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H I G H L I G H T S

Two adhesion pressure closures are given
for the Van der Waals force effect in
TFM.
The kinetic theory fails to predict a pres-
sure overshoot in a fluidized bed.
The coordination number model is suc-
cessful in generating the pressure over-
shoot.
Interparticle Van der Waals force con-
tributes to the pressure overshoot phe-
nomenon.

G R A P H I C A L A B S T R A C T

R T I C L E I N F O
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A B S T R A C T

Interparticle Van der Waals force contributes to the overshoot in the bed pressure drop at the minimum
fluidization velocity during the transition from static to fluidized bed conditions, which is a well-known
phenomenon in the fluidization of fine particles. In this study, two adhesive particle pressure closures
considering the effect of interparticle Van der Waals force are used in two-fluid model simulations with the
intention to generate the pressure overshoot. The first adhesive pressure model developed within the context
of the kinetic theory of rapid granular flows failed to produce the overshoot due to the dominance of multiple
and long duration contacts in the fixed-bed flow. Another closure based on the coordination number was then
proposed to represent long-lasting interparticle contacts, which gave an adhesive contribution much larger
than the one of the kinetic theory model and was able to create the pressure drop overshoot.
. Introduction

Gas–solid fluidized beds are employed in several industries, such
s the polymerization of olefins, fluid catalytic cracking (FCC), coal
ombustion, and ore roasting [1]. Good quality solids mixing, high rates
f mass and heat transfer, uniform temperature distribution, and the

∗ Corresponding author.
E-mail address: olivier.simonin@toulouse-inp.fr (O. Simonin).

capability of processing a broad variety of granular materials are among
the features of fluidized-bed reactors [1–5]. Interparticle forces, such
as Van der Waals, electrostatic, liquid bridge, and solid bridge forces,
may have a significant influence on fluidized bed hydrodynamics and
performance [6–12].
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Fine particles ranging from cohesive to aeratable are highly desir-
able for reactive fluidization processes due to their high surface-to-
volume ratio, which results in greater reaction rates per unit volume of
reactor [13]. The pressure drop overshoot at the minimum fluidization
velocity is a typically encountered phenomenon in beds of fine particles
belonging to the group A of Geldart’s classification [14]. A more intense
overshoot and a larger hysteresis area between the fluidization and
defluidization pressure-drop curves are observed upon decreasing the
particle diameter towards Geldart’s C group [15]. This observation is
owing to the dominant role of interparticle over hydrodynamic inter-
actions in static beds of these particles. The Van der Waals adhesive
force is the dominating interaction force between fine particles in a dry
ambient environment [16].

Van der Waals forces include dipole–dipole, dipole-induced dipole,
and instantaneous dipole-induced dipole forces acting between atoms
and molecules. The temporal average of a neutral atom’s dipole mo-
ment is zero, yet at every instant there is a definite polar moment
provided by the asymmetrical electron distribution around the protons
that are inside the nucleus [17]. This instantaneous dipole produces an
electric field, which creates a dipole moment in any adjacent neutral
atom [17]. The two dipoles then interact, resulting in a force of
attraction among the two atoms. The temporal average of this instanta-
neous dipole-induced dipole force, which is also known as the London
dispersion force, is finite. Hamaker [18] obtained an expression for the
Van der Waals force between macroscopic objects using the dispersion
interaction potential between two atoms/molecules proposed by Lon-
don [19] and an additivity hypothesis (summing up the forces over all
pairs of individual atoms/molecules). The Van der Waals force between
particles in contact is highly influenced by their surface roughness
(i.e., asperity size) [20,21].

Working at high temperatures and/or high pressures has an impact
on the strength of Van der Waals force. The Van der Waals force
increases with temperature due to greater molecular dipole pulsation
and a larger particle–particle contact area induced by viscoelastic flat-
tening [21–24]. The magnitude of the Van der Waals force can rise with
pressure owing to gas adsorption on the particle surfaces [4,25,26]. It is
worth mentioning that hydrodynamic forces can increase dramatically
with pressure (gas density increases with pressure), which may result
in a less prominent influence of interparticle interactions on the bed
hydrodynamics [4].

Stresses caused by adhesive and frictional interactions have a sig-
nificant influence on the mechanical response of granular media [27].
There is, however, insufficient data on the magnitude of these stresses,
which limits comprehension of the fluidization behavior reported in
experimental studies. Mutsers and Rietema [28] and Tsinontides and
Jackson [29] postulated that the interparticle contact adhesion and
friction are responsible for the stable expansion occurring between
the minimum fluidization and minimum bubbling velocities in fine-
particle beds. Rietema and Piepers [30] ascribed the pressure drop
overshoot at incipient fluidization to interparticle and particle–wall
forces. According to these authors, the Van der Waals interaction is the
source of particle–particle force. The non-sphericity can enhance the
solid friction and the pressure-drop hysteresis [31–34].

In the experiments carried out by Vanni et al. [32], the static wall
friction effect on the pressure overshoot was only noticeable in columns
with small diameters (𝐷 = 2 cm). The experiments of Srivastava and
Sundaresan [27] also revealed a more significant overshoot in smaller
columns, which they ascribed to particle–wall friction. Wang et al. [35]
observed that increasing the static bed height increases the pressure
overshoot intensity, which they attributed to wall friction. The effect
of bed diameter and height on the significance of static wall friction
(bridging) can also be seen in the vertical solid stress profiles showing
the Janssen effect in silos and hoppers [36,37].

Several researchers accounted for the Van der Waals force in the
Eulerian–Lagrangian model to simulate the fluidization behavior of fine
2

particles. Ho and Sommerfeld [38] used a criterion for agglomeration
based on a critical velocity determined from an energy conservation
between before and after collision that takes into account the Van der
Waals force. These authors considered that when the normal relative
velocity between two interacting particles is smaller than the critical
velocity, agglomeration occurs. Wang et al. [39] solved a Newto-
nian equation of motion with a Van der Waals force term based on
the Hamaker theory for each particle in a fluidized bed riser. Zhang
et al. [40] investigated the cluster dynamics in circulating fluidized-bed
reactors using a CFD-DEM model. Their simulations showed that when
the solid volume fraction 𝛼𝑝 is large, the Van der Waals interaction may
promote the cluster formation.

On the other hand, Eulerian–Eulerian models that take into con-
sideration the impact of interparticle Van der Waals interaction are
scarce in the literature. Within the framework of the kinetic theory of
granular flows, Gidaspow and Huilin [41] added a negative pressure
inferred from the experimental data of radial distribution functions to
the solid pressure in order to consider the effect of adhesive forces
on the fluidization of FCC particles. This empirical adhesive pressure
modified the kinetic theory equation of state to match the measured
particle pressure. Parmentier [42] worked on incorporating the effect of
Van der Waals interaction into the two-fluid model utilizing the BBGKY
hierarchy. An adhesive pressure was added to the particle pressure to
account for the Van der Waals attraction between particles. By compar-
ing the magnitudes of attractive and repulsive solids pressures within
a bed of Geldart A particles in the fluidized state (small attraction),
Parmentier [42] concluded that the overestimation of bed expansion
found in standard two-fluid model simulations is not due to neglecting
the effect of the Van der Waals force. The kinetic theory based on the
assumptions of binary collision and molecular chaos may be extended
from moderately dense to highly dense gas–solid flows by utilizing
numerical data of discrete element simulations [43–45].

Some efforts have been made to predict the pressure-drop over-
shoot phenomenon observed during the fluidization of fine particles.
Srivastava and Sundaresan [27] and Loezos et al. [46] utilized a one-
dimensional force balance model based on Janssen’s approach in order
to predict the pressure drop overshoot. This model involves deter-
mining coefficients that can combine the adhesion and friction effects
together. For instance, when the particle diameter decreases, the fric-
tion coefficient of Loezos et al. [46] increases, which may be attributed
to an increase in the significance of the Van der Waals adhesive interac-
tion. Ye et al. [47] demonstrated through discrete particle simulations
that the pressure overshoot is caused by particle–particle Van der Waals
adhesion and particle–wall friction. Weber and Hrenya [48] conducted
discrete particle simulations employing Hamaker and square-well ad-
hesion models. Their findings reveal that the overshoot in the bed
pressure drop is dominated by interparticle adhesion. The Hamaker
model predicted that Van der Waals adhesive interactions with the
sidewalls have a considerable impact on the pressure-drop overshoot
(adhesion augments wall friction), whereas adhesive interactions with
the distributor plate have minimal impact. The square-well model, on
the other hand, predicted that particle-distributor plate adhesion has a
considerable influence on the pressure-drop overshoot.

Interparticle adhesive forces affect both solid pressure and viscosity
(normal and shear stresses) [49–51]. The influence of particle viscosity
on the pressure overshoot, which is associated with a fixed arrangement
of particles (zero particle velocity), is negligible. Hence, we consider
only the effect of adhesion on the solid pressure. In our investiga-
tion, we take into account the short-range Van der Waals interaction
between particles via an adhesive pressure gradient in the particle
momentum equation within an Eulerian–Eulerian approach. We present
two adhesive pressure models, one based on the kinetic theory and
another based on the coordination number to represent interparti-
cle contacts, and assess their capability of creating a pressure-drop

overshoot in beds of Geldart A particles.
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Fig. 1. Normalized bed pressure drop and corresponding voidage profiles of Geldart B (GB-156) and A (GB-67) particles measured by Soleimani et al. [14].
Table 1
Properties of particles used in the experiments of Soleimani et al. [14].

Material Glass beads Glass beads

Mean particle diameter, 𝑑𝑝 (μm) 156 67
Particle density, 𝜌𝑝 (kg/m3) 2595 2595
Sphericity ∼ 1 ∼ 1
Geldart group B A
Acronym GB-156 GB-67

2. Prediction of overshoot in pressure drop across an aeratable-
particle bed

Soleimani et al. [14] performed experimental measurements of the
total bed pressure drop and bed voidage of Geldart A and Geldart B
particles fluidized by air at 20 ◦C. The air was pre-dried by passing it
through a bed of humidity adsorber. As a result, capillary forces have
a negligible effect. The properties of the solids used in their study are
shown in Table 1. The experiments were carried out in a fluidized bed
of 5.25 cm in diameter and 50 cm in height. The static bed height was
around 15 cm. For details about the procedure employed to determine
the experimental bed pressure drop and voidage, the reader is referred
to the paper of Soleimani et al. [14].

The experimental bed pressure drop and voidage profiles as a func-
tion of the superficial gas velocity of the Geldart B and A glass beads
determined by Soleimani et al. [14] are demonstrated in Fig. 1. It can be
seen that the increasing velocity path pressure drop curve of the Geldart
B particles has no overshoot since the associated loose-fixed-bed and
minimum fluidization voidages (𝜀0 and 𝜀𝑚𝑓 , respectively) are nearly
equal. In contrast, a considerable pressure drop overshoot is apparent
at the minimum fluidization velocity (𝑈𝑚𝑓 ) in the fluidization branch
of the experiment with Geldart A particles, which is equivalent to the
difference between the fixed-bed and minimum fluidization voidages.

In our study, we perform two-fluid simulations using the nep-
tune_cfd code [52]. Transport equations and models employed in this
code are reported in Ansart et al. [53]. The particle stress in the
Eulerian–Eulerian model consists of kinetic, collisional and frictional
terms. The closure of the kinetic and collisional stresses is based on the
kinetic theory of granular flows. In dilute flows

(

𝛼𝑝 < 1%
)

, the kinetic
stress is dominant, whereas in moderately dense flows

(

𝛼𝑝 > 5%
)

, the
collisional stress dominates. The particle friction stress is employed at
high solid volume fractions to take into account the interaction of single
3

particles with several neighbors through prolonged contact. The normal
particle–particle forces are considered via the particle pressure [54].
For the particle frictional pressure, we have employed the following
semi-empirical model proposed by Johnson and Jackson [55,56]:

𝑃 𝑓
𝑝 =

⎧

⎪

⎨

⎪

⎩

𝐹𝑟
(

𝛼𝑝−𝛼𝑝,𝑚𝑖𝑛
)𝑛

(

𝛼𝑝,𝑚𝑎𝑥−𝛼𝑝
)𝑚 for 𝛼𝑝 > 𝛼𝑝,𝑚𝑖𝑛

0 for 𝛼𝑝 ≤ 𝛼𝑝,𝑚𝑖𝑛
(1)

where 𝐹𝑟, 𝑛 and 𝑚 are constants and 𝛼𝑝,𝑚𝑖𝑛 and 𝛼𝑝,𝑚𝑎𝑥 are respectively
the threshold particle volume fraction for the activation of the frictional
stress and the close-packing particle volume fraction. The values of
these parameters used in our simulations are listed in Table 2. To
account for the Van der Waals interaction among particles, a negative
adhesive pressure is added to the particle pressure for all values of the
particle volume fraction 𝛼𝑝 in our work. The additional negative stress
component has the effect of lowering particle repulsion. In the follow-
ing sections, we propose two adhesive pressure models and investigate
their ability to create a pressure drop overshoot.

2.1. Derivation of an adhesive pressure model based on the kinetic theory

The kinetic theory approach relies on the similarity between the ran-
dom particle movement in rapid granular flow and the thermal motion
of molecules in gas [57]. The adhesive pressure model derivation em-
ploying the kinetic theory of granular flows given in this subsection is
based on the research of Parmentier [42]. Using the BBGKY hierarchy,
the Van der Waals force can be included in the Boltzmann–Liouville
equation:
𝜕𝑓𝑝
𝜕𝑡

+ 𝜕
𝜕𝑥𝑖

(

𝑐𝑝,𝑖𝑓𝑝
)

+ 𝜕
𝜕𝑐𝑝,𝑖

(⟨𝐹𝑝,𝑖

𝑚𝑝
∣ 𝐱𝐩 = 𝐱,𝐮𝐩 = 𝐜𝐩

⟩

𝑓𝑝

)

=
( 𝜕𝑓𝑝

𝜕𝑡

)

𝑐𝑜𝑙𝑙
+
( 𝜕𝑓𝑝

𝜕𝑡

)

𝑎𝑑
(2)

with [58]
( 𝜕𝑓𝑝

𝜕𝑡

)

𝑎𝑑
= ∬

𝜕𝑓 (2)
𝑝

𝜕𝑐𝑝,𝑖
𝜕
𝜕𝑥𝑖

(

𝑉 (‖𝐱∗ − 𝐱‖)
𝑚𝑝

)

𝑑𝐜∗𝐩𝑑𝐱
∗ (3)

where 𝑓𝑝 is the one-particle probability density function defined such
that 𝑓𝑝

(

𝐜𝐩, 𝐱, 𝑡
)

𝛿𝐜𝐩𝛿𝐱 is the probable number of particles, whose center
of mass, 𝐱 , at time 𝑡 is located in the volume [𝐱, 𝐱+ 𝛿𝐱] with a velocity
𝐩
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𝐮𝐩 in [𝐜𝐩, 𝐜𝐩+𝛿𝐜𝐩]. 𝐹𝑝,𝑖 represents the external forces acting on the parti-
cles (gravity, drag and buoyancy). 𝐹𝑝,𝑖∕𝑚𝑝 = 𝑑𝑢𝑝,𝑖∕𝑑𝑡 is the acceleration
of a particle.

⟨

𝐹𝑝,𝑖 ∣ 𝐱𝐩 = 𝐱,𝐮𝐩 = 𝐜𝐩
⟩

represents the conditional average
of the external force acting on a particle at a given center position
𝐱𝐩 = 𝐱 with the translation velocity 𝐮𝐩 = 𝐜𝐩. The two terms on the
right-hand side of Eq. (2) denote the rate of change in the probability
density function caused by particle–particle collision and Van der Waals
adhesion, respectively. The adhesion term is given by Eq. (3), where
𝑓 (2)
𝑝

(

𝐜𝐩, 𝐱, 𝐜∗𝐩, 𝐱
∗, 𝑡

)

is the two-particle probability density function and
(‖𝐱∗ − 𝐱‖) is the interaction potential between two particles resulting

n an adhesion force. According to Elimelech et al. [59], the Van der
aals interaction potential between two spheres can be expressed as

ollows:
(

‖𝐱∗ − 𝐱‖
)

= − 𝐴
24

[

2
2𝑢 + 𝑢2

+ 2
(1 + 𝑢)2

+ 4 ln
(

2𝑢 + 𝑢2

[1 + 𝑢]2

)]

(4)

where 𝑢 = ‖𝐱∗ − 𝐱‖∕𝑑𝑝 − 1 is the dimensionless distance between the
two particle surfaces and 𝐴 is the Hamaker constant, which relies on
the composition of the particles and the interstitial fluid. The adhesive
force exerted by particle 𝑝∗, with its center at 𝐱∗, on particle 𝑝, with its
center at 𝐱, as a result of the Van der Waals potential given by Eq. (4)
can be written as:

𝐅𝑎𝑑
𝑝∗→𝑝 =

𝐴
6𝑑𝑝

1
(

2𝑢 + 𝑢2
)2

1
(1 + 𝑢)3

𝐱∗ − 𝐱
‖𝐱∗ − 𝐱‖

(5)

For distances between the surfaces of two particles less than a typical
interatomic distance 𝑆0, Eqs. (4) and (5) are no longer applicable and
the magnitude of the Van der Waals force is fixed at a maximal value in
order to represent the physical particle–particle repulsion and prevent
the single attraction when the surface separation distance is zero [60].

Assuming that the velocities of colliding particles are not correlated
(Enskog approximation for dense flows), the two-particle probability
density function is defined as follows:

𝑓 (2)
𝑝

(

𝐜𝐩, 𝐱, 𝐜∗𝐩, 𝐱
∗, 𝑡

)

= 𝑔
(

𝐱, 𝐱∗
)

𝑓𝑝
(

𝐜𝐩, 𝐱, 𝑡
)

𝑓𝑝
(

𝐜∗𝐩, 𝐱
∗, 𝑡

)

(6)

ith 𝑔 (𝐱, 𝐱∗) being the two-particle radial distribution function. The
dhesion term in Eq. (3) can then be written as:
( 𝜕𝑓𝑝

𝜕𝑡

)

𝑎𝑑
= − 𝜕

𝜕𝑐𝑝,𝑖

(𝐹𝑎,𝑖

𝑚𝑝
𝑓𝑝

)

− 𝜕
𝜕𝑐𝑝,𝑖

(𝐹𝑏,𝑖

𝑚𝑝
𝑓𝑝

)

(7)

with

𝐹𝑎,𝑖 = − 𝜕
𝜕𝑥𝑖 ∫

𝑛𝑝
(

𝐱∗
)

𝑔
(

𝐱, 𝐱∗
)

𝑉
(

‖𝐱∗ − 𝐱‖
)

𝑑𝐱∗ (8)

𝐹𝑏,𝑖 = ∫ 𝑛𝑝
(

𝐱∗
) 𝜕𝑔 (𝐱, 𝐱∗)

𝜕𝑥𝑖
𝑉
(

‖𝐱∗ − 𝐱‖
)

𝑑𝐱∗ (9)

here 𝑛𝑝 is the particle number density. 𝐹𝑎,𝑖 and 𝐹𝑏,𝑖 can be approxi-
ated as follows:

𝑎,𝑖 ≈ − 𝜕
𝜕𝑥𝑖

𝑛𝑝 (𝐱) 𝑔0 (𝐱)∫ 𝑉
(

‖𝐱∗ − 𝐱‖
)

𝑑𝐱∗ (10)

𝑏,𝑖 ≈ 0 (11)

here 𝑔0 is the radial distribution function at contact. A momentum
alance equation for the solid phase containing a gradient of adhesive
article pressure can then be derived from the Boltzmann–Liouville
quation (Eq. (2)):

𝑝𝜌𝑝
𝜕𝑈𝑝,𝑖

𝜕𝑡
+ 𝛼𝑝𝜌𝑝𝑈𝑝,𝑗

𝜕𝑈𝑝,𝑖

𝜕𝑥𝑗
= −𝛼𝑝

𝜕𝑃𝑔

𝜕𝑥𝑖
+ 𝛼𝑝𝜌𝑝𝑔𝑖 + 𝐼𝑔→𝑝,𝑖

− 𝜕
𝜕𝑥𝑗

(

𝛼𝑝𝜌𝑝𝑅𝑝,𝑖𝑗 + 𝛩𝑝,𝑖𝑗
)

− 𝛼𝑝
𝜕𝑃𝑎𝑑
𝜕𝑥𝑖

(12)

where 𝐼𝑔→𝑝,𝑖 is the mean interphase gas-to-particle momentum trans-
fer and 𝑅𝑝,𝑖𝑗 and 𝛩𝑝,𝑖𝑗 are respectively the particle kinetic and col-
lisional stress tensors. Eq. (12) is derived by substituting (7) in (2)
and then multiplying (2) by 𝑚𝑝𝐜𝐩 and integrating over all velocities
4

𝐜𝐩. In Eq. (12), −𝛼𝑝𝜕𝑃𝑎𝑑∕𝜕𝑥𝑖 is equal to 𝑛𝑝𝐹𝑎,𝑖, where 𝐹𝑎,𝑖 is expressed e
by Eq. (10). 𝑃𝑎𝑑 represents an adhesive pressure resulting from the
attraction between particles, which is given by:

𝑃𝑎𝑑 ≈
𝑛𝑝𝑔0
𝜋𝑑3𝑝∕6 ∫ 𝑉

(

‖𝐱∗ − 𝐱‖
)

𝑑𝐱∗ (13)

In the case of Van der Waals interaction potential, 𝑃𝑎𝑑 may be written
as:

𝑃𝑎𝑑 ≈
𝑛𝑝𝑔0
𝜋𝑑3𝑝∕6 ∫

‖𝐱∗−𝐱‖>𝑑𝑝+𝑆0

𝑉
(

‖𝐱∗ − 𝐱‖
)

𝑑𝐱∗ (14)

And according to Parmentier [42]:

𝑃𝑎𝑑 ≈ −𝐴𝑛𝑝𝑔0 ln
( 𝑑𝑝
𝑆0

)

(15)

The adhesion term in the momentum equation (Eq. (12)) is written as:

−𝛼𝑝
𝜕𝑃𝑎𝑑
𝜕𝑥𝑖

= −
𝜕𝑃 𝑎

𝑝

𝜕𝑥𝑖
(16)

ith

𝑎
𝑝 ≈ −𝐴

𝑛𝑝
𝛼𝑝

ln
( 𝑑𝑝
𝑆0

)

∫

𝛼𝑝

0
𝛼𝑝

(

𝑔0 + 𝛼𝑝
𝜕𝑔0
𝜕𝛼𝑝

)

𝑑𝛼𝑝 (17)

The radial distribution function, 𝑔0, which may be viewed as a measure
for the likelihood of particle–particle collision, is given as the following
expression [61]:

𝑔0 =
(

1 −
𝛼𝑝

𝛼𝑝,𝑚𝑎𝑥

)−2.5𝛼𝑝,𝑚𝑎𝑥
(18)

Using Eq. (17), the negative adhesive pressure can then be formulated
as:

𝑃 𝑎
𝑝 = − 𝐵

𝑑3𝑝
2𝛼2𝑝,𝑚𝑎𝑥

[

25
6

+

(

−3
2

𝛼2𝑝
𝛼2𝑝,𝑚𝑎𝑥

+ 20
3

𝛼𝑝
𝛼𝑝,𝑚𝑎𝑥

− 25
6

)

𝑔0

]

(19)

with

𝐵 = 𝐴 3
𝜋
ln
( 𝑑𝑝
𝑆0

)

(20)

where 𝑑𝑝 is the particle diameter, 𝛼𝑝 is the solid volume fraction,
𝐴 is the Hamaker constant, and 𝑆0 is a minimum cutoff separation
istance between two particle surfaces. The adhesive pressure 𝑃 𝑎

𝑝 given
by Eq. (19) is added to the kinetic, collisional, and frictional pressures.

2.2. Evaluation of the kinetic-theory-based adhesion model

The adhesive pressure model presented in Eq. (19) is tested by
adding it to the solids pressure and performing two-fluid model simu-
lations similar to CFD-DEM simulations carried out by Hou et al. [62].
The values of the parameters used in our quasi-two-dimensional flu-
idized bed simulations of Geldart A particles are summarized in Table 2.
The value of the initial solid volume fraction (𝛼𝑝,𝑖𝑛𝑖 = 0.6) is chosen
o be the same as that obtained from the CFD-DEM simulations of
ou et al. [62] for the fixed bed. The bottom face of the cuboid bed
mployed in our simulations acts as an inlet for gas and a wall with a
o-slip condition for particles. The top face serves as a free outlet for
oth gas and solid phases with an imposed gauge pressure of zero. The
eft and right faces (normal to the x-axis) are walls for both phases with
no-slip condition for each phase. A symmetry boundary condition is

mployed for both phases at the front and back faces (normal to the
-axis).

The equations for the kinetic, collisional and frictional solids stress
losures employed in our simulations can be found in Ansart et al. [53].
he frictional viscosity is omitted from each simulation with adhesion
only the frictional pressure is included) since it turns negative in
he region where adhesion effect is dominant over friction effect. The
rag model used is that proposed by Gobin et al. [63], which is
he drag correlation of Wen and Yu [64] limited by the Ergun [65]

quation for dense regimes. The gas flow is assumed to be laminar (no
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Table 2
Simulation parameters.

Parameter Value

Particle diameter, 𝑑𝑝 100 μm

Particle density, 𝜌𝑝 1440 kg∕m3

Particle–particle normal restitution coefficient, 𝑒𝑐 0.8
Gas density, 𝜌𝑔 1.205 kg/m3

Gas viscosity, 𝜇𝑔 1.8 × 10−5 Pa s
Cuboid bed size, 𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 60𝑑𝑝 × 4𝑑𝑝 × 200𝑑𝑝
Cell size, 𝛥𝑥 = 𝛥𝑦 = 𝛥𝑧 2𝑑𝑝
Initial particle bed height, 𝐻𝑖𝑛𝑖 36𝑑𝑝
Initial particle volume fraction, 𝛼𝑝,𝑖𝑛𝑖 0.6
Frictional pressure constant (Eq. (1)), 𝐹𝑟 0.05 Pa
Frictional pressure constant (Eq. (1)), 𝑛 2
Frictional pressure constant (Eq. (1)), 𝑚 5
Threshold solid volume fraction for friction, 𝛼𝑝,𝑚𝑖𝑛 0.58
Close-packing solid volume fraction, 𝛼𝑝,𝑚𝑎𝑥 0.64
Minimum surface separation distance, 𝑆0 1 nm

Base value of the Hamaker constant, 𝐴 2.1 × 10−21 J
Maximum Courant number, 𝐶𝐹𝐿𝑚𝑎𝑥 0.1

turbulence model is used). The agitation model used for the solid phase
is 𝑞2𝑝 − 𝑞𝑔𝑝, which includes transport equations for the particle fluctuant
kinetic energy, 𝑞2𝑝 , and the gas-particle velocity covariance, 𝑞𝑔𝑝 [57,66–
68]. However, since the gas flow is assumed to be laminar, the gas
fluctuating velocity 𝑢′′𝑔,𝑖 is zero; hence 𝑞𝑔𝑝 = ⟨𝑢′′𝑔,𝑖𝑢

′′
𝑝,𝑖⟩𝑝 equals zero.

Two sidewall pressure monitoring points at zero and 195𝑑𝑝 above
he inlet were utilized to measure the overall bed pressure drop at each
uperficial gas velocity in fluidization and defluidization cycles. Each
uperficial gas velocity was sustained for 5 s, and the pressure was
veraged over the last 2 s of each of these 5 s intervals to determine
he time-averaged bed pressure drop values:

𝛥𝑃 = 𝑃1 − 𝑃2 =
1

∑𝑁𝑟
𝑘=1 𝛥𝑡𝑘

(𝑁𝑟
∑

𝑘=1
𝛥𝑡𝑘𝑃1,𝑘 −

𝑁𝑟
∑

𝑘=1
𝛥𝑡𝑘𝑃2,𝑘

)

(21)

here 𝑃1 and 𝑃2 are the pressures at the monitoring points, 𝛥𝑡 is the
ime step, and 𝑁𝑟 is the total number of time steps in the 2 s interval.
he normalized bed pressure drop is defined as the ratio of the pressure
rop across the whole bed to the pressure drop equivalent to the weight
f the particles, 𝛥𝑃∕𝛥𝑃𝑒𝑞 . The pressure drop 𝛥𝑃𝑒𝑞 can be expressed as:

𝛥𝑃𝑒𝑞 = 𝑚𝑏𝑔∕𝑆𝑏 = 𝛼𝑝𝜌𝑝𝐻𝑏𝑔 (22)

where 𝑚𝑏 is the mass of the particles bed, 𝑔 is the gravitational acceler-
ation, 𝑆𝑏 is the cross-sectional area of the bed, and 𝐻𝑏 is the bed height.
Substituting 0.6 for 𝛼𝑝 and 36𝑑𝑝 for 𝐻𝑏 (see Table 2) in Eq. (22) gives
𝛥𝑃𝑒𝑞 equals 30.513 Pa. The spatial average of the solid volume fraction
𝛼𝑝 is computed as follows:

⟨𝛼𝑝⟩ =
1
𝑁𝑐

𝑁𝑐
∑

𝑖=1
𝛼𝑝𝑖 (23)

where 𝑁𝑐 is the number of cells between the inlet and 34𝑑𝑝 above
he inlet, which is slightly less than the bed height at the lowest
uperficial gas velocity. The time average of the spatially averaged 𝛼𝑝
s determined as:

⟨𝛼𝑝⟩ =
∑𝑁𝑟

𝑘=1 𝛥𝑡𝑘⟨𝛼𝑝⟩𝑘
∑𝑁𝑟

𝑘=1 𝛥𝑡𝑘
(24)

hen, the bed voidage is obtained as: ⟨𝛼𝑔⟩ = 1 − ⟨𝛼𝑝⟩.
Bed pressure drop and voidage versus superficial gas velocity curves

or fluidization and defluidization cycles with different 𝐵 values
Eq. (19)) are shown in Fig. 2. The value of 𝐵 obtained by substituting
he values of 𝐴, 𝑑 and 𝑆 (given in Table 2) in Eq. (20) is 2.3 × 10−20
5

𝑝 0
. In addition to this value, we tested much higher 𝐵 values in order to
emonstrate that the adhesion provided by the kinetic theory model is
everal orders of magnitude smaller than that given by the coordination
umber model presented later in Section 2.3. As depicted in Fig. 2,
enerating a pressure drop overshoot requires multiplying 𝐵 by 106
using 𝐵 = 2.3×10−14 J) and no hysteretic behavior is predicted between
he increasing and decreasing velocity path curves. The bed voidage
urves displayed in Fig. 2 show a decrease in the average gas volume
raction in the bed for 𝐵 = 2.3 × 10−14 J due to the relatively strong
dhesion.

Based on the foregoing results, the adhesive contribution introduced
y the kinetic theory model is insufficient to generate an overshoot
n the bed pressure drop. This inability might be attributed to the
inary and instantaneous collisions assumption used in the kinetic
heory approach because fixed-bed flows are dominated by the influ-
nce of multiple and sustained contacts. The pressure-drop hysteresis
etween the fluidization and defluidization branches is not produced
ecause the impact of deformation history is not taken into account
n the kinetic theory adhesion model. In particular, the adhesive pres-
ure is only a function of the particle volume fraction 𝛼𝑝, indicat-

ing that it is a symmetric closure. In the next section, we present
a coordination-number-based approach suitable for quasi-static flow
regimes.

2.3. Derivation of an adhesive pressure based on the coordination number

Here, we derive an adhesive pressure model by assuming that
the dominant Van der Waals interaction occurs between particles in
long-lasting contact characterized by the coordination number. The
coordination number is defined as the mean number of particles in
contact with a given particle, which may be written as:

𝐶𝑁 = 2
𝑛𝑐
𝑛𝑝

(25)

where 𝑛𝑐 denotes the mean number of contacts per unit volume and 𝑛𝑝
denotes the number of particles per unit volume. The factor 2 enters in
Eq. (25) because each contact is shared by two particles. The particle–
particle stress tensor component due to the adhesive force may be
computed as [70–72]:

𝜎𝑎𝑑𝑖𝑗 = − 1
𝑉

∑

𝑐∈𝑉
𝑓 𝑐
𝑖 𝑏

𝑐
𝑗 (26)

where the sum is over all the contact points 𝑐 in volume 𝑉 . 𝑓 𝑐
𝑖 rep-

resents the interaction force between two particles in contact at 𝑐 and
𝑏𝑐𝑗 represents the vector connecting the centers of these two particles if
both centers are inside the volume 𝑉 , or only the part in 𝑉 if one of
the centers is outside 𝑉 . By using Eq. (5), the adhesive contact force
can be expressed as follows:

𝐅𝑐
𝑝∗→𝑝 =

𝐴
6𝑑𝑝

1
(

2𝑢0 + 𝑢20
)2

1
(

1 + 𝑢0
)3

𝐤∗ ≈ 𝐴
6𝑑𝑝

1
4𝑢20

𝐤∗ (27)

where 𝑢0 = 𝑆0∕𝑑𝑝 is the minimum dimensionless separation distance
between two particle surfaces and 𝐤∗ = (𝐱∗ − 𝐱) ∕‖𝐱∗ − 𝐱‖ is the unit
vector along the line of centers of two interacting particles. Substituting
Eq. (27) into Eq. (26) gives the following adhesive stress expression for
homogeneous systems:

𝜎𝑎𝑑𝑖𝑗 = 1
𝑉

∑

𝑐∈𝑉

𝐴
24𝑢20

𝑘∗𝑖 𝑘
∗
𝑗 (28)

The isotropic component of the adhesive stress given by Eq. (28) is the
adhesive pressure:

𝑃 𝑎
𝑝 = −

𝜎𝑎𝑑𝑖𝑖
3

= −
𝑛𝑐
3

𝐴𝑑2𝑝
24𝑆2

0

(29)

Then, using Eqs. (25) and (29), the adhesive particle pressure can be
expressed as:

𝑃 𝑎
𝑝 = −

𝛼𝑝
2
𝐶𝑁

𝐴𝑑𝑝
2

(30)

𝜋𝑑𝑝 24𝑆0
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Fig. 2. Normalized time-averaged overall bed pressure drop and time-spatial averaged gas volume fraction in the bed during fluidization and defluidization cycles with different
𝐵 values in the adhesion pressure (Eq. (19)). 𝐹 represents a fluidization branch and 𝐷 a defluidization branch in this and Fig. 4. [69].
where 𝐶𝑁 is the coordination number.

2.4. Evaluation of the coordination-number-based adhesion model

Eulerian–Eulerian simulations were carried out using the param-
eter values in Table 2 to check the ability of the adhesive pressure
model given by Eq. (30) to create the pressure drop overshoot. These
simulations are the same as those described in Section 2.2, except
that the coordination-number-based adhesive pressure model is utilized
instead of the kinetic-theory-based one. In our tests, we used a constant
coordination number of 4.77 corresponding to a fixed bed state and
correlations between the coordination number and the solid volume
fraction based on the CFD-DEM simulation results of Hou et al. [62]:

𝐶𝑁 = 2 + 3.25𝛼0.4𝑝 for expanded beds (31)

𝐶𝑁 = 4.87 × 10−5
1 −

(

1 − 𝛼𝑝
)2.8

(

1 − 𝛼𝑝
)11.6

for fluidized beds (32)

These correlations were developed using simulations that account for
the Van der Waals adhesion between particles. Fig. 3 shows 𝐶𝑁 plot-
ted as a function of 𝛼𝑝 for expanded and fluidized bed states using
Eqs. (31) and (32). In the expanded bed state, as the solid volume
fraction decreases from the close-packing value (0.64) to zero, the
coordination number slowly decreases until it reaches a minimum
value of 2 corresponding to a chain-like structure, as demonstrated
in Fig. 3. On the other hand, the coordination number corresponding
to the fluidized bed state decreases rapidly towards zero when the
solid volume fraction decreases, as seen in Fig. 3. The obtained bed
pressure drop and mean gas volume fraction profiles are illustrated
in Fig. 4. As we can observe in the pressure drop versus superficial
gas velocity plots, the constant fixed-bed coordination number and the
expanded-bed correlation both generate overshoot, while the fluidized-
bed correlation does not. Based on these results, we can infer that the
coordination-number-based model provides an adhesive contribution
large enough to produce an overshoot in the bed pressure drop.

The experimental bed voidage curves of Geldart A particles in Fig. 1
demonstrate that at superficial gas velocities less than the minimum
fluidization velocity 𝑈𝑚𝑓 , the bed voidage remains constant at 𝜀0 in
he increasing velocity path. When the superficial gas velocity reaches
𝑚𝑓 , the forces exerted by the gas on the particles overcome the

nterparticle forces, particle–wall friction, and particles' weight, leading
to the destruction of the contact network and an abrupt jump in the bed
voidage from 𝜀0 to 𝜀𝑚𝑓 . In contrast, in the decreasing velocity path, the
bed voidage progressively decreases from 𝜀𝑚𝑓 to 𝜀0 as the superficial
gas velocity decreases from 𝑈𝑚𝑓 to zero. The simulation results in Fig. 4
show a decrease in bed voidage owing to adhesion, but the hysteretic
behavior between the fluidization and defluidization cycle curves ob-
served experimentally is not predicted. To obtain this behavior, the role
6

Fig. 3. 𝐶𝑁 as a function of 𝛼𝑝 for expanded and fluidized bed states.

of Van der Waals interparticle force and particle–wall static friction
should be dominant over that of hydrodynamic forces in the fixed bed
state. Achieving this condition is influenced by the values of the various
simulation model parameters. For example, the particle diameter in the
experiments of Soleimani et al. [14] is 67 μm, which is smaller than the
particle diameter in our simulations (100 μm). In addition, the contact
network formation and destruction (the coordination number evolu-
tion) should be taken into consideration in our two-fluid simulations
to generate the hysteresis. Moreover, the effect of boundary conditions
(particle–wall friction) and dimensionality (quasi-2D to 3D) on the
pressure overshoot should be explored. Considering the effect of static
particle–wall friction on the pressure-drop overshoot in the two-fluid
model could be the subject of future research. Accounting for this effect
is essential to achieve a quantitative prediction because static wall
friction may increase the overshoot intensity. However, the significance
of this impact depends on the column diameter [32]. Regarding the
effect of particle size, our simulations using the coordination-number-
based model demonstrated that the diminution of the particle diameter
notably increases the pressure overshoot intensity (data not shown
here), which is consistent with experimental observations [15].

The number of interparticle contacts, and hence the radial distri-
bution function, is influenced by adhesion. This could be investigated
through DEM simulations. In the fixed-bed state, the dominant effect is
for the frictional pressure and not the collisional pressure. Therefore,
modifying the radial distribution function to consider the influence of
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Fig. 4. Normalized time-averaged overall bed pressure drop and time-spatial averaged gas volume fraction in the bed during fluidization and defluidization cycles without and
with adhesion using the coordination-number-based model [69].
s
t

adhesion may have a negligible effect on the overshoot obtained using
the coordination number model. The kinetic theory adhesion model
gives an adhesive contribution 6 orders of magnitude smaller than that
of the coordination number model. This is because the kinetic the-
ory assumptions, including the assumption that the radial distribution
function is not modified by adhesion, are not valid.

3. Conclusion

In this research, two-fluid model simulations were performed with
the aim of predicting the pressure-drop overshoot observed during
fluidization of Geldart A particles. Two adhesive pressure models were
suggested to account for the Van der Waals force among particles. The
first model, which is based on the kinetic theory, gives an adhesion
effect that is not strong enough to create the pressure drop overshoot.
This model may be suitable for rapid granular flows, but it is not ap-
propriate for quasi-static flows because it does not account for the long
term and multiple particle–particle contacts. The second model, which
is expressed in terms of the mean number of contacts per particle,
makes use of CFD-DEM correlations that relate the coordination num-
ber to the solid volume fraction for various flow conditions. This model
gives an adhesive contribution far larger than the one of the kinetic
theory model and produces the overshoot in the bed pressure drop.
The success of the aforementioned model appears to be attributable to
the fact that it accounts for the multiple and sustained contacts. The
hysteresis between the fluidization and defluidization branches was not
predicted by any of the two adhesive pressure models.

A meso-scale numerical investigation is required to guide postulat-
ing a continuum evolution equation for the coordination number or
developing an Eulerian adhesive stress closure that accounts for the
effect of deformation history and the transition between the different
flow regimes (fixed, expanded and fluidized bed states) in order to
predict the hysteresis in the bed pressure drop at the macro-scale.

Some researchers have previously claimed that the standard two-
fluid model, which does not account for adhesion between particles,
can correctly predict the fluidization behavior of Geldart A particles if
a sufficiently high resolution is used. For example, Wang et al. [73]
demonstrated that fluidized bed expansion can be accurately predicted
(compared to discrete particle simulations) when the cell size is of the
order of three particle diameters and the time step is small. However,
they only studied the bed expansion at superficial gas velocities well
above the minimum fluidization velocity, at which the coordination
number and hence the adhesive contribution may be negligible. Our
two-fluid simulations employ a small time step and a cell size of two
times the particle diameter, which complies with the recommendation
of Wang et al. [73]. The results of these simulations reveal that no
overshoot is generated during the transition from fixed to fluidized bed
7

without considering the effects of adhesion. Therefore, interparticle at-
tractive forces may have a significant contribution to the hydrodynamic
behavior observed in fluidized-bed experiments. Taking these adhesive
interactions into account is critical for gaining a comprehensive under-
standing of the fluidization behavior of particles belonging to Geldart
group A.
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