
Titre:
Title:

Crystal structure and crystal chemistry of the τ-Mg₃₂(Al,Zn)₄₉ solid 
solution using first-principles calculations and thermodynamic 
modelling

Auteurs:
Authors:

Minh Duc Vo, Paul Lafaye, Javier Jofré, & Jean-Philippe Harvey 

Date: 2024

Type: Article de revue / Article

Référence:
Citation:

Vo, M. D., Lafaye, P., Jofré, J., & Harvey, J.-P. (2024). Crystal structure and crystal 
chemistry of the τ-Mg₃₂(Al,Zn)₄₉ solid solution using first-principles calculations 
and thermodynamic modelling. Journal of Solid State Chemistry, 338, 124892 (7 
pages). https://doi.org/10.1016/j.jssc.2024.124892

Document en libre accès dans PolyPublie
Open Access document in PolyPublie

URL de PolyPublie:
PolyPublie URL:

https://publications.polymtl.ca/58933/

Version: Version finale avant publication / Accepted version 
Révisé par les pairs / Refereed 

Conditions d’utilisation:
Terms of Use:

Creative Commons Attribution-Utilisation non commerciale-Pas 
d'oeuvre dérivée 4.0 International / Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International (CC BY-NC-ND) 

Document publié chez l’éditeur officiel
Document issued by the official publisher

Titre de la revue:
Journal Title:

Journal of Solid State Chemistry (vol. 338) 

Maison d’édition:
Publisher:

Academic Press Inc.

URL officiel:
Official URL:

https://doi.org/10.1016/j.jssc.2024.124892

Mention légale:
Legal notice:

© 2024 The Authors. Published by Elsevier Inc. This is an open access article under the 
CC BY license (http://creativecommons.org/licenses/by/4.0/). 

Ce fichier a été téléchargé à partir de PolyPublie, le dépôt institutionnel de Polytechnique Montréal
This file has been downloaded from PolyPublie, the institutional repository of Polytechnique Montréal

https://publications.polymtl.ca

https://publications.polymtl.ca/
https://doi.org/10.1016/j.jssc.2024.124892
https://publications.polymtl.ca/58933/
https://doi.org/10.1016/j.jssc.2024.124892


 

*Corresponding author 
  E-mail address: paul.lafaye@polymtl.ca 

Crystal Structure and Crystal Chemistry of the τ-Mg32(Al,Zn)49 

Solid Solution Using First-Principles Calculations and 
Thermodynamic modelling. 

Minh Duc Voa, Paul Lafayea*, Javier Jofrea, Jean-Philippe Harveya 
a CRCT- Polytechnique Montréal, Chem. Eng., Box 6079, Station Downtown, Montréal, Qc, Canada, H3C 3A7 

 

 
 

Abstract 

This paper presents a study of the crystal structure and crystal chemistry of the τ-Mg32(Al,Zn)49 phase. We 

first performed DFT calculations to resolve conflicting data concerning the occupancy of site 2a of the solid 

solution crystal structure. Subsequently, 16 ordered configurations derived from the mixing of Al/Zn on 

sites 24g1, 24g2 and 48h of the solid solution structure, as well as the mixing of Mg/Zn on site 12e1 were 

generated. We then used DFT calculations to derive the formation enthalpies of all the end-members of the 

solid solution, their elastic constants by imposing 51 finite deformations for each end-member, and their 

energies as a function of volume. These calculations were used in a Debye-Wang model (in Slater form) to 

calculate the heat capacities of the 16 end-members and to obtain in fine their Gibbs energies. At last, these 

calculations were used to support a thermodynamic model based on the Bragg-Williams approximation, 

enabling all mixed sites occupancies to be calculated at any temperature and chemical composition. For 

instance, the predictions we carried out at 633 K and 800 K are in very good agreement with the available 

measurements. On the basis of these new results, we have determined the chemical ordering of the solid 

solution over a very wide range of chemical composition and temperature, which has enabled us to propose 

a new sublattice model for the τ-Mg32(Al,Zn)49 solid solution. This sublattice model is both simpler and 

more accurate than all the other models used in the literature since it agrees with the crystal structure and 

the crystal chemistry of the τ-Mg32(Al,Zn)49 phase in a large range of temperature and chemical 

composition. 
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Introduction 

There is a large interest in the development of new magnesium alloys containing a wide range of alloying 

elements (especially rare earth elements) for the aerospace and transportation industries due to their high 

specific strength compared to other materials [1, 2]. In the automotive industry, the potential use of 

magnesium alloys for various components such as cradles and body sheets in the future could yield 

noticeable weight savings compared to traditional aluminum alloys [3, 4]. The limited strength and low 

room temperature ductility of Mg alloys are the main limiting factors that actually prevent their integration 

in the industrial production chain of high performance components [1, 2]. The development of new 

magnesium alloys with improved mechanical properties requires the screening of a virtually infinite 

chemical space in which alloying elements can be added to promote the formation of various precipitates 

in the HCP Mg matrix. [5, 6]. Aluminum and zinc are common elements added to magnesium alloys; they 

are the main alloying elements present in the AZ and ZA series of magnesium alloys [7, 8]. The addition of 

these elements in magnesium alloys leads to the formation of important strengthening phases at the grain 

boundaries such as β-Mg17Al12, MgZn2, Φ-Mg5Al2Zn2 and τ-Mg32(Al,Zn)49 [9, 10]. As these precipitates 

improve the strength of magnesium alloys and their formation is desired, it is necessary to be able to 

precisely predict their thermodynamic stability during alloy design [11-13].  

The Calphad method [14] plays a central role in the Integrated Computational Materials Engineering used 

to develop the next generation of alloys. It allows the prediction of phase equilibria as well as the 

precipitation sequence of phases under both equilibrium cooling and infinitely fast cooling (also called 

Scheil cooling). The effectiveness of the CALPHAD method relies on the accuracy of the thermodynamic 

models used to describe the energetics of both stable and metastable phases. For solid solutions, the 

construction of an optimal sublattice model which is consistent with their crystal structure ensures the 

optimal fitting of the available experimental data coupled to good interpolations/extrapolation behaviors. 

The definition of the optimal sublattice model is particularly critical when dealing with the τ-Mg32(Al,Zn)49 

phase because it exhibits a relatively large homogeneity range in the Mg-Al-Zn ternary system [15]. 

Although the frequently used stoichiometric formula Mg32(Al,Zn)49 [15] suggests a semi-stoichiometric 

compound with fixed magnesium composition, its concentration varies from 32 to 45 at.% [15]. For zinc, 

the nominal composition ranges from about 15 to 50 at.%. These evidences strongly suggest the need to 

describe the τ-Mg32(Al,Zn)49 phase as a solid solution. Although the label τ-Mg32(Al,Zn)49 is unsuitable for 

describing the correct stoichiometry of this solid solution, we retained it throughout this article since it is 

by far the most commonly used name in the literature. The existing sublattice models of the τ-Mg32(Al,Zn)49 

phase available in the literature [15-18] are all based on the occupation of site 2a, as studied by 

Bergman et al. [19, 20]. Indeed, Bergman [19] proposed a crystallographic model of the τ-Mg32(Al,Zn)49 
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phase comprising eight crystal sites: site 2a occupied by Al; sites 12e1, 12e2, 16f, and 24g3 occupied by Mg; 

and sites 24g1, 24g2, and 48h as mixed Al/Zn sites. However, more recent studies have suggested that the 

site 2a is in fact vacant [21, 22]. Since the crystal structure of the solid solution has not been definitely 

established, these thermodynamic models potentially perpetuate an erroneous description of the τ-

Mg32(Al,Zn)49 solid solution. In addition, all the sublattice models proposed in the literature are based on 

assumptions made to adequately reproduce the homogeneity range of the τ-Mg32(Al,Zn)49 phase. Although 

these assumptions do not necessarily lack merit, such sublattice models can only lead to an erroneous 

description of the thermodynamic stability of the solid solution due to an incorrect description of its 

configurational entropy of mixing, leading to interpolation/extrapolation problems for higher order 

systems [23-26].  

The motivation for this work is first to clarify the crystal structure of the solid solution and also to propose 

a new and accurate sublattice model for the τ-Mg32(Al,Zn)49 solid solution. To this end, characterization of 

the crystal chemistry and the quantification of the chemical ordering of the solid solution was performed 

using first-principles calculations and thermodynamic modelling. Indeed, the enthalpies of formation, 

elastic constants, and heat capacities of all the ordered configurations resulting from substitution of Al/Zn 

on sites 24g1, 24g2 and 48h and substitution of Mg/Zn on site 12e1 of the structure of the τ-Mg32(Al,Zn)49 

phase were calculated using Density Functional Theory (DFT). The site occupation factors (sof) were then 

computed at different temperatures based on the Compound Energy Formalism (CEF) [14], simulating the 

complete substitution of each element on the crystal sites. These new data were used to quantify the 

chemical ordering of the solid solution in the Mg-Al-Zn ternary system and finally to propose a new 

sublattice model. As discussed in this paper, the resulting sublattice model is more reliable and constructed 

with a foundation consistent with the crystal chemistry and crystal structure of the τ-Mg32(Al,Zn)49 phase.  

 

Literature review 

In the first complete investigation of the ternary Mg-Al-Zn system, Eger [27] published a liquidus 

projection and several temperature-composition isopleth sections for this system which established the 

presence of two ternary solid phases. Subsequent investigations of the ternary system confirmed the 

presence of such ternary phases, which were identified as the φ phase with Al2Mg5Zn2 stoichiometric 

formula and τ (or T) phase with Al2Mg3Zn3 or Al6Mg11Zn11 stoichiometric formula [28]. The latter τ-

Mg32(Al,Zn)49  phase is important for the description of AZ and ZA magnesium alloys [7-10] as well as for 

the study of the 7000 series aluminum alloys. It is a strengthening precipitate for these alloys and its 

formation has been the subject of many experimental and theoretical studies [29-35].  
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The crystal structure of the τ phase was initially identified through XRD studies by Laves et al. [36] as a 

body-centred cubic with a = 14.16 Å and with 161 atoms per unit cubic cell. Laves et al. [36] , at the time, 

also noted similarities between this Mg-Al-Zn phase and a ternary phase of the Mg-Al-Cu system with 

approximate composition Mg4Al6Cu. More recent XRD investigations carried out by Bergman et al. [19, 

20] refined the description of the crystal structure; they confirmed a cubic structure with space group Im3 

(204). However, the estimated total atoms per unit cell was increased to 162 with the idealized formula 

Mg32(Al,Zn)49. Of note, a central site 2a partially occupied by aluminum was identified by Bergman et al. 

[19]. The crystallography of the τ phase as described by Bergman et al. [19] is presented in Table 1. 

Table 1. Crystal structure of the τ-Mg32(Al,Zn)49 phase as described by Bergman et al. [19]. 

Wyckoff position Occupancy Coordination x y z 

2a (80%) Al 12 0 0 0 

24g1 81% Zn / 19% Al 12 0 0.0908 0.1501 

24g2 57% Zn / 43% Al 12 0 0.1748 0.3007 

16f 100 % Mg 16 0.1836 0 0 

24g3 100 % Mg 16 0 0.2942 0.1194 

48h 64% Zn / 36% Al 12 0.1680 0.1860 0.4031 

12e1 100 % Mg 14 0.4002 0 0 

12e2 100 % Mg 15 0.1797 0 0 
 

Single crystal XRD studies by Sun et al. [21] evaluated the impact of zinc concentration on the crystal 

structure of the τ-Mg32(Al,Zn)49 phase. These authors measured the zinc sof in samples with content of Zn 

varying from 14 to 51 at.%. They also found a preferential insertion of zinc on site 24g1. Notably, Sun et 

al. [21] found a zinc occupation of 0.12 on site 12e1 even though this site remains fully occupied by Mg 

atoms for alloys containing 51 at.% Zn. In contrast to Bergman et al. [19], Sun et al. [21] found that no 

atoms were present on site 2a in any of the samples. Sun et al. [21] therefore proposed that site 2a is vacant 

throughout the entire composition range. More recently, Montagné et al. [22] studied the τ-Mg32(Al,Zn)49 

phase with the nominal composition Al12Mg32Zn37. In line with results from Sun et al. [21], Montagné et 

al. [22] identified substitution of Zn on site 12e1 and confirmed a vacancy at the central site 2a. Sof on sites 

24g1, 24g2 and 48h are also in agreement with findings by Bergman et al. [19] and Sun et al. [21]. The sof 

found by Montagné et al. [22] at 633 K and 39.6 at.% Mg composition are presented in Table 2.  
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Table 2. Crystal structure of the τ-Mg32(Al,Zn)49 phase, occupancy from Montagné et al. [22]. 

Sites Wyckoff 
position Occupancy Coordination x  y z  

Mg (1) 12e1 
94.1% Mg / 5.9% 

Zn 14 0.4023 0 0.5000 

Mg (2) 12e2 100 % Mg 15 0.1981 0 0.5000 

Mg (3) 16f 100 % Mg 16 0.1861 0.1861 0.1861 

Mg (4) 24g3 100 % Mg 16 0 0.3006 0.1163 

Zn (1) 24g1 
87.3% Zn / 12.7% 

Al 12 0 0.0929 0.1512 

Zn (2) 24g2 
72.2% Zn / 27.8% 

Al 12 0 0.1803 0.3066 

Zn (3) 48h 71.9% Zn / 28.1% 
Al 12 0.1574 0.1916 0.4035 

- 2a (Vacant) 12 0 0 0 
 

In a thermodynamic assessment of the Mg-Al-Zn ternary system, Liang H. et al. [37] used the formula 

Mg32(Al,Zn)49 proposed by Bergman et al. [19]. This idealized formula implies a semi-stoichiometric phase 

with a Mg composition around 39.5 at.% despite the phase diagram data indicating a wide homogeneity 

range of Mg going from 32 to 45 at.% Mg. Moreover, Liang P. et al. [15] performed EMPA measurements 

and found that the idealized formula Mg32(Al,Zn)49 could not properly model the homogeneity domain of 

the phase. Based on the crystallographic studies of Bergman et al. [19], Liang P. et al. [15] proposed that 

aluminum could be substituted with magnesium on site Mg (1) due to the lower ligancy compared to the 

other Mg sites. The resulting model is (Mg)26(Mg,Al)6(Al,Zn,Mg)48(Al)1. Liang P. et al. [15] also assumed 

that Cu could substitute in the third sublattice in order to reproduce the homogeneity range of the τ-

Mg32(Al,Zn)49 phase in the Al-Cu-Mg-Zn quaternary system. The model proposed by Liang P. et al. [15] or 

variations of it have been reused in more recent assessments involving the Mg-Al-Zn  system [16-18].  

 

Methodology 

DFT calculations 

DFT calculations were performed using the VASP code [38, 39] with the Perdew-Burke-Ernzerhof 

exchange-correlation function [40] in the framework of the generalized gradient approximation using a 

9×9×9 k-points grid and a cutoff energy of 600 eV. Projector augmented wave pseudopotentials with 3, 2 

and 12 valence electrons were used for Al, Mg and Zn respectively. 16 end-members were considered based 

on the distribution of aluminum and zinc elements on sites 24g1, 24g2 and 48h and of magnesium and zinc 
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on site 12e1. According to the most recent studies [21-22], site 2a is considered vacant, resulting in a total 

of 160 atoms per unit cell. The enthalpy of formation of the end-members is the difference between the 

calculated total energy and the sum of the pure element energies in their standard states (Al-fcc, Mg-hcp, 

Zn-hcp). 

 

Debye model of the heat capacity calculations 

The heat capacities were calculated using a Debye approach within the quasi-harmonic approximation [41]. 

The internal energy was parametrised by fitting the Birch-Murnaghan equation of state to the DFT total 

energy as function of volume calculated using the VASP code [38, 39]. The Slater form of the Debye-Wang 

model [42] was used to calculate the Debye temperature. The elastic constants of all end-members were 

calculated from the stress-strain tensor by imposing 51 finite distortions on the lattice and are reported in 

Table 4. The electronic contribution to the free energy was described as a function of the volume-dependent 

electronic density of state evaluated at the Fermi level. The calculated heat capacities for the 16 end-

members are presented in Table 5. 

 

Thermodynamic modelling 

Using the Compound Energy Formalism (CEF) [14], the Gibbs free energy of the solution is evaluated at 

finite temperature from the calculations of the formation enthalpy and isobaric heat capacity of all the 

solution end-members. The configuration entropy is based on the Bragg-Williams model, considering only 

ideal mixing on each sublattice (i.e. without adding other non-ideal excess energy contributions). Additional 

information on the formalism is readily available in the literature including previous work using this 

methodology [43, 44]. 

 

Results and discussion 

 

In this work, we first performed DFT calculations to elucidate the occupancy of site 2a in the solid solution 

structure, addressing discrepancies in existing crystallographic data. Initially, the mixed sites of the 

structure were considered as fully occupied by the predominant element according to Montagné et al. [22] 

(site 12e1 occupied by Mg, sites 24g1, 24g2 and 48h occupied by Zn), while site 2a was successively 

considered as vacant, 50% occupied by Al and then fully occupied by Al. The enthalpies of formation 
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calculated by DFT give -12.223 kJ/mol-at for vacant site 2a, compared with -11.674 kJ/mol-at and -11.944 

kJ/mol-at for alternative occupancy scenarios. We also carried out additional calculations, based on the 

measurements performed by Montagné et al. [22], to explore potential Al occupancy on sites 24g2 and 48h, 

while maintaining the occupancy of Mg on site 12e1 and Zn on site 24g1. The DFT calculations revealed 

enthalpies of formation of -5.274 kJ/mol-at for vacant site 2a, contrasting with -4.327 kJ/mol-at and -4.687 

kJ/mol-at for the other two structures. Based on our analyses, we ascertain that site 2a within the crystal 

structure of the τ-Mg32(Al,Zn)49 solid solution is vacant, corroborating recent literature data [21, 22]. 

Consequently, the notation established in Table 2 will be consistently employed throughout this paper.  

 

The calculated total energies and formation enthalpies at 0 K for the 16 configurations are reported in 

Table 3.  

Table 3. DFT calculated total energy (Etot) and enthalpy of formation (ΔHf) of the τ-Mg32(Al,Zn)49 solid 

solution end-members. Reference Al (fcc), Mg (hcp) and Zn (hcp). 

Mg (1) Mg (2-4) Zn (1) Zn (2) Zn (3) Etot ΔHf 
12 52 24 24 48 (eV) (kJ/mol) 
Zn Mg Al Al Al -452.554 -0.772 
Mg Mg Al Al Al -458.932 -1.736 
Zn Mg Al Zn Al -394.576 -4.002 
Mg Mg Al Zn Al -400.924 -4.947 
Zn Mg Zn Al Al -395.204 -4.381 
Mg Mg Zn Al Al -401.466 -5.274 
Zn Mg Al Al Zn -335.353 -6.481 
Mg Mg Al Al Zn -341.030 -7.021 
Zn Mg Zn Zn Al -337.386 -7.707 
Mg Mg Zn Zn Al -342.994 -8.206 
Zn Mg Al Zn Zn -276.453 -9.154 
Mg Mg Al Zn Zn -281.326 -9.210 
Zn Mg Zn Al Zn -279.741 -11.137 
Mg Mg Zn Al Zn -284.402 -11.065 
Zn Mg Zn Zn Zn -218.580 -12.447 
Mg Mg Zn Zn Zn -222.988 -12.223 

 

The comparison between our calculations and those of Song et al. [45] is limited since these authors only 

considered two chemical compositions for the τ-Mg32(Al,Zn)49 phase with an erroneous crystal structure 

[22]. The end-members they studied with compositions Al26Zn72Mg64 and Al50Zn48Mg64 have enthalpies of 

formation of -9.728 kJ/mol-at (vs -11.137 kJ/mol-at in this work) and -6.952 kJ/mol-at (vs -8.206 kJ/mol-
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at in this work), respectively. These results are again consistent with recent crystallographic studies 

suggesting that site 2a is not occupied.   

From these DFT calculations, it was possible to determine the enthalpy of mixing at 0 K of the τ-

Mg32(Al,Zn)49  solid solution using the binary configurations as reference states. Figure 1 presents the 

enthalpy of mixing for the solid solution for 40 at. % Mg. 

 

Figure 1. Mixing enthalpy of the τ-Mg32(Al,Zn)49 solid solution at a composition of 40 at.% Mg calculated 

at 0 K. The reported homogeneity range of the phase is highlighted by the blue band. References are 

Al1Mg0.40 and Zn1Mg0.40. End-members are identified according to the notation Mg(1):Mg(2-

4):Zn(1):Zn(2):Zn(3). End-members in bold are stable at 0 K.  

 

The mixing enthalpy curve presented in Figure 1 indicates a progressive and sequential substitution of zinc 

on the Zn sites at 0 K. Indeed, the preferential order for zinc substitution is Zn (1) > Zn (3) > Zn (2). The 

ground state at 0 K includes the end-members Mg:Mg:Al:Al:Al, Mg:Mg:Zn:Al:Al, Mg:Mg:Zn:Al:Zn and 
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Mg:Mg:Zn:Zn:Zn. It is interesting to note that the end-member Mg:Mg:Zn:Zn:Al is very close to the ground 

state, revealing that sites Zn (3) and Zn (2) are almost equivalent for Zn substitution around the composition 

x = 0.5 in this Mg0.40Al1-xZnx section. It also should be noted that zinc substitution on site Zn (3) is favored 

when site Zn (1) is substituted by zinc. Note that from these calculations, the chemical ordering of the 

solution appears relatively weak since the mixing enthalpy does not exceed a few kJ per mol-at. for all end-

members. The calculated elastic constants of the end-members of the τ-Mg32(Al,Zn)49 are presented in 

Table 4. 

Table 4. Calculated elastic constants of the τ-Mg32(Al,Zn)49 solid solution end-members. Reference Al (fcc), 

Mg (hcp) and Zn (hcp). 

Mg (1) Mg (2-4) Zn (1) Zn (2) Zn (3) Elastic constants (GPa) 
12 52 24 24 48 C11 C12 C44 
Zn Mg Al Al Al 89.5 44.3 19.7 
Mg Mg Al Al Al 89.0 42.2 20.0 
Zn Mg Al Zn Al 93.0 46.9 22.1 
Mg Mg Al Zn Al 97.0 40.5 23.4 
Mg Mg Zn Al Al 97.4 39.9 24.6 
Zn Mg Zn Al Al 92.6 45.8 23.2 
Zn Mg Al Al Zn 103.7 39.8 25.7 
Mg Mg Al Al Zn 103.5 37.1 27.0 
Zn Mg Zn Zn Al 106.8 43.1 31.4 
Mg Mg Zn Zn Al 103.7 37.6 31.0 
Zn Mg Al Zn Zn 107.2 37.1 31.2 
Mg Mg Al Zn Zn 102.2 36.7 29.3 
Zn Mg Zn Al Zn 117.3 39.4 37.6 
Mg Mg Zn Al Zn 109.0 39.1 35.3 
Zn Mg Zn Zn Zn 111.8 42.9 35.6 
Mg Mg Zn Zn Zn 101.0 40.1 32.8 

 

As with the DFT calculations of the formation enthalpies of the solid solution end-members, our 

calculations of the elastic constants cannot be compared with those available in the literature [45], since 

they were based on the crystal structure determined by Bergman et al. [19], although this proved to be 

erroneous [22]. 

The elastic constants were used along with a Debye-Wang model (in Slater form) to calculate the heat 

capacities of the end-members of the τ-Mg32(Al,Zn)49 solid solution. The results are presented in Table 5.  
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Table 5. Calculated heat capacities of the τ-Mg32(Al,Zn)49 solid solution end-members. Reference Al (fcc), 

Mg (hcp) and Zn (hcp). 

Mg (1) Mg (2-4) Zn (1) Zn (2) Zn (3) Heat capacity, Cp (J/K.mol-at.) 
12 52 24 24 48 101 10-3 T 105 T-2 10-7 T2 101 T-0.5 107 T-3 
Zn Mg Al Al Al 2.427 3.731 -0.241 -4.059 1.145 0.188 
Mg Mg Al Al Al 2.445 3.424 -0.194 -3.484 0.835 0.130 
Zn Mg Al Zn Al 2.414 4.039 -0.268 -4.710 1.367 0.223 
Mg Mg Al Zn Al 2.413 3.983 -0.292 -4.628 1.399 0.239 
Mg Mg Zn Al Al 2.424 3.863 -0.241 -4.330 1.174 0.173 
Zn Mg Zn Al Al 2.414 3.993 -0.270 -4.604 1.363 0.221 
Zn Mg Al Al Zn 2.384 4.536 -0.358 -5.845 1.882 0.310 
Mg Mg Al Al Zn 2.403 4.256 -0.297 -5.287 1.536 0.235 
Zn Mg Zn Zn Al 2.393 4.356 -0.322 -5.387 1.702 0.263 
Mg Mg Zn Zn Al 2.402 4.139 -0.327 -4.988 1.585 0.271 
Zn Mg Al Zn Zn 2.352 4.994 -0.449 -6.940 2.425 0.401 
Mg Mg Al Zn Zn 2.378 4.720 -0.355 -6.375 1.959 0.293 
Zn Mg Zn Al Zn 2.352 4.938 -0.452 -6.737 2.425 0.397 
Mg Mg Zn Al Zn 2.370 4.682 -0.401 -6.264 2.113 0.346 
Zn Mg Zn Zn Zn 2.326 5.420 -0.510 -8.009 2.864 0.462 
Mg Mg Zn Zn Zn 2.374 5.090 -0.314 -7.201 1.942 0.242 

 

As no measure of the heat capacity was available in the literature for these crystal structures, the calculations 

performed in this work are from this perspective an important contribution for the thermodynamic 

description of the phase. From the DFT calculations reported in Table 3 and the calculated heat capacities 

reported in Table 5, the zinc sof on the various sites were computed 633 K and 800 K for a composition of 

40 at. % Mg as presented in Figures 2 and 3.  
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Figure 2. Zn site occupation factors in the τ-Mg32(Al,Zn)49 solid solution at a composition of 40 at.% Mg 

calculated at 633 K. The reported homogeneity range of the phase is highlighted by the blue band. 

References are Al1Mg0.40 and Zn1Mg0.40. * Montagné et al. [22] and Sun et al. [21] carried out measurements 

on alloys containing 39.5 at.% Mg. The chemical compositions studied in this paper (40 at.% Mg) are 

considered reasonably close for a meaningful comparison. 

 

First of all, let's note the remarkable accuracy of our ab-initio-based thermodynamic model for predicting 

the sof. Indeed, the calculated sof are in good agreement with measurements reported in the literature at 

633 K and 800 K. The preferred order for zinc substitution is found to be Zn (1) > Zn (3) > Zn (2) which is 

consistent with our previous conclusions from Figure 1. According to our calculations and literature data, 

preference for site Zn (1) is much stronger compared to sites Zn (3) and Zn (2). Indeed, experimental studies 

by Sun et al. [21] and Montagné et al. [22] gave near identical zinc occupation for Zn (2) and Zn (3) which 

is also in line with our previous findings from Figure 1. On the other hand, our calculations reveal a slight 
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preference for site Zn (3) over site Zn (2) which is experimentally observed at 800 K but not evidenced at 

633 K.  

 

Figure 3. Zn site occupation factors in the τ-Mg32(Al,Zn)49 solid solution at a composition of 40 at.% Mg 

calculated at 800 K. The reported homogeneity range of the phase is highlighted by the blue region. 

References are Al1Mg0.40 and Zn1Mg0.40. * Montagné et al. [22] and Sun et al. [21] carried out measurements 

on alloys containing 39.5 at.% Mg. The chemical compositions studied in this paper (40 at.% Mg) are 

considered reasonably close for a meaningful comparison. 

 

At 800 K, near the fusion temperature of the τ-Mg32(Al,Zn)49  phase, a reduction of the chemical ordering 

of the sites is observed since sof values approach the molar fraction of x in Mg0.40Al1-xZnx. Finally, it should 

be noted that our methodology for calculating sof assumes that there is no short-range ordering within the 

solid solution. The good agreement between our calculations and sof measurements validates this 

assumption as well as our DFT calculations for both formation enthalpy and heat capacity. Additionally, to 
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our knowledge, it is worth noting that no direct calculations of short-range ordering have been carried out 

for this phase. 

In the perspective of proposing a sublattice model for the τ-Mg32(Al,Zn)49 phase, the chemical ordering of 

the Zn sites can be better quantified through the configurational entropy of mixing. As such, the 

configurational entropy of mixing of the τ-Mg32(Al,Zn)49 solid solution at a composition of 40 at.% Mg was 

calculated using the sof obtained previously and are presented in Figures 4 and 5. 

 

Figure 4. Configuration entropy of mixing (refs.: Al1Mg0.40 and Zn1Mg0.40) of the τ-Mg32(Al,Zn)49 solid 

solution at a composition of 40 at.% Mg calculated at 633 K. The individual contribution of each site is 

represented by the colored dashed lines and the total configuration entropy is presented by the black line. 

The ideal configuration entropy of mixing is represented by the black dashed line. The reported 

homogeneity range of the phase is highlighted by the blue region. * Montagné et al. [22] and Sun et al. [21] 

carried out measurements on alloys containing 39.5 at.% Mg. The chemical compositions studied in this 

paper (40 at.% Mg) are considered reasonably close for a meaningful comparison. 



 

14 
 

 

Figure 5. Configuration entropy of mixing (refs.: Al1Mg0.40 and Zn1Mg0.40) of the τ-Mg32(Al,Zn)49 solid 

solution at a composition of 40 at.% Mg calculated at 800 K. The individual contribution of each site is 

represented by the colored dashed lines and the total configuration entropy is indicated by the black line. 

The ideal configuration entropy of mixing is represented by the black dashed line. The reported 

homogeneity range of the phase is highlighted by the blue region. * Montagné et al. [22] and Sun et al. [21] 

carried out measurements on alloys containing 39.5 at.% Mg. The chemical compositions studied in this 

paper (40 at.% Mg) are considered reasonably close for a meaningful comparison. 

  

At temperatures of 633 K and 800 K, the calculated configurational entropy of mixing is close to the ideal 

mixing behavior. The values calculated in this work are in good agreement with results from Bergman et 

al. [20], Sun et al. [21] and Montagné et al. [22]. Considering the results of these calculations, the chemical 

ordering of zinc on the Zn sites of the τ-Mg32(Al,Zn)49 phase structure appears relatively weak and in 

agreement to our qualitative inference from mixing enthalpy curves. The combination of sites Zn (1), Zn (2) 

and Zn (3) in a single sublattice is therefore recommended.  
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The τ-Mg32(Al,Zn)49 homogeneity range is predominantly around a composition of 40 at.% Mg. Zinc 

substitution on the Mg (1) allows for compositions below 40 at.% Mg which was observed in experimental 

studies by Sun et al. [21] and Montagné et al. [22]. Thermodynamic models [15-18] used to describe the τ-

Mg32(Al,Zn)49 phase proposed an aluminum substitution but this was not observed by Sun et al. [21] or 

Montagné et al. [22].  For compositions above 40 at.% Mg, a substitution of magnesium in one or all sites 

Zn (1), Zn (2) and/or Zn (3) was proposed in thermodynamic assessments of the τ-Mg32(Al,Zn)49 phase [15-

18]. As our model groups all Zn sites into a single sublattice, the homogeneity range of the τ-Mg32(Al,Zn)49 

phase above 40 at. % Mg will necessarily assume ideal magnesium substitution on sites Zn (1), Zn (2) and 

Zn (3). This model is valid since the Mg sites of the structure show maximum ordering at 40 at. % Mg and 

the homogeneity range of the solution extends only slightly beyond this. As a result, the substitution of Mg 

on the Zn sites will have only a marginal impact on the configurational entropy of the solution. Therefore, 

it was not considered critical to perform calculations for magnesium substitution on Zn sites for this work. 

The Gibbs free energy functions for the end-members of the proposed sublattice model for the τ-

Mg32(Al,Zn)49 solid solution are presented in Table 6. 

 

Table 6. Gibbs free energy of the τ-Mg32(Al,Zn)49 solid solution end-members according to the three 

sublattice model developed in this study. Reference Al (fcc), Mg (hcp) and Zn (hcp).  

Sublattice 

Parameters (J/mol-at.) 
SL 1 SL 2 SL 3 

Multiplicity 

12 52 96 

Zn Mg Al – 1.285 ×106 + 2.206 ×104 × T – 3.997 ×103 × T × ln(T) 
– 3.327 ×10-1 × T2 – 2.06699 × 10-5 × T3 + 5.041 ×105 × T-1 

Mg Mg Al – 1.437 ×106 + 2.215 ×104 × T – 3.995 ×103 × T × ln(T) 
– 3.198 ×10-1 × T2 – 1.7280 × 10-5 × T3 + 5.452 ×105 × T-1 

Zn Mg Zn – 3.183 ×106 + 2.091 ×104 × T – 4.010 ×103 × T × ln(T) 
– 3.904 ×10-1 × T2 – 4.4919 × 10-5 × T3 + 5.942 ×105 × T-1 

Mg Mg Zn -3.192 ×106 + 2.101 ×104 × T – 4.008 ×103 × T × ln(T) 
– 3.921 ×10-1 × T2 – 4.2601 × 10-5 × T3 + 5.783 ×105 × T-1 

 

The proposed model is therefore (Mg,Zn)12Mg52(Al,Zn,Mg)96 or equivalent (Mg,Zn)6Mg26(Al,Zn,Mg)48. 

Six end-members allow for the description of the whole homogeneity range of the τ-Mg32(Al,Zn)49 solid 

solution. Figure 6 presents the end-members for the model proposed in this work along with end-members 

for models used in the literature. 
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Figure 6. End-members of the sublattice model proposed in this work and other models of the τ-

Mg32(Al,Zn)49 phase overlaid on the Mg-Al-Zn ternary system at 633 K according to the FTlite database of 

FactSage.  

This model takes into consideration new crystallographic information [21, 22] for other sites and uses new 

DFT and heat capacity calculations for a more accurate representation of the crystal chemistry of the τ-

Mg32(Al,Zn)49 phase. It also should be noted that the τ-Mg32(Al,Zn)49 solid solution follows the 

empirical rules governing the occupation of crystal sites in Frank-Kasper phases [46-47]. 

Magnesium, which has the largest atomic radius (160 pm), mainly occupies high coordination sites 

(15 and 16) which can accommodate its size. By contrast, aluminium (143 pm) and zinc (142 pm) 

preferentially occupy smaller, low-coordination sites (12), which have an electronic environment 

similar to that of fcc and hcp structures. It should be noted that the site with a coordination number 

of 14 can also be considered a high-coordination site, facilitating the occupation of magnesium 

while allowing limited occupation of zinc. 
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Conclusion 

• The crystal structure of the τ-Mg32(Al,Zn)49 has been clarified, site 2a is vacant, in line with the 

most recent experimental data. 

• All relevant substitutions of Al/Zn on sites 24g1, 24g2 and 48h and of Mg/Zn on 12e1 based on 

crystallographic studies of the τ-Mg32(Al,Zn)49 phase found in the literature have been considered 

in this work. The enthalpy of formation, elastic constants, heat capacity and Gibbs energy of all 16 

end-members were calculated using DFT calculations.  

• A thermodynamic modelling of the τ-Mg32(Al,Zn)49 solid solution was proposed allowing the sof 

to be computed at different compositions and temperatures. These calculated sof are in good 

agreement with experimental sof of various authors at 633 K and 800 K. The level of chemical 

ordering was quantified at 633 K and 800 K from our sof calculations revealing the ideal nature of 

the solid solution. 

• The new sublattice model of the τ-Mg32(Al,Zn)49 phase proposed in this work is consistent with 

both the crystal structure and the crystal chemistry of the solid solution. This was not the case for 

the legacy sublattice models which were based on erroneous crystal structure and on practical 

considerations. The proposed sublattice model is more robust but also more simple than the 

previous one and is therefore a significant improvement in the description of the τ-Mg32(Al,Zn)49 

phase. 
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