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ABSTRACT

The effect of the discretization of geothermal boreholes on the accuracy of g-function
evaluations is studied. A data set of 557,056 bore field configurations covering a large
range of geometrical parameters is generated using pygfunction. A non-uniform
discretization of borehole segments geometrically expanding in length towards the
middle of the borehole is proposed. A non-uniform discretization is shown to achieve
better accuracy than a uniform discretization. The non-uniform discretization is op-
timized to minimize the maximum absolute percentage error over the entire data
set. The discretization is optimized for each bore field configuration, and an artifical
neural network (ANN) is trained to predict the optimal discretization given only
geometrical and thermal parameters of the boreholes, excluding the borehole posi-
tions. Thermal parameters that quantify the bore field temperature distribution are
introduced as inputs to the ANN. The maximum absolute percentage error using a
uniform discretization is 99.0% in the worst studied case of a dense rectangular field
of Ny = 1116 boreholes with lengths of 418.8 m and spacings of 3.14 m and 3.18 m
along rows and columns, while only 1% of the cases feature an error above 26.7%.
The error is reduced to 3.6% using the global optimal discretization and 3.3% using
the ANN.

KEYWORDS
g-Functions; Thermal response factors; Finite line source; Geothermal boreholes;
Ground-source heat pumps

1. Introduction

The simulation of ground-source heat pump (GSHP) systems relies on models of the
transient heat transfer in the soil to predict the variation of the heat carrier fluid
temperature during the systems’ operation. The returning fluid temperature from the
bore field affects the efficiency of the heat pump, and imposes limits on the heat that
can be extracted to maintain safe and efficient operation of a system. Dimensionless
step-response functions, often called g-functions or thermal response factors, give the
variation of the effective temperature at the walls of the geothermal boreholes that
comprise the bore field, given a known total heat extraction (or injection) rate. g-
Functions depend on the configuration and size of the boreholes. Simulations can be

CONTACT M. Cimmino. Email: massimo.cimmino@polymtl.ca



performed iteratively to determine a suitable configuration and size for the boreholes.
Given the central part of g-functions in the sizing of geothermal bore fields, their
accurate evaluation is crucial to ensure proper operation of GSHP systems and attain
cost-effective designs.

Eskilson (1987) developed the superposition borehole model (SBM) to evaluate g-
functions of fields of geothermal boreholes. Each borehole is modelled individually in
a radial-axial grid, and a finite difference method is applied to solve the transient heat
conduction around the boreholes. The total temperature variation at the borehole
walls is obtained by spatial superposition of the different grids. At each timestep, the
profiles of heat extraction rate per unit borehole length required to maintain a uniform
temperature along the walls of the boreholes and a constant total heat extraction rate
are calculated. The boundary condition of uniform temperature is a key element of
the method and is meant to represent boreholes connected in parallel that receive the
heat carrier fluid at the same temperature.

g-Functions are not necessarily associated with the boundary condition of uniform
temperature. Methods that rely on analytical solutions were introduced to evaluate
g-functions, and are now often preferred due to the simplicity of their implementation
and their reduced computational costs. The finite line source (FLS) solution allows to
evaluate the temperature variation in the soil around a line that extracts heat at a
constant and uniform rate (i.e. using a boundary condition of uniform heat extraction
rate). Eskilson (1987) used the FLS solution to evaluate the g-function of a single
borehole. The FLS Solution was later reintroduced by Zeng, Diao, and Fang (2002),
who proposed the use of the average (over the length) temperature variation and
spatial superposition to consider heat interactions between boreholes. Single integral
formulations were later proposed by Lamarche and Beauchamp (2007) and Claesson
and Javed (2011). Cimmino (2021) developed an approximation of the FLS solution,
based on an approximation of the error function, that enables an analytical solution of
the integral and removes the need for numerical integration. Fossa (2011) showed that
the g-functions calculated using the FLS solution and a boundary condition of uniform
heat extraction rate overpredict g-functions calculated using a boundary condition of
uniform temperature.

This issue was addressed by Cimmino, Bernier, and Adams (2013) and Cimmino
and Bernier (2014). The authors split the boreholes into segments and modelled each
of the segments using a finite line source. A system of equations is obtained by spa-
tial and temporal superposition of the FLS solution, considering equal temperatures
at all segments and a constant total heat extraction rate. This method resulted in
the calculation of g-functions that mimicked Eskilson’s. Cimmino and Bernier (2014)
suggested the use of ng = 12 equal segment lengths based on the analysis of a field
of 100 boreholes. Lazzarotto (2016) extended the method to fields of inclined bore-
holes, building upon prior solutions of the FLS for inclined line sources (Cui, Yang, &
Fang, 2006; Lamarche, 2011; Marcotte & Pasquier, 2009). Lamarche (2017) extended
the FLS solution to consider piecewise linear variations of the heat extraction rate
along the length of boreholes and decreased the number of segments to ns = 8. Ongo-
ing research on the calculation of g-functions using analytical methods is conducted
mainly in the pursuit of two objectives : (1) to decrease the computational cost for the
evaluation of g-functions, and (2) to increase the complexity of the modelled physical
processes.

Cimmino (2018a) proposed a method to reduce the number of evaluations of the
FLS solution by identifying similarity conditions in the FLS solution where its solution
takes the same value for multiple pairs of segments along the length of two boreholes.



The number of evaluations is further reduced by grouping radial distances for the
evaluation of the FLS solution, under a tolerance on the radial distance. Dusseault,
Pasquier, and Marcotte (2018) used Chebychev polynomials to estimate the FLS solu-
tion and eliminate the requirement for numerical integration. Dusseault and Pasquier
(2019) used this method to generate a data set of g-functions and train an artificial
neural network (ANN) to evaluate g-functions. Nguyen and Pasquier (2021) interpo-
lated the FLS solution along the radial coordinate and in time to reduce the number of
evaluations of the FLS solution. The system of equations is then solved using an itera-
tive algorithm. Prieto and Cimmino (2021) developed the equivalent borehole method,
which consists in grouping boreholes that are expected to share similar temperatures
and heat extraction rates. Each group is then modelled using a single equivalent bore-
hole, and the size of the system of equations is thereby significantly reduced — and so
is the calculation time.

Marcotte and Pasquier (2014) calculated g-functions of fields of parallel- and series-
connected boreholes by considering the borehole resistances and energy balances to
account for the influence of hydraulic connections on the thermal response of the bore
field. They used ns; = 1 segment per borehole in their model. Cimmino (2015) coupled
the FLS solution to a thermal circuit model of the interior of a borehole to evaluate g-
functions of boreholes using a boundary condition of equal inlet fluid temperature while
considering both the variations of borehole wall temperatures and heat extraction rates
along the boreholes. Cimmino (2019) extended the method to model series-connections
between boreholes. The concepts of effective borehole wall temperature and effective
bore field resistance were introduced so that the evaluated g-functions may be used in
the same manner as the original g-functions of Eskilson (1987). Molina-Giraldo, Blum,
Zhu, Bayer, and Fang (2011) proposed a moving finite line source (MFLS) solution to
consider groundwater advection around boreholes. Li and Lai (2012) extended the FLS
solution to consider anisotropic soil thermal properties. Abdelaziz, Ozudogru, Olgun,
and Martin (2014) developed a multi-layer FLS method to account for horizontal
soil layers with different thermal properties. Hu (2017) and Erol and Franois (2018)
developed multi-layer FLS methods that account for horizontal layers with different
thermal properties and groundwater advection.

Cimmino (2018b) developed pygfunction, an open-source Python package for the
calculation of g-functions. pygfunction implements different boundary conditions
(Cimmino, 2019; Cimmino & Bernier, 2014) and solution algorithms (Cimmino, 2018a;
Prieto & Cimmino, 2021). The latest developments to pygfunction were presented in
the precursory conference paper (Cimmino & Cook, 2022). The conference paper pre-
sented the evolution of the accuracy, computational time and memory usage of the
package from version 1.0 to the current version 2.2. A 4 orders of magnitude reduction
in calculation time was obtained for large irregular bore field configurations, with the
g-function of a field of 400 randomly-positioned boreholes evaluated in 0.245 seconds.

The accuracy of g-functions is dependent on the number of segments used in the
discretization of the boreholes. Figure 1 shows the g-function of a rectangular field of
25 x 25 boreholes (N, = 625 boreholes), evaluated with ng = 1, 12 and 96 segments of
equal length. As shown, g-functions calculated using only 1 segment can significantly
overpredict the g-function. Using a uniform discretization of 12 segments can also
produce large errors in such cases were the number of boreholes (V) is large, the
spacing (B) is low, and the buried depth (D) is low. The recommendation of Cimmino
and Bernier (2014) of using a uniform discretization of 12 segments, which was inferred
from the analysis of a smaller field of 100 boreholes with fixed geometrical parameters,
may not always be sufficient.
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Figure 1. g-Functions of a field of 25 x 25 boreholes (N, = 625) calculated with 1, 12 and 96 segments

Cook (2021) proposed a non-uniform discretization of the boreholes to evaluate g-
functions and showed that using a non-uniform discretization of 8 segments along the
boreholes, rather than a uniform discretization of 12 segments, decreases the mean
percent error on the g-functions and the calculation time. The reduction in the error
is explained by the smaller segments concentrated towards the ends of the boreholes,
which allows a better representation of the sharp variations in heat extraction rates
at these locations. The reduction in calculation time (and memory usage) is due to
the decrease in the number of segment pairs, which decreases the number of evalu-
ations of the finite line source solution and the size of the system of equations that
is solved. Cook (2021) also showed that the number of segments required in a uni-
form discretization to achieve an acceptable accuracy increased with the number of
boreholes and with the density of boreholes within the bore field. West and Spitler
(2022) proposed optimal discretizations of 3 segments to obtain quick evaluations of g-
functions in the context of iterative design of irregular bore fields. They suggest using
predefined borehole lengths and discretizations associated with each of the lengths to
evaluate g-functions, and to use interpolation to evaluate g-functions outside of these
lengths. In their analysis of 837 bore fields ranging from 50 to 1000 boreholes, the
maximum error on the g-functions was less than 5% and the corresponding error on
the design length of the boreholes was less than 1%. The decrease in the number of
segments achieves an order of magnitude improvement in calculation time. Although
their proposed discretization is only dependent on the length of the boreholes, the
authors noted that the optimal discretization should also be dependent on the field
shape, field spacing, the number of boreholes, as well as other factors.

The present work provides a comprehensive study of the impact of the discretization
on the accuracy of g-functions using a broad range of geometrical parameters for the
bore fields and large bore fields of up to 1600 boreholes. It is shown that bore field
configuration-dependent optimal non-uniform discretizations can be evaluated from an
artificial neural network by the introduction of thermal density parameters based on
the steady-state finite line source solution in addition to the geometrical parameters
of the boreholes.
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Figure 2. Geometry of a field of N, = 2 boreholes

2. Methodology

g-Functions of bore fields are calculated using the method of equivalent boreholes
(Prieto & Cimmino, 2021). A data set of 557,056 reference g-functions with varied
configurations and geometrical parameters is calculated using finely discretized bore-
holes. A single vertical discretization is applied to all boreholes in a particular field.
Various options for the discretization of boreholes are introduced and the resulting
error on the g-functions are compared. An optimal (under constraints) non-uniform 8
segment discretization is determined for each bore field by minimizing the maximum
absolute percentage error. A single globally-optimal (under constraints) non-uniform 8
segment discretization is then evaluated to minimize the maximum absolute percent-
age error on the entire data set. Finally, a neural-network is trained to estimate the
optimal non-uniform discretization of any individual bore field based on geometrical
and thermal parameters of the boreholes.

The geometry of a field of IV, = 2 boreholes is presented on figure 2. Boreholes have
the same length L, radius 7y, and are buried at a depth D from the ground surface.
The soil has a homogeneous and isotropic thermal conductivity ks, thermal diffusivity
«s, and is initially at a uniform undisturbed temperature Ty. All boreholes are con-
nected in parallel and receive the heat carrier fluid at the same inlet temperature. The
2 boreholes represented on figure 2 are spaced at a distance B, which corresponds to
the radial distance between their horizontal coordinates (z;, ;).

2.1. g-Functions

2.1.1. Definition and use

g-Functions are step-response functions that give the relation between the time-
variation of the effective borehole wall temperature to a unit constant total heat ex-
traction rate in a bore field. For time-varying heat extraction rates, the time-variation
of the effective borehole wall temperature is evaluated by temporal superposition using



a convolution product between the heat extraction rates and the g-function:

1) = To- g | QO —r)ar (1)

where T} is the effective borehole wall temperature, Q' is the average heat extraction
rate per unit borehole length and g is the g-function.

The effective borehole wall temperature is an effective temperature for heat exchange
between the heat carrier fluid and the ground. It is representative — but not necessarily
equal to — of the average temperature at the wall of the boreholes (i.e. the interface
between the boreholes and the soil). Its mathematical definition is tied to that of the
effective borehole thermal resistance:

T~ (1)

Q=" (22)

— 1
Tf = 5 (Tf,zn + Tf,out) (Zb)

where T ' is the mean fluid temperature, T} ;,, is the inlet fluid temperature, T oy is
the outlet fluid temperature, and R} is the effective borehole thermal resistance. The
effective borehole thermal resistance is evaluated from the fluid temperature profile
and heat extraction rate considering a uniform borehole wall temperature (Hellstrom,
1991). If boreholes are not connected in parallel, the effective borehole thermal resis-
tance is replaced by the effective bore field thermal resistance (Cimmino, 2019).

From equation 1, dimensionless variables can be introduced for the effective borehole
wall temperature and heat extraction rate per unit borehole length:

* _ T*(t) B TO
iy @)

where 6} is the dimensionless effective borehole wall temperature, ¢ is the normalized
heat extraction rate per unit borehole length, and @ is an arbitrary reference heat
extraction rate per unit borehole length.

Any temperature and heat extraction rate per unit length can be nondimensional-
ized in the same manner as presented in equation 3. The dimensionless time 7 = ¢/t is
evaluated from the bore field characteristic time t, = L? /9. Dimensionless geomet-
rical parameters are obtained by normalization with regards to the borehole length:
rp/ L the dimensionless radius, D/L the dimensionless buried depth, and B/L the di-
mensionless borehole spacing. While the dimensionless borehole spacing B/L is often
used for the presentation of g-functions, it does not mean that bore fields with irregu-
lar spacing cannot be modelled using g-functions. In this case, dimensionless borehole
coordinates (z*,y*) = (x/L,y/L) become relevant in the g-function definition.

In simulations with discrete timesteps, the convolution product in equation 1 is
replaced with a summation. Assuming piece-wise constant heat extraction rates per



unit borehole length:

k
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where @'(t,) is a constant heat extraction rate per unit borehole length prevailing
over the interval t,_; <t < t,, and ¢'(t,) is its dimensionless counterpart. Once the
effective borehole wall temperature is known, the inlet and outlet fluid temperatures
can be evaluated from equation 2.

2.1.2. Method of equivalent boreholes

The method of equivalent boreholes, introduced by Prieto and Cimmino (2021), is used
in this paper to evaluate g-functions. The method is summarized, as some elements are
relevant to the artificial neural network model that will be used to estimate optimal
borehole discretizations. For an in-depth presentation of the method, the reader is
referred to the work of Prieto and Cimmino (2021).

The method relies on the spatial and temporal superposition of the finite line source
(FLS) solution to evaluate the temperature variation in the soil caused by heat extrac-
tion at the boreholes. Each borehole is discretized into a series of ng segments, and
each borehole segment is represented by a finite line source of equal length located at
its axis. In previous approaches, the temperature variation at each segment caused by
the heat extraction at all other segments, individually, are evaluated using segment-
to-segment thermal response factors derived from the FLS solution (Cimmino, 2015,
2018a, 2019; Cimmino & Bernier, 2014; Lamarche, 2017; Lazzarotto, 2016; Lazzarotto
& Bjork, 2016). In the method of equivalent boreholes, boreholes are classified into
groups that are expected to share similar temperatures and heat extraction rates, and
group-to-group thermal response factors are instead derived from the FLS solution.
This is a generalization of the concept of bore field symmetries considered by Eskilson
(1987) in their numerical model and by Cimmino et al. (2013) in their analytical model
based on the FLS solution.

Figure 3 illustrates group-to-group thermal response factors for the interaction be-
tween groups of borehole segments. Borehole j, located in the center, is the sole mem-
ber of borehole group J. Boreholes i1 and s, the only members of borehole group Z
are located on each side of borehole j. The group-to-group thermal response factor
between two segments v and v of boreholes in groups Z and 7, respectively, is given by
the average of the total (superimposed) temperature variation on boreholes in group
7 caused by all boreholes in group J. Group-to-group thermal response factors can



Surface (0 = 0)

D__ _ ks, as _ D, _
(v=2)
D,
T _ K T |(w=3)
I hz7uv(t) B
e .1 a1
]:/j,v hZJ uv(t) ]: L,
B e .
' Tirj ' Tizj '
Borehole i; Borehole j Borehole i
(i1 S GI) (] € GJ) (iz € GI)

Figure 3. Group-to-group thermal response factors

then be calculated from the finite line source solution:
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VAot i€Gz j€Gy

Fuy(s) = erﬁnt((D — Dy + Ly,)s) — erfint(
+ erfint((D,, L,)s) (

+ erfint((D,, + D + Ly)s) — erfint((D
+ erfint((Dy, + Dy, + Ly)s) — erﬁnt(
(z) =

erfint(x) = /Ox erf(z')dx’ = zerf(x f(l — exp(—2?) (5¢)

—~

D, — D,)s)
Dy — Dy + Ly, — Ly)s)

Dy)s)
+D + Ly + Ly)s)

s) — erfint

(5b)

/\/\/‘\

where hr J.uv 1S the group-to-group thermal response factor that gives the rela-
tion between the temperature variation of a segment w of an equivalent borehole
T caused by heat extracted along segments v of boreholes in group J, r;; =
V(@i — )%+ (y; —y;)? is the radial distance between boreholes ¢ and j (with
Ti = Tp), Nz is the number of boreholes in group Z, L, is the length of segment
u, and D, is the buried depth of segment u. The summation over the set of boreholes
in group J, G, represents the spatial superposition of the FLS. The summation over
the set of boreholes in group Z, Gz, serves to calculate the average.

An equivalent borehole is representative of an average borehole within its group. For
the purpose of evaluating thermal interactions between boreholes, it is assumed that
all boreholes in a group share the same heat extraction rates per unit borehole length
as the equivalent borehole. The spatial and temporal superposition of group-to-group
thermal response factors for equivalent boreholes is thus given by:

Ny n,

Oqu tk: Z Z Z ¢j v th uv (t 75p71) - BIJ,U/U (tk - tp)) (6)

J=1v=1 p=1

where 5;,71,“ is the dimensionless borehole wall temperature along segment u of equiv-
alent borehole Z, ¢ 7 , is the normalized heat extraction rate per unit borehole length



along segment v of equivalent borehole 7, and Ny is the number of borehole groups.

Boundary conditions are necessary to complete the model and evaluate the unit-step
response. A boundary condition of uniform temperature is imposed, as introduced by
Eskilson (1987). Other, more detailed, boundary conditions can be applied using the
method of equivalent boreholes, e.g. an equal inlet fluid temperature into the boreholes.
The boundary condition of uniform temperature is still used here to simplify the model
and focus on the effect of the borehole discretization on the accuracy of g-function
evaluations. The boundary condition of uniform temperature is reasonable, given the
following assumptions:

e Boreholes are connected in parallel and receive the fluid at the same inlet fluid
temperature;

e The fluid mass flow rate is sufficiently high so that the difference between inlet
and outlet temperatures is small and the mean fluid temperature is approxi-
mately uniform along the borehole length;

e The borehole thermal resistance is relatively small, and the borehole wall tem-
perature is relatively close to the mean fluid temperature.

Cimmino (2015) showed that the difference between g-functions evaluated with a
boundary condition of uniform temperature and with a boundary condition of equal
inlet fluid temperature depends strongly on the dimensionless borehole thermal resis-
tance (2, = 2mksRy), and weakly on the fluid mass flow rate and short-circuit ther-
mal resistance (R,). The uniform temperature boundary condition underpredicted the
value of equal inlet fluid temperature g-functions by less than 4.3% when In(9;) < 0.23
for a rectangular field of 10 by 10 boreholes. Cimmino (2019) later showed that the
fluid mass flow rate may have a strong impact on g-functions for fields of boreholes
connected in series.

The borehole wall temperature at all segments are thus considered equal, and the
total heat extraction rate in the bore field is constant:

0y (tk) = Op.z.(tr) (7a)
N( Ns
NN g Lo g
1= 320 R (7h)

Equations 6 and 7 yield, for each timestep, a linear system of Nyns+1 equations with
an equal number of unknowns, 67 and ¢ ,. The solution of the system of equations
gives the dimensionless effective borehole wall temperature 05, equal to the g-function

(g9(tr) = 0 (tr)).

2.1.8. Steady-state single-segment temperatures

Borehole groups are identified from classification using a hierarchical agglomerative
clustering algorithm. The distance metric corresponds to the absolute difference be-
tween steady-state borehole wall temperatures evaluated using one segment per bore-
hole and a uniform heat extraction rate per unit borehole length equal for all boreholes.



The steady-state borehole-to-borehole thermal response factor, hgy, is given by:

8
1
e = 57 Z(*l)mﬂ {wm In [(wm + /w2, + rfj) /ri]} — w2, + rfj} (8a)
m=1
wm = {L,0,~L,0,2D + L,2D,2D + L,2D + 2L} (8D)

Details of the solution to the steady-state borehole-to-borehole thermal response factor
are provided in appendix.

The steady-state borehole wall temperature of any borehole, h$°, is obtained from
the spatial superposition of borehole-to-borehole thermal response factors:

Ny
hie = by )
j=1

The linkage criterion between groups Z and J is given by the maximum absolute
difference in steady-state borehole wall temperatures between any two boreholes ¢ and
j of the two groups:

£IZ,J) = max  M(i]) (10a)
M(i, j) = | = b5 (10b)

The minimum number of groups is equal to the number of branches on the clustering
dendrogram intersected by an horizontal cut at the mid-segment of the branch repre-
senting the maximum dissimilarity (i.e. the longest branch). A precision increment of
1 is added to the minimum number of groups for the calculation of g-functions. The
steady-state borehole wall temperatures will be used later as thermal parameters of
the bore fields in the development of the neural network model.

2.2. Selected bore fields

A large data set of g-functions is generated for five regular bore field configurations,
shown on figure 4. Each of the bore field types, with the exception of the circle field, has
6 geometrical parameters : N; and N, the numbers of columns and rows, B, and B,
the spacings along the columns and rows, L the borehole length, and D the borehole
buried depth. Since the circle fields are axisymmetric, only one number N = N, and
only one spacing B are required, which decreases the number of geometrical parameters
to 4. The borehole radius is kept constant at r, = 0.075 m. Note that despite this all
dimensionless geometrical parameters identified under equation 3 are still varied.
The ranges of variation of the parameters are presented in table 1. Sets of pa-
rameters are generated using a Sobol sequence (Sobol, 1967; Stephen & Kuo, 2008)
using the algorithm implemented in the SciPy (Virtanen et al., 2020) Python pack-
age. Rounding is applied to the N,, N, and N parameters to obtain integer-valued
parameters. 2'7 (= 131,072) configurations are generated for each of the rectangular,
box-shaped, U-shape and L-shaped fields. For the circle field, the number of config-
urations is reduced to 2% (= 32,768) due to the reduced number of parameters. The
data set is then comprised of a total of 557,056 bore field configurations covering a

10
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Figure 4. Rectangular, box-shaped, U-shaped, L-shaped and circle fields

Table 1. Parameters and bounds of the Sobol sequence

Parameters Units Lower bound Upper bound

Nay} - 1 40
Biay) m 2.5 20
L m 10 500
D m 0.5 10

large range of geometrical parameters. The number of boreholes varies from 1 to 1600
in the rectangular bore field configurations.

2.3. Borehole discretization

The purpose of the discretization of boreholes into segments is to model the variation
of the heat extraction rates along the length of the boreholes. The numerical model
of Eskilson (1987) considered a non-uniform discretization where the lengths of the
segments increased at a constant multiplying factor towards the middle of the bore-
holes. The multiplying factor was fixed at v = /2 and the length of the segments was
adjusted according to the total number of segments. The maximum number of seg-
ments considered was n; = 12, presumably due to computational limits of the time.
The choice of the multiplying factor is reasonable but not necessarily optimal with
regards to the accuracy of the g-function calculation. Also, the length of the smallest
segments located at the ends of the boreholes becomes very small when the number

11



of segments increases above 12.

An alternative to choosing and applying the multiplying factor, v, is to choose
the length of the smallest segments (i.e. at both ends of the borehole) and find the
multiplying factor that satisfies the required number of segments. This discretization
method was introduced by Cook (2021) and implemented into the pygfunction (Cim-
mino & Cook, 2022) Python package. The advantages of this discretization are that
the smallest segment length is controlled and will not inadvertently become too small,
and that the impact of the parameter on the discretization is more intuitive to the
user.

The relationship between the length of the smallest segments and the multiplying
factor is given by the polynomial equations:

— (11)

(1 —201) — 1 v+ 201 e l2 if ng is even
(1 —281) — 61 -+ 6y -4~ D/2 425, - 4= D/241if iy is odd

where 6; = L1 /L is hereby called the end-length-ratio.

The positive polynomial root of equation 11 gives the multiplying factor for any
chosen end-length-ratio and number of segments. Following the solution of equation 11,
the individual segment length and buried depth are given by:

Loyt ifu <ng/2
L, = {Eo dfusny/ (12a)
Lo~y™~"  otherwise
u
Dy=D+> L, (12Db)
v=1

2.8.1. Uniform, baseline and reference discretizations

Different values of the end-length-ratio will be compared with regards to the accuracy
of the evaluation of the g-functions. A uniform discretization of ngy = 12 segments, as
suggested by Cimmino and Bernier (2014), will be used to quantify the accuracy of a
uniform discretization. This corresponds to an end-length-ratio d; = 1—12 = 0.0833 and
multiplying factor v = 1. The uniform discretization is first compared to a baseline
non-uniform discretization of ng = 8 segments with an end-length-ratio 6; = 0.02. This
end-length-ratio was adopted by Cook (2021) and implemented into pygfunction as a
default option for discretization (Cimmino & Cook, 2022). The accuracy is quantified
using the maximum absolute percentage error (epmax), evaluated based on the differ-
ence between the g-function and a reference g-function calculated using a reference
non-uniform discretization of ngy = 42 segments with an end-length-ratio modulated
proportionally to the baseline non-uniform discretization (d; = 0.02 - % = 0.0038).
The reference non-uniform discretization is chosen based on a grid-independence
analysis of non-uniform discretizations with end-length-ratios modulated proportion-
ally to the baseline non-uniform discretization 4; = 0.02 - n%. Figure 5 shows the
variation of the maximum absolute percentage error of the g-function for three rect-
angular fields as a function of the number of segments. The number of boreholes in
the z and y dimension for the fields are: 10 x 10 boreholes (N, = 100), 25 x 25
boreholes (N, = 625) and 40 x 40 boreholes (N, = 1600). The bore fields consist of
boreholes of length L = 150 m, buried depth D = 4 m and radius r, = 0.075 m, with
equal spacing B, = B, = 7.5 m along the columns and rows. The error is calculated

12



2.0f 10x 10|25 x25[40x 40| ]

L. Emax(Ns =8) 1.12 1.81 2.09
1.5 ‘ R
— Emax(ns = 42) 0.12 0.19 0.22
N
x 1.0 —— 10x 10 (Np = 100) = 1
5 25 x 25 (N, = 625)

..... 40 x 40 (N, = 1600)

g
.
.
2.,

Figure 5. Maximum absolute percentage error of the g-function for three rectangular fields, containing 100,
625 and 1600 boreholes, as a function of the number of segments

with regards to a g-function evaluated with ny = 96 segments and an end-length-ratio
01 = 0.02- % = 0.0017. The error is reduced for each of the fields as the number of seg-
ments is increased. The number of boreholes and the proximity impacts the number
of segments required to obtain an adequately converged grid independent solution.
The largest field containing 1600 boreholes has the largest maximum error at each
number of segments, ng. The chosen reference non-uniform discretization of ns = 42
segments presents a maximum absolute percentage error for the borefield containing
1600 boreholes of 0.22%, compared to 2.09% for the baseline non-uniform discretiza-
tion of ny = 8 segments. The choice of the reference discretization is also a compromise
on the calculation time to allow the evaluation of reference g-functions for the entire
data set; the calculation time is 9.2 seconds using ns = 42 segments for the 1600
borehole rectangular field, and 184.2 seconds using ns = 96 segments.

While the method of similarities (Cimmino, 2018a) provides a more accurate eval-
uation of g-functions, the method of equivalent boreholes (Prieto & Cimmino, 2021)
is still used here to calculate reference g-functions. Using the method of equivalent
boreholes for the reference g-functions decouples the errors caused by the method
of equivalent boreholes to ensure focus is only on the discretization. The error thus
reaches zero on figure 5 for ny = 96 segments for each of the borehole fields.

Figure 6 shows the uniform discretization and baseline non-uniform discretizations.
It can be seen that the non-uniform discretization has a finer discretization at both
ends of the borehole, which better captures the expected sharp variations of heat
extraction rates at these locations even with fewer segments. A third non-uniform
discretization is shown on figure 6(c). This discretization corresponds to an end-length-
ratio 61 = 0.005525 for ny; = 8 segments (the two segments closest to each end are
barely visible). This discretization results from the minimization of the maximum
absolute percentage error over the entire data set, as will be presented in section 2.3.3,
but is still illustrated here.
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a)
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c)

Figure 6. Discretization of boreholes : a) Uniform discretization of 12 segments, b) Baseline non-uniform
discretization of 8 segments with §; = 0.02, and c) Globally optimal non-uniform discretization of 8 segments
with with ; = 0.005525

2.8.2. Optimal discretization for each bore field

An optimal value for the end-length-ratio can be obtained for each bore field by mini-
mizing the maximum absolute percentage error with respect to the reference g-function
calculated with ng = 42 segments. The optimization problem is given by:

|9(") (tk)*gf‘:} (tr) ’
s —red 210100
9% (k) 7 (13)

Minimize: 5max((5§n) ) = max

k
5.t Smin < 6 < L

) is the end-length-ratio
that minimizes the error for a bore field n, ¢ is the g-function calculated with the

non-uniform discretization given by 5§n), gﬁ?} is the reference g-function for the same

. . n
where e is the maximum absolute percentage error, (5§

bore field, and d;, = 1075 is a lower bound to avoid the case 5§n) < 0. The upper
bound, 1/ng, ensures that the length of the segments increases towards the middle of
the boreholes.

The optimization problem is solved using the Nelder-Mead algorithm implemented
in SciPy (Gao & Han, 2012; Virtanen et al., 2020). The optimal non-uniform dis-
cretization (different for each bore field) stemming from the solution of the optimiza-
tion problem will be used as a measure of the maximum achievable accuracy using
ng = 8 segments for the discretization scheme presented in section 2.3.

2.8.3. Optimal discretization for all bore fields

The identification of a global optimal non-uniform discretization using a single value
for the end-length-ratio is relevant to revise the value adopted by Cook (2021) and
implemented into pygfunction (Cimmino & Cook, 2022) supported by an analysis of
the error on the g-function. A similar optimization problem can be formulated:

. ™) (b)) —g ") (tr
Minimize: max(emax)(01) = mn%gx W -100% (14)

s.b.: Omin < 01 < -
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where 01 is now the end-length-ratio that minimizes the maximum absolute percentage
error for the entire data set of g-functions.

The optimization problem is solved using the same Nelder-Mead algorithm imple-
mented in SciPy (Gao & Han, 2012; Virtanen et al., 2020).

2.4. Estimation of the optimal discretization using an artificial neural
network

A fully connected feed forward multi-layer perceptron artificial neural network (ANN)
is constructed using the Keras module in the TensorFlow (Abadi et al., 2015) Python
package. The network is trained using a combination of nine geometrical and thermal
input parameters and one optimal end-length-ratio output. The inputs utilized are the
dimensionless borehole radius, 7,/ L, the dimensionless buried depth, D/L, the steady-
state borehole wall temperatures of three equivalent boreholes (N, = 3), h5°, a ratio
of the number of boreholes in each group over the total number of boreholes in the
field, ny 7 /Ny and the total number of boreholes in the field, Ny. The three steady-state
borehole wall temperatures and each associated ratio of the number of boreholes in a
group to the total in the field are a measurement of the temperature distribution in
a borehole field. They provide an indirect quantification of the bore field density, as
denser bore fields are expected to have larger steady-state temperatures. The boreholes
belonging to each of the three groups are obtained by cutting the dendrogram resulting
from the hierarchical agglomerative clustering in the equivalent borehole method. The
number of groups is fixed at N, = 3 to train the ANN but the number of groups
used in the calculation of the g-functions may be different. This does not require an
additional clustering of the boreholes, as the dendrogram can simply be cut more than
once to produce any number of groups.

The steady-state borehole wall temperatures of the equivalent boreholes are given
by:

- 1
CR oyt (15)
™I Gy

The Scikit-Learn (Pedregosa et al., 2011) Python package is utilized to split the
borehole fields into 80% training and 20% test data sets for each borehole field category.
All of the training data is combined into one set, where the test data is kept separate
to later enable the quantification of error for each category. The input parameters are
normalized into a standard score. The mean, p, and standard deviation calculated, o,
for the standard score are stored. The feature input vector, X, to the ANN will always
need to be normalized with the same mean and standard deviation as calculated with
the training set.

The ANN, shown in figure 7, contains an input layer, three hidden layers and one
output layer. The three hidden layers have 64, 128 and 64 neurons, respectively. Each
of the three hidden layers utilize a rectified linear unit (ReLU) activation function. A
linear activation function is used on the output layer. The Adam method (Kingma &
Ba, 2017), a stochastic optimization algorithm, performs the hyper parameter tuning
while working to minimize the mean square error. An NVIDIA Quadro M2000 graphics
card performed the training. The amount of memory consumed during training is
limited by constraining the number of samples used for each forward and backward
propagation through the network. The entirety of the training data set is fed to the
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Input layer Hidden layers

Figure 7. The multi-layer perception containing normalization on the input layer, 3 hidden layers with 64,
128 and 64 neurons using ReLU activation functions, and an output layer with a linear activation function.

Adam optimization method a total of 200 times. TensorFlow refers to this as the
number of epochs.

3. Results

3.1. Borehole discretization

g-Functions are calculated for all generated bore field configurations using the four
discretization approaches described in section 2.3. All g-functions are calculated using
Python and the implementation of the method of equivalent boreholes available in the
pygfunction package (Cimmino & Cook, 2022). g-Functions are evaluated at five
timesteps, t/ts = {0.01, 0.1, 1, 10, 100} (In(t/ts) = {—4.61, —2.30, 0, 2.30, 4.61}).
This range effectively reaches steady-state, as shown for example on figure 1. The
error on the g-function is reported using the maximum absolute percentage error:

-100% (16)

where 952} is the g-function evaluated using the reference non-uniform discretization

of ng = 42 segments with an end-length-ratio 4; = 0.02 - % = 0.0038.

The distribution of the maximum absolute percentage error is shown on figure 8 for
all four discretizations. The uniform discretization of ny = 12 segments (figure 8(a))
exhibits larger errors than the non-uniform discretizations and most importantly a
significant maximum error of 99.0% in the worst bore field configuration. In this case,
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5% of the g-functions have maximum errors above 13.3% and 1% of the g-functions
have maximum errors above 26.7%. This runs contrary to the recommendation of
Cimmino and Bernier (2014). However, the authors based their recommendation solely
on the accuracy of the g-function of a rectangular field of 10 x 10 boreholes (N, =
100) with parameters r,/H = 0.0005, B/H = 0.05 and D/H = 0.027. The baseline
non-uniform discretization of ngy = 8 (figure 8(b)) successfully decreases the error
distribution despite the lowered number of segments. A significant maximum error of
25.7% still remains, with 5% of the g-functions having maximum errors above 2.1% and
1% of the g-functions having maximum errors above 4.0%. The error distributions of
the optimal and global optimal non-uniform discretizations (figure 8(c-d)) show that a
careful selection of discretization parameters can limit the maximum error. A constant
end-length-ratio §; = 0.005525 limits the maximum error to 3.6%. This is at the cost of
an increase in the distribution of the error when compared to the optimal non-uniform
discretization: the median error increases from 0.6% to 0.9%.

Figure 9 compares the maximum absolute percentage error of the different dis-
cretizations against the baseline non-uniform discretization. It is shown that the max-
imum absolute percentage error of the uniform discretization is always greater than
that of the baseline non-uniform discretization, and that the maximum absolute per-
centage error of the optimal non-uniform discretization is always lower than that of
the baseline non-uniform discretization. The global optimal non-uniform discretization
has a lower error than the baseline non-uniform discretization for 26.3% of the bore
fields.

Figure 10 presents the g-functions for the bore fields associated with the maximum
error for all four discretizations. The maximum absolute percentage error is maxi-
mum for one of the rectangular configurations for all four discretizations. Figure 10(a)
shows the g-function of a rectangular field of 36 x 31 boreholes (N, = 1116) with
L = 4188m, D = 0.63m, r, = 0.075m, B, = 3.14 m and B, = 3.18 m, asso-
ciated with the maximum error for both of the uniform and baseline non-uniform
discretizations. Figure 10(b) shows the g-function of a rectangular field of 40 x 36
boreholes (N, = 1440) with L = 427.2 m, D = 0.51 m, 7, = 0.075 m, B, = 17.42 m
and B, = 12.41 m, associated with the maximum error for the optimal non-uniform
discretization. Figure 10(c) shows the g-function of a rectangular field of 31 x 40 bore-
holes (N, = 1240) with L = 399.5 m, D = 0.54 m, r, = 0.075 m, B, = 3.74 m and
B, = 4.77 m, associated with the maximum error for the global optimal non-uniform
discretization. For all three bore fields, the uniform discretization has the largest error,
and the baseline non-uniform discretization has the second largest error. It is shown
that the maximum error is obtained for boreholes with large length (L) and low buried
depth (D). Even though g-functions take larger values when the spacing is small due
to an increased intensity in thermal interactions between boreholes, the spacing does
not have to be small to produce larger errors on the g-functions (e.g. as shown on
figure 10(b)).

Figure 11 shows the dependence of the maximum absolute percentage error on
the number of boreholes (N,) and the dimensionless borehole spacing. For all field
configurations except for the circle fields, the minimum of the spacings along the
columns and rows of the bore fields is used to evaluate the dimensionless borehole
spacing (min (B, By)). For the baseline non-uniform discretization of n, = 8 segments
(figure 11(a)), its is shown that the error generally increases with increasing number
of boreholes, especially for fields of less than 200 boreholes, and also increases with
decreasing dimensionless borehole spacing. The dimensionless borehole spacing has
a more prominent impact on the maximum absolute percentage error. Figure 11(a)
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a) Uniform discretization

maX(Emax) = 99.0 %

b) Baseline non-uniform discretization
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¢) Optimal non-uniform discretization
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d) Global optimal non-uniform discr.
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Figure 8. Distributions of the maximum absolute percentage error : a) Uniform discretization of 12 segments,
b) Baseline non-uniform discretization of 8 segments with §; = 0.02, ¢) Optimal non-uniform discretization of

8 segments with optimal values of 5§n), and d) Global optimal non-uniform discretization of 8 segments with
41 = 0.005525
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a) Uniform discretization
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b) Optimal non-uniform discretization
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Figure 9. Comparisons of the maximum absolute error against the baseline non-uniform discretization of
8 segments with 6; = 0.02 : a) Uniform discretization of 12 segments, b) Optimal non-uniform discretization
of 8 segments with optimal values of §1, and ¢) Global optimal non-uniform discretization of 8 segments with
with §1 = 0.005525

19



g-function

g-function

g-function

800 - 7
[ By/L=0.0075

400 |

200}

175 —

E /L = 0.00018
" B,JL = 0.0408 _—
L B,/L = 0.0290 /

125F b =00012 /

150

100 |

25 | :
f _~"—— Global optimal (67 = 0.0055) ]

700 —

rp/L = 0.00019 P
r B,/L = 0.0094 -

:_ By/L = 00119 /f,
>00 - D/L=0.0013 /

/;{*

600

400 }
300 f
200 f
100 |

Figure 10. g-Functions of fields with the maximum absolute percentage error :
12 segments and baseline non-uniform discretization of 8 segments with §; = 0.02, b) Optimal non-uniform

discretization of 8 segments with optimal values of
8 segments with §; = 0.005525

a) Rectangular field (36 by 31)

[ B,/L =0.0076 /
600

r/L = 0.00018  _— ]
/

D/L = 0.0015/ i
/ -

—— Optimal (6{” = 0.0010) 1

1 L L L 1 L 1 L 1 L L n 1 L L 1 1

-4 -2 0 2 4

75 F

50 F

b) Rectangular field (40 by 36)

Y

—— Reference

- Uniform 1
—— Baseline (6; = 0.02) 3
—— Optimal (6{" = 0.0092) ]

'—4 -2 — 0 2 4 '
¢) Rectangular field (31 by 40)

— -

—— Optimal (6{” = 0.0018)

-4 -2 0 2 4
In(t/ts)

s

20

a) Uniform discretization of

, and c) Global optimal non-uniform discretization of



a) Baseline non-uniform discretization

100.0:'"|"'|"'|"'|"'|"'|"'|"'|:
E ] min(By, By)
H
10°
10.0 £
S i
s
=
w
1.0
0.1|||I|||I|||I|||I|||I|||I|||I|.|I
0 200 400 600 800 1000 1200 1400 1600 .
10~
b) Optimal non-uniform discretization
10.00'"'|"'|"'|"'|"'|"'|"'|"'|:
1.00
S
s
£
w
0.10
102
0.01

0 200 400 600 800 1000 1200 1400 1600
Np

Figure 11. Impact of the number of boreholes and the dimensionless borehole spacing on the maximum
absolute percentage error: a) Baseline non-uniform discretization of 8 segments with §; = 0.02, b) Optimal

non-uniform discretization of 8 segments with optimal values of égn)

shows a discontinuity in the error at N, = 156 which simply corresponds to the upper
limit in the number of boreholes considered for box-shaped fields and thus changes the
composition of the data set below this threshold. Other discontinuities caused by the
upper limits on the number of boreholes for U-shaped (N, = 118), L-shaped (N, = 79)
and circle (N, = 40) fields are not as apparent. As shown on figure 11(b), the optimal
non-uniform discretization lowers the maximum absolute percentage error overall and
retains the general trend of the error increasing with decreasing dimensionless borehole
spacing. However, the optimization seems able to further reduce the error for very low
dimensionless borehole spacing.
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Figure 12. Comparison of the values of 5£n> estimated by the ANN against the optimal values of 5%”)

3.2. Estimation of the optimal discretization using an artificial neural
network

Figure 12 presents a comparison of the end-length-ratio predicted by the trained arti-

ficial neural network model against the optimal end-length-ratio (5§n)) that minimizes
the maximum absolute percentage error for each bore field. It is shown that the neural
network is able to capture the trend in variation of the end-length-ratio. The root
mean square errors on the end-length-ratios on the testing sets are 0.0006, 0.0006,
0.0008, 0.0005 and 0.0006 for the rectangular, box-shaped, U-shaped, L-shaped and
circle fields, respectively. This further shows that the combination of geometrical pa-
rameters r,/L, D/L, Np, and the thermal parameters h3°, ny, /Ny, are sufficient to
capture the heat transfer characteristics of the bore fields. It should be noted that the
geometrical parameters alone are not able to capture the trend in end-length-ratio,
and that using N, = 2 borehole groups is insufficient.

Despite the observed differences between the predicted and optimal end-length ra-
tios, the end-length-ratios predicted by the ANN provide good accuracy on the eval-
uation of g-functions. Figure 13 compares the maximum absolute percentage error of
the discretization predicted by the ANN against the optimal non-uniform discretiza-
tion. The error follows the same trend. The maximum value of the maximum absolute
percentage error from the ANN is 3.3%, which is close to the maximum value of 3.2%
from the optimal non-uniform discretization. As expected, the maximum absolute per-
centage error from the ANN is always greater than that of the optimal non-uniform
discretization. The maximum absolute percentage error of the ANN discretization is
lower than that of the global optimal non-uniform discretization for 99.1% of the cases.

4. Conclusions
The effect of the borehole discretization on the accuracy of g-functions is presented.

It is shown that a uniform discretization of ny = 12 segments, as proposed in previous
work (Cimmino & Bernier, 2014), can lead to significant error (up to 99.0% for the
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Figure 13. Comparison of the maximum absolute percentage error of the values of Jgn) estimated by the

neural-network model against the optimal values of 6&71)

selected bore fields). A non-uniform discretization of ny = 8 segments decreases the
error on the g-functions, despite using fewer segments. A careful selection of the dis-
cretization parameter (i.e. the end-length-ratio) is required to limit the errors on the
g-function, which can also become significantly large (up to 25.7% for the selected bore
fields using a baseline discretization). The maximum value of the maximum absolute
percentage error is 3.2% for the optimal non-uniform discretization.

Optimal and global optimal non-uniform discretizations are obtained by minimiz-
ing the maximum absolute percentage error on each bore field of a data set in the
former case, or the maximum value of the maximum absolute percentage error over
the entire data set in the latter case. The recommended value of the end-length-ratio
for the global optimal non-uniform discretization of 8 segments is ; = 0.005525. In
both cases, the evaluation of the end-length-ratios necessitates the solution of an op-
timization problem and thus requires repeated evaluation of g-functions for all of the
bore fields. This task is only now possible due to recent advancements in the calcu-
lation of g-functions (Prieto & Cimmino, 2021, for instance) and the development of
open-source computation packages such as pygfunction (Cimmino & Cook, 2022).
The total number of considered bore fields is 557,056, bringing the total number of g-
functions considered in the analysis to 3,342,336 (i.e. for all considered discretizations)
and neglecting repeated evaluation of g-functions for the optimization.

An artificial neural network is trained to predict the optimal value of the end-length-
ratio based on geometrical parameters of the boreholes (excluding their position) and
on new thermal parameters, namely steady-state borehole wall temperatures, obtained
from the equivalent borehole method using N, = 3 borehole groups. The ANN gives
adequate prediction of the end-length-ratios, leading to a maximum value of the max-
imum absolute percentage error on the g-functions of 3.3%. The adequate prediction
of end-length-ratios from the addition of the thermal parameters indicates that these
added parameters may be representative of the heat transfer characteristics of the bore
fields. The accuracy of the prediction of end-length-ratios may be improved by increas-
ing the number of borehole groups NN,. Alternatively, in future work, the g-function
could be directly evaluated using these thermal parameters without relying on geo-
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metrical parameters of the bore field (i.e. the borehole positions) to train the ANN.
The global optimal non-uniform discretization of 8 segments will be implemented into
pygfunction, as well as the ANN to evaluate the optimal discretization for the equiv-
alent borehole method. The methodology presented in this paper can be repeated
to obtain recommendations for the global optimal non-uniform discretization for any
number of segments, and also to train an ANN to calculate the optimal discretization.

The analysis is limited to fields of boreholes of equal length connected in parallel
and modelled using a boundary condition of uniform borehole wall temperature. The
extension to a boundary condition of equal inlet fluid temperature could be achieved
by including the effective borehole thermal resistance in the parameters of the Sobol
sequence to generate the bore fields. The global optimal end-length-ratio would then be
a function of the dimensionless borehole thermal resistance. This would greatly increase
the number of bore fields for which the g-functions need to be calculated. However, as
evidenced in this work and the precursory conference publication (Cimmino & Cook,
2022), g-function calculation methods have sufficiently progressed to enable large data
sets of g-functions.

The error on g-functions is related to errors on the evaluation of fluid temperatures
and heat pump COP during simulation, and to errors on the size of the bore fields
during design. However, g-functions correspond to the ground temperature variation
caused by a constant heat extraction (or injection) from the bore field. Meanwhile,
fluid temperatures, heat pump COP and bore field sizing also depend on the ground
load profile. The errors on g-functions are thus not equal to errors on these quantities.
Further study into the impact of g-function errors is needed in the future.
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Appendix A. Steady-state finite line source solution

The finite line source solution gives the average temperature change over a vertical line
segment ¢ of length L; buried at a distance D; from an isothermal surface due to heat
extracted from another vertical line segment j of length L; buried at a distance D,
from the isothermal surface and at located at a radial distance r;; from line segment
1. The geometry of the problem is shown on Figure A1l. The finite line source solution
is given by (Cimmino & Bernier, 2014; Claesson & Javed, 2011):

1 > 1
hij(t) = 2L/ 1 S—Qexp( r?jsz)Fij(s)ds (Ala)
b dast

Fij(s) = erﬁnt((D Dj; + L;)s) — erfint((D; — Dj)s)

i) (
+ erfint ((D; Lj)s) —erfint((D; — Dj + Ly — Lj)s)
+ erfint((D; + D + L;)s) — erfint((D; + D;)s) (ALb)
+ erfint((D; + Dj + Lj)s) — erfint((D; + D + L; + Lj)s)
erfint(z) = /0 erf(2')dz' = werf(z) — \}E(l — exp(—x?) (Alc)

where ay is the ground thermal diffusivity.

The steady-state finite line source solution was presented by Prieto and Cimmino
(2021) and is used in the present work. However, the development of the solution was
not presented by Prieto and Cimmino (2021). It is convenient to adopt a compact
form of the finite line source solution to simplify the development:

8
1 1
() = 5e (-1 / () erfint(ws)ds (A2a)
"' m=1 Vaast

wm:{Di—Dj—FLi,Di—Dj,Di—Dj—Lj,DZ'—Dj—i—LZ'—Lj,

(A2b)
Di—i-Dj —l—Li,Di—i-Dj,Di-l-Dj +Lj,Di —l—Dj + L; —l—Lj}

26



Surface (0 = 0)

D] kS') as
. D;
J
¢ hij(t) +
I .
| |
. T'ij .
Segment j Segment ¢

Figure Al. Finite line source solution

The integral of the error function (erfint (+)) is substituted by its definition from
equation Alb for all terms of the summation over m:

8
hig(t) = > (=)™ (@) (A3a)
m=1
(m)y L [T fwm o
i (t) = oL, /1{ . exp (—r;;5°) erf (wms)
VAT (A3D)

+W [exp (—T%SQ) — exp (— (r?j + wfn) 32)] } ds

The steady-state solution is obtained by solving the integral at the limit ¢ — oo:

8 8
0o __ 1: m+1; (m) _ m+17,00,(m)
hiy = tlggo Z_:l(_l) hij (t) = 2—21(_1) hij (Ada)
= o i, [ (ot

- (A4b)
+W [exp (—7’%82) — exp (— (7“12] + w?n) 52)] } ds

The integral can be separated into two parts. The first part involves the multipli-
cation of the error function with an exponential divided by the integration variable s.
The second part involves a difference of two exponentials divided by the square of the
integration variable s2. The first part has a known solution (Ng & Geller, 1969):

o0 d VaZ + b2
/ erf (az) exp (—0%22) 2L — In % (A5)
0 X

with R(b%) > 0.
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This gives:

! lim /oo Wm (—r25?) erf ( )d
i —exp (—rj;s Wms)ds =
2Ll a—0*t J, S P 4 m

; (A6)
2 .
Ewm In [(wm + /w2, + Tij> /rl]]
The indefinite integral of the second part is given by:
d 42,2
/exp (—a2x2)x—f = _exp(xaa:) — Vraerf (ax) (A7)

This gives:

! lim / 1 [exp (—r%sz) — exp (— (r% + wfn) 32)] ds =

2L; ai>OJr 32ﬁ
Lo (2P (_T%SQ) e (_ (TZQJ + w?n) 52) orf (1 2 4 2 erf (+/r2 + w?
2L; %i’%l+ sy/m +rij et (rijs) — \/rij + wp, er (\/Tij + wm8>
— 00

(A8)

The solution of the second part of the integral involves the following limits:

exp (—r%32> —exp (— <rfj + wfn) 32>
lim =

S—»00 sﬁ 0

T ) 2 2 /12 2 o) —
Sl_l}r& rij erf (155) ri; +wp, erf < i+ wms) =0 (A9Db)
slgglo rijerf (rijs) — 1/7“%- + w2, erf (\ /r?j + w?ns) =T — 1/7“% + w2, (A9c)

The remaining limit is indeterminate and requires the use of L’Hopital’s rule:

exp (—rfjs2) —exp (— (7”12] + w,2n> 32>

(A9a)

i
s—lgl‘*' Sﬁ
27“?]-8 exp (—r?js2) -2 (7‘22] + w?n) S exp (— (rfj + w%) 52) (A10)
= lim
s—0+ ﬁ
=0

Inserting the limits (equations A9 and A10) into equation A8 and substituting
equations A6 and A8 into equation A4:

8
o ]' m
= e S oo+ TR ] s )

" (A11)

with anzl(—l)m“rij = (. This results corresponds to equation 8.
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