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Topology optimization of geothermal bore fields using the method of 

moving asymptotes 

A new method is proposed to optimize the configurations of vertical ground heat 

exchangers using topology optimization and the method of moving asymptotes. 

The problem formulation minimizes the required number of boreholes of a given 

length with simultaneous constraints on the entering fluid temperature in cooling 

and heating mode. The method relies on the adaptation of the alternative 

ASHRAE design method and a new analytical formulation for the calculation of 

𝑔-functions based on a boundary condition of equal average fluid temperature. 

The method is applied to large bore fields consisting of more than a hundred 

boreholes. The paper also studies the effect of different types of domains and 

ground load profiles on the optimized configurations. It is shown that the shape 

of the domain has minimal impact on the optimized configurations. A higher 

density of boreholes on the perimeter of the domain compared to the center is 

recommended in the case where one operation mode is dominant. A uniform 

configuration is better suited when the load profile is balanced. 

Keywords: Geothermal energy, ground heat exchangers, topology optimization, 

method of moving asymptotes, 𝑔-functions. 

Introduction 

The design of ground heat exchangers (GHE) is an important part of its installation as it 

directly affects the performance of the system, its safe operation and its cost. The design 

process also has to deal with constraints such as the available area, the ground 

properties and the technical limits for building the GHE. It is often necessary to have 

multiple boreholes given all these constraints, which together form a bore field. 

However, the performance of the individual boreholes decreases, as there is thermal 

interaction between the boreholes. The placement of the boreholes then becomes a 

challenge, as the cost and the total drilling length can increase drastically, which are two 

major obstacles in the adoption of the technology on a large scale.  



 

 

Current state of GHE design 

Traditionally, bore field designs are obtained by calculating the required drilling length 

for a predetermined configuration. The designer can then modify the placement of the 

boreholes as well as their number to improve the design. ASHRAE’s sizing method is 

often used for this purpose. It is a three-pulse method, which describes a family of 

methods for which the bore field is sized according to three successive loads 

(Ahmadfard and Bernier 2019). The following equation governs ASHRAE’s sizing 

method as reformulated by Bernier (2006): 

 𝐿𝑡𝑜𝑡 =
𝑞𝑎𝑅𝑔𝑎+𝑞𝑚𝑅𝑔𝑚+𝑞ℎ𝑅𝑔ℎ+𝑞ℎ𝑅𝑏

∗

(𝑇𝑚−𝑇𝑔)𝑟𝑒𝑓
−∆𝑇𝑝

 (1) 

where 𝐿𝑡𝑜𝑡 is the total drilling length, 𝑞𝑎, 𝑞𝑚 and 𝑞ℎ are the mean annual ground load, 

the mean monthly ground load for the design month and the hourly peak ground load 

for the design month, 𝑅𝑔𝑎, 𝑅𝑔𝑚 and 𝑅𝑔ℎ are the ground thermal resistances associated 

with each of the ground loads, 𝑅𝑏
∗  is the effective borehole thermal resistance, 𝑇𝑚 is the 

mean fluid temperature circulating in the boreholes, 𝑇𝑔 is the undisturbed ground 

temperature and ∆𝑇𝑝 is the temperature penalty. The temperature difference between the 

fluid and the ground is imposed in Equation (1). The simplest approach is to place the 

boreholes in a regular configuration in the given domain (e.g. on a rectangular grid) and 

modify the number of boreholes and the spacing until satisfying results are obtained. 

Determining the value of ∆𝑇𝑝 is a challenge when using this method and its 

definition differs depending on how the ground thermal resistances are calculated. The 

ASHRAE Handbook (ASHRAE 2019) presents ∆𝑇𝑝 as a way to account for the thermal 

interactions between the boreholes. Other definitions of the temperature penalty include 

the one proposed by Fossa (2011) who evaluates the temperature penalty value of a 



 

 

given bore field based on the fact that most ground thermal models are equivalent for 

short time periods. The temperature penalty ∆𝑇𝑝 can therefore be expressed as a 

correcting factor between an approximate model and the true value of the temperature 

drop or increase at the borehole wall for long time periods. Ahmadfard and Bernier 

(2018) modified Equation (1) by calculating the ground thermal resistances using 

𝑔-functions: 

 𝐿𝑡𝑜𝑡 =
𝑞𝑎𝑅𝑔𝑎+𝑞𝑚𝑅𝑔𝑚+𝑞ℎ𝑅𝑔ℎ+𝑞ℎ𝑅𝑏

∗

(𝑇𝑚−𝑇𝑔)𝑟𝑒𝑓
  (2) 

Using 𝑔-functions removes the necessity of the temperature penalty since they 

already consider thermal effects that arise over long time periods, namely thermal 

interactions between boreholes and axial effects. Since these effects are included in the 

ground thermal model used to evaluate the thermal resistances, there is no need for the 

temperature penalty and Δ𝑇𝑝 = 0. 

The research on bore field configurations has shown the importance of the 

placement of boreholes on the total drilling length as well as on the temperature 

distribution. Cimmino and Bernier (2014a) studied the effect of adding and removing 

boreholes by reducing and increasing the spacing in a regular configuration. They 

evaluated the required drilling length for the different cases by calculating the fluid 

temperature exiting the boreholes. They concluded that removing boreholes by 

increasing the spacing between them usually leads to an increase in the individual 

drilling length of the boreholes, but that the total drilling length is reduced. Bore fields 

should have the least possible amount of boreholes covering the available surface to 

improve the drilling length, as long as economical and technical constraints are still 

respected. Guo et al. (2017) proposed another analysis of the placement of boreholes on 

a given domain. They progressively displaced the boreholes located in the center of the 



 

 

bore field towards the perimeter starting from a conventional design to optimize the 

variation of the ground temperature over the operation time of the bore field. They 

showed that the configurations that present a higher density of boreholes on the 

perimeter lead to more uniform temperature distribution in the ground. Spitler, Cook, 

and Liu (2020) studied various design strategies and their impact on the total drilling 

length and the temperature of the fluid entering the heat pump. This analysis proposed 

to investigate configurations with different regular spacing, irregularly spaced 

configurations (increased spacing in the center compared to the perimeter) and wrap-

around configurations (boreholes are positioned around the building). It showed that 

these various strategies lead to savings in drilling length and thus reinforced the idea 

that irregular bore field configurations could improve the design of GHEs.  

When strictly considering the minimal drilling length, two concepts stand out 

from these empirical investigations. The first one is that it is usually better to reduce the 

number of boreholes to fulfil the energy demand by making them as long as possible. 

The second one is that the density of boreholes should be higher on the perimeter of the 

bore field than in its center. The different strategies presented have shown promising 

results, which are usually better than more traditional design methods. The research has 

now shifted toward the optimization of bore field configurations by developing 

automated design methods. 

Beck et al. (2013) proposed a method to optimize both the positions and the 

thermal loads of the individual boreholes using differential evolution to minimize the 

maximum temperature variation of the ground due to the bore field operation. The 

boreholes were located toward the perimeter of the bore field when optimizing the 

positions. They also concluded that there were limited benefits to optimize both the 

positions and the loads. Bayer, de Paly, and Beck (2014) developed a procedure to 



 

 

optimize the thermal load of each borehole while also reducing the number of required 

boreholes. Starting from a regularly spaced configuration, the method relies on 

identifying the boreholes located where the temperature in the ground varies the most 

and removing them from the configuration. The objective function is once again the 

maximum ground temperature variation. The optimized configurations present the same 

characteristics as what was previously presented: the boreholes that were removed were 

located in the center, leaving only the ones on the perimeter. They however noted that 

removing too many boreholes could lead to a greater increase in the maximum 

temperature variation. Egidi, Giacomini, and Maponi (2023) optimized borehole 

positions using the steepest descent method, which required a derivable formulation of 

the heat transfer in the ground. The optimization problem minimizes the overall 

temperature variation in the ground for a given number of boreholes, where the 

available domain is not fixed. The results showed that the optimized configurations 

make use of as much space as possible (increased spacing between the boreholes). 

GHEDT (Cook 2021) and its updated version GHEDesigner (Spitler, West, and Liu 

2022), are automated tools for the design of ground heat exchangers. The designer is 

able to choose between various placement routines depending on the design needs. Its 

newly implemented RowWise method gives the ability to place the boreholes 

irregularly while keeping an organized structure in different areas of the domain. 

Topology optimization    

Topology optimization originated in mechanical design to find the placement of 

material that will give the best structural performance (Sigmund and Maute 2013). The 

solutions to these types of problem are discrete on every area of the domain (i.e. 

material or no material). Topology optimization has evolved greatly over time and 

found applications in other fields of studies. This paper will only cover the concepts of 



 

 

topology optimization that are relevant to the present GHE problem and the proposed 

method. 

Many topology optimization methods are density based. For any given domain, 

the area is discretized and a density variable (𝝆) is introduced, which takes the value of 

0 or 1 on every element and represents the design variable. Topology optimization 

problems are often non-convex and present non-unique solutions. The discretization of 

the domain introduces many discrete optimization variables (𝜌𝑖), making the use of 

global optimization methods computationally expensive or unfeasible. One way to solve 

the problem is to make the design variable continuous so that efficient gradient-based 

optimization algorithms can be used, while still forcing the convergence to discrete 

solutions. This is the purpose of the Solid Isotropic Material with Penalization (SIMP) 

(Bendsøe 1989) method. The idea behind this method is to introduce a penalization term 

(𝑝 ≥ 1) in the problem formulation, which penalizes intermediate values of the design 

variable and thus helps the convergence to values of 0 or 1. When 𝑝 > 1, the problem 

becomes non-convex and has multiple local minima. The continuation approach is 

introduced to help the convergence toward the global minimum by solving the problem 

multiple times starting from a penalization of 𝑝 = 1, and by slowly increasing its value 

using an increment (∆𝑝) with the last solution as the new initial point for the next 

solving step. It should however be mentioned that the continuation approach does not 

guarantee the convergence to the global optimum even though it still represents a good 

approximation of its value (Svanberg and Stolpe 2001; Watada and Ohsaki 2009). 

An example of an optimization algorithm used in topology optimization is the 

Method of Moving Asymptotes (MMA) (Svanberg 1987, 2002). The purpose of this 

method is to optimize nonlinear problems that are constrained by inequality functions. 

The MMA is a sequential optimization algorithm that constructs a convex 



 

 

approximation of the constrained non-linear optimization problem (called subproblem 

in MMA terminology) based on the latest information on the objective function, the 

constraint functions, and the derivatives of the objective and constraint functions. The 

approximation is convex and separable, which allows computationally-efficient 

solutions to the subproblem, even for large numbers of optimization variables and 

multiple constraints. The MMA is globally convergent, meaning it should find an 

optimum given any starting point for the optimization. 

Bore field configurations have proven to be an important part of the design 

process. Research has shown that irregular bore field configurations have the potential 

to reduce the number of boreholes required and thus reduce the initial cost of 

investment. It has motivated the development of sizing methods that work on the 

optimization of the placement of boreholes to reduce the total drilling length. Because 

of its nature, topology optimization and the SIMP method could represent a new 

approach to the design of GHEs. This paper proposes a method to design GHEs that 

minimizes the required number of boreholes by strategically placing them using the 

principles of topology optimization. The method includes constraints on both the 

minimum and maximum entering fluid temperatures in heating and cooling modes, 

respectively. It is an extension of the method proposed by Noël & Cimmino (2022). The 

additions include a temperature penalty in the definition of the constraints of the 

problem to account for the differences between different boundary conditions in the 

evaluation of the 𝑔-functions, as well as a new strategy to refine the domain based on 

the distribution of the design variable.  

Methodology 

The objective of the proposed bore field optimization method is to minimize the number 

of boreholes required given a specific domain and ground loads, where the individual 



 

 

length of the boreholes is predetermined. The geometry of the boreholes and the thermal 

parameters that are considered are summarized in Figure 1, where 𝐿 represents the 

length of the boreholes, 𝐷 is the buried depth of the boreholes, 𝑟𝑏 is the radius of the 

boreholes, and 𝑇𝑔, 𝛼𝑠, and 𝑘𝑠 are respectively the undisturbed ground temperature, the 

thermal diffusivity of the soil and the thermal conductivity of the soil. 

The optimization is constrained by the maximum allowable variation of the 

average fluid temperature circulating in the boreholes, both in heating and cooling 

modes. The alternative ASHRAE sizing method is adapted so that it is compatible with 

the SIMP method and the MMA. The superposition of the finite line source (FLS) is 

used to evaluate approximate 𝑔-functions and evaluate ground thermal resistances 

considering the design variable. This approximate formulation allows the analytical 

evaluation of derivatives of the constraint functions required for the MMA. The 

temperature penalty is then evaluated using a more accurate 𝑔-function formulation. A 

soft constraint on the minimal spacing between two consecutive boreholes is introduced 

by penalizing the thermal interaction between two possible borehole positions when 

they are closer than an imposed minimal spacing.  

The following sections describe the methodology starting by the problem 

formulation, followed by the optimization procedure and then the handling of the grid 

throughout the optimization.  



 

 

 

Fig. 1. Borehole geometry and thermal parameters 

Problem formulation 

The domain is discretized into nodes that each represent a possible borehole position. 

The method then finds the combination of boreholes of length 𝐿 located at some of the 

possible positions that minimizes the total number of boreholes. The MMA requires the 

evaluation of the derivatives of the cost-function and the constraint functions. It is thus 

preferable that the functions used to formulate the problem are derivable to avoid 

increased computational costs for the numerical evaluation of derivatives. Two models 

for the evaluation of the 𝑔-function used with the alternative ASHRAE method will be 

developed using different boundary conditions. The first model is an approximation of 

the 𝑔-function based on the superposition of the finite line source solution. This model 

is used in the optimization procedure since it allows for the evaluation of analytical 

derivatives of the cost and constraint functions. The second model imposes a boundary 

condition of uniform fluid temperature along the length of the boreholes for the 

evaluation of the 𝑔-function. This model is then used to evaluate the temperature 

penalty but its impact on the derivatives is neglected. 

The optimization problem is formulated as follows: 
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𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒: 𝑓0(𝝆) = ∑ 𝜌𝑖
𝑛
𝑖=1

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 𝑓1(𝝆) = (𝑇𝑚 − 𝑇𝑔)𝑐 − (𝑇𝑚 − 𝑇𝑔)𝑟𝑒𝑓,𝑐 ≤ 0

𝑓2(𝝆) = (𝑇𝑔 − 𝑇𝑚)ℎ − (𝑇𝑔 − 𝑇𝑚)𝑟𝑒𝑓,ℎ ≤ 0

0 ≤ 𝜌𝑖 ≤ 1 𝑓𝑜𝑟 𝑖 = 1,… , 𝑛

 (3) 

where 𝝆 = [𝜌1 ⋯ 𝜌𝑛]𝑇 is the vector of borehole presence fractions 𝜌𝑖 on any given 

node 𝑖 inside the discretized domain, 𝑓0 is the objective function, 𝑓1 is the constraint in 

cooling, 𝑓2 is the constraint in heating, and (𝑇𝑚 - 𝑇𝑔)ref,c  and (𝑇𝑔 - 𝑇𝑚)ref,h are the 

maximum temperature differences between the ground and the fluid circulating inside 

the boreholes in cooling and in heating modes, respectively (i.e. the temperature 

constraints). 

A value 𝜌𝑖 = 0 signifies the absence of a borehole at node 𝑖 of the domain, 

whereas a value 𝜌𝑗 = 1 signifies the presence of a borehole at node 𝑗. In the context of 

the MMA, the presence of a borehole is taken as a continuous variable with values 0 ≤

𝜌𝑖 ≤ 1. Non-integer values of the borehole presence fraction are allowed during the 

optimization process but are expected to converge to 0 or 1 using the continuation 

approach. 

Ground thermal model 

The values of (𝑇𝑚 − 𝑇𝑔)𝑐 and (𝑇𝑔 − 𝑇𝑚)ℎ are evaluated using the alternative ASHRAE 

sizing equation from imposed design hourly, monthly and annual loads in both heating 

and cooling modes. Its formulation is adapted to consider the design variable (𝝆). The 

temperature difference is evaluated as follows: 

 (𝑇𝑚 − 𝑇𝑔)𝑐 = 
𝑞𝑎,𝑐𝑅𝑔𝑎+𝑞𝑚,𝑐𝑅𝑔𝑚+𝑞ℎ,𝑐𝑅𝑔ℎ+𝑞ℎ,𝑐𝑅𝑏

∗

𝐿∙∑ 𝜌𝑖
𝑛
𝑖=1

+ ∆𝑇𝑝,𝑐  (4) 

 (𝑇𝑔 − 𝑇𝑚)ℎ = −
(
𝑞𝑎,ℎ𝑅𝑔𝑎+𝑞𝑚,ℎ𝑅𝑔𝑚+𝑞ℎ,ℎ𝑅𝑔ℎ+𝑞ℎ,ℎ𝑅𝑏

∗

𝐿∙∑ 𝜌𝑖
𝑛
𝑖=1

+ ∆𝑇𝑝,ℎ) (5) 



 

 

with: 

 𝑅𝑔𝑎 =
𝑔0(𝑡𝑓)−𝑔0(𝑡𝑓−𝑡1)

2𝜋𝑘𝑠
  (6) 

 𝑅𝑔𝑚 =
𝑔0(𝑡𝑓−𝑡1)−𝑔0(𝑡𝑓−𝑡2)

2𝜋𝑘𝑠
  (7) 

 𝑅𝑔ℎ =
𝑔0(𝑡𝑓−𝑡2)

2𝜋𝑘𝑠
  (8) 

where Δ𝑇𝑝,𝑐 and Δ𝑇𝑝,ℎ are the temperature penalties in cooling and heating mode, and 

𝑔0(𝑡𝑖) are approximations of the 𝑔-functions evaluated at 𝑡𝑓, 𝑡𝑓 - 𝑡1 and 𝑡𝑓 - 𝑡2, with 

𝑡1 = 10 years, 𝑡2 = 𝑡1 + 1 month and 𝑡𝑓 = 𝑡2 + 6 hours as recommended in the 

alternative ASHRAE sizing method. 

The approximations of the 𝑔-functions are evaluated using the superposition of 

the finite line source (FLS) solution as proposed by Claesson and Javed (2011): 

 𝑔0(𝑡) =
𝝆𝑇[𝑏𝑖𝑗ℎ𝑖𝑗]𝝆

∑ 𝜌
𝑖
𝑝𝑛

𝑖=1

 (9) 

with: 

 ℎ𝑖𝑗 =
1

2𝐿
∫

1

𝑠2
exp(−𝑑𝑖𝑗

2 𝑠2)𝐼𝑙𝑠(𝐿𝑠, 𝐷𝑠)𝑑𝑠
∞
1
√4𝛼𝑠𝑡
⁄

  (10) 

 𝐼𝑙𝑠(𝐿𝑠, 𝐷𝑠) = 2 ∙ 𝑖𝑒𝑟𝑓(𝐿𝑠) + 2 ∙ 𝑖𝑒𝑟𝑓(𝐿𝑠 + 2𝐷𝑠) − 𝑖𝑒𝑟𝑓(2𝐿𝑠 + 2𝐷𝑠) − 𝑖𝑒𝑟𝑓(2𝐷𝑠) 

 (11) 

where ℎ𝑖𝑗 is the thermal response factor of a borehole positioned on the 𝑗-th node to a 

borehole positioned on the 𝑖-th node, 𝑝 is a penalization for the SIMP method and will 

be explained later, and 𝑏𝑖𝑗 is a positive factor that acts as a soft constraint to ensure a 

minimal spacing (𝐵𝑚𝑖𝑛) between two consecutive boreholes, 𝑑𝑖𝑗 is the radial distance 



 

 

between the 𝑖-th and the 𝑗-th node (with 𝑑𝑖𝑖 = 𝑟𝑏, the borehole radius). If 𝑑𝑖𝑗 < 𝐵𝑚𝑖𝑛, 

𝑏𝑖𝑗 = 5, otherwise it is equal to 1. The value of 5 is arbitrary, but it has been found to 

provide the desired effect. Note that Equation (9) allows for intermediate values of the 

design variable 𝝆 (i.e. 0 < 𝜌𝑖 < 1). When all values are equal to 0 or 1, and using 𝑝 = 1 

and 𝑏𝑖𝑗 = 1, Equation (9) becomes equivalent to the method of Claesson and Javed 

(2011). 

Derivatives of the cost- and constraint functions 

The derivatives of the cost-function and the constraint functions are needed to apply the 

MMA. The derivative of the objective function 𝑓0 in Equation (3) is given by: 

 
𝜕(𝑓0)

𝜕𝝆
= [1, … ,1]𝑇  (12) 

and the derivatives of the constraint functions are given by: 

𝜕(𝑓1)

𝜕𝝆
=

𝑞𝑎,𝑐
𝜕𝑅𝑔𝑎

𝜕𝝆
+𝑞𝑚,𝑐

𝜕𝑅𝑔𝑚

𝜕𝝆
+𝑞ℎ,𝑐

𝜕𝑅𝑔ℎ

𝜕𝝆

𝐿 ∑ 𝜌𝑖
𝑛
𝑖=1

−
𝑞𝑎,𝑐𝑅𝑔𝑎+𝑞𝑚,𝑐𝑅𝑔𝑚+𝑞ℎ,𝑐𝑅𝑔ℎ+𝑞ℎ,𝑐𝑅𝑏

∗

𝐿(∑ 𝜌𝑖
𝑛
𝑖=1 )

2  (13) 

𝜕(𝑓2)

𝜕𝝆
= −(

𝑞𝑎,ℎ
𝜕𝑅𝑔𝑎

𝜕𝝆
+𝑞𝑚,ℎ

𝜕𝑅𝑔𝑚

𝜕𝝆
+𝑞ℎ,ℎ

𝜕𝑅𝑔ℎ

𝜕𝝆

𝐿 ∑ 𝜌𝑖
𝑛
𝑖=1

−
𝑞𝑎,ℎ𝑅𝑔𝑎+𝑞𝑚,ℎ𝑅𝑔𝑚+𝑞ℎ,ℎ𝑅𝑔ℎ+𝑞ℎ𝑅𝑏

∗

𝐿(∑ 𝜌𝑖
𝑛
𝑖=1 )

2 ) (14) 

The derivatives of the 𝑔-functions are required to evaluate the derivatives of the 

ground thermal resistance: 

 
𝜕𝑅𝑔𝑎

𝜕𝝆
=

𝜕𝑔0
𝜕𝝆
(𝑡𝑓)−

𝜕𝑔0
𝜕𝝆
(𝑡𝑓−𝑡1)

2𝜋𝑘𝑠
  (15) 

 
𝜕𝑅𝑔𝑚

𝜕𝝆
=

𝜕𝑔0
𝜕𝝆
(𝑡𝑓−𝑡1)−

𝜕𝑔0
𝜕𝝆
(𝑡𝑓−𝑡2)

2𝜋𝑘𝑠
  (16) 



 

 

 
𝜕𝑅𝑔ℎ

𝜕𝝆
=

𝜕𝑔0
𝜕𝝆
(𝑡𝑓−𝑡2)

2𝜋𝑘𝑠
 (17) 

 
𝜕𝑔0

𝜕𝝆
=

1

∑ 𝜌
𝑖
𝑝𝑛

𝑖=1

(−𝑝𝝆𝑝−1𝑔0 + (𝒃 ∘ 𝒉)𝝆 + 𝝆
𝑇(𝒃 ∘ 𝒉))  (18) 

Temperature penalty 

The assumption of a uniform heat transfer rate (UHTR) is made for the approximation 

of 𝑔-functions, instead of a uniform borehole wall temperature (UBWT) (Cimmino and 

Bernier 2014b) or an equal inlet fluid temperature (EIFT) (Cimmino 2015, 2019) which 

would both provide more accurate evaluation of 𝑔-functions. The UHTR condition is 

used for the estimation because derivatives of the 𝑔-functions are required for the 

method of moving asymptotes. These derivatives are difficult to evaluate for the other 

boundary conditions since their evaluation relies on the solution of a system of linear 

equations. A boundary condition of uniform average fluid temperature (UAFT) in the 

boreholes is used for the evaluation of 𝑔-functions, rather than any of the 

aforementioned UBWT and EIFT conditions. This boundary was introduced by Monzó 

et al. (2018) using the finite element method for the evaluation of 𝑔-functions. This 

method has been shown to provide similar accuracy to the EIFT boundary condition. It 

is adapted here to use the analytical finite line source solution. This new formulation 

provides the advantage of using the same thermal parameter 𝑅𝑏
∗  as in the temperature 

constraint functions (Equations (4)-(5)). It also allows using intermediate values of the 

borehole presence fraction. 

The temperature penalty is evaluated as follows: 

 ∆𝑇𝑝,𝑐 =
𝑞𝑎,𝑐∆𝑅𝑔𝑎+𝑞𝑚,𝑐∆𝑅𝑔𝑚+𝑞ℎ,𝑐∆𝑅𝑔ℎ

𝐿∙∑ 𝜌𝑖
𝑛
𝑖=1

  (19) 



 

 

 ∆𝑇𝑝,ℎ =
𝑞𝑎,ℎ∆𝑅𝑔𝑎+𝑞𝑚,ℎ∆𝑅𝑔𝑚+𝑞ℎ,ℎ∆𝑅𝑔ℎ

𝐿∙∑ 𝜌𝑖
𝑛
𝑖=1

 (20) 

where the values of ∆𝑅𝑔𝑖 are evaluated similarly as the thermal resistances from 

Equations (6)-(8) except that the 𝑔-functions are replaced by 𝑔-function variations as 

follows: 

 ∆𝑔(𝑡) = 𝑔1(𝑡) − 𝑔0(𝑡)  (21) 

where 𝑔1 is the reference 𝑔-function. 

The evaluation of the reference 𝑔-functions consists in the solution to a system 

of three sets of equations: (1) the spatial superposition of the finite line source solution, 

(2) a relation for the heat transfer rate at the borehole wall, and (3) a global energy 

balance. The 𝑛 boreholes are discretized into 𝑛𝑠 segments, with 𝐿𝑢 the length of the 𝑢-

th segment of a borehole. 

The superposition of the finite line source solution yields a set of 𝑛𝑠 ⋅ 𝑛 

equations: 

 𝑇𝑔 − 𝑇𝑏,𝑖,𝑢 = ∑ ∑
ℎ𝑖𝑗,𝑢𝑣(𝑡)𝑞𝑗,𝑣(𝑡)

2𝜋𝑘𝑠

𝑛𝑠
𝑣=1

𝑛
𝑗=1   (22) 

where ℎ𝑖𝑗,𝑢𝑣 is the thermal response factors of the 𝑣-th segment of a borehole positioned 

on the 𝑗-th node to the 𝑢-th segment of a borehole positioned on the 𝑖-th node, 𝑞𝑗,𝑣 is the 

heat extraction rate per unit borehole length of the 𝑣-th segment of a borehole 

positioned on the 𝑗-th node, and 𝑇𝑏,𝑖,𝑢 is the borehole wall temperature of the 𝑢-th 

segment of a borehole positioned on the 𝑖-th node. No temporal superposition is 

considered so as to accelerate the method in the optimization process. 



 

 

The fluid flowing through the boreholes is assumed to have the same 

temperature, uniform along the length of the boreholes. The effective thermal 

resistances of the boreholes are modulated using the borehole presence fraction: 

 𝑞𝑖,𝑢(𝑡) =
𝑇𝑏,𝑖,𝑢(𝑡)−𝑇𝑓(𝑡)

𝑅𝑏
∗ 𝜌𝑖⁄

 (23) 

where 𝑇𝑓 is the uniform fluid temperature. The modulation of the effective thermal 

resistance makes it so that a value 𝜌𝑖 = 0 yields an infinite thermal resistance and no 

heat extraction, thereby effectively removing the borehole from the bore field. 

The global energy balance is given by: 

 𝑞̅(𝑡) =
∑ ∑ 𝐿𝑗,𝑣𝑞𝑗,𝑣(𝑡)

𝑛𝑠
𝑣=1

𝑛
𝑗=1

𝐿∙∑ 𝜌𝑖
𝑛
𝑖=1

=
∑ ∑ 𝐿𝑗,𝑣𝑞𝑗,𝑣(𝑡)

𝑛𝑠
𝑣=1

𝑛
𝑗=1

𝐿𝑡𝑜𝑡
 (24) 

where 𝑞̅ is the average heat extraction rate per unit borehole length in the bore field. 

The system of Equations (22)-(24) is solved in non-dimensional form assuming 

a constant average heat transfer rate per unit borehole length. The dimensionless 

parameters are: Θ𝑏,𝑖,𝑢 = 
𝑇𝑔−𝑇𝑏,𝑖,𝑢

𝑞̅ 2𝜋𝑘𝑠⁄
 the dimensionless borehole wall temperature, 

Θ𝑓 = 
𝑇𝑔−𝑇𝑓

𝑞̅ 2𝜋𝑘𝑠⁄
 the dimensionless fluid temperature, and 𝑞̃𝑖,𝑢 = 𝑞𝑖,𝑢 𝑞̅⁄  the normalized heat 

extraction rate per unit borehole length. The system of equations becomes: 

 ∑ ∑ ℎ𝑖𝑗,𝑢𝑣(𝑡)𝑞̃𝑗,𝑣(𝑡)
𝑛𝑠
𝑣=1 = Θ𝑏,𝑖,𝑢

𝑛
𝑗=1   (25) 

 ∑ ∑ 𝐿𝑖,𝑢
𝑛𝑠
𝑢=1 𝑞̃𝑖,𝑢(𝑡)

𝑛
𝑖=1 = 𝐿𝑡𝑜𝑡 (26) 

 
2𝜋𝑘𝑠𝑅𝑏

∗

𝜌𝑖
𝑞̃𝑖,𝑢(𝑡) + Θ𝑏,𝑖,𝑢 = Θ𝑓 (27)  

The 𝑔-function is then given by the effective dimensionless borehole wall 

temperature, as defined by Cimmino (2019): 



 

 

 𝑔1(𝑡) = Θ𝑓 − 2𝜋𝑘𝑠𝑅𝑏
∗  (28) 

Optimization procedure 

The following section details the specific aspects of the proposed optimization 

procedure, which are summarized in Figure 2. The procedure starts with the solution of 

the optimization problem using the MMA with 𝑝 = 1 and ∆𝑇𝑝,𝑐 = Δ𝑇𝑝,ℎ = 0 on a uniform 

grid. The resulting distribution of the borehole presence fraction is then used to generate 

progressively refined non-uniform grids at subsequent solutions of the optimization 

problem. The subsequent solutions involve successive solutions of the optimization 

problem with increasing values of penalization, 𝑝. The temperature penalties, ∆𝑇𝑝,𝑐 and 

Δ𝑇𝑝,ℎ, are updated at the same time the penalization is increased. 



 

 

 

Fig. 2. Bore field optimization procedure 



 

 

Penalization 

The SIMP method consists in solving the optimization problem multiple times, where 

the penalization is increased in small increments, Δ𝑝, starting from 𝑝 = 1. This 

procedure is known as the continuation approach. Typically, the increments are fixed 

throughout the procedure although adaptive penalization schemes have been proposed, 

e.g. Tarek and Ray (2020). The choice of the penalization step is crucial to avoid 

converging too quickly towards a local minimum. A constant step Δ𝑝 = 0.01 and a 

maximum penalization 𝑝𝑚𝑎𝑥 = 3 are used in the proposed method. The choice of 

𝑝𝑚𝑎𝑥 = 3 as the maximum penalization value comes from the uses of the SIMP method 

in structural design, where this limit is commonly used. In the case of the GHE 

problem, this penalization range led to the desired effect without any modification. 

Temperature penalty 

The values of ∆𝑇𝑝,𝑐 and Δ𝑇𝑝,ℎ are assumed to be independent of 𝝆 during the solution of 

the optimization problem (Equation (3)). Their values are only updated when the 

penalization is incremented, using the optimized borehole presence fraction from the 

latest optimization to evaluate the 𝑔-function 𝑔1 with the UAFT boundary condition. 

The accuracy of the 𝑔-function evaluation depends on the discretization of 

boreholes into segments, where using more segments leads to better accuracy. However, 

a higher number of segments results in a larger system of equations to solve and an 

increase in computation time. Here, even though the 𝑔-function only has to be solved at 

three time steps, it has to be solved each time the penalization is increased.  A non-

uniform discretization is adopted, as proposed by Cimmino and Cook (2022). The 

authors recommend 8 segments per borehole. Using 8 segments with the proposed 

optimization method is still expensive in computational time because of the domain 



 

 

discretization. Solving the system of equations using 5 non-uniform segments per 

borehole was found to be a good compromise between accuracy and computational 

time, as the gains in minimizing the cost-function are less important for more segments. 

Grid refinement 

The level of discretization of the grid is an important aspect to consider in the 

optimization of the bore field. Using more nodes, which translates to more possible 

positions for the boreholes, typically improves the results of the optimization. It is 

however costly in terms of computation time to increase the number of nodes inside the 

grid. The grid should ideally be more refined in the areas where the boreholes are more 

likely to be located since the location of the boreholes has a greater impact on the 

thermal interaction in those regions. It is proposed to optimize the problem in three 

steps to obtain such a grid. A first optimization without penalization (i.e. 𝑝 = 1) is 

performed on a uniform grid. A second optimization with penalization is done on a grid 

with finer discretization where a higher density of boreholes is located, using the first 

optimization to infer the expected distribution of boreholes. The third optimization with 

penalization is performed with a refined grid, using the first and second optimizations to 

infer the expected distribution of boreholes. 

The first optimization (with 𝑝 = 1) is conducted on a uniform grid with a 

characteristic length of 5m. This optimization yields a distribution of borehole presence 

fraction 𝝆𝒓𝒆𝒇 with intermediate values 0 ≤ 𝜌𝑖 ≤ 1. An example distribution is shown on 

Figure 3 for a square domain. While this distribution does not allow to position 

boreholes in the domain, it gives an indication of where boreholes are most likely to be 

optimally placed. On Figure 3, it can be seen that a higher density of boreholes, 

indicated by higher borehole presence fractions, is expected along the perimeter of the 



 

 

domain. The distribution 𝝆𝒓𝒆𝒇 can thus be used to generate refined grids with higher 

density of nodes in these locations. 

 

Fig. 3. 𝜌 distribution for an optimized bore field with a penalization of 𝑝 = 1 

The distribution 𝝆𝒓𝒆𝒇 is then normalized between 0 and 1: 

 𝝆̂ =
𝝆𝒓𝒆𝒇−min(𝝆𝒓𝒆𝒇)𝑱

max(𝝆𝒓𝒆𝒇)−min(𝝆𝒓𝒆𝒇)
  (29) 

where 𝑱 is a vector of ones of the same dimension as the number of nodes on the 

reference grid. The value of 𝝆̂ is then used in the subsequent stages of the refinement. 

The normalized distribution is scaled between 𝑙𝑚𝑖𝑛
∗  and 𝑙𝑚𝑎𝑥

∗ , the nominal minimum and 

maximum element sizes, so that the regions where the 𝝆 distribution is higher will have 

a higher density of nodes: 

 𝒍 = (𝑱 − 𝝆̂)(𝑙𝑚𝑎𝑥
∗ − 𝑙𝑚𝑖𝑛

∗ ) + 𝑙𝑚𝑖𝑛
∗ 𝑱 (30) 

where 𝒍 represents the refined element size of the new grid at all node locations 

(𝒙𝒓𝒆𝒇, 𝒚𝒓𝒆𝒇) of the initial grid. The refined non-uniform grid is generated using a linear 

interpolation of 𝒍 for the element sizes on the domain. The second optimization problem 

is solved with the continuation approach starting from 𝑝 = 1 to 𝑝 = 3. 



 

 

For the third optimization, the domain is further refined using the last 

distribution of 𝝆. The following parameters are calculated for the grid refinement: 

 𝑑𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 =
𝑑𝑜𝑚𝑎𝑖𝑛 𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟

∑𝜌𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟
 (31) 

 𝑑𝑐𝑒𝑛𝑡𝑒𝑟 = (
𝑑𝑜𝑚𝑎𝑖𝑛 𝑎𝑟𝑒𝑎

∑𝜌𝑐𝑒𝑛𝑡𝑒𝑟
)
0.5

 (32) 

 𝑑𝑚𝑖𝑛 = min(𝑑𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟, 𝑑𝑐𝑒𝑛𝑡𝑒𝑟) (33) 

 𝑑𝑚𝑎𝑥 = max(𝑑𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 , 𝑑𝑐𝑒𝑛𝑡𝑒𝑟)  (34)

 𝑙𝑚𝑖𝑛 =
𝑑𝑚𝑖𝑛

𝑑𝑚𝑎𝑥
𝑙𝑚𝑎𝑥
∗   (35) 

where 𝑑𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 and 𝑑𝑐𝑒𝑛𝑡𝑒𝑟 are respectively a measure of the distance between 

full length boreholes on the perimeter and on the center of the grid, an𝑑 𝑙𝑚𝑖𝑛 is the 

minimum element size of the third grid. 

A new distribution of 𝒍 is evaluated by replacing the value of 𝑙𝑚𝑖𝑛
∗  in Equation 

(30) with the newly calculated value of 𝑙𝑚𝑖𝑛, and a new refined grid is generated, once 

again by a linear interpolation. Figure 4 presents an example of the evolution of the grid 

for the three-step optimization technique. 



 

 

 

Fig. 4. Comparison between the initial grid (top), the initial function-defined grid 

(middle) and the refined function-defined grid (bottom) 

 

In the case where 𝑙𝑚𝑖𝑛 ≥ 𝑙𝑚𝑖𝑛
∗  in Equation (35), a third optimization is not 

necessary as repeating the optimization on a coarser grid will not improve the results. In 

this case, the procedure can be stopped and the results of the second optimization 

correspond to the optimized configuration. The refinement procedure used to generate 



 

 

the third grid can be repeated more than once with updated values for 𝑙𝑚𝑖𝑛. The variable 

𝑛𝑟𝑒𝑓,𝑚𝑎𝑥 can be defined as the maximum number of refinements to be performed before 

stopping the procedure. 

Tools used in the implementation 

The finite line source solution used to calculate 𝑔-functions is evaluated using 

pygfunction with the method of similarities (Cimmino 2018; Cimmino and Cook 2022). 

The NLopt 2.7.1 module (Johnson 2021) and its implementation of the MMA is used to 

solve the optimization problem. The generation and the refinement of the grid is 

performed using pygmsh 7.1.17 (Schlömer 2022), which is a Python interface for Gmsh 

(Geuzaine and Remacle 2009). Gmsh proposes a Frontal-Delaunay algorithm as default, 

based on the work of Rebay (1993). The Python module trimesh (Dawson-Haggerty 

2022) is also used for processing the grid.  

Results 

The topology optimization method is applied to different load profiles on three different 

domains which all present similar area over perimeter ratios. The first domain is an L-

shaped domain of 6800m2 (Grid 1). The second domain is a circle with a radius of 38m 

(Grid 2) and finally the third domain is a square of 113m by 113m with an empty space 

of 20m by 40m where no boreholes can be placed (Grid 3). The effect of the 

temperature penalty is also explored. Finally, different load cases are presented as well 

as their effect on the optimized configurations. The objective of this study is to explore 

how different domain shapes and ground load profiles affect the optimal configuration 

of boreholes in a domain. 

Table 1 presents the parameters used in the simulation concerning the bore field, 

the ground and the fluid circulating in the pipes. The parameters are similar to the ones 



 

 

presented in Noël and Cimmino (2022). The major difference concerns the ground 

loads. The same annual ground loads are used, but the monthly and the hourly ground 

loads are scaled based on the annual load to produce different heat load profiles.  

Table 1. Bore Field Parameters 

Bore field parameters 

Borehole buried depth (𝐷) 4 m 

Borehole radius (𝑟𝑏) 0.075 m 

Borehole length (𝐿) 125 m 

Borehole thermal resistance (𝑅𝑏
∗) 0.2 m-K/W 

Ground properties 

Thermal diffusivity (𝛼𝑠) 1 × 10-6 m2/s 

Thermal conductivity (𝑘𝑠) 2.0 W/m-K 

Undisturbed ground temperature (𝑇𝑔) 14 °C 

Annual ground load (𝑞𝑎) 108.6 kW 

Fluid properties (propylene-glycol 20% concentration) 

Flow rate (𝑉̇𝑓) 0.05 L/s-kW of peak load 

Density (𝜌𝑓,𝑐) 1008 kg/m3 

Density (𝜌𝑓,ℎ) 1020 kg/m3 

Specific heat capacity (𝑐𝑝,𝑓,𝑐) 4014 J/kg-K 

Specific heat capacity (𝑐𝑝,𝑓,ℎ) 3941 J/kg-K 

Entering fluid temperature - heating mode (𝑇𝑓,ℎ) 0 °C 

Entering fluid temperature - cooling mode (𝑇𝑓,𝑐) 40 °C 

 



 

 

The constraints (𝑇𝑚 − 𝑇𝑔)𝑟𝑒𝑓,𝑐 and (𝑇𝑔 − 𝑇𝑚)𝑟𝑒𝑓,ℎ are evaluated based on the 

fluid properties presented in Table 1 as follows: 

 𝑇𝑜𝑢𝑡,𝑐 = 𝑇𝑓,𝑐 −
1000

𝑉̇𝑓∙𝜌𝑓,𝑐⋅𝑐𝑝,𝑓,𝑐
 (36) 

 𝑇𝑜𝑢𝑡,ℎ =
1000

𝑉̇𝑓∙𝜌𝑓,ℎ⋅𝑐𝑝,𝑓,ℎ
− 𝑇𝑓,ℎ (37) 

 𝑇𝑚,𝑐 =
𝑇𝑓,𝑐+𝑇𝑜𝑢𝑡,𝑐

2
 (38) 

 𝑇𝑚,ℎ =
𝑇𝑓,ℎ+𝑇𝑜𝑢𝑡,ℎ

2
 (39) 

where 𝑇𝑜𝑢𝑡,𝑐 is the maximum outlet fluid temperature in cooling mode and 𝑇𝑜𝑢𝑡,ℎ is the 

minimum outlet fluid temperature in heating mode. For the given input parameters, the 

values of 𝑇𝑚,𝑐 and 𝑇𝑚,ℎ are respectively 37.5°C and 2.5°C. Therefore, (𝑇𝑚 − 𝑇𝑔)𝑟𝑒𝑓,𝑐= 

23.5°C for the constraint in cooling, and (𝑇𝑔 − 𝑇𝑚)𝑟𝑒𝑓,ℎ = 11.5°C for the constraint in 

heating. Note that 𝑉̇𝑓 has units of L/s-kW of peak load. 

Table 2 presents four different parameter sets for the optimization. The first case 

serves as the base case and includes the temperature penalty. The second case uses the 

same ground loads as case 1 but the temperature penalty is assumed to be zero (i.e. only 

the approximation of the 𝑔-function is used for the optimization). For case 3, it is 

assumed that the hourly peak load is the same as the monthly load. Case 4 presents a 

balanced profile in heating and cooling. The value of 𝑞𝑎 for this case is 0kW, and values 

for the hourly and the monthly load are based on the value of the annual load as 

presented in Table 1. The optimization parameters and variables are finally presented in 

Table 3. The constraint on the minimal spacing between to boreholes of 2.5m is smaller 

than what is typically found in current applications. The reason for using a spacing as 



 

 

close as this is to find what the theoretical optimal configurations could be if we were 

able to achieve such configurations, i.e. to study how thermally optimal bore fields are 

configured before adding any feasibility constraints. The domains were refined, and the 

configurations were optimized until reaching the value of 𝑛𝑟𝑒𝑓,𝑚𝑎𝑥, no matter if 𝑙𝑚𝑖𝑛 ≥

𝑙𝑚𝑖𝑛
∗ . The number of boreholes and the total drilling length for the optimized 

configurations are presented in Tables 4 and 5. As will be discussed, some of the values 

of 𝜌𝑖 do not always converge to 0 or 1. Table 4 presents the results as rounded to the 

next integer. Table 5 shows the results of 𝐿 ∙ ∑ 𝜌𝑖
𝑛
𝑖=1  and 𝐿 ∙ 𝑛𝑏 in parenthesis. Note that 

all the results that appear on the subsequent figures were filtered to only show the 

values of 𝜌𝑖 ≥ 0.5 to help with the clarity of the image. The results that appear in the 

tables are unfiltered, which explains why there are some instances where the number of 

boreholes on the figure does not correspond to the number of boreholes in Table 4. 

Table 2. Summary of the Different Cases 

 𝑞𝑚,ℎ 𝑞ℎ,ℎ 𝑞𝑚,𝑐 𝑞ℎ,𝑐 𝑇𝑝 

Case 1 

(Base case) 

-0.5 ∙ 𝑞𝑎 -2.5 ∙ 𝑞𝑎 2.5 ∙ 𝑞𝑎 7 ∙ 𝑞𝑎 Yes 

Case 2 

(Omitting ∆𝑇𝑝) 

-0.5 ∙ 𝑞𝑎 -2.5 ∙ 𝑞𝑎 2.5 ∙ 𝑞𝑎 7 ∙ 𝑞𝑎 No 

Case 3 

(𝑞ℎ = 𝑞𝑚) 

-0.5 ∙ 𝑞𝑎 -0.5 ∙ 𝑞𝑎 2.5 ∙ 𝑞𝑎 2.5 ∙ 𝑞𝑎 Yes 

Case 4 

(𝑞𝑎 = 0kW) 

-2.5 ∙ 𝑞𝑎 -7 ∙ 𝑞𝑎 2.5 ∙ 𝑞𝑎 7 ∙ 𝑞𝑎 Yes 

 

  



 

 

Table 3. Optimization parameters 

Minimal spacing (𝐵𝑚𝑖𝑛) 2.5 m 

Maximal distance between nodes (𝑙𝑚𝑎𝑥
∗ ) 2.5 m 

Initial minimal distance between nodes (𝑙𝑚𝑖𝑛
∗ ) 1.25 m 

Fixed penalization step (Δ𝑝) 0.01 - 

Maximal penalization value (𝑝𝑚𝑎𝑥) 3 - 

Maximal number of grid refinements (𝑛𝑟𝑒𝑓,𝑚𝑎𝑥) 2 - 

Table 4. Total number of boreholes for all cases 

 Case 1 

(Base case) 

Case 2 

(Omitting ∆𝑇𝑝) 

Case 3 

(𝑞ℎ = 𝑞𝑚) 

Case 4 

(𝑞𝑎 = 0kW) 

Grid 1 (L) 149 154 71 188 

Grid 2 (Circle) 205 245 98 189 

Grid 3 (Square) 123 124 61 188 

Table 5. Total drilling length in meters for all cases 

 Case 1 

(Base case) 

Case 2 

(Omitting ∆𝑇𝑝) 

Case 3 

(𝑞ℎ = 𝑞𝑚) 

Case 4 

(𝑞𝑎 = 0kW) 

Grid 1 (L) 18 552 

(18 625) 

19 249 

(19 250) 

8 757 

(8 875) 

23 402 

(23 500) 

Grid 2 (Circle) 25 625 

(25 625) 

30 623 

(30 625) 

12 249 

(12 250) 

23 611 

(23 625) 

Grid 3 (Square) 15 265 

(15 375) 

15 467 

(15 500) 

7 595 

(7625) 

23 409 

(23 500) 

 



 

 

Case 1: Base case 

This case represents the complete method and serves as a reference for comparison 

purposes. The temperature penalty is considered to account for a more accurate 

evaluation of the average fluid temperature. The results are presented in Figure 5 for all 

three domains. On a visual standpoint, all three domains share a common characteristic: 

there is a separation between the borehole distribution on the perimeter and inside the 

domain. There is a slight difference between Grids 1 and 3, and Grid 2. Configurations 

obtained for Domains 1 and 3 present a higher density of boreholes on the outside 

border for which the spacing is close to the imposed minimum. The boreholes that are 

not on the border are then positioned in what seems a uniform arrangement with 

increased spacing compared to the perimeter. The second grid is however divided in 

three zones. The first one is close to the perimeter and a layer of closely spaced 

boreholes is present, the second zone is located toward the middle of the domain. An 

agglomeration of boreholes is present and the spacing is increased compared to the 

border of the domain. The final distinct zone is located between the perimeter and the 

middle of the domain, where no boreholes are present.   

The results obtained on the circle grid (Grid 2) did not all respect the soft 

constraint of 𝐵𝑚𝑖𝑛 = 2.5m. One pair of boreholes are at a distance of 2.49m. This 

increases the value of the 𝑔-function but the effect should be minimal when taking into 

account that it only affects one pair of boreholes out of 205 boreholes. 



 

 

 

Fig. 5. Optimal configurations for case 1 

Case 2: Omitting the temperature penalty 

For case 2, the temperature penalty is not taken into consideration. This means that only 

the UHTR boundary condition is used in the evaluation of the 𝑔-functions. This case 

serves as a measure of the inaccuracy of the approximate method for the evaluation of 

𝑔-functions. Results for case 2 are presented in Figure 6 for all three domains. The three 



 

 

optimizations that were performed present the same visual appearance as case 1. 

However, it is shown that the inclusion of the temperature penalty has a non-negligible 

effect on the number of required boreholes inside the domain. The increase in the 

required number of boreholes is more important for Grid 2, for which the number of 

boreholes is significantly higher than the other two domains. This is expected due to the 

greater number of boreholes which increases thermal interactions and accentuates errors 

due to improper boundary conditions in the evaluation of 𝑔-functions (Cimmino and 

Bernier 2014b). 

The same observation as case 1 can be made on the second grid where some of the 

boreholes do not respect the imposed minimal spacing. Five pairs of boreholes are 

closer than this value with the closest ones being 2.49m apart. The same conclusion can 

be made as to the effect of the non-respect of the constraint on the optimized 

configuration. 



 

 

 

Fig. 6. Optimal configurations for case 2 

Case 3: Equal hourly and monthly loads 

For case 3, the hourly load is decreased compared to the first two cases. As a result, 

fewer boreholes are required to satisfy the heating and cooling energy demands. Results 

for case 3 are presented in Figure 7. The configuration of Grid 1 is very similar to what 

was presented in the first two cases. There is however one characteristic of this domain 



 

 

that is more prominent. Since the shape is concave, there is a reflex angle on the upper 

part of the domain, and only one borehole is present close to this angle. Grid 2 presents 

a configuration with characteristics that are now more similar to what was obtained in 

the first two cases with Grids 1 and 3 in terms of density on the border and in the center 

of the bore field. Grid 3 respects the same principles highlighted previously concerning 

the density. However, since the number of boreholes is reduced, it is possible to observe 

that some of the boreholes on the perimeter are paired together, showing varying 

spacings on the perimeter. 



 

 

 

Fig. 7. Optimal configurations for case 3 

Case 4: Balanced loads 

The ground loads used for case 4 are perfectly balanced. The annual ground load is 

therefore equal to 0kW. The optimized configurations for case 4 are presented in 

Figure 8. The configurations obtained for this case are similar. The boreholes are 

positioned in every area of the domain and have an overall constant spacing. It is also 



 

 

worth noting that even though the domains are different, the number of boreholes is the 

same. The values of (𝑇𝑚 −  𝑇𝑔)𝑐 and (𝑇𝑔 −  𝑇𝑚)ℎ evaluated at the end of the 

optimization procedure are equal and the case is constrained in heating mode. This is 

different than the other cases where both values were different with the cooling mode 

being the more constraining of the two. 

 

Fig. 8. Results for case 4 



 

 

The optimization parameters were modified during this case for Grid 3, as the 

memory usage was too important for the available tools. The value of 𝑙𝑚𝑎𝑥
∗  was changed 

to 5m, and the value of 𝑙𝑚𝑖𝑛
∗  to 2.5m. This issue will be further discussed. 

Discussion and conclusions 

It is shown that the method is able to provide optimized bore field configurations. The 

method is an improved version of the optimization method presented by Noël & 

Cimmino (2022), with the addition of a temperature penalty to improve the accuracy of 

the thermal model, as well as a method to refine the discretized domain based on the 

distribution of the design variable on the first steps of the optimization process. 

This paper has validated some of the research made on bore field optimization, 

showing that there is a gain in placing the boreholes irregularly. In most cases, placing 

the boreholes closer on the perimeter of the bore field and coarser towards the center 

leads to savings in drilling length. 

Impact of ground load profile 

Three load profiles were studied: a cooling dominant profile, a profile where the hourly 

peak and the monthly loads are equal with less heat injection and extraction, and a 

balanced profile.  

In the case where one mode of operation is dominant, the optimized 

configurations converge to a higher density of boreholes on the perimeter than in the 

center as can be observed on cases 1 to 4. This characteristic was found in previous 

studies and is a way to limit the interactions between the boreholes. This is due to the 

overall ground temperature that will either increase or decrease depending on the 

dominant mode of operation. The results obtained on the circular domain show that 

another strategy is to regroup the boreholes located on the perimeter onto a layer of 



 

 

closely spaced boreholes and to regroup the boreholes located in the center with a larger 

spacing than on the perimeter, leaving an empty zone between these two groups. These 

results only applied to cases 1 and 2 as the results for case 3 on the circular domain are 

similar to what was found on the other domains. This tends to suggest that the amount 

of heat to extract or to inject has a greater impact than the load profile itself, as long as 

one mode of operation is dominant. An increase in the heat transfer leads to more 

boreholes, and there seems to be a threshold for which the boreholes should be 

positioned in a manner that will leave part of the domain empty. 

When the loads are smaller, and therefore the number of boreholes is reduced, a 

strategy was found on Grid 3 where the boreholes were positioned in pairs in some parts 

of the perimeter. This strategy seems to be only possible when the number of boreholes 

is small enough. It is interesting to note that this strategy was preferred compared to 

positioning more boreholes in the center or having an even spacing.  

Finally, a balanced load profile generated configurations that were somewhat 

regular (constant spacing between all the boreholes on all parts of the domains). Since 

the annual load is 0kW, the soil does not tend to either warm or cool over a long period 

of time meaning that the interactions are limited when the boreholes are regularly 

spaced. 

Impact of geometry 

Conclusions may be made on concave geometries. The spacing between boreholes on 

Grid 1 was increased close to its reflex angle as opposed to the other parts of the 

perimeter. The effect was more pronounced when the overall heat injected and extracted 

was reduced in case 3. This showed that there is a benefit to varying the spacing on 

specific parts of the domain. A similar effect may be present on Grid 3 where the hole is 

positioned, but it is definitely harder to tell since the total number of boreholes is lower 



 

 

on this grid. The effect on this grid could also be because the reflex angles are in the 

center of the domain, which, as was previously shown, usually has a lower density of 

boreholes. 

Impact of the number of segments 

The number of segments considered in the evaluation of the 𝑔-functions used to 

calculate the temperature penalty has an impact on both the computational costs and the 

precision of the results. A higher number of segments will lead to more precise results, 

but the drawback is that the size of the system of equations will greatly increase, 

especially in the case of the proposed method where a large number of points are 

generated in the grid. 

The temperature penalty was evaluated for a varying number of segments to 

quantify the precision of the chosen 5 segments compared to the recommended 8 

segments from Cimmino and Cook (2022). The optimized configuration for case 1 on 

Grid 1 is considered, and only the nodes where 𝜌𝑖 ≥ 0.01 are used. The results are 

presented in Table 6. The difference in the evaluation of the temperature penalty for 5 

and 8 segments is 0.037°C. Table 6 also shows that using more than 5 segments leads to 

less improvement in precision every time the number of segments is increased, when 

compared to the improvements of increasing the number of segments up to 5. We can 

conclude that considering more than 5 segments has a minimal impact on the evaluation 

of the constraint, and that the increase in computational costs associated with the 8 

segments is not justified for the purpose of the proposed method.  

  



 

 

Table 6. Evaluation of the temperature penalty as a function of the number of segments 

on grid 1 for the case 1 

 Cooling Heating 

Number of 

segments 

𝚫𝑻𝒑 (°C) Difference with 8 

segments (°C) 

𝚫𝑻𝒑 (°C) Difference with 8 

segments (°C) 

1 -0.044 0.548 0.036 0.547 

2 -0.051 0.541 0.043 0.540 

3 -0.403 0.189 0.394 0.189 

4 -0.407 0.185 0.398 0.185 

5 -0.556 0.037 0.546 0.037 

6 -0.576 0.016 0.567 0.016 

7 -0.588 0.004 0.579 0.004 

8 -0.592 - 0.583 - 

Limitations 

The proposed grid refinement technique is able to refine the discretization in locations 

where there are more boreholes. However, the method is still heuristic in some aspects 

and some drawbacks of using this particular technique can be identified. Parameters are 

introduced to modulate the refinement and to limit the number of refinements that are 

performed. The parameter values used in this paper are not universal and may need 

adjustments if the methodology is applied to other cases.  

The modulation based on the ratio 𝑑𝑚𝑖𝑛/𝑑𝑚𝑎𝑥 shown in equation (35) might 

refine the domain too much in cases where there is a great imbalance between 𝑑𝑚𝑖𝑛 and 

𝑑𝑚𝑎𝑥, even when the number of boreholes required is small. This can result in increased 

computation time and cost due to the generation of a grid with a large number of nodes, 



 

 

as experienced on Grid 3 in case 4 where the optimization could not be performed using 

the same mesh refinement parameters as all the other optimizations. 

The method still presents some of the limitations highlighted in Noël & 

Cimmino (2022). The configurations are too complex to be used as is by a designer. The 

optimized configurations should not be interpreted as an exact blueprint of where 

boreholes should be positioned but rather as a guide to identify what the spacing 

between boreholes should be in different areas of the domain. It is also worth reminding 

that the configurations likely converged to a local optimum, since the continuation 

approach of the SIMP method and the MMA do not guarantee the convergence to a 

global optimum. Using the continuation approach, the total number of boreholes and 

total drilling length should be close to the global optimum. The global optimal 

configuration of boreholes would differ as to the exact positions of the boreholes within 

the bore field. However, the thermal response of the bore field is not dependent on the 

exact positions of the boreholes but rather on the relative positions of the boreholes to 

one another (i.e. the density of boreholes in different areas of the domain). With this in 

mind, many configurations of boreholes will lead to similar thermal responses and 

therefore, total number of boreholes. 

There are still occurrences of intermediate design variable values even though 

the SIMP method is applied to the optimization problem. There are instances where 

some of the nodes have converged to values of 𝜌𝑖 ≤ 0.1 but that are still greater than 0. 

These values can add up and increase the value of the sum of the design variable. In 

some other cases, an intermediate value of 𝜌𝑖 closer to 1 can appear, meaning that the 

optimization has converged to an intermediate value of the design variable. A filtering 

followed by a re-evaluation of 𝑇𝑚 might be necessary to eliminate these partial values 

while still ensuring that the constraints are respected. 



 

 

The computational time of the method is mostly dependent on the number of 

nodes in the discretization of the domain. For the presented cases, the computational 

time for one refinement ranged from around 3 to 33.5 hours on grids ranging from 1333 

to 3436 nodes. Note that the implementation of the method has not been optimized for 

computational performance at this stage. 

Contributions 

The presented method improves on preceding work on topology optimization of 

geothermal bore fields by Beck et al. (2013), Bayer, de Paly and Beck (2014), and 

Egidi, Giacomini and Maponi (2023) by directly minimizing the total number of 

boreholes and including simultaneous constraints on the minimum and maximum fluid 

temperatures in heating and cooling modes, respectively. The method is adapted from 

the well-established three-pulse ASHRAE sizing method and utilizes 𝑔-functions to 

accurately account for thermal interactions between boreholes and axial effects within 

the bore field. The method handles large bore fields with more than a hundred boreholes 

and thousands of possible borehole positions. 

Load profiles and geometries were shown to play a role in the determination of 

the configurations. The strategies uncovered using the proposed topology optimization 

method were to position boreholes closer on the perimeter as opposed to the center in 

case of an imbalanced load profile, to limit the number of boreholes located near reflex 

angles, and to group boreholes in pairs on the perimeter when it is possible to do so. 

This shows that studying a wide range of load profiles and geometries can lead to 

various design strategies. 

This work also presented an analytical solution to evaluate 𝑔-functions based on 

an equal average fluid temperature for all boreholes. This method for calculating 



 

 

𝑔-functions was used to improve the precision of the fluid temperature evaluation in the 

constraint functions of the optimization problem and adapted to include the design 

variable of the optimization problem. It showed that the inclusion of the newly added 

temperature penalty based on this analytical solution can leads to a lower evaluation of 

the total drilling length. 

Future work 

Future work will focus on the economic optimization of bore field configurations. The 

quantification of a feasibility indicator for bore field configuration, which could be used 

to drive the optimization process toward simpler design, will also be explored. 

Nomenclature 

𝒃 = Array of soft constraint on the minimal spacing between two nodes 

𝑏𝑖𝑗 = Soft constraint on the minimal spacing between two nodes 

𝐵𝑚𝑖𝑛 = Constraint on the minimal spacing between two boreholes 

𝑐𝑝,𝑓 = Fluid specific heat capacity 

𝐷 = Borehole buried depth 

𝒅 = Array of radial distance between two nodes 

𝑑𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 = Measure of the distance between the boreholes on the perimeter 

of the domain 

𝑑𝑐𝑒𝑛𝑡𝑒𝑟 = Measure of the distance between the boreholes in the center of the 

domain 

𝑑𝑖𝑗 = Radial distance between two nodes 

𝑑𝑚𝑖𝑛 = Minimum value between 𝑑𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 and 𝑑𝑐𝑒𝑛𝑡𝑒𝑟 

𝑑𝑚𝑎𝑥 = Maximum value between 𝑑𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 and 𝑑𝑐𝑒𝑛𝑡𝑒𝑟 



 

 

EIFT = Equal Inlet Fluid Temperature 

FLS = Finite Line Source 

𝑓0 = Objective function 

𝑓1 = Optimization constraint in cooling 

𝑓2 = Optimization constraint in heating 

Δ𝑔 = 𝑔-function variation 

𝑔0 = 𝑔-function approximation using uniform heat transfer rate condition 

𝑔1 = Reference 𝑔-function 

𝒉 = Array of thermal response factors between two nodes 

ℎ𝑖𝑗 = Thermal response factor between two nodes 

𝑖𝑒𝑟𝑓 = Error function integral 

𝑱 = Vector of ones 

𝑘𝑠 = Ground thermal conductivity 

𝐿 = Borehole length 

𝒍 = Element size distribution on the grid 

𝑙𝑚𝑖𝑛
∗  = Nominal minimum element size in the grid 

𝑙𝑚𝑖𝑛 = Calculated minimum element size in the grid 

𝑙𝑚𝑎𝑥
∗  = Nominal maximum element size in the grid 

𝐿𝑡𝑜𝑡 = Total drilling length 

MMA = Method of Moving Asymptotes 

𝑛 = Design variable size 

𝑛𝑏 = Number of boreholes 

𝑛𝑟𝑒𝑓,𝑚𝑎𝑥 = Maximum number of refinements 

𝑛𝑠 = Number of borehole segments considered in the 𝑔-function evaluation 

𝑝 = Penalization 



 

 

Δ𝑝 = Penalization step 

𝑞 = Heat transfer rate 

𝑞̅ = Average heat extraction rate per unit borehole length 

𝑞̃ = Normalized heat extraction rate per unit borehole length 

𝑞𝑎 = Annual ground load 

𝑞ℎ = Hourly ground load 

𝑞𝑚 = Monthly ground load 

𝑟𝑏 = Borehole radius 

𝑅𝑏
∗  = Effective borehole thermal resistance 

Δ𝑅𝑔𝑖 = Ground thermal resistance variation 

𝑅𝑔𝑎 = Annual ground thermal resistance 

𝑅𝑔ℎ = Hourly ground thermal resistance 

𝑅𝑔𝑚 = Monthly ground thermal resistance 

SIMP = Solid Isotropic Material with Penalization 

𝑡 = 𝑔-function time step 

𝑇𝑏 = Borehole wall temperature 

𝑇𝑐,𝑓 = Entering fluid temperature in cooling mode 

𝑇𝑓 = Uniform fluid temperature 

𝑇ℎ,𝑓 = Entering fluid temperature in heating mode 

𝑇𝑚 = Average fluid temperature circulating in the boreholes 

𝑇𝑔 = Undisturbed ground temperature 

Δ𝑇𝑝 = Temperature penalty 

UBWT = Uniform Borehole Wall Temperature 

UHTR = Uniform Heat Transfer Rate 



 

 

𝑉̇𝑓 = Fluid flow rate in the boreholes 

𝒙𝒓𝒆𝒇 = 𝑥 coordinates of the nodes on the initial grid 

𝒚𝒓𝒆𝒇 = 𝑦 coordinates of the nodes on the initial grid 

Greek symbols 

𝛼𝑠 = Ground thermal diffusivity 

Θ𝑏 = Dimensionless borehole wall temperature 

Θ𝑓 = Dimensionless fluid temperature 

𝝆 = Design variable 

𝜌𝑐𝑒𝑛𝑡𝑒𝑟 = Design variable for the nodes located in the center of the grid 

𝜌𝑓 = Fluid density 

𝜌𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 = Design variable for the nodes located on the perimeter of the grid 

𝝆𝒓𝒆𝒇 = Optimized design variable distribution on uniform grid without 

penalization 

𝝆̂ = Normalized distribution of 𝝆𝒓𝒆𝒇 
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