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Résumé 

Le mélange des fluides non-newtoniens mécaniquement agités est utilisé dans 

plusieurs procédés industriels tels que la polymérisation, la bio-fermentation, etc. La 

complexité du comportement rhéologique des liquides non-newtoniens rend le 

contrôle de ces procédés de plus en plus difficile, particulièrement pour les mélanges 

en grande échelle, en régime transitoire ou avec aération. L'agitateur à ruban 

hélicoïdal est très efficace pour des liquides très visqueux, en particulier pour les 

fluides viscoélastiques, dû à la capacité de pompage axial. Bien que l'influence du 

comportement rhéologique sur le mélange des fluides a été étudiée depuis des 

dizaines d'années, plusieurs problèmes restent à résoudre. Par exemple, l'effet de la 

viscoélasticité sur la puissance requise, l'influence du comportement non-newtonien 

sur la vitesse de déformation effective, et le mélange avec agitateur à ruban hélicoïdal 

sous aération, etc. La puissance consommée est un paramètre important pour la 

conception du procédé; elle est aussi un indicateur de changement de mode 

d'écoulement dans le réservoir. La vitesse de déformation effective est un autre 

paramètre important. Le temps de mélange et le temps de circulation sont utilisés 

pour décrire la qualité du mélange. Le temps de mélange est défini comme le temps 

nécessaire pour atteindre un certain niveau d'homogénéité tandis que le temps de 

circulation est le temps nécessaire pour compléter une boucle fermée pour un 

élément du fluide. 

L'objectif de ce travail est d'étudier l'influence du comportement non-newtonien 



vi 

sur les paramètres qui caratérisent la qualité du mélange, tels la puissance 

consommée, le temps de mélange, le temps de circulation, la dispersion du gaz et les 

modes d'écoulement, etc. Nous étudierons les paramètres pour des mélanges en 

régimes laminaire et traQsitoire avec des agitateurs à ruban hélicoïdal avec ou sans 

aération. 

Quatre liquides newtoniens et douze fluides non-newtoniens ont été choisis 

soigneusement comme fluides modèles pour couvrir une grand gamme de propriétés 

rhéologiques. Deux réservoirs de dimensions différentes et six combinaisons 

d'agitateurs à ruban hélicoïdal de géométrie différente ont été utilisés pour évaluer 

l'effet de la géométrie sur le processus de mélange. Du glycérol et du sirop de maïs 

ainsi que leurs solutions aqueuses diluées ont été utilisés comme liquides newtoniens. 

Les douze fluides non-newtoniens comprennent des solutions aqueuses 

rhéofluidifiantes de xanthane et de méthylcellulose carboxyle (CMC) et de gellane 

dans du sirop de maïs de concentrations différentes. Les solutions de xanthane et de 

CMC dissous dans un mélange de glycérol et d'eau ont été choisies comme des 

fluides élastiques rhéofluidifiants. Deux solutions élastiques avec viscosité 

indépendante de la vitesse de déformation, appelées fluides de Boger, ont été aussi 

utilisées dans ce travail: la première solution est un polyisobuthylène dissous dans un 

mélange de polybutène et de kérosène, l'autre est un polyacrylamide dans un sirop 

de maïs. 

Pour les fluides inélastiques de rhéofluidifiance moyenne, la puissance consommée 
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ne dévie pas de la courbe correspondante obtenue pour les fluides newtoniens en 

régime laminaire, comme en régime transitoire. Pour les fluides inélastiques de forte 

rhéofluidifiance, le nombre de puissance montre une prolongation du régime 

laminaire; en d'autres termes, le début du régime transitoire est en quelque sorte 

retardé. L'élasticité d'un fluide augmente appréciablement la puissance requise (3.5 

fois par rapport à la puissance d'un fluide newtonien dans le cas de la solution 

contenant 800 ppm de PM). La déviation de la courbe de puissance non­

newtonienne en régime laminaire est observée à des nombres de Reynolds plus 

faibles pour les fluides élastiques. 

Deux modèles, basés sur l'analogie de l'écoulement Couette et sur la 

connaissance du couple ou de nombre de puissance pour les fluide newtoniens, ont 

été proposés pour décrire la vitesse de déformation effective en régime laminaire. 

L'influence de l'indice de comportement (paramètre de la loi de puissance) sur la 

vitesse de déformation effective a été étudiée attentivement pour une grande gamme 

d'indice de comportement avec agitateurs de différente géométrie. Les données 

expérimentales montrent que la vitesse de déformation effective augmente lorsque 

la rhéofluidifiance diminue (augmentation de l'indice du comportement). Les 

résultats expérimentaux obtenus suggèrent également que le dégagement entre la 

lame d'agitateur et le fond du réservoir n'affecte pas, de façon appréciable, la 

puissance consommée. 

Sous aération et pour la premier fois, nous avons montré que la puissance 
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consommée pour les fluides de Boger est plus grande que celle sans aération et la 

puissance consommée augmente avec le débit du gaz. La puissance pour la solution 

contenant 800 ppm PAA (fluide de Boger) et un débit de gaz de 2.017 L/s est 3 fois 

plus grande que la puissance sous aération. La puissance d'aération diminue lors que 

le nombre de Reynolds augmente, et finalement approche le niveau de puissance 

requise pour des systèmes non aérés. L'augmentation de la puissance sous aération 

est due en parties à une augmentation de la viscosité apparente. La viscosité 

apparente pour le 800 ppm P AA avec une rétention de gaz de 6.6 % est 2 fois plus 

élevée que la viscosité sans gaz. Une diminution de la puissance consommée est 

observée pour des fluides inélastiques rhéofluidifiants et la puissance diminue lorsque 

le débit du gaz augmente. Le rapport de la puissance pour les systèmes aérés sur la 

puissance consommée en absence d'aération augmente lorsque le nombre de 

Reynolds diminue et finalement approche l'unité. La puissance en milieu aéré 

dépend aussi du caractère élastique et de la rhéofluidifiance. 

Un concept de la vitesse de déformation effective en présence d'aération est 

suggéré pour corriger la vitesse de déformation effective. La vitesse de déformation 

sous aération est une combinaison des vitesses de déformation causées par la rotation 

de l'agitateur et par la présence des bulles et l'extension du fluide dues aux bulles. 

Deux corrélations basées sur l'analyse dimensionnelle sont proposées pour prédire 

la consommation de la puissance avec aération en fonction des nombres de Reynolds 

et de Weissenberg, et du nombre d'aération, en régimes laminaire et transitoire. 
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Les résultats expérimentaux de ce travail confirment les résultats publiés dans la 

littérature: la vitesse de déformation effective n'est plus proportionnelle à la vitesse 

de rotation de l'agitateur en régime transitoire, mais augmente avec la vitesse à un 

exposant de deux ou supérieur à deux. Pour un agitateur à ruban hélicoïdal, la vitesse 

de déformation effective augmente brutalement en régime transitoire pour les 

liquides inélastiques de forte rhéofluidifiance; par contre, une extension de la relation 

de Metzner-Otto est observée à des nombres de Reynolds plus élevés pour les fluides 

inélastiques de faible rhéofluidifiance. A partie des résultats de la littérature, une 

augmentation importante de la vitesse de déformation effective est observée dans 

tous les cas même pour des fluides inélastiques de faible rhéofluidifiance, agités par 

les agitateurs de type ancre, turbine à lames et disque plat. 

Deux modèles analytiques et un modèle numérique basés sur des analyses uni ou 

hi-dimensionnelles de l'écoulement équivalent de Couette sont proposés pour décrire 

la vitesse de déformation effective en régime transitoire. Les prédictions de ces trois 

modèles sont comparés avec les résultats expérimentaux obtenus pour des agitateurs 

à ruban hélicoïdal dans travail, et avec les résultats de la littérature pour des 

agitateurs à ancre, turbine à lames et disque plat. L'accord entre les prédictions et 

les valeurs expérimentales est très satisfaisant. L'élasticité et les propriétés 

rhéofluidifiantes n'ont pas d'effet significatif sur le mélange sans dimension et le 

temps de circulation en régime transitoire alors qu'ils ont tendance à augmenter de 

façon marquée les temps de mélange et de circulation pour les faibles valeurs du 

nombre de Reynolds. Pour les fluides élastiques, la temps de mélange en régime 
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laminaire est de 4 fois plus long que pour les fluides newtoniens. On note finalement 

que le temps de mélange augmente quelque peu avec le pas du ruban hélicoïdal et 

diminue alors qu'on utilise un ruban plus large. 



Abstract 

This work bas been carried out to investigate the influence of the non-Newtonian 

behaviour on the mixing performance parameters such as power requirement, mixing 

and circulation times, gas dispersion and flow patterns, etc, for the laminar and the 

transition flow regimes, of helical ribbon agitators, with and without aeration. Four 

Newtonian and twelve non-Newtonian fluids were carefully chosen as the test fluids 

to caver a wide range of the rheological complex properties. Two different scale 

mixers along with six different geometric combinations of the helical ribbon impellers 

were used to assess the geometry effects on the mixing. 

Glycerol, corn syrup as well as their water dilute solutions were employed as 

Newtonian liquids. Twelve non-Newtonian fluids include shear-thinning xanthan and 

carboxyl methylcellulose (CMC) aqueous solutions and gellan in corn syrup of 

different concentrations. Solutions of xanthan and CMC dissolved in a mixture of 

glycerol and water were chosen as the shear-thinning and elastic fluids. Two elastic 

shear independent viscosity solutions, so called Boger fluids, were also used in this 

work. One of them is a polyisobutylene dissolved in the mixture of polybutene and 

kerosene while another is polyacrylamide in corn syrup. 

For moderately shear-thinning inelastic fluids, the power consumption does not 

deviate from the corresponding Newtonian curve in the laminar flow regime as well 

as in the transition flow regime. For highly shear-thinning inelastic fluids, the power 

number shows an extended laminar flow regime, in other words, the onset of the 

transition regime is somewhat delayed. Fluid's elasticity increases appreciably the 

power requirement, and early departure from the Newtonian power curve in the 

laminar regime was observed at lower Reynolds numbers for viscoelastic fluids. Two 

models based on an analysis of the equivalent Couette flow, from the knowledge of 

torque or power number were proposed to predict the effective shear rate in the 

laminar flow regime. The influence of the flow index on the effective shear rate bas 
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been intensively studied over the wide range of the flow index with different impeller 

geometries. Experimental data shows that the effective deformation rate increases 

with decreasing shear-thinning ( e.g. increasing flow index). The present experimental 

results also suggest that the clearance between the agitator and the bottom does not 

influence the power consumption to an appreciable extent. 

Under gassed conditions, for first time, the gassed power consumption in the 

Boger fluids ( elastic, with shear independent viscosity) was found to be much higher 

than ungassed ones, while a decrease of gassed power was observed for the shear­

thinning inelastic fluids. The gassed power is also dependent on the gas flow rate, 

Reynolds number and elastic level. A concept of aerated effective deformation rate 

is suggested to correct the effective deformation rate under gassed circumstances. 

Two correlations based on the dimensional analysis were proposed to predict the 

gassed power as functions of the aerated Reynolds number, the aeration and 

Weissenberg numbers, in both the laminar and the transition flow regimes. Gas hold­

up, bubble sizes and gas dispersion performance were also studied. 

The experimental results of this work confirm the previous finding in the 

literature, that is the effective shear rate is no longer proportional ta the impeller 

rotational speed in the transition flow regime. With doser examination, for helical 

ribbon agitator, the effective deformation rate increases sharply in the transition flow 

regime for highly shear-thinning inelastic fluids; however, an extended linearity of 

Metzner-Otto's method was observed for moderately shear-thinning inelastic fluids. 

With reviewing other types of impellers in the literature, a sharp enhancement was 

found, even for the moderately shear-thinning liquids agitated by anchor, blade 

turbine and dise impellers. Two analytical and one numerical models based on one 

or two dimensional analysis of the equivalent Couette flow are proposed to predict 

the effective deformation rate in the transition flow regime. The predictions of three 

models are compared with experimental data obtained from helical ribbon agitators, 
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and with literature for anchor, blade turbine and fiat dise agitators. The agreement 

between the predictions and the experimental values is quite good. The elasticity 

along with shear-thinning properties appear to have no significant effect on the 

dimensionless mixing and circulation times in the transition regime while they 

considerably increase the mixing and circulation times at lower Reynolds number. 
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1-1. Introduction

Mechanical agitated mixing of non-Newtonian fluids, with and without aeration has

been widely used in many industrial processes, which range from polymerization, 

biochemical fermentation, manufacture of detergents, fertilizers, and petrochemical 

refinery etc. Mixing degrees or levels will directly affect the commercial values of the 

final products which involve some sort of mixing processes. lt is estimated that the 

expenditures involved in mixers in U.S. chemical process industries are around 150 

M$/per year ( exclusive of tanks and reactors, Smith, 1990). Due to the complex 

nature of mixing which is frequently accomplished with other unit operations, a 

poorly understanding of the mixing principles can lead to be very large error and 

considerable costs to the industry (Smith, 1990). 

As pointed out by Carreau et al.(1976), the primary abjects of the design of a 

mixing system are to attain a specific degree of homogeneity and to increase the rate 

of heat and/or mass transfer. Great attention should be drawn to select and design 

the mixing equipments to optimize the processes. Reviewing the literature over the 

past century ( after Unwin, 1880), the fondamental theories about mixing are still in 

the developing stage, partially, due to the complicated flow geometry and 

hydrodynamics (Skelland, 1983). Empirical methods have been traditional ways to 

design and scale-up the industrial mixing reservoirs. Extrapolation of results obtained 

from a specific case into others can be totally misleading (Tattersori, 1991). However, 

no intensive effort has been devoted by the industry where mixing is routinely 

involved, to analyze these processes and to develop satisfying methods for further 

developments (Ulbrecht and Carreau, 1985). 

Oldshue (1983) classified the fluid's mixing into five basic categories: liquid-solid, 

liquid-gas, immiscible liquids, miscible liquids and fluids motion. However, mixing can 

not be treated as simply as unit operations (Tatterson, 1991 ). Mixing is a complicated 
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process which is always accomplished with mass and heat transfer, chemical reactions 

and frequently occurs in other unit operations. Apparently, there no separated course, 

or even a separated chapter, in which mixing is being taught in undergraduate 

education in North American universities (Tatterson, 1991). Questions arise how 

those engineers to be, who have no knowledge of the mixing principles, can handle 

industrial mixing processes being encountered. 

Non-Newtonian fluids, being involved in the industrial operations, make the 

processes much difficult, especially, coping with large difference in scale (Ulbrecht 

and Carreau, 1985, Smith, 1990). The non-Newtonian behaviour varies greatly with 

the applications. For instances, in polysacchrides fermentation, the batch varies 

initially from Newtonian, to shear-thinning and eventually viscoelastic fluid. Early 

works of Gray (1963) and Johnson (1967) compared the mixing performances of 

different agitator types and concluded that the close clearance agitators such as 

helical ribbon, helical screw or their combination, had better performances. These 

close clearance impellers rely on the axial pumping capacity rather than high radical 

gradient of momentum created by blade turbine style agitators (Ulbrecht and 

Carreau, 1985). The helical impellers can eliminate the stagnant zone within a 

reservoir, which is a constant problem in the mixing of the viscoelastic fluids. 

Power requirement in a mixer is first an economic consideration. Over the years, 

the power consumption has also been an indicator of the changes of ovèrall flow 

patterns (Ulbrecht and Carreau, 1985). Although, the power consumption bas long 

been the topic of high interest, some conflicte� results about the influence of non­

N ewtonian behaviour, especially elastic properties, can be found in the literature 

(Ulbrecht and Carreau, 1985). The partial reason is that the model fluids used in the 

literature frequently exhibit combined shear-thinning and elastic. properties, and 

experiments caver different experimental regimes. Careful choice of the test fluids 

should be emphasized. 
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The difficulty, as one calculates the Reynolds number for non-Newtonian fluids 

in mixing systems, is to have the correct deformation rate. Metzner and Otto (1957) 

suggested a significant method to evaluate the effective deformation rate by 

comparing the non-Newtonian power data to the Newtonian one. Over the years, the 

effective deformation rate has being a sole tapie of high interest, since the effective 

deformation rate has been recognized as one of the basic design parameters. 

Intensive study is still needed to ascertain the influence of rheological properties of 

non-Newtonian fluids and flow regime on the effective deformation rate. 

Furthermore, mixing and circulation times have been investigated to assess the 

mixing performance since the power input not being enough information. Mixing time 

is taken as the time to achieve a certain degree of homogeneity while the circulation 

time is defined as the time for a fluid's element to complete a closed loop inside a 

mixer. 

The flow regime in a mixing system has been classified into laminar, transition and 

turbulent flow regimes. Most processes involving viscoelastic fluids mixed by helical 

agitators fall in the categories of the laminar and transition regimes, because of the 

relative lower rotational speeds and high viscosity. Less attention has been drawn to 

the mixing in the transition flow regime. Intensive investigations have been carried 

out mainly at the laminar regime due to the difficulties and uncertainties faced at the 

transition regime. One of the practical tapie is the effective shear rate in the 

transition regime. The effective shear rate is more complicated in the transition 

regime than in the laminar regime, as the -previous experimental data have shown 

(from the early work of Metzner et al., 1961, to the more recent work of Forschner 

et al., 1991). However, very few efforts have been devoted to assess the key aspects 

and to develop appropriate models to correctively predict the effective shear rate. 

Except for the laminar regime, the influence of shear-thinning and elasticity on mixing 

time, and circulation time and flow patterns in the transition regime is far from being 
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clarified. 

Hereby, another practical aspect of mixing is gas dispersion, particularly in 

rheologically complex fluids. Obviously, the mixing behaviour in a two-phase system 

is more complicated than that in a unique phase. Excellent reviews have been 

presented on the subject by Oldshue (1983), Nienow and Ulbrecht (1985), and 

Tatterson (1991). Gassed mixing in helical ribbon agitators bas been barely studied 

by previous researchers, although sparged processes have been widely used. One is 

the fermentation of shear-sensitive cell cultures. Although some well studied results 

for other type agitators such as blade turbine, etc, are available, the extrapolation of 

these results to helical systems, without detailed investigation and verification, is quite 

doubtful. It is expected that the non-Newtonian behaviour of test fluids, gas sparger 

type, sparging rate and agitator geometry will mainly affect the gas dispersion and 

mass transfer performance. 

The design and scale-up assisted by computer bas been gradually accepted by the 

industry (Dickey and Hill, 1993). Smith (1990) bas pointed out, from an industrial 

point of view, that the computational modelling , rather than empirical methods, may 

be likely much successful to describe the transition flow regime. This is of high 

interest. 

Since the main body of this thesis consists of three articles which have been 

published or submitted, reported in Chapter 3 to Chapter 5, there is a detailed 

introduction for each article, to deal with the specific tapies. 

1-2. Objectives

The objectives of this work is to show the effect of non-Newtonian properties such

as shear-thinning, elasticity and their combinations on power consumption, effective 

deformation rate, mixing and circulation times, flow behaviour with helical ribbon 

agitators of different geometries. The studies will be carried out in both laminar and 
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transition flow regimes, with and without aeration. The influence of non-Newtonian 

behaviour along with gas flow rate on the gassed power requirement, gas hold-up, gas 

dispersion performance, mixing and circulation times will be investigated. 

Meanwhile, theoretical or semi-theoretical models will be developed to correctly 

predict the effective deformation rate at the laminar and transition flow regime, with 

and without aeration. 

The test fluids will consist of Newtonian glycerol and corn syrup, and non­

Newtonian shear-thinning inelastic xanthan and CMC aqueous solutions, gellan in 

corn syrup, viscoelastic xanthan and CMC solutions in the mixtures of glycerol and 

water, and elastic (with shear-independent viscosity) polyisobutylene in the mixture 

of polybutene and kerosene, polyacrylamide in corn syrup. 

This thesis consists of a general literature review (Chapter 2), power consumption 

(Chapter 3), aerated mixing (Chapter 4) and mixing in the transition flow regime 

(Chapter 5). 

In Chapter 2, the literature review includes the general rheological concepts of 

non-Newtonian fluids, effective shear rate, power correlation, mixing and circulation 

times. Although there is a specific introduction and literature review in each article, 

those reviews are relative brief due to the space limitations of the articles. lt is 

desirable to give the detailed aspects of each domain conceming this thesis. For 

instances, some power data in the literature used to calculate the effective 

deformation rate, or some power correlations being employed for the calculation, are 

given in this chapter, but are not included in the articles. 

In Chapter 3, the influence of shear-thinning, elasticity and their combination on 

power consumption . with helical ribbon agita tors is being investigated. Two semi­

theoretical models, based on the knowledge of torque or based on an analysis of the 

equivalent Couette flow, are proposed to predict the effective shear rate in the 

laminar flow regime. The development of the models including bottom effects is given 
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in Appendix (Al), and the experimental data of the influence of wall clearance on 

power consumption is also shown in Appendix (A2). 

The aerated mixing of viscoelastic fluids with helical ribbon impellers is reported 

in Chapter 4. The effects of non-Newtonian properties and gas sparging conditions 

on gassed power and gas-hold-up is investigated. Two empirical correlations from the 

dimensional analysis are suggested to predict the gassed power in both the laminar 

and transition flow regimes. A concept of aerated effective shear rate is proposed to 

correct the effective shear deformation under aerated conditions. The comparison of 

the gassed power data with the correlation of Michel and Miller (1962) is shown in 

Appendix (A4). 

In Chapter 5, three models based on one or two dimensional analysis of the 

equivalent Couette flow, are proposed to predict the effective shear rate in the 

transition flow regime. The predictions are compared with the experimental data 

obtained using helical ribbon agitators, and with literature data for anchor, blade 

turbine and fiat dise agitators. The study of the influence of non-Newtonian 

behaviour oil mixing and circulation times in both the laminar and transition flow 

regimes is carried out. A computer program to solve a proposed numerical model is -

given in Appendix (A3). 
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2-1. Rheological Properties

The media encountered in mixing processes are frequently non-Newtonian fluids

ranging from inelastic shear thinning, viscoelastic and elastic fluids with the shear 

independent viscosity, even shear-thickening and Bingham type liquids with yield 

stress etc. In industrial processes such as the polysaccharides fermentation, the 

rheological properties vary as fermentation processes, from initially Newtonian 

behaviour to fairly and highly shear-thinning, and eventually viscoelastic behaviour. 

So model fluids are usually chosen for the mixing investigations to assess the 

influence of each aspect of rheological complexity of non-Newtonian fluids. 

As seen in literature, the non-Newtonian viscosity and primary normal stress 

difference in simple shear flow have been chosen to describe the fluid's rheological 

characteristics in a mixing system and used in the expressions correlating the mixing 

variables. Questions arise about this traditional choice since the flow behaviour in a 

mixing system is far from being simple shear flow. Extensional flow could have a 

important role in a mixing process, especially, when mixing proceeds in the transition 

flow regime. Rheological information, other than in the simple shear deformation, 

could be quite useful to describe the mixing behaviour and correlate the mixing 

variables. However, difficulties arise for applying these rheological properties to the 

mixing systems at present stage, due to lack of the complete flow pictures inside 

reservoirs. For convenience, only viscosity and primary normal stress difference data 

measured under simple shear flow are being used in this work. 

As indicated by Ulbrecht and Carreau (1985), the non-Newtonian viscosity is a 

local material property and the effective viscosity (to be discussed in following 

section) is a characteristic value for the entire mixing system. A number of non­

Newtonian fluids encountered in the mixing processes show a decrease of the viscosity 

with increasing shear rate, which is the so called shear-thinning property. Various 
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rheological models, which are empirical expressions of the viscosity curves, have been 

proposed. Of those, the ''power law" model is frequently used, e.g. 

(1) 

where n is the so called flow index ( or flow behaviour index by some au th ors), m is 

mate rial consistency. For n <l, n > 1 and n = 1 the properties are shear-thinning, shear­

thickening, and Newtonian respectively. The values of n of the fluids dealt with in this 

work are smaller than or equal to one. 

At relatively lower shear rate, the low-shear-rate viscosity plateau may be observed 

for many fluids. For these fluids, the Carreau's model (Carreau, 1972) was proposed 

to represent the viscosity, e.g. 

(2) 

Where Tlo is the zero-shear viscosity, t
1 

is the characteristic time, and n is flow index. 

Carreau's model may be rearranged to be in the form of the Ellis model (see 

Ulbrecht and Carreau, 1985). Carreau's model can give quite satisfied predictions of 

viscosity for the fluids with relatively rapid transition in the viscosity curve from the 

power law regime to the low shear rate viscosity plateau. The Cross model may be 

used in the circumstance where the transition regime is less abrupt. The Cross model 

is expressed as 

(3) 

In contrast to the zero shear rate viscosity, a viscosity of plateau may occur at high 

shear rates for some fluids. Thus, the following expression can be used 
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1') = m 1n-l + 1'1., (4) 

Where 11
s 

is the solvent viscosity. 

The elastic properties of fluids are caused by the stretching of long molecular 

chains of high molecular weight polymer solutions experienced a shear deformation 

(Bird et al. 1987), where the molecular chains tend ta retain their original spacial 

positions. Under simple shear deformation, the primary and secondary normal stress 

differences are frequently used ta describe the fluid's elastic behaviour, 

·2
y 

"12 
N. = -r: - -r: =-

2 22 33 •2 
y 

(S) 

(6) 

where 1jr1 
and 1jr

2 are the primary and secondary normal stress difference coefficients, 

respectively. Practically, the secondary normal stress difference is difficult to measure 

(Bird et al.1987 and Carreau, 1991 ). Fortunately, in most cases, the secondary normal 

stress is quite small compared with primary normal stress difference (about 10% of 

N 1) and can be neglected. 

The primary normal stress difference is usually expressed as a power term of shear 

rate, e.g. 

(7) 

Where m' is a material consistency and n' is a power index and is larger than O. 

The fluids are classified as viscoelastic fluids when they exhibit elasticity. In 

general, they show both a non-Newtonian viscosity (shear dependent viscosity) and 

elasticity. Boger and Binnington (1977) dissolved a trace quantity of polyacrylamide 

(P AA) into a corn syrup solution and obtained an elastic but shear independent 
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viscosity solutions, so called Boger fluids. The primary normal stress difference, N1,

for Boger fluids is proportional to the shear rate at the power of 2, e.g. N 
1 

oc •;2. In 

other words, tir 1 is independent of shear rate and we classify these fluids as second

order fluids. 

Another characteristic elastic time i.., which is defined from the modified Maxwell 

model by Metzner (1964), has also been used to describe fluid's elasticity, 

i.. = (8) 

For a second order fluid, i.. is independent of shear rate. For most viscoelastic fluids, 

it decreases with increasing shear rate. 

The Weissenberg number is the most frequently used elastic parameter for mixing 

systems. One form of Weissenberg number is expressed as 

(9) 

Attention should be drawn when one compares data from literature since there are 

several different forms for the Weissenberg number used by authors. In some 

occasions, an elastic number, as a ratio of the Weissenberg number over the 

Reynolds number, has also been used, given by: 

El= Wi 
Re 

(10) 

AH rheological aspects discussed above are for homogeneous fluids without aeration. 

Dealing with aerated mixing systems, the frequently used rheological parameters, to 

our knowledge, are all obtained from ungassed conditions. This classical approach is 

still widely accepted, which is quite questionable. Obviously, the reason why the 

classical approach remains unchanged is mainly due to technical difficulties dealing 

with gassed rheological behaviour. Hopefully, experimental work will be carried out 
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to explore this highly interesting area. 

2-2. Effective Defonnation Rate

The need for an effective viscosity in mixing systems emerges as we calculate the

generalized Reynolds number, Re
8

• In this work, we prefer to use the word "effective 

deformation rate" rather than effective shear rate since three dimensional flow in a 

mixing reservoir is not only a simple shear flow but also contains a non negligible 

extensional flow. The effective deformation rate is reviewed in a separate section 

from the power consumption, though it is related to the power requirement. Over the 

years, the effective deformation rate has been emerging as a sole subject of high 

interest. Before the detailed review is being dealt with, the most often seen 

geometrical parameters for the helical ribbon agitators should be listed hereby for the 

reader's convenience (a sketch of helical ribbon agitator system is shown in Fig.1). 

They are 

c - clearance between the impeller blade's tip to the vessel inner wall, 

=(D-d)/2 

d - impeller diameter 

D - vesse! diameter 

H - liquid's height 

h
c 

- bottom clearance 

l - length of impeller blade

nb - number of blade

p - impeller pitch 

w - impeller width

A significant method was proposed by Metzner and Otto (1957) and has been 

widely used in mixing processing over the several decades. The concept of Metzner­

Otto method is that the effective viscosity, Tl
e
, can be estimated from the effective 

deformation rate, Y
e
, which was found to be proportional to the impeller rotational 
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Figure 1 Helical Ribbon Agitator System 

speed, N, in the laminar flow regime 

Y. =ksN
� 

(11) 

where k
5 

is the effective shear rate constant. 

The following section demonstrates the detailed procedure to evaluate the 

effective shear rate, y e ( an illustration of this procedure is shown in Fig.1 ). 

1) The power requirement in the Newtonian fluids is measured in a mixer of given

geometry (namely, a given vessel, impeller, position of impeller and fluid's height 

inside the vessel). The results are plotted as the power number, Np, versus the 

Reynolds number, Re (see Fig. la), where the power number and Reynolds number 
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are defined as 

(12) 

(13) 

At laminar flow regime, the power number Np, is inversely proportional to the 

Reynolds number, Re, e.g. 

Np= K Re-1

p 
(14) 

2) The� the power consumption in a non-Newtonian fluid is measured in a mixer of

the same geometry used for Newtonian fluids. The non-Newtonian power number, 

NP
nN

, can be directly calculated from the experimental data via Eq.12. Thus, the 

corresponding generalized Reynolds number, Re
g
, can be obtained using the 

Newtonian power curve measured before (see Fig.lb). It means that, according to 

Metzner-Otto's concept, the same effective viscosity for different fluids should result 

in the same power input at a given mixer at the same rotational speed. 

3) Consequently, the effective viscosity 'l e can be obtained from the generalized

Reynolds number, Re
g
, e.g., 'l

e 
= d2N p/Re

g
.

4) Finally, the effective shear rate Y
e
, can be obtained for the non-Newtonian fluid,

using the curve of viscosity vs shear rate for non-Newtonian fluids (see Fig.le), or 

using the rheometers or using rheology models, for instance, for the power law fluids: 

Y e = (Tt)m) (n-1) (15) 

5). The effective shear rate obtained from this manner can be plotted against the 

rotational speed. In the laminar flow regime, the relationship between Y e and N is 

a linear function passing through the origin, that is the well known Metzner-Otto's 
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equation (Eq.1). The slope of this lihe is the effective shear rate constant, k
s
. 

Hall and Golfrey (1970) and Nagata et al.(1971) found that the values of k
s 

were 

almost constant for fluids agitated by helical ribbon impellers, with values of 27 and 

30 by former and later authors, respectively. 

2-2-1. Geometry influence on k
5

The dependence of k
s 

on the geometry of mixers has been found as follows. The

k
s 

values have been found to be mainly dependent on the impeller pitch, width and

clearance between the impeller tip to the vessel wall and often, expressed in terms 

of the dimensionless ratios (over impeller or vessel diameter). 

Takahash et al.(1984) proposed the following correlation for k
5

k - 11.4 - - - . 
_ ( c)-o.441 ( 

P 
)-o.361 ( w)o.164

s 

D D D 

(16) 

This correlation shows the general dependence, that is the k
5 

value decreases with 

increasing th� clearance CID and pitch p/D, increases with increasing the width w/D 

(which is relatively a weak dependence comparing with other two parameters, CID 

andplD). Shamlou and Edwards (1985) focused on the clearance effects by using six 

different clearance values and found 

(17) 

Yap et al.(1979) proposed a correlation Üsing the length of the impeller blades as 

one of the key geometrical parameter for helical ribbon impellers, e.g. 

(18) 

the / is a length of the impeller. 
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Merquiol and Chaplin (1988) obtained relatively higher values of k
s 

for helical 

screw impellers and found k
s 

to be only dependent on the ratio of the impeller pitch 

over the vessel diameter. Their expression is 

k - 60 -
_ (p)0.65

s 

D 

(19) 

Hereby, another approach to evaluate k
s 

was proposed by Rieger and Novak 

(1973) which is also based on the Metzner-Otto definition. k
s 

is obtained via the 

following expression 

B k
s 

= Np Re (20) 

The k
s 

values for a helical ribbon impeller in a draft tube and a off centre helical 

screw impeller were given by Rieger and Novak. However, no geometrical influence 

on k
s 

was taken into account. 

2-2-2. Flow index influence on k
s

Beyond the geometrical effects, k
s 

is also found to be dependent on the flow

index, n. With the close examination of Yap et al.(1979), the k
s 

value was found to 

increase with increasing the flow index value ( e.g. less shear-thinning), as seen in 

Eq.18. The range of n values of the test fluids in their work is relatively narrow but 

it shows a definite trend. Brito et al.(1992) reported a similar trend, for one helical 

ribbon impeller in a relatively extended flow index range. They examined closely the 

Rieger and Novak's approach and indicated that k
8 

is to be independent ta the flow 

index if the Metzner-Otto's method is applied. They verified Rieger and Novak's 

approach and proposed an expression to include the flow index effects, that is: 

[K (n)ll/(n-1) 
k = _P_

s 

K 
p 

(21)
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2-2-3. Flow regime influence on k
s

It was first noticed by Metzner et al.(1961) that the proportionality between the

effective shear rate and the rotational speed is no longer valid beyond the laminar 

flow regime. They found k
s 

to be almost proportional to the square of the rotational 

speed in the transition flow regime for bath shear-thickening and shear-thinning fluids 

agitated by blade turbine impellers. A similar trend was found for shear-thinning 

fluids by Pollard and Kantyka (1969) and for shear-thinning suspensions by Bourne 

et al(1980, 1981), all with anchor agitators. Exponents equal to 3.75 and 2, with which 

the effective deformation rate varies with rotational speed, were found by Bourne et 

al. and Pollard and Kentyka respectively. Other available experimental evidences that 

the non-Newtonian power number is lower than the corresponding Newtonian one, 

have been reported by Nagata et al.(1971), Rocker et al.(1981), Forschner et 

al.(1991) for shear-thinning fluids, and Metzner et al.(1961), Calderbank and Moo 

Young (1959) for shear-thickening liquids. 

However, few efforts have been devoted to elucidate this subject. Carreau 

(Ulbrecht and Carreau, 1985) proposed a semi-theoretical correlation based on an 

analysis of the equivalent Couette flow, using the Newtonian power information in 

both the laminar and transition flow regimes (see Eq.26 in Chapter 5). The 

predictions were compared with the data of Bourne et al.(1981) and the agreement 

is quite good in case of small scale of the mixer. The elaboration and validation of 

this model will be discussed in Chapter 5. 

Another attempt has been made more recently by Forschner et al.(1991), as they 

dealt with the industrial scale-up in the transition flow regime. They found an 

overestimation of the effective viscosity using the methods of Metzner-Otto (1957) 

and of Rieger and Novak (1973), compared to their experimental data which is shown 

in Figure 2. They proposed an empirical correlation extending Rieger-Novak's 

method into the transition flow regime (see Eq.27 in Chapter 5). Unfortunately, they 
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Figure 3. Experimental data of the effective viscosity in the transition flow 
regime for an aqueous CMC solution (from Forschner et al., 1991) 

did not speciry the value for a key _parameter (k
2, 

rrans. in Eq.27 of Chapter 5), and 

how to evaluate this parameter due to their commercial concerns. Hopefully, more 

elaboration will be coming out by them soon. As seen from the literature, a full 

investigation of the effective deformation rate for the transition regime is still needed. 

2-2-3. Aeration influence on k
s

The validity of the k
5 

values obtained from unaerated conditions for gassed

reservoirs is quite questionable, since there should be additional deformation caused 

by bubbles' presence and bubbles stretching the liquid. No attempt bas been ever 

made to explore this unknown field due to the complexity of the gassed mixing 

systems. 

Available information about the effective deformation rate for gas-liquid reactors, 

namely bubble columns, may be helpful to understand how bubbles cause 
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deformation. It can be argued that shear deformation in the bubble columns is 

comparable to shear deformation caused by bubbles in aerated agitated vessels, 

although, the total deformation in an aerated agitated vesse! may not be a simple 

sum of the deformation in the bubble column and in the ungassed agitated mixer. 

Interaction between these two modes should be expected. Nakahashi et al.(1967) 

applied the Metzner-Otto's definition of the effective viscosity for the heat transfer 

processes in bubble columns and obtained the effective shear rate being proportional 

to the gas superficial velocity, that is: 

y ::; 5000 v
8 

(22) 

The validity of the Metzner-Otto's concept for the heat transfer process is 

questionable. Other information such as gas hold-up, superficial area, etc, should be 

taken into account (Chisti and Mao-Young, 1988, Kawase and Moo-Young, 1990). 

Nevertheless, Nakahashi et al.'s method has been frequently used for bubble column 

systems due to its simplicity. Henzler (1970) found that the proportional constant in 

Eq.22 to be 1500, instead of 5000. The following works by Schumpe and Deckwer 

(1987), Zaidi et al.(1987)confirm the constant value's range of Henzler's work. 

Merchuk and Ben-Zvi-Yona (1992) proposed a semi-empirical equation to give the 

acceptable predictions but some extra information such as pressure drop, superficial 

area, etc, is required. 

2-3. Power Consomption

Power consumption in agitated reservoirs has long been a subject of considerable

research interest. It goes back to the year of 1880 when Unwin handed over a first 

scientific report about the power in a mixing vesse} in front of the British Royal 

Society of Science (Unwin, 1880). As pointed by Ulbrecht and Carreau (1985), the 

power requirement is not only an important design and economic conceming 
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parameter, but also reflects changes in the flow patterns within the mixing reservoir. 

The power consumption can be evaluated through several approàches (Tatterson, 

1991 ). One of them is to use the energy dispersion equation or the power input is the 

energy transformed through the impeller in to the fluid per time. The power 

consumption is given 

(23) 

Where et, is a specific energy dissipation rate and V is volume. It is difficult to 

evaluate this integration using experimental data at the present stage and may be 

solved partially by the a dimensional computation (Tatterson, 1991 ). 

2-3-1 Dimensional analysis

In the literature, the power consumption data are often reported in terms of a

dimensionless number, the so called power number, Np, which is obtained from a 

dimensional analysis. The dimensional analysis method is always an useful way to 

examine how variables could affect behaviour of a complicated systems like mixing. 

Skelland (1983) reviewed the application of this method for mixing systems. Hereby, 

it is still worthwhile to summarize the approach of dimensional analysis. The reader 

is referred to the book of MaCabe et al. (1985) for the basic principles of the 

dimensional analysis. 

The power consumption can be expressed as functions of typical mixer geometrical 

parameters and fluid material properties. It should be noticed that, in the dimensional 

analysis illustrated here, we are only concerned with the effects of the flow behaviour 

and fluids properties on the power input at a given mixer. Geometrical effects are not 

taken into account. We prefer the following relation for the power 
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(24) 

Hereby, the general cases include an elastic effect (N
1
) and aeration effects (Q

g
)· The 

basic units involved in the above equation are the mass [kg], time [s], and length [m]. 

lt should be mentioned that the acceleration of gravity,g, is neglected·from the above 

expression because the energy dissipation caused by the inertial force is much smaller 

than that caused by the viscous force. A simple expression of the fonction in the right 

hand of Eq.25 is in power terms, e.g. 

(25) 

Applying the dimensions into the above equation, we have 

(26) 

The relations among the exponent indexes a
2 

~ a
7 

can be obtained from Eq.26, 

-3 = -a -a -a - 2a
3 4 6 7 

(27) 

(28) 

(29) 

These are three equations containing 6 unknowns, so three unknowns have to be 

fixed in order to salve these equations. We choose a41 a6 and a7 as pre-fixed values 

so that a
� 

a3 and a
5 

can be expressed in terms of a
,,, 

a
6 

and a
7
, e.g. 

a =1- a - a
2 6 7 

a =3- a - a  -2a 
3 4 6 7 

(30) 

(31)



a =5-3a -2a -2a 
5 4 6 7 

Eq.25 can be rearranged by substitution of Eq.30 ~ Eq.32, 

25 

(32)

(33)

where the first dimensionless group in right band of Eq.33, d2
N p/rJ, is the so called 

Reynolds number, Re; second term Q/Nd3
, is called the aeration number, Na; while

the third one, Nifd2N2 p, is the elastic number, El, as mentioned before. In 

circumstances where elastic effects can be neglected, and without aeration, Eq.33 

reduces to 

(34)

a
1 

is dependent of the mixer geometry. At laminar flow regime, a
6 

is equal to 1 and 

Eq.14 is one of the forms derived from Eq.34. 

2-3-2 Power correlations

The power number constant, K
P 

( =NpRe), bas been found to be dependent on 

the mixer geometry. Gray (1963) found K
P 

= 300 for a helical ribbon impeller. In a 

subsequent work, Hall and Godfrey (1970) investigated geometrical effects for helical 

ribbon agitators and proposed a correlation: 

K -66n - - - -

_ (P)
--0.13 (H) 

(
w

)
o.s 

( 
c

)
-o.6

p R d d d d 
(35)

This correlation illustrates the general dependence of K
P 

on the mixer geometry: the 

K
P 

value increases with increasing impeller width and liquid height, but decreases with 

increasing the impeller pitch and clearance. It also increases with increasing the blade 

number. Hall and Godfrey (1970) found no significant scale effect. They compared 
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with the literature data from seven authors and their work, and found differences 

ranging from -10.0 to 26. 7%. 

Kappel (1979) proposed the following correlation after a study of twelve different 

geometries of helical ribbon impellers: 

(p)-0.S ( C)-0.3
K

P 
= 60 (niJo.s 

d d 
(36) 

Kappel reviewed the available data in the literature and noticed that the power data 

reported in the literature are in good agreement with each other in the tanks with 

larger clearance and are in big differences in the mixers with small clearance. 

Following Bourne and Butler (1969), Chavan and Ulbrecht (1973, 1974) developed 

a semi-empirical correlation based on the equivalent Couette flow for power-law 

inelastic fluids agitated by helical ribbon impellers: 

d D 4 n J2u'2-n 

Np = 2 SA1t _.! -
1t a-iv- P 

( ) 2 ( )-1 
· d ( d.) ( n [(D/d,)11" - 1 ]) m 

(37) 

where d
e 

is an equivalent diameter calculated using impeller geometry via following 

equation: 

d� = 
D, _ 2 W / 1"( (D/d) - 1 + 2(W/d))

D D d \ (D/d) -1

(38) 

and A is given by 

A= (h/d)(p/d) [
1t 

✓(p/d)2 +1t2 
+ 1_(_1t_ + ✓(p/d)2

+1t 2

)] (1-[1-2(w/d)]2) (39)
31t (p/d)2 , (p/d) (p/d) 

The power should be doubled if the impeller has two ribbons. 

Nagata (1975) proposed a correlation for double helical ribbon agitators, e.g.: 



N == 74.3 - - Re 
(2C)-o.s (s)-o.s -1

P d d 
g 
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(40) 

Yap et al.(1979) based on the analysis of the drag force exerted on the impeller's 

blades and developed a model for Newtonian fluids, and then extended their result 

to the non-Newtonian fluids: 

_ 
1 0_93 (D)0.91 (d)l.23]-l

N -24n Re - -

p b g d l 

(41) 

where the blade length, l, was first introduced as one of the characteristics of the

impeller geometry. Yap et al.(1979) and Shamlou and Edwards (1985) compared 

these semi-theoretical or empirical correlations for the power number and found the 

correlation of Yap et al.(1979) to be most successful. They also found that the 

Chavan and Ulbrecht's correlation could give quite good predictions. 

Shamlou and Edwards (1985) studied mixers of different scales and presented the 

following empirical power correlation 

K - 150 n
b 

- - -

_ o.s ( [) (p)-o.s ( c)-0.33
P d d w 

(42) 

They also used the impeller blades' length as one of the mixer geometrical 

characteristics. The differences between the predictions and the data reported in the 

literature range from -57 % to +40 %. They intensively examined the influence of 

the impeller wall clearance on the power consumptions in terms of K
P 

using five 

different ratios of D/d. They also reviewed the predictions of power correlations in 

the literature and found that the K
P 

value increases much sharply as the wall 

clearance approaching small values. 
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2-3-3. Influence of non-Newtonian properties and flow regime on power input

The reader may is probably aware that the power prediction for the non­

Newtonian inelastic fluids is obtained using the correlations for Newtonian liquids, 

replacing the Reynolds number by the generalized Reynolds number. The generalized 

Reynolds number is evaluated from the effective viscosity which is discussed in the 

previous section. 

Elastic effects on the power input are usually neglected in the laminar flow 

regime. lt is expected that the viscous energy dispersion overshadows the energy to 

overcome the elastic force resistance in the laminar regime due to the relative lower 

rotational speeds. However, more recently Prud'homme and Shaqfeh (1984) and 

Brito et al.(1991) employed Boger fluids and second order fluids with high elastic 

levels and found quite a pronounced effect of elasticity on the power requirement. 

A marked increase of the power requirement for elastic fluids was found in the 

laminar regime in terms of a dimensionless torque. The power number for elastic 

fluids may expressed as functions of the Reynolds number and Weissenberg number 

for a given mixer (Kale et al., 1973, 1974), that is 

Np = f (Re
8 

, Wi) (43) 

More work is needed to elucidate the effects of the non-Newtonian properties 

( especially elasticity) on power consumption. 

In the transition flow regime, the power number is no longer inversely 

proportional to the Reynolds number. The power number decreases more moderately 

than in the laminar regime. For non-Newtonian inelastic fluids, Metzner et al.(1961) 

were the first to observe the lower power number compared with the corresponding 

Newtonian one for blade turbine agitators. However, Nagata et al.(1971) found no 

differences of between non-Newtonian and Newtonian power numbers for moderately 

shear-thinning CMC and P AA aqueous solutions agitated by a helical ribbon impeller 
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up to the turbulent flow regime. Brito et al. (1992) found a lower power number for 

highly shear-thinning xanthan aqueous solution mixed with a helical ribbon agitator, 

compared with the corresponding Newtonian one. Obviously, the non-Newtonian 

behaviour (bath shear-thinning and elasticity) could considerably affect the power 

consumption. 

Before we close this section, another aspect which should be stressed is the power 

requirement for gassed systems. Gassed power consumption bas been barely 

investigated in the case of the helical ribbon agitator. The only available data in the 

literature are for Newtonian fluids or for moderately shear-thinning inelastic xanthan 

aqueous solutions (Termote, 1991). Available information obtained from other types 

of impellers such as blade turbine can be helpful to understand how the energy is 

dispersed under gassed conditions. The correlation for the gassed power proposed 

by Michel and Miller (1962) has been found to be quite successful, that is 

P
0
ND 

( 2 3 ]0.45 

p = C 
g

Q
0.56 

(44) 

This correlation was originally proposed for Newtonian fluids. lt has been extended 

to the non-Newtonian systems in subsequent work by others. However, no 

geometrical effects are taken into account. An attempt bas been made to apply the 

correlation to helical ribbon mixers for bath Newtonian and non-Newtonian fluids. 

The results are not tao satisfactory (Termote, 1991). More sophisticated correlations 

for gassed power requirement should be developed, especially for the helical ribbon 

agita tors. 

2-4. Mixing and Circulation Times 

Power consumption is one of the important mixing characteristics which reflects 

the mixing behaviour. However, it is not enough to describe the mixing performance 



30 

in a reservoir. Therefore, mixing and circulation times have been used as additional 

criteria. Mixing time is defined as the time necessary to attain a given degree of 

homogeneity in the agitated fluids. A number of methods such as conductivity, 

thermal, decoloration methods, etc, have been used to measure the mixing time. 

Voncken (1965), Hoodendoorn and den Hartog (1967) and Ford et al. (1972) have 

presented excellent reviews of the merits and de-merits of the most used methods 

reported in the literature. By using a thermal method, the test fluids can be 

repeatedly used to run a number of experiments, but one bas to verify that there is 

no effect on the fluids' rheological properties in the range of temperature at which 

the experiments are being carried out. The electrical conductivity method is similar 

to the thermal method, but the number of experimental runs is limited to the point 

at which the fluid is conductively saturated. Obviously, there should be no influence 

of salts on the rheological properties of the test fluids within the experimental range. 

Compared to conductivity and thermal methods, one of the advantages of the 

decoloration method is to allow one to observe the flow patterns and mixing 

behaviour when the measurement of mixing time is being conducted. As pointed by 

Ford et al. (1972), it is difficult to determine the final stage and this method is 

somewhat subjective. A radioactive tracer technique has been also used in the 

measurements of the mixing and corculation times and used in the observation of 

flow patterns (Ford et al., 1972). One of the advantages of this method is to measure 

the mixing time and circulation time at the same time. The main disadvantage, as 

pointed by Ford et al.(1972), is its implementation. 

It should be stressed that the mixing time is very useful criterion only when it is 

used to compare with other data obtained using the same technique and the same 

scheme. Otherwise, comparing mixing times bases on different tèchniques can be 

totally misleading. The early work of Nagata et al. (1956), of Grey (1963) and of 

Johnson (1967) have shown that the helical ribbon agitator is highly efficient for 
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blending highly viscous, especially viscoelastic fluids. Mixing time is frequently 

reported in terms of a dimensionless mixing time, Nt
m

. In the laminar flow regime, 

the dimensionless mixing time is almost independent of the Reynolds number, e.g.: 

Nt = k 
m m 

(45) 

where k
m 

is dependent of the mixer geometry for Newtonian fluids. For instance, k
m

valuewas reported ta be 65 for Newtonian fluids mixed by a helical ribbon impellers 

by Hoogendoorn and den Hartog (1967). Novak and Reiger (1969) found a value of 

k
m 

close to that reported by Hoogendoorn and· den Hartog (1967). Nagata et al. 

(1972) studied various geometries of helical ribbon impellers and obtained k
m 

for 

single helical ribbon, double helical ribbon and helical ribbon screw impellers equal 

to, 100 - 150, 40, 30 - 57, respectively. In the transition regime, the dimensionless 

mixing time decreases with increasing the Reynolds number. A typical mixing time 
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data in terms of t
m

2 p/µ1)3 from the work of Hoogendoorn and den Hartog (1967) is 

shown in Figure 3. The value of t
m 

2 p/ µD3 is independent of the Reynolds number in 

the laminar regime and decreases with increasing Reynolds number in the transition 

flow regime, as seen in this figure. 

Mixing time is considerably affected by non-Newtonian properties, especially 

elasticity, in the laminar flow regime. Chavan et al.(1975a) and Ford and Ulbrecht 

(1976) reported no significant effects of the shear-thinning character for the inelastic 

fluids on the mixing time, whereas the mixing times for blending viscoelastic P AA and 

P AA in glycerol were found to much larger than mixing times obtained for 

Newtonian fluids. The dimensionless mixing time increases with increasing 

Weissenberg number (Ford and Ulbrecht, 1976). Carreau et al. (1976) found the 

mixing times for a 2% CMC aqueous solution to be several fold high than that for 

glycerol. They confirmed that in an elastic 1 % Separan solution the mixing time was 

considerably higher than for shear-thinning inelastic fluids. 

Circulation time is related to the impeller pumping capacity, or the intensity of the 

macro-flow (Ulbrecht and Carreau, 1985). Mixing time is taken as the time necessary 

for a free suspended a particle reflecting a fluid element complete a closed loop. Like 

mixing time, the circulation time is also expressed in terms of a dimensional 

circulation time, Nt
m

. The dimensionless circulation time has also been found to be 

independent of the Reynolds number for the Newtonian fluids in the laminar flow 

regime, that is: 

(46) 

Investigations on the circulation time has been conducted by Holmes (1964), Gray 

(1966) and Coyle et al. (1970). Chavan and Ulbrecht were the first to introduce a 

circulation number which is also related to the impeller pumping capacity. It is 

defined as: 



Ci = _!J_ = 
Nd3

V 

t Nd3
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(47) 

Chavan et al.(1975b) found lower circulation numbers for viscoelastic fluids that for 

corn syrup in the laminar flow regime. Similar trends were reported by Guérin et al. 

(1984). In the transition flow regime, the dimensionless circulation time decreases 

with increasing Reynolds number. 

Guérin et al. (1984) found quite broad and bimodal distributions of the circulation 

time for glycerol and a 1 % CMC aqueous solution. However, the distribution for a 

2% CMC was relatively narrower since there may be a segregation between the high 

deformation zone and the almost stagnant zone. Carreau et al. (1976) measured the 

axial and tangential velocities' distributions and found that the axial velocity for a 

viscoelastic 1 % Separan solution is much smaller than that for glycerol and for a 

shear-thinning 2% CMC aqueous solution. This finding confirmed a similar trend 

observed by Chavan et al. (1975a, 1975b) from the measurements of the axial 

circulation times. Meanwhile, Carreau et al. (1976) found that the maximum axial 

velocity is about 15% of the maximum tangential velocity at laminar flow regime for 

helical ribbon agitators. The influence of the elastic properties on the mixing and 

circulation times, especially in the transition flow regime still need ta be investigated 

intensively. 
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3-1.SUMMARY

The influence of shear thinning and viscoelasticity on the power required for the 

mixing of viscous liquids using six different helical ribbon agitators has been 

investigated. Four Newtonian and twelve non-Newtonian fluids prepared using several 

polymers dissolved in varying concentrations in different solvents cover a wide range 

of rheological properties. By a careful choice of test media, the specific as well as 

combined effects of shear thinning and viscoelasticity on the power requirement have 

been examined. Simple models are proposed to predict the effective. shear rate in the 

tank from the knowledge of the torque or the power number. The effective shear rate 

predictions are compared with the effective shear rate estimated using the scheme of 

Metzner and Otto (1957). It is shown to be slightly dependent upon the shear thinning 

properties. The fluid's elasticity is shown to increase appreciably the power 

requirement and departures from the generalized Newtonian power curve in the 

laminar regime are observed at smaller Reynolds numbers for viscoelastic fluids. 

Bottom wall resistance of the mixing vessel is shown to make a negligible contribution 

ta the power consumption. 

3-2. INTRODUCTION

Mixing of liquids by mechanical agitation is a commonly encountered operation in 

chemical and polymer processing applications. Notwithstanding the importance of flow 

patterns and mixing time etc., it is widely recognized that the power consumption is 

possibly the most important design parameter in these applications. Over the years, a 

wealth of information bas accumulated on the power consumption for low viscosity 

liquids for a variety of geometrical configurations of agitator-tank combinations. 



42 

Consequently, satisfactory methods are now available which permit the estimation of 

the power consumption for the mixing of low viscosity and purely viscous Newtonian 

and non-Newtonian systems under most conditions of practical interest. Excellent 

review articles are available on this subject (Oldshue, 1983; Ulbrecht and Carreau, 

1985; Tatterson, 1991). 

In contrast to this, the mixing of viscous non-Newtonian and rheologically complex 

media bas received much less attention. The available scant literature on this subject 

bas been reviewed by Ulbrecht and Carreau (1985) and Hamby et al. (1992). An 

examination of these reviews clearly suggests that the conventional impellers employed 

for the agitation of low viscosity liquids are not at all satisfactory for the applications 

involving high viscosity liquids. It is now readily agreed that the close clearance type 

impellers (such as helical ribbon or screw) result in much better mixing and circulation. 

Detailed discussions conceming the relative merits and de-merits of various impellers 

are also available in the literature (Tatterson, 1991). Among the different impeller 

geometries available, the helical ribbon agitator is considered to be more efficient for 

the agitation ôf highly viscous liquids. Whence this paper is concemed with the mixing 

of viscous Newtonian and non-Newtonian systems using a helical ribbon type agitator. 

The power consumption is known ta be strongly dependent upon the system 

geometry, type of agitator, the rheological characteristics of the liquid including shear 

thinning and viscoelasticity and the kinematic conditions prevailing in the tank. Owing 

to the high viscosity of liquids being considered herein the flow regime rarely exceeds 

beyond the transition zone between laminar and turbulent flows. lt is well known that 

strong interactions take place between the geometry and the viscoelasticity and it is 

therefore not at all possible to extrapola te the role of viscoelasticity from one geometry 

to another, even qualitatively (Ulbrecht and Carreau, 1985). It is, therefore, not at all 

surprising that conflicting conclusions have been reached by different investigators 

regarding the possible role of fluid viscoelasticity on power consumption. Admittedly 
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detailed discussions concerning the influence of rheological complexities on power 

consumption are available in the literature ( e.g., Harnby et al., 1992), the salient 

features of the previous pertinent studies are re-capitulated herein. 

3-2-1. PREVIOUS WORK

Chavan and Ulbrecht (1973) developed a semi-theoretical model for the prediction

of power for a helical screw in the laminar flow (Re< 10) by assuming the flow to be 

Couette type and by replacing the helical screw by an equivalent cylinder exerting the 

same torque. Their predictions for power law fluids are in agreement with the 

experimentally measured power data. Subsequently, Patterson et al. (1979) used the 

concept of drag flow about an inclined blade to predict the power and the resulting 

expression was modified to include viscoelastic fluids (Yap et al., 1979). The Couette 

analogy approach bas also been used to develop a theoretical framework for the 

prediction of the effective shear rate in the vessel (Ulbrecht and Carreau, 1985), albeit 

the predictions have not been validated thoroughly. Admittedly, some attempts have 

also been made at elucidating the effect of viscoelasticity on power consumption but 

conflicting conclusions have been reported in the literature. For instance, both Chavan 

and Ulbrecht (1973) and Yap et al. (1979) concluded that the shear thinning effects 

completely overshadowed viscoelastic effects for helical ribbon impellers. Whereas 

Nienow et al. (1983) reported a slight increase in power consumption for turbine 

impellers in viscoelastic xanthan gum solutions. In most of the aforementioned studies, 

aqueous polymer solutions ( exhibiting both shear dependent viscosity as well as varying 

levels of viscoelasticity) have been used as model test fluids. It is thus not clear 

whether the observed changes in power consumption are due to the shear thinning or 

due to the viscoelastic behaviour or due to both. Subsequently, Prud'homme and 

Shaqfeh ( 1984) have used non shear thinning but highly elastic fluids (Boger and 

Binnington, 1977) and reported a large increase in power consumption for turbine 
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impellers. Similarly, very little is known about the influence of various geometric 

parameters such as the scale of equipment, bottom clearance etc. on power 

consumption with helical ribbon agitators. Most of the previous work is limited to the 

so called laminar flow regime and as far as known to us, no prior results on the mixing 

of viscoelastic systems with helical ribbon agitators in the transition zone are available 

in the literature. The present study aims to bridge this gap in our currently available 

body of knowledge. 

In particular, this investigation sets out to elucidate the influence of fluid 

viscoelasticity and shear thinning on the effective shear rate and power consumption 

by using suitable and well characterized experimental fluids. Six helical ribbon-tank 

combinations have been used to demonstrate the effect of the equipment geometry on 

the power consumption. The experimental results reported herein embrace wide ranges 

of physical and kinematic conditions. 

3-3. CONCEPfS

As suggested by Ulbrecht and Carreau (1985), the variation of power consumption 

with Reynolds number reflects the overall flow pattern and the in-situ rheology of the 

mixed liquid in a mixing system. Dimensional analysis suggests that for purely viscous 

(that is, time independent) fluids and in the absence of vortex formation the power 

number is a unique fonction of Reynolds number as 

p 
Np = -- = /(Re) 

pN3dS 
(1) 

While for Newtonian systems, the Reynolds number is defined unambiguously, 

considerable confusion exists regarding the appropriate choice of an effective viscosity 

for non-Newtonian fluids, since the deformation rate in a mixing vessel is neither 
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constant nor is known a priori. This difficulty was circumvented by Metzner and Otto 

(1957) who introduced the concept of the effective shear rate, viz., 

(2) 

where ks is an experimentally determined constant and it is a function of geometry ( see 

for example Takahashi et al.,1984). Though originally postulated to be independent of 

the liquid rheology, recent work, however, suggests that for shear thinning fluids its 

value also depends upon the power law index (Beckner and Smith, 1966; Yap et al., 

1979; Brito et al., 1991). While Eq. 2 provides a convenient method for the estimation 

of power consumption for time independent fluids, virtually no attempt has been made 

to delineate the variation of � with the power law index n and geometry. In the 

following section, simplified models are presented which do provide useful guidelines 

for calculating the effective shear rate for helical ribbon agitators operating in the 

laminar flow regime. 

3-3-1. Prediction of Effective Shear-Rate

A schematic representation of a helical ribbon agitator is shown in Figure 1..

Following Bourne and Butler (1969), Chavan and Ulbrecht (1973), and Ulbrecht and 

Carreau (1985), the fluid motion caused by the rotating helical ribbon agitator is 

approximated here by an equivalent flow produced in a coaxial cylinder configuration 

with the inner cylinder rotating. The helical ribbon impeller is replaced by a cylinder 

of an equivalent diameter d
e 

which is rotating with a constant angular velocity n. For 

steady and fully developed Couette flow and in the absence of end effects, one can 

postula te: 

v = v = O v = v(r) 
r z ' 8 8 

(3) 

The 8-component of the motion equation simplifies to 
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(4) 

a -(r2-r ) = 0 
ar r6 

(5) 

For power law fluids, the r8-component of the extra stress tensor may be expressed 

as 

. (6)

Substituting Eq. 6 into Eq. 5 and integrating the resulting equation with respect to 

r and with the boundary conditions v
8 

= n(dJ2) at r = dJ2 and v
8 

=0 at r = D/2 

yields the following expression for the velocity profile: 

(7) 

Then from Eq. 6 the shear stress, T ro, is given by 

[ 20 ln (R)2 

't,a = m n [(D/d,fn -1] -;: 
(8) 

The torque acting on the inner surface of outer cylinder is obtained from the wall 

shear stress 

I' = (2rrRH)(--r ,a) lr=R R (9) 

and the power required for mixing is 
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(10) 

Then, combining Eqs. 8 to 10, the power number is expressed as: 

(11) 

In the laminar regime, the power number - Reynolds number relation can be 

expressed by 

(12) 

Where fl
e 

is an effective viscosity. For power law fluids, fl
e 
= m I Y

e 
I n-land Eqs. 11 and 

12 can be re-arranged to yield the following expression for the effective shear rate: 

(13) 

Eq. 13 thus elucidates the functional dependence of� on the flow behaviour index 

n and geometry via d
e
. 

Alternately, one can re-arrange Eq. 9 together with Eq. 6 to obtain the following 

expression for the shear rate at the outer cylinder, i.e., y 
rB,wall as 

. [ 2r ll/n
y 

= 
ra, waII 

1tmD2H 
(14) 

It can be argued that the effective shear rate Y
e 

( estimated by using Eq. 13) and the 

shear rate at the wall Y
r
o,wan (calculated via Eq. 14) should be inter-related as bath 

involve the knowledge of torque or power. The torque acting on the vesse! wall can 

be represented as a fonction of the effective viscosity by combining Eqs. 10 and 12: 
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(15) 

The wall shear rate is also assumed to be proportional to the rotational speed 

y re,waJJ = kl{ (16) 

where �• is a constant to be determined via the experimental results. For the power 

law fluids, 'l
e 

= m (�Nt-1, and from Eqs. 14 to 16, � can be expressed as a fonction 

of�': 

(17) 

In contrast to Eq. 13, Eq. 17 can be used to predict � from �• without making use 

of the equivalent diameter, d
e
. 

3-4.EXPERIMENTAL 

The mixing system employed in this work consisted of a cylindrical plexiglas vessel 

fitted with a helical ribbon agitator together with an automated data acquisition system. 

In order to ascertain the effect of geometric parameters on power consumption two 

cylindrical vessels (0.292 m and 0.40 m diameter) together with six different helical 

ribbon agitators have been used; the major dimensions of the various tank/agitator 

combinations employed herein are defined in Figure 1 and their values are presented 

in Table 1. The torque acting on the agitator shaft was measured using a torquemeter 

whereas the rotational speed was measured using a tachometer. More detailed 

descriptions of the experimental setup and procedure are available elsewhere (Carreau 

et al., 1976; Yap et al., 1979). Suffice it to add here that each power data point 
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represents an average of several repeated measurements in order to minimize the 

experimental uncertainty; the torque measurement is believed to be reproducible 

within 2.0%. 

3-4-1. Test Fluids

In order to encompass a wide range of the rheological characteristics, several

Newtonian and non-Newtonian test fluids have been used in this work. Steady shear 

stress and primary normal stress differences were measured using a R-18 Weissenberg 

rheogoniometer at the same temperature as that encountered in the mixing 

experiments. Aqueous solutions of corn syrup (Bee Hive, Best Foods) and glycerol (G-

177, American Che mi cals) of different concentrations were used as N ewtonian liquids 

whereas the non-Newtonian fluids used herein can be further divided into different 

types depending upon whether these fluids exhibited any measurable primary normal 

stress difference or shear dependent viscosity or bath. Thus, the aqueous solutions of 

xanthan, XTN, (28602-8, Aldrich) and carboxyl methylcellulose, CMC, (CMC-70-F, 

Aqualon) and gellan (4900-1890, Scott) dissolved in a Newtonian corn syrup did not 

exhibit measurable primary normal stress differences and hence were classified as 

inelastic shear thinning fluids. On the other hand, solutions of xanthan and CMC in 

mixtures containing 85 mass % glycerol and 15 mass % water were found to be shear 

thinning as well as viscoelastic. Finally, the influence of viscoelasticity in the absence 

of shear thinning was examined by using two Boger fluids (Boger and Binnington, 

1977). The first fluid was a 0.35% polyisobutylene, PIB, (Mw = 2.5x106 kg/kmol, 

Vistanex MM, Exxon) dissolved in a mixture containing 77 mass% of polybutene, PB, 

(Parapol 1300, Exxon) and 23 mass% kerosene, and the second fluid was a solution 

of 800 ppm of polyacrylamide, P AA, (Separan AP30, Dow Chemical) in corn syrup. 

This last fluid was slightly shear thinning. 

Only steady state shear viscosity and primary normal stress difference data 
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were used to characterize the fluids. Owing to the qualitatively different behaviours, 

it was not possible to use a single rheological model even for their shear viscosity 

behaviour. For instance, the usual two parameter power law model provides a 

satisfactory fit of the viscosity data for the aqueous solutions of xanthan and CMC as 

well as for the 0.7% gellan in corn syrup solutions. The more concentrated (1-3%) 

solutions of CMC, on the other band, displayed a rather broad transition zone between 

the zero shear viscosity and power law regime. The Cross model was used to represent 

their shear viscosity - shear rate behaviour: 

(18) 

For the solution of xanthan in the glycerol/water mixture, it was necessary to modify 

the power law by incorporating the solvent viscosity as follows 

(19) 

The resulting values obtained by non-linear regression of power law constants ( n 

and m), Cross model parameters( no, n and t
1
) and the solvent viscosity 'l

s 
are given in 

Table 2 where a wide range of rheological conditions, especially the value of n (0.18 

to 1.00), is seen to be covered. The solid curves in Figure 2 represent the fits obtained 

with the viscosity models. 

The primary normal stresses data are shown in Figure 3 to be adequately 

represented by the following power law type expression 

N = -(,: - t ) = 111 y· 2 = m'y· n'
1 11 22 1 

(20) 

and the experimental values of m' and n' are also included in Table 2. Attention is 

drawn to the fact that, as expected, n' is generally greater than the corresponding 

value of n and that the N
1 

data for the Boger fluids seem to approach the expected 
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second order limit and under these conditions, their viscoelastic behaviour can be 

described in terms of a characteristic elastic time defined by 

(21) 

Figure 4 supports this contention whereas for all other fluids used herein, the 

characteristic elastic time decreases with increasing shear rate. 

Thus, in this work, altogether 16 fluids exbibiting a wide range of rheological 

properties have been employed to delineate the effects of non-Newtonian 

characteristics on the power consumption and these are presented and discussed in the 

next section. 

3-5. RESULTS AND DISCUSSION

The power consumption was measured as a function of the system geometry, 

rheological properties of fluids and kinematic variables, namely, speed. It is customary 

to present these results in a dimensionless form in terms of the power number as a 

function of the Reynolds number. It is desirable and instructive to begin with the 

results for Newtonian fluids, as it provides a convenient basis for the analysis of the 

results for non-Newtonian systems (presented in subsequent sections.) 

3-5-1. Newtonian Liquids

The power consumption for Newtonian fluids bas been measured usîng the six

different agitators up to Re = 4500, albeit our primary concern here is in the viscous 

and transition flow regimes. Depending upon the specific geometry of the agitator, the 

laminar flow regime (NpRe = constant = �) is observed to persist up to about Re 

� 30 - 70, as shown by Figure 5. The critical value of the Reynolds number up to 

which the laminar flow prevails is seen to vary somewhat with the system geometry. 
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The resulting mean values of� for all geometries are listed in Table 3. Also included 

in the same table are the calculated value of K
P 

using the semi-analytical methods due 

to Chavan and Ulbrecht (1973), Yap et al. (1979) and the empirical correlation 

proposed by Shamlou and Edwards (1985). While the agreement between the 

predicted and experimental values of � is seen to be moderately good for the models 

proposed by Chavan and Ulbrecht (1973) and by Yap et al. (1979), the 

correspondence with the results of Shamlou and Edwards (1985) is rather poor. 

Further examination of this table shows that the value of � increases with the 

decreasing agitator pitch and with the increasing blade width, albeit the latter is a 

rather small effect. These observations are consistent with the findings of Hall et al. 

(1970), Chavan and Ulbrecht (1973) and Yap et al. (1979), etc. 

3-5-2. Non-Newtonian Fluids

Typical experimental results on power consumption in non-Newtonian systems are

shown in Figures 6 and 7 for several test fluids but one geometry HR3 thereby 

elucidating the effects of shear thinning and viscoelastic behaviour. Qualitatively similar 

trends were observed with the other geometrical arrangements investigated in this 

work. The generalized Reynolds number in these figures bas been defined using the 

effective viscosity calculated using the method of Metzner and Otto (1957), i.e., Eq. 2 

using the N ewtonian power curve in the laminar regime as a reference. 

A detailed examination of the results shown in Figures 6 and 7 as well as of those 

not presented herein suggests that, in the absence of viscoelastic effects, laminar flow 

for highly shear thinning fluids persists up to somewhat larger values of the generalized 

Reynolds number than that for the Newtonian fluids. Therefore, a smaller torque is 

needed to mix shear thinning liquids in the transition regime than that for Newtonian 

fluids. The smaller the value of n is, the higher is the value of the Reynolds number 

marking the onset of the transition flow. The results obtained with the highly shear 
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thinning and relatively inelastic 2.5% xanthan aqueous solution corroborate these 

assertions. Similar results have been also reported by Brito et al.(1991). For mildly 

shear thinning and inelastic fluids, the present results are virtually indistinguishable 

from the Newtonian power curve in the transition regime. This observation is also 

consistent with the finding of previous studies (Harnby et al., 1992). 

For the mixing of viscoelastic liquids, the values of power number are in line with 

the Newtonian curve only for low values of the Reynolds number. For these low 

values, the corresponding values for the Weissenberg number (Wi = (11' i/11 e)N) are small 

and it is expected to show little effect on the power consumption. With an increase in 

the velocity (hence Re and Wi), the viscoelastic effects become more and more 

pronounced and the more elastic the fluid is, the sooner is the departure from the 

Newtonian curve. In other words much greater power is requirèd to mix highly 

viscoelastic systems than Newtonian fluids of comparable viscosity and with increasing 

elasticity of the fluids smaller is the value of the Reynolds number up to which the 

laminar flow is seen to exist. These results are in line with the findings of Prud'homme 

and Shaqfeh (1984) and Carreau et al. (1992) for impellers of different types, and with 

the observations of Brito et al. (1991) for similar agitators. In this context, the results 

obtained with the two Boger (nearly shear independent elastic) fluids are particularly 

informative which illustrate the aforementioned phenomena unequivocally. 

Figure 8 shows the effect of the Weissenberg number on the power numbèr. Note 

the qualitatively similar behaviour exhibited by different types of fluids. Bearing in 

mind the opposing effects of shear thinning and viscoelasticity, the results for the 

Boger fluids (0.35 % PIB and 800 ppm P AA) are seen to deviate at rather small values 

of the Weissenberg number. The fact that the results for the highly shear thinning and 

viscoelastic xanthan solution in glycerol conform the Newtonian behaviour up to rather 

large values of the Weissenberg number (- 0.1) suggests that shear thinning delays the 

onset of viscoelastic effects. Qualitatively similar trends have been documented by 
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Brito et al. (1991) for a helical ribbon agitator and by Nienow et al.(1983) for a 

Rushton type agitator. However, there does not appear to be a simple method of 

predicting a priori the onset of departure from the Newtonian curve in this complex 

flow configuration. It should be mentioned here that the point at which the results 

begin to veer away from the Newtonian curve also coïncides with that at which the rod 

climbing phenomenon is observed in mixing experiments. Obviously the fluid's elasticity 

is responsible for changes in the flow patterns, as discussed by Ulbrècht and Carreau 

(1985). To quantitatively describe the effects of flow pattern changes on the power 

consomption in such a complex flow system is, however, impossible without a detailled 

investigation of the flow field. Qualitatively, we suggest that more energy is required 

to mix viscoelastic fluids because the flow in a mixing vessel is highly transient and 

partly extensional. Viscoelastic fluids are known to exhibit large stress overshoots in 

transient experiments and their extensional viscosity could be quite large compared to 

their shear viscosity ( see Bird et al., 1987). 

In view of the opposing effects of shear thinning and viscoelastic behaviour on 

power, it is conceivable that under appropriate circumstances, the results for a shear 

thinning viscoelastic liquid may not deviate from the corresponding Newtonian curve. 

This expectation is borne out by the results obtained with the highly shear thinning and 

viscoelastic 0.5% xanthan solution in glycerol. Only at sufficiently high values of the 

Reynolds number ( and thus Weissenberg number) do the results be gin to veer away 

from the Newtonian curve. Finally, Figure 9 shows that the clearance between the 

impeller and the bottom of the vesse} exerts virtually no influence on the power 

consumption for a series of Newtonian and non-Newtonian fluids using the impeller 

HR3. One would intuitively expect similar results for other geometries too. 

3-5-3. Predicted and Experimental Effective Shear rate

Figures 10 and 11 show representative results of � ( calculated using the method of
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Metzner and Otto (1957)) as a fonction of the generalized Reynolds number Re
g 

for 

one agitator geometry (HR3). The ks value is found to be constant only in the laminar 

flow regime for purely viscous (i.e. inelastic) fluids and for very low Reynolds numbers 

in the case of the viscoelastic liquids, i.e. before the departure from the laminar 

regime. For the 0.4% CMC in glycerol/water, no constant ks could be obtained within 

the experimental range. 

Beyond the laminar flow and/or beyond the point of departure, the relationship 

between ks and Re
g 

seems to be strongly dependent upon the rheological 

characteristics of the liquid. Broadly speaking, ks calculated using the Metzner-Otto 

(1957) method is strongly dependent on the generalized Reynolds number Re
g
. For 

highly shear thinning fluids the increase of ks at high Reynolds number is due to the 

extension of the laminar regime. For viscoelastic fluids, on the contrary, the decrease 

is caused by early departure from the generalized Newtonian power curve. As 

expected, ks is somewhat dependent on the agitator geometry. Figure 12 reports the 

values of� for the non-Newtonian fluids used in this work determined in the laminar 

regime, for only three geometries to avoid overcrowding of the figure. It is obvious that 

in addition to geometry, � is quite dependent on the flow behaviour index, n. This last 

finding is also consistent with the conclusions reached by other investigators ( e.g. 

Beckner and Smith, 1966; Yap et al., 1979; Brito et al., 1991). The increase of ks with 

n is not predicted by Eq. 13 using the power constant,�' determined for Newtonian 

fluids. This will be discussed below. 

Alternately, one can also predict ks using Eq. 17, via the wall shear rate constant 

ks' . The constant of proportionality ks' is also plotted against the power law index n 

in Figure 12, for three geometrical configurations only. The other systems show a 

similar behaviour. The predictions of ks and the values calculated from the Metzner­

Otto (1957) method are in close agreement. For high values of n, the predictions are 

quite sensitive to the � values and become undetermined for n = 1. These results 
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provide a theoretical justification for the empirical approach of Metzner and Otto 

(1957). 

The power and applicability of the approach developed herein is also demonstrated 

by predicting the equivalent diameter d
e 

using the power measurements via Eq. 13. 

The results are shown in Figure 13 where it is clearly seen that the value of d
e 

is 

somewhat influenced by the extent of shear thinning behaviour. Although the reasons 

for the dependence of D/d
e 

on n are not immediately obvious, this can be attributed 

in part to the changes in flow patterns for highly shear thinning fluids as observed by 

Carreau et al.(1976) and recently computed by Tanguy et al.(1991). However, in spite 

of the slight dependence of D/d
e 

on n, it can be argued that the calculation of power 

is not very sensitive to the variation of D/d
e 

with n. For engineering calculations, it is 

quite adequate to use the value of (D/d
e
) from Newtonian fluids, listed in Table 1, 

together with the 1<i; determined from Eq. 13. Figure 14 confirms this expectation: the 

deviations between the predicted values using the equivalent diameter for Newtonian 

fluids and the power data for impeller HR3 are barely noticeable. The predictions for 

2.5% XTN solution coïncide almost exactly with the experimental data, so that the 

differences in the figure cannot be seen. For this solution, I<i; is exactly predicted by Eq. 

13. The results for the other geometries would be comparable. We stress that, with this

approach, power consumption for mixing inelastic non-Newtonian fluids can be 

predicted from the Newtonian power constant, �-

3-6. CONCLUSIONS 

In this work, the influence of the shear thinning and viscoelastic characteristics on 

the power requirement for the mixing of liquids with helical ribbon agitators have been 

investigated. For mildly to fairly high shear thinning inelastic liquids (n � 0.25), the 

power consumption does not deviate from the corresponding Newtonian curve in the 
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laminar as well as in the early transition flow regime. For highly shear thinning inelastic 

fluids (n < 0.2) the power number shows an extended laminar flow regime, i.e. the 

onset of the transition regime is somewhat delayed. The viscoelastic behaviour exerts 

an exactly opposite effect, i.e., the power number for shear independent viscoelastic 

(Boger) fluids is well represented by the N ewtonian curve only for very low values of 

the Reynolds number (and Weissenberg number). With increasing Re, viscoelastic 

effects become more pronounced and the power number is much larger than for 

Newtonian fluids. Conversely, these fluids exhibit a much shorter laminar flow regime 

than Newtonian fluids. For fluids which exhibit bath shear thinning as well as 

viscoelastic properties, the effect of elasticity ( or Weissenberg number) is less 

pronounced and the departures of the power number from the N ewtonian curve is 

observed for higher Reynolds number than for the shear independent viscoelastic 

fluids. 

Based on the analysis of Couette flow, simple semi-theoretical models have also 

been outlined for the laminar regime herein, which in conjunction with the 

experimental torque values enable us to predict the effective shear rate. The functional 

dependence of the wall shear rate and of the effective shear rate on the flow behaviour 

index and geometry is reported and discussed. The wall shear rate is linked with the 

effective shear rate in the tank estimated using the concept introduced by Metzner and 

Otto (1957). The proposed models can be used to predict the effective shear rate and 

predict the power consumption for the mixing of inelastic non-Newtonian fluids with 

close clearance impellers in the laminar regime. Finally, the present experimental 

results also suggest that the clearance between the agitator and bottom does not 

influence the power consumption to an appreciable extent. 
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Table 1 Agitator's Goemetries 

Geometry d(m) D/d h/d p/d 

HRl 0.263 1.11 1.05 0.695 0.097 1.42 

HR2 0.263 1.11 1.05 0.850 0.133 1.50 

HR3 0.263 1.11 1.05 0.695 0.133 1.37 

HR4 0.360 1.11 1.03 0.686 0.083 1.45 

HRS 0.360 1.11 1.03 1.028 0.133 1.57 

HR6 0.360 1.11 1.03 0.686 0.133 1.43 

* d
e 

calculated from Eq. 13 for Newtonian fluids (n = 1). 



Fluids 

Dilute corn syrup #1 

Dilute corn syrup #1 

Dilute glycerol #1 

Dilute glycerol #2 

2.5% XTN 

0.5% XTN (gly./H20) 

1.8% XTN 

0.8% XTN 

0.5% XTN 

3%CMC 

1%CMC 

0.4% CMC (gly./H20) 

0.1 % CMC (gly./H20) 

0.7%gcl1an (corn syrup) 

800 ppm PAA (corn syrup) 

0.35% PIB (PB+Kerosene) 

Table 2. Rheological Parameters of the Fluids 

n m l1 110 f/s n' 

- Pa·s" s Pa·s Pa·s -

1 12.0

1 4.16

1 0.470 

1 0.067 

0.183 22.4 

0.199 4.13 0.19 0.782 

0.200 11.8 

0.240 2.31 

0.250 1.84 

0.299 7.83 469 

0.409 0.110 1.57 

0.530 9.75 0.740 

0.701 1.20 1.12 

0.910 0.750 

0.940 1.03 1.67 

1 8.19 2.00 

m' 

Pa·s"' 

7.85 

18.0 

0.140 

0.150 

1.29 

kg/m3 

1440 

1360 

1140 

1100 

1080 

1200 

1080 

1050 

1030 

1060 

1040 

1200 

1200 

1300 

1350 

1100 

0\ 
1--' 



Table 3 Conparison of Experimental Data of Kp with Literature 

Agita tors 

HRl 

HR2 

HR3 

HR4 

HR5 

HR6 

Experimental 
(This Work) 

164.1 

132.2 

192.2 

160.5 

120.1 

176.8 

Chanvan 
and 

Ulbrech 
(1973) 

180.9 

176.7 

206.8 

165.5 

150.9 

204.6 

Yap 
et al 

(1979) 

136.2 

103.0 

129.8 

136.2 

80.4 

127.9 

Shamlou 
and 

Edwards 
(1985) 

226.7 

229.5 

253.9 

213.2 

203.9 

249.6 
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Figure 1 Sketch of helical ribbon agitator system 



,......._,, 
rn 

(1j 

P.. 
...__,, 

e 3% CMC 
◊ 1% CMC
A. 2.5% XTN
■ 0.5% XTN
'v 0.7% gellan
0 0.5% XTN(gly/�0) 
D 0.4% CMC(gly/HzO) 
'Y 800 ppm P AA 

10-2 .__ ..................... ....__,_�.........i.__. .................. u.1....... .................... �__.__ .......... .......,J 

10-2

Figure 2 Shear viscosity data for eight polymer solutions 
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Figure 4 Variation of elastic time constant with shear rate for five polymer solutions 
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Figure 5 Variation of NpRe with Reynolds number for Newtonian fluids 
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Figure 10 Variation of k
s 

with generalized Reynolds number for the shear-thinning 
inelastic fluids 
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Figure 11 Variation of k
5 

with generalized Reynolds number for viscoelastic fluids 
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4-1. ABSTRACT 

Aerated mixing of shear thinning and elastic fluids with helical ribbon impellers in 

the laminar and transition flow regimes bas been investigated. Various Newtonian, 

shear-thinning inelastic, viscoelastic and non shear-thinning elastic fluids have been 

chosen ta assess the influence of complex rheological properties on the power 

requirement. For the first time, the power requirement in non shear-thinning elastic 

fluids is shown to be larger in gassed systems than in ungassed fluids, while a decrease 

of power is observed for the shear-thinning inelastic fluids. The gassed power is also 

dependent on the gas flow rate and Reynolds number. Two correlations are proposed 

in the laminar and transition flow regimes respectively ta predict the power 

consumption as fonctions of the Reynolds number defined for aerated non-Newtonian 

fluids, the aeration and Weissenberg numbers. Gas hold-up, bubble size and bubble 

behaviour have also been studied. 

4-2. INTRODUCTION 

Aerated mixing of liquids in mechanically agitated vessels is involved in many 

chemical processes. Gas dispersion is a dominating step controlling the process in most 

gas-liquid chemical reactions. The evolution of research in this field has been since 

carried out mainly for disk turbine type impellers, but focused in water like solutions 

and low viscous fluids. Excellent reviews of gas dispersion in agitated tanks are 

available (Nagata 1975, Oldshue 1983, Smith 1985, Nienow and Ulbrecht 1985, 

Tatterson 1991). Difficulties arise for gas-liquid systems especially for rheological 

complex fluids (Smith, 1990). Alone with gas distribution, mass transfer etc, the power 

consumption bas been a tapie of high interest. The power input is not only an 
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important design parameter but also reflects the flow pattern changes and the 

rheological properties in such complicated systems (Ulbrecht and Carreau, 1985). 

Sorne of those rheological properties cannot be determined in a simple or direct way 

and/or method. Of those is the apparent primary normal stress difference of the 

dispersion. The whole picture of gas dispersion, even for disk style turbine impellers, 

is far from being clarified. Further more, gas dispersion in agitated systems with helical 

ribbon impellers bas barely investigated, although its applications have been widely 

used in biochemical fermentation and polymerization etc, where the media 

encountered are frequently viscoelastic fluids. lt can be misleading to extrapolate the 

results obtained from disk turbine type impellers to helical ribbon impellers. There is 

a quite pronounced gap between the current available knowledge and the requirements 

for design and scale-up of gas-Iiquid agitators with helical ribbon impellers, for both 

low viscous fluids in general and non-Newtonian viscoelastic fluids in particular. This 

work was carried out in an attempt to fill part of this gap. The effects of the fluid's 

complex rheological properties, gas distribution, gas flow rate and flow pattern on the 

power consumption in the reservoirs agitated by helical ribbon impellers bas been 

investigated. 

4-3. EXPERIMENTAL

The experimental set-up is schematically shown in Figure 1. The gas was introduced 

through a 200 mm diameter circular tube sparger with 20 holes of 2 mm diameter 

placed in the bottom of vessel. The gas flow rate was measured by a pre-calibrated 

rotameter. The reader is referred to Carreau et al.(1993) for a detailed description of 

equipment and methods for torque measurement, ungassed rheological property 

measurement in steady state and test fluids used in this work. The geometrical ratios 

of D/d, w/d, p/d, h/d of the typical helical ribbon impeller reported in this work are 



-81 

respectively 1.11, 0.133, 0.695, 1.05 (geometry HR3 in Carreau et al., 1993) 

Gas hold-up was measured by measuring the change of the fluid's level in the tank 

in absence of vortex. The measurement of the apparent viscosity of the dispersion was 

carried out using a Bohlin portable rheometer (Visco 88, Bohlin ). Fluid samples for 

different gas hold-up were quickly withdrawn from the well mixed system, then injected 

into the cylinder cup of the Bohlin rheometer to measure the variation of the apparent 

viscosity with time under a given shear rate. The sizes of the small bubbles for samples 

tested in the Bohlin rheometer were measured using a microscope (American Optical 

Company, MOD 569, 0.7 to 3.0X). The reader is also referred to Carreau et al(1993) 

for the ungassed rheological properties and parameters of test fluids used in this work. 

The test fluids can be classified into two types: inelastic shear-thinning fluids and elastic 

fluids. The .2.5% xanthan (XTN) and the 1 % and 3% CMC aqueous solutions belong 

to the inelastic shear- thinning fluids, while the 800 ppm polyacrylamide (PM) in corn 

syrup solution, the 0.35% polyisobutylene (PIB) dissolved in 23% kerosene and 77% 

polybutene (PB) and the 0.5% xanthan in 15% water and 85% glycerol solution show 

elastic properties. 

4-4. RESULTS AND DISCUSSION

The variations of the apparent viscosity of the dispersion with time were measured 

at different gas hold-up at given shear rates for the elastic 800 ppm P AA solution in 

corn syrup and the inelastic shear thinning 2.5% xanthan and 1 % CMC aqueous 

solutions. The results are shown in Figures 2 and 3 respectively (where e0 
is the initial 

value for the gas hold-up of the tested sample ). Surprisingly for the elastic fluids, the 

apparent viscosity of the dispersion is found to be much higher than for the ungassed 

fluids. As seen in Figure 2, it is almost 2 fold higher for high gas hold-up level and it 

increases with gas hold-up. As far as we are aware, this behaviour bas never been 
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reported before. For the inelastic shear-thinning 2.5% xanthan and 1 % CMC solutions, 

a slight enhancement of the apparent viscosity of the dispersion is observed ( shown in 

Figure 3). lt can be argued that the bubbles inside the elastic fluids may behave as 

solid spheres ta enhance the apparent viscosity. The increased viscosity for gassed 

Boger fluids may be also explained by interactions between the high deformable 

particles and the viscoelastic fluids. Nevertheless, the finding of this work is surprising 

and this information is helpful for a better understanding of the power requirement for 

dispersions. 

In an attempt ta understand the mechanism for the increase on the apparent 

viscosity of the dispersions, the sizes of the small bubble of the fluid samples tested in 

Bohlin Rheometer were measured. The sizes for the 0.5% xanthan, 2.5% xanthan 

aqueous solutions and 800 ppm P AA corn syrup solution are 0.25 - 0.35 mm, 0.60 -

0.75 and 1.0 - 1.4 mm, respectively. Gas flow rate in the mixing vessel appears not ta 

affect the bubble dimensions. The gas hold-up of the tested samples for such small 

bubbles are 6.2 - 7.0% for the 800 ppm P AA in corn syrup solution and 3.5 - 4.1 % 

for the xanthan aqueous solution. We notice that the gas hold-up of small bubbles is 

higher for elastic fluids than for inelastic shear-thinning fluids. 

4-4-1. MIXING WITH AERATION

The power number and the generalized Reynolds number in the mixing system 

are defined respectively as 

(1) 

(2) 

where P is the power input in the mixing system, 'l
e 

is the effective viscosity and is 
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evaluated from Metzner-Otto's (1957) method assuming that the effective shear rate 

is proportional to the impeller rotational speed in the laminar flow regime, i.e. 

(3) 

The reader is referred to Carreau et al.(1993) for values of� obtained in this manner 

under ungassed conditions (the typical geometry used here is HR3 in the work of 

Carreau et al., 1993). 

In the procedure to develop a more suitable power correlation for non-Newtonian 

fluids, the need of a corrected effective shear rate under aerated conditions has 

emerged. The effective shear rate of fluids under aerated conditions is expected to be 

different from that without aeration, due to additional deformation caused by the 

presence of bubbles and bubble stretching in the liquid. A simple approach consists of 

combining the shear deformation caused by bubbles' passage and deformation caused 

by the impeller blades. Hence, we define here an aerated effective deformation rate 

as 

(4) 

where y e is the deformation rate caused by the mechanical agitation and is calculated 

by the Metzner-Otto method under ungassed conditions (via Eq.3), Yb is the additional 

deformation rate due to bubbles' flow. Due to the lack of a detailed flow field for 

gassed fluids, the additional deformation rate is estimated using the concept of 

Hashikawa et al.(1977), which was initially proposed for gas-Iiquid bubble columns, i.e. 

Î
b 

= 1500 V
8 

(5) 

where vg is the superficial gas velocity and the proportionality constant value of 1500

(m-1) as used by Henzler (1980) is retained here. Obviously, the value for the Reynolds

number under aerated conditions, Rea
, evaluated from the aerated deformation rate 
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Y a, is higher than the unaerated one for shear-thinning fluids and increases with 

increasing gas flow rate. For easier comparison of gassed results with ungassed ones, 

the generalized Reynolds number Re
g 

calculated via Eq.2 is still used in parts in the 

next section, while the aerated Reynolds number Re
a 

will be used for the power 

correlations. 

4-4-2. Newtonian and inelastic fluids

The power consumption for Newtonian and inelastic shear-thinning fluids with

different aerated levels is plotted as a ratio of gassed over ungassed power, PglP
0

, 

versus the generalized Reynolds number, Re
g
, and the results are shown in Figures 4 

and 5. The power ratio for the Newtonian glycerol solution (µ = 0.47 Pa.s) in the 

range of Re
g 

from 28 to 440 is found to be almost constant and independent of gas 

flow rate. 

For the shear-thinning fluids, the power input decreases as gas is sparged at low 

Reynolds number values, then the ratio Pgf P
0 

increases with increasing Reynolds 

num_ber, and eventually levels off. There is no comparable literature data available for 

helical ribbon impellers. The gassed power input decreases as gas flow rate is 

increased. This finding is different from the previous observations made by Nienow et 

al.(1983) who found the gassed power input to be independent of gas flow rate for 

turbine impellers in shear-thinning CMC fluids. Also similar trend were found by 

Ôzecan et al.(1988) for Newtonian fluids and by Ranada and Ulbrecht (1977) for 

shear-thinning P AA aqueous. The difference with_ our observations may be due to the 

low level of gas sparging rates used by the other authors and more properly due to the 

different mechanisms for gassed power in systems agitated by helical ribbon impellers 

compared to disk turbine type impellers. Carpenter (1986) found that Pgf P
0 

initially 

decreased as gas was sparged and then climbed up as the gas flow rate increased 

above 0.5 x10-3 m3/s. 
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There is a minimum ratio of P/P
0 

for the 3% CMC aqueous solution as seen in 

Figure 4. The power reduction in the highly shear-thinning 2.5% xanthan aqueous 

solution is much more pronounced than that for the fairly shear-thinning 1 % and 3% 

CMC aqueous solutions under the same gas flow rate and Reynolds number. But the 

differences in power reduction between these two kinds of fluids level off at larger Re
8

values. At lower rotational speeds, large size bubbles are formed and then pass 

through the liquid; the break-up of bubbles rarely occurs and the bubbles appear to 

follow the impeller blade over a certain period, then exit the fluid through the free 

surface. It may be argued that those large bubbles behind the impeller blades can 

somewhat reduce the shear stress exerted on the blade's surface, and hence lead to the 

reduction of the power requirement. With increasing rotational speed, the bubbles are 

broken down to form a much finer dispersion then the power consumption possibly 

increases 

4-4-3. Elastic Fluids

Gassed power consumption for the elastic 800 ppm PAA in corn syrup and 0.35%

PIB solution dramatically increases, in contrast to the results obtained for the inelastic . 

shear-thinning fluids discussed above. As shown in Figure 6, the gassed power input 

increases with increasing gas flow rate, at lower Reynolds numbers and it is almost 3 

time higher than the ungassed power at the same rotational speed. This somewhat 

coïncides with the enhancement of the apparent viscosity of the dispersion (2 fold 

higher, as seen in Figure 2). As far as we know, this sharp enhancement of gassed 

power has not been reported before. Such highly elastic constant viscosity fluids ( so 

called Boger fluids, Boger and Binnington, 1977) have never been studied in gassed 

agitated systems. Although viscoelastic fluids have been investigated before, they are 

usually shear-thinning and their shear-thinning properties may somewhat overshadow 

the elastic effects. The different flow patterns generated by helical ribbon impellers 
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compared to patterns generated by disk turbine type impellers, and under different 

flow regimes, may lead to different mechanisms for gas dispersion, then marked 

differences in the power requirement. The power data, P g, reported in Figure 6, does 

not include the power required to inject air in the mix:ing vessel. The sparging power 

is about 20% or Jess of the mechanical power consumption under aerated conditions 

( see Guy and Carreau, 1986, for detailed description of calculation of the sparging 

power). However, the sparging power ta the mechanical power will not change much 

the power ratios, reported in Figure 6. 

At low impeller rotational speeds, very large size bubbles were observed, and the 

break-up of such large bubbles in highly elastic fluids appears to be very difficult at low 

speed. The impeller blades stretch the bubbles as they pass near the blade surface. 

The extensional energy required to break up such bubbles due to the fluid's elastic 

memory effect could be quite large. This may partially explain the high power input 

at low Reynolds number ( e.g. low rotational speed). On the other band, the higher 

apparent viscosity of the dispersion for elastic fluids may also lead to increases in the 

power requirement. With increasing rotational speed, the bubbles are broken-up right 

after emerging from the orifices of the sparger. Sorne unbroken bubbles move up 

rapidly via the central area. The power ratio eventually reduces to 1, but this is higher 

then for values obtained for the inelastic fluids. 

The overall gas hold-up for the elastic 800 ppm PM in corn syrup is considerably 

higher than that for the Newtonian glycerol solution and the inelastic shear-thinning 

fluids ( 2.5% and 0.5%xanthan aqueous solutions) at the same gas flow rate and 

rotational speed, as shown in Figure 7. These hold-up results obtained for the main 

vessel should be compared with the gas hold-up results for the fluids samples 

containing only small bubbles (mentioned before for the rheological measurements). 

The hold-up for the highly shear-thinning 2.5% xanthan solution is lower compared ta 

that for the fairly shear-thinning 0.5% xanthan solution which bas almost the same 
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hold-up level as the glycerol solution of comparable viscosity. Bubble coalescence in 

elastic fluids is more difficult than in shear-thinning inelastic fluids, as observed by 

Dekee et al.(1986). A special gas ascension phenomenon was observed for elastic fluids 

at high gas flow rates and low rotational speeds. Under such circumstances, a layer of 

bubbles is formed and move up without being deformed by the blade action. There is 

a _critical impeller speed needed to achieve a good dispersion in highly elastic fluids. 

Unfortunately, no photograph of the gas dispersion for the elastic fluids used in this 

work could be taken due to the fluid's opacity. 

4-4-4. Gassed Power Correlation

Various correlations for gassed power have been proposed by a number of

investigators from Calderbank (1958) to the recent work ofMurugesan and Degaleesan 

(1992). Of those, the Michel and Miller (1962) correlation is found to be fit most 

gassed power data, although this correlation originally was proposed for Newtonian 

water like liquids. The correlatio; is" 
C (-P_;N_D_3)

0
_
45 

g 
Q

0.56 
(6) 

where Q is gas flow rate and C is constant. However, the non-Newtonian effects on 

gassed power onset is not accounted in Michel and Miller's correlation. Furthermore, 

the dimensions of the quantities of this correlation are not appropriate for 

generalization. We prefer to use a dimensionless analysis. The gassed power for no­

Newtonian fluids can be expressed as a fonction of the aerated Reynolds number, Re
a
, 

aeration number, Na (Q/Nd3), and Weissenberg number, Wi ( ,;1NITJJ, i.e.

(7) 

Where t
1 

is the primary normal stress difference coefficient and fl
a 

is the aerated 
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effective viscosity evaluated from the aerated effective deformation rate, Y a·

An attempt has been made to correlate the gassed power data for the Newtonian, 

inelastic shear thinning· fluids, and viscoelastic fluids for all the conditions. A single 

correlation could not obtained. However, two successful correlations are proposed for 

the laminar and transition flow regime respectively: 

Laminar flow regime, 0.28 � Re
a 

� 70 (0.028� Na �0.87, 0.0044� Wi �0.060): 

Np = 1030 Re�0
·
942 

Na0
·
604 (1 + 724Wi2·15)

Transition flow regime, 70 � Re
a 

� 2600 (0.0087� Na �0.63, 0.013� .Wi �0.96): 

(8) 

(9) 

Figure 8 shows that the correlations fit very well the data. Ta the transition point, Re
a

= 70, a single value of Np of the correlations is obtained and we notice that for the 

laminar regime without aeration, Eq.8 reduces to the classical results for Newtonian 

fluids (Wi = 0). In the transition flow regime, aeration number Na has very slight . 

effect on the gassed power while the power number increases with increasing Na with 

power of 0.604 in the laminar regime. There is no conflict between the experimental 

evidences that power decreases with increasing gas flow rate, and this correlation. The 

power decrease due to the increase of gas flow rate is already accounted by using the 

aerated generalized Reynolds number, Re
a
. Weissenberg number, Wi,-has larger effect 

(with power of 2.15) on the gassed power in the laminar regime than in transition 

regime. 
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4-5. CONCLUSION

This work investigates the aerated mixing of shear thinning and elastic fluids with 

helical ribbon impellers in the laminar and transition flow regimes. For the first time, 

the gassed power consumption in no shear-thinning elastic fluids was found to be much 

larger than that in ungassed fluids. It is more than 3 fold higher at high gas flow rates 

and low Reynolds number values, which somewhat coïncides with increases of the 

apparent viscosity of the dispersion. The decrease of the ratio of gassed over ungassed 

power was observed for Newtonian and inelastic shear thinning fluids and this power 

ratio levels off at high Reynolds number. Larger bubble size and gas hold-up were 

observed for elastic fluids than for inelastic fluids and rather poor dispersion occurred 

at low rotational speeds. Two power correlations for the laminar and transition flow 

regimes are proposed as functions of the aerated Reynolds number, aeration number 

and Weissenberg number. 
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5-1. ABSTRACT

The effects of the non-Newtonian properties on the effective deformation rate, 

mixing and circulation times and flow behaviour have been investigated in the 

transition flow regime of mixing systems. Based on the equivalent Couette flow, three 

models are proposed and are shown to predict similar and drastic încreases of the 

effective deformation rate with the impeller rotational speed in the transition regime. 

The predictions are shown to fit very well data obtained for various non-Newtonian 

fluids mixed with helical ribbon agitators, and with literature data for anchor, blade 

turbine and flat dise agitators. The elasticity along with shear-thinning properties 

appear to have slight effect on the dimensionless mixing and circulation times in the 

transition regime whereas their eff ects in the laminar regime are quite drastic, as 

reported by others. 

5-2. RÉSUMÉ

L'influence des propriétés non newtoniennes sur la vitesse de déformation 

effective, les temps de mélanges et de circulation et sur les patrons d'écoulement a été 

étudiée pour le mélange dans un réservoir en régime transitoire. Utilisant sur 

l'analogie avec l'écoulement couette, on a proposé trois modèles, qui prédisent de 

façon semblable des augmentations très marquées de la vitesse de déformation 

effective en fonction de la vitesse de l'agitateur en régime transitoire. Les modèles 

décrivent très bien les résultats obtenus pour plusieurs fluides non newtoniens 

mélangés par des agitateurs à lames hélicoïdales et les résultats de la littérature pour 

des agitateurs de type ancre, turbine à lames et disque plat. Les propriétés élastiques 

ainsi que la rhéofluidifiance ont peu d'effet sur les temps adimensionnels de mélange 
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et de circulation en régime transitoire alors que leurs effets en régime laminaire sont 

très marqués, tel que rapporté par d'autres auteurs. 

Key Words: 

Mixing, Transition regime, Effective shear rate, Non-Newtonian fluids. 

5-3. INTRODUCTION

Mixing of low viscosity liquids is normally achieved in turbulent flow ta take 

advantages of the rapid transfer and reaction rates, which could be an order of 

magnitude larger than the rates in laminar flow. However, for many industrial 

materials, such as viscoelastic polymeric liquids, suspensions, etc, it is impossible or 

impractical ta operate under turbulent mixing. One then bas ta proceed in the laminar 

or at best in the transition flow regime. Due to the complexities and uncertainties of 

mixing in the transition regime, it makes it difficult to predict mixing performances and 

power requirement for rheological complex non-Newtonian fluids, especially for scaling 

up (Ulbrecht and Carreau, 1985, Smith, 1990). The influence of the complex non­

Newtonian properties (in particular, viscoelasticity), secondary flow pattern and flow 

irregularity is expected to be more and more pronounced, as the inertial forces become 

more and more important. This area of research is still in an early exploring stage 

although some work has been carried out in this filed. Available data obtained from 

the laminar regime bas been used to design and scale up mixing operations in the 

transition regime due ta lack of information in the transition regime. This could, 

however, lead to considerably misleading results and totally wrong designs. Modelling 

using numerical methods, rather than empirical methods, for the transition flow regime, 

has been highlighted to be likely much successful (Smith, 1990). 

The effective shear or deformation rate, to evaluate the effective viscosity, is a very 

important design parameter (we prefer to use the word "effective deformation rate" 
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since the complex three dimensional flow in a mixing vessel is not only simple shear 

flow, but contains a non negligible extensional part). The significant method suggested 

by Metzner and Otto (1957) to evaluate the effective deformation rate is limited in the 

laminar flow regime and is no longer valid in the transition regime (Metzner et al. 

1961, Polard and Kantyka, 1969, 1971, Boume et al., 1980, Forschner et al. 1991, and 

Carreau et al. 1993). It was pointed by Ulbrecht and Carreau (1985) that use of the 

Metzner-Otto method could lead to very large errors for scale-up in the transition flow 

regime. Forschner et al. (1991) mentioned that the power input for non-Newtonian 

fluids in the transition flow regime is significantly overestimated by using the Metzner­

Otto and the Rieger-Novak (1965) methods, due to additional shear caused by 

increasing fluctuating velocities. Experimental evidences have shown that shear thinning 

appears to increase the effective shear rate (Metzner et al. 1961, Polard and Kantyka, 

1969, Nagata et al.,1971, Boume et al., 1981, Rocker et al., 1981, Forschner et al. 1991, 

and Carreau et al. 1993) while elasticity tends to decrease it (Carreau et al, 1993). 

Very few efforts (Ulbrecht and Carreau, 1985 and Forschner et al., 1991) have been 

devoted to elucidate this obvious unmapped domain. 

Power consumption is not enough to describe the complex flow behaviour within 

an agitated reservoir. Mixing time as well as circulation time are frequently employed 

to ascertain the mixing performance. Mixing time is defined as the time to achieve a 

certain degree of homogeneity. It is quite useful information but it should be compared 

with data obtained from same technique scheme (Ulbrecht and Carreau, 1985). 

Voncken (1965), Hoogendoom and den Hartog (1967) and Ford et al.(1972) have 

presented overall reviews of the merits and de-merits of the different methods used 

to measure the mixing time. The impeller pumping capacity, or the intensity of the 

macro-flow, is characterized by a circulation time, defined as the time to complete a 

closed loop for a free suspended particle reflecting a fluid element. Mixing and 

circulation times have been intensively studied for the Ia:minar flow regime. Sorne work 

bas been devoted to the transition regime but mainly for Newtonian fluids (Nagata, 
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1956, Gray, 1963, Hoogendoorn and dan Hartog, 1967). The influence of non­

Newtonian behaviour, either shear-thinning or elasticity accompanied with shear­

thinning properties, bas been investigated for the transition flow regime (Ford and 

Ulbrecht, 1975, 1976, Chavan et al., 1975b, Guérin et al., 1984, and Carreau et al., 

1992), but elastic constant viscosity Boger fluids (Boger and Binnington, 1977) have not 

been used as test liquids to assess the elastic effects. 

The main objective of this work is to develop models to correctly predict the 

effective deformation rate in transition flow regime in agitated mixing systems. The 

effects of non-Newtonian properties, including inelastic shear-thinning, elastic constant 

viscosity and shear-thinning viscoelastic, on mixing time, circulation time and flow 

patterns, etc, are also reported. 

5-4. CONCEPTS 

5-4-1. Effective Defonnation Rate

Metzner and Otto (1957) proposed a significant method to calculate the effective

viscosity of non-Newtonian fluids in terms of the effective deformation rate in mixing 

vessels, which is proportional to the impeller rotational speed: 

(1) 

This linear relation is valid only in the laminar flow regime. 

The Couette flow analysis is used to simplify the flow behaviour in an agitated 

vessel following the early work of Bourne and Butler (1969). The füiid motion within 

a reservoir is approximated by that generated in the gap between two coaxial cylinders, 

with the inner cylinder of equivalent diameter d
e 

rotating. The readers are referred for 

more elaboration to Carreau et al.(1993) who proposed a simple model to predict the 

effective deformation rate in the agitated tank for the laminar flow regime. Two 

dimensional helical flow of non-Newtonian fluids in an annular gap has been studied 
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using analytical solutions by Coleman and Noll (1959), Dierckes and Schowalter (1967),
Bird et al.(1987) and using numerical solutions by Dostal et al.(1993). However, such
two dimensional analysis has not been applied to characterize mixing systems. In the
following sections, three approaches based on one or two dimensiorial analysis of the
equivalent Couette flow to evaluate the effective deformation rate will be presented.

5-4-1-1. Approach 1

Boume et al. (1981) have presented a simple analysis to show that the effective
deformation rate is no longer proportional to the impeller rotational speed in the
transition flow regime. However, their approach is b�sed on the use of a constant k

s
,

which is in contradiction with their findings. Here, we propose a slightly different
approach. The power number in the transition regime is no longer inversely
proportional to the Reynolds number, and can be empirically expressed as:

where a < 1. For power-law fluids, Eq.2 can be writteri as:

N -

P - K' D NpK' ( 2 i-a
P Reg° P ml 'Ye 1n-l 

(2) 

(3) 

The power consumption is related to the torque exerted on the inner cylinder of
equivalent diameter d

e
, and the shear stress on the inner cylinder is related to the

effective deformation rate by the following equation:

(4) 

This equation defines the equivalent diameter of the impeller. We assume that the
shear stress -r rJ r=de/2 is related to the effective deformation rate y 

e 
as expressed in

the case of simple shear flow, that is:
Then the power input is expressed by:
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(5) 

(6) 

Substitution of Eq. 5 into Eq. 3 yields the following expression for the effective 

deformation rate: 

(7) 

where q = n(l-a) + a. This equation can be used to predict the effective shear rate 

using K
P

, obtained for Newtonian fluids in the transition flow regime. The slope of the 

power curve changes with the Reynolds number and· 1ocal values for K
P

' and a are 

needed for the calculations. 

5-4-1-2 Approach 2

The approach 2 is based on the assumptions of approach 1, but we make use of the

power information for the laminar regime. At the turning .point from the laminar to 

the transition flow regime, the effective deformation rate is taken to be continuous, 

that is: 

(8) 

and a = 1 (in Eq. 2) for the laminar regime. The effective deformation rate in the 

laminar regime was given by Carreau et al. (1993) to be: 

[ K d3 ll/(1-11) [ n [(D/d )21"-l]]"'(l-n)
• 1 -k N- P e 

y e 1am - s 
- 1t2 D2 H 41t 

(9) 

Attention should be drawn that the equivalent diameter, d
e 

in Eq. 9 may have a 

different meaning than that of Eq. 7, since they result from different approaches. The 
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effective deformation rate in Eq. 9 is evaluated from the generalized Reynolds number 
while in Eq. 7 it is related to the shear stress exerted on an imaginary inner cylinder 
of equivalent diameter d

e. For convenience, it is reâsonable to assume the two 
equivalent diameter to be equal, for the transition regime not far away from the 
tuming point. It follows from Eqs. 7, 8 and 9 that: 

(10) 

where 
(11) 

Using Eq. 10 in Eq. 7, the effective deformation rate for the transition regime in terms 
of K

P 
is given by: 

[ K <13 l 1/q [ l<l-a)/q 
= p tf, p A 1/q N(2-a)/q Ye 2 2 

1r. D H m 
(12) 

In comparison with Eq. 7, the merit of Eq. 12 -is that the Newtonian power 
proportionality constant K

P 
for the laminar flow regime, rather than the local K

P
' for 

the transition regime, is needed to estimate the effective deformation rate. Newtonian 
power data and model predictions for the laminar regime are readily available in the 
literature. In both Eqs. 7 and 12, the value a for the local slope of the power curve bas 
to be used for predicting the effective deformation rate. It stiould be stressed that Eq. 
12 may not be applied into the transition regim-e far away from the turning point since 
Eq. 10 is strictly valid only at the turning point between the laminar and the transition 
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regime. 

5-4-1-3. Approach 3

As mixing proceeds in the transition flow regime, inertial for�es become more and

more important. Secondary flows gradually increase and the axial· velocity may no 

longer be neglected compared to the tangential velocity. For shear-thinning fluids, the 

viscosity is affected by both the tangential and axial velocity gradient components. To 

account for that we examine a two dimensional flow configuration, that is doser to the 

real flow field for the transition flow regime in a mixing reservoir. So hereby, in this 

third approach, we consider the two dimensional helical flow between two concentric 

cylinders, as illustrated in Figure 1. Notice that the axial velocity at the inner cylirtder 

is not zero since the inner cylinder represents the action of an (inclined) helical blade. 

The effective deformation rate obtained from the following analysis will be compared 

with the results obtained from one dimensional approaches via Eqs. 7 and 12. For this 

steady-state helical flow, the two velocity components are assumed to be unique 

functions of the radial position, that is: 

(13) 

The 0-component of the equations of motion is: 

(14) 

Integration yields: 

(15) 

For power-law fluids in a two dimensional flow, the viscosity bas to be expressed in 

terms of the second invariant of the rate-of-strain tensor, that is: 

where Ily is the second invariant of the rate-of-strain tensor which is expressed as:



11 == m I y 1n-1 == m �1/2 [l
'f 

111-1

i 

[o 
+ 

• 

= Vll + Vll = �e,

Yu 

where the shear rate components are defined as 

Y,e Y:n] 
0

0

110 

(16) 

(17) 

(18) 

(19) 

where ' stands for the derivative with respect to r. Then, the second invariant is 

expressed by: 

li. = y:y == 2v 12 + 2r2
(i)

1 2
y = == z 

and the viscosity is expressed by: 

( 
/ 2 2 1 2 )(n-1)/2 

T) == m vz + r (i) 

The r0-component. of the stress tensor is given by: 

Eq.14 can be rearranged by combining Eqs. 17, 20 and 21 to obtain: 

-m ( 
V

� + ,2 (i),2} (n-1)/2 T(i)' = c�

r 

(20) 

(21) 

(22) 

(23) 

Hereby, it is reasonable to assume that the z-component of the velocity is linear. From 

the previous work of Carreau et al. (1976), we expect that the axial velocity at the 
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inner cylinder ( equivalent to the impeller), at r=dj2, is proportional to the tangential 

velocity. That is: 

(24) 

where C is a proportional constant, assumed to be 0.25 for the transition regime not 

very far away from the turning point (for the laminar regime, the maximum axial 

velocity was found by Carreau et al. (1976) to be about 15% of the maximum 

tangential velocity in the vicinity of the impeller blade ). An increase of the C value 

with increasing rotational speed is expected. 

We obtain the shear stress exerted on the inner cylindrical (imaginary) wall by 

solving Eq.22 numerically with the boundary conditions v
0 

= vz = 0 at r = D/2 and 

v
0 

= ndj2 at r = dj2, as well as Eq. 23: 

/ ( / 2 2 / 2) 1/2 1
't ,e, wall = m T(J) V z

+ T (J) r=de/2 
(2S) 

The effective deformation rate y e can be expressed in terms of the inner wall 

conditions, by combining Eqs. 3, 4 and 24. The results is: 

where s=a(l-n) and the values for vz ' and (J)' are calculated at the inner cylinder wall 

( at r = dj2). Eq. 26 contains �' for the transition regime and the approxima te 

velocity gradients for the two dimensional flow. Obviously, as mentioned before, Eq. 

26 has to be solved numerically. More refined results could be obtained by solving a 

more complex flow situation using a more sophisticated numerical method, such as the 

finite element method as proposed by Tanguy et al. (1992) for solving the three 

dimensional "laminar" flow in a reservoir mixed with helical ribbon agitators. 
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5-5. EXPERIMENTAL

A detailed description of the rheological and power measurenients, and of the

equipment set-up is available elsewhere (Carreau et al., 1993). The mixing system 

consists of a cylindrical plexiglas vessel equipped with a helical ribbon impeller. The 

major geometric parameters of three different agitators used in this work are defined 

in Figure 2, and their values are listed in Table 1. The torque measurements were 

carried out using a torquemeter mounted on the impeller shaft and the response 

signais were recorded by a data acquisition system (Lab Master, PGL 40). The 

torquemeter was pre-calibrated using a dynamic method ( see Ulbrecht, 1980, for the 

criteria for the dynamic and static methods ). The accuracy of torque measurement is 

within ± 2.0 %. 

Mixing and circulation times were measured using bath conductivity and thermal 

methods. The thermal probes (T type, 1/16", Thermo Electric) and conductivity probes 

( stainless, 1/8") were placed in different positions in the vesse! wall and at the top of 

the vessel, as shown in Figure 2. The different probe locations allowed us to assess the 

mixing behaviour in the whole reservoir. The signais were also recorded using the same 

Lab ·Master data acquisition system. The delay in the signal response for bath types of 

probe is within 0.40 s. Approximately 40 mL of fluid sample at 60 °c or containing 

about 0.1 mass % sodium chloride salt (NaCl) were quickly injected to the mixing 

vessel. The vessel contained approximately 20 L and the initial temperature was 25 °c.

The effects of salt concentration and temperature on the liquids' rheological properties 

were examined, and the mixing and circulation times were measured within 

concentration and temperature ranges for which the effects were negligible. A typical 

curve used for the determination of the mixing and circulation times is reported in 

Figure 3. The mixing time is taken as the time for which the response curve is within 

± 5 % of the average value of the final sigm_ll, whereas the circulation time is taken 

as the period between two consecutive peaks of the signal. 
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Testfluids 

Severa} Newtonian and non-Newtonian fluids have been used to investigate the 

influence of the rheological properties on mixing. The viscosity and primary normal 

stress difference of test fluids were measured using a R-18 Weissenberg 

rheogoniometer in simple shear flow. Glycerol and corn syrup were used as Newtonian 

liquids (glycerol of viscosity equal to 0.470 Pa·s was the only Newtonian fluid used for 

the measurement of the mixing and circulation times ). Several 2.5 mass % and 1 mass 

% CMC aqueous solutions were employed as the shear-thinning inelastic fluids, 

whereas a 0.5 mass % xanthan in a mixture containing 85 mass % glycerol and 15 % 

water exhibited both shear-thinning and elastic behaviour. A 800 ppm polyacrylamide 

(P AA) in corn syrup showed elastic behaviour with a shear-independent viscosity. The 

rheological properties are discussed in more details in Carreau et al. (1993). The 

values for the key rheological parameters are reported in Table 2. 

5-6. RESULTS AND DISCUSSION 

5-6-1. Effective Shear Rate

The effective shear rate, Ye, is evaluated by comparing the non-Newtonian with 

the Newtonian power data for the same geometry and at the same impeller rotational 

speed, according to the Metzner-Otto (1957) scheme. Typical experimental power data 

for the Newtonian and non-Newtonian fluids agitated by impeller HR3 are reported 

in Figure 4. For the non-Newtonian fluids, the generalized Reynolds number, as 

defined in Eq. 3, with ks value obtained from the laminar regime, is used. As mixing 

proceeds into the transition flow regime, the Newtonian power number is no longer 

inversely proportional to the Reynolds number. As seen in Figure 4, an extended 

laminar power curve for the highly shear-thinning inelastic 2.5 % xanthan aqueous 

solution (n = 0.183) is observed, while the power curve for the moderately shear­

thinning 1 % CMC (n = 0.409) coïncides with the corresponding Newtonian one. A 
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marked deviation of the power curve from the Newtonian curve is found for the shear­

thinning elastic 0.5 % xanthan in the glycerol/water mixture, and considerably higher 

power numbers are observed after the departure. 

Metzner et al. (1961) were the first authors to notice that the power number in the 

transition flow regime for non-Newtonian inelastic fluids was smaller than the 

corresponding Newtonian case at the same Reynolds number. That is, the effective 

deformation rate increases with impeller speed more sharply and is no longer 

proportional to the rotational speed. In the following sections, we compare 

experimental values of the effective deformation rate for various types of agitator in 

the transition regime with the predictions of the three models presented in the 

previous section. The agitators are classified as: helical ribbon, and other impellers 

(anchor and blade turbine, fiat disk). 

5-6-1-1. Helical Ribbon Agitators

In the recent work of Carreau et al.(1993), it was found that the effective

deformation rate for highly shear-thinning liquids increases more drastically with the 

impeller speed than predicted by the linear Metzner-Otto expression. As shown in 

Figures 5 and 6, the departures from the linear expression are quite obvious for the 

transition regime. Our findings are in agreement with the results obtained by Brito et 

al. (1991) for a highly shear-thinning xanthan aqueous solution, also mixed with a 

helical ribbon impeller. For moderately shear-thinning fluids (0.5% and 0.8% xanthan 

and 1 % and 3% CMC aqueous solutions, for which the n values are larger than 0.25), 

the linearity of the effective deformation rate with the rotational speed extends 

throughout the transition flow regime covered by this work (see Carreau et al., 1993). 

Typical results are shown in Figure 7 for a 1 % CMC solution. Nagata et al. (1971) 

reported similar trends for slightly shear-thinning CMC and PVA aqueous solutions in 

a helical ribbon mixing system up to the turbulent flow regime. 

The predictions of the effective shear rate, y e, using the three different models 
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(Eqs. 7, 12, and 26), are shown in Figures 5 and 6 for the highly shear-thinning 2.5 % 

xanthan aqueous solution mixed with impellers HRl and HR3. As seen in the figures, 

Eqs. 7 and 26 give quite good predictions, while overestimation is obtained using Eq. 

12. For highly shear-thinning fluids, the use of the K
P 

values ( obtained from the

laminar regime) is not adequate since the K
P

' values (in the transition regime) are 

considerably lower, and K
P

' decreases with as mixing proceeds far beyond the laminar 

regime. Comparing the values of the effective deformation rate estimated using Eq. 7 

and Eq. 26, better predictions are obtained by using Eq. 26. However, the predictions 

of Eq. 7 are also adequate and it is much simpler to use, because of its analytical form 

which avoids the numerical solution of non-linear differential Eq.26; 

For the moderately shear-thinning 1 % CMC aqueous solution, the three models 

overpredict the effective deformation rate at high values of the rotational speed, as 

seen in Figure 7. For this solution, the linear Metzner-Otto relation remains valid 

throughout the transition regime. It seems to be the case for ail inelastic fluids with low 

or moderate shear-thinning properties (see Carreau et al., 1993). 

5-6-1-2 Anchor, Blade Turbine and Flat Dise Agitators

Sharp increases of the effective shear rate with impeller rotational speed have been

reported for anchor and blade turbine agitators by Metzner et al. (1961), Pollard and 

Kantyka (1969), Nagata et al. (1971), Bourne et al. (1981), Hôcker et al. (1981), and 

Forschner et al.(1991). This strong dependence on the rotational speed has been 

obtained even for slightly shear-thinning inelastic fluids, in contrast to results obtained 

for helical ribbon agitators. 

The experimental data of Bourne et al. (1981) for a 63 mass% CaCO
3 

suspension 

in ethylene glycol mixed with an anchor agitator are compared with the predictions of 

Eqs. 7 and 12 in Figure 8. The flow index n � 0.60, the average value of a � 0.38, and 

the ratio of the vessel diameter over the equivalent diameter of the impeller, Dlde, is 

estimated using Eq. 9 to be 1.25. As seen in the figure, for the small scale mixer (d = 
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0.109m) Eq. 12 gives very good predictions and underestimation is obtained using Eq. 

7, whereas for the large scale (d = 1.52m) Eq. 12 overestimates the data and Eq. 7 

gives good predictions. 

The predictions of Eqs. 7 and 12 are compared in Figure 9 with the data of Pollard 

and Kantyka (1969) for a chalk-water slurries mi:xed by an anchor agitator (D/d = 1.2). 

The value of Dfd
e 

is calculated to be 1.38 via Eq. 9, using their power data in the 

laminar flow regime. As seen in the figure, Pollard and Kantyka (1969) obtained a 

highly pronounced enhancement of the effective deformation rate in the transition 

regime, with increases by almost two folds over a very small increase of the impeller 

rotational speed. Their regression for the _transition regime is Y
e 

=32 N3
·
75 (not shown 

in the figure). The exponent of 3.75 is considerably larger than the exponent of 2 

obtained by Bourne et al. (1981). The predictions of Eqs. 7 and 12 are in a good 

agreement with the data, but Eq. 7 gives slightly better predictions. 

Metzner et al. (1961) were the first authors to note the negative deviations of the 

power curve for shear-thinning and shear-thickening fluids from the corresponding 

N ewtonian curve in the transition _ flow regime for several different types of blade 

turbine impellers. They pointed out that the effective shear rate for the shear­

thickening fluids was higher than that predicted by the Metzner-Otto linear expression 

(Eq.l). However, no correlation was proposed to account for the increases. Sorne 

typical values for the effective shear rate have been calculated based on the power 

data of Metzner et al. (1961) for shear-thinning carbopol solutions with n = 0.21 -

0.26 mixed with a 6-bladed fan turbine agitë:tor. The results are shown in Figure 10. 

The calculated values- are somewhat scattered, and apparently there are no obvious 

differences in the effective shear rate for the different values of the D/d ratio. The 

predictions of Eq. 7 are excellent whereas Eq. 12 slightly overpredicts the data. Both 

models show very little effects of the D/d ratio. 

The data points in Figure 11 are recalculated from the extended laminar power 

curve for a 3.8 % CMC aqueous solution mixed with a 6-blade turbine agitator (D/d 
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= 2.0, Dlde =3.14), from the subsequent work of Nagata et al. (1971). The three 

models apparently underestimate the experimental values which show a much 

pronounced increase of the effective shear rate as mixing proceeds in the transition 

regime. At the higher values of the rotational speed, surprisingly the effective shear 

rate is shown to decrease, but this is due to the minimum in the power number curve 

observed for. turbine agitators in the transition regime. The same Newtonian power 

curves were obtained for mixing with and without baffles. This could shed some doubt 

on the accuracy of the transition regime data. 

Hôcker et al. (1981) also reported an extended laminar power curve, or lower 

power number values compared with the corresponding Newtonian curve. They studied 

CMC aqueous solutions with values for the flow index n ranging from 0.37 to 0.91 

mixed with several different blade turbine and dise agitators. The more shear-thinning 

the fluid was, the lower was the power value, compared with the Newtonian case. The 

values for the effective shear rate calculated from their power curves for a typical 

CMC aqueous solution (n = 0.37) mixed with a flat dise impeller (D!d = 2.67) are 

compared with the predictions of Eqs. 7 and 12 in Figure 12. The agreement is quite 

good, especially for the predictions . of Eq. 7. The value for Dlde is calculated to be 

6.68. 

Recently, an attempt has been made by Forschner et al. (1991) to obtain a 

corrected effective shear rate, to use for the industrial scale-up of a turbine mixer in 

the transition flow regime. They found that the effective viscosity was overestimated 

when using the methods of Metzner-Otto (1957) and of Rieger-Novak (1974). 

Therefore, they proposed an empirical correlation to evaluate the generalized 

Reynolds number, which is expressed by: 

( D2 N2-n l 
1/(l+a) 

Re = p 
g k ,, 

1, /am "'2, trans 

(27) 

where k
1 

= m kt1
• However, they did not report any values for k

2, 
trans, due to
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commercial concerns. The effective deformation rate was calculated through reported 

effective viscosity data for a 2.2 % CMC aqueous solution (n = 0.45) and this is shown 

in Figure 13. The rate of increase for the effective shear rate with the impeller 

rotational speed is found to be between the lower rate reported by Bourne et al. 

(1981) and the higher rate obtained by Pollard and Kantyka (1967). The agreement 

between the experimental data and the predictions of Eqs. 7 and 12 are quite good, 

and even surprisingly excellent in the case of Eq. 7. 

In contrast to experimental evidences obtained for helical ribbon agitators from this 

work and from the previous work of Nagata et al. (1971), the effective shear rate in 

the transition regime is considerably enhanced, even in low shear-thinning fluids, when 

using anchor, blade turbine and dise agitators. It can be argued that anchor, blade 

turbine and dise impellers may create much irregular flow and higher fluctuating 

velocities which, in turn, lead to more deformation in the fluids, compared to the more 

uniform and lower deformation rate created by helical ribbon agitators. Kamiwano et 

al. (1990) observed that the maximum axial velocity is more than 40 % of the 

maximum tangential velocity for a shear-thinning 1.2 mass % aqueous hydroxyethyl 

cellulose solution agitated by a 6-bladed turbine impeller at Re
8 

= 100, compared with 

about 15 % for the same ratio obtained by Carreau et al. ( 1976) for helical ribbon 

agita tors. 

All of the non-Newtonian fluids discussed above exhibit shear-thinning behaviour. 

The effective deformation rate in shear-thickening liquids has also been found to show 

similar enhancement as in shear-thinning fluids (Calderbank and Moo Young, 1957, 

Metzner et al., 1961). Metzner et al. (1961) found that Y
e 

varied with the impeller 

speed at an exponent of 2, for shear-thickening liquids agitated by blade turbine 

impellers. 

For engineering applications, the interest is focused on the power requirement 

rather than on the effective deformation rate. The predictions of power requirement 

using the effective deformation rate values calculated via the three models are 
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compared in Figure 14 with the experimental power data for the 2.5 % xanthan 

solution mixed with the HR3 impeller. The open circle points were calculated using a 

constant ks 
value of 18. 7 obtained from the laminar regime. The points are shifted 

towards the Newtonian curve at the same power number using Eqs. 7 and 26, while 

Eq. 12 considerably overpredicts the power consumption for this highly shear-thinning 

inelastic tluid. 

Finally, a summary of the predictions for the three models is presented in Table 3. 

The numerical model, e.g. Eq. 26, gives very good predictions, denoted by the sign 

"+ + + ", at least for the fluids and mixing systems used in this work. The analytical 

model (Eq. 7) based on the Newtonian power information in the transition regime 

( namely, K
P

' and a) produces good ( + + ), and, in some cases, very good estimations. 

Finally, the other analytical model (Eq. 12), which is derived from the Newtonian 

power knowledge in bath the laminar and transition flow regimes (K
p 

and a), gives 

poor (-) to very good predictions depending on the circumstances. More information 

in the transition tlow regime, such as tlow patterns, velocity profiles, etc., may lead to 

more satisfactory predictions using the numerical model (Eq. 26). However, the 

analytical model of Eq. 7 is highly attractive for design purposes, because of its 

simplicity (analytical form) and the adequate predictions. 

S-6-2. Mixing and Circulation Times

The significance of mixing time is to demonstrate the mixing performance of a

agitator. It is the time necessary to achieve _ a given level of homogenization and it

should used only on a- comparative basis with data obtained using the same scheme. 

For instances, Nagata et al. (1956), Gray (1963) and Johnson (1967) compared the 

mixing time with respect to power consumption for different types of impeller and 

concluded that the helical ribbon agitator is much more efficient for blending highly 

viscous and viscoelastic liquids: 

The dimensionless mixing time, Ntm, is plotted in Figure 15 as a fonction of the 
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generalized Reynolds number, Re
g, for a Newtonian and several non-Newtonian fluids, 

ranging from the inelastic shear-thinning to the viscoelastic Boger fluids, for three 

different agitator geometries. As seen in the figure, at lower Reynolds numbers, the 

dimensionless mixing time is apparently independent of the Reynolds number, then 

above certain Re
g 

values, Nt
m 

decreases sharply and becomes approximately 

independent of the fluids' rheology. The average values for Nt
m 

at the plateau are also 

listed in Table 4. In the laminar regime, the dimensionless mixing time is considerably 

longer in the non-Newtonian fluids, especially in the viscoelastic liquids, compared with 

the Newtonian glycerol. These results are in line with previous observations made by 

Hoogendoorn and den Hartog (1967), Chavan et al. (1975b), Ford and Ulbrecht (1975 

and 1976), and Carreau et al.(1992). The non-Newtonian character bas a strong 

influence on the dimensionless mixing time: the values of Ntm for a Boger type fluid 

(800 ppm PM in corn syrup) are more than 4 fold larger than that for the Newtonian 

glycerol of comparable viscosity. For the viscoelastic 0.5 % xanthan in glycerol/water 

mixture, and for the shear-thinning 1 % CMC aqueous solution, the Nt
m 

values are 2 

- 3 times higher compared with the Newtonian case. Similar trends have been

reported in the literature. Carreau et al. (1976) obtained 2.5 - 4.3 folds higher mixing 

times for shear-thinning CMC and viscoelastic Separan solutions compared with 

glycerol in helical ribbon mixing systems. Comparable increases of Ntm in non­

Newtonian liquids have been reported by Chavan et al.(1975a, 1975b), Ford and 

Ulbrecht (1975) and Carreau et al. (1992). 

The effect of the impeller geometry on the mixing time is clearly seen in both 

Figures 15 and Table 4. The best performances for the three geometries reported here, 

in terms of Ntm, are achieved using impeller HR3, characterized by a larger blade 

width and a smaller pitch, while the poorer performances are observed for impeller 

HR2, with a small blade width and large pitch. These results are also in agreement 

with the literature findings. 

The circulation time reflects the pumping capacity of an agitator. The axially 
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pumping agitators, such as helical ribbons, have been found to be quite efficient for 

blending viscous and viscoelastic fluids (Coyle et al., 1970, Jonson, 1976). The 

circulation time appears in the literature in terms of a dimensionless circulation time, 

Nt
c
, or in terms of a circulation number, Ci, which was first introduced by Chavan and 

Ulbrecht (1973) and is related to the pumping rate per fluid volume. It can be 

expressed as follows 

Ci = _!}_ ,,. _V_ 
Nd 3 t Nd 3 

C 

(28) 

The experimental circulation number is reported as a fonction of the Reynolds 

number in Figure 16. At lower Reg values, the circulation number appears to be 

independent of the Reynolds number. For large Reynolds numbers, Ci starts to 

increase sharply, which indicates a better pumping performance, compared to the 

pumping achieved at lower Reg values (laminar regime ). This is in agreement with the 

previous works in the literature (Chavan and Ulbrecht, 1973, Chavan et al., 1975b, 

Guérin et al., 1984, and Carreau et al., 1992). As seen in Figure 16, the Ci values are 

about 20% - 70% lower for the shear-thinning elastic 0.5% xanthan in glycerol/water 

and for the Beger 800 ppm PM fluid, compared with values obtained for glycerol. 

This suggests that the non-Newtonian properties dampen the pumping capacity of the 

impeller. This trend is in agreement with the typical findings of Chavan et al.(1975b) 

and Carreau et al.(1992). The geometry influence on the circulation time is similar to 

that discussed above for the mixing time. 

Three circulation paths have been observed by Guérin et al. (1984) for helical 

ribbon agitators, with a bimodal distribution of circulation times, for glycerol and a 

moderately shear-thinning 1 % CMC solution. These findings were confirmed by 

Takahashi et al. (1991), for hydroethyl cellulose solutions (n ranging from 0.67 to 0.83), 

agitated by helical ribbon impellers. In this work, a bimodal distribution was observed 

for the 0.5 % xanthan in glycerol/water as shown in Figure 17 for impeller HRl. Here, 
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the bimodal distribution is probably due to the high-shear constant viscosity that the 

fluid exhibits, which may result in a similar behaviour as a Newtonian fluid at high 

enough deformation rates (see the viscosity curve reported by Carreau et al., 1993). 

The ratio of mixing time over circulation time, t
m
!tc

, is plotted against the Reynolds 

number in Figure 18. At lower Re
g 

values, t
m
ltc 

appears to be independent of the 

Reynolds number. Over critical Re
g 

values, it starts to decrease sharply and becomes 

almost independent of the fluids' rheology. The average values of t
m
ltc at plateau 

regime are also listed in Table 4. In the case of glycerol, the average value is about 4.4, 

compared to 3 reported by Coyle et al.(1970), 3.5 by Carreau et al.(1976), 2.6 by Brito 

et al.(1991), all for helical ribbon agitators. In the laminar regime, the shear-thinning 

and elasticity increase the tmlt
c 

value from 4.4 obtained for the Newtonian glycerol up 

to 10.6 for the Boger fluid. These results are in agreement with the findings of Carreau 

et al.(1976), who found that the ratio ranged from 4.3 to 8.5 for mixing 2 % CMC 

aqueous solution with different helical ribbon impellers. In contrast, Brito et al. ( 1991) 

observed no effect of rheology on this ratio and a value of 2.6 was found for Boger 

fluids as well as for Newtonian fluids. 

Finally, it is worthwhile to report an observation on the flow pattern in the 

transition regime. Depending on the direction of the impeller rotation, the fluid is 

pumped upwards at the vesse} wall and pumped down in the center, or the reverse. 

With increasing impeller rotational speed, the fluid motion appears to be more and 

more at random. At the very high speeds investigated in this work (e.g. -300 rev/min), 

the main axial flow pattern could be inverse, for shear-thinning elastic fluids under 

some circumstances, with respect to the usual patterns observed at lower speeds. This 

stresses the complexity of the flow field when mixing non-Newtonian fluids in the 

transition regime. 
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5-7. CONCLUSIONS

Using the experimental data of this work and of previous works in the literature,

we have shown that the effective deformation rate in the transition flow regime is no 

longer proportional to the rotational speed, as suggested by Metzner and Otto (1957) 

for the laminar regime. For helical ribbon agitators, the effective deformation rate 

increases sharply in the transition regime when mixing highly shear-thinning fluids; 

however, an extended linearity of the Metzner-Otto expression was found for the 

moderately shear-thinning fluids in the flow regime investigated in this work. This is 

in agreement with the power data reported in the literature for similar fluids, for which 

the power number versus the Reynolds number coïncides with the Newtonian curve. 

When examining results for other types of impeller ( anchor, blade turbine and flat 

dise), reported in the literature, a strong dependence of the effective deformation rate 

with the impeller rotational speed was found even for moderately shear-thinning fluids. 

Two analytical and one numerical models, based on one or two dimensional 

equivalent Couette flow using Newtonian power information in either laminar or 

transition flow regimes, are proposed to estimate the effective deformation rate in the 

transition flow regime. The predictions of three models are compared with the 

experimental data of this work and data extracted from the literature. The agreement 

is very good for most systems examined. 

The dimensionless mixing time, Nt,,,, and the circulation number, Ci, were 

investigated for the laminar and the transition flow regimes with Newtonian and non­

Newtonian fluids mixed with three different helical ribbon agitators. In the laminar 

flow regime, the dimensionless mixing time and the circulation number were found to 

be independent of the Reynolds number. At high Reynolds numbers, Ntm was found 

to decrease whereas Ci increased. In the laminar regime, the elasticity and shear­

thinning properties increased considerably the dimensionless time and decreased 

similarly the circulation number. At very Reynolds numbers, the fluids' rheology was 

shown to have little effect on both the dimensionless mixing time and circulation 
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number. The impeller with a larger blade width and a smaller pitch gave the best 

mixing performance. 
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Table 1. Agitator Geometry 

Impeller Characteristics D!d w/d 

HRl small blade width, large pitch 1.11 0.097 

HR2 small blade width, large pitch 1.11 0.133 

HR3 large blade width, small pitch 1.11 0.133 

Table 2. Rheological Properties of Test Fluids 

n m 
Test Fluids 

Pa.s" -

Glycerol 1 0.470 

2.5% xanthan (H
2
O) 0.183 22.4 

1% CMC (H
2
O) 0.409 

0.5% xanthan (glycerol/H
2
O) 0.199 4.13 

800 ppm P AA ( corn syrup) 0.94 1.03 

n, m: parameters in the power-law model: T\ =m I y 1°·1

t1, Tlo: parameters in Cross model: ri =rio/ [1 +(t
1 !Y 1)1-"]

ri s: parameter in the expression: 11 =m li 1n-l + 'Ils 

n', m': parameters in the expression: N
1
=m'lil"' 

t1 Tlo 

s Pa.s 

0.110 1.57 

p!d H!d 

0.695 1.05 

0.850 1.05 

0.695 1.05 

Tls n' m' 

Pa.s - Pa.s"'

0.19 0.782 7.85 

1.67 0.15 



Table 3. Summary of the predictions of three models 

Impeller helical ribbon anchor blade turbine 

I II III IV V 

n 0.183 0.60 0.35 0.50 0.21-0.26 

D/d 1.11 1.04 1.2 2.0 1.3-3.0 

D/de • 1.37 1.25 1.38 3.15 3.15-8.90 

Eq. 7 ++ + 
a 

++ b ++ +++ 

Eq. 12 +++ + + 

Eq.26 +++ 

I: this work (geometries: HRl and HR3); 
II: Bourne et al.(1981), a: small scale (d=0.109m), b: large scale (d=l.52m); 
III: Pollard and Kantyka (1967); 
IV: Nagata et al.(1971) (6 blade turbine); 
V: Metzner et al.(1961) (6 blade fan turbine); 
VI: Forschner et al.(1991); 
VII: Hocker et al.(1981); 

VI 

0.45 

1.43 

2.97 

+++ 

+ 

*: values of Dicte are calculated via Eq.8 using the power information in the laminar flow regime; 
mark order: +++: very good, ++: good, +: adequate, -: poor. 

fiat dise 

VII 

0.37 

2.67 

6.68 

+++ 

++ 

-
N 



Table 4. Effect of Fluid Properties and Geometry on Nt
m 

and t,,/t
c 

Ntm 
Rheological 

Fluids characteristics 
HRl HR2 HR3 HRl 

glycerol Newtonian -- -- 49.1 --

1% CMC (H20) Shear �thinning 116 -- -- 8.2 

0.5% xanthan (gly./H2
0) Viscoelastic 143 162 133 7.5 

j 

800 ppm P AA ( corn syrup) Boger 242 -- 207 7.2 

tm/tc

HR2 

--

--

10.6 

--

HR3 

.4.4 

--

9.6 

6.4 

1--' 
(>l 
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Figure 1 Sketch of the two dimensional equivalent Couette flow 
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Figure 15 Dimensionless mixing time, Nt,n) versus generalized Reynolds number Reg­

□: glycerol (µ = 0.47 Pa.s), ◊: 1 % CMC (H
2
O), 0 b. v: 0.5 % xanthan

in glycerol/H
2
O, • ■: 800 ppm PM in corn syrup; ◊ 0 •= HRl impeller, 

b.: HR2 impeller, □ v ■: HR3 impeller 
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Figure 16 Circulation number, Ci, versus generalized Reynolds number. □: glycerol (µ. 
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Â ■: 800 ppm P AA in corn syrup; ◊ 0 Â: HRl impeller, A: HR2 
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6-1 Conclusions

The influence of the complex rheological properties of non-Newtonian fluids on the

mixing performance has been examined. Two scale mixers agitated by close clearance 

helical ribbon agitators of different geometric combinations bas been investigated in 

the laminar and in the transition flow regimes with and without aeration. Severa! 

models based on the analysis of the equivalent Couette flow have been developed to 

predict the effective deformation rate in both the laminar and transition flow regimes. 

The main achievements of this work are presented in the following paragraphs. 

• The experimental results for the helical ribbon agitators have shown that for

highly shear-thinning inelastic fluids, the power number bas an extended laminar

flow regime, that is, the onset of the transition flow regime is somewhat delayed

to higher Reynolds number. However, for moderately shear-thinning inelastic

fluids, the power consumption does not deviate from the corresponding

Newtonian one through the laminar ta the transition regime. A early departure

of power number from the corresponding N ewtonian curve was observed for

elastic fluids, even within the laminar regime. Elasticity tends to increase the

power requirement dramatically, by a factor up to 3.5 in case of the 0.35% PIB

solution. The more elastic the fluids is, the sooner is the departure.

• For shear-thinning inelastic fluids, the effective deformation rate constant k
s

from Metzner-Otto's method was found to be a fonction of the flow index, n,

in the laminar flow regime. The k
s 

value increases considerably with increasing

the flow index. Two models based on the analysis of the equivalent Couette

flow are proposed to predict the effective deformation rate and the power

requirement of inelastic shear-thinning fluids in the laminar regime with close

clearance helical ribbon impellers.

• The power consumption for the Boger fluids ( elastic with shear independent
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viscosity) under aerated conditions was found, for the first time, to be much 

higher than for ungassed conditions at low Reynolds numbers and increases 

with increasing gas flow rate. This phenomena coïncides with the enhancement 

of the apparent viscosity of gassed fluids measured using a rheometer. With 

increasing Reynolds number, the power decreases and approaches to value 

obtained for ungassed conditions. For shear-thinning inelastic fluids, the power 

under aerated conditions is lower than for ungassed conditions, and with 

increasing Reynolds number, it levels off. A concept of aerated shear 

deformation rate is outlined to correct the effective deformation rate under 

gassed circumstances. Two empirical correlations based on dimensional analysis 

are presented, in terms of the aeration number, the Weissenberg number and 

aerated Reynolds number, which is evaluated from the aerated deformation 

rate. The correlations predict well the power under aerated conditions for bath 

the laminar and transition flow regimes. 

• For the transition flow regime, the experimental data of this work have

confirmed the previous findings that the effective deformation rate is no longer

proportional to thè impeller rotational speed. From a doser examination, it was

found that the effective shear rate increases sharply for highly shear-thinning

inelastic fluids agitated by close clearance helical ribbon impellers, whereas the

extended linear relation of Metzner-Otto (1957) is still valid for fairly shear­

thinning fluids. As reviewing the literature, in contrast to the results obtained

for helical ribbon agitators, a drastic enhancement of the effective deformation

rate was observed even for moderately shear-thinning fluids agitated by other

types of impeller such as anchor, blade turbine, flat dise. Three models based

on one or two dimensional analysis of the equivalent Couette flow are proposed

to predict the effective deformation rate in the transition flow regime. The

predictions are compared with experimental data obtained for various non-
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Newtonian fluids mixed by helical ribbon agitators, and with literature data for 

anchor, blade turbine and fiat dise agitators. The agreement between the 

predictions and experimental values is quite good. 

• The elasticity and shear-thinning properties apparently have no significant effect

on the dimensionless mixing and circulation times in the transition flow regime,

compared with Newtonian data. However, in the laminar regime, the effects of

non-Newtonian behaviour on the mixing and circulation times are quite

pronounced, for instance, more than five fold higher dimensionless mixing time

was obtained for the viscoelastic fluids compared with that for glycerol of

comparable viscosity. The best performances are given by the impeller with a

larger blade width and a smaller pitch. Flow of irregularities in the transition

regime are much drastic. Bottom clearance between the impeller and vesse! has

negligible effect on the power consumption in the laminar and transition flow

regime.

6-2 Recommendation for Future Work 

As pointed in the first chapter, mixing is still in the developing, rather than 

developed stage of investigation, that is, many unmapped areas obviously need to be 

explored. Hereby, the author would like to emphasize two of them: mixing under 

aerated conditions, and mixing in the transition flow regime, which are of considerable 

practical industrial interest. 

• First, bridges should be built to bring in more appropriate rheological data,

rather than obtained under the ideal steady simple shear flow, to describe the

flow field in a mixing reservoir. A specific case is mixing under aeration. What

is anxiously needed as one deals with gassed mixing, is the corrective gassed

rheological parameters which are almost missing in the literature. No effort bas

been ever devoted to this domain although the question of using ungassed
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rheological data for gassed conditions bas raised (Nienow et al., 1983). Even a 

glance into this area can be very helpful for a better understanding of the 

mixing performance under gassed conditions 

• The effective deformation rate has been gradually accepted as a subject of high

interest, since it is related to the power consumption. lt can be argued that the

effective deformation rate is one of the macro-expression of flow field in a

mixing reservoir (related to the local fluid's deformation). The expression of the

effective deformation rate under gassed conditions or in the transition flow

regime is expected to be much more complicated than for under ungassed

conditions and in the laminar flow regime. However, the values used in the

literature for the effective deformation rate under gassed conditions are

essentially the values obtained from ungassed conditions. Obviously, these data

can not properly describe the real deformation fluids experience under gassed

circumstances. Intensive exploration in this area is definitely necessary. One of

the approaches is likely to combine the deformations caused by bubbles'

presence and caused by the impeller mechanical blending. This combination

may not be as simple as proposed in this work. Available information from the

bubble columns or on the deformation of bubbles may be quite useful to

describe a more refined model for the effective deformation rate under aerated

conditions.

• The effective deformation rate for the transition flow regime is highly difficulty

to predict. Needs of detailed flow field in the mixing systems for the transition

regime emerge, to develop valid models to correctively predict the effective

deformation rate. An investigation of the detailed flow behaviour and velocity

profiles can result in more sophisticated models which are essential for the

industrial scale-up and designs (Ulbrecht and Carreau, 1985).

• The influence of elasticity on the mixing performance in the transition flow
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regime is far from being clarified. The elastic effect was is expected ta be much 

pronounced. Investigations should be carried out to confirm the observations 

of this work on the effects of elasticity oil the power consumption, mixing and 

circulation times, flow patterns, etc. The effect of elastic deformation on the 

gassed mixing is also needed to be studied intensively. 
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Effective deformation rate in the laminar flow regime 

including bottom clearance effect 
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Following Boume and Bulter (1969), we make use of an one-dimensional analogy 

of the equivalent Couette flow ta simulate the fluid's flow in an agitated mixer. The 

fluid movement caused by a rotating helical ribbon impeller can be replaced by a 

coaxial cylindrical configuration with the inner cylinder rotating in an angle speed n. 

The inner cylinder has an equivalent diameter of d
e
. A typical sketch of a helical 

ribbon mixer is shown in Figure 1 of Chapter 3. lt is assumed that the energy 

dispersion (in terms of viscous dispersion) in this system is caused by the simple shear 

deformation of the fluid in the clearance from the out cylindric wall ta the impeller tip, 

and in the clearance from the bottom wall to impeller blade. We examine the effects 

of wall and bottom clearances, respectively, on the energy dispersion in terms of the 

torque, then the sum of these two effects, to obtain the expression of the effective 

shear rate in the laminar flow regime. 

Wall efTect 

First, we study the influence of wall clearance. The hypotheses in this simple shear 

flow field of steady state can be reasonably given as: 

v = v  =0 v = v(r) 
r z , a a 

t n = t 8z = 0 ' t r8 = f{r)

The 8-component of motion equation can be reduced to: 

a-(r2
1: ) = 0ar r8 

(1) 

(2) 

(3)
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For the power-law fluids, the shear stress can be given by: 

(4) 

Substitution of Eq.4 into Eq.3 yields: 

(5) 

Eq. 5 can be integrated with respect to r with the boundary conditions: v
8 

= ndj2 

when r = dj2, v
8 

=0 when r = D/2, to give the velocity profile: 

(6) 

and the shear stress can be expressed in terms of the equivalent diameter, de, that is: 

(7) 

The torque exerted on the inside cylinder is taken as: 

(8) 

Substituting Eq. 7 into Eq. 8 gives 

(9) 

Bottom etTect 

Hereby, we focus on to the effect of the bottom clearance on the torque. The reader 
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may be refereed to Bird et al, 1987 for elaboration for a similar flow configuration. 

The hypotheses can be speculated as: 

The 8-component of the motion equation can be simplified to: 

The magnitude of T 
r(} 

is very small comparing to T z0 and it can be neglected: 

For power law fluids, the shear stress can be defined as: 

't = -m y n = -m
( ÔVe)

n 

z8 z8 
éJz 

Substituting Eq. 13 into Eq. 12 yields: 

(10) 

(11) 

(12) 

(13) 

(14) 

Eq. 14 can be integrated with respect to z with the boundary condition: v8 I z=he = nr, 

and v (J I z=O = 0, 

Orz 
V =-

8 
h 

e 

Then the shear stress can be obtained: 

't = -m (.!!)n r
n 

za 
h 

e 

(15) 

(16)



The torque due to the bottom contribution is given by: 

I' bottom = (
d/2 r [-c

ze 
l ] 21trdr

Jo r=d.J2 

I' _ 21tm e 0 (d ln+3 ( l n
bottom -

n+3 2 he 
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(17) 

(18) 

The total torque exerted on the impeller's shaft can be the sum of the wall and bottom 

ones: 

I' total = I' waU + I' bottom
(19) 

(20) 

The torque is related to the power consumption, P, that is: 

(21) 

Substituting Eq.19 into Eq.20 gives: 

(22) 

The experimental correlation of power number as fonction of Reynolds number at 

laminar flow region can be expressed as: 

(23) 

Follow the Metzner-Otto concept, the generalized Reynolds number, Re
g, 

in Eq.23 is 

evaluated from the effective viscosity, 'le, which is related to the effective deformation 
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rate, Y e• The effective viscosity is given in terms of power, P, from Eq.23, that is: 

Tf e =
_K_d_3 

_N2_
p 

(24) 

For power-law fluids, the effective viscosity is related to the effective shear rate: 

Combining Eq.24 and 25, the effective shear rate is given by: 

• n-1
Îe = -----

m K
P 

d3 N2

Eq. 26 can re-arranged by substituting Eq. 22 into Eq. 26, that is: 

(25) 

(26) 

'Ye k [ 1tn+2
ll/(

n

-l){ D2
H [ 4 l

n D3 (
H

) n(D
)

n{ de)n+3}l/(
n-l)

N = s = K
p
d3 n[(Dfde}2'n-1] + 2(n+3) he H lv

(27) 

In Eq.27, the effective deformation rate is function of the equivalent diameter, d
e
, flow 

index, n, power number constant, Kp, and mixer geometry. If the bottom effect is 

neglected, the second term inside the braces in the right hand of Eq.27 can be erased. 

Tuen, Eq.27 is reduced to the Eq.13 in Chapter 3. 

The predictions of the k
s 

values with different values of the bottom clearance (h
e

values range from 5 mm to 200 mm) for impellers HR3 and HR4 are shown in Figures 

Al and A2. The predictions were calculated using the values of Dlde obtained for 

Newtonian fluids. As seen in the figures, the predictions with different values of h
e 

are 

much close to each other at lower values of the flow index and show fair differences 

with increasing flow index. The k
s 
values calculated using h

e 
values of 5, 10, .50 and 200 

equal to 18.0, 18.6, 19.4 and 19.7 at the flow index of 0.2 for impeller HR4. Similar 

tendency is seen for impeller HR3. lt should be noted that the curve of k
s
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Figure Al Effect of the equivalent bottom clearance on k
s 

for impeller HR3 
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Figure A2 Effect of the equivalent bottom clearance on k
s 

for impeller HR3 
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predicted with the bottom effect is much close to the curve with h
e 

of 200 mm and 

most power data of this work were measured at h
e 

equal to 10 mm. 

The power values predicted using h
e 

values equal to 5, 10, 25 and 100 mm are 

reported in Figure A3. The predicted curves are almost coincided as seen in this figure. 

These predictions confirm the experimental data· of this work, that the bottom 

clearance has negligible effect on the power requirement. 
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Appendix: II 

Computer program for solving Model 3 in Chapter 5 

In Chapter 5, three models based on one or two dimensional analysis of the 

equivalent Couette flow were developed to predict the effective shear rate in the 

transition flow regime. Model 3 (Eq. 26 in Chapter 5) is evaluated from a two 

dimensional · analysis of the equivalent Couette flow, in other words, that is a two 

dimensional helical flow geometry. Eq.26 in Chapter 3 is given by 

(1) 

In the model, the 0-component of the velocity gradient, c..> ' must be solved via a 

numerical method. One mehtod to obtain c..> ' is to solve Eq.23 in Chapter 3, which is 

expressed as: 

-m (v� + r2c..> /1.r-l)/2 Tc..>/ = C�
r 

(2) 

ln this equation, there are two parameters being determined, one is C
1 

in Eq.23 and 

another is an integration constant. Two known boundary conditions of first type ( e.g.: 

v
0 

= v
z 

= 0 at r = D/2 and v
8 

= ndj2 at r = dj2), now allow us to solve Eq.23. By 

re-arranging Eq.23, a target function is a function of c..>': 

F(c..> 1 ) = c� + m (v� + r2c..> f1.r-l)/2 rc..> 1 

r 

(3) 

A program algorithm is shown in Figure A2. First, an initial value of c 
1 

is given, so c..>' 

values at given a position r, can be obtained by obtaining the roots of the target 

function F( c..> '), using Newton's method. Then, the 0-component velocity profile can 

be obtained by integrating c..>' using Ronge-Kouta's method, and using one boundary 



initial C1 i 

solve target functlon 

F(co') 

No 

l 
CO' = f(r) 

integrate co ' 
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J Yes 
Stop 

Figure A4 Frame of computer program for solving Model 3 in Chapter 5. 
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condition (for instance, at r=D/2). The resulted v
11 

at r=dj2 is compared with the 

boundary condition. If the difference is smaller than a given error precision (10-5), then

the calculation is terminated; otherwise other c 
1 

value is given once again, the 

procedure of the calculation is repeated until the difference is within the given error 

precision. 

The computational program is listed as following. 

C PROGRAM (Two Dimensional Helical Flow) 
IN1EGER N5, NN, M, J 
DIMENSION C(50) 
REAL C, H2, RO, XL, S, AA, BB, H, FM, FN 
REAL YR, R, DY, Y, DF, L2 
DIMENSION DF(lOO), L2(100) 
DIMENSION DY(50,50), Y(50,50), R(lOO) 

V=5.655 
FN=0.18 
FM=22.4 
Y(l,1)=10.46 
AA=0.0 

BB=50.0 
H=0.5 
M=l 
YR=0.0 

J=0 
2 J=J+l 

IF(J.LE.2) TREN 
C(l)=0.05 
C(2)=0.1 
GOTO8 
ENDIF 
IF(J.EQ.3) TREN 
C(3)=(C(l)+C(2))/2.0 
GOTO8 
ENDIF 

IF(DF(J-l)*DF(J-2).LE.0.0) TREN 
C(J)=(C(J-l)+C(J-2))/2. 
go to 8 
ENDIF 



IF(DF(J-l)*DF(J-3).LE.0.0) TIIEN 
C(J)=(C(J-l)+C(J-3))/2 
ENDIF 

8 H2=0.002 
RO=0.106 
XL=0.146-RO 
S=XL/H2 
N5=INT(S)+l 
DO 100 I=l, N5 
L2(I)=H2*I 
IF (L2(I).GT.XL) TIIEN 
R(I)=0.146 
ELSE 
R(I) = L2(1) + RO 
ENDIF 

CALL ROOT(AA, BB,H,M,NN, lE-5,lE-5,R(I),V,FN,FM,C(J),DY,J,I) 
WRITE(*, *) 'DY=',DY(J,I), 'I=',I,'J=',J 
Y(J,I)= Y(J,I)+ H2*DY(J,I) 
WRITE(*,*) 'Y=',Y(J,I) 

C FORMAT(3 E 20.10) 
100 CONTINUE 

DF(J)=Y(J,20)-YR 
IF(ABS(DF(J)).GE.lE-3) TIIEN 
GO TO 2 
ENDIF 

101 CONTINUE 
WRITE(*, *) 'C=',C 
STOP 
END 

SUBROUTINE ROOT(AA, BB, H, M, N, El, E2,R,V,FN,FM,C,DY,J,I) 
DIMENSION DY(S0,50) 
N=0 
A=AA 
FA=F(FM,V,R,A,FN,C) 

10 B=A+H 
Bl=B 
FBl =F(FM,V,R,Bl,FN,C) 
WRITE (*,*) 'FBl=',FBl 
K=0 
IF(ABS(FA).LE.El) GO TO 16 
IF(ABS(FBl).LE.El) GO TO 11 
IF(FA*FBl.GT.0.0) GO TO 11 

12 A0=(A+B)/2.0 
K=K+l 
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F0=F(FM,V,R,A0,FN,C) 
IF(ABS(F0).LE.El) GO TO 13 
IF(ABS(B-A0).LE.E2) GO TO 13 
IF(FA*F0.GT.0.0) GO TO 14 
B=A0 
GO TO 12 

14 FA=F0 
A=A0 
GO TO 12 

16 A0=A 
13 N=N+l 

DY(J,I)=A0 
WRITE(*, *) 'DY= ',DY(J,I) 
IF(N.GE.M) GO TO 15 

11 IF(Bl.GT.BB) GO TO 15 
A=Bl 
FA=FBl 
GO TO 10 

15 RETURN 
END 

FUNCTION F(FM,V,R,DY,FN,C) 
C F=Ml *((V**2+((R(I)*DY(J,1))**2))**((N1-1)/2))*R(l)*DY(J,l)+C(J)/R(I)**2 

F=-FM*((V**2+((R *DY)**2))**((FN-1)/2))*R *DY +C/R **2 
RETURN 
END 

169 



170 

Appendix: m

Effects of wall clearance on � and "5 

Influence of wall clearance on K
P

The power constant, K
P 

(=NpRe), has been found to be dependent of the mixer 

geometry. One of the important geometrical effects is the clearance between the vessel 

wall and the impeller blade. The wall clearance is given by, c = (D-d)/2. 

In this work, three vessels with different diameters along with three impellers with 

the same diameter but different impeller pitch and width were used to assess the 

influence of the wall clearance on Kr Typical power data for corn syrup in three 

vessels with different clearance ratios for the latninar flow regime are shown in Figure 

Al. As seen in this figure, the power number at the same Reynolds number increases 

with decreasing wall clearance. The experimental data of K
P 

are reported in Table A3. 

Also listed in this table are the predicted values calculated by using the correlations 

of Chavan and Ulbrecht (1973), Yap et al.(1979), and Shamlou and Eduards (1985). 

The reader is referred to Section 2.4 in Chapter 2 for the detailed forms of these 

correlations. As seen in the table, at the same impeller geomtry, the K
P 

value is 

considerably dependent of the wall clearance, c/D. The predictions of the correlations 

of Chavan and Ulbrecht (1973) and Yap et al. (1979) are fairly in agreement with the 

experimental data, whereas the correlation of Shamlou and Eduards _ (1985) 

overestimate the experimental values. 

Influence of wall clearance on k
s

Beyond the flow index influence, the effective shear rate constant, ks, is function of 

the agitator geometry. A typical dependence of ks on the wall clearance for the 3% 

CMC solution mixed with impellers HR2 and HR3 is shown in Figure A5. Also 

illustrated in this figure is the values predicted using Shamlou and Eduards' model 
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Figure AS Influence of the wall clearance on power number for corn syrup agitated 
by impeller HR3 



Table Al. Influence of wall clearance on � 

No. c/D Impeller 
K

P 
K

P 
Chavan 

exp. and 
Ulbrecht 

1 HR1 -- 239.1 

2 0.029 HR2 217.2 227.4 

3 HR3 227.6 266.3 

4 HR1 164.1 180.9 

5 0.050 HR2 132.2 176.7 

6 HR3 192.2 206.8 

7 HR1 -- 92.7 

8 0.155 HR2 108.0 96.4 

9 HR3 132.1 112.1 

Correlation of Chavan and Ubrecht (1973) is Eq.37 in Chapter 2; 
Correlation of Yap et al. (1979) is Eq.41 in Chapter 2; 
Correlation of S!J.amlou and Eduards (1985) is Eq.42 in Chapter 2. 

K
P 

Yap et al. 

136.2 

103.0 

129.8 
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K
P 

Shamlou 
and 

Eduards 

283.1 

234.2 

413.8 

226.7 

229.5 

253.9 

161.0 

169.7 

179.2 

(1985). As seen in Figure A6, the k
s 
value increases with decreasing wall clearance, and 

increases much sharply at the lower values of wall clearance. This indicates that the 

effective deformation rate in the mixing vessels with smaller clearance is much larger 

that in larger clearance reservoirs. The prediction of shamlou and Eduards (1985) (Eq. 

17 in Chapter) is fairly in agreement of the experimental results. However, their 

correlation did not accpunt other geometrical effects such as impeller width and pitch. 

The flow index influence is also not taken into account. 
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Figure A6 Influence of wall clearance on k
s 

for 3% CMC with impeller HR2 and 
HR3. 
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Appendix: IV 

Comparison of gassed power data with Michel and Miller's correlation 

The correlation of Michel and Miller (1962) has been found to be much successful 

to correlate power data under aerated conditions. However, as indicated in Chapter 

2, this correlation does not account for geometrical effects. Furthermore, non­

N ewtonian characteristics are not taken into account in this expression. lt is still 

worthwhile to compare the gassed power data of this work with their correlation, 

although two correlations based on dimensional analysis were proposed in this work. 

The correlation of Michel and Miller is expressed as: 

p = c(-P�_N_D_3lo.4s 
g 

Q
0.56 

(1) 

The gassed data plotted as P
g 

against P/ND3/Q0A5 are reported in Figure A7. The 

straight line in this figure is the prediction of the Michel and Miller's correlation. 

The predictions are in fair agreement only for the Newtonian glycerol and for the 

moderately shear-thinning 0.5% xanthan aqueous solution. For highly shear-thinning, 

viscoelastic and Boger fluids, the gassed power is considerably higher than predicted. 

With a closer examination, the constant C in their expression is found to be a 

fonction of the shear-thinning property, e.g. flow index, n, and the elastic characteristic, 

elastic constant, À, defined in Eq. 21 of Chapter 3. The results are shown in Figure AS. 

The flow index is shown to have no effect on the gassed power. 
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Figure A7 Comparison of gassed power data with Michel and Miller's correlation. 
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Appendix V 

Reproduction of the effective deformation rate from the power data 

reported in the literature 

In Chapter 5, the predictions of the three models for the effective deformation rate 

were compared with the data reported in the literature, which were reproduced 

through the power data reported in the literature. The procedure of this reproduction 

of the effective deformation rate is illustrated as following. 

The extended linear power curve for the shear-thinning fluids in the transition 

occurs in the transition flow regime, comparing ta the corresponding Newtonian power 

curve, as illustrated in Figure A9.At same power number, Np, a value of generalized 

Reynolds number, Re
g, 

is obtained from the extended linear power curve for shear­

thinning fluids while a value of Reynolds number, Re, is obtained from the 

Np lamtnar I -�e----

Np 

Reg Re

transitlon
reglme 

Newtontan 
power CU1'VC

non-Newtonian 
power CU1'VC 

Re 

Figure A9 Illustration of reproducing the effective deformation rate from the power 
data reported in the literature 
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corresponding Newtonian power curve, in a given mixer. The generalized Reynolds 

number, Re
g, 

is calculated using a known effective deformation rate constant, ks,

obtained for the laminar flow regime, that is: 

= 
tf-Nl p = -----

m ( ksNi)n-1 
(1) 

where the N1 is the rotational speed at which the non-Newtonian fluid is mixed. N
1 

can

be obtained by re-ranging Eq. 1: 

(2) 

Following the Metzner-Otto concept of the effective deformation rate, the generalized 

Reynolds number, Reg, should be equal to the Reynolds number, Re, at the same 

power number, that is: 

tf, Nt P 
Re=Re =--­

g 

tP- Nl p =-----
1 • J n-1 

m Ye rrans. 

(3) 

Then the effective deformation rate in the transition regime can be obtained from Eq.3 

in terms of Re and N
1

:

. 1 
1 p 

[ d2
N 

ll/(n-1) 

Ye rrans. = 
mRe 

(4) 

The power data reported in the literature which were cited in this work for 

reproducing the effective deformation rate are list in Figures AlO, A11 and Al2. 
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