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RESUME

Cette these porte sur ’étude de la propagation et la diffraction d’ondes électromagnétiques
sur des structures spatiotemporelles a vitesse constante. Les structures spatiotemporelles
sont des entités dont les propriétés varient a la fois dans l'espace et dans le temps, présentant
ainsi une incroyable diversité. Nous les classifions en deux catégories: les structures dont la
matiere, un fluide ou un dielectrique par exemple, se déplace a une vitesse constante, et les
structures qui sont modulées par une onde, acoustique ou optique par exemple, se propageant

& une vitesse constante.

La premiere catégorie de structures, celle des structures en mouvement, a été étuidée depuis
plus de deux siecles, commencant par les travaux de Bradley et Doppler, qui ont décrit la
déviation et le changement de fréquence de la lumieére émise par des étoiles en mouvement
par rapport a la Terre, ainsi que les travaux ultérieurs de Fizeau, qui a mesuré la vitesse
de la lumieére dans un fluide en mouvement. Puisque les milieux en mouvement alterent
les propriétés de la lumiere (déviations, changements de fréquence et de vitesse), ils sont

aujourd’hui étudiés dans le contexte du contrdle des ondes électromagnétiques.

La deuxieme catégorie de structures, les structures modulées, a été découverte et étudiée plus
récemment, notamment dans le contexte de 'amplification paramétrique et de I'ionisation des
plasmas. Tout comme leurs homologues en mouvement, ces structures alterent les propriétés
de la lumiere en menant a des sauts de fréquences, des déviations, et des changements de
vitesse. Parce qu’elles ne sont pas en mouvement, ces structures sont plus simples a réaliser
que celles en mouvement. De plus, elles ne sont pas soumises aux mémes contraintes: leur
vitesse peut dépasser celle de la lumiere, et on peut les accélérer sans appliquer de force. Elle
connaissent aujourd’hui un regain d’intérét dans le contexte du contrdle des ondes électro-

magnétiques.

Dans ce travail, nous nous intéressons d’abord a la premiere catégorie de structures. En
premier lieu, nous développons un diagramme d’impédance pour des milieux en mouvement
uniforme. Ensuite, nous utilisons ce diagramme pour déterminer graphiquement I'impédance
des ondes transmises dans un milieu en mouvement tronqué par une interface stationnaire.
Pour établir un lien avec la suite the la these, qui aborde la deuxieme catégories de structures,
nous démontrons ensuite comment ces catégories sont reliées par une simple transformée de

Lorentz.

Le reste de la theése se consacre a la deuxieme catégorie de structures. Nous présentons les

propriétés des ondes réfléchies et transmises par une interface modulée a vitesse uniforme,



puis par deux interfaces, et enfin par une structure périodique, le tout de maniere analytique.
Au passage, nous proposons une généralization du théoréme de Stokes et nous fournissons une
approximation du diagramme de bande des structures périodiques. Ensuite, nous dévelop-
pons une généralization de la méthode des différences finies dans le domaine temporel pour

modéliser ces structures de maniere numérique.
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ABSTRACT

This thesis explores the scattering of electromagnetic waves from uniform-velocity spacetime
structures. These structures may be moving-matter structures, like a moving fluid or dielec-
tric, or moving-perturbation structures, which are modulated by an external wave, such as

an acoustic or optical wave.

The first category of structures, moving-matter structures, have been the subject of extensive
study for over two centuries. The studies began with the works of Bradley and Doppler, who
investigated the deviations and the frequency changes of light emitted by moving stars, and
were followed by the works of Fresnel and Fizeau, who investigated the speed of light in
moving media. These works ultimately led to the development of the theory of relativity.
Given that moving structures influence the propagation of electromagnetic waves through
Bradley deflections, Doppler frequency shifts and Fresnel-Fizeau wave dragging, they are

now studied in the context of wave control.

The second category of structures, moving-perturbation structures, was initially investigated
in the context of parametric traveling-wave amplification and plasma ionization. Like their
moving-matter counterparts, they offer the capability to control waves through frequency-
shifting, deflections, and effective wave dragging. However, they transcend moving-matter
systems as their velocity can exceed the speed of light, and they can be accelerated with-
out the application of force. Therefore, there is a significant interest in gaining a deeper

understanding of these structures for wave control.

In this thesis, we first explore the first category of structures, the moving-matter structures.
We develop an impedance diagram for moving media and use it to graphically determine the
impedance of the waves transmitted from a stationary interface. To establish a connection
with the rest of the thesis, which covers moving-perturbation structures, we then demonstrate

how these two categories are linked by a simple Lorentz transformation.

The rest of the thesis explores the second category of structures. We present the properties
of waves scattered from a modulated interface, a modulated slab, and a modulated crystal.
Along the way, we introduce a generalization of the Stokes theorem and provide an approx-
imation for the band diagram of a periodic crystal. Finally, we generalize the conventional

FDTD scheme to accurately handle modulated structures.
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CHAPTER 1 INTRODUCTION

Space-time structures, in their broadest sense, encompass all structures that vary in space
and time, and are therefore incredibly diverse. Here, we first classify and provide some
background information on various space-time structures. We then present an overview of

the thesis contents.

1.1 Classification and Background

1.1.1 Moving-matter structures

The most widely known space-time structures are undoubtedly moving-matter structures,
which consist of matter, such as dielectrics or fluids, in motion relative to an observer.
The study of the electrodynamics of these structures started with the key discoveries in the
18th and 19th centuries which are the Bradley aberration [4], the Fresnel-Fizeau drag [5, 6]
and the Doppler effect [7,8]. These findings led to Einstein’s formulation of the theory of
special relativity [9,10], and Minkowksi’s formulation of the constitutive relations of moving
dielectrics [11,12]. Temporally dispersive moving structures exhibit enhanced Fizeau drag,

as predicted by Lorentz [13] and confirmed experimentally by Zeeman [14].

Based on the theory of relativity, canonical problems related to scattering from wuniform-
velocity dielectric interfaces or half-spaces were shown to lead to deflections, frequency shifts,
and amplification [15-17]. More recently, additional effects such as modified Goos-Hénchen
shifts [18] and negative refraction [19] have been reported. In addition, experiments with
highly dispersive moving media have shown large Fizeau drags, offering applications in ve-
locimetry [20,21].

When dealing with structures that exhibit nonuniform-velocity, the principles of special
relativity are no longer adequate, and the broader theory of general relativity must be
used [22,23]. As moving matter induces wave "drag" through the Fresnel-Fizeau effect,
nonuniform velocities can result in very exotic wave trajectories. The formulation of wave

propagation in such structures is provided in [24].

1.1.2 Moving-perturbation structures

Mowing-perturbation structures involve a perturbation in motion relative to an observer.

This perturbation results in the modulation of a parameter of the structure, for instance the



refractive index, n, without any net transfer of matter. We categorize modulated structures
into three classes, ranging from the most specific—purely temporal modulations— to the most

general, nonuniform-velocity modulations.

Purely temporal modulations

When the modulation is purely temporal, the structure as a whole only varies in time, i.e.
n(r,t) = n(t). The canonical problem of the scattering from a pure temporal step was
solved in 1958 [25]. One of the striking effects of time interfaces is the generation of a time
reversed wave, as was beautifully shown in an acoustic experiment in [26]. By replacing a
sharp time step with a more temporal gradient, different wave profiles are observed [27], and
these gradients may be synthesized for various filtering responses, similarly to the synthesis

of purely spatial profiles [28].

A periodic succession of purely temporal steps is referred to as a time crystal (which are not
to be confused with the time crystals of Wilczek [29], which are a spontaneous oscillation in
time in the absence of external modulation). Time crystals exhibit momentum bandgaps,
in contrast to the frequency bandgaps found in photonic crystals, and they involve bandgap

amplification [30-32] rather than the bandgap reflection of photonic crystals [33].

Uniform-velocity structures

Another category of modulated structures is that of uniform-velocity structures, where n(r,t) =
n(r — vt). We distinguish three velocity regimes: the subluminal (v < ¢/n), the interluminal
(v &~ ¢/n), and the superluminal (v > ¢/n) regimes. A more rigorous classification will be
provided in Chs. 2 and 3.

For subluminal velocities, canonical problems related to the scattering from polarization
fronts [34] and ionization fronts [35,36] were successfully addressed in the 1960s. These
fronts lead to wave scattering akin to that from moving-matter fronts, involving Bradley-like
aberration, Doppler-like frequency shifting, and wave amplification. A periodic succession
of these traveling fronts forms a traveling-wave periodic structure, which exibits oblique
bandgaps [37], with complex wavenumber and frequency, leading to nonreciprocity [38,39].

In the homogenized large-wavelength regime, effective drag [3] leads to beam deflections [40].

In the interluminal regime, where the modulation velocity approaches the speed of light,
waves theoretically experience unlimited amplification and an infinite frequency shift [41,42]
in the case of a gradient interface. However, for sharp interfaces, this problem remains

unresolved, as the interface should lead to either a single scattered wave or multiple scattered



waves, and the problem is thus either under- or over-determined [43]. Periodic modulations

lead to traveling-wave amplification [44, 45].

In the superluminal velocity regime, the modulation velocity exceeds the speed of light.
This is possible since no motion of matter is associated with the moving front. Scattering
from superluminal fronts exhibits wave reversal, similarly to time interfaces. Furthermore,
superluminal crystals lead to oblique bandgaps [46], with complex wavenumber and frequency.
In the limit where v — oo, we retrieve a temporal structure. We shall see in this structure
that superluminal structures can be analyzed in a frame where they appear to be purely

temporal [47].

In the presence of dispersion, additional effects emerge, such as space-time focusing [48], the

generation of additional scattered waves [49], and wave freezing [50].

Nonuniform-velocity structures

Finally, some nonuniform-velocity structures include standing-wave spacetime crystals [51,52]
(as opposed to the traveling-wave periodic structures described above), accelerating walls [53,
54], cavities made of accelerating walls [55], all of which lead to a host of effects not encoun-

tered in uniform-velocity structures.

1.2 Thesis Contents

The goal of this thesis is to explore wave scattering and propagation in space-time structures.

The next four Chapters (Ch. 2-5) each contain a peer-reviewed paper.

In Ch. 2, the paper Electromagnetic Wave Scattering from a Moving Medium with Stationary
Interface across the Interluminal Regime presents the scattering from a bulk moving medium
bounded by a stationary interface. In it, we revisit the electromagnetic formulation of wave
propagation in moving media, and we develop, in parallel to the well-known isofrequency
diagrams, equally useful impedance diagrams. We then proceed to solve the scattering from
a stationary interface bounding such a moving medium. This is the only work on moving

structures, and a connection with spacetime-modulated structures is provided (Sec. 2.8).

In Ch. 3, the paper Uniform-Velocity Spacetime Crystals methodically examines the scat-
tering from spacetime crystals, by first examining the scattering from a single modulated
interface, then a slab, and finally a periodic structure, or crystal. All the tools and methods,
both mathematical and graphical, are provided in the introduction, such that this paper is

completely self-contained. Spanning 55 pages, it represents a major portion of this thesis and



includes many contributions throughout.

Chapter 4 consists of the letter Orthogonal Analysis of Space-Time Crystals, which solves
space-time crystals in an alternative manner to that of Sec. 3.5, and hence can be seen as
an addendum to Ch. 3. This alternative, orthogonal method leads to a symmetric, more

insightful description of these crystals.

Chapter 5 contains the paper Generalized FDTD Scheme for the Simulation of Electromag-
netic Scattering in Moving Structures. It presents an FDTD scheme that naturally enforces
the correct boundary conditions at a moving interface, and thus provides a previously un-

available numerical tool to solve the structures presented in Chs. 3 and 4.

Finally, Ch. 6 presents some future directions.



CHAPTER 2 ARTICLE 1: ELECTROMAGNETIC WAVE SCATTERING
FROM A MOVING MEDIUM WITH STATIONARY INTERFACE ACROSS
THE INTERLUMINAL REGIME

Zoé-Lise Deck-Léger, Xuezhi Zheng and Christophe Caloz
Published in Photonics, Volume 8, Number 202, June 5, 2021

Abstract

This paper extends current knowledge on electromagnetic wave scattering from bounded
moving media in several regards. First, it complements the usual dispersion relation of mov-
ing media, w(fy) (fx: phase velocity direction, associated with the wave vector, k), with the
equally important impedance relation, n(fs) (fs: group velocity direction, associated with
the Poynting vector, S). Second, it explains the interluminal-regime phenomenon of double-
downstream wave transmission across a stationary interface between a regular medium and
the moving medium, assuming motion perpendicular to the interface, and shows that the
related waves are symmetric in terms of the energy refraction angle, while being asymmetric
in terms of the phase refraction angle, with one of the waves subject to negative refrac-
tion, and shows that the wave impedances of the two transmitted waves are equal. Third,
it generalizes the problem to the case where the medium moves obliquely with respect to
the interface. Finally, it highlights the connection between this problem and a spacetime

modulated medium.

2.1 Introduction

The problem of light radiation and scattering from moving media has been abundantly stud-
ied. The first studies pertained to radiation from stars and led to the discoveries of related
frequency shifts by Doppler [7] and velocity aberrations by Bradley [4]. Then Einstein gen-
eralized the Doppler-shift, Bradely-aberration and Fresnel-reflection formulas to relativistic
velocities [9]. Next Minkowski, leveraging the tools of relativity, derived electromagnetic
equations describing light scattering phenomena observed in moving media, in particular the
transformation of isotropic media, such as simple dielectrics, into ‘bianisotropic’ media [56]
when set into motion [11]. Upon this basis, many investigations on scattering in and from

moving dielectrics have been reported since the early twentieth century, e.g., [57-59].

The vast majority of the research on moving media has concerned objects that move as a



whole, with their edges co-moving with the medium. But moving media can also be bounded
by stationary interfaces. Such a situation is very common when the motion is parallel to the
interfaces, as is the case for instance of the water flow of a river parallel to its banks. Wave
scattering from this type of interface involves effects such as velocity-dependent positive or
negative refraction [19] and modified Goos-Hanchen shifting [18]. Less common is the situ-
ation where the motion of the medium is perpendicular to a stationary interface, such as is
the case for a conveyor belt with fixed ends [60]. This type of boundary, although of even
greater interest, as shall be shown, has been much less studied. The corresponding scattering
coefficients were derived for the subluminal regime in [17] and the interluminal-regime phe-
nomenon of double-wave transmission was described for the case of normal incidence in [60],

but much of the related physics remains to be unveiled.

Here, we extend the established knowledge on moving media with stationary boundaries. We
first recall the bianisotropic nature and properties of unbounded moving media. Upon this
basis, we then re-derive their isofrequency relation and establish their impedance relation. We
next study the properties of waves scattered from such media when bounded by stationary
interfaces. Specifically, we describe the deflection angle of the phase and group velocities for
the whole range of medium velocities, from —c to ¢, and calculate the corresponding wave
impedance, for medium motion perpendicular to the interface. Moreover, we graphically solve
velocities and the impedance of waves scattered at the interface when the medium motion is
at an oblique angle with respect to the interface and show that this configuration can involve
negative refraction. Finally, we provide a connection between the studied moving medium

problem and the related problem of a spacetime-modulated medium.

2.2 Description of the Problem

Figure 2.1 depicts the problem of interest, namely the scattering of electromagnetic waves at
a stationary interface between a simple stationary medium, such as air or a simple dielectric,
and a moving medium. The moving medium is here assumed to be a fluid flowing at a
uniform velocity through a double-bend structure, so that the interfaces at the the bends
are stationary with the medium moving perpendicularly to them. Electromagnetic waves
are obliquely incident at the interface formed by one of the bends, refract into the moving
fluid, and exit the fluid at the other interface. The setup of Fig. 1 is inspired by the Fizeau

experiment [6]!, but it is to be mostly considered as a thought experiment insofar as the

'In this experiment, Fizeau measured the speed of light in moving fluid and hence confirmed the 1818
prediction of Fresnel [5] that light was dragged by a moving medium. In contrast to the case of Fig. 1,
his experiment, using circular hoses as opposed to elongated containers (as here) to support the fluid, was
restricted to normal incidence and ignored the effect of scattering at the interface between the incoming-wave



some of the fluid velocities of interest would be difficult to attain in practice.

0< v <e/n

Figure 2.1 Wave scattering at a stationary interface between a simple (isotropic, dispersion-
less and linear) medium, such as air or a standard dielectric fluid, and a moving medium
with uniform motion of velocity v perpendicular to the interface and rest refractive index
(refractive index if the medium were at rest) n’. (a) Subluminal regime (Jv| < ¢/n’). (b) In-
terluminal regime (|v| > ¢/n’).

The medium is assumed to be moving at the constant and uniform velocity v with respect
to the laboratory frame, and we use the relativity convention of the unprimed and primed
variables to denote quantities that are measured in the laboratory frame and in the moving-

medium frame, respectively. We distinguish the following two regimes:

== (2.1)

|v| € [0,v,] : subluminal regime
, with v p
n

|v| € [vL,c] : interluminal regime

being the wave velocity measured in the frame of the moving medium, where the fluid is at
rest and has the refractive index n’. According to the definition (2.1), the subluminal regime
corresponds to medium velocities that are smaller than both the wave velocity in the medium
at rest (v) ) and the wave velocity in free space (c), while the interluminal regime corresponds
to medium velocities that are still smaller than the wave velocity in free space — the maximal

velocity for matter — but larger than the wave velocity in the medium at rest®.

Figures 2.1(a) and 2.1(b) describe the scattering phenomenology of the system in the sub-

luminal and interluminal regimes, respectively. As will be shown in Sec. 2.6, a single wave

air region and the fluid medium.

2In the case of a moving charged particle, as opposed to that of a moving medium considered here, the
interluminal regime corresponds to the Cherenkov regime, where the particle radiates energy because it moves
faster than the wave velocity in the medium (e.g., heavy water) [61,62].



is transmitted in the moving medium in the subluminal regime, while two waves, with sym-

metric group velocities, are transmitted in the moving medium in the interluminal regime.

2.3 Moving-Medium Bianisotropy
Assuming time-harmonic plane waves of the form
A = Ayeilkr—et), (2.2)

where A = E, H, D, B are the usual electromagnetic fields, and k and w are the spatial
frequency (or wave vector) and temporal frequency, respectively, the Maxwell equations in a

source-free region of space take the form
k x EO = WBQ, k x HQ = —LLJD(), k- BO = 07 k- DO =0. (23)

In the frame of the moving medium, the constitutive relations are

D, =¢E, B, =H, (2.4)

where ¢’ and u are scalar constants under the assumption that the medium at rest is isotropic,
dispersionless and linear. The corresponding relations in the frame of the laboratory are found
by applying the Lorentz transformations [63] to the fields in (2.4) and rearranging the result
so as to express D and B in terms of E and H. This leads to the bianisotropic constitutive
relations [56,64]

D() =€ EQ _I_E Ho, (25&)
By =7-Ho+ (- By, (2.5b)
where
a 00 a 0 0 0 x/c 0
E=€l0 a 0|, =40 a 0|, E=|-x/c 0 0|, (=&, (2.6a)
0 0 1 0 0 1 0 0
with ) 9
1-0 1—n
o= 1—75271'27 X = 51_762”,27 (2.6b)

where 5 = wv/c. In these relations, the signs of « and y are opposite in the subluminal

and the interluminal regime. This change in sign leads to drastically different physics in



the two regimes, as we shall see. The parameters a and x are relativistic (v/c-dependent),
with x being in addition time-reversal asymmetric, i.e., x(—v) = —x(v), and thus inducing

nonreciprocity, also manifested by the violation of the reciprocity condition ¢ = —¢& [64,65].

According to the last two equations in (2.3), we have k L Dy and k L By, so that k||(DyxBy).
In contrast, Eq and Hy are generally not parallel to Dy and By, respectively, and therefore
Sy = Eg x Hy is not parallel to k, in a bianisotropic medium. The angle of k with respect
to the direction of motion, or the phase angle, is defined as 0, = arctan(k,/k,), while the
angle of Sy with respect to the direction of motion, or the energy angle, must be computed

separately for the p- and s-polarizations.

Applying the identity k x A = k- A with

0 —k. kK,
k=|k 0 —kl|, (2.7)
—k, k. O

to the first two equations in (2.3) and substituting the constitutive relations (2.5) in the

resulting equations leads to the dyadic relations

E-Eozw(ﬁ-H0+?E0), E-HOZ—W(E-EO+§-HO), (2.8)
and solving these equations for Hy and Eg yields
1:—1 o = 1 ——1 — =
Ho=—7 " (k—w() BEo, Bo=--¢"(k+wf) Hy (2.9)
w w

Assuming then, without loss of generality, that scattering occurs in the xz-plane, so that
k, = 0 in (2.7), these relations become, upon substitution of the so-reduced tensor k and of

the constitutive tensors in (2.6),

. L0 —(k, —wx/c) 0 ]
H, = — — E 2.1
0 w,u’a k. WX/C 0 ke 0 ( Oa)
I 0 ak, 0 |
. 0 —(k, —wx/c) 0 ]
Eq, = - k, —wyx/c 0 —k, | Ho. (2.10Db)
I 0 ak, 0 ]

Since the medium is achiral, according to the expression of E in (5.6), it does not induce any
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polarization rotation [66,67], and the problem decouples therefore into p- and s-polarized

waves. For p-polarized waves, we have Hy = Hy,y, and we find from (2.10b) the E, field

components
k, —wx/c ks
EOa: = e H0y> EOZ = —EHOy. (211&)
For later use, we also note from (2.10a) that
1
Hy, = o (k. —wx/c) Eox — kuEo2] . (2.11b)
Inserting relations (2.11a) into the expression of the Poynting vector Sg = —(Eq,x— Eo,2)Ho,

yields then the angle of this vector with respect to the medium motion direction (z) as

—E k
Oz) = arctan <M> : (2.12)

Ox kz - WX/C

fs = arctan (

For s-polarized waves, we have Ey = Ey,y, and we find from (2.10a) the Hy components

kz —wx/c kx
X/ Foy How = —2 By, (2.13a)

HOCC:_ ol
o Wi

and, again for later use, we note from (2.10b) that

~1
Eoy = [(k. — wx/c) Hop — ki Ho] - (2.13b)

we' o

Inserting relations (2.13a) into the expression of the Poynting vector, which is now Sy =
(Ho.X — Ho,z)Ey,, yields then the same Poynting angle as that of the p-polarized wave,
given by the second equality of (2.12).

Figure 2.2 shows the vector configurations for two wave polarizations. For the p-polarization,
there is a splitting of the Dy and Eg fields, while for the s-polarization, the splitting is between
the By and Hj fields.

2.4 Dispersion Relation and Isofrequency Diagram

The dispersion relation is obtained by eliminating the field quantities in the set of equa-
tions (2.10) (inserting (2.10b) into (2.10a)), and setting the determinant of the resulting
system to zero, which yields [64]

2 2
(kz - ix> +ak? = (an"’é) . (2.14)
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Figure 2.2 Electromagnetic vector configurations in the moving medium. (a) p-polarization.
(b) s-polarization.

This may alternatively be written in polar form, upon substituting k, = kcosfy and k, =

ksin @y with k = /k2 4+ k2 = n(0x)w/c in this relation, as
(n(0y) cos B — x)* + a (n(by) sin b)) = (an’)?, (2.15)

where n, the refractive index of the medium as seen in the laboratory frame, is a function of
Oy and should not be confused with n’, the refractive index seen in the moving frame. The
independence of the refractive index from w in (2.15) indicates that the medium remains
temporally nondispersive (n # n(w)) when it is set in motion. In contrast, the dependence
of the refractive index on the propagation angle (n = n(6y)) indicates that the velocity of
the medium induces anisotropy. This is due to the drag of the medium on the wave. The
anisotropy is elliptical for e > 0 (subluminal regime) or hyperbolic for & < 0 (interluminal

regime), and the relation is off-centered, with the center at (k,, k,) = (xw/c, 0)3.

We then compute, from the dispersion relation (2.14), the phase and group velocities. The

phase velocity vector v, is found by solving n(fy) in (2.14), which yields [68]

c c (cos? O + asin? by)

= 12 =
n () x cos(by) + \/X2 cos? Oy — (cos? Oy + asin? O ) (x2 — a2n/?)

k,  (2.16)

Vp

where k = k /k. The phase velocity is hence directed along the radial vector 1A<, subtended by
the polar angle . The group velocity vector is found by differentiating (2.14) with respect
to k, and k,, and grouping the two results, which leads to [68]

ak,x + (k, —wx/c)z
w(an?/c?) +x/e(k. —wx/c)’

3The rest-medium relations are retrieved by setting v = 0. We obtain then o = 1 and x = 0 from (2.6b),
and hence circular refractive index curves with radius n'w/ec.

Vg = ka(k) = (2.17)
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It can be shown that the phase velocity does not correspond to the velocity addition rule

derived by Einstein, whereas the group velocity does [69].

The angles for the the phase and group velocities are found from the phase and group velocity

expressions (2.16) and (2.17) as

Oy = arctan <I%> , (2.18a)
ks
GS = arctan (k;cux/c) . (218b)

The group velocity vector v, as a gradient, is perpendicular to the frequency contour curves
w(k,, k;) evaluated at a given frequency w = wy. The Poynting vector is also perpendicular
to the contour curves [64], and thus the vectors v, and S share the same polar angle, fs. For
the specific case of moving media, this is verified by comparing the second equation of (2.18)

with the angle of the Poynting vector calculated in (2.12).

Figure 2.3 plots the dispersion relations (2.14), with k, . = k,./ko, and the phase and group
velocity vectors (2.16) and (2.17). Figure 2.3(a) corresponds to the subluminal regime and
Fig. 2.3(b) corresponds to the interluminal regime. In the subluminal regime (Fig. 2.3(a)),

I U

Figure 2.3 Dispersion relation, with phase and group velocity vectors for a moving dielectric
(fluid) medium with refractive index n’ = 2 (wave velocity in the rest medium: v}, = ¢/2).
(a) Subluminal regime, with velocity v = 0.9v < v/ . (b) Interluminal regime, with v =
1.6vy, > v,. The dashed circles correspond to the isotropic curves at v = 0.

the velocity is less for purely upstream propagation, 6, = =, than for purely downstream

propagation, f, = 0*. When the phase velocity is perpendicular to the motion, the group

4The exact wave velocity for propagation parallel to the motion was found by Einstein as vy, = [(¢/n’) £
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velocity is deflected by the stream, a result of the drag. In the interluminal regime (Fig 2.3(b))
there is no purely upstream solution (no solution for #, = m) but two purely downstream
solutions (6 = 0) with different but aligned velocities. In the asymptotic limit k., k, — oo,
the hyperbola (2.14) degenerates into the straight lines k, = (k. — x)/ \/m . In this limit
the group velocity angle is maximal. Its slope is :I:\/m , since it is perpendicular to the
asymptote, and therefore wave propagation is restricted to the angular sector delimited by
the angles fg = arctan(i\/]ED.

2.5 Impedance Relation and Diagram

In contrast to the dispersion relation, the impedance relation depends on the polarization of

the wave, as does the Poynting vector.

For the p-polarization, the impedance relation is obtained by substituting (2.11a) into (2.11b),
so as to eliminate the wavevector quantities. This yields
Eg,  1EG

Y Yy

This relation may be rewritten in terms of the wave impedance components n,, = Eo,/Ho,,
Nz = —Eo./Hoy and ' = [Eg|/|Hg| = \ /e as

ans, +n, = an?, (2.19Db)

or, alternatively, in polar form upon substituting Ey,/Ho, = |E¢|cosbs/|Hy|, Eo./Hoy =
|Eo| sin fs/|Ho| (see geometrical decomposition in Fig. 2.2(a)), and n = |Eq|/|Ho| in (2.19a),
as

n? (a cos® g + sin’ 95) = n"a. (2.19¢)

The relevant angle for the impedance diagram, given by this relation, is thus the Poynting
vector angle, whereas the relevant angle for the dispersion relation, given by (2.15), was the
wave vector angle, consistently with the field configuration in Fig. 2.2(a). The relations (2.19)
are the equations of an ellipse for & > 0 (subluminal regime) and of a hyperbola for a < 0

(interluminal regime), both centered at (1,., 7p:) = (0,0).

For the s-polarization, the impedance relation is similarly obtained from (2.13) as

H2 1H: ¢
L4+ ———F = 2.20
B, B, W (2:200)

v]/[1 4 (v/n")/c], which reduces to the Fresnel-Fizeau result when v < ¢, using 1/(1+z) ~ 1 — x for z < 1.
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This relation may be best rewritten in terms of the wave admittance (as opposed to impedance),

with the admittance components 1> = Hg,/Eg, and n.* = Hg,/Ej,, as
ang’ + gl = a7, (2.20b)

or, in polar form, as
2 (a cos’® fg + sin’ 95) =7n"a, (2.20¢)

which also involves the Poynting vector angle instead of the wave vector angle. The admit-
tance relations (2.20) are the equations of an ellipse for v > 0 (subluminal regime) and of a

hyperbola for @ < 0 (interluminal regime), both centered at (5!, n2') = (0,0).

The following notes are here in order. First, the p- and s-polarization impedances, resp.
given in (2.19) and (2.20), are inversely proportional to each other, specifically n,/n" = n'/n;.

Second, their components along the direction of motion found from (2.11a) and (2.13a) as

Eoe k. —wx/c By, wi'a

oz = Ho, wea T Hy, k. —wy/c

(2.21)

are in agreement with the transverse impedance expression in [70,71].

Figure 2.4 plots typical impedance diagrams. Figure 2.4(a) corresponds to the subluminal
regime. The p-polarization impedance curve is an ellipse, while the s-polarization impedance
curve is the inverse of an ellipse, an elliptic limacon. The figure shows that the impedance
is unaffected by motion for pure-downstream and pure-upstream propagation, i.e., 75 ,(0°) =
nsp(180°) = 1’ 5, while for all the other angles n, > 1’ and 7, < 1. Note that the p-
polarization impedance x— and z— components are found by simple orthogonal projec-
tions, whereas the s-polarization x— and z— impedance components, which are mathe-
matically expressed as 70y, = ns/sinflg and 7,, = ny/ cosfs, as seen by comparing (2.20b)
to (2.20c), are not found using orthogonal projections, but are rather found as illustrated in
Fig. 2.4. The opposite would be true if we had chosen an admittance representation, and
the impedance /admittance representations are naturally best suited to the p/s-polarizations,
but we wanted to show the two polarization impedances on the same diagram in order to

compare them.

Figure 2.4(b) corresponds to the interluminal regime. The p-polarization impedance curve is
now a hyperbola, and the s-polarization impedance curve is a hyperbolic limacon. The same

remarks apply: the impedances for pure-downstream and pure-upstream propagation are un-

5Indeed, the transverse components of the E and H fields transform the same way under Lorentz trans-
formation and their ratio is thus invariant.
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(a) (b)

Figure 2.4 Impedance diagram [Eq. (2.19)), (2.20)] for a moving dielectric (fluid) medium
with n' =2 (v, = ¢/2) and 1’ = 19/2. The dashed circles correspond to the isotropic curves
at v = 0. (a) Subluminal regime, with velocity v = 0.45¢ < v),. (b) Interluminal regime,
with v = 0.8¢ > v},. The highlighted region corresponds to the region of physical solutions,

with 0,,,x = arctan :I:\/|E|.

affected by the motion, and 1, > 1’ and 7, < n’ for all other angles . As was shown in Sec. 2.4
(Fig. 2.3(b)), the Poynting vector is restricted to the angular sector s < arctan(£,/|«|).
Since the impedance is only meaningful in this sector, the solutions in the two left quadrants

do not correspond to physical solutions.

2.6 Scattering at the Stationary Interface

We shall now study the scattering of waves at a stationary interface between free space and
the moving medium (Fig. 2.1). The interface is positioned in the xy plane at z = 0, the
medium propagates in the z direction, and hence perpendicularly to the interface, and the
incident wave is in the xz-plane. Our purpose is to determine what waves are scattered across
the interface and under which angles such scattering occurs in terms of both phase and group

velocities.

The incident, reflected and transmitted fields, all of the form (2.2), must satisfy at the

interface (z = 0) the spatial and temporal phase matching conditions

Kgi = ky = ki, (2.22a)



16

Wi = Wy = Ws. (2.22b)

The first equalities in these relations immediately indicate that the reflection angle must
always be equal to the incidence angle, 6, = 6;, i.e., that the reflection must always be
specular. To determine the transmission phase angle, 0y, and the transmission group angle,
Osi, which are generally given by (2.18a) and (2.18b), respectively, one must first express
the corresponding quantities k., k. and w as a function of the incident wave quantities so
as to satisfy the other conditions in (2.22). We have already from these relations k. = ku;
and w; = w;. We solve then (2.14) for k., which yields k.. = yw;/c + \/a2n’22wt2/c2 — ak?,
where we apply k. = k,;i and wy, = w;. Substituting these results into (2.18) finally yields the

sought-after angles in terms of the angle and frequency of the incident wave

k; sin 6;
Ot (0;, wi) = arctan o ) (2.23a)
X4+ \/0(271/220.)12/62 — ak? sin? 6;

(2.23D)

j: ki i 01
Os¢(0;,w;) = arctan ( Qk; SIN ) |

\/oz2n’22w12/02 — ak? sin? 6;
where the dependence on the medium motion velocity (v) is embedded in the parameters o

and y, given in (2.6b).

Figure 2.5 plots the moving-medium phase and group velocities, resp. given by (2.16)
and (2.17), the corresponding scattering (transmission) angles at the interface in Fig. 2.1,
resp. given by (2.23a) and (2.23b), and the related rays. One distinguishes five main velocity

regimes (v), corresponding to the regions labeled I to V in the figure.

Region I (v = 0) corresponds to the stationary regime, where wave scattering reduces the
usual Snell reflection and refraction, and where v, = v, since the medium is isotropic at

rest.

Region II (0 < v < ¢/n}) corresponds to the subluminal co-directional (sgn(v) = sgn(vy,))
regime, where the Fresnel-Fizeau drag boosts both vy, and v, (swimmer progressing faster
downstream), and where we observe a splitting between the directions of the two velocities.
Only the mathematical solution branch with vy, > 0 is physical, since the wave is launched

towards positive z.

Region III (¢/ny < v < 0) corresponds to the subluminal contra-directional (sgn(v) =
— sgn(vy,)) regime, where the Fresnel-Fizeau drag effect is now negative (swimmer progress-
ing slower upstream). Again, only the solution with positive v, is physical, and we observe a

flipping between the directions of the phase and group velocities compared to the subluminal
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Figure 2.5 Wave scattering at the interface in Fig. 2.1 for the parameters 6; = 60°, n}j = 1,
and n), = 2. Bottom-left panel: group velocity magnitude, phase velocity magnitude, and
z-component of the group velocity, versus medium velocity. Bottom-right panel: group ve-
locity and phase velocity angles versus medium velocity. The numbers @, @ and @ indicate
the segments of physical solutions, corresponding to v,, > 0, while the dashed lines indicate
nonphysical solutions. Top panels: ray configurations corresponding to the five regions in-
dicated in the other two figures (incident and reflected rays indicated only in the left-most
panel.).

co-directional case.

Region IV (¢/ny < wv) corresponds to the interluminal co-directional regime, where the
Fresnel-Fizeau boost is, unsurprisingly, even greater than in the co-directional subluminal
regime. The two mathematical solutions have a positive vy, and are therefore both physical.
Note that the two group velocities are direction-wise symmetric but of different magnitudes

while the two phase velocities differ in both direction and magnitude in this regime.

Finally, Region V (v < —¢/n}) corresponds to the interluminal contra-directional regime,

where no wave is transmitted into the medium, because the wave reaching the interface is
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pushed back by the faster contra-directional drag, consistently with the fact that vg,; < 0 for

the two mathematical solution branches.

Let us now present, alternatively to the mathematical formulas used above, a graphical
method that offers a quick qualitative resolution of the problem as well as physical insight
into it. This graphical method includes two parts, the refractive index diagram, which was
apparently introduced in [72] for stationary media and extended to modulated media in [1,47],

and the impedance diagram, which is introduced here.

Figure 2.6 presents the graphical solution for the subluminal co-directional regime. The
procedure is as follows: 1) plot the refractive index relations and the impedance relations
for the media, i.e., ny(fx) and ny(fx), and n;(0s) and 19(fs), in corresponding diagrams;
2) locate the incident wave on the m; curve for the selected 6y;; 3) trace a horizontal line
passing through this point, corresponding to the conservation of k,/kq associated with the
phase matching condition, and identify the intersections of this line with the refractive index
curves; 4) at the intersection points, trace the Poynting vector angles g, and 0g; as the
normal directions to the curves; 5) report these angles on the impedance diagram to locate

the solutions 7;, = 71 (0si,) and 1, = 72(bst).

A Nz

Figure 2.6 Graphical solution for the subliminal co-directional regime, for p-polarization,
with v = 0.6c and 6; = 60°. (a) Refractive index diagram. Inset: scattering in space.
(b) Impedance diagram.

Figure 2.7 presents the graphical solution for the interluminal co-directional regime, which
follows the same procedure. From Fig. 2.7(a), we confirm that the group velocities of the two
waves in the moving medium propagate symmetrically with respect to the z axis, consistently
with Fig. 2.5. In Fig. 2.7(b), we report the angles found in Fig. 2.7(a) onto the impedance

diagram and conclude, from the symmetry of the impedance curve, that the two transmitted
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waves see the same impedance, i.e., 5" = n; .

Figure 2.7 Same as Fig. 2.6, but for the interluminal regime, with v = 0.9¢.

We have plotted the diagrams only for the p-polarization, but the same method can be

applied for the s-polarization.

We have determined so far scattered waves in terms of phase and group velocity vectors.
To complete the resolution of the scattering problem, we still have to determine the scatter-
ing coefficients. For the subluminal regime, the reflection and transmission coefficients are
easily found by enforcing the continuity of the tangential electric and magnetic fields at the

interface [17], resp. given by (2.11) and (2.13) for the p- and s-polarizations, as

. — Hyr _ Tlpz1 — Tlpz2 T — Hyt _ 277pz1 (224)
P Hyi Mpz1 + Tpz2 P Hyi Mpz1 + Mpz2
E . -1 _ -1 E 9 -1
Fs _ yr ns_zi ns_zf, Ts _ yt e Nsz1 — (225)
Eyi Nsz1 T Nsz2 Eyi Nsz1 T Nsz2

where the transverse impedances, defined in (2.21), can be found geometrically by performing
the projections described in Sec. 2.5. In contrast, for the interluminal regime, it is not easy
to calculate the scattering coefficients. We recall that either no wave (contra-directional
case) or two waves (co-directional case) are transmitted, leading to either only a reflected
wave or one reflected and two transmitted waves, for upstream or downstream propagation,
respectively. This respectively leads to an overdetermined set of equations (one unknown
and two continuity conditions) or an underdetermined one (three unknowns for 2 continuity

conditions). We defer the resolution of this problem to an ulterior publication.
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2.7 Generalization to Oblique Motion

So far, the medium motion was directed perpendicular to the interface. We now generalize
the graphical method described in Sec. 2.6 to arbitrary angles. This corresponds to a shearing

of the center portion of the apparatus of Fig. 2.1, as illustrated in Fig. 2.8.

Figure 2.8 Same as Fig. 2.1, but sheared along the xz plane so as to have the medium moving
at an angle with respect to the interface.

Figure 2.9 presents the graphical solution for a subluminal contra-propagating problem with
velocity forming a 135 deg angle with respect to the z direction. To account for the angle

of the medium velocity, the dispersion and impedance patterns of the bulk medium, with

"

.07, where the double primes are used to avoid

coordinates of the bulk medium, £, £ and n
confusion with the primes of the Lorentz transformation, are rotated by 135 deg with respect
to the coordinates of the interface. Once the isofrequency and impedance patterns have been
drawn, the usual boundary condition, k,; = k. = ky, is applied, the interface being still
positioned at z = 0. It is interesting to note that the oblique motion gives rise to negative
refraction, which was not possible for perpendicular motion. Note that negative refraction
for a medium moving at a subluminal velocity parallel to the interface, corresponding to a
rotation of 6, = 90 deg, was reported in [19]. The rotation in this scenario also increases the

wave impedance.

2.8 Connection with Spacetime-Modulated Systems

The problem studied until this point is closely related to the problem of spacetime modulation
(as opposed to motion) where the medium parameters are space- and time-invariant and the
interface is moving in the form of a perturbation induced by an external modulation, without

involving any transfer of matter [3,66,67]. Figure 2.10 compares the two problems, with
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Figure 2.9 Same as Fig. 2.6, but for medium motion at angle 6, = 135°.

Fig. 2.10(a) representing the problem studied here and Fig. 2.10(b) the related spacetime-
modulated problem. In the former case, the reference frame is the rest frame (vacuum),
corresponding to the xz coordinate system, where the interface is stationary and the particles
of the medium (e.g., fluid molecules) move in the direction v,,,. In the latter case, the reference
frame is the moving frame (dielectric), corresponding to the 2’2z’ coordinate system, where
the particles of the medium (e.g., fluid molecules) are stationary, while the interface moves

in the direction viy = —vp,.

vacuum dielectric vacuum dielectric

n ./V.m/; (U Vi/.. :
v Ajﬂ " T T JJ * .

L) z (a) K 2! (b)

Figure 2.10 Comparison of two closely related problems involving motion. (a) Problem
studied in this paper. (b) Related spacetime-modulated problem. In both cases, we assume
that the incident medium is vacuum, i.e., n; = n] = 1, and the transmission medium a
dielectric fluid that is isotropic at rest.

The two problems are equivalent by constitution and by transformation but different in terms

of the physics experienced by a wave incident on the interface: 1) Constitutional equivalence
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— In both cases, we have the same set of particles and the same interface between vacuum
and the medium formed by these particles, the difference being only a change of system of
coordinates; 2) Transformation equivalence — The two problems are Lorentz transformations
of each other, and each is therefore perfectly determined by the other; 3) Physics difference® —
in the case of Fig. 2.10(a), the wave incident from vacuum sees a stationary interface followed
by a bianisotropic medium, with electric-magnetic coupling being produced by the motion of
particles [11,64], while in the case of Fig. 2.10(b) it sees an isotropic medium across a moving
interface, so that distinct scattering phenomenologies occur in the two cases [66,67], with the
most striking difference being the presence of Doppler frequency shifting in the latter case

due to the interface motion and not in the former due to phase matching (Eq. (2.22b)).

2.9 Conclusion

We have derived the refractive index and impedance relations for bulk moving media and
plotted the results in related diagrams in both the subluminal and interluminal regimes.
Moreover, we have mathematically and graphically determined the phase and group velocities
of the waves scattered at a stationary interface bounding a moving medium, for medium
motion perpendicular and oblique with respect to the interface. Finally, we have discussed a

connection between this problem and the problem of a spacetime modulated medium.

The experimental implementation of the problem solved in the paper seems challenging given
the relativistic velocities of the fluid at the high end of the subluminal regimes and in the
interluminal regimes, even if one would resort to the latest fluid dynamics technologies.
However, the fluid could be potentially replaced by flows of electrons in naturally bounded
two-dimensional plasmonic structures [73,74]. Moreover, spacetime perturbations, i.e., modu-
lations without transfer of matter, of relativistic velocities are perfectly attainable in practice,
and are directly related to the problem studied here by Lorentz transformations. The results

presented in this paper are therefore not only of theoretical but also of wide practical interest.

6The simplest example would be the case where the dielectric reduces to a single charged particle, with
charge ¢ (or, more generally, a plasma). The problem of Fig. 2.10(b) is then a problem of electrostatics, since
0q/0t = 0, whereas the problem of Fig. 2.10(a) is then a problem of electrodynamics and electromagnetics,

since dg/0t # 0 = .



23

CHAPTER 3 ARTICLE 2: UNIFORM-VELOCITY SPACETIME
CRYSTALS

Zoé-Lise Deck-Léger, Nima Chamanara, Maksim Skorobogatiy, Mario G. Silveir-
inha and Christophe Caloz

Published in Advanced Photonics, Volume 1, Number 5, October 31, 2019

Abstract

We perform a comprehensive analysis of uniform-velocity bilayer spacetime crystals, combin-
ing concepts of conventional photonic crystals and special relativity. Given that a spacetime
crystal consists of a sequence of spacetime discontinuities, we do this by solving the follow-
ing sequence of problems: 1) the spacetime interface, 2) the double spacetime interface, or
spacetime slab, 3) the unbounded crystal, and 4) the truncated crystal. For these problems,
we present the following new results: 1) an extension of the Stokes principle to spacetime
interfaces, 2) an interference-based analysis of the interference phenomenology, 3) a quick
linear approximation of the dispersion diagrams, a description of simultaneous wavenumber
and frequency bandgaps, and 4) the explanation of the effects of different types of spacetime
crystal truncations, and the corresponding scattering coefficients. This work may constitute
the foundation for a virtually unlimited number of novel canonical spacetime media and

metamaterial problems.

3.1 Introduction

Crystals are structures that are periodic, either at the atomic level (e.g. electronic crys-
tals) [75] or at the supermolecular level of artificial scatterers (e.g. photonic crystals) [76].
Their periodicity confers them a dispersion in the form of a bandgap structure, which leads
to spatio-temporal filtering. They have a myriad of applications, such as for instance X-ray

imaging [77] and Bragg gratings [78] in the case of electromagnetics.

In conventional crystals, the periodicity is purely spatial: the structure is composed of a
1D, 2D or 3D lattice of molecules or artificial particles, which may be seen as a variation
of medium parameters in space. Medium variation may also occur in time, and a periodic
time variation leads then to time crystals. Time crystals were first studied in the 1960s
under the form of temporally modulated 1D structures, whose controlled instabilities led to

parametric amplifiers [79,80] and whose asymmetric frequency transitions led to nonrecip-
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rocal devices [81,82]. Such time crystals [31,32,83-85|, and more generally time-varying
structures [86-88], have recently experienced a renewed attention. Moreover, the concept of
spontaneous time crystals, which are time crystals produced by a non-periodic stimulus, was

introduced as a new state of matter [29].

Generally, medium variation may occur in both space and time, and a periodic spacetime vari-
ation leads to spacetime crystals, supporting extremely rich and largely unexplored physics.
Spacetime crystals may be moving-medium structures [89-92] or modulated-medium struc-
tures, the former involving the motion of matter, and the latter involving the motion of a
perturbation. The two share much of the same physics, including Doppler-like frequency tran-
sitions [8], amplification [93,94], and Bradley-aberration deflections [4]. Modulated structures
are easier to realize [95], more practical, and more diverse, as they may be superluminal, i.e.
faster than the speed of light, have multiple periods, and accelerate without the application
of any force [96,97]. For these reasons, the paper focuses on modulated structures, while

comparing them with moving structures whenever appropriate.

Spacetime crystals may generally include the three dimensions of space and the single di-
mension of time, and are hence (3+1)-D. In this paper, the quantitative developments are
restricted to a single dimension of space, corresponding to (1+1)-D crystals, but the quali-

tative concepts equally apply to (1,2,341)-D spacetime crystals.

Figure 3.1 represents two canonical spacetime crystals in spacetime diagrams, where z and ¢
denote space and time, and c is the speed of light in free space. For simplicity, throughout
the paper we consider crystals composed of just two homogeneous media with refractive
indices n; and n; separated by sharp, step discontinuities. The first crystal type, represented
in Fig. 3.1(a), is a multiple-periodicity structure (2 periods in the (141)-D rectangular-
scatterer case). Such multiple-periodicity, which may involve up to 4 periods (3 spatial and
one temporal) in the (3+1)-D case, requires the presence of different slopes in the spacetime
diagram, and hence multiple velocities. The set of velocities may be discrete (e.g. 2 velocities
in the figure) or continuous (e.g. as obtained by rounding the corners of the grey areas in
the figure). Some of the features of such crystals may be studied using space-time ray
tracing [51,52,98-100].

The second crystal type, represented in Fig. 3.1(b), is a single-periodicity structure, fea-
turing perturbation that moves along the 2z axis with a single and uniform velocity. Such
uniform-velocity modulated spacetime crystals have been investigated under the form of
traveling-wave amplifiers [44,45,101], and, more recently, under various forms for magnetless
nonreciprocity [38,65,102-105]. The present paper focuses on this type of spacetime crys-

tal because of its greater simplicity, and because this fundamental problem already exhibits
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Figure 3.1 Representation of two canonical spacetime crystals. Here, the variable z is intended
to represent the hyperspace, i.e. the three dimensions of space. The white and gray regions
correspond to media with refractive index n; and n;, respectively. (a) Double-period (pa
and pp) structure, characterized by two velocities, vy, and vy2), which may be interpreted
as acceleration at the corner. (b) Single-period (p) structure, characterized by a unique and
uniform velocity, v,.

many unreported and interesting physics. Since a crystal consists of a periodic sequence
of medium discontinuities, we shall devote a considerable amount of time on the study of

spacetime interfaces corresponding to such discontinuties.

This work studies the scattering of waves from uniform-velocity spacetime crystals [Fig. 3.1(b)]
by generalizing standard crystallography and leveraging special relativity. It retrieves the
known dispersion diagrams [37,46] and transfer-matrix results [106], and presents a number
of new results, including the generalization of the Stokes principle for spacetime interfaces,
the derivation of the interference condition in spacetime slabs, and a complete description
of the dispersion diagrams of spacetime crystals, with the identification and explanation of
dispersion-slope asymmetry, the demonstration of simultaneous frequency and wavenumber
bandgaps and the analytical derivation of the bandgap positions. The calculation of the

scattered-wave amplitudes for finite crystals is also provided.

The paper is organized as follows. Section 3.2 presents preliminary concepts and principles,
including the description of a spacetime interface, the introduction of generalized spacetime
diagrams, the distinction of three velocity regimes in spacetime structures, our strategy to
compute the fields scattered by spacetime structures, a brief recall on Lorentz transforma-
tions, the proper selection of Lorentz frames for subluminal and superluminal structures,
and a discussion on the duality existing between space and time in spacetime systems. Sec-
tion 3.3 deals with a single interface of a spacetime crystal, deriving its scattering coeflicients,
its frequency transitions, and generalizing the Stokes relations. Section 3.4 solves the double-
interface problem of a spacetime slab, describing its scattering phenomenology, deriving its
frequency transitions, phase shifts and scattering coefficients, and graphically illustrates the

gap interference condition. Section 3.5 studies an unbounded bilayer crystal. It develops



26

a linear approximation of the dispersion diagram, finds the position of the centers of the
bandgaps, derives the transfer matrix for a unit cell of a spacetime crystal, subsequently
computes the dispersion relation and explains its spacetime specifics in terms of the Brillouin
zone, the complex bandgaps, and the bandgap edges. Section 3.6 uses the previously de-
rived unit-cell transfer matrix to compute the scattered amplitudes across a finite spacetime

crystal. Finally, conclusions are provided in Sec. 3.7.

3.2 Preliminaries

Physical Nature of a Modulated Spacetime Interface

Modulated spacetime interfaces should be understood as perturbations propagating in a
stationary media. This may be understood using the following analogy: consider a chain of
standing domino tiles, sufficiently closely spaced to topple their neighbours upon falling, so
that a chain reaction can be launched by knocking down the first tile. In such a reaction, one
clearly sees the “interface” between the fallen and standing parts of the chain propagating
along the structure at a specific velocity, with the dominoes themselves on either side of
the interface either standing or fallen but not moving in the direction of propagation. The
velocity of such an interface along the chain would be limited by the time it takes for one
tile to topple the next. We could nevertheless imagine the situation where the tiles could
be knocked down by independent external triggers distributed along the domino chain. If
these triggers were activated successively at vanishingly small time intervals, the interface
velocity would be superluminal, and it would even be infinite if the triggers were operated
simultaneously. We stress again that the interfaces described above should be distinguished
from the moving interfaces that constitute an altogether different physical system due to the
physical movement of the media. For example, in such structures the superluminal regime is

physically prohibited.

Spacetime Diagrams

Subluminal and superluminal modulation regimes give rise to distinct physics [37, 46,96, 97]
and require distinct treatments. Figures 3.2(a) and (b) sketch the interaction of an incident
wave with a spacetime interface. In the subluminal case of Fig. 3.2(a), the incident wave
catches up with the receding interface. In the superluminal case of of Fig. 3.2(b), the interface,
which is faster than the wave, overcomes the incident wave, which was launched earlier.

Figures 3.2(c) and 3.2(d) graphically summarize the scattering from a subluminal interface
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and from a superluminal interface in spacetime diagrams, with corresponding spacetime
interface trajectories (white and gray areas), wave trajectories (in blue), scattering coefficients
(in black) and relevant spacetime coordinate frames (laboratory frame in black and moving

frame in red).

+ +
% wz
N\ NN—> NN\
Um Um
n; n]' TL] n;
> 2 > Z
(a) (b)

laboratory frame) o

(c) (d

Figure 3.2 Scattering at a spacetime interface. The white and gray regions correspond to
media ¢ and j, with refractive indices n; and n; (n; < n;). (a) Sketch of a wave incident
on a subluminal interface. (b) Same as (a) but for a superluminal interface. (c) Scattering
from a subluminal (v, < ¢) interface in a spacetime diagram. The blue arrows represent
wave trajectories (referring to a specific phase point of the waveform), while the black arrows
represent scattering coefficients. The dashed lines correspond to incidence from the right.
The laboratory and moving frames are superimposed with common origin, and the moving
frame has the same velocity as the interface (v¢/c = vy,/c). (d) Same as (c) but for a
superluminal interface (v, > ¢), with moving frame having the inverse velocity of the interface

(ve/c = ¢/vm).

Given our assumption that the transitions between the homogeneous media ¢ and j form-
ing the crystal are step-like transitions, the spacetime interface problem is mathematically

described by the following refractive index function

n(z — vmt) = n; + (n; — n;)0(z — vmt) (3.1a)
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for Fig. 3.2(a) and
n(t — z/vm) = n; + (nj —n;)0(t — 2/vm) (3.1b)

for Fig. 3.2(b), where 6(-) is the Heaviside step function and vy, is the velocity of the modu-
lated interface. Although such a step transition cannot be realized in practice, the step profile
is an adequate description of it as long as the transition width is smaller that the wavelength
in the subluminal case or the transition time is smaller than the period in the superluminal
case. The problem of scattering from gradual spacetime interfaces does not generally admit
closed-form solutions, but solutions for specific gradual profile may be found [27,107]. In the
case of a crystal, scattering from gradual spacetime profiles are found using a coupled-mode
approach [37,46]. Note also that setting v, = 0 in (3.1a) reduces the interface to a purely
spatial one, while setting v, = co in (3.1b) reduces the interface to a purely temporal one.
Purely spatial and purely temporal problems have been widely investigated, and our results
throughout the paper may be verified to correspond to those in the literature at these limit
cases. Also note that (3.1a) and (3.1b) are different from each other, because we have chosen
here to have the incident wave always in medium ¢, for symmetry with respect to the luminal
axis ct = z; the other option would have been to use (3.1a) for all regimes, with an increasing
v corresponding to a rotation of the interface in Fig. 3.2(a). In that case, the incidence me-
dia would be different for the subluminal or superluminal regimes. The symmetry between

subluminal and superluminal problems will be further discussed in Sec. 3.2.

The trajectories of the interfaces in the spacetime diagrams of Fig. 3.2 have a slope that is
inversely proportional to their velocity, i.e., equal to d(ct)/Dzm;. () = [024may.(t)/O(ct)] ! =
c/velocity. The slope is therefore steeper for the subluminal case than for the superluminal
case. Since the media at either side of the interface are homogeneous, the waves propagate in
them at uniform velocities v; = ¢/n; and v; = ¢/n;, that correspond to straight trajectories
with slopes ¢/v; = n; and ¢/v; = n;. Thus the slopes of the wave trajectories are steeper in the
slower, or denser, medium j. Throughout the paper, we restrict our analysis to nondispersive
structures, which would be a valid approximation in a system of moderate dispersion. In a
regime of stronger dispersion, the velocity of the reflected wave would be different from that
of the incident wave given the frequency shift induced by the interface.

the transverse components of the electromagnetic fields E, D, H and B [108]. The scattering

The waves in medium (4, j) in the +z directions are denoted v;";, with ¢ representing any of
problem for incidence from the left is called the forward problem and for incidence from the
right the backward problem. The scattering coefficients for the forward problem are v and
7 for the subluminal regime and ¢ and £ for the superluminal regime, and the scattering

coefficients for the backward problem are denoted by barred oversets (7,7 and ¢, 5), that
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we shall simply refer to as “barred" for conciseness. All these coefficients will be detailed in
Sec. 3.3. Note that the incident wave can propagate in the same direction as the interface
or medium, i.e., sgn(vie) = sgn(vy), as in Fig. 3.2, or in the direction opposite to the
interface or medium, i.e., sgn(vin.) = —sgn(vy). These two cases, which we refer here to as
codirectional and contradirectional, respectively, are important to distinguish because they

involve drastically different physics, as clearly apparent in the Doppler phenomenon.

To solve scattering problems involving constant velocities, we will use the Lorentz transfor-
mations between the laboratory frame and the moving frame, moving at the uniform velocity
vr. These frames are shown in Fig. 3.2, with coordinates axes (z, ct) and (2/, ct’), respectively.
In the subluminal case [Fig. 3.2(a)], the interface appears stationary in the moving frame,
i.e., the ct’ axis is parallel to the interface. In the superluminal case [Fig. 3.2(b)], the interface
appears purely temporal in the moving frame, i.e. the 2z’ axis is parallel to the interface. The

justification for this choice will be provided in Sec. 3.2.

Space-Time Duality

Subluminal and superluminal structures are symmetric around the light line (z = ct) in
the spacetime diagram, as shown in Fig. 3.3 for the cases of an interface and a slab. This
symmetry is due to the fact that changing from a subluminal to a superluminal problem
reverts to exchanging space and time: vgy,/c = 02/0(ct) <> O(ct)/0z = ¢/Vsub = Vsup/C-
The subluminal and superluminal structures are thus related through a spacetime inversion.
This geometrical symmetry manifests a fundamental duality between the subluminal and
superluminal problems.

S »

S
ct St
I

Figure 3.3 Spacetime-inversion symmetry of subluminal (SUB) and superluminal (SUP)
structures. (a) Interfaces. (b) Slabs.

This structural duality is completed by the spacetime duality of Maxwell equations. Consider
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for instance the electric field in any of the (homogeneous) medium on either side of the

discontinuities,
O?E, 0*E,
022 O(ct)?

Interchanging space and time in this equation, and also applying n — 1/n, since n = ¢/v =

= 0. (3.2)

—n?(z — vt)

J(ct)/0z and vy /¢ — ¢/vn, indeed transforms the equation into itself. Thus, the wave

equation is also symmetric under spacetime inversion.

Therefore, subluminal and superluminal spacetime electromagnetic problems are the dual of
each other. Table 3.1 lists the variables related to the spacetime duality. The first four row
substitutions are the ones just discussed for the problem of an interface. The fifth row refers
to the duality between the length ¢ of a subluminal slab and the duration cd of a superluminal
slab, as illustrated in Fig. 3.3(b). The sixth and sevenths rows correspond to the duality of

plane wave solutions in spacetime scattering problems.

Table 3.1 Duality transformations between the subluminal and superluminal regimes.

Subluminal regime Superluminal regime
space z time ct
time ct space z
. . Um . . C
modulation velocity — inverse velocity —
C Um
o . . 1
refractive index n inverse index —
n
) v o1 . e
phase velocity -=— inverse phase velocity — =n
c n v
length l duration cd
wavelength A period cr
w
frequency — wavenumber k
c

Note that the duality between space and time is incomplete, because one can go backwards
in space but not in time. As a consequence, we shall see that the scattering coefficients are
not related to each other, although the phase quantities will always be. Therefore, once the
phase quantities are found for the subluminal case, the phases for the superluminal case are

deduced by applying the substitutions noted in Tab. 3.1.
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The Interluminal Regime

In the preceding sections, we distinguished the subluminal and the superluminal regime, but
omitted to discuss a third velocity regime which we will describe here. To be more precise, we
should refer to a modulated system as strictly subluminal when the modulation is slower than
the slowest wave involved, i.e., here, vy, < v;, with v; < v;, and strictly superluminal when it
is faster than the fastest wave involved, i.e., here, v, > v;. The velocity range between these
two regimes, v; < vy, < v;, corresponds to a third regime, which we call here the interluminal
regime. This regime involves yet different physics and requires yet a different treatment than
the strictly sub- and superluminal regimes, as illustrated in Fig. 3.4: the incident wave in
medium ¢ scatters a single wave in the codirectional case (Fig. 3.4(a)) and three waves in the
contradirectional case (Fig. 3.4(b)) [43,109,110].

LY P

(b)

Figure 3.4 Graphical description of the interluminal regime in spacetime diagram. (a) Codi-
rectional case, with a single scattered wave. (b) Contradirectional case, with three scattered
waves.

Let us first consider the codirectional case. In the forward problem of the strictly subluminal
+

7, is scattered into a reflected wave, v, , and a

regime [Fig. 3.2(a)], the incident wave, A
transmitted wave, wj. Progressively increasing vy,, and therefore decreasing the slope of the
interface, brings the interface closer and closer to the trajectory of the transmitted wave. At
the point where the interface propagates at the same velocity as the wave transmitted in
medium j, i.e., vy, = vj, a shock wave is produced from the accumulation of the transmitted
wave at the interface. This is the upper limit of the strictly subluminal regime, and the
lower limit of the interluminal regime. Beyond this limit (v, > v;, but still with v, < v;),
the incident wave cannot penetrate any more into medium j because it would otherwise
be overtaken by the interface. Thus, scattering reduces here to a single reflected wave.

Further increasing the velocity leads to the situation where the interface propagates at the
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same velocity as the incident wave, i.e., v, = v;. At this point, the incident wave is barely
catching up with the interface, and so reflection tends to zero. Beyond this limit, we enter
the strictly superluminal regime, where the incident wave cannot catch up with the interface

unless it was launched earlier than it, which is the case in Fig. 3.2(b).

For the contradirectional case, we perform a similar thought experiment: starting with a
strictly subluminal contradirectional problem, by setting a negative slope for the interface
in [Fig. 3.2(a)], and increasing the velocity, we arrive to a point where the velocity of the
modulation is equal to the velocity of the wave in the media, i.e. v, = —v;, and so a wave
will form, propagating along the interface. The scattering will therefore include three waves:
a reflected wave, a later backward wave and a later forward wave. For a further increased
velocity, the interface catches up with the reflected wave, i.e. v, = —v;, leading to another
shock wave from the accumulation of the reflected wave. Beyond this limit, we enter the

strictly superluminal regime.

In this paper, we shall focus on the strictly subluminal and strictly superluminal regimes,

which we will call subluminal or superluminal for brevity.

Recall of Special Relativity Concepts

We noted in Sec. 3.2 that we will use Lorentz transformations between the laboratory and
moving frames to solve spacetime problems. We present here a brief recall of the Lorentz

transformation tools required for this.

Lorentz Transformations and Lorentz Frames

Intervals of space and time in frames moving at a relative velocity v; are related through the

Lorentz transformations [111]

2= <z - vfct) : ct' =~ <ct — vfz) : (3.3)

C C

where
7= (L= vpfet) (3.4)

is the Lorentz factor, where the primed and unprimed quantities refer to quantities measured
in the moving frame and in the laboratory frame, respectively. The inverse relations are

found by exchanging the primed and unprimed quantities and replacing vs by —vf in (3.3):

z=" (z’ + qfct') : ct =1~ (ct’ + fz’) : (3.5)



33

From these Lorentz transformations, we may superimpose laboratory and moving frames
onto the same spacetime plot, as done in Fig. 3.2. The laboratory frame coordinates are
chosen to be orthogonal, and so the moving frame coordinates must be skewed, with the
axes slopes found as follows. The 2’ axis corresponds to ¢t/ = 0. Enforcing this in (3.5)
yields ¢t = (v¢/c)z, which provides v¢/c for the slope of the 2’ axis. Similarly, the ct’ axis
corresponds to 2/ = 0, and enforcing this in (3.5) yields the z = (v¢/c)ct which provides ¢/ vy

for the ct’ axis slope.

Velocity Addition Formula

Velocities measured in different frames do not simply differ by the frame velocity, i.e. the
velocity measured in the laboratory frame, v, is not the sum of the moving frame velocity,
vr, and the velocity measured in the moving frame, v = dz’/dt#’. The correct relationship
between the velocities measured in the different frames is found by applying the chain rule
to the definition of v, v = dz/dt, and replacing the resulting terms by the derivative of the
first relation of (3.5) with respect to ¢’ and by the derivative of the second relation of (3.3)

with respect to t, i.e.,

dz dt’ )
v= S =0 (1—62), (3.6)
and solving for v. The result is
v+ vp
v = 7’1}’%‘ (373)
14 2
and the inverse is
= (3.7b)
s

Spectral Lorentz Transformations

The phase of a wave is observer-independent [112]. For instance, different observers agree
whether a wave is at a maximum or at a minimum, although they do not agree on the distance

between two maxima (wavelength) and the time between two maxima (period). Thus

o= = ¢, (3.8)
with the phases defined as

oF = k*z 7 wht, ot = kY F ot (3.9)
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where the wavenumbers kT are related to the corresponding frequencies through the disper-
sion relation k* = +w* /v. Using the expressions for z and ¢ in (3.5), and resolving in (3.8)

provides the frequency and wavenumber transformations
+ £ +
B = <k - W) N (w - k) | (3.10)

Comparing these transformation with (3.3) reveals that £ and w™ /c transform as z and ct.

Field Transformations

Consider harmonic plane waves propagating along +z with the electric field phasor E = E, 2

and magnetic field H = H,g. These fields may be written as

Ef = AT with ¢F = k¥z F wrL. (3.11)

For later use, we relate the other fields to EX through the wave impedance n = y/u/e and
phase velocity v = 1/,/en as

1
Hf =¥-E;, (3.12a)
U
1
B, = :F;Ej, (3.12b)
1
Df =eEF¥ = —E7F, (3.12¢)
)

which follow from Maxwell equations, with the assumption of a purely dielectric medium

having a purely real and positive permittivity, and no spatial or temporal dispersion.

The fields measured in the laboratory and moving frames are related through [113]

E, =v(E,—vuB,), H, =~ (H,—uvD,), (3.13a)
D=~ (Dw - i’;Hy> . B, =~ (By - :;Ew> , (3.13b)

with the inverse relations again obtained by changing the sign of v; and interchanging the

primed and unprimed quantities. The primed counterpart of (3.11) therefore reads
EY = A¥e*" | with ¢ = k¥ 2 Fwt't, (3.14)

and the primed counterparts of (3.12) are presented in App. A. For later use, we note that

the phase velocity v* transforms as (3.7) [112,114], but with a negative sign for v; since
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media appears to be moving in the —z direction if the frame is moving in the +z direction.
Thus, the phase velocity in the moving frame is
+
/ v+
vt !

= —. 3.15
1+ 'U:ct;)f ( )

Resolution Strategy

Electromagnetic problems involving moving media are conventionally solved in the moving
frame where the system is stationary. The solutions are then converted back to the laboratory
frame using Lorentz transformations. The situation for modulated media is more subtle. The
overall medium is stationary, with the perturbation propagating through it. In a moving
frame having the same velocity as the perturbation, the perturbation appears stationary,
however the media on both sides of it appear to be in motion. As we show in App. A, moving
media appear bianisotropic [6,112,115]. The complexity associated with such a bianisotropy
defeats the original purpose of using the Lorentz transformation. In order to resolve this
complication, we resort to the following hybrid strategy: we first apply the field continuity
conditions in the moving frame, then transform the results to the laboratory frame, and

finally apply the constitutive relations or the dispersion relations in the laboratory frame.

We stated in Sec. 3.2 that the moving frames for the subluminal and superluminal problems
were chosen such that the problems appeared purely spatial or purely temporal, respectively,
in the moving frames. We now revisit this statement in the light of the space and time

Lorentz transformations presented in Sec. 3.2.

In the subluminal regime [Fig. 3.2(a)], we select the moving frame so that it is co-propagating
with the interface, at a velocity equal to that of the interface, vy = v, as conventionally done.
The interface is then purely spatial (stationary) in that frame, positioned here at 2’ = 0, which

corresponds to the ct’ axis being parallel to the interface.

In the superluminal regime [Fig. 3.2(b)], as discussed in Sec. 3.2, the selection of a co-
moving frame with (v = vy,) is not possible, since Lorentz transformations apply only to
frames moving at subluminal velocities. Indeed, the corresponding superluminal Lorentz
transformations would result into nonphysical imaginary space and time quantities, as can
be seen by setting vf > ¢ in (3.4). Instead, we choose a frame where the interface appears
to be purely temporal (sudden change of material properties at a given time t'), occurring
here at ¢’ = 0, which corresponds to the 2’ axis being parallel to the interface [47]. We
then graphically find that the moving frame velocity is ¢/vy, = v¢/c. We may also find this

result mathematically by inspecting (3.7b) and finding the condition for v/, = oo, which was
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shown in Sec. 3.2 to correspond to a purely temporal interface (instantaneous change in the
material properties). Since vy, > ¢, we have vy < ¢, and the Lorentz transformations are now

applicable.

3.3 Spacetime Interface

Scattering Coefficients

In this section, we compute the scattering coefficients denoted by lowercase Greek symbols
in Fig. 3.2 for the case of a single interface that moves with a uniform velocity v, through
the stationary media characterized by two distinct refractive indices n; and n; respectively
to the left and to the right of the interface. We start with the subluminal regime following
the strategy outlined in Sec. 3.2. First, we derive the continuity conditions at the interface
in the moving frame that has the same velocity as that of the interface, vy = vy, as was
suggested in Sec. 3.2. Since the interface appears purely spatial in the moving frame, the

usual boundary conditions apply in it, i.e.,
Emil = Efl?j/|z/:0 3 Hyz‘l = Hyj/|z/:o 3 (316)

which involve the total fields in media 7 and j, corresponding to ¢; ; = ¥;;+%;; in Fig. 3.2(a).
We next express these fields in terms of their unprimed counterparts using the Lorentz

transformations (3.13a), which yields the continuity conditions

E;L‘i — Ufoi = Ex] — ’Ufoj| (317&)

z—vst=0"

Hyi — ’UfDm' == Hyj - Uwaj’ (317b)

z—uvet=0 "
Finally, the frame velocity is set equal to the modulation velocity, i.e. vy = vy,.

To study the forward problem, corresponding to incidence ;" # 0 and Y; =0 (See Fig. 3.2),
we enforce the continuity conditions (3.17) by inserting (3.11) into (3.17) with ;" = 0, which
yields

A7 N — N (1—Um/?}i>
Vi = = — , (3.18a)
j Af a=0 +m \ 1+ vn/v;
At 20, 1 — v /v
Ty = =L = J , (3.18b)
A A;=0 +n; \1—vm/v;

The subscripts in the reflection coefficient indicate that the wave travels from medium 1,

reaches medium 7, and then reflects back to medium ¢. This notation will be useful later on
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to distinguish forward and backward waves in multiple-interface problems.

The results of (E.2) are valid across the subluminal range, which was shown to extend from
—v; to v; in Sec. 3.2. According to (E.2) the transmission coefficient increases monotonically
while the reflection coefficients decreases monotonically across this velocity range. In the
contradirectional case, the reflection coefficient is greater than in the purely spatial case,
while in the codirectional case, the reflection is less than in the purely spatial case: the

moving interface “cushions” the wave.

We next study the backward problem, corresponding to the incidence ;7 = 0 and Yy # 0.
Inserting (3.11) into (3.17), or alternatively reversing the sign of v, and exchanging ¢ and j

in (E.2), results into

+
Spip(om) = 2| = (1 T/ “f') 7 (3.19a)
A Ar=o i +n; \1 = vm/v;
A 21, 1 m/ Vi
TR P R ( + Un/ ) | (3.190)
Aj Aj:O Uk +n; 1+ Um/’UZ‘

We now turn to the superluminal regime. In the moving frame, where the interface appears

purely temporal, the continuous fields are [25,107]
Da;i/ - Da:j/|t/:0> Byi/ = Byj/|t/:0' (320)

Applying the Lorentz transformation (3.13b) yields the continuity relations

Y —p. %
Dei = 5 Hyi = Dy — 5 Hy, - (3.21a)
Ut (%
B, — <E, =B, — S E,; 3.21b
Yy CQ Y3 02 J t_%zzo ( )

We start by studying the forward problem, corresponding to incidence ;" # 0 and ; = 0.
The scattering coefficients are found by inserting (3.12) into (3.21) with ¢; = 0, which yields

the later backward and later forward coefficients

AT . (1= .
) 2

A:r A—=0 277@ 1+ Um/vj
Af ni+1n; (11— vm/vs

i = = ! : (3.22b)
Ai AT =0 2771 1- Um/vj

i
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The scattering coefficients for the backward problem are found by reversing the velocity sign,
but not the exchanging the media, since both waves originate in the same medium, contrarily

to the subluminal case, and read

_ At
i lAf=0

_ AT

§ji = T{ LT ji(—m), (3.23b)
i |AT=0

Note that (3.17) with the substitution of vf = vy, is identical to (3.21) with the substitution
ve/c? = 1/vy, which is a consequence of the space-time duality between subluminal and
superluminal regimes as described in Sec. 3.2. Therefore the same boundary conditions
apply for all regimes. However, we note the results in the subluminal and the superluminal
regime are different: this is due to the fact that in the subluminal case, for the forward
problem, ;" +1; = wf while for the superluminal case, the reflection is on the other side of
the equality sign: ;" = @/J;“ +1; . App. A provides an alternative derivation of the continuity

conditions for all regimes.

Generalization of the Stokes Principle

To facilitate the later study of multiple scattering (Sec. 3.4), we now establish relations
between the scattering coefficients of forward and backward problems derived in Sec. 3.3.
This leads to a generalization of the conventional Stokes relations [116] from stationary

interfaces to spacetime interfaces.

The conventional Stokes relations are derived upon the basis of a time-reversal symmetry ar-
gument: time-reversing, or equivalently, reversing the direction of the waves scattered from
an interface returns them to their origin. We extend here this argument to the spacetime
interface, with the help of Fig. 3.5. The subluminal problem is represented in Fig. 3.5(a). The
bottom part of the figure shows the scattering problem that we have already solved, while
the top part shows its time-reversed counterpart, where the velocity signs of the two scat-
tered waves have been reversed, along with the velocity sign of the interface. The scattered
waves must return to their origin with the same amplitude, from the time-reversal symmetry
argument, and the additional scattering possibility must therefore cancel out. Enforcing the
symmetry yields then the subluminal generalized Stokes relations, which may be directly
read out from the figure as

YigiVigi T TigTji = 1, (3.24a)
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Tji%Yiji + Vjij T = 0. (324b)
From these two generalized Stokes conditions we find a third relation, which will be used
in Sec. 3.4 to simplify the problem of total scattering from a double interface: barring the

unbarred coefficients and unbarring the barred coefficients in (3.24a), and comparing the

resulting equations with the original equation of (3.24a), we find that
7_'7;]'7_']‘2‘ - TijTji- (324C>

The superluminal case is represented in Fig. 3.5(b), with the initial problem at the bottom
and the time-reversed problem at the top. The generalized superluminal Stokes relations are

again read out from the figure, which gives now
CiiGi + & = 1, (3.25a)

éijCji + (& = 0. (3.25b)

which are of the same form as their subluminal counterparts. An additional relation, which
will be used in Sec. 3.4 to calculate the total scattering from a slab, is found by rewrit-
ing (3.25b) as &; = —&;iCij/(ji, exchanging 7 and 7 in this relation to obtain &;; = —&;(ji/Cij,
and taking the product of these two, to find

gijgji = &i&ij- (3.25¢)

Barring the unbarred coefficients and unbarring the barred coefficients in (3.25a) and using
the relation (3.25¢) leads then to

Gii s = Gii G- (3.25d)

Frequency Transitions

The waves scattered from a spacetime interface undergo Doppler-like frequency transitions.
We calculate here these frequency transitions, starting again with the subluminal regime.
Inserting the moving-frame fields (3.14) into (3.16) leads to the result that the frequencies
are conserved in the moving frame, consistently with the fact that the interface is stationary

in that frame. We denote this conserved frequency w!, with

we =wH =wl” = wﬁ. (3.26a)
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c  Tii%iji
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_ Um
YigiVigi Viig Tji

Figure 3.5 Generalization of the Stokes principle. (a) Subluminal regime. (b) Superluminal
regime.

+
i?j

e = Wi <1—”m>:w; <1+”m>:wj+ (1—”‘“), (3.26b)
(5 (5 Uy

where the relation between w,’ and w, is found by dividing (3.26a) by (3.26b),

Applying the frequency Lorentz transformation (3.10) to (3.26a) with k;;; = w;; /v;; yields

We' Jwe =17, (3.27)

with 7 being the Lorentz factor given in (3.4). The frequency transitions for a backward
problem, with the incident wave on the right of the interface, in medium 7, would be found

by changing the signs of the superscripts, the sign of v,,, and exchanging ¢ and j in (3.26b).

Equations (3.26) are graphically represented in the inverse spacetime diagram of Fig. 3.6(a).
The moving-frame axes k' and w’ are superimposed to the laboratory-frame axes k£ and w.
The slopes of the moving frame axes, which are v¢/c and c¢/v¢, from (3.10), are written in
terms of the interface velocity by setting vy = v,,. The dispersion relations w;tj = kfjvi,j
of the two involved media are plotted in the laboratory frame. To find the spectra of the
scattered waves, we trace a curve parallel to the k/ axis with intercept we, and locate the
spectra of the incident and scattered waves at the intersection of this curve and the dispersion

diagrams. Reading out the spectra in the laboratory frame reveals that the reflected wave,
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Y, , is downshifted while the transmitted wave, w;-r, is upshifted, consistently with (3.26b)

for v; > v;.

Figure 3.6 Frequency transitions at a spacetime interface corresponding to Fig. 3.2. (a) Sub-
luminal case. (b) Superluminal case.

For the superluminal regime, we insert the moving-frame fields (3.14) into (3.20), and find

the wavenumbers are conserved in the moving frame
/ + —
k' =k = k’; = k;; : (3.28a)

where k.’ is the conserved wavenumber.

Applying the wavenumber Lorentz transformation (3.10) to (3.28a), replacing the frame

velocity by the modulation velocity through vy, = ¢?/vs with wffj = k:ffjvi’j provides
ke = ki (1—“):1@; <1—”j>:k:j— <1+Uj). (3.28b)
Um Um Um

Dividing (3.28a) by (3.28b) gives the relation
R — (3.29)

The frequency transitions for a backward problem, with the incident wave coming from the
right, in medium ¢, would be found by changing the signs of the superscripts and the sign of
U in (3.28Db).

Equations (3.28) are represented graphically in Fig. 3.6(b). Once again, the axes of the
moving frame and the laboratory frame are superimposed. The slopes of the moving frame,

which are again v¢/c and ¢/v¢ from (3.10), are written in terms of the interface velocity, vy, by
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setting ve/c = ¢/vy,. The dispersion curves of the two media are drawn, and the conservation
of k' is enforced by tracing a line parallel to w’, with intercept k.. The solutions are located
at the intersections of this line and the dispersion diagram of medium j, remembering that
both scattered waves are in medium j. Reading out the solutions in the laboratory frame
reveals that both waves are downshifted, with ¢, having a negative frequency, associated
with time-reversal. As a consequence of time reversal, the wave reflected from a purely tem-
poral interface is refocused to its source [26,107] and the wave reflected from a superluminal

interface is refocused to a shifted position [47].

The results of this section are summarized in Tab. 3.2.
Table 3.2 Summary of the scattering formulas, derived in Sec. 3.3, for a spacetime interface.

Subluminal Superluminal

Coeflicients (Fig. 3.2)

(3.18b)  21); 1— oy @22y i+ (1 —ay
Tji = sz‘ =

(3.18a) N — 1 (1 — (3220) M — 15 (1 —ay
Yiji = C]z =
i +n; \1+ay 2n; 1+«
Frequencies (Fig. 3.6)

wr (3.2:6b)w2+1—ai k-_ (3.28b) k+ 1-1/a;
1+« J 1 +1/a4

ot 26b) 1 —ay k+ (3.28b) k* — 1/

T T -y 4 1—1/0

Qij = Um/ Vi

3.4 Spacetime Slab

Scattering Phenomenology

Noting that the succession of two interfaces corresponds to a slab, we can now address the
slab problem upon the basis of Sec. 3.3. Figure 3.7 shows the multiple-reflections that occur
in sub- and superluminal spacetime slabs. The slabs consist of a medium j sandwiched
between media ¢ and k, with media ¢ and k£ sharing the same parameters. The two interfaces
bounding the slab propagate at the same velocity and are thus parallel in the spacetime

diagram. The slabs are illuminated by a wave incident from medium 4.
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Figure 3.7 Multiple-reflection description of the scattering phenomenology in spacetime slabs.
Changes in line type (solid <+ dashed) denote phase reversals. (a) Subluminal slab, with phase
change occurring upon reflection to a lower impedance medium (n; < 7;), according to (E.2).
Note that the slope of the trajectories have been altered for representation convenience.
(b) Superluminal slab, with phase change occurring upon reflection to a higher impedance
medium (7, > 7;), according to (E.3).

The multiple reflections in the subluminal case, represented in Fig. 3.7(a), and superluminal
case, represented in Fig. 3.7(b) are strikingly different. In the subluminal case, the incident
wave is divided into a reflected and a transmitted wave at the first interface. The transmitted
wave propagates to the second interface, where it splits into new reflected and transmitted
waves, with the former traveling back to the first interface, where it splits again in two parts,
while the latter reaches the other side of the slab. This process repeats indefinitely, with the
amplitudes of the exiting waves decreasing at each round trip. The transmitted wave, ;"

and the reflected wave, v, , are found by summing the infinite contributions.

]
For the superluminal case, represented in Fig. 3.7(b), the wave incident from medium i splits
into a later forward and a later backward wave at the first interface. The two waves propagate

then to the second interface, where they split again. However, there is no further scattering,



44

so that the total later forward and later backward waves, ¥;" and 1; , are the sum of only

four contributions.

We next calculate the frequency transitions and the phase shifts in the spacetime slabs, to

later calculate the amplitudes of the scattered waves.

Frequency Transitions

Let us start with the subluminal slab. The frequencies, indicated in Fig. 3.7(a), are calculated
by noting, as in (3.26a), that the frequencies in the moving frame are conserved, and are all
equal to w., i.e.,

/! 1 !/ 1 !/
we' =wf =w =wl =w; =W (3.30)

Applying the frequency Lorentz transformation in (3.10), we obtain the same result as
in (3.26b), but with the additional frequencies w; and w; scattered from the second in-

terface

(3.31)

Equation (3.31) reveals that when media i and k share the same parameters, the wave
transmitted through the slab has the same frequency as the incident wave, w; = w;: it is
upshifted to w;-r at the first interface and then downshifted by the same amount at the second

interface.

In the superluminal case, the frequencies, indicated in Fig. 3.7(b), are calculated by noting,
as in (3.28a), that the wavenumbers in the moving frame are conserved and are all equal to
ke, i.e.,

— k' =k =k =k (3.32)

Applying the wavenumber Lorentz transformation (3.10), these equalities are expressed in

the laboratory frame as

ke:/ﬁ(l—”i):w( _”J‘>:k.—<1+vj>
i Uy J U 7 Vm
:k;+(1—“’“)=k—(1 ”’“)
k Ve k +Um

Equations (3.33) reveal that the later forward wave, ¥, has the same wavenumber as the

(3.33)
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_l’_

incident wave, 1, i.e. kf = k", if media 7 and k share the same parameters.

Phase Shift

We start, as usual, with the subluminal case. In the moving frame, where the slab appears
stationary, the phase shift of the forward and backward waves is
We

:|:/
Uj

oy =l =

’, (3.34)

where £} is the length of the slab in the moving frame, as shown in Fig. 3.7(a), and the second
equality was found by using the dispersion relation kjj»[/ = cujj-[' / vj-[, =uw./ v;—u, from frequency
conservation (3.30) and with v} the phase velocity in the moving frame. We decompose this

phase shift as

07 = @)+ Ay, (3.352)
with the average and difference parts
+/ _/ +/ _/
oo o
g, = i ! Zioand A =% 5 P (3.35b)

where the bar should not be confused with the bar for the scattering coefficients of the

backward problem. Using (3.34), these average and difference parts may be written as

L, w1 1
v v
wl: [ 1 1
Ag) = =4 (+, _ _,) . (3.36b)
v Y

Let us now derive the laboratory-frame counterparts of (3.34) and (3.36). From phase invari-

ance [Eq. (3.8)], v; = ¢}, ¢; = ¢} and Ap; = Ayp’;. The three primed variables wy, vj“.—u

¢} in (3.34) and (3.36) may be converted to their unprimed counterparts using respectively

and

we' = Ywe (Eq. (3.27)), the equation for "U;t/ in (3.15), and the length contraction formula
¢ =, (3.37)

where the lengths ¢; and £} are indicated in Fig. 3.7(a) to corresponds to the spatial separation
between the two parallel lines separating the slab. Relation (3.37) is obtained by setting
2=V, z=1{; and ct = 0 in the left expression of (3.3). Applying the three substitutions
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results in the phase shift counterpart of (3.34)

1 F vyv;/c?
+ _ .2 mvYy

and the average and difference phase counterparts of (3.36)

{v;
Pi= ey (3.38b)
1 —v2/c?
Ap; = weﬁj’vamzij/Q. (3.38¢)

For the case of the superluminal slab, the phase shift of the forward and backward waves is
found by inserting (3.14) into (3.20)

90;:’ — wi’d; - k;vji’d;. (3.39a)

J

with d} is the duration in the moving frame, drawn in Fig. 3.7(b). Expressing the phase shift

in the form of an average and a difference, as in (3.35a), we find

—/ ke,d;' +/ _/
7 == (vf" +277), (3.39D)
k'd, .
Agy == (vf = 0;). (3.39¢)

The superluminal results (3.39) are expressed in terms of laboratory-frame quantities by
replacing k. = vk. [Eq. (3.29)], the equation for v]i/ in (3.15) in which we substitute v; =
c? /vy, and the duration

d; = ~d;, (3.40)

J

where d; and d; are indicated in Fig. 3.7(b) to correspond to the time separation between the
two parallel trajectories delimiting the slab. Equation (3.40) is obtained by setting t' = d,
t = dj, and z = 0 in the right expression of (3.3). Note that (3.40) does not correspond
to the time dilation equation (which would read d; = v~1d;), since time dilation compares
the time separation between two fixed events, whereas we are comparing the time separation
between two trajectories. Applying the substitutions for & v and d; into (3.39) yield the

j
phase shift
(p;t — ’}/2]? d 1 + 02/(Ujvm)

o~ C ) 3.41
J 1/Uj:F1/’Um ( a)
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and the average and difference quantities

ek (3.41b)

o1 —v/c

2 _ 2
Vi — vg

Apj = kedjy*vme (3.41c)
Note that Egs. (3.41) could have been alternatively found by applying the substitutions of
Tab. 3.1 into (3.38).

Scattering Coefficients

For the subluminal case, the reflection coefficient for the forward problem is found by summing
up the amplitude of the wave reflected at the first interface, the amplitude of the wave having
traveled one round trip, the amplitude of the wave having traveled two round trips, and so
on, which yields
v - -
Ligi = # = Yigi + TigVini Tjie™?
47|
+ T Vg Vg Vikg Tiie"
_ _ 2
+ TiViwg (ViigVing)” Tyi€
o0

_ = 2ip = 2i\ "
= Yiji + Ti Ving "7 Y (Vjiﬂjkje ¢) :

n=0

(3.42)

6ip

which is the same expression as that for a stationary slab [117], but with the local generalized
coefficients (E.2) and (3.19), and the phases ¢, in (3.38b). Since 7;;; < 1 and 7;; < 1, the

geometric series (3.42) reduces to

= 2 2ip;
TijVik;Tji€ i 1 — e“*%s

— 215 :,71]1/ — 2107
L= %jijvjrje®%i L — jijvjnie™si

Diki = viji + (3.43)

where the second equality was obtained by using the generalized Stokes condition (3.24).

The transmission coefficient for the forward problem wave is found by summing the wave

traveling through the slab, the wave reflected at the second interface and traveling one round
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trip, the wave traveling two round trips, and so on, i.e,

+
ki = 737 —TkjTj€ 77
o
= it \2ip;
+ T Vi Viki Tji€ o €
- 2 it 2i5;
+ Tij (jig Viks) ™ i€ €77 (3.44)
+ n
_ Q! = 2105
=775 Y (Fyigvimie” )
n=0
T
Tijjie“Dj

= T
L — 7jijvjne"%

The scattering coefficient extrema are found from (3.43) and (3.44) to correspond to ¢; =
nm/2, where n is an integer. For n odd, reflection is maximal and transmission is minimal,

and conversely for n even.

The reflection and transmission coefficients for the backward problem are found by barring
the unbarred coefficients, unbarring the barred coefficients and exchanging i and k. The
phases @; are unchanged, since they correspond to the round trip phase, but the phases goj
are replaced by ;. Thus,

= el - 1— e kg

Uit = 7= = Vjk - — = [ ) 3.45a
Uy, | M1 - NjijViki€2Pi Yiji ( )

- T SN ,
_ ‘wz_‘ _ Tz]_T]ke — = Tkie_Zij- (345b>
s N A
where the third equality in (3.45b) was found from a consequence of the Stokes relations (3.24c).

Ty,

Note that we are comparing forward and backward problems that have different incident fre-

quencies, w;” and w; respectively, related through w, (3.31) as shown in Fig. 3.6(a).

In the superluminal case, the situation, although less usual, is simpler, since there are now
only three scattering events. Reading out Fig. 3.7(b), we find the later backward and later

forward coeflicients

Ly = :Zﬁ: = (i€ + ExyCjie (3.46a)
+

— ioT = —ipT

Shi = ::ﬁ’i: = &,;&i€"7 + CiCiie "% (3.46b)

Applying the generalized Stokes relations for superluminal coefficients (3.25), (3.46) reduce
to
Zyi = Crj€jie™ "% (ei% - 1) ; (3.47a)
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Zhi =€ % (14 &y&i (6 — 1)) (3.47D)

The scattering coefficient extrema are found from from (3.47) to correspond, again, to ¢; =
nm/2, with n an integer. For n even, both later forward and later backward coefficients are

maximal, while for n odd, both coefficients are minimal.

The coefficients for the opposite incidence direction Zi; and =j; are found by barring and

unbarring unbarred and barred coefficients, respectively, and replacing the phase term <pj+ by

Pj -

- Vel = 2 it (s, Gy ine,
Ti = o = (e " (e — 1) = Zp;——==e'2%7 (3.48a)
Yy | > ( ) Cri&ji
+
= —ipf e . | oip; = a—iAp;
Sy = :zﬁ: =c ¥ (1 + fkjfji (6 i — 1)) = Z;€ A%. (348b)

Were again (3.48) compares the coefficients for the forward and the backward problems
having different incident wavenumbers, k;” and k; respectively, related through k. (3.33) as

represented in Fig. 3.6(b).

Interference Condition

The extrema of the scattering coefficients, which were just previously derived, are now anal-

ysed in terms of Bragg-like interference conditions, with the help of Fig. 3.8.

In the subluminal case, constructive interference occurs in reflection and destructive inter-
ference occurs in transmission. The interference condition may be found geometrically by
recognizing the triangle with slopes ¢/v, and c¢/v; has a total length ¢; related to the period
of the wave T} through

T (v v, AT
gj == 743 (C + CJ> - Zj(l + 'Urn/vj)a (349)
where the second equality is found by using T;r = /\;r /v;. This can be seen as a generalization
of the quarter-wave condition. Inserting (3.49) and the definition of w, (3.31) into (3.38b)

retrieves ¢; = /2.

In the superluminal case, shown in Fig. 3.8(b), constructive interference occurs for both the
later forward and later backward components. The interference condition may be found

geometrically by studying the shaded triangle and noticing the total duration cd; is related
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constructive
destructive

c/v;

A/

¢/Um

Figure 3.8 Graphical Bragg-like interference argument. The light and dark blue trajectories
correspond to the maxima and minima of the incident wave, and changes in line type (solid
<> dashed) denote phase reversals. (a) Subluminal case, with constructive and destructive
interference in reflection and transmission, respectively. Note that the slope of the trajectories
have been altered for representation convenience. (b) Superluminal case, with constructive
interference in both the later forward and later backward waves.

to the slopes of the triangle, ¢/vn and ¢/v; and to the wavelength A /4 through

T T+
ed; = S (C + C) = (1 4 vy /vm), (3.50)

4 \v; vy 4

where \] = v,;T;" was used. Inserting (3.50) and the definition of ke, (3.33), into (3.39b)

retrieves ¢; = /2.

The spacetime slab results are summarized in Tab. 3.3.

3.5 Unbounded Bilayer Crystal

We now move on to the study of bilayer crystals, whose periodic unit cell is composed of a

pair of slabs, or layers, as presented in Fig. 3.9.
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Table 3.3 Summary of spacetime slab results.

Subluminal regime Superluminal regime

Phase (Fig. 3.7)

s (3.350) _
o= gAY

2
_ (3.38b) v; _ (341b) VU2

viT wegjvjz — 02 i kedjvjz — 02

o @721 — v/ vy a10) 072 (1 — 02/
A, (3:38) 57" (1 = vj/c%) A, (3410) $57 (1 = vj/c%)

Uj VjUm

Coefficients (Fig. 3.7)

(3.42) 1 — e?%i (3.47) PP
Uiri =" iji — — Zii = (e % (e —1
P)/] 1 — 7jij7jfje2“0] 757 ( )

(3.44) Tijjiewj

(3.47)

T = — S P20 (1 4 €456 (69 — 1)) %7
1— ’Vjij’}/jkjemw] ( 757 ( ))
Bragg Interference Condition(Fig. 3.8)
T +
(3.49) \J Um (3.50) L7 v,
b =" =1+ — d; =" (14 2L
J 4 ( + Uj ) J 4 ( + Um)

Linear Approximation of Dispersion Diagram

Crystals are largely described by their dispersion diagrams, which consist in periodic al-
ternances of passbands and stopbands, or bandgaps. The bandgaps are produced by the
constructive or destructive interference of the wave scattered by the crystal, as described in
Sec. 3.4 for the particular case of a slab. Away from these bandgaps, the waves are trans-
mitted through the crystal without attenuation or amplification, and they undergo little

dispersion.

Before presenting the exact construction of the dispersion diagrams, whose complexity occults
some of the physics of the problem, we shall derive a simple and useful linear approximation
of the exact solution. This approximation consists of a diamond-like grid that coincides with
the exact diagram away from the gaps and whose nodes correspond to the exact bandgap

centers, as will be shown in Sec. 3.5.
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Figure 3.9 Bilayer spacetime crystal with spacetime unit cell and out-of-gap wave trajectories.
(a) Subluminal equal-length crystal, with ¢; = ¢5. The slopes of the triangles ® and @
are ny = ctf /2§ and ny = ct3 /25, so that z{ = ct{/n; and 20 = ct] /n,. Substituting
these lengths into the expression for the slope n,, = (ctf + ct3)/(zF + 23), yields (3.51).
(b) Superminal equal-duration crystal, with d; = dy. From the slopes of the triangles ® and
@, given in (a), we have ct] = 2;n; and cty = 235 ny. Substituting these durations into the
expression for the average slope, also given in (a), yields (3.55).

Average Velocity

The slopes of the curves in the dispersion diagram of Fig. 3.10 correspond to the average group
velocities, which are inversely proportional to the average refractive indices, v = c¢/nE. As
the approximation is only valid far from the bandgaps, these average refractive indices are
only valid in the absence of reflection. The average indices may be found geometrically with
the help of Fig. 3.9 as the slopes of the straight segments connecting the entering and exiting
points of the trajectory through the crystal unit cell. This leads to expressions for the average
velocities in terms of the refractive indices with weights corresponding to the time spent or

distance traveled by the wave in each medium, as shown in Fig. 3.9.
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Figure 3.10 Linear approximation of the dispersion diagram of bilayer crystals with ny/n; =
1.5 and equal electrical lengths. (a) Subluminal case, with v = (1/3)c. (b) Superluminal
case, with v = 2c.

In the subluminal case, represented in Fig. 3.9(a), the average index is found as

4, gt
+ T +13

n oy
a t{c/nl + t;t/nQ

(3.51)

where the superscript refers to the +2 wave direction, and where the terms de correspond
to the duration of the wave travels in layers 1,2 in the £ direction. This average index may
be more conveniently written in terms the layer lengths, ¢; 5. For this purpose, we express
the durations in terms of these lengths, derived in App. A as

l1on19/cC
th, = 2 12/ (3.52)

1 Fvgnig/c’
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and insert this relation into (3.51), which yields

+ n1£1 + 7’L2£2 F vmnlng/c(fl + 62)
nav -
U1 + Ly F vm/c (naly + naly)

(3.53)

It is also useful, for later use, to write the expression of the average velocity v = c¢/n,, in

terms of the velocities in the two media, i.e.,

Ui V13 (El + 52) F Um (61’01 + 62’02)

av 354
(Crva + lov1) F v (01 + £o) (3.54)

In the superluminal case, represented in Fig. 3.9(b), the average index is found as
+ _ zlinl + zan (3.55)

n
R

where the quantities sz correspond to the length traveled by the wave in the 4 direction in
layers 1,2. The average index may be more conveniently written in terms the layer durations
d; ». For this purpose, we express the lengths in terms of these durations, derived in App. A,
as

o Che (3.56)

1,2 )
ni2 F ¢/vm

and insert this relation into (3.55), which yields

+ di +do F ¢/vm(di/n2 + da /1)
a dl/nl + dg/ng + c/(vmnlng)(dl -+ dg) ’

n (3.57)

It is also useful, for later use, to write the expression of the average velocity in terms of the

velocities in the two media, i.e.,

Ui _ vm(dlvl + dQUQ) + Uﬂ)g(dl + dg)
av Um<d1 + dQ) + <d1U2 + dgvl) .

(3.58)

Note that (3.57) and (3.58) could have been alternatively found by applying the substitutions
of Tab. 3.1 to (3.53) and (3.54).

Table 3.4 lists the forward and backward average refractive indices at special velocity points
for unit cells of equal layer length or equal layer duration. The first row gives the average
indices for the purely spatial regime, found by setting v, = 0 in (3.53). These indices are
found to be the same for forward or backward waves, and are the arithmetic average of the

two indices.

The second row provides the average indices for the upper limit of the subluminal regime
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(or lower limit of the interluminal regime, see Sec. 3.2), and are found by setting vy, = ¢/ng
in (3.53). The forward average index reduces to ns, since the wave has the same velocity
as the modulation, and therefore never exits the layer of refractive index n,. The backward
wave travels across both media, so that the average index is a function of the two refractive

indices.

The third row corresponds to the superluminal lower limit (or upper limit of the interluminal
regime, see Sec. 3.2) and is found by setting vy, = ¢/ny in (3.57). Now, the forward average
index reduces to n; since the wave remains in medium n; while the backward index is the

same function as in the previous case with exchanged indices.

The fourth row provides the indices for the purely temporal limit, found by setting v, = co
in (3.57). The average indices for forward and backward waves are again equal, as is expected
since the structure is symmetric in space. Now the inverse of the average index is the
arithmetic average of the inverses of two indices, reminiscent of a parallel circuit form. The
series and parallel circuit forms of the spatial and temporal average indices are akin to the

polarization-dependent form of the average indices in hyperbolic media [118].

Table 3.4 Average refractive index for different modulation velocities, from (3.53), with ¢; = ¢
(upper half) and (3.57), with d; = dy (lower half).

Modulation | Velocity Average index | Average index
regime (Um) (n:v (n;V)
. 1 1
spatial 0 3 (ny + noy) 5 (ny + noy)
subluminal o — < " n 3ni + no
upper limit 27 n, 2 “ny + 3ny
superluminal _c 3ng + ny
. v = — n1 ny——
lower limit ny N9 + 3N
1/1 1IN 11 1\!
temporal 00 - < + ) — ( + >
2 nq N9 2 nq N9
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Dispersion Diagram Period

The first pair of dispersion curves in Fig. 3.10 (solid lines), w = +vEk, has its intercept at
the origin, while the other pairs of curves are (obliquely) translated from this first pair by
qp = q(kp,ws), where ¢ is the integer representing the pair of curves, p is the spacetime

period and kg and wg are the wavenumber and frequency translation quantities.

In the subluminal case, the spacetime period vector is found by recalling that the crystal is

stationary in the moving frame, so that the period is simply

D = (k. 0) = (i”o) (3.50)
B

This period is expressed in terms of laboratory-frame quantities by first applying the wavenum-

ber Lorentz transformations ki = kg/v and ki = wp/(vwYy), which are found by setting

E =k, o' =0, k=kpand w = wg in (3.10) with vf = vy, (Sec. 3.2), and next applying the

¢ by lg,ly), so that

77

length contraction ¢ = v/ (as in Eq. (3.37), replacing ¢,

2T 2mv
kg = — = - 3.60
B gB ) WBRB gB ) ( )

which may be alternatively obtained from Bloch-Floquet theory.
In the superluminal case, the spacetime period vector is
2
p = (0,wp) = (0, ;) . (3.61)
B

As for the subluminal case, we express this period into laboratory frame quantities by first
applying the frequency transformations wh = wg/y and wi = kg/(yvt/c®) = kpvm /v, which
are found by setting w’ = wj, k' = 0, k = kg, and w = wp in (3.10) with vf = ¢* /vy, (Sec. 3.2).
We then apply the time contraction dy = dg/7, as in (3.40), replacing d;, d; by dg, dg, and
this gives

21 2T
R k —
dB ) B

WB = (362)

UmdB .

For both the subluminal and the superluminal cases, we may write the equations for the

pairs of curves forming the linear approximation grid as

w + qup = +v= (k + gkg), (3.63)

so that Fig. 3.10 may be simply plotted from vZ derived in Sec. 3.5 along with the just
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derived translation quantities.

Bandgap Center Position

The bandgap centers are located at the nodes of the linear approximation grid we have just
derived. The bandgap center BGy _; is indicated in Fig. 3.10 at the intersection of curves

q = 0 and ¢ = —1, where the superscript ¢ refers to the center of the bandgap.

Let us start with the subluminal case. We first derive the k-intercepts of the curves w =
v (k— k:;t), with k:qjE being the k-intercepts of the forward-wave and backward-wave solutions,
found by setting w = 0 in (3.63) as

a +ot +ot

k= LB ks = gk < Um ) , (3.64)

where the second equation in (3.64) was found using (3.60)

The position of bandgap BGy _; is then found by intersecting the curves representing the

two relevant modes, i.e. setting w = vik = —v_ (k — ). Inserting (3.64) into this

—t
intersection condition results in the bandgap center position

Um + V.
k§ 1 = —kg. 3.65
0,—1 U;:z o, B ( )
The other bandgap centers are found by a similar procedure. This relation reduces to the

coupled-mode result [119,120] under the approximation vy, = v,_.

For the superluminal regime, we first calculate the w-intercepts of the forward and backward

curve of each mode. These intercepts are found by setting k£ = 0 in (3.63), which yields

+ +
Vav 1) , (3.66)

w, = *qkpv,, — qwp = qws (

Um
with the second equality again obtained using (3.62). From these intercepts, we find the
intersection position of the bandgap BG, _; by intersecting the two curves as k = w/v}, =

—(w —wp__,) /vy, which yields

+ —
vav vav + Um
— + WB,
Um Uav + Uav

(3.67)

C —
Wo,—1 =

which reduce to the coupled-mode results [121] under the approximation v}, = v,,. The

other bandgap centers are again found by a similar procedure.
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Unit-Cell Tranfer Matrix

We now calculate the transfer matrix of a unit cell, extending the classical transfer matrix
of stationary structures [122], with the help of Fig. 3.11. Note that this graph corresponds,
for later illustration convenience, to the particular design of an equal-phase crystal, where
the forward and backward round-trip trajectories emerge at the same spacetime point. By
definition, the transfer matrix relates the fields in media ¢ and k at the interfaces /; ; and I

H L H . 309

as

Lij Ly Ing

Unit Cell

z ()

Figure 3.11 Bilayer spacetime crystal with spacetime unit cell. (a) Subluminal regime. b)
Superminal regime.

The unit-cell matrix is found by multiplying interface matrices, [T};] and propagation matri-

ces, [P;], according to Fig. 3.11, i.e.,

[Mg] = [P [T [P5] [T5:] - (3.69)



29

We first calculate the interface matrix, [1},,,,—1], which relates the fields at both sides of the

interface I, ,n—1. At the first interface of the unit cell, we have

) —ml]
v, v,

2J 5J

(3.70)

The interface matrix may be computed using the results of Sec. 3.3 for interface scattering.

In the subluminal case, reading out Fig. 3.2(a), we write the scattered fields in terms of the
incident fields

Vi =T + 05 (3.71a)
Vi = Y5li + Ty (3.71b)
and rearrange these equations to cast them into the form of (3.70), i.e.,
[Tjsib] _ _i TjiTig = ViigYigi  Viig 7 (3.72)
Tij —Viji 1

where the superscript Sb stands for subluminal. Substituting the interface scattering coeffi-

cients (E.2) into (3.72) yields

1 —vm/v; 1+ v /v
23] - L) s )y -
il T g 1 — v /v; 1+ v /v; '
|y, Ty
m/ Yj m/ =3

In the superluminal case, reading out Fig. 3.2(b), we write the scattered fields in terms of
the incident fields as

Ut = bt + Gy, (3.74a)
Y = G + i (3.74b)
These equations can then be cast into the matrix form of (3.70)
7= ¥, @
Gi &

with the superscript Sp standing for superluminal. We note that (3.75) is much simpler
than (3.72), since in the superluminal case both incident waves are in the first medium and

both scattered waves are in the later medium. In other words, the scattering matrix is equal
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to the interface matrix for the superluminal case. Although (3.75) and (3.72) have a very
different appearance, inserting (E.3) into (3.75) reveals that they are in fact exactly identical,

ie. [T} = [Tﬁp], consitently with Biancalana’s result [106].

We next derive the propagation matrix, which relates the fields at the first and second

interface delimiting a given layer. For instance, the propagation matrix of layer j is given by

+ +

w]_] ~(p) M . (3.76)

wj Ik ¢j I
Since there is no scattering and only a phase shift between the interfaces, the matrix simply

reads L .

"% 0 ' e%i 0
) = | = , (3.77)
0 e i 0 e

with the phase terms defined in Sec. 3.4. Inserting the interface matrix (3.73) and the
propagation matrix (3.77) into (3.68) yields the unit-cell transfer matrix

[Mp] = ' [fz Z*] = ' [ M), (3.78)
ic a
where .
i3 -~ N U R
a=¢e% (cosp;+ ==+ —|sing, |, 3.79a
< P B (Uk Uj) ‘PJ) ( )
iz L () %) L+om/vj . _
b= —emions (1L T} 2T U/ o 3.79h
2 (Uk nj ) 1—vm/v; ¥i ( )
1 /n 1— _
¢ = itk (” _ ”) L=/ (3.790)
2\ m;) 1+ vm/vp

Equations (3.79) are valid for both the subluminal regime and the superluminal regime, with
the phase expressions @;; and Agp;, provided in Tab. 3.3. Matrix [Mp| is unimodular,
and so the determinant of Mg in (3.78) is det[Mp] = e'2¥. Note that this matrix satisfies

the conditions be®*? = —b* and ce'®? = —c* [123], which stems from space-time reversal
symmetry, as shown in App. A. Identical results were found in Biancalana’s paper [106]

using an alternative approach based on a symmetric form of Maxwell equations.

Dispersion Relation Derivation

The exact dispersion diagram may now be computed using the unit-cell transfer matrix (3.78),

which we have just derived. From Bloch-Floquet theory, the fields before and after the unit-
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cell of a crystal are related through w,f = e'®8y)F, where ®p is the Bloch-Floquet phase. This

leads to the eignenvalue problem

e b, e
= =e B . .
o P U url,

»J

The eigensolution to this problem is found by substituting (3.78) into (3.80), grouping the
difference phase **? with the Bloch-Floquet phase e’®8, so that ([Mpo]—e(®3=29)[1])[1);] = 0,

and setting the determinant to zero, i.e.,

a — ei(q)B_AQO) b
= 0. (3.81)

c at — ei(@ngap)

This corresponds to a quadratic equation whose solutions are

* *\ 2
s _ 10 iW;a) 1 (3.8

where the identity aa* —bc = 1 associated with the unimodularity of [Mpg] has been applied.
Equation (3.82) may be rewritten in a more standard, trigonometric form by applying the
Euler identity e!(®s+4%9) = cos(dg + Ap) +isin(Pp + Ap) to the left hand side of (3.82) and
writing i sin(®g + Ap) = :i:\/COSQ((I)B + Ap) — 1. Comparing the result with the right hand
side of (3.82) implies

cos(Pp — Ap) = ¢ —;a
3.83
o /B U (3.83)
= €08 §; COS P, — 5 %%—n— sin @, sin @y,
J

where (3.79) has been used in the second equality.

Equation (3.83) is the dispersion relation, whose graphical representation corresponds to the
dispersion diagram, which we will construct next. We may already note that the phase &g
in (3.83) may be either real or complex, since the right hand side may be less than 1, and the
inverse cosine of a quantity less than one is complex. A real &g phase will be associated with
pure propagation, while an imaginary ®g phase will be associated with either attenuation or

amplification, corresponding to bandgaps in the dispersion diagram.
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Construction of Dispersion Diagram

The dispersion relation (3.83) essentially relates the Bloch-Floquet phase (®5) and the phases
in the layers of the crystal (¢ and Ag). To plot the dispersion diagram, we must transform
this relation into one of that relates the frequencies and wavenumbers (w and k). This may

be conveniently done using a set of parametric equations.

We start with the subluminal case. First, we write the Bloch-Floquet phase in terms of the

frequency and wavenumber, i.e.,
Um

where the last equation used the Lorentz wavenumber transformation (3.10) and length
contraction (3.37). The frequency and wavenumber in (3.84) are related to the conserved

frequency parameter w, through
We = W — Uk, (3.85)

from the fact that w, = ', similarly to (3.26). Combining (3.84) and (3.85), and factoring

out w and k finally yields the parametric equations

Umq)B (we)

wlwe) = =+ Ve, (3.86a)
d o 2
k(we) = Blé‘”) + 7, (3.86D)

To plot the dispersion relations, we first calculate the Bloch-Floquet phase ®p(w.) us-
ing (3.83), with ¢, j(we) and Ag; j(we) given in Tab. 3.3. We then compute w(we) and k(w.)
in (3.86) independently, for a range of frequencies w,, and plot them to obtain the dispersion
diagram of Fig. 3.12(a).

In the superluminal case, the Bloch-Floquet phase is
2
Pp = O = Wdy = (w — k:) dg, (3.87)
Um

where the second equality was again found from the Lorentz frequency transformation (3.10)
and the time contraction (3.40). The frequency and wavenumber in (3.87) are related to the

conserved spatial frequency k. through

ke =k —w/vn, (3.88)
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from the fact that k., = £’ as in (3.28). Combining (3.87) with (3.88) leads to the parametric

equations

Oy (ke 2
w (ke) = Bdi ) +72;— o (3.89a)
and O (K
k (k) = fil;) + k. (3.89D)

The dispersion diagram corresponding to the parametric equations (3.89) is plotted Fig. 3.12(b)
following the same procedure as for the subluminal case, i.e., calculating ®g(k.) from (3.83),
with ¢(k.) and Ap(k.) given in Tab. 3.3, and then computing the parametric equations (3.89)
for w(k.) and k(k.).
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Figure 3.12 Dispersion diagram of bilayer crystals with ny/n; = 1.5 and equal phases (¢; =
¢r). The solid curves corresponds to the exact solution [Egs. (3.86) and (3.89)], with the
black and blue parts respectively corresponding to the real and imaginary parts, while the
dashed curves to the linear approximation [Eq. (3.63)]. (a) Subluminal case, with v = (1/3)c.
(b) Superluminal case, with v = 3c.
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Figure 3.12 plots not only the exact dispersion diagram, but also the linear approximation

derived in Sec. 3.5. It may be seen that latter coincides with the former as expected.

Equal-Phase Crystals

The formulas of the previous sections are completely general and readily amenable to com-
putation. For presentation simplicity, the rest of the paper studies the particular design of
an equal-phase crystal, which is a generalization of the conventional quarter-stack structure.
In this section, we find the closed-form expressions of the average and difference phase of

equal-phase crystals.

We define a bilayer equal-phase crystal as a crystal whose two layers constituting the unit

cell induce the same round-trip phase shift, i.e.
Q= @; = Q. (3.90)

For stationary crystals, this corresponds to the condition n;¢; = n;{;, which is called the

quarter-wave stack condition when n;l; = n;jl; = A\o/4 [117].

In the subluminal case, the expression of the average phase is written in terms of the lengths,

the modulation velocity and the wave velocities by inserting (3.38b) into (3.90), yielding

_ E‘U' Ekvk
Y = weﬁ = wevlz 2 = wede/2, (391)
J m m

where the quantity d. corresponds to the time a wave takes to accomplish a round trip in
a layer, as can be found geometrically from the plot of d. in Fig. 3.9(a). Therefore if two
layers have the same round-trip duration d,, we will call them equal-phase. For later use, we
express this round-trip duration in terms of the physical length of the unit cell, /g, as

2v;v5

de = .92
© (vj + g) (v — vfn)EB’ (3.92)

which may also be found geometrically from Fig. 3.9(a).

The total phase difference Ay between forward and backward waves in the entire unit-cell is

Ap = Ap; + Apy

(v ) (1 = vy /)

51— vju/c?

= 2um7Y WelB.

U — 2
VU — U
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where (3.38¢) and (3.92) have been used in the second and third equalities.

In the superluminal case, the equal-phase condition is written in terms of the durations of
the layers, the modulation velocity and the wave velocities by inserting (3.41b) into (3.90),

yielding

djviv; dv2 vk
ml g DU g (3.94)
v2 —vF V2 — v}

@Zke

where /. corresponds to the total travel length of the forward and backward waves in a slab,

as can be found from Fig. 3.9(b), and is related to the duration dg through

2,
b= (v; + vian(lzj%lvk— 'Uj'Uk:>dB. (399)
The total phase difference, Ay, is
Ap = Ap; + Agpy,
= 725121 S Uk)gv; Ujvk/62> kel (3.96)

2
B 5 o1l —vjui/c
= vy ————

kedp

U — 12
VU, — Vi

where (3.41c) and (3.95) have been used in the second and third equalities.

Description of the Dispersion Diagram
Brillouin Zone

The dispersion diagrams corresponding to the exact solutions (3.86) and (3.89) are plotted
only for first Brillouin zones in Fig. 3.12, since the rest of the diagrams follows by periodicity.
To find the limits of the Brillouin zones, we study equation (3.83), and see that this function
is periodic in &g — Ap = 2mn. We therefore define the Brillouin zones as delimited by

dp — Ap = +7. (3.97)
In the subluminal case, this can be expressed in terms of the frequency and wavenumber by
substituting (3.84) and (3.93) with (3.85) into (3.97), yielding

U m(vjur — V)

(3.98)

VU vjvrlB
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This is the expression for the two oblique lines delimiting the Brillouin zone. Their slope is

2
m

UjUg/Um, and the k-intercepts are £ (v v, — v;)/(vjuelp), reducing, as expected, to £7/lp
in the stationary case. Note that the limits of the Brillouin zone are not parallel to the '
axis, as they would be for the case of a moving medium. In the case of a moving isotropic
medium, the crystal would appear stationary in the moving frame and so the Brillouin zone

would be parallel to the w’ axis.

In the superluminal case, substituting (3.87) and (3.96) with (3.88) into (3.97) yields

L vjvkk n m(v2 — VU

U v2 dp

(3.99)
with the slope being again v;vy,/vy,.

Complex Nature of the Bandgaps

The bandgaps correspond to the imaginary part of the solution in Fig. 3.12, with the imag-
inary frequencies alternating along the k axis and the imaginary wavenumbers alternating
along the w axis. We see that the frequencies and the wavenumbers are simultaneously com-
plex, for both the subluminal and superluminal regimes. This is a feature that seems to have
been previously overlooked in the literature, although it is a straightforward consequence of

the Lorentz transformations.

In the subluminal case, the moving-frame solution has the complex wavenumbers k' = k[ +ik],
with kI, k! the real and imaginary parts, and purely real frequencies, so that w{ = 0. Applying
the frequency Lorentz transformation (3.10) to the imaginary frequency yields w; — vy, ki = 0,
or w; = vy ki, which shows that the complexity of k; indeed implies the complexity of w;, with

w; non negligible for relativistic velocities.

In the superluminal case, the moving-frame solution has the complex wavenumbers w' =
w!4iw!, with !, w! the real and imaginary parts, and purely real wavenumbers, so that k! = 0.
Applying the wavenumber Lorentz transformation (3.10) to the imaginary wavenumber, with
vp = 2 /Uy, yields k; — (1/vg)w; = 0, or k; = w; /vy, so that the complexity of w; implies the

complexity of k;, with k; decreasing as the modulation velocity increases.

Bandgap Edges

We now calculate the edges of the bandgaps, indicated as BGE, in Fig. 3.12, where the

p,q
subscripts indicate the two modes involved, and the superscript & refers to the top and

bottom edges. Theses edges are found by analyzing the exact solution (3.83), which reduces
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to

cos(®p — Ap) = cos® p — (771 + 772) sin? @ (3.100)

in the equal-phase case, p; = @3 = ¢ (Sec. 3.5).

The bandgaps correspond to complex Bloch-Floquet phases, and therefore to the right-hand
side of (3.100) being less than —1. Thus, the bandgap edges occur at the limit

1
cos? G — = (m + 772) sin? @ = —1. (3.101)
2\ 12 Uil

Applying the trigonometric relation sin?(p) = 1 — cos?(®) and grouping the cosine terms, we

find that the bandgap edge condition reduces to

2 — T
m+ e

© = arccos <i ) = arccos(+v) = — Fo. (3.102)
This condition delimits two curves on which the bandgap edges lie. In addition, the bandgap
edges lie on the Brillouin zone limits, as can be seen in Fig. 3.12. This is found by noting
that the inverse cosine of a quantity less than —1 has the form 7 + ix, and at the limit is
+7. Setting the inverse cosine of the right-hand side of (3.100) equal to 7 retrieves (3.97).

In the subluminal case, the condition for the bandgap edge may be written in terms of

frequency and wavenumber by inserting (3.91) with (3.85) into (3.102) as

1
W= Uk + T arccos(£v), (3.103)
which represent the equations of the parallel straight curves, with slope v, and w-intercept
1/de arccos(£v), that delimit the bandgap. The Brillouin zone limits are written in terms
of frequencies and wavenumbers in (3.98). Solving this system of equations provides the

bandgap edge positions BGy _; as

1
Wy _y = o (vmm + (v; + i) arccos (£v)) , (3.104a)

1 (v;
ko1 = = <7T + M arccos (:l:v)) : (3.104b)
B ViU
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From these results, we may express the bandgap width Awy _; = waf 1 — W1 a8

Vj + Uk

(arccos v — arccos(—v))

B
vt v+ vy (3.105)

~ EB ’U’7

AWo,—1 =

and the corresponding wavenumber width Aky _, = kaf _1 — ko1, simply found as Ak _; =

Awp, 10/ (v;05) from the geometrical construction in Fig. 3.12(a).

Note that the bandgap widths are the same for all the bandgaps in the case of equal-phase
crystals, so that the edges of all the bandgaps may be found from the bandgap width expres-

sions and the center positions provided in (3.65).

In the superluminal case, the bandgap edges lie at the intersection of the straight line given
by (3.102) and the Brillouin zone limits, the former of which is rewritten in terms of frequency
and wavenumber by inserting (3.94) with (3.88) into (3.102) as

1
k=4 7 arccos(£v), (3.106)
Um e
and the latter of which corresponds to (3.99). Solving for this system of equations, we find

the positions of the limits of the gap BGy 1, denoted by BGOjf_1 in Fig. 3.12(b), as

1 s Vi + v
ko1 = o <Um + JU]T arccos (ﬂ:v)) : (3.107a)
1 ,
Wy _q = . (77 + vj: “k arceos (iv)) . (3.107Db)

From these results, we may express the bandgap width Aky _; = k:af 1 — ko as

v; +v

k
arccos v — arccos(—uv
s (=)

<1 _U; + g
U% 2J7’U’7

UjvkdB

Ako_1 =
(3.108)

and the frequency width Awy 1 = W(T,_1—W6,_1 is then simply found as Awg, 1 = Ak _10;Vk/Vm,

from the geometrical construction in Fig. 3.12(b).
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3.6 Truncated Crystal

Types of Truncation

As for conventional crystals, practical spacetime crystals are necessarily finite, and may be

truncated along different directions, including now also the time direction.

Figure 3.13 describes examples of spacetime crystal truncation. In the top row (Figs. 3.13(a)-
(c)), the crystals are truncated on the left and on the right by interfaces sharing the same
velocity. In the bottom row (Figs. 3.13(d)-(f)) the crystals are truncated on the left and on
the right by interfaces of different velocities. The truncations of Fig. 3.13 represent only a few
of an infinite number of possibilities, including for instance multiple truncations separating
the crystal in different parts, truncations delimiting holes, or spacetime defects, in the crystal,

or periodic truncation leading to a multiscale spacetime crystal.

VR = U,
(%5 URU/ (o /R / ’U%
(a) (b) (©)
UR 7 UL
UL4 vz, ¢
uL UR UR%RQ ) Wi
UL3
Um URr1
VL2
UL1
(d) (e) ()

Figure 3.13 Examples of spacetime crystal truncation by a pair of spactime interfaces of
velocities v, and vg for the left and right interfaces, respectively. Top row: the two interfaces
have the same velocity, v, = vg. Bottom row: the two interfaces have different velocities,
vy, # vr. (a) Purely spatial truncation, vy, = vg = 0. (b) Truncation with velocity different
from the modulation velocity, v, = vg # vn. (c) Co-moving truncation, vy, = VR = Up.
(d) Antiparallel truncation, v, # vg # vm. (e) Spacetime cavity with piecewise constant
velocities. (f) Spacetime cavity with continuously varying velocity.

Figure 3.14 illustrates the scattering phenomenology for truncated spacetime crystals, with
Fig. 3.14(a) corresponding to the co-moving structure of Fig. 3.13(c) and Fig. 3.14(b) corre-
sponding to the purely spatially truncated crystal of Fig. 3.13(a). The top panels show the
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frequency transitions in the dispersion diagrams, while the bottom panels show the different

scattered waves in the spacetime diagrams.

Figure 3.14 Scattering from two canonical truncated spacetime crystals. In both cases, the
crystal is subluminal, and the medium surrounding it is a simple nondispersive dielectric
medium of refractive index ng. Top row: dispersion diagrams with transition frequencies.
Bottom row: spacetime diagrams with scattered waves, with labels corresponding the solu-
tions of the top panels. Note that the drawn scattered waves correspond to the waves seen
in the laboratory frame, and would completely different in the moving frame. (a) Co-moving
truncation. A moving-frame observer would see a stationary crystal bounded by stationary
interfaces, and hence measure a unique frequency everywhere, inside and outside the crys-
tal. The arrows indicate the up and down frequency and wavenumber transitions at the two
interfaces. (b) Purely spatial truncation. A moving-frame observer would see a stationary
crystal bounded by moving interfaces, and hence measure an infinity of frequencies.

Let us start with the co-moving truncated crystal [Fig. 3.14(a)]. The transition frequencies
are obtained trough the following construction. First, we plot the dispersion diagrams of the
spacetime crystal (Sec. 3.5) and of the surrounding medium, which is here a simple pair of
straight lines in the present nondispersive case. Second, we place the point corresponding to
the incident wave, labeled @, on the dispersion diagram of the incident medium. Third, we
trace an oblique line of slope v, /¢, corresponding to the moving-frame conserved frequency
(see Sec. 3.3). The intersections of this line with the two dispersion diagrams provide the
scattered frequencies. The corresponding scattered waves are represented in the spacetime

diagram below the dispersion diagram.

We notice that, although infinitely many frequencies are excited inside the crystal (solutions

labeled ®-®@), the transmitted and reflected waves are monochromatic. Indeed, in the moving
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frame, the interfaces appear stationary, so that a single frequency exists throughout the
structure. Therefore the reflected and transmitted solutions in the laboratory frame, found
by applying the frequency Lorentz transformation (3.10), are also monochromatic. The
incident and transmitted waves both transform in the same way, since they both propagate
in the same direction, whereas the reflected wave, propagating in the opposite direction,
acquires a different frequency. In the case of Fig. 3.14(a) it is downshifted, as expected from

the Doppler effect for a receding structure.

We now proceed to the analysis of the purely spatially truncated crystal [Fig. 3.14(b)]. The
transition frequencies are obtained through the following construction. First, we plot again
the dispersion diagrams of the spacetime crystal and the surrounding media, along with the
incident wave, labeled @®. Second, we enforce frequency conservation at the first interface by
tracing horizontal lines, which leads to the reflected wave labeled @ and the transmitted wave
labeled ®. The frequency conservation in the moving frame involves then all the harmonic
waves along the oblique line of slope vy, /¢ (labeled @-@). Due to frequency conservation at
the left and right interfaces, each of these harmonics produces a corresponding wave in the

surrounding medium, so that the scattered waves contain multiple harmonics.

Scattering Coefficients

We now apply the transfer matrix technique to solve the problem of the co-moving truncation
spacetime crystal [Fig. 3.14(a)]. The spatially truncated spacetime crystal may be studied

using conventional phase matching and Bloch-Floquet techniques [39, 80].

The transmission and reflection coefficients of a spacetime crystal truncated by co-moving in-
terfaces of N periods may be obtained by simply multiplying unit-cell transfer matrix (3.78)
N times, and then extracting the coefficients. An alternative approach to the matrix multi-

plication is the application of the Chebyshev identity [117]
[MB]N — eiNA¢[MBO]
_ v @y (2) = Una(2) iUy () (3.109)
iCMN_l(ZU) a*L{N_l(.:E) - UN_Q(ZU)
where Uy are the Chebyshev polynomials of the second kind, defined as

Un(z) = Sm[(N\/J%;S z] (3.110)
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with the argument
a+a*

2 Y

where we recall that a, a*, b, and ¢ are the elements of the unit-cell matrix Mg, given in (3.79).

z= (3.111)

To extract the total transmission and reflection coefficients, the scattering matrix is written

in terms of transfer-matrix parameters.

[%_ _ I Tin | |
Uy Tni Tan| |04 (3.112)
1 A 1] fer
T A |AA*—BC A m] ’

with A, A*, B, C corresponding to the a,a*,b, ¢ elements of the [Mg]" matrix.

The results are plotted in Fig. 3.15(a). We notice for waves in the gap, the reflected wave is
partly absorbed by the structure, since the reflection coefficient is less than one, while there

is no transmitted wave.

For the superluminal crystal, the scattering matrix is the same as the transfer matrix, since

waves in the last medium are also the scattered waves. The coefficients are thus
Zn1 = A, (3.113a)

v =C, (3.113D)

and are plotted in Fig. 3.15. We see that in the gap, both the transmitted and the reflected
wave are amplified. This is consistent with the analysis of the interference for a superluminal

slab in Sec. 3.4: both scattered waves are in constructive interference in the bandgap.

We note that the bandgap centers in Fig. 3.15 do not correspond to the bandgap centers
calculated in (3.65) and (3.67). This is due to the effect illustrated in Fig. 3.14(a): the
frequencies horizontally aligned with the bandgaps will not see the bandgap. Instead, the
frequencies aligned on an oblique line of slope v, and passing through the bandgap will see

the bandgap. The bandgap centers of Fig. 3.15 are provided in App. A.

3.7 Conclusion

We have performed a comprehensive analysis of uniform-velocity bilayer spacetime crystals.

We started with the problem of spacetime interfaces, then addressed the problem of double-
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Figure 3.15 Transmission and reflection coefficients for an N = 15-layer crystal (correspond-
ing to Fig. 3.13(c) and Fig. 3.14(a)) with ¢1» = 7/2. The gap centers w;, k; are provided
in App. A. (a) Subluminal case, with v = 1/3c and ny/n; = 2, with attenuation in the
bandgaps. (b) Superluminal case, with v = 3¢ and ny/n; = 1.2 with amplification in the
bandgaps.

interfaces, or spacetime slabs, next solved the problem of unbounded crystals, and finally

studied the problem of truncated crystals.

Throughout the paper, we have made an extensive use of special relativity concepts, including
the graphical tool of spacetime diagrams, which offered remarkable resolution simplicity,
provided deep insight into the physics, and led us to uncover a number of new results. The new
insights include a vivid Bragg-type description of the bandgap interference phenomenology,
a quick linear approximation of dispersion diagrams, and the explanation of the effect of the
truncation. The new results include the generalization of the Stokes principle to spacetime
interfaces and the description of the simultaneous frequency and wavenumber complexity in

the bandgaps.

This work may be extended to multi-layer-cell spacetime crystals, spacetime crystals made

of dispersive media, and higher dimension crystals.
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CHAPTER 4 ARTICLE 3: ORTHOGONAL ANALYSIS OF SPACE-TIME
CRYSTALS

Zoé-Lise Deck-Léger, Amir Bahrami, Zhiyu Li and Christophe Caloz
Published in Optics Letters, Volume 48, Number 15, August 4, 2023

This paper presents a space-time-wise orthogonal analysis of space-time crystals.
This analysis provides a solution consisting of a pair of explicit parametric equa-
tions that result from a separate application of the Bloch-Floquet theorem in the
(orthogonal) directions of space and time. Compared to previous approaches,
this solution offers the benefits of greater simplicity, clearer emphasis on space-

time duality and deeper physical insight.

The emergence of photonic crystals [33,76,124] in the late 1980s as the optical counterparts
of solid-state crystals [125] represented a major development in the field of electromagnet-
ics. Recently, these crystals have gained even greater interest with the addition of temporal
modulation to their spatial modulation within the framework of research on space-time meta-
materials [96,97,126]. The resulting space-time crystals have already been demonstrated to
support a diversity of novel effects, such as distributed parametric amplification [45,51,127],
magnetless isolation [38,39], space-time weighted averaging “dragging” [3,126], beam deflec-
tion [40] and beam curving [54].

The addition of the time dimension dramatically complicates the computation of the disper-
sion diagram (or photonic bandgap structure) of photonic crystals. An early attempt to ad-
dress the related challenge has been the plane-wave expansion method reported in [1,37,128].
However, this approach results in transcendental equations that are intractable and offer no
direct insight into the physics of the crystals. A promising approach to resolve these issues
might a priori seem to be the (spectral) frame-hopping technique [23], using respectively sta-
tionary and instantaneous moving frames for the space-like and time-like regimes [47,97], but
this technique would in fact involve cumbersome bianisotropic parameters [126,129,130] and
complex space-time frequency coupling [96,97]. A partial frame-hopping approach, applying
periodicity in the direction of the moving frame but keeping quantities in the laboratory
frame, was used in [3,106] to remove the bianisotropic complication; however, this approach

could not resolve the issue of coupling complexity.

We present here a space-time-wise orthogonal approach of space-time crystals, completely

conducted in the laboratory frame, that avoids both bianisotropy and space-time frequency
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coupling. This approach offers thus maximum simplicity. Furthermore, it unveils funda-
mental symmetries between the spatial and temporal frequencies, hence highlighting strong

duality between the two, and provides deeper insight into the physics of the crystal.

The spirit of the proposed solution may be best understood with the help of the crystals and
related symmetries depicted in Fig. 4.1. Figure 4.1(a) shows a purely spatial crystal, with
discrete translation symmetry, or periodicity (length ¢), in space, leading to the production of
wavevector harmonics, and with continuous translation symmetry (§t) in time, corresponding
to frequency conservation [124]. Figure 4.1(b) shows a purely temporal crystal (e.g. [131]),
with discrete translation symmetry, or periodicity (duration d), in time, leading to the pro-
duction of frequency harmonics, and with continuous translation symmetry (dz) in space,
corresponding to momentum conservation [97]. Figures 4.1(c) and (d) show a space-time
crystal [3,106], with modulation velocity v, under different symmetry perspectives: Fig-
ure 4.1(c) highlights the moving-frame perspective [3,106], with continuous temporal and
discrete spatial symmetries, which could be considered as the logical extension of the spatial
crystal in a frame-hopping logic, whereas Fig. 4.1(d) highlights the space-time-wise orthog-
onal perspective that will be taken in this paper, with discrete translation symmetries, or
periodicities, in both space and time. Note that Figs. 4.1(c) and (d) pertain to subluminal
(v < ¢/n; j, where ¢/n; ; is the speed of light in a medium with refractive index n; ;) space-time
crystals; the corresponding figures for superluminal crystals (v > ¢/n; ;) straightforwardly

follow from subluminal-superluminal duality [47].

According to the elected strategy of orthogonal treatment of space and time, we shall pro-
ceed as follows in our analysis of the crystal: 1) establish the field waveforms with their
motion-shifted frequencies and motion-deflected propagation angles in each layer of the crys-
tal; 2) separately compute the corresponding spatial and temporal unit-cell [Fig. 4.1(d)]
transmission matrices; 3) apply the Bloch-Floquet theorem to each of these matrices to ob-
tain parametric relations for the Bloch-Floquet wavevector and frequency; 4) combine these

relations to plot the dispersion diagram and isofrequency curves of the crystal.

Assuming propagation and scattering in the x — z plane and s-polarization (the p-polarization
case can be treated analogously), as illustrated in Fig. 4.2, the electric field waveform in the

crystal may be written as the succession of individual layer waveforms, which read
Bt — Aiei(k;ﬁnxikzﬁnsz,“ft) (4.1a)
n n 9 .

with

n n
+ noo+ + + noo+ ot
k>, = . w, cost,, k., = . w, sinf;", (4.1b)

z,n
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Figure 4.1 Basic crystals, composed of layers of media with alternating refractive indices
(n; and n;), featuring discrete and continuous translation symmetries. (a) Spatial crystal.
(b) Temporal crystal. (c) Space-time crystal with discrete spatial translation in the moving
frame. (d) Space-time crystal with discrete spatial and temporal translations in the direct
frame.

where we assume the medium to be isotropic, nondispersive and linear, with the subscripts
n referring to the crystal layer and the superscript signs corresponding to propagation in the

forward (+z,4x) backward (—z, +x) directions, respectively.

The motion-shifted frequencies w and motion-deflected propagation angles 6+ in Eqgs. (4.1b)
may be found with the help of Fig. 4.2(a), which represents the corresponding wavevectors
across two layers, labeled ¢ and j. The phases ¢y = k3,2 &+ k2 — wit (n =14,j) in (4.1a)
must be conserved at the interface. Due to the absence of motion in the z direction, the

component k, of the wavevector is conserved at the crystal’s interfaces and is hence unique
+

-, are not conserved, due to motion in the

across the crystal. In contrast, the frequencies, w
z direction. Enforcing the continuity of the phases at z = z, + vt, with £, given in (4.1b)
and kI, = k, yields [132)]

11— fPngcosff

() = ;
wn (wr) 1$6nnc059$w“

3

(4.2)

where § = v/c is the normalized modulation velocity. The corresponding deflection angles are
then found by substituting w,; from the second expression in (4.1b) into (4.2), and solving
for cos 0=, which yields [132]

C?B8+ D,

£+ _
COSH"(ei)_i(1+C2ﬁ2)nn’

(4.3a)
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Figure 4.2 Crystal unit-cell features. (a) Frequency transitions and deflection angles at the
interface between layers ¢ and j. (b) Spatial and temporal unit-cell transfer matrices.

with

n; sin 0;F
1 — Bn;cos 6

C and D, = /(1 +C232)n2 — C2. (4.3b)

Note that, at this point, all the quantities in Eqs. (4.1) are expressed in terms of the param-
eters w;” and 6 via Egs. (4.2) and (4.3).

We can now compute the spatial and temporal transfer matrices of the unit cell. The spatial
matrix, corresponding to the horizontal arrows in Fig. 4.2(b), [M;.], relates the fields at the
output of the unit cell, Fx(zx), to those at the input, E;(z;), as

E+

7

E+

(2

Eyf

B , (4.4)

Z=Z;

Z=ZL

= ) [P (5]

A o i

where [Mj,] is composed of interface matrices [Ix;] and [I;;] and propagation matrices [F;]

and [P7], which are respectively defined by

Er
E—Z’

n

Ey
s

n

+
En+1
Eo

Ey
s

n

= P

Zn+1

= [ n-l—l,n] (4-5)

Zn Zn

The interface matrices are found by applying the boundary conditions in terms of the electric

fields at the moving interface and read (see App. B)

(4.6a)

S [ I3 9m+ Ingt  —fign+ fr;g;] |

2fmlm = ffoh + ot fogh+ fian
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with )
ff =1 fBn,cosfr, and gE=— (COS 9: F Bnn) , (4.6Db)
n

n
while the propagation matrices are obtained by inserting (4.1a) into the second equation of
(4.5) with 2,41 = 2, + ¢, and read

[P7] = (4.7)

ez’k;nzn 0
0 efik;nﬁn

Similarly, the temporal matrix, following the vertical arrows in Fig. 4.2(b), [M},], relates the
fields at the output of the unit cell, F;(¢;), to those at the input, Fy(tx), as

Ey!
By

2

= [Mztk] _
E;

t=t;

= [P ] : (4.8)

t=ty

t=tg

where the interface matrices correspond to those for the spatial unit-cell [Eqs. 4.6] with

inverted indices, while the temporal propagation matrices reads

[P = (4.9)

eiw,f dn 0
0 eiw; dn

We can now proceed to the application of the Bloch-Floquet theorem in the spatial and
temporal directions of the crystal to obtain the corresponding wavevectors and frequencies.
In the spatial direction, the theorem states [133,134]

E(z + ) = eFFLEE(2), (4.10)

where k are the sought-after Bloch-Floquet wavevectors. Successively substituting E*(z) =
E#(z) and E*(z + () = Ejf(z) from Fig. 4.2(b) and the first relation of (4.4) into this
equation yields

Bt

B

(2

Ey!
By

E+
E-

)

_ eiik}é

Zi

(4.11)

2k 2k
The second equality in (4.11) is an eigenvalue matrix equation, whose characteristic equation
reads

oH2REL _ tr[M,ji]ei““ﬂ + det[M] =0, (4.12a)
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with, using (4.4) with Egs. (4.6) and (4.7), the explicit terms
det[ M) = 2%, (4.12D)
and
tr[My] = 264972 (C5C5 — AS;S3) = 2629 e[ My, o], (4.12¢)

where Ag* = Ad; + A5, CF = cos(E¢;,/2), 5, = sin(24},/2),
Agy, = (K, — k2 ), B¢, = (KL, + k2,) s (4.12d)

and

2 2 2 2
Aty = 9 Iy (4.12¢)
Y 2ft et '

Multiplying now (4.12a) with (4.12b) by e~*2¢" leads to

e2¢(ik}e—A¢S/2) — tr[ M,

ki,

O]Gi(:tkété—ﬁ(ﬁsﬂ) +1=0, (413)

which is a quadratic equation with solutions

S 2
oF(RTFAG/2) _ (Mo + ZJ 1— (MUW’“O]) : (4.14)

2 2

0

According to Euler’s formula, e = cos + isin 6, this relation is equivalent to cos(kf¢

A¢®/2) = tr[M}; 4]/2, whose inversion yields the explicit formula

AR )

kX (wih, o) = 2 [arccos (tr[Mz’“”]> + A¢S/21 : (4.15)

Similarly, in the temporal direction, the Bloch-Floquet theorem states

E*(t+d) = e“ 1 E* (1), (4.16)

where w*

are the sought-after Bloch-Floquet frequencies. Successively substituting E*(t) =
Ef(ty) and E*(t + d) = Ei(t;) from Fig. 4.2(b) and the first relation of (4.8) into this
equation yields

2
By

Ey!
B,

— efiwid

= (M)

22

(4.17)

173

i

A treatment of this (second equality) eigenvalue matrix equation analogous to that applied
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to the spatial case straightforwardly leads to the explicit formula
+/ 4+ p+ 1 tr[MZtk 0] t
+wH(w,0) = 5 | arccos T +3¢/2, (4.18)
where, from (4.8) with Egs. (4.6) and (4.9), we used
det[M}] = ™= (4.19)

and where
tr[M},] = €972 (CICY — ASESY) = ™9 2tr[ MY o], (4.20)

with ¢ = S¢! + 2¢t, C), = cos(A¢f/2), S, = sin(Ag,/2),

j?
Egb; = (w;“ +w, )d;, and Agbfl = (w;L — w,, )dp, (4.21)

and with A given in (4.12¢).

Our orthogonal spatio-temporal treatment of the problem, illustrated in Fig. 4.1(d), has thus
led to a pair of separate and explicit parametric (parameters w;" and 6;) formulas for the
Bloch-Floquet wavevectors and frequencies of the crystal, namely formulas (4.15) and (4.18),
which represents the central result of the paper. These formulas offer the following benefits:
e Being separate and explicit, they offer maximal simplicity.

e Their duality, in terms of the substitutions kX «» 4w, £ <5 d, A¢® <> B¢' and X¢® <+ Ag',
reveals perfect spatio-temporal symmetry.

e Their arccos function term, being multi- and complex-valued, provides physical insight into
the spatio-temporal periodicity and band structure of the crystal.

e The non-zero value of their parameters A¢® and X¢*, due to different forward and backward

features, is a direct manifestation and measure of nonreciprocity [65,135].

Figure 4.3 shows a typical dispersion diagram, corresponding the dispersion relation w®(kF),
which has been plotted by varying the parameter w;” with parameter ;" fixed in Eqgs. (4.15)
and (4.18). Note the double average slope and gap position asymmetry, or nonreciprocity,
in that diagram. The former asymmetry corresponds to unequal co- and contra-directional
space-time weighted averaging [126], or Fresnel drag [40], while the latter asymmetry cor-
responds to different co- and contra-directional interference conditions due do the related
Doppler red- and blue-shift.

Figure 4.4 shows an isofrequency diagram, i.e., w(k., k,) contour curves, corresponding to an

w-cut in the dispersion diagram of Fig. 4.3. This diagram has been obtained by the following
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Figure 4.3 Dispersion diagram for ¢; = 1, e = 1.5 g = s = 1, ¢4 = o = £/2, v = 0.2¢ and
07 = 40°, normalized to ¢ (d = £/v), with gray curves corresponding to the empty-lattice
approximation found in App. B

procedure, varying this time the parameter 6;": 1) find in (4.18) the values of w;" that satisfy
wt =wp (red curves) and w™ = wy (blue curves); 2) insert these values into (4.15) to obtain

the corresponding & (red) and k, (blue) values; 3) use the formula k, = w; n;sin6;" /c to
determine the corresponding k, values; 4) plot the corresponding k= (w;", 65) and k,(w;", 6;")

i 174 AR

values.



Figure 4.4 Isofrequency diagram for the same crystal parameters as Fig. 4.3 at w™ = w™
wo = m, with gray circles corresponding to empty-lattice approximation (k, + n2w/{)
(wo — n2m/d)nay/c [1,2].
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CHAPTER 5 ARTICLE 4: GENERALIZED FDTD SCHEME FOR THE
SIMULATION OF ELECTROMAGNETIC SCATTERING IN MOVING
STRUCTURES

Zoé-Lise Deck-Léger, Amir Bahrami, Zhiyu Li and Christophe Caloz
Published in Optics Express, Volume 31 Number 14, June 27, 2023

Abstract

Electromagnetic scattering in moving structures is a fundamental topic in physics and engi-
neering. Yet, no general numerical solution to related problems has been reported to date.
We introduce here a generalized FDTD scheme to remedy this deficiency. That scheme is
an extension of the FDTD standard Yee cell and stencil that includes not only the usual,
physical fields, but also auxiliary, unphysical fields allowing a straightforward application
of moving boundary conditions. The proposed scheme is illustrated by four examples — a
moving interface, a moving slab, a moving crystal and a moving gradient — with systematic

validation against exact solutions.

5.1 Introduction

Moving structures are pervasive in electromagnetics. They may involve both moving bodies,
such stars or vehicles, and moving perturbations, such as fluid or elastic waves. The category
of moving-body structures has a nearly 300-year history and has lead to the discovery of
many fundamental physical phenomena, such as Bradley aberration [4], Doppler frequency
shifting [8], Fizeau dragging [6], relativity [113], magneto-electric coupling [129], medium
bianisotropy [136] and gravity emulation [24]. The category of moving-perturbation struc-
tures is more recent and particularly amenable to practical applications; it produces effects
such as parametric amplification [37,44,46], nonreciprocal transmission [38,39], deflected re-
flection [47,95], space-time frequency transitions [36,137], pseudo Fizeau dragging [40, 126],
spatiotemporal bandgaps [100, 106, 138] and accelerated metamaterial bending [54].

Surprisingly, no general numerical tool is currently available to simulate electromagnetic
moving structures, whether of the moving-body or moving-perturbation type. The develop-
ment of such a tool would be highly desirable to simulate the plethora of moving structures
mentioned above as well as future ones, particularly the noncanonical — and typically more

practical — structures that do not admit analytical solutions. This issue is well-known. There
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have been only two workarounds in the litterature so far [139-143], both based on the FDTD
technique [144, 145], probably selected for its natural incarnation of both spatial and tem-
poral variations in Maxwell’s equations. However, one of these approaches is restricted to
non-penetrable objects [139, 140], while the other one implies cumbersome Lorentz frame
transformations [141-143].

We present here a novel, general and efficient FDTD scheme for simulating electromagnetic
scattering in moving structures. That scheme, contrarily to that in [139,140], also applies to
penetrable media, allowing hence to handle gradient structures and metamaterials [3, 146],
without requiring problematic numerical transformations, contrarily to that in [141-143].
This scheme is based on a generalized Yee cell and stencil, which include not only the usual,
physical fields, but also auxiliary, unphysical fields that carry the velocity information, so as

to automatically satisfy the moving boundary conditions.

5.2 Types of Systems

The proposed method applies to both moving-matter and moving-perturbation media [126],
the only difference between the two, in terms of modeling, being that in the former case,
motion transforms media that are isotropic at rest into bianisotropic media [68,130], whereas
in the latter case, motion alters the values of the permittivity or permeability parameters
without affecting the isotropy of the medium [36,94,96]. Figure 5.1 depicts some of these
structures®, which will be used for illustration and validation purposes in Sec. 5.6: a simple
interface [147] [Fig. 5.1(a)], a slab [148] [Fig. 5.1(b)], a bilayer crystal [Fig. 5.1(c)], which can
be operated in the Bragg regime [37] or in the metamaterial (homogeneous) regime [146],
and a gradient [27] [Fig 5.1(d)], all moving at a velocity v in a direction selected as being
z in a Cartesian coordinate system. The different parts of these structures can naturally
represent arbitrary bianisotropic media, with general tensor ¥ = F, E; E, ﬁ}, which may be
all different from each other and may be arbitrarily truncated in the zy-plane. Note that all
these structures can be seen as a succession of interfaces, including the gradient considering
a decomposition in subwavelength slabs. For this reason, we shall focus on an interface in

the next section, which deals with boundary conditions.

'In the case of moving-perturbation, these structures are essentially traveling-wave modulation-type struc-
tures, while standing-wave modulation-type structures, such as those studied in [99,138], which consist com-
binations of purely spatial and purely temporal interfaces can be handled by standard FDTD algorithm.
Indeed, the FDTD algorithm naturally enforces continuity of the tangential E and H fields at stationary
interfaces and continuity of D and B fields at temporal interfaces.
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(©) (d)

Figure 5.1 Types of moving structures, of either the moving-matter or moving-perturbation
type, that can be simulated by the proposed generalized FDTD scheme. (a) Simple interface.
(b) Slab. (c) Bilayer crystal. (d) Gradient.

5.3 Generalized Yee Cell

The boundary conditions at a moving interface, whether associated to moving modulation

or moving matter, read [23,112]

n x (E; — E}) =0, (5.1a)
i x (I — HY) = J,, (5.1b)
- (Dy—Dy) = ps, (5.1¢)
n-(By—B;) =0, (5.1d)
with
E'=E+vxB and H*"=H-v xD, (5.2)

where 1 and 2 label the media at the two sides the interface [as in Fig. 5.1(c)], E, H, D, B are
the usual electromagnetic fields, Js and pg are the usual surface current and charge densities,
respectively, n is the unit vector normal to the interface pointing towards medium 1, and
v is the velocity of the interface. Note that these conditions, as expected, reduce to the
stationary boundary conditions for v = 0, viz., i x (Ey — E;) = 0, 0 x (Hy — Hy) = J,
n-(Dy—Dy)=psand - (By —By) =0.

The fields in Eq. (5.2) may decomposed into tangential and normal components with respect
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to the interface. The tangential components are

*
Etan

=Em+vxB—(a-(vxB))h and Hj

tan

=H—vxD— (i (vxD))n, (5.3a)
while the normal components are

E .. =FEpm+@-(vxB)n and H!  =H,um+ (8- (vxD))n. (5.3b)
In the case where the interface is perpendicular to the direction of motion, i.e., n||v, the
right-most terms in the right hand sides of Eqs. (5.3a) and Egs. (5.3b) vanish. This is the
scenario that is represented in Fig. 5.1 and that will be assumed in the sequel of the paper?.

The paper will further assume non-conducting interfaces, and hence Js = ps = 0 in Eq. (5.1).

The dynamic boundary conditions (5.1) differ from the static or stationary boundary equa-
tions only insofar as they involve the auxiliary fields Ej, and Hj , instead of the fields E; 5
and H; 5, whose tangential components include velocity-dependent extra terms [Eq. (5.3a)].
This observation suggests the generalization of the standard Yee cell [148] to a Yee cell with
correspondingly modified Ei,, and Hy,, fields, without alteration of the conventional electric
and magnetic field staggering arrangement. The result is shown in Fig. 5.2, for a pair of
generalized Yee cells separated by a moving interface. The so-defined generalized Yee cell
straightforwardly allows to satisfy the field continuity conditions at a moving interface, i.e.,
Egs. (5.1a) and (5.1b), by having the field components £}, £ and H, uniquely defined at the
permittivity interface of Fig. 5.2 (or H, Hj and E, in the case of a corresponding magnetic

interface).

This simple generalization of the Yee cell is the core idea of the paper. This idea might a
priori appear to be trivial, but it is not so trivial insofar as it implies a mixture of physical
and unphysical fields, namely, as seen in Egs. (5.1) and (5.3), the physical fields D, B,
E,orm and Hyom and the unphysical fields Ef, = and H

tan tan, Which will also imply unphysical
mixed-field electromagnetic equations. This strange situation is somewhat reminiscent to the
unphysical anisotropic media appearing in Bérenger’s Perfect Matched Layers (PMLs) [151]
and, as the PMLs, it does not pose any fundamental problem. The corresponding unphysical
Maxwell’s equations constitutive relations, which will be derived and discretized in Sec. 5.4
for establishing the generalized FDTD update equations, are mathematical mappings of
the physical Maxwell’s equations via the simple changes of variable in Egs. (5.3), and the

physical fields E and H can be found anytime from the auxiliary fields by simply inverting

2If we had n/H/v7 the interface would be slanted with respect to the motion direction. Related problems
were treated analytically in [149, 150]
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Figure 5.2 Pair of generalized Yee cells, separated by a moving interface [Fig. 5.1(a)], with
the generalization consisting in the substitution of the tangential physical fields E and H by
the corresponding tangential auxiliary fields E* and H* in Eq. (5.2).

these relations.

5.4 Generalized Scheme

In this section, we shall derive the generalized FDTD scheme corresponding to the generalized
Yee cell established in Sec. 5.3. This scheme must, of course, model the physics of the problem,

and hence follow the usual Maxwell-Faraday and Maxwell-Ampere equations,

0B oD
E——VXE and E—VXH, (54)

as well as the general constitutive relations,

D=e¢r—vt)-E+&r—vt)-H and B=_(r—vt)-E+7(r —vt)-H, (5.5)
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whose bianisotropic form [115] pertains to moving matter® and which reduce to simple ho-
moisotropic relations (? =6, ni=p, E=(= 0) in the case of moving modulation [36,94,96].
In order to apply the generalized Yee cell established in Sec. 5.3, we must express the fields

E and H in Egs. (5.4) and (5.5) in terms of the fields E* and H* using Eq. (5.2). This results

into the mixed-field Maxwell’s equations

%]?:—VXE*+V><(V><B), (5.7a)
D
aat:VxH*+V><(v><D), (5.7b)
and constitutive relations
D=¢r—vt)- (E*—vxB)+&r—vt)- (H +vxD), (5.8a)
B=Cr—vt)-(E*—vxB)+hr—vt)-(H +vxD). (5.8b)

From this point, we shall restrict our developments, for the sake of simplicity and without
any loss of generality, to structures that are i) based on moving modulation (as opposed to
moving matter), ii) one-dimensional (1D) and iii) illuminated by a plane wave propagating
in the direction of the modulation (i.e., normal to the interface(s)). Using a Cartesian
coordinate system with z corresponding to the direction of the modulation, the non-zero
field components reduce to E, and H, and Egs. (5.7) and (5.8) become then

0B,  9E; 0B,

a 0z 9z’ (5.9)
oD,  OH: oD,
ot 0 oz’ (5.9b)
and
D, =¢e(z —vt) (£, +vB,), (5.10a)

3In this case, for motion in the z direction (v = v2), the tensors in Eq. (5.5) are [115]

a 0 0 a 0 0] _ 0 x/c O _ _;
E=c |0 a 0|, p=4|0 a 0|, &=|-x/c 0 O0f, ¢=¢,
0 0 1 0 0 1 0 0 0
with 9
1—p? 1—n'
0= X gm  P=v/e and nlfe=/dy,

where ¢’ and p’ are constant scalars that represent the permittivity and permeability of the medium at rest
(v =0), which is assumed to be isotropic, nondispersive and linear.
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B, = p(z —vt) (H;k + UDI> , (5.10b)

where we have used the fact that the mapping (5.2) preserves the polarization in the 1D

case’, so that only the star field components E* and H*

,» corresponding to F, and H,, are

involved,

We can now proceed to the discretization of Egs. (5.9) and (5.10). The static (v = 0) parts

can be discretized in the usual fashion [145], which yields

By|k+% = By’k% -5 (Ex’kJrl — B, ) - UAtgj (5.11a)
n+tsy n—3 *|n *|M aDm
D1 =D, - S(Hy|k+% - Hy|k_%) — VAt (5.11b)
and )
n+z
ntl Dy, 2
E; k:+2 = pr —vB,y, (5.11c)
el
Bylr. 1
Hir, = —2 _yp, (5.11d)
’ '“‘k+%

where S = At/Az.

In contrast, the dynamic (v # 0) terms, which have not been discretized yet in Eqs. (5.11),
require a special treatment for the numerical stability and minimal dispersion of the overall
scheme. We empirically found that the discretization choices given in Tab. 5.1 are appropriate
in these regards. Note that these schemes are different for positive velocities, i.e., v||Z or v > 0

and negative velocities, v|| — 2z or v < 0.

Figure 5.3 shows the stencil of the overall proposed generalized FDTD scheme, which provides
a handy pictorial representation of Eqs. (5.11) with Egs. (5.12)-(5.15).

5.5 Stability

In this section, we demonstrate the stability of the generalized scheme presented in Sec. 5.4

using von Neumann’s approach [152]. This approach consists in inserting plane-wave test

“To show this, we insert B = — [ (V x E) d¢, from (5.4), into (5.2), which yields, using the vectorial
identity A x (VxB)=V(A-B)-(A-V)B—(B-V)A -B x (V x A),

E'=E—[(vx(VXE)dt=E—-[(V(v-E)—(v-V)E—(E-V)v—E x (V xv)) dt.

The last two last terms in the last expression both vanish in the assumed regime of constant velocity. Given
E = E,X and v = vZ, the term with v - E also vanishes since v L E. Finally, the term (v - V)E reduces to
X0E,/0z and is hence parallel to E. Thus, E*||E. It may be similarly shown that H* || H.
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Negative velocity (v < 0)

n—1 n—1
oB, By|k+§ - B

B ‘nfl — B n—1
k-1 0B, Ylps s Ylptl
5.12 = 5.12b
0z Az (5.12a) 0z Az ( )
n—1/2 n—1/2 n—1/2 n—1/2
0z Az ' 0z Az '
Byli_1a+ Byli_ss Byliisn + Byligiys
B, = / : / (5.14a) B, = —LE SR / (5.14b)
Dx n—1/2 D;p n—1/2 Dz n—1/2 Dx n—1/2
Table 5.1 Discretization of the dynamic terms in Eqgs. (5.11).
n B Eqs. (11a), (12) s. (11b), (13)
n—1 £
n—1 Veeoeooo —_—— By
k k+1
E? Egs. (11c), (14) . (11d), (15)
n+ % z
SEN B
S DN Py
n Yeoeoooo v T ===V
E—1 k kE+1 k kE+1
t
..... v >0 \4 By ® E;
L z —_— <0 * Dg; o H;

Figure 5.3 FDTD stencil corresponding to the FDTD scheme in Eqs. (5.11) with Egs. (5.12)-
(5.15).
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fields with the form
U = Wk, where ¢ =e*2* and (=e (5.14)

into the update equations and determining the condition under which the ((§) solution of
the resulting matrix system is smaller than one — but as close as possible to one to avoid

numerical attenuation®.

Inserting the test fields of the above form into Egs. (5.11) with Egs. (5.12)(a)-(5.15)(a)
or (5.12)(b)-(5.15)(b), setting the determinant of the matrix associated with the resulting
homogeneous system of equations to zero, and finding the ( roots of the corresponding

characteristic polynomial yields (see details in Appendix 5.5)

Co = fl_nz |Sdg" +4(b—482) &8 + 5 (38n* + 25) £ — Bn*S¢]

+ i—;(l - 5)5\/54512 +4(b—282) &3 4+ 4(n1f2? — 6n2S3 — 252)€2 — 4ﬁ2n255,

(5.15)

where 8 = v/c, € = %27 b =n%(4—35S5) and d = 25+ n?. Setting ¢ = 1 in Eq. (5.15) pro-
vides the stability threshold of the scheme, with stability achieved for ¢ < 1 (and unstability
for ¢ > 1).

The fact that the stability analysis admits a double solution, (+ [Eq. (5.15)], may a priori
appear suprising, given that ( solutions are usually unique. However, this can be understood
by realizing that waves that are co-mowving and contra-moving with respect to the modulation
see different numerical “landscapes”. Specifically, if v > 0, then the scheme uses Eq. (5.12a)-
(5.15a) [first column in Tab. 5.1] for the dynamic parts, which correspond to the dotted
segments (with the dashed segment removed) in Fig. 5.3; the resulting stencils for the first
three equations [Eqs. (5.11a)-(5.11c) with Egs. (5.12a)-(5.14a)] are clearly asymmetric with
respect the z direction and therefore, although the stencil for the fourth equation [Eq. (5.11d)
with Eq. (5.15a)] is symmetric, the stencil is overall asymmetric with respect to z, so that
co-moving and contra-moving waves will see different stencils. A similar conclusion holds for
the case v < 0, so we expect that, for a given choice of the modulation direction, {, will
correspond to one of the two (co-moving or contra-moving) regime, while (_ will correspond

to the other regime.

The two regimes may be identified by comparing the signs of the spatial and temporal phases

°In Eq. (5.14), one must be carefull not to confuse k., the z-component of the wavenumber, with &, the
spatial index appearing in the FDTD update equations. No related ambiguity should exist in the paper
insofar as the two quantities are always distinguishable from each other by the presence or absence of the z
subscript.
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of the test plane-wave in Eq. (5.14), with the spatial phase and temporal phase residing in £
and (4, respectively. For this purpose, let us consider a specific numerical position and time,
say for simplicity £ = 1 and n = 1, and analyze the test plane-wave for the two possible
propagation directions. We have, upon writing oy = wiy +iw,+ in (4 (with wix > 0 assuming
stability),

n=1
=1 _ _ ik Az—atr At ik Az—(wit+tiwr )AL
\Illk — gé—i —e A A —e A A
Wy
o A ‘ 5.16
—e wliAtez(k’zAz:eriAt) —e wliAtezk‘zAze:szriAt ( )

— h=Az ,—wir At [COS(wriAt) F Siﬂ((JJriAt)] = (Cri + iCii) :

In these relations, the first expression of the second line reveals that the upper sign, which
is associated with (., corresponds to a forward wave, propagating in the 4z direction, while
the lower sign, which is associated with (_, corresponds to a backward wave, so that {, and
(_ respectively correspond to the co-moving and contra-moving regimes for v > 0 (and con-
versely for v < 0). Note that the scheme must be stable for both waves, since typical problems
involve both of them®. The stability criterion should then be taken as that corresponding to

the more restrictive of the two ( solutions.

We shall now show that the + signs in Eq. (5.16) correspond to =+ signs in Eq. (5.15). We
have to do this numerically because we have not been able to separate the real and imaginary
parts of ¢ in Eq. (5.15) as we did in Eq. (5.16). Inserting the parameters S = 0.5, 8 = 0.3,
e =4, p=1and Azk, = 2r/5 into Eq. (5.15) yields ¢, = 0.925—i0.33 and (_ = 0.917+1i0.23,
which is indeed consistent with Eq. (5.16), and hence confirms the consistency of the + indices
of ¢ in Egs. (5.15) and (5.16). Incidentally, the magnitudes of the (’s, as apparent in the
last equation of Eqgs. (5.14), represent the levels of the wave, which are here |, | = 0.98 and
|C_| = 0.95, which reveals that the co-moving wave is less attenuated than the contra-moving

wave.

Figure 5.4 plots the attenuation rate a = In(¢) /At versus the meshing density Ny = \g/Az =
21 /(k,Az) = 27/ In(€) obtained by Eq. (5.15) and by FDTD simulations, along with FDTD-
simulated space-time field evolutions for two meshing densities, for the case v > 0 [corre-
sponding to the stencil with Eqs. (5.12a)-(5.15a)]. The FDTD attenuation results closesly
match the attenuation results predicted by the analytical stability analysis, with distinct
levels corresponding, as expected, to the co-moving and contra-moving regimes. Here, with

the choice v > 0, the appropriate (more restrictive) criterion corresponds to that for the

6This is even true for a simple mismatched moving interface, where the incident and transmitted waves
are co-moving and the reflected wave is contra-moving if the incident wave propagates in the direction of the
modulation.
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co-moving waves ((; ), whereby the contra-moving (¢_) waves will experience an extra level
of numerical attenuation compared to what would be required if they were alone. Symmet-
rically identical results (not shown) are obtained for the case v > 0, corresponding to the
stencil with Eqs. (5.12b)-(5.15b).

10

—20

eee FDTD
Analytical

—In(¢)/At (dB)
|

«

co-moving

20 10 60 80 100
Ny =2mi/1n(§)

Figure 5.4 Attenuation rate versus meshing density obtained by Eq. (5.15) and by FDTD
simulation (taking field ratios at different times), for S = 0.5, v = 0.3¢ (v > 0, first column
in Tab. 5.1), e = 1 and p = 1. The insets show FDTD-simulated space-time evolution of a
3A-wide Gaussian pulse modulated by a harmonic wave of wavelength A = 27 /k, and period
T = 27m/w, over a distance of 20\ and time of 457", for the mesh densities Ny = 10 and
Ny = 80.

5.6 Illustrative and Validating Examples

Figures 5.5, 5.6, 5.7 and 5.8 provide illustrative and validating examples, corresponding to
Figs. 5.1(a), (b), (c¢) and (d), for the problems of electromagnetic scattering at a moving

interface, a moving slab, a moving cystal and a moving gradient, respectively.

In all the cases (Figs. 5.5, 5.6, 5.7 and 5.8) and for all the quantities (incident, reflected and
transmitted electric fields, and reflection and transmission coefficients), excellent agreement
is observed between the numerical results of the proposed generalized FDTD scheme and
the analytical results (given in Appendix C), with minor observable discrepancies in the

scattering coefficients, which are explained by the limited bandwidth of the test pulse.

The physics of the dynamic scattering observed in Figs. 5.5, 5.6, 5.7 and 5.8 involves reflection
Doppler frequency shifting, transmission index contrast frequency shifting, co-moving attenu-

ation, contra-moving amplification, multiple space-time scattering and space-time stopbands.
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Figure 5.5 Results for a contra-moving interface [Fig. 5.1(a)], for the physical parameters
v=—0.3c, ¢ =2, e =4 and p = 1, and numerical parameters S = 0.2 and Az = \/150.
The analytical solutions are given in Appendix C. (a) Space-time evolution of the electric
field for a modulated Gaussian pulse (E; = e “ite~#/ Ti)z), obtained by combining spatial
waveforms at successive times, with input and output temporal waveforms plotted on the
sides. (b) Spectrum of the input and output fields, obtained by Fourier transforming the
waveforms sampled at the input and output positions in (a). (c¢) Transmission and reflection
coefficients, obtained by taking the ratios of the Fourier transforms of the appropriate fields

for a short (wide-band) incident pulse.
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Figure 5.6 Same as in Fig. 5.5 but for a co-moving slab [Fig. 5.1(b)], with velocity v = 0.3c,

€ = 4 and length ¢ = 4’\702 }fog, corresponding to a space-time quarter-wave slab [3].

All these effects have been described elsewhere [3,96,97] and are therefore not discussed here.
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Figure 5.7 Same as in Fig. 5.5 but for a co-moving bilayer crystal [Fig. 5.1(c)], consiting of

5 unit-cells each made of two space-time quarter-wave slabs e; = 1, e = 4, {1 = 4)\701&2;27
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Figure 5.8 Same as in Fig. 5.5 but for a co-moving gradient [Fig. 5.1(d)], corresponding to a
linear increase of the permittivity from €; to €, over a length of £ = \g/2.

5.7 Conclusion

We have presented a generalized FDTD scheme that can simulate electromagnetic scattering
in a great diversity of moving-medium problems. This scheme, using a combination of phys-
ical and auxiliary fields to satisfy moving boundary conditions in a natural fashion, is both
simple and powerful. It fills an fundamental and important gap in the toolbox of electromag-
netic computational techniques and is hence expected to find wide applications, particularly

in the emergent area of space-time metamaterials.
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CHAPTER 6 CONCLUSION AND RECOMMENDATIONS

6.1 Summary of Contributions

This thesis has presented a few contributions, which we list here in order of appearance

e Impedance diagrams for the estimation of scattering coefficients from moving structures,
Sec. 2.5;

e Demonstration of symmetric transmitted waves in interluminal regime, Sec. 2.6;

e Extension of the Stokes principle to spacetime interfaces, Sec. 3.3;

e Bragg-like description of intereference phenomenology, Sec. 3.4;

e Correction of the empty-lattice approximation of the dispersion diagrams, Sec. 3.5;

e Space-time symmetric modelling of space-time modulated crystals, Ch. 4;

e Modification of the finite-difference time-domain scheme which correctly handles mov-

ing structures, Ch. 5.

6.2 Future Research

In this section, we identify potential future directions.

6.2.1 Dispersive space-time structures

The structures studied until now exhibited no dispersion. This is satisfactory as long as
all incident and scattered wave frequencies are within a frequency range where the medium
parameters are relatively constant, i.e. far from any medium resonance. Our work could be

extended to dispersive structures in the following ways:

Impedance diagrams for dispersive moving structures— Temporally-dispersive structures that
are set in motion exhibit spatial dispersion [68], see for instance App. D for a brief demon-
stration. This spatial dispersion is reflected in the isofrequency diagrams, but it would be

interesting to explore how the it affects the impedance patterns of Ch. 2.

Bragg-like description of unusual gaps— In space-time-modulated periodic dispersive struc-

tures, unusual gaps may appear due to the presence of two forward waves having different
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velocities [153,154]. Applying a Bragg-like description could help explain the behavior at

these unusual gaps.

FDTD for modulated dispersive structures— A generalization of the proposed FDTD method
to include temporal dispersion would be be advantageous to model all space-time-modulated

dispersive structures.

6.2.2 Interluminal-velocity regime

The interluminal-velocity regime is the most interesting velocity regimes, and the least un-
derstood. It corresponds to the regime where the isofrequencies transform from elliptical
to hyperbolic, the regime with highest amplification and highest frequency transitions, and
the regime where a sharp interface may lead to two transmitted waves instead of one. Once
the scattering from a single interluminal interface is elucidated, all the analytical works we

presented could be extended to the interluminal regime.

The FDTD generalized scheme presented in Ch. 5 is numerically unstable at interluminal
velocities. A future work would be the modification of the stencils so that the numerical

instability disappears.

6.2.3 Implementations

Implementations of moving-matter structures would be not only difficult to engineer, they
would also theoretically be associated with spontaneous radiation: a stationary charge in
a moving dielectric at interluminal velocities would radiate energy through Cherenkov ra-
diation [155], and a bounded moving polarizable medium would lead to spontaneous light

emission even in the presence of an infinitesimally small optical field [156].

For these reasons, it is far more practical to implement modulated structures. At ra-
dio frequencies, space-time modulations have been successfully implemented on microstrip
lines [31,157,158] and acousto-optic devices [159]. However in the optical regime, the chan-
llenges in achieving high-contrast change and fast variations are much greater [160, 161].
Nevertheless, recent work has demonstrated time modulation at optical frequencies [162].
Undoubtedly, implementing these structures in the optical regime holds significant impor-

tance for advancing the field.
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APPENDIX A APPENDIX FOR CHAPTER 3

A.1 Bianisotropy, Wave Impedance and Wave Velocity in the Moving Frame

We derive here the constitutive relations for homogeneous isotropic media as seen in a moving
frame. Figure A.l1 represents a modulated spacetime interface, from the viewpoint of the
laboratory frame in Fig. A.1(a) and from the viewpoint of the moving frame in Fig. A.1(b). In
Fig. A.1(a), the interface of the spacetime modulation moves to the right but its constitutive
particles have vertical trajectories, i.e. appear stationary. In Fig. A.1(b), the interface

appears stationary, but the particles appear in motion, moving to the left.

A ct ct! ct Act

(a)

Figure A.1 Spacetime interface represented in two inertial frames. The arrows represent

the trajectories of the media particles. In both (a) and (b), the interfaces of the spacetime

variation are parallel to the ct’ axis and the media trajectories are parallel to the ct axis.

(a) Laboratory frame viewpoint. Media appears at rest. wave velocity is independent of
+

direction: vj” = v (b) Moving frame viewpoint. Media appears to be moving in —z direction.

Wave velocities are direction dependent: vj” # v, with [v} | > [v]].

We first write the constitutive relations of the bulk stationary medium in the laboratory

frame
Byj = piHy;. (A.1b)
Applying the Lorentz transformations (3.13) to these relations yields
Ut
Dy = S Hy = ¢ (B, —wB,) (A.2a)

and

(%
By = 5B =y (Hy; — veDly) (A.2b)
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Solving (A.2a) and (A.2b) for D) and B, we obtain the constitutive relations

D = l—v 1—vi/c? v;l—ci/vj i,
I 21— vf /o] (A.3a)
=B, + X;H,;,
and
1—v?/c? vl — 2 Jv?
By = p HiT— 2/UH +021 /UJE;:J
(A.3b)
= wiH,; + XGE,;.

where v; is the velocity of light in the medium in the laboratory frame, v; = 1/, /€jz;. These
equations reveal that the medium is biisotropic in the moving frame, since the magneto-
electric coupling terms are scalar, and, more specifically, a Tellegen medium, since the there
is a unique variable x; for both the electro-magnetic and the magneto-electric coupling terms.
More generally, moving volumes appear bianisotropic in the moving frame. Indeed, the media
does not transform the same way in the directions parallel and perpendicular to the motion

of the medium.

We next calculate the wave impedance and the wave velocity of moving isotropic media. We

first write the Maxwell curl equations for a plane monochromatic wave,

WD, = KH,,  WBl,=kE,. (A4)

vj
Dividing the left equation of (A.4) by the right equation of (A.4), we find

!/ !/
Dzj _ Byj

!/ /A
Hyj ij

(A.5)

Inserting the constitutive relations (A.3b) into (A.5), we find the impedance 7}, defined as

the ratio of the F and H fields:
FE! W [1;
j j j
H’] 6;» € J

where the third equality comes from the definitions of 1/, ¢ in (A.3a) and (A.3b). We thus

conclude from (A.6) that the impedance is invariant under a change of frames.

/ pa—
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The wave velocity, defined as vf = w;/k}, is found from (A.4) as

_ W, _ H,; _ E;j. (A7)
Tk Dy By

inserting (A.6) and (A.3) into (A.7) yields

! +
+ Hyj - 1 'Uj +'Uf

V3 = .
e +x; 1+ ’U;t’Uf/C2

Y= (A8)

Comparing this result with the addition law of velocities provided in (3.7b), we see a sign
difference of v¢, due to the fact that for a positive modulation velocity, v, > 0, the medium

appears to be moving in the —z" direction in the moving frame, as drawn in Fig. A.1(b).

A.2 Alternative Derivation of the Continuity Conditions

We start with one-dimensional Maxwell equations,

OE, 0By,  Ou(z —vwt)H,

— S A.
RE ot ot ’ (4.92)
0H, oD, 0e(z — vpt) By
_ - _ A.9b
0z ot ot ’ (A4.9b)
and apply the following coordinate transformation:
2 =z — vyt t'=t. (A.10)

This does not correspond to a Lorentz transformation, and therefore does not lead to invari-

ance. The partial derivatives of (A.9) are found as

o 007 99 D

9: = 00: Tovos 0o (A-11a)
0 o ot 0 07 0 0
o oot toror o0 os (A-115)

Substituting these relations into (A.9) yields

0B, _ < o, é’) (V. (A.12a)

0z’ ot "0z
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O0H, 0 0 ,
Rearranging (A.12), we find
0 / o
02 (Ez — vmp(2')Hy) = —@M(Z JHy, (A.13a)
0 : 9
5 (Hy —vme(2")E,) = —%e(z VE,. (A.13b)

Inspecting these equations, we can deduce the continuity conditions by reasoning ad absurb-
dum: if the arguments of the 0z’ derivative on the left-hand side in (A.13), E, + vmp(2')H,
or H, + vye(2')E,, vary as a step function, then the right-hand side would be an impulse
function, which is unphysical. Therefore, quantities E, + vnp(2')H, and H, + vy,e(2') E,, or
E; + vnBy and Hy, + vy, D,, must be continuous at the interface. We can see that in the
limiting case when v, = 0, the quantities £, H, are continuous, as expected. In the limiting

case vy, = 00, the quantities D,, B, are continuous, as reported in [25].

A.3 Travel Length or Duration across the Unit Cell of the Crystal

Consider Fig. A.2. Each graph involves two triangles, one with slope n; and the other with

slope ¢/vy,.

@ = (b)

Figure A.2 Graphical derivation of the travel length or duration across the unit cell of the
crystal. (a) Subluminal regime (length). (b) Superluminal regime (duration).

In the subluminal case, represented in Fig. A.2(a), we have

ctT c ctT
=i, ==l (A.14)
J
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Isolating z;r in both relations,

+ J + +
zi = —, zi =40 +cth —, A.15
j n; J J i ( )
and equating these results yields
ctt n lin;
L LT (A.16)
n; c 1 —vyn,/c
Similarly, in superluminal case, represented in Fig. A.2(b), we have
ctt c ctt — cd;
_ Y _ Y j
Isolating ct;r in both relations,
c
ct)y =z ny, ct; = U—z;r + cd;. (A.18)
and equating these results yields
vy = —2F + cd, zF = & (A.19)
A 77 T onj—c/vn

A.4 Unit-cell Matrix Symmetry

We deduce the properties of the unit-cell transfer matrix,

LH _ (M) [ ¢] , (A20)

by applying a spacetime symmetry argument, with the help of Fig. A.3. The initial problem
of a spacetime slab is represented in the top left panel of the figure. A time reversal and a
space reversal are successively applied to this problem, resulting in the bottom right panel,
which retrieves the initial problem. We therefore expect the matrix relating the fields on the
left to the fields on the right of the slab to be the same for the space-time reversed problem
and for the initial problem. According to the bottom right panel of Fig. A.3,

T T
in — B out ) A
[wn] M) [1/101;2] _—
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Taking the complex conjugate of this relation, and multiplying the resulting equation by the

inverse of M reveals the following property:
[Mg] ™ = Ms, (A.22)

or, in terms of the matrix elements,
a b 1 ds  —b*
= — . A.23
[c d] det[M] [—c* a* ] ( )
Since for spacetime slab, det[Mg] = €% (see Sec. 3.5,

ae®? = d*, (A.24)

be'tr? = —b*, et = ¢ (A.25)
which is consistent with [123] and with (3.79) of Sec. 3.5.

A.5 Frequency Centers for Parallel Truncation

Here, we calculate the incident frequencies and wavenumbers aligned with the bandgaps in
the case of a co-moving truncation. Figure A.4 provides the graphical construction, with the
dispersion of the incident medium of refractive index ny and the dispersion diagram of the

spacetime crystals.

We start with the subluminal case. We first deduce w,, which is found from Fig. A.4(a) to
satisfy

Uy + U,
_ C C o + m av

Weg = Wo 1 — Umkp 1 = (v}, — vm)v+ e kg, (A.26a)
av av

where the expressions for the bandgap centers of (3.65) in the paper were used. The incident

frequencies aligned with the center of the bandgap, w;,, are expressed as a function of w,, as

(%1

wig = v /Umweg. (A26b>
Similarly, in the superluminal case, k,, is found from Fig. A.4(b) as
T wo—1 [ 1 1\ v, vy + vm A7
T VT K T e

where the bandgap center expressions of (3.67) in the paper were used for the second equality.

The incident wavenumbers aligned with the center of the bandgap, k;, , are expressed as a
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— | You

out
|

+x +
_i out | wou}k

Um

Figure A.3 Successive application of time reversal (7) and space reversal (P).

function of k., as
(A.27b)
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Figure A.4 Construction to find the frequencies aligned with the bandgaps. (a) Subluminal
regime. (b) Superluminal regime
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APPENDIX B APPENDIX FOR CHAPTER 4

B.1 Interface Matrix

The boundary conditions at an interface moving in the direction z at the velocity v, read, in

the case of s-polarization [23],

Eyl - val = EyQ - UBxQ‘ (Bla)

z—vt=0"

Hazl — UDyl = H$2 — UDy2| (B].b)

z—vt=0 "

Inserting forward (+) and backward (—) plane waves with the fields E;, = E;, Dy, = e, E;,
HE = B /p, and ¢BE, = +n,E* cosf (with n = 1,2) into these equations yields

Ef (1 — Bnycosdf) + E; (1 + Bnycosby)

(B.2a)
= ES (1 — Bngycosy) + Ey (1 + Bnycosby ),

Ef (cos0f — pny)/m — Ey (cosOy + Bny)/m

(B.2b)
= Ey (cosy — fBny)/ny — Ey (cosOy + fna)/na,

where we used n,, = ¢\/€, i, and 1, = 1/ pi,/€,. More compactly, these equations read

Ef
By

Ey

o
{ ey (B.3)

g9 -9

_ {fi fz
9 —9

Isolating the column vector Esy gives then Egs. (4.6).

B.2 Empty-Lattice Approximation

The empty-lattice (or infinitesimal-perturbation) approximation is obtained by letting the
refractive index and impedance contrast tend to zero, which corresponds to setting A =1 in
(4.12¢). This transforms the spatial relation (4.15) into
20; cos i — sin 07 sin %]

2 2 2
= cos(X¢;/2 + X¢j/2) (B.4)

cos(kXl F A¢*/2) = cos
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Setting the arguments of the first and last terms of this equation to be equal, isolating k= in

the resulting relation, and substituting next (4.12d), yields
kE = (S¢5 + 3¢5 £ A /(20) = (k56 + k54;) /(20). (B.5)
Similarly, the temporal relation (4.18) transforms to
wt = (wid; +wid;) /(2d). (B.6)
Combining Egs. (B.5) and (B.6) yields the empty-lattice approximation

= k0 4+ ke,
%:<zz +Z]]>d (B?)

c wid; +wid;) 0
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APPENDIX C APPENDIX FOR CHAPTER 5

C.1 Stability Calculation

This section derives the stability condition for the generalized FDTD scheme, presented in
Sec. 5.4, using von Neumann’s approach [152]. We will therefore replace everywhere the
electromagnetic fields by their plane-wave test counterpart, W[t = Wo("e**2* with ¢ =

e~*At In addition, we will use the convenient parameter S = At/Az wherever appropriate.

We shall restrict our derivations to the positive-velocity regime (v > 0), whose dynamic part
corresponds to the first column of Tab. 5.1. The negative-velocity derivations (v < 0), whose
dynamic part corresponds to the second column of Tab. 5.1, can easily be obtained upon

following similar steps.

Using the plane-wave test field substitution in Eqs. (5.11a) and (5.12a), and dividing the

ik, kAz

resulting expression by (" and e yields

Byoezszz/Q _ Byoezszz/ZC—l . SE;OC—l/Qezszz/Q (ezszz/Q . e—zszz/2>

_ USByOC_l (eiszz/2 o e—iszz/Q) ’ (Cl)

which may be alternatively written, upon multiplying by (e~"*:2#/2 forming sines, grouping

terms and transferring everything to the left hand-side of the equality, as

E}o¢1?2i8 sin(k.Az/2) + By (¢ — 1+ ve ™4+22iS sin(k.Az/2)) = 0. (C.2)

Similarly, Eq. (5.11b) with Eq. (5.13a) becomes

onfl/Q _ DzOC_l/Q_SH;() (eiszz/Q . e—iszz/Q) _USDIOC—l/Qe—ikZAz/Q (eiszz/2 B e—iszz/z)
(C.3)

or, multiplying by ¢'/2, and doing the same next operations as for the previous equation,

Y

Dao (¢ = 1+ 2iSve™ ™22 sin(k.Az/2)) + Hjo¢"/?2i8 sin(k.Az/2) = 0. (C.4)

Next, Eq. (5.11c) with (5.14a) becomes, after factoring out e=*+2% from the last two terms
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to form a cosine,
E;OC1/2 _ Da;oCl/Q/E B gByoe—iszz(eiszz/2 4 6—1’sz2/2>’ (C.5)
or, multiplying by e¢~'/2, forming cosines, etc.,
Do — €E7y — evByoC ™ 2e %2 cos(k,Az/2) = 0. (C.6)

Finally, Eq. (5.11d) with (5.15a) becomes, after factoring out e~*+4%/2 from the last terms

to form a cosine,

x ik, Az 1k, Az v 1k, Az ik, Az —ik, Az
HyoekA/QIByOekA/2/u_§< 1/26kA/2Dx0(ekA/2+e kA/2)7 (07)
or, multiplying by —ue=*=2%/2etc.,
Byo — pHy — pw¢ 2Dy cos(k.Az/2) = 0. (C.8)

Equations (C.2), (C.4), (C.6) and (C.8) form a system of equations that can be put in the

matrix form

A 0 0 B +C E%,

0 A B+uC 0 H
v | Wl —, (C.9)

— 0 1 —evDe =22 | Do

0 —pu —pvD 1 By

where

A = 2i¢"2S sin(k.Az/2), (C.10a)
B=(-1, (C.10Db)
C = 2iSe " =22 5in(k,Az/2), (C.10c)
D = (Y2 cos(k.Az/2). (C.10d)

Setting the determinant of this homogeneous system to zero to find a nontrivial solution for

( leads to the characteristic polynomial

(4 5o (45% — n?(4 — 33S) — 45(S + n*6) cos(h.A2)
+ Cgﬁ (cos(2k,Az) + 2isin(k,Az) — isin(2k,Az)) (C.11)
+e R A1 — SB(1 — cos(kA2))][SB + (S5 — 1) cos(k.Az) — isin(k.Az)] = 0.
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This is a polynominal of the second order in ¢ whose solution is given by Eq. (5.15). The
corresponding polynomial and solutions turn out to be exactly identical for the negative-

velocity regime, although the related derivation involves distinct equations.

C.2 Analytical Solutions

This section provides analytical solutions that are used for validation of the illustrative ex-
amples given in Sec. 5.6. The solutions in Secs. C and C are closed-form solutions for the
canonical problems of an interface and a slab, corresponding to Figs. 5.1(a) and 5.1(b), re-
spectively, while the solutions in Sec. C are transfer-matrix method solutions for the more
complex problems of a bilayer crystal and a gradient, corresponding to Figs. 5.1(c) 5.1(d),

respectively.

C.2.1 General Formulas

In all cases, the incident field is a modulated Gaussian pulse, with temporal and spectral
profiles

(1) = ete W and gy(w) = —=ert e/ C.12

(t) = e and ) = Tt (C12)

where 7; is the full-width at half-maximum duration divided by 2v/In2 and wj; is the modu-

lation frequency. The spectra of the reflected and transmitted pulses are obtained as

o (w—arwi)?/ (dar ) (C.13)

9

(w)=A{T(aw), I'(a,w)}——
ee() = T (o), D)} g2
where T" and I' are the transmission and reflection coefficients, and a;, are the transmission

and reflection compression or expansion factors. This factors are given by

1 —nyv/c 1 —npov/e

.14
1+ nyv/c’ (C.14)

at and a, =

T 1 NoutV/ €

where ny, is the refractive index of the medium in which the incident and reflected waves
propagate, and nqy is the refractive index of the medium in which the transmitted wave

propagates!.

C.2.2 Interface

The scattering coefficients for a modulated interface are found by applying the continuity

conditions (5.1a) and (5.1b). They read [3,58,97], assuming wave incidence from medium

!The equations (C.13) and (C.14) may be derived by combining results in [3,97] for monochromatic waves;
they do not seem to have been published explicitely anywhere so far.
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1 towards medium 2,

2ny 1 —mnyv/c

_ _m—ml—=—mu/c
m+n2 1 —ngv/c

and I'i9; = , C.15
121 i+ ) ( )

T21

while the formulas for the reverse propagation direction are obtained by a simnple interchange

of the subscripts. Note that the scattering coefficients here independent of the frequency.

C.2.3 Slab

The scattering coefficients for a modulated slab may be found, as for a stationnary slab,
either by the multiple-reflection method or the boundary-value method [163]. This results in

the scattering coefficients [3]

T21T1267Zw2 nal 1 — efz(w2 +w; )nal

T= : - and I'=T : B
1 — F212F2—12€—z(w;+w2 Ynol 121 1_ F212F2—1261(w;’+w2 Ynal

(C.16)

These relations imply different frequencies for waves propagating forward (w3 ) and backward

(wy ), namely
1 —mnyv/c

1 —nv/c
Wi,
1+ n9v/c

= ——w; and w, =

+
2 1—ngv/c

w

(C.17)

where Ty, and I'j5; are provided in Eq. (C.15), Ti2 and I'19; are obtained by interchanging 1
and 2 in Eq. (C.15), and I'y;, is obtained by interchanging 1 and 2 and changing the sign of
v in Flgl (015)

C.2.4 Transfer-Matrix Method
The transfer-matrix method [3,94,106] allows to compute electromagnetic scattering for any
traveling-wave modulation profile with uniform (space-time) slabs in the frequency domain?.

This is even true for a smooth gradient modulation profile, which can be approximated as a

succession of subwavelength interfaces with constant parameters.

The transfer-matrix method [3,94,106] models interfaces by the discontinuity matrix

L Jmmn Y (C.18)

2Note that, however, the uniform slab and frequency domain requirements of the transfer-matrix methods
are very restrictive. The former requirement precludes the simulation of a space-time structures composed
of slabs with finite temporal durations (and hence invovling space-time corners), which are obviously a ba-
sic constraint in practical scenarios. The latter requirement essentially precludes the determination of the
spatio-temporal features of the scattered waves because this would imply an extremely complex set of Fourier
transformations. In contrast, the proposed generalized FDTD scheme can straightforwardly simulate trun-
cated slabs and exact space-time waveforms.
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whose coefficients are given by

M= 1 —npu/c
e 1 —npv/e

(C.19)

and where the ¢, and 7, coefficients are found by inverting the sign of v in (C.19) and
the t,m and Ypm,, coefficients are found by inverting m and n in (C.19). On the other hand,

it models (space-time) slabs by the propagation matrix

P = (C.20)

efiw:,rlnmAz 0
0 eiw;,nmAz )

where . /

—nyv/c _

=L, and w, =
1 —nyuv/c

1 —nw/e |

“ 1+ nmv/cw1

(C.21)

are the frequencies of the forward- and backward-propagating waves within a given slab, and
Az is the width of this slab (which is constant under the assumption of uniform discretiza-

tion).

The transfer matrix of a structure composed of N slabs is then found by taking the product

of alternating discontinuity and propagation matrices, viz.,
(M]n1 = [Inn-1][Pra][In—1,n—2][Pn—2]...[Pa][I2,1]. (C.22)

Finally, the scattering coefficients can be obtained by converting the transfer matrix into a

scattering matrix [117], which yields

AD - B —A
:70 r— -

T
D ’ D’

(C.23)

where A, B, C'and D are the (1,1), (1,2), (2,1) and (2,2) components of the [M]y; matrix.
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APPENDIX D CONFERENCE PROCEEDING: MOTION INDUCED
TRANSFORMATION OF THE DISPERSION AND LOSS PROPERTIES OF
AN ELECTROMAGNETIC MEDIUM

Motion Induced Transformation of the Dispersion and Loss Properties of an

Electromagnetic Medium
Zoé-Lise Deck-Léger and Christophe Caloz

Presented in URSI General Assembly and Scientific Symposium (GASS), Rome, Italy, Sep.
2021, pp. 1-3.

We investigate how the dispersion and loss properties of a medium are altered when the
medium is set into motion. Dispersive moving media is shown to give rise to unidirectional
propagation in certain frequency ranges. Lossy moving media is shown to be maximally lossy
for contra-directional propagation, at the velocity where the real part of the refractive index

crosses zero. This work will serve to develop emerging spacetime metamaterials.

D.1 Introduction

Bulk moving media have been abundantly studied since the pioneering works of Fizeau [6]
and Minkowski [11]. They have different upstream and downstream velocities, an effect called
the Fizeau drag, and are hence nonreciprocal. Moreover, they exhibit a velocity-dependent
bianisotropic response that may be radically different from their rest response [56] and exhibit

a negative index of refraction at high velocities [19].

Moving dispersive media were first studied by Lorentz, who extended the Fizeau drag formula
to include dispersion [63]. His theory was verified experimentally by Zeeman [14]. There were
many works modelling moving plasmas in waveguides, including dispersion and loss, in the
1960s [164-166]. More recently, Leonhardt and Piwnicki showed that a dispersive moving

medium mimicks a gravitational field [167].

In this work, we first briefly review the Fizeau drag for nondispersive and lossless moving me-
dia. We then derive the laboratory-frame dispersion relation of a dispersive moving medium
and show that within some frequency range, all the solutions must propagate downstream.
We finally calculate the refractive index of a lossy medium as a function of velocity, with-

out any approximation, and find that for co-directional propagation loss decreases, while for
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contra-directional propagation loss is enhanced, in particular in a specific velocity range.

D.2 Lossless Nondispersive Medium

We start by calculating the refractive index of lossless and nondispersive moving media
in the laboratory frame. We will limit ourselves throughout the paper to one-dimensional
propagation, with the wave propagating in a direction parallel to the motion of the medium.

The velocity of a wave propagating in a moving medium, vy, is not the sum of the moving

/
W)

media velocity, v, and the wave velocity in the stationnary medium, v/, as suggested by

Fizeau [6], but rather reads
v v

= TrE (D.1)

/UW
Equation (D.1) is the relativistic velocity addition rule, which is typically derived in the direct
space (z, ct) by substituting the Lorentz transformations z = (2’ +vt') and t = v(t'+v/c*2’),
where 7 = (1 —v?/c?)~'/2  into the expression of velocity v, = dz/dt. Here, we rather derive
this formula in the inverse space (k, w/c), so as to avoid the derivative and introduce the

methodology for the next sections.

The dispersion relation in the moving frame, where the medium appears stationary, reads

K =w—. (D.2)

c

To transform this relation into the laboratory frame, we use the frequency Lorentz transfor-

mations [69]

v
W=7 (w—ovk), k' = (k — Czw> . (D.3)
Inserting (D.3) into (D.2), we obtain
v n'
k— Sw= (w — vk) - (D.4)

whose resolution for k provides

k-w(wg+wk>—wn. (D.5)

14+ wvn'/c c

Substituting v,, = ¢/n and v], = ¢/n’ into (D.5) and solving for v, indeed retrieves the



128

relativistic velocity addition (D.1).

D.3 Addition of Temporal Dispersion

We now investigate the effect of velocity on the temporal dispersion. We assume the medium
in the moving frame has a Lorentz lossless dispersion, i.e.,

12
0N wp
with w;), w(, the plasma frequency and the resonance frequency. Inserting the frequency
Lorentz transformation (D.3) into (D.6), we obtain a dispersion relation in terms of the
frequency and wavenumber,

W'

—vk) =1+ b . D.7
n(w — vk) o (0 — ok (D.7)

Substituting this relation into the dispersion relation (D.2), we obtain the following cubic

relation

043163 + Oé2]{72 + Oélkf + g = 07 (D8a)
with
as = —y*v? (c+v), (D.8b)
s = Yow (20 + 3v + 1)2/0) , (D.8c)
a; =0 (w(’)Q + wf) + cwl? — 7w (21)2/0 —3v — c) : (D.8d)
_ ( 12 AN 12 2 .3

ap = —w (w) +wp) vwwy fe+yw (1+v/c). (D.8e)

Figure D.1 presents the dispersion diagram of the Lorentz medium. In Fig. D.1(a), the di-
agram is plotted in the moving frame, where we have the usual Lorentz dispersion relation.
In Fig. D.1(b), the diagram is plotted in the laboratory frame, using (D.8). In this lab-
oratory frame, six solutions exist at every frequency, while in the moving frame only two
solutions exist at each frequency. Also, in the laboratory frame there are some frequencies
where all the solutions have a positive wavenumber k (one such situation is highlighted in
Fig. D.1(b)), meaning that at these frequencies, all the waves propagate downstream, with

different velocities.

D.4 Addition of Loss

We now calculate the refractive index of a moving nondispersive lossy medium.
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Figure D.1 Dispersion diagram for a Lorentz-dispersive lossless medium. (a) As seen in the
moving frame [Eq. D.6]. (b) As seen in the laboratory frame [Eq. D.8]. There are overall six
solutions (the three in the continuation of the bottom curves would appear farther at the right
of the graph and are not shown here), and these solutions have all a positive wavenumber in
some frequency range.

The dispersion relation (D.2) now consists of a complex refractive index, complex wavenum-
bers and complex frequencies. We apply the Lorentz transformations (D.7) to the dispersion
relation (D.2), and write explicitly the real and imaginary parts of each component. This
leads to
. v . . . .
k. +ik; — g(wr +iw;) = (W + tw; — v(k, +ik;)) (n, +in;)/c. (D.9)

We separate this equation into real and imaginary parts, and obtain

v N, n;

k, — W = (wp — vk’,n)? — (ws — Uki)?, (D.10a)
v n; Ny
ki — C—2wi = (CLJT — Ukr)? + (Wi - Ukz)? (DlOb)

To plot the (w, k) and (w, k;) curves, we set w; = 0. Note that setting w; = 0 in the moving
frame, which corresponds to w; — vk; = 0 in the laboratory frame, would yield the incorrect

result that w; # 0 for k; # 0.

We solve the system of equations for k,. and k;, and find

b= &(1 + vn;/c)(n; + U/C) tvn?/c _ ﬂnr (D.lla)
c (14+wnl/c)? +v?*nl”/c? c
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T : 1— 2/c? T
(,()7 nz( v /C ) 5 — wf”i, (Dl].b)
c (L+wvn./c)2+v?n;"/c? ¢

7::

with (D.11a) reducing to (D.5) for n; = 0, as expected.

The refractive indices in (D.11) are plotted in Fig. D.2. For positive velocities, corresponding
to co-directional propagation, both the real and imaginary parts of the refractive index
decrease gradually, so that the wave’s velocity increases and loss decreases. At the limit
v/c = 1, the medium acts like free space. For contra-directional propagation, loss is highly
amplified, with maximal amplification occuring when the real part of the refractive index

changes sign. For lossless media, this would occur at v = —c¢/n.

Figure D.2 Refractive index as a function of velocity for a dispersionless lossy moving medium.

D.5 Conclusions

We have addressed the one-dimensional problems of a dispersive moving medium and a
lossy moving medium. We found that perfect isolation occurs for certain frequencies in a
moving dispersive medium. We also found that loss is maximally amplified near the velocity

v = —c/n.

This work may help develop emerging spacetime metamaterials [96,97]
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APPENDIX E CONFERENCE PROCEEDING: SCATTERING AT
INTERLUMINAL INTERFACE

Scattering at Interluminal Interface
Z0é-Lise Deck-Léger and Christophe Caloz
in IEEE AP-S Int. Antennas Propag., Atlanta, GA, Jul. 2019, pp. 367-368.

Interest for spacetime structures has recently been revived, following developments in meta-
materials and ultrafast optics. Such structures essentially consist of successions of space-time
interfaces for which the theory is still incomplete, in particular in the regime where the inter-
face velocity lies between the wave velocities in the two media involved. This paper addresses
this “interluminal” regime, providing exact scattering solutions for both approaching and re-
ceding interfaces. The solutions are verified to be consistent with the transmission matrix

perspective and to be continuous at the limits of the subluminal and superluminal regimes.

E.1 Introduction

Spacetime structures, which are characterized by medium parameters that vary in both space
and time, possess many interesting and useful properties: they are intrinsically nonreciprocal,
due to their time-reversal asymmetry, induce spatial and temporal frequency transformations,
provide amplification or attenuation, and support exotic phenomena such as time reversal
and anomalous deflections. Combined with recent advances in metamaterial and fabrication

technologies, these properties have recently revived the interest in such media.

Medium interfaces constitute the building blocks of spacetime composite structures. The
scattering coefficients and frequency transitions occurring at such interfaces are easily found
from field continuity conditions, except in the regime where the interface speed is between the
wave speeds in the two involved media. No complete exact solution has ever been reported

in this “interluminal” regime.

This regime was first identified as problematic in the study of space-time periodic structures
in 1963 [37], where it was called the “sonic” regime. Later, the problem of an interface ap-
proaching incident light from an electromagnetic rarer medium to an electromagnetic denser
medium was solved in [34,43]. This problem was investigated using the finite-difference tech-
nique in [106] and an ingenious space-time discretization provided a solution for acoustic

waves in [109].
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This paper first revisits the solution of [34], and then solves the problem of a receding
interface, which was not treated before. The solution is shown to be consistent with the
general transfer matrix perspective presented in [106], and to exhibit proper continuity at

the limits of the velocity range.

E.2 Interluminal Problems
The interluminal regime corresponds to the velocity range
Vg < |vm| < vy, (E.1)

where vy, is the velocity of the interface and vy 9 = ¢/n; 5 are the speeds of light in media 1

and 2. Here we shall consider, for simplicity, the case ny < no, with ny,no > 1.

Figures 1(a) and (c) present the space-time diagrams of an approaching (v < 0) and a
receding (v > 0) interface of interluminal velocity. A wave incident on the approaching
interface generates three scattered waves, while a single scattered wave is produced by three
waves incident on the receding interface. These problems are under- and over-determined,

respectively, since they involve three and one unknowns, for two continuity conditions [43].

—
o O R, A
o R A
1y 1111
n2
ot
ct 1 ng wr T
ny ny
T_, 5 (a) (b)
v Oy
| 44
v/c
(G
wir nm + An
A \ 4
"ty Vi \v;
2 Nm— An

©) (d)

Figure E.1 Scattering from an interluminal interface. (a) Original problem of approaching
(v < 0) interface. (b) Auxiliary approaching proble.(c) Original problem of receding (v > 0)
interface. (b) Auxiliary receding problem.

We solve these problems using the auxiliary problems in Fig. 1(b) and Fig. 1(d). In essence,
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the auxiliary problems avoid the aforementioned indeterminacies by adding a gradient slab at
the interfaces. This transforms the problems into successions of purely subluminal and super-
luminal interfaces, for which analytical solutions are known: the transmission and reflection

coefficients for a subluminal (|vy,| < v;) interface between media i and j are

Aj 2n; 1 —nm/c (F.20)

Th= o — , 2a
AR ni+n; \L—njug/c
i A ni—n; (1 —non/c

T J L E.2b

i AF ni+ng (1 +nz~vm/c> ’ ( )

while for the superluminal (|vy,| > ¢/n;) case, they are [34]

A ny4ng (1= non/c
e B L U E.3
S Af 2n; (1 —njvm/c>’ (E-3a)
AT n;—mn; (1 —nvy/c
oA o Y E.3b
G Af 2n; (1 +n]~vm/c>’ ( )

where the reflective superscript ¢ — j denotes incidence from ¢ towards j.

E.3 Scattering from Approaching Interface

Consider the auxiliary problem of the approaching interface, shown in Fig. E.1(b). The
intermediate gradient medium has an average index n,, = ¢/|vn|, varying from n, — An
to nm + An. The first interface is subluminal, since |vy,| < ¢/(ny, — An), while the second
interface is superluminal, since |vn,| > ¢/(nm + An). The total scattering coefficients are
obtained by multiplying the coefficients of the first and second interfaces, then letting An —
0, and finally inserting vy, /¢ = —1/n,,, which yields

ol = YL yiom (E.4a)
(08
Py ny
521 = E = C2m7—m1 = _;27 (E4b)
+

2 ny
Kop = —— = EomTm1 = —. E.4c
21 wf 2 1 - ( )
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Surprisingly, these coefficients are independent of velocity.

E.4 Scattering from Receding Interface

Consider now the receding-interface auxiliary problem, shown in Fig. 1(c). There can be up
to three incident waves, but only one wave can be scattered. Adding the same transition
medium as previously, we have again a succession of subluminal and superluminal problems.

Using the same procedure as above, we obtain

_ 2
152 Y1 1-m 1 —wvyny/c
_ — - " E.5
a1y Q/Jf_ M1 (1 T vmnl/c> ) (E.5a)
vy 1 —wvgno/c 2
_ = FimCmz = | —— E.5b
Bi2 ¢; TimCm2 1+vmn1/c ( )
T - 1+ vmna/c\’
= =Pl = | ——M—) E.5
K12 e Tim&m2 1+ opmr Jc (E.5¢)

where 7 = 7(—vy,) and € = £(—vy). Note the two purple dashed lines never escape from the

transition region, and therefore do not enter into the calculation of the coefficients.

E.5 Verification

We now check whether our results are consistent with the transfer matrix of a spatiotemporal
interface [106], which relates the fields on both sides of the interface:

nj+n; 1 +nju, nj—n; 1 —njoy,

[w;r] 2n; 1+ n;vn 2n; 14 n;vy [%Jr]

b n; —n; 1L +nv, nj+n; 1 —nvy o7

(E.6)

2n; 1 —n;vy 2n; 1 —n;uy

Reading out the field relationship from Fig. 1(c) and replacing the fields in medium 1 us-
ing (E.6) yields

Kioy + Braty =y — aq

= ( 12— Qqp 12) Yy + ( 12— Qnp 12) Uy

where ¢ corresponds to the transfer matrix element of the n'" row and m'™ column. We
find our results are consistent with this transfer matrix, since inserting 7’2 (E.5a) and the

transfer matrix elements of (E.6) into the right side of (E.7) retrieves the coefficients k13
(E5b) and 612 (E5C)
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To further verify our results, the scattering coefficients are plotted in Fig. E.2 across the
entire velocity range. It is comforting to see the parameters exhibit no discontinuity at the

different regime limits.

approaching _ A receding

>

A

&a1

———— Um/c

SUP INT SUB INT SUP

Figure E.2 Scattering coefficients [Eqgs. (E.2), (E.3), (E.4) and (E.5)] across the entire velocity
range, which includes the approaching and receding subluminal (SUB), interluminal (INT)
and superluminal (SUP) regimes.
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