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RÉSUMÉ

La modélisation des phénomènes physiques invariants par translation, dans une base vecto-
rielle spatiale, entraine des systèmes d’équations qui peuvent être représentés par des ma-
trices de Toeplitz par bloc multi-niveaux. C’est notamment le cas des phénomènes liés à
l’électromagnétisme ou l’acoustique. La résolution d’équations impliquant ces matrices re-
quiert généralement une méthode de résolution itérative, nécessitant un grand nombre de
multiplications de matrice de Toeplitz par bloc avec des vecteurs. Ainsi, pour simuler des
problèmes physiques de grande taille, il est indispensable d’améliorer l’efficacité de ces opéra-
tions. Il existe un grand nombre de méthodes réalisant ces multiplications, mais chacune
présente des limites majeures. Les plus prometteuses de ces méthodes sont celle par insertion
de matrices circulantes et celle par décomposition tensorielle en paquet. Malheureusement,
ces méthodes présentent des temps de calculs et des besoins en mémoire qui augmentent
rapidement avec la taille du système ou le rang du tenseur. Dans le cas de vecteurs sources
quelconques, le calcul de la décomposition tensorielle est plus coûteux que la multiplication
directe. Aussi, lorsque l’on étend l’insertion de matrices circulantes aux matrices de Toeplitz
par bloc en d dimensions, l’insertion entraine l’introduction d’un grand nombre de coefficients
redondants. Dans ce cas, seul une proportion de 1/2d du vecteur traité dans le calcul contient
des informations utiles. Cette redondance conduit rapidement à une surcharge de mémoire
et à une complexité opérationnelle élevée.

L’algorithme présenté dans ce mémoire a pour objectif de répondre à ce problème d’inefficacité
en reportant au plus tard les insertions et en avançant au plus tôt les projections. Cette
stratégie permet de calculer les transformées de Fourier sur un nombre réduit de coefficients,
diminuant ainsi la complexité par un facteur de d/

(
2− 2−d+1

)
et la demande en mémoire

maximale de 2/
(
(d + 1)2−d+1

)
. Pour une multiplication matrice-vecteur en trois dimensions,

le ratio entre la complexité théorique de la méthode standard par insertion de matrices cir-
culantes et celle de la version améliorée de cette méthode tend vers 12/7 lorsque la taille de
la matrice de Toeplitz par bloc tend vers l’infini pour chaque niveau. De plus, l’algorithme
utilise une propriété de la transformée de Fourier rapide afin de séparer le vecteur trans-
formé en deux vecteurs de coefficients d’indices paires et impaires respectivement, et ce pour
chaque transformée de Fourier. Cela résulte en une structure arborescente des tâches de
l’algorithme. Cette structure permet une meilleure flexibilité dans la gestion de la mémoire
et de la vitesse de calcul grâce à la possibilité d’appliquer différentes stratégies de paralléli-
sation impliquant plusieurs GPU. Ainsi, l’utilisation simultanée de différents GPU, chacun
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assigné à une branche, peut améliorer la vitesse de calcul au détriment d’une utilisation de
mémoire accrue. Avec un unique GPU, le ratio d’allocation de mémoire entre les méthodes
standard et améliorée tend vers 4/3 pour les matrices et vecteurs en trois dimensions, lorsque
les tailles de chaque niveau tendent vers l’infini. Dans les cas où la matrice de Toeplitz par
blocs est symétrique ou antisymétrique, c’est-à-dire que chaque bloc de chaque niveau est
symétrique ou antisymétrique et de Toeplitz, une méthode d’insertion adaptée permet de
réduire l’allocation mémoire. Le ratio théorique de mémoire allouée entre les deux méthodes
devient alors (2d + 1)/(d + 2). Ces symétries apparaissent dans des théories physiques qui
présentent une réciprocité entre les sources et les receveurs, en particulier en électromag-
nétisme, en acoustique et en mécanique quantique.

Les ratios de temps de calculs mesurés entre la méthode par insertion standard et la méthode
par insertion séparée indiquent que l’algorithme proposé est plus efficace que les attendus
théoriques tant qu’elle n’a pas atteint sa capacité mémoire. Une analyse supplémentaire des
temps de calculs consécutifs pour la méthode par insertion séparée révèle que les écarts aux
attendus théoriques sont en partie causés par les méthodes utilisées par le package « FFTW.jl
» pour gérer les calculs de transformées de Fourier rapides. En effet, ce package emploie au-
tomatiquement différentes méthodes pour le calcul des transformées de Fourier rapides selon
les tailles des matrices et vecteurs multiniveaux. Sachant que les vecteurs à transformer n’ont
pas la même taille dans les deux méthodes, cela explique en partie les écarts observés.
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ABSTRACT

Modeling translationally invariant physics, such as electromagnetism, in a spatial basis typ-
ically results in systems of equations involving multi-level block-Toeplitz matrices. These
matrices often necessitate iterative solution methods, which in turn require numerous block-
Toeplitz matrix-vector multiplications. Therefore, enhancing the efficiency of these multi-
plications is essential for simulating a wide range of large-scale physical systems. While
various methods for performing these multiplications currently exist, each comes with major
drawbacks. Specifically, the most promising methods—circulant embedding and tensor train
decomposition—suffer from poor scalability with respect to system size or tensor rank. For
general source vectors, computing the tensor decomposition is more computationally inten-
sive than direct multiplication. When extended to d-dimensional block-Toeplitz matrices,
embedding leads to the introduction of a large number of redundant coefficients, so that only
1/2d of the vector treated in computation contains useful information. This scaling quickly
leads to memory overload and high operational complexity.

The algorithm introduced in this thesis aims to address this latter inefficiency through lazy
embeddings and eager projections, deferring embeddings as late as possible and performing
projections as early as possible. This strategy allows for the computation of Fourier trans-
forms on a reduced number of coefficients, lowering complexity by a factor of d/

(
2− 2−d+1

)
and peak memory usage by a factor of 2/

(
(d + 1)2−d+1

)
. For three-dimensional matrix-

vector multiplications, the theoretical complexity ratio of the standard circulant embedding
method over the enhanced version approaches 12/7 as the size of the block-Toeplitz matrix
tends to infinity for each level. Additionally, the algorithm exploits a property of the fast
Fourier transform (FFT) to divide the transformed vector into even and odd coefficients, fol-
lowing a tree branch structure. This structure offers greater flexibility in managing memory
and computational speed through various parallelization strategies along each branch using
several GPUs. Running these branches independently on separate GPUs can boost compu-
tational speed at the expense of increased memory usage. On a single GPU, the memory
usage ratio between the standard and enhanced methods tends to 4/3 for three-dimensional
matrices and vectors as the sizes of each level increase. In cases where the Toeplitz data
is entirely symmetric or anti-symmetric—meaning each block at each level is a symmetric
or anti-symmetric Toeplitz matrix–—a clever embedding can reduce memory consumption.
The theoretical memory ratio between the two methods then becomes (2d +1)/(d+2). These
symmetries occur in any physical theory exhibiting reciprocity between sources and receivers,
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and, in particular, arise in electromagnetics, acoustics, and quantum mechanics.

The measured time complexity ratios between the split and standard circulant embedding
methods indicate that the proposed algorithm usually outperforms theoretical expectations
until the machine memory limits. Further analysis of the consecutive computational times
of the split circulant embedding method revealed that the discrepancies were due to the
“FFTW.jl” package’s method for handling FFT computations. Indeed, this package employs
different methods for FFT computation depending on the sizes of the multi-level matrices.
The discrepancy in computational time ratios is partly due to the fact that the two methods
perform FFTs on different vector sizes.
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CHAPTER 1 INTRODUCTION

Multi-level block Toeplitz matrices are widely applicable across mathematics, physics, and
engineering. In mathematics, these matrices are used in compressed sensing [1], cryptogra-
phy [2], and modeling multi-dimensional random processes [3]. In physics, block Toeplitz
matrices play a crucial role in multi-dimensional wave propagation equations, particularly in
acoustics [4], [5] and electromagnetics [6], [7]. Additionally, they are employed in signal pro-
cessing [8]. Due to their extensive range of applications, mathematicians and physicists have
developed various techniques to optimize operations involving these matrices. This thesis
focuses its application of Toeplitz matrix-vector multiplication to simulations of electromag-
netic fields, where the Green’s function matrix exhibits a block Toeplitz structure due to
the translational invariance of these fields. Nevertheless, the algorithm discussed herein is
broadly applicable to all the aforementioned applications.
Our research project aims to enhance the existing circulant embedding method for Toeplitz
matrix-vector multiplication. This introduction will present the mathematical concepts un-
derpinning this method, highlighting its limitations and identifying targets for improvement.
We will begin by introducing key mathematical concepts, including the Fast Fourier Trans-
form (FFT) (section 1.1.1), Toeplitz and block Toeplitz matrices (section 1.1.2), and the
properties of circulant matrices (section 1.1.3). Following this, we will explain the circulant
embedding method and delineate its limitations (section 1.2) in order to state the research
objectives (section 1.3). Finally, we will provide an outline of the thesis, detailing the orga-
nization of its chapters (section 1.4).

Notations

Throughout this thesis, matrices are labeled in capital letters, vectors in bold letters and
scalar coefficients are labeled in small letters.
Complexities are given in O(f(n)), where O is the order of approximation symbol in the
asymptotic notation.

1.1 Mathematical background

To understand the circulant embedding method, it is essential to grasp its two key compo-
nents: the transformation into Fourier space and the circulant embedding of a Toeplitz ma-



2

trix. The Fourier transform can be computed in various ways, but the most efficient method
employs the Cooley-Tukey fast Fourier transform algorithm [9]. This approach leverages the
properties of circulant matrices in Fourier space, reducing the complexity of the multiplication
to a linear operation.

1.1.1 Fast Fourier transform algorithm and its properties

Most of the reordering-based methods for Toeplitz matrix-vector multiplication are performed
in Fourier space. As such, the Discrete Fourier Transform (DFT) matrix can be used to
perform this transformation through a linear operation. In a N -dimensional linear space, the
DFT matrix ΩN is defined to be:

ΩN = 1√
N



1 1 1 ... ... 1
1 ω ω2 ω3 ... ωN−1

1 ω2 ω4 ω6 ... ω2(N−1)

1 ω3 ω6 ω9 ... ω3(N−1)

... ... ... ... . . . ...
1 ωN−1 ω2(N−1) ω3(N−1) ... ω(N−1)2


,

where ω = e− 2πi
N .

The naive approach to the Fourier transform would be to compute the matrix multiplication,
which has O(N2) complexity. Thus, if we denote f to be the vector to transform and f̂
its Fourier transform, f̂ = ΩN f =

(∑N−1
n=0 fne−2π k

N
n
)

k=1,...N
. The fast Fourier transform

algorithm for a vector of length N = 2l uses the following property:

f̂ = ΩN f =
IN/2 DN/2

IN/2 −DN/2

ΩN/2 0
0 ΩN/2

 feven

fodd

 ,

where DN/2 = diag
(
1, ω, ..., ωN/2

)
, feven and fodd are the vectors containing only the coeffi-

cients with even indices of f and the odd ones respectively, and IN/2 is the identity matrix
of size N/2.
After this first decomposition, the half sized ΩN/2 matrix can be decomposed in the same
way. Thus, for l ∈ N∗, the DFT matrix multiplication can be broken down into smaller
sub-multiplications. This divide and conquer method requires only O(N log N) operations
to compute the Fourier transform of a vector. For sizes that are not powers of two, specific
alternative methods exist, with for instance, the prime factor algorithm [10], adapted for
products of relatively prime numbers. The most general case is the N = N1N2 split with
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arbitrary N1 and N2 using the Cooley-Tukey algorithm [9].

1.1.2 Toeplitz and multi-level block-Toeplitz matrices

In this subsection, we will consider only square matrices, as these are the only types encoun-
tered in our physical context (see Section 3.1).
Let T be a square matrix of size and of complex coefficients, with n ∈ N∗. T is said to be
Toeplitz if its coefficients are the same along each diagonal. Thus,

T =



t0 t−1 t−2 ... ... t−n+1

t1 t0 t−1
. . . ...

t2 t1
. . . . . . . . . ...

... . . . . . . . . . t−1 t−2

... . . . t1 t0 t−1

tn−1 ... ... t2 t1 t0


.

Alternatively, one can write that ti,j = ti−j for all i, j = 1, ..., n. Therefore, a square
Toeplitz matrix is uniquely determined by the 2n− 1 coefficients on its first row and column
{tk}k=1−n,...,0,...,n−1.
A matrix A is block Toeplitz if it is composed of sub-matrices or sub-blocks that are constant
along each diagonal:

A =



A0 A−1 A−2 ... ... A−n+1

A1 A0 A−1
. . . ...

A2 A1
. . . . . . . . . ...

... . . . . . . . . . A−1 A−2

... . . . A1 A0 A−1

An−1 ... ... A2 A1 A0


.
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A multi-level block Toeplitz of dimension 2 is a block Toeplitz matrix such that each of its
blocks is a Toeplitz sub-matrix. Hence,

Ak =



ak,0 ak,−1 ak,−2 ... ... ak,−n+1

ak,1 ak,0 ak,−1
. . . ...

ak,2 ak,1
. . . . . . . . . ...

... . . . . . . . . . ak,−1 ak,−2

... . . . ak,1 ak,0 ak,−1

ak,n−1 ... ... ak,2 ak,1 ak,0


, for each k = 1− n, ..., 0, ..., n− 1.

The dimension of the multi-level block Toeplitz matrix corresponds to the number of layers
of sub-matrices, the one dimensional case being the simple Toeplitz matrix.

1.1.3 Circulant matrices and properties

Let C ∈ Mn(C), n ∈ N∗. C is said to be circulant if its coefficients along a given row (or
column) are obtained through a circular permutation of the previous row. Alternatively, a
row is obtained by shifting the coefficients of the previous row to the right. Thus,

C =



c0 cn−1 cn−2 ... ... c1

c1 c0 cn−1
. . . ...

c2 c1
. . . . . . . . . ...

... . . . . . . . . . cn−1 cn−2

... . . . c1 c0 cn−1

cn−1 ... ... c2 c1 c0


.

A circulant matrix is uniquely determined by the n coefficients of its first column {ck}k=0,...n−1.
As such, we denote C(c0, c1, ..., cn−1) to be the circulant matrix with first column (c0, c1, ..., cn−1).
Note that all circulant matrices are Toeplitz. To understand the value of circulant matrices
in the context of Toeplitz matrix multiplication, let us diagonalize the arbitrary circulant
matrix C. Define

J =



0 1 0 ... 0
0 0 1 ... 0
... . . . ...
0 1
1 0 0 ... 0


,
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an operator that circularly permutes the coefficients of a vector by one step. As n of these
permutations consecutively put the coefficients back to their place, Jn = In, where In stands
for the identity matrix of size n. Hence, P = Xn− 1 is a nullifying polynomial of order n for
J so it is its characteristic polynomial. Therefore, it is diagonalisable and its eigenvalues are
the nth roots of unity in C: ω = ei 2π

n .

Let k ∈ [[0, n− 1]] and define Xk =



1
ωk

ω2k

...
ωk(n−1)


and note that: JXk =



ωk

ω2k

ω3k

...
1


= ωkXk

Therefore, Xk is the eigenvector associated with the eigenvalue ωk of J for all k = 0, ..., n−1.
The {Xk} thus form an eigenbasis for J.

One can check that C(c0, c1, ..., cn−1) = ∑n−1
j=0 cjJ

j. Hence, C is a linear combination of
the {Jk}k=0,...,n−1 and the {Xk}s form also an eigenbasis of C and its eigenvalues are λk =∑n−1

j=0 cjω
jk, associated to the eigenvectors ∑n−1

j=0 cjXjk. The normalized transformation ma-
trix is then

U = 1√
n


1 1 ... 1
1 ω ... ωn

... ... ...
1 ωn−1 ... ω(n−1)2

 ,

which is exactly the DFT matrix of size n: C = ΩnDΩ†
n where D = diag(∑n−1

k=0 cjω
kj)j=0,...,n−1.

1.2 The circulant embedding method with Fourier transformed vector convolu-
tion

An efficient way of multiplying a matrix with a vector is through diagonalization. Indeed,
multiplication by the diagonal matrix of eigenvalues is very efficient. However, in general,
performing the required basis transformation is very costly. As stated in the previous section,
the diagonalisation of a circulant matrix C is equivalent to performing a discrete Fourier
transform of each of its columns. Thus, one can check that

Cx = ΩnDΩ†
nx = F−1 (F(c)⊙F(x)) , (1.1)

where c is the generator vector of C, i.e. its first column vector, ⊙ is the element-wise vector
multiplication and F is the Fourier transform operation. Using the fast Fourier transform al-
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gorithm at each transform allows one to perform the one dimensional circulant matrix-vector
multiplication in O(2nlog(n) + n) instead of the O(n2) of the naive method. The complexity
related to the preparation of the matrix information is not counted in the operational com-
plexity throughout the thesis since the matrix-vector multiplication is placed in the context
of iterative methods for which several vectors are multiplied by the same matrix (see section
3.1). Thus, the complexity of the one preparation of the matrix data is negligible compared
to the transformations on numerous different vectors. The spectral properties of the circulant
matrix do not directly extend to the Toeplitz matrices. However, it is possible to embed a
Toeplitz matrix into a circulant matrix and thus take advantage of the above property. The
smallest possible embedding of a n×n Toeplitz matrix is into a (2n− 1)× (2n− 1) circulant
one. Here, we will present a method which embeds by doubling the size of the initial matrix.
Intuitively, the initial Toeplitz matrix is placed on the top left and bottom right and the
diagonals between the two are extended. Thus, for a n × n Toeplitz matrix T defined as in
section 1.1.2,

C =
T S

S T

 ,

where S is a Toeplitz matrix defined as Si,j = si−j with si =

ti−n, if i > 0

ti+n, if i < 0
and s0 chosen

arbitrarily.
Then, C = C(t0, t1, ..., tn−1, s0, t−n+1, ..., t−1). The matrix vector product then becomes Cx̃
where x̃ is the 2n-long vector

[
x1 ... xn 0 ... 0

]T
.

The computational gains provided by embedding overcome the associated increase in vec-
tor size, qualifying the circulant embedding method as the most efficient to multiply dense
Toeplitz matrices with a vector [11]. For one dimensional matrices, the complexity ratio
between the naive method and the circulant embedding one is

R = Cnaive

Cembed
= n2

2n log n + n
,

R = 145.9 for n = 210, and R = 498.0 for n = 212.
This embedding can be performed on each layer of a multi-level block Toeplitz matrix to turn
it into a multi-level block circulant matrix. Each embedding also requires doubling the size
of the vector x to make its size fit with the multi-level matrix. The final step to get the result
of the matrix-vector product consists in extracting the relevant data of the embedded and
multiplied vector. In the article, this final step is called the “projection”, as the embedded
set carrying the multi-level circulant problem is effectively projected back to its former set.
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For example, consider the 2-level 2× 2 block Toeplitz matrix T =
T0 T−1

T1 T0


with Ti =

t0,i t−1,i

t1,i t0,i

 for all i ∈ {−1, 0, 1}

Also consider the two level vector x =



x0,0

x0,1

x1,0

x0,1



.

First, embed T along all the dimension into a 2-level block circulant matrix C

C =


T0 T−1 S0 T1

T1 T0 T−1 S0

S0 T1 T0 T−1

T−1 S0 T1 T0

 ,

with Ti =


t0,i t−1,i s0,i t1,i

t1,i t0,i t−1,i s0,i

s0,i t1,i t0,i t−1,i

t−1,i s0,i t1,i t0,i

 for all i ∈ {−1, 0, 1} and where the s0,i and S0 are

arbitrary. Then, complete the vector x with additional zeros to make it fit the size of the
fully embedded matrix C.

x̃ =




x0,0

x0,1

0
0




x1,0

x0,1

0
0




0
0
0
0




0
0
0
0





T

.

Then, compute the multiplication, according to equation 1.1 and get the result vector ỹ of
size 4× 1× 4.

Finally, project back the vector onto the original space: x =



ỹ0,0

ỹ0,1

ỹ1,0

ỹ0,1



.
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1.3 Research objectives

For a d-dimensional block Toeplitz matrix-vector multiplication, the circulant embedding
method doubles the size of each level of the multi-level vector, resulting in useful information
held in only 1

2d of the total vector (see Figure 1.1). That is, the more dimensions, the more
redundant data added in the vector. In the case where all the embeddings along each of

Figure 1.1 Growth of redundant coefficients in the embedded vector with the number of
dimensions.

the dimensions are performed consecutively, each Fourier and inverse Fourier transform are
computed on a fully “extended” vector. Moreover, the data redundancy significantly reduces
the memory capacity of the simulation. Our objective is to reduce the complexity and data
redundancy introduced by embedding in order to accelerate the computation of block Toeplitz
matrix-vector products for applications in electromagnetics. In this context, the algorithm
presented herein reorders the tasks of a “naive” implementation of the method, postponing
each embedding for as long as possible in order to reduce the complexity. The algorithm
also proposes a solution to better handle the memory capacity issue, proposing a tunable
parallelization of the computation throughout the different levels.

1.4 Outline of the thesis

Before developing the solution proposed in the algorithm presented in the article (section
4), we will review the history of the tools used in the circulant embedding method (section
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2.1) and then explore an alternative solution to perform the block Toeplitz matrix-vector
product (section 2.2). Next, we will outline the physical context that motivated this problem
to thoroughly identify all the constraints it entails (section 3.1). This will help us state the
objectives that the algorithm will have to fulfill (section 3.2). Then, the algorithm will be
presented in an article submitted to IEEE on the 25th of June 2024 and still being reviewed
at the time this thesis is submitted. After presenting the algorithm, we will analyse comple-
mentary results to better understand the cause of the discrepancies between the theoretical
expectations and the computational time measures observed in the results of the article (sec-
tion 5.1). In that chapter, we will also give our conclusions on the algorithm performance
compared to the alternative method stated in section 2.2 and then give additional details on
the tunability of the parallelization for memory management purposes, sections 5.2 and 5.3
respectively.
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CHAPTER 2 LITERATURE REVIEW

Existing literature provides several methods to efficiently perform block Toeplitz matrix-
vector multiplication, depending on the characteristics of the involved data. These methods
can be divided into two categories: reordering based methods and tensor decomposition based
methods. Among the reordering methods, none of them are as powerful on the same scope of
general dense block Toeplitz matrices as the circulant embedding method described in section
1.2. The exception to this statement is Cariow’s work on one dimensional Toeplitz matrices,
which claims better complexity than the circulant embedding in Fourier space [12]. However,
the method does not seem applicable to large multi-dimensional block Toeplitz structures.
Tensor decomposition methods display a greater variety of solutions to the multiplication
problem by the numerous types of existing decomposition (rank based, by matrix multipli-
cation, etc).
The following chapter provides a comprehensive review of existing multi-level block Toeplitz
matrix-vector multiplication methods. It begins with section 2.1 providing the historical con-
text of the mathematical tools used in the circulant embedding method, specifically Toeplitz
matrices and the FFT algorithm. This background aims to help the reader understand the
development and evolution of these methods. Additionally, alternative methods based on
tensor decomposition, as found in the literature, will be explored (section 2.2). The most
promising of them will be further detailed in order to highlight its advantages and limita-
tions in comparison to circulant embedding within the physical context outlined in section 3.1.

2.1 History of the multi-level Toeplitz-vector multiplication methods by Fourier
transform

The circulant embedding method in Fourier space—as stated in section 1.2—is presently
the most efficient reordering based method to perform the matrix-vector product of block
Toeplitz matrices. The idea of embedding Toeplitz matrices into circulant ones for perfor-
mance purposes was established by Dembo, Marllow and Shepp (1989), in the context of
covariance estimation of Gaussian processes [13]. Lee reached the same conclusion from a
different research angle in 1986, canonically associating polynomials to the Toeplitz genera-
tor vector before applying convolutions in Fourier space to perform the multiplication [14].
These two papers are the first to properly setout the circulant embedding method for fast
Toeplitz-vector multiplication. In the following section, we will explore the historical context
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that led to the naming of Toeplitz matrices and dive in the development of the fast Fourier
transform algorithm.

2.1.1 Historical context of Toeplitz matrices

The history of Otto Toeplitz’s contribution to Toeplitz matrices is described in section 1.2 of
the reference [15]. Even though Toeplitz matrices’ applications span over a wide variety of
areas, Toeplitz’s context was purely mathematical. Otto Toeplitz (1881-1940) never properly
studied Toeplitz operators T as we define them today but only studied Laurent operators L.
As such, Toeplitz matrices are the finite version of Laurent matrices. Otto Toeplitz published
the majority of its results on the theory of forms [16]. In this article, he developed a spectral
theory of Toeplitz and Laurent linear forms on ℓ2(Z). The only remark he made on finite
Laurent operators is in a bottom page note at page 355, claiming that there was no difference
between the finite and the infinite cases in the theory of forms. Otto Toeplitz probably did not
see interest in developing the finite Laurent operator over the infinite case. It turns out that
mathematical applications to Laurent operator are quite limited, the only notable application
being the representation of the spectral theorem of normal operators. On the other hand,
Toeplitz operators offers a rich theory in pure analysis and a wide variety of applications,
with operator used, for instance, in problems of trigonometric moments in mechanics [17], for
Wiener filters in signal processing [18], or in the Wiener-Hopf equation as a decomposition
method of singular functions [19].
Ultimately, it is likely the formalism developed by Toeplitz and his work on Laurent forms
in [16] that led to his name being associated with the widely used finite Laurent operators.

2.1.2 The fast Fourier transform algorithm (FFT)

Paternity of the fast Fourier transform algorithm (FFT) is debated. This part aims to de-
velop the genesis of the method’s design, highly based on the research from Heideman et
al. [20].

Historical context of the literature

The algorithm got its name from Cooley and Tukey’s paper on numerical analysis in 1965
[9]. They present it as a mean of computing the discrete Fourier transform and prove its
complexity in N log N , faster than the N2 standard method. They claim that Good’s work on
the prime factor algorithm (1958) [21] was their main source of inspiration for the development
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of the FFT. The work from Danielson and Lanczos in 1942 [22]—who refer to Runge (1905)
[23]—could also be an indirect influence on Cooley-Tukey algorithm. Danelson, Lanczos
and Runge propose a form of doubling algorithm that computes the FT of two N-points
subsequence to get 2N-point Fourier transformed vector. This algorithm is not as general as
Cooley-Tukey: while Danielson-Lanczos can only double the original sequence length, Cooley-
Tukey allows any multiple of the original vector or sample. On the other hand, Goldstine
(1977) [24] claims that an algorithm—very similar to the FFT—has been developed by Karl
Friedrich Gauss and presented in a posthumous publication in 1866 [25]. This paper was
presumably written in 1805, which predates Fourier’s work on harmonic analysis.
Before Cooley-Tukey, Runge’s algorithm was the most popular to perform discrete Fourier
transforms. This method can be labeled today as a “pruned” FFT method [26] and was
meant to compute FT for a small number of harmonics, using computational tables. At that
time, Gauss’s algorithm remained unnoticed for several reasons. First, Gauss uses outdated
notations to present his algorithm in an article written in latin, due to the fact that his
paper was published more than sixty years after the presumed writing period. For that same
reason, the use of real trigonometric functions instead of complex exponentials did not help
associating this algorithm to the FFT afterwards. Also, the lack of notice from Goldstine
and from Burkhardt (1899-1916) [27]—who also mention Gauss’s algorithm—did not help
acknowledging his contribution to the FFT.

Gauss’s algorithm

Gauss presents his algorithm in the context of orbital mechanics, treating the problem of
determining the trajectory of asteroids from a finite number of observations. He wanted to
use interpolation to fit N observations to a general continuous function f not exclusively
even or odd, using the sum of cosine series and sine series with ⌊N

2 ⌋ harmonics. He defines
N1 equally spaced samples and computes the m harmonics of the Fourier series. Then, he
defines another set of N1 samples, offset from the original sample by 1

N2
, such that N = N1N2.

Another Fourier is computed on this new combined set of samples and Gauss realized that the
coefficients of the original samples are different when the new shifted samples are added. In
modern terms, he discovered that his waveform was under-sampled and the error he observed
was due to aliasing of high frequency harmonics. To solve this problem, he measured N2 sets
of N1 equally spaced samples to form a total of N = N1N2 equally spaced samples. Finite
Fourier series of the set of N samples are then computed starting with the coefficients of each
N2 sets of length N1, shifted equally from the origin. These operations are then repeated with
the N1 sets of length N2. A final trigonometric identity is used to convert the coefficients to
finite Fourier series.
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DFT of the samples:

C(k) =
N−1∑
n=0

X(n)W nk
N , X(n) = f

(
n

N

)
and WN = e− 2πi

N ,

Define n = N2n1 + n2 and k = k1 + N1k2 for n1, k1 = 0, ..., N1 − 1 and n2, k2 = 0, ..., N2 − 1,
such that

C(k1 + N1k2) =
N2−1∑
n2=0


N1−1∑
n1=0

X(N2n1 + n2)W n1k1
N1 W n2k1

N︸ ︷︷ ︸
N2length-N1DFT corrected byWN

W n2k2
N2

︸ ︷︷ ︸
N1length-N2DFT

This complex exponential form of the Gauss’s algorithm is equivalent to the Cooley-Tukey
algorithm with the correction factor WN called a “twiddle factor”.
Finally, Gauss’s algorithm is as powerful and as general as the FFT from Cooley-Tukey. It
seems that the two algorithm were developed independently from one another at two different
periods due to the low impact of Gauss’s paper on the area of harmonics analysis.

2.2 An alternative view: the tensor decomposition

In the field of computational methods for Toeplitz-vector multiplication, the literature can be
broadly categorized into two main approaches: reordering-based methods and those involving
tensor decomposition techniques. Both of these approaches have been developed to efficiently
handle the inherent structure of Toeplitz matrices. The method proposed in the article (sec-
tion 4.3) falls within the reordering category. It employs a technique based on the circulant
embedding method and optimizes the computational process by reordering the tasks of the
successive embeddings and projections of each dimension. The following section will delve
into the details of the tensor decomposition techniques [28], [29], [30]. It will explore how
these methods can be applied to Toeplitz matrices and compare one of them [31] with the
circulant embedding approach commonly used in reordering-based methods. By examining
its strengths and limitations, we aim to identify aspects of the presented tensor decompo-
sition method that could be integrated into the reordering-based method proposed in this
article. This comparison will highlight potential enhancements for the algorithm presented
in section 4.3.
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2.2.1 Overview on different types of tensor decomposition

Several methods of decomposition of a d-dimensional (or d-mode) tensor exist in literature.
These decompositions aim to cut a computationally expensive tensor into smaller or cheaper
ones, depending on the purpose of the data stored inside. These approaches can be sorted
into two major sub-categories: tensor rank-based decompositions, and matrix product-based
decompositions.

Tensor rank or CANDECOMP/PARAFAC decomposition (CDP)

The CDP based decomposition is often referred as the “classical method” of tensor decom-
position [28]. It consists in splitting a tensor into a sum of rank 1 tensors.
A N -way tensor X ∈ CL1×L2×...×LN is rank one if it can be written as the outer product of N
vectors, i.e., X = a(1)⊗a(2)⊗ ...⊗a(N), where ⊗ represents the vector outer product. This
means that each element of the tensor is the product of the corresponding vector elements:

xi1i2...iN
= a

(1)
i1 a

(2)
i2 ...a

(N)
iN

, for all 1 ≤ in ≤ Ln

As such, the CDP approximation can be written as: X ≈ [[A, B, C]] = ∑R
r=1 arbrcr, where

R > 0 is the rank of the tensor. Elementwise, xijk ≈
∑R

r=1 airbjrckr.

The rank of a tensor is defined as the smallest number of rank one tensors that generate it
as their sum.

Example in 3-dimensional tensor:

Define X in frontal slice matrices as X [:, :, 1] = X1 =
1 0
0 1

 and X [:, :, 2] = X2 =
 0 1
−1 0

.

The CP decomposition of X is X = [[A, B, C]],

where A =
1

0

 0
1

  1
−1

, B =
1

0

 0
1

 1
1

, C =
 1
−1

 1
1

 0
1

.

The main limitation of the CDP decomposition is the need of an iterative method to compute
it, due to the fact there is no finite algorithm that determines the rank of a tensor. Hence,
there is no way to know in advance how many rank one tensors are needed to have a good
enough approximation. The only known method uses the convergence to the original tensor
MinX̂ ||X − X̂ || such that X̂ = ∑R

r=1 λr.ar ⊗ br ⊗ cr, where λ is a vector containing weight
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parameters.

Tucker decomposition

The Tucker decomposition was introduced for the first time in 1963 by Tucker in [32]. It
breaks up a tensor into a smaller tensor of same dimensions, multiplied by a matrix along
each mode. As such, a 3D tensor X ∈ CI×J×K decomposes into

X ≈ G ×1 A×2 B ×3 C =
P∑

p=1

Q∑
q=1

R∑
r=1

gpqrap ⊗ bq ⊗ cr

where A ∈ CI×P , B ∈ CJ×Q, C ∈ CK×R and G ∈ CP ×Q×R.
Elementwise, the Tucker decomposition for 3-way tensors is

xijk ≈
P∑

p=1

Q∑
q=1

R∑
r=1

gpqraipbjqckr for i = 1, ..., I, j = 1, ..., J, k = 1, ..., K

By allowing different ranks for the decomposition at each mode, the Tucker decomposition
method offers significantly more flexibility than the CDP decomposition. This flexibility
makes it a preferred tool for modeling multi-way data with a relatively small number of
components for each mode. Additionally, the Tucker decomposition is less affected by noise
compared to CDP decomposition. However, this method is considerably more computa-
tionally expensive—in terms of both complexity and memory—making it feasible only for
small-sized tensors, as it involves computing the core tensor and factor matrices.

2.2.2 The quantized tensor train decomposition and its properties

Among various matrix product and lower mode decompositions, the tensor train (TT) decom-
position exhibits particularly useful properties for multi-level matrix-vector multiplication
and multi-level Fourier transforms (section 2.2.3). Therefore, it is valuable to compare this
method with the standard circulant embedding approach in the context of electromagnetic
field simulations.
In this section we will define the tensor train decomposition in the general case and explore
its relevant properties for matrix-vector multiplication. Then, we will develop the complete
procedure to obtain the TT decomposition of a 3-mode tensor before defining the specific
case of quantized tensor train decomposition.
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Tensor train decomposition

Let T be a d-mode tensor, T ∈ CI1×...×Id . This tensor decomposes in the TT format into d

matrices or tensors Q(n) ∈ Crn−1×In×rn . Elementwise,

tiI1 ,...,iId
=

r1∑
s1=1

...
rd−1∑

sd−1=1
q

(1)
1,i1,s1q

(2)
s1,i2,s2 ...q

(d)
sd−1,id,1

where {rn}n=0,...,d are the compression ranks with r0 = rd = 1. This can be written more
compactly as a matrix product:

T = G1[i1]...Gd[id]

When I1 = ... = Id = n and for r = Maxi{ri} the maximal TT-rank of T , this format allows
one to store nd elements using O(dnr2) of memory unit.
Example in 3D: Consider the 3-way tensor T ∈ R3×R4×R5 defined as T [i1, i2, i3] = i1+i2+i3

Its TT-format is T [i1, i2, i3] = G1[i1]G2[i2]G3[i3], where

G1[i1] =
[
i1 1

]
, G2[i2] =

1 0
i2 1

 and G3[i3] =
1
i3



One can check that G1[i1]G2[i2]G3[i3] = i1 + i2 + i3 = T [i1, i2, i3].
The main advantages of the TT decomposition are its low memory cost compared to the cost
of a full low rank tensor (dnr2 versus nd), and the low cost associated with transformations
from regular tensors to the TT-format. Furthermore, one notable property of the TT format
is the ability to perform elementary operations like additions and element-wise product di-
rectly on its cores without the need to convert them back into full tensors. These incentives
strongly favour TT decomposition, compared to more classic formats, for fast multi-level
block-Toeplitz matrix-vector multiplication.

Addition in the TT format

Define three d-mode tensors A, B and C such that C = A+ B.
Hence, C[i1, ..., id] = A[i1, ..., id] + B[i1, ..., id]

Consider Ck[ik] =
Ak[ik] 0

0 Bk[ik]

 for k = 2, ..., d− 1,

C1[i1] =
[
A1[i1] B1[i1]

]
and Cd[id] =

Ad[id]
Bd[id]

.
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As such, ∏d
k=1 Ck[ik] = A[i1, ..., id] + B[i1, ..., id] = C[i1, ..., id], so the {Ck}s are the TT cores

of C and rank(C) = rank(A) + rank(B). In essence, the addition in TT-format is only the
independent sum of the TT-cores of each tensor. The complexity of this operation is then
O(dn(rank(A) + rank(B))2). [30]

Hadamard product in the TT format

First, note that—as a matrix product—multiplication by a scalar in the TT format can be
achieved by multiplying one of the cores by the scalar. In that case, the tensor rank does not
change and its complexity is O(dr). [30]
Now, define three d-mode tensors A, B and C such that C = A⊙ B, where ⊙ stands for the
Hadamard product, i.e the element-wise product: A⊙B = (ai,jbi,j)i,j.
C[i1, ..., id] = A[i1, ..., id]⊙ B[i1, ..., id]
Define Ck[ik] = Ak[ik] ⊗ Bk[ik], where ⊗ is the Kronecker product. As such, one can check
that ∏d

k=1 Ck[ik] = A[i1, ..., id] ⊙ B[i1, ..., id] = C[i1, ..., id]. Therefore, the {Ck}s are the TT
cores of C and rank(C) = rank(A)rank(B). Thus, the Hadamard product is performed by
grouping the cores corresponding to the same TT-ranks together. The complexity of the
Hadamard product in TT format is then O(dnrank(A)2rank(B)2) [30].

Tensor train decomposition of a 3-mode tensor

Consider a 3-mode tensor T of size n1 × n2 × n3. To perform tensor train decomposition,
begin by unfolding the tensor at mode 1, i.e. if T1, T2, ..., Tn3 are its n1×n2 third dimensional
cut matrices, then the unfolded tensor at mode 1 is the n1 × n2n3 matrix:

T(1) =
[
T1 T2 ... Tn3

]
Compute the rank r1 Singular Value Decomposition (SVD) approximation of T(1) to obtain
T(1) ≈ U1Σ1V

†
1 , with U1 an n1×r1 matrix and Σ1V

†
1 an r1×n2n3 matrix. Reshape Σ1V

†
1 matrix

into a matrix R of size r1n2 × n3 and compute its rank r2 SVD approximate: R ≈ U2Σ2V
†

2 ,
with U2 a matrix of size r1n2× r2 and Σ2V

†
2 a matrix of size r2× n3. The TT cores of T are

then defined as
G1 = reshape(U1, (1, n1, r1))

G2 = reshape(U2, (r1, n2, r2))

G3 = reshape(Σ2V
†

2 , (r2, n3, 1))
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where the reshape function reorder every coefficient of its first argument matrix and replace
them in an array whose size is given by the second argument tuple. The filling of coefficients
follows the order of the modes (primarily along each line, then each column, third dimension,
and so on...). As can be verified directly, T = G1 × G2 × G3—the product between tensors
being the product of each of the layer matrices, perpendicular to the third dimension. That
is

T (i1, i2, i3) =
r2∑

α2=1

r1∑
α1=1

G3(i3, α2, 1)G2(α2, i2, α1)G1(1, α1, i1),

for all i1 = 1, ..., n1 ; i2 = 1, ..., n2 ; i3 = 1, ..., n3.

Intuitively, tensor train decomposition re-writes the tensor into a smaller (optimised) basis,
defined multiplicatively, via SVD approximation along each of its mode.

Quantized tensor train decomposition

When working with the FFT, it is often preferable to choose powers of 2 as vector and matrix
sizes in order to maximize the algorithm’s performance. Thus, we consider n = 2l, l > 0.
It is possible to further break down a tensor along each binary dimension. Consider a d-mode
tensor T of size n1 × ... × nd where nk = 2lk for all k = 1, ..., d. Prior to performing tensor
train decomposition, reshape T into a ∏d

k=1 lk-dimensional array of size 2 × 2 × ... × 2 by
considering the binary coding of each index:

ik =
lk∑

κ=1
2lk−κkiκk

, where ik = 0, ..., nk − 1 and iκk
∈ {0, 1} for all κk = 1, ..., lk

Thus, the tensor train decomposition can perform SVDs on each of the modes of the new 2×
2× ...×2 tensor, giving ∏d

k=1 lk QTT-cores to the initial d-dimensional array. This operation
that further breaks down a tensor along each binary dimension is known as “quantization”.
For instance, consider the 4× 4 matrix A

A =


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44


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By rewriting the indices of its coefficients, we can reshape A into the 4-modes tensor of size
2× 2× 2× 2 A (since l1l2 = 2× 2 = 4).

A =



a001,001 a001,010

a010,001 a010,010

 a001,011 a001,100

a010,011 a010,100

a011,001 a011,010

a100,001 a100,010

 a011,011 a011,100

a100,011 a100,100





One can then compute the TT decomposition on the new ∏d
k=1 lk-mode tensor to get its∏d

k=1 lk TT cores. This method is refered to as the Quantized Tensor Train (QTT) de-
composition. Kazeev et al. give a detailed procedure on how to easily perform the QTT
decomposition on Toeplitz and circulant matrices [31]. Consider a one-level Toeplitz matrix
T of size n× n generated by the vector x of size 2n, such that:

T =



xn+1 xn ... x3 x2

xn+2
. . . . . . . . . x3

... . . . . . . . . . ...
x2n−1

. . . . . . . . . xn

x2n x2n−1 ... xn+2 xn+1


,

where x1 is an arbitrary value, to make the number of parameters even.
For a given multi-dimensional vector y, the method developed by Kazeev et al. takes the
QTT decomposition of the outer product xy† and returns the QTT-cores of the result of the
Ty multiplication.
The exact computation of the matrix-vector multiplication becomes costly as the size of the
matrices and vectors increases. Therefore, Kazeev et al. use an iterative method of approx-
imation with rank truncation known as “Density Matrix Renormalization Group (DMRG)”
and presented by Oseledets in 2011 [33].

2.2.3 Performance and limitations of the method

In their paper, Kazeev et al. compare the computational time of this method to the full
matrix FFT method (they do not specify if this full matrix method includes a circulant
embedding of the Toeplitz matrix) and a QTT format with the Fourier transform applied
directly on the cores. The method used to perform a Fourier transform on QTT cores is
explained in [34]. Here is a quick overview of that method.
Define a d-dimensional vector x with QTT cores Xk1 , ..., Xkd

, where the {ki}s are the binary



20

expansion of the dimension k for all k = 1, ..., d. Then, define the 2d-long vector

wT
d =

[
1 ... 1 1 ωd ω2

d ... ω2d−1−1
d

]
To compute the Fourier transform of the kth dimensional matrix, initialize xd = x =
Xd,k1 , ..., Xd,kd

, the first index corresponding to the vector and the second to the TT-core.
For D = d, d − 1, ..., 1, take x̃D = XD,k1 ...XD,kD−1X̃D,kD

where X̃D,0 = XD,0 + XD,1 and
X̃D,0 = XD,0 − XD,1. Then, compute zD = wD ⊙ x̃D directly on the TT-cores using the
property of Hadamard product in TT format. Set xD−1 = zD = Z

(D)
D,k1 ...Z

(D)
D,kD

. The Fourier
transform of x along the kth dimension is then given by the TT-cores Y (p)jp =

(
Z

(d−p+1)
jp

)T

for p = 1, ..., d, which is simply the bit reversed version of the output.

Simulation results

The results from the simulation conducted by Kazeev et al. [31] match the expectation from
the complexity of the tensor train transformations. Indeed, the QTT decomposition method
presented only outperforms the full matrix method by Fourier transform when the length of
the vector is sufficiently long compared to its rank. Thus, the crossing point of the measured
computational time between the two methods in one dimension is located at n = 216 for
r = 5, n = 218 for r = 15 and n = 222 for r = 40. These crossings correspond to a “rank
ratio” r

n
of 7.6 × 10−5, 5.7 × 10−5 and 9.5 × 10−6 respectively, which corresponds to highly

correlated data.
Kazeev et al. specify that from r = 10, the computation of the exact result becomes too
expensive and should encourage the DMRG approximated methods. This can be used in
addition with truncation techniques [33]. Note that for the first crossing point determination,
an exact method is used to compare with the full vector method, while the other two crossing
points are obtained via an approximated and truncated rank version of the method.

Theoretical complexity analysis

Let us go through the whole process of the multi-level block Toeplitz matrix-vector product
by QTT format decomposition and evaluate its cost in terms of peak memory and complexity
in terms of number of needed multiplications.
Consider a d-dimensional nk×nk Toeplitz matrix, with nk = 2lk for each level k = 1, ..., d. The
generator vector x of the Toeplitz matrix is extracted without multiplication from the Toeplitz
matrix and the same goes for the outer product xy†. From there, one would need to convert
the obtained matrix into QTT-format in O(dlr4) multiplications, where r is the maximum
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TT-rank of the TT-cores of xy†. Denote rx = rank(x), ry = rank(y) and rz the maximum
of the QTT ranks of the result of the matrix-vector multiplication. Kazeev et al. claim that
the complexity of one iteration of the DMRG method is O (dlr3

z + dlrxryrz(rx + ry + rz)),
where l = Maxk=1,...,dlk. Finally, we can conclude that the total complexity of the method
is in O(αdlr3(3r + 1) + dlR4), where α is some proportionality factor that depends on the
number of iteration of the DMRG method before convergence, r = Max{rx, ry, rz} and R is
the maximum TT-rank of the outer product xy†. Memorywise, the peak memory is achieved
right before the convolution x ∗ y, where the variables stored are the vectors x and y and
the tensor S. Therefore, the total peak memory value is dl(r2

x + r2
y + 4) as rank(S) = 2.

Complexity and memory storage comparison with the circulant embedding method

In comparison, the circulant embedding method in Fourier space—which is the standard
method for high rank multi-level block Toeplitz matrix vector multiplication—performs the
matrix-vector product in Cembed = 2d+1dnd log2(2n) + (2n)d elementary multiplications (de-
tailed computation in section 3). We will compare that method with one iteration of the
DMRG method.
Hence, if nk = n for all k = 1, ..., d, and for R = Max{r, rx, ry, rz},

Cembed ≤ CQTT

⇔
2d+1dnd log 2(2n) + 2dnd ≤ dlr3

z + dlrxryrz(rx + ry + rz)

⇔
2d(l+1)

(
2 l + 1

l
+ 1

dl

)
≤ r3

z + rxryrz(rx + ry + rz) ≤ r3(3r + 1)

For a laptop scale simulation with for instance d = 3 and l = 8, 2d(l+1)
(
2 l+1

l
+ 1

dl

)
=

3.08× 108. Therefore, Cembed = CQTT for r ≈ 100 with n = 28 = 256.
Memorywise, the storage required for the circulant embedding method is Membed = (2n)d =
2d(l+1). On the other hand, MQTT = dl(r2

x + r2
y) ≤ 2dlr2. Hence, in the same laptop scale

simulation, Membed = 1.34× 108 such that Membed ≤MQTT for r ≥ 1672.

2.2.4 Conclusion on the tensor decomposition method for multi-level Toeplitz-
vector multiplication

The tensor train decomposition method provides a significant reduction in memory con-
sumption for multi-level matrices and vectors, assuming sufficiently low TT-ranks. Among
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the options described above, the tensor train format has the benefit of being stable by basic
operations like tensor addition and Hadamard product, while also reducing the size of each
elementary operations by acting on the smaller TT cores of the tensor. The quantized tensor
train decomposition offers an even finer decomposition for sizes that can be expressed in
powers of 2. Moreover, solutions exist to perform efficient Toeplitz matrix-vector multipli-
cation via a QTT convolution of the outer product of the generating Toeplitz vector and
the source vector. However, the QTT method has two major limitations compared to the
circulant embedding one in the context of solving wave equation by successive iterations.
First, the initial SVD used in the QTT decomposition is computationally intensive, akin to
performing several matrix-vector multiplications, rendering the method impractical without
prior knowledge of the data. However, for highly structured input vector data, where suf-
ficient information is available to approximate the TT cores of the outer product between
the generator vector and the input vector without explicit computation, this method can be
highly efficient. Then, the crossing point between the time complexity of the QTT decompo-
sition technique and the embedding method—determined by Kazeev et al. [31]—is located
at large matrix-vector size (near the limit of laptop-scale simulations in three dimensions:
n = 222) and for very low tensor rank (r ≥ 40). Above r = 10, the exact computation method
becomes too expensive and requires more advanced rank truncation and iterative resolution
by approximation techniques. For our case of the electromagnetic Green’s function the input
vector is a polarization current which can have a low rank under certain conditions. These
conditions could be explored in future work. Second, each multiplication in QTT format
increases the tensor rank of the result of the multiplication. Knowing that in any iterative
solution method matrix-vector products would need to be performed successively (see Section
3.1), the use of the QTT format would seemingly lead to increasing the tensor rank (until
convergence). The potential gains of the method would hence be limited by the fact that the
memory needed to store a vector in QTT format increases quadraticly with tensor rank, and
that the time complexity of reconstruction scales as a 4-order polynomial. These limitations
naively impose strong limits on potential applications. Particularly, in the context of iterative
resolution of wave propagation equations, the target vector would likely need to be highly
structured in order for tensor decomposition methods to offer any benefit.
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CHAPTER 3 DISCUSSION OF THE RESEARCH PROJECT

The present chapter illustrates why the acceleration of multi-level block Toeplitz matrix-
vector multiplication is important for modelling physical systems. This direct connection to
engineering applications rests as the core motivation for conceiving the algorithm described in
chapter 4. It begins by exploring the physical origins of block Toeplitz data structures within
translationally invariant physics (section 3.1,1). Next, the formalism of scattering theory will
be developed to derive the equations we aim to solve using iterative methods (section 3.1.2).
Subsequently, we will present the specific equations related to electromagnetism within the
same scattering theory framework (section 3.1.3). Finally, we will derive the objectives that
the algorithm must achieve based on the conditions established by the physical context
(section 3.2).

3.1 Physical context of the block Toeplitz matrix-vector multiplication in elec-
tromagnetism

3.1.1 Translational invariance and block Toeplitz structure.

Translational invariance is a core pillar of physics: for a theory to be sensible it must not
depend on the distance to an arbitrarily selected point in a homogeneous space. Conceptually,
a quantity is invariant under translation if the laws and equations that govern the quantity
are the same at all points in space. As such, any translationally invariant quantity Q can be
written as Q(r1 − r2), such that

Q ((r1 + a)− (r2 + a)) = Q(r1 − r2).

On a cell grid, this property manifests itself in a consistent relationship between the values
of two adjacent cells along any given axis, which is identical for all other pairs of adjacent
cells along the same axis. Similarly, the relationship between two cells separated by c cells
is the same as that between any other two cells separated by the same distance along the
same axis with respect to the field Q. Consequently, for a one-dimensional cell line grid, if
the values of the field Q is approximated as a matrix G, with the coefficient Gi,j representing
the influence of cell i on cell j concerning the field Q, the resulting matrix will resemble the
top half of Figure 3.1.

In this kind of matrix, the diagonal coefficients Gi,i represent the self-interactions (0-step) for
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Figure 3.1 Translational invariance and block Toeplitz structure.

each cell of the line towards the quantity Q. These interactions are labeled in brown in Figure
3.1. The 1-step interactions up and down, labeled in blue, correspond to the coefficients on
the upper and lower diagonal and similarly for any of k-step interactions corresponding to
the kth.
In a two dimensional grid, each column—with the cells inside interacting with each other as
described above—has the same type of interaction with the other columns. On the bottom
half of Figure 3.1, the blue column has self interactions labeled in brown which corresponds to
the top left block of coefficients and is equal to the second column self interactions coefficients,
located at the bottom right block. The interactions between the columns (labeled in blue and
pink) are represented by the two remaining blocks, which are not necessarily equal for non
symmetric phenomena. Thus, any matrix storing the cell interactions of the translationally
invariant quantity Q in a two dimensional grid displays a block-Toeplitz structure of ny×ny

blocks of nx × nx matrices, nx and ny being the length of the cell along the x and y axis.
A three dimensional grid would then add another level to the data structure, each of the
block-Toeplitz being an element contained in the total matrix and forming itself a Toeplitz
structure due to the interactions between each layer of the third dimension.
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3.1.2 Application in scattering theory

The context from which we approached the block Toeplitz matrix-vector multiplication prob-
lem has a strong connection with scattering theory. Its more general definition is related to
the studies of the behaviour of waves, fields or particles near localized non-uniformities. This
set of non-uniformities is denoted as the scattering center or scatterer. The medium of the
incident wave, before the scatterer, and the scattered wave, after the scatterer, is considered
homogeneous and linear [35]. i, s and t subscripts are used to denote incident, scattered, and
total quantities respectively.

For any free space physics, solutions can be derived explicitly by the means of solving a
PDE. As such, the scattering theory approach is to define a scattering term X that rep-
resents some part of the physics that we are not able to solve explicitly but that can be
expressed easily. This approach is specifically appealing when the matrix-vector multiplica-
tion with X is easy to compute. Let M0 denote the operator of the linear system of equation
in free space physics, easy to solve, i.e invertible. Let ft be the combined solution of the free
space and scatterer space physics and pi be some source vector. The wave equation in free
space is hence given by:

(M0) fi = i

k0
pi.

In accordance with the assumption of the scattering theory, the wave equation in the scattered
medium is:

(M0 −X) ft = i

k0
pi. (3.1)

Take G0 to denote the inverse matrix of the free space equation matrix M0. Combining the
definition ft = fi + fs with the free space wave equation,

fs = G0Xft.

Therefore,
ft = fi + fs,

and (Id−G0X) ft = fi.

Let f0 to denote a possible free solution entering though the boundary of the computational
domain such that fi = f0 + G0pi, and p0 = −Xf0. Hence, with (3.2), we get

(Id−XG0) ps = −Xf0 + XG0pi
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(Id−XG0) pt = p0 + pi

Now that the equation of the induced densities is set, the question of the invertibility of the
operator (Id−XG0) should be asked.
Any linear operator A in a Hilbert space H can be decomposed into a Hermitian and skew-
Hermitian component A = As + iAa where

As = A + A†

2 , Aa = A−A†

2i

Then, we know that Aa is either positive definite or negative definite so its kernel is empty,
making Aa invertible. Furthermore, the anti-symmetric component of X is positive definite
due to the properties of the dissipation of power inside the scatterer [36]. Thus, the anti-
symmetric component of X−1 − G0 is positive definite, within the scatterer, so the full
operator is invertible within the scatterer. Finally, as by [36] X is invertible inside the
scatterer, Id −XG0 is invertible. As such, solving for the induced quantities (combination
of the incident and scattered) reduces to the matrix-vector product (Id−XG0)−1 (p0 + pi).
Thus, to solve for pt one can either go through direct inversion or by substitution, which in
general becomes prohibitively expensive for large systems. Alternatively, the evaluation of
(Id−XG0)−1 can be done via iterative methods which effectively mimic the description of
the inverse given by power series expansion:

(Id−XG0)−1 ≈ Id + XG0 + XG0XG0 + ...

Therefore, being able to perform the matrix-vector product of XG0 together with p0 + pi

as efficiently as possible is the most crucial aspect of trying to optimize the computation of
such simulations. Moreover, the scattering problem to solve is direct, which means that we
are trying to determine the properties of the scattered wave based on the incident wave and
the properties of the scatterer.

3.1.3 Physical model in electromagnetics

Consider the medium outside of the scatterer to be free space and we only add a scattering
operator X term—depending on Xϵ and Xµ the linear relative permittivity and permeability
respectively—inside the scatterer. Thus, the quantities considered through the prism of
scattering theory are bare currents, those induced by scattering and the combination of the
two. Thus,

i

k0

 js

ms

 =
 z−1Xje zXjh

z−1Xme zXmh

 et

ht


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i

k0
ps = Xft (3.2)

where k0 is the free space wave vector component 2π/λ. The electromagnetic field and po-
larization current densities are treated as six component vectors f = {e, h} and p = {j, m}
and z is the impedance of free space

√
µ0/ϵ0. It defines the bound polarization for current

densities induced by the total electromagnetic field, induced and scattered.

Now, starting from the assumptions of the scattering theory, let’s derive the block Toeplitz
equation from the Maxwell equations. As a reminder, the local Maxwell’s equations in free
space for the induced current and magnetic density are:

∇chi −
∂

∂t
di = ji

∇cei + ∂

∂t
bi = −mi

where ∇c is the curl operator. Hence,

∇chi + i

k0
Z−1ei = ji

∇cei − ik0Zhi = −mi

Therefore,
−Z−1ei + i

k0
∇chi = i

k0
ji

− i

k0
∇cei − Zhi = i

k0
mi

which can be written as
M0fi = i

k0
pi

where M0 = −
 Z−1 − i

k0
∇c

i
k0
∇c Z

 is the vacuum Maxwell operator [37]. Hence, the G0 matrix

introduced in the previous subsection is then the vacuum Green’s function operator.
Note that due to the local property within the scatterer, the scattering term X is diagonal in
the context of electromagnetism. Indeed, the local parameters of the scatterer at cell c1 do
not affect those at cell c2, regardless of their proximity. Consequently, the scattering term X,
which represents the influence of the medium’s properties on the free space wave propagation
equation, is confined to the diagonal coefficients, only corresponding to self-interacting cell
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terms. This localization simplifies the computation of the XG0 matrix multiplication for
electromagnetic wave simulations.

3.1.4 Green’s functions and finite differences

This section provides a comparative analysis of two approaches for solving wave equations
in electromagnetism: the Green’s function method and the finite difference method applied
to the standard Maxwell partial differential equations (PDEs). We will evaluate the range
of problems each method can address, examine the structure and sparsity of their respective
data representations, and ultimately assess their computational complexity.

The Green’s function method

Consider the problem: Lu = f

Du = 0

where L and D are linear differential operators for the wave equation and the boundary
conditions respectively.
Note that in the case of electromagnetic wave propagation equations, f is a source vector and
L = ∇2 + k.
The Green’s function G is defined such that LG = δ where δ is the Dirac’s delta function.
The unique solution for the wave equation and the boundary conditions in 1D is then of
the form u(x) =

∫ l
0 f(s)G(x, s)ds. Therefore, the Green’s function is uniquely determined

through the set of wave equations and boundary conditions. Unlike the method consisting in
solving the PDE, the Green’s function method does not require local variation of the equa-
tions at the boundary of the computational domain.

Example in 1D
Consider the electromagnetic wave equation in 1D with Neumann type boundary conditions:


(∇2 + k)u(x) = f(x)

u(0) = 0

u(l) = 0

Hence, we solve for the Green’s function ∂2

∂x2 G + k2G = δ(x − ξ) with the same boundary
conditions ∂

∂x
G(0) = 0 and ∂

∂x
G(l) = 0. To be able to respect the boundary condition at



29

x = 0 and x = l and the wave equation, set G =

A cos(kx) for x < ξ

B cos(k(x− l)) for x > ξ

Finally, the two boundary conditions uniquely determine the constants A and B, on the left
and on the right of the forcing ξ respectively:

G(x, ξ) =


cos(kx)cos(k(ξ−l))

k sin(kl) for x < ξ

cos(k(x−l)) cos(kξ)
k sin(kl) for x > ξ

The solution of the problem is then given by u(x) =
∫ l

0 G(x, ξ)f(ξ)dξ.

Data structure: sparsity and translational invariance

As stated in section 3.1.1, the translational invariance of the physics generates a block Toeplitz
data structure as soon as the cell grid remains homogeneous, i.e each cell interact with the
same number of cells in each direction. Indeed, Fig. 3.2 shows that a non-homogeneous grid
breaks the block Toeplitz structure.

The translational invariance of the physical system encompasses both the governing wave
equation and its boundary conditions. Specifically, boundary conditions such as Dirichlet
(which set the wave amplitude to zero at the boundary) or Neumann (which set the deriva-
tive of the wave amplitude to zero at the boundary) alter the equation at the boundary cells
of the computational domain, thereby disrupting the translational invariance at coefficients
corresponding to these boundary cells. To preserve the block Toeplitz structure of the Green’s
function operator and fully exploit its properties, it is necessary to only apply boundary con-
ditions that maintain this structure. This can be achieved by using either outgoing boundary
conditions at infinity (e.g., Sommerfeld radiation condition or the Bayliss-Gunzburger-Turkel
condition [38]), periodic boundary conditions [39], or a combination of both.

By limiting to problems that exhibit translational invariance across the entire computational
domain, the Green’s function approach results in a dense matrix but with block Toeplitz
data structure. In contrast, the finite difference method yields a sparse matrix where nonzero
coefficients are limited to a few diagonals around the main diagonal, reflecting interactions
confined to neighboring cells. However, the finite difference operator does not possess any
particular data structure, and thus, the inherent properties of the data cannot be leveraged
to optimize matrix-vector multiplications.
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Figure 3.2 Representation of a non-homogeneous cell grid in translational invariant physics
with its associated matrix of cell interactions. One step horizontal interactions are repre-
sented in dark blue from left to right and light blue in the other direction. One step vertical
interactions are represented in orange from top to down and light orange in the other direc-
tion.

Complexity analysis in 3D

Consider a 3-dimensional computational grid of size L × L × L with L ≥ 5. In the first
method, we consider the standard wave propagation equation with some wall type boundary
condition (Dirichlet or Neumann) at the edge of the domain : (∇2 + k)u = f . Given that the
equation is a second-order differential equation, the finite difference method with second-order
approximation requires each cell to interact with its two neighbors along all six directions in
three-dimensional space. Indeed,

f ′′(x0) ≈
−f(x−2)/12 + 4/3f(x−1)− 5/2f(x0) + 4/3f(x1)− f(x2)/12

h2
x

Hence, each row of the finite element matrix would have 25 nonzero coefficients. The total
number of nonzero coefficients is then 25(L′)3, where L′ > L is the total number of cells
along one axis of the total computational domain including boundary cells (e.g. PML cells).
Since the location of the nonzero coefficients are known, the number of multiplications of the
matrix-vector product can be reduced to the number of nonzero coefficients.
On the other hand, the Green’s function method with outgoing and/or periodic boundary
condition would exhibit a dense 3-level block Toeplitz structure of size L3×L3 with interme-
diate blocks of size L2×L2 and the most inner block would be of size L×L. The complexity
of the matrix-vector product using the split circulant embedding method presented in 4.3 is
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then 2(23 − 1)L3(2 log2(L) + 1) + 23L3 = 14L3(2 log2(L) + 1) + 8L3

Finally, for the sake of argument, take L′ = L = 210. Then, the finite difference method per-
forms one matrix-vector product in 25× 210 elementary multiplications whereas the Green’s
function split circulant embedding method requires 302× 210, approximately 12 times more.

Analysis caveats

Despite the finite difference method’s apparent efficiency due to the high sparsity of its cells
interactions matrix, the actual time complexity of the two methods are more comparable for
several reasons. First, the implementation of open boundary conditions necessitates the addi-
tion of an extra “boundary layer” in the computational domain (e.g. PML), which increases
the size of the computational domain needed with the finite difference approach. Second,
PDE-based methods generally have poorer conditioning compared to an integral equation
based methods. For instance, when simulating electromagnetic waves around sharp edges,
finite difference methods require a finer grid to capture the non-differentiable solutions near
these features, which particularly occurs in nanophotonics. In contrast, integral equation
methods tend to smooth out the solutions, thereby reducing the need for higher resolution
locally.

Additionally, the Green’s function method offers advantages in terms of numerical accuracy.
Numerical errors in solving differential equations arise from two sources: discretization of the
operator and discretization of space [40]. The Green’s function approach can minimize the
error from discretizing the operator with minimal additional cost [41]. In contrast, the finite
difference method, which relies on derivatives, is more susceptible to numerical errors around
sharp boundaries, where it may produce inaccuracies at points of divergence.

3.2 Objectives of the article with respect to the constraints of the physical
context

The context presented in the previous section implies successive multiplications of the same
multi-level block Toeplitz matrix with the result vector. As such, the multiplication method
would have to fit the constraint of non-increasing parameters involved in the complexity or
memory storage. Indeed, if either of the two increases at each iteration, a slow convergence
method would lead most of the time to exceeded memory capacity or excessive computational
time. As such, when considering methods using a special tensor storage format, the method



32

would need non-increasing complexity parameters. Therefore, we will try to define an algo-
rithm optimizing the circulant embedding method, which has non-increasing complexity or
memory. The article presented in this thesis (section 4), presents an algorithm that deals
with this problem. Then, the theoretical complexity analysis compares the enhanced circu-
lant embedding method to the standard one. Finally, the ratio of real computational time
measurements are displayed for laptop scale matrix-vector products.
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CHAPTER 4 ARTICLE 1: A SPLIT FAST FOURIER TRANSFORM
ALGORITHM FOR BLOCK TOEPLITZ MATRIX-VECTOR

MULTIPLICATION

The article presented in this section was submitted to IEEE under the Computational Physics
category on June 25, 2024. It was authored by Sean Molesky and Alexandre Siron.

4.1 Abstract

Numeric modeling of electromagnetics and acoustics frequently entails matrix-vector multi-
plication with block Toeplitz structure. When the corresponding block Toeplitz matrix is not
highly sparse, e.g. when considering the electromagnetic Green function in a spatial basis,
such calculations are often carried out by performing a multilevel embedding that gives the
matrix a fully circulant form. While this transformation allows the associated matrix-vector
multiplication to be computed via Fast Fourier Transforms (FFTs) and diagonal multiplica-
tion, generally leading to dramatic performance improvements compared to naive multiplica-
tion, it also adds unnecessary information that increases memory consumption and reduces
computational efficiency. As an improvement, we propose a lazy embedding, eager projec-
tion, branching algorithm that, for dimensionality d, asymptotically reduces the number
of needed computations ∝ d/

(
2− 2−d+1

)
and peak memory usage ∝ 2/

(
(d + 1)2−d + 1

)
,

generally, and ∝
(
2d + 1

)
/ (d + 2) for a fully symmetric or skew-symmetric systems. The

structure of the algorithm suggests several simple approaches for parallelization of large block
Toeplitz matrix-vector products across multiple devices and adds flexibility in memory and
task management.

4.2 Introduction

Translationally invariant physics, when considered in a spatial basis, leads to matrix repre-
sentations with (multi-level) block Toeplitz structure, Fig. 4.1. Through scattering theory—
wherein a complex physical system is described in terms of its free space properties and
“scattering” effects caused by previously unaccounted for interactions [15]—the need to ef-
ficiently compute block Toeplitz matrix-vector products accordingly arises in a variety of
physical contexts [1]. For example, block Toeplitz matrices appear frequently in simulation
and device design problems for electromagnetic [2, 3] and acoustic waves [4], as well as the
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analysis of multi-dimensional discrete random processes [5]. More directly, in many of these
settings (e.g. the simulation of nanophotonic devices utilizing Green functions [16]) a sort
of scattering phenomena is efficiently described by a highly sparse operation (e.g. the added
interaction is local in space) and the primary bottle-neck of iterative solution methods is the
speed of block Toeplitz matrix-vector multiplication [19]. The standard method of comput-
ing block Toeplitz matrix-vector products—motivated a number of perspectives [6, 7]—is to
perform a circulant embedding for each level of the Toeplitz structure. That is, the Toeplitz
matrix-vector method of “extending the diagonal bands”,

t11 t12

t21 t11


︸ ︷︷ ︸
n×n Toeplitz

→


t11 t12 s0 t21

t21 t11 t12 s0

s0 t21 t11 t12

t12 s0 t21 t11


︸ ︷︷ ︸

2n×2n circulant

,

is carried out iteratively. Through this procedure, the full matrix acquires a circulant form,
and multiplication with the resulting embedded vector is carried out via the FFT approach
to convolution [7]. Notably, each embedding doubles the size of the corresponding Toeplitz
level, and hence overall size of the system, by the inclusion of additional zero coefficients:
taking d as the number of levels, the embedding results in a vector space that is 2d times as
large. These padding coefficients occupy an increasingly large fraction of the total system
information as the dimension (number of levels) of the Toeplitz structure increases [Fig. 4.1],
leading to inefficient memory utilization and computation.

Two major categories of alternatives have been previously suggested to this procedure. The
first class focuses on how block Toeplitz matrix-vector multiplication happens mechanisti-
cally, examining how successive coefficient reorderings may be used to minimize the number
of arithmetic operations [8]. These methods, to the best of our understanding, have yet to
offer substantial speed improvements over the usual FFT approach for large systems, and can
not be simply implemented with optimized functions from standard libraries. The second
class focuses on the acceleration of block Toeplitz (or Toeplitz) matrix-vector mulplications
through the use of matrix or tensor product decompositions, e.g. via Vandermonde matri-
ces [9], QTT tensor formatting [10], or trigonometric transformation [11]. While extremely
powerful in certain settings [10], these approach generally require some degree of approxi-
mation, are more computationally expensive than circulant embedding for arbitrary vectors,
and rely on specialized code bases. Similarly, proposals to improve upon contemporary FFT
algorithms, either under specific conditions [12] or by providing a functional equivalent [13],
are, at present, only beneficial for sparse vectors. However, if progress is made in this area,
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Figure 4.1 Left: Translational invariance and block Toeplitz structure. The schematic
displays the distribution of interaction coefficients for translationally invariant physics of a
pair of simple grids. 0-step (self-interactions) are labeled in brown, vertical 1-step interactions
in yellow and light green, horizontal 1-step interactions in blue and pink, 2-step interactions
in darker green, and 3-step interactions in purple. Right: Block Toeplitz embedding and
data padding. The cartoon illustrates the dilution of input vector data in the standard
circulant embedding procedure as the dimensionality (level) of block Toeplitz structure in-
creases. Input vector data is is indicated as the coloured portion of each sub-figure.

it should be directly applicable to the algorithm presented below. Here, recognizing that
the data layout of a block Toeplitz structure allows for the ordering of embedding, Fourier
transformation, and projection to be partially interchanged, we present an algorithm that
performs block Toeplitz matrix-vector multiplication by dividing each dimension into a pair
of branches. In this “divide and conquer” approach, circulant embeddings are replaced by the
creation of phase modified vector copies containing even and odd Fourier coefficients (section
4.3.1). This change enables a lazy evaluation strategy that can substantially reduce memory
pressure, ∝

(
2d + 1

)
/ (d + 2) in the case of electromagnetics, and operational complexity.

Moreover, the partitioned nature of the algorithm presents several possibilities for tunable
parallelization to increase computational speed, or handle large block Toeplitz systems. An
accompanying implementation used for all presented results, written in Julia, is available
from https://github.com/alsirc/SplitFFT_lazyEmbed. As the procedure is straightforward
(section 4.3.2), and FFT dominated, similar performance should be simply achievable in any
major scientific computing language.

4.3 Algorithm

Conceptually, the proposed algorithm is based on an observation about how the padding
elements of a given level of embedding are incorporated into subsequent FFTs. Working
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from the finest level of Toeplitz structure (numbers) to the coarsest (outer matrix blocks),
the added zeros are only mixed with the input vector information once the FFT of the
particular level has been completed. Analogously, as soon as the inverse FFT of a particular
level has been carried out, half of the elements no longer influence the final matrix-vector
product: they are obviated by subsequent projection, Fig. 4.1 right. As such, by postponing
each embedding step until it is necessary, and performing each projection as soon as possible,
required memory and computation can be reduced.

The properties described under subsection 4.3.1 indicate how lazy (postponed) embedding
and eager (as soon as possible) projection are achieved by a division of the input vector at
each level into “original” and phase-modified “child” copies that carry even and odd Fourier
coefficients. Via this branching structure, the overall matrix-vector operation is partitioned
into smaller calculations, which can be leveraged to reduce memory pressure—information
is only calculated once it is needed to continue evaluation of the topmost (all-even) branch
Fig. 4.2. The structure also offers possibilities for additional parallelization. For instance, in
a multi-device setting, the linearity of the Fourier transform could be used to perform parallel
matrix-vector multiplication in a number of ways: a branch may either communicate and
merge, decreasing overall computation, or continue to some other predefined termination
point, decreasing communication overhead. To handle larger systems, the decomposition
structure of the Fourier transform could be used to further divide the number of coefficients
treated at any one time. That is, v could be pre-partitioned into nearly independent even
and odd parts.

4.3.1 Splitting and merging of vector coefficients

At each level, splitting into even and odd indices is accomplished using the following property.
Let v be a vector of size n. Define ṽ as ṽ = [v, 0], a vector of size 2n, and P as the diagonal
phase shift operator, P = diag

[
1, . . . , eiπk/n, . . . ,−1

]
. F(v) and F(Pv) are then, respectively,

the even and odd coefficients of F(ṽ), where F denotes the Fourier transform.

Proof. Let vk denote coefficients of the vectors v, and ṽk the coefficients of ṽ.

F(ṽ) =
(

1
2n

2n−2∑
k=0

ṽkω̃lk

)
l=0,...n−1

,
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where ω̃ = exp(− iπ
n

), and

F(v) =
(

1
n

n−1∑
k=0

Vkωlk

)
l=0,...,n−1

=
(

1
n

n−1∑
k=0

Vkω̃2lk

)
l=0,...,n−1

,

where ω = exp(−2iπ
n

). Similarly,

F(Pv) = 1√
n

(
n−1∑
k=0

ωlk

√
n

exp
(

i
lπ

n

))
l=0,...,n−1

× v

= 1
n

(
n−1∑
k=o

ω̃(2l+1)kVk)l=0,...n−1.

Therefore,
F(ṽ) = F(ṽeven) + F(ṽodd) = F(v) + F(Pv).

Through this separation, the circulant embedding operation at a given level of the block
Toeplitz structure is transformed into a branching operation, with each branch retaining the
size of the initial vector.

After the diagonal multiplication step, branches are merged in reverse order—the projection
counterpart to embedding by branching. Using the equivalence presented above, accounting
for the difference in relative normalization factors, merging is accomplished via the formula

ṽ = F−1
(1

2(F(veven) + PF(vodd))
)

.

4.3.2 Procedure

Making use of the above properties, the proposed algorithm follows the pseudo-code pre-
sented under Algorithm 1. Additional details on the Julia implementation available via
https://github.com/alsirc/SplitFFT_lazyEmbed are given in the appendix. The protocol
proceeds recursively by nested calls to the toeMulBrn function, which organizes the splitting,
merging, and possible diagonal multiplication operations that occur on a specific level, or
dimension, d. As visualized in Fig.4.2, the first task completed by toeMulBrn is to com-
pute the FFT along the current level. toeMulBrn then creates a phase shifted copy of the
transformed vector by applying the sptBrn function, and launches two progeny branches,
respectively containing even and odd Fourier coefficients. Overall coordination is ensured by
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Figure 4.2 Left: Branching form of proposed algorithm. The left panel depicts the
branching tree of data flow in 3D to perform block Toeplitz matrix-vector multiplication
in the proposed algorithm, Alg. 1. Black dots are FFT tranformations, P labelled arrows
represent odd (phase modified) Fourier coefficients, and black horizontal arrows are diagonal
multiplications with block Toeplitz matrix data. Right: Branch execution in recursive
implementation. The schematic shows the particular parts of the data flow that are con-
trolled by a given branch (bId) in reference to Alg. 1. Two different levels of toeMulBrn are
displayed, green and purple boxes. Each level launches two function calls, and then merges
the retruned results. Control is then returned to the calling level.

passing each of these calls a branch identifier, bId: the even branch inherits the identifier of
its caller, while the odd branch is assigned a new identifier by nxtId. The function then waits
for these calls to return, merges their results, using mrgBrn, and performs an inverse FFT,
IFFT, before returning. If the maximal level of block Toeplitz structure is reached, d = dmax

then toeMulBrn launches no further calls, and instead computes the diagonal multiplication
of its given vector with the appropriate Toeplitz data, T [bId], via mulBrn. toeMulBrn then
computes the inverse FFT, IFFT, and returns.



39

Algorithm 1: block Toeplitz multiplication
Require d ≥ 0
Ensure y = Tv
y ← v
if d > 0 then

{FFT along the dth dimension}
v ← FFTd(v)

end
if d < dmax then

{create phase shifted vector (splitting)}
vchild ← sptBrn(v)
{launch next branches (recursive call)}
v ← toeMulBrn(T, d + 1, bId, v)
vchild ← toeMulBrn(T, d + 1, nxtId(T, d), vchild)
{merge v (even coeffs.) with vchild (odd coeffs.)}
v ← mrgBrn(T, v, d + 1, P, vchild)

else
{diagonal multiplication of v with Toeplitz data}
v ← mulBrn(v, T [bId])

end
if d > 0 then

{inverse FFT along the dth dimension}
v ← iFFTd(v)

end

4.3.3 Operational complexity and memory usage

Consider a d-dimensional vector v of total size s = nd where d > 0. As before, let ṽ be
the fully embedded image of v (along all dimensions), so that the total length of ṽ is 2ds.
The complexity of a FFT as used in a given level of Alg. 1 is m2 log2(m1) where m1 is the
total length of the vector to be transformed and m2 is the product of its sizes along the
dimensions to be transformed [12]. The complexity of the standard circulant embedding
method is therefore

Cembed = 2d+1s log2(2ds)︸ ︷︷ ︸
forward and inverse FFTs

+ 2ds︸︷︷︸
multiplication step

At the lth level, 1 < l < d, of Alg. 1 there are 2l forward FFTs and 2l inverse FFTs,
each along one dimension. Including the additional diagonal multiplications involved with
the phase shifting and multiplication with the Toeplitz data, the operational complexity of
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Alg. 1 is thus

Csplit = 2
d∑

l=1
2ls log2(n)︸ ︷︷ ︸

forward and inverse FFts

+ 2ds︸︷︷︸
multiplication step

+ 2
d−1∑
l=0

2ls︸ ︷︷ ︸
phase shift on odd branches

= 2(2d−1)s(2 log2(n)+1)+2ds

Take Rc = Cembed/Csplit to be operational complexity ratio between the two methods. Com-
bining the above,

Rc = 2d+1s log2(2ds) + 2ds

2(2d − 1)s(2 log2(n) + 1) + 2ds
= d log2(2n) + 1

(1− 2−d)(2 log2(n) + 1) + 1 ,

so that Rc → d/
(
2− 2−d+1

)
as n→∞.

In terms of memory usage, the standard circulant method requires an overall doubling in
vector size for each level (dimension) of block Toeplitz structure. The memory required for
both the Toeplitz data and input vector is, consequently, Mv,embed = 2ds = MT,embed, with
s as above. For Alg. 1, a lazy evaluation strategy leads peak memory usage to occur when
the first branch (top of Fig. 4.2) is processed up to multiplication with its corresponding
Toeplitz data, leading to a peak allocation of Mv,split = (d + 1)s elements. For the Toeplitz
information, the full embedded vector of Fourier transformed data is split into 2d parts of s

coefficients each, so MT,split = 2ds. Comparing these results, the peak memory ratio Rm of
the two approaches, in full generality, is

Rm = Mv,embed + MT,embed

Mv,split + MT,split
= 2d+1s

(d + 1) s + 2ds
= 2

(d + 1) 2−d + 1

Because electromagnetics, acoustics, and quatum mechanics typically exhibit reciprocity be-
tween sources and receivers [14], there are a number of settings of physical interest wherein
system matrices are both block Toeplitz and block symmetric (resp. block skew-symmetric).
In such cases, the Fourier transform of the vector containing the generating elements of the
associated Toeplitz matrix is mirror symmetric (resp. skew-symmetric) about the middle
index of each dimension, and thus can be fully stored in a vector of size s. In such cases, the
peak memory ratio between the two methods becomes

Rm,sym = 2d + 1
(d + 2) . (4.1)

More precisely, if v is a vector with coefficients (vk)k=0,n−1 such that vi = vn−i for i = 1, ..n−1,
as happens in the case of a symmetric block Toplitz matrix, then its Fourier coefficents f ex-
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hibit the symmetry fi = fn/2+i. Hence, only half the coefficients must be stored. Inductively,
an equivalent reduction occurs at each level, and single vector’s worth of Toeplitz data is
required. The antisymmetric case is analogous as vi = −vn−i implies that fi+n/2 = −fi−2f0.

Example of coefficient symmetry for two levels


f 00 f 01 f 02 f 03 0 f 03 f 02 f 01

f 10 f 11 f 12 f 13 0 f 13 f 12 f 11

f 20 f 21 f 22 f 23 0 f 23 f 22 f 21

f 30 f 31 f 32 f 33 0 f 33 f 32 f 31

0 0 0 0 0 0 0 0
f 30 f 31 f 32 f 33 0 f 33 f 32 f 31

f 20 f 21 f 22 f 23 0 f 23 f 22 f 21

f 10 f 11 f 12 f 13 0 f 13 f 12 f 11



Table 4.1 Asymptiotic theoretic complexity, Eq. 4.1, and peak memory ratios, Eq. 4.1 and
4.1.

Dimensions 2 3 4 5 6
Rc 1.33 1.71 2.13 2.58 3.05
Rm 1.14 1.33 1.52 1.68 1.80

Rm, sym 1.25 1.80 2.83 4.71 8.13

4.4 Results

As analytic complexity calculations must necessarily overlook many, potentially influential,
practical implementation details, we directly measure the relative performance of the split
and standard circulant embedding algorithms by performing block Toeplitz matrix-vector
multiplication for various dimension numbers and vector sizes.

For convenience, the length of each dimension is assumed to be consistent, but this is not a
limitation of either method (or code). Our presented results focus on lengths corresponding
to powers of 2, as FFTs are most efficient for these lengths. Plots of cases where the sizes are
products of primes and plots of consecutive natural numbers are available in the appendix.
All results were obtained through local computation on a laptop with 16 GiB of RAM, and
an AMD® Ryzen 7 5800hs processor. Although the Julia implementation can be run on
GPU, for simplicity, only parallelized, multi-threaded, CPU computations are compared.
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The coefficients used for the matrix vectors and the input vector are complex numbers with
random real and imaginary part with mean value equal to 0 and a parametrizable variance.
The number of points for each plot is limited by the memory capacity of the machine used
for the computation.

The results obtained do not clearly show the tendencies predicted by operational complexity
calculations. Namely, Alg. 1 is generally faster than expected, and only converges to the
predictions of Eq. (4.1) as the memory limit of the test machine is reached. The broad
uncertainty observed (see appendix) suggests that the statistical data captured by Bench-
markTools.jl is independent and uncorrelated. These differences in measured performance,
compared to Eq. (4.1), and large variance of results, may be caused by several factors.
First, all FFTs are computed using the FFTW package [17], which utilizes different meth-
ods depending on the structure of the vector to be transformed, and has an internal thread
management system that is not controlled by Julia. For a fixed input vector, the two meth-
ods perform FFTs of different sizes, and smaller sizes are known to be comparatively faster
than expected based theoretical complexity [18]. Second, the standard circulant embedding
method employs full thread parallelization on fully embedded vectors at all steps. Conversely,
Alg. 1 consistently applies thread parallelization at the size of the input vector and makes
greater use of the Julia task scheduler. For small numbers of tasks, and small loops, launch
overhead becomes a meaningful percentage of the benchmarks. Parallelization of small loops
can also lead to highly variable memory writes and reads, which could explain the spread of
measured ratios.

4.5 Outlook

In this article, we have described how the standard circulant embedding method for multi-
level block Toeplitz matrix-vector multiplication can be improved by reordering embeddings
and projections with respect to their associated Fourier transformation level. Concretely, by
utilizing a lazy embedding / eager projection strategy, for d levels of Toeplitz structure, we
have shown that operational complexity can be reduced by a factor of d/

(
2− 2−d+1

)
, and

peak memory usage by a factor of 2/
(
(d + 1) 2−d + 1

)
. As the size of the matrix-vector prod-

uct tends to infinity, for 3 levels of structure, these ratios tend to 12/7 and 4/3 respectively.
For a fully symmetric (resp. skew-symmetric) matrix peak memory reduction improves to a
factor of

(
2d + 1

)
/ (d + 2)—9/5 for d = 3. In simulation, the wall clock time ratio between

the two methods is better than theoretical expectations in almost all cases. The proposed
algorithm also suggests several way in which additional parallelization could be introduced
to handle the large scattering problems that occur in acoustics and electromagnetics. In fact,
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Figure 4.3 Comparison of wall clock and operational complexity ratios. The
figure depicts the wall clock time ratio of the Julia implementation of Alg. 1
(https://github.com/alsirc/SplitFFT_lazyEmbed) compared to standard circulant embed-
ding for vectors with lengths corresponding to powers of 2. In moving from panel (a) to (d),
the dimensionality of block Toeplitz structure is increased from 1 (Toeplitz matrix) to 4.
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a slightly modified version of the (GPU enabled) Julia implementation is already being used in
the GilaElectromagnetics package (https://github.com/moleskySean/GilaElectromagnetics.jl),
currently under development by the authors. The algorithm relies only on (highly optimized)
standard library functions, and should be easily adaptable to almost any relevant context.
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4.7 Appendix

4.7.1 Julia code structure and input variables explanation

The code for the algorithm is composed of two files: toeUtilities.jl and toeMatVecProd.jl. The
first file contains all the Julia structures used by the algorithm; the second contains all the
functions that process the input data. The code is launched running toeUtilities.jl.

The first structure of toeUtilities.jl contains the condensed information about the Toeplitz
matrix required to compute the multiplication. The first field is an array containing the
sizes of all the levels of the matrix. For instance, a 3-level block-Toeplitz of size 220 on its
two outermost layers and 210 for its innermost layer, shall have dimInf = [220, 220, 210]. The
second field corresponds to the coefficients of the matrix organised in a list of 2d arrays —–
where d is the number of levels —– such that each element of the list can be multiplied by
the corresponding split vector (see tree-branch structure [Fig. 4.2]). The matrix data should
be rearranged to fit this format. Below is a code snippet performing this operation:

# ente r the number o f l e v e l o f the block−Toep l i t z
l v l s = ???

# ente r the f u l l Four i e r transformed block−Toep l i t z
# matrix o f type Array{ComplexFXX , l v l s }
toeFFT = ???
eoDim = ^(2 , l v l s )
t o e I n f = Array{Array{ComplexF64}}( undef , eoDim)
not_a_f i l t e r = Tuple ( [ Colon ( ) f o r i in 1 :2^( l v l s − 1 ) ] )

# wr i t e Toep l i t z data
f o r e o I t r in 0 : ( eoDim − 1)

# odd / even branch e x t r a c t i o n
t o e I n f [ e o I t r + 1 ] = Array{ComplexF64 }( undef , dimInf . . . )

# f i r s t d i v i s i o n i s a long sma l l e s t s t r i d e −> l a r g e s t binary d i v i s i o n
t o e I n f [ e o I t r + 1 ] [ not_a_f i l t e r . . . ] .= toeFFT [ Tuple ( [ ( 1 +

mod( div ( eo I t r , 2^( l v l s − d ) ) , 2 ) ) : 2 : ( 2 ∗ dimInf [ d ] − 1 +
mod( div ( eo I t r , 2^( l v l s − d ) ) , 2 ) ) f o r d in 1 : l v l s ] ) . . . ]
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# v e r i f y that a l l va lue s are numeric .
i f maximum( isnan . ( t o e I n f [ e o I t r + 1 ] ) ) == 1 | |

maximum( i s i n f . ( t o e I n f [ e o I t r + 1 ] ) ) == 1
e r r o r ( " Four i e r in fo rmat ion conta in s non−numeric va lue s . " )

end
end

The last three fields of the structure are pre-computed forward and reverse FFTs — using
the plan_fft and plan_ifft functions from FFTW package — and the array containing the
phase shift operators. The latter can be constructed with Pj =

(
e

−iπk
dimInf[j]

)
k∈0,...dimInf[j]−1

, for
all j ∈ 1, ...lvls. For the purpose of this article, these arrays are computed and generated
outside the main function not to include their computation time in the total measured time
needed to process the algorithm. The second structure manages the different GPU kernels
and threads. The third structure manages the different processors that should be used to
perform the product. The first field is a tuple of two booleans. The first one is a flag that
determines whether the CPU does at least half the work using all available threads, and the
other is a flag to either run the code on GPU or on CPU. The second coordinate contains
the runtime options for running the GPU kernels.

Finally, the multiplication is launched by the toeMul function throught the toeMulBrn func-
tion on the second file. The entries required for that function to perform the multiplication
are:

• toeOpr, that uses the toeDat structure defined above and contains all the information
needed by the program

• vOrg is the vector multiplied by the block-Toeplitz matrix. It has to share the same
tensor structure as the block-Toeplitz matrix such that [size(vOrg)...] == dimInf is
true.

Note that the result of the multiplication will then be stored in this same vOrg variable in
order to save memory.
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4.7.2 Extra plots with sizes in product of prime numbers and for a certain range
of numbers
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Figure 4.4 Computation time ratio of the two methods with vector length in product of two
prime numbers up to 51 with uncertainty band in gray for one to four dimensions (resp. (a)
to (d)).
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Figure 4.5 Computation time ratio of the two methods with vector length from 1 to 100 with
uncertainty band in gray and smooth curve on mean values for one and two dimensions, from
1 to 50 for three dimensions and from 1 to 32 in four dimensions (resp. (a) to (d)).
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CHAPTER 5 GENERAL DISCUSSION

This chapter will provide a critical analysis of the split circulant embedding algorithm pre-
sented in section 4.3. We will begin by examining the discrepancies between the theoretical
and measured time complexities (section 5.1). Following this, we will compare the theoretical
performance of the algorithm with that of the tensor decomposition method discussed in the
literature review in section 2.2. Additionally, we will explore the tunability offered by the
algorithm for GPU parallelization in the 3-dimensional case (section 5.3).

5.1 Complement to the results analysis

The results observed in the article for the time complexity ratio of the two methods display
an important difference compared to the theoretical complexity ratio. Namely, the split
circulant embedding method performs better than the theoretical expectations until the
memory limit of the test machine is reached. Moreover, each mean value point is wrapped
in a broad uncertainty, showing that the data captured by the BenchmarkTools.jl package is
uncorrelated. Two hypotheses were proposed to try to explain this phenomenon.
The first possibility is that the internal task scheduler from the FFTW.jl package does
not cooperate properly with the Julia task scheduler, applying the different task to each
threads automatically, without the possibility to manually assign the threads for the Fourier
transforms. The second proposal to explain the differences with the theoretical complexity is
that the real time complexity of the fast Fourier transform on sizes in powers of 2 performed
by the FFTW.jl package does not follow the theoretical O(N logN) but has some adjustment
that could explain the convex shape of the result (increasing and then decreasing). This
would be visible in the time ratio since for a d-dimensional vector of size N = nd, the split
circulant embedding performs 2d+1 FFTs and IFFTs on N -long vectors, while the standard
circulant embedding performs d FFTs and IFFTs on a larger 2dN -long vector.

5.1.1 Single thread computation

The first hypothesis can simply be checked by running the same vector size trials on a single
thread to see if significant change are observed.

The required simulations are essentially the same as those that were required to produce
the results presented in the article for vector lengths in powers of 2 with different random
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Figure 5.1 Comparison of wall clock and operational complexity ratios run on a
single thread. The figure depicts the wall clock time ratio of the Julia implementation
of Alg. 1 (https://github.com/alsirc/SplitFFT_lazyEmbed) compared to standard circulant
embedding for vectors with lengths corresponding to powers of 2. In moving from panel (a)
to (d), the dimensionality of block Toeplitz structure is increased from 1 (Toeplitz matrix)
to 4.
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coefficients (now run on a single thread). The striking similarity between figures 4.3 and 5.1
shows that the proposal of an independent task scheduler for the FFTW.jl package has to be
rejected, or at least if there is, its influence is not the main cause of the variation we observe
in the results of the time complexity ratio.

5.1.2 Computational time ratio of two consecutive powers of 2-long vector

To check the second assumption, one could plot the time complexity ratio between two con-
secutive sizes in powers of two and compare it with the theoretical consecutive ratio. We
will therefore consider the ratio of two consecutive computational times from the results in
section 4.3 and only for the split circulant embedding method.
Thus, we define the theoretical ratio for two consecutive vector sizes as Rconsec. = Csplit(2s)/Csplit(s)
where Csplit is the theoretical complexity of the split circulant embedding method determined
in section 4.3. Therefore,

Rconsec. =
2
(
2d − 1

)
(2n)d(2 log2(2n) + 1) + (4n)d

2 (2d − 1) nd(2 log2(n) + 1) + (2n)d
= 2d

2
(
2d − 1

)
nd(2 log2(n) + 3) + (2n)d

2 (2d − 1) nd(2 log2(n) + 1) + (2n)d

The difference between the theoretical and measured consecutive computational time ratios
obtained in Figure 5.2 does not follow the theoretical ratio. As such, we can conclude that the
measured complexity of the FFT performed by the FFTW.jl package does not exactly follow
the theoretical N logN trend, and this difference is clearly one of the causes of variation
between the measured and theoretical complexity ratios presented in the article. Indeed,
the two methods perform different FFTs for the same input matrix and vector. While the
standard circulant embedding method computes full vector Fourier transforms for each level,
the split circulant embedding computes smaller FFTs, which are quicker to compute relative
to the size of the vector. However, the variation observed in Fig. 4.3 does not fully explain
why the lazy embedding algorithm is generally faster than expected; the peak ratio seen in
Fig. 4.3 is reached at 214, the consecutive time ratio at 214, is nearly 1, in Fig. 5.2.

5.2 Time complexity and memory comparison with the tensor decomposition
method

Knowing the complexity of the split circulant embedding method, it is relevant to compare
it to the tensor decomposition method developed in the literature review in section 2.2 and
determine the cases where the one is more efficient than the other in terms of complexity or
memory capacity. We will consider one iteration of the DMRG method developed by Kazeev
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Figure 5.2 Comparison of wall clock and operational complexity ratios between
two consecutive vector size in powers of 2. The figure depicts the wall clock time ratio
of the Julia implementation of Alg. 1 (https://github.com/alsirc/SplitFFT_lazyEmbed) of
two consecutive points with lengths corresponding to powers of 2. In moving from panel (a)
to (d), the dimensionality of block Toeplitz structure is increased from 1 (Toeplitz matrix)
to 4.
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et al. [31] to determine the approximate maximal rank for which this method would perform
better than the split circulant embedding, provided that the QTT decomposition of the outer
product xy† is known.
However, the iterations of DMRG method do not seem to be the bottleneck of the QTT
decomposition method for Toeplitz matrix-vector multiplication since the operational com-
plexity of the conversion into QTT format is O(dlR4), where R is the maximum of the
TT-ranks. While the ranks of the iteration of the DMRG method can be reduces through
different means of approximation, R stands for the exact maximum TT-rank. Furthermore,
the first SVD computed for the QTT decomposition of the tensor is more expensive than
the matrix multiplication (m2n + n3 multiplications for a m × n matrix). For the QTT de-
composition to be relevant in the context of electromagnetic simulations in scattering theory
(section 3.1), one would need to know enough information on the source vector to be able
to provide a QTT decomposition of the outer product without computing it, thus reducing
the complexity of the conversion below the one of the matrix-vector multiplication. The
conditions for low rank source vector and the method of approximation used to perform such
QTT decomposition could be the object of future research.
We recall that for a d-dimensional vectors of length n = 2l along each of its dimension,

Csplit = 2
(
2d − 1

)
nd(2 log2(n) + 1) + (2n)d = 2

(
2d − 1

)
2ld(2ld + 1) + 2d(l+1)

is the theoretical complexity for the split FFT method and that

Ctensor = dlr3
z + dlrxryrz(rx + ry + rz) ≤ dlr3(3r + 1)

is the one for the quantized tensor train decomposition method (section 2.2.2) where r =
Max{rx, ry, rz}.
For d = 3, the tensor decomposition is the more efficient when

Ctensor ≤ Csplit ⇐⇒ 3lr3(3r + 1) ≤ 14× 8l(6l + 1) + 8l+1 ⇐⇒ r3(3r + 1) ≤ 8l

3l
(84l + 22)

This inequality defines a maximal rank rmax for which the tensor decomposition has lower
complexity than the split FFT method at a given size n = 2l. One can compare this rank
to the maximum rank allowed by the vector size in the QTT format in 3D: nd = 2dl = 8l.
Hence, we define a rank ratio as rratio = rmax/8l to better emphasize how low this rank is
compared to the current vector size.

Tables 5.1 and 5.2 show that the maximum QTT rank is very low. From l = 4—which would



56

Table 5.1 Maximal QTT rank for the QTT decomposition to require fewer operations than
the split FFT method and its ratio with the maximum possible rank for vector size from 2
to 28.

ℓ 1 2 3 4 5 6 7 8
rmax 3 5 8 14 23 39 67 112

rratio(%) 37.5 7.8 1.56 0.34 0.07 1.45e-2 3.24e-3 6.71e-4

Table 5.2 Maximal QTT rank for the QTT decomposition to require fewer operations than
the split FFT method and its ratio with the maximum possible rank for vector size from 29

to 216.
ℓ 9 10 11 12 13 14 15 16

rmax 189 318 535 899 1512 2543 4275 7188
rratio(%) 1.40e-4 2.96e-5 6.22e-6 1.31e-6 2.75e-7 5.81e-8 1.24e-8 3.01e-9

correspond to a computational domain of a 16× 16× 16 cube—the rank ratio defined above
is less than 0.34% and drops rapidly as the size increases in powers of 2.

Regarding the memory capacity, we recall that the peak memory storage of the tensor de-
composition method for 3-dimensional vectors is

Mtensor = 3l
(
r2

x + r2
y + 4

)
≤ 3l

(
r2 + 4

)
For the split FFT method,

Msplit = 4× 8l + 8l+1 = 12× 8l

Therefore,

Mtensor ≤Msplit ⇐⇒ 3l
(
2r2 + 4

)
≤ 12× 8l ⇐⇒ r2 + 2 ≤ 2× 8l/l

As r > 0, the inequality is equivalent to r ≤
√

2
l
8l − 2. We can then build the same tables

for the memory capacity comparison.

The tables 5.3 and 5.4 show similar results as the table for theoretical time complexity. Thus,
the DMRG method for QTT decomposed vectors performs better in terms of peak memory
storage than the split FFT method only for very low tensor rank. One can notice that the
difference is slightly less significant compared to the complexity comparison case, which em-



57

Table 5.3 Maximal QTT rank for the QTT decomposition to store fewer coefficients at peak
than the split FFT method and its ratio with the maximum possible rank for vector size
from 2 to 28.

ℓ 1 2 3 4 5 6 7 8
rmax 3 7 18 45 114 295 774 2048

rratio(%) 37.5 10.9 3.52 1.10 0.35 0.11 3.69e-2 1.22e-2

Table 5.4 Maximal QTT rank for the QTT decomposition to store fewer coefficients at peak
than the split FFT method and its ratio with the maximum possible rank for vector size
from 29 to 216.

ℓ 9 10 11 12 13 14 15 16
rmax 5.46e3 1.47e4 3.95e4 1.07e5 2.91e5 7.93e5 2.17e6 5.93e6

rratio(%) 4.07e-3 1.36e-3 4.60e-4 1.56e-4 5.29e-5 1.80e-5 6.16e-6 2.11e-6

phasizes the fact that possible memory savings is the primary benefit of the QTT format,
more so than the complexity of its elementary operations.

5.3 Details on the GPU parallelization possibilities in 3 dimensions

In this section, we will develop the parallelization possibilities of the algorithm as this point
is only briefly discussed in the article. Indeed, the even and odd splitting in the algorithm
causes a tree-branch structure that spans over 2d branches—d being the number of levels in
the multi-level block Toeplitz structure—and then recombines to the end result (section 4.4).
This tree-branch structure gives tunability in the memory management, allowing the user
to parallelize the computation on different GPUs for each dimension to trade some memory
capacity for speed.
Consider for instance the 3-dimensional case whose tree-branch schematic is presented below
in Figure 5.3.

The setup that offers the lowest memory usage is a lazy evaluation strategy. In that case, the
different splits and recombinations follow the alphabetical order in Figure 5.3 and the peak
memory of the algorithm is reached when the maximum number of branches is started, i.e
right before the first recombination (at node I in the 3D case). The memory storage of the
vector is then (d + 1)s, where s = nd is the total length of the vector.
Alternatively, one can choose to parallelize the computation by considering the vector at
node A and the one at node B as two separated matrix-vector multiplications. Thus, one
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Figure 5.3 Tree-branch figure with labeled node such that the order of the splitting and
projection in case of a single computational unit follows the alphabetical order.

could run the two branches simultaneously on a pair of GPUs and compute the overall result
with a single communication step, merging the O and AB nodes. Utilizing this strategy
effectively cuts the “wait” time experienced by original parent branch in half. However, this
basic strategy introduces data redundancy as each GPU must still hold a peak of d + 1
vectors in memory. For a two GPU parallelization in 3D, the peak memory would be reached
before first recombination at each GPU so a total of ds coefficients each for a total of 2ds

coefficients. The storage required for the vector containing the matrix data is not impacted.
Another set of GPUs can be implemented for extra computational speed as long as there are
dimensions, i.e splits in the tree-branch to parallelize. Hence, for maximum computational
speed, one could use up to 2d GPUs to parallelize all the multiplication steps on each GPU
so that each GPU run its own split up multiplication (at E, F , J , K, R, S, W , X in 3D in
Figure 5.3).
To generalize, for a d-dimensional Toeplitz matrix-vector multiplication, it is possible to use
g GPUs, with g ∈ {2k, k ∈ [[0, d[]}, to speed up the computation at the cost of memory
capacity. The system would then need to store g(d + 2 − log2(g))s coefficients for a vector
of length s = nd. However, these parallelizations strategies are quite naive. More advanced
and better suited parallelization strategies could be explored in future works.



59

CHAPTER 6 CONCLUSION

6.1 Summary of works

Modelling translationally invariant physics (e.g. electromagnetism) in a spatial basis gener-
ally leads to systems of equations involving multi-level block-Toeplitz matrices, which typ-
ically require iterative solution methods (section 3.1), and hence the computation of many
block-Toeplitz matrix-vector products. As such, accelerating block-Toeplitz matrix-vector
products is crucial for efficiently simulating a range of large-scale physics. While several
methods presently exist for performing such multiplications, it is almost certain that they
are sub-optimal. Specifically, the most promising approaches of circulant embedding (sec-
tion 1.2) and tensor train decomposition (section 2.2) scale poorly with either system size or
tensor rank. For a general source vector, computing the tensor decomposition is more expen-
sive than simply performing multiplication. When extended to d-dimensional block Toeplitz
matrices, the embedded vector contains a ratio of 2d1

2d redundant coefficients, resulting in
memory overload and time complexity inefficiency, as some of the Fourier transforms can be
computed on fewer of these redundant coefficients.

The main idea of the algorithm presented in this thesis is to mitigate the later issue via
lazy embeddings and eager projections, meaning that embeddings are postponed as late
as possible, and projections are done as early as possible. These alterations allow for the
required Fourier transforms to be computed on a reduced number of coefficients. For three-
dimensional matrix-vector multiplication, the theoretical complexity ratio of the standard
circulant embedding over the enhanced version tends to 12/7 as the sizes of the block
Toeplitz matrices increase to infinity at each level. Moreover, the algorithm leverages a
property of the fast Fourier transform (FFT) to split the transformed vector into even
and odd coefficients, following a tree branch structure (Figure 4.2), which offers additional
tunability in managing memory capacity and computational speed through branches par-
allelization on different GPUs. By running branches independently on different GPUs,
one can gain computational speed at the cost of increased memory usage (section 5.3).
When running on a single GPU, the memory usage ratio between the standard and split
circulant embedding methods tends to 4/3 for a 3-dimensional matrix and vector as the
sizes at each level tend to infinity. Whenever the Toeplitz data is completely symmetric
or anti-symmetric—meaning that each of its block at each level is a Toeplitz symmetric
or anti-symmetric matrix—then a clever embedding can reduce its memory storage. The
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theoretical memory ratio between the two methods then becomes 2d+1
d+2 . This situation oc-

curs in the physical context of electromagnetic wave due to the reciprocity property be-
tween sources and receivers. This algorithm is still being used in the GilaElectromagnet-
ics.jl package to accelerate simulations of electromagnetic waves in scattering media (see
https://github.com/moleskySean/GilaElectromagnetics.jl/tree/main).

The measured time complexity ratio between the two versions of the circulant embedding
method demonstrates better performance for the split circulant embedding method than pre-
dicted by theoretical complexity analysis, although it eventually converges to the theoretical
ratio as the computational machine’s memory limit is reached (Figure 4.3). Further analysis
of the consecutive computational times of the split circulant embedding method revealed
that some discrepancies were due to the switching method used by the "FFTW.jl" package
for FFT computations as matrix and vector sizes vary (section 5.1).

6.2 Limitations

Despite the improvements over the standard circulant embedding for laptop-scale Toeplitz
matrix-vector multiplications, the results remain erratic with a wide standard deviation for
each statistical result, making the computational time of the method unpredictable. To
improve predictability, it is essential to properly characterize the observed discrepancies be-
tween theoretical complexity and computational time. Rewriting the algorithm in a different
programming language and using alternative packages could help identify the causes of these
discrepancies.

6.3 Future research

The analysis of the alternative method based on tensor train decomposition suggests that
further memory capacity and time complexity gains may be possible for highly structured
input source vectors. It is not unreasonable to guess that such situations actually do occur
somewhat frequently in electromagnetic field simulations. From this vantage, the identifica-
tion of physical conditions that lead to strongly correlated tensor data, and the development
of methods to obtain the TT-decomposition of such data without explicit computation, stand
as interesting directions for further study. Achieving such an efficient method is essential for
fully leveraging tensor train decomposition in wave scattering simulations. Finally, time mea-
surement on different setup of GPU parallelization can be performed to determine the best

https://github.com/moleskySean/GilaElectromagnetics.jl/tree/main
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parallelization strategy according to the number of dimensions and the sizes of each block.
One promising strategy would be to create additional artificial divisions of the data along
the outermost data dimension following the FFT algorithm (see section 1.1). Indeed, using
block matrix inversion, the Fourier transform can be written as

Ωf =
Ω 0

0 Ω

  I D
D−1 −I

Pf

where Ω is the (variable size) Fourier transform, D is a diagonal matrix, and P is the
permutation matrix grouping the even and odd indices of a vector. One could apply this
division on outside of the current split circulant embedding algorithm to break the work that
needs to be done into independent streams. That is, the input vector can be formatted to
enable each GPU to work independently on a sub-collection of indices. However, this would
require additional pre-processing and post-processing of the data to be implemented.
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