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A B S T R A C T

Solid–fluid force models are essential to efficiently model multiple industrial apparatuses such as fluidized beds,
spouted beds, and slurry transport. They are generally built using strong hypotheses (e.g. fully developed flow
and no relative motion between particles) that affect their accuracy. We study the effect of these hypotheses on
particle dynamics using the sedimentation of a pair of particles. We develop new induced drag, lift and torque
models for pairs of particles based on an artificial neural network (ANN) regression. The fluid force model
covers a range of Reynolds numbers of 0.1 to 100 and particle centroid distance of up to 9 particle diameters.
The ANN model uses 3475 computational fluid dynamics (CFD) simulation results as the training data set.
Using this fluid force model, we develop a reduced-order model (ROM), which includes the virtual mass force,
the Meshchersky force, the history force, the lubrication force, and the Magnus force. Using the results of
a resolved computational fluid dynamics coupled with a discrete element method (CFD-DEM) model as a
reference, we analyze the discrepancies between the ROM and CFD-DEM results for a series of sedimentation
cases that cover particle Archimedes number from 20 to 2930 and particle to fluid density ratio of 1.5 to 1000.
The errors primarily stem from particle history interactions that are not accounted for by the fully developed
flow hypothesis. The importance of this effect on the dynamic of two particles is isolated and it is shown that
it is more pronounced in cases with a lower particle-to-fluid density ratio (such as solid–liquid cases). This
work underscores the need for more research on these effects to increase the precision of solid–fluid force
models for small particle-to-fluid density ratios (1.5).
1. Introduction

Solid–fluid force closure models are essential to simulate large-scale
systems in feasible computational time. They are required to model
fluidized beds, slurry transport spouted beds, and other industrial
operations. These operations are commonly simulated using unresolved
computational fluid dynamics simulation (CFD) coupled with a discrete
element method (DEM) (unresolved CFD-DEM) (Golshan et al., 2020)
or using two-fluid models. Both approaches require solid–fluid force
models to couple the momentum of the solid and fluid phases. The
solid–fluid force models must account for multiple particles within a
compact cluster and the Reynolds number to accurately predict the
forces acting on the particles and the fluid. The presence of other par-
ticles is often only statistically considered through the volume fraction
occupied by the fluid (void fraction) (Ergun, 1952; Rong et al., 2013;
Di Felice, 1994). Some models also consider the void fraction gradient
to consider the spatial arrangement of the particles, which induces
lift (Li et al., 2017; Su and Zhao, 2017). In unresolved CFD-DEM,
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recent models further improve the accuracy of the solid–fluid force
by directly considering the disposition of neighboring particles (Akiki
et al., 2017; Cheng and Wachs, 2023; Seyed-Ahmadi and Wachs, 2020).
The fluid interaction between particles is not limited to modification
of the solid–fluid force; it also generates torques on the particle that
are highly dependant on the particle arrangement (Cheng and Wachs,
2023). Force models are based on cases where the particles are static
relative to each other, and the flow is fully developed. In natural
systems, particles are in motion relative to each other, and various
transient effects generate additional forces and torques that may affect
the predictive capacity of the simulation (Marchelli and Di Felice, 2023;
Kriebitzsch et al., 2013).

Even in the relatively simple case of two identical particles, the
solid–fluid force applied to one of them is a function of 35 variables and
has a dimensionality of three (time, length, mass), which implies, by the
Buckingham-Pi theorems, 32 dimensionless numbers. Table 1 presents
the list of these variables if a pair of particles is moving in a fluid
vailable online 10 June 2024
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that is motionless away from the particles. Some phenomena associated
with these variables lead to force with specific names such as the drag
force (Clift et al., 2005), the virtual mass force (Béguin et al., 2016),
the Meshchersky force (Zoghlami et al., 2019), the history force (Mei
and Adrian, 1992), the lubrication force (O’Neill and Majumdar, 1970),
the Saffman force (Loth, 2008), and the Magnus force (Loth, 2008).
The effect of the relative position of particles within a pair on the
solid–fluid force has been studied extensively (Smoluchowski, 1911;
Happel and Brenner, 1983; Eveson et al., 1959; Chen and Lu, 1999;
Chen and Wu, 2000; Prahl et al., 2007). The work of Prahl et al. (2007)
gives an extensive characterization of the effect of the relative position
on the solid–fluid force applied on a pair of particles at moderate
Reynolds numbers (50–200). However, their work does not present
a closed-form correlation that encompasses their results. For Stokes
flow, Faxén introduced a rigorous way to assess the forces on a set
of particles (Faxen, 1923). Gatignol improved his work by considering
the non-uniformity of the flow around the particles (Gatignol, 1983).
This rigorous approach was recently applied to the dynamics case of
two particles by Ardekani and Rangel (2006). Outside of Stokes’ flow,
dynamic models require the combination of multiple force correlations.
Among others, Nijssen et al. (2020) proposed a combination of corre-
lations to generate a solid–fluid force model that is valid outside the
Stokes regime. However, these correlations are built on hypotheses that
cannot always be respected if the particles are in motion (e.g., fully
developed flow and no relative particles’ motion). The potential conse-
quences of not fully adhering to them in the dynamics of a swarm of
particles remain unknown.

This study explores the impact of the fully developed flow hy-
pothesis on the fluid–solid force model, specifically examining the
dynamics of a pair of particles. To address this, we introduce a novel
correlation derived from an artificial neural network (ANN) regression
designed to model the drag force, induced lift force, and induced
torque experienced by a pair of particles. This model incorporates the
relative positions of the particles (both distance and angular orientation
with respect to the flow) and the Reynolds number as inputs. The
correlation encompasses Reynolds numbers ranging from 0.1 to 100
and particle centroid distances up to nine particle diameters. The
training dataset for the ANN is generated using Lethe, an open-source
CFD software (Blais et al., 2020; Barbeau et al., 2022), following the
methodology proposed by Bibeau et al. (2023). The minimal error in
the correlations allows for a detailed analysis of the errors arising
from disregarding transient effects. Subsequently, this correlation is
incorporated into a dynamical model (ROM) that simulates both an-
gular and translational positions and velocities of particles, accounting
for various solid–fluid forces such as the virtual mass force, history
force, and lubrication forces. This model has been validated through
sedimentation experiments with a single particle. Using this ROM, we
assess the predictive capabilities of models that only use two parame-
ters (Reynolds number and relative particle position) to define the drag
and lift forces and the induced torque between particles. Results for the
sedimentation of two particles are compared to results obtained using
particle-resolved CFD-DEM conducted with Barbeau et al. (2024). The
sedimentation cases cover Archimedes’ numbers from 20 to 2930 and a
particle-to-fluid density ratio of 1.5 to 1000. This analysis demonstrates
that the ROM accurately predicts particle dynamics at high particle-
to-fluid density ratios. It also highlights some discrepancies at lower
density ratios. These discrepancies are linked to the fully developed
flow hypothesis and the interaction between the particles during the
acceleration of the fluid. Additionally, the effect of rotation on the
particles’ dynamics is measured using resolved CFD-DEM. The rotation
impacts particle dispersion and affects more cases with high-density ra-
tios and higher Archimedes numbers. Finally, the effect of considering
the relative velocity between the particles in the force model using a
quasistatic hypothesis is analyzed. This work underlines limitations in
the capacity of fluid-force models to predict the transient behavior of
2

liquid–solid systems. s
2. ANN regression of a particle pair fluid force interactions

Currently, no correlation exists to calculate the induced drag, lift
forces, and torque on a particle due to the presence of another particle
in its vicinity. To address this, an ANN is employed to perform a
regression analysis on a large dataset of CFD simulation results, which
include the drag, lift, and torque acting on a pair of particles. The
resulting correlation determines the forces and torque exerted on the
particles under several assumptions: the particles are fixed within an
undisturbed flow, the flow is fully developed without three-dimensional
instability (all interactions occur within the plane defined by 𝒗 × 𝒓),
no buoyancy force is present, and the particles exhibit zero angular
velocity. These assumptions reduce the 32 dimensionless numbers,
detailed in Table 1, to a manageable system of four dimensionless
numbers per dependent variable.

Table 2 outlines the three dependent variables — the two compo-
nents of force (drag and induced lift) and the induced torque — as
well as the six independent variables. This arrangement produces three
dependent dimensionless numbers: drag coefficient (𝐶𝑑), lift coefficient
(𝐶𝑙), and torque coefficient (𝐶𝑡), each dependent on three independent
dimensionless numbers: 𝑅𝑒, 𝑟∗, and 𝜃. Due to the system’s symmetry, 𝜃
is defined within the range [0, 𝜋].

2.1. Creation of the data set

The data set is generated using the sharp interface immersed bound-
ary finite element solver implemented in Lethe (Barbeau et al., 2022;
Blais et al., 2020), a high-order CFD simulation tool that utilizes the
deal.ii finite element library (Arndt et al., 2022). This sharp interface
immersed boundary facilitates the imposition of the no-slip boundary
condition directly on the surface of a particle, eliminating the need
for meshing while maintaining the accuracy of the underlying finite
element scheme. Previous results using the same simulation tool have
demonstrated that using elements of type Q2-Q1 (quadratic hexahedral
elements for the velocity field and linear hexahedral elements for the
pressure field) significantly reduces the computational time required to
achieve hydrodynamic force calculations on a particle with accuracy
within 1% (Daunais et al., 2023; Barbeau et al., 2024). These studies
also explore the effect of domain size on drag force, recommending
that boundaries be at least 30 particle diameters from the nearest
particle. For this study, a rectangular domain of 180 × 90 × 90(𝑑𝑝)
was chosen, centering the first particle at (54, 45, 45) and allowing the
second particle to move within a nine-particle-diameter sphere around
it. This setup ensures the nearest wall remains at least 30 particle
diameters away. The data set spans Reynolds numbers 𝑅𝑒 ∈ [0.1, 100],
centroid distances 𝑟∗ ∈ [1, 9], and angles 𝜃 ∈ [0, 𝜋]. It consists of two
parts: structured sampling as detailed in Table 3, and Latin hypercube
sampling (McKay et al., 2000), which together provide 2475 and 1000
data points respectively, via logarithmic spacing for 𝑅𝑒 and 𝑟∗. The data
set includes 3475 data points, substantiating its size and guaranteeing
the model’s independence from specific data set characteristics.

The mesh consists of a coarse grid with an element size of 3.75𝑑𝑝.
This coarse grid includes two initial refinement zones around the
particles. Initially, a rectangular refinement box envelops the particles
with a maximum element size of 𝛥𝑥 = 0.1172𝑑𝑝 (zone Z1), followed by

spherical zone around each particle where the mesh is refined to the
mallest element size allowed (zone Z2). Fig. 1 presents a sectional view
f the domain on the particle plane, illustrating the different refinement
ones (Z1 and Z2) and their dimensions. Additionally, 10% of the mesh
ndergoes further refinement using the Kelly error estimator, based
n the velocity field, to refine the recirculation zone in the wake of
he particles (Kelly et al., 1983). This additional refinement process is
epeated four times.

Cases with the two particles positioned side by side at a Reynolds
umber of 100 are utilized for the mesh convergence analysis. Two

∗
cenarios are examined: particles in contact (𝑟 = 1) and particles
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Table 1
Without any hypothesis on the initial conditions, we obtained a system with 35 variables to express the total solid–fluid force on one particle.

Variable Name SI units Number of components Dimensions

𝒇 Particle 1 solid–fluid force kgm s−2 3 MLT−2

𝑑𝑝 Particles diameter m 1 L

𝜌𝑓 Fluid density kgm−3 1 ML−3

‖𝒈‖ Gravity norm ms−2 1 LT−2

𝜇 Dynamic viscosity kgm−1 s−1 1 ML−1T−1

𝒓 Particles relative position vector m 3 L

𝒗1 Particle 1 velocity ms−1 3 LT−1

𝒗2 Particle 2 velocity ms−1 3 LT−1

𝑑𝒗1
𝑑𝑡

Particle 1 acceleration ms−2 3 LT−2

𝑑𝒗2
𝑑𝑡

Particle 2 acceleration ms−2 3 LT−2

𝝎1 Particle 1 angular velocity s−1 3 T−1

𝝎2 Particle 2 angular velocity s−1 3 T−1

𝑑𝝎1

𝑑𝑡
Particle 1 angular acceleration s−2 3 T−2

𝑑𝝎2

𝑑𝑡
Particle 2 angular acceleration s−2 3 T−2

𝑡 Time s 1 T
Table 2
Assuming that particles maintain the same constant velocity, that the flow is fully developed, and that
there are no three-dimensional instability has developed (all interactions occur within the plane defined by
𝒗× 𝒓), coupled with the absence of buoyancy force and zero angular velocity for the particle, the system of
variables in Table 1 is simplified. These conditions reduce the system to nine essential variables required
to express the forces and torque acting on a particle.

Variables Number of components Dimensions Associated dimensionless numbers

𝒇 2 MLT−2 𝐶𝑑 =
−8𝐹

||𝒗

𝜌𝑓 𝑑2
𝑝𝜋‖𝒗‖2

, 𝐶𝑙 =
8𝐹⟂𝒗

𝜌𝑓 𝑑2
𝑝𝜋‖𝒗‖2

𝑻 1 ML2T−2 𝐶𝑡 =
16‖𝑻 ‖

𝜌𝑓 𝑑3
𝑝𝜋‖𝒗‖2

𝑑𝑝 1 L repeating variable

𝜌𝑓 1 ML−3 repeating variable

𝜇 1 ML−1T−1 𝑅𝑒 =
‖𝒗‖𝑑𝑝𝜌𝑓

𝜇

𝒓 2 L 𝑟∗ =
‖𝒓‖
𝑑𝑝

, 𝜃 = 𝑎𝑐𝑜𝑠
(

−𝒗 ⋅ 𝒓
‖𝒗‖‖𝒓‖

)

𝒗 = 𝒗𝟏 = 𝒗𝟐 1 LT−1 repeating variable
Fig. 1. Representation of the simulation domain and the two refinement zones (Z1 and Z2) around the particles. The refinement zone Z1 guarantees a minimal element size of
0.1172𝑑𝑝, and the refinement zone Z2 guarantees the minimal element size allowed.
3
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Fig. 2. Mesh sensitivity analysis of the relative error on Cd, Cl, and Ct. The variables reported with 𝑟 are evaluated at the smallest ( 𝛥𝑥
𝑑𝑝

= 15
1024

). The 𝛥𝑥 reported is the smallest
space discretization in a given discretization.
Table 3
Structured sampling of the three independent dimensionless numbers used to analyze
the modification of the solid–fluid force as a function of the Reynolds number and the
relative particle position. All combinations of these three variables are sampled for a
total of 2475 data points.

Variables Sampled value

𝑟∗ 1 + 2𝑛∀𝑛 ∈ {−∞,−4,−3,−2.5,−2,−1.5,−1,−0.5, 0, 0.5, 1, 1.5, 2, 2.5, 3}

𝑅𝑒 0.1, 1, 54, 10, 100

𝜃 𝑛𝜋
32
∀𝑛 ∈ [0, 32] | 𝑛 ∈ N

separated by 1
10 of the particle diameter (𝑟∗ = 1.1). The convergence

f these cases was representative of similar scenarios with varying
ngles between the particles and the flow direction. Fig. 2 displays the
elative convergence achieved for all three dependent dimensionless
umbers based on the smallest element of the mesh. A mesh with a
iscretization size of 𝛥𝑥 = 15

512𝑑𝑝 yields satisfactory results, within 1%
of those obtained using the finest mesh, and is therefore chosen for the
simulations.

2.2. Definition of the ANN training parameters

An ANN is trained for each dependent dimensionless number
(𝐶𝑑, 𝐶𝑙, 𝐶𝑡) following the procedure described by Bibeau et al. (2023).
The ANN utilizes the TensorFlow library (Abadi et al., 2015) with
Adamax as the optimizer (Géron, 2022). Network initialization is
performed using the Glorot uniform distribution (Glorot and Bengio,
4

2010), and the mean squared error is employed as the cost func-
tion. Prior to training, the dataset is normalized relative to 𝐶𝑑0 to
mitigate issues arising from varied coefficient scaling across different
Reynolds numbers. The coefficients ( 𝐶𝑑

𝐶𝑑0
, 𝐶𝑙
𝐶𝑑0

, 𝐶𝑡
𝐶𝑑0

) are subsequently
scaled between 0 and 1 using a MinMax approach. Each predicted
variable is modeled using a separate network, though all share the
same architecture. An exhaustive grid search with cross-validation is
conducted to determine the optimal number of layers and neurons per
layer. The dataset, as described in Section 2.1, is divided into three
parts: training, validation, and testing datasets. Seventy percent of the
data is utilized for training and cross-validation, while the remaining
30% forms the untrained testing set. Cross-validation is used to monitor
the training of the ANN and ensure that there is no overfitting. The
process results in an ANN configured with 75 neurons per layer across
six layers, employing the hyperbolic tangent as the activation function
and trained over 30,000 epochs. Following this, the network undergoes
a final training phase without cross-validation to establish the definitive
correlation for each dimensionless number.

2.3. ANN validation

To validate the ANN correlation, the results of the ANN for the
testing dataset are plotted against the simulation results in Fig. 3. All
ANN predictions agree with the simulation results (𝑅2 > 0.999), and the
relative root mean square error on the test dataset is under 2% for all
three correlations obtained. These results are sufficiently accurate for
use in the ROM.
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Fig. 3. Parity plot of the 𝐶𝑑, 𝐶𝑙, and 𝐶𝑡 ANN correlations with the testing data set (30%of the data set) and the untrained data at Reynolds 54. All three correlations agree well
with the simulation results (𝑅2 > 0.999).
2.4. Validation of the model

The simulation results and ANN correlation are compared to various
results found in the literature. The results displayed are normalized by
the drag coefficient of a single particle (𝐶𝑑0) to ensure consistency with
findings reported in the literature. 𝐶𝑑0 is defined by the correlation
of Clift et al. (2005):

𝐶𝑑0 =

⎧

⎪

⎨

⎪

⎩

24
Re

(

1 + 0.1315Re0.82−0.05𝑙𝑜𝑔10(Re)
)

, if Re ≤ 20

24
Re

(

1 + 0.1935Re0.6305
)

, otherwise
(1)

This normalization process also maintains the scale of the dimen-
sionless numbers ( 𝐶𝑑

𝐶𝑑0
, 𝐶𝑙

𝐶𝑑0
, 𝐶𝑡

𝐶𝑑0
) across different Reynolds numbers.

The results in Fig. 4 show good agreement with the findings reported
in the literature for the drag coefficient (Prahl et al., 2007; Chen and
Lu, 1999; Chen and Wu, 2000; Liang et al., 1996; Zhu et al., 1994; Jin
et al., 2019). Similarly, the results for the lift coefficient, as shown in
Fig. 5, align well with those of Prahl et al. (2007). Notably, the results
of Prahl et al. (2007) for the lift force were not originally normalized by
𝐶𝑑0, which has been done here for comparative purposes. These results
are deemed sufficiently accurate for use in a solid–fluid force model.

3. Reduced order model

The ROM consists of a set of ordinary differential equations (ODEs).
In the sedimentation cases, the undisturbed flow is assumed to be zero.
This assumption aligns with considering an infinite control volume for
fluid dynamics, ensuring consistency with the control volume used in
5

the pairwise fluid force model described in Section 2. Consequently, the
ROM benefits from being interpreted as a change of reference frame
compared to the results used to generate the drag force model. The
ROM builds on the work of Nijssen et al. (2020) and includes a versatile
combination of solid–fluid force models: drag, Magnus lift, Saffman lift,
virtual mass, and history forces. In their approach, the lubrication force
was adjusted by modifying the particle restitution coefficient. All these
force models, except for the Saffman force — due to the undisturbed
fluid velocity having zero gradient — are incorporated into the ROM.
Additionally, the ROM integrates the Meshchersky force (Zoghlami
et al., 2019) and directly applies the lubrication force. The induced lift
is incorporated using the ANN model outlined in Section 2. For angular
velocity, the ROM considers the inter-particle induced torque defined
in Section 2 along with the viscous torque. Furthermore, the ROM
accounts for the particle–particle contact force, although it neglects
the contact torque. The restitution coefficient is set at 1 for all cases.
Table 4 lists the force and torque models employed in the ROM, and
Appendix A details the equations for each model. The ODEs describing
the particle dynamics are presented as follows:

𝑑𝒗𝒊
𝑑𝑡

= 1
𝑚𝑖

⎛

⎜

⎜

⎜

⎝

1
∑

𝑗=0
𝑖≠𝑗

(

𝒇 𝒄
𝒊𝒋 + 𝒇 𝒍𝒖𝒃

𝒊𝒋 + 𝒇𝒅
𝒊𝒋 + 𝒇 𝒍

𝒊𝒋 + 𝒇𝒗
𝒊𝒋 + 𝒇𝒎

𝒊𝒋

)

+ 𝒇𝒉
𝒊 + 𝒇𝒎𝒂𝒈

𝒊 + 𝒇 𝒃
𝒊

⎞

⎟

⎟

⎟

⎠

(2)

𝑑𝝎𝒊
𝑑𝑡

= 1
𝐼𝑖

⎛

⎜

⎜

⎜

1
∑

𝑗=0

(

𝑻 𝑰
𝒊𝒋 + 𝑻 𝒍𝒖𝒃

𝒊𝒋

)

+ 𝑻 𝒗
𝒊

⎞

⎟

⎟

⎟

(3)
⎝ 𝑖≠𝑗 ⎠
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Fig. 4. Comparison of results obtained for the modification of the drag coefficient with various results in the literature (Prahl et al., 2007; Chen and Lu, 1999; Chen and Wu,
2000; Liang et al., 1996; Zhu et al., 1994; Jin et al., 2019).
Fig. 5. Comparison of results obtained for the modification of the lift coefficient with the results of Prahl et al. (2007). Note Prahl et al. (2007) results were carried out at a
Reynolds number of 50 instead of 54.
Eq. (11) uses a uniform moment of inertia for the particles, which
are considered filled spheres made of a single material. We note the
absence of a torque associated with the angular acceleration of the
particle. This term would encompass the torque necessary to accelerate
the boundary layer of the particle. In the context of Stokes flows, this
term is well described by Candelier et al. (2023). However, adding the
Stokesian term to the ROM significantly increased the model error for
6

moderate Reynolds numbers (Re> 1), and no correlation was found for
this term outside of the Stokes regime. Consequently, it is neglected in
the present work.

Each particle may have a different velocity in Eqs. (10) and (11).
This differs from the hypothesis used to define 𝒇𝒅 , 𝒇 𝒍, and 𝑻 𝑰 (see
Section 2). The same issue arises in solid–fluid force models used in
unresolved CFD-DEM. It is typically addressed by assuming that all
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Table 4
Fluid force and torque models and their sources.

Forces and Torques References

Drag 𝒇𝒅 present work
Induced Lift 𝒇 𝒍 present work
History 𝒇𝒉 Parmar et al. (2018)
Virtual Mass 𝒇 𝒗 Béguin et al. (2016)
Meshchersky 𝒇𝒎 Zoghlami et al. (2019)
Lubrication 𝒇 𝒍𝒖𝒃 Cooley and O’neill (1969), O’Neill and Majumdar (1970)
Magnus 𝒇𝒎𝒂𝒈 Loth (2008)
Buoyancy 𝒇 𝒃 –
Contact 𝒇 𝒄 Cundall and Strack (1979)
Induced torque 𝑻 𝑰 present work
Viscous torque 𝑻 𝒗 Ben Salem and Oesterle (1998)
Contact torque 𝑻 𝒄 Cundall and Strack (1979)

Table 5
Properties of the fluid for each of the four cases proposed by ten Cate et al. (2002).

Case Reynolds number 𝜌(kgm−3) 𝜇(Pa s)

E1 1.5 970 0.373
E2 4.1 965 0.212
E3 11.6 962 0.113
E4 31.9 960 0.058

neighboring particles move with the same velocity as the particle for
which the fluid force is evaluated. The current ROM adopts this strat-
egy, meaning that 𝒇𝒅 , 𝒇 𝒍, and 𝑻 𝑰 applied on particle 𝑖 are evaluated
using the velocity of particle 𝑖. Additionally, the lubrication force 𝒇 𝒍𝒖𝒃 is
included to capture the effect of relative particle velocity. However, the
developed model does not account for the influence of particles’ relative
velocity on the configuration of the wake. This oversight could affect
the hydrodynamic forces exerted on the particle in ways not addressed
by the existing force model.

The correlation for the virtual mass 𝒇𝒗 and the Meshchersky 𝒇𝒎

forces also takes into account the presence of the other particle. Both
directly consider the relative positions of the particles and their accel-
eration (see Appendix A for more details).

The implementation of the ROM is performed in Python. The scripts
and the ANN force model files are available on a public repository (Bar-
beau, 2023).

3.1. Validation of the reduced order model

The validation of the particle’s acceleration and sedimentation ve-
locity in the ROM is conducted by simulating the sedimentation of a
single particle and comparing the results of the ROM with particle-
resolved simulations Barbeau et al. (2024). The cases are adapted
from the original results of ten Cate et al. (2002) by expanding the
simulation domain and preventing particle–wall interactions at low
Reynolds numbers.

These validation cases involve four sedimentation scenarios of a
single particle (𝑑𝑝 = 1.5 cm, 𝜌𝑝 = 1120 kgm−3) within a rectangular box
measuring 90×90×90 cm. The particle centroid is positioned 12.75 cm
above the bottom of the container and centered relative to the walls.
The velocity and Reynolds number are adjusted by modifying the fluid
properties. Table 5 details the properties of the fluid for each case.

An explicit Euler scheme with a time step of 0.0005 s is utilized to
integrate the ROM. This time step is sufficiently small to ensure that
results are independent of the time step. The results of the validation
case are depicted in Fig. 6, demonstrating good overall agreement
between the ROM and the simulation results. The observed differences
fall within the expected range, attributable to the history model used.
For more details on the use of the history model and comparisons with
other history force models, refer to Dorgan and Loth (2007).

Given the adequate sedimentation velocity observed, the ROM re-
sults are deemed satisfactory for these cases, and the model is consid-
ered validated.
7

Fig. 6. ROM validation using the modified validation case for a single particle of ten
Cate et al. (2002). Results agree with the resolved CFD-DEM results (Barbeau et al.,
2024).

Fig. 7. Standard disposition of the particles pair in a Cartesian frame of reference.

4. Model analysis

Using the ROM, the sedimentation of two particles is analyzed.
The set of parameters that define the initial conditions of the pair
of particles — assuming both are identical and initially at rest —
is determined by four dimensionless numbers. These dimensionless
numbers are detailed in Table 6.

The ROM results are analyzed using 12 sedimentation cases de-
scribed in Table 7. The cases involve two different initial particle
dispositions, three Archimedes numbers, and two particle-to-fluid den-
sity ratios. The combinations of 𝑟∗ and 𝜃 create two distinct behaviors.
Specifically, the configuration (𝑟∗ = 1.5, 𝜃 = 𝜋

2 ) causes the particles to
strongly repel each other until their interaction becomes negligible as
they move apart. Conversely, the configuration (𝑟∗ = 2.06, 𝜃 = 0.245)
leads to drafting, kissing, and tumbling (DKT) interactions between
the particles. The selected Archimedes (Ar) numbers (20, 319, 2930)
correspond to terminal Reynolds numbers for a single particle of (1, 10,
50). The 𝜌∗ values of 1.5 and 1000 are chosen to simulate solid–liquid
and solid–gas interactions, respectively. Fig. 7 illustrates the relative
positions of the particles in the Cartesian frame.

All interactions occur in the Y-Z plane for the cases considered
since these cases do not generate 3-dimensional instability. The typical
trajectory of the particles in the Y-Z plane for both initial dispositions
of the particles is presented in Fig. 8.

The simulations of these cases in the resolved CFD-DEM module of
Lethe utilize Q2-Q1 elements and a second-order accurate backward
differentiation formula (BDF2) for the time-stepping. The domain walls
are 90𝑑𝑝 wide, and particle 𝑃0 is centered relative to these walls (a
configuration similar to that used in the ANN database creation; see
Fig. 1). The domain depth varies by case, ensuring that it is sufficient
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Fig. 8. Typical trajectory for both initial dispositions of the particles; (a) 𝑟∗ = 1.5, 𝜃 = 𝜋
2

and (b) 𝑟∗ = 2.06, 𝜃 = 0.245).
Table 6
The initial condition for the sedimentation of two particles is defined by a set of 4 dimensionless numbers assuming that the particles are
initially at rest and identical. The vector 𝒓𝟎𝟏 is the relative position vector going from particle P0 center to particle P1 center.

Variables Number of components Dimensions Associated dimensionless numbers

𝑑𝑝 1 L repeating variable

𝜌𝑓 1 ML−3 repeating variable

𝜌𝑝 1 ML−3 𝜌∗ =
𝜌𝑝
𝜌𝑓

𝜇 1 ML−1T−1 repeating variable

𝒓𝟎𝟏 2 L 𝑟∗ =
‖𝒓‖
𝑑𝑝

, 𝜃 = 𝑎𝑐𝑜𝑠
(

−𝒈 ⋅ 𝒓
‖𝒈‖‖𝒓‖

)

‖𝒈‖ 1 ms−2 Ar =
‖𝒈‖𝑑3

𝑝𝜌𝑓 (𝜌𝑝 − 𝜌𝑓 )

𝜇2
a
s
A
w
a
l
t

Table 7
The 12 sedimentation cases used to characterize the predictive capability of the ROM.

Case 𝑟∗ 𝜃 Ar 𝜌∗

1 1.5 𝜋
2

20 1.5
2 1.5 𝜋

2
319 1.5

3 1.5 𝜋
2

2930 1.5
4 1.5 𝜋

2
20 1000

5 1.5 𝜋
2

319 1000
6 1.5 𝜋

2
2930 1000

7 2.06 0.245 20 1.5
8 2.06 0.245 319 1.5
9 2.06 0.245 2930 1.5
10 2.06 0.245 20 1000
11 2.06 0.245 319 1000
12 2.06 0.245 2930 1000

to observe particle–particle interactions before they reach the bottom
of the container. A refinement zone, shaped like a shell with an outer
diameter of 1.4𝑑𝑝 and an inner diameter of 0.7𝑑𝑝, surrounds each
particle and is kept to the minimum mesh size used in the ANN database
creation (𝛥𝑥 = 15

512𝑑𝑝) to ensure mesh-independent results. The rest of
he domain is refined using the Kelly error estimator. Time steps (𝛥𝑡)
re selected to ensure that the particle velocity varies by less than 1%
ompared to time-step independent results.

The analysis is conducted using dimensionless variables. The dimen-
ionless variables include time (𝑡′), velocity components (𝑣′𝑥, 𝑣′𝑦, 𝑣′𝑧),

and angular velocity components (𝜔′
𝑥, 𝜔′

𝑦, 𝜔′
𝑧). The reference dimen-

sions are 𝑙𝑟 for length, 𝑡𝑟 for time, and 𝑚𝑟 for mass. These reference
dimensions are defined as follows:
8

𝑙𝑟 = 𝑑𝑝 (4) a
𝑡𝑟 =

√

𝑑𝑝
∥ 𝒈 ∥

(5)

𝑚𝑟 =
𝑑3𝑝
6
𝜋𝜌𝑝 (6)

4.1. ROM and resolved CFD-DEM comparison

The ROM results for each of the 12 sedimentation cases are analyzed
by comparing the velocity components of both particles to the results
of the resolved CFD-DEM simulations. The vertical, horizontal, and
angular velocities are compared in Figs. 9, 10, and 11 respectively.

The vertical velocity results (in the 𝑧-direction) from the ROM simu-
lations mostly agree with those from the resolved CFD-DEM simulation.
The agreement is almost perfect for all cases with 𝜌∗ = 1000. However,
for all cases with 𝜌∗ = 1.5, the acceleration of the particles is higher
in the ROM. This is more significant for lower Archimedes numbers
(Cases 1 and 7). In Cases 7 to 9, the discrepancy in the acceleration of
the trailing particle (P1) is more significant than what is observed for
particle P0 (e.g., Case 9).

The horizontal velocity results (in the 𝑦-direction) from the ROM
show a significant discrepancy with the resolved CFD-DEM simulation
in cases with 𝜌∗ = 1.5. However, the results for cases with 𝜌∗ = 1000
re generally good. In Cases 1 to 3, horizontal acceleration occurs as
oon as the particles are released, unlike the resolved CFD-DEM results.
s the particles get further apart, the ROM results align more closely
ith the resolved CFD-DEM. In Case 1, a noticeable shift in horizontal
cceleration is observed when the particles reach the threshold for the
ubrication force. In Cases 3 and 9, the horizontal attraction seen in
he initial acceleration phase of the resolved CFD-DEM simulation is

bsent in the ROM. Case 9 shows the most discrepancy, where the
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Fig. 9. Comparison of the vertical velocity results obtained with the ROM and the resolved CFD-DEM simulation. The Archimedes number (Ar) increases for each column to the
right. For each of the two initial particles’ dispositions, the ratio of the density 𝜌∗ on the first line is 1.5 and 1000 on the second line.
kissing phase of the DKT interaction happens sooner, and the resulting
horizontal velocity is much smaller. Minor discrepancies are observed
for cases with 𝜌∗ = 1000, with the largest relative discrepancy in Case
6. However, the ROM captures the dynamic interaction between the
particles well. Notably, the DKT interactions in Cases 11 and 12, where
the particles contact each other, match well with the resolved CFD-DEM
simulations.

Similar to the horizontal velocity, the angular velocity results from
the ROM for cases with 𝜌∗ = 1.5 have a significant discrepancy with
the resolved CFD-DEM. In the ROM, angular acceleration occurs earlier
than in the resolved CFD-DEM simulations. For cases with 𝜌∗ = 1000,
Case 6 shows the largest discrepancy in angular velocity. In this case,
the angular velocity of the ROM dissipates at a lower rate than in the
resolved CFD-DEM simulation.
9

The norm of the relative velocity of the particles, relative to their
sedimentation velocity in the DKT cases (Cases 7 to 12), is significantly
higher when 𝜌∗ = 1.5 (up to 20%) than when 𝜌∗ = 1000 (up to 5%).
The discrepancy in the horizontal velocity corresponds to a similar
discrepancy in the angular velocity of the particles.

These observations indicate that the modification of the drag force
induced by the other particle, the onset of the lift forces, and induced
torque occur too soon in the ROM for cases with 𝜌∗ = 1.5. According to
the resolved CFD-DEM results, in cases with 𝜌∗ = 1.5, the wake behind
the particles establishes itself on a timescale similar to that required
for the particle to reach its terminal velocity. However, in cases with
𝜌∗ = 1000, the wake behind the particle establishes itself much faster
than the time needed for the particles to reach their terminal velocity.
Since the forces induced between the particles are modeled using a fully
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Fig. 10. Comparison of the horizontal velocity results obtained with the ROM and the resolved CFD-DEM simulation. The Archimedes number (Ar) increases for each column to
the right. For each of the two initial particles’ dispositions, the ratio of the density 𝜌∗ on the first line is 1.5 and 1000 on the second line.
developed flow hypothesis, cases with 𝜌∗ = 1.5 exhibit a significantly
higher error in the acceleration phase, as the wake of the particle is
not yet established. The fully developed flow hypothesis accurately
models cases with 𝜌∗ = 1000. This hypothesis for the force models is
equivalent to considering an instantaneous fluid flow response time. As
such, when the characteristic fluid response time 𝑡𝑓 is smaller than the
particle response time 𝑡𝑠, the fully developed flow hypothesis is more
justified. A measure of the characteristic fluid response time is defined
by dimensional analysis (see Appendix B), giving:

𝑡𝑓 =
𝜌𝑓𝑑2𝑝 (7)
10

𝜇

A measure of the particle response time is given by the Stokes time
(𝑡𝑠)

𝑡𝑠 =
(𝜌𝑝 + 0.5𝜌𝑓 )𝑑2𝑝

18𝜇
(8)

The ratio of the two response times (𝑡∗) is defined only by the
density of the particles and the density of the fluid:

𝑡∗ = 18
𝜌𝑓

𝜌𝑝 + 0.5𝜌𝑓
(9)

Small values of this ratio indicate that the fully developed flow
assumption is valid for modeling the fluid force interaction between the



International Journal of Multiphase Flow 178 (2024) 104882L. Barbeau et al.

r

h
c

b
i
t
𝜌
p
f

4

i

Fig. 11. Comparison of the angular velocity results obtained with the ROM and the resolved CFD-DEM simulation. The Archimedes number (Ar) increases for each column to the
ight. For each of the two initial particles’ dispositions, the ratio of the density 𝜌∗ on the first line is 1.5 and 1000 on the second line.
particles. Cases with 𝜌∗ = 1.5 have a 𝑡∗ = 9, and cases with 𝜌∗ = 1000
ave a 𝑡∗ = 0.018, explaining why the particle interaction is adequately
aptured for cases with 𝜌∗ = 1000.

This ratio underlines the effectiveness of using a fluid force model
ased on the assumption of fully developed flow for modeling particle
nteractions. In cases with 𝜌∗ = 1.5, where 𝑡∗ = 9, the slower response
ime impacts the accuracy of the model. Conversely, in cases with
∗ = 1000, which have a 𝑡∗ = 0.018, the rapid establishment of velocity
rofile ensures accurate modeling of the particle interactions with the
luid.

.1.1. Effect of the density ratio
The results in Figs. 9, 10, and 11 underline a significant difference

n the predictive capabilities of the ROM depending on the value of
11
𝜌∗. This is most notable in Cases 9 and 12, even though these two
cases have the same Archimedes number and initial configuration of
particles. To analyze the effect of 𝜌∗, its value is progressively increased
from 𝜌∗ = 1.5 to 𝜌∗ = 1000 using the same configuration of particles and
Archimedes number (𝑟∗ = 2.06155, 𝜃 = 0.24498, and Ar = 2930.541).
Discrepancies between the ROM and resolved CFD-DEM for values of
𝜌∗ equal to 2, 4, 10, and 100 are added to the results obtained for Cases
9 and 12. Fig. 12 compares vertical and horizontal velocity results. The
angular velocity and horizontal velocity discrepancy for these cases are
similar; for this reason, it is not presented. These results demonstrate
that as 𝜌∗ increases, the ROM predictions align more closely with the
results of the resolved CFD-DEM simulation. Results for cases with a
𝜌∗ = 100 or higher are very well captured by the ROM, while results
with 𝜌∗ = 10 or smaller exhibit significant discrepancies. Also, the time
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Fig. 12. Comparison of ROM vertical and horizontal particle velocity results with resolved CFD-DEM simulations for various 𝜌∗. For these cases 𝑟∗ = 2.06, 𝜃 = 0.245 and Archimedes
number 𝐴𝑟 = 2930.
misalignment between the results reduces progressively as 𝜌∗ increases.
These findings support the notion that premature particle interactions
contribute to differences in the transient regime of the flow due to the
fully developed flow hypothesis.

4.2. Effect of angular velocity

The dynamics of the particles presented in Section 4.1 suggest a
link between the discrepancies in horizontal and angular velocities. The
effect of angular velocity on the horizontal velocity of the particles is
assessed by comparing the horizontal velocity in resolved CFD-DEM
simulations when the particle rotation is locked versus when it is free
(see Fig. 13). These results enable us to determine if the rotation of the
particles could cause the differences observed in horizontal velocity.
In these cases, the rotation of the particles increases dispersion. The
horizontal velocities of Cases 9 and 12 are the most affected by the
rotation of the particles, with a horizontal velocity up to 50% larger
12
for particle P1 when rotation is enabled. These results are consistent
with the effect of the Magnus force on the particles. The horizontal
velocities in cases with 𝜌∗ = 1.5 with and without rotation converge to
similar values as the particles’ distance themselves. This is not observed
in cases with 𝜌∗ = 1000, indicating that horizontal particle displacement
will be more affected by the absence of rotation in cases with higher
𝜌∗. These results also indicate that the impact of rotation on horizontal
velocity is not significantly influenced by 𝜌∗. The effect of rotation is
more pronounced in cases with larger Archimedes numbers (Cases 9
and 12), suggesting that the substantial differences observed in cases
with lower density ratios are not linked to effects associated with
particle rotation, supporting our hypothesis that it relates to the history
of the flow.

4.3. Effects of the particles’ relative velocity

As mentioned in Section 3, the relative velocity between the parti-
cles may also impact the drag, lift, and torque applied to the particles in
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Fig. 13. Comparison of the horizontal velocity of resolved CFD-DEM simulation with and without the rotation of the particles. The rotation of the particle leads to a significant
disparity in the horizontal velocity between the two simulations. The Archimedes number (Ar) increases for each column to the right. For each of the two initial particles’ positions,
the ratio of the density 𝜌∗ on the first line is 1.5 and 1000 on the second line.
ways that the current ROM does not capture. A new dataset is generated
to investigate whether the particles’ relative velocity could explain
the discrepancies observed between the ROM model and the resolved
simulations. This dataset compiles the hydrodynamic force interaction
between two particles, considering their relative velocity. The same
strategy presented in Section 2 is used to generate the dataset. Addition-
ally, the velocity of particle P1 is fixed at 0, and the second particle,
moving around particle P1, is given a non-zero velocity. The change
in the particle configuration due to the relative velocity between the
particles would require a transient simulation, which would include
transient effects on the force of the particle. However, to avoid these
effects, the quasi-static hypothesis is used to isolate the impact of the
difference in particle velocity. Consequently, a steady-state solution is
13
used even though the relative velocity between the particles is non-
zero. To limit the size of the sampling space, it is assumed that P2’s
velocity remains in the plane formed by P1’s velocity (𝒗𝟏) and the
center-to-center vector (𝑟). The resulting particle configuration used for
the simulation is presented in Fig. 14.

Using this setup, the drag, lift, and torque coefficients are evaluated
solely on particle P1, as the wake direction of the particle in this simula-
tion setup is determined by its velocity. The simulations are conducted
in the reference frame of particle P1, which provides the basis for
the dimensional analysis presented in Table 8. This variable space is
sampled 2000 times using a Latin hypercube sampling method (McKay
et al., 2000) within the bound defined in Table 9.

A parity plot is generated to assess if the current force models can

capture the interaction of the particles due to their relative velocity,
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Fig. 14. Representation of the particles’ disposition and the variable used to generate the dataset with the particle relative velocity, assuming a quasi-static particles’ configuration.
The same refinement zones around the particles (Z1 and Z2) are used.
Table 8
Dimensional analysis used to create a hydrodynamic force model that also considers the relative particle velocity.

Variables Number of components Dimensions Associated dimensionless numbers

𝒇 2 MLT−2 𝐶𝑑 = −8𝐹
||𝒗

𝜌𝑓 𝑑2
𝑝 𝜋‖𝒗‖2

, 𝐶𝑙 = 8𝐹⟂𝒗
𝜌𝑓 𝑑2

𝑝 𝜋‖𝒗‖2

𝑻 1 ML2T−2 𝐶𝑡 = 16‖𝑻 ‖
𝜌𝑓 𝑑3

𝑝 𝜋‖𝒗‖2

𝑑𝑝 1 L repeating variable
𝜌𝑓 1 ML−3 repeating variable
𝜇 1 ML−1T−1 𝑅𝑒 = ‖𝒗‖𝑑𝑝𝜌𝑓

𝜇

𝒓 2 L 𝑟∗ = ‖𝒓‖
𝑑𝑝

, 𝜃 = 𝑎𝑐𝑜𝑠
(

−𝒗⋅𝒓
‖𝒗‖‖𝒓‖

)

𝒗 = 𝒗𝟏 1 LT−1 repeating variable
𝒗𝟐 2 LT−1 𝑣∗𝑥 = 𝑣∥

‖𝒗‖
, 𝑣∗𝑦 = 𝑣⟂

‖𝒗‖
t
r

Table 9
Sampling interval for each of the variables.

Variables Sampled value

𝑟∗ ∈ [1.0625, 8]
Re ∈ [0.1, 100]
𝜃 ∈ [0, 𝜋]
𝑣∗𝑥 ∈ [−0.35, 0.35]
𝑣∗𝑦 ∈ [−0.35, 0.35]

as discussed in Section 3. This analysis is presented in Fig. 15. These
results indicate that the relative velocity of the particles significantly
impacts the hydrodynamic force applied to them. The ANN drag model,
presented in Section 2.1, shows a correlation of 𝑅2 = 0.604, significantly
lower than the 𝑅2 = 1.000 it achieved on cases where there was no
elative velocity between the particles. However, when the lubrication
orce model is included, the correlation improves to 𝑅2 = 0.781. This
omparison underscores the effect of the particles’ relative velocity on
he hydrodynamic force in a manner not captured by the lubrication
orce model alone. These effects can be modeled and incorporated into
he ROM through the addition of new force models. This can then be
sed to assess the impact of this additional force on the accuracy of the
OM, using the same type of ANN as described in Section 2.

For this purpose, the ROM is supplemented with a set of three
ew force models (𝒇𝒅𝒓

𝒊𝒋 ,𝒇
𝒍𝒓
𝒊𝒋 ,𝑻

𝑰𝒓
𝒊𝒋 ). These models capture the differences

etween the simulation results of the dataset with relative velocity and
he combination of the ANN force model from Section 2, including the
ubrication force model. Details on the ANN procedure used to develop
hese force models are provided in Appendix A. Adding these terms to
14
he ROM results in the following equations that consider the particle’s
elative velocity:

𝑑𝒗𝒊
𝑑𝑡

= 1
𝑚𝑖

⎛

⎜

⎜

⎜

⎝

1
∑

𝑗=0
𝑖≠𝑗

(

𝒇 𝒄
𝒊𝒋 + 𝒇 𝒍𝒖𝒃

𝒊𝒋 + 𝒇𝒅
𝒊𝒋 + 𝒇 𝒍

𝒊𝒋 + 𝒇𝒗
𝒊𝒋 + 𝒇𝒎

𝒊𝒋 + 𝒇𝒅𝒓
𝒊𝒋 + 𝒇 𝒍𝒓

𝒊𝒋

)

+𝒇𝒉
𝒊 + 𝒇𝒎𝒂𝒈

𝒊 + 𝒇 𝒃
𝒊

⎞

⎟

⎟

⎟

⎠

(10)

𝑑𝝎𝒊
𝑑𝑡

= 1
𝐼𝑖

⎛

⎜

⎜

⎜

⎝

1
∑

𝑗=0
𝑖≠𝑗

(

𝑻 𝑰
𝒊𝒋 + 𝑻 𝒍𝒖𝒃

𝒊𝒋 + 𝑻 𝑰𝒓
𝒊𝒋

)

+ 𝑻 𝒗
𝒊

⎞

⎟

⎟

⎟

⎠

(11)

The effect of these new force models on particle dynamics can be
assessed using the modified ROM. Case 9, which shows the highest
relative velocity between particles, is used for this purpose. The re-
sults of the velocity comparison are shown in Figs. 16, 17, and 18,
displaying the vertical, horizontal, and angular velocities, respectively.
These results reveal that the discrepancy becomes more pronounced
when the modified ROM is used. The premature interaction of the
particles is still observable, indicating that the relative velocity is
not the primary cause of the previously discussed discrepancies. The
increased discrepancy between the model and the particle-resolved
simulations demonstrates that the quasi-static particle configuration
hypothesis used to generate this force model is inadequate and fails
to improve the ROM’s prediction quality. These observations suggest

that the interaction of two moving particles is highly dependent on the
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Fig. 15. Parity plot of the ANN model presented in Section 2 alone and combined with the lubrication force relative to the dataset with relative particle velocity.
Fig. 16. Comparison of the vertical velocity obtained from the ROM, the ROM with
the relative velocity effect, and particle resolved simulation using Lethe.

history of their interaction with the fluid and their relative position,
which are not captured by models built from simulations using the fully
developed flow hypothesis.

5. Conclusion

This study represents a comprehensive demonstration that the his-
tory of particle interactions plays a critical role in particle dynamic
interaction, offering new insights into fluid–solid modeling. To conduct
this study, an ANN fluid–solid force model for the fluid force interaction
of a pair of particles (induced drag, lift, and torque) was developed, as
detailed in Section 2. This force model was constructed under the fully
developed flow hypothesis without considering the particles’ rotation.
This is a common approach in the creation of general fluid force models
for large-scale fluid–solid modeling, such as unresolved CFD-DEM simu-
lations. Two versions of the model are discussed and analyzed: one that
does not take into account the effect of the particles’ relative velocity
(see Section 2) and one that does consider the particles’ relative velocity
(see Section 4.3). These force models show root mean square errors of
less than 2% and 4%, respectively, with an untrained test dataset. Using
15
Fig. 17. Comparison of the horizontal velocity obtained from the ROM, the ROM with
the relative velocity effect, and particle resolved simulation using Lethe.

this fluid–solid force model, Section 4.1 introduces a Reduced Order
Model (ROM) for the sedimentation of a pair of particles. Section 4
then uses the ROM to analyze the dynamics obtained and compares
them to resolved CFD-DEM simulations. The conclusions drawn from
this analysis process are as follows:

• For cases where the fluid response time is in the same order of
magnitude as the particle response time or larger, the develop-
ment of the wake plays an important role in the induced fluid
forces and torque. In these cases, the fully developed flow hy-
potheses lead to premature interaction between the particles. This
indicates that the particles’ interaction history plays an important
role in their dynamics.

• Modeling the effect of particles’ relative velocity using a quasi-
static hypothesis deteriorates the ROM’s predictive capability.
This implies that relative particle motion should be modeled
dynamically to capture the particles’ interaction accurately. This
also indicates that the error observed in the ROM does not stem
from neglecting the particle relative velocity in the hydrodynamic
force model.
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Fig. 18. Comparison of the angular velocity obtained from the ROM, the ROM with
he relative velocity effect, and particle resolved simulation using Lethe.

• The induced drag and lift force and induced torque model based
on the fully developed hypothesis is adequate to model these
forces when the fluid response time (𝑡𝑓 ) is much smaller than the
particle response time (𝑡𝑠). This means 𝑡∗ should be smaller than
1.

• The rotation of particles plays a role in particle dispersion. How-
ever, it is not more significant for lower values of 𝜌∗. The impact
of rotation was higher for cases with higher Archimedes numbers
(higher Reynolds numbers).

These conclusions suggest that further development of solid–fluid
orce models, incorporating the relative position of particles as ex-
lored by Akiki et al. (2017), Cheng and Wachs (2023), van Wachem
t al. (2024) and Seyed-Ahmadi and Wachs (2020), could substan-
ially decrease modeling errors in gas–solid applications. This study
lso hypothesizes that errors from the fully developed flow hypothesis
ight also affect other drag models that rely on similar assumptions,
otentially leading to premature drag reduction during particle acceler-
tion in liquid–solid systems. This implies that liquid–solid interactions
odeled with these types of fluid–solid force models will include errors
ue to premature particle interaction, similar to what was observed
n cases with 𝜌∗ = 1.5. Due to the anisotropy of particles’ interaction
nd history effects, the mean of this error is most likely not zero in
ases with large numbers of particles. This means it would result in a
easurable effect on the dynamics of particle clusters.

Furthermore, the research indicates that neglecting transient hydro-
ynamic forces, such as virtual mass and history forces, can lead to
naccuracies similar to those caused by premature particle interactions,
s demonstrated by Nijssen et al. (2020) and Ferreira et al. (2023).
heir findings highlight the challenges in finding drag correlations that
ccurately replicate the dynamics in liquid fluidized beds, especially
ith particles having a 𝜌∗ close to one.

The impact of the fully developed flow hypothesis on the drag and
nduced lift force model has been well established in this study. This
ighlights the challenges in accurately modeling liquid–solid mixing
nd opens exciting avenues to enhance our understanding and mod-
ling of solid–liquid interactions, particularly where complex history
ffects influence particle interactions. Studying this phenomenon in
arger systems would be a valuable contribution to the understanding
f solid–fluid interactions. This newfound awareness paves the way
or more precise and insightful models, fostering a promising future in
pplications that involve solid–liquid flows.
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Appendix A. Force models details

This appendix presents each of the force models used in the ROM.
Note that the drag force, lift force, and induce torque models are
presented in Section 2.

A.1. Drag force

The drag force applied to the particle is defined by the ANN regres-
sion. The regression is performed on data scaled by the drag coefficient
of a single particle (see Eq. (1)), implying that it must be multiplied
back by the drag coefficient of a single particle (𝐶𝑑0).

𝐶𝑑 = 𝐶𝑑0(Re)𝐶𝑑𝐴𝑁𝑁 (Re, 𝑟∗, 𝜃) (A.1)

𝒇𝒅
𝒊 = −1

8
𝜌𝑓𝜋𝑑

2
𝑝𝐶𝑑𝒗𝒊 ∥ 𝒗𝒊 ∥ (A.2)

The resulting expression for drag correlation is too complex to detail
ere. For example, the resulting coefficient mapping as a function of
he particle position relative to a reference particle for a given Reynold
umber of 10 is presented in Fig. A.19. 𝐶𝑑𝐴𝑁𝑁

A.2. Lift force

The lift force applied to the particle is defined by the ANN regres-
sion. The regression is performed on data scaled by the drag coefficient
of a single particle (see Eq. (1)), implying that it must be multiplied
back by the drag coefficient of a single particle (𝐶𝑑0).

𝐶𝑙 = 𝐶𝑑0(Re)𝐶𝑙𝐴𝑁𝑁 (Re, 𝑟∗, 𝜃) (A.3)

⟂ = 𝒓 −
𝒓 ⋅ 𝒗𝒊
∥ 𝒗𝒊 ∥2

𝒗𝒊 (A.4)

𝒇 𝒍
𝒊 =

1
8
𝜌𝑓𝜋𝑑

2
𝑝𝐶𝑙 ∥ 𝒗𝒊 ∥2

𝒓⟂
∥ 𝒓⟂ ∥

(A.5)

The resulting expression for lift correlation is too complex to detail
here. For example, the resulting coefficient mapping as a function of
the particle position relative to a reference particle for a given Reynold
number of 10 is presented in Fig. A.20.
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Fig. A.19. Drag coefficient correction factor at a Reynold number of 10. In this figure, the velocity of the particle is negative in x.
Fig. A.20. Lift coefficient correction factor at a Reynold number of 10. In this figure, the velocity of the particle is negative in x.
A.3. History force

The history force model use is defined based on the work of Parmar
et al. (2018) and Dorgan and Loth (2007), both works are based on
the work of Mei and Adrian (1992). The history force is decomposed
into two components: the near proper history 𝒇𝒉

𝒊,𝒏𝒆𝒂𝒓 and the improper
history 𝒇𝒉

𝒊,𝒊𝒎𝒑 that contains the singularity of the history kernel. Here,
we drop the far-history terms and only conserve the near-history terms
since the evaluation cost of the full history in the case of two particles
is not prohibitive.

𝒇𝒉 = 𝒇𝒉 + 𝒇𝒉 (A.6)
17

𝒊 𝒊,𝒊𝒎𝒑 𝒊,𝒏𝒆𝒂𝒓
The two terms are defined as follows. The subscript 𝑟 refers to the
particle state at the initial time step. Since the particles are at rest at the
initial time step, a Reynolds number of 1𝑒 − 3𝑅𝑒𝑣𝑓 is used to evaluate
the initial particle state. Here, 𝑣𝑓 is the terminal velocity of the particle.

𝑐1 = 2.5 (A.7)

𝑐2 = 0.126 (A.8)

𝑔𝐻 =
0.75 + 𝑐2𝑅𝑒

𝑅𝑒
(A.9)

𝑡𝑟 =
𝑑2𝑝𝜌 (256)

1
3 𝑔𝐻2 (A.10)
4𝜇 𝜋 𝑟
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𝑚𝑟 =
3
4
√

𝜋𝑑3𝑝𝜌𝑓
( 256

𝜋

)

1
6 𝑔𝐻𝑟 (A.11)

𝑙𝑟 =
𝑑𝑝
2

(A.12)

𝑟𝑖 =
(

𝑔𝐻𝑟
𝑔𝐻

)
3
2

(A.13)

𝛥𝑡∗ = 𝛥𝑡∕𝑡𝑟 (A.14)

𝛾 = 𝑟
1
3
𝑖 𝛥𝑡

∗ 1
4 (A.15)

𝐾0 =
2
9
𝑟
−2
3
𝑖 (−0.3722𝛾 + 12.16𝛾2 − 6.488𝛾3) (A.16)

𝒖∗ = 𝒖
𝑡𝑟
𝑙𝑟

(A.17)

𝒗∗𝒊 = 𝒗𝒊
𝑡𝑟
𝑙𝑟

(A.18)

𝒂 = 𝑑𝒖∗
𝑑𝜏∗

−
𝑑𝒗∗𝒊
𝑑𝜏∗

(A.19)

𝒇𝒉
𝒊,𝒊𝒎𝒑 = 𝐾0𝒂|𝑡∗

𝑚𝑟𝑙𝑟
𝑡2𝑟

(A.20)

𝐾𝑖(𝑡∗, 𝜏∗) =
(

(𝑡∗ − 𝜏∗)
1

2𝑐1 + 𝑟𝑖(𝑡∗ − 𝜏∗)
)−𝑐1

(A.21)

𝒇𝒉
𝒊,𝒏𝒆𝒂𝒓 =

𝑚𝑟𝑙𝑟
𝑡2𝑟 ∫

𝑡∗−𝛥𝑡∗

0
𝐾𝑖(𝑡∗, 𝜏∗)𝒂|𝜏∗𝑑𝜏∗ (A.22)

The integral that defines 𝒇𝒉
𝒊,𝒏𝒆𝒂𝒓 is evaluated using the trapezoidal rule

over the history of the particle acceleration. The constant 𝑐1 and 𝑐2 are
taken from Kim et al. (1998) works and seem to agree more with the
simulation results than other values found in the literature.

A.4. Virtual mass and Meshchersky forces

The virtual mass force for a pair of particles is derived from the
work of Béguin et al. (2016). In a pair of particles with index 0 and 1,
the virtual mass force on the particle 0 (𝒇𝒗

𝟎) is defined as follows.

𝐶𝑚,⟂,⟂ = 1
2

[

1 + 3
256

( 𝑑𝑝
∥ 𝒓 ∥

)6

+ 3
256

( 𝑑𝑝
∥ 𝒓 ∥

)8

+ 27
4096

( 𝑑𝑝
∥ 𝒓 ∥

)10]

(A.23)

𝐶𝑚,∥,∥ = 1
2

[

1 + 3
64

( 𝑑𝑝
∥ 𝒓 ∥

)6

+ 9
256

( 𝑑𝑝
∥ 𝒓 ∥

)8

+ 9
512

( 𝑑𝑝
∥ 𝒓 ∥

)10]

(A.24)

𝑖
𝑚,⟂,⟂ = 1

2

[

3
16

( 𝑑𝑝
∥ 𝒓 ∥

)3

+ 3
4096

( 𝑑𝑝
∥ 𝒓 ∥

)9

+ 3
2048

( 𝑑𝑝
∥ 𝒓 ∥

)11]

(A.25)

𝐶 𝑖
𝑚,∥,∥ = −1

2

[

3
8

( 𝑑𝑝
∥ 𝒓 ∥

)3

+ 3
512

( 𝑑𝑝
∥ 𝒓 ∥

)9

+ 9
1024

( 𝑑𝑝
∥ 𝒓 ∥

)11]

(A.26)

𝑹 =

⎡

⎢

⎢

⎢

⎣

𝑟2𝑥 𝑟𝑥𝑟𝑦 𝑟𝑥𝑟𝑧
𝑟𝑦𝑟𝑥 𝑟2𝑦 𝑟𝑦𝑟𝑧
𝑟𝑧𝑟𝑥 𝑟𝑧𝑟𝑦 𝑟2𝑧

⎤

⎥

⎥

⎥

⎦

(A.27)

𝑴 = −𝜌𝑓
𝜋𝑑3𝑝
6

[

(𝐶𝑚,∥,∥ − 𝐶𝑚,⟂,⟂)𝑹 − 𝐶𝑚,⟂,⟂𝜹𝒊𝒋
]

(A.28)

𝑴 𝒊 = −𝜌𝑓
𝜋𝑑3𝑝
6

[

(𝐶 𝑖
𝑚,∥,∥ − 𝐶 𝑖

𝑚,⟂,⟂)𝑹 − 𝐶 𝑖
𝑚,⟂,⟂𝜹𝒊𝒋

]

(A.29)

𝒇𝒗
𝟎 = 𝑴

𝑑𝒗𝟎
𝑑𝑡

+𝑴 𝒊 𝑑𝒗𝟏
𝑑𝑡

(A.30)

In these equations, the 𝜹𝒊𝒋 is the Kronecker delta, and the variables
𝑥, 𝑟𝑦 and 𝑟𝑧 are the three spacial components of the vector 𝒓. These

coefficients are obtained by keeping only the first three terms of the
infinite series that define these coefficients.

The Meshchersky force represents the force due to the virtual mass
18

force coefficient variation. It is defined in the work of Zoghlami et al.
(2019). Using the previously defined variables for the virtual mass
force. The Meshchersky force is defined as follows:

𝒇𝒎
𝟎 = 𝑑𝑴

𝑑𝑡
𝒗𝟎 +

𝑑𝑴 𝒊

𝑑𝑡
𝒗𝟏 (A.31)

.5. Lubrication force

The lubrication force model is defined using the model of Cooley et
l. and O’Neil et al. (Cooley and O’neill, 1969; O’Neill and Majumdar,
970). The implementation is based on the work of Simeonov et
l. (Simeonov and Calantoni, 2012).

𝜖 = 2
∥ 𝒓 ∥ −

𝑑𝑝𝑖+𝑑𝑝𝑗
2

𝑑𝑝𝑖
(A.32)

𝜅 =
𝑑𝑝𝑖
𝑑𝑝𝑗

(A.33)

𝜖𝑚𝑎𝑥 = 4 (A.34)

𝒆𝒊𝒋 =
𝒓𝒊𝒋

∥ 𝒓𝒊𝒋 ∥
(A.35)

𝒗𝒊𝒋 = 𝒗𝒋 − 𝒗𝒊 (A.36)

𝝎𝒊𝒋 = 𝝎𝒋 + 𝝎𝒊 (A.37)

𝒇 𝒍𝒖𝒃𝒏
𝒊 =

(

𝜅2

(1 + 𝜅)2

(

1
𝜖
− 1

𝜖𝑚𝑎𝑥

)

−
𝜅(1 + 7𝜅 + 𝜅2)

5(1 + 𝜅)3
𝑙𝑛

(

𝜖
𝜖𝑚𝑎𝑥

))

⋅ 3𝜋𝜇𝑑𝑝𝑖𝒗𝒊𝒋 ⋅ 𝒆𝒊𝒋𝒆𝒊𝒋 (A.38)

𝒇 𝒍𝒖𝒃𝒕𝒕
𝒊 = −

(

4𝜅(2 + 𝜅 + 2𝜅2)
15(1 + 𝜅)3

𝑙𝑛
(

𝜖
𝜖𝑚𝑎𝑥

))

⋅ 3𝜋𝜇𝑑𝑝𝑖
(

𝒗𝒊𝒋 − 𝒗𝒊𝒋 ⋅ 𝒆𝒊𝒋𝒆𝒊𝒋
)

(A.39)

𝒇 𝒍𝒖𝒃𝒕𝒓
𝒊 = 1.5𝜋𝜇𝑑2

𝑝𝑖
2𝜅2

15(1 + 𝜅)2
𝑙𝑛

(

𝜖
𝜖𝑚𝑎𝑥

)

(𝝎𝒊𝒋 + 4𝜅−1𝝎𝒊 + 4𝜅𝝎𝒋)𝒆𝒊𝒋 (A.40)

𝒇 𝒍𝒖𝒃∗
𝒊 = 𝒇 𝒍𝒖𝒃𝒏

𝒊 + 𝒇 𝒍𝒖𝒃𝒕𝒕
𝒊 + 𝒇 𝒍𝒖𝒃𝒕𝒓

𝒊 (A.41)

𝑻 𝒍𝒖𝒃𝒕𝒕
𝒊 = −2𝜋𝜇𝑑2

𝑝𝑖

(

𝜅(4 + 𝜅)
10(1 + 𝜅)2

𝑙𝑛
(

𝜖
𝜖𝑚𝑎𝑥

))

𝒆𝒊𝒋 × 𝒗𝒊𝒋 (A.42)

𝑻 𝒍𝒖𝒃𝒕𝒓
𝒊 = 𝜋𝜇𝑑3

𝑝𝑖
2𝜅

5(1 + 𝜅)2
𝑙𝑛

(

𝜖
𝜖𝑚𝑎𝑥

)((

𝝎𝒊 +
𝜅𝝎𝒋

4

)

−
(

𝝎𝒊 +
𝜅𝝎𝒋

4

)

⋅ 𝒆𝒊𝒋𝒆𝒊𝒋
)

(A.43)

𝑻 𝒍𝒖𝒃∗
𝒊 = 𝑻 𝒍𝒖𝒃𝒕𝒕

𝒊 + 𝒕𝒍𝒖𝒃𝒕𝒓𝒊 (A.44)

To avoid the singularity when two particles are in contact in the
urrent models, we also limit the dimensionless minimal interparticle
istance (𝜖) to 𝜖𝑚𝑖𝑛. This model is valid in the limit of creeping flow,
eaning the gap between the particles must be sufficiently small to

btain accurate results. For this reason, we add a threshold to limit the
pplication of this force model when the interparticle distance is above
given threshold (𝜖𝑚𝑎𝑥). Outside of this threshold, the lubrication force

s 0. To avoid a jump in the force applied to the particle, we subtract the
ubrication force associated with the maximal gap (𝜖𝑚𝑎𝑥), which gives
he following model.

𝒇 𝒍𝒖𝒃
𝒊 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0 𝜖 > 𝜖𝑚𝑎𝑥

𝒇 𝒍𝒖𝒃∗
𝒊 𝜖 ≤ 𝜖𝑚𝑎𝑥 & 𝜖 > 𝜖𝑚𝑖𝑛

𝒇 𝒍𝒖𝒃∗
𝒊 |𝜖=𝜖𝑚𝑖𝑛 𝜖 ≤ 𝜖𝑚𝑖𝑛

(A.45)

𝑻 𝒍𝒖𝒃
𝒊 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0 𝜖 > 𝜖𝑚𝑎𝑥

𝑻 𝒍𝒖𝒃∗
𝒊 𝜖 ≤ 𝜖𝑚𝑎𝑥 & 𝜖 > 𝜖𝑚𝑖𝑛

𝑻 𝒍𝒖𝒃∗
𝒊 |𝜖=𝜖𝑚𝑖𝑛 𝜖 ≤ 𝜖𝑚𝑖𝑛

(A.46)

In this paper, 𝜖𝑚𝑎𝑥 = 4 and 𝜖𝑚𝑖𝑛 = 1
32 . 𝜖𝑚𝑖𝑛 can be interpreted as a

measure of surface roughness. 𝜖𝑚𝑎𝑥 = 2𝑑𝑝 was obtained through calibra-
tion of the contact lubrication dynamics of the Ten Cate experiments.
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A.6. Magnus force

The Magnus lift is obtained using the correlation proposed by Loth
(2008).

𝛺∗ =
∥ 𝝎𝒊 ∥ 𝑑𝑝
∥ 𝒖 − 𝒗𝒊 ∥

(A.47)

𝐶𝑙,𝛺 = 1 −
[

0.675 + 0.15
(

1 + 𝑡𝑎𝑛ℎ(0.28(𝛺∗ − 2))
)]

(A.48)

𝒇𝒎𝒂𝒈
𝒊 = 𝜋

8
𝑑3𝑝𝜌𝑓

[

𝐶𝑙,𝛺(𝒖 − 𝒗𝒊) × 𝝎𝒊
]

(A.49)

A.7. Contact force

The contact force is derived from the linear contact model of
Cundall et al. (Cundall and Strack, 1979), and its implementation in
Lethe (Golshan et al., 2023).

𝑙 =∥ 𝒓 ∥ −
𝑑𝑝𝑖 + 𝑑𝑝𝑗

2
(A.50)

𝛿𝑛 =

⎧

⎪

⎨

⎪

⎩

−𝑙 𝑙 < 0

0 otherwise
(A.51)

𝒗𝒊𝒋 =
𝑑𝒓
𝑑𝑡

+ (0.5𝑑𝑝𝝎𝟎 + 0.5𝑑𝑝𝝎𝟏) ×
𝒓

∥ 𝒓 ∥
(A.52)

𝒗𝒓𝒕 = 𝒗𝒊𝒋 −
(

𝒗𝒊𝒋 ⋅
𝒓

∥ 𝒓 ∥

)

𝒓
∥ 𝒓 ∥

(A.53)

𝜹𝒕 = ∫

𝑡

𝑡𝑐0
𝒗𝒓𝒕𝑑𝑡 (A.54)

𝑟𝑒 =

(

2
𝑑𝑝0

+ 2
𝑑𝑝1

)−1

(A.55)

𝑚𝑒 =
(

1
𝑚0

+ 1
𝑚1

)−1
(A.56)

𝑌𝑒 =
(

1
𝑌0

+ 1
𝑌1

)−1
(A.57)

𝑘𝑛 =
16
15

√

𝑟𝑒𝑌𝑒

(

15𝑚𝑒 ∥ 𝒗𝒊𝒋|𝑡𝑐0 ∥2

16
√

𝑟𝑒𝑌𝑒

)
1
5

(A.58)

𝑐𝑛 =
−2𝑙𝑛(𝑒)

√

(𝑙𝑛(𝑒))2 + 𝜋2

√

𝑚𝑒𝑘𝑛 (A.59)

𝑘𝑡 = 0.4𝑘𝑛 (A.60)

𝑐𝑡 =
−2𝑙𝑛(𝑒)

√

(𝑙𝑛(𝑒))2 + 𝜋2

√

𝑚𝑒𝑘𝑡 (A.61)

𝒇 𝒄𝒏 = −
(

𝑘𝑛𝛿𝑛 + 𝑐𝑛
𝑑𝛿𝑛
𝑑𝑡

)

𝒓
∥ 𝒓 ∥

(A.62)

𝒇 𝒄∗𝒕 = −𝑘𝑡𝜹𝒕 − 𝑐𝑡
𝑑𝜹𝒕
𝑑𝑡

(A.63)

𝒇 𝒄𝒕 =

⎧

⎪

⎨

⎪

⎩

𝒇 𝒄∗𝒕 ∥ 𝒇 𝒄∗𝒕 ∥< 𝜇𝑐 ∥ 𝒇 𝒄𝒏 ∥

𝒇 𝒄∗𝒕 ∥𝒇 𝒄𝒏 ∥𝜇𝑐
∥𝒇 𝒄∗𝒕 ∥

otherwise
(A.64)

𝒇 𝒄 = 𝒇 𝒄𝒏 + 𝒇 𝒄𝒕 (A.65)

In these equations, 𝑚𝑖 is the mass of the particle 𝑖, 𝑌𝑖 is the Young’s
odulus of the particle, 𝑒 is the effective restitution coefficient, 𝜇𝑐 is

he contact friction coefficient, 𝑡𝑐0 is the initial point in time where the
article contact. With this force, we can define the contact torques as
ollows:

𝒄 = 𝒇 𝒄𝒕 ×
𝒓𝑑𝑝

2 ∥ 𝒓 ∥
(A.66)

For all cases presented in the current work, the friction coefficient
as set to 0, the restitution coefficient to 1, and the Young modulus to
0 MPa. The young modulus is small since increasing it did not change
he results but significantly reduced the time step needed to run the
imulation.
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A.8. Viscous torque

The viscous torque model comes from the work of Ben Salam et
al. (Ben Salem and Oesterle, 1998) and its implementation by Loth
(2008).

𝑅𝑒𝜔 =
𝑑2𝑝𝜔𝑖𝜌𝑓

𝜇
(A.67)

𝐶𝑣 = 1 + 5
64𝜋

𝑅𝑒0.6𝜔 (A.68)

𝑻 𝒗 = −𝜋𝐶𝑣𝑑
3
𝑝𝜔𝑖𝜇 (A.69)

We only use the low Reynolds value since the rotational Reynolds (𝑅𝑒𝜔)
n our case is sufficiently small. The fluid vorticity is neglected here
ince the bulk fluid velocity is assumed to be zero.

.9. Induced torque

The induced torque applied to the particle is defined by the ANN
egression. The regression is performed on data scaled by the drag
oefficient of a single particle (see Eq. (1)), implying that it must be
ultiplied back by the drag coefficient of a single particle (𝐶𝑑0).

𝐶𝑡 = 𝐶𝑑0(Re)𝐶𝑡𝐴𝑁𝑁 (Re, 𝑟∗, 𝜃) (A.70)

𝒗,𝒓 = 𝒗𝒊 × 𝒓 (A.71)

𝑻 𝑰
𝒊𝒋 =

1
16

𝜌𝑓𝜋𝑑
3
𝑝𝐶𝑡 ∥ 𝒗𝒊 ∥2

𝒏𝒗,𝒓
∥ 𝒏𝒗,𝒓 ∥

(A.72)

The resulting expression for torque correlation is too complex to
etail here. For example, the resulting coefficient mapping as a function
f the particle position relative to a reference particle for a given
eynold number of 10 is presented in Fig. A.21.

.10. Relative velocity force models

The dataset with relative velocity described in Section 4.3 is used
o define an ANN to capture the discrepancy between this new data
et and the combination of the ANN force models and lubrication
odels. The same procedure presented in Section 2 is used to obtain
regression of the difference and compare the resulting force model
ith the simulation results. To improve the quality of the model, we

upplement the data set with results of the ANN models of Section 2
ithout relative velocity, which helps isolate the effect of the relative
elocity. To do so, each of the 2000 combinations of Re, 𝑟∗, 𝜃, 𝑣∗𝑥, 𝑣

∗
𝑦

are evaluated using the ANN model using the Re, 𝑟∗, 𝜃 and assuming
𝑣∗𝑥 = 0 and 𝑣∗𝑦 = 0. Using the same procedure presented in Section 2,

e obtained an ANN of 6 layers with 25 neurons per layer.

.10.1. Drag force
Parity plot of the ANN model for the drag combined with the

ubrication force and the ANN model for the effect of the relative
elocity on the induced drag force versus the Simulation data with
elative velocity (see Fig. A.22).

.10.2. Lift force
Parity plot of the ANN model for the lift force combined with the

ubrication force and the ANN model for the effect of the relative
elocity on the induced lift force versus the Simulation data with
elative velocity (see Fig. A.23).
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Fig. A.21. Torque coefficient correction factor at a Reynold number of 10. The velocity of the particle is assumed to be negative in 𝑥 for in this figure.

Fig. A.22. Parity plot of the ANN model for the drag combined with the lubrication force and the ANN model for the effect of the relative velocity versus the simulation data
with relative velocity for the drag coefficient.
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Fig. A.23. Parity plot of the ANN model for the lift combined with the lubrication force and the ANN model for the effect of the relative velocity versus the Simulation data with
elative velocity for the lift coefficient.
Fig. A.24. Parity plot of the ANN model for the induced torque combined with the lubrication force and the ANN model for the effect of the relative velocity versus the simulation
ata with relative velocity for the lift coefficient.
𝛱

.10.3. Induced torque
Parity plot of the ANN model for the drag combined with the

ubrication force and the ANN model for the effect of the relative
elocity on the induced torque versus the Simulation data with relative
elocity (see Fig. A.24).

ppendix B. Fluid response time

Assuming the fluid flow response time (𝑡) to reach a steady state
after a perturbation of the flow is dependent on the following variable:
∥ 𝒗 ∥, 𝜇, 𝜌 , 𝑑 . The dimensional analysis leads to the following two
21

𝑓 𝑝
dimensionless numbers if we choose the repeating variables to be 𝜇,
𝜌𝑓 , 𝑑𝑝.

1 = Re =
∥ 𝒗 ∥ 𝜌𝑓𝑑𝑝

𝜇
(B.1)

𝛱2 =
𝑡𝜇

𝜌𝑓𝑑2𝑝
= 𝑡

𝑡𝑓
(B.2)

These two numbers are the Reynolds number and the dimensionless
time associated with the flow response time. Isolating the characteristic
fluid time from the dimensionless time we get the 𝑡 =

𝜌𝑓 𝑑2𝑝 .
𝑓 𝜇
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