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Abstract — The resonance spectrum expansion (RSE) self-shielding method was recently proposed by Nagoya 
and Osaka universities as a powerful alternative to existing approaches. First investigations of the RSE at 
Polytechnique Montreal show that it can effectively replace the actual subgroup method used for production 
calculations in DRAGON5. The Japanese implementation of the RSE method is limited to a solution of the 
Boltzmann transport equation (BTE) with the method of characteristics. We are proposing a new implementation 
of the RSE method compatible with various types of solutions for the BTE, including the collision probability and the 
interface current methods. We based our validation study on a subset made up of eight Rowlands pin cell benchmark 
cases. The absorption rates obtained after self-shielding are compared with exact values obtained using an elastic 
slowing-down calculation where each resonance is modeled individually in the resolved energy domain. Validation 
of Rowlands benchmark with effective multiplication factor calculations was also conducted with respect of the 
SERPENT2 Monte Carlo code. It is shown that the RSE method is compatible with both advanced and legacy 
energy meshes and performs slightly better than the production subgroup methods actually used.

Keywords — Lattice calculation, resonance self-shielding, resonance spectrum expansion, reduced-order 
model, proper orthogonal decomposition.  

Note — Some figures may be in color only in the electronic version. 

I. INTRODUCTION

The purpose of the resonance self-shielding calcula-
tions in a lattice code is to produce averaged microscopic 
cross sections over coarse energy groups to be used later 
in a solution of the Boltzmann transport equation 
(BTE).[1] These calculations are based on different 

approximations. The state-of-the-art approach relies on 
the subgroup (or multiband) approach in which the 
detailed energy-dependent cross-section behavior in 
each coarse energy group is replaced by its probability 
density representation.[2,3] An accurate discretization of 
each probability density is then obtained, leading to quad-
rature sets called probability tables.

These probability tables are subsequently used 
within the flux solution algorithm of the subgroup 
method. The subgroup projection method (SPM) is 
a recent implementation of the subgroup method avail-
able in the DRAGON5 lattice code.[4,5] Such method is 
considered the state of the art for the generation of self- 
shielded cross sections for pressurized water reactor 
assemblies.

The resonance spectrum expansion (RSE) method was 
recently proposed as an alternative to existing subgroup 
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methods.[6,7] The RSE method is based on a reduced-order 
model in which the resonant flux in each coarse energy 
group is expanded as a linear combination of snapshot 
functions. A reduced set of basis functions are obtained 
through a proper orthogonal decomposition (POD) techni-
que so that they can reproduce the actual resonant flux with 
a relatively small number of degrees of freedom. This 
number of degrees of freedom is the POD rank and is 
equal to or smaller than the number of snapshot functions. 
These snapshot functions are related to solutions of the 
NJOY flux calculator for a list of dilutions.[8]

The RSE formulations proposed in Refs. [6,7] are 
limited to solutions of the neutron fluxes with the method 
of characteristics (MOC), an expensive class of solutions 
for the BTE, particularly for self-shielding uses. Here, we 
propose a modified RSE approach based on linear trans-
formations that are compatible with simplified solutions 
of the BTE, in particular those based on the collision 
probability or on the interface current methods.

In this paper, we show that the RSE method can be 
reformulated as an improved subgroup method with better 
mathematical foundations than the existing approaches. 
The proposed implementation is a modification of the 
SPM, as described in Ref. [9], and is available in the lattice 
code DRAGON5. Section II is discusses the adaptation of 
DRAGON5 for cases where each resonant isotope is self- 
shielded independently without taking into account mutual 
resonance shielding effects. The existing SPM correlation 
model for representing mutual resonance shielding effects 
is available now, although it is not validated in this paper.

II. THEORY

A few assumptions have been made for the heavy 
slowing-down operator R�fφðr; uÞg at energies where the 
resonance self-shielding model is applied. We assume 
that scattering by the absorber is elastic and isotropic in 
the center of mass, and that the target nucleus is effec-
tively at rest in the laboratory system. However, the 
scattering source at lethargy u0 will reflect the true mate-
rial temperature since elastic scattering cross sections are 
Doppler broadened. This representation is written

where N� is the number density of the resonant isotope, 
φðr; uÞ is the fine-structure function, and σ�s ðr; uÞ is the 
microscopic elastic scattering cross section of the 

resonant isotope. The parameters α and E are defined as 
a function of the mass ratio A as

The Livolant-Jeanpierre [Eq. (4-37) introduced in Sec. 4.2.3 
of Ref. [1]] is a simplified transport equation that can be 
used to describe a heterogeneous case with a unique or 
mixture of resonant isotopes. Here, we consider its solution 
over a coarse group g where the nonresonant cross sections 
are assumed to be constant in lethargy. We write

where Σðr; uÞ is the macroscopic total cross section and 
Σþs;gðrÞ is the macroscopic scattering cross section of the 
nonresonant isotopes at position r in coarse group g. The 
assumption of isotropic source is justified since anisotro-
pic contributions have a negligible impact on resonance 
self-shielding.[6] The fine-structure function φðr; u; ΩÞ is 
a generalization to the heterogeneous case for the solution 
of the flux calculator in module groupr of NJOY.[8]

The NJOY flux calculator equation is written

where σ�ðuÞ is the microscopic total cross section of the 
resonant isotope and where the dilution of the resonant 
isotope in the infinite homogeneous medium is defined as

where Σþg is the macroscopic total cross section of the 
nonresonant isotopes.

Equation (4) is the infinite homogeneous version of 
Eq. (3). NJOY provides solutions of Eq. (4) using 
a continuous-energy representation of cross sections. 
Solutions are obtained for a list of dilutions σe;g (including 
infinite dilution σe;g ¼ 1:0� 1010 b) and a list of absolute 
temperatures.

II.A. Resonance Spectrum Expansion

An Autolib lethargy mesh, also known as an ultra- 
fine group (UFG) mesh, is defined in each coarse group g 
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so as to describe precisely each resonance of the resolved 
energy domain.[10] The width of each element of the UFG 
mesh is an integer multiple of an elementary width Δuelem. 
The RSE treatment starts by temperature interpolation of 
information available in the multigroup cross-section 
library of the lattice code and recovered from NJOY. The 
DRAGON family of lattice codes use multigroup cross- 
section libraries in the DRAGLIB format containing the 
suitable information. They are produced by the dragr mod-
ule of NJOY.[11] This information includes the following:

1. Total and scattering microscopic cross sections 
defined over the Autolib mesh. These are arrays of size 
Nufg;g, the number of UFGs in coarse group g.

2. Matrices X g of size Npart � Ndil containing infor-
mation integrated over coarse groups. Npart is one plus 
the number of cross-section types, and Ndil is the number 
of dilutions. Cross-section types are the total, diffusion, 
and additional types, such as ν-fission, diffusion for all 
Legendre orders, scattering for all Legendre orders and 
all secondary coarse groups, delayed fission, and other 
selected types in NJOY [(n, xn), etc.]. Each line of X g 
contains values of one of these three types:

a. averaged UFG fine-structure function in coarse 
group g,

b. averaged effective total rate in coarse group g,

c. averaged effective partial rate for partial reaction 
ρ in coarse group g,

We also need to define a UFG cross-section matrix Q g of 
size Npart � Nufg;g in each coarse group. The first line of 
Q g is a row vector of ones, and the second and third lines 
of Q g contain the microscopic total and P0 diffusion cross 
sections recovered from the Autolib. Subsequent lines 
contain additional cross-section types not available in 
the Autolib. Matrix Q g is used in the theoretical 

derivation of the probability tables, but is not used in its 
computer implementation.

Equation (4) is solved in the lattice code over the 
UFG mesh for the same list of dilutions σe;g previously 
used in NJOY. Snapshot matrices A g of size Nufg;g � Ndil 
are set where each column of A g is the UFG solution of 
Eq. (4) for a specific dilution, namely, 
φðmÞg ΔuðmÞg ;m � Nufg;g, where ΔuðmÞg is a UFG lethargy 
width.

The continuous-energy solution from NJOY is not 
available in the lattice code. However, we have access 
to the integrated fine-structure functions from NJOY. 
There is a tiny discrepancy between the values recovered 
from NJOY and those obtained from the UFG solution of 
the lattice code. This discrepancy is taken into account by 
the normalization of the A g snapshot matrices in such 
a way that the snapshot fine-structure functions integrated 
over a coarse group are equal to the values computed in 
NJOY.

Using the previous definition, we can write a relation 
between the following matrices as

The RSE information is obtained from the Autolib data 
using a singular value decomposition (SVD) of the form

where U g is the first orthogonal SVD matrix of size 
Nufg;g � Kg, W g is the singular-value diagonal matrix of 
size Kg � Kg, V g is the second orthogonal SVD matrix of 
size Ndil � Kg, and where Kg is the POD rank in coarse 
group g.

The singular values in matrix W g appear with 
decreasing magnitude. The Kg maximum singular values, 
those > EsvdΔuelem, are kept in the RSE algorithm. Here, 
Δuelem is the elementary lethargy width of the Autolib. 
A value of Esvd ¼ 1:0� 10� 3 is set by default, but can be 
redefined by the user. Using a coarser value leads to 
shorter CPU times for both generations of probability 
tables and for solving the resulting subgroup equations. 
The SVD algorithm is powerful at eliminating basis 
redundancies so that Kg � Ndil.

The columns of the U g matrix are used as basis 
functions by the RSE method. The RSE fine-structure 
function expansion in UFG m is written as
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where Um;k is an element of U g and ψkðr; ΩÞ is the 
expansion coefficient. This basis is orthonormal, as

Equation (11) is the principal approximation of the 
RSE method in the case where the resonant isotope is 
unique.

Equation (3) is first discretized over the UFG mesh, 
leading to the Autosecol fine structure equation,

We next substitute Eq. (11) into Eq. (13) and obtain its 
moments with the application of a weight-residual 
approach. We obtain a coarse-group formulation of the 
Livolant-Jeanpierre equation as

where g ¼ 1;G, k ¼ 1;Kg, and where

and

where σ�ðmÞg and σ�ðm nÞ
s;g h are the UFG total and scattering 

resonant microscopic cross sections, respectively.
Another useful quantity, eωk;g, is defined as

Equation (14) was first obtained as Eq. (12) in Ref. [6]. 
Unfortunately, it is not equivalent to a subgroup equation 
due to the sum over Kg in the left side. However, the 
summation over Kh in the right side has been previously 
proposed in Ref. [12] in the context of an improved 
subgroup approximation. Similarly, the summation over 
groups � h in the right side has been previously pro-
posed in Ref. [13] as the toutes résonances model of the 
fine-structure self-shielding method and implemented in 
the APOLLO2 lattice code. Equation (14) must be solved 
using a dedicated method, such as the modified MOC 
proposed in Ref. [6] or Ref. [7]. The modified MOC is 
based on matrix exponential terms obtained via the 
Cayley-Hamilton theorem.

The main motivation for using subgroup equations is 
their compatibility with existing or legacy numerical tech-
niques of BTE solutions, such as the collision probability or 
the interface current methods. In this paper, we propose an 
alternative approach, based on a linear transformation of 
Eq. (14), so as to obtain a subgroup compatible equation. 
Moreover, we propose the weighting of matrix X g so as to 
obtain a probability table compatible with the RSE method. 
Such probability tables are consistent: The base points σ�k;g 
are constrained as minðσ�ðuÞÞ � σ�k;g � maxðσ�ðuÞÞ in 
coarse group g, the values of the probability table are 
real, and the weights are positive.

The next step consists of writing eσ�k;,;g as a Sg matrix 
of size Kg � Kg and finding all its eigenvectors tk;g with 
the associated eigenvalues σ�k;g. These eigenvalues are the 
base points of the proposed subgroup formulation. They 
are real because the Sg matrix is symmetric. We build 
a matrix Tg whose columns are the eigenvectors of Sg. 
This matrix is written as

so that
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The linear transformation technique used to rewrite Eq. (14) 
is based on the introduction of the unknown vector 
ζgðr; ΩÞ ¼ col½ζ1;gðr; ΩÞ ζ2;gðr; ΩÞ . . . ζK;gðr; ΩÞ�
defined in such a way that

The substitution of Eq. (21) into Eq. (14) and the left- 
multiplication of both the left side and the right side 
terms by TT

g leads to

where g ¼ 1;G; k ¼ 1;Kg; and where the scattering and 
gamma terms are obtained as

and

The components γk;g are proportional to the infinite-dilu-
tion unknowns ζk;gðr; ΩÞ. Equation (22) is a subgroup 
equation similar to Eq. (4.76) in Ref. [1]. A consequence 
of this linear transformation is the possibility to adapt the 
RSE method to a subgroup implementation similar to 
those one available in the USS: module of 
DRAGON5.[5] Equation (22) is solved iteratively to 
obtain the Kg solution vectors, starting from an initial 
estimate equal to γg. At any time during the iterations, 
the averaged UFG fine-structure function < φðrÞ > g and 
the effective rates < σ�ρφððrÞÞ > g can be obtained as

and

Effective rates for reaction ρ can be written in the term of 
Riemann integrals or Lebesgue quadratures as

A probability table matrix Pg, of size Npart � Kg and 
correlated with the base points σ�k;g, is defined as 

where the σ�ρ;k;g terms are representing Npart � 2 compo-
nents each. Equation (28) is satisfied in each coarse 
group g if

where col ΔugφgðrÞ
h i

and ζgðrÞ are column vectors of size 
Nufg;g and Kg, respectively.

Using Eqs. (11) and (21), Eq. (30) can be rewritten as

so that

Equation (32) cannot be used directly because matrix Q g 
is unknown. We need to rewrite Eq. (32) with the help of 
Eqs. (9) and (10) so that it can be computed with the 
available information,
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The RSE-based probability tables, including correlation 
information, are computed for each distinct resonant iso-
tope and are independent of its number density. We 
currently do not support the production of probability 
tables for a mixture of many resonant isotopes, as pro-
posed in the original RSE method of Ref. [6]. We never 
solve Eq. (4) for a mixture of isotopes. What we do is 
solve Eq. (4) for a distinct resonant isotope and perform 
subgroup projections for other resonant isotopes on the 
resonant isotope being processed.

The process of computing probability tables is more 
time consuming with the RSE method than it is with the 
CALENDF tables. This information is computed once in 
homogeneous geometry condition before the burnup 
loop, and remains valid as long as the nuclide tempera-
ture does not change. The subgroup Eq. (22) is solved 
repeatedly in heterogeneous geometry condition during 
the burnup loop, using known probability tables. In real 
production cases, the subgroup solution represents the 
largest part of CPU resources. This is not the case with 
the Rowlands benchmarks in Sec. III, which are too 
simple to provide meaningful CPU time values.

The RSE method can only be implemented in the 
resolved energy domain where the Autolib data are avail-
able. We propose using physical probability tables in the 
unresolved energy domain, as proposed in Sec. 4.2.4 of 
Ref. [1]. The following simplified subgroup equation was 
therefore used in the unresolved energy domain:

where g ¼ 1;G and k ¼ 1;Kg.

III. NUMERICAL RESULTS

We based our validation study on a subset made up of 
eight Rowlands pin cell benchmark cases[14] with the SPM. 
Uranium-oxide (UOX) and mixed-oxide (MOX) calcula-
tions use a SHEM-295 JEFF 3.1.1–based library built from 
scratch with NJOY[8] release 2012.139, including the dragr 
module. A NJOY-2016 implementation is also available.[11] 

Draglib data include temperature-dependent Autolib data 

for all resonant isotopes between 22.54 eV and 11.14 keV 
for the SHEM-281 library (corresponding to 93 � g � 56) 
and between 4.63 eV and 11.14 keV for the SHEM-295 
library (corresponding to 206 � g � 56).[4,15]

The elementary lethargy width of the Autolib data is 
5 � 10−4 up to 100 eV and 1.25 � 10−4 at higher 
energies. The resolved energy domain of the 281g and 
295g energy meshes are represented with 40,183 and 
43,812 UFG energy bins, respectively. The dilution grid 
is user selected in NJOY and can be different from one 
isotope to the other. By default, infinite dilution and 18 
finite dilution values are selected between 1.5 and 
10000.0 b, equally spaced on a logarithmic mesh. This 
represents 19 snapshots with potential degeneracy for 
some of them. For example, the 10000.0 b snapshot can 
be almost identical to the infinite dilution one. However, 
the POD technique is efficient at removing any snapshot 
degeneracy. Three types of probability tables were used 
in this study:

1. SUBG: Physical probability tables as described 
in Secs. 4.2.4 and 4.2.5 of Ref. [1]. These tables are 
adapted to the SHEM-281 library.

2. CALENDF: Mathematical probability tables as 
described in Ref. [4]. These tables are adapted to the 
SHEM-295 library.

3. RSE: Probability tables as described in this 
paper. These tables are adapted to both libraries.

All DRAGON5 calculations are based on the SYBILT: 
tracking module applied to a square pin cell and implement-
ing a collision probability solution. The fuel rod is sub-
meshed into subvolume fractions of 40%, 30%, 10%, 10%, 
5%, and 5% for the outer ring. The self-shielding calcula-
tion in DRAGON5 uses SYBILT: tracking with parameters 
QUA2 20 3 DP01 and the main flux calculation uses SALT: 
tracking with tracking parameters TSPC EQW2 12 20.0. In 
all cases, resonance self-shielding models are applied below 
11.1 keV (using option GRMIN 56), corresponding to the 
upper limit of the Autolib mesh.

Comparisons were made for light water reactor square 
pin cells without leakage. Two types of cells were studied, 
one UO2 fueled (UOX), and the other UPuO2 fueled, the 
latter of which was in two versions with different isotopic 
compositions (MOX-1 and MOX-2). The calculation of the 
RSE-based probability tables was activated with keyword 
in RSE in module LIB: of DRAGON5. This calculation is 
more CPU intensive than before, but is independent of fuel 
burnup, fuel density, and the geometry complexity. Most 
CPU time is spent on the SVDs of Eq. (10) and the 
eigenvalue solutions of Eq. (20).
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III.A. One-Neutron Source Rowlands Benchmark

The absorption rates obtained using the SPM were com-
pared to reference results obtained with the CESCOL UFG 
method.[4] We shifted the benchmark temperatures from 
300 K to 294 K and from 600 K to 550 K in order to avoid 
temperature interpolation discrepancies. The corresponding 
numerical results are presented in Tables I through IV for 
each SHEM mesh and each UOX and MOX benchmark case.

We are reporting global values for maximum Emax, 
averaged �E, and integrated error Eint, corresponding to 
global, isotopic, and spatially dependent absorption 
rates. The percent errors in the absorption rates are 
plotted in Figs. 1 and 2, corresponding to the UOX 
and MOX first case, respectively. Note that the pre-
sence of the 1.0 n/cm3·s source produces nonphysical 
transients on absorption rates in group 56. Close 
inspection of these numerical results leads to the 

conclusion that the RSE method is slightly more accu-
rate and can effectively replace both the physical 
probability tables (SUBG option) on coarser energy 
meshes and the mathematical probability tables (PT 
option) on the SHEM-295 mesh. The combination of 
RSE option and SHEM-295 mesh is successful at 
correcting the absorption rate tilt in the fuel rod.

III.B. Rowlands Benchmark with Effective 
Multiplication Factor Calculations

The effective multiplication factors obtained for the 
UOX and MOX cases are shown in Tables V and VI, 
respectively. Recent ACE files for the JEFF3.1.1 evalua-
tion were processed by the IRSN (Institut de 
Radioprotection et de Sûreté Nucléaire) and used in this 
study.[16] Both DRAGON5 and SERPENT2 cross-section 
libraries are tabulated at the same temperatures. However, 

TABLE I 

Summary of UOX One-Neutron, 281 g Source Benchmarks with the SPM* 

Case 1 Case 2 Case 4
Isothermal 

294 K
Reduced H2O 

Density
Case 3  

Fuel at 900 K
Isothermal 

550 K

SUBG Eint (%) 0.500 0.429 0.571 0.552
�E (%) 0.813 0.840 1.096 1.020
Emax (%) 5.738 5.981 10.501 9.017

In group 77 77 77 77
235U Eint (%) −0.221 −0.245 −0.357 −0.296
238U Eint (%) 0.839 0.755 0.967 0.936
238U Eint (%)

Ring 1 1.050 1.055 1.355 1.350
Ring 2 1.521 1.342 1.632 1.559
Ring 3 2.107 1.941 2.193 2.062
Ring 4 2.076 1.882 2.456 2.146
Ring 5 0.387 0.414 0.694 0.599
Ring 6 −3.855 −4.088 −4.693 −4.318

RSE Eint (%) 0.175 0.196 0.184 0.231
�E (%) 0.850 0.884 1.010 0.992
Emax (%) 5.725 5.991 10.364 8.924

In group 77 77 77 77
235U Eint (%) −0.154 −0.190 −0.264 −0.221
238U Eint (%) 0.330 0.383 0.375 0.436
238U Eint (%)

Ring 1 0.663 0.782 0.761 0.845
Ring 2 0.591 0.602 0.600 0.667
Ring 3 1.047 1.089 1.167 1.194
Ring 4 1.413 1.388 1.606 1.561
Ring 5 0.343 0.483 0.462 0.518
Ring 6 −3.254 −3.443 −3.646 −3.565

*The source neutron is emitted in group 56. Ring 1 is the innermost. 
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the temperatures are not those of the Rowlands bench-
marks. As said before, we shifted the benchmark tem-
peratures from 300 K to 294 K and from 600 K to 550 K 
in order to avoid temperature interpolation discrepancies. 
The GRMIN 56 option was used in the USS: module of 
DRAGON5. The ures option of SERPENT2 was not 
used. The number of source neutrons per cycle in 
SERPENT2 was set to 6000, the number of active cycle 
runs was set to 2000, and the number of inactive cycle 
runs was set to 20.

Tables V and VI report the values of the effective 
multiplication factor obtained with both the analog and 
implicit estimators. The discrepancies were computed 
with respect to the implicit estimator in SERPENT2. 
The numerical results show the improvement obtained 
by replacing the SHEM-281 with a SHEM-295 mesh 
and the good accuracy of the RSE self-shielding model 
with a SHEM-295 mesh. In all cases, the discrepancies of 
the effective multiplication factors obtained in the lattice 
calculations with RSE self-shielding were less than 
70 pcm of the corresponding SERPENT2 calculations.

IV. CONCLUSION

We have proposed a reformulation of the RSE self- 
shielding method that can be integrated into existing 
subgroup implementations of lattice codes. The numerical 
behavior and the accuracy of the RSE method are similar to 
those of the subgroup method with mathematical probability 
tables (that is, CALENDF tables). However, the RSE tables 
do not suffer from the restriction of the CALENDF tables, 
which cannot be used with some legacy energy meshes such 
as the WIMS-D4, XMAS, or SHEM-281 meshes.

An open-source implementation of of the RSE 
method is available in version 5.0.10 of the lattice code 
DRAGON5.[17] Future extensions of the actual imple-
mentation will focus on the following subjects:

1. introduction of mutual resonance shielding effects

2. implementation of the resonance elastic scatter-
ing kernel model

3. introduction of spatial double-heterogeneity 
capabilities.

Fig. 1. UOX cases: percent error on absorption rates. 
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Fig. 2. MOX cases: percent error on absorption rates. 

TABLE V 

Summary of UOX Effective Multiplication Factors for the Rowlands 295 g Source Benchmarks* 

Case 1 Case 2 Case 4
Isothermal 

294 K
Reduced H2O 

Density Fuel at 900 K
Isothermal 

550 K

SERPENT2

ANALOG 1.38957 � 37 pcm 1.33645 � 38 pcm 1.30436 � 36 pcm 1.31820 � 37 pcm
IMPLICIT 1.38961 � 16 pcm 1.33657 � 17 pcm 1.30460 � 18 pcm 1.31813 � 17 pcm

DRAGON5/SHEM-281

SUBG 1.387783 1.334397 1.301886 1.316187
(−183 pcm) (−217 pcm) (−271 pcm) (−194 pcm)

RSE 1.388371 1.334895 1.302746 1.316950
(−124 pcm) (−168 pcm) (−185 pcm) (−118 pcm)

DRAGON5/SHEM-295

CALENDF 1.388377 1.335336 1.303400 1.317574
(−123 pcm) (−123 pcm) (−120 pcm) (−56 pcm)

RSE 1.389115 1.335895 1.303762 1.317944
(−50 pcm) (−68 pcm) (−37 pcm) (−19 pcm)

*The fuel is submeshed into six volumes. 
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