Section 3.5, because then the manifold is isometric to the Euclidean space (i.e.,
flat, see also Section 3.5).

Example: Isometries of the Euclidean plane

The isometries of Euclidean geometry, translations, rotations, reflections and compositions
thereof, are Riemannian isometries, sending (geodesic) straight lines to straight lines. For
instance, consider two subsets U,V C R? each equipped with the Euclidean metric M,

represented in coordinates by the identity matrix I = d;;.

 Translations by a vector p in R? are characterized by F: U — V : u + v = u+p. The
Jacobian matrix is the identity, thus the pullback relation [F* M| = JL[M]Jr given by
(3.39), which reads here [F*M] = I1I = I, holds.

» Rotations are characterized by F': U — V : u — v = Ru. The Jacobian matrix is the
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orthogonal matrix R € SOy, hence [F*M] = RT'TR = RTR = I and (3.39) holds.

o Reflections are characterized by F': U — V : u — v = Au where det A = —1 and the
eigenvalues of A are (—1,1) or (1,—1). For instance, with A = diag(—1, 1), we have
[F*M] = ATTA = ATA = I and (3.39) holds again. In this work, we do not consider

reflections because they have a negative determinant and yield invalid triangles.

3.2.6 Integration and area

So far, we have only discussed how Riemannian metrics are used to measure lengths and
distances. We conclude this section by showing how they affect the computation of inte-
grals, and thus areas and volumes. The natural objects to integrate on manifolds are the
antisymmetric (or alternating) covariant tensor fields, also called differential forms. By con-
vention, 1-tensors are both symmetric and antisymmetric, thus, as antisymmetric covariant
1-tensors, covectors are also called differential 1-forms. The only family of differential forms
we present is the product of a smooth function f and the Riemannian volume form dV,
which encodes how a metric M modifies the computation of elementary volumes. As in usual
calculus, integrating the volume form on a compact Riemannian manifold (M, M) yields its

volume:

Vol(M) = /M V. (3.83)

The key property we use to compute integrals is the following, and involves once again the
pullback: let N and M be two smooth n-manifolds and let F' : N — M be a map that

preserves the orientation. If w is a differential n-form on M, then:

/ w:/ Fruw, (3.84)
M=F(N) N

where F*w is the pullback of the form w, for which we refer to [46] for a complete defi-
nition. For practical computations, we take N C R™ as a domain of integration (i.e., a

parameterization of M). The integral of f over M is given by:
/ FdVi :/ F*(f dViu) :/ (fVdet Mo F) (det Jp) da" .. da". (3.85)
M N N

In the finite element methods, when integrating a function f over a triangle K C M, the
domain of integration IV is usually the reference simplex K C R? with coordinates £E=(&n),

which are a parametrization for K = F(€). Then, the integral of f over the triangle K
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is computed by the change of variable:
/ FdVa = /A( FVAet M o F) (det J) dE. (3.86)
K K

Alternatively, if the domain of integration is an equilateral triangle K» C R? with coordinates

y = (y',9%) and with F': Kpo — K, we write:
/K FdVi = /K (fv/det M o F) (det Jr) dy. (3.87)
JAN

Moreover, if F' is a Riemannian isometry in either (3.86) or (3.87), then the integral is

conserved in the sense that e.g.:
[ ravi=[ (roF)ay, (3.88)
K K

because det Jp = (v/det M)~!. These relations describe how integrals are computed in the
rest of this thesis.

Example: Area of a triangle on a manifold

To illustrate, we compute the area of a (possibly curved) triangle K on a manifold (M, M),

setting f = 1. Using (3.86) and the reference triangle K as domain of integration:

K| 2 K|y 2 Vol(K) = /K 1dViy = /}A(\/det/\/l (det Ji) dE. (3.89)

If the metric is constant, it is shown in Chapter 4 that K is a linear triangle, and we have:
K| = Vet M /A det Jp d€ = v/det M | K|, (3.90)
K

where |K |47 is the area of K with respect to the Euclidean metric. If F' : K — K is a

Riemannian isometry, then the area is conserved. For instance, with K = F(K) = M~2K:
K| = /A Vet M (det M~V/2) d¢ = /A 1d¢ = |Kg. (3.91)
R K

Other isometries of interest are obtained by first composing with isometries in the plane, i.e.,
rotations and translations. Translations do not affect the Jacobian matrix, and rotations
have unit determinant, hence the result above holds. In the following, we mostly consider

isometries between K and K, instead of K and K: in other words, K is an equilateral



67

triangle on the manifold M. The area of those triangles matches the area of Ka:

K] = [Kals (3.92)

3.3 Connections and the Levi-Civita connection

Geodesics, the topic of Section 3.4, are curves without acceleration and are the curves of
interest when creating curved elements on Riemannian manifolds, whereas curvature, the
topic of Section 3.5, characterizes which manifolds are isometric by measuring how second
derivatives fail to commute. Both of these require giving a precise sense to derivatives on
manifold, particularly derivatives of vector fields. The motivating problem concerns the
definition of a coordinate-free acceleration for curves on a manifold M. From Section 3.1.1,
we know that the velocity of a curve 7 at any ¢ is a well-defined tangent vector v/(t) € T, M,

whose representation in any system of coordinates z* reads:

dyt 0

dt Ozt ~(8)

V(1) = (3.93)
The following simple example from Lee shows that acceleration cannot be written in a similar
fashion by simply substituting the first derivatives of 4¢ for second derivatives. Consider the
unit circle in R?, described by (cost,sint) in Cartesian coordinates and by (1,¢) in polar. Its

velocity writes in each coordinate system:

Vl(t) = x’(t)axh(t) + y’(t)8y|7(t) = — Sintaxh(t) + COSiayH(t)

) ) (3.94)
=1 (t)0r |5 + 0" (1) 0slr(t) = Oalao)-
For the acceleration, however, the results in Cartesian and polar coordinates differ:
’}/”(t) = — COStazH(t) - sint8y|7(t) 7& 9”(75)89“(,5) =0. (395)

This is because the acceleration is the limit of the difference between vectors v/(t + h) €
T.

gl
in general, add or subtract them. A connection on a smooth manifold M is a tool introduced

(t+myM and v'(t) € T4 M. These vectors belong to different vector spaces, and we cannot,

precisely to differentiate vector fields along curves, by providing a way to connect vectors

living in neighbouring tangent spaces. More precisely, a connection is a map

Vo X(M) x X(M) = X(M) : (X,Y) — VyY (3.96)
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that satisfies the following properties:

1. Linearity over C*°(M) in X: for f,g € C*°(M) and X1, Xy € X(M),

vaH-QXzY = valy + gVX2Y> (397)
2. Linearity over R in Y: for a,b € R and Y,Ys € X(M),
Vx(aY) +bY3) = aVxY) + bVxYs, (3.98)

3. Leibniz’s rule for Y: for f € C*(M),
Vx(fY) = (XY + fVxY (3.99)

The vector field VY is called the covariant derivative of Y in the direction X. Since
VxY is a vector field, it can be expanded in terms of its components in a local frame (E;)
(see Section 3.1.1):

Ve Ej =T} Ey. (3.100)

The n? smooth real-valued functions Ffj are called the connection coefficients of V, with
the name Christoffel symbols usually reserved for the coefficients of the Levi-Civita connection,
introduced hereafter. If T'¥; = I'};, then we say that the connection V is symmetric. The
I‘fj completely determine the connection, as it writes in a local frame:

iNJ OV iNJ
VyY = (X(Yk) + X Yﬂrfj) E, = (X o+ X YJFZ) Ey. (3.101)
In other words, the covariant derivative is the usual directional derivative, supplemented by
a term involving the Ffj reflecting the curvilinear coordinates. The result is a coordinate-free
derivative operator for vector fields. In R", the basis vectors fields F; = e; are orthogonal,
so by (3.100) the connection coefficients vanish everywhere. It follows that the simplest
example of connection is the usual nabla operator in R”, noted V and called the Euclidean
connection. The directional derivative in R™ of a vector field Y along X is defined by:
= Y7
VyY & | X'— | E,, 3.102
X ( ot > J ( )
and indeed matches the coordinate description of the covariant derivative of Y along X. The
components of this vector field are the result of the usual directional derivative obtained e.g.
in continuum mechanics by contracting the gradient tensor of Y with the vector X:
oy’

Y -X=—"-X' 3.103
v o (3.103)
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Covariant derivative of tensors of arbitrary order

Although it was introduced to differentiate vector fields, a connection actually induces a
coordinate-free derivative operator for tensors of all orders on M. For instance, the covariant
derivative for 0-th order tensors, i.e., smooth scalar functions, writes Vxf = Xf = X0, f
and is the usual directional derivative for a scalar field. A connection V is not a (mixed)
tensor, because it is not linear in Y over smooth function, i.e., Vx(fY) # fVxY for a smooth
function f, but instead it satisfies Leibniz’s rule. A covariant derivative VxY, however, is a
tensor field, and covariant derivatives in all directions can be encoded in a tensor field of one
(covariant) order higher than its second argument. This tensor is noted VY and is called the
total covariant derivative of Y. It is the tensor that was informally introduced in (3.103)
above. For instance, the total covariant derivative of a vector field Y, i.e., a (1,0)-tensor

field, is a (1, 1)-tensor field which writes in coordinates:

A

where the semicolon indicates covariant differentiation with respect to the j-th coordinate:

, Y'?
i A
Y= oxJ

+ YT, (3.105)

The Levi-Civita connection

So far, we have presented connections and their properties without the need of a Riemannian
metric. It so happens that the Euclidean connection satisfies Leibniz’s product rule with
respect to the Euclidean metric. That is, for three vector fields X, Y, Z € X(R"), the inner

product (Y, Z) is a smooth real-valued function on R™ and, remarkably, one shows that:
Vx (Y, 2) =X (Y, 2) = (VxY,Z) +(Y,VxZ). (3.106)

More generally, on a Riemannian manifold (M, M), we say that a connection V is com-
patible with the metric M if it satisfies the product rule above for all vector fields
X,Y,Z € X(M) with respect to the inner product M. A connection compatible with the
metric is also called a metric connection. Proposition 5.5 in [56] shows that a connection V

is compatible with M iff the total covariant derivative of the metric vanishes, i.e., VM = 0.
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In coordinates, this writes:

8/\/11-]-
oxk

(3.107)
M,
oxk -

Since the coefficients Ffj completely determine a connection, any choice of n® smooth func-
tions determines a connection on a Riemannian manifold. Although there is no natural way
of equipping a smooth manifold with a metric, an important result is that there is a canon-
ical connection for a given Riemannian manifold. The fundamental theorem of Riemannian
geometry states that for any Riemannian manifold (M, M), there is a unique connection V
that is both symmetric and compatible with the metric M. This connection is known as the
Levi-Civita connection of M, and its coefficients Ffj are called the Christoffel symbols

of M. Their expression in coordinates is derived from (3.107):

oM  OMiy  OM;;
_|._ —
oxt oxJ oxt

1 1.
Ffj - §Mk€1 ( ) = §Mkel (OiMje + Oj Mg — OpMy;) . (3.108)

It is clear from this expression that they are symmetric (in 7, j).

3.4 Geodesics

Geodesics are the generalization of straight lines to Riemannian manifolds. In the Euclidean
space, straight lines are characterized by two properties: (i) they are curves with zero ac-
celeration, and (i) they are the unique shortest path between their extremities. Geodesics
are defined by generalizing the first property: in fact, connections were introduced precisely
to this end, as a way of defining a coordinate-free acceleration for curves. As generalized
straight lines, geodesics play a crucial role in the generation of curvilinear meshes: in Chap-
ter 7, our proposed meshing algorithm creates triangles with geodesic edges. In the following,
we examine the properties of geodesics as curves with zero acceleration. In particular, the
length-minimizing property of straight lines applies locally to geodesics. Lastly, we show how

geodesics can be computed in practice.

Let I C R be an interval, v : [ — M be a smooth curve on a smooth manifold M and let
4(t) £ 4/(t). Some technicalities aside, if V' is a vector field along the curve 7 in the sense

that V(t) € T M for all t € I, then the covariant derivative of V' along the curve vy
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is defined by:
DV (1) £ VsV (6) “EY (VE@) + 50V (0T (1)) ) B (3.109)

Then, the acceleration of v is given by D;¥, and a curve is geodesic w.r.t. a connection V
if it has zero acceleration, i.e.:

Dy = Viyy(t) = 0. (3.110)

For a given metric M, the only connection with respect to which we will consider the geodesics
is its Levi-Civita connection. Since it is unique, we can talk about geodesics with respect
to M without confusion. An important application of covariant derivatives along curves
concerns vector fields which do not vary along these curves, that is, vector fields satisfying
DV (t) = 0. Such fields are said to be parallel along : they are the closest approximation to
constant vector fields on manifolds. The associated construction is called parallel transport:
it allows to extend tangent vectors to neighbouring tangent spaces in such a way that their
components do not vary. In fact, parallel transport is precisely how connections connect
nearby vectors, as mentioned at the beginning of Section 3.3, and how vectors are parallel
transported completely defines the connection. From (3.110), geodesics can also be defined
as curves whose velocity vector is parallel to itself, or parallel transported along the curve.
Denoting the component functions of the curve by v(t) = (x'(t), ..., 2"(t)), (3.110) writes in
coordinates: Pk g g
o T Erf‘j(a:(t)) = 0. (3.111)

This ODE is known as the geodesic equation. Since we are only interested in geodesic

curves for the Levi-Civita connection, the Ffj are the Christoffel symbols given by (3.108).
When the metric, and thus the Christoffel symbols, is known, the geodesic equation is a
system of n nonlinear ODEs in the component functions z*(¢), where n is the dimension
of the manifold. As such, ODE theory guarantees the existence of a unique geodesic curve
satisfying the initial conditions v(ty) = p € M and +'(ty) = v, € T,M. When generating
curved meshes, the initial velocity is not known, rather, we wish to connect two vertices
p and g with a geodesic curve segment. We thus distinguish geodesics with prescribed
initial point and velocity from geodesics between prescribed endpoints. The former always
exist, at least locally, and the latter exist when M is a complete and connected manifold,
which is assumed in this work. Computing the Christoffel symbols in practice also requires
interpolating the derivatives of the metric components, which is done using the spectral

decomposition proposed by Aparicio-Estrems et al. [26], described in Section 3.6.1.
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Among all curves between two prescribed endpoints, the length-minimizing ones are geodesic
curves. The converse is true only locally, that is, geodesics are locally length-minimizing
curves. For instance, the geodesics on a sphere are the great circles, and two points can
be connected by either the longer or the shorter segment of a great circle, but only the
shorter segment minimizes the length between the two points. When generating curved
meshes, the endpoints are known and we approach geodesics by polynomial curves. Since the
shortest path between the endpoints is necessarily a geodesic, minimizing the length over the
parameters of the polynomial curves yields an approximation of the geodesic between these

points.

Both the geodesic character of a curve and parallel transport are notions that are preserved

by Riemannian isometries. In particular ([56], Cor. 5.14):

Proposition 3.2. Let (M, M) and (M, M) be two Riemannian manifolds and let F : M —
M be an isometry. If v is a geodesic in M, then F o~ is a geodesic in M.

The exponential map

To each pair (p, v) of a starting point and tangent vector corresponds a unique geodesic 7, (t).
It follows that there is an identification between tangent vectors of T, M and neighbouring

points of p on the manifold, called the exponential map, and defined by:
exp, : TpM — M : v+ exp,(v) = 7,(1), (3.112)

whenever 7,(1) is defined. The exponential map takes a tangent vector and assigns it to a
point on the manifold by following =, (). It is used in the next section to give a geometric

interpretation of varying metrics on manifolds, by examining their (curved) unit sphere.

Computing geodesics

Determining the geodesics either with initial data or between prescribed endpoints is not a
trivial task, and there is no closed-form expression for either curve for arbitrary Riemannian

metrics. In practice, the geodesics are determined as follows:

» Geodesics with prescribed initial data are obtained by numerically integrating (3.111).
Thus, we solve the initial-value problem:
d?z%  dxtdad dz

a7 T g Lu@) =0, alte) =p, - (t) = vp. (3.113)
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The second-order ODE can be split into two first-order ODEs, which are integrated
using e.g. an explicit 4th order Runge-Kutta method:

da* & dvk

da” _ ATk iy 114
a 0 dt Ch (3.114)

o The geodesics between two points that we consider in this thesis are either the true
geodesics, with unknown parameterization ~y(t), or geodesic polynomial curves C(t),
that is, P* curve segments of minimal length between these points. In our applications,

we only consider P? approximation of geodesics.

The true geodesics between two points are used for visualization, for instance, to il-
lustrate that geodesic edges for the Euclidean metric are mapped to geodesics by an

isometry. In this case, we solve the boundary value problem:

d?z% datdrl
iz " ar o)

=0, z(ty) =p, z(t)=q. (3.115)

In this work, we simply use the shooting method to determine the initial velocity
such that ~(t) passes through g. In practice, we use a bisection on both the angle
of the initial velocity vector and the integration interval so that the curve passes at
a prescribed tolerance from q. The angle is first determined using a signed distance
function from the endpoint to the curve. Then, the interval is determined similarly
with a second signed distance function. Other methods, such as the curve-shortening

flow [60], can be applied to compute geodesics numerically.

On the other hand, polynomial approximations C(t) are obtained by minimizing the

Riemannian length between the prescribed endpoints over all P* curve segments:
C(t) = argmin {4 (p, q). (3.116)

In this thesis, the minimization is performed using the unconstrained minimization
routines of the Ceres-Solver library [54] (quasi-Newton L-BFGS method).

3.4.1 Geometric representation of a metric

With a way of computing distances on Riemannian manifolds, we can give a graphic repre-
sentation of a metric tensor. First, we define the tangential ball of radius r at p € M by

the Euclidean ball centered at zero in the tangent space defined by:

B (0) & {v € T,M | ||v||lp, <7}, (3.117)
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and the associated tangential sphere by 0B,.(0). The reference to the point p is not written
explicitly, but appears in the definition instead. Then, the geodesic ball at p associated to

B,(0) is its image on the manifold by the exponential map:

B,(p) 2 exp, (B,(0)). (3.118)

The r in subscript is not without significance: in fact, a geodesic ball B,.(p) or sphere 0B,(p)
is also a metric ball or sphere of the same radius ([56], Cor. 6.13), which justifies the names
of geodesic ball or sphere of radius r at p. In particular, the unit geodesic ball at p, or
simply the unit ball at p, is Bi(p), and the associated unit sphere is 0B;(p). The unit

ball at p also writes:
Bi(p) ={q € M | du(p,q) <1}. (3.119)

The tangential unit ball B(0) illustrates how the metric locally distorts the lengths, and is
usually used as its geometric representation when working with linear elements. Consider
for instance U C R? and the manifolds (U, M) and (V = F(U), M) with constant metric
M, with F a linear isometry given by F : U — V : p — M~Y?p. Tangent vectors are

transformed by the differential dF', which is a linear isometry between tangent spaces:
dFy : TyU = Tr@p)V i u = M2, (3.120)

Indeed, the norm of the tangent vectors is preserved:

1M 0 = JuT MMM 20 = VT = |ul]. (3.121)

Thus, the unit tangential ball BY(0) at p on U is mapped to BY (0) at F(p) on V by M~/
and B} (0) also writes:
BY(0) = {M*u | u e BY(0)}. (3.122)

This is illustrated in Fig. 3.7. Using the diagonalized form [M] = PAPT, the points on
OBY (0) satisfy:

2 T & 2 2. [ (u, vy) ’
|ulh = v Mu=> (u,v,)*\ = - =1 (3.123)
i=1 i=1 i
The last equality is the equation of an ellipse (in R3, an ellipsoid) of axes v;, the eigenvectors
of [M], and lengths h; = A; Y2 The goal of mesh adaptation is to create elements with

unit edges, which are, in a sense, inscribed inside these ellipses. The unit balls B;(0) on the
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tangent spaces are thus a convenient way of representing the local shape and size of the mesh

elements after adaptation.

-1
[M™2uf g =1

U

Figure 3.7 Unit tangential ball BY(0) and its image on the tangent space of V.

To generate curved elements, variations of the metric are accounted for as we travel on the
manifold and the metric is represented by its geodesic unit sphere. Consider now (M, M)
with arbitrary metric. The discussion above applies to the tangent space at each p € M by
replacing M by M,,. From (3.119), a point g lies on the unit sphere at p if dyp(p,q) = 1,
that is, if it is the extremity of a geodesic of unit length starting at p. Moreover, the unit ball
is defined solely from geodesics. In particular, leaving p along any other parameterization,
such as a straight line p + t(q — p) of unit length in M, like we did in the tangent space,
does not yield a point on the unit sphere of p. In fact, this construction is only possible on
R™ because it is also a vector space, i.e., any point between p and q lies on the manifold and
the addition of points on the manifold is well-defined, which is not the case in general, such
as on a sphere. This is illustrated in Fig. 3.8 for the metric defined hereafter, where both the
unit sphere 0B (p) and the locus of the points obtained by leaving p along a straight line of

unit length are shown.

Example: Unit geodesic spheres

To illustrate the difference between the unit balls on the tangent spaces and on the manifold,
we consider the Riemannian metric obtained by modifying the principal sizes of the induced
metric on the graph of the function f(z,y) = 2% + y?. The induced metric pulled back on
the parameter space (z,y) C R?, is:

— 1+fﬂc fxfy _ 1 —fy fac 1 0 _fy f:]c
[M]_<fzfy 1+fy>_f§+fy2<fx fy> (o 1+f§+f5><fx fy>- (3.124)

and the manifold of interest if (R?, M). The eigenvectors of [M] are, in reversed order, the
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unit directions of the gradient and its orthogonal vector, i.e., the direction of the isoline of f
at (z,y). We set the eigenvalues to \; = h; 2 > 0 to control the size along those two principal

directions. For this choice of f, the modified metric reads:

M] = 1 -y x\ (A& O -y T\ 1 My? + Xox? zy(da — Ap)
N -772 + y2 x ) 0 )\2 x Yy - .CE2 + y2 l’y()\g — )\1) )\1.772 -+ )\2y2 ’

(3.125)

This metric is well-defined on R*\{0}, and the center of the unit spheres is set to p = (0.5, 0).
The tangential unit sphere at p is computed from either (3.117) or (3.122). It is the ellipse
whose axes are aligned with the gradient and direction of isoline of f at p, Fig. 3.8 in dashed
line, and whose sizes are h;. The geodesic unit sphere at p, in black in Fig. 3.8, is computed
from (3.119), and requires computing the geodesics of unit length originating from p. The
"unit sphere" formed by the straight lines of unit length originating from p is also shown in
red, for comparison. Once again, this construction is only possible on the parameter space
(z,y) C R? because it is also a vector space: it does not make sense on the actual manifold
defined by the graph of f, since point addition is not defined. For each direction, we use a

bisection to seek the point g such that the straight line pq is unit length:

tapa) = [/ tpa) M+ pa) (pa) dr = 1. (3.120)

This unit ball lies completely inside the true unit ball of M, since for each endpoint g of a

straight line, there exists a shorter geodesic curve joining p and q.

3.5 Curvature

Riemannian geometry is the context of anisotropic mesh adaptation, as we use Riemannian
metrics to prescribe sizes and orientation. Riemannian geometry studies the equivalence
between Riemannian manifolds; in other words, it addresses the question of whether two
Riemannian manifolds are (locally or globally) equivalent, see the discussion in Section 3.2.5.
The equivalence of two manifolds is asserted through local invariants, which are preserved by
isomorphisms: if both manifolds share these invariants, then they are said to be equivalent.
The local invariant that classifies Riemannian manifolds is curvature. As its name suggests,
Riemannian manifolds without curvature are said to be flat. They are indistinguishable from
(i.e., isometric to) the Euclidean space. As we aim at creating meshes isometric to a regular
tiling of the plane, we wish to know when such an isometric mesh can be created on a given

manifold. This boils down to knowing if the manifold is flat.
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Figure 3.8 Unit spheres for M centered at p and the parameter space with the field of
principal directions scaled by the principal lengths. On the left, the curve in red is obtained
by leaving p along straight lines until £,y = 1. On the right, the geodesic unit sphere (i.e.,
the true unit sphere) is obtained by leaving p along geodesics, by integrating the geodesic
equation. The dashed ellipse is the tangential unit sphere at p for the metric M,,.

For the sake of brevity, an intuitive presentation of the notion of curvature, as done in Lee [56],
is presented in Appendix A.2.2. The main idea is that one can evaluate how a manifold curves
by measuring the impossibility to uniquely extend a vector by parallel transport. This yields
a condition on the Levi-Civita connection (and thus on the metric) of the manifold: it is said

to satisfy the flatness criterion if for any three vector fields X,Y, Z on M, we have:
VxVyZ —VyVxZ =V xyZ, (3.127)

where [X, Y] is the Lie bracket of X and Y, see Section 3.1.1. In particular, this criterion is
satisfied by the Euclidean connection, as well as by the Levi-Civita connection on any flat
manifold ([56], Prop. 7.2), as these are isometric to R™ and the Levi-Civita connection is

preserved by isometries. The flatness criterion can be handily encoded in the form of a map
R:X(M)xX(M)xX(M)—X(M):(X,Y,Z2)— R(X,Y)Z, (3.128)
called the curvature endomorphism and defined by:

R(X,Y)Z =VxVyZ - VyVxZ — Vixy 2. (3.129)
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For any vector field Z, R(X,Y)Z is a vector field that measures how its mixed covariant
derivatives in the directions X and Y fail to commute. Because the different by-products
of Leibniz’s rule cancel each other when expanding the curvature endomorphism, the map
R is actually multilinear over smooth function, and thus defines a 4-covariant tensor Rm =
Rijre do’ ® da? @ da* @ da* called the (Riemann) curvature tensor?, whose expression in

coordinates is:
Riji = Mim (&-Fﬁ — T + %I — karg?;) : (3.130)

The curvature tensor contains all the information regarding the curvature of an abstract
manifold. As a 4-tensor, Rm has n* components, but it satisfies several symmetry and
skew-symmetry relations which significantly reduce its number of independent components.
Denoting n the dimension of the manifold, the curvature tensor has n?(n?—1)/12 independent
components. In particular, it has 0, 1 and 6 independent components for 1-, 2- and 3-
manifolds, respectively. Thus, the curvature tensor vanishes for 1-dimensional manifolds. A
very important property of the curvature tensor is that it is a local invariant under isometries
([56], Prop. 7.6), and thus measures how a manifold locally fails to be flat. This is summarized
in the following key result ([56], Th. 7.10):

Theorem 1. A Riemannian manifold is flat if and only if Rm = 0.

As a consequence, all 1-manifolds are flat, since their curvature tensor always vanishes.
In Chapter 4, we define unit meshes as triangulations isometric to any regular tiling on R2.
Clearly, they cannot exist if the target manifold is not flat, so we need only verify that Rm = 0
to assert the flatness of the manifold, which, for 2- and 3-manifolds, amounts to verify that
1 or 6 independent components vanish. These are stored in two standard contractions of
Rm: the Ricci curvature tensor Rc and the scalar curvature S. The Ricci tensor is the
contraction of the curvature tensor on its first and last indices, and the scalar curvature is
the trace of the Ricci tensor, defined by try A £ M[leij or try A& MﬁlAijkl:

Rc 2 try Bm, Ry = M} Riijm, (3.131)
and
S 2 trp Re = M Ryy = M} (9T — ok, + T0TF, — T3,1%). (3.132)

For 2-manifolds, the scalar curvature completely determines the curvature 4-tensor, thus
also the Ricci curvature tensor. This means that to check for the flatness of a 2-manifold,

it is sufficient to verify that S = 0 everywhere. As we show hereafter, it is equivalent to

9The Riemann tensor field is noted Rm, but its coordinates write with the letter R, similarly to the Ricci
tensor field.
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measuring the Gaussian curvature of the manifold. For 3-manifolds, the Ricci curvature
tensor is symmetric and thus has 6 components in three dimensions, hence it completely

determines Rm.

When studying the differential geometry of surfaces in R?, curvature is characterized by the
second fundamental form I(X,Y"). It is used, for instance, in Chapter 8 to derive an isotropic
size field from the curvature of the CAD model. The second fundamental form is defined
as the orthogonal component (with respect to the surface) of the ambient connection of R3.
In fact, if M is an embedded submanifold of M with V and V their respective Levi-Civita
connection, the following tangential-orthogonal decomposition, called the Gauss formula,

holds on M for vector fields X, Y
VxY = VxY +I(X,Y). (3.133)

From the second fundamental form is derived the shape operator, whose eigenvalues are the
principal curvatures k1, kg, from which are defined the mean curvature H = (k1 + £2)/2
and the Gaussian curvature K, = k;kx2. The second fundamental form is an extrinsic
operator, because its definition depends on the embedding chosen to represent the surface
M in the ambient space. As a consequence, the principal curvatures are not local invariants
of the surface, and neither is the mean curvature. It is a remarkable fact, however, that
Gaussian curvature s invariant under local isometries, thus is an intrinsic curvature measure
of the manifold that can be obtained from the metric only. This is summarized in Gauss’s

celebrated Theorema Egregium:

Theorem 2. Let M be an embedded surface of R3. The Gaussian curvature K, of M is

invariant under local isometries. Moreover, K, = S/2.
It follows that for a 2-manifold (M, M), the curvature measures introduced above are com-
pletely determined by the Gaussian curvature. In particular:

K
S=2K,, Rc=K,M, Rm= 79M A M, (3.134)

where the operator (N is called the Kulkarni-Nomizu product: it takes two covariant 2-tensors

and returns a covariant 4-tensor with the same symmetries as Rm, see e.g. [56].
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Example: Curvature of developable surfaces

We illustrate the computation of the curvature on a particular class of 2-manifolds, called
developable surfaces. These surfaces, such as cylinders and cones, can be obtained by
bending and folding the plane without tearing it, and are isometric to the Euclidean plane.
Clearly, most surfaces are not developable, however, we show in Chapter 4 that truly unit
meshes can be generated on developable surfaces. For (u,v) € R?, we consider the developable
surface obtained by "extruding' the graph of a single variable function f(u) along the axis of
the other variable. We consider the developable surface D described by the map F : R* —
R3 : (u,v) = (u,v, f(u)). As a surface embedded in R®, D inherits the Euclidean metric of

R3. From (4.64), this metric writes in (u, v) coordinates:

IM] = [F"Mpgs] = (1 + (J(;'(U))2 (1)) . (3.135)

From (3.108), the only nonzero Christoffel symbol of M is:

IS S u) (3.136)

1+ (f(u)*
An important property of developable surfaces is that their Gaussian curvature vanishes
everywhere, a result that can also be shown by examining their scalar curvature S = 2K. A
direct computation using (3.132) shows that S = 0 = K, and we conclude that the manifold

is flat by examining only its metric.

3.6 Operations on Riemannian metrics

This concludes the theoretical notions used in rest of the thesis. In a more practical point
of view, we briefly review the standard operations on metrics for mesh adaptation that are
used in this thesis. These are applied on the mesh in the physical space, with metrics stored
at the mesh vertices. In the following, we simply write M to denote the component matrix

of the metric.

3.6.1 Metric interpolation and derivatives

In the anisotropic mesh adaptation pipeline, metrics are stored only at mesh vertices and
need to be interpolated for various operations. Linear and geometric interpolation schemes
for the eigenvalues or the metrics themselves [1,61] are known to give poor results, because

the interpolated metrics tend to become isotropic or do not preserve the volume. We consider
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instead the log-Euclidean interpolation scheme, initially described in [62] for linear elements,
and recently extended to high-order elements in [17,26]. Given a set of weights w; that sum

to one and a set of metrics M;, the log-Euclidean interpolation metric is defined by:
M = exp (Z w; In MZ> , (3.137)

with the matrix exp and In operations described in Section 3.2.4. On P! triangles, the
interpolation metric is computed in the reference space, using the Lagrange basis ¢;(&) that
sums to one and coincide with the barycentric coordinates. The weights w; need not be
positive, which allows the straightforward extension to P? triangles in the reference space
using the quadratic Lagrange basis. For both linear and quadratic triangles, the interpolated

metric writes:

M(z(£)) = exp (quz )In M(X )) (3.138)

with N = 3 or 6. This defines a continuous metric field from metrics known only at the

vertices.

Background mesh interpolation

During the mesh generation, edges are curved with the goal to either minimize their length
in the metric space, or a measure of distortion with respect to an ideal triangle, see Chapter
7. Both objective functions require repeatedly interpolating in the metric field. This is done
on a background mesh, where the metrics are stored and kept unmodified during the whole
meshing process. The background mesh is the last computed anisotropic mesh, on which the
metrics are computed from an a posteriori error estimator. Metric interpolation at a point p
of the new mesh consists in (i) localizing p in the background mesh, then (i7) interpolating
the metric at the localized point using the log-Euclidean scheme. Following the notation
in [26], let p be a point in the new mesh and p its equivalent in the background mesh, with

reference coordinates €. The interpolation metric M(p) is computed at £ as follows:
M(p(€)) = exp (Z ¢ (&) In M(X )) (3.139)

In this expression, the X; are the vertices of the triangle of the background mesh in which
lies p. Point localization is handled with an RTree [63], a tree structure storing the bounding
boxes of the triangles in the background mesh. The queried point p is given a small box

and we detect the overlap between this box and all the boxes the RTree, as illustrated in
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Fig. 3.9. For all overlapping boxes, we test if the point is actually in the triangle by inverting
the reference-to-physical transformation é = F'(p). For a linear background mesh, the

reference coordinates are given by:
R -1
¢ _ X1 —Xo Xo— X Pz — Xo 3.140
(ﬁ Yi-Y YY) \p—Y (3.140)
and p lies inside the background triangle if é lies inside the reference triangle, i.e., if é ,N >0
and é + 7 < 1. For a quadratic background mesh, we first test if the triangle is in fact
linear, in which case the coordinates above are returned. If the triangle is nonlinear, we
invert the nonlinear mapping p — F’ K(é) = 0 using Newton-Raphson’s method and the linear
solution (3.140) as initial guess. Currently, curved meshes are generated using the last straight
anisotropic mesh as background mesh, so that only P! localization and metric interpolation

is perfomed in practice. In the future, however, it is expected to iterate over curved meshes

until convergence of the mesh/solution pair, using the P? interpolation scheme.

Derivatives of the interpolated metric

The derivatives of the metric w.r.t. the front mesh coordinates are required to integrate
along the geodesics (for the Christoffel symbols) or minimize the metric-weighted length or
distortion to curve the edges. The gradient of the metric are computed from the derivatives of
its eigenvalues and eigenvectors, following Aparicio-Estrems et al. [26]. As we use a Hessian-

free L-BFGS method for the minimization, only the gradient needs to be computed. It is

Figure 3.9 Localization in a linear background mesh.
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computed from the diagonalized form L = PAPT of the log-matrix L £ ¥, ¢; In M;, so that:

;M = 0;exp L = 0, (P eXpAPT>

(3.141)
= (0;P) exp AP" + P(9; exp A)P" + Pexp A(0; PT).

The computation of each term is detailed in [26] and in Appendix A.2.3.

3.6.2 Metric intersection

The intersection My = M; N My € Sym; of two metrics prescribes the largest possible
sizes while respecting the direction constraints given by each metric. It is generally used to
provide a unique metric from several metric fields derived from different indicators (velocity
components, pressure, temperature, etc.). In this work, it is only used to grade a metric,
as discussed in the next Section. Different schemes exist [64], and we consider intersection
based on the simultaneous reduction, which diagonalizes two metrics in the same basis.
The simultaneous reduction N” £ MM, is a positive-definite but not symmetric matrix in
general. The metrics M; and M, are simultaneously diagonalized by P!, where P = (v, vy)

is the matrix of the (nonorthogonal) eigenvectors of N:

Mi = P_T (H(’i),l MO ) P_l, with Hij = ’U]TMZ"UJ' (3142)
1,2

As both metrics are diagonal in that basis, the intersection is obtained by taking the most

critical sizes:

(R 0 4
Miqp = P 0 ma i P (3.143)

)

The metric intersection does not commute for more than two metrics. Instead, one can de-
termine the intersection Mq. rq, by solving a constrained optimization problem to determine
the largest ellipse contained in the n metrics to intersect, see e.g. [1]. The intersection of two
metrics must be computed a large number of times when e.g. smoothing the metric field,
see the next section. To speed up the computation and limit round-off imprecision, we first
test if the input metrics are equal, diagonal, or multiples of one another up to a prescribed
tolerance. Then, the eigenvectors of the simultaneous reduction, as well as their inverse, are

computed explicitly from their symbolic expression when necessary.
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3.6.3 Metric gradation

The metric field for mesh adaptation typically depends on the derivatives of the fields of
interest. These may exhibit large variations from one vertex to another, which translates
into large variations of the metric. For most applications, e.g. when sampling vertices
according to the metric, computing quality indicators, evaluating or minimizing approximate
lengths, a smooth metric field with controlled variation is desirable. Such a metric is said
to be graded, and limits the geometric size variation on an edge to a parameter § > 1, in
the sense that for any p, q, the size hy cannot exceed hpﬁeM(pq). We apply the gradation
algorithm proposed by Alauzet [65], which we briefly recall here. A metric at a point p can
be extended to the whole domain by enlarging its unit sphere with a prescribed factor . This
can be done by multiplying its eigenvectors with either a unique factor n,(x) or different
factors 1, ;(x), which reflect the prescribed size variation. These spanned metric fields write

respectively:

My(@) = (@) M,, with n2(@) = (1+ [pe|a, Ins)
(3.144)

My(x) =P (77;2:,1(50) , 0

T 2 \/7 -
AP, with J(x) = (1+ Aillpx|| In ) .
) 7l Ipeing

The former preserves the ratios of anisotropy, whereas the latter yields isotropic metrics far
from p. Each point in the background mesh spans such a metric field, representing its size
constraint over the domain. To account for all size prescriptions, the metric at p should be
intersected with each metric spanned at p from zm however, this has an O(N?) cost. In
practice, the edge-based sweep proposed by Alauzet and summarized in Algorithm 1 is used.
For a linear background mesh, each edge is added to the set to be treated. For P? triangles,
we consider the 15 edges and subedges formed by connecting the P? vertices, to enforce the

desired gradation in all directions on the element.

Gradation in the metric space, obtained by spanning the metrics according to first line of
(3.144), is generally favored as it yields smooth meshes without blurring the anisotropic fea-
tures. It is however dependent on the mesh topology, and small sizes prescribed orthogonally
to the mesh edges are known to propagate far in the domain, creating artifact-like struc-
tures [65]. To mitigate this, we implemented one of the solution proposed in [65], namely
mimicking an exponential size variation away from the anisotropic features (exp-metric), so
that the size prescription quickly decreases as we move away from a vertex and its influence is
localized. In practice, the intersection metric is stored in a different array and the metrics are

spanned from the unmodified metric. The gradation parameter increases by a factor a > 1
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after each sweep, which simulates a layer-by-layer size decrease and effectively removes the

artifacts.

Algorithm 1 Edge-based metric gradation control.

correction < true
while correction is true do
correction < false
MV — M > Only for the exp-metric method
for all edges pq do
Intersect My (M3eV if exp-metric) with M,,(q) spanned from p
Intersect My, (MY if exp-metric) with Mg(p) spanned from g
end for
M — M eV > Only for the exp-metric method
if any metric was modified then
correction <— true
b+ af > Only for the exp-metric method
end if
end while

The gradation is illustrated in Fig. 3.10 for the function:

2z — sin(by)

f(z,y) :x3+x2y+tanh< 5

) on Q=[-2,2] x[-1,1]. (3.145)
with § = 0.02, proposed in [38]. Here, we reduced the value of ¢ to show how small sizes
propagate. An anisotropic mesh is generated with the goal of minimizing the H' seminorm of
the interpolation error on €. The associated Riemannian metric is presented in Section 5.3.
Its unit balls are shown on the bottom left, and feature abrupt variations from one vertex to
the other on the background mesh. The metric field after gradation is regularized and both

the sizes and the directions vary smoothly.

3.7 Conclusion

This chapter presented the notions of geometry required to work with Riemannian metrics.
They were introduced in a formal, but hopefully accessible way. Riemannian metrics and
isometries are used throughout this thesis, starting with the next chapter discussing unit
elements. Tangent vectors, differentials and pullbacks are used, among others, to interpret
the invariants of linear unit elements, see Section 4.1. Curved unit edges are also shown to
have geodesic edges, which justifies their introduction. Lastly, the quantitative results on
curvature are not used per se, but they give a criterion to identify isometric manifolds. On

such manifold, we construct in the next chapter perfectly unit isometric triangulations with
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Figure 3.10 Top: Contours of the target function and adapted mesh for the H! seminorm
without gradation. Bottom: Scaled unit balls associated to the metric field without and with
gradation with § = 2.

respect to a uniform tiling of the plane. Practical operations on discrete metrics, such as
interpolation and gradation, were also reviewed. These are extensively used in our meshing

pipeline.

Following Section 3.2.2 and with the goal of controlling the interpolation error with respect
to a real-valued function f, we conclude this chapter with the following discussion, which
could motivate future investigations. Given a function f and its graph, one can create on
a parameter space U C R? a triangulation adapted to metric M induced by the graph.
By default, the metric is obtained from the ambient Euclidean metric of R3, so that the
triangulation has lengths prescribed by the Euclidean metrics: for example, if the function
f is constant, the associated surface is the graph of a plane and the induced metric is
the Euclidean metric of R?, so that the triangulation on U has edges of quasi-unit length
with respect to M. The mesh density can be uniformly adjusted, if need be, by changing
the measure of distances on the graph, i.e., by modifying the Euclidean metric of R? by a
constant c: [ﬂﬁ{g] = cl3, with I3 the 3 x 3 identity matrix. Because the graph is unique

and intrinsic to f, however, there is no reason to believe that this triangulation offers any
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particular property on the control of the interpolation error. Indeed, the induced metric
differs from the optimal metric minimizing the continuous interpolation error, proposed by
Alauzet and Loseille [8,9] and described in Chapter 5, which we sometimes refer to as the
error metric. Thus, a natural question arises: for two-dimensional applications, (when) is the
error metric also induced by the graph of a surface in R*? A priori, the answer is negative
as the error metric is represented by a 2 X 2 symmetric matrix, thus has 3 independent
components, whereas the induced metric only has 2 independent components in f,, f,. It
is possible to show'? that for any uniform metric on €, the Euclidean metric of R? can be
scaled uniformly so that M is induced by a graph, however, we do not expect such a graph

to expect for nonuniform metrics.

0The metric should satisfy det M = (a + ¢) — 1 to be induced by a graph. Since the determinant scales
with @™ in dimension n and the coefficients scale with a when the Euclidean metric is scaled by «, we can
solve a™ det M = a(a+ ¢) — 1 for the uniform scaling . This coefficient depends on the metric components,
and thus varies from one point to another in general, however, so that there is a unique scaling of Mps only
if M is constant.
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CHAPTER 4 UNIT AND ISOMETRIC TRIANGULATIONS

This thesis builds on the continuous mesh theory, introduced by Loseille [1] and Alauzet
and Loseille [8,9] to provide a continuous point of view to the discrete problem of mesh
adaptation. In this framework, a Riemannian metric M is the continuous counterpart of a
mesh and is also called a continuous mesh. The properties of a discrete mesh, such as
the number of vertices or the elementwise interpolation error, have a continuous counterpart
in the continuous mesh framework and can be written in terms of the metric. As a result,
differentiation and optimization can be performed with respect to the Riemannian metric,
and the intractable problem of finding an optimal discrete triangulation minimizing an error
functional can be translated into the well-posed problem of finding an optimal metric tensor
field. The fact that the optimal metric minimizing the linear interpolation error on linear
simplices has a closed-form expression largely contributed to the success of the continuous
mesh framework. As a mesh encodes the size and orientation of its discrete elements, a
Riemannian metric describes the geometry of an equivalence class of simplices, called unit
elements. In essence, unit elements are a way of describing identical elements when viewed
through the eyes of a metric, sharing invariants such as their edge lengths and area with
respect to the metric. In the continuous mesh framework, simplices are said to be unit
if their edges have unit length with respect to M. The precise length of 1 is actually of
little consequence, as setting another target length simply amounts to scaling the metric
tensor, that is, it only affects the mesh density. Instead, the idea is to generate elements
whose edges have the same length. Indeed, if the function to approximate (or, rather, its
derivatives) is isotropic, the vertices should be disposed uniformly, in order not to reduce
the convergence rate. Choosing nonuniform elements amounts to add degrees of freedom in
an unjustified direction, thus increasing the mesh complexity without any reduction of the
approximation error. If the Riemannian metric accurately represents the objective function,
the goal of the continuous mesh framework is to create uniform meshes with respect to this
metric tensor, called unit meshes. Generating a mesh made exclusively of unit elements is
generally impossible, so a relaxed definition is needed in the form of quasi-unit elements.
In practice, linear anisotropic meshes obtained from metric-based mesh generators are made
of quasi-unit elements. Generating quasi-unit linear meshes is now well understood, and
anisotropic meshing libraries are fast and robust [66,67]. For the curvilinear case, several
questions remain open, starting with an adequate definition of unit simplices. The original
definition of unitness involves only the edges and is not suited for high-order elements, as

curved simplices with unit edges may either be invalid, or may not share the same invariants
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as linear unit elements. The difficulty lies in the fact that the definition of linear unit elements
is based on a property they share, having unit edges, rather than on the transformation they
come from. A broader and descriptive definition that incorporates linear elements as a special
case is thus required. To keep curved meshes competitive, a constructive definition involving
the edges would be preferred. In his thesis, Rochery proposed to define unit high-order
elements as transformations whose Jacobian matrix relates to the metric [17]. A distortion
indicator can be derived from this definition, which matches the distortion function minimized
by Aparicio-Estrems et al. [25,26], however this considers an expensive global optimization
problem, which becomes intractable for large problems. In contrast, unit linear elements are
generated by repeatedly creating or collapsing points until all edges are of unit length, a local
criterion leading to fast algorithms. A definition of curvilinear unit simplices involving the
edges would thus be desirable. In most work on curvilinear meshing, the go-to strategy is to
curve the edges to minimize their length with respect to the metric, that is, to approximate
the geodesics. However, to our best knowledge, a formal link between unit elements and

geodesics is still missing in the literature.

In this chapter, we focus on the two-dimensional case, but the ideas are straightforward to
generalize to three dimensions. Sections 4.1 through 4.4 are concerned with the extension of
unitness to curvilinear simplices. We start by giving the usual definition and properties of
unit triangles, then, as a counterexample, we discuss curved triangles illustrating its short-
comings for high-order elements. Then, as suggested by Rochery [17,33], we introduce in
Section 4.2 a stronger definition of unitness based on the pointwise Jacobian matrix Ja_, i
of the transformation of an equilateral triangle. This definition implies the original one for
both linear and high-order triangles. We then look at the concept of unitness using the tools
of Riemannian geometry, observing that the Jacobian matrix Ja_,x pulls back the metric
M to the Euclidean metric. This leads us to introduce a new definition of unitness based on
Riemannian isometries, which englobes the previous definitions. This is the main contri-
bution of this chapter. The properties of isometric unit elements are discussed in Section
4.3, and the conditions under which such isometries exist are investigated. With this defi-
nition, unit elements are simplices isometric to K. One can then choose another reference
simplex not isometric to K, from which a different, nonisometric class of unit elements is
defined. We show that unit meshes only exist on Riemannian manifolds isometric to R"”, i.e.,
flat manifolds, and we construct, through optimization, examples of isometric unit triangu-
lations on such 2-manifolds, that is, on developable surfaces. The presented triangulations
are isometric to regular tilings of R? made of copies of either Kx or Ky = K. On non-

flat manifolds, we show examples of quasi-isometric triangulations. The last section of this
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chapter is dedicated to pointwise interpolation error estimates on unit elements. Classical
estimates on linear simplices are reviewed, then estimates on curvilinear unit simplices are
discussed. We detail the error estimate for linear interpolation on quadratic triangles pro-
posed by Rochery, then, as the second contribution of this chapter, we propose a pointwise
error estimate for interpolation of arbitrary order on P? triangles. This is done by including
the reference-to-physical transformation into the existing high-order error estimate for linear

elements.

4.1 Linear unit elements

We start by giving the usual definitions of unit and quasi-unit elements, from Frey [61] or

Loseille [1], which are sufficient for anisotropic mesh adaptation with linear triangles:

Definition 4.1. A linear triangle K with edges e; is unit with respect to the metric M if:
bpm(e)) =1,  fori=1,2,3, (4.1)

i.e., its edges are of unit length when measured with respect to M. K is quasi-unit with

respect to M iff:
1
V2

€M<61) €

\/51 . Vi=1,23. (4.2)

Since their definition does not change throughout this chapter, it is useful to define unit
edges w.r.t. M as edges e such that ,,(e) = 1. The definition above states that a triangle
is unit if its edges are unit. Any equilateral triangle with unit edges for the Euclidean metric
M is a unit triangle with respect to M. This is indeed the motivation behind unit elements,
as anisotropic adaptation methods aim at producing equilateral triangles deformed by the
metric M. In particular, the reference regular triangle K, introduced in Section 2.3, is a
unit triangle for the Euclidean metric. Any rotation or translation of an equilateral triangle
is still an equilateral triangle, hence is still unit with respect to M. Recalling that the linear

transformation associated to M~1/2

preserves the lengths, it follows that there are infinitely
many unit triangles for a given metric. More specifically, the complete set of linear triangles

that are unit with respect to M is described as follows [1,17]:

Proposition 4.1. Let M be a constant Riemannian metric. The set K of linear triangles

unit with respect to M is:

Km={K=M""RKx+ x| Re S0, xR} (4.3)
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This makes sense as long as M~1/2

, and thus M, is constant, as both transformations Fx
and F are linear functions of §. For practical applications, the metric field is not constant,
and we consider quasi-unit triangles with respect to the interpolated metric between vertices
of the background mesh, on which the metric field is stored. Thus, quasi-unit triangles

/2 For a given unit triangle, the

satisfy the relation above for some interpolated metric M
rotation R is unique and constant. All the operations above are isometries, thus the overall
transformation is also an isometry, but they do not commute with each other, hence triangles

unit w.r.t. M are not rotations of one another in general, Fig. 4.1.

Vi

Figure 4.1 Linear unit triangles for different rotations of K, and unit sphere 0B;(p) of a
constant metric. The dotted line is a copy of the third edge, also unit with respect to M.
Adapted from [1].

A linear triangle is unit in only one metric, and this metric always exists. This is easily seen
by writing down the linear system £3,(e;) = 1 made of n(n+1)/2 equations which are linear
in the n(n+1)/2 independent coefficients of the metric to determine, and whose determinant
| K'|x7 never vanishes [1]. A metric thus describes an equivalence class of unit elements, and
unit elements each describe the metric in which they are unit. Linear unit elements share

the following invariants, ([17], Prop. 2.1.3):

Proposition 4.2. Other than their edges being unit, i.c., (34(e;) = el Me; = 1, linear

triangles that are unit w.r.t. the constant metric M share the following invariants:

1. The angles formed by their edges are such that:

Vo it A .
cos B(er, e;) = T./\/le] _ { /2 if e; and e; have the same origin, (4.4)
—1/2 otherwise,
hence their inner angles are /3.
2. Their area with respect to M is:
V3
|K| = |K|z; Vdet M = T (4.5)
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3. Let H be a symmetric matriz. Then:

3
el He; = 2tr (MY2HMY?), (4.6)
i=1

4. Their exists a rotation matriz R such that the (constant) Jacobian matriz of their

reference-to-physical transformation Ji = Jz . is:
Jx = MTV2RI,, (4.7)

where Jpn = JI?_)KA s the Jacobian matriz of the transformation from the reference

element K to the reference reqular element K.

Proof. See [1,8,17].

The first two invariants are quite straightforward, and the second was shown in (3.90). The
third plays a key role when writing interpolation error estimator involving only the metric, as
the dominant term of the interpolation error for both P! and P* interpolation can be written
with a quadratic form. If H is also positive-definite, which is the case for error estimators,
this invariant derives from a stronger result, namely that the isometry F(y) = M~2Ry
preserves the energy of the edges with respect to the metric H whose representation in
coordinates is H. Indeed, suppose Ka and K are subsets of the Riemannian manifolds
M = (R*, M) and N = (R? M), respectively. Let E; and e; denote tangent vectors to the
edges of each triangle at vertices y; with ¢ = 1,2, 3, so that e; = dF},(E;), or in other words,
each e; is the pushforward of F; by F' at y;, Fig. 4.2. Let H be a Riemannian metric on
N, represented by the symmetric positive-definite matrix H. The pullback tensor of H at
y; € K is defined according to (3.33) as:

(F*,H)yz‘(Eiv El) = ,H(dFyz(El)’ dFZIz(EZ)) = H(eia ei)' (48)

As an isometry, F' preserves the energy of curves. If the edges are parameterized by ¢ € [0, 1],

this writes:
Epey(E;) = Eyle;)
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_1
Fs g, FTW=M7=Ry+p .,

[F*H] = JLHJp [H]=H
= RTM:HM™:R

Figure 4.2 The isometry F preserves the energy of the edges of Kx.

Since all edges are straight lines, the velocities can be identified to the edges themselves

viewed as tangent vectors E; € Ty, M and e; € Tp(y,)N, thus the integrals become:

1 T * R 1 T )
5 B FHIE; = 5 ] [l
[F*H] = JE[H]Jr (4.10)
1 T T A (—1/2 —1/2 1 T
iEiRM HM REi:§eiHei

With a direct computation on K, the energy of the boundary 0K is then:

En(0K) = Epyu(0K )

13 13
52 e’ He; = 52 ETRTM~V2H M~Y?RE,

i=1 =1

(4.11)

tr (REMTYV2PHMTY2R)

Bl

tr (M™Y2HM™Y?),

since tr(RT AR) = tr(A). This is equivalent to the third invariant. Because the metric of M
is the Euclidean metric, the trace of the matrix M THM 3 is equal to the trace of F*H
with respect to M, defined by:

trgg FPH 2 (M) (FH)y = (M) (M ZHM

Il
B
E\b—\
<

2, (4.12)
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and such that:
tl"m F*H = tl"M H = (M_l)inij. (413)

Lastly, the fourth invariant immediately follows from Proposition 4.1, but is far-reaching
nonetheless, as its generalization to higher order elements is a pointwise relation between
the derivatives of the reference-to-physical transformation of K and the metric. It serves
as the definition of high-order unit triangles in the next section. In Appendix A.3.1, we
give additional invariants that may be relevant for high-order error estimation in future

developments.

Quasi-unit linear meshes are commonly generated by modifying iteratively an existing mesh
to comply with the input Riemannian metric. New vertices are inserted along long edges
(¢ > +/2) and short (¢ < 1/4/2) edges are collapsed by merging their extremities until all
edges are quasi-unit. Then, the mesh may be optimized by swapping edges and relocating
vertices to improve some quality measure € [0, 1], which is 1 on the ideal elements. We do
not discuss this further, but we refer for instance to Dobrzynski et al. [68] and the references
therein for more details regarding the practical construction of quasi-unit linear simplicial

meshes.

4.2 Curvilinear unit elements with prescribed Jacobian matrix

On linear triangles, two vertices are connected by a straight line with a linear parameteri-
zation, and a definition based only on the edges is satisfactory. On the other hand, vertices
of a curved triangle can be connected by arbitrary smooth curves. An edge-based definition
alone is not sufficient, since any nontrivially curved triangle with unit edges for a constant
metric has a nonconstant Jacobian matrix and violates (4.7). Moreover, curved triangles
can have unit edges but be invalid, or have different areas depending on whether its edges
curve inwards or outwards. A more restrictive definition is thus needed for curved simplices.
Rochery [17,33] proposed to consider the (4.7) as the definition of unitness, instead of an

invariant; we discuss this choice here. Generalizing (4.7) for nonconstant Jacobian yields:

Jr(&) = MV (Fi())RJa. (4.14)

As R and Ja are constant matrices, Jx and M~1/2

o Fx must be the same function of &,
for instance, polynomials of degree ¢ — 1 if we consider P? triangles. We first introduce the

following general definition of curved unit triangle, assuming a smooth transformation:
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Definition 4.2. A curved triangle K is unit with respect to the metric M if there exists
a rotation R such that for all € € K:

Jic(§) = M7 (Fi(€)) R, (4.15)
and if M is such that Fi is a smooth function of €.

It follows from this definition that unit triangles are curved as soon as the metric is not
constant. Moreover, unit triangles are valid everywhere since the matrix of M is positive-
definite. We first show that this definition implies Definition 4.1. This is done in the following:

Proposition 4.3. If a curved triangle K with edges e; is unit w.r.t. M in the sense of
Definition 4.2, then:
Cpm(e)) =1, fori=1,2,3. (4.16)

Proof. See Appendix A.3.2. The key idea is that the edges of a unit element K = F(£) can
be parameterized by e;(t) = F(€(t)), whose derivative involves the Jacobian matrix Jz(§).
Since M~1/2 cancels the effect of the metric in the length computations, we can relate the

length of e; to the length of the edges of K, which are unit for the Euclidean metric.

In addition to being unit length, the edges of curved unit triangles may be geodesic curves, de-
pending on the metric. To see this, we use the same parameterization y(t) = (x(&(t)), y(&(t)))
for the edges as in the proof hereinabove and substitute the velocity and acceleration into

the geodesic equation (3.111):

o Ozt dE ”dﬁj 12 'dfj

Y (t) - 85] dt - JK,Z] dt - Mip (RJA)PJ dt )

y am;,"? gl oM dsi oM 2. 47
’}/Z(t) = i (RJA)pj% = W’Ym(t)(RJA)pj dt = oxm f)/m(t)ij 7j<t)

After reordering the indices in the acceleration, the geodesic equation writes:
A+ 544 =0
l (4.18)
~1/2
e

so that, after identifying and multiplying by ./\/l]_n1 / ?, the edges ~(t) are geodesic curves iff
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the metric satisfies:

(9./\/1_1/2 X
Fk /2
“ow LM = g

8/\/1_1/2 1. (aMﬂ L OMy  OM;,

-1/2

The derivative of M~1/2 requires some precaution, as it is defined from the diagonalized form
M = PAPT. From Sebastiani [69], defining ;P = 9P/0z'PT | it is given by e.g.:

(9/\/1 1/2
e —*Mkl < oo T 2MIPOPMY - M@P+@-PM> M2, (4.20)

lj

In particular, it differs from the usual derivative of integer matrix power —%M‘lﬁi/\/l./\/l_%

unless the matrices M and 0; P commute. Thus, the edges are geodesic iff:

oM i oM ij
oxJ ozt

= (2M'20,PM'? — Mo,P + &-P/\/l)lj . (4.21)

The right-hand side only involves derivatives w.r.t. ¢, so the metric should satisfy a relation
on the permutations of 4, 5,1 to include the 2% on the left-hand side as well. We were not
able to exhibit a more explicit constraint on the metric, but we conjecture that it implies the
symmetry constraint (4.24) already discussed in Chapter 3 and recalled below, and that it
is also equivalent to cancelling the scalar curvature of M, in which case the transformation
Fi is an isometry and maps geodesics to geodesics, as discussed in Section 4.3. Indeed, we

have for example for the metric induced by the developable surface S = (z,y, f(x)):

1
— 0 8M—1/2 _fa:fxa: 0 8M—1/2
M= \ie | S = [T | S =0, (22)
0 1 0 0 y

and the Christoffel symbols:

. a 1/2
ifff“z = A;; +TEM; =0, (4.23)

k
[V, =0 except I, =

thus the geodesic equation is satisfied and edges are geodesic curves for this metric. This
also holds for a surface (x,y, f(x — ay)), where the line x = ay accounts for any rotation

applied before f, but not for general nondevelopable surfaces f(z,y).

We focus now on the special case of P? triangles, which have a polynomial boundary. From

the discussion in Section 3.2.5, the Hessian of a polynomial transformation Fj is symmetric
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iff M verifies: " oy
oM., MoV aMk:j M2

oxm mj ox™m mi

For quadratic triangles, this is the only constraint on M to ensure the smoothness of Fi, since

for all 1, j, k. (4.24)

higher-order derivatives vanish. We can thus define quadratic unit triangles as follows [33]:

Definition 4.3. Let M be a Riemannian metric satisfying the symmetry constraint (4.24)
and such that M=% o Fy is linear in £. A quadratic triangle K is unit with respect to
M if there exists a rotation R such that for all £ € K:

Jr(&) = MTV2(Fr(€)RJa. (4.25)

P? triangles can be defined in the same way, adding constraints on the derivatives of the

metric to guarantee the continuity of the ¢-th derivatives of Fk.

The generation of unit elements in the sense of Definition 4.2 is less straightforward than
for linear elements, as the pointwise relation between the Jacobian and the metric must be
enforced everywhere on the element, instead of an edge-based criterion. The following two
sections detail how unit elements can be generated in practice by degree continuation, that
is, curving from a unit linear mesh, following Rochery et al. [33], or by minimization of a

global distortion measure, following Aparicio-Estrems et al. [25-27].

4.2.1 Construction by degree continuation

As an alternative to Definition 4.3, Rochery et al. [33] proposed in a recent paper to define

unit as a relation between displacements in the reference and physical triangles:

Definition 4.4. Let M be a Riemannian metric such that M~'/? o Fyx is a polynomial of
degree q—1 in . A P triangle K is unit at & with respect to M if there exists a rotation
R such that for all € € K:

Fi(€) = Fi(&) = M™2(Fg(§)RJIA(E — &) (4.26)

In the relation above, Ja is constant and Ja (£ — &) is a matrix-vector product. Note that
the symmetry constraint on M is absent from this definition. Definition 4.3 describes a unit
element by its Jacobian matrix, while Definition 4.4 describes it by a translation-invariant
relation between displacements, thus by its transformation F. In the following, we present

Rochery’s proof of equivalence with the previous definition and detail how they decouple
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(4.26) into linear and high-order unitness to devise a local edge curving method. We show

that the same decoupling can be obtained from (4.25).

Asymptotic equivalence with the definition in Jacobian

For linear triangles, Definitions 4.3 and 4.4 are equivalent: taking the derivative w.r.t. £ on

both sides, we write:

OM~1/2 0Fk

- MY
(€)= MO OIRIs + =5 |

RJIA(E = &o)- (4.27)

When M~/? is constant, hence for linear triangles, the second term vanishes and this is
Definition 4.3. For a general metric, Rochery shows that both definitions are asymptotically
equivalent. To see it, consider embedded Riemannian metrics defined, for A > 0 and for
some M, by M;I/Q = h/\/lal/2 (i.e., My, = h™2>M,). The principal sizes prescribed by
these metrics are the eigenvalues of ./\/l;l/ ?, thus they decrease as O(h) and so do their unit
elements through the transformation F (¢) defined by (4.26) for M™% = M, As
RJA and £ — & are both O(1) and because the derivatives of M in the physical space are

independent of h, unit elements in the sense of (4.26) for these embedded metrics satisfy:

—1/2 F
Tia(©) = My P (Fien(©) Ry + 20— ek gy (o)
O Fr,n(6) 5
——
O(hMy'?) O(hMy'?)  O(h) (4.28)

= M, P (Frn(€))RIa + O(hM;, ),

thus we recover Definition 4.3 as h — 0. The reference coordinate &, € K does not appear at
convergence, so the element can be taken to be unit with respect to any &, and the equivalence

between the two definitions still holds.

Decoupling

For P? triangles, Definition 4.4 splits unitness into a linear part, involving the metric, and a
quadratic part, involving its derivatives, as follows. Since Fi is quadratic in € and M~120 Fy

is linear, the quadratic and linear expansion for each polynomials are exact. They write:

OF;.

07 Oxk

Fi(©) = Fi(60) + ()€ — &) + 56— &) s (€)(E~ &) (429)
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For the metric, we have:

oM

ox™

oF
k
Fr (€o0) 85

£ Tk (&0)

(e o)

M2 (Fr(€) = MG (Fr (&) +

We let v & £ — &, and N = RJa as in [33]. Inserting both (4.29) and (4.30) into (4.26)
yields: .
T (€o)igv” + §Ujvk OiFie = [ M (Fie(&)) + Tije(60)0*] Njno" (4.31)

This relation is polynomial in v, thus in £, and can be split into linear and quadratic com-

ponents, which identify to:

T (&) X (€ = &) = M2 (F(&))N x (€ = &),

1 . 4 (4.32)
5(€ — &) OnFic(&)(€ — &) = [Tn(&)(€ — &)*] N x (€~ &).

The linear part is exactly the definition of a linear unit triangle. The coefficients of the
quadratic part can be identified with a bit more work (see Appendix in [33]) to finally obtain
the following relations on the first and second derivatives of Fix depending only on the metric

and its derivatives:

Jr (&) = MTV2(F(&))N,
oM (4.33)

ox™

0;iF (&) = (Ngj Ny + Ny Nyj)
Fr (€o0)

Thus, a quadratic triangle is unit at &, € K in the sense of Definition 4.4 if the linear part
of its reference-to-physical transformation agrees with the metric and the quadratic part
agrees with its derivatives. When the metric is constant, the Hessian of the transformation
vanishes and the unit triangle is linear as expected. As observed in [33] by applying the same
embedded metrics argument as previously, the Jacobian of F scales as O(h) whereas the
Hessian scales as O(h?), thus the edge curvature decreases faster than the edge size. In other
words, unit quadratic meshes are asymptotically straight, in agreement with Ciarlet
and Raviart [52] and the optimal convergence rate of reference-space Lagrange interpolation

is maintained as h — 0.

We also obtain the decoupling (4.33) by a slightly easier path, starting from Definition 4.3.
The transpose of (4.25) is JE = (RJIA)TM™YV2 & Jy ;i = Ng./\/l;jlm, and a Taylor expansion
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for JE and M~1/2 yields:

DJx i L OMPoED
Ticsi+ gen (€~ &)" =N, (Mm e oo € &) .
4.34
_ NT M—1/2 aM;jl/zM—l/QN k
— *Vip pj + O™ mq qk(§ - 50) )

where all quantities are evaluated at & or F(§). The condition on the Jacobian at &, is:
Jrgi = NIM? o JE = NTMTV2 & Jie = MTY2RJ,, (4.35)
and here, the condition on the Hessian is readily identified:

4 oM,;"” oM,
= O Fh = NL = M, V2 Nyy, = Ny Ngp——22

P Qg

6JK,ji
ock

M2, (4.36)

8$m mq
The Hessian of each component j is symmetrized by adding the transpose with respect to
1, k, thus:
oM
Pl A2 (4.37)

81’”7’ mq

which is the same as (4.33) after renaming the dummy j <> k,p — s,q — t.

OinFie = (NyilNgk + Ny Nyi)

Curving

The decoupling (4.33) yields a fast and local (elementwise) edge curving scheme without the
need for optimization. The linear constraint can be satisfied by a standard metric-based mesh
generator, so that the linear mesh is unit e.g. at the triangles barycenters. Then, the three
independent coefficients of the Hessian yield a linear system for the midnode displacements
a; for each component of F and the edges are curved in a single step. Because the first and
second derivatives of F asymptotically differ by an order of magnitude in A, both relations of
(4.33) are satisfied up to a negligible remainder even when the linear constraint is satisfied at
the barycenters of the linear mesh, instead of those of the quadratic mesh. This means that
a single iteration is sufficient to converge both constraints together. Adjacent elements will
typically prescribe different curvatures on their shared edges, so these edges are curved only
once. The rotation matrix R is necessary to compute N = R.J in (4.33): this is done from
the adapted linear mesh, for which the Jacobian matrices on the left-hand side of the first
relation are known, as is the metric. For the complete computations, we refer to Rochery’s

paper [33].
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4.2.2 Construction by distortion minimization

To curve the edges, Aparicio-Estrems et al. [25,26] proposed to minimize a global mesh
distortion measure described as follows. Let K be a physical triangle and let Fa_,x and
Ja_ ik denote the transformation and Jacobian from K to K. In dimension n, the pointwise
distortion of K with respect to M is defined for y € K by [25]:

e p— UBor) Mrs ol JMK(y))l/n > 1. (4.38)

n [det (JZ—J((y) [MFA_”((y)] JA%K(y))}

This is the AM-GM inequality for the (strictly positive) eigenvalues of [FX_, x M], the matrix
of the pullback metric on Ka:

1 n
e [Fa M) > (det[Fa M) (439)

with equality n(y) = 1 only if [FA_, xM] = ¢l for some ¢ > 0. The pointwise distortion thus
measures if K lies on a conformally flat manifold, that is, equipped with a metric that
is a positive multiple of the Euclidean metric cM. In other words, the distortion measures
how the interior angles of K deviate from the angles of K x, but do not account for the edge
lengths. In the context of moving mesh PDEs (MMPDE), this indicator reaching a minimum
is also known as the alignment condition, see e.g. Huang [70], and is used in conjunction
with a sizing (or monitor) function to perform the mesh adaptation. From the pointwise

distortion, the regularized elementwise distortion is defined by:

1
|Kalaz

4
2 2 2
= dy = — dy. 4.40
i J @y =2 [ ()dy (4.40)
A P? mesh of minimum distortion can be obtained by minimizing the overall mesh distortion
with respect to the positions of the edge vertices x;, as it is done in Aparicio-Estrems et
al. [25,26]:

min F (o, . . ., &p,,,,,) = min » | 0 (4.41)
KeT

Minimizing the distortion on an element amounts to finding a constant rotation R such that

JaLk = cM~V2R:

) 1 tr <c2 RTM_l/Q[M]M_l/QR> 1 Atr (1)
T et (@ REMAR MM 2R njen det 117"

1. (4.42)
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This enforces the Jacobian matrix of Definition 4.2 up to a constant, and does not distinguish

between two triangles scaled by a factor ¢. Thus:

Proposition 4.4. The following affirmations are equivalent:

1. The elementwise distortion n% on K is minimal and equal to 1;

2. There is a constant ¢ > 0 such that ¢c 'K is unit w.r.t. M in the sense of Definition
4.2 (and thus also of Definition 4.1).

Proof. From the discussion above, the AM-GM inequality reaches a minimum if and only if
the argument [FX_ ,M] = JX_ ; [Mr, )] Jask is a positive multiple ¢ of the identity
matrix. This is the case when Ja_,x = cM~/2R for some rotation matrix R, as shown in
the proof of Proposition 3.1. If K has such a Jacobian, then ¢ 'K is unit in the sense of
Definition 4.2.

In Section 4.4, we construct isometric triangulations by minimization of an energy function
based on the length of subtriangles, to enforce the isometries locally. The distortion is

minimized as result of this stronger constraint on the elements.

4.3 Curvilinear unit elements as Riemannian isometries

Linear unit elements are triangles whose edges have the same length as a regular equilateral
triangle. Moreover, Definition 4.2 states that a curved triangle K is unit if its Jacobian

matrix satisfies:

Jx = JpJp = M7Y2RIA, (4.43)

Having discussed Riemannian isometries in Section 3.2.5, we are naturally led to the following

definition of unit triangle:

Definition 4.5. Let U and V be subsets of (R", M) and (M, M), respectively, and let Ky C
U be a positively oriented reference linear simplex. A curved simplex K C 'V is unit with
respect to M and Ky if it is isometric to Ky, that is, if K = F(Ky) for some orientation-
preserving isometry F : U — V.

The previous definitions are recovered by setting Ky = Ka as the reference simplex. Indeed,
isometries preserve the lengths, thus any unit simplex has unit edges because K is regular,

and from Proposition 3.1, the Jacobian matrix of F is Jp = M~'/2R for some rotation
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matrix R, thus Jx = JpJa = M~Y2RJA. Moreover, the invariants shared by linear unit
triangles, Proposition 4.2, are direct consequences of Riemannian isometries preserving the
inner product and lengths (and thus the angles), the area of compact manifolds, see (3.88),
and the energy of curves. We should stress that the isometry F cannot, in general, be
described by a closed-form expression. Constant metrics are a notable exception, as F' is
then linear and given by F(§) = M~™Y2R¢, and unit simplices are the image F(K;) =
M~Y2RK,+ p, as described by Proposition 4.1. Riemannian isometries are a much stronger
constraint on the simplices, as the distance preservation is enforced locally, as opposed to the
linear definition where only the global edge length is prescribed. As shown hereafter, since the
reference simplex K| is linear and thus geodesic, this narrows the possible parameterizations
of the edges of K to geodesic curves, as they preserve the local distance-minimizing property
of the edges of Kj. In the same way that a single metric tensor describes an equivalence class
of linear unit elements, a metric field describes an equivalence class of curved unit elements
whose equivalence relation is to be isometric. Indeed, if F} and F5 are two distinct isometries
whose Jacobian matrix is prescribed by the metric field, their inverse are also isometries, so
that two unit elements K; = Fy(R1Ky) and Ky = Fy(RyKy) are isometric and related by
Ky = Fy(RyRTFTH(KY)).

Remark. Here, we chose to define a unit simplex as an isometric transformation of an arbitrary
linear simplex, not necessarily equilateral. When the simplex is regular, we recover the usual
definition of unitness for linear simplices. We could instead restrict unit simplices to be
isometric to a regular simplex only, to convey the idea that the edges of a unit simplex are

always of unit length.

To define meshes of isometric simplices, we first consider simplicial tilings, or simplicial
tessellations, of the Euclidean space with a single shape, using both regular and nonregular
simplices. These are coverings of R? using a single repeated simplex, without any gap or
overlap. Tilings made only of regular simplices are called regular tilings. All tilings of R
with a single shape are regular. In two dimensions, we consider tilings of either equilateral
or right triangles, with only the former being regular. Any two tilings of R? with the same
shape differ by a rotation: to single out a particular choice, we define the reference tilings
T and Ty to be the ones depicted in Fig. 4.3, in which at least one edge of each triangle is

aligned with the z-axis.

In each of these reference tilings, two triangles are either a translation of each other, or a
rotation of either 7/3 or m/2 followed by a translation. Although there exists no regular

tiling of R?, we can choose other reference tilings to define unit tetrahedral meshes, see e.g.
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Ta S
Figure 4.3 Reference tilings of the plane.

Loseille [1]. Then:

Definition 4.6. A unit (simplicial) mesh on an n-manifold is a transformation by an

orientation-preserving isometry of a simplicial tiling of R™.

Isometries, and thus unit elements and unit meshes, exist iff the manifold M is flat. From
Theorem 1, all 1-manifolds are flat, hence isometric to the real line. Thus, leaving aside the
problem of the boundaries, a unit mesh exists for any one-dimensional Riemannian metric. 2-
manifolds are flat only if the Gaussian curvature K, vanishes, hence unit meshes exist only for
developable surfaces, a very restrictive limitation. If F'is an isometry on such 2-manifold and
Ry is any rotation matrix, then for instance a unit mesh is obtained from 7T by first rotating
it by Ry, then applying F'. Thus, F'(Ry7) is a unit mesh, and as the image of an equilateral
tiling, its elements have unit edge length in the deformed space. Since two triangles in Tx are
rotations of 0 or 7/3 of one another, the Jacobian matrices Jx of the triangles in F'(RyTa) are
given explicitly by Jx = M~Y2RyJx and Jx = M‘1/2R0R(%)JA. 3-manifolds, which are
not explored in this thesis, are flat iff their Ricci curvature tensor vanishes. In the following,
we discuss the properties of isometric unit simplices in two dimensions, then we construct

examples of isometric and quasi-isometric triangulations on flat and nonflat manifolds.

4.3.1 Properties of isometric unit simplices

The key properties of isometric unit triangles are summarized in the following proposition.

They generalize the results presented so far, using the properties of Riemannian isometries.

Proposition 4.5. Let Ky C R? be a positively oriented linear triangle. A unit triangle K
on (M, M) with respect to K has the following properties:
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The transformation from the reference simplex Ky to K is the composition F\_x =
F(Ky) = F(Faok,)- It is not an isometry unless K\ = Ky, that is, unless the linear
triangle Ky is chosen to be isometric to K. Unless the isometry I also happens to be

polynomial, which is not the case in general, K is not a P? triangle, Fig. 4.4.

Jg = MVPRI g,

Figure 4.4 An isometric triangle K = F(Ky) with Ky = Ka. The edge lengths and inner
angles of K are preserved in K, and the edges e(t) of K are geodesic curves for the Levi-
Civita connection of M, noted here VM. The pointwise distortion 1y, (y), defined on Kj
but characterizing K, is 1 everywhere.

2.
3.

/.

K is positively oriented. In particular, if K is a P? triangle, it is valid everywhere.
The edge lengths and energies, area and interior angles of Ko are preserved in K.
K is a geodesic triangle.

The integral of the enclosed Gaussian curvature in K s zero.

There is a rotation matriz R such that the Jacobian matriz of F\_x writes:

Saisk = Ty r Tosio = Jpdasry = MTVPRI k. (4.44)

Let n,(y) be the pointwise distortion of K with respect to Ky defined for y € Ky by:

() = L (Thoor () Mrw] Torc(y) (4.45)

" [det (J};o—m(y) [MF(y)] JKo%K@J))] v

Then ng,(y) =1 for all y € K.
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Proof.

1. This is straightforward, but it emphasizes the difference between the isometry F', which
is not polynomial in general, and the polynomial transformation Fxq, which is usually

not an isometry.

2. The reference triangle Ky is positively oriented. As the isometry F' in Definition 4.5
preserves the orientation, K is also positively oriented. A P9 triangle is valid iff it is

positively oriented, thus K is valid if it happens to be a P? triangle.
3. This is a direct consequence of each quantity being preserved by isometries.

4. The edges of K are straight lines, which are geodesics in R? with the Euclidean metric.
Since K is the image of K by an isometry, which by Proposition 3.2 maps geodesics

to geodesics, its edges are geodesics in (M, M).

5. This is an immediate application of the Gauss-Bonnet theorem, a major result of dif-
ferential geometry. For the specific case of geodesic triangles, it relates the enclosed

Gaussian curvature K, to the sum of interior angles a, 3, as:
/KgdA:oz+6+7—7r. (4.46)
K

The right-hand side sums to zero, as the interior angles of Ky sum to 7 and they are

preserved by isometry.

6. The transformation F\_, is the composition of the isometry F' with linear transforma-
tion Fx x,- The Jacobian matrix Jy .x follows from the composition, with Jy_x,

constant, and it was already shown in Proposition 3.1 that Jr = M~Y2R for some R.

7. The matrix in the definition of 1y, (y) is the pullback of M on R?, which is the identity
matrix [ as F preserves the metric. The distortion of I is equal to 1, as discussed in
Section 4.2.2. O]

These properties follow from the local length preservation of Riemannian isometries, which
in turn preserves the interior angles, global edge lengths, distortion and geodesic property
of curves. Let us first emphasize that as images by isometries, unit simplices are trivially
geodesic: this has been exploited in recent work on curvilinear meshing, but never established.
In practice, the edges of P? triangles are commonly curved by minimizing their length w.r.t.

M, approximating the geodesics, but the optimal edge vertex does not have to lie on the
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geodesic. This is discussed in Section 4.3.2 further. The third and fourth properties show
that if K is unit with respect to Ky = KA, then it is a geodesic simplex with unit edges.

The converse is true only on flat manifolds, for which we have more generally:

Proposition 4.6. Let (M, M) be a flat manifold and let Ky C R? be a linear triangle.
A curved simplex K C M s isometric to Ky if and only if it is a geodesic simplex whose

homologous edges have the same length as those of K.

Proof. The = direction is simply applying the properties of an isometry, which preserves
the lengths and geodesics. To prove the < direction, we proceed as follows. Since M is flat,
there exist an isometry F' : R* — M and a triangle K in R? such that K = F(K/). The
lengths of the edges of K|, are the same as those of K, and thus of K,. By the side-side-side
theorem for triangles in the Euclidean space, K and K, are isometric, hence K and K are

isometric by composing this isometry with F'. O

This does not hold on nonflat manifolds, as any nonzero Gaussian curvature prevents the
existence of isometries. Indeed, suppose K is a geodesic triangle whose interior angles sum
to m and whose homologous edges have the same length as those of a reference linear triangle
Ky C R2. The Gauss-Bonnet formula (4.46) only ensures that the average enclosed curvature
in K is zero, however K cannot be isometric to Ky as soon as K, # 0 anywhere in K, because
then the underlying manifold itself is not isometric to any subset of R2. In other words, the
metric can behave arbitrarily inside K as long as its curvature sums to zero, but only a flat
metric yields an isometry between K and K. This is depicted in Fig. 4.5: the bump in
the right figure has the same amount of positive and negative Gaussian curvature, thus its

integral vanishes but K, # 0 prevents the existence of an isometry with the plane.

Figure 4.5 Geodesic triangles enclosing a region with vanishing integral of Gaussian curvature.
The left triangle is isometric to some Ky C R?, but not the right one.

From Section 4.1, a metric tensor M), describes an equivalence class of unit linear elements,
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and a linear element is unit for a unique metric tensor. Similarly, a metric field with zero
scalar curvature describes an equivalence class of isometric triangles and triangulations. In
particular, a constant metric field has no curvature and yields the isometric linear triangles

1/2

of Section 4.1. Because the Jacobian matrix controls M™/¢ everywhere given a rotation R,

a curvilinear mesh is isometric to a regular tiling for a unique metric field.

Since any linear simplex Kj spans an equivalence class of isometric simplices, unit elements
can be defined from nonregular simplices, for instance K. This is the idea behind metric-
orthogonal mesh generation, proposed by Loseille [42,43] and applied e.g. in Zhang et al. [21]
and our previous work [41]. Similarly to Proposition 4.2, triangles isometric to Ky = Ky

share the following invariants:

1. The length of their edges are any permutation of (1,+/2,1) and their interior angles are

th tati f(7T T W)
e Same permutation o —, —,— .
p 142

2. Their area is | K|y = 1/2.

3. Let ‘H be a Riemannian metric represented by the matrix H and let R be the rotation
matrix such that K = F(RK)). The energy of the perimeter of K with respect to H

writes: ,
» elHe;=2(a—b+c), (4.47)
i=1

where a, b, ¢ are the coefficients of REM™Y2HM~Y2R. Unlike (4.6) and because Ky

is not isotropic, this energy depends on the rotation R.

4. The Jacobian matrix of their transformation simply writes Jy_.x = MYV2R,

4.3.2 Quasi-unit elements

Definition 4.5 is elegant and provides a broader framework for unit simplices, but is overly
restrictive, as flat metrics are an insignificant fraction of the Riemannian metrics at play
when performing mesh adaptation for real-life applications. For the practical generation of
unit curvilinear meshes, a generalization of quasi-unitness is needed. As ideal elements should
be isometric to a reference triangle, a certain number of relaxed properties from Proposition
4.5 should be satisfied by quasi-unit elements. Quasi-unit linear elements, in particular,
preserve the relaxed global edge lengths as well as the volume, to avoid the creation of sliver

elements whose volume tends to zero. The inner angles or the geodesicity of the edges, which
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are local properties, are not controlled. In addition to the edge length and volume, quasi-
unit curvilinear elements should preserve relaxed local properties as well, such as the inner
angles, the distortion or have geodesic edges. In the following, we propose two definitions of
quasi-unit curvilinear elements: a stronger one in terms of the distortion-based quality, and

a weaker one in terms of geodesic edges with controlled inner angles.

In Loseille [1,8], the sliverness is controlled by a quality function, which can be generalized to
curvilinear simplices by the elementwise distortion-based quality defined in dimension

n by:

R 1 . —1/n
Qr, = <|K0|M /KO TIKO(’!/) dy) . (4.48)

For a constant metric and Ky = K, this reduces to the quality function of Loseille. Indeed,
det (J£_>K [(M] JA_>K) = (det Jo_x)? det M and from the preservation of the energy of the
linear edges of K with respect to M:

N. Ne N.
S lmle)’ =Y et Me; =Y EN A MIK_ e = cq tr (JLK M| JA_>K) . (4.49)
i=1 i=1 i=1

with ¢, = 3/2 in two dimensions and 2 in three dimensions. For linear simplices, the distortion

is constant on Ky and we have, letting here J = Ja_,:

tr"(JTIMT) | Kol3y  tr™(JT[M]J)

ndu = 1 | Kol — = Kol2~ 4.50
/KO Nk, ¢Y 77K0| 0|/\/[ n" (detJ)QdetM|K0|2ﬂ nn|K|3\4 | 0|Ma ( )
thus: . y
_ K3 _9 K|V
= n|K, o B | K| 2" — M <1 ). 4.51
QKO n| 0|M tr(JT[M]J) nc | OlM Ei\ipl EM(€¢)2 [ ] ( )
For Ky = K, this is the quality measure proposed by Loseille, as
_ 12 36
ncn]KA|ﬂ2/” =— for n=2 and —= for n=3. (4.52)

V3 V3

Since the distortion measures how an element deviates from a conformal transformation of
Ky, this quality controls in particular the inner angles. Quasi-unit simplices can then be

extended as follows:

Definition 4.7. (QU1) A curved simplex K is quasi-unit with respect to M and Ky if

o its quality Qr, lies within [a,1] for 0 < a < 1;
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e cach edge e of K homologous to the edge ey of Ky satisfies:

\}§€M(eo) < Lule) < V3tr(eo). (4.53)
This definition controls the distortion, thus the inner angles, and the edge lengths. If the
metric is curvature-free, then the edges are geodesics, as discussed in Section 4.2. In [1, 8],
the constant a is set to 0.8 to allow for a variety of families of tetrahedra to be considered
for three-dimensional meshing. A map F' that satisfies (4.53) everywhere in K is called a
quasi-isometry, so it is natural to use this criterion to define quasi-unitness. Alternatively,
quasi-unitness can be tackled through the geodesic property of the edges. By the Gauss-
Bonnet formula (4.46), geodesic triangles only preserve the sum of the interior angles when
the enclosed Gaussian curvature of the metric cancels out, which is not expected to be the

case in general. We propose to preserve individually the relaxed angles as follows!:

Definition 4.8. (QU2) A curved simplex K is quasi-unit with respect to M and Ky if

e il is a geodesic simplex;
o each angle 8 homologous to the angle 0y of Ky satisfies 6y —c < 0 < 0y + ¢;
o its homologous edges with respect to Ky satisfy (4.53).

In this definition, ¢ is an angle increment which allows to generate quasi-unit simplices in
practice. The triangulations obtained in Chapter 7 indicate that the vast majority of angles
lies in 60° £ 30° for Ky = K. Imposing the inner angles is weaker than the distortion and
being a geodesic is a local property, thus QU2 is weaker than QQUI in general. For instance,
consider again the geodesic triangle on the right of Fig. 4.5. If the homologous angles are
individually preserved, then it is quasi-unit in the sense of QU2 despite not being unit as
it encloses some nonzero curvature. It can be considered a false positive. In comparison,
the bump yields strictly positive distortion whose integral does not vanish, so this triangle

may not be quasi-unit in the sense of QUI1, depending on the amplitude of the bump. In

Tt is worth noticing that unlike QU2, the edges of simplices satisfying QUI are not geodesics in general,
thus their edge lengths are controlled, but not the Riemannian distance between their vertices:

1

QU1: ﬁgﬁ(eo) = d(yi, y;) < lale) # d(@i, z;) < V2U55(eo),
| (4.54)
QU2 : ﬁéﬂ(eo) = d(yi,y;) < tmle) = d(ms, @;) < V2U57(e0).

Since the reference metric is Euclidean and the simplex K is straight, the reference edge are always geodesic,
so the lengths f57(eo) are always the distances between the reference vertices y;, y;.
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practice, however, QUI requires computing integrals and is costlier to enforce; the metric is
also usually graded, limiting its variations and curvature, so that QU2 is expected to be fast

to generate while being a satisfying indicator of unitness.

In standard anisotropic mesh adaptation, all straight simplices are also P! simplices, that
is, all straight lines are represented by a linear parameterization, and there is no distinction
between a simplex and a polynomial simplex. For curvilinear simplices, the geodesics do
not usually have a polynomial parameterization, so there should be a distinction between
quasi-unit simplices and quasi-unit P? simplices. The definitions above can be adapted for

P4 simplices as follows:

Definition 4.9. (QUlIp) A P9 simplex K is quasi-unit with respect to M and K if its
quality Q g, is in [a,1] and if homologous edges e and ey satisfy (4.53).

Definition 4.10. (QU2p) A P? simplex K is quasi-unit with respect to M and Ky if
e it is valid;
o its edges approximate the geodesics, thus are of minimial length;
e homologous inner angles 0 and 0y satisfy 0p —c < 6 < 0y + ¢;

o homologous edges e and ey satisfy (4.53).

QQU1p is the immediate polynomial version of QU1, whereas QU2p approximates the geodesics
with polynomial curves. Note that (QU1p does not require enforcing validity, as it is necessary
to have a positive quality. These definitions are used in Chapter 7 to generate quasi-unit

curvilinear triangulations.

4.4 Construction of quasi-isometric triangulations

We now illustrate our new definition of unit element and create isometric curvilinear trian-
gulations. Riemannian isometries are a much stronger constraint on the mesh, as distance
preservation must be enforced locally, as opposed to the linear case where only the global
edge length is prescribed. The local size is controlled by dividing each triangle into a subgrid
of N? equilateral triangles. In a isometric triangle K = F(Kj), each subtriangle % is also
isometric to a subtriangle of K, hence its target edge lengths and area with respect to the

metric are

[Kalw V3
gtarget = N and |k|target = N2M = AN2

for Ko = Ka, (4.55)
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and

1 V2 Kl 1
gtarget = ﬁ or W and ’k‘target = | ]\?LM = N2 for KO = KB- (456)

As a proof of concept, the curved unit mesh is obtained by direct minimization of a cost
function which measures the discrepancy between the ideal length and the length of the
subedges. This ensures that the optimized triangles are both locally and globally isometric
to Ky. We start from a uniform mesh and perform r-adaptation to deform the mesh at a
fixed connectivity. Since the topology is unchanged during the optimization, the starting
mesh should have the same connectivity as a regular tiling, thus 6 triangles per vertex for all
interior vertices. The chosen cost function has the same form as the one in Chapter 2 and is

similar to Toulorge et al. [16]:

&
Fo

where the zero subscripts denote quantities evaluated on the initial mesh and p scales down

E=E+u2F, (4.57)

the penalization term, for instance y = 1072. The term & is an energy associated to the
edges. It measures the discrepancy between fiuge; and the metric-weighted length of the
edges of each subtriangle. If the chosen reference tiling is Ta, the target length is the same

for all subedges and the energy writes:

1 1\2
Enlwr, o mn) =5 Y (@(e) _ N2> (4.58)
edges e

For T, the target length depends on whether the edge is mapped from one of the edges

adjacent to the right angle e, or from the hypotenuse epyy:

Eu(@r, ... Tn,) = ; (Z (e%(eﬁght) _ N2)2 Ly (eiA(ehyp) - ]32)2> . (4.59)

€right

This is summed up into the generic energy:

1 2
5*(1:17 s ,-’BNH) = 5 Z (g.%\/l(e*) - gi,target)
L . 2 , (4.60)
= 5 Z ((wj - wl) Mwij (mj - wl) - g*,target) ’

with @;; = (x;+x;)/2 and where * refers to either a regular edge, a right angle adjacent edge
or a hypotenuse. The edge length is approximated by evaluating the metric at the middle of

the edge, which is satisfactory if the subtriangles are fine enough.
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The term F controls the area of the subtriangles. These should have an optimized metric-
weighted area of |kl|iarget, While also remaining valid throughout the optimization. Since
the subtriangles are linear, validity is ensured by enforcing that their area remains strictly
positive. As in [16], we use a log-barrier [53] to penalize the very small subtriangles and a

quadratic function to penalize the very large ones:

Flay, ... xn) =Y ZF;( [Flw ) (4.61)

kerier \IKlarget

where the area of a subtriangle writes:

|t = /I? JJdet M((;, €)) (det Jp (1)) dE, (4.62)

and is evaluated by a 3-points Gauss-Legendre quadrature. The function F, is defined by:

2 2
F( [kl ): lm( IFlat = €l targe )] +< [kl —1) . (4.63)
‘k|target |k’target - e‘k‘target |k|target

The behaviour of F, is shown in Fig. 4.6: it vanishes when |k|y = |k|target, blows up when

|kl — € and increases as |k|yy — oo. The parameter € sets the position of the barrier
and allows for a dynamic control of min |k|x to speed up the optimization. The first log-
barrier is set with € = 0 to guarantee that all subtriangles remain valid. This is an adequate
first value, as the starting linear mesh is valid. After the first optimization is completed,
the € is increased to min(0.99,0.99 X |k|r/|k|target), pushing the minimum area towards 1

during the next optimization. The log-barrier is moved this way 5 times. The overall cost

‘K‘M/|K|target

Figure 4.6 Log-barrier function for e = 0.2.

function E is smooth if the metric field is smooth, thus its gradient VE = JF/0x; with
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respect to the position of the vertices of the subtriangles is available. The cost function is
nonlinear and nonconvex, however. In addition, it may have infinitely many global minima,
as discussed below. To minimize F, we use the L-BFGS algorithm implemented in the
unconstrained minimization library CERES [54], providing the exact gradient VE. This
approach does not require the Hessian matrix of E, as it stores and updates instead a low-
rank approximation of its inverse. For each of the examples hereafter, we minimize E over
the positions x; of the vertices of the subtriangles. The minimization terminates when either
the relative decrease in the cost function, the maximum norm of its gradient or the change
in the problem parameters ||Ax;|| passes below the default threshold of CERES, which are
106,101 and 1078 respectively. To assess the quality of the optimized triangulations, we
compare the edge lengths with those of Kj, and measure the elementwise distortion 7, (y)
given by (4.45), which should be 1 on perfectly isometric triangulations. Since 7y, € [1,00),
we show instead the distortion-based quality ¢k, = nf}é € [0,1], as suggested in Aparicio-
Estrems et al. [25,26]. Lastly, for each choice of Riemannian metric, we superimpose to the

curved edges an approximation of the geodesics connecting the mesh vertices.

The Riemannian metrics used in the following examples are all induced by a surface of R?.
The meshes obtained in the parameter space U C R? appear as if a piece of fabric was laid
upon each surface. Because they are the pullback of the Euclidean metric of R? on these
surfaces, the characteristic lengths are 1 in both the x and y-directions before the metric
is pulled once again to the parameter space, in which they exhibit anisotropy induced by
the shape of the surface. Thus, in this section, we do not consider the control of mesh size
according to the polynomial degree of some interpolant or interpolation error, but, rather,
exhibit unit and quasi-unit triangulations for a class of metric that are induced by a graph.
The geodesic triangles follow the features of the metric until unit length and are the ideal
edge parameterization with potentially multiple inflexion points, whose P? approximation
may require polynomials of (very) higher order, see for instance the wavy surface Sg hereafter.
In particular, P? triangles are not expected to provide a good approximation for all of these

examples.

4.4.1 Developable surfaces

We first consider developable surfaces in R®. As these manifolds have no Gaussian curvature,
they are isometric to the Euclidean space and can be covered by triangulations which are
isometric to any tiling of the Euclidean space. We consider the three surfaces S; = (z, vy, fi(z))

obtained by extruding the graph of fi = z, fo = 2 and f3 = exp(—10z?) along the y-axis,
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Fig. 4.7. The optimization moves the vertices of a starting uniform mesh in R? until it
matches the projection of a regular tiling of S; onto the parameter space (z,y) € U C R
As a result, the optimized meshes appear distorted in the Euclidean space. On optimal
triangulations, the cost function F is exactly zero, and any two of these triangulations differ
by the choice of the initial rotation of the regular tiling. There is thus an infinity of global
minima for E as each rotation yields an isometric mesh. The rotation can be imposed by
fixing an edge or subedge of the initial mesh, but it requires knowing beforehand the location
of a straight edge. In our tests, all vertices are free to move, so that the rotation is decided
by the initial conditions given to the optimizer. In particular, different rotations of the initial
mesh yield unit triangulations that differ by the rotation applied to the reference tiling before

applying the map F.

S

Parameter space U

Figure 4.7 Developable surfaces in R? and their parameter space (z,y) € U.

The Riemannian metric of interest is the induced metric on each surface, pulled back to the

two-dimensional parameter space (z,y) according to (4.64). It simply writes:

M] = <1 +Of£ ?) : (4.64)

The optimized triangulations are shown in Figs. 4.8 and 4.9 and are optimized with respect
to Ta and Ty respectively. These triangulations are everywhere isometric to their reference
tiling, and are thus perfectly unit curvilinear meshes in the sense of all three Definitions 4.1,
4.2 and 4.5. For each surface, optimal triangulations 7; obtained from three different rotations

R; of the initial mesh are shown. They are not rotations of one another, as each of them
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satisfies either T; = F(R;Ta) or T; = F(R;T.), where F'is the Riemannian isometry between
R? and the considered surface. Instead, they are related by e.g. T = F(RyRT F~1(Ty)).

The metric associated to S; is constant, so the unit mesh is linear, as observed on top of
Figs. 4.8 and 4.9. For this particular surface, the isometry F' can be written explicitly as
F:R?> 5 U :y— M '2Ry, whereas it requires solving a nonlinear ODE in f in general.
The lengths and areas with respect to this constant metric are represented exactly by the
quadratures, so the cost function can be minimized almost to the machine precision (1074
and 107! with respect to Ta and Ty respectively). Similarly, the metric of S3 becomes the
identity away from 0 as exp — 0 and the mesh quickly becomes linear. Whenever the metric
varies, the isometric triangulations are curved: they can be viewed as straight grids drawn

on the surfaces first, then projected into the parameter space.

The geodesics connecting the mesh vertices are drawn in blue and superimposed to the curved
edges. They perfectly match the edges for all triangulations, in agreement with Proposition
4.5 as the elements are geodesic triangles. The edges are the intersections of three geodesic
grids that are parallel transported across the surface: this is trivial on linear meshes, but it
can be appreciated on the meshes of Sy and S3. In these grids, the angles (measured with
respect to the local metric) at which two sets of parallel geodesics intersect is either m/3
when the reference tiling is 7a or /2 and /4 when the tiling is isometric to 7. Following
Proposition 4.5, the distortion (not shown) is minimal and equal to 1 on all linear subtriangles,
and the curved edges are isometric to the edges of the reference triangle, Fig. 4.10. Together,
these two criteria ensure that the isometries are enforced globally (edge lengths) and locally
(distortion + edge lengths).

Isometric P? triangulations

In addition to being isometric, the optimized triangulations are also quadratic if M~1/2 is

linear. The metrics

) (Y e

are induced by the surface Sy = (z,y, f(z)), with f(x) defined on (0, 1) by:

B v 2—1 (\/:U2 — 1 — arctan(v/z?2 — 1))

2 —1

f(z , sothat f,=+Va=2—-1. (4.66)

This function is real-valued on (0, 1) despite the roots of z2—1. To avoid complications outside
of (0,1) where f explodes or is complex-valued, the initial mesh covers [0.0174,0.3495] x [—2, 2]
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FEinitia] = 3.9862e+00 FEipitia] = 5.8737e+00 FEinitial = 7.8995e+00
Egpa — 1.3417e-14 Egna = 7.2833e-14 Fenu = 1.4437c-14

FEinitial = 3.9044e+00 FEipitial = 3.4381e+03 FEiitia] = 4.6694e+03
Egnar = 3.0017e-08 FEgna = 1.5992e-03 Fepa = 2.1175e-05
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SRR
PRSI TR
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FEinitia] = 3.7692e+00 FEinitia] = 7 .7535e+00 FEinitial = 9.0946e+00
Fgna = 6.2525e-05 FEgnar = 2.0653e-03 Fepa = 1.2795e-04

Figure 4.8 Triangulations with NV = 10 subdivisions which are isometric to Ta.
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FEinitia] = 8.3662e+00 FEinitial = 2.7338e+00 FEinitia] = 3.8237e+00
Fgna = 2.8419e-12 Egna = 4.0016e-12 Fgna = 3.9511e-12

FEinitial = 5.4106e+03 Einitial = 7.2785e+03
Egna = 4.2228e-03 Egna = 6.2878e-08
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FEinitial = 7.9922e+00 FEipitial = 4.6135e+00 Eiitial = 5.5453e+00
Egna = 4.2048e-05 FEgna = 1.6983e-03 Fgpa = 7.5553e-05

Figure 4.9 Triangulations with N = 8 subdivisions which are isometric to 7.
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Figure 4.10 Edge length with respect to the metric. On top, all edges are unit. On the
bottom, the edges are either unit (blue) or of length v/2 (red).

when optimizing for T and [0.0174, 0.95] x[—2, 2] for 7. This yields respectively 3 and 4 unit
edges along = and 4 along y. When optimizing for T, the vertices can move freely, whereas
they slide along the boundary for 7y, as the initial mesh is close to the optimal triangulation.
In that case, the boundary vertices of the initial mesh are obtained by bisection to split
the upper and lower boundaries into 4 unit edges. The initial subdivision is uniform and
the additional vertices on the boundaries are free to slide to comply with the metric. The
optimized triangulations are shown in Fig. 4.11. As a matter of fact, they are the only

isometric P? triangulations shown in this thesis, i.e., the only perfectly unit P2 meshes.

4.4.2 Nondevelopable surfaces

Next, we consider isometric triangulations on less trivial surfaces.
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Figure 4.11 Isometric P? triangulations with respect to Sy. The equilateral mesh has unit
edges everywhere.

Radial function

The surface S is the graph of f(z,y) = 22 +y? = r2. In polar coordinates, the metric

writes:

2
1+ 4r 0>’ (4.67)

= (M)
hence the length of an arc on the surface with constant radius is equal to its Euclidean length,
and the metric only modifies the computation of lengths in the radial direction. We start
from a uniform square mesh of [—4,4]? and let all vertices move freely during the optimiza-
tion, yielding the curved meshes on top of Fig. 4.12. The top row is optimized for 7a and
the bottom row for 7.. As S5 is cup-shaped with circular isolines, the boundaries curve to
approximate a circle, which may yield an invalid triangulation despite all subtriangles being
valid. For this configuration, the mesh for 7 is invalid and the boundary of the mesh for Ta
is also about to become inverted. Since the macrotriangles are free to curve into parameter-
izations which are not necessarily polynomial, their validity cannot be easily enforced by an
additional term in the cost function, as is done in Toulorge et al. [16] for P? triangles with a
log-barrier involving the Bézier control coefficients of the Jacobian determinant. To obtain a

valid mesh, the boundary is fixed instead, as the interior elements cannot degenerate without



121

inverting any subtriangles. The distortion-based quality and the length of the edges with
respect to the metric are also shown in Fig. 4.12. Away from the singularities, the quality of

the subtriangles is close to 1 and the edges are close to unit.

Away from the origin, we can expect the optimized mesh to be very close to isometric. In
Fig. 4.13, we start from a uniform mesh of [—1,5] x [—3, 3], not centered at the origin. The
optimized meshes are essentially isometric to 7a or Ty: the curved edges match the geodesics,
the distortion-based quality lies in [0.992, 1] for all subtriangles and the edges preserve the
length of the reference simplex with respect to the metric. The edges length lie within
[0.94,1.02] for triangles isometric to the unit equilateral triangle and within [0.96, 1.42] for
triangles isometric to the right triangle of sides 1 and v/2. The honeycomb pattern of T and
the split squares pattern of 7 only differ by their inner angles with respect to the metric,
which are 7/3 for the former and 7/2 and w/4 for the split squares (the exact angles of
the optimized meshes with respect to the metric are not shown). In the Euclidean space,
it is thus subtle to distinguish between both patterns, as their inner angles depends on the
position, however the edges length plot shows which edges are longer than the others and
gives a better idea of the inner angles. The optimized triangulations are folded back onto S
in Fig 4.14. This allows to quickly assess the quality of the optimization: geodesic meshes
should be straight on the surface despite being curved in the parameter space. This is clearly
not the case for the first two meshes. The last one away from zero, on the other hand, is very
close to being isometric: its projection is a straight uniform tiling of equilateral triangles on

the surface.

To fix the boundary at a better position, we consider a circular domain and a ring domain
matching the isolines of f, Fig. 4.15. For both geometries, only the vertices on the outer
boundaries of the starting mesh are fixed, so that the added subvertices initially on straight
edges can move towards the circular geodesics. For the circle, the radius ro = Ny /27 is chosen
so that the perimeter can be divided into an integer number Ny = 30 of edges. For the ring,
the inner radius is set to fit Ny = 10 edges. There is an additional constraint on the outer
radius 71, as it should be chosen so that an integer number of edges fits on the perimeter, as
well as in the radial direction of length r; — ry. In the metric induced by S5, the length of a

radial geodesic y(t) = (ro + t(r1 — ro),0) with r; > rg has a closed-form expression given by:

1 1
() = /0 VYT [ Myply dt = /0 \/(rl —10)2[1 4+ 4(rg + t(ry —19))?] dt (4.68)
1 :
=3 <arcs1nh (27"0\/1 +4r? — 2r1\/1 + 47‘8)) + 2rg\/1 + 413 — 211/ 1 + 472,

To get an outer radius fitting an integer number of edges along both directions, we compute
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Distortion-based quality Edge length
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Figure 4.12 Optimized triangulations for S5 around the origin with free (top) and fixed

(bottom) boundary.
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1 0.941 0.978 1.02

Distortion-based quality Edge length
0.996 0.998 1 0961 1.19 1.42
IS

Figure 4.13 Quasi-isometric triangulations for S5 away from the origin.

Figure 4.14 Optimized triangulations for S5 = (x,y, 2> + y*) and their projection on S.

rq for various integer lengths £ ,((7y) using a bisection, then select the r; yielding a perimeter
the closest from an integer number, while keeping the ring relatively small. For ry = 10/27 =

1.592, we obtain 1, = 4.612, yielding exactly £,((y) = 19 unit edges in the radial direction and
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28.98 ~ 29 unit edges on the perimeter. Contrary to the other examples, the initial mesh is
anisotropic and complies with the metric, Fig. 4.15. It is created with the anisotropic mesh
generator BAMG [66], interfaced by GMSH. As a standard metric-based mesh generator,
BAMG aims at generating edges of unit length with respect to M, thus linear unit elements
with respect to Kx, in the usual sense of Definition 4.1. To keep the optimization consistent
with this initial adaptation, the meshes are optimized for 7o only. Moreover, the mesh is
obtained from standard insert and collapse operations, hence the topology is arbitrary and

not the optimal one of T, that is, inner vertices do not always have 6 neighbouring triangles.

Figure 4.15 Circle and ring geometry and initial anisotropic meshes. The red dots are the
fixed vertices.

The optimized triangulations for the circle and ring domains are shown in Fig. 4.16: the edges
follow the geodesics almost everywhere, contrary to the examples starting from a square mesh
of Fig. 4.12. The quality is high and the edges are close to unit. In particular, except for
a few outliers, the edges are quasi-unit in the usual sense of ¢, € [1/ V2, \/5], as shown by
the histograms. The elevations on S5 are shown in Fig. 4.17. They are mostly straight and
structured, despite their projections being curved. This confirms that the edges are close to

geodesics on S5 for the Euclidean metric of R3.

Ondulating boundary layer

The surface Sg is adapted from the one proposed by Aparicio-Estrems et al. in [26]. It mimics

an ondulating boundary layer and its metric is defined by:

10y — cos(27m:)> (4.69)

(10 | _
M]=J, (O h_g(x,y)> Jor  with  o(z,y) = <$’ V100 + 472
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Figure 4.16 Quasi-isometric triangulations for S; from an initial anisotropic mesh.
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Figure 4.17 Left: Optimized triangulations for S; and their projection on the surface. Right:
Quasi-unit edge length of subtriangles.

and where the sizing function given by:

10y — cos(27x)
V100 + 472

h(z,y) = 0.1+ b| (4.70)

The mesh size is constant in the z-direction (before applying the map ¢) and grows from

0.1 in the y-direction according to h(x,y). The anisotropic quotient of M, defined in two

| h? (det M)Y/4
quo = max i max A (4.71)

is shown in Fig. 4.18. It is a ratio of principal lengths obtained from the ratio of areas

dimensions by [1]:

associated to the principal sizes hy, hy. The anisotropy is the highest along the curve 10y —

cos(2rx) = 0. The initial triangulation is a uniform mesh of [—1,1]?, Fig. 4.18 and all

Figure 4.18 Anisotropic quotient of M in log scale for [—3, 3] x [—1, 1] and initial mesh.
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vertices are free to move. The optimized meshes with respect to 7o and 7g are shown in
Fig. 4.19. The curved elements follow the waves of the boundary layer as expected. Because
the characteristic mesh size is set to 1 along the z-direction and the argument of the cosine
is 2mx, a unit edge covers exactly one wavelength. Thus, to accurately represent the curved
edges with high-order triangles, polynomials of degree at least 3 would be required. For
both optimized meshes, the quality of the subtriangles lies within [0.9, 1] almost everywhere,
but drops as low as 0.72 in the boundary layer where the curvature is the highest. This
drop depends directly on the number of subtriangles used to represent the region of high
curvature and is reduced by further refining the macrotriangles. The edge lengths with
respect to the metric agree with the chosen reference triangle, and homologous edges are
quasi-isometric. In [26], the meshes are optimized with respect to the distortion 7y, . As
the distortion is length-agnostic and yields conformally flat triangulations, the elements size
is thus determined by the initial mesh. In other words, the meshes obtained in [26] after
distortion minimization are (quasi-)conformally equivalent to Ta, that is, they preserve the
angle of the tiling. They are not (quasi-)isometric to 7o in general, unless the optimized
mesh also happens to preserve the lengths. Here, the length is enforced locally instead and
the minimization of the distortion is achieved as a consequence of the macrotriangles being

quasi-isometric to either K or Ky, in agreement with Proposition 4.5.

Smooth compactly supported bump
Finally, the surface S7 is the bump defined for ry = 2 by:

exp (1/(7‘2 — 7‘(2])) , it <o,

0, if r>ro.

Se(r) = (4.72)

This is a typical and simple example of a smooth function with compact support, as it has
continuous derivatives of arbitrary order at r = ry and it vanishes outside of ry. As a result,
the induced metric for r > ry is exactly the Euclidean metric, and we can set the initial
meshes to be the reference tilings 7o or 7x and fix their boundary, since boundary elements
are already of the right length. The optimized meshes are shown in Fig. 4.21 for 7o and in
Fig. 4.22 for 7. The effect of the moving log-barriers on the optimization is also illustrated.
In both cases, the initial mesh is unit for the Euclidean metric: because the metric in the
bump is the Euclidean metric supplemented by strictly positive terms, the area of the initial
subtriangles in the bump is greater than 1, so that the minimum of |k| s/ |k|target is 1 when
starting the optimization, but quickly decreases during the process. Each new barrier pushes

the minimum area towards 1 and accelerates the optimization.
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Figure 4.19 Triangulation for Sg with N = 12 (top) and N = 16 (bottom) subdivisions and
optimized with respect to 7. First and third rows: curvilinear mesh with geodesics and
edges length with respect to the metric. Second and fourth rows: distortion-based quality
and edge length of some subtriangles.
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Figure 4.20 Optimized triangulations for S; and their projection on the surface.

4.5 Continuous interpolation error estimates on unit elements

We now turn to the estimation of interpolation error on linear and curvilinear unit triangles,
with the end goal of writing local upper bounds for the error involving only the metric, called
continuous error estimates. Following Alauzet and Loseille [55] and Loseille [1], these con-
tinuous estimates are integrated over the domain to obtain metric-based error bounds in L?
norm, which are then minimized to yield an optimal Riemannian metric for the adaptation.
In the literature, error estimates are available in a discrete setting on arbitrary linear trian-
gles, with bounds involving the vertices or edges of the triangle. These discrete estimates
are translated to continuous estimates using the definition of unitness and the associated

invariants.

Discrete anisotropic estimates for linear interpolation (k = 1) on linear simplices (¢ = 1) are
available in the literature for several target integral or pointwise norms, see for instance the
work of D’Azevedo and Simpson [71], Berzins [72], Apel [73], Formaggia and Perotto [74],
Chen et al. [75,76] and the references therein. These classical estimates relate the linear
interpolation error to the Hessian matrix of the function f of interest, which, in turn, is
used to derive a Riemannian metric. An estimate is typically first obtained on a reference
simplex, then written for an arbitrary linear simplex by applying the reference-to-physical

transformation.

Estimates for quadratic and high-order interpolation (k > 1,¢ = 1) have been investigated
by e.g. Cao [77-79], Mirebeau [38,80], Mbinky [10], Kuate and Hecht [81], Dolejsi [82] and
Coulaud and Loseille [11,12]. General-purpose estimates extend the linear case by relating the
interpolation error to higher-order derivatives. The main obstacle for anisotropic adaptation
is that higher-order derivatives do not immediately relate to a Riemannian metric. To mimic

the linear case, the high-order derivatives are bounded by a positive-definite quadratic form
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Figure 4.21 Optimization of Ta for S; with N = 16. Curved quasi-isometric mesh (top),
quality of the subtriangles and edge length (middle) and influence of the log-barriers on the
evolution of the minimum metric-weighted area during the optimization (bottom).
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Q, defining a metric as a tight upper bound on the high-order behaviour of f. In Cao, the

quadratic form Q is called the anisotropic measure of the high-order derivatives of f.

Fewer results are available for interpolation error estimates on curved elements (¢ > 1).
Aside from the early work of Ciarlet and Raviart [52], an isotropic and conservative estimate
is given in Moxey et al. [48], involving an upper bound on the derivatives of f. To the
best of our knowledge, the only anisotropic estimate is given by Rochery [17,33] for linear

interpolation on P? meshes, extending the estimate of Chen [75] to curved triangles.

We briefly present existing discrete interpolation error estimates for both linear and curved
triangles, as well as their continuous counterpart on unit triangles, involving only the un-
known Riemannian metric and the derivatives of f. Then, we propose a simple extension of
high-order estimates to curved unit triangles. This estimate can be used to derive optimal
metrics for high-order mesh adaptation. The presented estimates are based on Taylor expan-
sions, and thus assume sufficiently smooth functions, that is, at least C**! for interpolation

of degree k.

4.5.1 Linear elements

In this section, K is a unit linear triangle with respect to the Riemannian metric M, with
vertices (x;)?_, and edges e; = e;; = ¢; — x;. Since K is unit for M, there is an isometry
F 2 Fa_x between Kn and K with constant Jacobian matrix Ja_x = M™Y2R. We
denote by II% f the bivariate Lagrange interpolation polynomial of degree k of f on K, and
by ek f = f — TI% f the associated interpolation error.

Linear interpolation

A continuous estimate for linear interpolation was originally derived by Alauzet and Loseille
[55], by writing a Taylor expansion for the error function then manipulating the diagonalized
form of the Hessian matrix of f. Here, we derive the continuous estimate following Rochery
[17], where it is obtained directly from the edge-based estimate of Chen [75]. We denote
by Hy £ (V2f);; the Hessian matrix of f, and |H;| its absolute value defined by (3.72).
For any p € K and for some positive constant C, the following interpolation error bound
holds [75,76]:

el @) = (=T N)@) < C Y ey (p)les, (4.7

i,j=1
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where, from Taylor’s integral remainder at vertex x;:
1 1
H,(p)| = 2/0 t|Hj(; + tap)| dt = 2/0 (1—s)|H(p+ spz:)|ds.  (4.74)
Taylor’s expansion for H(p + spx;) writes:
Hy(p + spz;) = H(p) + V° f(p) - spx; + of||sp:[|*), (4.75)

thus assuming px; and the edges e;; are both O(h), we write:

ler f(p)| < C Z L1Hg(p)lei; + o(h?). (4.76)

i,7=1

Using the third invariant of Proposition 4.2 and dropping the asymptotic error term, the

upper bound evaluates on K as:

e f(p)| < C tr (M, 2|Hy(p)| M, '/?). (4.77)

The explicit dependence in the geometry of K was replaced by the metric tensor, which
contains all the information relative to its unit elements. In particular, for K = KA unit for

the Euclidean metric, the continuous error estimate at y € K becomes:

ek, ()] < C tr(|Hy(y)]) - (4.78)

With a pointwise error indicator available, the LP norm of the error on a domain 2 is:
— / el f(z)P de < C / tr (M2 Hy (@) M) da. (4.79)
Q Q

Quadratic and higher interpolation

For interpolation of order k£ > 2 on triangles, there is no straightforward generalization of
(4.76) involving only a sum of high-order derivatives evaluations along the edges. These are
required to substitute the metric into the error estimate and translate it into a continuous
estimate. We start by giving a discrete estimate for interpolation of arbitrary order in L*
norm, using Taylor’s polynomial. Then, for practical applications, we introduce a majoration
of the higher-order derivatives by the anisotropic measure Q, as proposed by e.g. Cao [78§].
This majoration provides a closed-form solution for the optimal Riemannian metric, as for

the linear case.



134

Majoration of the higher-order derivatives

Our starting point is the error term for Taylor’s polynomial for f around a point p € K,

k . o . k; . .
noted 7, f. Using a multi-index a, the error term for 7] f writes:

(f =Ty f)(x) = >, DUf —p)* +o(llz —p[**) (4.80)

( + ) |a|=k+1

We consider the L* norm of the interpolation error on K, and we derive an upper bound

using only Taylor’s remainder. Adding and subtracting Taylor’s polynomial:
I = Tl = sup | f(2) = e f ()

< sup (sup ‘f Tzlff(a:)’ + sup ‘Tk H’%f(a:)’) (4.81)
peK \zeK

rzeK

= sup (I = i e + I1T5S = Wi )

Taylor’s polynomial is a degree k polynomial and is its own interpolant, thus T f = IT§ T f

and we write for the second term:

1Ty f = T fll e HH’“ (f-15¢ )H

Lo°(K)

() (f(2:) — Ti (1))

L>(K)

znqﬁz Mz (i) X max | f(@;) = Ty f (@)

Z s () | oo (1) xsup]f — TFf(=)]. (4.82)

Co

Inserting this in the estimate for the interpolation error:

I = TSl < 1+ o) (supsup | ta) ~ 737 0) (1.53)

peK xeK

> DYf(p)(x—p)”

< (1+Cp) (Sup sup
|o|=k+1

pek ack (K4 1)!

) +o([lz — p[*)

k+1

In particular, the displacement (z — p)® with |a| = k + 1 relates to the terms h** or | K|

typically appearing in estimators in integral norm and ensuring O(k + 1) mesh convergence.
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For practical applications, we must assume that the high-order derivatives do not vary too

much on K, so that it is sufficient to evaluate these derivatives at a point p, that is:

) . (4.84)

In practice, p is typically chosen as a point where the recovery of high-order derivatives is

>, D*f(p)(x—p)°

|ar|=k+1

(1+Cy)
If = Wi fll o) < D) (%K

convenient, such as mesh vertices x;, where the methods of Zhu and Zienkiewicz [83,84] or
Zhang and Naga [85] can be applied. The leading error term depends on the k + 1-tensor
D® f(p) of high-order derivatives, whose manipulation is impractical. To work in a setting
similar to the linear case, the anisotropic measure of D® f is introduced as a field of symmetric
positive-definite matrices @ which is a tight upper bound on the derivatives of order k + 1

of f, in the sense that at each p, the following majoration holds:

k+1

> D)€ < (£70,8) *, VEeR (4.85)

|a|=k+1

where €% = (£1)*(£2)*2 in two dimensions. As Q,, is SPD, it is the data of a Riemannian
k+1

metric evaluated at the vertices p, and observing that (ET QPE) = (EQP (E))kH, the upper
bound above has a straightforward interpretation on a Riemannian manifold M: we seek
the metric Q such that at each p € M the length with respect to Q of the tangent vectors
& € T, M bounds the directional derivative of f along &. The metric Q is presented in more
details in Section 5.2, while Sections 5.4.1 and 5.4.2 detail its computation. In particular,
a closed-form solution for Q, is available for quadratic interpolation [38]. Sampling the
derivatives at p = x; and expressing * —x; in terms of the edges using barycentric coordinates

u; and the identity:

T —x = Zuj(w)(zcj —x;) = Z u;e;j, (4.86)

we write the estimate (4.84) in terms of Q, and the edges of K only:

k+1

If = Wi fllzexy) < C Z ( LO(p 6”) (4.87)

3,j=1

As both eg;- Qpe;; and the exponent (k 4 1)/2 are positive, the latter can be applied to the

sum, so that, similarly to (4.76), we obtain:

ek f@) = If = Wi fllzmirey) < C (Z szQ(P)eij) : (4.88)

t,j=1
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This finally yields the continuous error estimate for high-order interpolation [11,12]:

k+1

ek fp) < C (tr (M, 2QuM, 1)) 7 (4.89)
and the error functional:
1/2 12 p(k+1)
P < 1 — — 2 d ' 4
EP(M) < (J/Q (tr (M;2Q(z)M;?)) m (4.90)

4.5.2 Curved elements

We now turn to interpolation error on curved elements. To the best of our knowledge, inter-
polation error estimates on curved elements are only available in Rochery [17,33] for linear
interpolation and in Moxey et al. [48] for arbitrary orders of both interpolation and geome-
try. The estimates proposed by Moxey et al. take a form similar to the third step of (4.82)
and involve the composition of the polynomial basis with the nonlinear reference-to-physical
transformation. Although these estimates are generic for curved triangles, they feature an
upper bound on the derivatives of f and are thus quite conservative. As a result, they predict
a reduced order of convergence of |k/q| + 1 for interpolation error of degree k in L* norm
on arbitrarily curved meshes with geometry of degree q. This loss of convergence, already
predicted as early as in Ciarlet and Raviart [52], then by Botti [47] for L2-projection on finite
element meshes, is observed in practice for meshes with arbitrary constant curvature. As
our introductory example indicates, however, interpolation on appropriately curved meshes
provides substantial gain in convergence order, even with reference-space interpolation basis.
Furthermore, Rochery recently showed that curved unit triangles created with their one-step
fixed-point method exhibit edge curvature that decreases as O(h?), a necessary condition

given in Ciarlet to maintain the optimal k + 1 convergence rate for interpolation [33].

We derive continuous estimates starting on K, using the estimate for linear triangles for the
composition f o Fa_,x. Notably, derivatives of all orders of the objective function f appear
in the derivatives of the composition, and derivatives of order as low as k£ 4+ 2 — ¢ remain in
the error estimate. For linear interpolation, we present the continuous estimate obtained by
Rochery [17]. This is, for now, the only result whose generalization to curved elements is
straightforward, as higher-order estimates involve the anisotropic measure Q, which is not a
derivative operator. The result is the estimate (4.77), supplemented by a term involving the
derivatives of the Riemannian metric. For higher-order interpolation, we modify (4.85) so
that Q depends on the transformation Fa_, g, hence on the metric. This yields a nonlinear

error operator with an added implicit dependence on the Riemannian metric.
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In this section, K is a curved unit triangle with respect to the Riemannian metric M and
to the reference equilateral triangle K. As we aim at writing the error in L? norm on the
computational domain, the isometric change of variable formula for e¥ f = f — II% f comes
in handy:

/Kelj(deM — /KA(e’;(foFMK) dy. (4.91)

In the following, we simply note F' 2 Fa_, i and we set fa = fo F = f o Fa_k, following
[17,33], so that fa is a real-valued function defined on Kx. The composition ek f o FA_, in

(4.91) is an interpolation error on Ka, since:

(ekcf)o F = (f =Wy f)o F = f(F) - Wi f(F)

) ) (4.92)
=(foF)— HKA<fOF) = GKA(fA)7

thus the estimate derived for linear triangles applies to fo. From (4.91), the error on an
element K is computed on K and depends on Fa_.x. It is important to note that the
function f and the isometry Fa_,x are not a priori related, so the error is not expected to
be the same on different elements. Only when Fa .k is defined by a metric tailored for the

interpolation error can we expect the error to be equidistributed.

Linear interpolation

For p € K and y € K4, the continuous error estimate writes, using (4.78):

L) = ek, (foF)(y) < Ctr(|H ory |ataly 4
el f(p) = e, (f o F)(y) < C tr (|Hp, (y)]) = C tr g W) (4.93)
Using the chain rule, the Hessian writes:
P*(foF)  &f OF*OF*  of O*F*
Oytoyd Oxkoxt Fl) oyl dyt  Oxk Fly) Oytoyd

(4.94)

Hy, (y) = JA_ i Hi (F(y)Iask + Hr(y) - VF(F(y)),

where V f here is the gradient of f, and not the total covariant derivative. For quadratic
and higher-order triangles, the Hessian of the transformation Hr does not vanish, hence the
gradient of f remains, contrary to linear elements where only the k 4 1-th derivatives are

involved. For interpolation of degree k on P? elements, the chain rule for f o F' (also known
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as Faa di Bruno’s formula) shows the derivatives of order as low as k+1— (¢ —1) remain. As
K is unit w.r.t. K and M, its Jacobian matrix writes Ja_,x = M~Y2R for some rotation
R. Taking the trace of the first term of Hy, (y) yields:

tr (JAxHpJask) = tr (RTM2H M72R)

—tr (M—1/2HfM_1/2) 7 (4.95)

since R does not change the trace. For the second term, the Hessian of the transformation

writes:
O*F* 0 0 _1/2
(Hr(y))i; = Dyoy Tyj(JAﬁK)ki = oy [(M o F)szn}
oM, oF™ oM, B (4.96)
= e oy =g MRy | (BT,
Fly) I F(y)
:(JA—>K)mj
so that its trace is:
k k aM_l/Q —1/2 r Of
tr (Hp -V f) = tr(HF,ijakf) = HF,z'z'@kf = ™ Mmp Rpi(Ril) YA (4.97)
31} F(y) T al'
LM of
= M ot (4.98)
F(y)

For a more compact notation, we define (OM™1/2);; £ 8/\/11-;-1/ ?/82* and the double con-

traction A : B £ AijBji. As M~1Y2 is symmetric, the trace writes:

12 Of

o = (OM™V2 . M7V v (4.99)

tr (HpV - f) = (OM™ V)M,

It depends only on the Riemannian metric, its derivatives and the derivatives of f. The

pointwise continuous error operator for linear interpolation on K thus reads:

el ()] < Cltr (M, 2H(p)M,'2) + tx (Hp - V £)]
(4.100)
= C[tr (M2 Hy(p) M, V?) + (M7 M) -

yielding the following error functional in L” norm:

p

<o/\tr MG PHp (@) M) 4 (OMT 2 () - MGY2) -V f()| do. (4.101)



139

When the metric is constant, we recover the estimate (4.77) for linear elements. This agrees
with the definition of unit elements as isometries, yielding only linear triangles for a constant

metric.

Quadratic and higher interpolation

The main obstacle for extending (4.89) to curved elements is that, contrary to the Hessian
n (4.77), the matrix Q is not a derivative operator. For instance, for quadratic interpolation

and y € Kx,

Q, # ‘ (4.102)

S
To circumvent this, we propose to consider in the reference space the anisotropic measure
Ox of the k + 1-th derivatives f o F' defined at y € KA by:

kE+1

S D(fo F(M)(w) ¢ < (¢"Qualy)) T . VCER? (4.103)

|a|=k+1

where the nonlinear transformation F'(M) depends on the metric. In other words, when
seeking the metric minimizing the L norm of the error on the domain, the anisotropic
measures are no longer fixed data of the minimization problem, but must be solved for
alongside the rest of the error functional. The local continuous estimate thus reads, similarly

to linear elements:

k+1

ek f()| = lefe, (f o F)(y)] < C (tr Qa(M)) 7, (4.104)

Although the problem (4.103) is formulated in the reference space, each term can be evaluated
in the physical space after substituting the Jacobian matrix Ja_,x = M~/2R, as we show
below, so that we effectively compute a matrix field Q,(M) in the physical space, whose

associated continuous error estimate is:
k 1/2 12\
ek f(P) < C (tr (M2 Qu(M)M;2)) 7, (4.105)

where Q,(M) hides the added complexity of the high-order geometry. The associated error

functional is:

P(M) < O/Q (tr (M;WQQC(M)M;W))M;U d. (4.106)

To illustrate, we consider the formulation of the upper bound Q for quadratic interpolation.

Higher-order interpolants are treated similarly, but the number of terms in the chain rule
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quickly becomes cumbersome to write in full form. Writing J = Ja_,, the chain rule yields:

03(fOF)( - Pf OF™ OF™ OF?
Oyt Oy OyF vr= dx™Ox"OxP ) Ayt Oy OyF
0? OF™ 9?°F™  9F™ O?F™  QF™ 9?°F™
2 RS - (4.107)
oxmox™ Fly) oyl Oyidyk Oyt dyidyk  OyF Jyioyi
of OPF™
ox™ Fly) Oyt oyl Oy*
= Cf,mnp(F(y))JmiJanpk + Z ng]Hf,mn(F(y))Jnk + vf(F<y))m g"fijkv
cyclic
ijik

with Cpp £ 0, F' the third derivatives of the transformation F, which vanish for quadratic

triangles. The cyclic sum acts on the three permutations ijk, kij and jki. Substituting the
metric and its derivatives appearing in the derivatives of F', the contraction with arbitrary
vectors ¢ in (4.103) reads:

Z Da<f o} F(M)) Ca - <Cf,mnp(F(y)) ’;l? ;SEMI;ERTiRSthk

+ > Hpmn(F(y)) Mnd Map? 0,M,,,7 Rii Ry Ry, (4.108)
cyclic
i’j’k

+V(F(y))My? <Mm§8mleq2 + ali;astz) Rq@-Rijm)ciCjck-

The transformation F(y) appears explicitly only at the evaluation points of the physical
space derivatives. It follows that all the quantities in parentheses above can be evaluated in
the physical space, so that only the derivatives of the unknown transformation, written in

terms of the metric, remain. Renaming the dummy indices, the right-hand side writes:

<Cf,mno(p)M%éMEp2M§ﬁ + Y Hpmn(P) M Moy’ Do Mg (4.109)
cyclic

q,p;t

VM (Mab0n MG+ 0, MHOME ) ) Ry R )

AL

qpt

As the vectors ¢ are arbitrary, the R,;(* are also the components of an arbitrary vector E , and
can be renamed E 4. Arbitrary tangent vectors § € Tp(,) M in the physical space are obtained

from the linear transformation & = M}gﬁ( , and conversely ¢ = /\/l;,/ 2¢ at p= F(y). In the
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expression of T, above, each term features M y) 2 three times, either explicitly or hidden in
each derivative of the metric. Each instance transforms a coordinate (¢ in the reference space
to a coordinate £? in the physical space, so that the problem (4.103) initially formulated in

the reference space is also fully defined in the physical space:

ank(F<y)) GO < (¢TQaly)e) T, VCeR:

Tir(p) §GEH < (¢7QP)E) * . VEETryM,

(4.110)

where T is the tensor T after the three instances of ./\/l_l/ ? have been factored Since £ =

1/ C , the solutions to each problem are related by pullback by Oa(y) = F(y Qp F%f
as expected, or conversely Q(p) = ML2Q A MY/2. In Chapter 5, we describe how to compute
Q based only on the components of the tensor 7 we can provide T}, (F(y)) to compute Qa
directly, thus avoiding the computation of the metric derivatives required by ﬁ]k(p) For

linear elements, we have trivially:

*(foF)

o

A (¢"Qaly)¢)®, VCeR
33(fOF) irjrk| >’f 3 i j k
aylayjayk (y)CC C - 8xm8x"8x°( ( ))Mqunp ( qzc )(Rpjg )(RtkC ) (4111)
| 350 A3 Mo
= m(?) M:nqC M::C MZZ ¢!

< (€70(p)E)*,  VEE TpyM —R?,

so that the components of ﬁ-jk(p) are simply 0;;f. In particular, solving (4.103) yields the
same continuous error operator as (4.89), which motivates its use to compute error bounds

for interpolation of degree £ > 2 on curved elements.

4.6 Conclusion

Unit elements, the central ingredient of the continuous mesh framework, were discussed
in this chapter. We reviewed the current definitions of unit simplices and exhibited their
shortcomings, then we introduced a new definition based on Riemannian isometries. This
definition naturally englobes the current ones when unit elements are defined as isometries

of the regular simplex K. In addition, isometries open the way to other choices of reference
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2 !
Y ek f] ~ tr (M2 Hy(p)| M, /)
ek f o F =exf _ BNL =
. ehe ] ~ [tr (My2Q(p) M, )]
N
L/
jbeajq

lec, [ o Fl~tr (|Hpor(y)])

k+1

lefc, f o Fl~ [tr(Qa(y))] *

el f| ~ [tr (M2 Hy(p) M, 2) + (0M, /2 - M, M?) -V f |

p

k+1

ek | ~ [tr (M;2Q(p, MM, 2)]

p

Figure 4.23 Summary of the presented error estimates on linear and curved triangles.

elements, such as the reference right-angled simplex K. Proofs of concept of isometric
triangulations with respect to non-Euclidean metrics were obtained by optimizing a starting
mesh at fixed connectivity, with the goal of creating meshes isometric to uniform tilings
of R%, made of copies of either Ko or K. As the reference simplices are defined in the
Euclidean space, the sought isometries only exist between R™ and flat manifolds, whose
Gaussian curvature vanishes everywhere. As a result, isometric triangulations only exist in
2D for developable surfaces, a very restrictive class of surfaces, but useful nonetheless for a
visual representation of a perfectly unit mesh. The triangulations on these surface are made

of geodesic edges and preserve the lengths, angles and areas of their counterpart in R2.

Continuous operators involving only the metric were derived for the interpolation error on
unit elements. Existing estimates were reviewed, and we proposed an extension to curved
elements of the anisotropic measure, bounding the high-order derivatives appearing in error
estimates for interpolation of order £ > 2, This way, continuous error bounds can be computed

for all interpolation degrees and on simplicial geometries of arbitrary order.

In differential geometry, Killing vector fields are the infinitesimal generators of (nonreflection)
isometries. For instance, the Killing vectors of R? are the fields (1, 0), (0,1) and (—y, z). Their

flow respectively generates the translations along the x and y-axis, and the rotations around



143

the origin. As isometric unit elements are isometries of one another, future developments
could explore using Killing vectors to transport unit elements isometrically directly in the

physical space.
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CHAPTER 5 OPTIMAL METRICS FOR ANISOTROPIC ADAPTATION
WITH LINEAR TRIANGLES

Metric-based mesh adaptation is a powerful framework, because it allows to work directly
with the abstract tool of a Riemannian metric on which continuous tools are well-defined.
Differentiation and optimization can be performed with respect to the metric, then a discrete
mesh is selected from the equivalence class of unit meshes by a mesh generator. Finding
the optimal Riemannian metric for a given adaptation target is thus a key step of metric-
based mesh adaptation. Interpolation error, with which we are concerned in this thesis, is
a straightforward target for anisotropic mesh adaptation, and has indeed been the topic of
extensive research in the past two decades. Limiting the interpolation error offers a global
control on the fields of interest and the adapted meshes capture their variations throughout
the domain. Optimal metrics minimizing the interpolation error in integral norms (mainly
L? and W'P) are available on linear meshes and are reviewed in this chapter. For industrial
applications, the global accuracy of the resolved fields matters less, rather, the adaptation
target is a local functional of the simulation variables, also called output functionals or quan-
tities of interest [1,31,86,87]. Lift and drag are typical examples of quantities of interest for
aerodynamics computations. Adaptation driven by a quantity of interest is often called goal-
ortented mesh adaptation, whereas adaptation driven by the control of interpolation error
is sometimes referred to as feature-based mesh adaptation [88]. Optimal metrics for goal-
oriented mesh adaptation minimize the error over the target functional and require solving
an adjoint problem to the PDE of interest. Their expression typically features the optimal
metric for interpolation error weighted by the solution of the adjoint problem [1], so that
the metrics minimizing the interpolation error discussed in this chapter also find a use for

goal-oriented mesh adaptation.

In this chapter, we place these optimal metrics in a broader context and we study optimal
linear triangulations with respect to the interpolation error of degree k. They are defined
as the triangulations minimizing the L? norm or the W seminorm of the interpolation
error from among all triangulations of a given maximal number N of elements or vertices.
Such triangulations can be studied from a discrete point of view, by considering local shape
optimization problems for the triangles, or from a continuous point of view, by manipulating
the Riemannian metrics for which these triangulations are unit. Discrete error estimates
study the interpolation error over arbitrary triangulations. They reveal that the optimal

triangulations are those whose triangles are aligned with the directions of anisotropy of the
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function f of interest. Discrete estimates yield existence results: they guarantee the existence
of optimal triangulations exhibiting e.g. O(N~*+D/") ~ O(h**!) convergence for the inter-
polation error in LP norm. They do not, in general, provide a practical way of constructing
such triangulations, however. On the other hand, continuous estimates involve Riemannian
metrics, for which it is nowadays straightforward to generate unit or quasi-unit meshes with
any metric-based meshing software, and are thus constructive results. Continuous error es-
timates relate the error on a unit mesh to its metric: the metric can be arbitrary and needs
not be adapted to f. In agreement with the discrete case, the optimal metrics are the ones
whose principal directions match the anisotropy of f. The major advantage of the continuous
approach is that one can derive the optimal Riemannian metrics by direct minimization of

the continuous error estimate. These metrics are of the form:
M = c(det Q)*Q, (5.1)

where @Q is a Riemannian metric that describes the anisotropy of f, « is a real number
depending on the norm to minimize, the degree of the interpolation and the space dimension,
and ¢ > 0 controls the number of elements in the adapted mesh. These are the state-of-the-
art Riemannian metrics for interpolation-based and metric-based mesh adaptation on linear
triangles. Unit meshes generated from these metrics exhibit the optimal convergence rate
predicted by the discrete estimates. In other words, the optimal triangulations described
by discrete estimates are precisely unit triangulations with respect to the optimal metrics
described by continuous estimates. The discrete estimates presented here are due to Chen et
al. [75,76] and Mirebeau [38,80], and the continuous estimates are due to Cao [77-79] and

Loseille et al. [1,11,55]. Their main results are compared in a systematic manner.

This chapter is organized as follows. We first present in Section 5.1 discrete estimates for arbi-
trary triangulations without considering metrics. They involve the geometry of the triangles
and rely on a shape optimization problem. Moreover, they show that optimal convergence
(that is, of rate k+1 — s in W*? seminorm) with respect to the number of mesh elements N
is only possible if the triangles are shaped according to the higher-order derivatives of f, and
are thus anisotropic. Continuous error estimates, presented in Section 5.3, involve a tight
upper bound Q on the high-order derivatives of f, called the anisotropic measure and already
introduced in Section 4.5. This upper bound is formally defined and studied in Section 5.2.
While Q is exactly the absolute Hessian for linear interpolation, obtaining an expression for
the upper bound is not trivial for interpolants of arbitrary order. In Section 5.4, we detail

the analytic solution proposed by Mirebeau for quadratic interpolants. Cubic and higher in-
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terpolants must be tackled numerically, and we detail the log-simplex method from Coulaud
and Loseille [11,12]. Numerical examples are finally presented in Section 5.5. We present
sequences of anisotropic triangulations adapted from the optimal Riemannian metrics, which
exhibit the convergence rate of O(N ~(k+1)/n) predicted by both the discrete and continuous

estimates. These triangulations are adapted to both analytic fields and solutions of PDEs.

Notations and definitions

In this chapter, n = 2 is the space dimension and 2 C R? is the bounded physical space.
We consider conforming linear triangulations 7 of €, and denote by #(7) the number of
elements in 7. We consider Lagrange interpolation of degree k over each triangle, so that
the Lagrange interpolation operator on 7, simply noted II*, is defined for a smooth
function f : Q — R by its restriction IT*f|x = II5 f on each triangle K € T. Following
Mirebeau, we set m £ k + 1 and we define the space of homogeneous polynomials of

degree m in two variables similarly to Chapter 2 by:
Hmé{spanxiyﬂx,yER,z'—l—j:m}. (5.2)

The polynomials 7 € H™ satisfy m(Az) = A™w(2), for any z € R? and A € R. We slightly
abuse the notation and write both 7(2) for z € R? as well as 7(x,y) for z,y € R, but it
is understood that polynomials in H™ are always bivariate. For a smooth function f, we
denote by d™ fp(&) the leading error term in Taylor’s expansion of f at p in the direction
& = ¢ — p without the 1/m! term:

d™f,(6) & Y D f(p)* = > D*f(p)(x —p)~. (5.3)

|a)l=m |a|=m

Since we work in two dimensions and to avoid confusion between superscripts, the coordinates
of a point p are noted x, and y,, hence we write T —p = (v —2,,y —y,) = (x! —p', 2% —p?).
At each p € Q, d"™f, is a homogeneous polynomial of degree m in & and we refer to it as

mp € H™. It can be written in the compact form:

mp(€) £ d™ f,(€) = (€ V)" f(p). (5.4)

or explicitly:

Tp(T — Tp, Y — Yp) = Z <m> 827(9];1 (o) (z — :Ep)i(y - yp)j, with (m) = ﬁ (5.5)

itj=m \ 't
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If ||&]] = 1, then m,(§) is the directional derivative of order m of f at p along &.

Interpolation error is measured in L” norms and W*P seminorms. These norms are defined

for integer 1 < p < oo and s > 0 by:

1Nl o) = (/Q fpdx)”, | flwsw) = (Z HD"‘fH‘zp(Q)) : (5.6)

laf=s

with the usual modification when p = oo. In particular, the L? norm and the W!? seminorm

of the interpolation error & f = f —II* f on a triangulation 7~ write:

lez-Fll o) (Z If — 11 f”LP(K)p? e flwroer = (Z IV (f —TIj f)IIme)p-

KeT KeT
(5.7)

Several inequalities involve strictly positive constants: we use the same constants ¢ or C, but
it is understood that the constants differ for each inequality. The real number 7, originating
from Holder’s inequality, is defined by:

A M —S 1 n

+ -, that is, T — (5.8)
n P p(m—3s)+n

1
-

Lastly, we denote by Sym, the set of symmetric 2 x 2 matrices with real coefficients and by

Symj C Sym, the subset of symmetric positive-definite matrices.

5.1 Discrete error estimates in W*? norm

We first review estimates for the interpolation error based only on the triangulation, i.e., the
discrete mesh, and the function to approximate, without relying on a Riemannian metric.
As a starting point, we consider the problem of finding an optimal triangulation proposed
by Mirebeau [38,80]. It is formulated as follows: for a given norm X and interpolation
degree k, find among all triangulations with a prescribed maximum number of elements N
the triangulation that minimizes the norm of the interpolation error e'fr f. Thus, we seek the

triangulation solving the minimization problem:

I 5.9
i 1f =10 ), (5.9)

where X is either the L? = W% norm or the W'? seminorm. To study (5.9), Mirebeau
provided asymptotic estimates for |f — 1% f| x(7) and established the properties of the trian-

gulations on which these estimates are reached. These asymptotic results are discussed in
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the next two subsections.

5.1.1 Error bounds for the L? norm

For the special case of the L” norm and linear (k = 1) interpolation, Chen et al. [75] estab-
lished the upper bound:
‘ det H f ’%

_2
|f =T f|| oy < CN™ % (5.10)

L@’

which is the anisotropic analog of classical isotropic estimates of the form ([89], Cor. 1.109):

1f = T Flloiry < CH | Flunsnngay. (5.11)

The quantity N — plays a role analog to the maximum mesh size h of isotropic meshes. In
particular, (5.10) shows that a sequence of triangulations Ty exhibits O(N™!) (i.e., second
order) convergence if the quantity y/|det Hf|, depending nonlinearly on the Hessian of f,
remains controlled. This estimate motivated the development of mesh adaptation procedures
based on the Hessian. Indeed, the results hereafter show that the optimal triangulations
should be constructed so as (i) to equidistribute the L” interpolation error on the triangles,
and (i7) to feature triangles which are anisotropic in the usual Euclidean metric, but isotropic
in a metric based on Hy. More precisely, it is shown further that the area of the triangles is
obtained from the local value of det H, while their aspect ratio and orientation are obtained

from the eigenvalues and eigenvectors of Hy, respectively.

The bound (5.10) is limited to linear interpolation and to the L” norm. In his thesis, Mirebeau
extended this result to higher-order interpolation and to the W'* seminorm, including the
H' = W2 seminorm that naturally appears when treating elliptic PDEs. We begin with
the LP? norm, and define the shape function of a polynomial 7 € H"™ as the real number

Sm.p(m) that is the solution of the following shape optimization problem:
Smp(m) & inf || — 7| Loy, (5.12)

where the minimum is taken among all triangles of unit area. The shape function S,,, ()
describes the shape of the triangles that are best adapted to the polynomial 7, that is, that
minimize the interpolation error with respect to 7 in LP norm. Since m is homogeneous,
Smp(m) actually also describes the optimal triangles of arbitrary area, by scaling. For a given

point p € ), determining the shape function of 7, is a local approximation of the problem
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(5.9). Indeed, using Taylor’s expansion f ~ P + 7, on a triangle K containing p for a
polynomial P € P*(K), the interpolation error for f can be replaced by the interpolation
error for mp:

f-TFf~P+m,—-T"P+m,) =mr,— 1", (5.13)

since [I* P = P as IT* preserves the polynomials in P*(K). Using the shape function, Mirebeau
showed that there exists a sequence of triangulations with at most N elements such that the
following asymptotic estimate holds ([38], Th. 2.1.1):

dm f
o (m)

where the limsupy_,, operator is defined by limsupy_. oxy = infysg SUP,,>N T Lhis

lim sup (N%Hf — kaHLP(T)) <

N—oo

: (5.14)
L7(Q)

limsup is an important feature of the estimate. It essentially means that the estimate guar-
antees that the error is controlled by the behaviour of the high-order derivatives of f past a
certain number of elements, but it does not characterize the error on coarse triangulations. In
other words, the triangulations should be fine enough to capture the features of the solution
for this estimate to apply. In the asymptotic regime, the error on each optimal mesh of this
sequence decreases as N~2 = N _%, indicating convergence with a rate k + 1, similarly to
isotropic convergence rates. The overall decrease is controlled by the shape function, which
depends nonlinearly on the high-order derivatives of f. This results generalizes Chen’s esti-
mate (5.10) for interpolation of degree k. Indeed, for linear interpolation, denoting by a, b, ¢

the coefficients of H¢, the shape function is given by:

Sy p(az® 4 2bxy + cy?) = C/|b2 — ac| = Cy/| det Hy], (5.15)

for some positive constant C' = C(p), thus we recover Chen’s estimate for n = 2:

tisup (N [|f = T f 1) < € /[ det 1
—00

(5.16)

Lr©)

The proof of (5.14) reveals that the optimal triangulations equidistribute the interpolation
error in LP norm on the triangles, and feature triangles whose shape is governed by d™ f.
The sequence of triangulations appearing in the proof of (5.14) is not constructed from a
Riemannian metric, but relies on an ad hoc technique that is not tractable for practical
applications. However, similarly to Hessian-based adaptation, a Riemannian metric can be
derived from d f and metric-based adaptation can be performed to create comparable

optimal triangulations satisfying the same error bounds, see Section 5.3.
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5.1.2 Error bounds for the W!? seminorm

For the WP seminorm, the counterpart of the shape function is:
S 2 inf |7 — "7 e 5.17
(m) 2 inf |r— Malyra) (5.17)

Similarly to (5.14), Mirebeau showed that there exists a sequence of triangulations with at
most N elements such that asymptotically ([38], Th. 3.1.1):

m— dm)
limsup (N2 | f = I flwroir) ) < ||Sh, / (5.18)
N—oo ’ m' LT(Q)
The error on optimal triangulations decreases as N "= = N *%, indicating convergence

with a rate k. As for the LP case, optimal triangulations should equidistribute the W1h?
interpolation error on the triangles, and the shape of those triangles should follow d™ f.
In addition, and specifically for W' error minimization, the largest angle of the triangles
should be bounded away from 180 degrees. This last criterion, limiting the sliverness of the
elements, is difficult to control with off-the-shelf mesh generators. For instance, it cannot
be explicitly controlled with mmg2d, the meshing library used in this thesis. This does not
seem to alter the convergence rate in the test cases presented here, however, save for linear

interpolation.

5.2 Anisotropic measure of the higher-order derivatives

Before giving the main results of metric-based error estimators, we formally define the aux-
iliary field of SPD matrices @ € Symj, called the anisotropic measure of f and already
introduced in Section 4.5, and we discuss its properties. This matrix links the higher-order
derivatives d™ f, which are m-tensor-valued quantities, to the Riemannian metric M, which
is intrinsically a 2-tensor field. At each point p € 2, Q(p) is defined as a tight upper bound
on either the homogeneous polynomial 7,(§) when minimizing the L” norm of the interpo-
lation error, or on its derivative Vm, when minimizing the WP seminorm. The matrix Q
thus encodes the principal directions of anisotropy of d™ f. Since it controls the derivatives

of f, the anisotropic measure also controls the shape functions S, , and S}, .
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5.2.1 Upper bound for L? norm minimization

The upper bound is understood in the sense that at each p € Q, there exists Q@ = Q(p) €
Symj such that:

(€ V)" f(p)] = Imp(€)] < (€70¢) 7, Ve € R (5.19)

Although this upper bound must be verified for any vector, it can be simplified as follows
thanks to the homogeneity in & of both sides of (5.19). For any = € H™, we define the level

curve 1 of || by the set:
A(m) 2 {z e R? | |n(z)| =1}. (5.20)

Then:

Proposition 5.1. The inequality (5.19) is equivalent to:

210z >1, VzecA(m). (5.21)

Proof. See Appendix A.4.1.

This equivalent inequality needs only be verified for points in A(m,). Geometrically, (5.21)
imposes that the ellipse 27 Qz = 1 is contained in A(m,). The tightest upper bound is thus
associated with the ellipse of largest area and included in the level curve 1 of |m,|. Let E be
the set of ellipses in R? centered at zero, and let £/ € E denote the ellipse associated to a

matrix M € Sym; , given by the set:
E={zeR|2"Mz=1}. (5.22)

The area of F is |E| = ww/v/det M with m = 3.14159... The largest area, when it exists, is
thus solution of:

sup |E|/m = sup Vdet Mﬁl, (5.23)

E€E, ECA(np) M eSym], EC A(np)

which can be infinite. In the following, we consider the equivalent minimization problem:
Q(p) = arginf {det M | M € Sym{, 2"Mz>1, Vz € A(m)} (5.24)

which determines the tightest upper bound Q at each p € ). Before studying the solution Q,
let us observe that it is related to the largest ellipse describing the anisotropy of the leading
term of the interpolation error of f at p. On the other hand, the shape function S,,, defines
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the shape of the triangles leading to minimal interpolation error. Mirebeau showed that the
solution to (5.24) is equivalent to the shape function S,,,(7mp), in the sense that there exist
constants 0 < ¢ < C such that:

m m
T 4

C(det Qp))¥ < Spplmy) = Inf 7 = I < C (det Q)T . (5.29)
In other words, the interpolation error for 7 is controlled by (a power of) the area of the

largest ellipse inscribed in A(7).

As pointed out by Cao [77], some choices of Q are straightforward. For linear interpolation,

since Taylor’s remainder is controlled by the Hessian matrix H¢, we can set for a > 0:
Q= |Hy| + al, (5.26)

where the absolute value acts on the eigenvalues of Hy. Hence, Q is simply a majoration of
the Hessian matrix with a small positive perturbation to avoid a degenerate matrix when Hy
is singular. This expression of Q does not actually solve problem (5.24), but a constrained
version where the maximum diameter of E is set to 2a, see Section 5.4.1. If one is only
interested in isotropic refinement, it is sufficient to consider the largest circle D, contained
in A(r), that is:

Q = max [r(©)] 1 = max |(€ - V)" fI1, (5.27)

which amounts to considering only the largest directional derivative of f. Obtaining an
upper bound for the general case is not trivial. In the paper where it was introduced [77],
Cao presented the computation of an approximate upper bound Q in arbitrary dimension
and for arbitrary interpolation degree based on numerical optimization. Later, Mirebeau
proposed an analytical solution for the linear (k = 1) and quadratic (k = 2) case in two
dimensions. As metrics are to be computed multiple times and at each mesh vertex in the
mesh adaptation loop, an analytic solution is particularly desirable. While the linear case of
(5.26) is easily handled, the quadratic case deserves more attention and is detailed in Section
5.4.1. For k > 2, in two and three dimensions, there is no analytical solution available for
Q, thus another approach must be considered. In this work, we implemented the iterative
method of Coulaud and Loseille [11,12] to find an approximate upper bound. It is described
in Section 5.4.2.
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5.2.2 Upper bound for W' norm minimization
Instead of the minimization problem (5.24), Mirebeau introduced the problem:

Q'(p) = arginf {detM | M € Symy, (2'Mz)* > ||Vr,|? Vze RQ}, (5.28)
equivalent by homogeneity to:

Q'(p) = arginf {det]\/[ | M € Symj, 2z"Mz>1, Vz¢ A(Vﬂp)}, (5.29)

that is, seeking the largest ellipse included in the level set 1 of ||V7,|| = \/(&Cﬁp)z + (Oymp)2.
Similarly to the case of the L? norm, one shows that the solution of (5.29) is equivalent to
the shape function S}, . Analytic minimizers of (5.29) were derived for linear and quadratic
elements. For linear elements, let m = az? + 2bzy + cy? € H? be the error polynomial, with
ac — b? # 0. Then the matrix:

2 12
;L [a®+b* ab+be
Q=1 (ab +bc b+ 02> (5.30)

satisfies the equality ||Vr|?* = 27 Qz for all z € R? and the associated ellipse is the largest
included in A(Vr). It is the unique minimizer of (5.29). For quadratic elements, let 7 =
ax® + 3bx*y + 3cxy® + dy? € H3. Then the matrix:

(5.31)

o - a2+ 202+ ab+ 2bc+ cd
N ab + 2bc +cd  b* + 2¢% + d?

is a near-minimizer of (5.28) in the sense that it satisfies | Vr||? < (27v2Q'2)?, that is, it
satisfies the constraint up to the constant v/2, and its determinant is equivalent to the shape

function S5 ,(7), in the sense that there exist positive constants ¢, C' such that:
SVt Q' < 8, (m) < OVdet @ (5.32)

That is, the interpolation error for Vr is controlled by the area of the largest ellipse in-
scribed in A(Vr), similarly to the case of the LP norm. For the general W*? seminorm, Cao

introduced instead the problem [77]:

~ m
4

Q(p) = argmin {Amax (M)? (det M)“T | M € Symf, 2"Mz, Vz € A(m)},  (5.33)
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involving the largest eigenvalue and where the constraints are written for the level set 1 of 7,
instead of V. It coincides with (5.24) for the L? norm, but differs from (5.29) for the Wh?
seminorm, hence so do their solutions. In the following, the optimal Riemannian metric for

the W? seminorm is derived from Mirebeau’s solution to problem (5.29) instead of (5.33).

5.3 Continuous error estimates in I/*? norm and optimal metrics

We now consider error estimates written in terms of a Riemannian metric. Just as discrete
estimates describe the error for arbitrary triangulations, the estimates hereafter apply to
arbitrary metrics, which are not necessarily adapted to the target function f. The optimal

metrics, however, follow the anisotropy of f.

A very general estimate, valid for all W*? seminorms, is due to Cao [78]. To write their
estimate, we define the nonsymmetric matrix A" 2 PA~2 from the diagonalized form [M] =
PAPT, so that [M]™* = NNT, but N # M~z = PA~2PT. Then, for interpolation of
degree k, Cao showed that for any metric M and for a triangulation with /N elements that
is quasi-unit for M, the following estimate holds ([77], Th. 2.1):

7 =T ey < ON5 ([ /lderm da:)m”s ([ 1M oy dw); . (5.34)

where Q € Symj is solution of (5.33) and controls the overall decrease of the interpolation
error. From this general estimate, they showed that from among all Riemannian metrics, the

minimizing metric field is the scaled anisotropic measure defined by:

MR, = et Ama( Q) =577 (det Q) o7 Q, (5:35)

m787p

with cy given hereafter. For this optimal metric, the error estimate above evaluates to:

m—s

lf — ka’Ws,p(T) <CN =

Amax(Q) % (det Q) &

o (5.36)

In particular for the LP norm (s = 0), we have Q = Q, yielding the following optimal

Riemannian metric:

MR, = can (det Q7 Q, (5.37)

associated to the optimal error bound:

If = T fl| oy < CN™W ||(det Q)3

. (5.38)
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Since (det Q)™/?" = (det Q)™ is equivalent to the shape function S,,, in 2 dimensions,
this optimal estimate is equivalent to Mirebeau’s estimate for optimal triangulations (5.14).
This is the intersection between the discrete and continuous approaches: indeed, (5.14) de-
scribes the error on optimal triangulations not necessarily obtained from a Riemannian met-
ric, whereas (5.34) describes the error for Riemannian metrics, not necessarily optimal. When
the metric is in fact optimal, then the optimal metric-based error estimate (5.38) matches
the optimal mesh-based estimate (5.14). For the WP seminorm, we can derive from Mire-
beau ([38], Th. 3.2.6) a similar estimate for sufficiently refined triangulations whose average

sliverness remains controlled:

| =T flwnsgry < ON75 [(det @)% (5.39)

Q)

The optimal discrete and continuous estimates are summarized for the LP norm and the
WP seminorm in Table 5.1, where Q stands for the matrix associated to the largest ellipse
inscribed in A(7), and Q' is associated to A(Vr).

In both expressions of M°P*, the constant ¢y, controls the mesh density, hence the number
of vertices or elements in the final mesh. It can be set by imposing either the target error
in W™P norm on each triangle [1,38], or, alternatively, setting the metric complexity C to a

target number of vertices NV,. For the latter and the L” norm, we have:

C= / Vdet MY (2) dax = / c3 (det Q)2 v/det O dax = (5.40)

hence:

cm = Nv% (/Q (det Q)2<mﬂ;in> dw) " (5.41)

Alauzet and Loseille, on the other hand, considered the direct minimization over all Rie-
mannian metrics of error functionals £(M) in LP norm, introduced in Chapter 4, under an

equality constraint on the number of vertices [1,8,55]:

min  E(M). (5.42)

C(M)<N,

This is a continuous counterpart of the problem (5.9) over all triangulations with a prescribed

number of elements. For instance, for linear interpolation, the optimal metric satisfies:

Mgy, = arg | min ( [ o (M2 ) M) dw)p, (5.43)
Q

C(M)<N,
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Discrete There exists a sequence of optimal triangulations such that:
m N dm f
L? lim sup (N?Hf —1I fHLp(T)) <\ Smp | —7— (5.14)
N—oo m: LT(Q)
1 m—1 k d(m)f
W | limsup (N7 |f = T flwrni ) < |[Sh, (5.18)
N—o0 ’ m' L7 ()
Continuous Unit triangulations with respect to M*(Q) satisfy:
Lr If =T fllnery < ONT [[(det Q3 (5.38)
WL =T flwry < ONT5 (et @50 (5:39)
Table 5.1 Optimal discrete and continuous error estimates.
and for higher-order interpolation:
pm 1
opt _ . -1/2 -1/2\ 2z P
M op arg , min (/Q tr (J\/lw Q(x) M, ) da:) : (5.44)

Both problems (5.43) and (5.44) are tackled by solving the Euler-Lagrange equations associ-

ated to £(M), and the minimizer for the LP norm writes:

S

2 mp - —1
M?TI;%,p = Nv" ([2 (det Q) 2(mp+n) dw) (det Q) mp+n Q7 (545)
which is exactly the optimal metric (5.37) of Cao. Since the error model is known, substituting

the optimal metric in £(M) yields the following exact error estimate:

mp+n
pn

E(Mh,) = If = Tl = n5 Ny ( [ (det Q0 dir
;™ [|(det Q)

—m
— ), mp+2n Nv

(5.46)

L7(Q)

This is Cao’s estimate, (5.38), with an equality and a known constant C. The operator 7, f

is a continuous counterpart of the interpolation operator IT* f and is used extensively in the
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continuous mesh framework, see [8] for more details.

Choice of optimal metrics

Although Cao’s optimal metric (5.35) is valid for any seminorm and any degree of polynomial
interpolation, it requires solving (5.33). Since analytic and numerical solutions exist to
compute Q by solving (5.24) or (5.29), we consider those minimization problems instead. An
optimal metric of the same form as (5.37) was proposed by Mirebeau [38] for the L? = W%
norm and WP seminorm:

MEPL— ¢ (det Q)% Q, (5.47)

m78’p

with 7 given by (5.8) and Q solution of (5.24) and (5.29). explicitly, these optimal metrics
for a target complexity C = N, in dimension n write for s = 0,1 and arbitrary p and
m=k+ 1:

B3N]

M?,ﬁ‘;,p — Ny% (/Q(det Q)% da:) (det Q)ﬁ Q. (5.48)

These are the Riemannian metrics used in this thesis to perform mesh adaptation with linear
triangles driven by interpolation error. In the next section, we detail the computation of Q,

then we illustrate on some examples.

5.4 Computation of the anisotropic measure

5.4.1 Analytic solution for linear and quadratic interpolation

We detail Mirebeau’s analytic solution to determine the anisotropic measure Q when mini-
mizing the L” norm of the interpolation error, the case of the W' seminorm being already
covered in Section 5.2.2. The solution can be found in Mirebeau’s thesis [38] for the most part,

save for the explicit computation of some parameters, which are detailed here in appendix.

We consider the minimization problem (5.24), which writes:
Q(p) = arginf {detM | M € Symy, 2z"Mz>1, Vze A(ﬂ'p)}

for linear and quadratic interpolation, that is, m = 2,3. The linear case can be treated
straightaway: if H; with coefficients a, b, ¢ and ac—b? # 0 is the Hessian of the target function
f, then m(z,y) = ax?® + 2bzy + cy* € H? represents the local error and Q(p) is identically
|Hf(p)|. If the Hessian is singular, then Q is given by (5.64) and is the solution of a well-
posed constrained problem defined hereafter. Thus, we focus in the following on quadratic

interpolation which is less straightforward. For quadratic interpolation, the homogeneous
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error polynomial writes m(x,y) = az®+bx*y+ cry® +dy* € H>. The coefficients are identified
to the derivatives of f at p:

Tp(@,Y) = Opaa f(P) ¥ + 3 Dy f (P) %Y + 3 Dy f(P) 2y* + Oy [ (D) °. (5.49)
a b c d

Geometrically, we seek the ellipse E, € E centered at zero and of maximal area contained in
A(7), the level curve 1 of |r|. We say that E, is the ellipse associated to Q,, and conversely
Q, is the matrix of E;. Such an ellipse has an area close to the supremum (5.23). In the
following, we refer to (5.24) recalled above as the unconstrained problem and we denote by
@, its solution. A problem with constrained diameter for F, is introduced further, hence this
distinction. To describe E,, the main idea is to express any 7 € H? as one of four reference
cubic homogeneous polynomials, noted 7;, through a linear mapping ¢ such that 7o ¢ = 7;.
The families of ellipses tangent to each set A(7;) can be found analytically, then mapped by
¢ to obtain the ellipses tangent to A(m), among which we seek the ellipse of largest area.
The characterization of 7 thus boils down to identifying the linear map ¢. The four reference

polynomials are the set:
{7 =23 7 =2%, 73=2x(2®+3y?), 7s=2(2®—-3y°) }. (5.50)

Notably, y* is not a reference polynomial, because when a = 0, 7 is divisible by y and there
exists a rotation U such that 7o U is not divisible by ¥, so that m o U can be mapped to one

of the four 7;.

To classify the homogeneous polynomials in H? and describe the map ¢, we define the fol-
lowing two useful quantities. The Hessian of a homogeneous polynomial 7 € H? is the

homogeneous polynomial hess = € H? defined by:

hess 7(x,y) £ —i (8%67? OyyT™ — (8$y7r)2)

= (b* — 3ac)z® + (bc — Yad)zy + (c* — 3bd)y>.

(5.51)

It is, up to the constant —1/4, the determinant of the Hessian matrix of m(x,y). The

discriminant of = € H? is the real number disc 7 defined by:

1
disc 7 £ —= |(be — 9ad)? — 4(b* — 3ac)(c? — 3bd
3 ( | )( ) 5.52)
= b2 — 4ac® — 4b>d + 18abed — 27ad>.
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The discriminant can also be written from the factored form 7 = Az —r1y)(x —roy)(z —r3y):
disc T = A*(ry — 19)%(ra — 13)%(r3 — 11)*. (5.53)

Clearly, A = a and the discriminant is zero when there are multiple roots in the factored form
of m. The following proposition describes this factorization and gives the linear transformation
¢ explicitly, either directly or through its inverse. Note that although the map ¢ is linear, it

is not a rotation in general.

Proposition 5.2. Let m € H?3.

1. If hess m = 0, then disc 7 = 0 and m can be factored as m = XN x — ry)3 with r a triple

real root. The inverse mapping:

On £ (‘ZX —i/Xr) (5.54)

is such that wo ¢ = 71 = 2°.

2. If hess m # 0 and disc m = 0, then 7 can be factored as m = Nz — r1y)*(x — roy) with

a double real root r1 and a single real root ro. The inverse mapping:

1 a 1 -
or = (% _%m) (5.55)

is such that ™o ¢, = 7y = 2%y.

3. If hess m # 0 and disc m < 0, then m can be factored as m = Na — ry)(x — roy)(z —

r3y) with a real root r1 and two complex conjugate roots ro,r3 with Im(ry) > 0. The
mapping:

Or =

A (Tl (7»2 + r3) — 2rars i(TZ - T3)7’2\/§> (556)

\3/2dz'sc T 2ry — (rg +13) i(ry — 7“3)\/3
is such that mop, = T3 = x(x®+3y?). All entries of ¢ are real since ro—r3 = 2i Im(ry).
4. If hess m # 0 and disc ™ > 0, then w can be factored as m = Nz —r1y)(x —ray)(x —713Yy)

with three real roots 1 < ry < r3. The mapping:

b 2 A (7‘1 (ro +1r3) — 2rorg  (re — 7’3)7“2\/§> (5.57)

\3/2dz'sc T 2ry — (ro +13) (rg — 7"3)\/§

is such that wo ¢p = 7y = x(2? — 3y?).
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5. If a = 0, then m is divisible by y, but there exists a rotation U such that w o U is not
divisible by y. Since detU = 1 and the discriminant satisfies the invariance property
disc (m o ¢) = (det ¢)® disc 7, we have disc (7w o U) = disc ® and the mapping is ¢ =

Uoorou, with ¢y obtained from one of the mappings above.

Proof. The cases 3, 4 and 5 are described by Lemma 2.4.2 in Mirebeau’s thesis [38]. The

case 1 and 2 are the cases where disc m = 0, and can be verified by direct computation. [J

With ¢ known, we now describe the ellipses tangent to the level curve of each of the four
reference polynomials. The level curve 1 of || has a branch for each real root in its factored
form, see Fig. 5.1. Following Mirebeau’s terminology, an ellipse E is said to be quadri-
tangent to a level curve A(7) if it is tangent to A(m) in at least four points. This property
is invariant under a linear transformation: if £ is quadri-tangent to A(7w o ¢), then ¢~(F)
is quadri-tangent to A(7). Similarly, if Hy is the matrix associated to E, then ¢~T Hy¢~! is
the matrix associated to ¢~!(E). As any 7 € H? can be mapped to one of the four reference
polynomials, it is then sufficient to characterize the ellipses quadri-tangent to A(7;). As we
discuss next and judging from the branches of the reference polynomials in Fig. 5.1, these
quadri-tangent ellipses are well-defined only for 73 and 74, that is, for polynomial with nonzero
discriminant. Their solution is summarized in Proposition 5.3. For polynomials with zero
discriminant, we consider ellipses of constrained diameter, and the solution is summarized in

the more general Proposition 5.4.

3

77'1:.78

Figure 5.1 Level curve 1 of the reference polynomials 7; (in black) and examples of bi- (for
71 only) or quadri-tangent ellipses (in blue). 74 has three families of quadri-tangent ellipses,
which are rotation of 0, 60 or 120 degrees of one another. For 73 and 74, the ellipse of
maximal area is the circle of radius v/2 and 1 respectively (in red).

There are no quadri-tangent ellipse for the polynomial 7; = 23, as the level curve consists of
two parallel lines, Fig. 5.1. The ellipses included in A(7;) are bi-tangent to the level curve and

there is no ellipse of maximal area. A solution for Q is obtained hereafter by introducing a
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constraint on the diameter of F/. In the three other cases, we consider the system of equations
obtained by imposing simultaneously that the points of tangency belong to £ and A(7;). The
polynomials 75 = 2%y and 73 = x(x? + 3y?) have their principal directions aligned with the
x and y axes, see Fig. 5.1, and so does one of the branches of 7, = z(z? — 3y?). Based on
this observation, we can restrict the search to the ellipses aligned with the axes, of the form
M2 4 Aoy? = 1 with A\, Ay > 0. This completely describes the ellipses quadri-tangent to 7y
and 73; the ellipses tangent to the other two branches of 7, are obtained by a rotation of 60
and 120 degrees. We solve the following system for A\; and Ay by eliminating the unknown
tangency points (z,y):
|7i(2, y)] =1,
Ma? + Aay® =1, (5.58)
Aoy, iz, y) — Mx0ymi(z,y) = 0.

The first and second equations impose that the tangency points belong to the level curve of
7; and of E respectively, whereas the third equation is the alignment of the tangent vectors
to both curves at the tangency points. For 7 = 2y, the solution is Ay = 4/27A?, thus the
ellipses quadri-tangent to z?y are defined for A > 0 by the matrices Hy = diag(\,4/27)\?).
The determinant goes to zero as A — oo, so there is no ellipse of maximal area. For 73 =
z(x? + 3y?), we have A\; = (4 + A3)/3)\3 and the ellipses are described by H, = diag((4 +
A3)/3M2 ) for 0 < A\ < 2. For A > 2, the ellipses are not tangent to A(73) anymore. The
determinant reaches its minimum for \; = Ay = \3/5, hence the largest ellipse is the circle of
radius v/2. Finally, for 7, = z(22 — 3y?), we find A; = (4 — A3)/(3A2) for 0 < A < 1. The
ellipses quadri-tangent to A(7,) are described by Hy = VTdiag((4—\3)/3A2, \)V, where V is
a rotation of 0, 60 or 120 degrees, see Fig. 5.1. The determinant is minimal for Ay = Ay =1,

thus the largest ellipse is the unit circle.
From there, one recovers the largest ellipse for an arbitrary m of nonzero discriminant:
Proposition 5.3. (Solution of the unconstrained problem, Proposition 2.4.4 in [38].)

o Letm € H? with disc m < 0. The ellipse of mazximal area inscribed in A(r) is the ellipse

associated to the matrix:

Q, = V2¢;7¢5", (5.59)
with ¢, defined by (5.56), and det Q. = %13/ | disc 7.

o Let € H? with disc m > 0. The ellipse of mazimal area inscribed in A(r) is the ellipse

associated to the matrix:

Qr =7 o7, (5.60)

with ¢, defined by (5.57), and det Q, = 275/3 Vdisc .
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Proof. We apply the mapping ¢ Hy¢ ! to the diagonal matrices associated to the optimal

ellipse for 73 and 74. O

In the case disc # > 0, simplifications occur and the optimal metric Q, can be written
directly from the coefficients of m, with B = /3 and C' = ¢/3:

3 (2(32—a0) BC—ad>‘ (5.61)

O = V2disc 7 \ BC —ad  2(C? — Bd)

The cases where disc © = 0 require further attention. For 71 = 2, maximizing the ellipse area
yields the degenerate matrix H, = diag(1,e) with ¢ — 0, hence the vertical axis is unbounded.
This also occurs when adapting with linear elements when the quadratic polynomial takes
the form 7 = 2. In practice, this is not a problem since one can consider a small parameter
« > 0 and give the mesh generator the modified matrix Q,, = ¢, Hx¢;' + al. The
modified matrix is bounded and does not degenerate. Here, « is a small real number and
not a multi-index. For 75 = 2%y however, the minimizers are of the form H, = diag(e™!, £?),
with det Hy = € and € — 0. The associated ellipses have unbounded vertical axis and their
horizontal axis shrinks to zero. Note that the ellipses with unbounded horizontal axis are
not minimizers, as det Hy = ¢~! — oo in that case since the other axis shrinks as e72. For
79, the matrix Q. itself is thus unbounded and so is Q. This naturally leads to consider

the optimization problem for ellipses of constrained diameter:

sup E], (5.62)
EcE, ECA(n), diam(E) <2a~1/2

where the diameter of F is twice its largest semi-axis. This is equivalent to the constrained

minimization problem for o > 0:
Q.o = arginf {det M | M € Sym] such that 2" Mz > 1, V2 € R* and M > al}. (5.63)

Let E,, be the ellipse associated to Q. and solution of (5.62). For linear interpolation,

Qo is simply given by:

_ pyr (max([A, @) 0
Ora =U ( 0 max(|)\2|,a)> v (5:64)

with A; the eigenvalues of the Hessian matrix Hy at p and U the matrix whose columns

are the eigenvectors of Hj, similarly to (5.26). For quadratic elements, the largest ellipse
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transitions (7) from the largest disc D, included in A(7) to (i7) the largest ellipse included in
A(m) and containing D, then to (7ii) the unconstrained ellipse E,, when these ellipses exist.
To differentiate between these regimes, Mirebeau defines three numbers 0 < 5, < a; < pr

and a rotation matrix U, defined as follows:

e [, is the eigenvalue associated to the disc of largest radius inscribed in A(7), that is:
2u-Y? & max {diam(D) | D is a disc, D, C A(n)}, (5.65)

or equivalently:
pr % £ min]|z]| | |7 (2)] = 1}. (5.66)

If z, is such that |7(2;)] = 1 and ||z,|| = p;'/2, then U, is defined as the rotation
which maps z, to (||z:[,0), that is:

N>

U, & [ ] , (5.67)

S

[\

where 2, is the unit vector aligned with z, and 2. is its orthogonal.
o «, is defined from the diameter of the largest ellipse included in A(7) and containing D,:
20,'/? & max {diam(E) | E€E, D, C E C A(n)}. (5.68)
For 71, this ellipse is unbounded and we set «, = 0.
e [ is defined through the diameter of the unconstrained optimal ellipse:
26-12 & diam(E(Q,))  hence  SBr = Amin(Qx). (5.69)
For 71 and 79, O, does not exist and we set 3, = 0.

The explicit computation of these coefficients, as well as the real number A\, below, is given

in Appendix A.4.2. The following proposition describes Q, ,, for any polynomial 7= € H?:

Proposition 5.4. (Solution of the constrained problem, Proposition 2.4.6 in [38].)

For m € H? and a > 0, the largest ellipse E, ., with diam(E) < 2a~Y2 inscribed in the level

curve 1 of || and its associated matriz Q. € Symy are described as follows:

1. If a > g, then Qo = al and E,, is the disc of diameter 2a~Y/2.
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12 inscribed in A(m) and con-

2. If a € [an, ir), then Ep, is the ellipse of diameter 20~
taining D,. E. , is tangent to the level curve A(m) at the two points z. and —z, and

its matriz 1s:
Qra=Ul ( ‘6“ g ) Us. (5.70)

3. If o € [Br, axl, then Er is quadri-tangent to the level curve A(m) and has diameter
2072 There are at most three such ellipses, and E. . is the one of largest area. The

form of Q. depends on the discriminant of :

o If disc m =0 and a; > 0, we have:

Ao
Qﬂ',Oé = ¢;T ( 0 g ) ¢7_r17 (571>

7TAZ
where ¢ is given by (5.55) and \, is obtained by imposing that a is an eigenvalue
of Qr.as i-€., by solving det(Qr o — al) = 0.

o If disc <0, we have:

I P
Ora =0, 3A3 - 5.72
il (5:72)

where ¢-' is given by (5.55) and A, is obtained by solving det(Q, o — al) = 0.

o If disc >0, we have:

T/ T e 0 1
Qra=¢, V7 | 3% Vo, 5.73
a=9 N (5.73)
where ¢ is given by (5.55), V is the rotation of either 0, 60 or 120 degrees that

minimizes det Qr o and A, is obtained by solving det(Qy o —al) = 0.

4. If o < B, then E, and Q. are the solutions of the unconstrained problem given by
Proposition 5.5.

Proof. See [38].

[lustrative examples of each regime are given in Fig. 5.2, each corresponding to a transforma-
tion of a reference polynomial. A C++ implementation of this proposition was written for this
thesis, based in part from Mirebeau’s code. The first column is the level curve 1 of 7, = x®

and of a polynomial 7 such that m o ¢ = ;. The ellipses are only bi-tangent, since the level
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curve consists of two parallel lines. For each polynomial, the red dot is z,, the point on A()
the closest to the origin. The largest circle D, of radius ||z,| = p'/? inscribed in A(7) is
drawn in red. For a > jir, we have diam(E) < 2u-'/? and the optimal ellipses E, , are the
circle strictly contained within A(7) and drawn in orange. The only other regime is when
fr > o > 0, that is, when the diameter of £, increases to infinity. The optimal ellipses
are the ones of prescribed diameter contained between the parallel lines and containing D,.
The second column is 7y = 2%y and some 7 with 7 o ¢ = 7. Here, there exists ellipses
quadri-tangent to A(7), drawn in light green, but no such ellipse of maximum area as they
can grow arbitrarily large inside the widest branch of A(m). The optimal ellipses for a given
« transition from the small circles to D,, then to the growing ellipses containing D, in blue,
until they become quadri-tangent. For precisely 7y, the circle D, is already quadri-tangent,
thus all the blue ellipses associated to the regime for « € [a, ii,| reduce to D,. In the last
two columns, associated to 73 and 74 all four regimes are visible on the graph of A(m o ¢),

and the optimal ellipse unconstrained ellipse E is drawn in thick green.

The overall computation of the anisotropic measure Q = Q, , for quadratic interpolation is
summarized in Algorithm 2. Additional steps are included so that the method is numerically
robust. First, if all error coefficients are under a small threshold €isotropic, then the solution
is considered to be perfectly captured by the current mesh. The region is isotropic and we

set Q = h72

max

I. Tt will be smoothed during the gradation step. Then, we check if the error
polynomial is divisible by y, thus if we are in the case 5 of Proposition 5.2 up to a threshold
€rotation- 1f it is the case, a rotation R has to be applied to the arguments (x,y) so that
7m(Rx, Ry) is no longer divisible by y. The rotation is actually applied to the coefficients
of the polynomial, so that the new coefficients satisfy #'(z,y) = n(Rz, Ry). If a rotation
was applied, the matrix Q is rotated back by R~' = RT before returning. Lastly, to avoid
computing the discriminant of very large or very small coefficients, all coefficients are scaled
so that the largest coefficient is O(1). The matrix Q is scaled back with a power 2/m = 2/3

before returning.

5.4.2 Log-simplex method for higher-order interpolation

For interpolation of degree k > 3, there is no explicit form for the upper bound Q. Several
algorithms have been proposed [10,11,77,90] and we implemented the log-simplez method
from Coulaud and Loseille. The original method addresses the problem of finding O for
the LP norm. It is essentially a linearization of problem (5.24), solved iteratively until the

linearized constraints match the original constraints. We briefly detail the method in two
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Algorithm 2 Analytic anisotropic measure Q; , for quadratic interpolation.

Input: Coefficients a, b, ¢, d of the cubic error polynomial, maximum diameter o > 0.
Output: Anisotropic measure Q(p) = Qy 4.
function ANISOTROPICMEASUREQUADRATIC(a, b, ¢, d, )
if All coefficients are smaller than €jsotropic then

return / > Identity matrix, isotropic region
end if
wasRotated = false
if |a| < €rotation then > Check if 7 is divisible by y

wasRotated = true
[a, b, c,d, R] = ROTATION(a, b, ¢, d)
end if

scaling = MAX(|al, |b], ||, |d])
la,b,c,d] = [a,b,c,d]/scaling > Scale the coefficients

[hess 7, disc 7] = GETHESSIANANDDISCRIMINANT(a, b, ¢, d)
Set case to 1, 2, 3 or 4 according to Proposition 5.2
Factorize 7 into A\(x — my)(x — my)(x — r3y)

Compute ¢, with Proposition 5.2 depending on case
Compute g, with either (5.66), (40) or (41)

Compute U, with (5.67)

Compute a, with (46) or (47) depending on case

Set B, =0

if case = 3 or 4 then
Compute unconstrained solution Q, with Proposition 5.3

/Bﬂ' - /\min(Qﬂ)
end if

if a > pu, then
Qra=0al
else if a > o, then
Compute Q,, with (5.70)
else if a > (3, then
Compute A, by solving (51) depending on case
Compute Q. with (5.71), (5.72) or (5.73) depending on case

else

Ora = 9r > Unconstrained solution
end if
Q.. = scaling?3Q, , > Scale back with power 2/m = 2/3
if wasRotated then

Qra=RTO.uR > Rotate back
end if

return Q. .
end function
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dimensions, and we refer to [11,12] for the treatment of the problem in three dimensions, as
well as for more details and examples. The problem definition is identical to the quadratic

case and we consider the minimization problem (5.24) for # € H™ with arbitrary m:
Q = arginf {detM | M € Symj, z"Mz>1, Vz¢ A(’ﬂ')}

This problem is nonlinear and nonconvex, because the determinant is nonconvex over matrices
in Sym;, and is subject to infinitely many linear constraints. A direct discrete counterpart

is obtained by discretizing the set A(7) into N, points:
Q = argmin {detM | M € Symy, z/'Mz;>1, z € Axn), i=1, ...,NA} : (5.74)

Since 7 is homogeneous, the points z; on the level set 1 are easily obtained by mapping points
on the unit circle. The discrete problem is ill-posed, however, because it is always possible to
find an arbitrary long ellipse, whose determinant goes to zero, passing through four points of
A(7) and satisfying the linear constraints. To overcome this difficulty, Coulaud and Loseille
proposed to solve a linearized discrete problem instead, written for the matrix logarithm £ =
In M and called the log-problem. This is motivated by the fact that det @ = exp(tr £), hence
minimizing the linear function tr £ amounts to minimize det Q as the (scalar) exponential
is increasing. Moreover, while the initial problem allows det Q@ = 0, the trace of the log-
matrix cannot go to —oo, so that det @ > 0. The matrix £ is symmetric, but no longer

positive-definite in general, and the log-problem writes:
min {trﬁ | £ € Sym,, z!(expL)z; >1, 2z € Ar), i=1, ...,NA}. (5.75)

Here, both the logarithm and the exponential are the matrix operators defined in Section
3.2.4. This problem is linear in the coefficients a, b, ¢ of L, but is now subject to nonlinear
constraints. The first idea of the log-simplex method is to use the convexity of the exponential

to write (5.75) with approximate linear constraints:

min{tr £ | £ € Sym,, 2/ Lz > —||zl*In(|z?), 2 €Ar), i=1,..,Na}. (5.76)

The problem (5.76) is now linear with linear constraints, and can be solved with e.g. the
simplex algorithm, which seeks an optimum in R4™(£) (R3 in two dimensions) on the polytope
formed by the N, hyperplanes representing the linear constraints. It is also well-posed, in the

sense that the trace of £ is bounded from below, hence the volume of the optimal ellipse is
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bounded from above. The general form (in the sense of linear optimization) of (5.76) writes:

Minimize g’ = a + ¢
g (5.77)
subject to Ax > b,

with the coefficients g7 = (1,0, 1), the vector of unknown &’ = (a, b, ¢) and the constraints:

i 2my y —llz1]*In (|1 [)

A=| : : l, b= : . (5.78)

TNy 2TNUNy YN, —llzn, 1 In (|2, %)

In our implementation, we use the open-source library SoPlex, part of the SCIP Optimization
Suite [91], to solve the dual problem to (5.76), then recover the solution £ of the primal
problem. Then, the matrix Q is recovered with Q = exp L.

Iterative algorithm

Although the optimization problem (5.76) is linear and easily solved, the linearized con-
straints can be far from the original set A(7), yielding an inaccurate upper bound Q on
the higher order derivatives. The second idea of the log-simplex method is to construct a
sequence of metrics Q; that converges to the solution Q of the original problem. This is
motivated by the following observation. From (4.110), the anisotropic measure can be com-
puted either in the reference space or the physical space and satisfies respectively for linear

triangles:

w[3

> D(feF)y)¢*| = Imy(Q)l < (¢"Qaly)C)*,  V(ER

|a|=m

(5.79)

3

S Df(p) €| =Imp(€) < (€7Q(p)E)° . VEER

laj=m

for two points y and p = F(y) in the reference and physical space respectively. For linear
triangles, the linear transformation is F(y) = M™%y, so that 7, = (7, o M~Y/?)(¢) and
both anisotropic measures are related by Q(p) = Q(Qa, M) = MY2Q(y) M2, Now,
the key hypothesis is to assume that the sought anisotropic measure Q(p) is also the target
metric M, so that it satisfies the fixed-point relation Q(Qa, M) = M. In other words, we

seek the tangent space on which the metric is precisely Q. From Proposition 5.1, the problem
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above in the reference space is equivalent by homogeneity to:
2'Qprz>1, Vze Am o M), (5.80)

The associated log-problem can be solved to determine LA = In O, considering the points

Z; on the discretized level curve 1 of m, o M~Y2 instead of m. Then, Q(p) is recovered by
Q(p) = MV2QAMY?2 = MY (exp LA) M2, and we set M = Q for the next fixed-point

iteration. Starting from M, = I, the fixed-point method is summarized as follows:

Qni = exp(La(M;7?)),
Qi = MO M2, (5.81)
Mi+1 = Qz

Note that we actually solve the log-problem in the reference space only. At each iteration, the
constraints of the log-problem are described by the points 2; € A(m,o M~/?) = A(7,0Q1/2).
In the original paper, the 2z; are computed from points u; on the unit circle. Because 7 is

homogeneous, they are immediately given by:
U;

(9 P ;)

Zi= for i =1— Nj. (5.82)

1
m

However, since |7(z;)| = |7T(Q;%Q]%Zi)| =1 for each z; € A(7), we clearly have ]W(Qj_%im =
1 for 2, = Qj% z;, thus the transformed points Qj%zi are in the level curve 1 of |, o oV 2\.
Hence, the z; on the level curve of |7| can be computed only once, and the modified constraints
at each iteration are obtained by simply applying the linear transformation z; = Q]% z;. The

points z; € A(m) are obtained by:

u;

z; = for i =1— Nj. (5.83)

|7 (2s)]

-

One readily checks that:

Imp (2i) | =

s ) T ) = 5.84
(|7Tp(’u,i)| )‘ (|7Tp(ui)’m) ’ ( )‘ ( )

1
Using the transformation 2z; = Q7 z;, it is then straightforward to see that if the sequence

3=

Q; converges to a matrix @ = M, then (7) the sequence of log-matrices L4 ; converges to
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Lr=InQx=In(Q 290 2)=1Inl =0, and (i) the sequence of log-constraints ZILA 2 >

—|1Z:|I* In (]| Z;||*) from (5.76) converge to the initial constraints of (5.74):

Zl Lazi= 02—z In(||z])

< 0 <In(]|2]*)
(5.85)
= 1< |z)°

1 1 1
& 1<92z)? = 2/ 02022, = 2] Oz,

where all the norms are with respect to the Euclidean metric. This fixed-point method is

summarized in Algorithm 3, where ||.||r is the Frobenius norm.

Logsimplex method for the W!? seminorm

For the W'? seminorm, we solve problem (5.29) instead:
Q' = arginf {detM | M € Symy, 2z"Mz>1, Vz¢c A(Vw)}.

The method is the same as for the L” case, but we consider the error curve of ||Vr|* =
(0,m)? + (9,m)?, which is a homogeneous polynomial of degree nk. For instance, for cubic
interpolation, let @ = Opppaf,0 = 40142y fr ¢ = 6040y f,d = 40syyyfie = Oyyyyf. Then
|V7||? € H® writes:

|V7||? = (16a® + b*)2® + (24ab + 4bc)zy + (9b? + 6bd + 4c* + 16ac)x*y*+
(16€* 4+ d*)y® + (24de + ded)xy® + (9d* + 6bd + 4c* + 16ec)z’y* (5.86)
+ (8ad + 8be + 12bc + 12¢d)xy>.

5.5 Illustrative examples

To illustrate the properties of the optimal metrics, we examine the convergence of the inter-
polation error on optimal linear meshes of Lagrange finite elements II* of degree k = 1,2, 3, 4.
The problems of interest are the interpolation of analytical fields and the steady incompress-
ible flow past a NACAQ0012 airfoil. The Riemannian metrics are selected to minimize the
interpolation error f — II¥ f measured in L? = W% norm with p = 1,2, 00 or in H! = W2

seminorm. In practice, the L* norm is approximated by setting p = 100. From (5.48), the
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Algorithm 3 Log-simplex method for Q for interpolation of arbitrary order.

Input: Error polynomial 7 = m(p) € H™, number of points N, on the discretized level
curve A(m), stopping tolerance €, maximum number of iterations maxIter.
Output: Anisotropic measure Q(p).

function LOGSIMPLEX(7, Ny, €, maxIter)
Set 7 =0and Qy =1
Discretize the level curve A(7) into N points z; with (5.83)
converged = false
while not converged do

1
Compute the modified constraint points (2;); = Q7 z; for i = 1 — Ny
Solve (5.76) for L ; with constraint points (Z;);
1

Recover the physical-space solution Q; ; = Q]? exp L Q]%
Compute stopping criterion diff = ||Q,+1 — Q;||r/|| Q)| »
Set Q; = Q;1 and increment j
if diff < e or j > maxIter then
converged = true

end if

end while

return Q;

end function

optimal Riemannian metric yielding an adapted mesh with roughly NN, vertices has the form:

2
2 p( —s) “n -1
M = Ni ( | (det @ da:) (det Q)T Q, (5.87)
Q

where the SPD matrix Q is an anisotropic measure and a tight upper bound of the derivatives
of order k+1 of f. Its expression depends on the degree of the finite element approximation,
and on the target norm or seminorm. For linear and quadratic elements and the LP norms,
we use the analytical solution for Q provided by Mirebeau in (5.64) and Proposition 5.4
respectively. The maximum diameter of the ellipse associated to Q is set to a = 100. For
cubic elements, we compute an approximation of @ with the log-simplex method of Coulaud
and Loseille and solve iteratively the minimization problem (5.24). For the H' seminorm,
we use the analytical expressions provided by Mirebeau in (5.30) and (5.31) for linear and
quadratic elements, and solve the minimization problem (5.29) with the log-simplex method
for cubic and quartic elements. Regardless of the target norm and degree of the interpolants,
the high-order derivatives of the field of interest are needed to compute Q. These derivatives
are only available for analytic fields. For general applications, they are reconstructed at the
mesh vertices by applying the method of Zhang and Naga [85], described in Appendix B.1,

which consists in fitting in a least-squares sense a polynomial of degree k£ + 1 to the nodal
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values of the target field. The reconstructed gradient is the gradient of this polynomial, and

derivatives of order k£ 4 1 are obtained by repeating this process k + 1 times.

For both applications hereafter, the methodology is as follows. We start from a coarse
triangulation and generate sequences of meshes Ty, , Ton,, Tan,, - - - adapted to metric fields
My, , Man,, Mun,, . .. of increasing complexity (~ number of vertices), starting with a target
of N, mesh vertices. For each target complexity, a quasi-unit mesh is generated by the open-
source meshing library mmg2d, part of the mmg suite [67]. Since the mesh format used by
our in-house finite element code is GMSH ’s native .msh format, the metric field is simply
appended at the end of the input mesh file as a tensor-valued NodeData. The minimum
and maximum authorized mesh sizes are set to 107!° and 103 respectively. These sizes are
enforced by limiting the eigenvalues of the metric field before passing it to mmg2d, which is
then called without specifying a minimum or maximum size. Gradation is applied to the
metric in the exp-metric space (see Section 3.6.3), with the parameter 5 depending on the
application, Since the gradation is already enforced in the metric given to mmg2d, its own

gradation is disabled by setting ~hgrad -1. The complete call to mmg2d is thus:
mmg2d_03 inputMMG.msh -hgrad -1 -o outputMMG.msh

To obtain a converged adapted mesh, this process is performed iteratively until little variation
is observed in both the adapted mesh and the measured errors. In practice, the final mesh is
the one obtained after 10 iterations. At each iteration, the optimal metric field is computed

on the previous adapted mesh for better accuracy.

5.5.1 Analytical fields
We consider the following two fields proposed by Mirebeau [38] and Cao [77] respectively:

22 — sin(by)

1. fi(x,y) :x3+w2y+tanh( 5

) on 2 = [—2,2] x [-1,1], with 6 = 0.1,

2. folz,y) = 2 +y*+23+yP+exp (— K (y — di(x))?)+exp (=K (y — do(z))?) on Q = [0, 1)?,
with K = 10* and:

di(z) =1+2x(x —1.25), do(z) = —(x —0.2)(z —1.25)/0.4.

These fields are depicted in Fig. 5.3 and are meant to mimic physical solutions of PDE

exhibiting strong variations or shocks. The function f; features a smoothed sine-shaped
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step, while f5 displays abrupt variations along two parabolas. Each of these is combined with
polynomial terms of order up to three, to illustrate how the different W"™® norms capture
the small features of the solution. To evaluate the convergence rates for the interpolation
error in various norms, we generate meshes for a target number of vertices of ranging from
N, = 100 to 51,200. To show the impact of the norms on the adapted meshes, a very large
gradation (5 = 5) is enforced, only to prevent mmg2d to yield aberrant meshes when metric

variations are large.

Figure 5.3 The fields f; and f.

Results

The impact of the different L” norms is shown in Figs. 5.4 to 5.7 for f; and in Figs. 5.10 and
5.11 for f,. For both fields, linear and quadratic elements do not capture the polynomial
parts exactly. As a result, optimal metrics for the L” norms with p small tend to distribute
the mesh vertices more uniformly in the domain and not only around the discontinuities, to
provide a better global control on the error. Metrics for the L® norm and the H' seminorm,
on the other hand, concentrate most of the resources along the regions of high gradients.
For the two chosen fields, cubic and quartic elements capture exactly the polynomial terms,
hence there is little difference between the LP norms far from the discontinuities. To magnify

this phenomenon, we also consider in Fig. 5.5 the field:

2z — sin(5y)
(5 Y

fl(% y) = a(x® + r%y) + tanh (

where the polynomial terms are tuned by the parameter a = 0.01, so that a(z® + z%y) can
be seen as a low-amplitude perturbation to the main discontinuity. Here, the L norm and

the H' seminorm now clearly allocate the vertices almost exclusively near the sine. Meshes
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for f; with interpolation of degree 1 to 4 and for the L? norm and the H! seminorm are
shown in Figs. 5.6 and 5.7 respectively. Cubic and quartic elements capture x® + 2%y exactly
and the mesh size is governed by the maximum allowed size and the gradation only. The
meshes adapted to f, exhibit the same behaviour. The differences between each interpolant
are clearly visible on the close-ups of Fig. 5.11, as the mesh follows the derivatives of order
k + 1 of the solution.

Adaptation using optimal metrics for degree k interpolation on straight elements predicts a
convergence rate of k 4 1 for the L norms and a rate of k¥ for the H' seminorm. Those
optimal rates are observed in Fig. 5.8 and 5.9 for all norms and all interpolants, with the
exception of the H! seminorm for k = 1, which only converges at the rate of 0.5. We do not
currently have an explanation for this issue. More importantly, these graphs show that the
error in a given norm is minimal on the meshes adapted for this specific norm. For instance,
the L' norm is minimal on the meshes adapted with M%t = = M;ffil in (5.48), see the

m,s,p

close-ups in Fig. 5.8. The same conclusions are drawn for f, in Fig. 5.12.

5.5.2 Steady incompressible flow past a NACAOQ0012 airfoil

We consider the steady and incompressible flow past a NACA0012 airfoil for an angle of
attack between 0° and 15° and at Reynolds number Re = 1000, based on the chord c:

Re = &=, (5.88)

14

with u, the far-field characteristic velocity and v the kinematic viscosity of the fluid. We

examine the prediction of lift and drag coefficients C'y, and C'p, defined by:

b
1.2 02
5 PUS,C

Iy
1.2 o2
5 PUS,C

o= Cp = (5.89)
with F, and F, the components of the total aerodynamic forces on the profile and p is the fluid
density. This test case is studied in the documentation of the open-source CFD-DEM solver
LETHE!, among others, and simulation data are available in the literature for comparison,
see e.g. Kurtulus [92] and Kouser et al. [93]. The geometry, shown in Fig. 5.13, is a C-type
domain obtained from the LETHE repository?. The steady incompressible Navier-Stokes

equations are solved for the velocity and pressure (u,p), with our in-house solver. We use a

https://lethe-cfd.github.io/lethe/documentation/examples/incompressible-flow/
2d-naca0012-low-reynolds/2d-naca0012-low-reynolds.html

’https://github.com/lethe-cfd/lethe/tree/master/examples/incompressible-flow/
2d-naca0012-low-reynolds


https://lethe-cfd.github.io/lethe/documentation/examples/incompressible-flow/2d-naca0012-low-reynolds/2d-naca0012-low-reynolds.html
https://lethe-cfd.github.io/lethe/documentation/examples/incompressible-flow/2d-naca0012-low-reynolds/2d-naca0012-low-reynolds.html
https://github.com/lethe-cfd/lethe/tree/master/examples/incompressible-flow/2d-naca0012-low-reynolds
https://github.com/lethe-cfd/lethe/tree/master/examples/incompressible-flow/2d-naca0012-low-reynolds
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Figure 5.4 Linear interpolation for f;. Target is 1,600 vertices.
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Figure 5.6 Interpolation of degree 1 to 4 for f; and the L? norm. Target is 6,400 vertices.
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Figure 5.8 L' and L? norms of the interpolation error for f;.
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Figure 5.9 L> norm and H' seminorm of the interpolation error for fi.

\/I VN
VARV ERVARWA \
YAY;

L' — 3,734 vertices L — 3,615 vertices — 3,782 vertices
7,256 triangles 7,038 triangles 7,102 triangles 7,394 triangles

Figure 5.10 Linear interpolation for f,. Target is 3,200 vertices.
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Figure 5.11 Interpolation of degree 1 to 4 for f, and the H' seminorm for 51,200 vertices.

mixed finite elements formulation to discretize the velocity and pressure spaces, using both
Ladyzhenskaya—Babuska-Brezzi (LBB) stable Taylor-Hood elements TT*II*~! with k = 2, 3,
as well as equal-order IT'IT' elements with SUPG (streamline upwind Petrov-Galerkin) and
PSPG (pressure-stabilizing Petrov-Galerkin) stabilizations. Since the number of degrees of
freedom (DOF') remains modest throughout the tests (< 2 million DOF), we can afford to use
a multithreaded direct linear solver, such as Intel MKL’s implementation of PARDISO. The

same boundary conditions as in the test case of LETHE are applied. On the inlet half-circle,
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Figure 5.12 L? norm and H' seminorm of the interpolation error for fs.

the velocity is set to Uiyt = (1,0). On the top and bottom of the box, a slip condition
u -n = 0 is applied, and the outlet is left free, so that a zero traction outflow condition is
effectively applied. On the profile, a no-slip condition w = 0 is applied and weakly enforced
with a vector-valued Lagrange multiplier A. This way, the aerodynamic forces on the profile

are, up to sign, the scalar components of A and are straightforward to recover:

a:-ffAma @:—ff%ﬂ. (5.90)
airfoil airfoil

The Lagrange multiplier A is defined on the boundary of the airfoil and is discretized with

line elements of the same degree as the velocity.

Following a similar example in Coulaud and Loseille [12], the main indicator for mesh adap-
tation is the interpolation error for the total pressure py = p + %p||u||2. This way, both
computed fields affecting the force coefficients are encoded in a single scalar indicator. The
total pressure is discretized by polynomials of the same degree as the velocity, as it allows to
recover pgy at the DOFs where the solution (u, p) was computed by interpolating the pressure
only. As for the analytic fields, we compare the impact of the choice of the Sobolev norm to
minimize on the adapted meshes. For feature-based mesh adaptation on CFD applications,
which is the case here, Alauzet et al. [] suggest minimizing the L* norm of the interpolation
error, as it is a good compromise between accuracy in the far-field and in the regions of
high gradients. The following results are thus computed to minimize either the L2, L* or L>®

norm of the interpolation error with respect to the total pressure, for a target complexity
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ranging from 2,000 to 64,000. Additionally, the meshes of Fig. 5.17 are adapted for the norm
of the velocity vector ||u|| and for the H' = W% seminorm. As there is no exact solution for
this flow, the higher-order derivatives of either py or ||ul|, used to define the metric at each
mesh vertex, must be estimated numerically with the method of Zhang and Naga. Recovery
methods are known to perform poorly close to the boundaries, however, producing noise
that is further amplified when high-order derivatives are to be recovered. For higher-order
interpolants, this may thus lead to nonphysical refinement close to the boundaries in the final

mesh.

For each target complexity, we start from an isotropic coarse mesh (with e.g. 8,937 vertices
and 17,550 triangles for an angle of attack of 5°) and adapt the mesh 10 times. To avoid
any projection error, the solution on each adapted mesh is recomputed from zero and not
interpolated from the previous mesh. We compare our results for the force coefficients Cp,
and Cp on the adapted meshes to those available in the literature. To quantify the accuracy
of the mesh adaptation, we examine the convergence (i) of the total pressure pg, driving the
adaptation process, and (i) of the lift and drag coefficients. To estimate the error on the total
pressure, we rely on the error estimate e,, >~ py — po », where py is the local reconstruction of
po obtained from Zhang and Naga’s method. To assess the convergence of the global force
coeflicients, we consider the error |Cr — Cper| With respect to the coefficients computed on

the finest mesh (i.e., for a target of 64,000 vertices), where Cr stands for either C, or Cp.

Results

The total pressure and adapted meshes for an angle of attack of 0° and 7° are shown in
Fig. 5.13. The computations were performed with Taylor-Hood II%II! elements and the
adapted mesh minimize the L? norm of the interpolation error on py. The adapted meshes
are refined around the airfoil and in the wake as expected, where the derivatives of p, are
high. In particular, the triangles are very coarse in the far-field, but highly anisotropic in the

wake, where the total pressure varies abruptly in the direction transverse to the flow.

Adapted meshes for the whole domain and for IT'IT! and IT3II? elements are shown in Fig. 5.14.
All meshes on this figure target a complexity of 8,000 vertices and effectively contain between
around 9,000 and 9,500 vertices. For each discretization, the LP norm of the interpolation
error with respect to py is minimized, with p = 2,4,00. The impact of the choice of p
in the minimized norm can clearly be seen for linear elements, with the L? and L* norms

allocating considerably more vertices in the far-field than the L* norm. For the latter, a
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minimum number of vertices on the inlet half-circle is enforced to the mesh generator, to
keep an accurate representation of the geometry, yielding the branch-like patterns on the
inlet boundary. The effect of the choice of p in the L? is also visible for IT*II? elements, as
the L® norm still yields a coarser mesh in the far-field, but the difference between the L?
and the L* norm is more subtle, since some vertices are gathered near the boundaries, where

the quality of the derivatives deteriorates.

The lift and drag predictions are compared with reference simulation results on the left of
Fig. 5.15. The reference results from Kurtulus and Kouser et al. are time-averaged force
coefficients originating from unsteady simulations, whereas we simulate the steady case. For
an angle of attack of up to 7 — 8°, no vortex shedding is observed in the wake of the airfoil
in both reference simulations, so that the flow can be considered steady. Indeed, we observe
good agreement between our force coefficients and those of the literature up to an angle of
attack of 8°, after which the results of our steady simulations become nonphysical. Each
point of data in Fig. 5.15 is the result of the simulation of the steady flow with Taylor-Hood
II*T1? finite elements, on the last mesh obtained by adapting for a target of 8,000 vertices
and minimizing the L? norm of the error on the total pressure. The effective number of
vertices in the adapted meshes is typically around 9,400, yielding around 18,400 triangles. In
comparison, the 2D simulations of Kurtulus were performed on uniform grids ranging from
94,000 to 250,000 triangles, and the 3D simulations of Kouser et al. were performed on a
mesh obtained by extruding a base 2D mesh of about 200,000 quadrangles. Here, comparable

results are obtained using a fifth to a tenth of the number of elements.
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Total pressure
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Figure 5.13 Top two rows: Geometry and steady incompressible flow past a NACA0012 airfoil
at 0° inclination. Total pressure field computed with IT?II' finite elements and superimposed
adapted mesh. Bottom two rows: Total pressure field for 7° inclination computed with
ITTT! finite elements and superimposed adapted mesh. For both inclinations, the adaptation
targets the L? norm.
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Figure 5.14 Adapted meshes for stabilized IT'IT! (left) and Taylor-Hood IT*TI? (right) finite
elements and for a target complexity of 8,000 vertices. Minimization of the L? (top), L*

(middle) and L> (bottom) norm of the interpolation error for py.
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Figure 5.15 Left: Comparison of predicted lift and drag coefficients with results from reference
simulations. Right: Estimated L? error on the total pressure versus the number of degrees
of freedom.

As the meshes for validation with the literature are adapted with respect to the total pressure,
we examine its convergence on the right of Fig. 5.15. For Taylor-Hood elements, the total
pressure is obtained by combining the velocity field of degree k& and the pressure of degree
k — 1, so that the pressure is the limiting field and we expect a convergence rate of k (= 2
and 3 for the considered pairs) for po, that is, an evolution in O(N¥/2) ~ O(NggF). To
ease the notation, we let h = /Npor denote the anisotropic equivalent of the characteristic
meshsize, so that we expect a convergence in O(h*). For II'II' elements, the total pressure
is linear, however we expect a convergence rate of k = 1 or higher, see e.g. Section 6.5.
of [94] and the references therein for an account of the pressure convergence of stabilized
equal-order methods. The observed rates in Fig. 5.15 are O(h'?) and O(h*!) for Taylor-
Hood elements, and O(h!?) for stabilized linear elements, in agreement with the predicted
rates. At a low number of degrees of freedom, we also observe that stabilized linear elements

achieve a reduced estimated error compared to the nonstabilized Taylor-Hood pairs.

Next, we turn to the convergence of the output functionals of interest, the lift and drag
coefficients. When discretizing the Navier-Stokes equations with finite elements and when
both the solution (u,p) and the solution of the adjoint problem written for the output are
sufficiently smooth, superconvergence results for the outputs are documented in e.g. [95,96]
and the references therein. In particular, we can expect a convergence rate of up to 2k when
finite elements of degree k are used. For Taylor-Hood elements, we should assume that this
rate is based on the degree of the pressure, the most limiting one, however the obtained

rates are close to twice the degree of the velocity discretization. The convergence for the
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Figure 5.16 Convergence of the lift and drag coefficients with respect to the coefficients on
the finest meshes versus the number of degrees of freedom.

lift and drag coefficients is shown in Fig. 5.16: for both coefficients and all finite elements
configurations, the observed convergence rate is higher than the rate k£ obtained for the total
pressure. Average rates of O(h'%) and O(h'?) are observed for the II'II' pair, which is
close to the optimal rate of 2k = 2. For II2II' elements, both coefficients converge at an
average rate higher than 2k = 4, twice the degree of the velocity discretization. Lastly, the
convergence rates for IITI? elements are O(h*3) and O(h®?), which are close to 2k = 6.
Note that some inherent uncertainty remains as the exact lift and drag are unknown, and

are approximated by their values on the finest meshes.

Lastly, adapted meshes using the norm of the velocity ||u|| as indicator and targeting the
H' seminorm are shown in Fig. 5.17. All meshes target 64,000 vertices. As feature-based
adaptation relies on the higher-order derivatives of the field, we compare the adapted meshes
to the Frobenius norm of the Hessian matrix and its higher-order generalizations, shown
in logarithmic scale. This yields a scalar indicator of the intensity of the field derivatives
around the airfoil and in the wake. The Hessian of ||ul| features three "crests" in the wake, and
each additional derivatives adds crests. These crests are clearly identifiable in the meshes,

especially for IT'IT' and IT?II! elements.
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Figure 5.17 Left: Adapted meshes around the airfoil at an inclination of 5° and for IT'IT!
(top), IT*IT' (middle) and TI*T1? (bottom) elements. The indicator for mesh adaptation is the
H' = W% seminorm of the interpolation error with respect to the norm of the velocity ||u|.
All meshes are adapted for a target of 64,000 vertices. Right: Frobenius norm of the Hessian
matrix and of the matrices of the third and fourth order derivatives around the airfoil.
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5.6 Conclusion

In this chapter, we reviewed global interpolation error estimates based on both discrete
triangulations and continuous Riemannian metrics. Among all triangulations with a target
number of vertices or elements, the optimal triangulations are described by optimal metrics,
so that we can manipulate metric fields and create an optimal mesh with any anisotropic
meshing software. On linear meshes, the anisotropy is controlled by the derivatives of order
k + 1 of the interpolated field. For linear interpolation, this yields the well-known metric
based on the Hessian. For higher-order interpolation, a metric @ mimics the role of the
Hessian and bounds the higher-order derivatives. We presented the explicit formulation in
terms of O of the optimal Riemannian metrics to control the interpolation error in W*?
norm. The practical computation of Q is detailed for interpolation of arbitrary degree k:
analytic solutions are available for £ = 1 and 2, and a numerical approach is presented for
k > 3. The interpolation properties of the resulting adapted meshes are discussed on both
analytic fields and flow variables. For the considered applications, the error converges with

the optimal rates, which validates our implementation.
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CHAPTER 6 RIEMANNIAN METRICS FOR ANISOTROPIC
ADAPTATION WITH CURVILINEAR TRIANGLES

We now turn to Riemannian metrics tailored for curved triangles, with once again the goal
of controlling the interpolation error on the adapted mesh. Two Riemannian metrics for P?

mesh adaptation are discussed.

The first one, presented in Section 6.1, is adapted from the metric introduced in Zhang et
al. [22], where for a field f, the principal directions of the metric are the isocontours and
gradient curves of f. The principal sizes are devised to control the maximum error reached on
second order approximations of these two families of curves, that is, on quadratic curves with
matching tangent and curvature. This metric is essentially the pullback to the parameter
space of the metric induced by the graph of f, but with modified eigenvalues. A recurring
idea explored in this thesis is that to control the interpolation error, mesh adaptation should
be performed with respect to the metric induced by a manifold derived from the higher-order
derivatives of f, rather than from f itself. In this sense, the proposed metric is a compromise,
as the directions are those of extreme variations of f, but the sizes reflect the error on
the interpolant and involve higher-order derivatives. The anisotropy and approximation
properties of this metric are studied, as well as some identified limitations. Thanks to the
continuous mesh framework, its asymptotic convergence rate and, by extension, the one of
similar metrics also derived from the induced metric, is evaluated. We observe that despite
some shortcomings, it predicts second order convergence with respect to linear interpolation

on P? triangles for the tested fields and for acceptable complexities.

To derive the second metric, we tackle in Section 6.2 the problem of finding an optimal metric
for P? triangles with respect to the interpolation error. From Chapter 5, the optimal metric

for e.g. the linear interpolation error on linear meshes is the minimizer:

MOP' = MR = arg min (/Q tr (Mféle]Mfé)p diIJ)p : (6.1)

C(M)<N,

From the error estimate on higher-order meshes derived in Chapter 4, the extension of M°P

to P? meshes minimizes instead:

MO = arg min (/Q\tr(M%HfM%)HaMé:M%)-Vf\p dx.);’. (6.2)

C(M)<N,

Finding M°P' requires minimizing over a functional in the metric and its derivatives. A
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formal resolution, as presented in Loseille [1] for linear triangles, is still an open problem
that was not tackled in this work. A numerical resolution should be possible within the
Mesh Optimization via Error Sampling and Synthesis (MOESS) framework introduced by
Yano and Darmofal [31], as it converges the numerical solution and the optimal metric
together given an arbitrary error functional in M. An implementation of this framework is
not straightforward, however: it depends on the PDE and requires solving local problems
on refined patches, whose boundary conditions are dictated by the frozen solution on the
adjacent elements. Several aspects of the solver must be reworked, and the metric cannot
be obtained by simply postprocessing a numerical solution, as is the case for the metrics
considered so far. Instead, we explore in this chapter another avenue for a numerical solution
to (6.2) by extending the log-simplex method discussed in Chapter 5 to curved triangles.

Indeed, when the error minimization problem (6.1) takes the general form:

MOPt = arg | min </ tr (MQQMé)p(k;U d:r:) ’ : (6.3)
(M)SN, \JQ
the optimal metric is known from Mirebeau [38] and Coulaud and Loseille [11], and is given
by a scaling of Q. For linear elements, the metric @ bounds the derivatives of foF for a linear
transformation F' = Fa_,k. If Q now bounds the derivatives of f o F(M) and accounts for
the nonlinearity of F', then M°P* is the metric minimizing the interpolation error for curved
elements. To obtain Q, we reformulate in the reference space the problem of finding an
upper bound Qa to D**V(f o F), then set the Riemannian metric of the physical space
to this upper bound. This yields the nonlinear relation M = Q = MY2Q M2 for M,
which can be solved with e.g. fixed-point iterations. For F' linear and interpolation of degree
< 2, Qa can be solved analytically and M converges in a single fixed-point iteration. For
interpolation with higher-order polynomials, this yields precisely the log-simplex method,
as the fixed-point iterations were introduced in [11] to counteract the linearization of the
log-problem for Q. When F' becomes nonlinear, the nature of the problem for M changes
from a nonlinear equation to a system of quasilinear PDE in the metric components. As a
natural, albeit naive, extension of the log-simplex method, this system is solved with fixed-
point iterations involving the metric derivatives. This scheme proves hard to converge, but

when it does, it converges to the upper bound Q.

6.1 A metric to control the maximum interpolation error along the isocontours

We first introduce a Riemannian metric M which controls the maximum interpolation error

along the isocontours and gradient curves of a target field f. This metric, which is referred
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to as the isocontours metric in the following, was introduced in Zhang et al. [22]. The idea
behind it is quite simple: if the elements are allowed to curve, some of their edges can be
made to follow the curves of constant f without accumulating any error. Just as curvilinear
edges are already used to better capture CAD boundaries, their goal here is to better capture
the isocontours of f. The direction of the gradient completes the pair of principal directions,
and the principal sizes are set to limit the interpolation error to a user-defined threshold
along the integral curves of the direction field. Contrary to the metrics introduced thus far,
the directions and sizes of M are thus set independently and the direction field is chosen
beforehand. The relevant computations are detailed in Sections 6.1.1 through 6.1.3. Then,
we take a step back in Section 6.1.4 and link this metric to the error estimates discussed in
the previous chapters. We show that with this choice of principal directions, the error cannot
be bounded by the imposed threshold in all directions around a point xy. In Section 6.1.5,
the study of the asymptotic continuous error predicted by the isocontours metric on selected
fields reveals that, although the error may not be bounded everywhere, it remains controlled

in such a way that M predicts second-order convergence on the tested fields.

6.1.1 Direction field and smoothing

The SPD matrix representation of M decomposes as [M] = PAPT with P the orthogonal
matrix of its eigenvectors. Together with strictly positive eigenvalues, any two unit and
orthogonal vector fields on R? thus define a Riemannian metric. Given a function f : R? — R,
the gradient V f and its orthogonal (V f)* are a natural choice of orthogonal directions which
are defined at all noncritical points of f. As was done in Zhang et al. [22] and following the

discussion above, we choose for M the directions defined by the unit vector fields:

1 A ij_ _ (_fy’fx)T A Vf (fxvfy)T

STV VA CTINA T VAT 6.4

g

Letting S = (z,y, f(z,y)) € R? be the graph of f, the vectors g and g are everywhere
tangent to the isocontours and gradient curves of f away from critical points, They are the

eigenvectors of the metric induced by S, pulled back to the parameter space (z,y) € R?:

1 00 1 0
o g (148 L
[Mind,RQ] - Jg[MR3]JS - < ) 0 (1) (1) 0 ! B < focfy I+ i?)
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and follow the directions of extreme variation of f. For the proposed metric, the sizes are
modified so that M writes:
hio(x) 0
M= (g(e) gl ("5

grad

) (@) 9@ (6.5)
The gradient is undefined in regions of constant f. In these regions, the mesh should be
isotropic and there are no privileged directions. In Chapter 7, we consider a metric-orthogonal
approach for the generation of curvilinear meshes: it is a frontal algorithm for vertex insertion
that aims at aligning the triangles with the eigenvectors of M, see Loseille et al. [42,43]. This
is facilitated by keeping smooth eigenvector fields, which is achieved with a simple Laplacian
direction smoother. It is adapted from the crossfield and quadrilateral meshing literature,
see for instance Beaufort [97], where a pair of orthogonal directions is identified to the angle
formed by one of them with the horizontal axis, Fig. 7.5. In quadrilateral meshing, the
directions are identical up to a rotation of w/4 as each of them indistinguishably creates the
edge of a rectangle. Here, we distinguish between g and its orthogonal, hence directions are
only identical up to a rotation of w/2. In a region where the derivatives of f are undefined,

the directions are averaged according to:

1
O(x;) = §arctan2 ( > sin26;, ) cos 29]-) : (6.6)

adjacent x; adjacent x;

A direction pair (g,g*) and its opposite (—g, —g*) yield the same frame of twice their
angle, see Fig. 7.5, thus averaging 26; ensures the fields g and g+ remain identified during
the smoothing. This smoothing is performed at vertices «;, ¢; connected by an edge where
lg(x;) - g(x;)| differs by more than a threshold. In this work, this threshold is set to 0.95.

g9

Figure 6.1 The pairs (g, g*) and (—g, —g*) differ by a rotation of 5 and yield the same frame
associated to 26.
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6.1.2 Quadratic approximation of isoline and gradient

To define the size field, we introduce the isocontours and gradient curves, which are the
integral lines of g* and g respectively, and their approximation by quadratic curves. We first
recall well-known properties of C? curves ¥(t) : [a,b] — R? Assuming the velocity +/(t) is
nonzero everywhere on the curve (that is, the curve is regular), the arc-length of 7(¢) is

the increasing function s : [a,b] — R*:

) £ 0lag) = [ /() du >0, (67)

It is the distance traveled along v from a to t. The arc-length (re)parameterization of v

is the composition y(s(t)), and is such that v(s) has unit speed ||7/(s)||, as we have:

V() _ A ((s))
')y Es))

Any curve can be reparameterized by arc-length, but it is usually not possible to derive a

V'(s) = (t(s)t'(s) = since  '(t) = [l7($)]]- (6.8)

closed-form expression for s(t), aside from very simple ||7/(¢)||. Let now ~v(s) be a curve
parameterized by arc-length. Since 7(s) has unit speed, the tangent vector T(s) = 7/(s) is
unit for all s. Similarly, we define the unit normal vector N(s) £ 4"(s)/||7"(s)||. The norm
of the acceleration ||7”(s)]|, which is not unit in general, is called the curvature! x of v, and
~v" = kN is called the curvature vector at s. The pair (T, N) forms an orthonormal basis
of R? everywhere along v(s), called the Frenet frame at s. Together with the binormal
vector B & T x N, these vectors also form a right-handed orthonormal basis (T, N, B) of
R3, Fig. 6.2. For curves defined on a surface S = (z,y, f(z,y)) in R3, another useful basis,
called the Darboux frame, is defined from the normal n to the surface at v(s). This normal

writes:

a Sz xSy

n VR
152 > Syl

(6.9)

and the Darboux frame is defined by (T,n x T,n). The vector n x T lies in the tangent
space TS and is called the tangent normal or geodesic normal. The normal N is
defined by the curve only, whereas m is defined by the surface in which lies the curve. In
particular, the elements of (T, N, B) do not form an orthonormal basis of TS in general,

contrary to (T,m x T), as the partial derivatives S;, S, are a coordinate basis for 7’5"

In the parameter space (z,y), the curve y(s) has the following quadratic Taylor expansion

'With a bit of work, this curvature can be derived from the more abstract definition of curvature introduced
in Chapter 3, see e.g. Chapter 8 of Lee [56].
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at 0: )

s

v(s) = 7(0) +57'(0) + 7"(0) + O(s%). (6.10)

Note that although ~(s) is parameterized by arc-length, its truncated Taylor expansion is
not: it only has unit speed at s = 0, as the acceleration +”(0) = x(0)N(0) is not unit in

general. Using the Frenet frame, this expansion also writes:

v(s) = v(0) + sT(0) + 822/$(0)N(O) + O(s%). (6.11)

S == (fl:7y7 f(.’L',’U))

Ey(n x T) #0

Figure 6.2 The isocontours and gradient curves of f = 22 + 3%, as well as the Frenet and

Darboux frames for I'Y (s) lying on the graph of —f. The normal n points outwards from S.

At some x, € R?, the isocontour or level set of f is the curve described by:

Tiso(s) 2 { (2(5),y(5)) | f(2(s),y(s)) = f(zo) = C |, (6.12)

and the gradient curves I'gaq(s) of f are curves whose tangent vector is everywhere aligned

with V f. The isocontours and gradient curves satisfy the initial-value problems:

(6.13)

{Fiso(o) = Xy, {Fgrad(()) = Lo,
Flaols) = 9" (Diso(s))

180

These curves are unit speed everywhere by definition of g and g*. Because the studied

metric M shares the direction of the pullback of the induced metric on S, it is natural
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to ask whether the images on S of these curves, noted I'J (s) = (Tio(s), f(I'iso(s))) and

1SO
FS

orad (5) £ (Tgraa(s), f(Tgada(s))), are geodesics for the induced metric on S, i.e., for the

ambient Euclidean metric of R? restricted to S. The answer is always negative for I'Y (s).
Indeed, the curvature vector of a curve on S decomposes in the Darboux frame as ([98], see

also Fig. 6.2):

#N = (EN-(nxT))(nxT)+ (sN-n)n. (6.14)

The projection &, is the normal curvature, and is the curvature that the curve inherits from
the surface on which it lies, whereas the tangential component &, is the geodesic curvature.
It measures how a curve deviates from a straight line on S, and a curve is a geodesic iff its
geodesic curvature vanishes, or equivalently if its curvature vector kKIN is normal to S. As
['? (s) lies on a horizontal plane f = C, its normal N can only be aligned with n if the
surface is locally vertical, which cannot happen if S is the graph of a function. Thus, I'f_(s)
always has a tangential component x4 and cannot be a geodesic. The images of the gradient

curves I'§.4(s), on the other hand, may be geodesic. From Drucker et al. [99], these curves

are geodesic on the graph of f(z,y) iff [ satisfies the PDE f,.f,(fox — fuu) = (f2 — ny)fxy
along Tgraa(s) € R2. This equation is generally not verified for arbitrary f, but it does hold

for surfaces of revolution around the z-axis, such as f = 2% + y? in Fig. 6.2.

The quadratic approximations of I'is, and I'yaq match their tangent and curvature at s = 0.
The curvature of T, is obtained by observing that since f(T'is(s)) is constant, we can
write [100]:

d af drk
-5 Fiso = 3 7 = = : F/ = U, 1
L o) = Moo _ g1y () =0 (6.15)
thus:
d2
Ef(FiSO(S)) - ngo : Hf ’ ngo + Vf . F;éo = 07 (616>

with Hy the Hessian of f(x,y). Since the acceleration I'[ is aligned with V£, their dot
product is V f - Tl = £||V f|||IT%, || with |[|[T',]| = Kiso. Thus:

180 1S0 1S0

N H Ty gt Hgt| [V VY
V7 il iE

(6.17)

explicitly, this yields:

- =12 fer + 2futyFry = £2 o]
Fiso = (F2+ 1)

Vf
or, alternatively, ki, = ‘V . () ' ) (6.18)
V£



196

The curvature of I'y,q is obtained by computing I'g,

g directly. Since we work in the Euclidean
space, the acceleration is computed by differentiating the components twice, without the need

to account for the variation of basis vectors. It writes:

’gL : Hf 'g‘ B fxfy(fyy - fxm) + fmy(f:? - f;)‘
Ivil (f2+ f2)3? '

2
grad H =

(6.19)

Fgrad = ||

When Kgaqa = 0, the PDE above is satisfied and the projections of F*ggrad(s) are geodesic
straight lines in the parameter space. Note that by construction, g x g* = e, whereas
T xN = +e, depending on the concavity of v(s), and the curvature & is positive by definition.
To work exclusively with the principal directions, we define the signed curvatures ki, and

kgraa so that the curvature vectors of I'is, and I'graq Write everywhere in terms of g, gt
kisog £ ﬁisoNa kgradgL £ "igradN- (620)

This is satisfied by the following expressions, whose derivation is in Appendix A.5.1:

B gJ_ . Hf 'gJ_
VA

1
CH, -
kgrad = g / g (621)

kiso =
IV £l

Then, the curves 7iso(s) and Ygad(s) approximate the isocontours and gradient curves at

up to second order iff:

2
S
’Yiso(s) = Ty + Sgl(wO) + Ekiso(mO)g(:L‘O)y

p (6.22)
s
Verad ($) = @0 + sg(x0) + Ekgrad(wo)gL(wo)'
Their velocity and acceleration vectors follow:
Vio(8) = g7 (@0) + shiso(@0)g(20), Vieo(8) = Kiso(@0)g (o), (6.23)

Verad () = 9(0) + Skeraa (T0)g™ (T0),  Viraa(5) = Kgraa (T0)g™ (20)-

These parabolas are shown in Fig. 6.3, along with their curvature vector kis,g or kgraag™.
These always point towards the inside of the curve. From x, one can travel backwards along

the parabolas by simply setting s = —s, without changing the curvatures or unit vectors.

6.1.3 Size field

The principal sizes are designed to limit the maximum interpolation error along the quadratic

approximations s, and 7gaq to a threshold e. We propose to improve on the pointwise



197

Figure 6.3 Quadratic approximations of the isocontours 7is(s) (left) and of the gradient
curves Yerad(s) (right) with their curvature vector for f = 2® + 2%y + zy* + y®. The true
isocontours of f are traced on both figures according to their colormap. On the left, the
quadratic isocontours are in blue and the signed curvature vector is a red arrow. On the
right, the quadratic gradient curve is in red and the signed curvature vector is a blue arrow.
The signed curvatures make the curvature vector always point in the direction of N.

estimator proposed in Zhang et al. [22] and write instead the integral remainder of the

interpolation error e%(s) = f(v(s)) — II%(y(s)) on a curve of length £ as:

1

)] = 15(0)] = | [F(£ - LD o < (6:21)

dsk+1

The derivatives of the composition fo~ are obtained by the chain rule, yielding Faa di Bruno’s
formula. Letting ¥ =+/,% =", G = Vf,H = Hy and C}j; denote the components of the
third derivatives tensor of f, we have in particular for linear and quadratic interpolation on

quadratic curves:

T3 5) = Hy(s)3 (67 () + G (DA (9),
d3f oy ' ' A A (6.25)
T () = Cige(¥(9))7' ()7 (5)7" (5) + 3Hy;(v())7' ()7 ().

The third derivatives of v always vanish as the curve is quadratic. These error estimates show
the main idea behind curvilinear mesh adaptation: if v(s) is well represented by a curved

edge, then the acceleration 4 does not vanish and the linear (resp. quadratic) interpolation
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error is not zero even if the function f is linear (resp. quadratic) in . However, this allows
for cancellation between the errors accumulated along the straight and curved parts of v, with
the sums above potentially smaller than for straight edges. The approximations 7iso, Yerad
were precisely arranged for such error reduction, as shown in the example for f = 22 + y?
further.

Suppose we want to limit the linear interpolation error to € along the quadratic curve ()
given by (6.22). We write:

[emax (Yiso) | = [€+(£)] = /Oﬁ(g _ S)st‘

L
= | [ (€= 9) Ol Hy -5l + G -2lk) ds

c
= /0 (L—5) [(gL + skisog) - Hy - (gL + skisog) + G - kisog} ds

= C4£4 -+ C3£3 + CQCQ‘ S €

(6.26)
where the coefficients ¢; defined as follows are evaluated at xq:
k2 kiso J_'H' J__}_G'kiso
co=2g-Hi-g. c=-g-Hp-gt o =T 70 (62

To limit the interpolation error to € along 7is(s), the optimal size £ should be the smallest

real root of the polynomials:
P1 (E) = C4£4 + 0353 + 0252 +e=0. (628)

These roots can be computed explicitly from a closed-form solution, or evaluated numerically
with a root finder. The optimal size along 7graa(s) is obtained in the same way, substituting
g for g and Kgraa for kis,, and the Riemannian metric (6.5) is defined by setting his, = Liso
and Agrad = Lgrada. Quasi-unit linear (straight) meshes for this metric are shown in Fig. 6.4 for
analytic fields and compared with meshes adapted to the optimal metric M°P* for adaptation
with linear triangles. Note that even though M is tailored for curved elements, the adapted
meshes are straight and are shown to give an idea of the behaviour of the metric, as the
generation of curved meshes is the topic of Chapter 7. The field 2? + 3? is isotropic and
yields an isotropic metric M°P* and mesh. Similarly, 28 4 3® yields a mostly isotropic mesh.
In comparison, the isocontours metric M stretches the elements along the isocontours of f
up to the prescribed error threshold. In particular, the mesh density has decreased in the

corners of 28 4+ y®, where the field makes a quarter turn.
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For quadratic interpolation, the error estimate writes:

1

lemax (V)] = le}(L£)] = 5

5 <, (6.29)

L .
/O (£ — )2 (Cp473* +3% - Hy -#) ds

and the optimal lengths are the smallest real roots of the degree 6 polynomials:
pa(L) = c6LE 4+ s L7 + s Lt + e3L? £ e =0, (6.30)

whose coefficients for e.g. 7is0(s) are given by:

Ce = a6ki38001'jkglg]gk, Cq = a4kisocz]kglgj_7]g + ] g- Hf g,
1 . (6.31)
¢s = aski,Cigrg' 9’9", s = cCiyng™ g 79" + =79 Hy- g™,

with ag = 1/120,a5 = 1/20 and ay = 1/8. Since the third derivatives are available, the
Hessian can be improved by considering its linear expansion H;;(v(s)) = Hi;j(xo) + sCijp " +
O(s?) along the curve, yielding instead ag = 1/30, a5 = 3/20 and a4 = 1/4.

A metric tailored for curved elements should improve on the available metrics for linear
elements, in the sense that it should not prescribe curvature or increase the mesh density
if it is not required by the solution. For the particular case of f = 22 + y2, the field
is perfectly captured on linear triangles using reference-space interpolation: the optimal
mesh elements are straight, isotropic and arbitrarily large. This is no longer true with P?
elements, as quadratic reference-space interpolation does not preserve quadratic polynomials
on curvilinear geometries. For this f, the gradient curves are (geodesic radial) straight lines:
the absence of both curvature and third derivatives of f leads to an arbitrarily large size
along Ygaq as expected, but not along 7, as detailed further, so the metric does not reflect
the fact that the ideal mesh is large along any choice of orthogonal directions. This can be
avoided by evaluating the error estimate (6.29) for both curved (k # 0) and straight (k = 0)

parameterizations and taking the largest of both sizes, leading to the metric:

k nloakX EISO ( k) 0 T

o iR » Riso 1

(M) = (g% () g(e)) 0 ax £2,(o k) | (@@ 9@) " (632)
k;f[) kgrad

This metric yields an isotropic mesh whenever f is captured by linear elements. Adapted

straight meshes for this isocontours metric and quadratic interpolation are shown in Fig. 6.5

for the same analytic fields as Fig. 6.4. With the modification above, both M°P* and M
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predict an isotropic mesh for quadratic functions whose size is bounded by a user-defined

maximum mesh size.
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right).
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Figure 6.4 Illustration of the isoline metric for linear interpolation. Linear meshes adapted

for M for f
sin 5y)]
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Figure 6.5 Illustration of the isoline metric for quadratic interpolation.

Example: f(z,y) = 2%+ y*

To show the rationale behind the proposed metric, we consider an adaptation problem for
the function f(x,y) = 2% + y* = r2. We first consider linear interpolation. In the standard
framework of linear anisotropic mesh adaptation, using for instance the optimal Riemannian
metric minimizing the LP norm of the error from Chapter 5, the error model is controlled
by the Hessian H; = diag(2,2). As H; is constant and isotropic, this yields a fully isotropic
mesh with elements of the same size. The function f is constant on the curves r = C, i.e., it
is anisotropic when written in polar coordinates (r, #). If we allow quadratic triangles to bend
along those curves, then f is captured exactly on the edges by linear (and even constant)

interpolation. The curvatures at @y are computed from (6.18) and (6.19) and write:

1 1
kiso = T T s = _;7 kgrad = 07 (633)

Ve Ey

since the integral curves are circles and straight lines in the parameter space. Let = (r,0)

to ease the computations, but any other point can be used because of the radial symmetry
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of f. We have G = Vf(x) = (2r,0)7 thus g = (1,0)7 and the parametric curves are
Yiso(8) = (1 — 82/2r, 8)7, Ygrad(s) = (r + 5,0)7. Along viso(s), the target function is:

2\ 2 4

FOonals) = 5 4 mlo? = (7= 5 ) 2 = (630
that is, f is constant up to an O(s?) remainder. If the constant part is captured by the
interpolant II'f(7is(s)), then the exact pointwise error is e}(s) = s*/4r* < ¢, and the
maximum error on 7 (s) can be controlled by limiting its length to s ~ L, < Var2e.
Along the curve Ygpa(s), we have f = (r + s)* = r* + s* 4+ 2rs. If the linear part 72 + 2rs is
captured by IT' f(7graa(s)), the exact pointwise error is e}(s) = s < ¢, which is independent
of the position r and yields the optimal size s ~ Lgaq < /€. In comparison, the proposed

error estimate (6.26) leads to:

L s
Liw) = —2 —e=0 — Lixxc = V60,
Plio) = 5 (6.35)

N (Lgrad) = Lzrad —e=0 — *Cgrad = \/E,

thus an overestimation of the lengths of Lis model/Lisoexact = 1/6/4 =~ 1.1 along 75, and

identical lengths along 7ga4. The ratio of anisotropy is Liso/Leraa = W, and increases
with the distance from the origin. In comparison, the error estimate along a straight param-
eterization g = @ + sg* yields 1 ‘H riigtgtI L
size Liso = € = Lgraa and hiso = max(v/6r2¢, \/€). Thus, hi, is constant and equal to /e

close to the origin, then increases to v/6r2e.

_ 19,2 | — : :
= 5 |2L{,| = ¢, thus a constant isotropic

For quadratic interpolation, the error estimate yields:

L} .
Eiso =3 =0 — £iso =V 27”26,
P2(Lio) = 5.5 (6.36)

P2(Lorad) = 0 —e=0 —>  Lgaq is arbitrary.

L,

The estimate along a straight i, predicts ‘Cijkg gighthLs

1SO

arbitrary length as for Lg.q. With the correction (6.32), we obtain Agaq = max(v/2r2e, Ampax)

and an isotropic mesh as expected.

=0 x L3 = ¢, thus an

180

6.1.4 The principal directions are not optimal

Here, we take a step back and discuss the limitations of the isocontours metric. In the

context of the analysis of Chapter 4, the error estimate for the isocontours metric is written
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in the physical space. Physical space estimates for unit elements require a priori knowledge
of the element shape. Here, this translates in the necessity of choosing beforehand a set of
curved parameterizations 7iso, Yerad, along which the principal sizes of the metric are defined.
Although the principal directions g+, g were chosen from a reasonable observation, we show
here that they do not enforce |epax| < € along all intermediary directions around some @,
even in the absence of curvature. This case is easier to treat, as the error estimate reduces to
the usual Taylor estimates along the straight line v(s) = xo+s(p—x) with 4 = p—xy = Lu
and [|ul = 1:

; ‘HijuiquQ) <e and é ’C’ijkuiujuk£3‘ <e. (6.37)

This either is a quadratic form in Q = |H/| for linear interpolation or can be bounded by
a quadratic form in @ for higher-order polynomials, thus it is a quadratic form in Q in
general. Note that this is only true in the absence of curvature: (6.24) cannot be identified
to a quadratic form even for linear interpolation, because the curvature affects the error
accumulated by travelling along v(s), so that the error depends on the path travelled and
not only on the endpoint. The minimum and maximum values of a quadratic form are
reached along the eigenvectors of its matrix, here Q, and those eigenvectors differ from the
directions g*,g of the gradient in general. The estimates above are guaranteed to hold
along all directions if the principal directions are those of Q, whereas for the proposed
metric, they are only enforced along g, g+, thus an error higher than the target € is reached
along a direction between gt and g. This is shown in Fig. 6.6 for f = 2%y + xy? + y*:
the blue ellipse is associated to the scaled Hessian |H|/2e, with sizes £y = 1/2€/| A k| so
that 1 ‘Hijvﬁkv};’kﬁi‘ = € along each unit eigenvector vy, whereas the red ellipse is the
unit (tangent) sphere of M. The error model is bounded by € for all intermediary straight
lines v(s) = Lu whose extremity lies on the ellipse associated to |Hy|/2¢, whose principal
directions are those of Hy. This is not the case for the intermediary straight lines interpolated
between Li,g- and Lgradg: the maximum error is 0.12562 for a target of € = 0.1, thus a 25%

overshoot.

When curvature is involved, we consider once again quadratic interpolation on f = 2% + y?

and the family of curves defined for 6 € [0, 7| by:

2

s
Yo(s) = xp + sv(0) + Ek(G)(U(Q))L, (6.38)
whose curvature and tangent vector are interpolated from those of vis, and 7graq according to:

v(f) = gcosf + g*sind, k(6) = kgraa cos? 0 + ki, sin” 6. (6.39)
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€max = 0.1 Emax = 0.12562

1 SN,
5 ‘Hugl.{/][:émd’ =€

CLH (0" (g YL =
Lovpy ﬁﬁ{"‘“‘g Lovpy = Enjmlg )

S k1Vh

Figure 6.6 Error model evaluated at x, along straight parameterizations 7(s), with 4 =
p —xo = Lu and ||u| = 1. Unit tangential sphere of |H|/2¢ (blue) and of the isocontours
metric M (red). On the left, the error on all intermediary straight lines is bounded by the
target error € = 0.1. On the right, the error may exceed € even though it is bounded along
the principal directions of the gradient.

These curves sweep the plane between 75, and 7graq With a smooth variation in their tangent
and curvature, Fig 6.7. Their Euclidean length is set so that they have unit length with
respect to the metric (6.5) without the size correction (6.32), with L, = (2r%€)'/*, Lyraa
arbitrary and a target error € = 1073, Note that their extremity does not lie on the unit sphere
of M as these curves are not geodesics in general. Rather, they are unit length interpolations
of Yiso and Ygraa. On each curve, we evaluate the error model (6.24) for quadratic interpolation
with Cjjr = 0. AS Ygaq has no curvature, f is captured exactly and the error is zero. When
Lgraq is small, enac = € is reached along the principal direction 7, see the green curve in
Fig 6.7, so that the error along each intermediary curve is controlled by e. This is no longer
true when Lg,q increases, and epay > € can be reached on intermediary curves. The errors
for Lgaqa = 0.7 are shown in Fig 6.7: the maximum error is reached between the principal
directions and is about 10% higher than the prescribed e. This behaviour is amplified further

as Lgaq increases.

To summarize, the isocontour metric cannot bound the error to the target ¢ in the vicinity
of @y. This comes from the fact that (6.24) is defined in the physical space on parameterized

curves that are set beforehand, and the computations of the directions and sizes are decou-
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Figure 6.7 Quadratic approximations of the gradient 74,4 and of the isocontour 7, at &y =
(1,0) (in thick blue). Left: the maximum of the error model is the target ¢ and is reached
on 7. The error on the intermediary curves are below e. Right: as Lg.q increases, the
maximum error exceeds € and is reached on an arbitrary curve.

pled. In reality, these parameterizations are dictated by the metric and its derivatives, and
should be properly solved for together with the sizes. To ensure a control of the error in each
direction around @y, we proposed in Bawin et al. [41] a first extension of the log-simplex
method, where an ellipse is fitted inside the level set A(e}) = |e}(£)| = 1. Each point of this
level set is obtained by solving the polynomials (6.26) or (6.29) for a target error € = 1. A ma-
jor obstacle is that efc is no longer a homogeneous polynomial, thus Proposition 5.1 no longer
holds and we lose the guarantee that the metric associated to the ellipse inscribed in A(e’})
remains an upper bound for the level sets e’} = (' # 1. In Section 6.2, we propose to improve

on this method by considering the error model in the reference space presented in Chapter

4, which is a quadratic form. As this model involves the metric derivatives, the upper bound

Q satisfies a system of quasilinear PDE in each of its components. The metric derivatives

are solved for together with the metric, which means that the parameterized curves given to
(6.24) become a part of the problem, and not set beforehand anymore. Before that, however,
we investigate the asymptotic behaviour of the isocontour metric. Nonetheless, we observe

in the next section that although it does not bound the error in all directions, the error may

remain controlled by the density parameter e.
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6.1.5 Asymptotic convergence of the isocontour metric

One way of assessing the asymptotic behaviour of a given Riemannian metric is to compute
the convergence rate of a target error on its associated quasi-unit meshes. To this end, quasi-
unit meshes should be reliably generated, as the error should measure the adequacy between
the metric and the solution, and not the adequacy between the meshing process and the
metric. This assumes that both unitness and its practical implementation are well-defined,
so that one can rule out the error from mesh generation per se. In the context of curvilinear
mesh adaptation, a definition of quasi-unit has yet to be widely accepted, although we gave
convincing arguments in favor of Riemannian (quasi-)isometries in Chapter 4. Moreover,
an implementation of quasi-unit P? triangulations was not yet discussed and is the topic of
Chapter 7.

Alternatively, the continuous mesh framework provides local continuous error estimates e(M)
allowing to perform convergence studies based solely on parameterized families of Riemannian
metrics, see e.g. Loseille [1,9]. The complexity C(M) is analogous to the number of vertices
N, in a unit mesh, so that the convergence rate k can be derived from a relation ||e(M)|| =
O(C*). This is done in [1,9] for the continuous error model for linear interpolation on linear
triangles:

1
e(M) = ¢ tr (M2 Hp M) (6.40)

We propose to assess the asymptotic behaviour of the metric My, given by (6.5) on the
error models for both linear and quadratic triangles, where the latter is given by (4.100) and

writes:

(M) = C|tr (MT2HMTV2) 4+ (0MT2: M) - V| (6.41)

The constant C'is set to 1/8 to be consistent with the linear model in the absence of curvature.
As was done in [9], we compute the L' norm? of both error models against the square root
of the metric complexity and deduce the convergence rate of the error on My, and its unit
meshes. This analysis is performed for linear interpolation. To put the metric Mig, in

perspective, it is compared with the following other metrics:

o The optimal metric M°P* = Mg%t,l for anisotropic adaptation on linear triangles given

by (5.48) and minimizing the L' norm of the interpolation error.

o For f = z? + y? only, the metric M, proposed in [9] and used in Sanjaya et al. [29]

2The continuous error model has the simple form (6.40) which can be integrated to derive exact L' error
estimates in terms of the metric complexity, as done in [9]. Moreover, the isocontours metric controls the
maximum error along 7iso and 7grad, but does so throughout the domain, making the L' norm a somewhat
natural comparison.
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for P? adaptation. It is given for a density parameter a > 0 by:

o hi*(z,y) 0 1 r -y
o =P b PT, with P = —— 6.42
Ml, (x,y) ( 0 ahQ_Q(x,y) ; Wl \/m y T ( )
and .
) o 2 2 -2 —
hi“(z,y) =4(z" +y7),  hy“(z,y) = WL (6.43)
With our notation, this metric also writes after inverting the eigenvectors:
1 a [8@2 + 92)3/2} 7o L T
Mio(2,y) = (g7 9) | g 9). (6.44)
0 «
Letting h2 = ahy” and hg_fad = a?h;?, the anisotropy An £ hiso/hgraa scales as

An(M, ) ~ r*2\/a. In comparison, setting € ~ a~2, the anisotropy of M scales as
An(M) = (6r%a2)V/* ~ \/ra, thus slower as the radius increases.

e The induced metric Mj,q 1, Whose principal sizes are scaled nonuniformly as M ,:

Mussalea) =a" 0 (3 oy g o gpy) @ 9 69

Its anisotropy scales as An(Mina1.q) = V1 + 4r2y/a, thus ~ r\/a as r becomes large.

« The induced metric Mi,q 2, With sizes independent of the position:

a 0
Minaza(z,9) = (9" g) (0 O;) (g 9" (6.46)
Its anisotropy is constant and simply scales as An(Mipg2.4) = Vv

The metrics Miso, M1,4; Minda 1,0 and Miya 2, are all derived from the induced metric of
f and differ on how their anisotropy scales with the position. Note that setting the same
exponents for « in the metrics above yields a unique scaling coefficient for both sizes, resulting
in embedded metrics whose linear continuous error always converges at order 2. The optimal
metric M°P' is the gold standard, as it minimizes the interpolation error in L' norm and
converges at order 2 as the complexity increases [1]. Thus, other metrics are expected to
exhibit an asymptotic convergence at least as good with respect to the error model (6.41)
to be competitive for curvilinear mesh adaptation, to provide a gain compared to standard

anisotropic mesh adaptation.

We first consider f = x? + y?. For this field, the optimal metric is constant and given by
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M = ¢|Hy| = cdiag(2,2) where ¢ controls the mesh density, thus the mesh is isotropic and
of constant size. Straight meshes adapted to each metric are shown in Fig. 6.8 for a = 64
and € = a™2, and by setting ¢ so that C(M°P) = C(Mig,).

Mind 1,0 Mind2.a

Figure 6.8 Quasi-unit straight meshes adapted to f = 2?2 + 32

For analytic metrics, the exact derivatives d,,,M /2 are used to evaluate (6.41). For M, and
MOPt 9., M~1/? is interpolated at the quadrature nodes from the area-weighted derivatives
computed at the vertices using the gradient of the finite element shape functions. At a mesh

vertex x;, these derivatives are obtained as:

Ob.:
> IR [ S M ) g ()

_ Kew(z;)
> IKlx ’

KEw(zi)

O M2 () (6.47)

where w(x;) is the patch of triangles directly adjacent to @;. The nodal derivatives are
then interpolated using the shape functions. Note that since the metric derivatives are

symmetric but not positive-definite in general, the log-Euclidean interpolation cannot be
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used to interpolate the 8, M~'/?(x;). The derivatives of the log-Euclidean interpolation
described in Section 3.6.1, however, can be used by including a factor -1/2 in front of the
logarithms, as suggested by Rochery [33], to interpolate M~'/2 instead of M. The evolution
with the metric complexity C of both continuous error models for f is shown in Fig. 6.9:
with the striking exception of Minq1 4, all metrics exhibit second order convergence for the
curved error model. As M°P' is constant, its derivatives vanish and the curved error trivially
reduces to the linear error. Mis,, M1, and Miyq2,. yield a smaller error than the optimal
metric with straight elements with a factor of 2-3, which is encouraging, but still far from

the accelerated convergence of the motivating examples of Section 2.7.

M|

Continuous error ||e(M)||

Continuous error ||e(

I
107 10° 10! 102 10° 104 10° 108 107 10° 10! 104 10° 108

VEM) ~ VN, VM) ~ VE,

Figure 6.9 Continuous error for f = x? + y? versus metric complexity. Left: error model
for linear interpolation on linear (triangles) and quadratic (circles) elements evaluated on a
uniform grid and for increasing density coefficient o. Right: continuous error evaluated on
adapted straight meshes and discrete L' error on these meshes (dashed lines with triangles).

The proposed metric Mg, deviates from second order starting around v/C = 10°, thus past
an order of magnitude of 10 billion vertices, which is way beyond the density of the considered
applications. Thus, M, can be considered to yield second order convergence with curved
triangles for acceptable complexities C € [1,10'°]. All the metrics based on the induced
metric are suboptimal for adaptation with straight elements, with a predicted rate of 1.4.
This was first observed for M, , by Loseille and Alauzet in [9]. This rate is observed in
the discrete error measured on quasi-unit straight meshes adapted for these metrics using
mmg2d without gradation and shown in dashed lines on the right figure. A good match is
observed between the discrete and continuous linear errors (plain versus dashed lines with
triangle markers), indicating that the straight meshes are adequate discrete counterparts for

each metric. These observations also match those of Sanjaya et al. [29], although, in our
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opinion, their conclusion should be tempered. Indeed, they conclude that curving becomes
more beneficial as the mesh is refined, emphasizing an improvement in the convergence rate
from 1.4 to 2 for M, ,. However, M, , is suboptimal for linear adaptation, so that curving
with this metric merely recovers the optimal rate of M°P*, with an improvement of a constant
factor 2-3. In comparison, the examples of Section 2.7 exceed this optimal rate, making them

particularly appealing.
We also consider the fields f = 2% + 3 on [0.5,1]? and f = 23 + 2%y + tanh[10 (2 — sin 5y)]

on [—1,1]?, for which quasi-unit straight meshes are shown in Fig. 6.10. The proposed isoline
metric Mg, yields second order convergence for the first field only up to C ~ 10*, after which
it becomes suboptimal, Fig. 6.11. A similar behaviour is observed for the tanh field for rea-
sonable complexities (< 10°). The behaviour of the other metrics is surprising. The optimal
metric M°P* behaves equally well for the linear and curved error models, even predicting
a slightly smaller curved error. Aside from Mt the only metric that behaves well on all
cases is Mipq 2., Which has uniform principal sizes everywhere and uniform anisotropy that
only scales with a.. This metric is suboptimal for linear adaptation, but always yields second
order convergence with curved elements. On the contrary, the induced metric Mipq 1, With
sizes scaled by a along the isocontours and a? along the gradient yields terrible convergence

for all tested fields. We currently do not have an explanation for these results.

AR
NN HIHRTTTR
QAR R R
AL R R

t
MO Mind 1,0 Mind2.0

Figure 6.10 Quasi-unit straight meshes for f = 23+4° and f = 2*+2%y+tanh[10 (22 —sin 5y)].
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Slope is 0.7

Continuous error ||e(M)||z:
Continuous error ||e(M)]|p:
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Figure 6.11 Continuous error versus metric complexity for f = 2% + 3 (left) and f =

r3 4+ 2%y + tanh[10 (2x — sin5y)] (right). Error model for linear interpolation on linear
(triangles) and quadratic (circles) elements evaluated on a uniform grid and for increasing
density coefficient a.

6.2 Extension of the log-simplex method to curved triangles

We now propose to improve on the isocontour metric of Section 6.1 and on the metric from
Bawin et al. [41] by considering a fixed-point method in the reference space for the compo-
sition f o F'(M). This is motivated by the comparison hereafter of the metric computation
schemes discussed so far, according to whether the computation is performed in the reference
or physical space. We also provide preliminary results illustrating the Riemannian metrics

computed with this method.

6.2.1 Reference and physical space metric computation

The derivation of the optimal Riemannian metric minimizing the interpolation error on linear
meshes, reviewed in Chapter 5, requires finding an upper bound on the derivatives of order
k + 1 on the field f of interest. This upper bound is the field of SPD matrices of minimum
determinant that dominates in all directions the directional derivatives induced by D f with
|a| = k+1. In the physical space, identified to the Riemannian manifold M, these constraints

at p € M have already been written as:

k+1

> D f(p) €| = |mp(@)| < (€7Qp)E) T . VEET,M, (PS)

|o|=k+1
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whereas we have in the reference space at the point y = F~!(p) € R%:

k41

> DU(foF(M)(y) ¢ =m0l < (¢"Qaly)¢) . VCeT,R* =R’ (RS)

|a|=k+1

The equivalence of these two constraints has been shown for linear elements in Section 4.5.2:
if Qa is SPD of minimum determinant bounding D*(f o F'), then its pushforward Q =
MY2ZQAMY? is SPD of minimum determinant and bounds D®f in all directions in the
tangent space at p. The equivalence only holds for linear unit elements: as the transformation
F is linear and its Jacobian matrix is Jp = M~Y2R, the k+ 1 instances of M~'/2 originating
from the chain rule D*(f o F') are paired with the k£ + 1 tangent vectors ¢ to yield their
pushforward dF,(¢) = Jr{ = M™Y2R¢ = &€ € T,M. For higher-order elements, the higher-

order derivatives of F' are not accounted for in the physical space formulation (PS).

Both formulations (RS) and (PS) describe a manifold (M, M) isometric to the reference
space. In (PS), we place ourselves directly on M. The metric @ bounds the physical-
space derivatives and the Riemannian metric is set to®> M = Q. In other words, we solve
(PS) on a manifold with unknown metric, then set the metric to Q. The lengths with
respect to this metric bound the derivatives of f at each p, as the left-hand side of (PS) is
(E7 Q&) FHD/2 = i1 (€). As error estimates for linear elements can be formulated directly on
M and do not involve M, the metric is explicitly obtained from Q. For linear interpolation
on linear elements, for instance, M = Q = |Hy|, and a subsequent scaling allows to recover

the optimal metric of Chapter 5.

On the other hand, (RS) requires the metric from the start as the transformation F' is

involved. This metric now satisfies the nonlinear relation:
M= Q= g(M) & MV2Qu(M)M'2, (6.48)
which can be solved with e.g. fixed-point iterations:
M1 = Qi = Mg/QQA,i(Mi)M;/Q. (6.49)

In this approach, the manifold (M, M) is constructed iteratively by solving (RS) in the
reference space and mapping the bound Qa to M by M2 In other words, we construct a

sequence of tangent spaces which characterize the manifold as the number of mesh vertices

3In Chapter 5, the metric is set to M = cpq(det Q)?Q to account for both a target number of vertices in
the final mesh, through the constant cay, and for the equidistribution of the interpolation error, through a
scaling by the determinant. Here, this amounts to consider only the "raw" metric, before any scaling.
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increases. At convergence, we have Qa = I, that is, M bounds the derivatives of f in the
physical space. The convergence of this fixed-point method is guaranteed if ¢ is a contraction,
that is, if the distance between the images of any M, N € Symj satisfies d(g(M), g(N)) <
pd(M,N) for 0 < p < 1. It is trivially the case for linear interpolation, as g(M) =
|Hy| so that d(g(M),g(N)) = |Hs| — |H¢| = 0, see below. For quadratic interpolation,
g(M) depends on M through the coefficients of the polynomial 7,(§). Its exact form from
Mirebeau’s solution (Algo. 2) depends on the classification of the polynomial, which makes it
arduous to determine whether g is a contraction. Similarly, we did not check for higher-order

interpolation, as g is not an explicit function of M.

For linear interpolation on linear elements, (RS) reduces to:

D 0 Y] = | (MTV2H M) (¢

= [¢" (M2 HMT2) ¢ < ¢TQAC, (6.50)

for which Qn = |M_%Hfj\/l_% = M_%|Hf|/\/l_% satisfies the equality. It is then easy to

see that the fixed-point method converges in a single iteration for any choice of initial M:
My = Q) = M?On oM = MMy VP Hf M P M? = | Hy, (6.51)
that is, g(M) = |H/| and the subsequent iterations yield:
Quiw1 = |He VP H||Hy |72 = 1, Mgy = |Hy|'P1|Hf['? = | Hy. (6.52)

Similarly, for quadratic interpolation on linear elements, an ellipse of maximum area asso-
ciated to Qa can be inscribed in A(m,), the level set 1 of m,, using Mirebeau’s analytical
solution described in Algorithm 2. As Qa is the exact upper bound, M is also obtained
in a single fixed-point iteration. The log-simplex method described in Section 5.4.2 tackles
higher-order interpolants on linear elements. However, the matrix Q. is no longer exact as
it is obtained from a linearization of (RS) written for the log-matrix £o = log Qa. Thus,
M is no longer obtained in a single iteration as Q # MY2(exp LA) M2, but if the se-
quence of fixed-point iterates converges, then it converges to Q, as shown in Coulaud and
Loseille [11] and in Section 5.4.2. In other words, the fixed-point method corrects the effect

of the linearization.

6.2.2 Application to curved triangles

For curved triangles, only the reference space formulation (RS) has a straightforward ex-

tension by considering the composition D*(f o F(M)). Higher-order derivatives of F', thus
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derivatives of M~1/2, are now involved in addition to powers of M. As a result, the nature

of the problem changes from the nonlinear relation (6.48) to a system of PDE in the compo-

nents of M. For linear interpolation on P? triangles, for instance, the chain rule yields the
following reference space constraints for any ¢ € R%:

0 f OF‘OF*  Of

|<8xk8$5 Fly) oyl Oyt Oxk

<¢"onC

O2Fk \
a ’La j) gzcﬂ
F(y) YV Y

Jp=M"?R, ¢ =RC¢

oM

oxm

of

o <("RQAR"C

szl/QMl;l/z n
F(y)

_Pf
oxkozt

Mmﬁ) &

F(y) F(y)

£ T;](M) QA = RQART
(MTVPH M2 49 0, M2 M7Y2) (| < (T0AC (6.53)

The E are arbitrary
CTT¢| < ¢TQAAC.

where E = R( includes the rotation matrix appearing in the derivatives of F'. The pullback
of the Hessian is symmetric but not positive-definite in general, and the additional term
accounting for curvature is not symmetric nor definite, so neither is 7. The left-hand side is
still a homogeneous quadratic polynomial in ¢, whose coefficients are also described by the

symmetric part of 71"

T+TT
2

7 (C) = CTTC = cT( )c, VEERR (6.54)

An SPD upper bound on 7, is thus obtained by setting Qa = |(T +T7)/2|. Letting Sym(.)
denote the symmetric part of a matrix, the components of M satisfy the PDE:

M = Q — M1/2QAM1/2

6.55
_ M1/2 ‘M_1/2HfM_1/2 + Sym (Vf . amM—l/Z . M—1/2)‘ ./\/ll/2, ( )

or equivalently:
IMZH MY 4 Sym (V- 0 M2 M7V = 1 (6.56)

As all matrices are symmetrized, this is, in two dimensions, a system of 3 coupled and

quasilinear first-order PDE in the components of M. For P? elements, this is a system of
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(¢ — 1)-th order PDE instead, as derivatives of order ¢ of F' remain. The derivatives of f are
known and act as source terms. An exact resolution of this system of PDE, if at all possible
depending on f, seems arduous. Before commenting further, we observe that for quadratic

interpolation, the homogeneous cubic polynomial 7, (¢) in (RS) is obtained from (4.109):

Ty(C) = | Cramno(F(Y) My M7 M + 3 H g (F(y)) M, M2 M0 | CTECE.
cyclic
Z‘7j7k

AL

ijk

(6.57)
The upper bound 9Qa(M;, 0, M, Y ?) can still be solved with Mirebeau’s solution as m,(¢)
is still homogeneous, however, it is much harder to determine the influence of the metric
and its derivatives on Qa, as it is obtained from geometric considerations depending on the
coefficients of the cubic polynomial. In other words, it may no longer be possible to derive a
PDE similar to (6.56) starting with quadratic interpolation. For higher-order interpolation,
the ellipse associated to Qa and inscribed in the level curve 1 of m, of degree k 4 1 is
approximated by the solution of the linearized log-problem (5.76), so that the link between
O and the metric and its derivatives becomes even more tenuous. It seems thus reasonable
to claim that M should be determined numerically as soon as curvature is involved, even
for the simplest case of linear interpolation, either with an ad hoc numerical scheme to
be devised in the future, or by constructing the metric field iteratively within the MOESS

framework [31].

6.2.3 Naive resolution of the metric PDE

To understand the behaviour of the metric for linear interpolation on a very simple test case,
we consider here, as a simple extension of the approach for linear elements, the fixed-point

iteration:

Mgy = MM HpMT 4 Sym (Vf - 0, M7 M) MY,

(6.58)
O M = 0 M),

The fixed-point iterates M;,; are computed for a fixed metric derivative, which are then
updated from M;,;. The conditions under which this scheme converges have not been
investigated, however, it is clear that if the sequence M; converges, it converges to a solution

of (6.55). For higher-order interpolation, the fixed-point iterations would instead take the
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general form:

Mi+1 = Mll/Q QA(Mia amM;l/Q)le/Qa

(6.59)
DM = 0, (M),

The major difference with linear elements, covered by the log-simplex method, is that the
derivatives M1/ depend on the neighbouring values of M~/2, so it is no longer possible
to solve the fixed-point problem independently at each mesh vertex; instead, the metric and
its derivatives must be converged together on the whole mesh. The derivatives of M~1/2
must be evaluated at the mesh vertices. This can be achieved either by recovering each
component with Zhang & Naga’s procedure, or with the weighted average (6.47). We chose
the latter and more local option, as the information is taken from directly adjacent elements
to average the gradients. The metrics at neighbouring vertices may not converge at the
same rate, meaning that they may not require the same number of fixed-point iterations.
Consequently, recomputing their derivatives after each iteration leads to a nonsmooth field,
resulting in inaccurate metrics at the next iteration. To mitigate this issue, the metrics M;
can be converged at all vertices in an inner loop with fixed derivatives 0,,, M, Y 2, ensuring

that the next derivatives are recovered from a smooth metric field:

While Ham/\/l;j{Q — 3m./\/l;1/2“F > €derivatives
For each vertex :
While | M1 — M;llr > €metrics :
— My = MMy, 0, M2 M
O M = 0, (M?) for m=1,2

J

This is summarized in Algorithm 4. Computing the first outer iteration with 9,,, M, 2 =9

yields the metric field of the original log-simplex method, as all metrics are converged without
additional term to account for the curvature. One immediately notices that if the first
iteration yields a constant metric field, then am/\/t;” *=0and convergence is reached within
a single iteration. This happens when the order k41 derivatives of f are constant, as then the
upper bound is the same for all vertices. For instance, and contrary to the metric of Section
6.1, f = 2*+y* with Hessian H; = diag(2, 2) yields the constant metric field M = |H|. Note
that the method proposed in [41] is essentially a single outer loop iteration of the fixed-point
scheme above, where the metric derivatives are set beforehand by considering the family of

curves described by (6.38) and setting their curvature.
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Example: f(x,y)=12%+1°

Preliminary results are presented to illustrate the method. Since f = x? + 3? has constant
Hessian and yields zero metric derivatives, as discussed above, we consider instead f = 343
in [0.1,1]%, and apply the fixed-point method described in Algorithm 4 to derive a field
Q = M satisfying (RS) on a starting uniform mesh. Because a fixed-point scheme is not
best suited to solve PDEs, the metric derivatives prove difficult to converge, contrary to the
linear case which typically requires a few fixed-point iterations. To facilitate the convergence,

the derivatives are under-relaxed according to:
M = Wi (M) + (1 — w)dM; 2, (6.60)

with a relaxation factor w = 0.1. In each inner loop of Algorithm 4, the metric tensors are
converged for the current derivatives up to 1071%, and the outer loop stops when two successive
derivatives fields differ by less than 107 in max norm. The ellipses representing the resulting
Riemannian metrics are shown in Fig. 6.12 for both linear (in black) and quadratic (in blue)
triangles. The optimal metric is essentially a scaled version of the metric for linear elements.

In particular, it does not follow the isocontours of f as would do M.

Figure 6.12 Unit tangential spheres 0B of the metric field M computed with Algorithm 4
for f = 23 + 4. Solution for linear interpolation on linear (P!, in black) and quadratic (P2,
in blue) triangles.
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Algorithm 4 Log-simplex method for adaptation with degree k interpolation on P? triangles.
The boxed section applied to f o F'is the log-simplex method for linear triangles discussed

in Section 5.4.2.

Input: Polynomial degree m = k + 1, derivatives of the field of order k 4+ 1 through
k — g+ 1, stopping tolerance €, maximum number of iterations maxIter.
Output: Anisotropic measure Q (= Riemannian metric M before scaling) for TI* inter-
polation on P? triangles.
function LOGSIMPLEXCURVED(m, €, maxIter)
Seti:j:O,Mj:IandﬁMfl/on

Set derivativesConverged = false

while not derivativesConverged and ¢ < maxIter do > Outer derivatives loop
for all vertices  do > Log-simplex method
Set metricConverged = false

while not metricConverged and j < maxIter do > Inner metrics loop

Compute derivatives tensor 1'(M;, 8/\/1_1/2) & D(f o F(M;)) at

i

if m = 2 then > Linear interpolation
Qp(x) = (T +T7)/2|
else if m = 3 then > Quadratic interpolation

coeff(my) = [Th11, Ti12 + Tio1 + To11, Ti22 + Tor2 + Tho1, Thoo]

On,j(x) = ANISOTROPICMEASUREQUADRATIC(coeff(m,)) > Algo. 2
else

Set coeff(m,) from T

O j(x) = exp (La(A(my))) > Solve log-problem for T,
end if

Recover the physical-space solution Q;(x) = M;/z(w)QA,j(:c)M;/Q(a:)
Set M;1() = Qy(x)
Compute stopping criterion diff = ||M,1(x) — M;(x)| /|| M, (x)| F
if diff < € or j > maxIter then

metricConverged = true
end if

Increment j

end while
end for

Recompute metric derivatives M, Jrll/ ? = 9(M; %) at mesh vertices

J

Compute stopping criterion diff2 = maxg x(||OpMir1 — M| r/]|0Mil F)
if diff2 < e or 7 > maxIter then
derivativesConverged = true

end if

Increment 7
end while
end function
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6.3 Conclusion

In this chapter, we discussed Riemannian metrics for adaptation with curvilinear triangles,
with the emphasis on (7) a metric controlling the maximum error on quadratic approximation
of the isocontours and gradient curves of a field, and (ii) a fixed-point scheme to tackle the
problem of finding the best upper bound on the derivatives of the composition f o F' for
nonlinear transformations F'(M). The former metric is the metric induced by the graph of
f, with principal sizes modified to limit the interpolation error on specific curves. Despite
some shortcomings, it predicts a second-order convergence with respect to the continuous
linear interpolation error on curved elements for the considered test cases, for varying ranges
of complexity. The second metric is the scaled solution to (ii), and is the generalization
of the optimal metric for linear simplices, minimizing the interpolation error on nonlinear
elements. It is derived from a natural extension of the log-simplex method and is computed
in the reference space. Because of the nonlinearity in M of the transformation F(M),
the nature of the problem to solve for M changes from a nonlinear equation to a system
of quasilinear PDEs in the components of the metric. An efficient numerical resolution
of this PDE, which is yet to derive, seems crucial to provide a complete methodology to
make curvilinear mesh adaptation competitive. In this chapter, we merely generalized the
log-simplex fixed-point iteration to account for the metric derivatives. When the proposed
fixed-point method converges, it is a solution to this system, but it proves hard to converge

in practice.
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CHAPTER 7 GENERATION OF QUASI-UNIT CURVILINEAR
TRIANGULATIONS

This chapter tackles the last ingredient of high-order metric-based anisotropic meshing,
namely the practical generation of optimal curvilinear triangulations with respect to a Rie-
mannian metric. The objective is to generate metric-conforming and quasi-unit elements in
the sense of definitions QU1p and QU2p of Chapter 4, which are recalled here:

Definition. (QUIp) A P? simplex K is quasi-unit with respect to M and K, if its quality

Qk, s in [a, 1] and if homologous edges e and ey satisfy
1
V2

Definition. (QU2p) A P? simplex K is quasi-unit with respect to M and Ky if

Cralen) < Lu(e) < V2e(en). (7.1)

e it is valid;

o its edges approximate the geodesics, thus are of minimal length;
o homologous inner angles 0 and 0y satisfy 0y — c < 6 < 6y + ¢;

o homologous edges e and ey satisfy (7.1).

In addition to controlling the edge length, as is done for linear quasi-unit simplices, both
definitions yield triangles of controlled edge parameterization and inner angles. In QUIp,
these are set as a by-product of the distortion-based quality, whereas QU2p enforces the
angles and explicitly requires the edge parameterization to be length-minimizing. In the
following, we describe a global remeshing method where 2D curvilinear P? triangulations are

obtained in two steps, described in Sections 7.1 and 7.2 respectively.

Firstly, a valid and high-quality linear mesh is generated with a frontal approach, using
a front of vertices instead of a traditional front of faces. We build on existing methods
proposed by e.g. Loseille et al. [42,43], Marcum and Alauzet [101,102] and Baudouin et
al. [103], where the edges follow the principal directions of the metric, that is, are aligned
with its eigenvectors. However, instead of creating right angles for the Euclidean metric
by aligning the edges with two orthogonal directions, as is done in the metric-orthogonal
approach, angles are controlled for the given metric M. Moreover, in addition to the integral
curves of the metric eigenvectors, we explore the creation of unit edges along the geodesics
of M, in agreement with QQU2p. These two families of curves are similar for the considered

applications, but, to our knowledge, are not formally linked. At the end of this step, the
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length and angles of the future edges are roughly determined and the positions of the P*

vertices are fixed until the end of the procedure.

Secondly, the linear mesh is curved by moving the P? edge vertices to minimize either the dis-
tortion, yielding high-quality QU1p triangles, or the Riemannian length to create quadratic
approximations of the geodesics. The former, distortion minimization, is a global and expen-
sive problem, where the mesh is improved by minimizing a nonlinear functional over all inte-
rior edge vertices [25-27]. As such, generating large-scale meshes of quasi-unit simplices by
explicitly controlling their distortion is not realistic. Rather, it can be used as a gold standard
against which the weaker definition (QU2p of simplices can be compared. In contrast, length
minimization is purely local and very fast. It is a straightforward approach to edge curving
that has been explored in recent works on curvilinear mesh adaptation [21,23, 24, 29, 41].
Together with a control of the inner angles, it proves an efficient way of generating quasi-unit
triangles with quality indicators comparable to quasi-unit triangles in the sense of QUIp. We
detail in Section 7.2 how each quantity is minimized, then present illustrative examples of

curved meshes adapted to analytical fields and CFD solutions.

All operations (vertex sampling, edge swaps, edge curving) heavily rely on interpolating the
metric and its derivatives over a background mesh. In fact, due to its constant use, metric
interpolation, and especially point localization in the background mesh, proves to be the
bottlenecks of the presented pipeline. Metric-based mesh generation is an iterative process,
where both the mesh and the Riemannian metric are successively improved with the goal of
converging them together. Here, the background mesh and its metric are the ones obtained
after a few (typically 5) iterations of linear anisotropic adaptation, and a single curved mesh
is generated for each test case. As curvilinear mesh generation is still exploratory, this allows
to start from a known and robust pipeline. However, future advancements are expected to

iterate directly over curved meshes.

The approach presented in this chapter can be applied to generate quasi-unit P? triangula-
tions for any input Riemannian metric. Naturally, the metric must be tailored to the field of
interest and adequately account for element curvature to provide a gain in interpolation error.
Since the optimal metric for interpolation on curved meshes, described in Chapter 6, is not
yet available, we do not expect appreciable gains of interpolation error with curved elements,
compared to linear meshes adapted to the optimal metric for linear elements. Nevertheless,

it is a step in the right direction as we describe how ideal elements can be generated.

All methods discussed were implemented in GMSH. However, there remains a close integra-
tion between GMSH and our finite element solver in some steps. For instance, the background

mesh /metric pair uses data structures from our code, which consequently manages mesh lo-
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calization and metric interpolation. Once these routines are fully integrated into GMSH, the

entire pipeline for metric-based curved meshing will be publicly accessible.

7.1 Initial straight mesh

We start by generating a valid linear mesh with the required spacing and angles. As discussed
in the introduction, a major difference with quasi-unit linear elements, where only the edge
lengths matter, is that curved triangles require controlling the inner angles with respect to
the Riemannian metric. Linear elements need not follow any particular direction, as long
as they exhibit a satisfying quality and their edges are quasi-unit. As a result, and to our
best knowledge, publicly available metric-based meshing libraries, such as mmg or BAMG, do
not control the inner angles of their quasi-unit linear meshes. As in [21,23,41], we choose to

create a linear mesh with a pipeline similar to Loseille et al. [42,43]. This is done as follows:

1. Create the background mesh and metric field from the current mesh and its Rie-
mannian metric. The background mesh is kept throughout the process for metric
queries with the log-Euclidean interpolation presented in Chapter 3, as originally pro-

posed by Aparicio-Estrems et al. [26] and Rochery [17].

2. Generate a metric-conforming linear mesh with an off-the-shelf meshing library (in this
work, mmg2d). The interior vertices are discarded to keep only an empty mesh, that

is, a metric-conforming discretization of the boundary.
3. Initialize a front of vertices containing the boundary vertices.

4. Spawn the interior mesh vertices at unit distance from one another until the front

becomes empty. This is discussed in detail in Sections 7.1.1 and 7.1.2.

5. Triangulate the vertices using the isotropic Delaunay kernel, followed by edge swaps

to improve the distortion-based quality. This is discussed in Section 7.1.3.

7.1.1 Alignment with the metric and control of the inner angles

Generating anisotropic meshes with enforced directions was tackled by Loseille et al. [42,43],
Marcum and Alauzet [101,102] and more recently Xiao et al. [104], leading to the definitions
of metric-orthogonal and metric-aligned meshes, with similar ideas applied in Baudouin
et al. [103] in the context of hex-dominant meshing. The metric-orthogonal approach,
which is the one on which the works above focus, generates right triangles in the Fuclidean

space by sampling the vertices along the integral curves of the metric eigenvectors. This
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yields block-structured meshes whose edges follow the directions of the metric and with few
obtuse angles, which are desirable e.g. for boundary layer simulations or to better control
the interpolation error in H' norm [38]. This approach has been used since the first papers
of Zhang et al. [21-23] for curvilinear mesh adaptation, as well as in our continuation of their
work [41]. Indeed, the chosen metric in those works is the isocontour metric Mjy, discussed
in Chapter 6, designed to limit the interpolation error on curves aligned with the directions
of the metric. It is then natural to enforce these directions in the curved mesh, thus the

choice of metric-orthogonal meshing.

The metric-aligned approach, on the other hand, creates equilateral triangles with respect
to the metric, but, unlike standard mesh generators, aligns one of their medians with the
direction of highest anisotropy. Thus, it creates quasi-unit triangles in the usual sense with
controlled orientation. This is achieved in [43,101] by advancing a front of edges, where each
edge proposes a new vertex in the direction of the largest metric eigenvector. The angles in
the metric are not explicitly controlled, as new vertices are proposed along the eigenvectors

of the metric, independently of the orientation of the active front edge.

The metric-orthogonal approach controls the orientation and the inner angles for the Eu-
clidean metric M. In general, angles which are controlled for the Euclidean metric can be
arbitrary with respect to M. But because the Jacobian matrix Jx,,x = M~12R, can also
be viewed as a linear endomorphism M~/2R; : R? — R? from the reference space (R?, M) to
the parameter space (R?, M), two vectors in the reference space aligned with the eigenvectors
v; of M~1/2 (thus also of M) are simply scaled by the linear map M~'/? and remain aligned
with v; in the parameter space, as shown in Fig. 7.1. Conversely, aligning two edges with v;
directly in the parameter space, where the mesh is constructed, aligns them in the reference
space and controls their metric angle. Because the metric-orthogonal approach aligns the
edges with both the metric eigenvectors, their preimage in the reference space can only form
a right angle. In other words, it creates right angles simultaneously for the input metric and
for the Euclidean metric. Following Chapter 4, the metric-orthogonal approach hence yields
angles suitable for the creation of triangles (quasi-)isometric to Ky = K. In [21-23,41],
we use a metric-orthogonal vertex sampling and curve the edges to approximate geodesics,

which amounts to creating unit triangles w.r.t. Ky = K.

For other target simplices, for instance Ky = K, it is in general not possible to control
the inner angles with respect to both M and M. In fact, the angles can be controlled for
both metrics only if M is "stretched enough' to allow the triangles to rotate to form e.g.

right angles. In that case, the dot product of mapped unit vectors w.r.t. M can be set
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O = 90° Oyl = 90° 00 = 90° Byl # 90°

(R%, M) (R2, M) (R2, M)

Figure 7.1 Angle control with the metric-orthogonal approach. On the left, the pattern of
right triangles (copies of K\ ) has two edges aligned with the eigenvectors v; of M~1/2  in red.
The 90° angles are preserved by M~1/2 but not the 45° angles. On the right, the reference
triangles are not aligned with the v; and the triangles mapped by M~'/2 have arbitrary
Euclidean angles. The ellipse ||u||s¢ = 1 is in plain and the ellipse ||u|[x = v/2 in dashed.

to the cosine of the required angles. For instance, take u = (1,0) and v = (1/2,v/3/2)
forming a 60° angle in the reference space (R2, M). The mapped vectors M~2 Ryu and
M_%R(ﬂ) in the parameter space preserve the metric angle 6, = 60°. The leftmost subfigure
of Fig. 7.2 shows triangles associated to both u, v in the reference space and to their images
in the metric space (R?, M), as they are isometric and are seen as equilateral triangles in
both spaces. The mapped tangent vectors will make an Euclidean angle of 90° if there is a
rotation matrix Ry = R(6p) such that:

(M2 Rgu, M3 Ryv)
IM == Ryul[[| M™% Rov|

c0S Oeyes = 0

u" REM ™ Rov = 0. (7.2)

Depending on the metric, this may or may not have solutions. If this has a solution, then
mapping the 6 directions by M™2R, yields triangles with Euclidean inner angles of 90° and
45°, see Fig. 7.2.

Opq = 60°

/NN
\

(R2, M) (R2, M) (R2, M)

Ocuel = 90°

Figure 7.2 Angle control with the metric-aligned approach. For this particular metric and
rotation Ry, the triangles mapped by M~Y2R, form right angles in the Euclidean space, but
are not aligned with the eigenvectors.
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Contrary to the metric-orthogonal approach, the mapped directions may not coincide with
the metric eigenvectors (in red in Fig. 7.2), hence for a constant Riemannian metric such as
the one of Fig. 7.2, it is possible to create a block-structured mesh that is not aligned with
the principal directions of anisotropy, but whose angles are controlled for both M and the

Euclidean metric, and is thus unit for both lengths and angles.

To create unit triangles for K, we propose to start from the metric-aligned approach and
explicitly control the inner angles with respect to M. At a point @ in the parameter space
(R?, M), 6 inner angles are defined in the tangent space with constant metric tensor M.
Given a first direction ug (for instance one of the eigenvectors of [M;]), the next direction v
is chosen so that the Euclidean angle 0., between them sets the dot product w.r.t. M to a

target. For instance, to obtain 60° angles in the metric, 0., satisfies:

g 00O, 1 (6 IMalv(0una)) 1
e gl Ceselllve 2 (M) 07 P Mo o)) &

(7.3)

From among the 4 exact solutions to the above, 6., is the one that yields a positive dot
product and keeps rotating in the same direction as the previously chosen angles. On the
leftmost part of Fig. 7.3, ug is aligned with the smallest metric eigenvector Ay Y 2’02, and the
6 Euclidean angles obtained this way form metric angles 6, = 60°. Alternatively, a global
rotation Ry can be determined so that M~Y2Ryu = ug = Vo, then used to map the remaining

5 reference vectors forming equilateral triangles in the reference space.

__________________________________________________________

i ' Angles controlled w.r.t. Riemannian metric

:“",_ Op1 = 90° = Oyl e

/

O = 45° # Oouel

[ Bt = 60°

Figure 7.3 Control of the inner angles for the Euclidean metric M (left) or for the input
metric M (right).

Both the metric-orthogonal and metric-aligned approaches use the integral curves of the
eigenvectors of the metric for alignment, whereas QUZp defines quasi-unit elements in
terms of geodesic parameterizations. Although both trajectories are very similar for the
presented test cases, we did not find nor established a formal link between eigenvectors and

geodesics in general'. In the following, we compare the meshes obtained by spawning vertices

1Strictly speaking, eigenvectors are not defined for Riemannian metrics, which are covariant 2-tensors and
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along both trajectories.

7.1.2 Vertex insertion

Following [21,22,41-43,101], interior vertices are added to the empty mesh using a front of
vertices. Unlike the usual frontal methods using a front of edges or faces, new vertices are
proposed along trajectories originating from an active front vertex. This front is stored in
a queue and initially consists of the boundary vertices constituting the empty mesh. The
active vertex proposes N = 4 to 6 neighbours at unit distance along the chosen trajectories
(eigenvectors integral curves or geodesics), depending on the choice of angles in the initial
directions, then is removed from the queue. Different vertices will propose close or identical
neighbours, so the vertices must be filtered to avoid creating short edges. In this work, as
in [21,22,41], this is done by updating an RTree [63] with the accepted vertices and their
metric. The accepted neighbours are then added to the front, and in turn propose new
vertices until the queue empties. In the following, the creation of new candidate vertices and
the filtering step are described. At the end of this operation, a cloud of points is obtained

and is triangulated in the next section.

Integration along the chosen trajectories

Integrating along either the eigenvectors or geodesics requires solving an initial-value problem
for the trajectory «v(t). Let \; and v; be the eigenvalues and eigenvectors of [M] and let vy,
be associated to A\71/2 = hy;,. N candidate vertices are obtained by integrating the chosen
ODE with initial velocity w = hu;, where u; is unit and makes an angle with vy, controlled
for either M or the Euclidean metric, and A is the length from & = ~(¢) to the unit ellipse

in the direction u;. If u; makes an angle 6 with vy, this length is:

- hahy
\/ h?sin? 0 + h cos? 0

N

h(0) with  h; = A; 2. (7.4)

For instance, with the metric-orthogonal approach, the u; form a right-angle with each other

1
for the Euclidean metric and the 4 initial velocities are simply the 4 eigendirections +A; *v;.

not linear transformations or (1,1)-tensors, but they can be used to determine the metric, as discussed in
Chapter 3. Nonetheless, this is more subtle that it seems. For instance, in the hyperbolic plane {(z,y) €
R? | y > 0} characterized by the metric [M] = diag(1/y?,1/y?), the geodesics are vertical lines and half-
circles centered on the x-axis, see e.g. Shifrin [98]. The horizontal lines have constant but nonzero geodesic
curvature, thus are not geodesics. As the metric is diagonal, any two orthogonal vector fields can be taken
to be its eigenvectors, but we cannot conclude that integrating along any set of eigenvectors yields geodesics.
On the contrary, each point is the intersection of a vertical line with a half-circle, and these geodesics do not
intersect orthogonally in general.
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With the metric-aligned approach, the first velocity vector is set to v, and the remaining
angles are controlled for the metric M and obtained by solving (7.3). Integrating along the
eigenvectors thus yields the first-order ODE:

{7(0) = Ty, (7.5)
h = w(y(1)),

whereas integrating the geodesic equation requires solving the second-order ODE:

d2’7k d’Yid”Yj k /
e SEOTE () =0, (0) = e, 7(0) = hl@o)u; (o). (7.6)

The former only requires interpolating the background metric along the trajectories, whereas
the Christoffel symbols in the geodesic equation require both the metric and its derivatives.
The derivatives are more expensive to interpolate, thus compute the geodesics comes with an
inherent cost increase. After recasting the geodesic equation into two first-order ODE, either
(7.5) or (7.6) can be integrated with e.g. a standard RK4 method until a point x; at unit
distance from xy. This is shown in Fig. 7.4 for the hyperbolic tangent function and for the
metric-orthogonal approach. Each dot in this figure is a neighbour proposed by the active

vertex of the front.

Figure 7.4 Integral curves of the eigenvector fields (left) and geodesics of the isocontour metric
(right).

The right-hand side of the geodesic equation is always uniquely defined, but the one of (7.5)
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is chosen from among N directions. To avoid sudden direction changes, the next velocity
vector at each substep is taken as the one the most aligned with the current velocity, yielding

the following scheme similar to [43]:

Iy = Ty, wp = h(iﬂl)’u]'<$1>,
At .
Ty = Tn + Wi, wy = h(@y)uj, (®s),  j2 = arg max wi(@s) - u;(z),
At .
T3 = T + W2, w3 = h(x3)uy,(T3), Js = arg [max up(3) - wj, (T2),
Ty =z, + Atws, wy = h(xg)uj,(T4), Js = arg max up(xy) - wjy (x3),

)

t
Ty = X, + ?('wl + 2 wsy + 2w3 + wy),

(=0+de, dt = \J (20 1)T M(@) T (7.7)

This spawns a candidate vertex at unit distance and along the trajectory of the eigenvectors,
but requires 4 metric interpolation per step to produce the velocity vectors w,. As metric
queries are the costliest operations of the meshing procedure, a cheaper alternative such
as the one-step Runge-Kutta-like scheme from [43] can be considered. A direction xox, is

estimated following;:

T =20+ Zh(wo)uj(mo),

1 )
T2 = @1+ Jh(@)u (@), 51 = arg max uk(@) - uy(@o), (7.8)

)

T3 = T2 + Zh<w2)uj2($2)a J2 = arg krg%)ﬁr ug(xy) - ujl(ilfl),

Ty = T3+ Zh<$3)uj3(333)7 J3 = arg Jnax ug(T3) - uj,(T2),

then the candidate x; is localized by dichotomy on the segment xox4 so that:

1 1
Cn(oz;) = /0 2o, || v dt = /0  @om;)T M(mo + tmom;) momsdt = 1. (7.9)

The full integration is accurate, but is typically one order of magnitude more expensive,
depending on the number of RK4 steps. This is the approach that was taken to obtain the

prototype meshes of this chapter, however.
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Filtering

As we aim at generating quasi-unit edges, vertices should not be allowed to create edges
of length smaller than e.g. fu, = 1/v/2 if the chosen reference simplex is Ky = Ka. To
this end, the NV candidate vertices x; proposed by the active vertex in the front are filtered
based on their distance to the previously accepted vertices. A candidate is rejected if its
distance to any vertex is smaller than ¢,;,. Fast neighbours detection is achieved with an
RTree spatial search structure, storing the accepted vertices together with a rectangular box.
Two vertices are considered neighbours if their boxes overlap, and distance checks are only
carried out between such neighbours. This procedure is illustrated in Fig. 7.5. As always,
identifying neighbours and computing lengths between them is a trade-off between speed
and accuracy. Here, to reflect the exclusion zone of a vertex x and its metric, the box is the
axis-aligned bounding box of the ellipse E = ||u|y = VuT Mu = Lo, see the bottom right
of Fig. 7.5. Because the Riemannian metric is not uniform in general, the sphere of radius
lmin centered at & has an arbitrary shape and differs from this ellipse, see Section 3.4.1.
However, estimating this sphere precisely is too expensive and FE is its most straightforward,
albeit crude, approximation. The bounding box of E is obtained from its extreme points with
respect to the x, y-axes, obtained by cancelling the derivatives of the parameterized ellipse

of semi-axes a,b making an angle ¢ with the x-axis:

x(t) = x9 + acostcos¢ — bsintsin ¢ t: = atan (Y/a tan ¢),
= (7.10)

y(t) = yo + bsint cos ¢ + acostsin ¢ ti = atan (— b/a cotan ¢),

The extreme points are z* = x(t}), y* = y(t;), see Fig. 7.5, or simply the semi-axes when

the ellipse is aligned with either axis.

Before a new vertex x; is inserted in the RTree, its metric-weighted distance to all other stored
vertices x, with overlapping bounding box is checked. As these vertices do not lie on a par-
ticular trajectory in general, the only natural curves between them are the straight line x;x;
(because they lie in the parameter space, a subset of R?) or a connecting geodesic. Comput-
ing the length of the straight line is clearly the most viable option as this check is performed
a large number of times. Note that since the length of the straight line overestimates the
Riemannian distance between the two vertices, i.e., {yp(x;25) > dm(x), x5), it is only con-

servative to reject a vertex, but never to accept it, as {y(2;25) > lmin 7 dm(X;25) > linin.-

Long edges are not controlled with this method. However, if the mesh is not too coarse

and the metric is graded, enough vertices should be placed so that few long edges are cre-
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g — |a*|

Yo — |y’

Figure 7.5 RTree for the insertion of new interior vertices. In this example, the blue vertex
proposes 4 neighbours along the eigenvectors with the metric-orthogonal approach. The 3
green vertices were accepted and added to the tree with their metric. Before inserting the
red vertex, distance checks are performed with other vertices whose ellipse bounding box
intersects its own (not shown). The red vertex is rejected as it is too close to two existing
vertices. Bottom right: computation of the axis-aligned bounding box of an ellipse.

ated. In Zhang et al. [22], long edges are eliminated with the so-called Curvilinear Small
Polygon/Polyhedron Reconnection (CSPR), a curvilinear variant of the SPR cavity opera-
tor [105,106], combined with the Growing Cavity proposed by Marot et al. [106]. Cavities
are built around remaining long edges after curving, then all their possible curved trian-
gulations are enumerated. The triangulation maximizing the minimum quality is selected
and replaces the existing edges. Re-triangulating macrocavities this way allows to escape
local quality maxima by reaching configurations not reachable with standard swaps. This
formulation only accounts for quality, however, and not edge length explicitly, and indeed,
the CSPR operator cannot remove all long edges in the curved mesh [22]. Moreover, the
original SPR operator is appealing because computing the quality of linear elements for the
Euclidean metric is very cheap, whereas the CSPR computes quality for a varying metric on
P? triangles which comes at higher cost. The addition of the CSPR, or a variant thereof,
should be explored in the future to eliminate long edges in the final mesh and improve the

present method.

7.1.3 'Triangulation and optimization

Next, the cloud of vertices is triangulated to provide a valid and metric-conforming linear
mesh. In [42,43,107], new vertices are inserted and triangulated on the fly within a cavity

operator. This operator implements the anisotropic Delaunay kernel and performs standard
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mesh operations, such as vertex insertions, edge collapses, edge swaps and, more recently,
edge curving [24,32], in a unified framework. This cavity operator only creates valid elements
and ensures the mesh is valid at all times during vertex insertion. As the meshing routines
were implemented in GMSH where there is no such cavity operator, we triangulate the point
cloud with the standard isotropic Delaunay kernel, then swap the straight edges to improve
conformity with the metric through a quality function. The vertices are not relocated as they
were sampled at quasi-unit distance of one another. To guide the edge swaps, we maximize

the minimum elementwise distortion-based quality Qr,, defined in (4.48) by:

1 —1/n 2/ Kl%n
K) = / " (y)d — e K2 —d M g ), 7.11
Qul8) = (i [ k) = el e, @

with n the dimension of space, ¢, = 3/2 in 2D or 2 in 3D and e; the edges of K. That is, an
interior straight edge shared by two triangles K7, K5 is flipped to form the triangles K7, K} if:

Klin%?’Ké Qr,(K'") > KinKilr,lKg Qr, (K). (7.12)
Since (), measures how far K deviates from a conformal transformation of Ky, the swaps
aim at optimizing the straight mesh with respect to the inner angles for M. Note that if the
reference simplex K is not equilateral, then the distortion depends on the ordering of the
vertices through the Jacobian matrix Jx. This ordering must be accounted for to swap the
edges consistently. Quality is improved by applying several passes of edge swaps. At each
pass, only the edges touching a previously swapped triangles are tested. Edges are swapped
this way until a stable configuration is found. These swaps are also performed as a final

optimization step, to improve the P? quality after curving to minimize the edge length.

The creation of the straight mesh for two analytical functions, following a metric-orthogonal
point placement along the eigenvectors, is illustrated on Figs. 7.6 and 7.7: vertex sampling at
controlled angles and distances starting from the empty mesh, connection with the isotropic
Delaunay kernel and edge swaps. In regions where the elements should be curved, the
apparent angles of the straight mesh are not 90° as vertices are connected by straight lines,
while right angles are formed along the integral curves and will be recovered after curving.
Linear meshes for 4 combinations of trajectories (eigenvectors versus geodesics) and angle
control (metric-orthogonal vs metric-aligned) are shown in Fig. 7.8 for the hyperbolic tangent
function. Quality indicators for all 4 combinations of approaches and for both f = 2?4%? and
the hyperbolic tangent are presented in Figs. 7.9 and 7.10. For each mesh, the distribution

of inner angles with respect to the metric 6, and to the Euclidean metric 6, are presented,
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together with the distortion-based quality @k, and the Riemannian edge length ¢M/(e).
These histograms summarize the remarks made so far. They should be read together with
the histograms of Figs. 7.12 through 7.15, showing the same indicators after curving the
meshes. Specifically, the inner angles are better recovered after curving. In all histograms,
red and blue bars are the initial unswapped and final swapped straight mesh, respectively,
and green bars correspond to the final curved mesh. The blue bars in Figs. 7.9 and 7.10 and

in Figs. 7.12 through 7.15 are the same set of data.

The metric-orthogonal approach (first and third rows) yields 45° and 90° angles w.r.t. M in
proportion close to 2:1. This translates in a similar distribution of 90° angles in the Euclidean
space, but 45° angles are mapped to arbitrary angles in |0°,90°[. This illustrates the fact
that 90° are preserved when the edges are aligned with both metric eigenvectors. The metric-
aligned approach (second and fourth rows) creates a Gaussian-shaped distribution of metric
angles centered around 60°, as expected. Those angles can be associated to very small or
larger Euclidean angles. Slivers are not yet filtered in the meshing procedure. This translates
in very obtuse Euclidean angles in very anisotropic regions, as seen in Figs. 7.14 and 7.15 for

the hyperbolic tangent. Very small angles in these regions, however, are not a problem.

For all meshes, there are no short edges save for a few boundary edges, whose position is
fixed by the empty mesh. A small proportion of long edges remains, however, as they were
not explicitly treated. A majority of edges have almost exactly unit length. The metric-
orthogonal approach yields right triangles for the metric, and a peak close to £ (e) = v/2
can be observed. It also creates more long edges, as these edges aim a length of £y = /2
and can theoretically lie in [1/v/2y, v/20o] = [1,2]. Conversely, the metric-aligned approach

creates equilateral triangles with a higher concentration around ¢ (e) = 1.

Lastly, the quality of the swapped linear meshes is excellent and slightly improves after
curving. Note that all meshes were improved for Q)x ., whereas metric-orthogonal sampling

creates unit triangles for K.

Aside from creating less right angles in the Euclidean space for geodesics, the indicators for
following the eigenvectors (top two rows) or the geodesics (bottom two rows) are very similar.
As they are cheaper to compute and yield comparable results, the subsequent meshes are

computed along the metric eigenvectors, as in [21-23,41].

7.2 Edge curving

Then, the linear mesh is curved to obtain quasi-unit P? triangles in the sense of QUIp or

QU2p. To this end, the P! (corner) vertices are kept fixed and only the interior edges vertices
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Figure 7.6 Generation of a metric-orthogonal linear mesh for f = 2% + %2 and the isocontour
metric of Chapter 6. Top: boundary vertices with their ellipse satisfying |Jul|3, = v’ Mu =
¢2 . and bounding box, and final front of vertices. Bottom: initial isotropic Delaunay trian-

min

gulation and triangulation after edge swaps to improve the distortion-based P! quality.

are moved according to the chosen definition of quasi-unit. QUIp triangles have controlled
quality whereas QU2p approximate geodesic triangles, hence edge curving is achieved by
minimizing either the mesh distortion or the edge length w.r.t. the Riemannian metric,
respectively. The former is a global optimization problem that was proposed by Aparicio-

Estrems et al. [25-27]. It can be viewed as a target matriz approach with respect to a
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Figure 7.7 Generation of a metric-orthogonal linear mesh for f = 2 + 2%y + tanh[10 (22 —
sin 5y)] and the isocontour metric. Top left: sampled vertices. Bottom left: initial tri-
angulation connected with the isotropic Delaunay kernel. Bottom right: swapped mesh.
Comparison with standard quasi-unit linear mesh generated with mmg2d (top right).

Riemannian metric [108,109]. The edge vertices are moved to minimize a nonlinear mesh
distortion functional, which is regularized to detect invalid elements. In this work, the min-
imization is carried out on the nonregularized functional, with an additional smooth term
enforcing validity as done in Toulorge et al. [16] and in Chapter 4. As an alternative, Rochery

et al. [33] recently proposed a promising one-step curving method to enforce unitness with
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Figure 7.8 Initial linear meshes for the four considered approaches.

respect to the Jacobian matrix evaluated at the triangles’ barycenters. Turning the global
and expensive optimization problem into cheap elementwise operations makes this approach
particularly appealing. It was not implemented in this thesis, but its ability to generate

QUlp triangles should be investigated in the future.

The latter, edge length minimization, is a local problem formulated independently on each
interior P? edge. This is an n-parameters unconstrained optimization problem for each edge,

which is fast and easily parallelizable. There is no a priori link between the geodesics and
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their P? approximation, that is, placing the edge vertex at half the geodesic parameteriza-
tion does not yield a length-minimizing parabola in general, as the optimal vertex is not
even required to lie on the geodesic. Thus, minimization is always required to obtain the
optimal edges. Because it is a natural and straightforward approach, length minimization
has been the default curving method in most works on metric-based curvilinear mesh adap-
tation [21,23,24,29,41]. Note that unless the vertices are sampled along geodesic curves, one
cannot both minimize and control the length within [1/v/20(e), v/2¢(eg)] in general, as short

nonminimizing curves can become shorter than 1/v/2¢(ey) after minimization.

Each minimization is detailed in this section and illustrative examples are shown. The quality
indicators already presented for the linear meshes are shown after curving, and indicate that

quasi-unit meshes are obtained.

7.2.1 Distortion minimization

We first recall the definition of the pointwise distortion w.r.t. a reference simplex Kj. Letting
J = JK0—>K(y) and M = I:MFA—)K(y)]:

1w (JTMY) - s
n(y) = n et A 2 (7.13)

Distortion minimization was tackled in [25-27] by minimizing the regularized distortion func-

tional:

min Y [ nd(y) dy, (7.14)
" keT /Ko

where the regularized pointwise distortion is defined as follows to detect inverted elements:

tr (JTMJ
T]O(y) - (Q/n) Wlth og = 0’_{_2|0-|, g = detJv det M (715)
nog

This function blows up when J = detJ < 0. It varies smoothly for 7 > 0 but is not
differentiable at J = 0. Here, similarly to Chapter 4, we minimize instead the smooth
functional £ = £ + F, where £ is the nonregularized distortion functional obtained by
changing 7 to 1 in (7.14), and F enforces the validity of the P? triangles as described in
Toulorge et al. [16]. It writes:

Foyyr(ME) sy

KeT j=1 KeT j=1

In (NJ(“")_EJO)F + (NJ}:”) - 1)2, (7.16)
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where F, is the log-barrier [| described in Chapter 4, the N, are the 6 Bézier control coefficients
described in Chapter 2 and such that the degree n(¢—1) = 2 polynomial Jacobian determinant
of the P? triangle K writes Jx(&) = ¥, N;B;(§), and Jp is the Jacobian determinant of
the underlying P! triangle associated to K. The sum F blows up as soon as any control
coefficients of the mesh becomes negative, which is a sufficient but not necessary condition
for the associated determinant Jx to become negative. The objective function is thus overly
conservative and forbids valid configurations with min N; < 0. In the following, we simply

set € = 0 to ensure that all triangles remain valid during the minimization.

The minimization is performed with a quasi-Newton L-BFGS method via the library CERES
[54] by providing the exact gradient VE w.r.t. the edge vertices. The minimization ter-
minates when either the relative decrease in the cost function, the maximum norm of its
gradient or the change in the problem parameters ||Ax;|| passes below the default threshold
of CERES, which are 107%,1071% and 1078 respectively.

7.2.2 Length minimization

Recall the quadratic edge parameterization for ¢ € [0, 1]:

e1a(t) = (1 —t)(1 — 2t)xq + 4t(1 — t)@1o + t(2t — 1),

(7.17)
6/12(t) = <4t — 3)$1 + 4(1 — 2t)zc12 + (4t — 1).’1}2

Each edge e12(t) is curved by moving the middle vertex to minimize the Riemannian length:

mlnﬁM e12) mln/ \/ (€15(t))T M (e1a(t))es(t) dt. (7.18)

12

Letting e’ = €),(t), the length gradient requires computing:

0

3
ox',

8 Me' + ()7 +OM(e) .

() M(e)e') = (7.19)

83:12 oxty

The derivative of € w.r.t. each component of the middle vertex is simply 4(1 — 2t)e;. The

metric derivative w.r.t. a;o writes:

. OM
41— )57 = =

e(t) e(t)

oM(e) _
oxiy, — Oxm

de™  OM
® oxiy,  Oam™

41 — t). (7.20)

The metric and its gradient are interpolated from the background mesh?, following the pro-

2The current implementation interpolates the metric from the background mesh at each quadrature node,
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cedure proposed by Aparicio-Estrems et al. [26] relying on the derivatives of the eigenvalues

and eigenvectors of M and described in Section 3.6.1.

Contrary to the distortion functional, the validity of the elements is not accounted for while
minimizing and must be enforced a posteriori. A simple backtracking procedure was applied:
if a triangle is invalid after curving its edges, the curvature of each edge is linearly reduced
along its displacement vector @ = x;;;; with Z;; = (x; +x;)/2, until all of its Bézier control

coefficients become positive.

Curved meshes for the running examples are shown in Fig. 7.11, and the quality indicators

are presented in Figs. 7.12 through 7.15. These were commented in Section 7.1.3.

7.3 Illustrative examples

7.3.1 Lagrangian Coherent Structures

In fluid mechanics, Lagrangian coherent structures (LCS) are material separatrices revealing
the dynamics of a flow, such as vortices, stagnation and separation/attachment lines (in 2D
flows) and surfaces (in 3D). They were introduced by Haller [110,111] to describe fluid flows
through the theory of dynamic systems. LCS may be described as n— 1-dimensional manifolds
locally maximizing (i.e., the ridges of) a scalar field called the finite-time Lyapunov exponent
(FTLE), a measure of the maximum growth rate of the distance between two initially close
fluid particles over a finite time interval. These manifolds have locally the strongest influence
on nearby trajectories and help visualize the flow structures. Depending on the Eulerian ve-
locity field, these ridges can be curved and/or exhibit a pronounced anisotropy, making them
prime candidates for anisotropic mesh adaptation, see for instance Miron et al. [5] and Fortin
et al. [6,37] for examples of straight-sided adaptation with and without Riemannian metrics
respectively. We briefly describe the computation of the FTLE field and of the Hessian ma-
trix of the flow map driving the adaptation, and refer to these works for more details. Given
a velocity field u(x, t) and a time interval [to, to+7"] with positive or negative 7', a Lagrangian
particle initially at some x( follows a trajectory determined by «'(t) = u(x,t). The position
x(t) is the current configuration from continuum mechanics, and the flow map is defined
in [5,6,37] as x(xo,T"), the final position of the particle. The evolution of this particle at
to + T is reflected by the right Cauchy-Green strain tensor C = (Va(xo,T))T - (Va(x0, T)),

where the gradient is taken w.r.t. the position X = xy in the reference configuration. In

but it would be faster to interpolate only at a2, then use quadratic log-Euclidean interpolations along the
edge to evaluate M(ej2(t)), see Rochery [17].
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Figure 7.11 Curved meshes for f = z? + y? and f = 2 + 2%y + tanh[10 (22 — sin 5y)] to
minimize the metric distortion (top left and middle) and the edge length (top right and
bottom). The vertices are sampled along the eigenvectors of the isocontour metric Mg, and
form angles close to 60° with respect to Mg, (metric-aligned approach).
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Figure 7.12 Quality indicators for f = 2 4+ y? before (in blue) and after (in green) curving
to minimize the distortion. Top two rows: vertices sampled along the eigenvectors. Bottom
two rows: along the geodesics. Rows 1 and 3: metric-orthogonal approach. Rows 2 and 4:
metric-aligned approach.
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Figure 7.13 Quality indicators for f = 2%+ y? before (in blue) and after (in green) curving to
minimize the edge length. Top two rows: vertices sampled along the eigenvectors. Bottom
two rows: along the geodesics. Rows 1 and 3: metric-orthogonal approach. Rows 2 and 4:
metric-aligned approach.
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Figure 7.14 Quality indicators for f = 2% + 2%y + tanh[10 (22 — sin 5y)] before (in blue) and
after (in green) curving to minimize the distortion. Top two rows: vertices sampled along
the eigenvectors. Bottom two rows: along the geodesics. Rows 1 and 3: metric-orthogonal
approach. Rows 2 and 4: metric-aligned approach.
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Figure 7.15 Quality indicators for f = 2% + 2%y + tanh[10 (22 — sin 5y)] before (in blue) and
after (in green) curving to minimize the edge length. Top two rows: vertices sampled along
the eigenvectors. Bottom two rows: along the geodesics. Rows 1 and 3: metric-orthogonal
approach. Rows 2 and 4: metric-aligned approach.
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particular, the maximum linear approximation of the attraction or separation between two
initially close particles is related to the largest eigenvalue A\, of C, yielding the following

definition of the Lyapunov exponent:

ot (o) 2 2|1T‘ I (A (20)) - (7.21)
Instead of adapting with respect to the FTLE, the works above showed that the derivatives
of the flow map can be used to drive the adaptation while accurately identifying the LCS:
the Hessian of the flow map is used in [5] to define the optimal metric for linear interpolation
from Alauzet and Loseille [8,9], while [6,37] use only the gradient to derive local L? and
H*' error estimates controlling the mesh refinement and edge swaps. The advantage of these
approaches is that the exact derivatives of the flow map are obtained by taking the gradient
of '(t) = u(x,t) w.r.t. X, whereas the derivatives of the FTLE field would typically require
recovery methods. Thus, adapting on the flow map allows to assess the creation of quasi-unit

curvilinear triangulations on more complex but still analytical fields.

From the trajectory ODE, the gradient of the final component z° satisfies the ODE:

d (0z°\ . d . Ou ox™ ou’
i &2 Gt = | = m .22
dt <8X3> dtGJ ox™ (@) 0Xi|, ~ Oxm (@ t)GJ ®), (7.22)
and its Hessian matrix satisfies:
d( Pzt \,d,, P dx™| O™ ou’ O*x™
dt \oXJ0X*) —dt " * Qaxmdan|,  0X7|,0Xk|, " dam | OXIOXF],
. ' . ’ (7.23)
o ou’
= — G"(GL(t) + =—— HT(t).
drmOrm (@) J ( ) k( )+ Orm (@) ]k( )

Here, these 2 + 4 + 6 = 12 ODE (in 2D), together with the initial conditions x(0) =
xo, G%(0) = 0% and H};(0) = 0, are integrated from tg = 0.5 to tena = 1.5 with a standard RK4
scheme. This provides a precise approximation of the analytical gradient and Hessian of the
flow maps, driving the adaptation. We consider, as in [5,6,37], Solomon and Gollub’s velocity
field describing periodic Rayleigh-Bénard convection cells. This velocity u(x,t) = V X ve,

derives from the stream function:
Y(x,t) =sin(m(z — g(t)))sin(ry),  with  g(¢) = 0.3sin(4¢) + 0.1sin(2t). (7.24)

A curved mesh adapted to the flow map is shown in Fig. 7.16 and Fig. 7.17 summarizes its

quality indicators. This mesh minimizes the Riemannian edge length with respect to the
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isocontour metric My, with a metric-aligned vertex sampling along the metric eigenvectors.
The mesh is accurately curved where necessary and exhibits high ratios of anisotropy along
the ridges of the FTLE field. The metric angle distribution is centered around 60° w.r.t.
Mg, yvielding in this case almost 30% of right angles in the Euclidean space, and 98% of the
triangles have a distortion-based P? quality in [0.8,1]. Since the vertices are sampled along
the eigenvectors, there is no short edge after swapping the linear mesh, but a few (0.48%)
remain after curving. Long edges remain (6%) in the final mesh as they are not yet explicitly
treated.

7.3.2 Lid-driven cavity flow

Finally, we consider the academic incompressible flow inside a lid-driven square cavity. This
illlustrates quasi-unit triangulations adapted to a CFD application. As in Chapter 5, the
nondimensional steady incompressible Navier-Stokes equations are solved with our in-house

finite element solver:
V-u=0,
1 (7.25)

2
=0.
Rev u

A no-slip boundary condition is imposed on all but the top boundary, for which we set

(u-V)u=—-Vp+

u = (1,0), and the lower left corner has a reference pressure p = 0. For this example, we
use SUPG-PSPG stabilized IT'T' finite elements to discretize the (u,p) pair. The initial
mesh is a coarse uniform discretization of the square, on which a low Reynolds (Re = 100)
solution is first computed. The Reynolds number is increased progressively while adapting
the straight mesh every few steps, so that the background mesh is an adapted anisotropic
mesh with a converged solution at Re = 1000. We use once again the isocontour metric
M to control the linear interpolation error w.r.t. the 2-norm of the velocity ||u|| and with
a target edge error ¢ = 1073. The vertices are sampled with the metric-aligned approach
along the metric eigenvectors, to create unit triangles w.r.t. KA. This yields a P? mesh with
12,655 vertices and 6,250 triangles, Fig. 7.18. The mesh follows the features of ||ul|, with
appreciable anisotropy on the lid and where the fluid hits the right boundary, and curves to
follow the main recirculation cell. The mesh quality indicators are shown in Fig. 7.19: the
metric inner angles are centered around 60° as expected and the vast majority of edges are
unit. Similarly, there are a few outlier low-quality triangles, but about 96% of the elements

have sufficient quality, showing that the triangulation is quasi-unit for this metric.
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Figure 7.16 FTLE field and P? mesh (83,043 vertices and 41,258 triangles) adapted to
Solomon and Gollub’s flow map and minimizing the Riemannian edge length w.r.t. the
isocontour metric.
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Figure 7.17 Quality indicators for the curved mesh adapted to Solomon and Gollub’s flow
map. Top: before (red) and after (blue) swapping the edges of the linear mesh. Bottom:
before (blue) and after (green) curving the edges to minimize the length. The blue data are
the same on both rows (after swap = before curving).

7.4 Conclusion

We detailed a complete methodology to generate 2D quasi-unit P? triangulations with respect
to an input metric field M. Following the definitions introduced in Chapter 4, quasi-unit P?
triangles have controlled edge lengths, edge parameterizations and inner angles w.r.t. M. In
addition to sampling the vertices at unit distance from one another, this is enforced by either
minimizing the distortion with respect to the chosen ideal simplex, or by creating geodesic

edges meeting at the prescribed angles.

Mesh generation was approached by curving a valid and metric-conforming linear mesh.
This ensures the final mesh is valid if edge curvature is not needed. Starting from a metric-
conforming discretization of the boundary, the linear mesh is obtained by triangulating ver-
tices sampled at controlled angles along either the geodesics or the integral curves of the
metric eigenvectors. Isometric triangles have geodesic edges, however, following the eigen-
vectors is cheaper and yields integral curves close to the geodesics for all the tested cases.

This initial mesh is improved by swapping the straight edges for the distortion-based quality.
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Figure 7.18 P? mesh (12,655 vertices and 6,250 triangles) adapted to the norm of the velocity
of the flow inside a lid-driven cavity.
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Figure 7.19 Quality indicators for the curved mesh adapted for the lid-driven cavity. Top:
before (red) and after (blue) swapping the edges of the linear mesh. Bottom: before (blue)
and after (green) curving the edges to minimize the length. The blue data are the same on
both rows (after swap = before curving).

In a second step, straight edges are curved to minimize either the distortion w.r.t. Ky or
the Riemannian edge length. Length minimization is a cheap and local problem on each P?

edge, whereas minimizing the distortion is an global and expensive optimization problem.

Curved P? meshes for both criteria exhibit very similar quantitative quality indicators. We
can infer that definitions QU1p and @ U2p describe quasi-unit curvilinear triangles in a compa-
rable way in practice, despite QQUIp being a stronger indicator. QU2p, that is, quasi-geodesic
parabolic triangles of controlled length and angles, is the cheapest of the two and can be

expected to generate quasi-unit P? meshes competitively in the future.

The meshing procedure was illustrated on simple and more complex analytical fields, as well
as on a classical CFD benchmark. For all cases, the curved triangulations exhibit good

quality indicators, showing that the vast majority of elements are close to unit.

This chapter addressed the adequacy between metric and mesh, but not between metric and
error estimation. Consequently, optimal triangulation for the interpolation error on quadratic

meshes are not yet obtained.
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Several issues remain in the current approach. First, a formal characterization of the link
between the considered trajectories, eigenvectors and geodesics, is lacking. Eigenvectors are
not defined for Riemannian metrics, so it is possible that more general notions are at play. The
second and more practical issue is that long edges and slivers are not handled in the current
pipeline. The former can negatively impact the L? interpolation error, while the sliverness
is directly involved in H! seminorm estimates [38]. In future developments, edge splits or
reconnections of cavities built around long edges can be considered to eliminate edges with
length outside of the prescribed bracket, while implementing a cavity operator [24,42,43,107]

would allow to filter slivers during the vertex insertion step.

Lastly, metric interpolation, and specifically the point localization step, is the bottleneck of
the proposed methodology. This is intrinsic to meshing with a nonuniform size prescription,
as also discussed in Chapter 8 for isotropic size fields. Significant speedups can be expected
from optimizing the point localization in the background mesh, by e.g. supporting multiple
points queries and/or hinting at the location in the background mesh, to avoid constantly

rechecking for overlapping boxes in the RTree.
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CHAPTER 8 AUTOMATIC FEATURE-PRESERVING SIZE FIELD FOR
3D MESH GENERATION

This chapter presents early work of this thesis regarding the generation and storage of an
isotropic size field induced by the CAD model. It is disconnected from the previous chapters,

and is a reproduction of the paper:

Bawin, A., Henrotte, F., & Remacle, J.-F. (2021). "Automatic feature-preserving size field
for three-dimensional mesh generation.", International Journal for Numerical Methods in
Engineering, 122(18), 4825-4847.

8.1 Abstract

This paper presents a methodology aiming at easing considerably the generation of high-
quality meshes for complex 3D domains. To this end, a mesh size field h(x) is computed,
taking surface curvatures and geometric features into account. The size field is tuned by
five intuitive parameters and yields quality meshes for arbitrary geometries. Mesh size is
initialized on a surface triangulation of the domain based on discrete curvatures and medial
axis transform computations. It is then propagated into the volume while ensuring the size
gradient Vh is controlled so as to obtain a smoothly graded mesh. As the size field is stored
in an independent octree data structure, it can be computed separately, then plugged into
any mesh generator able to respect a prescribed size field. The procedure is automatic, in the
sense that minimal interaction with the user is required. Applications of our methodology
on CAD models taken from the very large ABC dataset are presented. In particular, all
presented meshes were obtained with the same generic set of parameters, demonstrating the

universality of the technique.

8.2 Introduction

Geometric models used in industry have considerably grown in complexity over the last
decades, and it is now common to mesh models with tens of thousands of model faces. Ideally,
a designer would create the CAD model, press the generate mesh button, and obtain in less
than a minute a computational mesh valid as is for a finite element simulation. Practitioners
in the field know however that things do not work out that easily in reality. Mesh generation

for complex geometries is in practice a time-consuming task often involving intermediary
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meshes, progressively enhanced to fulfill specified mesh size and quality requirements.

The purpose of mesh generation is to build meshes with elements of controlled size and
quality. In the context of mesh adaptation, the meshing algorithm is constrained by a mesh
size field defined on the domain to be meshed, and whose value at a point is the expected
element size in the vicinity of that point. The mesh size is usually derived from an error
estimation procedure performed on the solution of a prior finite element or finite volume

analysis, by requesting a smaller size at places where the discretization error is deemed large.

Yet, when solving a problem for the first time, an initial mesh has to be generated without
information from a prior computation, and the size field to generate that initial mesh has
to be constructed from scratch on basis of the geometrical data of the model only. Given a
CAD model, there exist a number of theoretical prerequisites on the size field to ensure a
computable mesh, and the purpose of this paper is to describe an automated algorithm to
compute a mesh size field fulfilling those prerequisites a priori. The proposed approach is
“user-driven”, in the sense that users should be able to generate a workable computational
mesh in one click on basis of a limited number of intuitive meshing parameters, understand-

able by any finite element practitioner with no extensive background in meshing.

An isotropic mesh size field h(x) is thus a scalar function indicating the expected element size
at any point x in a domain to be meshed. A first design choice concerns the mathematical
representation of h. As our goal is to build a “first mesh”, no background mesh is yet available
against which i could be interpolated. A classical solution (e.g. in Gmsh [112]) is to define
element sizes directly on the geometrical entities of the model. Mesh size can be prescribed
at the vertices of the CAD model, for instance, and smoothly interpolated on model edges.
They are then subsequently interpolated on surface mesh vertices. Size fields interpolated
this way may however be biased by geometric features of the surface mesh, such as gaps,
fins or channels, which are assigned locally a small size that is not expected to spread out at
distance in the bulk of the volume. This approach is therefore not 100% reliable and defining
the size on auxiliary objects allows for a better control and prevents the aforementioned

phenomenon.

Two kinds of representation for mesh size fields are encountered in the literature: simplicial
background meshes [113-116], and Cartesian grids, initially in the form of uniform grids [117],
and later on in the form of non-uniform or tree-based grids, such as octrees [118-120]. A
graphical representation of such data-structures in the two-dimensional case can be found in
the first figure of Persson [121]. As the refinement of uniform Cartesian grid is constrained
by the smallest feature in the CAD model, their memory cost quickly becomes prohibitive in

practice, and they were rapidly abandoned for the sake of simplicial background meshes and
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octrees.

Both these representations have their pros and cons. Simplicial background meshes are
typically triangulations provided by the CAD modeller, where mesh size is stored on vertices
and interpolated on queried nodes. They offer an accurate representation of the boundaries,
and the mesh size query procedure in the three-dimensional case is reduced to a search in the
two-dimensional parametric space [115,122]. However, size fields represented this way are
rather sensitive to the location of the vertices in the background mesh [114], and the access
time to the mesh size at a point in the background mesh might be linear in the number
of nodes in the worst case. To improve on this, Chen et al. [115] proposed a walk-through
algorithm based on the backward search from Shan et al. [123], although it requires a well-
guessed element to quickly locate the point in the mesh, assuming an interconnection between
the background mesh and the meshing algorithm. Octrees, on the other hand, are orientation
sensitive Cartesian structures with applications in both direct meshing [124,125] and size field
design. They lack the geometrical flexibility of simplicial meshes and significative refinement
may be necessary to accurately resolve surface-based information, e.g. curvatures. However,
octree-based size fields offer adaptive capabilities to represent quickly and easily complex
size distributions across the structure. Moreover, octrees offer fast access to query points
in O(loggn) time, where n denotes the number of octants, i.e., the number of leaves in the

octree.

In this work, we choose to store the mesh size field in an octree for adaptivity and efficiency
concerns. The octree implementation is provided by P4EST [126], of which the serial version
is used. In our implementation, a uniform mesh size is assigned to each octant in the octree,

which is the most natural option with P4EST.

As mentioned earlier, there are theoretical prerequisites to ensure the computability of a
mesh on a given CAD model. Those prerequisites can be associated with the following five

intuitive mesh parameters.

Bulk size. A bulk or default mesh size h,. When creating the size field, the octree is refined
uniformly until every octant size is smaller or equal to h,. This amounts to say that all sizes

are initially set to the bulk value h;.

Curvature. When using piecewise linear elements, the main term of geometrical error
produced by a mesh is related to the curvature of surfaces. The local mesh size h(x) should
hence be related to the maximal curvature k,(x) of the surfaces. This is done with the node
density parameter n, that specifies the number of subdivisions of the perimeter of the local

osculating circle.
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Small features. A CAD model may also contain narrow or thin regions, or features, e.g.
longerons that are the load-bearing components of aerospace structures. As such regions
may have moderate or no curvature at all, they are likely to be overlooked by an algorithm
that solely links mesh size with curvature. Features are typically included using a distance
function [127] or the medial axis transform [119,120]. The latter is used here to estimate the
thickness of narrow regions, see Section 2.2. On this basis a third parameter n4 is defined in
our algorithm that specifies the minimal number of elements across the thickness of a narrow
region. We call feature mesh size hy that thickness divided by n,. The feature mesh size hy
and the curvature mesh size h. are the indicators used by our algorithm to recursively refine

the octree containing the mesh size field, see Section 2.3.

Boundedness. A minimum mesh size h,;, has to be defined as a fourth parameter in our
algorithm to forbid unacceptably small mesh sizes, whenever curvatures are very high for

instance (e.g. at corners or at the tip of a cone).

Smoothness. Accurate finite element and finite volume simulations usually require that
mesh sizes vary not too abruptly across the domain of computation. Yet, curvatures and
feature sizes may exhibit sharp variations in practice, resulting in unacceptably large mesh
size gradations. A fifth parameter o > 1 is thus defined that bounds (from above) the length
ratio between two adjacent edges in the mesh. In Section 2.4, we show that this condition is

equivalent to limit the mesh size gradient to ||VA| < a — 1.

Our approach thus defines five parameters that are easy to understand by finite element

practitioners, and can be given a reasonable and rather universal default value:

o the bulk size, or default mesh size on newly created octants, h,. The default value is
hy = L/20, where L is the largest dimension of the axis-aligned bounding box of the
CAD model;

o the minimal size allowed in the final mesh, hy;,. The default value is hy,;, = L/1000;

o the number of elements ny used to accurately discretize a complete circle. The default

value is ng = 20;
 the number of element layers in thin gaps n,. The default value is ny = 4;

o the gradation, or length ratio of two adjacent edges in the final mesh, a. The default

value is a = 1.1.

In addition to these geometry-based criteria, a user-defined mesh size function h,(x) can

be provided to specify exterior constraints on the size field. If so, the smallest instruction
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between h,(x) and the geometry-based mesh size is considered throughout the construction
of the size field.

This size field computation has been implemented in Gmsh (version 5 and higher), which
is also the tool used to generate all meshes presented in this paper. It is planned that the
algorithm presented in this paper be soon integrated as a standard procedure in the meshing

pipeline of Gmsh.

8.3 Description of the algorithm: a worked-out example

To illustrate the steps of the construction of the mesh size field h(x), the CAD model of
an engine block is considered as a application example (Fig. 8.1). This geometry contains
curved surfaces and narrow features that are typical of industrial CAD models. The input
data for our algorithm is a surface mesh of the CAD model, from which curvature and feature
mesh size are computed. The size field is generated in an independent structure in the five
following steps (Fig. 8.1): (i) compute the curvature mesh size h. from the approximate
curvature on the surface mesh of the model; (i7) compute the feature mesh size hy from the
medial axis of the geometry; (i7i) initialize the octree as the bounding box of the model and
refine it uniformly until the size of all octants is at most the bulk size hy; (iv) recursively
refine the octree based on both the curvature and the feature mesh size, and assign the
appropriate uniform mesh size in all newly created octants; (v) smooth out the size field so
as to limit its gradient to o — 1. During step (v), the structure of the octree is not modified.

Only its stored sizes h(x) are limited to satisfy |Vh| < a — 1, see Section 2.4.

Figure 8.1 Overview of the algorithm for mesh size field computation, from left to right:
(1 — 4i) surface mesh of the engine block, from which discrete curvature and feature sizes are
computed; (it —iv) the octree is refined based on curvature and feature mesh sizes, (v) mesh
size gradient is limited, yielding smoother mesh size field; generation of the final mesh.



258

8.3.1 Approximation of surface curvatures

When a CAD model is represented with a mesh of piecewise linear elements, the main term
of geometrical error is due to the curvature of surfaces. The mesh size should thus be reduced
in areas of high curvature. We introduce to this end the curvature mesh size h.(x). Although
definition slightly varies in the literature [115,116,128,129], they all rely on the subdivision
of the perimeter of local osculating circles. The osculating circle at a point of a planar curve
is the circle that best approximates the curve in the vicinity of the point, i.e., having same
tangent and same curvature. On a smooth surface, there is an osculating circle in every
direction, and the most critical curvature mesh size is related to the minimal radius of these
circles, or reciprocally to the maximum normal curvature kK, max(x). Curvature mesh size is
thus defined as follows:

h(x) = 277 (x) _ 27 | (8.1)

ng /{n,max (X) nq

with ng a user-defined node density.

If a CAD model is available in the background, surface parametrizations are at-hand and the
maximal curvature K, m.x(X) can be obtained through the solid modeller’'s API. Curvature
queries on the CAD model can be costly however, and are usually designed for single point
query. In this work, the input data considered for the size field pipeline is a triangulation
of the CAD model, on which normal curvatures are approximated. We assume that the
triangulation is colored, i.e., triangles on each side of a feature edge, such as a ridge or a
corner, are identified with a different color, so that surface discontinuities are not taken into

account when computing the discrete curvature.

To approximate surface curvature, the tensor averaging methodology described by Rusinkiewicz
[130] was considered. It is here briefly recalled with their notations. Let (u,v) denote an
orthonormal basis in the tangent plane at a point x of a smooth surface, and s = (s1, s9) be

an arbitrary direction in that plane. The normal curvature at x in the direction s is given

: n(x) = (s, 8) = (s1 s) [ @) — (51 5) (;} g ) (2) (8.2)

where II denotes the second fundamental form defined hereafter, and [II] denotes its matrix
representation in the chosen basis. The eigenvalues r1(x) and ky(x) of the symmetric matrix
[M], known as the principal curvatures, are the maximum and minimum values of normal
curvature at X. Since Ky max(x) = max(|x1(x)[, |k2(x)|) is required to define the curvature
mesh size (8.1), our goal is to build an approximation of [II] at each vertex of the surface

mesh.
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The idea proposed by Rusinkiewicz [130] is to first compute [II] on the triangles, and average
them over adjacent triangles to obtain the needed per-vertex information. We start by
computing per-vertex normal vectors n; by averaging the normals of triangles adjacent to
each vertex using arithmetic mean. On each triangle, an arbitrary orthonormal coordinate

system (uy, vy) is then defined. The components of the quadratic form II in that basis read

_ (M(uy,up) M(uy,vy)
i = (H(va”f) H(”fa"’f)) ’ (8:3)

and can be evaluated as II(u,v) = L(u) - v where the shape operator L(s) = Vgn is the
directional derivative of the normal vector n along a direction s in the tangent plane. Along
the particular direction in the plane (uy, vs) given by the triangle edge ey = (eg-uys)us+ (e

vs)vs connecting vertices x; and xo, one has the following finite difference approximation:
O(ep,ur) = L(eg) - uy = Veon - up = (N — ny) - uy, (8.4)

where the directional derivative V,n in Rusinkiewicz [130] is approximated by the difference
of normal vectors along ey. On the other hand, since the second fundamental form is a bilinear

form, we have
T(eq, us) = T ((eo-up)us+ (e vs)vs, ur) = (eo-us) Mlug, up)+(eo-vy) Wvy, uy). (8.5)

Combining (8.4) and (8.5) and proceeding the same way for v; yields the following equality

for the components of [II]:

me) = () oo
Repeating the same procedure for the two remaining edges e; and ey, one ends up with a
system of 6 equations for 3 unknowns, which can be solved using a least square method to
obtain the matrix representation of II for the triangle. This per-triangle representation of II
is expressed in the local basis (uy,vy). To combine the contributions of triangles adjacent
to a vertex p, the orthonormal basis (u,,v,) is defined in the plane perpendicular to the
normal vector at p. Denoting (u', v}) as the basis (uy, vy) rotated to be made coplanar with
(up, v,), the components of the triangle contribution to the per-vertex representation [II],
can then be obtained as

/ /
up‘vf up'vf

¢p = ul [T u, = (“’p ' “’3”> ] ('“’p ' '“’3‘> . f=ul v, g, = v, (87)
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As for the normal vectors, the contributions of triangles adjacent to the vertex p are then
averaged to obtain [IT],. Once again, arithmetic mean is used to compute the average tensor,

that is, all triangles have an equal contribution regardless of their area.

Once the matrix representation of the second fundamental form [II], has been computed at a
vertex, its eigenvalues are extracted and the curvature mesh size h. at the vertex is set using
(8.1).

The computed maximal curvature for the engine block model is shown below (Fig. 8.2a):

curvature is computed on each colored face of the triangulation, discounting the feature edges.

i
A
u\‘m’%

!
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W
\

(b)

Figure 8.2 Left: Approximated maximum normal discrete curvature k,, = max(|k1], |r2|) of
the surface triangulation, shown in grayscale: curved areas are in gray-black while regions
with mild curvature are in light gray. Right: A subset of the Voronoi vertices lying the
farthest from the Delaunay vertices, called poles (black dots), approximate the medial axis
as the mesh density increases.

8.3.2 Feature size

Whenever two surfaces with moderate or no curvature are close to each other but the distance
between them is smaller than the mesh size, the mesh generator will place only one element
in the gap between those surfaces. In many engineering applications like solid mechanics
or fluid mechanics, having only one element in a gap means that both sides are connected
by one single mesh edge. If Dirichlet boundary conditions are applied, such as a non-slip
boundary condition, the gap is then essentially closed, leading to an unwanted change of the

domain topology. Note that a posteriori error estimation will not detect large errors in those
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closed gaps where the solution is essentially constant.

Hence, special care should be given to such narrow geometrical regions, where curvature
information alone is not enough to determine a suitable mesh size field. To this end, we
define the feature size f(x) as a measure of the local gap thickness (Fig. 8.3a). If OV is the
boundary of a volume V| f(x), x € 9V, is defined as twice the distance between x and the
medial axis of volume V. If a surface bounds two volumes, then the minimum feature size
is chosen. The feature mesh size at the considered vertices, now, is the feature size divided
by the desired number of element layers in narrow regions n,, i.e., hy(x) = f(x)/n,. The
feature mesh size hy is thus in a similar relationship to the feature size f than the curvature

mesh size h. was to the maximum principal curvature k.

The evaluation of the feature size f(x) requires computing an approximation of the medial
axis of all volumes in the computational domain. The medial axis of a volume V', also referred
to as its skeleton, is defined as the set of points having more than one closest point on its
boundary 0V. Equivalently, the medial axis is the set of the centers of all spheres tangent to
dV in two or more points, and the feature size f(x) is twice the radius of the sphere tangent

at x.

We rely on the algorithm MEDIAL introduced by Dey and Zhao [131] to compute a discrete
approximation of the medial axis. The input data for MEDIAL is a Delaunay tetrahedrization
of the vertices of the surface mesh only, i.e., a set of tetrahedra, often called empty mesh,
filling the computational domain and whose nodes all lie on the surfaces. This algorithm
is based on the Voronoi diagram of these vertices and has suitable convergence properties,
in the sense that the output set of facets converges to the medial axis as the surface mesh
density increases. In this work, we implemented MEDIAL as is. For sake of completeness, we

here briefly remind the rationale behind the algorithm, using their notations.

In 2D, the vertices of the Voronoi cells dual to the empty mesh give straigthaway an ap-
proximation of the medial axis. The same is however not always true in 3D, because sliver
tetrahedra of the empty mesh can persist close to the boundary as the surface mesh is refined.
However, by pruning as explained below the Voronoi vertices dual of these sliver tetrahedra,
a subset of Voronoi vertices called poles can be defined that do approximate the medial axis
(Fig. 8.2b). Given the Voronoi cell dual of a surface vertex p (Fig. 8.3a), the corresponding
pole p* is defined as the Voronoi vertex that is the most distant from p. Each surface vertex
p is thus associated with a pole p™ and a pole vector v, = p* — p, the latter approximating
the normal to OV at p (Fig. 8.3b).

The plane passing through p with normal v, intersects edges of the Voronoi cell, and the

Delaunay facets dual to these edges are pictorially called the umbrella U, of p by Dey and



262

Zhao (Fig. 8.3b, in light grey).

L~ 42

Figure 8.3 Left: View of the input triangular surface mesh and of the Delaunay tetrahedra
adjacent to a mesh vertex p. Zoom in on the same tetrahedra (transparent) and the associated
dual Voronoi cell (in red). Right: Voronoi cell dual to the Delaunay vertex p in the triangular
surface mesh. The pole vector v, (dashed) connects the mesh vertex p to the farthest Voronoi
vertex (tetrahedron circumcenter) or pole p*. The Delaunay edges pqi, pga and pgz connect p
to neighbouring Delaunay vertices qi, ¢2 and g3, respectively. Only pq; and pgs satisfy one of
the filtering conditions and are considered to compute the feature size. In grey, the umbrella
U, of p is the Delaunay facets (triangles) dual to the Voronoi edges cut by the plane through
p with normal v, (not shown).

Triangles of the umbrella are used to select some of the Delaunay edges adjacent to p whose
dual facets will eventually form the discrete medial axis. The idea is to select Delaunay
edges pq that (a) make a sufficiently large angle with the triangles of the umbrella, or (b)
are significantly longer than the circumradius of these triangles. Condition (a) measures how
normal the edge pgq is to the umbrella U, and is referred to as the angle condition. The edge
should make an angle larger than # with each triangle of the umbrella, or conversely, an angle

smaller than /2 — 6 with their normal vector. In practice, we evaluate [131]:

™
£ n,) < - —0 .
max Z(pq, ;) < 5 -0, (8.8)
where pq is a vector parallel to the edge pg, i denotes a triangle in U, and the threshold
angle is set to @ = m/8. Condition (b) ensures that edges of the surface mesh are removed. It

does so by selecting long edges for which the angle condition has failed, and is referred to as



263

the ratio condition. In practice, only edges at least p = 8 times longer than the circumradius
R of the triangles in U, are considered, and the condition reads [131]:

max HquH > p. (8.9)
The numerical values for parameters 6 and p are those suggested by Dey and Zhao. They
yield a good approximation of the medial axis for a large variety of geometries. If a Delaunay
edge pq satisfies either of these two conditions, its dual Voronoi facet is added to a set F',
forming the approximate medial axis. Consider the three mesh vertices ¢; connected to p
through a Delaunay edge pg; = ¢; —p on Figure 8.3b. Edge pg; makes a large angle 6 with the
triangles of the umbrella, and edge pg, is several times longer than the largest circumradius:
both are added to the set E dual to F'. Edge pgqs is a short surface edge mesh lying flat to

the umbrella, and is thus removed from the list of candidate edges.

In our size field computation, we need not compute the dual facet to edges in E: for each
Delaunay edge pq satisfying the angle or ratio conditions, the local feature size is directly
given by the edge length ||pg||. Mesh size at both vertices p and ¢ is thus defined as the edge
length divided by the desired number of element layers in features:
]|
hy(xp) = hy(xq) = . (8.10)

Mg

The mesh size on the octants containing these vertices is then lower bounded if necessary:

h = max (hpin, min (hy, he, by, hy)) - (8.11)

The medial axis also contains the centers of spheres with radius vanishing to zero in angles
and corners of the volume (Fig. 8.4a). Dual edges in these corners are smaller than the
feature size one wishes to identify, and should thus be disregarded to avoid spurious small
mesh size in these areas. In practice, an edge pg making an angle larger than 6 with either

one of the normal vectors n, and i, at its ends is also filtered out (Fig. 8.4b).

The quality of the approximation of the medial axis is directly related to the node density of
the surface mesh. As pointed out by Dey and Zhao, the surface mesh should be an e-sample,
i.e., vertices should have neighbours within a distance ¢ f(x), where f(x) is the feature size
and ¢ is small. Of course, as the aim is here precisely to compute the feature size, it is not
known beforehand whether or not the input surface mesh is a e-sample. A first solution is to
measure beforehand the most critical feature size f..; = miny f(x) of the CAD model, then

generate a uniform mesh with constant mesh size h..y = €feri, typically with € < 0.25 as
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Figure 8.4 Left: The medial axis of a rectangle consists of a main branch (thick) and four
secondary branches (dashed) connecting the main branch to the corners. The radii of the
spheres whose center lies on the main branch are representative of the feature size f (here,
the thickness of the rectangle), while the radii of the spheres on the secondary branches
shrink to zero as the branch approaches the surface, and are thus not representative of f.
To remove those secondary branches (Voronoi facets), the dual Delaunay edges are applied
a second filtering process ensuring that the angle between the edge and the normal vectors
at its extremities does not exceed . Right: the medial axis (in red) of an angle geometry
before filtering the branches in the corners (left) and the medial axis after filtering (right).

suggested in [131]. The characteristic size of the input surface mesh is then constrained by
the smallest feature in the geometry, which may result in an expensive size field computation.
While we could certainly adjust the mesh size of the input mesh to be h..; only in the small
features, this would amount to manually specify the mesh size field, which we want to avoid.
To circumvent this, one can compute an initial size field based on a reasonably fine uniform
mesh, then perform the mesh generation from this field. This intermediary mesh will include
an initial refinement in the small features, and will be a better candidate for the final size

field computation.

The resulting medial axis for our block example after both filtering operations (i.e., conditions
(8.8) and (8.9), as well as removing the spurious branches in corners) is shown on Figure 8.5a.
Taking into account the local feature size allows for a refined mesh in small features of the
geometry, especially in areas with zero curvature, which would be overlooked otherwise (Fig.

8.6, see also Fig. 8.10 for the volume mesh).
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(b)

Figure 8.5 Left: Approximated medial axis of the CAD model. The Voronoi facets dual to
the filtered Delaunay edges are drawn in red. In the close-up view, only the facets of the
medial axis lying outside of the volume are shown. Right: the RTree structure built from the
bounding boxes of the triangles of the surface mesh.

8.3.3 Octree initialization and refinement

The mesh size field h(x) over the domain to be meshed is now built as an octree structure.
The initial octant is defined as the axis-aligned bounding box of the surface mesh, stretched
in all three dimensions by a factor 1.5. In order to ensure a suitable gradation in the mesh,
the guiding principle for the refinement of the octree is that the dimension of each octant
should eventually be representative of the local mesh size. The octree is then first subdivided
recursively and uniformly until the size of each octant is at most the bulk size hy, and the local
mesh size assigned to the octants created during this initial step are set to h,. The octree is
then further refined on basis of the curvature mesh size h. and the feature mesh size hy. This
information, which is available on the surfaces, has to be transferred to the octree, which
is a three-dimensional structure. One needs for that to detect efficiently the intersections
between octants and the surface mesh. To this end, the three-dimensional bounding box
of each triangle of the surface mesh is added to an R-Tree [63], a data structure used for
spatial access methods (Fig. 8.5b) which acts here as the intermediary between the geometry

and the octree. More specifically, the R-Tree provides for each octant of index i a list 7; of



266

Figure 8.6 Surface mesh generated from the computed mesh size field: from curvature only
(left) and considering both curvature and feature sizes (right). On the right, four layers of
elements are generated in the fins around the largest cylinder.

triangles whose bounding box intersects the octant. The octant with index 7 is then divided
until it becomes smaller than the minimal mesh size (h. or hy) at the vertices of all triangles
in 7;. Whenever a user-defined mesh size function h, = wu(x) is provided, this additional
constraint is taken into account at this level. The octant size being bounded from below by

the user-defined minimal mesh size h,;,, octants are thus subdivided until the condition
hoctant S max (hmim min (hcv hf7 hU7 hb)) (812>

is met everywhere in the octree.

Once this refinement is completed, the octree is balanced to ensure a maximum 2:1 level ratio
between two octants across adjacent faces (Fig. 8.7), that is, the levels of two octants on
each side of a face should not differ by more than one unity. This balancing is necessary to
obtain suitable stencils for finite difference computations during the gradient limiting step,
see Section 2.4. It is performed by P4EST. Newly created octants having an intersection
with the surface mesh are assigned the mesh size determined by (8.12), otherwise the size is
set to the bulk size hy (Fig. 8.9a). At this stage, the size field features large variations, and

a limitation step is required to end up with a mesh size field suitable for high-quality mesh
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generation.

Figure 8.7 Octree after refinement: the color of each octant signifies its refinement level, from
coarse (red) to fine (blue).

8.3.4 Size limitation

Large mesh size gradients may be the cause of low quality finite element solutions. In solid
mechanics e.g., they may be the cause of excessive values of strains when a very small element
is adjacent to a large one. One of the goals of our approach is to ensure that two adjacent
edges in the mesh have their length ratio below a user-defined gradation o > 1, that is, the
length ratio along a direction follows a geometric progression. We briefly show here that such
a geometric progression is achieved by limiting the size gradient along a given direction by
a—1:
oh

< a— .
oz ¢ L, (8.13)

that is, a constant gradation yields a geometric progression of edges length and not a linear
progression as one could expect at first glance. To see this, let us consider a one dimensional
mesh in the direction x along which the size gradient is maximal. Let us denote by x;,i =
0,...n the vertices of the mesh and h; = h(x;) the length of the edge starting at x;. As the

edge lengths follow a geometric progression of ratio a, we have h; = a’hy. The z-coordinate
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of vertex x,, is given by:

n—1 n_1
l‘n:ZhZIh()(l—i‘Oé—i‘OéQ—i‘"'—'—Ctn1>:h0a 1 (814)
i=0 Q=
from where follows:
a"hy = ho + xp (o — 1). (8.15)
Using h,, = a™hg, one ends up with:
hn = h(z,) = ho + xp(a — 1), (8.16)

showing that the size field h(x) is a linear function of space, despite the fact that the edge
lengths are in a geometric progression. The derivative Oh/0x is hence constant, with magni-
tude o — 1. Locally, since o = h;y1/h;, we also have the following finite difference approxi-

mation for the size gradient:

@
ox

hit1 — h; 2(a — 1
_ i _2a-1) (8.17)
5 (hiv1 + hi) a+1

which is close to (8.18) for typical values of « € [1,1.4]. Limiting the size derivative along

any direction thus amounts to limit the 2—norm of the size gradient, that is
|VA(x)]ls < a—1. (8.18)

A similar computation by Chen et al. [115] leads to a third condition ||VA(x)||s < Ina, also

close to (8.18) for the considered range of gradation, as we have In(1+ (o — 1)) ~ a — 1.

As pointed out by Persson [121], the one-dimensional analysis discussed above is not sufficient
to ensure that the expected mesh size gradation condition is fulfilled all over the mesh. Indeed,
when storing the size field h(x) in a background mesh, the expected gradation is ensured
only along the edges of the elements of the background mesh, and larger size variations
might be encountered in the interior of the elements. To also constrain size gradients inside
the elements of the background mesh, it is then neccessary to iterate over the edges of
the background mesh to modify appropriately the size stored at the nodes [115,116]. This
results in a size field h(x) that eventually satisfies (8.18), but in a background mesh dependent
fashion [121]. This drawback is avoided with our methodology because the mesh size function
is rather stored in a balanced octree. Condition (8.18) is satisfied everywhere in the volume,
and thus also in the interior of the elements, as a result of the subdivision of the octants until

convergence.
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Gradient computation by finite difference. Condition (8.18) requires to limit the size deriva-
tive along all directions, which is a costly operation. In practice, we limit the size variation
along the directions of the axes, i.e. the directions of the octree, and condition (8.13) is

enforced using a finite difference scheme. This amounts to impose
IVA(X)[loo < a—1, (8.19)

a looser requirement resulting in directions along which the gradation may only be controlled
up to a factor v/3 in the worst case. As the results show however, limiting the co—norm
yields high quality meshes for all the considered CAD models, with an average discrete size

gradation matching the required gradation, see Section 3. We iterate over the octants until

oh

— | <a-1 8.20

a{L‘k =« ’ ( )
is verified everywhere, with £ = 1,...,3. For each octant, we take advantage of the 2:1

balancing provided by P4EST to compute the gradient with a cell-centered finite difference
scheme. Since the octree is balanced, only three stencils must be considered to approximate
the gradient in all cases. With the PAEST terminology, one side of a face between two octants
is said to be either full (F) or hanging (H), depending on whether the octant on that side is
a leaf or is itself subdivided. The stencils to be considered (Fig. 8.8) are then FFF, FFH,
HFH, since the all-hanging case (HHH) can be regarded as multiple all-full (FFF) stencils.
To evaluate (8.20) at the center of the middle octant along, say, the z-direction, we use the

Taylor expansion:

_1< hii—hi - hi—his ) (8.21)

on) _1
p N 2 Al‘i+1 + AZE‘Z AJ% + AZEi_l

ox

where i — 1, i and i + 1 represent the three positions in the considered stencil, h; denotes the
arithmetic average of the mesh size of the four octants adjacent to the hanging face ¢, and
Awx; is the half-length of the octants in the position ¢. For the all-full stencil FFF, one has
h; = h; and the Az; are all equal to the half length of the octants, so that the approximation

(8.21) reduces then to the usual second-order centered scheme.

Size limitation. The computed gradient is then used to limit the mesh size field. For any
two adjacent octants with gradient larger than o — 1, the larger is reduced so as to satisfy
condition (8.18). More precisely, if h; and hy denote the mesh size in the octants with
ho > h1, ho is modified as

hy = min(hs, hy + Az(a —1)). (8.22)

This expression is an approximation of the solution to the steady-state equation proposed



270

W

hi—l hz hi+1 hi—l hz

FFF FFH

E..

W

Ny
[\

HFH

Figure 8.8 Finite difference stencils to compute VA in the octree.

by Persson [121] in his continuous formulation of the gradient limiting problem, ensuring
mesh size limitation is propagated in the direction of increasing values. Smaller mesh sizes
are left unchanged by the limitation process, preserving the sharp features of the geometric
model. The limitation is performed iteratively in the three directions, until condition (8.18)

is satisfied everywhere in the octree (Fig.8.9b).

8.3.5 Size query in the octree

Size queries to evaluate the size at different locations on parametrized curves, surfaces and
volumes during the meshing process are performed by Gmsh. The implementation of the
query routines in the octree is provided by P4EST. Since both the size h(x) and its gradient
are known in each octant, the mesh size at the query point x is evaluated using a first-order

Taylor expansion:
h(x) = h; + Vh - (x — x¢), (8.23)

where h; and x. denote the size and the coordinates at the center of the octant, respectively.

8.4 Results

The proposed algorithm was applied to a variety of CAD models accessed from GrabCAD
(https://grabcad.com/), the ABC Dataset model library [132] and Gmsh’s benchmarks suite.
For all geometries, the same set of parameters was used with values given in Section 1, that

is, ng = 20 elements in curved areas, n, = 4 elements in thin layers and a mesh gradation
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Figure 8.9 Limiting the mesh size stored in the octants: (a) initial mesh size field computed
from curvature and feature size, assigned in octants intersecting the surface mesh (b) size
field after limitation.

of a = 1.1. Note that those default parameters were chosen with what we consider to be
common sense, and not after a series of trial and error: for example, discretizing a circle with
20 line segments is what is used by default to graphically represent a circle in Gmsh. The
number of layers n, = 4 was set with bending structures computations in mind, where it is
known that having less than 4 layers leads to overestimating the stiffness of the structures.
The gradation of 1.1 originates from regular discussions with CFD practitioners: this value
can be set higher for computational mechanics applications for example, yet, it should not
exceed 1.7-1.8, unless the generated mesh serves for visualization purposes. As shown in this
section, those intuitive parameters yield quality meshes for a vast majority of the considered
models. In each case, we generate a triangulation of the CAD model with a prescribed
uniform mesh size. The surface mesh is the input of the algorithm to compute a mesh size
field on all volumes. Surface curvatures and the approximate medial axis are then estimated,
and the mesh size field h(x) is computed as described in the previous sections. The octree is

stored on disk in the native PAEST format on creation, and is then loaded as a background
field in Gmsh.

This sections aims at demonstrating the efficiency and accuracy of our approach. As far as

efficiency is concerned, the CPU time dedicated to queries in the octree is distinguished from



272

the time devoted to the construction of the octree. We then compare the sum of those two
times to the meshing time. In particular, we show that the proposed size field construction
does not change the order of magnitude of the meshing time, i.e., seconds remain seconds
and do not become minutes. We then analyze how accurately the prescribed parameter are
reached in the mesh generated from the size field. To this end, a discrete counterpart of
the gradation is compared to the parameter o, and the number of elements in small gaps is
checked to be close to n,. An efficiency index is then introduced for each of the generated
mesh: this index measures how close the resulting mesh is to a unit mesh and thus expresses

the adequacy between the size field and the mesh.
All computations are run on a laptop with Intel Core i7 8750h CPU (2.2 GHz) and 16Gb

memory, and execution times for two selected test cases can be found in the table hereafter.

8.4.1 Surface and volume meshing

Engine block. We first consider the engine block test case depicted in Fig. 8.2a. The geometry,
while presenting a relatively low (~ 500) number of faces, features entities of variable radii of
curvature as well as thin areas, and is an interesting application example for our algorithm.
The CAD model being an assembly of thin components, such as narrow fins surrounding
the main cylinder, the feature mesh size is the dominant meshing criterion. Surface meshes
were presented in Section 2, and show the impact of the feature mesh size (Fig. 8.6) on the
final mesh density. On the left part of Figure 8.6, the size field is constructed based only on
curvature: one or two elements are generated in the narrow fins, whose mesh size is defined
by the radius of curvature of the inner cylinder. On the right part of Figure 8.6, the feature
mesh size h. is also considered in the construction of the size field, and n, = 4 element
layers are then as expected generated in the fins. Figure 8.10 shows the tetrahedral mesh,
where prescribed mesh size specifications are respected inside the volume. Since the spurious
branches of the medial axis are removed in the rounded corners, mesh size in these locations
is constrained by curvature. This results in a smaller size defined by the node density ny
(zooms 2 and 3). Mesh size in the thin cylinders and the fins is computed to fit 4 layers of

elements (zooms 1, 4, 5, 6 and 7).

Sport bike engine. The second test case is a four-cylinder engine of a Honda™ CBR600F4i
sport bike!. The model is composed of thin areas such as pipes, gears and plates, and of
regions of high curvature. The enclosing volume being not conformal (i.e., not "air-tight"), a

volume mesh could not be generated without first repairing the CAD. Only surface meshes

'https://grabcad.com/library/honda-cbr600-f4i-engine-1
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20 nodes on the local osculating circles and n, = 4 layers of elements in all geometric

features. The mesh contains 583,776 nodes and 2,716,170 tetrahedra.

Figure 8.10 Final volume mesh of our worked-out example: the size field is computed with

Ngq
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are thus presented for this example. The resulting surface meshes accurately capture areas
of higher curvature (Fig. 8.11, left) as well as small features (Fig. 8.11, right and Fig. 8.12),

demonstrating the robustness of the algorithm on large CAD models.

Figure 8.11 The surface mesh based only on curvature contains 1,521,410 nodes and 3,042,060
triangles (left); the mesh based on both curvature and feature size contains 2,302,630 nodes
and 4,605,010 triangles (right).

ETA 6497-1 watch movement. This geometry? is a complete clockwork composed of flat plates
and gears of different sizes. Feature size is the constraining factor on most flat pieces, while
curvature determines the mesh size at e.g. gear teeth. The surface mesh and the volume

mesh for this test case are respectively shown on Fig. 8.13 and 8.14.

Space shuttle. This example was selected to illustrate specifically the influence of the node
density ny and of the gradation parameter a on the mesh. To show their influence on the
whole model, including thin areas, feature size was not considered in this case, and only
curvature was taken into account. As expected, larger values of ng result in more elements
on the local osculating circle to a surface, and hence in a finer mesh (Fig. 8.15). Similarly,
a gradation parameter « close to 1 limits the size gradient, also resulting in a globally finer

and more homogeneous mesh (Fig. 8.16).

’https://grabcad.com/library/eta-6497-1-complete-watch-movement
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Figure 8.12 Zooms on selected parts of the Honda engine.

Various geometries. Finally, our algorithm was also applied with the same parameters to
a series of CAD model obtained from GrabCAD, the ABC Dataset library and the Gmsh
benchmarks library (Fig. 8.19). In all cases, accurate size fields were computed within a few
seconds to a few minutes, yielding smooth meshes suitable for numerical simulations. Note

that feature size computation was not enabled for all models (e.g. for the lava lamp).
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Figure 8.15 Influence of the node density ngy on the final mesh for a gradation of o = 1.1.

Efficiency index.  The resulting mesh should be as close as possible as a unit mesh in the
metric field associated to the isotropic sizing function [64], i.e. the edges lengths should be
as close as 1 when measured in the given metric. Since we are dealing with the discrete

counterpart of this continuous mesh framework, we consider that the size specification is
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Figure 8.16 Influence of the gradation a on the final mesh for a node density of ng = 20.

respected when the mesh is quasi-unit, that is, when the edges lie in [\/Li’ V2]. To evaluate

the adequacy between the generated mesh and the prescribed size field, we define an efficiency
index. Let [; be the length of an edge ¢ computed in the local metric and n, the number of
edges in the mesh. The efficiency index 7 of a mesh is defined as the exponential to one of

all the edges length in the mesh, that is:

T = exp (ni 2 Z) (8.24)
withl; =, —1ifl; < 1and [; = 1/l; — 1 if [; > 1. The efficiency index thus lies in ]0, 1], the
upper bound being reached for a unit mesh. We run our algorithm on close to two hundred
CAD models and computed the efficiency index (Fig. 8.17), whose median is slightly above
0.8. This shows that the size field given to the meshing tool is realistic, as it can generate

almost unit edges for the given metric field.

Discrete gradation. The resulting mesh should feature a geometric progression in adjacent
edges lengths with a ratio up to a. Instead of monitoring the maximum edge ratio at every
vertices of the final mesh, we use a looser indicator defined on the edges. The discrete
gradation oy, measures the progression between the average edges lengths at both vertices
of each edge e;. Let vy and vy denote the vertices of e; and l,,,(v) the average edge length at
vertex v. We define the discrete gradation at edge e; as follows:

g = maX[ lavy(vl)v llwg(vz)] (825)

" min{lawg(v1), lavg (V2) ]

In the same way that the efficiency index is a global indicator for a given mesh, we define
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an average discrete gradation as the average of ag; over all edges of the mesh. The average
discrete gradation should be close to the user-defined gradation «. In our results over the
same sample of meshes, the discrete gradation is close to the required gradation, although
it lies slightly above for a variety of volume meshes as a consequence of our choice to limit
|Vh|lw instead of || VA2 (Fig. 8.18).

Quality measure.  In addition to the measures of adequacy, element-wise mesh quality is
also evaluated using the ratio v of the radius r of the sphere inscribed in a tetrahedron to

the radius R of its circumscribing sphere:

_3r

- (8.26)

8

This ratio varies from 1 for a regular tetrahedron, and approaches 0 for sliver tetrahedra. The
quality distribution for 50 meshes is shown on Fig. 8.17: these meshes exhibit high-quality
elements with v = 0.8 on average. The current volume meshing algorithm [106] of Gmsh
performs mesh optimization if the quality of an element is below 0.4, hence the very reduced

number of elements below this threshold.

8.4.3 Execution time

The execution times for the engine block and the watch movement are given in Table 8.1. The
mesh size field time is split between the main steps of the algorithm: (7) insert the bounding
boxes of the triangles of the surface mesh in the RTree, (i¢) compute the approximated
curvature with a least square method, (ii7) compute the medial axis of the geometry, (iv)
initialize the root octant and refine the octree and (v) limit the size gradient to o — 1.
Computing the medial axis requires the Delaunay tetrahedrization of the points from the
surface mesh: this step is detailed and included in the time associated to the medial axis
computation. The step "Others" includes all the secondary steps, such as splitting the mesh

into faces before computing curvature.

To limit the size gradient, we iterate over the octants until condition (8.12) is satisfied in all
three directions. This step is dependent on the depth of the octree, hence on the minimum
size hpin, the node density ng and the curvature of the surface mesh given as input. A highly
curved region of the model due to a poor resolution of the surface mesh will result in high
density in the octree, increasing the size limitation time. This can generally be circumvented
by first generating a slightly refined surface mesh, which can be computed quickly and will
rule out these extreme curvature magnitudes. Computation time for the medial axis, on the

other hand, is linear with the number of nodes of the input mesh: this is indeed observed in
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Table 8.1.
Table 8.1 Execution times
Block Watch movement

Time (s) % Time (s) %
Insert surface mesh in RTree 0.47 3.0 % 2.30 1.2 %
Compute curvature 0.36 2.3 % 1.13 0.6 %
Compute medial axis 719 457 % 64.06 34.1 %
incl. Delaunay tetrahedrization of surf. mesh 0.61 3.9 % 2.33 1.2 %
Create and refine octree 0.96 6.1 % 20.24 10.8 %
Limit size gradient 585 371 % 93.89  50.0%
Others 0.69 4.3 % 6.07 32 %
Total 15.75 100.0 % 187.69 100.0 %
Mesh 1D entities 2.48 2.5 % 38.51 4.5 %
Mesh 2D entities 25.68  25.6 % 355.58  41.0 %
Mesh 3D entities 7212 719 % 469.94 54.4
Total 100.3  100.0 % 864.03 100.0 %
including Size queries 65.13 649 % 483.53  56.0 %
# of curves in the CAD model 1584 12,991
# of faces in the CAD model 533 4,760
# of nodes in input surface mesh 145,024 654,348
# of elements in input surface mesh 290,116 1,308,870
# of octants 670,566 9,052,065
# of triangles in final surface mesh 573,808 3,629,000
# of tetrahedron in final volume mesh 2,716,170 12,273,300

8.5 Conclusion

A methodology to automatically generate an accurate size field, storing the sizing informa-
tion in an octree, was presented. This tool eliminates the tedious operation that is assigning
by hand the mesh size on all geometric entities of a CAD model, thus saving considerable
time. This algorithm was a missing piece of the standard meshing pipeline of Gmsh, and
was designed to become the default tool for size specification going onward. Five user pa-
rameters are required to generate a mesh suitable for numerical simulations, two of which
being the minimum and the maximum, or bulk, size, whose value is assigned based solely
on the characteristic dimension of the CAD model. This leaves the user with only three
parameters in order to tune the mesh density. Special care was given to the small features of
the geometry: through an approximate medial axis computation, we ensure multiple layers
of elements are always generated in narrow regions. This is particularly useful in simulations

where Dirichlet boundary conditions are applied. To illustrate our size field computation,
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we applied our algorithm on a large variety of CAD models: for all the test cases, high-
quality surface and volume meshes were obtained in a robust and automatic fashion, and
are adapted to the features of the geometric model. The adequacy between the size fields
and the meshing algorithm was demonstrated: the generated meshes are unit or quasi-unit
according to the prescribed isotropic metric field, and the desired mesh gradation is met. In
thin areas of the CAD model, the required number of layers of elements is present in the
final mesh. More importantly, generated meshes are high-quality meshes ready to be used
for numerical simulations. Emphasis was placed on selecting the same set of parameters for
all the geometries: parameters that make sense to the user do indeed yield a suitable mesh
for a given geometry, making this tool intuitive and user-friendly. Our choice was to use
the P4EST library to implement the background tree structure: although it adds an external

dependence, the octree routines are efficient and a parallel implementation is available for
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further improvements. Future work will focus on extending to anisotropic size prescription,
as well as coupling this geometry-based size field with numerical solutions post-processing
results, to include a posteriori error estimation in the size field design. In this sense, this
tool will assist users performing mesh adaptation, storing the error-based metric field while

providing size prescription based on the CAD throughout the adaptation process.
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CHAPTER 9 CONCLUSION AND PERSPECTIVES

This thesis was motivated by a simple interpolation problem, namely: given a unit square
and a smooth function f, how can we compute a P? triangulation with a given number of
vertices that minimizes the interpolation error ||f — II*f||;2? To tackle this problem, we
addressed the generalization of key ingredients of the continuous mesh framework to high-
order simplices. This thesis built upon recent work on curvilinear mesh adaptation [17,23]
to derive broader interpolation error estimates, and introduced new notions in the form of a

definition of unitness. The main results are here recalled:

Error estimate on high-order triangles Working in the reference space, we introduced
in Chapter 4 an interpolation error estimate that extends the one for linear interpolation
presented in [17]. Instead of bounding the derivatives of the field of interest in the physical
space, the derivatives of its composition with the nonlinear reference-to-physical transfor-
mation are bounded in the reference space instead. This translates into additional terms
involving both the metric derivatives and the lower-order derivatives of the field, which is

typical of high-order elements.

Unit isometric simplices Unit elements denote elements which are indistinguishable with
respect to their metric. This concept is central to the continuous mesh framework, as it
describes which simplices are considered ideal by the metric. Up to a rigid rotation, linear
simplices are completely determined by their edges, thus the classical requirement that all
edges should be unit is sufficient to generate unit and quasi-unit meshes. Curved elements
can exhibit arbitrary edge parameterization, so a more restrictive definition is required. We
introduced in Chapter 4 a definition of unit simplices based on Riemannian isometries. These
transformations are isometries in the usual sense, but also preserve the Riemannian metric.
Being isometric is a strict requirement that ensures that lengths are preserved globally, but
also locally. Key properties are consequently preserved: inner angles, area, edge length,
energy, and geodesicity of the edge parameterizations. From this local property, the usual
definition for linear elements is recovered, as well as the definition in terms of the Jacobian
matrix proposed in [17]. Quasi-unitness is defined in the form of quasi-isometric elements,
which have controlled inner angles and edge parameterization in addition to edge length. This

constructive definition was applied in Chapter 7 to generate quasi-unit P? triangulations.



285

Metrics for error control with P? triangles For linear meshes, an analytical optimal
metric minimizing the interpolation error was proposed almost twenty years ago by Loseille
and Alauzet [1,8,9], and has since been extended to handle high-order interpolation. Contin-
uous error estimates on e.g. P? meshes are very recent [17], and deriving the optimal metric
on these meshes is still an open problem. The contribution of Chapter 6 is twofold. First,
we analyzed an ad hoc Riemannian metric based on the metric induced by the graph of the
field of interest. Interpolation error estimates along quadratic curves were used to limit the
principal sizes to a threshold. This metric is suboptimal for linear meshes, but predicts close
to second-order convergence on the examined test cases for linear interpolants on quadratic

triangles. In particular, the pessimistic results from [47,48] are avoided.

Second, to work towards obtaining the optimal metric, we applied the rationale of the log-
simplex method [11,12] to the error estimate extended in Chapter 4 to arbitrary order inter-
polation on P? triangles. This yields a nonlinear system of PDEs for the metric components,
as metric derivatives are involved in the error estimate. As a first attempt to provide a solu-
tion, we proposed a naive but straightforward extension of the log-simplex iterative scheme

to include metric derivatives.

Generation of quasi-isometric triangulations In Chapter 7, the frontal meshing algo-
rithm inherited from Zhang’s work was modified to control the inner angles of the triangles
and create quasi-isometric elements following the definitions introduced in Chapter 4. P?
meshes are generated by curving a high-quality linear mesh, optimized in a first time for the
metric-based distortion. The ability to generate quasi-unit curved triangulations was illus-
trated on analytical fields and on the academic lid-driven cavity problem. Quality indicators
show that the meshes respect the prescribed criteria, in terms of edge length, inner angles,

and distortion-based quality.

Automatic isotropic size field for 3D models Lastly, a practical tool, aimed at the
generation of an initial mesh rather than adaptation, was developed and implemented in
GMsSH. Given a 3D CAD model, it computes a smooth isotropic size field constrained by the
curvature of the surface mesh and its distance to the medial axis. The size field is stored
in an octree for fast access. The objective is to ease the meshing process by guaranteeing a
good initial mesh with a reduced number (5) of user parameters. Aside from Ay, and Ay,
the user is expected to provide the required node density in curved regions, the number of
layers in thin gaps to avoid locking phenomena, and the desired bound on the size variation.

The robustness and efficiency of this tool were illustrated on a wide variety of CAD models.
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9.1 Future work

Despite metric-based curvilinear mesh adaptation being a recent research topic, significant
work was achieved in the last years to push it towards becoming a competitive alternative to
state-of-the-art anisotropic meshing. We believe a significant ingredient was described in this
thesis, by proposing a broader definition of unitness. The following items discuss bigger or
smaller challenges which should be addressed to provide optimal curvilinear meshes for the
interpolation error in the short or medium term, starting with the derivation of the optimal

Riemannian metric:

Solving the optimal metric problem The principal theoretical point concerns solving
the problem discussed in Chapter 6 to provide the optimal metric for the interpolation error
on P? meshes. In this regard, our conclusions are the same as in [17], as it is not clear if this
problem can be solved analytically. More specific error estimates, not relying on a quadratic
form bounding the high-order derivatives, could also be derived, leading to a different problem

altogether from the one discussed in Chapter 6.

Characterization of the involved manifolds An in-depth understanding of the mani-
folds at play would solve some remaining interrogations. For instance, the eigenvalues and
eigenvectors of the metric are central to metric-based frameworks, however, as bilinear forms,
these quantities are not meaningful for metric tensors in general. This is not a problem in
practice, as the mesh is generated in the Euclidean space with a fixed basis, but it could
help characterize the difference between the trajectories obtained by following their integral
curves and the geodesics. Similarly, we wondered at the end of Chapter 5 in which conditions
the optimal metric for the interpolation error could be induced by the graph of a real-valued
function. If this function exists, embedding techniques as in Caplan et al. [30] would cre-
ate uniform triangulations on the graph, consisting of elements endowed with equal error,

yielding projected meshes with control over the interpolation error on the original field.

Long edges and slivers These two aspects are not treated in our current pipeline and
can negatively impact the error in the final mesh, even if it is adapted to the optimal metric.
Slivers could be handled by a cavity operator [43]. This requires reworking a sizable portion
of the meshing procedure. Long edges could be split by inserting additional vertices after the
sampling. In a one-dimensional approximation, the frontal algorithm creates long edges when
two meeting vertices are at distance ¢ € [lyax + €, 1 + lpin — €] from each other, forbidding the

insertion between them of a new vertex at unit distance from either. Forcing the insertion of
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a vertex at half distance would yield two edges with length in [({yax + €)/2, (1 4+ lmin — €) /2],

which is acceptable when targeting equilateral triangles.

3D mesh generation The definition of unit isometric simplices covers tetrahedra, however
the meshing procedure was presented for triangles only. The limitation comes from our finite
element solver, which time did not allow us to extend to 3D. Although going to 3D naturally
comes with its lot of intricacies, some steps are expected to be straightforward to extend:
vertex sampling at prescribed angles, point cloud tetrahedralization, edge curving to minimize
length or distortion. Already problematic aspects, such as long edges and slivers, are expected

to come in more flavours in three dimensions.

Complete integration in Gmsh As a more practical aspect, the metric interpolation
routines still have to be integrated into GMSH to offer a curvilinear meshing pipeline inde-
pendent of our solver. This is not expected to be a problem, as GMSH handles tensor-valued
data on high-order meshes and already ships with the Eigen library, the only dependency

used in our code to interpolate the metric and its derivatives.

Various optimizations Finally, various compromises were made, always as a trade-off
between cost and accuracy: integration scheme along the chosen set of directions, exclusion
zone for a vertex in the RTree for collision detection, precision of the length computation
between neighbours, number of quadrature points in the various length, area, and distortion
integrals, etc. These are required as soon as the metric varies, to keep the mesh generation
tractable. Quantifying which choices, if any, are critical would help speed up the process.
Lurking behind all these computations are the size queries, that is, metric interpolation and
point localization in the background mesh. Location hints and multiple points queries come

to mind to speed up these queries.
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APPENDIX A PROOFS AND DEVELOPMENTS

A.1 Appendix of Chapter 2

A.1.1 Gradients of the L? norm of the interpolation error

Let E be the quadratic interpolation error defined on P? triangles by:

E=llesllin = [ ¢ da = J S >0 (€ Txl6) w M
KeT i=1

The dependence of F in the Lagrange control vertices x; is explicited through:

er(&sxy) = f (Fr(&)) — 5 f(&) = f (Z o5 (&) ) qu] (&) f
; ¢geo @
Tk (& ch) = xg(&-)yn(&-) - yg(&‘)%(ﬁi) with e.g. 375 Z%

A vertex «; is shared by a shell w(zx;) of triangles (two for edge vertices) and only affects
the elementwise error on this shell, so that the gradient of E with respect to the Lagrange

control vertices writes:

VB gV [ darzg ¥ YU (d@e))u.

Kew(x;) i=1

The gradient of the term in parentheses is (Va,e}) Tk + €7(Va, Jk ), with the involved gra-
dients writing:
Vi, (&) = 2, (VF(2(£)) 05 (&) — f(wmsj(a)) ,

(4)
Vo, T (&) = ($520,(&) — ye(€) 05, we€)05 — 025w, (€))
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A.2 Appendix of Chapter 3

A.2.1 Differential of smooth maps and smooth functions

We show that both concepts of differentials, inroduced in Sections 3.1.1 and 3.1.2, refer to

the same quantity for real-valued maps f : M — R. In coordinates, (3.23) writes:

Of
ox?

3.24) Of

&p(0) "2 L) dily(v) = 0

(p) ER. (5)

In Section 3.1.1, the differential was introduced as a linear map dfy, : T,M — T,)R, whereas
in Section 3.1.2 it is introduced as a covector, hence a linear functional df, : T,M — R. The
key ideas are that (i) the images Ty R and R can be identified with each other, i.e., the
tangent space to R at f(p) is R itself, shifted by f(p); and (i7) both differentials have the

same components in coordinates, namely, the partial derivatives of f:

(3.7) o, Of 0
d = d [ =0v'——(p)=— TR
/fp(v) /fp (U O p) L () Dy . € Lipi, (6)
where y denotes the unique coordinate on TR, and
) Of i i 0f
dp(0) 2 2L ) dily(v) = v L (p) € R 7)

In the former, the partial derivatives appear from the chain rule of the composition of the ar-
gument function with f, whereas in the latter the partial derivatives are the very components

of the covector.
A.2.2 Introduction to curvature and flatness criterion

We present the introductory example from Lee [56], for which the following result is needed:

Proposition A.1. Let v be a curve on M and v € T,u,)M for some ty. There is a unique
vector field V' that is parallel along vy, i.e., for which V)V =0, and such that V (1y) = v.

V' is called the parallel extension of v along . In particular, if v is the zero vector, then
V' is the zero vector field. This proposition states that V' exists and is unique along a curve,
but it might not exist in an open subset around 7(to) where v is defined. One interpretation

of curvature is precisely the obstruction for V' to exist on open subsets.

In the more abstract setting, curvature is introduced as a measure of how a manifold fails
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to be locally isometric to a Euclidean space. This is based on this observation: on R?, any
tangent vector can be extended to a unique parallel vector field, that is simply a constant
vector field. Since isometries preserve the Levi-Civita connection and the associated parallel
transport, manifolds isometric to R? should have the same property locally. To quantify this,
we construct a parallel extension of a vector on an arbitrary 2-manifold M following a path,
and examine the condition under which this vector fields remains parallel under a different
path. Let (x,y) denote local coordinates around p € M and inducing the coordinate frame
(0x, 0y) in a neighborhood of p (recall that this frame is a vector field), and let z € T, M.
We call z-lines the (curved) coordinate lines parallel to the z-axis, and similarly for y-lines.
A vector field Z is defined by parallel transporting z "horizontally" along the z-axis, then
"vertically' along each y-line. By construction, Vy,Z = 0 everywhere since Z was parallel
transported along the y-lines, while V5, Z = 0 holds only the z-axis. To check Z is fully
parallel, we wish to know whether the converse is true, that is, if Vg Z = 0 also holds
everywhere. By Proposition (A.1), if V5 V5, Z = 0 holds, then so does Vy,Z = 0, because
since the vector Vy, Z is zero on the z-axis, its unique extension along each y-line is the
zero vector field. Since we know that Vj Z = 0 everywhere by construction, verifying the
symmetry relation Vg, Vs Z = Vg Vy Z implies the sought relation Vg, Vs, Z = 0, hence it
sums up to verifying whether the mixed derivatives w.r.t. the coordinate frame commute,
which is a property of the connection V. For the Euclidean connection V, the covariant
derivative w.r.t. the coordinate vector fields e; = 0; reducejacobian to directional derivatives,

which commute:
Vo,Vo.Z = Vo, ((0:2)e;) = (9,0.2")e; = (0,7 )e; = V5, Vo, Z. (8)

For general vector fields X, Y however, directional derivatives do not commute, even in R?:

e e o (07 o 0 (.07 |
and the commutator is:
vxvyz — VvaZ = XY(Z]) €; — YX(ZJ) €; = v[)gy]z, (10)

with [X, Y] the Lie bracket of X and Y, see Section 3.1.1. The relation (10) holds on R™ for all
vector fields X, Y, Z, and translates the fact that a tangent vector can be uniquely extended

to a parallel vector field on R™. More generally, we say that the Levi-Civita connection on a
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smooth manifold M satisfies the flatness criterion if for all vector fields X, Y, Z on M:

VxVyZ — VyVxZ = Vixy 2. (11)

A.2.3 Gradient of the interpolated metric

Let 9; M denote the gradient of M with respect to the front mesh coordinates, let L £
S diln M; and let L = PAPT be its diagonalization. From the definition of the matrix

exponential, we write:

M = 0;exp L = 0 (P exp A PT)

(12)
= (9;P) exp APT + P(0;exp A)P" + Pexp A(0;PT)

The derivatives of the diagonal matrix of the eigenvalues is simply 0;expA = exp A O;A.
We are left with the computation of the derivatives of the eigenvalues 0;A and eigenvectors
0; P = (0;v1 0;v2) of L. Defining Ly, £ L — M\, the eigenvector vy, satisfies Lyvy, = 0. Taking

the derivative, we obtain:
@-(Lkvk) = (aij)’Uk + Lk(ajvk) =0. (13)

The derivatives of the eigenvalues are obtained by left-multiplying the expression above by

v!. The second term writes:
T T, 17 T
Vg Lk(ajvk) = [Lk ’Uk} ajvk = [Lk'vk] @-vk =0 (14)
since L, and thus Ly, is symmetric. Since v} - v, = 1, the first term writes:
v,{(aij)vk = ’Ugaj(L — )\k])'vk = 'v,f(@jL)'vk — (‘),Ak = 0. (15)

This is solved to determine the d; )\, which in turn determine the 9; L. Then, the eigenvectors

derivatives are computed from (14) by solving:
@-vk = LZ_ (—8ijvk) s (16)

where L} is the Moore-Penrose pseudo-inverse of Ly, as the matrix is singular by definition.
It is computed using Eigen’s CompleteOrthogonalDecomposition (COD) class. For stability,

(16) is solved calling Eigen’s solve () function rather than pseudoinverse(), for example:

Eigen: :CompleteOrthogonalDecomposition<Eigen: :Matrix2d> Lkdec =
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Lk.completeOrthogonalDecomposition() ;
Eigen::Vector2d grad_vk = Lkdec.solve(-gradlLk * vk);

Finally, the derivatives 0;L, required to compute the derivatives of the eigenvalues in (15),

are given by the chain rule:

VL = V(Zgb, &) In M(X ) ZV@ ) In M(X,)
:Z[ ¢ VE| I M(X)) (17)
-y [vé@ (véFK(é))‘l} In M(X,),

where we used VE(&) = (Véiz(é))_l = (Vém(é))_l = (VEFK(é))_l since the physical

coordinates of the front mesh and background mesh are the same.

A.3 Appendix of Chapter 4

A.3.1 Invariants for high-order error estimates

We introduce additional invariants involving third and fourth order symmetric tensors shared
by unit linear triangles. These invariants may find some use when deriving high-order error
estimates on unit linear elements involving the metric. Let C' be a symmetric covariant

3-tensor on K with components:
Ciin=a, Ciua=0>b, Cip=c¢, Cop=d. (18)
For three tangent vectors u,v,w € T, M, the tensor evaluation writes:

T
— o inge kT (U [Ci]v
C<u>v7 UJ) Ozjku vw w (uT[CQ]’U> ) (19>

with the submatrices [C),);; = Cijm- We examine the contractions of this tensor on the edges

of the triangle R(0)K A, whose edges are explicitly given by:

Ei» = R(0) <(1)> By = R(0) (}1//2> By = R(0) (_‘%Z) | (20)

The sum of the evaluations of C over all edges combinations does not depend on the edges,

but since C' is an odd-order tensor, it depends on the rotation of K, as sines and cosines do
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not cancel out. It writes:

3

> C(E,EE;) = 00839 (a —3c) +sin36 (3b — d)) ,
i=1
i N
3 3 A3
> O, B B)| < (la—3c + 36— d)) £ S 0p(C),
i=1

where Op(C') is an operator applied to C' that replaces the trace. On an arbitrary triangle
K = M™Y2RK  unit for the metric M, this bound evaluates on K as:

3

Zo(ei,%ei)

i=1

< 2 OP(CornoMi M M. (22)

oo

Note that positive-definiteness is not defined for third-order (or odd-order) tensors, but we

can say that C' is copositive if is satisfies C(x, z,z) > 0 for positive z.

Similarly, let @) be a symmetric covariant 4-tensor on K with components:

Q1111 = a, Q1112 =0, Q1122 =cC, Q1222 =d, Q2222 = €. (23)

For four tangent vectors u,v.w, z € T, M, we have:

Qu,v,w, z) = Qijreut’ wkzt = w” (

u' [Qu]v ‘ u’ [Q12]v 5
UT[Q21]U ‘ UT[Q22]U > ’ (24)

with [Qmnlij = Qijmn- As an even-order tensor, the sum of its contractions over the edges is

truly invariant:

3 9 9
ZQ(E’M Eia Eia EZ) = g (CL + QC_I_ 6) = gtrQ, (25)

=1

where tr () is the double trace w.r.t. the Euclidean metric:
trQ = trg(trg Qijk) = 59 Qunt) = Quirk = Qurix = Qikki- (26)

On K = M~'2RK 5 unit for the metric M, this bound evaluates on K as:

< (anopMm1/2Mn]1/2M 1/2/\/1;51/2). (27)

£ (F*Q)ijre

OO\QQ

The trace of the pullback tensor F*@) can be computed e.g. from the flattened form of [F*Q)],
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stored in the following R*** matrix, with I = I?*2:
[F*Q]4><4 _

( MET \ M ) ( M73[QuIM ™2 | M73[Q1a] M3 ) ( M2 ‘ MAT ) (28)
Mg 1| Moz 1 : : ol | My

and the map [F*Q]gzkll—l)—i-iz(f—l)-&-j = (F"Q)ijke-

A.3.2 Proof of Proposition 4.3

Proposition. If a curved triangle K is unit w.r.t. M in the sense of Definition 4.2, then

Cule) =1, Vi=1,2,3. (29)

We start by parameterizing the edges of a high-order triangle. Let K be a unit triangle, e; an
edge of K with ¢ =1,...3 and let ~;(t) = (z;(t),v:(t)), t € [0,1] be the parameterization of
e; obtained by considering the restriction of the reference-to-physical transformation F'(&(t))
on the edges of K. On each edge, the composition &;(t) = (&(t),n:(t)) is given by either
(&1,m) = (t,0) on the edge e, (&2,m2) = (1 —t,t) on ey or (£3,m3) = (0,1 —t) on e3. Thus:

(ZX ba(&i(1)), 2. Yadal(&il ))) (30)

acK aEK
and
dvi 3795@ ajdm @@ @dm — [Jk ]‘ d&; (31)
dt — \oEdt Opdt’ocdt Ondt ) F(&() dt’

where Jg is the Jacobian matrix of K and d§;/dt is constant. Now consider the equilateral
triangle K. Its edges e have unit length with respect to the Euclidean metric:
dfz

d% d% d% g = [ ]9

o TE (32)

Since K is unit with respect to the metric M(x), there exists a rotation R € SO, such that
Jx(2) = M~Y2(z)RJA. We can thus write:

dyi d; WsT dé
JEMJ
<dt’dt> ar Mgy
M((0)

H dy;
dt M
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der g [dg" dg
JTRT 1/2 1/2RJ = _jrj.=
\/ dt MEEMME dt — \ dt T dt
hence from (32):
dry; dgr
la(ei) = 7 € JTJA =1, (33)
thus the edges of K have unit length with respect to M. O
A.4 Appendix of Chapter 5
A.4.1 Proof of Proposition 5.1.
We show that if Q satisfies the inequality:
270z >1, Vze A(m), (34)
then it also satisfies:
mp(€)| < (€7Q€)%, VEeR (35)

The points in A(mp), the level curve 1 of ||, are described as follows. For any & € R?, the
point A§ is in A(mp), with the real number X\ defined by:

1
A (36)

Indeed, since 7, is homogeneous of degree m, |m,(AE)| = [N"mp(&)| = |mp(&)|/|mp(§)] = 1

Thus for any € € R?, Q satisfies 27 Qz = (A\)TQ(\E) > 1. Tt follows that Q satisfies:

ot
(€))7~

The same reasoning can be applied starting from the other inequality, proving the equivalence.

AT Qe = & (£7Q¢)% > |mp(8)]. (37)

A.4.2 Computation of the parameters y,, o, and A\,
Computation of p,

To determine ., consider the circles tangent to m(x, ). These circles have equation 22 +y* =

r?, and the tangency condition writes yd,m — xd,7 = T(x,y) = 0, with T = —ba® + (3a —

2¢)z*y + (2b — 3d)xy? + cy® € H3. Since T is homogeneous, if (z*,3*) € R? is such that
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7(z*, y*) = 0, then T(\x*, \y*) = N7 (z*,y*) = 0 for any A\ € R, thus the roots of 7 are
along the line (Az*, \y*). There are at most three such lines, and on each of these lines lies
the tangency point of a circle of radius r with the level curve 1 of 7, i.e., there exists A, > 0
such that:

fIrats ) = i) =, 59

A (@) + N (y)? =,

and g 1/2 i the smallest of these radii. To avoid factoring the bivariate polynomial w(z,y),
consider the root (z*/1) with x* real such that w(z*, 1) = 7(2*) = 0, where 7;(z) =
—bx3 + (3a — 2¢)x? + (20— 3d)x + ¢ is a univariate and nonhomogeneous polynomial of degree
3. If the n leading coefficients of 7, are 0, the first n roots are set to ¢! for a small £ > 0,
resulting in roots of 7 close to the x axis. For each real root, the tangency point is given by

(A\.x*, \,) satisfying:

* _\3 * _
[T(Ara™, Ar)| = Aplm (2%, 1)] = 1, (39)
X (@) +1) =12,
yielding \, = |7(2*,1)|7%/? and finally:
1
K = rr:l?n = (40)

max,« A2 ((z*)2 4+ 1)

i

Note that this is equivalent to considering the unit vector 2 = (z*,1)/|[(z* 1)||, N\ =
|7(2)|71/? and:

ix = max |7 (2)]5. (41)

The eigenvector Z; is the argument of the maximum in the above expression.

Computation of o,

We now turn to a. The matrix Q. , at a = a, satisfies both 2. and 3. of Proposition 5.4,
1

T

that is, its eigenvectors are 2, and 2, and it is quadri-tangent to A(7) and can be written

as a transformation ¢! of a diagonal matrix Hy,_:

Qw,aﬂ = U;{ ( %ﬂ 0 > U7r - (b;TH)\aW 7:17 (42)

Qr

where the expression of the diagonal matrix H,, depends on the discriminant of 7. Only

the middle expression involving U is a diagonalized form of Q; .. since ¢, is not a rotation
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in general. y, and «, are eigenvalues for the eigenvectors 2, and 2+ respectively, i.e.:

A T —1A A
QO(WZTK' - ¢7'r H)\aﬂ.qﬁﬂ' Z7T - /‘Lﬂ'zﬂ'?

I T 1ol i (43)
an2y = O Hy, ¢ 27 = a2
Defining:
I & —1p T A Ty
zq’r - qbw Z7T7 zq’r - ¢WZW7 (44>
108 4 —1gl 1T & ,Tsl
z7r - Y z7r7 zﬂ' Y&
in which we have removed the "hat" for readability, these relations write:
I _ T 10 _ 1T
Hy, zp = pzz, and H), _z;" = arz;", (45)

which we solve for Ao, and a. If 7o ¢ = 7y = 2y, then H, _ = diag(\a,,4/27)2% ) and

the equations for the first component of each eigenvectors are readily solved:

T ZJ_,I
T,T _ T

)\O‘w = Urp ZI s A = Aaﬂ i7" (46)
T Zr,x

If 7o ¢, = x(x® £ 3y®) (T3 or @), then Hy = diag((4 £ A2 )/3A\2 ,As.). Solving the

equations for the second component of 2, and 21, we have:

T 1.1
Z b
_ Ty _ Y
)\oz7r = Mg 7 Op = )\oz7T 17T (47)
“ry Rm,y

Computation of )\,

Finally, we determine A\, by imposing det(Q, o — af) = 0. Using the identity:
det(A + B) = det A + det B + det A tr(A™'B) (48)

with A = —al and B = Q.o = ¢, 7 Hy,¢; ", we have:

det(—al + Qy4) = det(—al) + det(Qya) + det(—al) tr <_Qm>

«

(49)
= a? +det(¢; )2 det(Hy,) — atr(Qr.a).
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Let Oy = (¢r11)* + (9r12)% Co = (¢r51)* + (¢r52)% and D = det(¢; )%, then:

4

det(H,,) = T and tr(Qra) = \aCh + WC’Q if mo ¢ =Ty, )
det(H,,) = 4;\:\2‘ and tr(Qg ) = 4?32301 + ACy if To ¢ = 73 or 7y.
This yields the following polynomials of order 3 and 4 in A,:
—27aC1 A3 +270* X2 +4D), —4aCy, =0 if mo ¢ = 7y, 51)

+£DX, — a(3C, £ YA, + 302N, +4DXA, —4a =0  if mo¢ =7 or 7iy.

The optimal )\, is chosen as the strictly positive root if m o ¢ = 7y (resp. in (0,2] for 73
and in (0, 1] for 74) that maximizes the ellipse area, hence that minimizes det(Q, ). Since
det(¢-1)? is constant for a given polynomial 7, it is more stable to minimize det(H,,) for

very large or very small values of \, as det(Q, ) becomes less accurate or even negative.

A.5 Appendix of Chapter 6

A.5.1 Signed curvatures

The signed curvatures of 7is, and 7gaq can be obtained by imposing that f on i, is ap-
proximated to second order and that V f is aligned with g4 up to first order. Writing the

quadratic expansion around xg at & = 7(s):
f(@) = f(xo) + Vf(20) - ( — 0) + ;(w — o) Hy(zo)(x — @) + Ol — aol°).  (52)

we have after substituting vis,(s) — xo:

2

F(isol5)) = F (@) = 0 = (Vf (@) - kisog + " Hy(wo) - ") % +0(s”)

l (53)

g Hy(xo) - g+

Vf(xo)-g

kiso =
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and similarly for the linear expansion of V f(x) around x:
Verad(8) 0 V.f (@) = V f (o) + Hy (o) - (2 — 20) + O(||l — 2o |*)
| (54)
g + Skgaag” < Vf(xg) + sHi(xg) - g + O(5%).
The vector equality is obtained by normalizing the right-hand side by ||V f(x)||, yielding:

g Hy(xo) g g Hi(w) g
IVf (o)l g* - g* IV f (o)

Fgraa = (55)
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APPENDIX B HIGH-ORDER DERIVATIVES RECOVERY

Anisotropic adaptation requires a posteriori error estimators, which rely on derivatives of
order m > 2 of the field of interest. For linear interpolation, for instance, the mesh adaptation
process is driven by the Hessian of the numerical solution, whereas derivatives of order 3 or
higher are required for high-order interpolation schemes on straight meshes. Because of the
popularity of linear elements, there is a rich literature on Hessian recovery methods, see for
example [133-135] for a review and comparison of such operators. The recovery of higher
derivatives, in contrast, is less documented, but we can mention the work of Kuate [90] and
Mbinky [10]. In this thesis, derivatives of arbitrary order are recovered with the least-squares
projection of Zhang and Naga [85], a patch-based recovery similar to Zhu and Zienkiewicz’s

postprocessing [84].

Zhang and Naga’s Polynomial Preserving Recovery (PPR) method is briefly presented in
this Appendix. This includes the practical computation of the least-squares polynomial, the
construction of element and vertex patches around mesh vertices as well as some conver-
gence properties of the PPR operator for smooth functions. Some modifications applied to
improve its behaviour on anisotropic meshes are presented, as well as our implementation
on P? triangulations. An immediate high-order (m = 3, 4) extension of the PPR-based Hes-
sian recovery [135] is described. To our best knowledge, the use of this scheme to recover
derivatives of order m > 3 is reported for the first time. The presentation concludes with
numerical tests showing the approximation capabilities of the PPR with respect to high-order

derivatives on both regular and anisotropic meshes.

Notations

We introduce some notations which mostly follow [136]. For a triangulation 7 in the physical
space (2, recall the space V;* of continuous and piecewise polynomial functions of degree up
to k is:

Vi =PHT) = {fi € LAQ) | fulx € PH(K), VK € T} (56)

These functions are polynomial in the physical space. The set of mesh vertices and interior
vertices are denoted by N, and N, £ N, \(N, N 99Q), respectively. A patch of elements
surrounding a mesh vertex @ is denoted by w,. The precise definition of w, is given further
and changes if @ is an interior, boundary or edge vertex, the latter occurring only for P?

meshes. The patch of vertices surrounding @ is defined by w? = w, NNj,.
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B.1 The Polynomial Preserving Recovery

The polynomial preserving recovery (PPR) was introduced in a series of papers by Zhang
and Naga [85,136,137] as an improvement of the Zhu and Zienkiewicz’s gradient recovery,
which it outperforms on selected mesh patterns. Given a discrete solution f;, € V;¥, the PPR
is an operator Gy, : V¥ — V¥ x V¥ first defined by its values at the mesh vertices Gy, fi,(z),

then extended to the domain using the basis of Vi¥:

Grfrn 2 Y. Gufal(z)o(z). (57)

:I:ENh
The nodal values are determined by fitting a least-squares polynomial to the discrete solution
fn on a patch surrounding each vertex. We let p, € P*!(w,) denote the polynomial that

best fits the discrete solution f; in a least-squares sense on the patch w,, that is:

pe=arg min > (fu(z)— p(x))% (58)

pEPFH (wg) TEWY
xr

The value of G, f, at the mesh vertices is then defined as the gradient of p, evaluated at a:
Gnfu(x) £ Vpa(x). (59)

On P! triangles, this completely defines Gpuy, for linear interpolants whose interpolation
nodes coincide with the mesh vertices, whereas nodal values for higher-order elements, which
do not have an associated mesh vertex, are obtained by averaging the evaluation of adjacent
polynomials. Note that this is only required when the recovery operator has to be evaluated
inside the triangles, to compute norms and error, for instance. Riemannian metrics, as
discussed in Chapter 5, are computed at the mesh vertices and do not require additional

int

edge 15 the position of an interpolation node on the edge x1@2, Gy f), is defined by:

work. If x
thh(wgclitge) é &val (wlier(litge) + (1 - COVp«’EQ (wgclltge)v (60)

with a = dy/(dy +ds) the ratio of distances d; = ||, — 24]|. The values of G, fj at element

nodes Teement are obtained in the same way, using barycentric coordinates a; as weights:

3
thh(mgllément) £ Z aijwj (m:ll;ment)' (61>

J=1

To avoid instabilities when fitting a least-squares polynomial on small patches, the compu-
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int
corner

int int
corner w(f()l’ll(‘l‘

€T

(731’ Hl) (731’ HB) (7)2, HB)

Figure B.1 Recoveries are computed at mesh vertices (in black), then evaluated and averaged
at interpolation nodes (in orange).

tation is performed on a scaled patch defined by @, = (wy — @)/hs, with h, the dimension
of the bounding box around w,. To obtain better results with highly anisotropic meshes, we

consider as in Briffard [138] the anisotropic scaling:

1 2
N We =T Wg—T A . o i 0
e i I

)

so that we search p, € P¥1(Q,) such that p, = P, o Fp. The scaled polynomial writes
p2(4) = PTc,, where P = (p(), oD, §)T are the monomials on the scaled patch and
Ce = (C1y.nyCny +1) the coefficients to determine. The dimension of each vector is ng,; =
|KEY = (k + 2)(k + 3)/2. These coefficients are obtained by solving the least-squares

problem:

AT Ac, = ATb,, (63)
with the matrix and right-hand side:
P(2,)" up (1)
P(2x(y)" Un(®N ()

where N(w?) is the number of mesh vertices in the patch. The matrix AT A is a real SPD
matrix of order ny;; X npyi. For (63) to have a unique solution, the rank of AT A must be
the dimension of the coefficient vector, i.e., npy1. The rank of ATA depends only on the
position of the vertices in the patch, thus some patches might have to be enlarged to obtain

a well-posed problem.
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Extension to P? meshes

On P? triangles, the derivatives are additionally recovered at the edge vertices, to yield more
accurate interpolated metrics. The only difference between edge and P! (corner) vertices
is the definition of their patch of elements for the least-squares projection. Then, the PPR
operator is defined at the interpolation nodes of the chosen interpolant. Linear (IT') and
quadratic (IT?) interpolation does not require additional work as the nodal values G, fy ()
are available and given by (59). Moreover, the input numerical solution fj, is stored at these
vertices. Starting with cubic interpolation, fj, needs to be interpolated to evaluate the least-
squares right-hand side at edge and element nodes, and averaging is required to define the

int
edge

of the two nearest polynomials on the edge are weighted by the distance,

PPR operator at these nodes, see Fig. B.1. If « is an interpolation node on an edge, the

int
edge

similarly to (60). For the interpolation nodes lying inside the element, we interpolate using

evaluation at x

Lagrange quadratic functions, as there is no immediate extension of barycentric coordinates

for P? triangles:
6

t A int
Gh fh :e?ement = Z (bgeo gll;ment Vpﬂ?g (w:e?ement ) . (65)

Although three weights are negative at the barycenter, we observed in Section B.5 that this
averaging does not hinder the convergence of the recoveries in practice. An alternative would
be to use the quadratic Bernstein polynomials, which are everywhere positive, however it
would require recovering the numerical solution at Bézier control points or using a Lagrange-

to-Bézier transformation [17].

Patches of elements

We define the patches w, for interior, boundary and edge vertices. Following [136], these are

defined using the union of elements in the first n layers around a mesh vertex a:

x if n=1,

L(x,n) = (66)
{ U{K €T | KNL(x,n—1)# o} otherwise.

Since we fit a polynomial p, € P**(w,) in a space of dimension ny; = (k+2)(k +3)/2, the
patch w, must have at least ny, 1 vertices to obtain a unique solution. The element patch w,

around an interior vertex is thus defined by:

ww,interior é ﬁ(.’B, nO)? (67)
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where ng is the smallest integer such that N(L(x,n9)) > ngs1, see Fig. B.2. The vertices
in w, may be placed in such a way that the least-squares matrix A7 A is not of full rank.
When it is the case, the patch size is increased to the minimum number of layers required to
have rank(AT A) = ny, ;. Because the length of incident edges to a vertex x are expected to
vary greatly from one direction to another in anisotropic meshes, this definition of wy interior
is preferred to the original definition in [85] based on the ball of radius equal to the length
of the longest incident edge to x. Considering only the longest edge leads to large vertex
patches that span along both directions of anisotropy, yielding undesired smoothing, as the
information may be taken far from the feature to recover. In contrast, wy interior mimics the
anisotropic unit ball for the metric induced by the input mesh. In an adaptation loop, this
mesh is expected to be a unit, with all incident edges of quasi-unit length. Considering the
first layers of adjacent elements thus amounts to consider elements inside roughly an integer

multiple of the unit ball.

We interior W boundary Wz edge
/ /\

1
)

Figure B.2 Element patches w, and vertex patches w, for interior, boundary and edge vertices.
Left: patches to fit a quadratic polynomial on a P! mesh (ny; = 6 vertices required). The
initial patch of the interior vertex @, contains only 5 vertices, and had to be enlarged. Right:
patches to fit a cubic polynomial on a P? mesh (nj;; = 10 vertices required).

The patches for boundary vertices are defined from the Strategy 2 in Guo et al. [139]. It uses
an intermediate patch wy,, = L(x, my), with m( the smallest integer such that w,, contains
at least one interior vertex. Typically, mg = 1 except maybe at corners of the domain. Then,
the w, is defined as the union of the patches of the interior vertices in wy,,, supplemented by

the first layer of elements surrounding each boundary vertex in w,,,. This formally writes as:

Wz boundary S U Wz U ( U ,C(CI_C, 1)) : (68>

jewmom\?h Z € Wmg NN NN

Finally, for P? meshes, we simply define w, at an edge vertex as the union of the patches of
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the extremities @1, x5 of the edge:
We edge = Weq U Wy - (69>

Fig. B.2 illustrates these three definitions for different kind of vertices.

B.2 Properties of the PPR operator

From the analyses of [85,136,137,140], we briefly detail the properties of the PPR operator

G'1,. The proofs are given in these papers and the references therein.

1. Polynomial preserving property. G} preserves polynomials of degree up to k + 1
on arbitrary meshes, that is, G}, f, = V), for any f), € P*T1(Q), since the least-squares
recovery yields the exact f;, in that case. This yields the unconditional superconvergence

property when applying the PPR operator to the interpolant of f ([136]):
HVu - GthuHL2(Q) < Chk+1\u|Hk+z(Q),Vu S Hk+2(Q), (70)

Polynomials of degree k 4 2 are also preserved at mesh vertices that are symmetry

centers for the nodes of their patch, although this is not expected on arbitrary meshes.

2. Superconvergence. If conditions on the mesh are satisfied, namely Gj, is bounded
(in the sense of linear operators) and satisfies the superconvergence condition, then the
recovered gradient Gy, f, superconverges to Vf. These two conditions are respected
by a wide range of meshes, notably meshes generated by the Delaunay triangulation
[141,142]. For linear interpolation and for f € W*3(Q) ([137], Th. 4.1):

I9f = Gufilliz@ < CH* | f sy with =0, @
From [136,137], we can infer the general result for f € W*2(Q):
IV = Guhallz) < CRM?|| fllesaceq,  with p>0. (72)

Superconvergence results also hold on anisotropic meshes under some conditions ([142],
Th 3.2 and [140], Th. 3.3 and 3.4). The convergence results are more involved, but
show that the convergence rate for ||V f — Gy, fi| 12(q) can reach O(hF*') on anisotropic

meshes.

3. Asymptotically exact error estimator. When the recovered gradient obtained with
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the PPR operator superconverges to the exact gradient, it can be used to derive an

error estimator for the gradient of e, = f — f,, see [137].

To summarize, we can expect the following behaviour from the recovered gradient applied to

sufficiently smooth functions:

« Convergence of order k + 1 when applying to the interpolant IT¥ f on mildly structured

meshes, and of order k£ 4+ 2 on uniform meshes with &k even;

o Convergence of order k + p, p > 0 when applying to the finite element solution f; on

mildly structured meshes.

B.3 Hessian matrix recovery

The gradient recovery operator can be applied twice to recover the Hessian matrix, as sug-

gested in Guo et al. [135]. The recovered Hessian matrix Hy, f, of degree k defined this

way 1s:
Hyfy = Gr(GL/n) 5 . (73)
Sym Gh(Ghfn)

The Hessian is obtained by applying the gradient recovery operator twice and averaging the
mixed derivatives. Other recovery techniques, such as Zhu and Zienkiewicz’s recovery, exist in
the literature and we could consider mixing techniques when recovering the derivatives of f,.
Numerical results in [135] show however that the PPR-PPR combination, i.e., using the PPR
to recover the gradient of both f, and G}, f3,, is more accurate than other combinations by
up to one-half order of convergence. The recovered Hessian enjoys approximation properties

similar to those of the recovered gradient:

1. Polynomial preserving. Hj preserves polynomials of degree up to k+ 1 on arbitrary
meshes, that is, H,II*f = Hf for f € P*1(Q). This yields the local superconvergence
property for the Hessian of the interpolant and for f € W>*+2(w,) ([135], Th. 3.9):

[ Hu — HyU* £ oo () < CR*|Flypisa - (74)

2. Superconvergence. For smooth enough functions f and certain classes of meshes,
we have the following results for linear and quadratic interpolation ([135], Th. 4.3 and
4.5):
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o Linear elements. If the mesh satisfies the (a, o) condition (see e.g. [137]), then:
I1H [ = Hufnllr20) < || fllwz @),  with p > 0. (75)

o Quadratic elements. If the mesh is uniform or strongly reqular (« = 1,0 = )
[137], then:

IHf = Hyfullr2) < W2 f] - (76)

Thus, we can expect convergence of order k for the Hessian of the interpolant and of order

k — 1+ p for the Hessian of the numerical solution.

B.4 Higher-order derivatives recovery

In a similar fashion, we propose to define the array of third-order derivatives according to

the following illustration:

( Gy (fn) G (fn) )
Sym Gy (GH(GLIR))
Gr(GH(GRIn) Gy (fn)
DY f, = :
Sym G (fn)
with for example:
Gy  CHGHGLA) + GEGH(GR ) + GHGHGE) -

3

Higher-order derivatives are obtained by applying the gradient recovery operator n times and
averaging the mixed components. To our best knowledge, the use of the PPR operator to
recover derivatives of order higher than 2 is not documented in the literature. We can still
affirm, however, that they preserve polynomials of order up to k+1 on arbitrary meshes, that
is, D,gm)Hk f=d"™ f for any f € P**1(Q), by applying recursively the proof of Theorem 3.5
in [135]. From (70) and (74), we can infer that one order of convergence is lost per derivative

order when applying the PPR to the interpolant IT* f on unstructured meshes, and similarly
for fj.
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B.5 Verification

We consider two test cases to verify the implementation of the polynomial preserving recovery

and its capabilities to recover higher-order derivatives:

Test 1. We solve on the unit square © = [0, 1]? the Poisson problem:

—Af=g inQ,

78
f=0 on 09, 78)

with homogeneous boundary condition and a manufactured source term chosen so that the

analytic solution is fi(z,y) = sin(mz) sin(7y).

Test 2. We solve a Poisson problem on the square Q = [—1,1]*> with nonhomogeneous
Dirichlet boundary condition. The source term and boundary conditions are set so that the
analytic solution is:

1 :
fg(:v,y):2ll+tanh<a<bx—w>>], with a =10,b=1/2,c=2,d=4. (79)

For each test, the derivatives of order up to 4 of f;, and II*f are recovered by successively

applying the PPR operator.

Influence of the boundary. Recovery methods are known to deteriorate near the bound-
aries. Following the methodology in [85,135,136,139], we examine seperately the behaviour
of the PPR on the full domain and on an inner domain excluding the boundary. To do so,
we consider the set A}, 1 £ {x& € N, | dist(z,98) > £} of vertices at a distance ¢ from the
boundary. The domain is partitioned into Q = €, U €y, where:

Q1 = J{K € T, | K has all its vertices in N, 1}, (80)

so that ; contains only triangles with all vertices at prescribed distance from the boundary.
For both tests, we set £ = 0.125 and define a discrete maximum norm || - |, a5, Over the

mesh vertices in N, ; and a continuous norm || - [|12(q,) by:
A of i
IVf = Grfulloo, v, = max max | ——(x) — G} fu(x) | , (81)

wENh,l .]:172 83:]
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A af g 2
- 2 = E — -G dzx. 2
\Vf = Gufullr2in) /Q1 Z, <0xj hfh> x (82)

We also define the norms || - || and || - ||z2 to include the boundary by replacing Q; by €
in the expressions above. The norms associated to the Hessian and higher-order derivatives
are computed similarly, considering all 4, 8 and 16 scalar components respectively. In the
following, all convergence results with a rate superior to k — (d — 1), with d the order of
the recovered derivative, are said to be superconvergence results, such as an order 2 > (1 —
(1 —1)) =1 for the recovered gradient (d = 1) on linear (k = 1) elements. Since results are
presented in 2D for both uniform and anisotropic meshes, all error graphs are plotted against

the square root of the number of P! mesh vertices V,,.

Families of meshes. We consider the families of meshes shown on Fig. B.3: uniform
meshes, Delaunay meshes and straight adapted anisotropic meshes. The straight anisotropic
meshes are adapted to the optimal metric described in Chapter 5. These metrics require
the high-order derivatives of f: analytical derivatives were used to remove the effect of the
recovery method on the adapted meshes. We present results for (P!, II3) interpolation on
uniform meshes (Fig. B.4), for (P!, 1I3) interpolation on Delaunay meshes (Fig. B.5), and for
(P, 11%) interpolation on straight anisotropic meshes (Fig. B.6)
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Figure B.3 Families of meshes considered for convergence studies. From left to right: uniform
meshes with the "regular" pattern [85], Delaunay meshes and straight anisotropic meshes
adapted to the solution f.

Results. The results for uj, and IT*u being mostly identical, the following comments hold
for both. For all results, the O(h*) convergence of the H'-seminorm of the error on the finite

element solution is presented as a baseline. On the interior of the uniform meshes (Fig. B.4,
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bottom 4 figures), all derivatives exhibit O(h**!) = O(h*) superconvergence in both point-
wise and L? norms. When the boundary is included (top 2 figures), the recovered derivatives
converge as expected and an order of convergence is lost per derivative. In particular, the

gradient superconverges as O(h**1) pointwise, the Hessian as O(h*), etc.

Results on Delaunay meshes, Fig. B.5, show the behaviour of the PPR operator on nonuni-
form meshes, which are more common in finite element analyses. On these meshes, the
convergence order for G,IT%u is expected from the polynomial preserving property, while the
superconvergence of Guy, is ensured from the fact that the Delaunay meshes satisfy the (o, o)
condition [137]. Superconvergence is observed for all derivatives including the boundaries.
For test 1, derivatives of increasing order converge in L? norm (top right figure) with rates
39 (vs. k+1=4),35 (vs. k=3),25 (vs. k—1=2)and 1.4 (vs k —2 = 1). Inside the
domain, the O(h*) rate granted by the symmetry of the regular pattern is no longer observed,
and we lose one order of convergence per derivative instead. Unlike uniform meshes where
all derivatives converge even with low order interpolant, derivatives of order m > k + 1 do

not converge in general on Delaunay meshes (not shown).

Lastly, the recovered derivatives on straight anisotropic meshes exhibit a very similar be-
haviour as on Delaunay meshes, see Fig. B.6. This confirms that the definition of element
patches is adequate for anisotropic meshes. The derivatives of order 4, required to compute
the optimal metric, converge in L? norm with rate 1.4 including the boundary (top right)
and 1.7 inside the domain (middle right). This rate goes up to 2.9 inside the domain for the
test 2 (bottom right), thus the fourth order derivatives converge with the same rate as the

H'! seminorm of the error.

B.6 Conclusion

We presented the least-squares operator used to recover high-order derivatives in this thesis.
It is a critical ingredient in the mesh adaptation loop, as the quality of the high-order deriva-
tives directly affect the error estimates used in adaptive meshing. This operator consists in
m applications of the Zhang ang Naga gradient recovery operator to the numerical solution
fr. The convergence properties of this operator were also recalled. Namely, the gradient and
Hessian recovered with the PPR converge with accelerated rate to the exact derivatives on
uniform meshes, and may superconverge on general meshes under some geometric conditions.
Although we did not explicitly validate those geometric conditions, this superconvergence was

well identified in our numerical experiments. Generally speaking, superconvergence was ob-
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served for derivatives of all tested orders (up to 4) on all tested meshes, including anisotropic
triangulations. On the interior of uniform meshes, a convergence rate of k£ + 1 was obtained
for derivatives of all orders. On unstructured meshes, the gradient usually superconverges
with order k + p, with p > 0, and we lose one order of convergence per subsequent recovered
derivative. In particular, we are able to recover derivatives of order 4 on cubic interpolants
with O(h") convergence, with 1 < r < 3. This is encouraging, as these derivatives control the
adaptation process for cubic elements. It is worth noting that the convergence rates obtained
on meshes adapted to a strongly anisotropic field, test 2, do not differ drastically from the
rates on uniform meshes, hinting similarities between a uniform mesh and a nonuniform mesh

correctly adapted to the features of the solution.
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