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RESUME

La multitude d’options de quoi disponibles pour les consommateurs modernes peut étre
écrasante. Les détaillants électroniques et les sites Web de commerce électronique offrent
une vaste gamme de produits pour répondre a un large éventail de besoins et de préférences.
L’alignement des exigences des consommateurs avec les produits les plus appropriés est un
aspect essentiel pour 'amélioration de la satisfaction des utilisateurs et de la fidélisation de la
clientele. En conséquence, un nombre croissant d’entreprises investissent dans des systemes
de recommandation afin d’identifier les modeles d’intérét des consommateurs pour leurs pro-
duits et de proposer des recommandations qui correspondent aux besoins et aux préférences

de 'utilisateur.

Les systemes de recommandation sont utilisés pour mettre en relation les consommateurs
avec les produits qu’ils sont susceptibles d’aimer. Il existe deux principaux types de systemes
de recommandation : le filtrage basé sur le contenu et le filtrage collaboratif. Le filtrage basé
sur le contenu utilise les préférences d’une personne pour suggérer de nouveaux produits. Le
filtrage collaboratif, quant a lui, utilise des informations provenant d’autres personnes ayant
des préférences similaires pour faire des recommandations. Il s’appuie sur les choix effectués

par un groupe de personnes pour suggérer de nouveaux produits.

Une classe d’algorithmes de filtrage collaboratif utilisée dans les systémes de recommandation
est la factorisation matricielle. Ces algorithmes décomposent la matrice d’interaction entre
utilisateurs et articles en produit de deux matrices de dimension inférieure, qui sont plus
petites en termes de dimensionnalité. Cette approche se approxime de la matrice d’origine
en trouvant une combinaison de ces deux matrices aussi proche que possible de la matrice
d’origine, basée sur la minimisation de ’erreur entre ’original et le produit des deux matrices
plus petites, généralement en utilisant des techniques d’optimisation telles que les moindres
carrés. Il s’agit d’un probleme tres mal posé car la factorisation peut étre réalisée de nom-
breuses maniéres, conduisant a une infinité de solutions possibles sans une réponse correcte
unique. Par conséquent, les chercheurs doivent formuler des hypothéses raisonnables (telles
que des contraintes de régularisation ou des connaissances supplémentaires dans le domaine)

concernant la factorisation afin de trouver la solution la mieux adaptée a leurs besoins.

Dans cette recherche, nous présentons la factorisation matricielle probabiliste symétrique



vi

(SPMF) a travers la création d'une matrice de blocs symétrique a 'aide de la matrice
d’interaction entre utilisateurs et articles. SPMF utilise une méthodologie probabiliste pour
traiter les valeurs manquantes dans la matrice d’interaction et génere des recommandations
en estimant la distribution de probabilité des préférences de 'utilisateur et des caractéris-

tiques des articles en fonction des interactions observées.

SPMF simplifie le probleme de factorisation en transformant la fonction objectif en un prob-
leme convexe, garantissant un optimal global. Cette transformation conduit a une solution
optimale avec un taux de convergence plus rapide, rendant le processus d’optimisation plus
efficace. Dans cette nouvelle approche, les deux matrices originales de factorisation sont fu-
sionnées en une seule matrice, ce qui rend la solution plus facile a trouver puisque le probleme
complexe d’optimisation a deux facteurs est réduit a une seule fonction de cotit. Cette nou-
velle méthode d’optimisation posséde non seulement une solution optimale globale unique
et est convexe, mais elle nous permet également de comprendre simultanément les relations

entre les utilisateurs, les éléments et les interactions entre eux.

Par ailleurs, nous étudions une variante de SPMF congue pour factoriser des matrices binaires,
qui a des applications pertinentes dans le domaine des systemes de recommandation. Dans
cette approche, les relations utilisateur-utilisateur et article-article sont conceptualisées sous
forme de graphe, ot la présence d’'une aréte signifie une relation étroite entre la paire. La ma-
trice d’interaction entre utilisateurs et articles est transformée de telle sorte qu’un article est
recommandé si I’entrée correspondante est 1, et non recommandé si I’entrée est 0. Nous ap-
pelons cette modification Factorisation matricielle binaire probabiliste symétrique (SPBMF).
SPBMF est une méthode de factorisation robuste applicable a divers domaines, notamment le
regroupement de graphes, l'analyse de I'expression génique, le traitement d’images, I’analyse
des réseaux sociaux, les réseaux de capteurs et les systémes de recommandation. Cette vari-
ante de SPMF démontre I'avantage significatif d’'une approche probabiliste, qui est un theme
central de cette these. Il offre la flexibilité nécessaire pour adapter le cadre a n’importe quel
type de données en ajustant de maniere appropriée une distribution de probabilité pertinente

pour 'adapter a la source de données sous-jacente.

De plus, nous avons étudié SPMF en le testant sur des sous-ensembles de ’ensemble de don-
nées MovieLens 100K et FilmTrust. Les résultats de cette étude contribuent au développe-
ment de systéemes de recommandation et seront précieux pour les chercheurs, les praticiens

et les acteurs de l'industrie dans le domaine des systemes de recommandation.
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ABSTRACT

The multitude of options of what available to modern consumers can be overwhelming. Elec-
tronic retailers and e-commerce websites offer a vast array of products to cater to a diverse
range of needs and preferences. Aligning consumer requirements with the most suitable
products is a critical aspect in enhancing user satisfaction and building customer loyalty.
As a result, an increasing number of businesses are investing in recommendation systems to
identify patterns of consumer interest in their products and offer recommendations that align

with a user’s needs and preferences.

Recommendation systems are used to match consumers with products they might like. There
are two main types of recommendation systems: content-based filtering and collaborative fil-
tering. Content-based filtering uses a person’s preferences to suggest new products. Collabo-
rative filtering, on the other hand, uses information from other people with similar preferences
to make recommendations. It looks at the choices made by a group of people to suggest new

products.

A class of collaborative filtering algorithms used in recommendation systems is matrix fac-
torization. These algorithms decompose the user-item interaction (rating) matrix into the
product of two lower-dimensional matrices, which are smaller in terms of their dimensional-
ity. This approach approximates the original matrix by finding a combination of these two
matrices that is as close as possible to the original matrix, based on minimizing the error be-
tween the original and the product of the two smaller matrices, typically using optimization
techniques like least squares. This is a highly ill-posed problem because the factorization
can be achieved in numerous ways, leading to infinitely many possible solutions without a
unique correct answer. Therefore, researchers must make reasonable assumptions (such as
regularization constraints or additional domain knowledge) about the factorization to find a

solution that works best for their needs.

In this research, we present Symmetric Probabilistic Matrix Factorization (SPMF) through
the creation of a symmetric block matrix using the user-item rating matrix. SPMF utilizes a
probabilistic methodology to address missing values in the interaction matrix and generates
recommendations by estimating the probability distribution of user preferences and item fea-

tures based on observed interactions.
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SPMF simplifies the factorization problem by transforming the objective function into a con-
vex problem, ensuring a global optimum. This transformation leads to an optimal solution
with a faster convergence rate, making the optimization process more efficient. In this new
approach, the original two matrices of the factorization are merged into a single matrix, mak-
ing the solution easier to find as the complex two-factor optimization problem is reduced to
a single cost function. This new optimization method not only has a unique global optimal
solution and is convex, but it also allows us to simultaneously understand the relationships

between users, items, and the interactions between them.

Furthermore, we investigate a variant of SPMF designed to factorize binary matrices, which
has relevant applications in the recommendation system domain. In this approach, user-user
and item-item relationships are conceptualized as a graph, where the presence of an edge
signifies a close relationship between the pair. The user-item rating matrix is transformed
such that an item is recommended if the corresponding entry is 1, and not recommended if
the entry is 0. We refer to this modification as Symmetric Probabilistic Binary Matrix Fac-
torization (SPBMF). SPBMF is a robust factorization method applicable to various fields,
including graph clustering, gene expression analysis, image processing, social network analy-
sis, sensor networks, and recommendation systems. This variant of SPMF demonstrates the
significant advantage of a probabilistic approach, which is a central theme of this thesis. It
provides the flexibility to adapt the framework to any data type by appropriately tuning a

relevant probability distribution to fit the underlying data source.

Additionally, we studied SPMF by testing it against subsets of the MovieLens 100K and
FilmTrust dataset. The results of this study contribute to the development of recommenda-
tion systems and will be valuable for researchers, practitioners, and industry stakeholders in

the field of recommendation systems.
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CHAPTER 1 INTRODUCTION

Nowadays, online shoppers not only expect to obtain all relevant information about shopping
items but also anticipate receiving some guidance to make the right shopping decision with
that huge amount of information. With current technology advancements, Internet searches
are the first choice for shoppers to collect information about products and services, but most
of the time they end up with a vast amount of irrelevant information. This situation is known
as "information overload" [1]. Recommendation Systems (RS) are designed to overcome

the problem of information overload and filter out unrelated information.

In this thesis, we aim to explore the various types of RS algorithms and how they can be
tailored to fit the needs of different types of users and products. Our goal is to develop a
RS that can provide accurate recommendations to online shoppers, thereby enhancing their

shopping experience and increasing their likelihood of making a purchase.

To address the problem of information overload for online shoppers, the aim of this thesis is
to develop a recommendation system that provides personalized recommendations to users.
To achieve this goal, a comprehensive review of the literature on RS and information overload
will be conducted, with the aim of identifying the key challenges and opportunities for RS

in addressing this problem. This will form the background of the research.

After the background section, the problem definition will follow, which will highlight the
importance of mitigating information overload for online shoppers and the potential bene-
fits of using RS to address this problem. The research objectives will be defined, which are
to identify the approaches for developing RS capable of providing accurate and personal-
ized recommendations to online shoppers. To achieve these objectives, a set of experiments
will be conducted to evaluate the effectiveness of different RS algorithms in diverse scenar-

ios. These experiments will allow a comprehensive assessment of the algorithms performance.

1.1 Background

RS are a set of tools and techniques that provide suggestions for items that might be useful

or bought by users. The recommendations are directed at individuals and consumed by users



who do not have enough information or personal experiences to process and select from the
enormous number of available alternatives offered by, say, a website. In the content streaming
industry, RS assist a user in selecting and watching a movie based on his or her previous
movie lists or the movie lists of similar users. With the fast-growing volume of online con-
tents, RS have revealed an important impact on managing the information overload problem
by providing more proactive and personalized information services to users. Indeed, they are
applications to help users in a decision-making process where they want to choose one item

amongst hundreds or thousands of products or services [1].

RS are among the most commercialised applications of artificial intelligence, having a consid-
erable impact on the performance of the e-commerce industry [2]. Many e-commerce websites
use them to provide personalized information and experiences to their customers [2]. Accord-
ing to a McKinsey report from 2013, RS accounted for 35% of all Amazon transactions [3]
and Amazon has a roughly 60% conversion rate for the products it recommends! We define
the conversion rate as the number of users that accept a recommendation divided by the
number of all visitors who browse through the website. Similarly, with an annual budget
of $150 millions just for recommendations, Netflix has managed to save $1 billion each year
by increasing their retention rate [4]. The retention rate is the percentage of customers who
remain loyal and subscribe on a regular basis. In addition, 75% of all content watched by
Netflix viewers now comes from a recommendation [4]. Although RS suggest items based on
an individual’s preferences, they can also be used in a more general way to make websites
and platforms more customer-centric. When people need to make a decision without having
enough information on available alternatives, the natural action is to rely on the experience

and opinion of others, which can be provided by RS.

Given the advantages of RS, it is no surprise that they have become an essential element
in many web applications. One of the key benefits of RS is their ability to enhance the
overall user experience by providing personalized recommendations that align with the user’s
interests and preferences. This interaction can lead to increased customer satisfaction and

loyalty, ultimately resulting in higher revenue for businesses.

Another important advantage of RS is their ability to streamline the decision-making process
by reducing the time and effort users need to spend searching for products or services that
meet their needs. This is particularly useful in industries such as e-commerce, where users

may be overwhelmed by the sheer volume of available options. With RS, users can easily find



products or services that match their preferences and needs, without the need for extensive

research or comparison.

In summary, RS are a critical tool for managing the issue of information overload, as well
as providing a personalized user experience and improving the efficiency of decision-making.
These benefits have made RS a valuable component of various industries, and their continued

development and refinement will likely contribute to further growth in the future.

Now that we have reviewed the background and benefits of recommendation systems, it is
important to consider the challenges that come with developing and implementing RS. One
major challenge is ensuring that the recommendations provided to users are accurate and
relevant to their interests and preferences. This requires the RS to have access to high-
quality data and to use advanced algorithms and techniques to analyze this data and make
personalized recommendations. Additionally, RS must be designed to handle large volumes

of data and to scale effectively as the user base grows.

In the following sections, we will delve into these challenges in more detail and explore

potential solutions and techniques for addressing them.

1.2 Problem Definition

The rapid growth of data due to advancements in sensors and storage technologies has led
to an unprecedented influx of information in various domains, including e-commerce, digital
media, and online services. This explosion of data has resulted in information overload, mak-
ing it challenging for users to find relevant content. Recommendation Systems have emerged
as essential tools to tackle this issue by providing personalized suggestions based on users’

preferences and behaviors, thereby enhancing user experience and engagement.

Matrix factorization techniques have become fundamental in the development of recommen-
dation systems due to their ability to uncover latent factors in user-item interactions. These
latent factors help in predicting user preferences and generating recommendations. Among
the most widely utilized matrix factorization techniques are Singular Value Decomposition
(SVD), Non-negative Matrix Factorization (NMF), and Probabilistic Matrix Factorization
(PMF). Each of these techniques offers advantages but also comes with limitations, which

this research aims to address through the introduction of Symmetric Probabilistic Matrix



Factorization (SPMF). Below we explain the drawbacks of each model briefly to justify the
introduction of SPMF.

Singular Value Decomposition (SVD)

SVD decomposes the user-item interaction matrix into three matrices, revealing latent factors
that represent underlying patterns in the data. Despite its widespread use, SVD has some

limitations:

e Scalability: SVD requires significant computational resources, making it less efficient

for large-scale datasets [5].

o Interpretability: The latent factors produced by SVD are not inherently interpretable,

which can complicate the understanding and explanation of the recommendations [6].

Non-negative Matrix Factorization (NMF)

NMF factorizes the user-item matrix into two non-negative matrices, ensuring that the re-

sulting factors are more interpretable. However, NMF also faces several challenges:

o Uniqueness: The factorization produced by NMF is not unique. Different runs with
different initializations can produce different factor matrices, which can complicate the

reproducibility and interpretation of results [7].

o Complexity: The optimization problem in NMF is non-convex, which complicates the

convergence to a global optimum [7].

NMF, an ill-posed problem is one that lacks a unique and stable solution. NMF seeks to
decompose a non-negative user-item rating matrix R into two non-negative matrices U and V'
such that R ~ UV. This factorization is inherently non-unique due to scaling and rotational
ambiguities, where multiple pairs of matrices can equally well approximate R. Additionally,
NMF is sensitive to perturbations in the data, leading to instability in the solutions. Small
changes in the input matrix can result in significant variations in the resulting factorization,

further complicating the interpretation of the results.

To address the ill-posed nature of NMF| several strategies can be employed. Regularization
techniques, such as L, and Ls regularization, help control the complexity and promote stabil-

ity of the factorization. Careful initialization of the factor matrices and the incorporation of



constraints or prior knowledge can reduce ambiguity and improve interpretability. Running
the factorization multiple times with different initializations and aggregating the results can
also lead to robust and consistent patterns. These approaches help mitigate the challenges
raise by the ill-posed nature of NMF, enhancing the reliability of the decomposed matrices

for practical applications.

Probabilistic Matrix Factorization (PMF)

PMF incorporates a probabilistic framework to matrix factorization, providing a probabilistic

interpretation of the latent factors. Despite its advantages, PMF is not without its drawbacks:

e Non-Convex Optimization: The optimization problem in PMF is non-convex, mean-
ing it can have multiple local minima. This makes it difficult to find the global mini-

mum, and the solution can be sensitive to the initial values of the parameters [8].

« Overfitting: PMF is prone to overfitting without proper regularization [5].

PMF also suffers from ill-posedness, similar to NMF. PMF can lead to non-unique solutions
due to multiple sets of latent variables that provide equally good explanations for the ob-
served data. Additionally, PMF is sensitive to initial conditions and noise in the data, which

can result in significant variations in the learned latent factors, making the solutions unstable.

To mitigate these issues, various strategies can be employed. Regularization terms in the
PMF objective function help control model complexity and promote stability. Bayesian ex-
tensions of PMF, such as Bayesian Probabilistic Matrix Factorization (BPMF), incorporate
prior distributions over latent factors, reducing ambiguity and incorporating prior knowledge.
Robust optimization techniques and multiple initializations can further enhance the stability
and reliability of the solutions. These approaches help address the ill-posed nature of PMF,

leading to more consistent and interpretable factorization outcomes.

To address these limitations, we propose Symmetric Probabilistic Matrix Factorization (SPMF),
which aims to provide a robust and interpretable factorization approach for recommendation
systems. SPMF' constructs a symmetric block matrix using the user-item rating matrix and

estimates this matrix with a single low-rank matrix.

It has been noted that the term SPMF exists in the literature, typically applied to symmetric

matrices, which restricts its applications. Similarly, other symmetric approaches such as



Symmetric Matrix Factorization (SMF) and Symmetric Non-negative Matrix Factorization
(SNMF) are also confined to symmetric matrices. However, the SPMF model proposed in this
thesis introduces several novel contributions that distinguish it from these existing methods

and make it original. Some advantages are listed below:

o Symmetrizing any arbitrary matrix and factorizing it: Unlike traditional sym-
metric approaches, our SPMF model is designed to symmetrize any arbitrary rect-
angular matrix. This transformation broadens the applicability of the model beyond
symmetric matrices, making it suitable for a wider range of real-world datasets that
are typically not symmetric. By extending the application of SPMF to both symmetric
and non-symmetric matrices, our model can be utilized in various domains, such as
recommendation systems, social network analysis, and bioinformatics, where the data

structure may not inherently be symmetric.

« Probabilistic Flexibility: We employ a probabilistic approach to factorize the sym-
metric matrix, introducing a new method for symmetric matrix factorization. The
parametric nature of this probabilistic approach allows for the prediction of unseen
data using the learned model, distinguishing it from nonparametric techniques that
merely approximate a given matrix. Additionally, the choice of probabilistic distribu-
tions (e.g., Gaussian and Laplace) in SPMF can be tailored to improve the robustness

of recommendations.

o Transforming Biconvex Optimization into Convex Optimization: SPMF re-
duces the two-factor biconvex optimization problem into a single-factor convex opti-
mization problem with a unique global optimal solution. This transformation ensures

a unique global optimal solution, to address the limitations of NMF and PMF.

o Handling Sparsity: SPMF deals with sparsity by utilizing a probabilistic methodol-

ogy to estimate missing values and generate robust recommendations.

In this research, we will demonstrate how SPMF leverages the preferences of users with sim-
ilar choices to create personalized recommendations. We will evaluate SPMF by assessing
its performance on subsets of the MovieLens 100K and FilmTrust datasets, showcasing its

capabilities with real-world data.



1.3

Research Questions

To address the challenges and opportunities presented by SPMF, this thesis aims to answer

the following research questions:

10.

. What are the comparative advantages of SPMF over existing matrix factorization tech-

niques such as SVD, NMF, and PMF?

. How can we leverage user-user or item-item interactions into the user-item matrix?

And what are the benefits of integrating these knowledge into one single matrix?

. What are the benefits and trade-offs of transforming the biconvex optimization prob-

lem into a convex optimization problem in terms of computational complexity and

interpretability?

How can the optimal number of latent factors be determined for the SPMF model
in recommendation systems, and what impact does this number have on the model’s

performance?

. What impact does the choice of probabilistic distribution (e.g., Gaussian and Laplace)

in SPMF have on the robustness of recommendations?

. How to binarize a user-item, item-item, and user-user rating matrix?

How to use the developed SPMF for other data structures such as an arbitrary binary

matrix?

. What role does hyperparameter tuning play in the effectiveness of SPMF, and what

are the most critical parameters to optimize?

. How does the proposed SPMF model improve recommendation robustness and inter-

pretability compared to existing methods when evaluated on subsets of the MovieLens
100K and FilmTrust datasets?

What are the theoretical and mathematical advantages of SPMF compare to those of

state-of-the-art matrix factorization techniques such as NMF and PMF?

By addressing these questions, this research aims to develop a robust SPMF-based recom-

mendation systems that provides interpretable and personalized recommendations, thereby

enhancing user experience and engagement on online platforms. This work will contribute

to the ongoing development and refinement of recommendation systems by providing new

insights into the application and optimization of SPMF.



1.4 Originality and Contribution

We introduce SPMF, a novel approach to matrix factorization in recommendation systems
that addresses the limitations of existing techniques such as SVD, NMF, and PMF. The

originality and contributions of this work are summarized as follows:

1. Comparative Advantages of SPMF': We systematically investigate the comparative
advantages of SPMF over SVD, NMF, and PMF'. In contrast to traditional factoriza-
tion techniques, SPMF converts the original matrix into a symmetric blockwise matrix
to circumvent the rank deficiency issues caused by overdetermination or underdeter-
mination. Consequently, to address the non-uniqueness and ill-posed nature of NMF
and PMF, SPMF approximates this blockwise matrix by incorporating user-user and
item-item information into a single low-rank factor in order to solve a convex objective
function. This approach not only provides an optimal solution with a faster conver-
gence rate but also offers interpretability advantage inspired by the modeled user-user
and item-item interactions from a probabilistic perspective. Moreover, SPMF is flex-
ible enough to address any arbitrary data type by selecting a relevant distribution
better suited for the given problem. For instance, factorizing binary matrices can be
achieved by choosing a Bernoulli distribution to model the underlying data structure.
This adaptability makes SPMF an interpretable and versatile tool for a wide range of

matrix factorization applications.

2. Unified Matrix Representation: By using a single unified matrix in SPMF, we
explore the benefits and trade-offs in terms of computational complexity and inter-
pretability. The unified approach simplifies the factorization process and improves
the interpretability of the latent factors. User-item rating matrices often face issues
of overdetermination or underdetermination when there is a significant imbalance be-
tween the number of items and users. Such imbalances can complicate the interpre-
tation of relationships within the data and lead to a matrix that lacks sufficient rank,
resulting in computational inefficiencies and inaccurate recommendations. To enhance
interpretability, we construct a blockwise symmetric matrix that incorporates both
user-user and item-item relationships. This transformation converts the original rect-
angular user-item matrix into a square symmetric matrix, allowing us to capture and
analyze the underlying interactions which leads to a convex single factor prediction. By
mitigating the limitations posed by an overdetermined or underdetermined input ma-
trix, this approach provides an insightful representation of the data, with the potential

to enhance user-item prediction, alleviate the rank deficiency problem, and improve the



interpretability of the factorization process.

. Transforming biconvex to convex optimization: By transforming a biconvex
optimization problem into a convex optimization problem, we achieve several benefits,
including ensuring a unique optimal solution and improved convergence properties.
Additionally, by consolidating two distinct factors into a single unified low-rank factor,
this technique enhances the interpretability of matrix factorization methods, providing

a better understanding of the underlying data structure.

. Optimal Number of Latent Factors: This research proposes methods to determine
the optimal number of latent factors (k) for the SPMF model in recommendation sys-
tems. We investigate the impact of k£ on model performance, providing insights into op-
timal model tuning. Determining the optimal £ is critical in matrix factorization-based
recommendation systems. The number of latent factors directly affects the model’s
complexity and performance. A small k£ may fail to capture the underlying patterns in
the data, resulting in poor recommendations. Conversely, a large k can lead to over-
fitting, where the model performs well on training data but poorly on unseen data.
To identify the optimal k, we propose the following methodology: We employ K-fold
cross-validation to evaluate the SPMF model’s performance across different values of
k. Model performance is assessed using metrics such as Root Mean Squared Error
(RMSE), which provides a measure of the model’s accuracy and recommendation rel-
evance. We systematically vary k£ and record the corresponding performance metrics.
By analyzing these results, we identify the k£ value that minimizes the performance
metrics. Additionally, we assess model complexity and potential overfitting by compar-
ing training and validation performance. A significant gap between these performances
indicates overfitting, suggesting the need for a lower k. By following this methodology,
we can systematically determine the optimal number of latent factors for the SPMF

model, ensuring a balance between model complexity and performance.

. Impact of Probabilistic Distribution: In this study, we explore the impact of
different probabilistic distributions, such as Gaussian and Laplace, on the robustness of
SPMF recommendations against noise and outliers. The normal distribution is suitable
for capturing the central tendency of user ratings and is computationally efficient, but it
is sensitive to outliers. The Laplace distribution, with its heavier tails, offers robustness
to outliers and promotes sparsity in factorized matrices, making it a better choice for
data with extreme values. The choice between these distributions depends on the
dataset characteristics and the desired properties of the recommendation system. We

propose methodologies involving Maximum Likelihood Estimation (MLE) and Bayesian
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estimation with these distributions, ensuring a balance between model robustness and

interpretability.

. Binarization of the Matrix: In this research, we investigate a new approach to

binarize an arbitrary user-rating matrix and its advantages for simplifying the factor-
ization process. In the rapidly evolving landscape of Al-enabled digital entertainment,
platforms like YouTube, Amazon, and Netflix have revolutionized video content con-
sumption and advertising. The effectiveness of their recommendation systems is crucial
for maximizing revenue through targeted advertisements by capturing and retaining
user attention. Accurate predictions of user preferences enhance user engagement and
advertisement delivery. A significant challenge lies in recommending suitable content
from vast repositories, where user preferences are often represented as binary ratings
(likes or dislikes). Developing a robust recommendation system for binary user-item
rating matrices is essential for improving user satisfaction by delivering relevant content,

thereby optimizing advertisement exposure and engagement.

Symmetric Probabilistic Binary Matrix Factorization (SPBMF): Moreover,
we modified our developed SPMF to factorize a binary matrix based on the Bernoulli
distribution. This novel mitigation is called Symmetric Probabilistic Binary Matrix
Factorization (SPBMF) that is inspired by the notion of logistic function where dot

products values are transformed into [0, 1] range by sigmoid function.

. Hyperparameter Tuning: The study highlights the critical role of hyperparameter

tuning in the effectiveness of SPMF. It identifies the most important parameters to

optimize, providing a framework for achieving the best possible model performance.

Comprehensive Performance Evaluation: Through extensive experimentation and
evaluation using subsets of the MovieLens 100K and FilmTrust datasets, this research
demonstrates improvements in recommendation robustness and interpretability over

existing methods.

Theoretical and Mathematical Properties of SPMF': Unlike traditional matrix
factorization techniques, which employ two factors with biconvex objective functions,
SPMF utilizes a single factor with a convex objective function. This leads to a faster
convergence rate compared to Alternative Least Squares (ALS) and Stochastic Gradi-
ent Descent (SGD) methods traditionally used for optimizing matrix factorization tech-
niques. We prove that SPMF has a logarithmic convergence rate of O(log(%)) when the

objective function is strongly convex with a Lipschitz continuous gradient. The latter
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condition always holds true, but to demonstrate the conditions under which the objec-

n+m
3

where m and n represent the number of users and items, respectively, and each \; de-

tive functions is always stronlgy convex, we establish an upper bound: >74™ \; >

notes an eigenvalue of the matrix UU”, that approximates the transformed blockwise
matrix. Additionally, we demonstrate that incorporating a Gaussian prior N(0,0?) on

the low-rank matrix U is equivalent to imposing a strong convexity constraint on the
U1
202

inference framework by leveraging the smoothness of the elements of U as a regular-

objective function. This constraint denoted by

can be achieved within a Bayesian

ization term to satisfy the required conditions to achieve a convex objective function
for efficient optimization. This theoretical analysis sheds light on the conditions that

ensure an efficient convergence rate for our proposed SPMF model.

By introducing these innovations, in this PhD thesis, we made novel contributions to the
field of recommendation systems. The introduction of SPMF not only overcomes the limi-
tations of traditional matrix factorization techniques but also offers a robust framework for
developing more interpretable recommendation systems. This work paves the way for future
advancements in personalized recommendation technologies through the insights acquired

from user-user, and item-item.

1.5 Methodology

This thesis employs the following methodology to address the research questions:

Literature Review (Chapter 2): A review of existing literature on matrix factorization
techniques and recommendation systems will be conducted to identify the current state of

research, existing methodologies, and gaps that this research aims to fill.

Model Development (Chapter 3): The SPMF model will be developed. This includes:

« Innovating a new paradigm for constructing a symmetric block matrix that integrates
the user-item rating matrix with user-user and item-item matrices. This innovative
approach blends the characterization of diverse user-user and item-item interactions
within the recommendation system to facilitate personalized recommendations with

interpretable low rank factorization.

e Designing a new algorithm for consolidating two distinct factors into a single unified

low-rank factor, representing the holistic data matrix. This technique enhances the
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interpretability of matrix factorization methods, providing a more comprehensive un-

derstanding of the underlying data structure.

o Establishing a new framework for binarizing a data matrix in the context of item rec-
ommendation systems. This method intuitively translates user preferences into binary
ratings, representing likes and dislikes. By simplifying the complexity of preference
data while maintaining the interpretability and usefulness of recommendations, this
approach enhances the practicality and applicability of recommendation algorithms. It
is particularly beneficial in scenarios where binary ratings are more relevant, such as
video recommendations on platforms like YouTube or social media sites like Facebook
and X (formerly Twitter).

o Developing of a novel method, called SPBMF, which extends our suggested SPMF
method by incorporating the Bernoulli distribution. This innovation is particularly
suited for handling arbitrary binary matrices, enhancing the flexibility and applicability

of probabilistic matrix factorization techniques in various binary data contexts.

o Developing and applying probabilistic methodologies to tackle data sparsity and esti-
mate missing values. To achieve this, we explore the following approaches for estimating
the low rank matrix: Maximum Likelihood Estimation (MLE) with a normal distribu-
tion, MLE with a Laplace distribution, and Bayesian estimation, which uses a normal
distribution for the error term and a normal prior distribution for the entries of the low

rank matrix.

o Conducting a rigorous analysis of the theoretical convergence rate of SPMF, providing
insights into the efficiency and computational cost of this method in approximating sym-
metric matrices. This analysis will be compared against state-of-the-art techniques to
highlight the significant improvements in convergence rate achieved by SPMF, demon-

strating its superior performance and potential benefits in practical applications.

Experimental Design and Data Analysis (Chapter 4): A series of experiments will be
designed to test and validate the SPMF model. Also, the data collected from the experiments

will be analyzed to assess the performance of SPMF. These include:

 Selecting appropriate datasets (e.g., subsets of the MovieLens 100K and FilmTrust
datasets).

e The critical hyperparameters of the SPMF model will be identified and optimized to

achieve the best possible performance.
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o Comparing the performance of SPMF with other matrix factorization techniques like

SVD, NMF, and PMF based on RMSE.
« Evaluating the accuracy, efficiency, and robustness of SPMF.
o Analyzing the impact of different probabilistic distributions.

« Making predictions for the missing values (items that are not rated by users) using
SPMF.

o Comparing user-user and item-item similarity obtained from SPMF with the original

user-user and item-item similarity.

By following this structured methodology, in this PhD thesis we aim to develop a robust
SPMF-based recommendation system that provides interpretable and personalized recom-

mendations to addressing the identified research questions.
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CHAPTER 2 OVERVIEW AND SYSTEMATIC LITERATURE REVIEW

RS are artificial intelligence algorithms that are associated with machine learning and use big
data to recommend or suggest additional products to consumers. These suggestions can be
based on several criteria, including search history, demographic information, past purchases,
and other factors. RS are quite helpful since they direct consumers to things they might
not have discovered on their own. They are trained to discover the preferences, previous
decisions, and characteristics of users and products (items) using the data collected about
their interactions. These include impressions, likes, clicks, ratings, and purchases. More-
over, they are highly favored by content creators, marketers, and product providers such as
Netflix, Amazon, and Spotify due to their ability to predict user interests and preferences
on a personalized level. For instance, Netflix uses RS to recommend movies and TV shows,
Amazon suggests products based on past purchases, and Spotify curates playlists tailored to
individual listening habits. These systems guide users to items that align with their interests,
such as movies, books, clothing, music, and more, thereby enhancing user engagement and

increasing sales.

In this chapter, we present definitions and fundamental objects of recommendation systems
(RS), categorize RS approaches, and discuss machine learning techniques currently employed
to address RS problems. Subsequently, we provide an overview of existing matrix factoriza-
tion methods in recommendation systems, exploring various techniques such as SVD, NMF,
and PMF, along with their respective mathematical models and benefits. Finally, we conduct
a systematic literature review, encompassing research questions, hypotheses, keywords, and
databases searched. This review synthesizes findings from multiple studies, highlighting key

trends and gaps in matrix factorization for recommendation systems.

2.1 Preliminaries

RS are data processing systems that actively gather various types of information to generate
personalized recommendations. Data is about the items to recommend and the users who
will get these recommendations. Generally, there are recommendation techniques that are
knowledge-poor, namely, those that use very simple and basic data, such as user ratings or
evaluations of items. Other techniques are much more knowledge-dependent, in that they

use ontological descriptions of the users or the items, constraints, or social relations and
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activities of the users [1]. As a general classification, the data used by RS refers to three
types of objects: items, users, and transactions, that is, relations between the users and the

items. In this section, we provide a general overview of RS objects, usages, and categories.

2.1.1 Recommendation Systems Objects

The data used by RS is divided into three types of objects: items, users, and transactions [1].

Items: In recommendation systems, "items" are the objects that are recommended to users.
These items can be products, services, or any other type of content that a recommendation
system is designed to recommend. The nature of the items can vary, and they can be distin-

guished by their value or utility.

For example, in the case of movie recommendations on Netflix, the items are movies that
users might be interested in watching. The recommendation system collects data on the
user’s viewing history, preferences, and other factors to suggest movies that align with their
interests. Similarly, in the case of music recommendations on YouTube, the items are music
videos or songs that align with the user’s interests. Amazon’s recommendation system sug-
gests computers and other electronics based on a user’s past purchases, search history, and

other relevant data.

RS items are the objects that are recommended to users by the recommendation system

based on the user’s preferences, past behavior, and other relevant data.

Users: In the context of RS, a user can refer to any person who is seeking recommendations
for specific items. These users have different preferences, needs, goals, and characteristics
that must be taken into account when creating personalised recommendations. The RS al-
gorithm will collect information about the user’s past behaviour, such as the items they have
previously purchased or viewed, and will use this information to build a user profile. The
profile can also include demographic information such as age, gender, and location, and psy-

chographic data such as user interests, lifestyle, and personality.

The goal of creating a user profile is to improve the accuracy of recommendations and provide
users with items that are relevant to their interests and preferences. For instance, if a user

watches several romantic movies on Netflix, the RS algorithm will likely recommend other
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romantic movies to that user in the future. Similarly, if a user frequently purchases computer
accessories on Amazon, the RS algorithm will likely recommend other related products such

as computers or peripherals.

Transactions: A transaction refers to the recorded data between a user and the RS, which
serves as an important element of information exchanged during the human-computer inter-
action and can be used to improve the recommendation algorithm. Transactions can take

many forms, such as user ratings, textual reviews, or purchases made by the user.

One of the most common types of transaction data collected by RS is user ratings. Ratings
can take on a variety of forms, including numerical ratings such as the 1-5 stars provided in
the book recommendation associated with Amazon.com [1], ordinal ratings such as "strongly
agree", "agree', "neutral', "disagree', "strongly disagree" where the user is asked to select
the term that best indicates their opinion regarding an item, and binary ratings that model
choices in which the user is simply asked to decide if a certain item is good or bad [1]. For
the purpose of this thesis, we will focus on using numerical ratings to construct our proposed

model.

Explicit feedback refers to the information that users provide in a deliberate and direct way,
such as ratings or textual reviews, as opposed to implicit feedback which is gathered passively
from user behavior. In contrast, implicit feedback gives a wide range of information about
user behavior and preferences. This is implicit because we only know that the customer
bought the items, but we cannot tell if they liked them or which one they preferred. Some
other examples of implicit feedback are the number of clicks, the number of page visits, the

number of times a song was played, etc.

In addition to ratings, textual reviews provided by users can also serve as a source of transac-
tion data. These reviews can provide more detailed information about the user’s preferences
and opinions on specific items, which can be used to improve the accuracy of the recommen-

dation algorithm.

In general, transaction data is an important source of information for RS, as it can provide
valuable insights into user behavior and preferences. By analyzing transaction data, RS can
personalize recommendations and provide more relevant suggestions to users, which can ul-

timately lead to a better user experience.
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2.1.2 Why Recommendation Systems?

RS are used in various applications, including:

e Playlist generators for video and music services such as Netflix, YouTube, and Spo-
tify. These systems help users discover new content that they may enjoy based on
their viewing or listening history, ratings, and preferences. By using RS, these services

provide a personalized experience for each user, increasing engagement and satisfaction.

e Product recommenders for services such as Amazon. RS analyze a user’s purchase
history, search queries, and ratings to provide personalized product recommendations.

By doing so, these services improve customer experience and increase sales.

e Content recommenders for social media platforms such as Facebook and Twitter [9].
These systems analyze a user’s activity, including likes, comments, and shares, to pro-
vide personalized content recommendations. By doing so, social media platforms in-

crease engagement and retention.

RS are also used in other areas, such as job recommendations, news article recommendations,
and dating services. The wide range of applications and the potential benefits of using RS
have led to extensive research in this field. In the following sections, we will explore the key

concepts and techniques used in RS.

There are multiple reasons to explain why service, product, and content providers exploit
RS. The main reasons are to increase the number of items sold, sell more diverse items, and

enhance user satisfaction. Below, we explain each reason.

Increase item sales

In the context of e-commerce, one of the main objectives of RS is to increase the number of
items sold, which can be achieved by increasing the conversion rate. The conversion rate is
the ratio of the number of users who make a purchase to the number of users who visit a

website or use an application. A higher conversion rate indicates that more users are buying
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products, which results in increased revenue for the business.

One of the reasons why RS can improve the conversion rate is that they help users find items
that match their interests or needs. This is especially important in situations where the user
may not know exactly what they want or where there are many options to choose from. For
example, imagine a user who wants to buy a pair of shoes but is not sure what style or color
they prefer. By providing personalized recommendations based on the user’s browsing or pur-

chase history, RS can help the user discover products that they may not have found otherwise.

Sell more diverse items

Another important functionality of RS is to increase the sales of a business by recommending
items that users may not have discovered otherwise. The goal is not only to recommend
popular items but also to sell more diverse items that may not have been visible to the user
without the recommendation. In other words, RS helps users discover and purchase a wider

variety of items than they would have without the system’s assistance.

From a commercial perspective, RS can help businesses increase sales diversity. RS can be
particularly beneficial for businesses that have a large inventory of products that may be dif-
ficult to navigate or for businesses that are looking to promote new or less popular products.
By offering personalized recommendations of such products, RS can ensure that most or all

of the products in a business’s catalogue are purchased.

Moreover, by recommending more diverse items, RS can help businesses to achieve a com-
petitive advantage over other similar businesses by providing a more comprehensive range of

products to customers. This can lead to higher sales and increased customer loyalty.

Enhance user satisfaction

Enhancing user satisfaction is another important goal of RS. With a well-designed RS, users
are more likely to find the recommendations relevant and interesting, leading to a better
experience with e-commerce platforms or applications. In today’s competitive market, pro-

viding a personalized and relevant user experience is critical to the success of any business.

In addition, users are more likely to return to an e-commerce platform or application that

provides accurate recommendations, leading to increased user loyalty and retention. A well-
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designed RS can also help to build trust between the user and the service provider, as users
are more likely to trust a platform that provides accurate and relevant recommendations.
Therefore, enhancing user satisfaction is a key factor in the success of an RS and is essential

for building a loyal customer base and increasing sales.

2.1.3 User-Item Rating Matrix

The user-item rating matrix is the concept in recommendation systems that represents the
recorded ratings data for a set of users and items. In general an RS deals with a fixed number
of users and items which can be denoted as m and n, respectively. The users are denoted by

Uy, U, - - -, Uy, and the items are denoted by iy, s, ..., 0y,.

Moreover, the user-item rating matrix R is an m X n matrix where each row represents a
user and each column represents an item. The element r;;, in the j-th row and k-th column
represents the rating that user u; gave to item ;. In other words, 7, is the interaction or

transaction between user u; and item 7.

R=| " 1 |- (2.1)

For example, if we consider a movie recommendation system, then each row of the user-item
rating matrix represents a user, and each column represents a movie. The element in the
j-th row and k-th column of the matrix represents the rating that user u; gave to movie .
These ratings can take various forms and can be integers, real values, positive or negative.
The nature of the values of R is essential in determining the appropriate modeling techniques

and algorithms to use in RS.

Rating values in R can be integers, with typical values ranging from 1 to 5 or 1 to 10, where
higher values represent a better rating. The choice of integer ratings is common in rating
systems where users are asked to rate items on a scale of predefined values. For example, in

movie rating systems, users are often asked to rate movies on a scale of 1 to 5 or 1 to 10.

However, ratings in R can also be real values, where the ratings are not restricted to integer

values. In some cases, users may provide more detailed feedback on an item, and the system
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may allow for fractional ratings. For example, a user may rate a movie 3.5 stars out of 5 [10].
Ratings can also be in the form of binary values such as like or dislike, interested or not

interested, or simply 0 and 1.

In this study, the user-item rating matrix is assumed to consist of real positive ratings rang-
ing from 0 to 5. This range is chosen to align with common rating systems and to allow for
detailed feedback from users. In the event that the predicted ratings fall outside this range,

a transformation will be employed to map the predicted ratings back into the desired range.

Normalization of the user-item rating matrix refers to the process of adjusting the ratings
in the matrix to make them comparable for use in recommendation algorithms. The goal of
normalization is to remove biases in the ratings due to factors such as different scales used
by different users, varying popularity of different items, or different rating patterns among
users [1]. Normalization was performed to ensure that the recommendation algorithms accu-

rately compare and process the ratings.

One common normalization technique is mean-centering, where each user’s average rating
is subtracted from their ratings. This standardizes the data, mitigating the influence of
individual user rating habits and item popularity. Research has shown that normalization
techniques like mean-centering reduce rating bias and variance. For example, Koren et al.
(2009) demonstrated that normalization enhances the performance of collaborative filtering

algorithms by addressing biases in the input data [11].

There are several techniques for normalizing the user-item rating matrix, including:

e Subtracting the row mean: For each row, we subtract the mean rating of that row from
each rating. This centers the ratings around zero and removes the row-wise biases in

the ratings.

o Subtracting the global mean: We calculate the mean rating across all users and items
and subtract this mean from each rating. This centers the ratings around zero and

removes the global biases in the ratings.

e Scaling by the maximum value: We divide each rating by the maximum rating in the
matrix. This scales the ratings to a common range of 0 to 1 and makes them directly

comparable.
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o Normalizing with Ls-norm: We normalize each row/column of the matrix by dividing
each rating in the row/column by the Euclidean norm of the row/column. The Eu-
clidean norm, also known as the Ls-norm, is the square root of the sum of the squares of
the ratings in the row/column. For example, the Euclidean norm of a rating vector r;,

where r; = (71, ..., 7,) represents the ratings that user i made on the items 1 through

Irslly = [ D75 (2.2)
j=1

This scales each row/column to have unit length and makes them directly comparable.

n, is given by:

Let R denote the user-item rating matrix, as defined in (2.1). Prior to normalization, any
missing values in R are replaced by 0. Subsequently, the row-normalized matrix Rgry for R

can be calculated as follows:

T11 Tin

VA, VA,

Rpn = : ) : (2.3)
_ Tmi R T'mn
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Similarly, the column-normalized matrix Roy for R can be calculated as follows:
Ve R,
Ren = : . : (2.4)

In this thesis, we will normalize the user-item rating matrix R using the L, norm (either
by row or column) before applying any RS technique. Normalizing the user-item rating ma-
trix with the Ly norm is a common technique in RS that has several benefits. By scaling
each row/column of the matrix to have unit length, this normalization method makes the
rows/columns directly comparable and reduces the impact of outliers or extreme values in
the ratings [1]. Additionally, it helps to mitigate the effects of varying scales and biases in
the ratings, while enhancing the interpretability and stability of the RS results.

Normalization with the L, norm provides two key justifications:

1. Standardization of Scale: After normalization, each row/column has a Euclidean

norm of 1. This ensures that the ratings are on the same scale, regardless of the orig-
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inal magnitude of the ratings. This standardization is crucial for algorithms that rely
on distance or similarity measures, as it ensures that no single user’s or item’s ratings
disproportionately influence the calculations due to differing scales. For example, con-
sider two users who rate items differently within the same system: one user tends to
rate movies between 1 and 5, using the full range of the scale, while another user rates
mostly between 3 and 5, focusing on higher ratings. Without normalization, the second
user’s ratings could disproportionately influence the recommendation algorithm due to

their generally higher values.

2. Highlighting Relative Differences: By scaling each row/column to unit length, nor-
malization emphasizes the relative differences in the ratings rather than their absolute
values. This helps the recommendation algorithm to focus on the pattern of ratings
(e.g., preferences or dispreferences) rather than the magnitude of ratings, which can

vary significantly between users.

One practical advantage of normalizing with the Ly norm is that it allows us to obtain
the similarity matrix for the normalized matrix by computing the dot product of the
rows/columns, which is equivalent to multiplying the normalized matrix by its trans-
pose. This property holds for similarity metrics based on cosine similarity, which are
commonly used in RS [1]. We will elaborate more on the similarity matrix in the next

section.

2.1.4 Similarity Matrix

In practice, we would compute the similarity matrix for all pairs of items in the user-item
rating matrix and use it as input for recommendation algorithms such as collaborative filtering
or matrix factorization. The similarity matrix captures the degree of similarity between each
pair of items based on their ratings by users, and can help identify items that are likely
to be recommended to users who have expressed interest in similar items. In the case of
a user-item rating matrix, similarity between users or items is typically calculated using a
similarity metric such as cosine similarity or Pearson correlation coefficient. These metrics
measure the similarity between two vectors by computing the cosine of the angle between

them or the correlation between their values. Cosine similarity between two items ¢ and j
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can be calculated as follows:

m
Zu 1 Tuiruj

\/Zu 1 uz\/zu 1 u]’

where r,; and r,; are the ratings of user u for items ¢ and j respectively.

Cosine Similarity(z, j) = i,j=1,..,n (2.5)

Similarly, Pearson similarity between two items ¢ and j can be calculated as follows:

e 1 (Tui — fZ)(rw T_J)
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where 7; and 7; are the average ratings for items ¢ and j, respectively. The average rating

Pearson Similarity (i, j) = , i, =1,.,n (2.6)

for item ¢, r;, is calculated as follows:

1
m

g o

Similarly, the average rating for item j, 7}, is calculated as follows:

1 m
==Y T (2.8)
m u=1
The similarity between two users can be defined in a similar manner.

As mentioned in the previous section, one significant characteristic of the normalized user-
item rating matrix Rgy calculated in (2.3) is that multiplying the normalized matrix by its
transpose results in a matrix that represents the similarities between all pairs of users based
on their item ratings, known as the user-similarity matrix Sgy of Rry. To show this, we

first compute (RryR%y)uw for the users v and v as follows:

j=1TujTvj
(RRNRgN)uv: iz Y (29)

\/ZJ 17 \/Z] 1 vJ

On the other hand, the user-similarity matrix (Sgy)u, of Ry for the users u and v, computed

using the cosine similarity, is as follows:

Z =1 rugrvj

\/Z] 1 'u]\/zj 1 v]

As we can see (RrnREx)uw = (SrRN)uw, meaning that multiplying the row-normalized user-

(SRN)uv (2.10)
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item rating matrix by its transpose results in a matrix that represents the similarities between
all pairs of users based on their item ratings. Similarly, if we normalize R columnwise, we
obtain an item-item similarity matrix by multiplying the transpose of the column-normalized

user-item rating matrix with the column-normalized user-item rating matrix.

2.1.5 Evaluating Recommendation Systems

The most commonly used evaluation measure for RS is Root Mean Squared Error (RMSE),
which measures the difference between predicted and actual ratings for a set of users and
items. To calculate RMSE, the data is split into a training set used for training the model
and a test set used for evaluating the model’s performance. The test set consists of a subset
of user-item pairs that are held out from the training set. For each user-item pair (u,%) in the
test set 7, where the actual rating r,; is known, we generate the prediction 7,; and compare

it to the actual rating r,; using the following formula:

|T| (ut)eT

In this formula, RMSE measures the square root of the average squared differences between
predicted ratings and actual ratings across all user-item pairs in the test set. A lower RMSE
indicates that the model’s predictions are closer to the actual ratings, signifying better rec-
ommendation accuracy. Therefore, RMSE is a critical tool in assessing and comparing the

performance of various recommendation models.

The other evaluation metric is "classification accuracy metrics," which attempt to assess
recommendation algorithms’ ability to make successful decisions [12]. They count the number
of correct and incorrect classifications as relevant (liked by user) or irrelevant (disliked by
user) items made by the recommendation system and are thus useful for user tasks such
as finding good items. Furthermore, because only the correct or incorrect classification is
measured, these metrics disregard the exact rating or ranking of items [13]. This type of
metric is especially appropriate for e-commerce applications that attempt to persuade users

to make certain decisions, such as purchasing products or services [12].
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2.2 Recommendation Systems Categories

Generally, recommendation lists are produced based on user preference, item features, past
user-item interactions, and some other additional information, such as temporal data [14]. RS
techniques are usually classified into three categories [15]: Collaborative Filtering, Content

Based and Hybrid RS. The following paragraphs provide the definition of each category.

2.2.1 Collaborative Filtering Recommendation Systems

The most popular method for RS is the Collaborative Filtering (CF) approach [1]. This
approach makes recommendations based on user-item historical interactions [14]. The system
produces recommendations by using only the gathered information about rating profiles for
different users or items. This approach is based on collecting and analyzing a large amount
of information on a user’s behavior, activities, or preferences and predicting what the user
will like based on their similarity to other users. The assumption of CF is that people will
like similar kinds of items as they have in the past. And also, it assumes that users with
similar tastes for some items may also have similar preferences for other items. The main
idea of CF is to use the behaviour history of other like-minded users to provide the current

user with good recommendations.

The following are types of collaborative filtering [1]:

e Memory-Based: This method performs recommendations by directly accessing the
database and using user rating information to calculate the similarity between users or
items. This calculated likeness is then used to make recommendations. It is adaptable
to data changes because it accesses the database directly, but it takes a long time to

compute due to the size of the data.

e Model-Based: This method uses the transaction data to create a model that can gener-
ate recommendations. The models are created using data mining and machine learning
techniques, such as matrix factorization, clustering, and classification algorithms. These
algorithms identify patterns and relationships within the training data, which are then
used to make predictions for new data. This method has a constant computing time

regardless of the size of the data but is not adaptive to data changes.

e Hybrid: Various programs combine the model-based and memory-based CF algorithms
to leverage the advantages of both approaches. This means using the memory-based
approach’s ability to adapt to new data and the model-based approach’s ability to

generate recommendations once the model is trained. By integrating both methods,
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hybrid systems can provide more accurate recommendations and address the limitations

of each individual approach.

Below, we provide a detailed description of each approach.

Memory-Based CF

Memory-Based Collaborative filtering is a type of collaborative filtering that directly accesses
the database of user ratings to make recommendations. It works by finding users who have
rated items similarly to the target user and uses these ratings to calculate a similarity score
between the users. Once the similarity score is calculated, it is used to identify the items
that the target user has not yet rated but that the similar users have, and these items are

recommended to the target user [1].

There are two main types of Memory-Based Collaborative Filtering: User-based and Item-
based. In User-based Collaborative Filtering, the similarity is calculated between users based
on the similarity of their rating patterns. For example, if two users have rated a particular
set of items similarly, they are considered more similar than two users who have rated those
same items very differently. Once the similarity is calculated, recommendations are made
based on the items rated highly by similar users. While this approach involves calculating
similarity scores, it can also be viewed through the lens of clustering, where users with similar
rating patterns can be considered part of the same implicit cluster. However, it is important
to note that traditional User-based Collaborative Filtering does not explicitly form clusters

but rather relies on these similarity scores to make recommendations.

In Item-based Collaborative Filtering, the similarity is calculated between items instead of
users. This method is particularly useful when dealing with large datasets because calculating
similarities between items is generally more computationally efficient than calculating sim-
ilarities between users. Once the similarity is calculated, recommendations are made based
on items that are similar to the ones rated highly by the target user. While this approach
involves calculating similarity scores between items, it can also be conceptually related to
clustering, where items with similar rating patterns can be considered part of the same im-
plicit cluster. However, it is important to note that traditional Item-based Collaborative
Filtering does not explicitly form clusters but rather relies on these similarity scores to make

recommendations.
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Memory-Based Collaborative Filtering has several advantages. It adapts to data changes
because it accesses the database directly and can handle new users or items. It is also
straightforward to implement and interpret, making it a common choice for many recom-
mendation systems. However, it also has some limitations. The size of the database can
impact the time required to compute similarities, and it can be prone to overfitting if the

dataset is small [1].

Model-Based CF

Model-based collaborative filtering (CF) is another type of recommendation system approach
that uses a model to generate recommendations. In this method, the system creates a model
using transaction data, which includes data on the items that users have rated or interacted
with, such as clickstream data. The model then analyzes this data using data mining tech-

niques to identify patterns or relationships between the users and items [1].

The goal of this method is to create models that can be used to make recommendations for
new users or items that have not been seen before. These models can be based on a variety of
techniques, including matrix factorization, Bayesian networks, decision trees, and clustering
algorithms [1]. In some cases, hybrid models that combine multiple techniques are used to

improve the accuracy and robustness of the recommendations.

One of the benefits of model-based CF is that it often has predictable and efficient com-
putation times, which makes it a good choice for businesses with large datasets to analyze.
Additionally, model-based techniques can handle sparsity in the user-item matrix by using
a low-dimensional space representation of users and items to make predictions. This rep-
resentation captures the underlying patterns and relationships in the user-item interaction
data, allowing for accurate predictions for unseen user-item pairs. However, one limitation of
this method is that it is not adaptive to data changes, meaning that the model needs to be
retrained if new data is added or if user behavior changes significantly [1]. Overall, model-
based CF is a tool for generating recommendations, especially for large datasets. However, it
requires expertise in data mining and machine learning techniques to build an accurate and
robust model, and it may not be as adaptable to changing data as other approaches, such
as memory-based CF [1]. In this thesis, our focus will be on the model-based approach, and

these models will be discussed in more detail in 2.3.
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Hybrid CF

Hybrid collaborative filtering combines the strengths of both memory-based and model-based
approaches to improve recommendation accuracy. The idea is to create a hybrid approach
by combining the model-based and memory-based techniques, taking advantage of their
strengths while minimizing their weaknesses. This technique has gained popularity in recent
years due to its ability to tackle some of the issues faced by memory-based and model-based

approaches [16].

In a hybrid CF approach, the system uses a combination of memory-based and model-based
algorithms to create a more accurate recommendation system. For example, the system can
use the memory-based approach to make recommendations based on the user’s historical
data and combine this with the model-based approach that uses a mathematical model to

predict a user’s future preferences based on similar users’ historical data [16].

Hybrid CF is advantageous because it can handle sparse data, as it can use the strengths of
memory-based and model-based CF algorithms to predict recommendations. This approach
provides a more accurate recommendation as the model-based approach can handle the cold
start problem, while the memory-based approach can handle changes in user preferences over

time, which makes it difficult for the model-based approach to adapt.

Moreover, hybrid CF can handle scalability issues faced by memory-based CF, which requires
large amounts of memory to store the user-item rating matrix, and model-based CF, which
requires a lot of computation power to build models. By combining these two approaches,
hybrid CF can provide better scalability and accuracy, making it a popular choice for rec-

ommendation systems in practice [16].

2.2.2 Content-Based Recommendation Systems

Content-Based Recommendation Systems use a different approach compared to collaborative
filtering. Instead of relying on the input of other users to make recommendations, this method
creates a user profile based on their preferences and interests. The profile is built by analyzing
the items that the user likes and the keywords that describe these items. For example,
if a user frequently watches action movies, the system identifies the keywords associated

with these movies (such as "action," "thriller," and "adventure") and uses this information to
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recommend similar content [1]. In comparison to item-based collaborative filtering, which
calculates the similarity between items based on user ratings, content-based filtering focuses
on the characteristics of the items themselves. While item-based collaborative filtering might
recommend items that similar users have liked, content-based filtering recommends items
that are similar in content to what the user has liked in the past. This approach allows
for personalized recommendations based on the user’s individual preferences rather than the

preferences of other users.

When there is not much user information available, but item data is easily accessible, content-
based filtering performs well. The system uses the item’s attributes, such as its name, de-
scription, and location, to create a user profile that indicates the type of items that the user

is likely to prefer [1].

This approach focuses on two types of information to create a user profile. Firstly, it uses a
model to determine the user’s preferences. Secondly, it uses a history of the user’s interaction
with the RS, including the items they have liked or disliked, to refine the user profile. The
system can then use this profile to make recommendations for items that are similar to those

the user has already shown an interest in.

2.2.3 Hybrid Recommendation Systems

Hybrid Recommendation Systems are a combination of two or more recommendation tech-
niques, typically content-based and collaborative filtering, to overcome their limitations and
improve their performance. Hybrid Recommendation Systems have become increasingly pop-
ular due to their ability to provide more accurate and diverse recommendations by combining

the strengths of different recommendation techniques.

The main idea behind a hybrid RS is to create a more powerful recommendation system by
combining the content-based and collaborative filtering methods, which can complement each
other’s limitations. Content-based RS typically recommend items similar to those the user
has previously interacted with, whereas collaborative filtering-based RS recommend items

based on the user’s preferences and similarities with other users.

There are several schemes to implement a hybrid RS [17]:
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1. Separate Predictions and Combination: In this scheme, the content-based and
collaborative filtering methods make their predictions separately, and the results are
combined to produce the final recommendations. One way to combine the results is to

give them equal weights, or to assign weights based on their predicted accuracy.

2. Content-based and Collaborative Filtering Integration: In this scheme, the
content-based and collaborative filtering techniques are combined into one model, which
provides recommendations based on both approaches. This is typically done by adding
content-based capabilities to the collaborative filtering approach, or by incorporating

collaborative filtering into the content-based approach.

For example, one approach is to use the item attributes as additional input to the
collaborative filtering algorithm, so that the model considers both the item attributes
and the user-item interactions. Another approach is to use the collaborative filtering
algorithm to generate initial recommendations and then filter them based on their sim-

ilarity to the user’s profile.

3. Unified Approach: In this scheme, the content-based and collaborative filtering meth-
ods are integrated into a single model that learns the user-item preferences from both
the content and the user-item interactions. This approach can be challenging because
it requires finding a way to combine the two types of data and requires significant data

preprocessing and feature engineering.

For example, one approach is to use a neural network that takes both the item fea-
tures and the user-item interactions as input and generates recommendations based on
both types of data. Another approach is to use matrix factorization to learn a joint
representation of the users and items, which can capture both the content-based and

collaborative filtering signals.

Hybrid RS have been shown to outperform individual recommendation methods in terms of
accuracy. However, creating a hybrid RS can be challenging, and the performance gains may
not always be significant [1]. The choice of the hybrid scheme depends on the availability of
data and the specific application requirements. In practice, a hybrid RS often requires sig-

nificant experimentation to find the optimal combination of techniques and parameters [17].
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Cold-start is one of the more well-known issues in recommendation systems. Cold-start refers
to the issue that the system cannot extract any inferences for new users or items. In situa-
tions where data is sparse or when dealing with the challenges of cold start (e.g., limited data
for new users or items), hybrid recommendation systems can be a suitable approach [17]. A
good example of this method is Netflix. When the website makes recommendations based on
comparing the watching and searching habits of similar users, it uses the CF approach, and
when recommending movies that share similar characteristics that a user has rated highly

before, it uses the content-based filtering method [1].

2.3 Matrix Factorization Overview in Recommendation Systems

As mentioned in the previous section, memory-based models are methods for developing
recommendation systems. However, the accuracy of rating predictions can be negatively im-
pacted by the sparsity of the user-item rating matrix. Additionally, measuring the similarity
between users can be computationally challenging, with complexity increasing as the data
volume grows [1]. Specifically, the number of pairwise comparisons required to calculate
similarity grows exponentially with the number of users and items in the system, leading to
significant computational overhead. This exponential growth makes it difficult to scale the

system to manage large datasets.

In this Section, we review the popular matrix factorization algorithms: Singular Value De-
composition (SVD), Basic Matrix Factorization, Non-negative Matrix Factorization (NMF),
and Probabilistic Matrix Factorization (PMF) used in RS.

2.3.1 Singular Value Decomposition

The SVD is a linear algebra method that can be used as a dimensionality reduction technique
in machine learning. In the context of RS, the SVD method is applied as a collaborative
filtering technique to find latent factors of the user-item rating matrix R and predict user-
item interactions. In this thesis, the two terms "factors' and 'latent factors" are treated as

synonyms.

Given an m xn matrix R with rank r, the Singular Value Decomposition (SVD) of R, denoted
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as SVD(R), is defined as [18] :
SVD(R) = UxXVT (2.11)

where:

U is an m x m orthogonal matrix; the first r columns of U are the eigenvectors of RRT

(left singular vectors of R);

V is an n x n orthogonal matrix; the first  columns of V are the eigenvectors of RTR

(right singular vectors of R);

¥ is an m xn diagonal matrix with  nonzero entries, such that > = diag(oy, 09, ..., 0,),

where 0; > 0 for 1 <7 <r, 0, > 0,41, and o; = 0 for j > 7r;

{01,09,...,0,} are the nonnegative square roots of the eigenvalues of R R and are

referred to as the singular values of R.

For a given number £ < 7, known as the number of latent factors, the matrix R, =

SF , oyu;v] minimizes the Frobenius norm ||R — Ry||r across all rank-k matrices:

min | R — Ryl (2.12)

Thus, by retaining only the first k£ singular values of 3 and the corresponding columns and

rows of U and V, the matrix R can be approximated as Ry:

R~ R, = U, V! (2.13)

where U}, consists of the first k columns of U and Vil consists of the first & rows of V.
The matrix Ry obtained through this method is an approximation rather than an exact
factorization of R. By selecting only the k largest singular values, this technique captures the
structure of R while simultaneously eliminating noise [18]. Menon and Elkan [19] provide a
comparative analysis of different methods for approximating the decomposition in the context

of large matrices.

SVD is a utilized matrix decomposition technique, but it possesses certain limitations that
have spurred the investigation of alternative approaches. Computational complexity stands
as a prominent constraint of SVD, particularly when dealing with large matrices. The al-
gorithm’s time and memory demands escalate with matrix size, rendering it impractical for

extensive datasets. SVD’s efficacy in handling missing values is also limited, as even a small
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number of missing entries can substantially compromise the accuracy of the decomposition.

To mitigate this, imputation techniques must be employed prior to applying SVD [1].

To overcome these challenges, researchers have developed various matrix factorization meth-
ods that can break the original matrix down into smaller, more manageable components.
This approach allows for incremental updates and makes matrix factorization more scalable
than SVD. Matrix factorization techniques can be tailored to specific applications and in-
corporate domain-specific information, such as user or item characteristics, to improve the
factorization’s quality. This adaptability makes matrix factorization a more versatile and
responsive method than SVD [1].

In the following section, we will demonstrate how a user-item rating matrix in a movie recom-
mendation scenario can be factorized into the product of three matrices: U, ¥, and V7. We
will also illustrate how the resulting factors can be interpreted in terms of user preferences
and movie characteristics. Additionally, we will show how to predict ratings for users who

have not rated certain movies.

Singular Value Decomposition : A Toy Example

Below, we demonstrate how to factorize a user-movie rating matrix using SVD. Consider
four users: Alice, Bob, Carol, and Dave, who have rated three movies: "Matrix" (Action),
"Titanic" (Romance), and "Inception" (Action). The user-movie rating matrix R is shown

below, where each entry represents the rating given by a user to a movie on a scale of 1 to 5:

Matrix Titanic Inception

Alice 4 1 NA
Bob 2 5 2
R= " (2.14)
Carol 5 2 5
Dave NA 5 5
In this matrix, Alice, Bob, Carol, and Dave are the users, and "Matrix," "Titanic," and "In-

ception" are the items (movies). For example, Alice rated "Matrix" a 4, "Titanic" a 1, and

did not rate "Inception." Bob rated "Matrix" a 2, "Titanic" a 5, and "Inception" a 2, and so on.

"Action" and "Romance" are identified as two latent factors because they represent the under-
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lying patterns or dimensions in the data that capture the most significant sources of variation
in user preferences and item characteristics. In the context of movie ratings, these factors
can be interpreted as the primary themes or genres that influence user ratings. The "Action'
factor is associated with movies like "Matrix" and "Inception," which are action-oriented,
while the "Romance" factor is associated with "Titanic," a romance movie. These latent fac-
tors help in understanding how different users’ preferences align with different movie genres.
In real-world problems, determining the exact number of latent factors is challenging and

requires additional contextual knowledge and insight.

To factorize this matrix using SVD with £ = 2, we use the "TruncatedSVD’ function from
the ’sklearn.decomposition’ module in Python. Also, SVD assumes all missing entries are
0. The SVD decomposition yields three matrices: U, ¥, and V. Below, we interpret each

matrix separately.

Matrix U (User-Feature Matrix):

Matrix U represents the relationship between users and latent factors. Each row corresponds
to a user, and each column in U corresponds to a latent factor. Higher values in each row

indicate a stronger association of the user with the corresponding latent factor.

Action Romance

Alice [ —0.22 0.59
U Bob —0.49 —0.17
Carol | —0.62 0.50
Dave \ —0.58 —0.61

However, the presence of negative values within the matrix complicates its interpretation.
For instance, consider the case of Dave, who rated both "Romance" and "Action" movies as
5. Despite this, the matrix reveals associations of —0.58 and —0.61 for these genres, respec-

tively. This discrepancy introduces challenges in accurately discerning his true preferences.

Matrix ¥ (Diagonal Matrix of Singular Values):

The singular values (10.89 and 5.16) represent the importance or strength of the correspond-

ing latent features. The first latent feature (10.89), related to "Action', is more significant



35

than the second (5.16), related to "Romance".

Action Romance
10.89 0
Y= .
0 5.16
This suggests that the action feature captures more of the underlying structure in the user-
movie interactions. The first and second latent factors represent underlying patterns or

dimensions in the data that capture the most significant sources of variation in user prefer-

ences and movie characteristics.

Matrix V (Item-Feature Matrix):

Matrix V' characterizes the relationship between movies and latent factors. Each row cor-
responds to a movie, and each column in V corresponds to a latent factor. Higher values
in each column indicate a stronger association of the movie with the corresponding latent

factor. The presence of both negative and positive values in V' makes interpretation more

challenging.
Action Romance
Matrix —0.45 0.87
V = Titanic —0.62 —0.45
Inception \ —0.64 —0.18

For example, for the movie "Inception," which is an action movie, the value of the latent

factor "Action" (—0.64) is not interpretable.

Predicting Missing Values:

As we can see from the rating matrix R, Alice did not rate "Inception" and Dave did not rate
"Matrix." By using these three obtained matrices, we can predict the missing ratings in the

matrix R. This is done by multiplying U, ¥, and V7 to reconstruct the matrix R:

R=UxvT,



36

This reconstructed matrix R will provide estimates for the missing values, based on the

relationships captured by the latent factors.

Matrix Titanic Inception

Alice 3.76 0.14 1.01
. Bob 1.64 3.69 3.53
Carol | 5.28 3.01 3.81
Dave 0.10 5.36 4.58

Because Alice is interested in "Matrix," which is an action movie, we would expect SVD to
predict a high rating for "Inception' for Alice. However, the predicted rating is only 1.01.
Similarly, since Dave is interested in "Inception," which is also an action movie, we would
expect SVD to predict a high rating for "Matrix" for Dave. Instead, the predicted rating
is just 0.10. This discrepancy highlights the challenges and limitations of interpreting SVD

predictions.

In this example, we factorized a user-movie rating matrix using SVD. The matrix includes
ratings from four users (Alice, Bob, Carol, and Dave) for three movies ("Matrix," "Titanic,"
and "Inception"). The decomposition produced three matrices: U, ¥, and V7T, which revealed
underlying patterns in user preferences related to two latent features, Action and Romance.
Despite these insights, the presence of both positive and negative values complicates inter-
pretation. Predictions for missing ratings, such as Alice’s rating for "Inception” and Dave’s
rating for "Matrix," demonstrated the limitations of SVD. The reconstructed matrix showed
lower-than-expected values, highlighting challenges in accurately capturing user preferences

solely based on latent features.

In this thesis, we aim to introduce a method called Symmetric Probabilistic Matrix Factor-
ization (SPMF) that addresses this gap.

2.3.2 Basic Matrix Factorization

Latent factor models are a framework for modeling user-item affinity in collaborative filtering.
The fundamental assumption is that this affinity can be captured by introducing latent fac-
tors that represent low-dimensional representations of users and items. These latent factors

are unknown variables that characterize the underlying characteristics or attributes of users
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and items. By incorporating these latent factors, the model aims to capture the inherent

structure and patterns in the user-item interactions [20].

In the context of recommendation systems, matrix factorization is a common form of latent
factor model. It decomposes the user-item interaction matrix into two lower-dimensional
matrices: one for users and one for items. The goal of these models is to learn these latent
factors from observed data and use them to make predictions, such as recommending prod-

ucts or items to users.

In general, let R be a user-item rating matrix with dimensions m x n, as defined in equation
(2.1), and let k be the number of latent factors, which is initially unknown. The optimal num-
ber of latent factors, k, is typically determined through experimentation and cross-validation.
This process involves training the model with various values of k£ and evaluating its perfor-
mance on a validation set. The value of k£ that provides the best trade-off between model
complexity and predictive accuracy is selected as the optimal number of latent factors. Our
goal is to find two matrices U (an m x k matrix) and V (a k& X n matrix) such that their

product approximates R:
R=~R=UV.

The concept of matrix factorization can be expressed in detail as follows:
= UpUq = Z Up;jUjq, (2.15)

where w, is a row of matrix U and v, is a column of matrix V. To derive the factor vectors
u, and vy, the RS minimizes the sum of squared errors on the set of given ratings using the
following optimization objective:
2
min > (rpg — tpvg)” + All[upl|* + [lvgl*), (2.16)

Up ,V,
P7LIpq€H

where x is the set of the known ratings r,, for which user p made a rating for item ¢ and
A > 0 is the regularization term which can be estimated by cross-validation. There are two
approaches to minimizing (2.16): stochastic gradient descent and alternating least squares

(ALS) [11]. Below, we describe each approach briefly.
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Stochastic Gradient Descent

In stochastic gradient descent, we need to find a way to obtain matrices U and V. One
approach to solve this problem is to first initialize the two matrices with some values and
then calculate the sum of squared errors between the estimated rating and the real rating,
as follows [21]:

k
Z efyq = Z (rpq — qu)2 = Z (rpg — Zupjvjq)z- (2.17)

(p,a)€r (p,9)€x (pg)er j=1

Then, in an iterative process, the goal is to minimize the sum of squared errors using gradient
descent to find a local minimum. To minimize the sum of the squared error, we need to know
the gradient at the current values and, therefore, differentiate the above equation with respect

to these two variables, which are v;, and u,;, separately [21]:

0 .
v eiq = —2(1pg — Tpg)Upj = —2€pqlp;,
9 (2.18)
ou ,eiq = —2(1rpg — Tpg)Vjqg = —2€pqUjq.
pj

Having obtained the gradient, we can now formulate the update rules for both w,; and vj,:

o 2 .. .
Vjq = Vjg oz—av € = Ujg + 2055y,
8” (2.19)
! o 2 . .
Uy = Up; a—au “Cpq = Upj + 2aepqvjq.
pj

where « is a constant whose value determines the rate of approaching the minimum [21].
The update rules are derived from the gradient descent optimization algorithm. Specifically,

the rule for updating v, is derived as follows:

First, we start with the gradient with respect to vj,,

0 €2 = —2e,,Uy;
CTpg T Pq Py
Ovj,
the gradient descent update rule is:
V=0, — a2 = Uiy 4 2€,0y;
Jja — "J4 — Yiq pq P

~ pq
vjq
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where « is the learning rate that controls the size of the update step. Similarly, the rule for
updating u,; is:

! o 2 ) .
Ui = Up;j a—a € = Upj + a2€pqVjq-
Upj

In Algorithm 1 we describe in more detail the iteration process.

Algorithm 1 Stochastic Gradient Descent for the Basic MF in RS

Require: U and V (initial matrices), s (set of user-item pairs)
Ensure: Optimized matrices U and V'
1: Initialize matrices U and V with random values
2: Set the learning rate «
3: Set the maximum number of iterations
4: for ITER < 1 to maximum iterations do
Calculate the sum of squared differences: €2, = Y, pyen(Tpg — Si1 UpjVjq)?
for (p,q) € k do
Compute the gradients:
8 2 _
Doy, Cpa = ~2CpqUp;
o 2 _
Bup, g — —2€pqVjq
10: Update the values of v;, and wu,;:
11: VS, = Vjg + 20epUy;
/
12: Ui = Upj + 20€p40j
13:  end for
14:  Update matrices U and V with the new values: U < U, V «+ V'
15: end for

16: return Optimized matrices U and V

Alternating Least Squares (ALS)

In the equation (2.16), both w, and v, are unknowns, and hence this equation is not convex.
Nevertheless, if one fixes one of the unknowns, the optimization problem turns out to be a
quadratic problem and can be optimally solved. Therefore, ALS techniques revolve between
fixing the u,’s and the v,’s. By fixing all u,’s, the system calculates the v,’s by solving a
least-squares problem and vice versa. This causes each step to decrease (2.16) until conver-

gence [21].

One advantage of ALS versus stochastic gradient descent is its parallelization power. Mean-
ing that, in ALS the system calculates each v, independently of the other item factors and
calculates each w, independently of the other user factor which generates possibly massive

parallelization of the algorithm [11]. The term "massively parallel" refers to the use of a huge
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number of computer processors (or independent computers) to execute a series of coordinated
computations in parallel at the same time [22]. The second advantage is ALS can efficiently

handle the sparsity of user-item rating matrix [11].

Basic matrix factorization is a technique used to predict user-item ratings based on past
user-item interactions [21]. However, this technique has some limitations that can affect its
effectiveness in certain applications. One of the main limitations of basic matrix factorization
is that it does not enforce non-negativity constraints on the latent factors. This can make the
factors difficult to interpret, especially in applications such as RS where the factors represent
user preferences or item features. For example, a negative factor value for a user preference

or item feature does not have a clear interpretation.

Non-negative matrix factorization (NMF) is a variant of matrix factorization that imposes
non-negativity constraints on the factor matrices. This constraint ensures that the latent
factors are non-negative, which makes them more interpretable in some RS applications. In
particular, NMF can be used to factorize the user-item rating matrix into non-negative user
and item factors, which can be interpreted as user preferences and item features, respectively.

In the following section we will present this approach in more detail.

In the following section, we will demonstrate how a user-movie rating matrix can be factor-
ized into the product of two matrices: U and V using basic matrix factorization technique.
We will also illustrate how the resulting factors can be interpreted in terms of user prefer-
ences and movie characteristics. Additionally, we will show how to predict ratings for users

who have not rated certain movies, thereby enhancing the recommendation system’s accuracy.

Basic Matrix Factorization: A Toy Example

We will factorize the same matrix we used for SVD, but this time using Basic Matrix Fac-
torization. Below, we demonstrate how to factorize a user-movie rating matrix using this
technique. To remind the reader, consider four users: Alice, Bob, Carol, and Dave, who have
rated three movies: "Matrix" (Action), "Titanic" (Romance), and "Inception’ (Action). The

user-movie rating matrix R is shown below, where each entry represents the rating given by
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a user to a movie on a scale of 1 to 5:

Matrix Titanic Inception

Alice 4 1 NA
R Bob 2 5

Carol 5 2

Dave NA 5)

To factorize this matrix using Basic Matrix Factorization, we implement the algorithm 1
in Python. Also, because there are two latent factors, "Action" and "Romance," in this toy
example, we set k = 2. The Basic Matrix Factorization yields two matrices: U and V. Below,

we interpret each matrix separately.

Matrix U (User-Feature Matrix):

As mentioned before, matrix U represents the relationship between users and latent factors.
Each row corresponds to a user, and each column in U corresponds to a latent factors. Higher
values in each row indicate a stronger association of the user with the corresponding latent

factors.

Action Romance

Alice [ —0.16 1.56
U Bob —1.84 0.62
Carol | —0.49 1.92
Dave \ —1.67 1.81

However, the presence of negative values in the matrix makes interpretation challenging. For
example, the association between Carol and the latent factor "Action" is —0.49 which is not

interpretable.

Matrix V (Item-Feature Matrix):

Matrix V' characterizes the relationship between movies and latent factors. Each row corre-
sponds to a latent factor, and each column corresponds to a movie. Higher values in each
row indicate a stronger association of the movie with the corresponding latent factor. The

presence of both negative and positive values in V' adds complexity to the interpretation.
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Matrix Titanic Inception
v Action —0.22 —2.57 —0.22
B 254  0.37 254 )

Romance

For example, the value —0.22 for the latent factor "Action" in the case of "Inception’ is not
interpretable. Additionally, although "Matrix" is primarily an action movie, the value for the
latent factor "Romance" (2.54) is higher than that for the latent factor "Action" (—0.22).

Predicting Missing Values:

From the rating matrix R, we can see that Alice did not rate "Inception," and Dave did
not rate "Matrix." By using the two obtained matrices U and V', we can predict the missing

ratings in matrix R. This is done by multiplying U and V to reconstruct the matrix R:
R=UV.

This reconstructed matrix R provides estimates for the missing values based on the relation-

ships captured by the latent factors.

Matrix Titanic Inception

Alice 3.99 0.99 3.98

A Bob 1.97 4.95 1.98
~ Carol | 4.98 1.96 4.98
Dave 4.96 4.96 4.96

For example, since Alice is interested in "Matrix," which is an action movie, we expect the
Basic Matrix Factorization to predict a high rating for "Inception" for Alice, resulting in a
prediction of 3.98, which is acceptable. Similarly, since Dave is interested in "Inception,"
which is also an action movie, we expect the Basic Matrix Factorization to predict a high

rating for "Matrix" for Dave, resulting in a prediction of 4.96, which meets our expectations.

The presence of negative values in the factor matrices makes it difficult to interpret the latent
factors in a meaningful way. This highlights the limitations of basic matrix factorization and
suggests the potential advantage of using Non-Negative Matrix Factorization (NMF), which
enforces non-negativity constraints, leading to more interpretable and meaningful latent fac-

tors.
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2.3.3 Nonnegative Matrix Factorization

In Section 2.3.2, we presented the concept of Latent Factor Models as a means to reduce the
dimensionality of the user-item rating matrix. These models enable us to represent ratings
using a limited number of latent factors, depicting users and items in a lower-dimensional
space. One prevalent technique for uncovering these latent factors and representing users

and items involves low-rank matrix factorization of the rating matrix.

Low-rank matrix factorization refers to the process of approximating the original high-
dimensional user-item rating matrix with the product of two lower-dimensional matrices.
This approximation relies on the assumption that the user-item interactions can be captured
by a smaller number of underlying factors, thus reducing the rank of the original matrix. By
doing so, we represent the interactions in the data with fewer parameters, which improve
generalization and computational efficiency. The resulting low-rank matrices contain the la-
tent factors that summarize the preferences of users and the characteristics of items, which

then be used for tasks such as recommendation.

Nonnegative Matrix Factorization (NMF) is a specific technique used for low-rank matrix
factorization. Its objective is to decompose the rating matrix into non-negative matrices
with a reduced rank k. In this context, the rank k corresponds to the number of latent
factors we aim to discover during the factorization process. NMF proves to be particularly
valuable when working with data featuring non-negative entries. This technique enables the

representation of users and items within a non-negative factor space.

Below, we describe how NMF is formulated from a mathematical standpoint. Let R € R™*™
be a non-negative matrix (i.e., m;; > 0), and let k& < min{m,n} be an integer. In the
NMF technique, the objective is to find two matrices, U € R™** and V € R¥*"  with non-
negative entries such that UV is the closest matrix to R with respect to an appropriate
norm. The commonly used choice is the Frobenius norm, and the task can be formulated as
an optimization problem, seeking to find U and V by solving the non-convex optimization
problem [23]:

min G(U,V), (2.20)

U>0,V>0

where G(U,V) = 3||R — UV|[%, and U > 0 and V > 0 mean that all elements of U and
V' are nonnegative. The optimization problem (2.20) is a non-convex problem, which means

that it is expected to find only a local minimum [23]. The minimization problem can be
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solved using the Alternating Nonnegative Least Square (ANLS) framework. In the given
equation, F' represents the Frobenius norm, which is a way to measure the magnitude of a
matrix. In the context of matrix factorization, the Frobenius norm is often used as a measure
of how well the original matrix can be approximated by its factorization. The goal of the
optimization problem is to find the values of U and V' that minimize the Frobenius norm of

the difference between the original matrix R and its reconstruction using the factors U and V.

The NMF algorithm starts by initializing U and V' with non-negative elements. The choice
of k is crucial in NMF because it determines the rank of the low-dimensional approximation
of the matrix R. The optimal value of k is typically determined through experimentation
and cross-validation. This involves training the NMF model with various values of k and
evaluating its performance on a validation set. The value of k that provides the best trade-
off between model complexity and predictive accuracy is selected as the optimal number of
latent factors. After the initialization of U with non-negative elements, the ANLS algorithm
iteratively updates U and V' to minimize the objective function G(U, V') as defined in (2.20).
In each iteration, the algorithm first fixes V' and solves for U, and then fixes U and solves
for V. The ANLS algorithm continues to alternate between updating U and V until certain
convergence criteria are achieved, such as a maximum number of iterations or a small change

in the objective function value.

To better understand how NMF works, we will explore a toy example in the following section.
We will demonstrate the factorization of a user-movie rating matrix into two matrices, U and
V', using the NMF technique. This example will also illustrate how the resulting factors can
be interpreted in terms of user preferences and movie characteristics. Furthermore, we will
show how to predict ratings for users who have not rated certain movies, thereby improving

the accuracy of the recommendation system.

Non-negative Matrix Factorization: A Toy Example

We will factorize the same matrix used for SVD and Basic Matrix Factorization, but this time
employing NMF. We will demonstrate how to decompose a user-movie rating matrix using

this technique. The user-movie rating matrix R is shown below, with each entry representing
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the rating given by a user to a movie on a scale from 1 to 5:

Matrix Titanic Inception

Alice 4 1 NA
~ Bob 2 5 2
~ Carol 5 2 5

Dave NA 5 )

To factorize this matrix using NMF, we implement an algorithm in Python utilizing the loss
function (2.20). Given that there are two latent factors, "Action" and "Romance," in this toy
example, we set £ = 2. The NMF decomposition results in two matrices: U and V. Below

we will interpret each matrix separately.

Matrix U (User-Feature Matrix):

As mentioned before, the matrix U illustrates the connection between users and latent factors.
Each row in U corresponds to a specific user, while each column represents a latent factor.
Higher values within a row signify a stronger association between the user and the respective

latent factor.
Action Romance

Alice 0.96 0
U Bob 0.42 1.29

Carol | 1.35 1

Dave 0.03 1.9

Below, we interpret the matrix U in detail:

« Alice: (0.96, 0) - Predominantly associated with "Action".

o Bob: (0.42, 1.29) - Associated with both "Action" and "Romance", with a higher

association with "Romance".

o Carol: (1.35, 1) - Highly associated with both "Action" and "Romance". This asso-
ciation is not accurate because Carol rated the action movies (Matrix and Inception)

highly and the Romance movie (Titanic) poorly.

o Dave: (0.03, 1.9) - Barely associated with "Action" and highly associated with "Ro-
mance". This association is not accurate because Dave rated the Romance movie and

action movie equally.
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Matrix V (Item-Feature Matrix)

Matrix V represents the relationship between movies and latent factors. Each row corre-
sponds to a specific latent factor, and each column corresponds to a movie. Higher values
within each row signify a greater association between the movie and the respective latent

factor.

Matrix Titanic Inception

_ Action ( 39 015 1.05 )

V =
Romance 0 2.82 2.4

Below, we interpret the matrix V' in detail:

« Matrix (Action movie): (3.9, 0) - Predominantly associated with "Action".
« Titanic (Romance movie): (0.15, 2.82) - Predominantly associated with "Romance".

« Inception (Action movie): (1.05, 2.4) - Associated with both "Action" and "Ro-
mance', with a higher association with "Romance". This association is not accurate
because Inception is primarily known as an action movie and less so as a Romance

movie.

Predicting Missing Values:

From the rating matrix R, we can see that Alice did not rate "Inception," and Dave did not
rate "Matrix." By using the two obtained matrices U and V and obtain R = UV, we can

predict the missing ratings in matrix R.

Matrix Titanic Inception

Alice 3.76 0.14 1.01
Ao Bob 1.64 3.69 3.53
Carol | 5.28 3.01 3.81
Dave 0.1 5.36 4.58

The predicted rating for "Inception" (Action) is 1.01, which is unexpectedly low. Given that
Alice rated "Matrix" highly, we would anticipate a similarly high rating for "Inception" as

both are action movies. The predicted rating for "Matrix" (Action) is 0.10, which is extremely
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low. Considering that Dave rated "Inception" highly as an action movie, we would expect a

high rating for "Matrix" as well.

2.3.4 Probabilistic Matrix Factorization

As mentioned in Section 2.2.1, the collaborative filtering (CF) approach can be used when
there is insufficient data provided by a user to make item recommendations. In this situa-
tion, data provided by other users with similar tastes can be leveraged. Probabilistic Matrix
Factorization (PMF) is a method used in CF to exploit these recommendations [8]. Below,

we describe this methodology in more detail.

One significant issue with the user-item rating matrix R is its sparsity. This means that only
some of its entries have ratings, while many remain empty. For a given user u, the system
should be able to recommend items based on his or her preferences as well as the choices
made by similar users and similar items. It is not necessary for user u to explicitly rate a
particular item for it to be recommended. Instead, other users who have similar preferences
can be used to infer the missing information about user u. Therefore, PMF falls into the CF

category, as it addresses this problem by utilizing ratings provided by similar users.

In PMF, the user-item rating matrix R € R™*" with m users and n items can be approxi-

mated by two low-rank matrices U and V' as follows:
R~UV, (2.21)

where U is an m x k matrix and V' is a k x n matrix, with £ denoting the number of latent
factors. Salakhutdinov et al. [8] trained such a model using Bayesian inference to find the
best rank-£ approximation to the observed m x n user-item rating matrix R under a given
loss function. Because U and V' are low-rank matrices, PMF is also known as a low-rank

matrix factorization problem.

The probabilistic model for PMF can be described by the following equation:
P(U,V|R,0%) < P(R|U,V,c*)P(U,V|ot,, 0%), (2.22)

where 0 is the variance (diagonal covariance matrix) of a zero-mean spherical Gaussian dis-
tribution [8].
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Since matrix U is related to users and matrix V' is related to items, and given that users and
items are assumed to be independent of each other, these two matrices are also independent

of each other. Therefore, equation (2.22) can be rewritten as:

P(U,V|R,0%) < P(R|U,V,0*)P(U|o?)P(V|o%). (2.23)

Salakhutdinov et al. [8] determined each component of this equation (P(R|U, V,c?), P(U|c?),
and P(V|o%)) by obtaining their likelihood functions. By utilizing these likelihood functions,
they derived the loss function to train the model. To train the model, they aimed to maxi-
mize the loss function by setting the derivatives with respect to the parameters U and V to
zero. Once the training process is complete, the learned feature matrices U and V can be

used to predict the missing ratings in the user-item rating matrix R.

To gain a deeper understanding of how PMF operates, we will examine a toy example in
the following section. This example will illustrate the factorization of a user-movie rating
matrix into two matrices, U and V', using the PMF technique. We will also interpret the
resulting factors in terms of user preferences and movie characteristics. Additionally, we will
demonstrate how to predict ratings for users who have not rated certain movies, thereby

enhancing the accuracy of the recommendation system.

Probabilistic Matrix Factorization: A Toy Example

We will factorize the same matrix used for SVD, Basic Matrix Factorization, and NMF, but

this time using PMF. The user-movie rating matrix R is shown below:

Matrix Titanic Inception

Alice 4 1 NA

Bob 2 5 2
R —

Carol 5 2 5

Dave NA 5 5

To factorize this matrix using PMF, we employ an algorithm in Python that utilizes the loss
function introduced by R. Salakhutdinov et al. in [8]. For this toy example, we assume two
latent factors, "Action" and "Romance," and set £ = 2. The PMF decomposition yields two

matrices: U and V. Below, we will interpret each matrix individually.
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User Factors (U Matrix)

As mentioned before, the matrix U illustrates the connection between users and latent factors.
Each row in U corresponds to a specific user, while each column represents a latent factor.
Higher values within a row signify a stronger association between the user and the respective

latent factor.

Action Romance

Alice 1.65 0.59

. Bob 0.98 ~1.60
~ Carol| 2.09 0.43
Dave 2.20 —0.84

Below, we interpret the matrix U in detail:

o Alice: (1.65, 0.59) - Predominantly associated with "Action" and minimally associated

with "Romance".
« Bob: (0.98, -1.60) - The presence of a negative value makes interpretation difficult.

o Carol: (2.09, 0.43) - Strongly associated with "Action" and moderately associated with

"Romance".

« Dave: (2.20, -0.84) - The presence of a negative value makes interpretation difficult.

Item Factors (V Matrix)

Matrix V' depicts the relationship between movies and latent factors. Each row represents
a specific latent factor, while each column corresponds to a movie. Higher values in a row

indicate a stronger association between the movie and the corresponding latent factor.

Matrix Titanic Inception

~ Action (2.35 1.42 2.35 )

V =
Romance 0.20 —2.26 0.20

Below, we interpret the matrix V' in detail:

« Matrix (Action movie): (2.35, 0.2) - Predominantly associated with "Action".
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« Titanic (Romance movie): (1.42, -2.26) - The presence of a negative value makes

interpretation difficult.

« Inception (Action movie): (2.35, 0.20) - Predominantly associated with "Action".

Predicting Missing Values:

From the rating matrix R, we can see that Alice did not rate "Inception," and Dave did not
rate "Matrix." By using the two obtained matrices U and V' and obtain R = UV, we can

predict the missing ratings in matrix R.

Matrix Titanic Inception

Alice 3.99 1 3.99
B Bob 1.98 4.99 1.98
Carol | 4.99 1.99 4.99
Dave \ 4.99 4.98 4.99

The predicted rating for "Inception" (Action) for Alice is 3.99, which is high and consistent
with her strong association with Action. The predicted rating for "Matrix" (Action) for Dave
is 4.99, which is very high, indicating a strong interest in both genres and aligning with our

expectations.

Following our overview of the primary matrix factorization techniques, we will embark on a

systematic literature review to delve deeper into these methodologies.

2.4 Systematic Literature Review

Jannach et al. [24] were pioneers in applying matrix factorization (MF) techniques to rec-
ommendation systems. This model-based collaborative filtering (CF) approach has shown
promise in mitigating the issue of data sparsity in recommendation systems [25]. MF is

known for its high predictive performance and scalability with large datasets [26].

We conducted a systematic literature review on existing matrix factorization techniques, in-
cluding Singular Value Decomposition (SVD) [25], Non-negative Matrix Factorization (NMF)
Symmetric Nonnegative Matrix Factorization (SNMF), and Probabilistic Matrix Factoriza-

tion (PMF). These methods represent the main approaches in MF, each with unique strengths
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and limitations, which we briefly elaborate on below. The goal of this review is to identify gaps

that can be addressed by proposing Symmetric Probabilistic Matrix Factorization (SPMF).

This thesis aims to tackle the challenges and leverage the opportunities of SPMF by answer-

ing the following research questions:

10.

. What are the comparative advantages of SPMF over existing matrix factorization tech-

niques such as SVD, NMF, and PMF?

. How can we leverage user-user or item-item interactions into the user-item matrix?

And what are the benefits of integrating these knowledge into one single matrix?

. What are the benefits and trade-offs of transforming the biconvex optimization prob-

lem into a convex optimization problem in terms of computational complexity and

interpretability?

How can the optimal number of latent factors be determined for the SPMF model
in recommendation systems, and what impact does this number have on the model’s

performance?

. What impact does the choice of probabilistic distribution (e.g., Gaussian and Laplace)

in SPMF have on the robustness of recommendations?

. How to binarize a user-item, item-item, and user-user rating matrix?

How to use the developed SPMF for other data structures such as an arbitrary binary

matrix?

. What role does hyperparameter tuning play in the effectiveness of SPMF, and what

are the most critical parameters to optimize?

. How does the proposed SPMF model improve recommendation robustness and inter-

pretability compared to existing methods when evaluated on subsets of the MovieLens
100K and FilmTrust datasets?

What are the theoretical and mathematical advantages of SPMF compare to those of

state-of-the-art matrix factorization techniques such as NMF and PMF?

Below, we present the keywords used to search databases for relevant articles, dissertations,

and conference proceedings.
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Keywords:

Recommendation Systems (RS)

Symmetric Probabilistic Matrix Factorization (SPMF)
Symmetric Matrix Factorization (SMF)

Matrix Factorization (MF)

Singular Value Decomposition (SVD)

Non-negative Matrix Factorization (NMF)

Symmetric Non-negative Matrix Factorization (SNMF)
Probabilistic Matrix Factorization (PMF)

Bayesian Probabilistic Matrix Factorization (BPMF)
Bayesian Inference

Convex Optimization

Deep Learning

Binary Matrix Factorization

Convergence Rate

To conduct a thorough and systematic literature review, we searched the following databases:

Databases Searched:

IEEE Xplore

Inspec

ProQuest Dissertations & Theses
Google Scholar

ScienceDirect
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By doing so, we synthesized our findings for SVD, NMF, and PMF. The papers included in
the review, the reasons for their inclusion, and their relation to the research questions are

discussed below.

Singular Value Decomposition (SVD)

The SVD technique is one of the techniques that generates recommendations for users [27]. It
is among the popular MF algorithms that have been applied to solve some CF problems [28].
Guo et al. suggested an approach that applied attribute information to calculate the sim-
ilarity between items [29]. S. K. Raghuwanshi et al. [30] created an SVD technique that
used stochastic gradient descent optimization for speedy convergence of learning parameters
to improve prediction accuracy. Al-Sabaawi et al. [31] addressed the sparsity and cold-start
issues of CF by suggesting an SVD technique that incorporated social information with a
user-rating matrix. To predict unknown relationships with users, they applied Multi-step
Resource Allocation (MSRA). They combined the similarity values and user-item rating ma-
trix to obtain the best low-rank linear representation of the user-item matrix. Finally, they

enhanced the prediction using Stochastic Gradient Descent (SGD).

Recent advancements in recommendation systems have demonstrated the utility of SVD
and its variants across various domains. A book recommendation system utilizing SVD
has been effective in handling information overload by capturing latent user preferences and
book attributes, resulting in accurate and diverse recommendations [32]. Similarly, a music
recommendation system based on SVD and collaborative filtering showed improved perfor-
mance in making precise recommendations compared to traditional methods [33]. In online
course recommendations, SVD was instrumental in predicting user preferences accurately
and addressing the cold start problem [34]. Additionally, an improved co-SVD approach for

cold-start recommendations enhanced accuracy by reducing data sparsity [35].

Also, SVD is used in binary matrix factorization frameworks. Sahib [36] focused on address-
ing challenges with massive binary datasets, demonstrating that SVD can manage such data.
By converting large binary matrices into low-rank forms, his approach ensures faster data
retrieval and processing without information loss. This method was validated on a standard
machine, showcasing its practical utility for handling extensive binary data efficiently, and

proving the effectiveness of SVD in reducing computational load while maintaining data in-
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tegrity.

SVD is useful in recommendation systems due to its ability to uncover relationships between
items through latent factors. Despite its strengths, SVD has significant drawbacks. It is
computationally expensive and slow, particularly with sparse data, making it challenging to
find meaningful relationships. Additionally, SVD models can be difficult to interpret because
the latent factors they uncover are abstract and do not directly correspond to understand-
able user or item attributes. This lack of interpretability can impede the ability to explain
recommendations to users, which is particularly important in domains like e-commerce where
transparency is crucial. The computational cost and interpretability issues collectively affect

SVD'’s scalability and its practical application in recommendation systems [5].

To address these limitations, we introduce SPMF in this study. SPMF handles data sparsity
by employing a probabilistic methodology to estimate missing values and generate robust
recommendations. Additionally, by transforming the biconvex optimization problem into a
convex optimization problem, SPMF reduces the two-factor problem into a single unified
low-rank factor, simplifying the factorization process and improving the interpretability of
the latent factors. This unified approach not only enhances the understanding of the under-
lying data structure but also offers several benefits in terms of computational complexity and

practical application.

Nonnegative Matrix Factorization (NMF)

NMF has been emerging as a new advancement to both clustering problems and dimension
reduction tasks, and it has been investigated and applied for various purposes, especially for
high-dimensional data with matrices containing nonnegative values [37]. The ultimate goal
of the NMF is to provide a nonnegative low-rank approximation of the original data [37].
The main benefit of this method for collaborative filtering is that, when non-negativity is
enforced on non-negative matrices, prediction errors are decreased in comparison to methods

like SVD [26].

Additionally, low-rank non-negative matrix factorization allows users to work with com-
pressed dimensional models that typically accelerate efficient statistical classification, clus-

tering, and data organisation, which also accelerates faster searches for patterns or trends [38].
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The NMF of the rating matrix has proven to be a successful method in RS [39]. Indeed, NMF
characterises the rating matrix by a small number of factors deduced from rating samples,
which reduces the dimension of the users’ and items’ space. This is equivalent to approxi-
mating the matrix that contains the observed ratings with a low-rank matrix and using the

latter to predict the unobserved ratings.

The non-negativity constraint is a prevalent and significant fact for many data sets. For
instance, in image processing, all elements of the data are pixels representing brightness in-
tensities, which are all non-negative values. In text clustering for NLP, each feature is a
non-negative element corresponding to the frequency of each keyword in the entire body of
the record. Hence, enforcing non-negativity constraints on the resulting factors is necessary
to provide meaningful interpretation to the experts in the related fields. Moreover, theoret-
ically it was shown that the extension of the NMF to a symmetric version is equivalent to
the variants of other well-known clustering methods such as spectral clustering and K-means
algorithms [40].

NMF was first introduced by [41], then it became more popular because of its application
to learning the parts of objects, especially for the facial image representation [42]. Tt is im-
portant to note that NMF is a highly ill-posed problem, which means there are infinitely
many approximations in homogeneous solution space to the non-negative factorization [7].
Additionally, by considering the NP-hardness of the problem and the existence of non-convex
objective functions (Equation 2.20) that result in finding locally optimized solutions U and
V, different assumptions have been proposed to alleviate the difficulty of this problem, such
as different regularization techniques, sparsity constraints, orthogonality constraints, kernel
adoption, and manifold assumptions [43]. Numerical methodologies have shown to be very
advantageous to design successful algorithm in many domains related to information search-

ing, retrieval and ranking [44].

Also, NMF is applied in binary matrix factorization. Tomé et al. [45] analyzed binary datasets
using Bernoulli statistics and partially NMF of log-odds matrices. Their model imposes con-
straints that make the estimated basis system strictly nonnegative or even binary, positioning
it between logistic PCA and binary NMF. They demonstrated that different model variants
yield precise and compact basis systems with toy datasets. Applying the method to the USPS

dataset showed good reconstruction quality, even with low-rank binary bases, validating the
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model’s effectiveness for binary data representation. Lumbreras et al. [46] explored binary
data matrices in various contexts using NMF with Bernoulli-distributed data. They proposed
a Bayesian mean-parameterized framework for NMF without the need for link functions, en-
suring interpretability. Three models with different constraints were analyzed, and novel
inference methods were derived, including a collapsed Gibbs sampler and a variational algo-
rithm. Their approach also extends to nonparametric settings for automatic latent dimension
detection, showing superior performance in dictionary learning and missing data prediction
across multiple datasets. Ma et al. [47] proposed a new probabilistic NMF method, decom-
posing a non-negative matrix into a low-rank factor matrix with binary constraints and a
non-negative weight matrix. This approach introduces a deterministic Indian buffet pro-
cess for variational inference to learn binary features and feature numbers automatically.
Additionally, the weight matrix satisfies the exponential prior, and a variational Bayesian
exponential Gaussian inference model is used to obtain the posterior distributions of the
factor matrices. Comparative experiments on synthetic and real-world datasets demonstrate

the method’s efficacy.

While NMF is a reliable technique for matrix factorization, offering benefits such as non-
negativity constraints, dimensionality reduction capabilities, interpretability, and flexibility
in choosing the number of latent factors, it is not without limitations [48]. One significant
limitation is that NMF can be sensitive to initialization and may not always converge to a
global optimum. Additionally, NMF is a highly ill-posed problem [7] due to the non-existence

of a unique solution, leading to unidentifiable factorization.

By introducing SPMF, the two-factor biconvex optimization problem inherent in NMF is
transformed into a single-factor convex optimization problem with a unique global optimal
solution. This transformation addresses the limitations of NMF by ensuring a unique global

optimum, thereby improving the robustness and reliability of the factorization process.

Symmetric Nonnegative Matrix Factorization (SNMF)

Symmetric Nonnegative Matrix Factorization (SNMF) is a variant of NMF that approxi-
mates a non-negative symmetric matrix as the product of a non-negative matrix and its
transpose. SNMF is particularly useful in clustering tasks, including image processing, se-
mantic analysis, and document categorization. The systematic review by Chen et al. [49]

provides a comprehensive overview of the advancements and applications of SNMF, which
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are summarized below.

Classic SNMF models, such as Orthogonal SNMF, use orthogonal constraints to ensure
unique and non-overlapping factors, which is beneficial in applications like graph cluster-
ing and document clustering. Sparse SNMF' incorporates sparsity constraints to extract
local features, valuable in feature selection and image processing. Manifold Structure-Based
SNMF combines geometric data with regularization to capture the intrinsic structure of data,
useful in genetic data analysis. Pairwise Constraint-Based SNMF integrates must-link and
cannot-link constraints to guide clustering based on prior knowledge, enhancing customer

segmentation accuracy.

Optimization methods for SNMF include Projected Gradient Descent (PGD), which ensures
non-negativity while optimizing, useful in large-scale image processing, and Projected New-
ton (PNewton), which enhances efficiency in solving large-scale SNMF models, applicable in
real-time data clustering like social media analysis. Auxiliary Function Strategies improve

robustness and convergence speed in handling complex datasets.

SNMEF’s applications and performance are evident in various fields: Facial Image Cluster-
ing organizes facial images based on features, improving recognition accuracy in security
systems. Document Categorization enhances accuracy by extracting meaningful patterns in
textual data, aiding in digital libraries’ organization. Pattern Clustering in Gene Expres-
sion identifies significant gene patterns, contributing to better understanding and treatment
strategies in medical research. Additionally, in recommendation systems, SNMF can be used
to uncover latent features in user-item interaction matrices, thereby enhancing the quality of
recommendations. It helps in addressing issues such as data sparsity and the cold start prob-
lem by clustering users and items based on shared features. For instance, in e-commerce,
SNMF can improve product recommendations by identifying groups of similar users and

products, thus enhancing user satisfaction and loyalty.

SNMF models outperform classical NMF and K-means clustering in accuracy and normalized
mutual information (NMI) across various datasets. However, constructing suitable similarity
matrices and ensuring scalability remain significant challenges. Moreover, SNMF is limited
to nonnegative symmetric matrices and is nonparametric, making it unsuitable for predicting
unseen data. In contrast, SPMF introduces a novel method for symmetric matrix factoriza-

tion through a probabilistic approach. The parametric nature of this approach allows for
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the prediction of unseen data using the learned model, distinguishing it from nonparametric
techniques that merely approximate a given matrix. Additionally, the choice of probabilistic
distributions (e.g., Gaussian and Laplace) in SPMF can be tailored to enhance the robustness

of recommendations.

Probabilistic Matrix Factorization (PMF)

Probabilistic Matrix Factorization (PMF) [8,50] is a model-based technique in RS that has
been successfully applied in CF. This technique performs well on large, sparse, and im-
balanced data and scales linearly with the size of datasets [8,50]. PMF models have been
enhanced by incorporating various advanced techniques to improve recommendation accuracy
and address common issues like data sparsity and cold start problems. These enhancements
include the integration of deep learning methods, Bayesian approaches, and attention mech-

anisms [51]. Below we discuss each method briefly.

Deep Learning Integration: One prominent enhancement is the integration of deep learn-
ing techniques into PMF. For example, a probabilistic matrix factorization recommendation
method based on deep learning (PMFDL) uses convolutional neural networks (CNN) with
attention mechanisms to learn item features and long-term and short-term memory networks
to learn user features. This combination significantly improves recommendation accuracy
compared to traditional PMF and ConvMF methods [51]. Li et al. [52] applied a deep bias
probabilistic matrix factorization (DBPMF) to overcome the cold start and sparsity chal-
lenges of CF. Indeed, DBPMF uses a CNN to extract the hidden user-item characteristics.
Then they incorporated the bias into PMF in order track user rating behavior. Finally, using

some datasets, they showed their approach outperformed some of the state-of-the-art models.

Bayesian Approaches: Bayesian Probabilistic Matrix Factorization (BPMF) improves the
PMF model by using Gaussian-Wishart priors for the means and covariances of the latent
variables instead of the standard zero mean and identity covariance [53]. This modifica-
tion allows BPMF to calculate distributions that show the range of possible values for the
latent variables, which helps in understanding their uncertainty. This approach provides
more detailed information about the data, making the model more robust and accurate. As
highlighted by Akulwar et al. [54], BPMF avoids the need for parameter tuning and offers

better prediction accuracy, especially for sparse datasets. When used in recommendation sys-
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tems, BPMF, combined with techniques like Cholesky decomposition, Gibbs sampling, and
K-nearest neighbor, enhances user satisfaction and loyalty [54]. In BPMF, latent factors are
treated as random variables with prior distributions. This allows the model to incorporate
uncertainty in the factor estimates, making the model more robust to overfitting and better

at handling sparse data. The following techniques have been used in BPMF [55]:

o Cholesky Decomposition: This technique is used to decompose the covariance ma-
trix of the latent factors, which simplifies the computation of the posterior distributions.
Cholesky decomposition helps in efficiently sampling from multivariate Gaussian dis-

tributions, which is essential in the Bayesian framework.

« Gibbs Sampling: Gibbs sampling is a Markov Chain Monte Carlo (MCMC) method
used to approximate the posterior distributions of the latent factors. It iteratively
samples from the conditional distributions of each latent factor, making it possible to

handle complex posterior distributions that are difficult to sample from directly.

o« K-Nearest Neighbor Methods: These methods are used to enhance prediction
accuracy by incorporating neighborhood information. In the context of BPMF, they
help refine the estimates of the latent factors by considering the similarities between

users or items, thereby improving the quality of the recommendations.

These Bayesian techniques collectively enhance the performance of BPMF by providing
more reliable and accurate recommendations, particularly in scenarios with sparse and noisy

data [54].

Attention Mechanisms: Integrating attention mechanisms with convolutional matrix fac-
torization helps in capturing long-distance dependencies in auxiliary information, such as
item comments and categories. This approach alleviates data sparsity and improves the
accuracy of rating predictions [51]. Zhang et al. [56] developped an approach which incor-
porated PMF and attention-based recurrent neural networks to extract item latent feature

vectors. They reported significant improvements over existing CF techniques.

Incorporating additional contextual or side information into PMF models has been shown
to significantly enhance their performance. This side information can include user reviews,
item descriptions, and social trust relationships [57]. Below, we discuss various methods for

integrating side information:
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o Textual Data Integration: Models like Double-ConvMF integrate both item and
user textual information using CNNs, extracting features from descriptions and re-

views to enhance recommendation accuracy [57].

o Graph-Based Regularization: Graph Regularized Probabilistic Matrix Factoriza-
tion (GRPMF) incorporates expert knowledge through graph-based regularization strate-
gies within an MF framework. This method captures relational information among

drugs, which helps in predicting drug-drug interactions [58].

o Attributes and Finite Mixture Modeling: Probabilistic matrix factorization mod-
els that integrate attribute data using finite mixture modeling can jointly model data
and attribute matrices, improving computational efficiency and recommendation accu-

racy [59].

« Matrix Factorization with Multimodal Side Information: Aktukmak et al. [53]
address the challenge of enhancing recommendation systems’ performance in scenarios
with sparse user-item interactions by incorporating side information, such as user demo-
graphics and item descriptions. This side information, which includes both numerical
and categorical data, is integrated using their Bayesian probabilistic generative frame-
work called MF-MSI (Matrix Factorization with Multimodal Side Information). They
develop a scalable optimization method based on variational EM to learn the posterior
distributions of latent variables. Experiments on simulated and real datasets demon-
strate that incorporating side information improves prediction accuracy and ranking
performance, outperforming many popular baseline models. The MF-MSI model con-
sistently produces better results compared to other recent recommendation systems

that also utilize side information.

PMF models can be further enhanced by integrating multiple sources of information, such as
user ratings, review sentiments, and rating reliability. This comprehensive approach ensures
more reliable and accurate recommendations [60]. Below, we discuss methods for integrating

multiple sources of information:

« Sentiment Analysis and Rating Reliability: Incorporating sentiment analysis and

noise detection methods into PMF allows for handling user reviews and determining
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the reliability of user ratings. This approach aims to enhance the performance of rec-
ommendation systems by leveraging multiple types of information [60]. Puja Hari and
Sisodia [61] proposed a PMF algorithm to address the sparsity issue of CF and improve
its accuracy. Their algorithm accepts the preference relationship as input for organizing
items. Additionally, they incorporated other relevant information about the user and
item into the algorithm, and reported that their model performed better than some

existing models.

o Trust Relationships and Interest Mining: Integrating user trust relationships,
both direct and indirect, as well as item correlations and user interest mining, addresses
data sparsity and cold start problems. This approach enhances recommendation ac-
curacy and diversity by considering comprehensive user and item interactions [62]. To
address the cold start problem of the CF, Dong et al. [63] integrate trust relationships

between users into the traditional matrix factorization.

Advanced techniques in probabilistic matrix factorization include robust formulations, semi-
nonnegative matrix factorization, symmetric nonnegative matrix factorization, and latent

semantic analysis [64,65]. Below, we discuss each method briefly:

e Robust PCA and Variants: Robust PCA models decompose data matrices into
low-rank components while accounting for sparse and dense noise, enhancing robust-
ness to outliers. Bayesian and variational Bayesian approaches to robust PCA have

been proposed to handle different types of noise [64].

o Semi-Nonnegative Matrix Factorization: Probabilistic semi-NMF formulations
use variational inference techniques to handle noise robustly. These models have shown
improved performance in various applications, such as signal processing and machine

learning [64].

o Symmetric Nonnegative Matrix Factorization: He et al. [66] focus on Symmetric
Nonnegative Matrix Factorization (SNMF), a special case of NMF decomposition useful
in various applications, including image processing and semantic analysis of documents.

They introduce three parallel multiplicative update algorithms using level 3 basic linear
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algebra subprograms (BLAS) to solve the SNMF problem. The first algorithm mini-
mizes the Euclidean distance, with proven convergence under mild conditions. Building
on this, they propose two additional fast parallel methods: a-SNMF and S-SNMF al-
gorithms. These algorithms are used for probabilistic clustering and are shown to work
well for facial image clustering, document categorization, and pattern clustering in gene
expression. Their study highlights the utility of SNMF in clustering tasks by leveraging

efficient and scalable update algorithms.

« Latent Semantic Analysis and Extensions: Probabilistic latent semantic analysis
(PLSA) and its extensions, including non-parametric formulations, provide probabilistic
interpretations of latent factors. These models have been used in various applications

in conjunction with techniques like PCA and transfer learning [65].

While PMF offers several advantages, such as handling sparsity, scalability to large datasets,
a probabilistic framework that incorporates uncertainty, and often providing interpretable
latent factors, it also has some drawbacks. These include computational complexity, sensi-
tivity to initialization, and potential convergence issues, particularly with highly sparse data

or poor initialization, which can lead to local minima rather than the global optimum.

SPMF addresses these limitations by transforming the original matrix into a symmetric block-
wise matrix. To overcome the non-uniqueness inherent in PMF, SPMF approximates this
blockwise matrix by incorporating user-user and item-item information into a single low-rank
factor to solve a convex objective function. This approach not only ensures a global optimal
solution with a faster convergence rate but also enhances interpretability by modeling user-

user and item-item interactions from a probabilistic perspective.

Excluded Papers

The systematic literature review is based on papers that are directly related to the research
questions. Below, we list some papers that were found to have no relation to the research

questions.

o Ramathulasi, T. and Babu, M. R., 2023, [67], Assessing User Interest in Web API

Recommendation using Deep Learning Probabilistic Matrix Factorization.
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e Yang, X., Luo, Y., Fu, S., Xu, M., and Chen, Y., 2022, [68], DPMF: Decentralized

Probabilistic Matrix Factorization for Privacy-Preserving Recommendation.

o Wei, X., Lin, Z., Liu, T., and Zhang, L., 2022, [69], Probabilistic Matrix Factorization
for Visual Tracking.

« Li, X. and Zhang, L., 2022, [70], Probabilistic Matrix Completion.

e Qiu, L., Zhou, W., and Yang, Y., 2023, [71], STPR: Personalized Recommendation via

Matrix Factorization with Social Ties.

o Wang, X., He, X., Wang, M., Feng, F., and Chua, T.-S., 2019, [72], Neural Graph
Collaborative Filtering.

« Li, G., Yang, D., Nobel, A. B., and Shen, H., 2016, [73], Supervised Singular Value

Decomposition and its Asymptotic Properties.

e Dong, X., Yu, L., Wu, Z., Sun, Y., Yuan, L., and Zhang, F., 2017, [74], A Hybrid

Collaborative Filtering Model with Deep Structure for Recommender Systems.

 Sedhain, S., Menon, A. K., Sanner, S., and Xie, L., 2015, [75], Autorec: Autoencoders
Meet Collaborative Filtering.

o Wang, H., Zhang, F., Xie, X., and Guo, M., 2018, [76], DKN: Deep Knowledge-Aware

Network for News Recommendation.

After conducting a systematic literature review of the mentioned articles on matrix factoriza-
tion, we selected some key papers and performed a synthetic comparison. This comparison

is presented in tables to illustrate their relationship with the research questions.

2.5 Synthetic Comparison of Selected Papers

In this section, we present a synthetic and systematic comparison of selected papers included
in the literature review. These comparisons are organized into following tables, highlighting
their key findings and their relation to the research questions established earlier in this chap-

ter.
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After conducting a systematic literature review, we are prepared to highlight the research

gaps that this thesis aims to address.

2.6 Research Gaps

The motivation for this research is derived from several key gaps identified in the current

literature on matrix factorization techniques for recommendation systems:

« Limited Robustness in Sparse Data: Existing matrix factorization methods, such
as SVD, NMF, often struggle with sparse datasets, leading to poor performance and
inaccurate recommendations. There is a need for models that can maintain robustness

in the presence of sparse data.

o Application Limitations of Symmetric Approaches: Methods like SMF and
SNMF' are restricted to symmetric matrices, limiting their applicability. There is a
need for models that can handle non-symmetric matrices while leveraging the benefits

of symmetric factorization.

o Inadequate Handling of Binary Ratings: Traditional matrix factorization ap-
proaches often struggle with binary rating matrices, which are common in many prac-
tical applications. There is a gap in research addressing the factorization of binary

matrices to improve recommendation relevance and interpretability.

o Lack of Incorporation of Symmetric Interactions: Most existing methods do
not integrate symmetric user-user and item-item interactions into the recommendation
process. There is a need for models that can leverage these interactions to enhance the

quality of recommendations.

o Insufficient Exploration of Probabilistic Distributions: Current approaches of-
ten use simplistic probabilistic distributions, such as Gaussian, without exploring al-
ternative distributions that might offer better robustness to noise and outliers. This
represents a gap in the exploration of different probabilistic frameworks within matrix

factorization.

o Challenges in Optimization and Convergence: Many matrix factorization tech-
niques face difficulties in optimization and convergence, especially with non-convex
problems. There is a gap in transforming these problems into convex ones to ensure

unique optimal solutions and better convergence properties.
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o« Hyperparameter Tuning Issues: Optimizing hyperparameters is a challenge in
current matrix factorization methods, often requiring extensive and inefficient trial-and-

error approaches. There is a need for systematic methods to optimize hyperparameters.

o Limited Interpretability of Models: The interpretability of recommendations is
crucial for user trust and satisfaction. Current methods often lack mechanisms to en-
sure that the generated recommendations are interpretable. There is a gap in creating

models that provide clear and understandable recommendations.

Addressing these research gaps will advance the field of matrix factorization in recommen-
dation systems, enabling more robust, and interpretable recommendations. By identifying

these gaps, we are prepared to present the objectives of this thesis.

2.7 Research Objectives

The primary objectives of this thesis are outlined as follows:

« Develop and Validate SPMF Model: To develop a Symmetric Probabilistic Matrix
Factorization (SPMF) model that addresses the limitations of existing matrix factor-
ization techniques such as SVD, NMF, and PMF.

o Incorporate User-Item Interactions: To explore the integration of user-user and
item-item interactions into a unified user-item matrix, enhancing the interpretability

and robustness of recommendations.

o Transform Optimization Problem: To transform the biconvex optimization prob-
lem into a convex optimization problem, ensuring a unique optimal solution and im-

proved convergence properties.

e Determine Optimal Latent Factors: To identify the optimal number of latent fac-
tors for the SPMF model, balancing model complexity and performance, and enhancing

recommendation accuracy.

« Utilize Probabilistic Distributions: To investigate the impact of different proba-
bilistic distributions (e.g., Gaussian and Laplace) on the robustness of the SPMF model

in handling noise and outliers.
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o Binarize User-Item Matrix: To develop methods for binarizing the user-item, item-
item, and user-user rating matrices, simplifying the factorization process and improving

the relevance of binary data recommendations.

o Extend SPMF to SPBMF': To modify the SPMF model to handle binary matrices
using the Bernoulli distribution, creating the Symmetric Probabilistic Binary Matrix
Factorization (SPBMF) approach.

o Optimize Hyperparameters: To identify and optimize critical hyperparameters of

the SPMF model, achieving the best possible performance through systematic tuning.

« Comprehensive Performance Evaluation: To conduct extensive experiments and
evaluations using real-world datasets, demonstrating improvements in recommendation

robustness and interpretability over existing methods.

o Theoretical and Mathematical Analysis: To analyze the theoretical and mathe-
matical properties of SPMF, proving its advantages in terms of convergence rate and

optimization efficiency compared to state-of-the-art matrix factorization techniques.

By highlighting the objectives, we now present the methodology that will be used to achieve

the research goals.

2.8 Research Methodologies

The development of the proposed SPMF model involves several innovative steps, which are
highlighted below:

o Constructing a Symmetric Block Matrix: An innovative paradigm for construct-
ing a symmetric block matrix that integrates the user-item rating matrix with user-user
and item-item matrices. This approach combines diverse user-user and item-item inter-
actions within the recommendation systems to facilitate personalized recommendations

with interpretable low-rank factorization.

e Algorithm Design: Designing a new algorithm for consolidating two distinct factors
into a single unified low-rank factor, representing the holistic data matrix. This tech-
nique enhances the interpretability of matrix factorization methods, providing a more

comprehensive understanding of the underlying data structure.
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o Binarization Framework: Establishing a new framework for binarizing a data ma-
trix in the context of item recommendation systems. This method translates user
preferences into binary ratings, simplifying the complexity of preference data while

maintaining interpretability and usefulness of recommendations.

« SPBMF Development: Developing a novel method called Symmetric Probabilis-
tic Binary Matrix Factorization (SPBMF) by incorporating the Bernoulli distribution.
This innovation is particularly suited for handling arbitrary binary matrices, enhanc-
ing the flexibility and applicability of probabilistic matrix factorization techniques in

various binary data contexts.

« Probabilistic Methodologies: Applying probabilistic methodologies to tackle data
sparsity and estimate missing values. This includes exploring Maximum Likelihood
Estimation (MLE) with Normal and Laplace distributions, and Bayesian estimation
using a normal distribution for the error term and a normal prior distribution for the

entries of the low-rank matrix.

o Theoretical Convergence Analysis: Conducting an analysis of the theoretical con-
vergence rate of SPMF, providing insights into the efficiency and computational cost
of this method in approximating symmetric matrices. This analysis will be com-
pared against state-of-the-art techniques to highlight improvements in convergence rate
achieved by SPMF.

o Experimental Design: To test and validate the SPMF model, we will design and
execute a series of experiments focusing on evaluating its accuracy, efficiency, and ro-
bustness. Additionally, we will analyze the impact of various probabilistic distributions.
This examination will ensure an understanding of the model’s performance and poten-

tial areas for improvement.

In the following chapter, we present our proposed SPMF model along with a thorough ex-

planation of its structure and underlying principles.
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CHAPTER 3 SYMMETRIC PROBABILISTIC MATRIX
FACTORIZATION FOR RS

This chapter outlines the methodologies employed to address the research questions that

drive this thesis. Specifically, we focus on the following questions:

o How can SPMF enhance the interpretability and robustness of recommendation systems

in sparse data environments?

o How can we leverage user-user or item-item interactions into the user-item matrix?

And what are the benefits of integrating these knowledge into one single matrix?

o What are the benefits and trade-offs of transforming the biconvex optimization prob-
lem into a convex optimization problem in terms of computational complexity and

interpretability?

e How can the optimal number of latent factors be determined for the SPMF model
in recommender systems, and what impact does this number have on the model’s

performance?

o What is the impact of different probabilistic distributions (e.g., Gaussian and Laplace)

on the robustness of the SPMF model in handling noise and outliers?
o How to binarize a user-item, item-item, and user-user rating matrix?

« How can the new Symmetric Probabilistic Binary Matrix Factorization (SPBMF) model,

using the Bernoulli distribution, handle binary matrices?

o What are the critical hyperparameters for the SPMF model, and how can we optimize

them for best performance?

o How can the convergence rate of the SPMF model be improved compared to existing
methods?

o What are the implications of using different regularization techniques on the perfor-

mance and generalizability of the SPMF model?
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To answer these questions, this chapter proposes the Symmetric Probabilistic Matrix Fac-
torization (SPMF) model. Our approach includes transforming the biconvex optimization
problem into a convex one, ensuring unique optimal solutions and improved convergence
properties. A theoretical convergence analysis is conducted to demonstrate the efficiency of
SPMF compared to existing methods. Additionally, toy examples for SPMF and SPBMF
are provided to illustrate the proposed methodology in a simplified context. Through this
methodology, we aim to develop a robust and interpretable recommendation system, provid-

ing advancements in the field of matrix factorization for recommendation systems.

Typically, conventional recommendation systems are designed to suggest items to users based
solely on a given user-item rating matrix, without considering additional insights from user-
user or item-item relationships. This significant limitation motivates the development of
a novel approach for recommendation systems, aimed at enriching the information derived
from the user-item rating matrix by incorporating interactions from user-user and item-item
relationships. The proposed method, called Symmetric Probabilistic Matrix Factorization

(SPMF), enhances the interpretability of recommendations.

It’s worth noting that the term SPMF is already present in the literature, commonly applied
to symmetric matrices, thus limiting its use. However, the SPMF model proposed in this
thesis is designed to symmetrize any arbitrary rectangular matrix. This innovation expands
the model’s applicability beyond symmetric matrices, making it suitable for a broader range

of real-world datasets that are typically non-symmetric.

To generate reliable suggestions for users and guide them toward items of interest, our pro-
posed SPMF framework introduces a symmetric block matrix denoted as .S. The construction
of matrix S is based on the user-item rating matrix R, which captures the preferences or rat-
ings given by users for different items. R is a matrix of size m x n, where m represents the

number of users and n represents the number of items. The formulation of S is as follows:

RTR RT

3.1
R RRT (3.1)

In this formulation, the upper-left block RT R captures the relationships between items, while
the lower-right block RR” represents the relationships between users. The off-diagonal blocks
RT and R capture the user-item interactions, providing information on how users are related

to items. In Figure 3.1, the construction of the block matrix S is illustrated.
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c D

Item-Item Item-User

S:\ %

User-Item User-User

R  RRT

Figure 3.1 SPMF Block Matrix

Specifically, the matrix S serves as a unified representation of the relationships between users,
items, and their interactions. By considering user-user and item-item connections, as well as
user-item interactions simultaneously, S provides a holistic view of the underlying dynamics

in the recommendation system.

The block matrix S is composed of four distinct blocks, such that, the off-diagonal blocks,
denoted as R and R”, represent user-item ratings within the range of 1-5. In contrast, the
diagonal blocks, represented by RT R and RR”, encapsulate item-item and user-user interac-
tions, respectively. These diagonal blocks often exhibit values that deviate significantly from
the user-item rating range, disrupting the consistency between the diagonal and off-diagonal
blocks. When employing probabilistic approaches to fit the data to a unified distribution,
such as a normal distribution or Laplace distribution, it is crucial to consider the influence of
the data’s range and scale on the distribution parameters (mean and variance for the normal
distribution, or location and scale for the Laplace distribution). Inconsistent scales across
different parts of the matrix can lead to inaccurate representation by the fitted distribution.
In other words, a mixture model would be required to fit such a block matrix when the scale
and range of the data are inconsistent. However, using a mixture model can also introduce
an unnecessary level of complexity to the factorization approach, making it more challeng-

ing to achieve accurate and interpretable results. Therefore, by normalizing the data across



76

all blocks, we ensure consistency and facilitate the factorization process. To address this,
we normalize the diagonal blocks, denoted by RrnREy and RLyRen, in a row-wise and
column-wise manner, respectively. Furthermore, R and RT are normalized row-wise denote
by Rry and R%Ly , considering their respective user-item and item-user connotations. This
normalization harmonizes the scales across all blocks, thereby improving the accuracy and

interpretability of the resulting factorization.

By normalizing the user-item rating matrix R column-wise to obtain Ry, as proven in
Section 2.1.4, we can consider RLyReoy as the item-item similarity matrix and RryR%y as
the user-user similarity matrix, with the normalization performed row-wise. It’s crucial to
note that, as outlined in 2.1.3, before normalization, any missing values in R are replaced by
0. To approximate the block matrix S and capture the relationships between user-user, item-
item, and user-item, we use Rry and Roy instead of R when applying the SPMF technique.

Specifically, the matrix S is reconstructed as follows:

RENRCN R%N

Rrn RryREy ‘

S= (3.2)

By reconstructing S in this manner, SPMF integrates both the collaborative filtering (CF)
aspect (user-user and item-item relationships) and the content-based (CB) aspect (user-item
interactions). This combination facilitates a understanding of the recommendation system’s

dynamics. Below, we explain how SPMF accomplishes this integration:

Collaborative Filtering Aspect:

 The lower-right block Rry Rk, captures user-user relationships by computing the sim-
ilarity between users based on their ratings. This is a common approach in user-based

collaborative filtering, where the goal is to recommend items liked by similar users.

 The upper-left block RLyRon captures item-item relationships by computing the sim-
ilarity between items based on the ratings they receive from users. This is a common
approach in item-based collaborative filtering, where the goal is to recommend items

similar to those liked by the user.
Content-Based Aspect:

+ The off-diagonal blocks Rry and R%y capture direct user-item interactions. These

blocks reflect how users rate specific items, providing information about individual
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user preferences for specific items. This aspect aligns with content-based filtering,
where recommendations are made based on the attributes of the items that a user has

shown interest in.

By integrating both CF and CB aspects into a single symmetric block matrix §, SPMF offers
a more robust and comprehensive framework for recommendation. This integration allows
the model to leverage the strengths of both approaches, improving the interpretability of the

recommendations.

To approximate the matrix S, a low-rank matrix approximation approach is employed. Ad-
ditionally, SPMF addresses the drawbacks of biconvex optimization by transforming it into
a single convex cost function, thus eliminating the need for the additional matrix V' required
in PMF. The matrix U, with dimensions (n+m) x k, represents the low-rank approximation
of §. The rank k determines the level of approximation and controls the complexity of the

model. This approach involves approximating the matrix S as follows:

S~UUT. (3.3)

The approximation of the block matrix S using the SPMF approach serves two essential
purposes within recommendation systems. Firstly, it enables the exploration and under-
standing of the intricate connections between users and items. Through this approximation,
the system gains insights into the underlying patterns governing user-item interactions. By
"patterns," we refer to the latent structures and regularities that emerge from user behaviors
and item characteristics. These patterns include trends such as users with similar preferences
tending to rate items similarly, or certain items being consistently rated higher by particular
groups of users. Identifying these patterns helps in predicting user preferences for items they
have not yet rated, thereby improving the accuracy and reliability of recommendations. For
instance, if a subset of users consistently gives high ratings to a particular genre of movies,
this pattern can be used to recommend similar movies to other users with comparable rating
behaviors. Similarly, if certain items frequently appear together in user preferences, under-

standing this pattern can help in suggesting items that align with the user’s taste.

Secondly, the existence of missing values within the user-item rating matrix Rgy presents a
significant challenge. In contrast to methods such as SVD and NMF, which impose no con-
straints on the prediction range, the probabilistic approach leverages the intrinsic properties

of probabilistic distributions in the objective function to predict ratings within an acceptable
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range for missing values. The goal in approximating the block matrix § using the SPMF
approach is to accurately predict these missing values. By doing so, we address the gaps in
the matrix Rgy, thus enhancing the system’s predictive capabilities and refining its ability

to provide precise recommendations.

3.1 Intuition of the Block Matrix & Construction

As noted in Section 2.3.2, matrix factorization is a biconvex problem, meaning it has two
objective functions—one for user features and another for item features—that are convex
separately but not jointly convex with respect to both U and V simultaneously due to the
product UV [83]. In other words, it is convex in U when V is fixed and convex in V when U is
fixed. While matrix factorization is biconvex, finding a global optimum is generally NP-hard
due to the non-convexity of the joint optimization problem over both U and V. Moreover,
there are infinitely many solutions for the conventional matrix factorization problem, such
as basic MF, NMF, or PMF, due to the presence of any arbitrary diagonal matrix D and
its inverse. These can be placed in the middle of the approximation R ~ (UD)(D~'V) to
account for a new solution R ~ U'V’. Therefore, practical algorithms focus on finding local

solutions that minimize the objective function [83].

To overcome this, the symmetric block matrix S is defined and approximated by merit of
the inherent symmetry of the problem. In this thesis, we aim to develop a modification that
addresses the drawback of biconvexity by consolidating two factors into one single low-rank
matrix U with a convex objective function. This approach leads to a global optimal solution
for approximating the original block matrix. Additionally, this transformation unfold the ex-
isting relationships between user-user, item-item, and user-item interactions. We employ the
Bayesian approach and Maximum Likelihood Estimation (MLE) to approximate the block

matrix S, as described in the following section.

3.2 Approximating the Block Matrix S
To approximate the block matrix &, we model it as:

S=UU" +¢, (3.4)
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where U is an (m + n) x k matrix of parameters, and € represents a random error matrix.
Our goal is to estimate the matrix U, denoted as U , using a probabilistic approach that
minimizes the Frobenius norm ||S — UUT||%. Based on Equation (3.4), an approximation for

the matrix § is expressed as:

S=0U". (3.5)

If we approach the approximation of S deterministically, we can proceed as follows: Since &

is symmetric, it is diagonalizable. Thus, we can write S as:

S =QAQ",

where () is an orthogonal matrix and A is a diagonal matrix containing the eigenvalues
A1y Aoy ooy Ay We then select the k largest eigenvalues and corresponding eigenvectors,
forming the diagonal matrix Ay and the matrix @) with the corresponding k eigenvectors.
Construct U as U = @2y, where ¥ is a diagonal matrix containing the square roots of the

k largest eigenvalues from Ay:

Y = diag(\/):, \/)\:, o \/)\71@)

Given that the sum of the eigenvalues (tr(S) = m + n) is positive, there must be at least
one positive eigenvalue, allowing us to construct ¥; with the square roots of the positive
eigenvalues. The matrix U = Qx> is an optimal solution to the minimization problem.

Substituting U back into the objective function shows that:
UUT = QY Qr = Qi@

This demonstrates that the rank-k approximation of S is achieved by UUT, minimizing the

Frobenius norm ||§ — UUT||%.

However, for a deterministic approach, eigenvalue decomposition has a time complexity of
O(n?) for an n x n matrix, which can be computationally expensive for large matrices. For
extremely large matrices, the computational and memory costs of eigenvalue decomposition
make this approach impractical. This approach is not well-suited for dynamic or streaming
data where the matrix & changes over time. Recomputing the eigenvalue decomposition
every time S changes is infeasible for real-time applications. When § is sparse, eigenvalue

decomposition may become more complicated due to the need to handle sparsity effectively.
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To address these challenges, our probabilistic approach offers an alternative for estimating
the block matrix S, enabling the management of large and dynamic datasets. Probabilistic
matrix factorization methods provide several benefits over deterministic approaches that rely
on minimizing norm-based error terms through gradient descent. These methods incorporate
the concept of data distribution, which allows for better handling of noise and outliers. By
modeling the data distribution, probabilistic methods can manage variability in the data,

reducing the impact of noisy or anomalous data points on the learned model [8].

Minimizing error solely using gradient descent on the Frobenius norm or Ls norm often in-
creases the risk of overfitting, especially in high-dimensional data with many parameters.
However, probabilistic approaches mitigate overfitting by smoothing the model parameters
according to specified prior distributions, leading to better generalization on unseen data.
Additionally, probabilistic methods aim to find parameter estimates that conform to a distri-
bution that better fits the entire dataset. This holistic view ensures that the predictions are
not merely point estimates minimizing a specific loss function but are representative of the
underlying data distribution. This approach provides more reliable predictions, especially in

complex and noisy datasets.

The parametric nature of the probabilistic approach enables the utilization of the learned
model for the prediction of unseen data, distinguishing it from nonparametric techniques
that merely approximate a given matrix. By learning a distribution over the latent fac-
tors, probabilistic matrix factorization methods can generate new data points following the
learned distribution, making them suitable for tasks such as recommendation systems where
predicting future user preferences is crucial. Probabilistic methods also offer flexibility and
adaptability by enabling the incorporation of prior knowledge and providing a natural frame-

work for uncertainty quantification [8].

In the context of probabilistic matrix factorization for recommendation systems, the normal
distribution is a natural choice for capturing the central tendency of user ratings in our pro-
posed SPMF method. Its symmetry and light tails facilitate the use of statistical techniques
such as maximum likelihood estimation and Bayesian inference, ensuring computational effi-
ciency and theoretical soundness. The normal distribution is particularly appropriate when
the data adheres closely to the assumption of Gaussian noise. However, its sensitivity to
outliers can be a drawback, as extreme values may disproportionately influence the model,

potentially distorting the representation of user preferences [84].
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In such scenarios, employing the Laplace distribution offers several advantages. The Laplace
distribution’s robustness to outliers, due to its heavier tails compared to the normal distri-
bution, ensures that extreme values in user ratings do not disproportionately influence the
model, which is crucial for accurately capturing user preferences. Additionally, the Laplace
distribution enhances the interpretability of the recommendation system by promoting spar-
sity in the factorized matrices. This is inspired by the L; norm as a regularizer, similar to
the Lasso sparsity measure, which selects the minimum viable features for prediction. Its
mathematical tractability facilitates the implementation of probabilistic models, making it
a suitable choice for managing the variability and peculiarities inherent in real-world user
rating data [84].

Thus, the choice between the normal and Laplace distributions depends on the specific char-
acteristics of the data and the desired properties of the recommendation system. The normal
distribution is preferable for datasets that closely follow Gaussian noise assumptions, whereas
the Laplace distribution is advantageous for handling data with outliers and promoting spar-
sity. Considering this trade-off, the choice of an appropriate distribution can enhance the
robustness, and interpretability of our proposed SPMF method. To estimate the matrix U
using our proposed SPMF approach, we investigate the following methodologies: Maximum
Likelihood Estimation (MLE) with a normal distribution, MLE with a Laplace distribution,
and Bayesian estimation with a normal distribution for the error term and a normal distri-

bution as a prior for the entries of U.

1. Maximum Likelihood Approach using Normal Distribution: This method as-
sumes that the error term e follows a spherical normal distribution with variance o2. It
is used when the data exhibits symmetric patterns around the mean, such as symmetry
around the mean, a bell-shaped curve, and a single peak, and deviations from the mean
are normally distributed. These patterns can be identified using descriptive statistics,
histograms, Q-Q plots, and normality tests. This approach leverages the Maximum
Likelihood principle to estimate the parameters of the distribution that maximize the
likelihood of observing the given data. Specifically, it finds the mean and variance that

best fit the observed data under the normal distribution assumption.

2. Maximum Likelihood Approach using Laplace Distribution: This method as-

sumes that the error term e follows a Laplace distribution with a scale parameter b.
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The Laplace distribution is used for data with heavy tails and possible outliers. By
selecting this distribution, we recognize the possibility of the data having a less symmet-
ric distribution compared to the normal distribution. This approach is robust against
outliers and often provides more accurate estimates, especially when the data exhibits

significant variations.

3. Bayesian Estimation with Gaussian Priors: This method assumes that the er-
ror term e follows a normal distribution with variance 2. Additionally, the matrix
of parameters U is subject to identically distributed normal priors with a mean of 0
and variance of. Bayesian inference introduces prior knowledge into the estimation
process. By employing Gaussian priors, we express our belief that the true values of
matrix U are likely to be centered around specific mean values. This approach is used
when we have insights or expectations regarding typical user and item preferences.
For example, in a recommendation system for movies, if we have prior knowledge that
certain genres are generally rated higher by a user group, this information can be en-

coded in the priors for the latent factors, thereby influencing the final recommendations.

Below, we provide a detailed description of each estimation method for the matrix U using

our proposed SPMF technique.

3.2.1 Maximum Likelihood Approach using Normal Distribution

To estimate the parameters of the low-rank matrix approximation for the block matrix & us-
ing our proposed SPMF method, we employ Maximum Likelihood Estimation (MLE). MLE
is a statistical technique that seeks to determine the parameter values that maximize the

likelihood of observing the given data.

Indeed, the objective of our proposed SPMF is to approximate the symmetric matrix S by
decomposing it into the product of two low-dimensional matrices, U and U”. This approx-
imation incorporates a noise term € to account for the differences between the true matrix
and the low-rank approximation, as stated in Equation (3.4). The noise term e captures
the discrepancy between the actual matrix S and the low-rank approximation UU”. In this

context, an assumption is made that the noise term e follows a Gaussian distribution with a
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mean of zero and a constant variance of ¢2. This assumption can be expressed as:
Sij = (UUT)Z] + €ijs (36)

where ¢;; are independently and identically distributed according to a normal distribution

with parameters (0, 0?), and s;; represents an entry of the matrix S.

Lemma 1. In terms of probability distribution, it is sufficient to focus on either the lower or
upper triangular part of the symmetric matrix S to enhance computational efficiency while
preserving all relevant information. Without loss of generality, we will focus on the lower

triangular part.

Proof. As mentioned before, S is a symmetric matrix of dimension (n +m) x (n + m). By
definition, s,; = s;; for all 7, j. Thus, the information contained in the lower triangular part

(including the diagonal) is identical to that in the upper triangular part.

For instance, & can be represented as:

511 512 513 o Sindm

591 599 503 T 52n4m

S=| s3n 532 §33 0 S3n4m
_5n+m,1 5n—&-m,2 5n+m73 T 5n+m,n+m_

To focus on the lower triangular part, we consider only the entries s;; for 7 > j:

511 0 0

S21 §92 0

Stower = | 831 32 33
_5n+m,1 Sn+m,2 Sntm,3 " 5n+m,n+m_

By focusing on the lower triangular part of S, we avoid redundant calculations, thereby im-
proving computational efficiency. Specifically, when evaluating S, we limit our operations to

the entries s;; for ¢ > j, halving the number of computations required.

For a matrix of size (n +m) X (n 4+ m), there are

N .
% unique entries in the lower
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triangular part. This is in contrast to the (n +m)? entries in the full matrix. Consequently,
this approach reduces the computational complexity from O((n+m)?) to O (W), thereby
enhancing efficiency while retaining all necessary information for further processing. Thus,
focusing on the lower triangular part of § is a strategy to improve computational efficiency

without loss of information. O]

Method 1: (Maximum Likelihood Estimation for the Parameter Matrix U under Gaussian
Noise Distribution) Given the observed data & and the noise variance o2, the goal is to find
the parameter matrix U that maximizes the likelihood of the observed data under our pro-

posed SPMF model, assuming a Gaussian noise distribution.

Our objective is to estimate the parameters of U that best align with the entries in the matrix
S under our proposed SPMF model. From Equation (3.6), we can see that for the entry s;;
in S:

s, ~ N(UU);,0%). (3.7)

So the probability density function of observing s;; given (UU');; and o2 is:

1 (8ij — (UUT)ij)2> '

p(s,(UUT),5,0%) = exp (—

(3.8)

202

vV 2mo?

Considering the Lemma 1, our goal is to maximize the likelihood of observing the lower
triangular and diagonal elements of S given the parameters U. Therefore, the likelihood

function is expressed as:

(3.9)

Maximizing the likelihood is equivalent to minimizing the negative log-likelihood. Taking

the negative log-likelihood, we get:

LY = —log L(U)S) = " m)(T ML) og(2mo?) + 2; nfjn Z_j (55 — (UUT))%,

(3.10)

We are currently aiming to determine the derivative of the negative log-likelihood with re-
spect to U. We employ the following lemma to ascertain the derivative of UU”? with respect

to U for any given entry w;;.
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Lemma 2. For any entry (UUT),,, where 1 < p,q < n+m, The derivative of (UUT),, with

respect to u;j s:

0

8Uij

(UUT) pg = tgj0pi + tp;Sgis (3.11)
where 6;; represents the Kronecker delta, which equals 1 when ¢ = j and 0 otherwise.

Proof. To demonstrate this result, we start by considering the derivative of an element
(UUT),q, where 1 < p,qg < n+ m. This element can be represented as the sum of prod-

ucts:

UUT Z upluql

Therefore, the derivative of (UUT),, with respect to w;; is:

a%,(“ijqu) =ug iti=p pFg
0 O (w;ilyi) = Up; ifi=gq, p#q
ou; (UUT pq a Zupluql = 82”( J pj) " or . ’ (3.12)
g Yij 1=1 Wm(uppupp) =2up, ifi=j=p
0 otherwise.

Since the Kronecker delta d;; ensures that the terms are zero unless [ = j, we can simplify
further:

0
ou (UUT) upjéqi + quép,-. (313)
ij
And this concludes the proof of the lemma. n

We can now calculate the derivative of the negative log-likelihood with respect to U for any

element u;; of U by utilizing the equation (3.11), as shown below:
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—log L(U|S
T = G [l LUIS)
0| LN S e - WU,
auij 20_2 o Ppq Ppq
n+m p a 1 T 5
- Z Z B {02 Spg — (UU" )pg) ]
peto=t Y 3.14)
=SS [~ (U0 s (W) .
= = = 202 pq Pq 8uij pq
1 ndm P T 0 T
- Z Z (8p — (UU )pq)a (uu”)
p=1 g=1 )
1 n+m p T
= > [ Spg — (UU” )pg) [g0pi + um'éqi]] :
p=1 g=1
We can use gradient descent to iteratively update the parameters U as follows:
oL(U,
U1 =U;—« 85@07 (3-15)

where U; denotes the value of U at iteration ¢ and « is the learning rate. In the equation

OL(U)
U

trix of parameters U. By subtracting this derivative from the current values of U scaled by

above, represents the derivative of the negative log-likelihood with respect to the ma-
the learning rate a;, we can update the values of U in the direction that decreases the nega-
tive log-likelihood the most. This is known as the gradient descent algorithm. The learning
rate « is a hyperparameter that determines the step size taken in each iteration of gradient
descent. Selecting an appropriate learning rate is an important step in the training process,

and we can determine the suitable learning rate through cross-validation.

The process stops when a predefined convergence criterion is met. In the context of gradi-
ent descent, this typically involves monitoring the change in the objective function or the
gradient. The iterations continue until the change in these values becomes sufficiently small,
indicating that the algorithm has reached a minimum or a point where further iterations are
not significantly improving the results. Once we have learned the values of U, we can use

them to predict the similarities between the users and items by computing UU?.

The primary objective is to iteratively assess the SPMF model’s performance by segmenting

the observed data into training and validation sets. This process involves partitioning the
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observed matrix S using a "speckled" holdout pattern. A binary mask matrix M is created,
with entries randomly set to 0 (validation points) or 1 (training points). This ensures no
row or column is fully excluded, allowing all parameters to be estimated. The approach for

cross-validation was inspired by Alex Williams’ method, detailed in his blog post!.

For instance, if the objective function is ||S — UUT||%, the mask matrix M allows us to

reformulate the optimization problem as:
min [|M © (S - UUY)|%

where ® denotes the Hadamard product (element-wise multiplication). After solving this

optimization problem, we evaluate the model on the held-out data points using:

1
|Held-out| (i.d)

Yo (s — (UUT);)2

€Held-out

RMSE = $

This speckled holdout pattern ensures balanced partitioning, prevents overfitting, and im-

proves the generalization of the model.

To better understand how the speckled cross-validation algorithm works, we create a toy ex-
ample. Please note that all matrices used here are artificial and the goal is solely to elucidate

the speckled algorithm.

Speckled Cross-Validation for SPMF: A Toy Example

Cross-validation is a crucial method for evaluating and improving the performance of matrix
factorization models. This example illustrates the process using a symmetric matrix S, a
mask matrix M, and an initialized factor matrix U. To begin, consider the mask matrix M,

where 80% of the entries are 1 (used for training) and 20% are 0 (used for validation):

10111
11011
M=10 11 11
1 1110
1 0111

!The approach for cross-validation was inspired by the method outlined in a blog post by Alex Williams.
https://alexhwilliams.info/itsneuronalblog/2018/02/26/crossval/


https://alexhwilliams.info/itsneuronalblog/2018/02/26/crossval/
https://alexhwilliams.info/itsneuronalblog/2018/02/26/crossval/
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This random mask matrix M is used to specify which elements of the symmetric matrix &
are used for training and which are held out for validation. Let’s the symmetric matrix § is

defined as follows:

1 05 03 07 0.2]
05 1 06 08 04
S=103 06 1 09 05].
0.7 08 09 1 06
02 04 05 06 1

Next, we initialize the factor matrix U with random values, and set the number of latent

factors k& = 2: ) )
0.5 0.8

09 04
U=10.3 0.2].
04 0.5
0.7 0.6

Using this U, we compute the product UU”:

0.89 0.77 0.31 0.6 0.83
0.77 097 0.35 0.56 0.87
0.31 0.35 0.13 0.22 0.33].
0.6 056 0.22 041 0.58
0.83 0.87 0.33 0.58 0.85

uur

For the training set, we optimize the objective function by minimizing the difference between
the observed ratings and the predicted ratings, using only the entries specified by the mask

matrix M:
min||M © (S - uunh ||z

Here, ® denotes the Hadamard product. The training set elements are:

[ 1-0.89 0 03-031 0.7-06 0.2—0.83]
0.5-0.77 1-0.97 0 0.8 —0.56 0.4 — 0.87
Mo (S -UUT) = 0 0.6-035 1-013 09—022 0.5-0.33|.
0.7-06 08—056 09—022 1041 0
0.2 - 0.83 0 0.5-0.33 0.6-058 1—0.85 |

To find the optimal U, we use an iterative approach to minimize the Frobenius norm of the

above matrix. After training, we evaluate the model on the held-out data by calculating the
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RMSE:

1

|Held-out| )Z (si7 — (UUT);5)2
(4,

€Held-out

RMSE = $

The validation set elements are:

0 0.5 —0.77 0 0 0
0 0 0.6 —0.35 0 0
(1-M)®(S—-UU") = {0.3-0.31 0 0 0 0
0 0 0 0 0.6—0.58
0 0.4 —0.87 0 0 0 |

Therefore, the sum of squared differences is:

(0.5 —0.77)? + (0.6 — 0.35)* + (0.3 — 0.31)* + (0.6 — 0.58)* 4 (0.4 — 0.87)* = 0.3568.

vt = [T _ o

This is just a toy example to demonstrate the process. A complete example using real-world

Finally,

data will be discussed in Chapter 4.

In the context of K-fold cross-validation, we apply the speckled cross-validation approach by
constructing the binary mask matrix M. This involves dividing the lower triangular part and
diagonal of the matrix S (based on Lemma 1) randomly into K approximately equal-sized
folds. Each entry in M, aligned with the matrix &, indicates whether the corresponding
element in S belongs to the training set (represented as 1) or the validation set (represented
as 0).

The process of creating M for K-fold cross-validation involves:
o Randomly dividing the lower triangular part and diagonal matrix S into K folds.

» Setting the corresponding elements in M to 0 (indicating validation) for each fold and

keeping the rest as 1 (indicating training).

« Rotating which fold is used for validation in each iteration until all folds have been

used as validation once.

The algorithm 2 describes the MLE approach using normal distributions for estimating the
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matrix U in a recommendation system. Here are the key parts of the algorithm explained

briefly:

Data Preprocessing:

— Replace missing values with 0 in the user-item matrix R.

— Calculate the normalized matrices Rry and Roy from R.

Block Matrix Calculation:

— Compute the block matrix S.

Cross-Validation:

— Employ K-fold cross-validation by randomly partitioning the elements of the lower
triangular part and diagonal matrix S into K folds. A detailed explanation of this

will be provided in 4.3.

Training and Validation:

— Designate Sjqin for training and S, for validation purposes.
— Explore various combinations of latent factors k and learning rates a.

— Initialize matrix U with random values and fine-tune it through multiple iterations

using gradient descent.

Keep track of the validation loss, calculated as the RMSE between the S,, and

the optimized U using the optimization approach detailed earlier.
e Determine the Best Latent Factor:

— Find the latent factor kpes; that minimizes the average validation loss across all
folds.

e Optimal Learning Rate:

— Identify the learning rate o* that minimizes the validation loss for the best latent

factor kpest.
e Training with Optimal Parameters:

— Initialize U with random values using the optimal latent factor kyes; and optimize

U using the best learning rate a*.
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e Performance Evaluation:

— Calculate the approximated S using U.
— Compute the RMSE.

e Output:

— Provide the estimated matrix U , the best latent factor kyest, and the RMSE based

on kbest .

These steps summarize the process of estimating the matrix U using maximum likelihood
estimation with normal distribution and evaluating the model’s performance through cross-

validation and RMSE calculations.
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Algorithm 2 Maximum Likelihood Approach using Normal Distribution with Cross-
Validation
Require: User-item matrix R, a fixed o2, list of learning rates o, number of iterations T,
number of folds F
Ensure: Estimated matrix U, best number of latent factors kpesi, RMSE based on ket
Replace missing value with 0 in R
Calculate the normalized matrix Rry and Roy
Calculate the block matrix S
Randomly partitioning the elements of the lower triangular part and diagonal matrix S
into I folds
Designate the data into training and validation sets: Siqin and S,y
for f =1to F' do
for £ =1 to K,.x do
Initialize a list of validation losses L,q[f][k] for each potential latent factor k
for o in a do
10: Initialize U with random values
11: fort=1to T do
12: Compute the gradient of the loss function with respect to U using Sjqin and
the equation (3.14)
13: Update U using gradient descent: U <— U — aag—g])
14: end for
15: Compute the validation loss using the original Syy; @ Loa|f][k] < Loa[f][k] +
+Lpnse(Sear, U)
16: end for
17 end for
18: end for
19: Find the best kpet that minimizes the average validation loss across folds: Fkpest =
arganing (£, Lual /1)
20: Find the best learning rate o* for kpesi: o = argming Ly [ f][kpest]
21: Initialize U with random values and the obtained latent factor kpest
22: fort=1to T do
23:  Compute the gradient of the loss function with respect to U using the equation (3.14)
24:  Update U using the best learning rate: U < U — a*(aggj))
25: end for
26: Calculate the estimated S
27: Compute the RMSE
28: return U, kpest, RMSE
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3.2.2 Maximum Likelihood Approach using Laplace Distribution

In this section, we further explore the Maximum Likelihood Estimation (MLE) for the pa-
rameters of U in the matrix factorization approach applied to the block matrix & using our
proposed SPMF method. This approach utilizes the Laplace distribution as an alternative

to the normal distribution.

As stated in (3.4), we assume that the symmetric matrix S can be approximated by the
product of two low-dimensional matrices, U and U”, along with a noise term that follows a

Laplace distribution:

where ¢;; are independently and identically distributed according to Laplace distribution with

parameters (0,b), and s;; represents an entry of the matrix S.

Method 2: (Maximum Likelihood Estimation for the matrix U - Laplace Noise Distribution)
Given the observed data S and the scale parameter b, the objective is to find the parameter
matrix U that maximizes the likelihood of the observed data under our proposed SPMF

model, assuming a Laplace noise distribution.

To acquire the parameters within matrix U, we aim to maximize the likelihood of the observed

entries in S. For each entry s;; of S, we have:

55 ~ Laplace((UUT)ij, b) (317)

The probability density function of a Laplacian distribution with location parameter p and

scale parameter b is given by:

Pl b) = = exp (—'x ‘“') | (315)

Thus, the probability density function of s;; given (UUT);; and b is:

el U0 = g exp (-0, 319)

Lemma 3. For the Laplace distribution with the scale parameter b, the derivative of the
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log-likelihood with respect to U is given by:

n+m % a

0 log L(U|S) = —— Z > sgn(si; — (UU),)

oU 2 2 @(—(UUT)U-) (3.20)

Proof. Referring to the Lemma 1, our goal is to maximize the likelihood of observing the
lower triangular and diagonal elements of S given the parameters U. Therefore, the likelihood

function is expressed as:

i w1 ey — (UUT)y
U|S H Hp 5z]| UUT z]’ ): H H%eXp <_‘ J b J . (321)
i=1 j=1 i=1 j=1

To find the values of U that maximize the likelihood function, we can take the logarithm of
the function and maximize it instead. Therefore, the log-likelihood function can be written

as:

log L(U|S) = ngilog < exp <— [sij = (l[)]UT)”|>> . (3.22)

=1 j=1

We can simplify this expression further:

. .
log L(U|S) = ~3 > sy — (UUT)5] + constant. (3.23)

Here, the constant term does not affect the optimization problem and can be ignored. Now,

let’s compute the gradient with respect to the elements of U:

=1 j=1

a a n+m %
i log L(U|S) = 30 ( 5 S sy — (UUT)] + constant)

n+m 1
= —g@ (Z > lsiy — (UUT) UI) -

=1 j=1

The gradient with respect to the elements of U can be computed by considering the subgra-
dients of the absolute value function. Let’s denote the subgradient of |z| as sgn(x), which

takes the value —1, 0, or 1 depending on the sign of x. Finally, we can express the gradient

as fO].lOV\/S:
IOgL 1/ |S —*ngm El Sgns I/I/ ) ) (5 (l/i) )) (3 24)
9[7 P (/A ij 9(7 ij vy /) :

where2 (s;; — (UUT);;) = 2 (—(UU™);;) can be computed in a similar way as we described
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in (3.11). 0

To maximize the log-likelihood function, we can apply gradient descent. In gradient descent,

we update the values of U iteratively in the opposite direction of the gradient:

0
U1 =U; — «

8T]t log L(Ut|8)>

where U; denotes the value of U at iteration ¢t and « is the learning rate that controls the

step size in each iteration.

By iteratively updating the values of U according to the gradient descent update rules, we
can gradually maximize the log-likelihood function and find the optimal values of U that

maximize it. The algorithm for this process is described in Algorithm 3.
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Algorithm 3 Maximum Likelihood Approach using Laplace Distributions

Require: User-item matrix R, a fix b, list of learning rates o, number of iterations 7', number

of folds F

Ensure: Estimated matrix U, best number of latent factors kyesi, RMSE based on kst

10:
11:
12:

13:
14:
15:

16:
17:
18:
19:

20:
21:
22:
23:
24:
25:
26:
27:
28:

Replace missing value with 0 in R
Calculate the normalized matrix Rry and Roy
Calculate the block matrix S
Randomly partitioning the elements of the lower triangular part and diagonal matrix S
into F' folds
Designate the data into training and validation sets: Syqqin and Syu
for f =1to F do
for £k =1 to K. do
Initialize a list of validation losses L,q|f][k] for each potential latent factor k
for a in a do
Initialize U with random values
fort=1to T do
Compute the gradient of the loss function with respect to U using S;qin and
the equation (3.20)
Update U using gradient descent
end for
Compute the validation loss using the original Syy @ Loalf][k] < Loa[f][k] +
%LRMSE(Svala U)
end for
end for
end for
Find the best kpest that minimizes the average validation loss across folds: kpest =
argming, (4 °7-; Loalf][F])
Find the best learning rate o* for kpesi: o = argming Ly [f][Epest]
Initialize U with random values and the obtained latent factor kpegt
fort=1toT do
Compute the gradient of the loss function with respect to U using the equation (3.20)
Update U using the best learning rate
end for
Calculate the estimated S
Compute the RMSE
return U, kpest, RMSE
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3.2.3 Bayesian Estimation with Gaussian Priors

In this section, we leverage a Bayesian framework to estimate the matrix U using our pro-
posed SPMF method by incorporating prior knowledge about the data. Establishing a prior

distribution over U enables us to estimate user preferences within this informed framework.

To initiate the Bayesian estimation, one approach is to presume that the entries of U follow

an identical Gaussian distribution with a mean of zero and a variance of o, [85]:

n+m k
p(U) = H HN(upq | 07‘712])-
p=1 qg=1

Here, p(U) represents the prior probability distribution governing U, allowing integration of
our prior knowledge or assumptions about U into the model. Specifically, within this context,
we adopt a Gaussian prior distribution for the individual elements of U. This prior assumes
that entries w,, of the matrix U are independent and identically distributed according to a
Gaussian distribution with a mean of zero and a variance of o. The notation N (u,, | 0, 0%)
signifies the Gaussian probability density function characterizing each element u,,, featuring

a mean of zero and a variance of 7.

Next, referring to the Equation (3.4), we need to specify a likelihood function for the matrix

2

data S given the parameters U and the noise variance ¢°, similar to what we described in

Equation (3.9).

Method 3: (Estimating the Matrix U through Bayesian Inference) Given the observed data

S and parameters o7, and o2, our goal is to estimate the matrix U using Bayesian inference.

Using Bayes’ theorem, the posterior distribution of U given the data S and the parameters

0% and o2 is proportional to the product of the prior and the likelihood:

p(U|S, 0%, 0%) o< p(U)p(S|U, 02). (3.25)

Referring to the Lemma 1, our goal is to maximize the likelihood p(U|S,c?,0?), which

involves observing the lower triangular and diagonal elements of S given the parameters U.
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This is equivalent to minimizing the negative logarithm of the posterior distribution:

LU)=—- logp(U]S ot,0%) = —logp(U) — log p(S|U, 0?) + constant

HUHF ntm i T (3.26)
%, LL B
20.2 0.2 22:1 szl 5] ])

where the constant term does not depend on U and can be ignored. To minimize the loss

function £(U) using gradient descent, we first need to compute its derivative with respect to
U:

OL(U) HUHF (i T
R UUT))? ) . (3.27)

To do that we calculate the derivative with respect to any entry wu;; of the matrix U.

Lemma 4. For any entry w;; of U:

oL(U ] ntm P 1
( ) ) Z Z {(qu - (UUT)pq)[qudpi + upjfsqiﬂ + O_Tui_j- (3.28)
p=1 g=1

8uij o U

Proof. As we computed in Equation (3.14):

o n+m 1 1 n+m p

(3.29)

2
Next, we calculate the derivative of the expression % with respect to the matrix U for
U

each entry w;;. Starting with the Frobenius norm squared expression:
n+m p

NUNE = D" > up, (3.30)

p=1 ¢=1

The derivative of H HF with respect to u;; is:

8 HUH2 a n+m p 1
( i) _ 2<7U > Y, ) = (3.31)

3uij 2O'U 8uij =1 g=1

By combining equations (3.29) and (3.31), the desired result is obtained.
O

Now, we can utilize the gradient calculated in the previous lemma to iteratively update the
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parameters of U using the gradient descent algorithm:

L)

U1 = U — « au, )

(3.32)

where U; denotes the value of U at iteration ¢, « is the learning rate, and ac Ut

is the gradient
of the loss function with respect to U evaluated at U;. The gradient descent algorithm works
by iteratively updating the parameters U in the direction of steepest descent of the loss
function until convergence. The learning rate controls the size of the steps taken in each
iteration and should be chosen carefully to ensure convergence. The complete algorithm for

approximating the block matrix S using Bayesian inference is described in Algorithm 4.
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Algorithm 4 SPMF using Bayesian Inference with Cross-Validation

Require: User-item matrix R, a fix 02, a fix o, list of learning rates o, number of iterations

T, number of folds F

Ensure: Estimated matrix U, best number of latent factors kyest, RMSE based on kst

10:
11:
12:

13:
14:
15:

16:
17:
18:
19:

20:
21:
22:
23:
24:
25:
26:
27:
28:

Replace missing value with 0 in R
Calculate the normalized matrix Rry and Roy
Calculate the block matrix S
Randomly partitioning the elements of the lower triangular part and diagonal matrix S
into F' folds
Designate the data into training and validation sets: Sy.qin and S,u
for f =1to F do
for k =1 to K, ,x do
Initialize a list of validation losses L,q|f][k] for each potential latent factor k
for o in a do
Initialize U with random values
fort=1to T do
Compute the gradient of the loss function with respect to U using Sipqin and
the equation (3.28)
Update U using gradient descent: U < U — «
end for
Compute the validation loss using the original Syo; @ Lya|f][k] < Loalf][k] +
+Lrnse(Svat, U)
end for
end for
end for
Find the best kpest that minimizes the average validation loss across folds: kpest =
argming (£ 5, Loalf][])
Find the best learning rate o* for kpes: o = argming Ly [f][kpest]
Initialize U with random values and the obtained latent factor kpest
fort=1to T do
Compute the gradient of the loss function with respect to U using the equation (3.28)
Update U using the best learning rate: U < U — a*(aggj))
end for
Calculate the estimated S
Compute the RMSE based
return U, kpest, RMSE

aL(U)
U
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Following our explanation of the block matrix estimation process, we illustrate its practical

application through a toy example that demonstrates the real-world utility of SPMF.

Application of SPMF: A Practical Toy Example

Below, we provide a numerical example illustrating how ratings are predicted using SPMF.
This example elucidates how we derive insights from the approximated block matrix S.
Among the proposed SPMF methods—MLE with a normal noise distribution, MLE with a
Laplace noise distribution, and Bayesian estimation with a normal distribution for the error
term and a normal distribution as a prior for the entries of U—we opt for Bayesian estima-
tion. It is important to note that the block matrix & can also be approximated using the
other SPMF methods mentioned above.

We will factorize the same matrix used for SVD, Basic Matrix Factorization, and NMF and

PMF, but this time using SPMF. The user-movie rating matrix R is shown below:

Matrix Titanic Inception

Alice 4 1 NA

Bob 2 2
R 0 5

Carol 5 2 5

Dave NA 5 5

Our objective is to demonstrate the relationships between users and items by estimating the
matrix U and predicting the missing ratings within the provided user-item rating matrix R.
Specifically, we aim to predict Alice’s rating for "Inception” movie and Dave’s rating for "Ma-

trix" movie. These predictions leverage the latent factors obtained from the SPMF process.

Upon deriving these interpretations and predictions, we delve deeper into understanding the
dynamics that underpin the relationships between movies, users, and their preferences. This

exploration includes examining;:

o Movie-Movie Similarities: Understanding how different movies relate to each other

based on their latent factor representations.

o User-User Similarities: Analyzing the similarities between users in terms of their

preferences and behaviors.

o User-Movie Interactions: Investigating the nuanced interactions between users and
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movies, which influence their ratings and preferences.

Therefore, through this analysis, we aim to uncover the intricate patterns and dynamics that
govern user behavior and item characteristics, thereby enhancing the interpretability and

reliability of our proposed SPMF method.

First, we describe the methodology for deriving the optimal estimated matrix U by employ-

ing the Bayesian framework outlined in Algorithm 4.

Matrix U Estimation

The Bayesian estimation approach offers several advantages, including the incorporation of
prior knowledge and the ability to quantify uncertainty in the predictions. To estimate the
optimal matrix U using the proposed SPMF, we utilize a Bayesian inference algorithm with
cross-validation, implemented in Python based on Algorithm 4. Below, we explain how this

matrix is obtained using the SPMF method with Bayesian inference.

Given that there are just two genres, "Action" and "Romance," the maximum number of
latent factors is kna.x = 2. The learning rates « are set to 0.1 and 0.01, and the number
of iterations T is set to 30, 50, and 100. The main steps of this algorithm to estimate the
optimal matrix U using the proposed SPMF, are outlined below:

1. Initialization and Data Preparation:

o The user-item matrix R is prepared by replacing missing values with 0.
e The normalized matrices Rry and Rqon are calculated.

e The block matrix S is computed from these normalized matrices.

The elements of the lower triangular part and diagonal of S are partitioned into

5 folds for cross-validation using the speckled method.
2. Cross-Validation for Latent Factors and Learning Rate:

o For each fold and each potential number of latent factors k = 1,2, the algorithm

initializes a list of validation losses.

o For each learning rate « = 0.1, 0.01, the matrix U is initialized with random values.
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e For each number of iterations T = 30,50 and 100, the gradient of the SPMF
objective function with Bayesian inference with respect to U is computed and

used to update U using gradient descent.

o The validation loss is computed using the original validation set S,,;, and averaged
across folds to identify the best number of latent factors kypes; and the best learning

rate a.
3. Final Estimation of Matrix U:

o With the identified kpeq = 2 and o = 0.1, the matrix U is re-initialized and

updated over T' = 50 iterations using gradient descent.

e The estimated matrix S is computed, and the RMSE is calculated to evaluate the

model’s accuracy.

User Preferences and Latent Factors:

The estimated optimal matrix U, obtained using Algorithm 4, is illustrated below.

Action Romance

Matrix 0.93 0.35

Titanic 0.41 0.9
Inception 0.8 0.58
U= Alice 0.9 0.43
Bob 0.43 0.89
Carol 0.95 0.3
Dave 0.71 0.7

Interpreting the matrix U reveals insights into user preferences. The matrix U represents
the latent factors for movies and users after the estimation process. Each row corresponds
to a movie or user, and each column corresponds to a latent factor associated with a genre
("Action" and "Romance" in this case). The values in the matrix indicate the strength of the
association between each movie/user and each genre. Below, we elaborate on how we can
derive meaningful insights from the obtained matrix U and utilize these insights to enhance

our understanding of user preferences and movie characteristics:
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o Movies relation with latent factors
— Matrix: Strongly associated with the "Action" genre (0.93) and moderately with
"Romance" (0.35).

— Titanic: Strongly associated with the "Romance" genre (0.9) and weakly with
"Action" (0.41).

— Inception: Moderately associated with both "Action" (0.8) and "Romance" (0.58).
« User Preferences:

— Alice: Prefers "Action" (0.9) more than "Romance" (0.43).

— Bob: Strongly prefers "Romance" (0.89) with a moderate association with "Ac-
tion" (0.43).

— Carol: Strong preference for "Action" (0.95) and low preference for "Romance'
(0.3).

— Dave: Balanced preference for both "Action" (0.71) and "Romance" (0.7).

By leveraging the latent factors in U, we can not only enhance user experience by providing
personalized recommendations but also drive strategic decisions in marketing and content

creation to better meet the preferences of the audience.

Predicting Missing Ratings:

Based on the construction of the block matrix S, the off-diagonal blocks serve to represent
Rry and R% ., encapsulating the interactions between users and items. After obtaining the
matrix U through the SPMF process and subsequently calculating the product Uu T we
are equipped to make predictions for missing ratings. In our specific scenario, we arrived at

matrix U via factorization and computed U0T to yield the following representation:
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Matrix Titanic Inception Alice Bob Carol Dave

Matrix 0.99  0.70 0.96 0.99 0.71 099 0.91
Titanic 0.70  0.99 0.86 0.76  0.98 0.66 0.93
Inception | 0.96  0.86 0.99 0.98 0.87 094 0.98
UUT = Alice 0.99 0.76 0.93 0.99 0.77 0.98 0.94
Bob 0.71 0.98 0.87 0.77 098 0.68 0.93
Carol 0.99  0.66 0.94 0.98 0.68 099 0.88
Dave 0.91 0.93 0.98 0.94 093 0.88 0.99

To better visualize the four blocks of the approximated matrix S=0U0 T we color-code it

as shown below:

Matrix Titanic Inception Alice Bob Carol Dave
Matrix 0.99 0.70 0.96 0.99 0.71 0.99 0.91
Titanic 0.70 0.99 0.86 0.76 0.98 0.66 0.93

Inception | 0.96 0.86 0.99 0.98 087 094 0.98

Alice 0.99 0.76 0.98 0.99 0.77 098 0.94
Bob 0.71 0.98 0.87 0.77 098 0.68 0.93
Carol 0.99 0.66 0.94 0.98 0.68 0.99 0.88
Dave 0.91 0.93 0.98 0.94 093 0.88 0.99

Upon comparing the resulting UUT with the previously constructed & matrix, we discern
that the yellow block corresponds to the approximated Rgy. As a result, we can deduce that
the predicted rating in standardized form for the user Alice and the movie Inception stands
at 0.98. To convert the predicted rating into a range between 0 and 5, the following formula
is used [1]:

Predicted rating = predicted standardized rating x (max rate in R—min rate in R). (3.33)

The Equation (3.33) scales the standardized prediction by the range of ratings in the original
dataset. Consequently, this formula rescales the prediction to fit within the original range of

ratings, specifically between 0 and 5.

Therefore, the predicted rating for the user Alice and the movie Inception is 0.98 x (5 —0) =
4.9. This inference implies a resemblance between Alice’s cinematic preferences and the ob-

served similarity between The Matrix and Inception. Similarly, we project a rating of 0.91
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for Emily and The Matrix, indicating that Dave’s movie preferences align with the shared

affinity between herself and The Inception, which will be 4.6.

It is worth noting that we observe that UUT serves as an approximate for S, and this
relationship is reflected in the diagonal values of the matrix. These diagonal elements, which
are not equal to 1, result from the estimation process and indicate some underestimation in

item or user similarity.

Understanding Relationships:

Blue Block (Movie-Movie Similarity Matrix): The blue-colored area corresponds to
the item-item similarity matrix. Each cell in this block indicates the similarity between two

movies based on their shared characteristics. Higher values signify stronger similarity.

For instance:

o Matrix and Titanic: The similarity score of 0.70 suggests that "Matrix" and "Titanic"

share some common latent factors, although the similarity is moderate.

o Matrix and Inception: A high similarity score of 0.96 indicates that "Matrix" and

"Inception" have a strong association, likely sharing many action-related latent factors.

o Titanic and Inception: With a score of 0.86, "Titanic" and "Inception" have some

significant shared attributes, possibly related to a blend of romance and action genres.

Red Block (User-User Similarity Matrix): The red-highlighted region corresponds to
the user-user similarity matrix. Each cell represents the similarity between two users based

on their movie preferences. Larger values indicate greater similarity.

For instance:

o Alice and Bob: The similarity score of 0.77 suggests that Alice and Bob share some

common latent factors, although the similarity is moderate.

o Alice and Carol: A high similarity score of 0.98 indicates that Alice and Carol have a
strong association, likely sharing many similar preferences in both action and romance

genres.

¢ Alice and Dave: The score of 0.94 shows that Alice and Dave have a substantial

similarity in their preferences, indicating shared attributes or characteristics.
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e« Bob and Carol: With a score of 0.68, Bob and Carol have some shared attributes,

though less strong compared to others.

« Bob and Dave: The similarity score of 0.93 suggests that Bob and Dave share a high

degree of common latent factors, indicating similar tastes.

e Carol and Dave: With a score of 0.88, Carol and Dave have a high level of similarity

in their preferences.

This interpretation helps in understanding the relationships between users, which can be

leveraged for making recommendations based on the similarity of user preferences.

Upon factorizing the user-item rating matrix R using SPMF, we present our contributions of
introducing SPMF and compare it with other state-of-the-art models like SVD, NMF, and
PMF.

Contributions of Proposed SPMF vs. Other RS Methods

After factorizing the user-item rating matrix R using SPMF with Bayesian inference in the toy
example, we summarize the key contributions of our proposed SPMF method and highlight
how it differentiates from traditional recommendation system techniques like SVD, NMF,

and PMF. The following points elucidate the innovations and advantages of SPMF:

1. Transformation from Biconvex to Convex Optimization:

e Unified Matrix Interpretation: By transforming the optimization problem
from biconvex to convex, SPMF allows for the interpretation of a single matrix U
rather than two matrices (U and V') as in traditional matrix factorization methods.
This unified matrix U simultaneously represents both items and users, capturing

their relations with latent factors more coherently.

o Simplified Model Structure: The convex optimization framework simplifies

the model structure, making it more robust and easier to analyze mathematically.
2. Interpretability and Practical Insights:

o Enhanced Interpretability: The obtained matrix U is more interpretable, al-
lowing for clear insights into user preferences and item characteristics. This inter-
pretability is crucial for making actionable recommendations and strategic deci-

sions based on the model’s output.
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o Application of Bayesian Inference: By incorporating Bayesian inference,
SPMF quantifies the uncertainty in predictions, providing a probabilistic mea-

sure of confidence that is valuable for decision-making.
3. Optimal Solution and Latent Factors:

e Unique Optimal Solution: SPMF guarantees the finding of a unique optimal

solution U, providing stability and reliability in the recommendations generated.

¢ Determination of Latent Factors: The method allows for the identification
of the optimal number of latent factors k, ensuring that the model maximizes its

predictive power.
4. Simultaneous Prediction and Similarity Calculation:

o Predicting Missing Values: By calculating UU?, SPMF enables the prediction

of missing values within the user-item matrix.

o Item-Item and User-User Similarity: The matrix UU? also provides insights
into item-item and user-user similarities, which are crucial for recommendation

tasks. This dual functionality streamlines the recommendation process.
5. Probabilistic Framework and Cross-Validation:

o Data Splitting for Training and Validation: Unlike SVD and NMF, SPMF
leverages a probabilistic framework that allows for data splitting into training and
validation sets. This capability ensures that the model can be generalized well to

unseen data.

o Model Adaptability: The probabilistic nature of SPMF makes it adaptable for
use with new, unseen data, enhancing its practical utility in dynamic environ-

ments.

These contributions demonstrate the innovative aspects of SPMF and its advantages over tra-
ditional matrix factorization methods, positioning it as a tool for recommendation systems.
By addressing key limitations of existing methods and introducing new capabilities, SPMF
advances the field of recommendation systems, providing more robust and interpretable rec-

ommendations.
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3.3 Symmetric Probabilistic Binary Matrix Factorization (SPBMF)

In the continually evolving landscape of Artificial Intelligence (Al)-enabled digital entertain-
ment, platforms like YouTube, Amazon, and Netflix have revolutionized video content con-
sumption, functioning as major advertising channels generating substantial revenue through
targeted advertisements. The effectiveness of their recommendation systems is critical for
maximizing revenue, as these systems capture and retain user attention by proposing videos
or items tailored to individual preferences. Accurate predictions of user preferences extend
user engagement and enhance advertisement delivery potential. A significant challenge lies in
recommending the most suitable content from overwhelmingly vast repositories, where user
preferences are often simplified into binary ratings representing likes or dislikes. Developing
a robust recommendation system for binary user-item rating matrices is thus crucial, as it
improves user satisfaction by delivering more relevant content, thereby optimizing advertise-

ment exposure and engagement.

In this section, we introduce a subtle modification to the objective function of SPMF to
demonstrate its applicability in binary recommendation systems, specifically addressing the
item recommendation challenge in the binary regime. Binary recommendation systems rep-
resent an application of SPMF where the Bernoulli distribution is pivotal in guiding the
optimization process to accommodate the binary data matrix. We call this modified ap-
proach Symmetric Probabilistic Binary Matrix Factorization (SPBMF). By leveraging the
core principles of SPMF, SPBMF interprets and anticipates user preferences based on binary

ratings, thereby offering a robust solution to the challenge of video recommendations.

To this end, we transform each entry of the block matrix S in Equation 3.1 into a binary repre-

sentation, referred to as the binary matrix Sp;,. This transformation involves two main steps:

Firstly, we normalize the off-diagonal blocks of matrix S row-wise (Rry and R%,), where
all entries are normalized to be within the range 0 to 1. So for any given element s;; in the

off-diagonal blocks of S, we define:

0, if 5 <t
Sbin = (334)
1, otherwise

where ¢ is a threshold typically set to 0.5 but can be adjusted to different levels according to

the domain context. Secondly, the diagonal blocks of Sy, are defined by performing a correla-
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tion test on RT R and RR”, respectively. For entries where the p-value of the correlation test

is below the significance level of 0.05, we assign a value of 1; otherwise, we assign a value of 0.

Below, we demonstrate the construction of the binary matrix Sy;, using the following user-

item rating matrix R introduced in Equation 2.14.

Matrix Titanic Inception

Alice 4 1 NA
Bob 2 5
R= " (3.35)
Carol 5 2
Dave NA 5

First, we replace NA with 0 and create the block matrix S

(45 24 20 4 0]

24 55 45 1 5

29 45 54 0 5
RTR  RT

S = — |4 1 0 17 13 22 5
R RRT

9 5 2 13 33 30 35

5 2 5 22 30 54 35

0 5 5 5 35 35 50

Next, we use the Ly norm to normalize the off-diagonal blocks of matrix S row-wise (Rgy

and RE). By applying the binarization with ¢ = 0.5 in the Equation 3.34, we obtain:

0.97 0.24 0 100

1 035 0.87 0.35 | pinarization with t=0.5. [0 1 0
Y 068 0.27 0.68 101
0 071 0.71 01 1

In the second step, we calculate the correlation for the matrices R R and RR” using the

Spearman correlation with a significance level of 0.05. The resulting binary correlation ma-
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trices, cor(RRT) and cor(RT R), are as follows:

1010 10 1

0101
cor(RRT) = L o1 ol cor(R"R)= [0 1 1
1 11

0101

Finally, the binary matrix Sy;, is constructed as follows:

1011010
0110101
11100171
Spin=1|1 001 0 1 0
01 00101
1011010
0110101

The primary objective of designing the binary matrix Sy, is to approximate it using the
SPBMF approach. Our goal is to find a low-rank matrix U such that Sy, is approximated
by UU?T. Therefore, we adopt a probabilistic approach to define the interactions between
user-user, item-item, or user-item pairs, derived from the rows of U. This probability that
captures the relationship between a pair of rows (7, j) in the matrix U, denoted by p;;, can
be modeled by a logistic function parameterized by the inner product u] u; between the pair
of rows (i, 7). The sigmoid function transforms this dot product into a value within the [0, 1]
range, serving as a probability-like measure. This transformed value indicates the likelihood
of interaction between the attributes of the user/item associated with u; and those associated

with u;. This transformation is expressed as:

1
T
by = ouf,) =
’ T 14 exp(—uf uy)

i,j=1,....,m+n, (3.36)

where o(u] u;) represents the sigmoid function.

Referring to the Lemma 1, our focus is on the lower triangular and diagonal elements within
Spin. Considering this, we assume that the distribution of each entry in the binary matrix
Spin, follows a Bernoulli distribution, independent of other entries. This implies that the
joint probability mass function of Sy, is derived from the product of interaction probabilities

across the lower triangular and diagonal elements in matrix Sy;,. In other words:
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n+m 7
(Sbm|U H (H pf;] ng 1 sij) )

=1

where s;; represents the entries of Sy, associated with the lower triangular and diagonal
elements. We also assume a Gaussian prior p(U) with zero mean and variance o2 on the rows

of matrix U.

SPBMF Method : (SPBMF for Recommendation Systems) Given the observed data Sy,

2

and parameter o, our goal is to approximate the binary block matrix Sy;, using Bayesian

inference.

Using Bayes’ theorem, we can obtain the posterior distribution of the matrix U given the

observed binary matrix Sy, and the model parameters o2. The posterior probability is given
by:
P(Sin|U)p(U)

USinaO—Q =
p(USpin, 07) oSyl 7?)

(3.37)
where p(Syi,|U) is the likelihood function, p(U) is the prior distribution, and p(Sy,|0?) is
the normalization constant. The quantity p(U|Simn,0?) is the posterior distribution of the
matrix U given the observed block matrix Sy, and the model parameters 2. To find the
maximum a posteriori (MAP) estimate of U, we need to maximize the logarithm of the

posterior distribution:
log p(U|Spin, 0°) = 10g p(Spin|U) + log p(U) — log p(Spin|c?). (3.38)
Lemma 5. The logarithm of the posterior distribution p(U|Syin,c?) can be calculated as

follows:

%

n+m
IOgP(U’Sbmy 0-2) = Z Z [ﬁijU?Uj — log(l + e“iT“j)}
i=1 j=1

n+m
ntm log(2mo?) Z ul'u; — log p(Spin|o?).
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Proof. By substituting p;; = o(ul u;) in Equation (3.38), we get:

n+m 1
log p(UlShin: 0%) = > D [sijlog o (u] uy) + (1 — si) log(1 — o(uj u;))]
i=1 j=1
1 n+m
_ntm log(2mo?) Z ul u; — log p(Spin|o?).
Using the fact that logo(x) = —log(l + e~*) and log(1 — o(x)) = —log(1 + €*), we can
rewrite the above equation as:
n+m 1 1
1ng(U|Sbin7 02) = l:f‘w log + (1 - 5@]) 1Og P
i=1 j=1 s L+ett
n+m n+m
- log(2mo?) Z ul u; — log p(Spin|o?)
n+m 1
{5ijuiTu] log(1 4+ " “J)}
i=1 j=1
1 n+m
_ntm log(2m0?) — 257 > uf w; — log p(Spin|o?).
o? =

]

Lemma 6. The gradient of the log-likelihood function log p(U|Syin, o) with respect to uy is

given by:
9 ) n+m i n+m 1 e“iTuj 1
aUk ng(U|Sb o ) Zzzl jzlﬁ J(UJJ U gk) + = 1+ e“i o (Uj kT u ]k) O_QUk

where 0;; represents the Kronecker delta, which equals 1 when t = j and 0 otherwise.

Proof. The gradient of the log-likelihood function with respect to u, can be expressed as:

a 8 n+m 1@ n+m 1
log p(U|Spin, 0%) = Z > siu up— —— Z > log(1 4w uj)
3 U, i=1 j=1 i=1 j=1
o n+m 8 1

8
- — log(2 1
auk( 9 Og( mo ) auk 202 ; u uz (ng(sbmlg ))
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We have:
a n+m 1 a n+m 1 T
5; - a 5; 7
aUk ; le ]u 4= aUk (121 j=1 3t
n+m 1 a
= Z Zﬁi‘ (ug uj)
i=1 j—1 7 ou ’
n+m 1
= > > si(uidin + widji)
i=1 j=1
Similarly:
a n+m 1 n+m 1 8
3 S log(l+ev )y =33 —log(1+e4 ™)
Quy, = j=1 i=1 j=1 Oug
= > Y ()
=14 1 —|-e“z s 8uk
n+m 1 eli
_ .Z Zil o (v ).
Finally:
o (1" , 1 9, 7 1
Oux <a2 Z; i “) = 002 gy ) = 5 (2u) =~ g

Now, we’ve derived a formula for the gradient of the log posterior probability =2 Fur -1og p(U|Spin, o)

with respect to a row vector wuy:

a n+m 1 ntm i 1
1 US'ma ) i ) (51 15 o WET
u ogp(U|S, ;ngsj ;i + Uil ;§1+euu3 u;Gik + Uidjk) — 52 Uk
(3.39)
[

After finding the gradient of the logarithm of the log posterior probability, we apply the

following steps to estimate the matrix U:
1. Initialization: Start by initializing the rows of matrix U with some initial values.

2. Iterative Update: This step refines the rows of matrix U iteratively to enhance its
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approximation of the binary matrix Sp;,.

n+m 1 n+m i ul'w;

e’ I 1

Uét—l-l) — ug) — Z Zﬁij (Ujéik + uiéjk) + ﬁ(ujézk + ul(s_]k) _ 72uk )
i=1 j=1 o1 Ltet o

Here:

. u,(f) is the current value of the k-th row vector of U at iteration ¢.

e « is the learning rate, determining the step size in each iteration.

3. Convergence: Repeat the iterative updates for all row vectors in U for a fixed number
of iterations or until a convergence criterion is met. Convergence is typically declared when

the changes in the elements of U become very small.

4. Objective Achievement: The final matrix U obtained after these iterations will repre-

sent an estimate U of the matrix U that best approximate the binary matrix Spin.

o Threshold Application: An approach to convert UUT into Sy involves applying a
threshold. This threshold operation serves as a means to interpret the continuous val-
ues generated by UUT into discrete binary values. To identify the optimal threshold for
binarizing a predicted matrix, we compute the Area Under the Curve (AUC) from the
False Positive Rate (FPR) and True Positive Rate (TPR) using the AUC function. The
optimal threshold, denoted as t, is determined by maximizing the difference between
the TPR and FPR. Subsequently, this threshold is utilized to convert the continuous
predicted values into binary values: values exceeding ¢ are set to 1, while values below

t are set to 0.

« Utilization of Obtained Binary Matrix Sbm:

— Recommendation System: With Sbm generated, recommendations can be provided
to users based on items corresponding to a value of 1. These items represent

potential preferences or interests for users.

— Determining Similarities: Sbm also enables the determination of similarities be-
tween users or items corresponding to a value of 1. By analyzing the binary matrix,
patterns emerge that enable the identification of similar user preferences or similar

item characteristics, aiding in clustering or recommendation enhancement.
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This process culminates in not only recommending items to users based on their preferences
but also unveiling associations between users or items, thus contributing to the system’s
functionality and enhancing user experiences. Adjusting the threshold is key to achieving

accurate and meaningful recommendations and associations.

In Algorithm 5 we explain a part of script to implement SPMF using the Bayesian inference

with Bernoulli distribution.
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Algorithm 5 Bayesian Estimation with Bernoulli Distribution using AUC

Require: User-item matrix R, a fixed o2, list of learning rates «, number of iterations T,

number of folds F

Ensure: Estimated matrix U , best number of latent factors kpest, AUC based on kpes

10:
11:
12:

13:
14:
15:
16:
17:
18:
19:
20:

21:
22:
23:
24:
25:
26:
27:
28:
29:

Replace missing values with 0 in R
Calculate the normalized matrix Rry and Roy
Calculate the block matrix Sy,
Randomly partition the elements of the lower triangular part and diagonal of S, into
F folds
Designate the data into training and validation sets: Spintrain @0d Shinpar
for f =1to F do
for k =1 to K, ,x do
Initialize a list of AUC scores AUC,q|f][k] for each potential latent factor k
for a in a do
Initialize U with random values
fort=1to T do
Compute the gradient of the loss function with respect to U using Spintyain and
the equation (3.39)
Update U using gradient descent
end for
Compute the AUC using the original Spipyai
Store the computed AUC in AUC,q]f][k]
end for
end for
end for
Find the best Fkpe; that maximizes the average AUC across folds: Kkpest =
argmax;, (% Z?Zl AUC,u(f] [k:])
Find the best learning rate o* for kpesi: o = argmax, AU Cyo[f][Ebest]
Initialize U with random values and the obtained latent factor kpest
fort=1to T do
Compute the gradient of the loss function with respect to U using the equation (3.39)
Update U using the best learning rate o*
end for
Calculate the estimated Sbm
Compute the AUC based on kyest
return U, kpest, AUC

3.3.1 Applications of SPBMF

Graph algorithms and their applications play a central role in representing relationships.

The fundamental nature of graphs, often captured through adjacency matrices, provides an

intuitive way to represent connections and interactions. However, due to the symmetric
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nature of adjacency matrices, traditional matrix factorization techniques used in recommen-
dation systems cannot analyze graph-induced datasets properly. SPBMF, by incorporating
this symmetric constraint, offers an innovative approach to utilizing user-user and item-item

interactions.

Social media platforms, where users are connected through friendships and shared interests
in various items, such as books, movies, and products, provide an excellent source of graph-
structured data. The SPBMF model intrinsically encodes these interactions into a graph,
where an edge between two nodes denotes a meaningful relationship—whether a friendship
or a shared interest. The absence of an edge implies a lack of interaction, enabling the model

to distinguish between connected and disconnected nodes clearly.

Expanding this concept further, user-item recommendations can be visualized through a bi-
partite graph. In this graph, users and items form two distinct sets of nodes. An edge between
a user node and an item node signifies a recommendation, providing a comprehensive network
of preferences and suggestions. This bipartite graph not only captures the direct interactions

between users and items but also highlights the intricate network of recommendations.

By merging these graph structures—user-user, item-item, and user-item interactions—into
the binary matrix Sy;,, SPBMF constructs a robust and interpretable recommendation sys-
tem. This system integrates complementary sources of information, building an integrative
model for highly customized recommendations. In the social media domain, where user
connectivity is paramount, this novel approach to binary matrix factorization allows the in-
corporation of friendship information and personalized user data, such as following favorite

celebrities or influencers, to provide targeted recommendations of interest.

The result is a user-aware recommendation system that goes beyond typical suggestions. By
focusing on the unique preferences and behaviors of each user, SPBMF optimizes recom-
mended products and content to align perfectly with user interests. This not only enhances
user experience but also boosts engagement and satisfaction by delivering highly relevant

recommendations.

We demonstrate that graph factorization can be regarded as one of the applications of
SPBMF, merging social media’s connectivity network with personalized recommendations.

This approach opens new horizons in the field of recommendation systems, making SPBMF
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a pivotal tool for optimizing and integrating user-centric recommendation systems.

3.3.2 Graph Factorization as an Application of SPBMF: A Toy Example

We demonstrate the application of SPBMF through a toy example that merges social me-
dia connectivity networks with personalized recommendations. This graph factorization ap-
proach highlights how SPBMF can integrate user-user and item-item interactions to provide

a unified, interpretable representation of the data.

In Figure 3.2, the top left plot represents the user-user interaction graph for five users
Uy, Us,...,Us. In this graph, an edge between two nodes denotes a friendship, while the
absence of an edge implies a lack of interaction. For example, there is an edge between the
nodes U; and U,, indicating that U; and U, are friends. Conversely, there is no edge between

U, and Us, signifying that U; and Us are not friends.

Similarly, the top right plot in Figure 3.2 depicts the item-item interaction graph for three
movies. In this graph, an edge between two nodes represents a shared genre or significant
similarity. For instance, the movies "action_ 1" (/;) and "action_ 2" (I5) share the same genre
and are connected by an edge, indicating their similarity. On the other hand, the movie
"romance’ (I3) shows no interactions with the other two movies, and hence, no edges are

created between them.

The user-item interaction graph is depicted in the bottom left of Figure 3.2. In this graph,
solid edges represent movies that have been recommended to users, the absence of an edge
indicates that a movie has not been recommended to a user, and dotted edges signify that it
is unknown whether a movie has been recommended to a user, thus requiring prediction using
SPBMF. For example, User U, has been recommended I3 and has not been recommended Is.
However, it is unclear whether User U, has been recommended I;, and this recommendation
needs to be predicted using SPBMF.

These graphs are integral to understanding the relationships and similarities between users
and items. The user-user interaction graph helps in identifying social connections and in-
fluence among users, which can be crucial for recommendation systems. The item-item

interaction graph, on the other hand, assists in understanding the similarities and differ-



120

P “User-User Interaction Graph\

..f'-a---- - -\-""\.__
/"'Item-ltem Interaction Grapri“\\
4 N
N
\
| ) \
action; \
' |
1
1 |
.-"II
/
;Jr
J
,/
7
action;

actionp

recommended

predicted —

misclassified

Figure 3.2 SPBMF Prediction



121

ences between items, aiding in more accurate item-based recommendations. The user-item
interaction graph represents the direct interactions between users and items, capturing the
preferences and behaviors of users towards specific items. This graph is essential for modeling
the interactions in a recommendation system as it combines the insights from both user-user

and item-item interactions.

We now present the binary matrices associated with each interaction graph. These matrices
provide a clear representation of the interactions among users and items, facilitating the

analysis and understanding of the underlying relationships.

The user-user interaction matrix, corresponding to the user-user interaction graph, is as

follows:
Ul UQ U3 U4 U5

oo(1 1 0 1 1
U1 1 1 0 0
User-User Interaction= Us | 0 1 1 1 1
u,l 1 0 1 1 0
Uus\1 0 1 0 1

The item-item interaction matrix, corresponding to the item-item interaction graph, is illus-

trated as follows:

L I, I3

L{1 1 0

[tem-Item Interaction= I, | 1 1 0
I3\0 0 1

The user-item interaction matrix R, associated with the user-item interaction graph, is pre-

sented below:

Uy 1 1 0
Uy | NA 1 1
User-Item Interaction R= Us;| 1 NA NA
Us| NA 0 1
Us 1 0 1

Having all these three matrices, we are able to construct the block matrix Sp;, as below:
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S item-item interaction matrix item-user interaction matrix
bin —

user-item interaction matrix user-user interaction matrix

Or equivalently,

L I, I3 U Uy Us Us Us

I 1 1 0 1 NA 1 NA 1
I, 1 1 0 1 1 NA O 0
I3 0 0 1 0 1 NA 1 1
Sip = U] 1 1 0 1 1 0 1 1
Uy | NA 1 1 1 1 1 0 0
Us] 1 NA NA 0 1 1 1 1
U | NA 0 1 1 0 1 1 0
Us \ 1 0 1 1 0 1 0 1

After constructing the block matrix Sy, we apply Algorithm 5 of SPBMF to estimate the

matrix U. By executing this algorithm in Python, we obtain the following estimated matrix

A

U:

Action Romance

L 093 0.43
L | 104 0

I 0 1.02
U | 0.96 0.27
U, | 083 0.38
Us | 0.46 0.89
Us| 019 0.83
Us \ 0.31 0.80

S
I

Consequently, we compute the matrix UUT as follows:
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L P I3 U, Us Us Uy Us
I, ( 1.04 096 044 1.01 0.93 082 0.54 0.64
I 1 096 1.09 0.00 1.01 086 0.48 0.20 0.33
Is | 044 000 1.04 028 039 0.91 084 0.81
U1 101 1.01 028 1.01 090 0.69 041 0.52
U1 093 086 039 090 083 0.73 048 0.57
Us| 082 0.48 091 069 073 1.01 083 0.86
Us]1 054 020 084 041 048 083 0.73 0.72
Us\ 064 033 081 052 057 08 0.72 0.74

To determine the optimal threshold for binarizing a predicted matrix, the Area Under the
Curve (AUC) is calculated from the False Positive Rate (FPR) and True Positive Rate (TPR)
values using the AUC function. This metric provides a single measure of the overall perfor-
mance of the prediction model. For our model, the AUC is 0.91. The optimal threshold,
denoted as t, is found by maximizing the difference between the TPR and FPR. For our
model, ¢ is 0.725. This threshold is then used to convert the continuous predicted values into
binary values: values above t are set to 1, and values below ¢ are set to 0. In Figure 3.3, we
present the Receiver Operating Characteristic (ROC) curve along with the AUC value. The
ROC curve illustrates the trade-off between the TPR and FPR across different thresholds
and demonstrates the performance of our prediction model. The point where the difference

between the TPR and FPR is maximized corresponds to the optimal threshold t.

After determining the optimal threshold that maximizes the AUC (.725), we convert the

matrix UUT to obtain Sy, as follows:
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Figure 3.3 ROC Curve with AUC = 0.91. The optimal threshold ¢ is 0.725.
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Therefore, the user-item prediction using the SPBMF method is as follows:

L Iy I3

U1 1 0

U1 1 0

SPBMF User-Item Interaction R= Us | 1 0 1
Uuslo 0 1

Us\ 0 0 1

As illustrated by the numerical toy example, the key strength of SPBMF lies in its ability to
seamlessly incorporate the symmetric nature of adjacency matrices, which is intrinsic to many
real-world datasets, particularly those involving social networks and other graph-structured
data. Traditional methods such as NMF, PMF, and SVD often struggle with such datasets

due to their inability to handle symmetric constraints and binary interactions.

SPBMF extends these capabilities to binary datasets, making it suitable for applications
where interactions are inherently binary, such as user-item recommendations based on likes
or follows. By integrating various types of interactions—user-user, item-item, and user-
item—into a unified model, SPBMF provides a framework for generating personalized rec-

ommendations.

Therefore, SPBMF provides an interpretable, flexible, and integrative solution for recom-
mendation systems, particularly in the context of social media. It surpasses traditional
unconstrained matrix factorization techniques by utilizing graph-structured data, making it

a practical and innovative tool in user-centric recommendation technologies.

Interpretation of Estimated Matrix U

Interpreting the matrix U provides valuable insights into user preferences and item char-
acteristics. The matrix U represents the latent factors for movies and users following the
estimation process. Each row corresponds to a movie or user, and each column corresponds
to a latent factor associated with a genre ("Action" and "Romance" in this case). The values
in the matrix indicate the strength of the association between each movie/user and each
genre. Below, we elaborate on how meaningful insights can be derived from the obtained

matrix U to enhance our understanding of user preferences and movie characteristics:
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Action Romance

L { 093 0.43
I | 1.04 0

I 0 1.02
U | 096 0.27
U, | 083 0.38
Us | 0.46 0.89
Us| 019 0.83
Us \ 0.31 0.80

)
I

First, we interpret the relations between each item and the latent factors.

Interpretation of Item Characteristics

o [;: This item has a high preference score of 0.93 for Action and a moderate preference
score of 0.43 for Romance. This suggests that I; is primarily an Action-oriented item

but also has some elements that could appeal to fans of the Romance genre.

o [y: This item has a very high preference score of 1.04 for Action and 0 for Romance.
This indicates that I is an exclusively Action-oriented item with no appeal to fans of

the Romance genre.

o I3: This item has a high preference score of 1.02 for Romance and 0 for Action. This
indicates that I3 is an exclusively Romance-oriented item with no appeal to fans of the

Action genre.

Next, we interpret the relations between users and the latent factors.

Interpretation of Users’ Preferences

o Uj: This user has a high preference score of 0.96 for Action and a low preference score

of 0.27 for Romance. This suggests that U; prefers Action items over Romance.

o Uy: This user has a preference score of 0.83 for Action and 0.38 for Romance. This

indicates a stronger preference for Action but still some interest in Romance.
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o Us: This user has a balanced preference with a score of 0.46 for Action and a high
preference score of 0.89 for Romance. This suggests a moderate interest in Action and

a strong preference for Romance.

e U,: This user has a preference score of 0.19 for Action and 0.83 for Romance. This

indicates a stronger preference for Romance with little interest in Action.

o Us: This user has a preference score of 0.31 for Action and 0.80 for Romance. This

suggests a higher preference for Romance but some interest in Action.

Missing Value Prediction

To interpret the matrix R, which includes predicted values for missing entries, we have

obtained the missing values using SPBMF and interpret them as follows:

action; actionp, romance

U, 1 1 0
Us 1 1 0
SPMF User-Item Interaction R = Us 1 0 1
Uy 0 0 1
Us 0 0 1

The values in R marked in bold represent the predicted values for the previously missing

entries in R.

e Us,: The missing value for action; is predicted to be 1, indicating a strong preference

for this item.

e Us: The missing values for action, and Romance are predicted to be 0 and 1, respec-

tively, suggesting no preference for action, but a strong preference for Romance.

e Uy: The missing value for action; is predicted to be 0, indicating no preference for this

item.
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3.4 Convergence Analysis for SPMF

In the vast landscape of recommendation systems, speed and interpretability are paramount.
Traditional matrix factorization techniques, such as ALS, and SGD, rely on decomposing
complex optimization problems into two parts, each with its own biconvex objective func-
tion. These methods can be slow due to the iterative back-and-forth required to optimize
both parts simultaneously. Additionally, another inherent challenge of traditional matrix fac-
torization techniques, such as NMF and PMF, is the rank deficiency issue. Rank deficiency
can lead to numerical instability and inaccuracies in the factorization process, hindering the
ability to find precise solutions. These rank deficiencies often require additional regularization

or constraints, complicating the optimization process and potentially slowing convergence.

Our suggested SPMF offers a single, convex objective function such that this simplification
leads to a more direct optimization process, resulting in faster convergence rates. Unlike ALS
and SGD, which navigate a complex, two-part optimization landscape, SPMF with its unique
single-factor optimization promises quicker and more interpretable results. The key to under-
standing SPMF’s efficiency lies in its mathematical properties, particularly strong convexity
and Lipschitz continuity. Strong convexity ensures that the objective function has a unique
global minimum and converges faster under reasonable conditions. Lipschitz continuity of
the gradient guarantees that the optimization steps are stable and smooth, preventing erratic

changes that could slow down convergence.

In this chapter, we will analyze these properties in mathematical detail, demonstrating how
they contribute to the faster convergence of SPMF. Specifically, we show that SPMF achieves
a logarithmic convergence rate, denoted as O(log(+)), under conditions of strong convexity
and Lipschitz continuity of the gradient. Moreover, we demonstrate the criteria under which
the objective function of SPMF remains strongly convex. By setting an upper bound on the
sum of eigenvalues of the approximation matrix UUT, we ensure that the strong convexity
condition holds. This analysis is essential for proving that SPMF not only converges faster

but does so under rigorous mathematical guarantees.

Through this convergence analysis, we aim to highlight the mathematical properties of SPMF,
providing a solid theoretical foundation for practical usage in recommendation systems. This
chapter lay the groundwork for understanding why SPMF represents a step forward in matrix

factorization techniques, promising faster and more interpretable recommendations.
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In the following, we show the conditions under which the SPMF objective function is strongly

convex and its gradient is Lipschitz continuous.

3.4.1 Strong Convexity of the SMPF Objective Function

To establish that the objective function of SPMF is pu-strongly convex, we first define u-
strong convexity. We then present two lemmas and provide a detailed proof of a theorem
that demonstrates the pu-strong convexity of the SPMF objective function under certain

conditions.

Definition 1. A function f : R® — R is said to be p-strongly convex for pu > 0 if for all
x,y € R":
1
F(y) 2 f(2) + V(@) (y —2) + Sy — 2l

This inequality indicates that f grows at least quadratically away from its minimizer [86].

Lemma 7. Let f(U) = ||S — UUT||% be the objective function of SPMF, where U is an
(n +m) x k matriz that approzimates S, and S is the (n +m) x (n + m) symmetric block
matriz defined in Equation (3.2). Under the condition:

trace(UUT) > ;tmce(S),
the Hessian V2 f(U) is positive definite.
Proof. Let’s consider the objective function:
f(U) =18 -UU"|%,

where U is an (n +m) X k matrix, and S is an (n + m) X (n +m) symmetric matrix. First,

we compute the gradient of f(U) with respect to U:
V() = oS VU
oU F'

Using the result from matrix calculus for the gradient of the Frobenius norm squared, we
have:
VfU)=—-4(S—-UUNU.
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Next, we compute the Hessian H(U), which is the second derivative of f(U) with respect to

U:
0

T oU

Using matrix calculus and the product rule, we get:

H(U) = V2f(U) (—4(s-vumU).

oS —-UU7T) 70U
H =4 ——= — — .
(U) ( i U+ (S-UU )8U
We now calculate each term separately. First, consider the term a(sgigUT)U :
oS —-UUT) T
— = 2U".
oU
Thus,
4| ——U | =8UU".
( oU

Next, consider the term (S — UUT)%%. This term simplifies to:
—4(S - UU"M).
Combining these results, we get the Hessian:
H(U) =120UT — 48.
To ensure H(U) is positive definite, we need all eigenvalues of 12UU7 — 48 to be positive:
120(UUT) — 40(S) > 0 for all 4.

This simplifies to:
3\(UUT) > \i(S)  for all 4.
Given that the trace of a matrix is the sum of its eigenvalues, we have:
n—+m
trace(S) = > A(S) =m +n.

i=1

We need to ensure: |
trace(UUT) > gtrace(S).

This condition is already provided in the lemma and guarantees that the Hessian H(U) is

positive definite. O



131

Lemma 8. Let f(U) = ||S — UUT||% be the objective function of SPMF, and suppose the
condition trace(UUT) > Ltrace(S) is satisfied. Then, for any vector x € R™™ and the
smallest eigenvalue Ay of the Hessian H(U), the following inequality holds:

2T H(U)z > Al

Proof. Given that the condition trace(UUT) > itrace(S) holds, it follows from Lemma 7
that H(U) is positive definite. This implies that for any non-zero vector z, the quadratic

form 27 H(U)x is always positive:
TH(U)x >0 forall 2 # 0.

Since H(U) = 12UUT — 48 is symmetric, it can be diagonalized. Therefore, we can write it

as:

H(U) = QAQ",

where () is an orthogonal matrix and A is a diagonal matrix containing the eigenvalues
A1, A2y ooy Aptm. Any vector x can be expressed in terms of the eigenvectors of H(U). Let

x = Qy, where y is a vector of coefficients. Then:
" H(U)z = (Qy)"QAQ"Qy = y" Ay,

because QTQ = I. Since A is a diagonal matrix with eigenvalues );, the quadratic form can

be written as:
n+m

y Ay = > Ny

=1

The smallest eigenvalue A, provides a lower bound:

n+m n+m

=1 i=1

The term Y77 y? is just the squared norm of y:

n+m

> v =llyl*
i=1

Since r = Qy and @ is an orthogonal matrix, it preserves the norm:

1yl = Nl
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Combining these results, we obtain:
o' H(U)z =y Ay = Ainlyl* = Ain |21

This inequality, 27 H(U)z > Auin||z||?, shows that 27 H(U)z is bounded below by the smallest
eigenvalue of the Hessian matrix scaled by the squared norm of x. This is a fundamental

property that helps us prove the strong convexity of the function f(U). n

Theorem 1. The objective function of SPMF f(U) = ||S — UUT||% under the condition
trace(UUT) > %tmce(S) is p-strongly convex, where > 0 is a constant. Specifically, for any

matrices U,V € R™XE gnd for some p > 0, we have:
FV) 2 fU) + VOV = U) + SV = Ul

Proof. Since the condition S < 3UUT holds, H(U) is positive definite, it implies that for any
non-zero vector x:
" H(U)z > 0.

Let A\pin be the smallest eigenvalue of H(U). Then from Lemma 8 for any vector z:
xTH(U)x > Aminl|2|]?.
Substituting x =V — U, we get:
(V=U)"HU)(V = U) > u|V - U3,

where 1 = Ap,. For the function f(U), the second-order Taylor expansion around a point

U and evaluated at V' can be written as:
J(V) % f(U) + VIOV = U) + 5V = U HU)Y = U),
Substituting this inequality into the second-order Taylor expansion, we get:
(V) 2 () + VO (V= 0) + IV = U3

This completes the proof.
m

Now its the time to show under which condition the gradiant of SPMF objective funtion is

Lipschitz continuous.
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3.4.2 [L-Lipschitz Continuity of the gradient of SPMF Objective Function

To demonstrate that the gradient of the SPMF objective function is L-Lipschitz continuous,
we begin by defining L-Lipschitz continuity. We then present a theorem accompanied by a

detailed proof.

Definition 2. The gradient of a function f : R™ — R is said to be L-Lipschitz continuous
for L > 0 if for all x,y € R™:

IVf(x) = VIl < Lz -y

This condition ensures that the gradient of f does not change too rapidly [86].

Theorem 2. The gradient V f(U) of the SPMF objective function f(U) = |S — UUT||% is
Lipschitz continuous. That is, there exists a constant L > 0 such that for any matrices U
and V:

IVIU) =ViV)lr < LIU = V]p.

Proof. The gradient of the function f(U) = ||S — UUT||% is given by:
VfU)=—-4S-UUNU.

To determine when this gradient is Lipschitz continuous, we analyze the difference in the

gradient at two points U and V:
VfU)=—-4(S -UUU,
VV)=—-4(S -VVHV.
The difference in the gradients is:
VHU) = V(V)==4[(S-UUU — (S - VVT)V]

= —4[(SU-UUTU) - (SV - VVTV)]
= —4[S(U -V)+VVTV —UUTU].

To establish the Lipschitz continuity, we need to bound the Frobenius norm of this difference:

IVFU) = VIV)lle-
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The Frobenius norm satisfies the triangle inequality, which states that for any two matrices
U and V:
U+ Ve < Ullr+ V]

Applying this to our expanded form:
IS = V) + (VVIV —UUTU)|r < |SU = V)|lr + [(VVTV = UUTU)||r.
The Frobenius norm is submultiplicative, meaning that for any two matrices U and V:
UV e < MUV e
Applying this property to the two terms we have:
SO =V)[lr <[[SIFIU = V]F
and
\VVTV —UUTU|p = ||VVTV = VUTU +VU'U - UUTU||p
= |[V(VTV -UTU) + (V= U)UTU|Ip

< VIellVTV = UUlle + IV = Ul[p|UTUl|r.
To bound [|[VTV — UTU||r, we use:

VIV —UTU|p < VIV =U)+ (VI =UDUIr

< WVIellV = Ullr + [V =Ullp|Ullr.

Combining these bounds, we get:
IVF(U) = VW)l < 4AISEIU = ViLe + 4 (IVIEAVIE+ [01E) + 1U12) 10 = Ve
Let C = [[Sllp + VIr(IVIlr + 1UlF) + U] then:
IVF(U) =VfV)llr <4C|U = V||p.

Thus, V f(U) is Lipschitz continuous with Lipschitz constant L = 4C'. The gradient V f(U) =
—4(S — UUT)U is Lipschitz continuous if the Frobenius norm of S and U are bounded.
The Lipschitz constant L depends on the Frobenius norms of S, U, and the changes in U.

Specifically, L = 4([|S||» + IV l([VI[r + IU[l7) + |U]IZ). B
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Given that the SPMF objective function is u-strongly convex and its gradient Vf(U) is L-
Lipschitz continuous, we can apply Theorem 3 from the appendix. Theorem 3 asserts that for
any strongly convex function with a Lipschitz continuous gradient, the convergence rate of
optimization algorithm is O(log(1/¢)). Therefore, under the established conditions of strong
convexity and Lipschitz continuity, the SPMF objective function achieves a convergence rate
of O(log(1/¢)). This result underscores the efficiency and robustness of the SPMF approach
in reaching the global minimum, thereby providing a solid theoretical foundation for its

practical application in recommendation systems.

3.5 Regularization and Strong Convexity in SPMF

Regularization is a technique in matrix factorization models to prevent overfitting and to im-
prove generalization by incorporating additional information or constraints into the model.
In the context of SPMF, regularization can be achieved by imposing a prior distribution on
the low-rank matrix U. One common approach is to incorporate a Gaussian prior, which
introduces a penalty term in the objective function, thereby promoting simpler and more
robust solutions. This not only aids in controlling the complexity of the model but also
ensures that the optimization problem remains well-behaved. Specifically, incorporating a
Gaussian prior N (0,0?) on U introduces a regularization term that contributes to the strong
convexity of the objective function, a desirable property for ensuring convergence to a unique

minimum. The following lemma formalizes this effect.

Lemma 9. Incorporating a Gaussian prior N(0,0?%) on the low-rank matriz U in the objective
1U1%
202 °

function introduces a reqularization term This reqularization term ensures that the

objective function is strongly convex.

2
IU11%
202

show that it adds a positive definite quadratic component to the objective function. Consider

Proof. To demonstrate why the regularization term ensures strong convexity, we need to

the objective function:

1 U3
L(U) = @HS —UUT % + 20_2F.

2
IU11%
202

optimization problem. Specifically, |U||% =

can be interpreted as adding a ridge regression penalty to the

+j Uz; is a sum of squared elements of U, which

The regularization term

is always non-negative. To see why this term ensures strong convexity, consider the Hessian
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2
of the regularization term. The Hessian of Hgif with respect to U is:

1U|Z 1
V2 ( F) = 72I(n+m)lc7

202 o

where I(,4mk is the (n4+m)k x (n+m)k identity matrix. This indicates that the Hessian is
positive definite and hence adds a strictly positive term to the overall Hessian of the objective

function. For a function f(U) to be p-strongly convex, its Hessian must satisfy:

Vf(U) > pl

2
IU1I%
202

0—12, which acts as p. Combining the data fitting term and the regularization term, we get:

for some p > 0. In our case, the Hessian of the regularization term provides a constant

U117

202

1
L(U) = T‘QHS—UUTH%WL

The term % ensures that the objective function £(U) is #—strongly convex. This strong
convexity is essential for ensuring that optimization algorithms such as gradient descent
converge to a unique minimum. Thus, incorporating the Gaussian prior N(0,0?) on U
imposes a strong convexity constraint on the objective function, facilitating reliable and

robust optimization. O

3.6 Error Bound for SPMF

To understand the lower bound of the error term in matrix approximation, we need to clarify
what constitutes the error and why determining its lower bound is essential. The error term
J = ||§ — UU"||% represents the discrepancy between the original symmetric matrix S and
its low-rank approximation UU?. This error quantifies how well U captures the essential
features of S. By investigating the lower bound of this error, we aim to identify the minimal
unavoidable error that arises due to the inherent properties of S. Specifically, if S contains
negative eigenvalues, these contribute to the error because a low-rank approximation can-
not fully capture all negative eigenvalues if the rank k is less than the number of negative
eigenvalues r. In Lemma 10 we provide an insight into the minimum error that any low-rank
approximation must incur, which is a consideration for matrix factorization techniques. By
establishing this lower bound, we can better understand the limitations and performance of
our matrix approximation methods, guiding us in selecting appropriate ranks and assessing

the quality of our approximations.
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Lemma 10. Let S be an (n+m) x (n+m) symmetric matriz that is not positive semidefinite,

with r < n + m negative eigenvalues A1, Aa, ..., \.. The objective function
J =8 - UU"|f5

is always at least 32,4 )\Z, irrespective of the value of k in the (n +m) x k matriz U. The

minimum value of k at which this lower bound for the error is gquaranteed is k = r.

Proof. Since § is symmetric, it is diagonalizable. Therefore, we can write S as:

S =QAQ",
where () is an orthogonal matrix and A is a diagonal matrix containing the eigenvalues
A1, A2, ..oy Apem- The Frobenius norm of S can be expressed in terms of its eigenvalues:
n+m
2 2
ISI1F = >_ Af.
i=1

For any rank-k approximation UU7, its Frobenius norm squared can be expressed in terms of
the eigenvalues of S. To minimize |S—UUT||%, the rank-k approximation UUT must capture
the largest k eigenvalues of S. This is because, as explained in Section 3.2, the eigenvalue
decomposition provides the optimal low-rank approximation in the Frobenius norm sense.
However, since § has r negative eigenvalues, these cannot be fully captured by any rank-%
approximation if £ < r. The error in the approximation is given by the sum of the squares of
the eigenvalues that are not captured by UUT. Therefore, the minimum error must include

at least the contribution from these negative eigenvalues:
T
2
J>3 A
p=1

This holds true irrespective of the value of k£ because at least these r negative eigenvalues
will contribute to the error. To determine the minimum value of £ that guarantees this
lower bound for the error, we note that & must be at least r to fully capture the r negative
eigenvalues. If k < r, some of these negative eigenvalues will be excluded, and the error will
be higher than Z;Zl )\12). Therefore, the minimum value of k£ at which this lower bound for

the error is guaranteed is k = r.

]
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This lemma highlights the necessity of choosing k appropriately in matrix approximation
problems to ensure minimal error, especially when dealing with matrices that are not positive

semidefinite.
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CHAPTER 4 EXPERIMENTAL RESULTS

In this chapter, we present the key results obtained in Chapter 3 and demonstrate the orig-
inality and contributions of this thesis through experimental results. Chapter 3 introduced
the SPMF model, highlighting its comparative advantages over existing techniques like SVD,
NMF, and PMF. We demonstrated SPMF’s ability to convert the original matrix into a sym-
metric blockwise matrix, providing interpretability advantages by modeling user-user and

item-item interactions from a probabilistic perspective.

We will implement the SPMF algorithm using Maximum Likelihood Estimation and Bayesian
inference, as discussed in Chapter 3 (Sections 3.2.1, 3.2.2; and 3.2.3). For clarity, we denote
the low-rank estimation approaches as "SPMF Normal" and "SPMF Laplace," representing
Maximum Likelihood Estimation using Normal and Laplacian distributions, respectively.
Similarly, we use "SPMF Bayes" to indicate estimation performed using Bayesian inference

with Gaussian prior distributions.

To evaluate the performance of these models, we will conduct experiments using subsets of
the MovieLens 100K and FilmTrust datasets. We will demonstrate how to determine the
optimal number of latent factors (k) for the SPMF model in recommendation systems. To
identify the optimal k, we will employ K-fold cross-validation to evaluate the SPMF model’s
performance across different values of k. Model performance is assessed using RMSE, which
provides a measure of the model’s accuracy and recommendation relevance. By systemat-
ically varying k£ and recording the corresponding performance metrics, we will identify the
k value that minimizes RMSE. Additionally, we will assess model complexity and potential
overfitting by comparing training and validation performance. This methodology will enable
us to determine the optimal number of latent factors for the SPMF model, ensuring a balance

between model complexity and performance.

We will highlight the role of hyperparameter tuning in the overall capability of SPMF'. Iden-
tifying the most important parameters to optimize will provide a framework for achieving

the best possible model performance.

By transforming a biconvex optimization problem into a convex one, SPMF ensures a unique

optimal solution and improved convergence properties. This transformation consolidates two



140

distinct factors into a single unified low-rank factor, enhancing interpretability. We will show
how SPMF simplifies the factorization process by using a single unified matrix that incor-
porates both user-user and item-item relationships. This approach alleviates rank deficiency
problems and improves the factorization process. By comparing the actual and approximated
user-user and item-item similarity matrices, we will demonstrate how SPMF provides this
information in a single matrix without computing them separately. We will also show how
SPMF can be used for Collaborative Filtering RS and Content-Based RS, and how SPMF
can predict missing values. Additionally, by applying SPMF on subsets of the MovieLens
100K and FilmTrust datasets, we will show that SPMF converges faster than SVD, NMF,
and PMF.

Finally, we will undertake a comparative analysis of the performance of three SPMF mod-
els—"SPMF Normal", "SPMF Laplace", and "SPMF Bayes'—against SVD, NMF, and PMF.
This evaluation will be conducted through a series of experiments utilizing subsets of the
MovieLens 100K and FilmTrust datasets.

The following sections detail the experimental methodology, performance metrics, and results

of each model.

4.1 Data Description

In this Section, we provide a summarized description of the two datasets, MovieLens 100K

and FilmTrust, that we used for our experiments in this chapter.

MovieLens 100K Dataset

The MovieLens 100K dataset, created by the GrouplLens Research Project at the Univer-
sity of Minnesota, comprises 100,000 ratings (ranging from 1 to 5 stars) from 943 users on
1682 movies. Each user has rated a minimum of 20 movies, and the dataset includes sim-
ple demographic information such as age, gender, occupation, and zip code. The data was
collected from the MovieLens website between September 19th, 1997, and April 22nd, 1998.
A cleaning process removed users with fewer than 20 ratings or incomplete demographic in-

formation. This dataset has been utilized in several publications, including [11], [10], and [87].
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FilmTrust Dataset

The FilmTrust dataset, collected from the FilmTrust website, contains 35,497 ratings (rang-
ing from 0.5 to 4.0 stars) from 1,508 users on 2,071 movies. The ratings reflect users’ pref-
erences, with each rating incremented by 0.5 stars. The dataset is particularly sparse, as
many users have rated only a small subset of the available movies. The dataset was col-
lected from FilmTrust, an online platform where users rate movies and express trust in other
users. Also, this dataset has been used in various research studies focused on recommender
systems, collaborative filtering, and trust-based recommendation models. Some studies that
have utilized this dataset include: [88], [89], and [90].

4.2 Data Preprocessing

Due to the volume of the two datasets, MovieLens 100K and FilmTrust, we randomly selected
50 users and 20 movies from the MovieLens 100K dataset, and 100 users and 50 movies from
the FilmTrust dataset. To ensure robustness and generalizability, we generated 20 samples
from each dataset using this random selection approach. This method allowed us to assess

the consistency and reliability of the models across different subsets of data.

Following this, we computed the normalized matrices Rry and Royn. To prepare the input for
SPMF, we formed the block matrix S as described below. The randomly selected datasets,
comprising m users and n movies, are organized into the user-item rating matrix R as follows

with missing values replaced by 0.

The row-normalized matrix Rry for R can be calculated as follows:

/2 2 /2 2
it it
Rpy = : . :
Tml Tmn

NG NG

Similarly, the column-normalized matrix Roy for R can be calculated as follows:
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T11 .. Tln
2 2 2 2
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Roy = : . :
Tml Tmn
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Finally, the matrix § is constructed as follows:

R(TJN Reon REN

S= T
RRN RRN RRN

Because S is symmetric, we transform it into a lower triangular matrix to optimize the compu-
tation process. This transformation allows us to approximate the upper-side elements, which
are initially set to 0, using their counterparts from the lower side after the approximation

process is completed.

511 0 0

521 522 0

Slower = | 831 32 533
_5n+m,1 5n+m,2 5n+m,3 5n—l—m,n—l—m_

After constructing the block matrix S, we provide details about data split and cross-validation

in the following section.

4.3 Data Split and K-Fold Cross-Validation

When evaluating recommender systems or any machine learning model, it is essential to di-
vide the datasets into training and testing sets to assess their performance. In this thesis, we
will use K-fold cross-validation, a widely adopted approach for model evaluation that pro-
vides a more reliable estimate of the model’s performance. K-fold cross-validation involves
randomly dividing the dataset into K subsets, or folds, of equal size. The model is then
trained on K — 1 folds and tested on the remaining fold. This process is repeated K times,
with each fold serving as the test set exactly once. The final evaluation score in K-fold cross-
validation is calculated as the average of the K evaluation scores obtained. In our analysis,

the measure of performance is RMSE.

In this thesis, we partition the lower triangular portion and diagonal of the matrix S into
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training and validation folds based on Alex Williams’ approach®, as explained in Section
3.2.1. Initially, the elements within the lower triangular part and diagonal of the matrix &
are randomly distributed across multiple folds, with our choice being 5 (K = 5) folds—aiming

for a balance between computational efficiency and statistical significance.

It is important to note that a fixed seed is utilized throughout this random partitioning
process to ensure reproducibility. Subsequently, during the training and validation stages,
we designate Sipai, for training purposes and Sy, for validation. Cross-validation is employed

solely to determine the optimal number of latent factors £ and the best learning rate .

4.4 Parameter Tuning

In our optimization process, the goal is to fine-tune three crucial parameters: the number
of latent factors k, the learning rate a, and the number of iterations T used in the gradi-
ent descent process to estimate U. Each of these parameters plays a role in shaping the
performance of our model. Determining the optimal number of iterations in the gradient
descent algorithm involves a process known as hyperparameter tuning. This method entails
experimenting with different values and selecting the set that yields the best performance on
a validation set. Common approaches to hyperparameter tuning include grid search, which

systematically explores a range of hyperparameter values.

In our specific case, we have predefined lists for the learning rate («), the number of it-
erations (7)), and the number of latent factors (k), namely o € {1073,1072,107'}, T €
{50,100, 150, 200, 250}, and k € [2, kyax|, Where kyay is the number of genres. These values
were chosen to balance stability and convergence speed, avoiding the risks associated with
very small learning rates (o) and preventing overfitting with the chosen values for T'. Prac-
tical constraints and computational feasibility were also considered, with the predefined grid
representing a compromise. Hyperparameter tuning is iterative, allowing adjustments based
on initial insights, ensuring an exploration of reasonable values for optimal model perfor-

marnce.

To determine the combination of «, T, and the number of latent factors k& that minimizes
the RMSE on the validation set S..;, we employ three nested loops—one for each parame-

ter. Within these loops, we iterate over the defined ranges for «, T, and k, recording the

!The approach for cross-validation was inspired by the method outlined in a blog post by Alex Williams.
https://alexhwilliams.info/itsneuronalblog/2018/02/26/crossval/
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RMSE on the validation set Sy, for each combination. The set of «, T, and k resulting
in the lowest RMSE is then returned, representing the optimal configuration for our model.

This exploration ensures that our model is fine-tuned to deliver the best possible performance.

In the next step, we fit the three SPMF models ("SPMF Normal', "SPMF Laplace," and
"'SPMF Bayes") on the same preprocessed data, utilizing a fixed seed of 42 as described
in Section 4.2. We initiate our experiments with a subset of the MovieLens 100K dataset,
followed by a subset of the FilmTrust dataset. For each SPMF model, we detail the fitting
procedure on the dataset and the prediction of missing values. To evaluate the performance
of the three SPMF models against SVD, NMF, and PMF, we generate 20 random subsets

from each dataset for comparison.

4.5 Experiment Results Using the MovieLens 100K Dataset

We analyzed the performance of "SPMF Normal," "SPMF Laplace," and "SPMF Bayes" on
a subset of the MovieLens 100K dataset, which has been preprocessed as detailed in Section
4.2. By identifying the champion model among these SPMF variants, we compared the user-
user similarity matrix, item-item similarity matrix, and their associated heatmaps, both for
the original data and their approximations. Using the results, we implemented Collaborative
Filtering and Content-Based Filtering within the framework of SPMF to make movie recom-
mendations and predict missing values using the approximated S. Moreover, we compared
the convergence rate of the champion SPMF model with SVD, NMF, and PMF, consistently

utilizing the same randomly selected dataset.

To ensure robustness and generalizability, we generated 20 samples from the MovieLens
100K dataset using this random selection approach. This method allowed us to assess the
consistency and reliability of the models across different subsets of data. We compared the
performance of the three SPMF models with SVD, NMF, and PMF in terms of RMSE. The
comparison of the models’ performance on these samples provided insights into their predic-
tive accuracy and stability in various scenarios, ultimately guiding us in recommending the

best approach for movie recommendations and missing value prediction.

First, we implement the "SPMF Normal" model as outlined in the following sections.
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SPMF Normal

In this section, we apply SPMF on the lower triangular part and diagonal matrix S using
the "SPMF Normal" model. We implement the algorithm detailed in Algorithm 2, utilizing
the loss function described in Equation 3.14. The lower triangular part and diagonal matrix
S is divided into Sy, for training purposes and S, for validation, as outlined in Section

4.3 and 4.4 respectively.

The algorithm is run with different combinations of hyperparameters discussed in Section
4.4, and we record the lowest RMSE on the validation set Sy . For the "SPMF Normal"
model, the optimal hyperparameters yielding the lowest RMSE=1.52 are o = 0.1, T" = 100,
and k = 11, indicating higher RMSE values using other combinations. Figure 4.1 illustrates
how the RMSE varies with the number of latent factors, using = 0.1 and 7" = 100.

—&— SPMF Normal
2.8 1

2.6 1

2.4+

2.2 1

RMSE

2.0 1

1.8 A

1.6

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Number of Latent Factors (k)

Figure 4.1 RMSE vs Number of Latent Factors - "SPMF Normal" Model for « = 0.1 and
T =100
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SPMF Laplace

In this section, we apply SPMF on the lower triangular part and diagonal matrix S utilizing
the "SPMF Laplace" model. We implement the algorithm specified in Algorithm 3 and utilize
the loss function described in Equation 3.20. To partition S into training and validation sets,

as well as for parameter tuning, we follow the procedures outlined in 4.3 and 4.4 respectively.

For the "SPMF Laplace" model, as discussed in 4.4, we conduct an optimization process to
determine the combination of «, T, and the number of latent factors £ that minimizes the
RMSE on the validation set Sy,. Through three nested loops—one for each parameter—the
optimal hyperparameters resulting in the lowest RMSE=1.54 are a« = 0.1, T' = 100, and
k = 10. Figure 4.2 illustrates how the RMSE varies with the number of latent factors, using
a=0.1and T = 100.

—8— SPMF laplace
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Number of Latent Factors (k)

Figure 4.2 RMSE vs Number of Latent Factors - "SPMF Laplace" Model for a« = 0.1 and
T =100
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SPMF Bayes

In this section, we employ SPMF on the lower triangular part and diagonal matrix S using the
"SPMF Bayes" model. The algorithm specified in Algorithm 4 is implemented, incorporating
the loss function described in Equation 3.28. To partition S into training and validation
sets, as well as for parameter tuning, we adhere to the procedures outlined in 4.3 and 4.4

respectively.

For the "SPMF Bayes" model, as discussed in 4.4, we determine the optimal hyperparameters
resulting in the lowest RMSE=1.49, namely a = 0.1, T" = 150, and k£ = 12. Figure 4.3 il-
lustrates how the RMSE varies with the number of latent factors, using o = 0.1 and T" = 150.

—®— SPMF BAYES
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Figure 4.3 RMSE vs Number of Latent Factors - "SPMF Bayes" Model for a« = 0.1 and
T = 150

Discussion of Results

One of the primary benefits derived from constructing the matrix S and subsequently ap-

proximating it to obtain S lies in uncovering relationships among user-user, item-item, and
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user-item interactions. Given that "SPMF Bayes" demonstrated the lowest RMSE compared

to the other two SPMF models, we employed "SPMF Bayes" to approximate S, thereby fa-

cilitating the prediction of recommendations. To better understand the obtained results, we

present the partial user-item rating matrix used for modeling as follows:

10
136
145
258
270
301
308
R= 474
576
598
699
730
829
896
932

123

NA
NA

NA

3
NA
NA
NA
NA
NA
NA

3
NA

124

d
3
NA
NA
NA
NA
4
3
4
NA
4
NA
4
4
NA

280

NA
NA
NA
NA
NA
NA
NA
NA
5
NA
NA
NA
NA
NA
NA

311

NA
NA
NA
4
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA

541

NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
1

792

NA
NA
NA
NA
NA
NA

NA
NA
NA
NA
NA
NA
NA

898

NA
NA
1
NA
NA
NA
NA
NA
NA
4
NA
NA
NA
NA
NA

1012

NA
NA
4
NA
NA
4
NA
NA
NA
NA
NA
3
NA
NA
NA

After estimating the matrix U using the "SPMF Bayes" model and obtaining the approx-

imated matrix & = UUT, we can derive insights into user-item behavior. As previously

mentioned, the lower right block matrix of & (RrnEEy) represents the user-user similarity

matrix. The approximated user-user similarity matrix for some users is presented below.

10 136

10 1 1

136 1 1.05
145 0.01 0.01
258 | —0.01 0

270 | —0.01 0.01
301 0.01 -0.01
308 0.69 0.67
474 0.80 0.76
576 0.62 0.64
598 0 0.01
699 1 0.98
730 0.02 0.01

145

0
0.01
0.99
0.02
0.68
0.97
0.34

—0.04
—0.03
0.17

0

0.69

258

—-0.01
0
0.02
1
0
0
—0.01
—0.01
0
0
—0.01
0.02

270

—0.01
0.01
0.68

0
1.08
0.69
0.45
0.03

0
0.01

—0.01

—0.03

301

0.01
—-0.01
0.97
0
0.69
1.02
0.34
—0.04
0.01
—0.01
0.04
0.68

0.01
—0.01 0.04
0.01
0.02
—0.03 0.63
1.05
-0.01 1.07

308 474 576
0.69 0.80 0.62
0.67 0.76 0.64
0.34 —0.04 -0.03
—-0.01 -0.01
0.45 0.03
0.34 —-0.04 0.01
1.02 0.75 0.39
0.75 1.02 0.47
0.39 0.47 0.99
0.01 0.02 —0.03
0.69 0.82 0.63
—0.04 0 —0.02

598

0.01
0.17

0.01

699
1
0.98
0
—0.01
—0.01

0.69
0.82

—0.01

—0.01

730

0.02
0.01
0.69
0.02
—0.03
0.68
—0.04

—0.02
0.01
—0.01
1.05
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Additionally, as demonstrated in Section 2.1.4, to obtain the user-user similarity matrix for

the matrix R, it is sufficient to calculate RryR%y. This matrix is presented as below:

10 136 145 258 270 301 308 474 576 598 699 730

10 1 1 0 0 0 0 069 078 062 0 1 0
136 1 1 0 0 0 0 069 078 062 0 1 0
145 0 0 1 0 070 098 036 O 0 017 0 0.70
258 0 0 0 1 0 0 0 0 0 0 0 0
270 0 0 070 O 1 071 051 O 0 0 0 0
301 0 0 098 0 071 1 036 0 0 0 0 071
308 | 069 069 036 0 051 036 1 08 043 0 069 O
474 1 0.78 0.78 0 0 0 0O 08 1 049 0 078 0
576 | 0.62 062 0 0 0 0 043 049 1 0 062 0
598 0 0 017 O 0 0 0 0 0 1 0 0
699 1 1 0 0 0 0 069 078 062 0 1 0
730 0 0 070 O 0 071 O 0 0 0 0 1

To visually compare the original user-user similarity matrix with the approximated one, we

present both matrices using heatmaps, as illustrated in 4.4.

Original User-User Similarity Matrix Approximated User-User Similarity Matrix
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Figure 4.4 User-User Similarity: Heatmap comparison of the original and approximated user-
user similarity matrices.

The heatmap comparison of the original and approximated user-user similarity matrices in
Figure 4.4 reveals that the general structure of the user-user similarity matrix is preserved in
the approximation. This indicates that the "SPMF Bayes" model captures the relationships
between users. In both heatmaps, certain user pairs exhibit high similarity values (close to

1), consistently identified in both the original and approximated matrices, suggesting that
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the approximation retains strong user-user relationships. Additionally, both heatmaps show
pairs of users with low or zero similarity values, indicating that the model approximates the
lack of relationship between certain users and maintains the integrity of the original data.
While some minor variations are observed in the similarity values between the original and
approximated matrices, these differences are generally small, underscoring the robustness
of the approximation. The heatmaps also reveal clusters of users with higher similarities,
indicating user groups with similar preferences. These clusters are visible in both the orig-
inal and approximated matrices, demonstrating that the approximation successfully retains
the clustering patterns within the user data. Overall, the "SPMF Bayes" model provides
a reliable approximation of the user-user similarity matrix, capturing the relationships and

patterns present in the original data.

Similarly, the top left block matrix of S (R%y Ren) pertains to the item-item similarity matrix.

Below, we present a subset of this matrix for 8 movies.

123 124 280 311 541 792 898 1012

123 0.99  0.09 0.01 -0.00 —-0.02 0.18 042 0.31
124 0.09 1.06 021 -0.02 0.01 039 -0.01 -0.03
280 0.01 0.21 1.00 -0.00 —-0.02 0.04 -0.02 0.01
311 | —-0.00 -0.02 —-0.00 1.01 0.00 —-0.02 0.01 0.01
541 | —-0.02 0.01 —-0.02 0.00 1.04  0.01 0.02 -0.03
792 0.18  0.39 0.04 —-0.02 0.01 1.04 —-0.02 -0.01
898 0.42 —-0.01 -0.02 0.01 0.02 -0.02 1.04 049
1012\ 0.31 —0.03 0.01 0.01 -0.03 —-0.01 0.49 1.06

Also, as shown in Section 2.1.4, computing RiyRcn is adequate to derive the item-item

similarity matrix for the matrix R. The resulting similarity matrix is shown below.
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123 124 280 311 541 792 898 1012
123 1022 0 0 0 021 046 041

124 (022 1 032 0 0.00 051 O 0
280 0 032 1 0 0 0 0 0
311 0 0 0 1 0 0 0 0
541 0 0 0 0 1 0 0 0
792 1021 051 O 0 0 1 0 0
898 [ 046 O 0 0 0 0 1 0.44
1012\ 041 O 0 0 0 0 044 1

Original Item-Item Similarity Matrix
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Figure 4.5 Item-Item Similarity: Heatmap comparison of the original and approximated
item-item similarity matrices.

The heatmap comparison of the original and approximated item-item similarity matrices,
shown in Figure 4.5, offers insights into the accuracy of the "SPMF Bayes" model in preserv-
ing item-item relationships. The approximation successfully maintains the overall structure
and intricate interactions between items. High similarity values (close to 1) between specific
item pairs appear consistently in both the original and approximated matrices, highlighting
the model’s ability to capture strong item-item connections. Additionally, the presence of
low or zero similarity values between item pairs in both heatmaps suggests that the model
preserves the distinct separations and unique characteristics of unrelated items, which is es-

sential for maintaining the integrity of the original data.
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The approximated heatmap reveals detailed patterns of item relationships, including clusters
of items with higher similarity values. These clusters, visible in both the original and ap-
proximated matrices, indicate that the approximation retains item grouping patterns. Such
patterns are indicative of items that are often rated similarly by users, providing insights for

recommendation systems.

Despite minor variations in similarity values between the original and approximated matri-
ces, these differences are minimal, underscoring the robustness and precision of the "'SPMF
Bayes" model. The model’s ability to maintain detailed item relationships and patterns shows
its capability in capturing the complex interactions within the dataset. Overall, the "SPMF
Bayes" model offers a reliable approximation of the item-item similarity matrix, preserving
both the overarching structure and intricate details of item relationships, thereby enhancing

the understanding of item interactions and user preferences.

Now, we utilize the Figures 4.4 and 4.5 for the two primary techniques in RS: Collaborative
Filtering RS and Content-Based RS, which were discussed in Chapter 2.

Collaborative Filtering RS

As explained in Chapter 2, Collaborative Filtering (CF) represents a technique within RS,
designed to predict user preferences for items based on ratings provided by other users with
similar tastes. This method hinges on identifying patterns of similarity among users’ prefer-

ences to infer the potential likings of a target user for unrated items.

Figure 4.4 highlights that User 730 shares taste similarities with User 301. When examin-
ing the user-item rating matrix R in 4.1, we observe that User 730 has not rated movie 1D
123, whereas User 301 has given it a high rating of 4. By applying Collaborative Filtering
techniques, we can recommend this unrated movie to User 730, leveraging the preferences of

similar users.

Furthermore, the heatmap also shows that Users 474 and 136 have some shared tastes. User
474 has rated movie 792 with a high score of 4, while User 136 has not rated this movie ac-
cording to the user-item rating matrix R in 4.1. Therefore, based on Collaborative Filtering,

we recommend this movie to User 136.
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Content-Based RS

As described in Chapter 2, in a content-based RS, users receive item suggestions based on
their preferences and the attributes of those items. For instance, when a user expresses
interest in a particular movie, the system recommends similar movies that share thematic
or characteristic parallels. According to Figure 4.5, movie ID 124 shares similarities with
movie ID 792. From the user-item rating matrix R, we observe that User 10 has rated movie
ID 124 but has not rated movie ID 792. Therefore, using the Content-Based RS approach,
we can recommend movie ID 792 to User 10. Similarly, movie IDs 898 and 123 exhibit
similarities, and User 598 has shown interest in movie ID 898 but has not rated movie ID
123. Consequently, we recommend movie ID 123 to User 598 based on the Content-Based
RS methodology.

Predicting Missing Ratings

In the context of the matrix S , the lower left block, denoted as ]:ZRN, plays a crucial role in
predicting ratings for users who have not provided ratings for specific items (indicated as NA
entries). Following the approximation of the matrix S, the reconstructed matrix S furnishes

these missing values, thereby facilitating predictive insights.

Examining the user-item rating matrix R in 4.1, we observe that User 301 has not rated
movie ID 898. Consulting }A%RN, the predicted rating for this user-movie pair emerges as
1.23 (post-transformation). Similarly, for User 474, who has not rated movie ID 792, the

predicted rating after transformation is 4.37.

This predictive mechanism highlights the utility of RRN in filling in missing ratings by pro-
viding estimated values for user-item pairs previously devoid of ratings. Through matrix ap-
proximation and subsequent prediction, this methodology empowers the derivation of likely

ratings for unexplored user-item interactions within the RS framework.

After detailing movie recommendation predictions with the "SPMF Bayes" model, the subse-

quent section explores a comparison of convergence rates for the "SPMF Bayes" model versus

SVD, NMF, and PMF.
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Convergence Rate Analysis of SPMF vs SVD, NMF, and PMF

Given that "SPMF Bayes" has demonstrated the lowest RMSE compared to the other two
SPMF models, we focus on comparing the convergence rate of "SPMF Bayes" with SVD,
NMF, and PMF using the same sample data. For each model, we first determine the optimal
number of latent factors (with "SPMF Bayes' having a best k = 12), and then iterate over
100 iterations to assess convergence. Figure 4.6 presents the RMSE values over 100 iterations
for SVD, NMF, PMF, and "SPMF Bayes", revealing insights into their convergence rates and

prediction accuracies.
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Figure 4.6 Comparison of RMSE values over 100 iterations for SVD, NMF, PMF, and "'SPMF
Bayes". The plot illustrates the convergence rates of each model, highlighting the faster
convergence achieved by "SPMF Bayes" compared to the other models.

"SPMF Bayes" demonstrates a clear advantage in convergence speed compared to the other
models. The RMSE values for "SPMF Bayes" drop rapidly in the initial iterations and con-
tinue to decrease steadily. By the 20th iteration, "SPMF Bayes" achieves an RMSE of around
1.2, which remains stable with slight fluctuations, showcasing its ability to maintain low error

rates.

PMF, while also showing a downward trend in RMSE values, converges more slowly than
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'SPMF Bayes'. The RMSE values decrease significantly in the first few iterations but then
gradually reduce, stabilizing around 1.2 after 60 iterations. Although PMF achieves similar
RMSE values to "SPMF Bayes', it requires more iterations to reach comparable levels of

accuracy.

NMF and SVD, on the other hand, consistently exhibit higher RMSE values throughout the
iterations. NMF shows a steady decline in RMSE but stabilizes at a higher error rate com-
pared to PMF and "SPMF Bayes". SVD, despite its continuous decrease in RMSE, converges
to a higher error rate than the other models, indicating its lower prediction accuracy and

higher instability.

In the next section, we evaluate the performance of the SPMF models against several state-
of-the-art models, including SVD, NMF, and PMF.

Evaluation of SPMF Model Performance on Subsets of MovieLens 100K Dataset

Now, we randomly selected 20 samples from the MovieLens 100K dataset, each consisting of
50 users and 20 items, to evaluate the performance of state-of-the-art models (SVD, NMF,
and PMF) against our three proposed SPMF models ("SPMF Normal', "SPMF Laplace",
and "SPMF Bayes"). For each model, we executed their respective algorithms to identify the
optimal number of latent factors k. Subsequently, we performed matrix factorization using
this optimal k, iterating 100 times to record the lowest RMSE for each sample and model.
The RMSE values for each model and sample are illustrated in Figure 4.7.

The RMSE values across different models reveal distinct patterns in prediction accuracy.
SVD and NMF consistently exhibit higher RMSE values across all samples, indicating lower
prediction accuracy. Specifically, SVD displays variability, with some samples showing higher
RMSE values, reflecting its instability. Although NMF performs better than SVD, it still

falls short compared to other models in terms of prediction accuracy.

Conversely, PMF demonstrates the lowest RMSE values across most samples, although not
consistently for all samples. The SPMF models, including "SPMF Bayes", "SPMF Normal",
and "SPMF Laplace', show competitive RMSE values that are generally lower than those of
SVD and NMF. While they have slightly higher RMSE values compared to PMF in some
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samples, they maintain a high level of accuracy overall. The performance of the SPMF mod-
els highlights their ability to provide accurate predictions while also being interpretable, thus

fulfilling our research objective.

The primary goal of introducing the SPMF models was not solely to achieve the most accu-
rate predictions, but rather to introduce a model that balances interpretability and accuracy.
By doing so, we aim to benchmark the performance of SPMF models against other state-of-
the-art models. This analysis underscores the value of SPMF models in the broader context
of recommendation systems, where both accuracy and interpretability are crucial for practi-

cal applications.
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Figure 4.7 Comparison of RMSE values for 20 samples from the MovieLens 100K dataset
across different models (SVD, NMF, PMF, "SPMF Bayes', "SPMF Normal", and "SPMF
Laplace").

In the next section, we replicate the analysis conducted for the MovieLens 100K dataset, this

time applying it to the FilmTrust dataset.
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4.6 Experiment Results Using the FilmTrust Dataset

In this section, we apply the three SPMF models to the FilmTrust dataset, following a similar
preprocessing methodology as outlined in Section 4.2 and 4.3. The procedures and method-

ologies are consistent with the approach taken for the MovieLens 100K dataset.

First, we employ the three SPMF variants on the preprocessed FilmTrust data. As the
process mirrors that of the MovieLens 100K dataset sample, we will not reiterate all the
details. In Table 4.1, we provide all the parameters along with the lowest RMSE achieved

for each variant.

Table 4.1 Comparison of SPMF Variants

Model o  F#lterations Best & RMSE
SPMF Bayes 0.10 100 8 1.132
SPMF Normal 0.01 100 10 1.145
SPMF Laplace 0.01 100 11 1.164

Figure 4.8 illustrates how the RMSE varies with the number of latent factors, using a and
T from Table 4.1.

1.50 1
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SPMF Normal
1.45 4 —&— SPMF Laplace

1.40 A

RMSE
=
w
o

125 4

1.20 A

2 4 6 8 10 12 14
Number of Latent Factors (k)

Figure 4.8 RMSE vs Number of Latent Factors for "SPMF Normal", "SPMF Laplace", and
'SPMF Bayes".
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Given that "SPMF Bayes" showed the lowest RMSE comapred to the other SPMF models,
we employed "SPMF Bayes" to approximate S.

Discussion Of Results

In this section, we utilized "SPMF Bayes" to approximate S, allowing us to derive user-user
and item-item similarity approximations, as well as predict recommendations. To provide
context for our findings, we present the partial user-item rating matrix used for modeling

below:

187 212 480 754 875 961 986 1029

30 NA 4 NA NA NA NA 4 NA
68 NA 4 NA 4 NA NA NA 4
124 | NA 2 NA NA 4 4 NA NA
142 | NA NA 4 NA NA NA NA NA
176 | NA 1 NA NA NA NA NA NA
245 | NA 3 NA NA NA NA NA NA
272 | NA NA 25 35 NA 25 35 NA
R 276 | NA 2 NA NA NA NA NA NA ) (42)
304 4 NA NA NA NA NA NA NA
323 | NA NA NA 4 1.5 NA NA 35
412 | NA NA NA NA NA NA 4 NA
571 | NA 35 4 NA NA NA NA NA
606 | NA NA NA NA NA 4 NA NA
652 | NA 25 NA 35 NA NA NA NA
673 4 1.5 NA NA NA NA NA 4
706 \NA 35 NA NA NA NA NA NA

After estimating the matrix U with the "'SPMF Bayes" model and subsequently deriving the
approximated matrix S=0U0 T we can gain insights into user-item interactions. The lower
right block of S , specifically RRNﬁﬁN, corresponds to the user-user similarity matrix. Below,

we present the approximated user-user similarity matrix for a subset of users.
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—0.01
0.22
0.25
0.35
0.22
0.66
0.44
0.02
0.31
0.01
0.19
1.01
0.39

706
0.54
0.62
0.24
0.03
0.99
0.89
0.02
0.92
0.03
—0.01
—0.01
0.59
0.01
0.66
0.39
1.02

Furthermore, as illustrated in Section 2.1.4, computing the user-user similarity matrix for

matrix R can be achieved by calculating RrnyRi&y. The resulting matrix is displayed below:
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To provide a visual comparison between the original and approximated user-user similarity

matrices, we have depicted both matrices using heatmaps, as shown in Figure 4.9.

The heatmap comparison of the original and approximated user-user similarity matrices of-

fers insights into the accuracy of the "SPMF Bayes" model in capturing and preserving user

relationships. The original user-user similarity matrix displays a range of similarity values,

with some user pairs showing very high similarity (close to 1), indicating strong relationships

between these users. These robust connections are crucial for accurately predicting user pref-
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Figure 4.9 User-User Similarity: Heatmap comparison of the original and approximated user-
user similarity matrices.

erences and generating reliable recommendations.

In the approximated user-user similarity matrix, the general structure and prominent rela-
tionships observed in the original matrix are well-preserved. High similarity values between
user pairs are consistently captured in the approximation, indicating that the "SPMF Bayes"
model maintains the strong user-user relationships present in the original data. Furthermore,
the approximated matrix accurately captures the low or zero similarity values observed in
the original matrix. This preservation of low similarity values is essential for distinguishing

unrelated users and maintaining the integrity of the original data.

The heatmaps reveal clusters of users with higher similarities, suggesting groups of users
with similar preferences. These clusters are visible in both the original and approximated
matrices, showing that the "SPMF Bayes" model retains the clustering patterns within the
user data. While minor variations in similarity values between the original and approximated
matrices are observed, these differences are generally small, underscoring the robustness of
the approximation. The overall structure, strong relationships, and clustering patterns are
preserved, highlighting the model’s capability in maintaining the intricate details of user re-

lationships.
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Similarly, the top left block of S (]A%SN}?CN) represents the item-item similarity matrix. Pre-

sented below is a subset of this matrix for 8 selected movies:

187 212 480 754 875 961 986 1029

187 0.99 0.25 0.02 0.01 -0.01 0.04 0.01 0.33
212 0.25 1.02 0.35 0.19 0.36 0.18 0.29 0.31
480 0.02 035 1.03 0.32 0.01 0.18 0.25 0.01
754 0.01 0.19 0.32 0.99 0.33 0.12 0.41 0.71
875 —-0.01 0.36 0.01 0.33 0.88 0.66 0.03 0.19
961 0.04 0.18 0.18 0.12 0.66 0.96 0.25 —0.01
986 0.01 0.29 0.25 0.41 0.03 0.25 1.01  —-0.02
1029 0.33 031 0.01 o071 0.19 -0.01 -0.02 0.97

Additionally, as demonstrated in Section 2.1.4, calculating R&yRcn suffices to obtain the
item-item similarity matrix for the matrix R. The resulting similarity matrix is presented

below:

187 212 480 754 875 961 986 1029

187 1.00 0.27 0.00 0.00 0.00 0.00 0.00 0.43
212 0.27 1.00 0.25 0.36 0.21 0.14 0.26 0.36
480 0.00 0.25 1.00 0.19 0.00 0.16 0.21 0.00
754 0.00 0.36 0.19 1.00 0.19 0.19 0.24 0.60
875 0.00 0.21 0.00 0.19 1.00 0.61 0.00 0.18
961 0.00 0.14 0.16 0.19 061 1.00 0.21 0.00
986 0.00 0.26 0.21 0.24 0.00 0.21 1.00 0.00
1029 \ 043 0.36 0.00 0.60 0.18 0.00 0.00 1.00

To facilitate a clearer comparison between the original and approximated item-item similar-

ity matrices, we present the corresponding heatmaps in Figure 4.10.

The heatmap comparison of the original and approximated item-item similarity matrices
provides insights into how the "SPMF Bayes" model preserves item relationships. The orig-
inal item-item similarity matrix shows a wide range of similarity values, with certain item
pairs displaying high similarity values, indicating strong relationships. These connections are

essential for predicting item preferences and generating accurate recommendations.

The approximated item-item similarity matrix retains the overall structure and key relation-
ships seen in the original matrix. High similarity values between item pairs are consistently
mirrored in the approximated matrix, indicating that the "SPMF Bayes" model captures the
strong item-item connections present in the data. Additionally, the approximated matrix
accurately reflects the low or zero similarity values found in the original matrix. This ability
to maintain low similarity values is crucial for distinguishing unrelated items and ensuring

the integrity of the original data is preserved.
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Original Item-Item Similarity Matrix Approximated Item-Item Similarity Matrix
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Figure 4.10 Item-Item Similarity: Heatmap comparison of the original and approximated
item-item similarity matrices.

The heatmaps also highlight clusters of items with higher similarity values, suggesting groups
of items that share similar user preferences. These clusters are apparent in both the orig-
inal and approximated matrices, demonstrating that the "SPMF Bayes" model retains the
inherent clustering patterns of the item data. While minor variations in the similarity values
between the original and approximated matrices are observed, these differences are generally
small, underscoring the robustness of the approximation. The model’s ability to preserve
the overall structure, key relationships, and clustering patterns underscores its capability in

maintaining detailed item interactions.

In conclusion, the "SPMF Bayes"' model approximates the item-item similarity matrix well,
preserving the essential relationships and patterns within the original data. This preservation
is crucial for understanding item interactions and improving the accuracy of recommendation

systems.

Now, we refer to Figures 4.9 and 4.10 to illustrate the application of the two main techniques

in recommender systems: Collaborative Filtering RS and Content-Based RS.

-10

- 0.8
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Collaborative Filtering RS

Figure 4.9 illustrates that User 706 shares taste similarities with User 571. When examining
the user-item rating matrix R in 4.2, it becomes evident that User 571 has not rated movie
ID 480, while User 706 has given it a high rating of 4. By applying Collaborative Filtering
techniques, this unrated movie can be recommended to User 571, leveraging the preferences

of similar users.

Additionally, the heatmap reveals that Users 304 and 673 exhibit some shared tastes. User
673 has rated movie ID 1029 with a high score of 4, while User 304 has not rated this
movie according to the user-item rating matrix R in 4.2. Therefore, based on Collaborative

Filtering, it is advisable to recommend this movie to User 304.

Content-Based RS

Based on Figure 4.10, movie ID 1029 has similarities with movie ID 754. From the user-
item rating matrix R in 4.2, we observe that User 673 has rated movie ID 1029 but has not
rated movie ID 754. Therefore, using the Content-Based RS approach, movie ID 754 can be
recommended to User 673. Similarly, movies ID 875 and 961 show similarities. Since User
606 has rated movie ID 961 but not movie ID 875, we can recommend movie ID 875 to User
606 following the Content-Based RS methodology.

Predicting Missing Ratings

In the context of the matrix S , the lower left block, denoted as ]:BRN, is essential for pre-
dicting ratings for users who have not rated specific items (indicated by NA entries). After
approximating the matrix S, the reconstructed matrix S fills these missing values, thereby

providing predictive insights.

Considering the user-item rating matrix R in 4.2, we notice that User 68 has not rated movie
ID 986. By consulting }?RN, the predicted rating for this user-movie pair is 3.86 (post-
transformation). Similarly, for User 606, who has not rated movie ID 857, the predicted

rating after transformation is 3.31.

This predictive mechanism demonstrates the utility of Rpy in estimating missing ratings by

providing predicted values for user-item pairs that lack ratings. Through matrix approxima-
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tion and subsequent prediction, this approach enables the derivation of probable ratings for

unexplored user-item interactions within the RS framework.

Following the detailed predictions for movie recommendations using the "'SPMF Bayes"
model, the next section delves into a comparative analysis of convergence rates between
the "SPMF Bayes" model and other methods such as SVD, NMF, and PMF.

Convergence Rate Analysis of SPMF vs SVD, NMF, and PMF

The RMSE values for each iteration from 1 to 100 were recorded for SPMF, SVD, NMF,
and PMF. The results were plotted to visualize the convergence behavior of each method in
Figure 4.11.

4.0
— SVD
NMF
—— PMF
3.5 1 —— SPMF Bayes
3.0 A
h 2.57
=
4
2.0 1
1.5 4
1.0
0 20 40 60 80 100

lteration

Figure 4.11 Comparison of RMSE values over 100 iterations for SVD, NMF, PMF, and
SPMF Bayes. The plot illustrates the convergence rates of each model, highlighting the
faster convergence achieved by "SPMF Bayes" compared to the other models.

PMF starts with an RMSE of 3.89, indicating the highest initial error among the methods.
In contrast, SPMF begins with an RMSE of 2.40, lower than PMF’s initial value, suggesting
a better initial fit. NMF and SVD start with RMSE values of 2.52 and 3.13, respectively,
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positioning them between SPMF and PMF in terms of initial accuracy.

SPMF shows a rapid decline in RMSE during the first 20 iterations, dropping from 2.40 to
around 1.43. This improvement continues until around iteration 60, where it stabilizes around
1.15. PMF also exhibits a steep decline initially but stabilizes at a slightly lower RMSE value
around 1.00 after 100 iterations. NMF demonstrates a steady decrease in RMSE but at a
slower rate compared to SPMF and PMF, stabilizing around 1.66. SVD shows a decreasing
trend initially, but its RMSE begins to increase after around iteration 60, indicating over-
fitting or instability in the model. After 100 iterations, PMF achieves the lowest RMSE of
approximately 1.00, indicating strong performance among the methods tested. SPMF follows
closely with a final RMSE of around 1.15, showcasing its robustness and rapid convergence.
NMF stabilizes at a higher RMSE of about 1.66. SVD ends with the highest RMSE of around

3.17, indicating potential overfitting issues.

The comparison of SPMF, PMF, NMF, and SVD over 100 iterations reveals differences in
convergence rates and final accuracy. SPMF demonstrates the fastest convergence and main-
tains a competitive final RMSE, making it suitable for this dataset and configuration. NMF
shows a slower convergence rate and higher RMSE, indicating less capability in capturing
the underlying structure of the data. SVD exhibits instability with an increasing RMSE
after initial iterations, suggesting potential issues with overfitting or parameter settings. The
results highlight the strengths of both PMF and SPMF in terms of convergence speed and
accuracy, making them preferable choices for the development of recommender systems in
this context. SPMF’s ability to converge rapidly while maintaining a low RMSE underscores

its robustness and potential as a valuable model for recommendation systems.

In the following section, we assess the performance of the SPMF models in comparison to
other state-of-the-art models such as SVD, NMF, and PMF.

Evaluation of SPMF Model Performance on Subsets of FilmTrust Dataset

We randomly selected 20 samples from the FilmTrust dataset, each consisting of 100 users
and 50 items, to assess the performance of state-of-the-art models (SVD, NMF, and PMF)
in comparison to our three proposed SPMF models ("SPMF Normal," "SPMF Laplace," and
"SPMF Bayes"). For each model, we ran their respective algorithms to determine the optimal

number of latent factors k. Using this optimal &k, we conducted matrix factorization over 100
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iterations, recording the lowest RMSE for each sample and model. The resulting RMSE

values for each model and sample are displayed in Figure 4.12.

Figure 4.12 compares the RMSE across different samples for various matrix factorization
methods: SVD, NMF, PMF, "SPMF Bayes', "SPMF Normal", and "SPMF Laplace". Over-
all, SVD consistently exhibits higher RMSE values compared to other methods, indicating
its relative inefficacy in minimizing error within this context. In contrast, PMF generally
demonstrates lower RMSE values, suggesting strong performance in reducing prediction er-
rors across samples. However, it is noteworthy that the RMSE of PMF is not always the
lowest. There are instances where SPMF models, particularly "SPMF Bayes", show lower
RMSE values than PMF, implying that SPMF methods can occasionally outperform PMF

in terms of accuracy.

3.5 1

3.0

2.5
—&— SVD

>~ NMF

—o— PMF

—&— SPMF Bayes
2.04 —8— SPMF Normal
—e— SPMF Laplace

RMSE

1.5 1

1.0 A

Figure 4.12 Comparison of RMSE values for 20 samples from the FilmTrust dataset across
different models (SVD, NMF, PMF, "SPMF Bayes', 'SPMF Normal', and "SPMF Laplace").

NMF shows noticeable variation in RMSE but generally remains within a moderate range.
"SPMF Bayes", "SPMF Normal', and "SPMF Laplace" exhibit similar trends with occasional



167

spikes, yet tend to stay lower than SVD and NMF. Among the SPMF variants, "SPMF
Bayes" tends to have slightly lower RMSE values compared to "SPMF Normal" and "SPMF

Laplace", suggesting marginally better performance.

The primary aim of developing the SPMF models was not just to attain the highest prediction
accuracy but to create a model that balances interpretability and accuracy. Our objective is
to benchmark the performance of SPMF models against other leading models. This analysis
highlights the importance of SPMF models in the context of recommendation systems, where

both accuracy and interpretability are essential for practical applications.
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CHAPTER 5 CONCLUSION

This chapter provides an overview of our work and its alignment with the initially outlined
objectives. Our thesis revolves around developing the Symmetric Probabilistic Matrix Fac-
torization (SPMF) technique, primarily achieved through the construction of a symmetric
block matrix based on user-item rating data. Utilizing SPMF simplifies the factorization
problem by transforming the objective function into a convex problem, ensuring a global
optimum. This transformation results in an optimal solution with a faster convergence rate.
Here, we outline the primary contributions of SPMF' as a matrix factorization technique, dis-
cuss research limitations, and propose potential areas for future enhancements. Additionally,

we present prospective research directions within this field.

Summary of Contributions

The conclusion of this thesis signifies the culmination of research efforts that have yielded con-
tributions to the domain of recommendation systems. The findings and insights derived from
this study collectively represent an advancement in understanding, analyzing, and utilizing
recommendation algorithms, particularly focusing on the SPMF algorithm. The conclusion

of the thesis can be summarized as follows:

1. Comparative Advantages of SPMF': We systematically investigated the compara-
tive advantages of SPMF over SVD, NMF, and PMF. Our analysis showed that SPMF
addresses the rank deficiency issues caused by overdetermination or underdetermina-
tion by converting the original matrix into a symmetric blockwise matrix. By approx-
imating this blockwise matrix and incorporating user-user and item-item information
into a single low-rank factor, SPMF solves a convex objective function, providing op-
timal solutions with a faster convergence rate. Furthermore, SPMF offers improved
interpretability by modeling user-user and item-item interactions from a probabilistic

perspective.

We also demonstrated the flexibility of SPMF to handle various data types by select-
ing the most relevant distribution for the given problem. For example, we successfully
factorized binary matrices using a Bernoulli distribution to model the underlying data
structure. This adaptability makes SPMF a versatile tool suitable for a wide range of

matrix factorization applications, fulfilling the objective of demonstrating its compar-
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ative advantages over traditional techniques.

. Unified Matrix Representation: By employing a single unified matrix in SPMF,
we evaluated its benefits and trade-offs regarding computational complexity and in-
terpretability. This approach streamlined the factorization process and enhanced the
clarity of the latent factors. User-item rating matrices often face challenges due to
imbalances between the number of items and users. These imbalances complicate data
relationship interpretation and lead to matrices lacking sufficient rank, causing compu-

tational inefficiencies and inaccurate recommendations.

To address these issues and improve interpretability, we constructed a blockwise sym-
metric matrix incorporating both user-user and item-item relationships. This trans-
formation converted the original rectangular user-item matrix into a square symmetric
matrix, allowing us to better capture and analyze the underlying interactions, lead-
ing to a convex single factor prediction. This method mitigated the limitations of
imbalanced input matrices, providing a clearer representation of the data, enhancing

user-item prediction, and alleviating rank deficiency problems.

The unified matrix representation in SPMF facilitated the factorization process and
improved the interpretability of latent factors through probabilistic distributions for
matrix approximation. This methodology offered deeper insights into the interactions
between users and items. By leveraging the symmetric property, SPMF ensured that
the latent factors were interpretable in both directions, fostering a comprehensive un-
derstanding of user preferences and item characteristics. Additionally, the probabilistic
nature of SPMF handled missing data and uncertainty, making it a versatile tool for
real-world recommender systems. The resulting factorized matrices accurately repre-
sented user-item interactions and revealed hidden patterns and correlations essential

for enhancing recommendation accuracy.

. Transforming biconvex to convex optimization: Transforming a biconvex opti-
mization problem into a convex optimization problem was a pivotal part of this research.
This transformation ensured a unique optimal solution and enhanced convergence prop-

erties.
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Consolidating two distinct factors into a single unified low-rank factor improved the
interpretability of matrix factorization methods. This approach provided a clearer un-
derstanding of the underlying data structure by simplifying the complex relationships
between users and items. The convex optimization method facilitated a more reliable

solution process, ensuring robustness in the factorization outcomes.

By addressing the inherent challenges of biconvex optimization, a more interpretable
framework for matrix factorization was developed. This transformation demonstrated
the advantages of convex optimization in improving both the process and the clarity of

the factorization results.

. Optimal Number of Latent Factors: In this research, we developed methods to
identify the optimal number of latent factors (k) for the SPMF model in recommen-
dation systems. Understanding the impact of k£ on model performance was crucial for

fine-tuning the model.

The number of latent factors directly influences the complexity and performance of the
model. If £ is too small, the model may not capture the underlying patterns in the
data, leading to inaccurate recommendations. Conversely, if k is too large, the model

may overfit, performing well on training data but poorly on unseen data.

To determine the optimal k, we used K-fold cross-validation to evaluate the SPMF
model’s performance across different values of k. Model performance was measured
using RMSE, which indicates the model’s accuracy and relevance of recommendations.
By systematically varying k and recording the corresponding performance metrics, we
identified the k value that minimized RMSE. Additionally, we assessed model complex-
ity and potential overfitting by comparing training and validation performance. A gap

between these performances suggested overfitting and the need for a lower k.

This methodology allowed us to systematically determine the optimal number of latent
factors for the SPMF model, ensuring a balance between model complexity and per-

formance.
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5. Impact of Probabilistic Distribution: In this study, we examined how different
probabilistic distributions, such as Gaussian and Laplace, influence the robustness of
SPMF recommendations against noise and outliers. The normal distribution captures
the central tendency of user ratings but is sensitive to outliers. In contrast, the Laplace
distribution, with its heavier tails, offers greater resilience to outliers and promotes

sparsity in factorized matrices, making it better for handling data with extreme values.

By leveraging different probabilistic distributions, SPMF strengthens its robustness
against noise and outliers. Specifically, the Laplace distribution promotes sparsity in
the factorized matrices, reducing the influence of outliers on the model. This char-
acteristic is particularly beneficial in high-dimensional data, where noise and outliers
can significantly impair the performance of traditional matrix factorization techniques.
The use of the Laplace distribution results in a penalty term that encourages sparsity,
making the factorization process more stable and reliable, and ensuring that the un-

derlying latent structures are accurately captured.

This robustness is crucial in applications such as recommender systems, where data
is often noisy and subject to anomalies. Furthermore, the ability to handle noise and
outliers allows SPMF to maintain interpretability, even with corrupted or incomplete
data. This highlights the importance of selecting appropriate probabilistic models in

matrix factorization, tailored to the specific characteristics of the dataset.

The choice between these distributions depends on the dataset characteristics and the
desired properties of the recommendation system. We employed methodologies in-
volving Maximum Likelihood Estimation (MLE) and Bayesian estimation with these

distributions to balance model robustness and interpretability.

6. Binarization of the Matrix: In the rapidly evolving landscape of Al-enabled digital
entertainment, platforms like YouTube, Amazon, and Netflix have transformed video
content consumption and advertising. The effectiveness of their recommendation sys-
tems is crucial for maximizing revenue through targeted advertisements by capturing
and retaining user attention. Accurate predictions of user preferences enhance user
engagement and advertisement delivery. We addressed the challenge of recommending
suitable content from vast repositories, where user preferences are often represented as

binary ratings (likes or dislikes).
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Throughout this research, we leveraged the versatility of SPMF to handle various data
types by selecting appropriate probabilistic distributions. Specifically, the Symmetric
Probabilistic Binary Matrix Factorization (SPBMF) employed the Bernoulli distribu-
tion to model binary matrices, which is suitable for applications involving binary inter-
actions, such as social media likes and dislikes. Additionally, other variants of SPMF
can be developed for different data scenarios. For example, Poisson distributions can
model count data. This flexibility enabled us to apply SPMF across a wide range of
domains, including recommendation systems, network analysis, and collaborative fil-

tering, enhancing its utility and applicability.

Symmetric Probabilistic Binary Matrix Factorization (SPBMF): During this
research, we extended our developed SPMF model to factorize binary matrices using
the Bernoulli distribution, resulting in the Symmetric Probabilistic Binary Matrix Fac-
torization (SPBMF). This novel approach, inspired by the logistic function, transforms

dot product values into the [0, 1] range using the sigmoid function.

SPMF and its variant, SPBMF, offer advantages for single-factor low-rank factorization
across a diverse range of applications, supported by solid theoretical guarantees. A
major advantage of SPBMF is its ability to handle symmetric data. By leveraging the
symmetric nature of adjacency matrices, SPBMF transforms the matrix factorization
process into a more intuitive and interpretable format through graph representation.
This approach facilitates the integration of user-user and item-item interactions into a
unified low-rank factor, thereby providing a cohesive representation of the data. The
symmetric nature of SPBMF allows it to capture inherent relationships within the data
more accurately, making it particularly useful for applications involving networks and
social interactions. This methodology not only enhances the interpretability of the
factorization results but also ensures that the resulting model maintains the inherent
properties of the original data structure. Furthermore, the theoretical foundations of
SPBMF provide robust guarantees for convergence and optimality, ensuring reliable
performance in practical scenarios. This makes SPBMF' a tool for advancing the state-
of-the-art in various domains, including recommendation systems, bioinformatics, and

network analysis.

. Hyperparameter Tuning: During this research, we emphasized the importance of

hyperparameter tuning in optimizing the performance of the SPMF model. By system-



173

atically adjusting hyperparameters, we ensured that the model was closely aligned with
the specific characteristics of the dataset. This tuning process enhanced the model’s

interpretability and predictive accuracy.

Key hyperparameters such as the learning rate, regularization parameters, and latent
factor dimensions were fine-tuned to achieve optimal performance. We developed a
structured methodology for evaluating various sets of hyperparameters, which facili-

tated the identification of the best configuration for the given data.

This approach to hyperparameter tuning improved the relevance and precision of SPMF

in real-world applications, establishing it as a robust tool in recommendation systems.

. Comprehensive Performance Evaluation: This research involved a thorough ex-
perimentation and evaluation process using subsets of the MovieLens 100K and FilmTrust
datasets to demonstrate the improvements in recommendation robustness and inter-
pretability provided by the SPMF models over existing methods. The performance of
SPMF models was benchmarked against traditional techniques such as SVD, NMF, and
PMF by implementing these models on selected datasets and measuring the RMSE for
each method.

The MovieLens 100K and FilmTrust datasets were divided into multiple subsets to en-
sure a thorough evaluation. Each subset included different numbers of users and items
to test the models under various conditions. For each dataset, the models were run for
100 iterations, with RMSE recorded at each step to assess accuracy, convergence rate,

and the ability to handle missing data and noise.

The results showed that SPMF models, including "SPMF Normal", "SPMF Laplace",
and "SPMF Bayes", consistently outperformed SVD and NMF in both accuracy and
convergence rate. While PMF demonstrated competitive performance, SPMF models
exhibited better robustness and interpretability. The unified matrix representation in
SPMF enhanced the interpretability of latent factors, providing more insightful analysis

of user-item interactions and managing user-user and item-item relationships.

SPMF models demonstrated resilience to noise and missing data, maintaining stable

RMSE values across iterations. The Laplace variant of SPMF was particularly noted
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for its robustness to outliers, making it suitable for datasets with extreme values. By
leveraging probabilistic distributions and optimizing hyperparameters, SPMF offered a

balanced approach to accuracy, robustness, and interpretability.

The performance evaluation underscores the advantages of SPMF models over tradi-
tional matrix factorization methods. These findings highlight the potential of SPMF as
a tool for developing recommendation systems capable of delivering precise and reliable
recommendations, thus reinforcing the contributions and originality of this research in

advancing the field of recommendation systems.

Theoretical and Mathematical Properties of SPMF': This research highlights
the theoretical and mathematical properties of the SPMF model, distinguishing it from
traditional matrix factorization techniques that use two factors with biconvex objective
functions. SPMF employs a single factor with a convex objective function, leading to

a faster convergence rate compared to methods like Alternative Least Squares (ALS)
and Stochastic Gradient Descent (SGD).

We established that SPMF has a logarithmic convergence rate of O(log(1)) when the
objective function is strongly convex with a Lipschitz continuous gradient. This con-

dition is satisfied by demonstrating that the sum of the eigenvalues \; of the matrix

UUT exceeds ”ng, where m and n represent the number of users and items, respec-

tively. Furthermore, incorporating a Gaussian prior A/(0,0?) on the low-rank matrix
U 2
H2UH2F_

This constraint is achieved within a Bayesian inference framework by leveraging the

U imposes a strong convexity constraint on the objective function, denoted by

smoothness of the elements of U as a regularization term.

This theoretical analysis clarifies the conditions ensuring a rapid convergence rate for
the SPMF model. The inherent convexity of the objective function guarantees a faster
convergence rate of O(log(1)), contrasting with other matrix factorization techniques
with biconvex objective functions, which exhibit slower convergence rates of O(%) or
(’)(ﬁ) depending on the optimization method used. Consequently, SPMF not only
speeds up the convergence process but also provides interpretable low-rank factors
for approximation. Furthermore, using subsets of the MovieL.ens 100K and FilmTrust
datasets, it has been confirmed that SPMF converges faster than SVD, NMF, and PMF.
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This faster convergence is especially advantageous in large-scale applications, where
computational resources and time are critical. The stability and reliability of the con-
vex optimization framework in SPMF ensure consistent results across different datasets,
enhancing its utility in various recommendation systems and large-scale data analysis
tasks. The robust mathematical foundations of SPMF thus contribute significantly to

its performance and applicability.

The research contributed to both the practical implementation and theoretical understand-
ing within the realm of recommendation systems. Practically, this study enhanced the inter-
pretability of recommendation systems by exploring the SPMF algorithm. Through empirical
analyses and real-world application, it offered insights into the algorithm’s functionality and
adaptability. The integration of SPMF into SPBMF, complemented by graph components,
showcased its practical utility and potential for addressing modern challenges in recommenda-
tion scenarios. This implementation demonstrated the algorithm’s versatility and its capacity
to provide clear, interpretable results, which is crucial for user trust and transparency in rec-

ommendations.

Theoretically, this research advanced the comprehension of recommendation systems by elu-
cidating the inner workings and limitations of SPMF. The critical analysis uncovered nuanced
limitations, notably the algorithm’s sensitivity to hyperparameters and its performance on
large datasets. These theoretical insights provided a deeper understanding of the algorithm’s
intricacies and suggested pathways for enhancing interpretability. By offering a roadmap for
refining SPMF’s capabilities, the research contributed to the development of recommenda-

tion algorithms that are not only practical but also interpretable.

Furthermore, the suggestions for future research directions aim to propel the evolution of
recommendation systems in both practical and theoretical domains. By outlining potential
avenues for exploration and innovation, the study sets the stage for continued advancements
in the field. These suggestions consider not only the practical implementation of recom-
mendation algorithms but also the theoretical refinements necessary to improve their inter-

pretability and adaptability in diverse recommendation scenarios.
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Limitations, Improvements and Future Work

The research acknowledges the limitations and identifies areas for improvement and future

exploration. Some potential directions for SPMF include:

1. Scalability Enhancements: Future work should concentrate on enhancing the scal-
ability of SPMF by developing algorithms that leverage parallel computing techniques.
This will enable the application of SPMF to larger and more complex datasets. One
approach is to utilize sparse matrix representations, which reduce storage requirements
and computational cost by focusing on the non-zero elements of large, sparse matrices.
This can be achieved using data structures like Compressed Sparse Row (CSR) or Com-
pressed Sparse Column (CSC), and by employing libraries optimized for sparse matrix
operations [91]. From an algorithmic perspective, parallel and distributed computing
techniques are crucial. Implementing Stochastic Gradient Descent (SGD) and its vari-
ants, such as mini-batch SGD and Hogwild! SGD, allows incremental updates of model
parameters, making the factorization process more manageable [92]. Incorporating ad-
vanced hyperparameter tuning methods, such as Bayesian optimization, ensures that
the model parameters are optimally set, balancing complexity and performance [93].
These combined mathematical and algorithmic strategies enable SPMF to scale to large

datasets, ensuring robust and accurate recommendations.

To address the scalability of probabilistic distribution objective functions such as nor-
mal and Laplace distributions, as well as Bayesian inference, a combination of math-
ematical and algorithmic strategies is essential. Key mathematical techniques involve
leveraging sparse matrix representations to reduce memory usage and computational
cost by focusing on non-zero elements. Efficient computation methods such as Cholesky
decomposition for sparse matrices and Iteratively Reweighted Least Squares (IRLS) for
Laplace distributions are crucial for maintaining computational feasibility [94]. Fur-
thermore, Bayesian inference methods, such as Stochastic Variational Inference (SVI)
and parallel Markov Chain Monte Carlo (MCMC), provide scalable solutions by ap-
proximating posterior distributions and running multiple chains simultaneously [95].
These methods are complemented by advanced regularization techniques like sparse
Bayesian learning and elastic net regularization, which enforce sparsity and improve
model robustness, ensuring that the SPMF framework remains computationally feasi-
ble for large datasets [95].
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2. Model Assumptions: Model assumptions in probabilistic modeling, such as the
choice of distribution, impact the performance and applicability of SPMF. Incorrect
assumptions can lead to biased or inaccurate recommendations. Adapting SPMF or
SPBMF to various applications requires a careful mathematical and algorithmic ap-
proach to incorporate domain-specific knowledge and handle diverse data types. This
adaptation involves integrating known relationships, such as user-item interactions,
through strategic initialization and regularization, ensuring the factorization process
respects established associations and enhances the model’s accuracy. Algorithmically,
SPMF or SPBMF must address heterogeneous data types—binary, categorical, and
continuous—Dby customizing probabilistic distribution functions. For example, using a
Bernoulli distribution for binary data, a categorical distribution for categorical data,
and a Gaussian distribution for continuous data ensures accurate representation. Ro-
bust distributions like the Laplace or Student’s t-distribution can enhance resilience
to outliers. These adaptations enable SPMF or SPBMF to provide personalized and
accurate recommendations by capturing complex relationships and variability. Model
assumptions, such as the choice of distribution and assumptions about latent factor in-
dependence or linearity of interactions, are crucial. Selecting appropriate distributions
that align with data characteristics is essential. Thoroughly validating these assump-
tions against domain knowledge and empirical evidence ensures the robustness and

performance of SPMF or SPBMF across various applications.

3. Real-Time Recommendations: Developing real-time recommendation capabilities
within the SPMF framework can broaden its applicability to dynamic environments,
such as online streaming platforms and e-commerce websites. To address this, incre-
mental and online algorithms that update the model continuously as new data arrives
can handle real-time and large-scale environments. Additionally, using adaptive algo-
rithms such as Thompson Sampling and Contextual Bandits [96] helps in dynamically
adjusting the recommendation strategies based on evolving user preferences, optimizing
both exploration and exploitation phases. Algorithmically, the integration of stream-
ing data processing frameworks like Apache Kafka and Apache Flink is essential for
handling high-throughput, low-latency data streams [97]. These frameworks enable the
construction of real-time data pipelines that seamlessly ingest and process incoming
data. Implementing scalable infrastructure through distributed computing platforms
like Apache Spark ensures robust data processing and model training at scale. Spark’s
MLIib library, combined with real-time stream processing capabilities, facilitates the

deployment of scalable machine learning models [98]. Furthermore, leveraging cloud
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computing services such as Amazon Web Services (AWS) and Google Cloud Platform
(GCP) provides the necessary computational resources and tools to manage, deploy,
and serve machine learning models in production, ensuring that the recommendation
system can handle the demands of real-time data [99]. These combined mathematical
and algorithmic approaches form a comprehensive strategy for maintaining computa-

tional efficacy in real-time e-commerce environments.

. Time Series SPMF: Extending SPMF to handle time series data involves integrating
temporal dynamics into the model, resulting in the Temporal Symmetric Probabilistic
Matrix Factorization (TSPMF) approach. Mathematically, this involves representing
the user-item interactions as a tensor R € R™™*! where n is the number of users, m
is the number of items, and ¢ represents the time intervals. The tensor is factorized
into time-dependent user-time-user interaction, item-time-item interaction, and user-
time-item rating latent factors U;. The objective function incorporates temporal regu-
larization terms, ensuring smooth transitions of latent factors over time, and penalizes
large changes between consecutive time intervals. This results in a convex optimization
problem that can be efficiently solved, maintaining the model’s interpretability and ro-
bustness over time. Developing TSPMF to handle time series data through probabilistic
distribution functions involves modeling the user-item-time interactions with a tensor,
incorporating temporal regularization to ensure smooth transitions over time, and solv-
ing the resulting model using variational inference techniques. The EM algorithm and
variational inference are key methods to estimate the posterior distributions of the la-
tent factors efficiently [100]. For TSPMF, the choice of distribution should match the
characteristics of the time-series data, e.g. Gaussian distribution is suitable for contin-
uous data with normal noise, facilitating efficient computation. Laplace distribution is
a better choice for data with outliers or heavy-tailed distributions. Gaussian process
is an ideal approach for capturing complex temporal dependencies and trends. Hidden
Markov Models (HMM) is more suitable for data with discrete underlying states or
regimes [101]. Poisson distribution is an appropriate method for count-based or event-
based time-series data. These mathematical and algorithmic enhancements ensure that
TSPMF can manage the complexities of real-time, large-scale e-commerce data, pro-

viding accurate and timely recommendations.

. Domain-Specific Adaptations: Tailoring SPMF to specific domains, such as health-

care, by incorporating domain-specific knowledge and constraints can improve its ap-
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plicability and performance in those areas. Adapting SPMF or SPBMF to healthcare
involves leveraging mathematical techniques and algorithmic strategies to incorporate
domain-specific knowledge and handle diverse data types. Mathematically, the adap-
tation starts with integrating known medical relationships, such as symptom-disease
associations, into the model through initialization and regularization. This ensures
that the factorization process respects established medical knowledge, enhancing the
model’s accuracy and relevance. For instance, using regularization terms to enforce
known symptom-disease relationships can guide the factorization towards medically
meaningful latent factors. Algorithmically, SPMF or SPBMF can be tailored to handle
the heterogeneous nature of healthcare data, which includes binary (presence or absence
of conditions), categorical (disease types), and continuous (vital signs) information. By
customizing the probabilistic distribution functions used in the model-—such as using
a Bernoulli distribution for binary data, a categorical distribution for categorical data,
and a Gaussian distribution for continuous data—the model can accurately capture the
different types of medical data. Furthermore, incorporating distributions such as the
Laplace can improve the model’s robustness to outliers, which are common in medical
datasets due to measurement errors or rare conditions. These adaptations ensure that
SPMF or SPBMF can provide personalized and accurate treatment recommendations

by capturing the complex relationships and variability in healthcare data.

. Incorporating Side Information: Integrating additional data, such as demographic
or contextual information, has the potential to significantly enhance the performance
of recommender systems. By leveraging this supplementary data alongside the existing
user-item interactions, recommender systems can offer more personalized and accu-
rate recommendations. Future research directions may delve deeper into strategies for
integrating this side information into SPMF. This could involve exploring techniques
within the SPMF framework that accommodate side information seamlessly or devel-
oping alternative methods specifically designed to handle and utilize such additional
data sources more effectively. These efforts aim to enrich the recommendation process
and improve its precision by leveraging diverse contextual cues or demographic insights

available within the dataset.
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7. Symmetric Bayesian Probabilistic Matrix Factorization (SBPMF'): One promis-
ing direction for future research is the development of Symmetric Bayesian Probabilistic
Matrix Factorization (SBPMF). This model will build upon the principles of Bayesian
Probabilistic Matrix Factorization (BPMF), which utilizes prior distributions over la-

tent factors to enhance robustness against data variability and noise.

SBPMF will transform the user-item rating matrix into a symmetric block matrix, in-
corporating user-user and item-item relationships to provide a comprehensive view of
the interactions within the dataset. This transformation is consistent with the method-

ology used in SPMF, ensuring interpretability and robustness.

The advancement in SBPMF lies in the application of a Bayesian framework within this
symmetric matrix structure. By introducing priors over the unified latent factors, the
model will maintain the symmetric nature of the data while improving interpretability.
Bayesian inference techniques, such as Markov Chain Monte Carlo (MCMC) or Varia-
tional Inference, will be employed to estimate the posterior distributions of the latent

factors, handling uncertainty and improving robustness to noise and outliers.

This approach will ensure consistent and meaningful factorization results, preserving
the symmetric properties of the original matrix. SBPMF aims to provide a robust
and scalable solution for various applications, including recommendation systems and

network analysis, extending the capabilities of SPMF.

8. Developing a Robust Recommendation System Using SPMF: SPMF can be
applied as a robust user authentication process to detect fake accounts and prevent
them from biasing the ratings in recommendation systems. This application enhances
the credibility and accuracy of the recommendation system by identifying and removing

malicious users.

An e-commerce website that uses a recommendation system can be affected by false
recommendations due to malicious users creating fake accounts. These fake accounts
can be used to manipulate product ratings, leading to biased recommendations and
undermining the credibility of the recommendation system [102]. To overcome this
challenge, SPMF can be applied as a robust user authentication process to detect fake

accounts and prevent them from biasing the ratings. By implementing a robust user
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authentication process with SPMF, the recommendation system can be protected from

false recommendations, improving the overall accuracy and reliability of the system. In

three steps, SPMF can be applied to detect and remove fake users as listed below:

(a)

Estimating the user-user similarity matrix: SPMF can be used to estimate the
user-user similarity matrix, which is present in the bottom right block of the block
matrix § in (3.2). By doing so, we can identify users who have a high correlation

and examine the items they are interested in.

Checking the item-item similarity matrix: By utilizing information obtained from
the user-user similarity matrix (previous step), the item-item similarity matrix
located in the top left block of matrix S can be evaluated. This matrix provides
insights into the similarities between items and helps identify any patterns in the
items that users with high correlation (as determined in the previous step) are

interested in.

Analyzing the off-diagonal matrix S: Finally, by analyzing the off-diagonal matrix
S, we can determine if the users we found in the first step have given excessively
high ratings to the items we found in the second step. If this is the case, these
users are considered malicious and can negatively impact the credibility of the

recommendation system.

To maintain the reliability of the recommendation system, it is crucial to identify and

eliminate these malicious users. SPMF can play an important role in this process by

allowing us to estimate the user-user similarity matrix and detect malicious users. By

identifying and removing malicious users, SPMF helps to improve the credibility of

recommendation systems and ensures that users receive accurate and trustworthy rec-

ommendations.
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APPENDIX A

In Chapter 3, we demonstrated that the SPMF objective function is p-strongly convex and
that its gradient, V f(U), is L-Lipschitz continuous. As a result, we can apply Theorem 3 from
[86,103]. This theorem states that for any p-strongly convex function with an L-Lipschitz
continuous gradient, the convergence rate of the optimization algorithm is O(log(1/¢€)). Here,
we aim to prove Theorem 3. We will begin by proving several important lemmas from [86,103]
that will lead to the proof of Theorem 3.

Lemma 11. Let f : R® — R be a twice-differentiable function whose gradient V f is Lipschitz
continuous with constant L. Then the Hessian matriz V2f(z) of f at any point x € R" is

bounded in the operator norm by L, i.e.,
IV2f @)l < L,
where || - || denotes the operator norm.

Proof. Consider the definition of Lipschitz continuity of the gradient of f, which states that
for all =,y € R",

IVf(z) = Vil < Lz -yl

This imposes a uniform upper bound on the rate of change of the gradient across the domain
of f. Given that V?f(x) represents the second derivatives of f, it essentially measures how
rapidly the gradient changes in every direction around x. When considering the Taylor

expansion of V f along a line segment from x to vy,

Viy) = Vf(x)+ Vf(z)(y —z)+ oy — ).

As y approaches z, dividing through by ||y — z|| and taking the limit gives

)

vme ly =2

which must be bounded by L due to the Lipschitz condition. Therefore, the operator norm

of the Hessian matrix V?f(x) cannot exceed L. O

Lemma 12. Let f : R" — R be a twice-differentiable function whose gradient V f is L-
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Lipschitz continuous. Then, for any x,y € R",

F(0) < 7(a) + VI @)y — )+ 5 lly — =]

Proof. We begin by applying the second-order Taylor expansion of f around x:

Fl) = F@)+ V@) (g - 2) + 5~ 2 VA o),

where ¢ is some point on the line segment between = and y. Given that the gradient V f
is L-Lipschitz continuous, based on Lemma 11, the operator norm of V2f is bounded by L.
Therefore, we have:

IV2f©ll < L,

which implies:
(y —2)"V2f(E)(y —2) < Llly — «|*.

Substituting this bound back into the Taylor expansion, we obtain:

F(w) < @)+ V) = 2)+ 5y — ol

This completes the proof, demonstrating that the function f does not increase more than

the specified quadratic bound when moving from x to . O]

Lemma 13. For a p-strongly convex function f, the gradient norm satisfies the inequality:

IV f(@)I* = 2u(f(x) = f(z"))
where x* is the minimizer of f.

Proof. Because f is p-strongly convex, for all z,y € R™ and some p > 0, from Definition 1,

we have:
1
F() 2 f(2) + V(@) (y —2) + Slly — 2l
To establish the gradient norm inequality, we use the definition of strong convexity with

y = x*, where x* is the minimizer of f:

@) 2 f(2)+ Vi@ (@ - 2) + Slla” =]
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Rearranging terms to isolate f(x) — f(x*), we get:

f&) = f@*) < V(@) (x = a®) = Slle =
Applying the Cauchy-Schwarz inequality to the term V f(z)7 (x — z*), we have:

V(@) (x—a%) < |V f(2)|lllz — 2"

Substituting this into the previous inequality, we obtain:

f@) = f@") < IV f()lllle — =" - ng — |
Rearranging this to form a quadratic inequality in ||z — z*||, we get:

Clla =2 = IV f(@)[lx = 2*l| + (F(2) = () <0

This quadratic inequality holds if its discriminant is non-negative. The discriminant of the
quadratic equation az? 4+ bx + ¢ = 0 is given by b* — 4ac. Here, a = &, b = —||Vf(x)]|, and
¢ = flx) = fz):

IV F@))* = 2u(f(z) — f(z*)) = 0

Rearranging this inequality gives us the desired result:

IVf (@) = 2u(f(2) = f(27))

Thus, we have shown that for a u-strongly convex function, the gradient norm provides a
lower bound proportional to the function value gap scaled by the strong convexity parameter
L4 0

Theorem 3. Let f : R™ — R be a function that is p-strongly conver and has an L-Lipschitz
continuous gradient. Then, the convergence rate of gradient descent applied to f with an

appropriate step size is O(log(1/€)), where € represents the error tolerance [86,103].

Proof. For a function f with an L-Lipschitz continuous gradient, as stated in Lemma 12,
T L 2
fly) = fl2) + V@) (y —2) + Sy — |
Also, the gradient descent update rule is given by:

T = o — aV f(xy)



where « is the step size. To ensure convergence, we choose the step size a such that:

9
0< < —.
“=7

Applying the gradient descent update rule and using the Lemma 12:

flrrga) < fx) + V()" (@rg1 — o) + 5H37k+1 — i

Substituting xx11 =z — oV f(zk):

f@rer) < flaw) — allVf (@) ]* + Lgllvf(xk)HQ-

Simplifying, we get:
La?

o) < Jor) = o= 5 197

Choosing o = % to ensure convergence:

Flown) < o) — 5 IV TGl

Using the Lemma 7?7, we have:

IV f()ll* > 2p(f () — f(2))

where z* is the minimizer of f. Substituting this into the descent inequality:

Farn) < fow) = F () = fa)).

Letting €, = f(zx) — f(x*), we obtain the recurrence relation:

€ht1 < (1 - l[i) €k

Solving this recurrence relation, we get:

k
€ < (1—5) €o.

Using the approximation log(1 — x) ~ —x for small x:

k
(1 — g) ~ e Ik,

194



195

For ¢, < e:

Thus, the convergence rate is:
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