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RESUME

Les technologies micro uidiques, manipulant des microlitres de uide dans des systemes
millimétriques, peuvent faciliter les expériences en chimie et dans les sciences de la vie. Ces
systemes permettent une grande parallélisation, une réduction du temps des expériences, une
consommation de réactifs minime et une réduction des colts. A I'échelle micro uidique, les
phénomeénes de transport ont un comportement qualitatif trés di érent du comportement
macroscopique, ce qui nécéssite des modeles théoriques spécialisés.

Les systemes micro uidiques consistant en des réseaux de microcanaux sont trés bien compris.
Des modeles complets pour I'écoulement et la di usion dans les microcanaux sont disponibles,
et une fois que le comportement d'un canal individuel est analysé, ces éléments peuvent étre
arrangés en réseaux complexes. Ces réseaux sont ensuite étudiés en utilisant la théorie
des circuits linéaires, a la maniere des circuits électriques. Ces outils de modélisations,
combinés avec les avancées dans les technologies de fabrication, ont permis le développement
de systemes incroyablement sophistiqués, poussant le paradigme a sa limite.

Cependant, depuis la deuxieme moitié des années 2000, de nouvelles technologies micro u-
idiques apparaissent, suivant un nouveau paradigme de micro uidique 2D. Dans ces systemes,
I'écoulement évolue dans un espace 2D, la di usion et la convection ne sont plus découplées,
et la logique séquentielle des circuits est remplacée par une logique de champs ou chaque élé-
ment interagit avec tous les autres en méme temps. Ces technologies requiérent de nouveaux
outils théoriques permettant de guider leur design et leur opération.

Cette thése présente un cadre théorique complet pour analyser I'écoulement et la di usion
dans ces systemes micro uidiques 2D. Les modéles présentés sont inspirés de résultats clas-
siques d'autres domaines de la mécanique des uide, qui sont ici assemblés dans une méthode
uni ée accessible aux scienti ques et ingénieurs travaillant en micro uidique. Ces modéles
ont d'abord été développés pour analyser les sondes micro uidiques, mais ont ensuite été
généralisés a un éventail de technologies micro uidiques 2D.

Nous présentons d'abord une revue de résultats classiques de la théorie du transport, avec un
accent sur les outils reliés aux potentiels complexes et aux transformations conformes. Nous
montrons ensuite comment ces résultats peuvent étre appliqués pour obtenir des pro Is de
vitesse et de concentration complets dans les sondes micro uidiques. Les mémes résultats sont
ensuite étendus a la plus grande famille des dispositifs micro uidiques 2D. Nous terminons
avec deux exemples de technologies dont l'invention a été guidée par les outils présentés, puis
une discussion des avenues futures.
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ABSTRACT

Micro uidic technologies, technologies manipulating microliters of uid on millimiter chips,
hold the promise of automating routine experiments in chemistry and life sciences by dras-
tically increasing throughput and reducing costs. At this scale, uid mechanical phenomena
behave in a qualitatively di erent manner than what our macroscale intuition predicts, which
calls for specialized models to help in understanding, analyzing, and designing e cient new
technologies.

Micro uidic systems conceived as networks of microchannels have been thoroughly studied.
Complete models for ow and di usion in microchannels are readily available, and once the
behavior of a single strip of channel is understood, elements can be arranged in complex
networks and analyzed using the theory of linear circuits, analogous to how electric circuits
are modeled. These modeling tools, combined with advances in soft lithography, have enabled
engineers to develop state-of-the-art technologies that push the network paradigm to its limit.

However, since the second half of the 2000s, a growing number of new micro uidic systems
have emerged that break away from this networks of microchannels paradigm. More and
more systems are being developed following a new paradigm of ow- eld, or 2D micro uidics.
In these new systems, ow is free to evolve in 2D space, di usion and convection are no longer
fully decoupled, and the sequential logic of linear circuits is replaced by a eld logic where
every element interacts with every other at once. These new eld-based technologies demand
the production of new theoretical tools that can be used to guide their design and operation.

In this dissertation, we present a complete theoretical framework for analyzing ow and
di usion in such 2D micro uidic systems. The models we present are inspired by classic
results in other elds of uid mechanics, and are collected into a uni ed toolbox accessible
to scientists and engineers working in micro uidics. The models were rst developed to
analyze micro uidic probes, but were then extended to apply to a wide range of micro uidic
technologies.

We begin with a review of classical results in transport theory and uid mechanics, in partic-
ular tools related to complex potential and conformal transforms. We then show how these
results can be applied to obtain complete ow and concentration maps in micro uidic probes
and adjacent systems. We then generalize the results to obtain a framework applicable to
the entire range of eld-based micro uidics. We nish with two examples of new technologies
that were invented using this theoretical framework, as well as discussion on where to take
the work next.



viii

TABLE OF CONTENTS

DEDICATION . . . . e iii
ACKNOWLEDGEMENTS . . . . . . e e e e s e e iV
RESUME . . . . o e Vi
ABSTRACT . . . e e e Vii
TABLE OF CONTENTS . . . . . . . . e e e e e e e viii
LIST OF FIGURES . . . . . . . e s s e e e e e Xiii
CHAPTER 1 INTRODUCTION . . . . . . . e e e 1
1.1 Microuidic SYStemMS . . . . . . . . e 1
1.2 Denitionoftheproblem. .. .. ... ... ... . ... ... .. . ... 2
1.3 Research objectives . . . . . . . . . .. . ... 3
1.4 Contribution. . . . . . . . . e 4
1.5 Structure of the dissertation . . . . . ... ... .. ... ... ........ 4
CHAPTER 2 LITERATUREREVIEW. . . . .. . ... . ... ... . ....... 6
2.1 Flow . . o e 6
2.1.1 Microchannels . . . . . . . . . . . .. 7
2.1.2 The Hele-Shawecell . . .. ... .. ... .. .. .. .. ........ 8
2.1.3 Darcy OW . . . . . o o ot e e e e 10
2.1.4 Complex potential . . . ... ... .. .. .. ... ... .. 10
2.1.5 Flowsingularities . . . . . . . . . . ... 11
2.1.6 Conformalmapping. . . . . . . . . . 13
2.2 DIUSION . . . . e e 14
2.2.1 Brownian motion and Fickian diusion . . . . .. ... ... ..... 15
2.2.2 Diusionin disordered media . . ... .. ... ... .. ....... 17
2.2.3 Convection-Diusion . . . . .. .. .. ... ... 17
2.2.4 Taylordispersion . . . . . .. ... 19
2.2.5 Conformal mapping for convection-di usion problems . . . . . .. .. 19
2.2.6 Diusion from surfaces and boundaries . . . . .. .. ... ...... 21

2.2.7 Reaction-Diusion . . . . . . . . . . 21



2.3 Similar work in the context of microuidics . . . . . . .. ... ... ... .. 22
2.3.1 Hele-Shaw cells and potential ow . . . . . . ... ... ........ 23
2.3.2 Studiesofdiusion . .. ... ... ... ... 23
2.3.3 Conformal transforms . . . . . . . . . ... 23

CHAPTER 3 MICROFLUIDIC MULTIPOLES . ... .. ... ... ........ 25

3.1 Outline. . . . . . 25

3.2 Contribution. . . . . . .. 25

3.3 Microuidic Probes . . . . . . . . ... 25

3.4 Microuidic Quadrupoles . . . . . . .. 27

3.5 Other scanning-probe systems and Open-Space Micro uidics . . . . .. .. 28

3.6 Preexisting theoretical work . . . . . .. ... .. .. ... .. ... ... 28

3.7 Preexisting numerical work . . . . . ... L 29

3.8 Microuidic Multipoles . . . . . . . .. 30
3.8.1 Flow inthe Hele-Shawcell . . . ... .. ... ... .......... 31
3.8.2 Convection-diusion equation . . . ... ... .. ... ... ... .. 32

3.9 Solution for the microuidicprobe . . . . . . . .. ... o oL 33

3.10 Using simple transforms on the probe solution . . . . ... ... ....... 35

3.11 System fabrication and operation . . . . . . ... ... ... .. 36

3.12 Validation of the theoretical model . . . . . . ... ... .. ... ...... 38

3.13 Rectangular Arrays of Apertures . . . . . . .. ... o o 38

3.14 Flower-type Arrays . . . . . o . o i i e e e e e e 39

3.15 Immunoassay Application . . . . . ... ... 40

CHAPTER 4 ARTICLE 1 - TWO-DIMENSIONAL CONVECTION-DIFFUSION
IN MULTIPOLAR FLOWS WITH APPLICATIONS IN MICROFLUIDICS AND

GROUNDWATER FLOW . . . . . . e e e e e e e 43
4.1 Outline. . . . . . 43
4.2 Contribution. . . . . . . .. 43
4.3 Introduction . . . . . . . . 43
44 Theory . . . . . o e e e 45
441 Hele-Shaw ow . . . . . . . . 45
4.5 Multipolar OWS . . . . . . . 47
45.1 Finite-sizedipoles . . . . . . . . ... e 47
4.5.2 The problem in streamline coordinates . . . ... ... ........ 48
4.5.3 Position of the stagnation point . . . . . . ... ... ... ...... 50

4.5.4 Approximation for large Peclet . . .. .. ... .. ... ... ..., 51



455 Second approximation for large Peclet . . . . .. ... ... ..... 52
4.5.6 Error for each approximation . . . .. ... .. ... ... ...... 53
4.5.7 Approximation for very low Peclet . . . .. .. ... .. ... ..., 54
4.6 Transforming the dipole solution. . . . . . .. ... .. ... ......... 54
4.7 The impinging ows solution . . . . . . . .. .. .. ... .. .. .. .. ... 56
4.8 Other starting geometries . . . . . . . . . . e 58
4.8.1 Single source instraight ow . . . . ... .. ... ... ........ 58
4.9 Application to closed channel geometries . . . .. .. ... ... ....... 59
4.10 Mapping to closed polygons: di usion in chambers and pixelated displays . . 62
4.11 Concludingremarks . . . . . . . . .. 63
CHAPTER 5 ARTICLE 2 - THE 2D MICROFLUIDICS COOKBOOK - MODEL-
ING CONVECTION AND DIFFUSION IN PLANE FLOW DEVICES . . . . .. 65
51 Outline. . . . . . e 65
5.2 Contribution. . . . . . . .. 65
5.3 Introduction . . . . . . ... 65
5.4 Field-Based Microuidics . . . . . . . . . . . . 68
541 ChannelJunctions . .. .. .. ... ... .. ... 68
5.4.2 Large Chambers. . . . . . . . . . . . . 70
5.4.3 Multipolar Systems . . . . . . ... 70
5.4.4 Periodic Structures . . . . . ... 71
545 Interfaces . . . . . . . . 71
5.4.6 Models for Porous Flow . . .. .. .. ... ... .. ......... 72
5.5 The Hele-Shaw Cell: A Basic Unit for 2D Flow . . ... .. ... ... ... 72
5.6 Flow inthe Hele-Shaw Cell . . . . . . . ... ... ... ... ... ...... 73
5.6.1 Potential ow can be used for micro uidic systems . . ... ... .. 73
5.6.2 Flow can be modelled as a superposition of point sources . . . . . .. 74
5.6.3 Shear stress is proportional tothe 2D ow eld . .. ... ... ... 75
5.6.4 Conformal transforms turn simple results into complex ones . . . . . 75
5.7 Diusionin Hele-Shaw Cell . . . . .. .. ... .. ... ... ........ 78
5.7.1 Using conformal transforms to complexify results . . . . . . ... .. 80
5.7.2 Using conformal transforms to simplify and solve convection-di usion
problems . . . . . . 80
5.8 Worked-out example: Di usion from a cylindrical obstacle of xed concentration 83
5.9 Useof numericaltools . .. ... ... ... .. . .. . ... ... ... ... 85

5.10 Interfacial @ eCts . . . . . . . . . e 86



Xi

5.11 Beyond 2D, e ects in the third dimension . . . . . .. .. ... ... .... 87
5.11.1 Turning region under apertures . . . . . . . . . . . . . o0 87
5.11.2 Buttery e ect at the di usion boundary layer . . . . ... ... ... 88
5.11.3 Surfacereactions . . . . . . . . . . . ... 88
5.11.4 Interaction with porous media . . . . . . . .. .. .. ... ...... 88

5.12 Conclusions . . . . . .. e e 89

CHAPTER 6 TECHNOLOGICAL APPLICATION - MICROFLUIDIC SURFACE

SHIELDS . . . . . e e 91
6.1 Outline. . . . . . . . e 91
6.2 Contribution. . . . . . .. 91
6.3 Initial Justication . . . . .. ... ... 91
6.4 Rankine Body . . . . . . . . . . 93
6.5 System fabrication and operation . . . . ... ... ... ... ... .. ... 94
6.6 Applications in surface chemistry . . . . .. .. ... ... ... ... ... 94
6.7 Analogy with Groundwater Heat Pumps . . . . . . ... ... ... ..... 95
6.8 Diusion in the Micro uidic Surface Shield . . . . . ... ... ... ..... 96
6.9 Analogy with H-Filters . . . . . . . . . . .. .. .. . 98
6.10 Reabsorbtion for nite-sized patches . . . . . .. .. ... ... ... .. .. 100
6.11 Transient aspects of the system . . .. .. ... .. ... ... ........ 101
6.12 DISCUSSION . . . . . . . o e e 102

CHAPTER 7 TECHNOLOGICAL APPLICATION - PIXELATED CHEMICAL DIS-

PLAYS . . e 105
7.1 Outline. . . . . . e 105
7.2 Contribution. . . . . . .. e 105
7.3 Original Motivation . . . . . . . . . . . .. 106
7.3.1 Multipole and Recon gurable Microuidics . . . . . ... ... .. .. 106
7.3.2 Polygonal Probes . . . . . . ... 107
7.4 System OVEIVIEW . . . . . . . . o e 107
7.5 Fabrication and Operation . . . . . . . . . . . . . .. . 108
7.6 Reagent Switching . . . . . . . . . . ... ... 109
7.7 Analytic Solution for Di usion in Pixelated Chemical Displays . . . . . . .. 110
7.8 Solution for Triangular and Hexagonal Pixels. . . . . . .. ... ... .. .. 110
7.9 Useof Manifolds . . .. ... ... . . .. . . 111
7.10 Stability Analysis . . . . . . . . 113

7.11 Hydrodynamic Flow Connement . . . . . . . . .. ... ... ... ..... 114



Xii

7.12 Transition to Pressure Pumps . . . . . . . . . . . . o 115
7.13 Applications . . . . . . .. e 116
7.14 Analogy with other existing systems . . . . . . ... . ... ... ...... 117
7.14.1 Blood ow in the choriocapillaris . . . . .. ... .. ... ...... 118
7.14.2 Oil recovery with the ve-spot conguration . . .. ... ....... 119
7.15 Limitations . . . . . . .. 119
CHAPTER 8 GENERAL DISCUSSION . . . . . .. .. .. .. .. .. 121
8.1 Relevance of analytical models . . . . . .. ... ... ... ... . .... 121
8.1.1 Why do analytical modeling? . . ... ... ... ... ........ 121
8.1.2 What counts as analytical solutions? . .. ... ........... 122
8.1.3 How is this applied in the present work? . . .. ... ... ...... 123
8.1.4 The true advantages of theoretical modeling . . . . . ... ... ... 124
8.2 Extension to problems involving other phenomena . . . . . . .. ... .. .. 126
8.2.1 Interactionwithsurfaces . . . . . ... ... .. .. ... .. ..... 127
8.2.2 Multiphase ow . . . . . . .. 128
8.2.3 Uneven channel cross-section. . . . . . . ... ... ... ....... 128
8.2.4 Transient problems . . . . . .. . ... L 129
8.3 The future of multipolar microuidics . . . . . . .. ... .. ... ... ... 130
8.3.1 Therace for more apertures . . . . . . .. ... ... ... 130
8.3.2 Barrierofentry . ... ... ... .. 131
8.3.3 Reagentconsumption . . . . .. .. ... ... .. 132
8.3.4 Problemofdiusion . ............. .. .. .. .. ..., 133
8.3.5 Search for applications . . . . ... ... ... .. .. 133
8.4 Where does thiswork gonext? . .. .. .. ... .. ... .. ........ 135
8.4.1 Multipolar technologies . . . . . . . ... . ... . ... ... 135
8.4.2 Transport phenomena in 2 dimensions . . . . . ... ... ... ... 135
CHAPTER 9 CONCLUSION . . . . . . . . . . e e 137
9.1 Summaryofwork . . . . . ... 137
9.2 Impact . . . . . e e e 137
9.3 Limitations . . . . . . . . 138
9.4 Future Research . . . . . . . . . . . . . e 138

REFERENCES . . . . . . . 139



Figure 1.1
Figure 2.1
Figure 2.2
Figure 2.3

Figure 2.4
Figure 2.5
Figure 2.6
Figure 2.7
Figure 2.8

Figure 2.9

Figure 3.1
Figure 3.2
Figure 3.3
Figure 3.4

Figure 3.5
Figure 3.6
Figure 3.7
Figure 3.8
Figure 3.9

Figure 3.10
Figure 3.11

Figure 4.1
Figure 4.2
Figure 4.3
Figure 4.4

Xiii

LIST OF FIGURES

Comparison of the channel-based and 2D micro uidics paradigms . . 2
Flow in the Hele-Shaw cell . . . .. . ... ... ... ... ...... 8
Unstable interface in the Hele-Shaw cell . . ... ... ... ..... 9
Examples of application of complex ow theory to problems at di erent

scales. . . . 11
Groundwater systems built as superposition of ow singularities . . . 12
Conformal maps of the upper half-plane to di erent polygonal domains 14
Experimental images of brownian motion from Jean Perrin . . . . . . 15
Smearing of concentration in a parabolic ow . . . ... ... . ... 19

Solutions to convection-di usion problems obtained using conformal

Reaction-di usion patterns used to model the pigmentation of the skin

ofazebrash . . ... ... . ... 22
Concentration footprint and stained surface for a micro uidic dipole . 26
Experimental image of colored beads in a micro uidic quadrupole . . 27
Typical simulation domain for a micro uidic probe . . .. ... ... 29

Schematic representation of the streamline coordinate domain for the

microuidic probe . . . . . . .. L L 34
Solution for concentration in the micro uidic probe . . . . . . .. .. 35
Concentration pro les obtained using conformalmaps . . . . . . . .. 36
Experimental setup for micro uidic multipoles . . . . . . ... .. .. 38
Comparison of theoretical and experimental concentration proles . . 39
Side-by-side comparison of concentration pro les for di erent multipo-

lar geometries . . . . . . . 40
Demonstration of recon gurability in a rectangular aperture array . . 41
Immunoassay experiment performed using recon gurable multipolar
SYStEM . . . L e e e 42
Streamlines and concentration pro le for a nite sized dipole . . . . . 49
Map of the important features of the nite dipole domain. . . . . . . 50
Streamline coordinate solutions for the nite dipole at higlPen . . . 52

Error for di erent values of Pe for the self-similar solution and series
solution



Figure 4.5

Figure 4.6
Figure 4.7

Figure 4.8

Figure 4.9
Figure 4.10

Figure 5.1
Figure 5.2
Figure 5.3
Figure 5.4
Figure 5.5
Figure 6.1
Figure 6.2
Figure 6.3
Figure 6.4

Figure 6.5
Figure 6.6
Figure 6.7
Figure 7.1
Figure 7.2
Figure 7.3
Figure 7.4

Figure 7.5
Figure 7.6

Figure 7.7
Figure 7.8
Figure 7.9
Figure 7.10
Figure 7.11

Xiv

Concentration pro les obtained using combinations of translations and

power tranforms. . . . . . . . ... 57
Solutions for impinging ows at Pe= 10 for various values of . .. 57
Concentration pro les for multipolar geometries not obtainable from

the simple dipole solution. . . . . . ... .. .. ... ......... 58
Concentration for a thermal plume in a straight ow, and a single
injection in a purely extensional ow . . .. ... ... ........ 60
General outline of the closed channel model . . .. ... ....... 61
Concentration pro le for a translationally symmetrical array of injec-

tion and aspiration apertures, generating concentration "pixels" . .. 63
Micro uidic technologies operating with 2D ow elds . ... .. .. 69
Various micro uidic systems modelled as sums of point sources. . .. 76
Application of simple conformal maps to various initial images . . . . 79
Analytical concentration pro les for various 2D micro uidic systems . 81
Worked-out solution to the problem of di usion around a circular bead 84
lllustration of the micro uidic surface shield . . . . .. ... ... .. 94
Flow in a planar aquifer with a pairofwells . . . .. .. .. ... .. 95
Features of the ow for the diusion problem. . . . . ... ... ... 97
Experimental veri cation of dimensionless ux from the micro uidic
surface shield . . . . . . .. . ... L 98
Analogy between micro uidic surface shield and H-Filter . . . . . . . 99
Micro uidic shielding of a nite-sized reactive patch . . . . . . .. .. 101
Generation of a chemical pulse with the micro uidic surface shield . . 102
Precursors to the pixelated chemical display . . . ... ... ... .. 106
Families of radially symmetrical multipoles . . . . .. ... ... ... 108
Pixelated chemical display system . . . . . . ... ... ... ..... 109
Di erent domains involved in the solution of the convection-di usion
problem for the pixelated chemical display . . . . .. ... ... ... 111
Schematic illustration of the 4-vertices Schwarz-Christoel map . . . 111
Comparison between analytic and experimental concentration pro le

in the di usion boundary layer for the pixelated chemical display . . 112
Experimental setup for the pixelated chemical display . . . . . . . .. 112

E ect of perturbation on ow rates in a Pixelated Chemical Display . 113
Clogging of an injection aperture on a hexagonal PCD
E ect of net in ow on arrays of micro uidic pixels . . . . . ... ... 115
Pixelated chemical display operating in di erent regimes



Figure 7.12
Figure 7.13
Figure 7.14
Figure 8.1
Figure 8.2
Figure 8.3
Figure 8.4
Figure 8.5
Figure 8.6
Figure 8.7

XV

Multiplexed staining of spheroids using pixelated chemical displays . 117
Blood ow in the choriocapillaris . . . . .. ... ... ........ 118
Oil recovery in the ve-spot conguration . ... ........... 119
Flow eld around obstacles ina 2D aquifer . . . . . . ... ... ... 123
2D solutions to transport problems along the vertical direction . . . . 127
Flow eld in an aquifer with inhomogeneous ow conductivity . . . . 129
2D chaotic micromixer . . . . . . . . ... 130
Cross-section of a channel with a reactive surface at the bottom . . . 133
Failed tissue staining experiment . . . . . ... ... ... ...... 134
Growth processes with analogies to the currentwork. . . . . . .. .. 136



CHAPTER 1 INTRODUCTION

1.1 Micro uidic systems

Micro uidic systems appeared in the tail end of the 1970s, when technological leaps in mi-
crofabrication, driven by the eld of microelectronics, gave engineers tools to precisely man-
ufacture silicon devices. Interest grew on how to use these microfabrication techniques not
just to create electronic circuits, but also to miniaturize mechanical systems [1]. As an o -
shoot of this newly growing eld of MEMS (Micro-Electromechanical Systems), engineers
began working on miniaturizing uid manipulation technologies, giving birth to the rst mi-

cro uidic systems. The design paradigm for these early systems was quite straightforward:
micrometer-sized networks of channels would be etched on silicon, and used to manipulate
nanoliter-scale volumes of uid. Miniaturization of such uidic experiments promises lower
reagent consumption, lower costs of operations, as well as much higher throughput for a
number of routine experiments in domains such as analytical chemistry and life sciences [2].

Side by side with this new technology came a need for solid analytical tools that could
help scientists design and operate these systems. At the milimeter to micrometer scale that
micro uidic systems operate in, uids behave in a manner that is qualitatively very di er-

ent to the one we are used to in our macroscopic world. Namely, inertial e ects are often
negligible, and mixing is limited by di usion rates, which are often extremely slow. For-
tunately, these e ects of scale could be exploited to develop a complete description of ow
and transport in micro uidic systems. At low Reynolds number, ow pro les for channels

of almost any conceivable cross-sections were developed and applied, following existing work
on Poiseuille ow [3]. Diusion, approximately decoupled from convection, could be studied
using quasi-1D models, allowing for a complete description of mixing in microchannels [4].
Finally, once transport in a single channel element was completely understood, these channel
elements could be assembled in complex networks using a theory analogous to the theory
of linear electric circuits [5]. This paradigm, pushed to its logical limit, enabled the design
of extremely elaborate micro uidic systems. For example, complex, temporally varying mi-
croenvironments were generated for bacteria populations [6], and in the limit, highly parallel
arrays of valves enabled the fabrication of micro uidic analogs to random access memory
(RAM) [7].

However, from the early 2000s, a growing number of technologies start appearing which
fall outside of the simple networks of microchannels paradigm. Probe-type systems are
used to precisely mark biological surfaces [8], large chambers are used to create adjustable



spatial concentration gradients [9], complex arrangements of droplets parallelize chemical
reactions [10], complex matrices of obstacles are used to trap cells in chambers [11], just to
name a few. In these new systems, many of the hypothesis on which the theory of channel-
based micro uidics was built are no longer respected. Flow is no longer unidirectional but
rather free to evolve in any direction in the 2D plane. Likewise, di usion can no longer be
analyzed in a quasi-1D manner as had been done before, but rather forms complex footprints
in the plane, whose shape and behavior is intrinsically linked with the ow pro le. Most of
these early sytems are designed using scaling arguments [12], simple point-source models [13],
or bulky nite element simulations [14]. These approaches all o er a quantitative description

of the transport phenomena in play, but the description they o er is incomplete and often
limited in its range of applicability. There is thus a real need for a complete theoretical
framework, analogous to the one used in linear networks of microchannels, that could be
used to analyze these new ow- eld based micro uidic systems.

1.2 De nition of the problem

The problem we are tackling is this: We want to conceive exible models for transport
in 2D micro uidic systems. These models should be general and applicable to a range of
di erent technologies, and enable us to precisely predict ow pattern and di usion pro les

in these systems. A schematic gure illustrating the di erence between channel based and
2D micro uidics is shown in gure 1.1

Figure 1.1 Comparison of the channel-based and 2D micro uidics paradigms. a) The mi-
crochannel, base unit of the channel network paradigm, in which ow is unidirectional and
decoupled from di usion, b) Point source in a 2D micro uidic system, where ow is free to
evolve in all directions and is closely coupled to the di usion pattern

Fortunately for us, most of the theoretical machinery for analyzing ow and di usion in low
Reynolds, two dimensional ow elds already exists, but is scattered across di erent areas



of uid mechanics and applied mathematics. The objective is thus to gather this knowledge
and form a cohesive toolbox that is immediately applicable to micro uidics.

Once the models are conceived, they should then be used to guide the design of real-life
micro uidic technologies. Just like the channel paradigm could, when pushed to its logical
limit, yield such impressive systems as micro uidic RAM, new theoretical tools for 2D systems
can open up the door to previously unthinkable technologies.

As a secondary point (which we tackle in chapter 5), the models should be accessible and
usable to engineers and scientists working on micro uidic technologies. They should be as
easy to use as possible. In this way, they can be of use not just to uid mechanics experts, but
also to graduate students with a typical engineering mathematical background. The project
thus involves not only thorough bibliographic research and application of mathematical tools
to engineering, but also has an important communication and outreach aspect to it. After
all, scienti c research only nds its purpose if other people use it.

1.3 Research objectives

The main objective of this work is todevelop a complete theoretical framework for
understanding transport in 2D micro uidic systems . This objective can be broken
down into a number of sub-objectives.

1. Formulate an analytical model describing convection and di usion in 2D mi-
cro uidic systems
This objective involves gathering mathematical tools from various areas of uid mechan-
ics and assembling them in a coherent analytical model for 2D micro uidic systems.
This model should provide a complete description of ow and concentration pro le
within micro uidic systems, and be exible enough to be applied to a large range of
devices.

2. Verify the predictions of the model against experimental results
The predictions made by the theoretical models should be thoroughly compared with
experimental results in order to validate their applicability and their exactness.

3. Use the newly developed theory to guide the design of new micro uidic tech-
nologies
Using the theoretical toolbox thus developed, we should be able to imagine, design and
analyze new technologies that couldn't have existed before. This guiding of the design
of new technologies is, in a sense, the test of a model's strength.



4. Make the theory accessible to a wider audience of engineers working in mi-
cro uidics
Beyond using the framework thus developed in the lab, there should be a directed ef-
fort towards disseminating the tools | worked on in this dissertation and making them
accessible to a wider audience of scientists and engineers in micro uidics.

Objective 1 is tackled in chapters 3 and 4. Objective 2 was done throughout the work that is
presented in chapters 3, 6, and 7. Objective 3 is tackled in Chapters 6 and 7, where | present
new micro uidic technologies that were fabricated and operated using the theoretical models
that | developped in this work. Finally, objective 4 has been accomplished through scienti c
presentations and workshops given throughout my PhD, a exhaustive list of which is given
in the list of contribution, and is distilled in a tutorial review we published in Lab on a Chip

in 2023, the body of which is presented in chapter 5.

1.4 Contribution

| have strived, throughout this work, to always properly attribute work that wasn't mine.
Science is after all a collaborative e ort, and no project exists in a vacuum. The initial outline
of the project, as well as some preliminary theoretical results, were done by Thomas Gervais.
Experimental work that enabled my theory to be materialized in the real world was done by
talented experimentalists in the group, most notably Pierre-Alexandre Goyette and Oscar
Boyadjian. The bulk of my contribution to this project was in assembling and applying the
theoretical tools that | will present in the next sections, as well as situating them in a wider
scienti ¢ context.

1.5 Structure of the dissertation

The object of this study is the analysis of transport phenomena in 2D micro uidic systems.
We begin the document with a review of mathematical tools from a number of areas of
uid mechanics, focusing on ow and di usion in 2D geometry. In order to avoid needlessly
duplicating information, the literature review focuses primarily on mathematical tools, and
a survey of the micro uidic technologies under study is included in chapter 5.

In chapter 3, | give an outline of the initial problem, formulated in the context of micro u-
idic probes. | show how we can use the tools of conformal mapping to obtain ow and
concentration pro le for a number of probe-related systems. | also compare the theoretical
models to experimental results and show examples of applications. This section gathers re-



sults that were published in a Nature Communications article in 2019 [15], co-authored by
Pierre-Alexandre Goyette and myself.

Chapter 4 is a theoretical article published in Physics of Fluids in 2020 [16], where | go
into more details about the solution procedure described in our original Nature Commu-
nications article. | show explicit theoretical solutions for a number of dierent ow and
di usion regimes, provide recipes for generating new, more complex solutions, and show
how the same tools can be applied not only to micro uidic systems but to other areas of
uid mechanics as well, namely the analysis of ow in disordered media and groundwater
mechanics.

Chapter 5 consists of a tutorial review published in Lab on a Chip in the Winter of 2023 [17],
where | show how a large number of micro uidic systems fall under the 2D micro uidics
umbrella, and proceed to outline a general methodology for answering quantitative questions
about ow and di usion in such devices.

Chapters 6 and 7 show how the theoretical machinery introduced in the previous two sections

can be utilized in order to guide the design of tangible new technologies, showing two examples
of published systems that were designed using these theoretical tools, then fabricated and
operated by experimentalists in the group [18] [19].

I nish in Chapter 8 with discussion of the limitations of the method, as well as ideas and
recommendations for future directions of research.



CHAPTER 2 LITERATURE REVIEW

This dissertation is about applying analytical tools to the understanding of micro uidic
technologies. A literature review for this project should include two aspects: a review of
the mathematical tools used to analyze ow and di usion in the relevant geometries, and a
review of the micro uidic technologies that these tools apply to. Review of the micro uidic
technologies that operate using ow elds rather than channel geometries is already done
in the published articles, so in order to not duplicate information, we will present in this
literature review an overview of the mathematical tools that have been used to model ow
and di usion in planar geometries. These mathematical tools will form the backbone of the
theoretical work we present afterwards. Survey of speci ¢ open-space micro uidic technolo-
gies is done in chapter 3, and a broader review of 2D micro uidics at large is done in the
rst section of the review article presented in chapter 5.

2.1 Flow

Flow of water (or other relevant solvents such as ethanol) in micro uidic systems is de-
termined by the incompressible Navier-Stokes equation [20], which dictates the behavior of
newtonian liquids in normal situations. No procedure exists for solving the Navier-Stokes
equation in the general case, and instead any eld of uid mechanics usually proceeds by
exploiting symmetries in the problem, or looking speci c geometries and regimes of ow.

In the case of micro uidic systems, an assumption that is usually made is that Reynolds
numbers are very low [21], usually in the range df0 3 or smaller. This means that the
nonlinear term in the Navier-Stokes equation usually disappears, and the equation describing
the ow becomes the Stokes equation, combined with the appropriate continuity equation.
In the absence of body force, for a newtonian liquid, this yields

rar p=0 (2.1)

r 4=0 (2.2)
Where is the viscosity, t the 3D velocity eld, and p the scalar pressure eld. Behavior of
the Stokes equation departs signi cantly from our everyday experience with uid mechanical
phenomena [22]. The absence of inertial e ect and disappearance of the time derivative means
that ow responds instantaneously to a modi cation in boundary conditions. The lack of



inertial e ects also means that ow at this scale is time-reversible. Phenomena described
by Stokes ow are dominated by viscous forces, which are usually negligible at macroscopic
scales.

The system of equation can become problematic in certain in nite geometries. For instance,
no uniformly valid solution exists for ow around an in nitely long cylinder. This is the
famous Whitehead's paradox [23] which, according to the apocryphal story, led Alfred
North Whitehead to quit uid mechanics and pursue philosophy. Fortunately, in simple
closed domains such as those we usually treat in micro uidics, this equation is well-behaved
and usually straightforward to solve.

2.1.1 Microchannels

The equations for Stokes ow in microchannels can be further simpli ed by the fact that
ow is unidirectional. The resulting system of equations describes the well-known Poiseuille
ow, formalized by Jean Leonard Marie Poiseuille in his studies of blood ow in arteries [24].
Nowadays Poiseuille ow is included in most introductory textbooks on uid mechanics,
and ow pro les have been obtained for almost any conceivable channel cross-sections [3].
The problem of Poiseuille ow is described by Poisson's equation, and as such has strong
analogies with problems in other areas of physics, including electrostatics, torsion of elastic
beams, stochastic processes, and many others [25].

Hagen-Poiseuille law dictates that the ow rateQ is proportional to the pressure gradient p,
with the constant of proportionality Ryy4 called hydraulic resistance. Hydraulic resistance,
which scales with the fourth power of the radius [5] becomes very important in micro uidic
channels, where channel radii are of the order of the millimiter or micrometer.

Direct analogy can be made between the Hagen-Poiseuille law and Ohm's Law = R |.
This allows us to model networks of microchannels using the tools of elementary circuit theory.
This electric- uidic analogy can be pushed further, with analogs to other typical circuit
elements added to the toolbox (actionable valves for transistors, reservoirs for capacitors,
burst valves for diodes, etc).

The analogy with circuit theory formed the backbone of the modeling of micro uidic systems
up until the 2000s. This logically went hand-in-hand with the direction of the eld at the time.
Micro uidics as a eld of research was spawned in the wake of incredible strides in silicon
etching techniques in the 1970s [26] [27], and from its inception held the promise of replicating
the advances of microelectronics (which went from room-sized computers to smart watches
in a manner of a couple decades) for uid-mechanical operations. This conceptual edi ce



reached its peak in the early 2000s, where the circuit logic of the theory was combined with
advanced soft lithography techniques to create impressive systems, comparable in complexity
to early microcomputers [7] [6].

2.1.2 The Hele-Shaw cell

While Poiseuille's law is very useful for analyzing unidirectional ow, a number of micro uidic
systems operate with ow and di usion that are free to evolve in 2D space. In order to study
such a system, our starting point must be a geometry that better re ects this 2D aspect.
In this work, we will be instead studying ow in the Hele-Shaw cell [28]. Introduced in an
1898 letter to Nature, the Hele-Shaw cell consists of a domain con ned between two parallel
plates separated by a gap that is much smaller than the characteristic length of the ow
in the other directions. This geometry is very appropriate to model micro uidic chambers
and channels, which are often much wider than they are deep (because of the way they are
fabricated, either through Silicon etching, CNC milling or layer-by-layer 3D printing, all of
which favor this sort of geometry). Provided that the gap is thin enough and that inertial

e ects are negligible, ow in the Hele-Shaw cell is given by [20]

[
@
@
Where is the viscosity,d is the gap between the platesp is the pressure eld andu is the
velocity eld.

u 212(d 2) gg+ (2.3)

Figure 2.1 Flow in the Hele-Shaw cell. Streaks of ink are injected in the ow to highlight
streamlines, which behave exactly like 2D electric eld lines. From [28]

Flow in the Hele-Shaw cell is thus the gradient of a 2D potential function (which is propor-
tional to p(x;y)) modulated by a parabolic pro le in the z direction. The simple behavior
of ow in the z direction allows us to treat the problem as a 2-dimensional one. We can then
de ne a velocity potential (x;y) in such a way that, in thexy plane,r = u. Combining



this with equation 2.3 as well as the continuity equatiomr u = 0 gives us the equation for
the velocity potential

r2 =0 (2.4)

Which is just the Laplace equation in 2 dimensions. What equation 2.4 implies, which was
observed by Hele-Shaw in his article, is that the streamlines in the Hele-Shaw cell will behave
exactly analogously to electric eld lines in a 2D electric eld. Equation 2.3 breaks down
in a thin bounary layer in the vicinity of obstacles with no-slip boundary conditions, but
potential ow formulation will generally remain valid in the rest of the domain.

The Hele-Shaw cell has been an object of extensive study because of the unstable behavior
of viscous interfaces within it. The work of Sa man and Taylor in the 1960s showed that a
uid pushed through a Hele-Shaw cell containing a more viscous uid generated an unstable
interface, with the generation of long nger-like structures [29] [30]. This viscous ngering
behavior has been studied thoroughly [31] [32], and has found applications in elds related
to growth phenomena [33], ow in fractured rocks [34], and hydrocarbon extraction [35].

Figure 2.2 Unstable interface in the Hele-Shaw cell. From [29]

The present work is mostly concerned with single-phase ow, and we will not treat un-
stable interfaces. Problems of multiphase ows in Hele-Shaw cells do still appear in some
micro uidic applications, in particular in droplet micro uidics [36], in some rheological ex-
periments [21], in micromodels for porous soils [37], as well as in self-coalescence modules [38].
Some of these applications are brie y described in chapter 5, sections 5.4.5 and 5.10.
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2.1.3 Darcy ow

There is a very strong mathematical analogy between ow in the Hele-Shaw cell and ow

in 2-dimensional porous media. This can be seen in the constitutive equation 2.4, which is
analogous to the equation for Darcy ow in 2 dimensions, and through the extensive analogies
between viscous ngering in Hele-Shaw cells and the same phenomenon in porous media [39].

In his extensive review of the water resource projects for the city of Dijon [40], Darcy rec-
ognized that ow discharge in underground water sources was proportional to a pressure
gradient. This was later formalized into Darcy's law, which forms the starting point for most
study of groundwater mechanics (see for example [41]). Like ow in the Hele-Shaw cell, ow
in 2D porous media can be expressed as the gradient of a potential function, which means
that, up to a renaming of variables, most of the results in this work, are also applicable
to Darcy ows. This also means that we can reuse a lot of results that have already been
discovered in the context of groundwater research and apply them to the resolution of ow
problems in micro uidic systems.

The strong analogy between ow in the Hele-Shaw cell and ow in porous media also means
that most of the results we present are extensible to paper micro uidics [42], and micro uidic
ow through porous media like hydrogels [43] or cell tissues (for example in staining or
perfusion experiments). A good part of the work presented here deals with convection-
di usion phenomena. In most groundwater applications, the di usion of heat or of a dilute
tracer in the water through random motion is usually vanishingly small and is neglected.
However, at the scale of paper micro uidics and micro uidic ow through hydrogels, having a
framework that considers both convection and di usion in porous media might be signi cant.

2.1.4 Complex potential

Description of our ow problem through the 2D Laplace equation enables us to use complex
ow formulation. By expressing our position vector as the complex number = x + iy, the
velocity potential can be written as a complex function of a single variablg z).

(z)= +i (2.5)

The real part of this complex potential corresponds to the level set of the potential, while
the imaginary part represents the stream function . Complex potential formulation for
hydrodynamics is explicited in detail in classic textbooks such as Lamb [44], or in Strack [45]
for the analog case of 2D Darcy ow.
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Complex potential formulation has been used extensively to study uid mechanical problems
at a range of scales. We note for instance its use in the study of airfoil design [46], vortex
dynamics [47], ship hull design [48], in the study of turbulent mixing behind hills or buildings
[49], etc. In groundwater mechanics, complex potential formulation has been used to study
thermal feedback in groundwater heat pumps [50] [51], tracking the saltwater-freshwater
interface in coastal aquifers [52], or transit properties of particles in fractured rocks [53].
Examples of this application of complex potential theory to ow problems are illustrated in
gure 2.3.

» Flow linc VYV Injection well
""""""""""" Piczometric line /A Production well

(@) (b)

O(Dx,/U)

Figure 2.3 Examples of application of complex ow theory to problems at di erent scales. (a)
Thermal feedback in groundwater heat pumps, from [51], (b) Interface problems in coastal
aquifers, from [52], (c) turbulent dispersion behind semicircular hills, from [49]

2.1.5 Flow singularities

One advantage of potential ow theory is that equation 2.4 is linear, which allows ow to
be determined using superposition of basic elements. In particular, ow can be obtained by
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adding together ow singularities and simple background ow terms. In most applications

in uid mechanics, ow singularities are usually situated outside of the domain of interest,
as they represent non-physical source or sink terms. An example of this would be potential
ow past a cylinder, which can be represented as the superposition of a dipole source and a
straight ow (see Lamb, sections 68, 69 [44]). In such a domain, the dipole source is inside
of the cylinder and thus not directly present in the ow.

In many groundwater applications, though, the singularities are present directly in the ow.
These ow singularities in Darcy ow can represent wells which inject or extract water from
aquifers, which are often quasi-planar. These well systems are very analogous to the mi-
cro uidic systems we will be studying, as we will highlight in further sections. Applications

of groundwater systems constituted as superposition of point sources and sinks include study
of rainwater drainage in soils [54], porosity calculation in carbonate aquifers [55], soil decon-
tamination processes [56], hydrocarbon extraction [35], upconing in coastal aquifers [57], etc.
Examples of such systems are illustrated in gure 2.4.
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Figure 2.4 Groundwater systems built as superposition of ow singularities. (a) Decontam-
ination of soils using source-sink well pairs, from [56]. (b) Drainage of rainwater through
arrays of sinks, from [54]. (c) Upconing near drains in coastal aquifers, from [52].

Flow singularities are signi cant in this work, as we will study systems that are built by
Injecting and aspirating uid in Hele-Shaw cells. In these multipolar micro uidic systems,
the singularities are directly present in the domain, in the form of point-like apertures from
which we impose constant mass ux. An overview of multipolar micro uidic technologies is
presented in chapter 3.



13

2.1.6 Conformal mapping

The main advantage of complex number formulation for ow theory is that it directly enables
the use of conformal mapping. Conformal maps are a family of transformations of the
complex plane onto itself which locally preserve angles. For a function of a complex number
f(x+iy) = u(x;y) + iv(x;y), the condition of local angle preservation is formalized in the
Cauchy-Rieman conditions [58].

@u_ @v @v_ @u

@x @  @x @y
Two key results follow directly from these conditions. The rst is that the set of conformal
maps of the complex plane to itself corresponds exactly to the set of analytic functions of
a single complex variable. The second result is that maps that are conformal will preserve
solutions to the Laplace equation [59]. This means that a conformal map applied to a
harmonic function will yield a function that is also harmonic. This has historically made
conformal mapping a tool of choice for studying 2D problems described by Laplace's equation,
including problems of electrostatics [60], optics [61], heat transfer [62], growth processes [63],
and elastic deformations [64]. In the context of hydrodynamics, conformal mapping has also
been a tool of choice. Problems of ow in Hele-Shaw cell and 2D Darcy ow are described by
the Laplace equation, and as such the techniques of conformal maps are directly applicable.
Most of the work cited in sections 2.1.4 and 2.1.5 uses conformal mapping to analyze ow
problems in complex geometries.

(2.6)

Applications of conformal mapping rely on the Riemann mapping theorem, which states that
any simply connected domain can be conformally mapped to the unit circle. In practice,
this means that there exists a map from any simply connected domain to any other simply
connected domain. This equivalence has been used to nd properties of complex electric
circuit elements [66] [67], heat transfer coe cients for beams of di erent cross-sections [62]
[68], properties of complex-shaped waveguides [69], as well as in the study of the propagation
of cracks in brittle medium [70]. In all of these situations, a physical problem is rst solved

in a simple geometry (often a square, a circle, or a semi-in nite strip), and the solution is
then mapped to the more complex domain to obtain quantitative results. In the general case,
the map may not have a representation as a combination of simple functions, but extensive
numerical methods have been developed to nd such maps. One category of map that comes
up often in engineering applications is Schwarz-Christo el maps, which are maps from the
upper half-plane to the interior of polygons. Schwarz-Christo el maps for simple 2 or 3-
sided polygons are given in terms of exponential and logarithm functions, while maps to
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Figure 2.5 Conformal maps of the upper half-plane to di erent polygonal domains. From [65]

the interior of rectangles and squares are given in terms of elliptic functions [59]. Maps for
arbitrary polygons usually do not have analytical expressions, but numerical methods for
computing Schwarz-Christo el maps are widely available [65]. Extensions of the Riemann
mapping theorem to doubly connected domains exist [59], but in general multiply connected
domains are much more dicult to treat. There has been signi cant work applied to the
extension of the principles of conformal mapping to multiply connected domains [71] [72].

In the present work, conformal mapping will be one of the tools of choice we use for developing
a theory of ow and di usion in micro uidic systems. We will mainly treat systems that exist

in the semi-in nite plane, although systems in bounded geometries are studied in section 4.9
and chapter 7.

2.2 Diusion

Micro uidic systems often involve not just ow but also di usion, be it from reagents, dyes, or
drugs diluted in the liquid, or from liquids at di erent temperature put in contact with each
other. Complete understanding of these technologies involves knowing the mixing properties
of these di using species, and tracking how they are convected through the devices. In this
section we give an overview of the mathematical tools used for modelling convection and
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di usion of these diluted species in our systems.

For the present work, we focus solely on dilute solutions, so that the concentration of a dilute
species does not signi cantly a ect the properties of the ow. This will allow us to decouple
the two problems: we rst solve for ow in the device, and then solve for convection-di usion
of the dilute species.

2.2.1 Brownian motion and Fickian di usion

The simplest di usive phenomena are described by Fickian di usion, where the di usive
substance is modeled as an ensemble of independent random walkers, which leads to a mass
ux proportional to the local concentration gradient [73].

The rst recorded description of brownian motion dates back to the Roman epicurean Lu-
cretius, who described the random movement of dust particles in the air [74]. Modern
observations can be traced back to Jan Igenhousz's study of charcoal particles on a liquid
Im [75] and of course Robert Brown's microscope observation of the jittering of pollen. In
the 1880s, lord Rayleigh also described sound waves in solid materials as discrete entities
randomly bouncing around the interior of the domain [76].

Figure 2.6 Experimental images of brownian motion from Jean Perrin. From [77]

In the same years, considerable development was being made in the mathematical modeling of
heat and di usion. Fourier published his famous studies of heat conduction in 1822 [78], where
he recognized heat ux to be proportional to the temperature gradient, and formulated the
heat equation, describing transient conduction phenomena. In 1855, Adolf Fick formulated an
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analog law for mass transport in dilute systems [79], recognizing mass ux to be proportional
to concentration gradient and explicitly making the analogy with Fourier's law for heat.

In the early 1900s, explicit links were made between the random walk phenomena rst ob-
served by Igenhousz and Brown and the theory of linear di usion as described by Fourier
and Fick. Bachelier's PhD thesis on the uctuation of stock price is regarded as one of the
rst mathematical description of brownian motion [80]. The work did not have immediate
impact, despite being recognized today as pioneering both the study of di usion phenomena
and the application of mathematical analysis to economics. In 1905, statistician Karl Pearson
sent a letter to nature describing the problem of the random walk [81], and asking for help
in elucidating the mathematics of the problem. The answer to Pearson's problem, cementing
the link between random walk processes and Fickian di usion, was provided by Einstein [82],
in work whose experimental validation was done 2 years later by Perrin [83], earning Perrin
the Nobel prize in physics. Experimental images from Perrin, as they appeared in his book
the atoms [77], are shown in gure 2.6.

Fickian di usion is the starting point for studying di usion in micro uidic systems. Fick's
law prescribes mass ow proportional to the concentration gradient

J= Drc (2.7)

Where the factor of proportionality is called the di usion coe cient, and can be obtained
from the characteristic step lengthl and time of the random walk (which can themselves
be found from the physical characteristics of the system using Einstein's equation [5]).

D=— (2.8)

In the absence of convection or reaction, the di usion equation is thus

@c_
@t

Which reduces to the Laplace equation for the steady-state case. Because of the form of

Dr %c (2.9)

the equation, the units in which the concentrationc is expressed can be chosen arbitrarily,
and we will generally express them in an adimensional system where 1 represents the
maximum concentration andc = 0 represents the absence of solute.
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2.2.2 Diusion in disordered media

Since the present work has a lot of ties to groundwater mechanics, hydrology, and ow in
disordered media, it is worthwhile to mention some particularities of solute dispersion in
these systems. Dispersion in porous media was rst studied independently by Sa man [84]
and De Josselin De Jong [85], who modelled dispersion as random walks through a network
of pores. In this work, molecular dispersion was assumed to be negligible when compared
to dispersion by the ow in the media. More recent work has identi ed that randomly

di using tracers diluted in a liquid which is itself owing through a disordered media may
not be described adequately by Fickian di usion. Diusion in fractures or disordered soll
close to the percolation threshold instead behave following what has been called anomalous
dispersion or sometimes fractal diusion, in such a phenomena, the characteristic time
and length scale are linked by a law of the type [86]

| 2 (2.10)

Where d,, > 2. This relation concretely corresponds to a slowing down of di usion over
long distances when compared with normal Fickian di usion, and it means that the partial

di erential equations describing the evolution of the concentration pro le will depart from the
simple Fourier law. Exhaustive treatment of anomalous di usion is beyond the scope of this
dissertation, but can be found in classic papers such as [87], [86], or [88], and applications
to ow in fractured rock and porous media can be found in [34]. Beyond ow in porous
media, anomalous di usion phenomena have also found applications in description of human
mobility patterns [89] and transport in cell biology [90].

Considerations of anomalous dispersion may become important when applying the results
presented in this work to disordered media, be it in the study of ow through soils, dispersion
in cell cultures, or in paper micro uidics.

2.2.3 Convection-Di usion

The previously described heat equation appropriately describes the evolution of a concentra-
tion eld for a dilute solution in a liquid in the absence of uid movement. If the uid is also

in movement, a convective term has to be added to the mobility in 2.7, which gives us the
convection-di usion equation.

@c_

o Dr?c urc (2.11)
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Convection-di usion problems vary widely because of the presence of the convective term,
and treatment of di erent problems may turn out to require di erent methods, depending on
the type of ow at hand. In this work, we are studying 2D ow that can be adequately de-
scribed by potential ow theory, such thatu r . In steady-state, and using dimensionless
guantities, the equation thus becomes

0O=r% Pag rc (2.12)

Where the Peclet number Pe= L%“ appears, withL and u representing characteristic length

and velocity scales for the ow. The Peclet number represents the fraction of convective to
di usive transfer in the ow, and in the micro uidic systems we study it will generally be quite
high, of the order of 100 to 10000. We note, however, that problems related to equation 2.11
are generally singular in the limite of in nite Pe, such that even in the limit of very convective
ow, the di usive term can never be entirely neglected, or we get solutions that fail to ful I

all boundary conditions. In practice, this is explained by the fact that there always remains a
small boundary layer in the domain where di usion dominates convection, and increasing Pe
makes this boundary layer smaller and smaller but never eliminates it [23]. Mathematically,
this singular behavior can be seen by the fact that taking the limit of in nite Pe e ectively
eliminates the Laplacian term, reducing the order of the partial di erential equation by one
and thus resulting in a problem that cannot ful | the same boundary conditions correctly.
Because of this behavior of convection-di usion problems, their numerical resolution can
be complexi ed, and some numerical methods suited for elliptic problems may become less
precise or even unstable if used incorrectly [91] [92]. It is still often still valuable to consider
the pure convection problem, given by

O=r rc (2.13)

Whose solutionisc= f (), where is the stream function. In many practical applications,
for instance when nding the footprint of a micro uidic probe or other similar device (see
chapter 3), the pure convection solution can be su cient, as it only requires us to know the
streamline pattern of the ow to approximate the footprint. In problems at high Pe, the pure
convection solution can also be the leading order term in a singular perturbation scheme.

Equations of the form 2.11 appear in other areas of physics beyond just transport of dilute
analytes in uid ow. We note for example vorticity transport in linearized versions of the
Navier-Stokes equation [93] [94], the Fokker-Planck equation in statistical physics and the
physics of plasma [95], transport equations for electrons and holes in semiconductors [96] or
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the Black-Scholes equation in nancial modeling [97].

Methods of resolution for convection-di usion problems will generally depend on the exact
nature of the convective termu r c and the range of Pe we are looking at.

2.2.4 Taylor dispersion

A well-known e ect of convection-di usion in creeping ows is the smearing of concentration
pro les by Taylor-Aris dispersion [98] [99]. A patch of concentration being carried by a
parabolic ow will exhibit a smearing due to the uneven velocity pro le (see gure 2.7),
which will lead to an e ective di usivity that is higher than the measured molecular di usivity
D.

(a) (b)

Figure 2.7 Smearing of concentration in a parabolic ow, illustrating the principle of Taylor-
Aris dispersion, image from [5]

Taylor dispersion plays an important role in many micro uidic systems, as it causes heavy
smearing of reagents carried through microchannels. However, most of the systems we study
in this document are at steady-state, with di usion happening in a roughly perpendicular
direction to ow. In such a system, there is still modulation of the concentration pro le by
the parabolic ow (in the form of the so-called buttery e ect [4]), but Taylor dispersion

can usually be neglected.

If, in future work, we start studying the details of the transient aspects of convection and
di usion in multipolar systems, it will become important to consider Taylor dispersion.

2.2.5 Conformal mapping for convection-di usion problems

We are dealing with a convection-di usion equation of the form 2.12, where the ow term
is the gradient of a 2D scalar potential. It turns out that the system of equations 2.4 and
2.12 is actually conformally invariant [100]. This means that applying a conformal map to a
solution of the convection-di usion problem in a certain ow pattern described by a potential
function will yield an equally valid solution to a new convection-di usion problem with ow
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described by the transformed potential. Visual examples of this procedure are illustrated in
gure 2.8
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Figure 2.8 Solutions to convection-di usion problems obtained using conformal maps. From
[100]

Application of the method of conformal mapping to convection-di usion problems dates back
to Boussinesq's work in the early 1900s [101]. The strategy for a general problem will usually
be to transform the problem to streamline coordinates (or Boussinesq coordinates), where
the complex potential is = z, corresponding to simple plane ow. In such a simpli ed
problem, boundary conditions will map to segments of constant, and the convection-

di usion equation reduces to

@c, €c _p,0c (2.14)

@2 @:* @
This equation can be brought back, through a change of variable, to the Helmholtz equa-
tion, for which a number of solutions in terms of Green's function have been tabulated [102].
Notable work on the resolution of convection-di usion problems through conformal mapping
includes work on pollution transport [49], modeling of dispersion by porous obstacles [103],
study of wakes behind rigid obstacles [104], moving boundary problems in growth phenom-
ena [105], tracer dispersion in porous ows [53], or vorticity transport in the Navier-Stokes

equation [93] [106].

The application of conformal maps to convection-di usion problems will be the main analyt-
ical tool we use throughout this work to obtain analytical solutions to transport problems in
micro uidic systems.
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2.2.6 Diusion from surfaces and boundaries

We brie y mention a few classic solutions to problems of convection-di usion from surfaces
and obstacles. Knowledge of these solutions will be useful in analyzing transport problems
in micro uidics.

Transport from a surface in shear ow has been studied by Lévéque [107], who showed that
the concentration pro le could be expressed in the form of an exponential integral of the type

Z, ,
f(x)= e dt (2.15)
0

The Lévéque solution is very useful in a number of micro uidic applications involving a
reactive surface placed at the bottom of a microchannel, or under a probe-type system.
Similar solutions for both leading edges [108] and trailing edges [109] have been found in
terms of Wiener-Hopf methods. These solutions assume the edge to be much longer than the
width of the boundary layer. Work has been done on the more di cult problem of a reactive
absorber of nite length [110] [111], although such problems generally require numerical
methods. Solutions to convection-di usion from a semi-in nite leading edge in plane ow is
given in [105] in terms of error functions. This solution will be useful in deriving closed-form
solutions to the transport problems we are studying.

Acrivos and Taylor also obtained expressions for heat transfer for suspensions of spheres or
cylinders in Stokes ow [112] using singular perturbation methods, which has found use in the
physics of colloids as well as in the study of plankton and other swimming microorganisms.

2.2.7 Reaction-Di usion

In addition to convection and di usion, solute transport in micro uidic systems often in-
volves the production or consumption of the di usive species. Consumption or production
of the dilute species that happens at the boundary of the domain can usually be modelled
using appropriate boundary conditions to the convection-di usion equation. Problems with
constant concentration or constant ux from a surface can be modelled using the solutions
mentioned in the previous section, for example the Leveque solution for transport from a
reactive surface at the bottom of a micro uidic channel.

Addition of a volumetric source or sink term to the di usion equation turns the problem into
one of reaction-di usion. Such a problem can be found, for example, when studying oxygen
or nutrient consumption within cell cultures. Problems involving convection, di usion, and
reaction all at once are generally very di cult to tackle, and analytic treatment will generally
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only work in regimes where one phenomena dominates the others. Useful information can
usually still be obtained by observing the behavior of the dimensionless quantities dictating
the ratio of each phenomena to the others. Such a treatment of convection-di usion-reaction
problems in the case of micro uidic systems is done in [113].

Reaction-di usion problems with more than one reacting species constitute a vast domain of
research in applied mathematics, due to the great variety of spatial patterns that result from
them [114]. Among these complex reaction-phenomena are wavelike phenomena in the BZ
reaction [115] and the well-known Turing patterns [116]. These reaction-di usion systems
have applications in the modeling of phenomena at a range of scales, from the dispersal of
vegetation [117] [118] to the formation of patterns on the skin of certain animals [119] [120]
to spatial distribution of animal populations [121]. Analogies have also been drawn between
the sort of pattern yielded by di usion reaction systems and the behavior of predator-prey
dynamics in space [122]. While these systems received relatively little attention at the time of
their publication in the 1950s, the advent of computer graphics and tools for easy simulation
and visualisation of these reaction-di usion systems has reignited interest in them in the past
couple decades. Reaction-di usion patterns have also been a tool of choice in the procedural
generation of textures for computer graphics [123]. Examples of reaction-di usion patterns
are shown in gure 2.9
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Figure 2.9 Reaction-di usion patterns used to model the pigmentation of the skin of a ze-
bra shs. a) Simulations of reaction-di usion equations on the surface of spheres. b) and c)
Similar patterns observed on the skin of zebra sh From [120]

2.3 Similar work in the context of micro uidics

The main contribution of my PhD work has been not in inventing new mathematical tools
but in taking existing tools and applying them to the context of micro uidics, where they
had not found full applicability yet. In that spirit, to conclude this section, | will list some
of the pre-existing work that was published in applying the mathematical concepts reviewed
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above to micro uidic systems.

2.3.1 Hele-Shaw cells and potential ow

Modeling of ow in micro uidic chamber using Hele-Shaw cell formalism and superposition
of point charges was a well-known topic in the early 2000s. Early publications on micro uidic
probes recognized the ow to be modelled by superposition of point charges in Hele-Shaw
cells, which allowed for the determination of the position of the stagnation point, as well as
tracking of the probe's approximate footprint by identifying the streamline separating the
inside and outside domains [8] [124]. Superposition of point charges in potential ow
was used to track stagnation points in complex channel junctions, and was combined with
predictive control loops to freely move particles around in 2D space [125] [13]. Potential ow
formulation was also used to model ow in and around micro uidic droplets [126] [10]. Finally,
chaotic advection has been studied in Hele-Shaw cell in the context of mixing applications
[127].

2.3.2 Studies of di usion

Studies of di usion phenomena in micro uidic systems were also ubiquitous, at least in the
context of networks of microchannels. Extensive work has been done studying lateral di usion

in micro uidic channels [128] [4]. These studies were applied to the design of the micro uidic
mixers and gradient generators of the 2000s [129] [130] [131]. One-dimensional models have
also been extended to more complex 2D micro uidic gradient generators in order to quantify
mixing [132].

Some work, although more limited, had also previously been done in the context of 2D
ow systems. Linearized convection-di usion problems have been solved to obtain scaling
behavior of concentration gradients near the stagnation points of micro uidic probes [124]
[133]. Full 3D numerical models for convection-di usion in micro uidic probes were also
studied [14] [134]. Extensive study of the behavior of reactive patches at the bottom of
microchannels, considering convection, diusion, surface reaction and the aspect ratio of
the system has also been conducted, both using dimensionless number analysis and through
numerical computation [113].

2.3.3 Conformal transforms

Conformal mapping, although a very classic tool for the analysis of 2D ow, had been rel-
atively unused in micro uidic applications at the time the work was started. Conformal



24

mapping had been used to study the permeation of solvent through bulk PDMS [135]. Oth-
erwise, conformal mapping was also already well-known in the study of viscous ngering [32],
which is closely tied to micro uidics. In particular, ngered growth processes related to
di usion limited aggregation (of which viscous ngering is a subset) have been thoroughly
studied using iterated conformal maps [136] [137].
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CHAPTER 3  MICROFLUIDIC MULTIPOLES

3.1 Outline

The theory we present in this dissertation was rst developed to analyze what we called
Micro uidic Multipoles. Using analogies borrowed from electromagnetism, we show how
a number of micro uidic technologies, starting with micro uidic probes [8] and including
several systems published in the late 2000s, can be conceived of as multipoles, that is 2D
ows constructed by a superposition of point-like injection and aspiration apertures.

The work presented in this chapter was chronologically the rstimpetus of the project, where
| developped a theory for ow and di usion in micro uidic probes, and then showed how it
could be extended to arbitrary arrangements of point sources and sinks.

The theoretical work was backed by experiments by Pierre-Alexandre Goyette, who fabricated
systems using 3D printing and then operated them rst to compare theory and experiment,

and then in an application involving immunoassays. The application, described in section
3.15, forms the template for newer research on highly multiplexed micro uidics that is cur-

rently being pursued in Thomas Gervais' research group [138] [139].

This chapter recapitulates results published in Nature Communications in 2019, in a paper
co-authored by Pierre-Alexandre Goyette and myself [15].

3.2 Contribution

The text of the article was written in by Pierre-Alexandre Goyette and myself, in about equal
proportions, with extensive feedback from Thomas Gervais. | wrote the introduction as well
as the rst half, concerning context and theory, and | produced the theoretical gures in the
article. My main contribution for the work in this article consisted in developing the theo-
retical models for ow and di usion in multipolar devices, and using conformal transforms
to map simple solutions to more complex ones. Pierre-Alexandre did the work related to
fabrication, experimental imaging, and the proof of concept immunoassay application.

3.3 Micro uidic Probes

The initial objective of the research project was to extend previous work, mostly done in
the IBM research group by David Juncker , Govind Kaigala, and Emmanuel Delamarche on
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micro uidic probes [8] [140].

Micro uidic probes consist of a pair of point-like apertures, generally connected to syringe

pumps, located a short distance from each other on a at mesa. The mesa is put in close
proximity to a surface under analysis, and the system is submerged in water, creating a
guasi-2D space in which ow can freely evolve, without being con ned by walls.

If the aspiration aperture aspirates uid at a higher ow rate than the injection aperture,

and if the gap between the mesa and the processing surface is constant and small enough
compared to the interaperture distance, the entirety of the injected uid is reaspirated, and

a steady-state ow pro le is established. This regime, termed hydrodynamic con nement,
yields a footprint of nite size, whose shape can be adjusted by modifying the aspiration rate
(see gure 3.1a).

(@) (b)

Figure 3.1 Concentration footprint for a micro uidic probe (a), and an example of a large
surface stained using the same probe (b). Images taken from [8]

The small footprint of the micro uidic probe, as well as the simplicity of its design, made
it ideal for use in a scanning fashion in order to precisely stain biological surfaces [141] (see
gure 3.1b).

While not the rst published system to break away from the channel-based paradigm, mi-
cro uidic probes formed a great template for what would later be coined Open-Space Mi-
cro uidics [140]. As a technological tool, micro uidic probes' main selling points came

in solving problems that could not be solved by typical networks of channels, namely the
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non-destructive processing of large surfaces using ows with very small shear stresses (al-
though some later applications did explore applications involving signi cant generation of
shear stress [14]).

Although micro uidic probes were initially built out of silicon, Pierre-Alexandre's work in the
Nature Communications article pioneered the fabrication of these systems using much more
accessible photolithography 3D printing [142], which is what was used in all of our group's
subsequent work. 3D printing of micro uidic probes and other open-space micro uidics
systems has many advantages, some of which we discuss in section 3.11.

3.4 Micro uidic Quadrupoles

Shortly after the publication of the original micro uidic probe article, Mohammad Qasaimeh
and Thomas Gervais published work on Micro uidic Quadrupoles [124]. Micro uidic
quadrupoles were analogous to micro uidic probes, but had a set of 4 apertures instead
of 2 (see gure 3.2).

Figure 3.2 Experimental image of colored beads in a micro uidic quadrupole. Dierent
colored beads are injected in each of the two injection apertures. Taken from [124]

Near the center of the micro uidic quadrupole, the ow is purely extensional. By injecting

di erent uids in each of the two injection apertures, a linear concentration gradient can be
generated near that center. The original quadrupole article, published in Nature Communica-
tions, demonstrated fabrication and operation of the system to create tunable concentration
gradients as well as providing in-depth discussion of the theory behind it. Later publications
focused on more concrete applications, such as the use of micro uidic quadrupoles to study
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the migration of neutrophils [143].

The quadrupole article is signi cant because it is the rst to explicitly introduce the strong
analogy between probe-type micro uidic ows and electric multipoles, an analogy which is
central to this project.

3.5 Other scanning-probe systems and Open-Space Micro uidics

The 2010s saw the rise of a number of additional micro uidic technologies operating with-
out the need for channel walls. Following the success of the initial micro uidic probe, IBM
research group published several di erent designs for micro uidic probes and probe adja-
cent devices. These included vertical micro uidic probes that could be rapidly prototyped
in silicon [144], probes based on hierarchical ow con nement, where a series of apertures
were nested into each other to produce a more stable envelope [145], hydrodynamic thermal
con nement [146], where micro uidic probes were used to inject heated liquid on surfaces,
and linear arrays of apertures used to create comb-like patterns on surfaces [147].

Around the same time, other groups experimented with other scanning probe-type systems,
nding di erent ways to process surfaces using minute volumes of uids. These included
chemistrodes [148] that could locally expose a surface to sequences of reagent pulses, uidFM
[149] combining nano uidic channels and atomic force microscopy heads, pipetting systems
[150], uid-in- uid deposition [151], etc.

All of these technologies were grouped under the Open-Space Micro uidics label [140], as a
way to di erentiate them form existing channel network systems. The label of Open-Space
Micro uidics was adopted by a small number of research groups to self-describe parts of
their research work. Most of these groups, including our own [152], contributed to a book on
the subject, edited by Govind Kaigala and Emmanuel Delamarche [153].

3.6 Preexisting theoretical work

While most of the focus of open-space micro uidics research was on experimental setups and
applications, some papers did focus on more theoretical analysis of ow and transport in
these systems.

Extensive work on the position and control of stagnation point in multipolar ows was done by
groups using channel junctions to precisely trap particles and move them around arbitrarily
[13]. The same analysis was done very early on to identify the position of the stagnation point
in micro uidic probes, and thus determine a good estimate on the size of its footprint [8].
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Identi cation of key adimensional parameters in micro uidic probes, namely Reynolds num-
ber and Peclet number, was done from the initial article. Scaling laws for concentration
gradients were obtained in analytical manner for micro uidic probes and quadrupoles by
solving linearized versions of the convection-di usion equation around the stagnation points
of the ow [124] [133].

3.7 Preexisting numerical work

() (b)

Figure 3.3 Typical simulation domain for a micro uidic probe in Comsol Multiphysics. (a)
Zoomed-out picture of the domain. (b) Zoomed-in version of the same domain, showing
details of the mesh. In such simulations, compromise is often made between using realistic
aspect ratios and minimizing the number of elements in the mesh.

Some groups presented nite element analysis of ow and di usion in micro uidic probes and
probe-adjacent systems [14]. However, these simulations’ results were often not very precise,
o ering more of a qualitative insight into the features of the ow, and often being supplanted

by simple dimensional analysis such as the one presented in [133] in terms of precision. This
is mainly due to the highly multiscale aspect of these systems, which renders them di cult
to directly analyse using full 3D CFD.

Indeed, one of the design rules for micro uidic probes and other systems, mentioned early
on, is that the thicknessH of the quasi-2D domain should be signi cantly smaller than
the injection and aspiration apertures' radiusr, which itself should be signi cantly smaller
than the interaperture caracteristic distanced. Some early papers recommended that that
d 10r andthatr 10H [152], although in most practical setups the ratio is more of the
order of H randd 5r. This requirement on dimensions is exacerbated by the fact
that the domain that ows evolve in in most open-space micro uidics application is usually
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considered to be in nite (that is, the 2D domain extends very far past the interaperture
distance). In a typical simulation, to avoid signi cant edge e ects, the simulated domain
must be at least 5 to 10 times larger than the interaperture distance. See gure 3.3 for a
schematic representation of the length scales at play. All of these factors compound together
to generate simulated domains that are, in the best cases, approximately 100 to 1000 times
wider than they are thick. This requirement is directly contradictory to the requirement of
most CFD meshes, which requires individual elements to be, as much as possible, the same
dimension in every direction. Resolution of the parabolic ow in the direction of the gap
puts constraints on the types of elements used, forcing us to use higher order elements, or
to use elements whose size is dictated by the very small gap dimension. Even in these cases,
resolution of the 3d aspects of the ow underneath the apertures may be substandard. The
associated di usion problem is also singular in the limit of high Peclet, and leads to solutions
where concentration is constant for most of the geometry, and then varies very fast in a
thin boundary layer, putting additional strain on numerical methods. The exact position of
this boundary layer changes depending on the parameters of the ow and is not known a
priori in more complex geometries. For all of these reasons, most of the work that has been
published on numerical analysis of micro uidic probes and other related multipolar systems
has often been substandard in terms of resolution and theoretical precision. Of course, such
simulations were still decent guides to design, but they often ended up being quite costly in
terms of computing time for a yield that was not very precise. In the article presented in
chapter 5, as well as in some of our conference papers and workshops, | have presented ways
to attenuate this problem, by directly simulating the 2D problems where necessary.

Of course, these criticism are mostly related to direct attack of the numerical problem by
commercial solvers. More sophisticated numerical methods do exist to tackle this sort of
problems, but to my knowledge they were not used in the litterature related to micro uidic
probes when | began work on this project. A thorough survey of numerical methods in the
context of highly multiscale convection-di usion (or convection-di usion-reaction) problem
would probably be interesting as an extension of the present work.

3.8 Micro uidic Multipoles

The main thrust behind our article on micro uidic multipoles [15] was threefold

Present a uni ed theoretical model for di usion in micro uidic probes and other anal-
ogous systems

Fabricate versatile systems, using 3D printing, that could reproduce all of these ows
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" Show that the fabricated systems held promises for biological applications by presenting
an example experiment done with one of our newly designed devices

Important secondary results that came about while working on this article were the precise
veri cation of the predictions of the theoretical model by comparing the predicted velocity
and concentration elds to precise experimental PIV (Particle Image Velocimetry) data, as
well as uorescence microscopy photos. Another secondary result was the presentation of a
procedure to explore, generate, and predict very complex ow patterns by starting from a
known solution and iteratively applying conformal maps to it to obtain more complex ones.

We coined the systems presented in the article Micro uidic Multipoles to di erentiate them
from existing micro uidic probes, as well as to highlight explicitly the electric- uidic analogy
at play in our theoretical models. While the theory presented in the article allows us to model
existing micro uidic probes, the systems we presented di ered in that the device was ed
in place and the ow was modulated during the experiment, rather than having the device
attached to a scanning mechanical arm.

Another key di erence between the systems we presented in this article and most existing
open-space micro uidics systems was the use of 3D printing as a way to fabricate the de-
vices, as opposed to traditional silicon etching. Not only did this method of fabrication enable
very rapid prototyping in a context of university research, it also enabled the fabrication of
monolithic systems with complex networks of channels within them, opening the door for the
fabrication of systems that would be very di cult to engineer using traditional silicon etching
methods. In our systems, apertures could be placed more or less arbitrarily around the 2D
surface of the mesa, while previous silicon fabrication techniques favored designs where all
of the apertures were lined up. This way of fabrication eventually opened the way for the
complex systems that would come later, namely highly symmetrical ower-type probes, and
pixelated chemical displays [19] (see chapter 7).

3.8.1 Flow in the Hele-Shaw cell

Flow under a micro uidic probe is exactly described by the Hele-Shaw cell [20]. The mesa
of the micro uidic probe (or other multipolar system) forms the top plate, while the surface
being processed forms the bottom plate. If both are held close together, and the gap between
them is kept constant, it can be shown that the ow reduces to a potential ow in the direction

of the plane, modulated by a parabolic pro le in the direction of the gap. This allows us to
use the theory of potential ows to analyze the system.

In this way, we reduce the three-dimensional problem to a two-dimensional one. Of course, by
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doing so, we neglect several e ects in the third dimension, namely the Buttery E ect [4]
that unevenly broadens the di usion interface, as well as the speci c geometry of the ow in
the turning region under the apertures [133]. We discuss some of these e ects in more detall
in section 5.11.

The 2D ow problem is thus that of potential ow in an in nite domain, with injection and
aspiration from a series of point sources. Since the equations are linear, we can determine
the expression of the ow from a single point-like aperture, and then express the total ow
as the sum of the contributions from each source.

The z-average ow from a single aperture can be determined using Gauss' theorem, and is
given by

Q f fi

YO

(3.1)

Where Q; is the volumetric ow rate from the aperture, H is the vertical gap, ands is the
position of the aperture. This velocity eld can be expressed as the gradient of a potential
function

Qi

("= 24

log (j+)) (3-2)

We introduce dimensionless variableg = %, x= L, y= £ wherelL is a characteristic
length scale in the plane (for instance the distance between the two apertures in a micro uidic
probe) andQ is a characteristic ow rate (usually taken as the injection rate in a micro uidic
probe). We also represent the position vector as a complex numbee = x + i y This will
come in handy when solving the associated convection-di usion problem.

3.8.2 Convection-di usion equation

In order to obtain the concentration pro le in the micro uidic probe, we need to solve the
steady-state convection-di usion problem associated with the ow in that geometry. The
equation we have to solve for this 2D problem is given by

r’c P& rc=0 (3.3)

Where c is the dimensionless concentration pro le, and Pe is the Peclet number, given by

Pe= 28% , with D being the di usion coe cient of the injected substance.
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Equation 3.3 is normally intractable due to the algebraic termt r ¢, which complexi es it
signi cantly. Fortunately in this speci ¢ form, the steady-state convection-di usion equation
is conformally invariant. If we express our coordinates as complex numbers x + iy, we
can use the transformf (z) = ( z) to transform to a new domain where the ow is just a
plane ow.

This new domain is called the streamline coordinate domain, the new coordinateand are
the real and imaginary parts of the complex potential ( z). They correspond respectively to
the level set of the potential and the streamlines of the ow. In this domain, the boundary
conditions from the initial problem become equivalent boundary conditions on horizontal
segments and the convection-di usion equation simpli es to

@c, Gc_, Qc (3.4)
@2 @> @
This equation is much more tractable than the original convection-di usion equation. Specif-
ically, it can be reduced to the Helmholtz equation through a change of variable. Solutions
to the Helmholtz equations can then be obtained in terms of Green's functions, tabulated in
partial di erential handbooks [154]. In the limit of high Peclet, it is also possible to neglect
the horizontal di usion term %, which makes the equation separable. We further explore
solutions of equation 3.4 in chapter 4.
The main problem then becomes one of determining how the boundary conditions in the
initial problem map to the streamline coordinate domain. Fortunately, we will see that many
seemingly di erent systems can be represented by the same streamline domain di usion
problem, so that it is not always necessary to solve the entire problem from start to nish in

order to analyze a new system.

3.9 Solution for the micro uidic probe

One of the simplest problems solvable with the above-described procedure is the problem
of ow and di usion in a micro uidic probe (which we called a Micro uidic Dipole in the
article). The potential representing ow in a simple micro uidic probe is given by

= log(z) log(z 1) (3.5)

Where s the ratio of aspirated ow rate to injected ow rate. We are trying to solve the
associated convection-di usion problem for the case where the injected uid is at a xed
concentrationc = 1, and the surrounding uid is at concentrationc = 0. An illustration of
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the streamline domain for this problem is given in gure 3.4

Figure 3.4 Schematic representation of the streamline coordinate domain for the micro uidic
probe, left is the regular ow domain, right is the streamline coordinate domain. Bottom
cartoon shows an illustration of how one domain gets unfolded into the other.

In the streamline domain, the di usion problem becomes that of two channels of di erent
concentration, initially separated, then put into contact and allowed to mix. The point where
the two uids are put into contact is the image of the stagnation point g.g. In the limit

of high Peclet, a very good approximation can be obtained by supposing that the point of
contact of the two uids (corresponding to the horizontal axis past the point s.g4) is kept
at a constant concentrationc = 1. In this case, the solution is that of straight ow past a

2
semi-in nite obstacle of xed concentration, which is given in [105].

1 q
c()= > 1 erf Im Pe( stag) (3.6)

By replacing for its expression in terms ok (given in equation 3.5), we obtain the concen-
tration pro le at high Peclet everywhere in the micro uidic probe. This solution is illustrated
in gure 3.5

This solution supposes that the concentration is constant along the separating line= 0; >
stag- 1his approximation always breaks down for su ciently large values of (we expect

that in the limit of innite , both uids are completely mixed and the concentration is

uniform and equal to %1 which is the ratio of injected to aspirated uid). However, the

region where this approximation breaks down is con ned to an exponentially small circle
around the aspiration aperture, whose radius decreases with increasing Pe. In the ranges of
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Figure 3.5 Solution for concentration in the micro uidic probe

Pe we are working with (which are of the order of 100 to 1000), this region is completely
situated under the aperture and the solution is exact everywhere in the domain of interest.

3.10 Using simple transforms on the probe solution

Once we are in possession of a complete solution for ow and di usion in the micro uidic
probe, we can use conformal transforms to obtain other equivalent solutions for more elabo-
rate systems. In this way, we can get concentration pro les for a large family of symmetrical
systems for free, just by transforming the solution for a single micro uidic probe. Exam-
ples of concentration pro les shown in the Nature Communications article are illustrated in
gure 3.6.

In this rst article, the focus was mainly on transforming the probe solution using power
transforms of the form

f(z)= 22 (3.7)

Where a is an integer. Such transforms produce a radial symmetry around the origin. When
the origin is taken as the aspiration aperture, the transform yields a ower -shaped probe,
with a single aspiration at the center, anda petals evenly distributed around it. With
the origin at the injection aperture, the resulting shape is ara-sided polygon. With the
origin taken halfway between injection and aspiration, the resulting ow is equivalent to a



36

Figure 3.6 Concentration pro les obtained by solving the convection-di usion equation and
transforming it using conformal maps. a) Solution in the streamline coordinate domain. b)
Solution for the micro uidic dipole or micro uidic probe. c) 4-petal ower probe obtained
by applying a radial symmetry to the micro uidic probe solution. d) Solution for micro uidic
quadrupole. e) Poppy probe obtained by applying radial symmetry to the quadrupole. f)
8-Petal ower probe. Insets in each gure illustrate how the streamline coordinate domain
gets folded into the nal ow domain.

micro uidic quadrupole in the case ofa =2, and to poppy -shaped probes in cases of larger
a(see gure 3.7e). The transfornf (z) was also used on the dipole solution, yielding ow and
concentration pro le for a pair of injection apertures of di erent ow rate and concentration
in the plane (a geometry which we termed impinging ows).

3.11 System fabrication and operation

The solution procedure presented in previous sections easily allows the prediction of ow
and concentration pro les in families of systems constructed as a series of injection and
aspiration apertures over a surface. The experimental part, realized by Pierre-Alexandre
Goyette, then consisted in fabricating a versatile device that could reproduce these same
ow patterns experimentally. Most micro uidic systems on which we were basing our work
(especially micro uidic probes and probe-adjacent systems) had been made of silicon up to
that point. Silicon o ers several advantages, namely extremely high precision in fabrication,
cheap material, and high ease of mass production. The ability to mass produce several probe
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heads at a low cost is also an important factor in a clinical setting, where you may have
an expensive setup for which you only need to replace the probe head for each experiment.
However, in a lab setting, silicon also has several disadvantages. In a research setting, where
the focus is on fabricating a small number of systems, and iterating quickly, the economies of
scale a orded by silicon mass-production are o set by the very high cost and complexity of
the clean room. For this reason, we decided to fabricate devices using photolithography 3D
printing. 3D printed systems can be fabricated in a matter of a couple of hours and iterated
on quickly. An additional advantage of 3D printed systems, as opposed to silicon-based
ones, is the possibility of fabricating monlithic elements with 3D channel structures within
them. This will come in handy when fabricating systems with arrays of apertures distributed
around the 2D plane. In previous microfabricated systems, the channel structure within the
probe head was usually con ned to a plane, because of the limitations of microfabrication
techniques. This means that devices usually had apertures that were lined up in a single
line, or limited to a small number of di erent lines. 3D printed systems allows the relatively
straightforward fabrication of systems such as the ower probe, or the pixelated chemical
displays presented in chapter 7, which would be nontrivial to fabricate using traditional silicon
etching techniques. Of course, the relatively expensive photosensitive resin required by these
printers and the fact that systems have to be printed one at a time puts limits on scaleability.
There are also additional di culties when printing features inside of a system (such as interior
channels), which can be prone to clogging and end up having a poorer resolution than the
advertised resolution of the printers. However, more sophisticated 3D printing techniques
are being developped by research groups for the purpose of making integrated micro uidic
systems [155], and these could open up the way to more sophisticated 3D printed probe
heads.

Once fabricated, the systems are connected to a series of programmable syringe pumps using
plastic tubing. Experiments involve injecting a mix of water and uorescein solution, and
are imaged using uorescence microscopy.

In order for the system to behave properly, the gap between the probe head and the glass
slide over which the experiment is conducted has to be kept constant. Initial experiments

involved using a precision goniometer to adjust the angle, but later on it was decided to use

spacers placed directly on the probe head, in a picnic table geometry. The probe head

could then be directly placed on top of the glass slide and constant gap was ensured by the
spacers. The experimental setup is illustrated in gure 3.7
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Figure 3.7 Experimental setup. a) CAD illustration of the probe head as seen from below
the glass slide. b) Photo of the actual experimental setup

3.12 Validation of the theoretical model

The rst systems that were fabricated served to validate the theoretical di usion model.
Fluorescence images of multipolar systems in di erent geometries and with di erent experi-
mental parameters were taken and then compared with the theoretical concentration pro les.
Match was found to be near perfect between theoretical and experimental pro les. The re-
sults of these comparisons are presented in gures 3.8 and 3.9. This match of predicted
concentration pro le to experimental results was a tremendous step in validating the use of
the theory and opening up the way to using the theory for more elaborate systems.

3.13 Rectangular Arrays of Apertures

One of the main selling point of the article was the exibility of the simple theoretical model
we presented. In order to mirror this, we fabricated a recon gurable system consisting of
12 apertures in a rectangular matrix, whose ow rate could be set independently of each
other. In this manner, the fabricated system consisted in a rst demonstration of a truly
recon gurable 2D micro uidic system. By injecting and aspirating in di erent apertures of
the array, we were able to reproduce patterns similar to most previously published probe-type
systems, as well as new ones, such as polygonal footprints. Examples of the di erent ow and
concentration patterns obtained using this recon gurable multipolar system are illustrated
in gure 3.10.

This early system was recon gurable in the sense that it could reproduce di erent ow pat-
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Figure 3.8 Comparison of theoretical transport model with experimental results. Predicted
concentration is put side-by-side with experimental results for di erent angles from the in-
jection aperture. Disrepency at = 3 =4 is due to the presence of another aperture in the
experimental image.

terns by injecting and aspirating di erent uids from di erent combinations of apertures. Of
course, the recon gurability during a single experiment was still somewhat limited. Flow rate
from a single aperture could be dynamically adjusted during the experiment, and apertures
could be turned on or o dynamically, but a single aperture could not be used both to
aspirate and inject during the same experiment. Likewise, a single aperture could not inject
di erent reagents at di erent times in the same experiment. Many of these limitations were
eventually lifted in micro uidic pixelated displays, which are presented in chapter 7.

3.14 Flower-type Arrays

A second recon gurable system that was showcased in the same article is a ower-shaped
radially symmetrical array of apertures. Fluid is injected from the surrounding apertures
and reaspirated in a central aperture, creating distinct petals that have minimal crosstalk.
This system allows for a smaller variety of di erent patterns than the rectangular array of
the previous sections, but is in many ways more appropriate for real-life experiments due to
the simplicity of its design and the absence of interaction between petals. In an experiment,
each petal can have expose a surface to di erent conditions, such as di erent concentrations,
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Figure 3.9 Side-by-side comparison of theoretical and experimental concentration pro les for
di erent multipolar geometries. In each sub gure, the top half is the concentration pro le
predicted by theory and the bottom half is an experimental uorescence microscopy image
of the same geometry. Scale ba600m

di erent reagent, or similar reagents pulsed in time according to di erent frequencies or duty
cycles. This was demonstrated in this article with a one-step immunoassay experiment,
presented as a proof of concept, and is also the basis for further work by other students in
the group [138].

3.15 Immunoassay Application

In order to demonstrate the application of the system in designing complex multi-step ex-
periments on surfaces, Pierre-Alexandre Goyette designed and ran an experiment showcasing
how an immunoassay binding curve could be obtained in a single experiment. The experi-
ment was performed over a glass slide functionalized with goat IgG anti-mouse antibodies,
obtained from David Juncker's group at McGill University. The surface was rst exposed

to 6 di erent concentrations of antigens, using the petals of a 6-sided ower for each con-
centration. After the initial incubation time of 50 minutes, another set of apertures exposed
the entire surface to a solution of uorescent antibodies which would bind on the antigens.
A nal step consisted in washing the entire surface by injecting water through a separate
aperture. After these steps, the functionalized surface could be observed through uores-
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Figure 3.10 Demonstration of recon gurability in a rectangular aperture array. Several dif-
ferent concentration patterns are obtained over a surface in a single minutes-long experiment.

cence microscopy, with the di eren petals exhibiting di erent intensity of uorecence. The
link between initial concentration of antigen and nal signal ( uorescence intensity), could
then be mapped into a binding curve. The di erent steps of the experiment, as well as the
results, are shown in gure 3.11. Normally, such a binding curve would require a separate
experiment for each antigen concentration, but in this case the entire thing could be done in
a single hour-long experiment. This thus demonstrates the ability of the multipolar system
to automate and parallelize complex multi-step experiments involving a number of di erent
conditions.
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Figure 3.11 Immunoassay experiment performed using recon gurable multipolar systems. a),
b), and c) schematic illustration of the di erent steps of the experiment. d) Fluorescence

image of the functionalized surface after the experiment. e) Experimental binding curve for
the immunoassay.
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CHAPTER 4 ARTICLE 1 - TWO-DIMENSIONAL
CONVECTION-DIFFUSION IN MULTIPOLAR FLOWS WITH
APPLICATIONS IN MICROFLUIDICS AND GROUND WATER FLOW

4.1 Outline

This article, publishedin Physicsof Fluids in 2020,contains a more exhaustivediscussionof
the theoretical tools presentedin the previous section.

We tackle the generalproblem of ow eld and convection-di usion ipotential ows con-
taining a number of point sourcesgachinjecting or aspirating uid at a given concentration.
We solvefor the high Pecletcase,which is the relevant onein most micro uidic systems, but
also showhow a solution can be constructedfor low Peclet ows.

We alsoshowhow combinationsof point sourcescombinedwith a subsetof conformal maps
called Schwarz-Christo el transforms, can be used to model diusiao mplex channel
junctions, establishing links with well-known micro uidic s ystems such as hydrodynamic
focusingsystems[156], T-Mixers [128],and H-Filters [157].

In the introduction, we alsodescribehow the solutionswe developcould be of useto scientists
working in other domains, mainly groundwater mechanics.

The text and figures of the articles are reproducedas they appearin the Physics of Fluids
publication, publishedin December 2020.

The text of the article, aswell asall the results presentedtherein, weredoneby myself, with
feedbackfrom Thomas Gervais. The results presentedare a logical extension of the work
that was presentedin our previous Nature Communicationsarticle (seesection3).

4.2 Contribution

Production of results, theoretical analysis, bibliographical research,production of gures,
article redaction.

4.3 Introduction

Many 2-dimensionalor quasi 2-dimensional ow problems can be approximated as arrange-
ment of point sourcesand sinksin anuncon ned 2D spaceransport in such planar multipo-
lar ows is important in many areas of uid me chanics. Multipolar ows appepmging
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jet problems, for example in industrial cooling processes [158] or in the study of di usion
ames [159]. Transport in such ows has also been analyzed in the context of hydrocarbon
recovery [53] [160] [35] and in the exploitation of aquifers in hydrogeology [161] [162]. Distri-
butions of multipoles have been used as approximations for ow past rigid obstacles in the
context of convection trough porous media [103], for the modelling of uid interface in porous
media [163], for approximating transport of suspended particles in quasi-2D colloids [164] or
for the modelling of droplet suspensions in micro uidic channels [126]. In biology, multipolar
ows can be found in the irrigation of the choriocapillaris [165]. In engineering, many de-
vices include ow from thin pipes injected to a thin space between two plates. These include
hydrostatic thrust bearings [166], radial di users [167] and injection molding processes [168].
Among multipolar ows, quadrupole ows are of special interest as the ow within them is
purely extentional. They have been used to study the stretching of oil droplets [169] and as
exact solutions of the Navier-Stokes equation for the study of vortex stretching [170] [106].

More recently, in the context of micro uidics, there has been a renewed interest in the study
of passive transport in multipolar laminar ows. Arrangements of sources and sinks have
been used to generate hydrodynamically con ned ows with micro uidic probes [8] [145]
or to generate tunable concentration gradients in micro uidic quadrupoles [124]. Similar
devices have also been used in a non-con ned operation mode to generate omnidirectional
concentration gradients [171]. Outside of open-space devices, multipolar ow has been used
to model intricate ow patterns in microchannel intersections [172] [13], and can be used to
model planar concentration gradient generators [132]. Micro uidic multipoles have also been
used as a building block to create recon gurable concentration patterns on open surfaces [15]
[173].

In light of these applications, there is a need for a deeper understanding of 2D transport
processes in multipolar ows. Considerable work has already been done on the subject:
Transit times have been found for particles in symmetrical dipole ows both without di usion

e ects [161], as well as with di usion for some geometries [53], scaling laws have been found for
various physical parameters in micro uidic dipoles using linearized equations near the ow's
stagnation point [133], analysis of the gradient at the center of micro uidic quadrupoles have
yielded precise expressions for diusion length [124] and thorough numerical simulations
have been done for several multipole geometries [14] [152]. More recently, Zouache and
Eames published an investigation of ow and passive transport in the turning region of
multipolar ows as well as in triangular subcells of tesselated ows, such as are found in
the human choriocapillaris [174]. However, despite these advances, there is still a need for a
complete framework for the analysis of general 2D multipolar transport problems. Analytic
approaches usually either neglect di usion entirely and focus on material surface tracking
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[175] [176], or nd diusion lengths for very speci c regions of space [124] [133]. Neither of
these methods allows for the analysis of complex 2-dimensional ow pro les and concentration
gradients. On the numerical side, calculations are made laborious by the highly multiscale
aspect of multipolar ow problems [152], which puts strict constraints on the meshing of the
geometry and makes calculations very resource intensive. Recently, we presented a theoretical
model for the complete 2D concentration pro le in micro uidic multipoles at high Pe as
well as a method for generating more elaborate solutions using conformal transforms [15].
This model was restricted to high Peclet ows with hydrodynamic con nement (meaning
problems in which the net aspiration rate is larger than the net injection rate), as is found
in micro uidics applications. In this paper, we present a complete analysis of the problem
of 2D convection-di usion in planar multipolar ows at low Re. We then give solutions to
the problem for both high and low Pe regimes, valid for problems both with and without
hydrodynamic con nement. We then show how the same solution procedure can be applied
to problems con ned in chambers and microchannels. Combined with conformal transforms,
2D multipolar problems can serve as a building block to understand a great variety of ow
con gurations. We nd that in practice, the high Pe approximation yields precise results

for values of Pe as low as 1.

4.4 Theory

4.4.1 Hele-Shaw ow

Starting from the incompressible Navier-Stokes equation, we can demonstrate that, for a ow
of su ciently small Reynolds number con ned in a thin space between two parallel plates,
the velocity eld is [20]

1 @p

2 @xd 2
_ 1@ 4.1
ve o @g(d 2) (4.1)

Which is the product of a potential ow in the xy direction and a parabolic pro le in the z
direction. Averaging over the z direction, we get streamlines that are exactly analogous to
eld lines in a 2D electric eld [28]. The 2D ow eld can thus be written as

u=r (4.2)
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With the potential proportional to the pressure eld, and obeying

rz =0 (4.3)

We can use Gauss' theorem to obtain the adimensional potential generated by a point source
or sink

i = Qilog(jx  Xij) (4.4)

Where Q; is the adimensional ow rate at the aperture andx; is its position. Since the
governing equations are linear, the ow generated by a set of point sources and sinks is
simply given by the sum of the contribution of each source and sink.

Transport of a passive tracer such as heat or a dilute molecule in the ow is described by the
3-dimensional convection-di usion equation

2

rc Peurc=0 (4.5)

Our analysis assumes no ux from either the top or bottom wall, such that the only source of
tracer comes from prescribed concentration at the inlets. We are interested in the behavior
of the 2D, depth-averaged, concentration pro le. In cases where the chamber height is much
smaller than the di usion caracteristic length, the passage from 3D to 2D depth-averaged
Is a direct one, as interdi usion can be assumed to keep the concentration constant along
the vertical dimension at all time. At very high values of Pe, when the interdi usion length
becomes comparable to the chamber height, the concentration pro le starts varying in the z
direction according to the buttery e ect [177]. In such a case, precise determination of the
full 3D pro le is best done by rst assuming a pure convection solution, then modifying the
interface cross-section by using a solution analogous to the well-known Leveque solution [107].

Provided the supposition highlighted above stands, the 2D concentration pro le is described
by

r’c Per rc=0 (4.6)

Equation 4.6 accurately describes transport in a large host of micro uidic devices, be they
open-space scanning probes or gradient generators in large chambers. This equation can
also be directly applied to a number of Darcy ows, namely for groundwater ow in quasi-
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planar aquifers or in paper micro uidics applications [178], provided there is little interaction
between the porous matrix and the concentration eld.

Equation 4.6 neglects the 3D aspect of the ow and is thus inappropriate for capturing
e ects along the z-axis such as di usion very near the turning region or e ects of prescribed
concentration on the top or bottom plate. Both these e ects have been thoroughly analyzed
by Zouache & al in [174].

Reducing the ow to a 2-dimensional potential ow allows us to rewrite position vectors as
complex numbersz = x + iy. We can then rewrite spatial derivative operators using

@, @

X @y

The complex potential thus becomes a function of a single variable The contribution of

(4.7)

point sources becomes simply

i = Qilog(z  z) (4.8)

The system of equations 4.3 and 4.6 is conformally invariant [101] [100]. This allows us to
use conformal transforms to map simple known solutions to more complex geometries. This
will be the main approach we use when solving transport problems in multipolar ows.

4.5 Multipolar ows

We are interested in convection-di usion in multipolar ows, that is ows generated by dis-
crete sets of point-like injection and aspiration apertures. In practice, these can be fabricated
by having small circular channels deliver or aspirate uid from the top plate of the Hele-Shaw
cell. The dierence in ow pro le between a nite circular aperture and a point-like source

is negligible outside of the radius of the aperture [152].

45.1 Finite-size dipoles

The simplest case of a multipolar ow for which a steady-state concentration pro le exists is
the ow illustrated in gure 4.1, consisting of a single injection of unit ow rate and a single
aspiration of ow rate > 1, separated by a nite distance. We label this con guration
the nite sized dipole to di erenciate it from the usual dipole source where injection and
aspiration are separated by an in nitesimal distance. Flow and concentration in the nite
sized dipole are exactly equivalent to those in the micro uidic probe [8], and provide the
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starting point for our analysis. The ow eld and an example of a concentration eld in the
nite dipole are illustrated in gure 4.1. The complex potential in a nite dipole is given by

= log(2) log(z + 1) (4.9)

In cylindrical coordinates, the convection-di usion equation for the dipole ow becomes

@+1@9rl@c— Pe 1 ( Dr?2+(  2)rcos 1@C sin @c

@ r@r r2@2 r(r2+2rcos +1) @r @
(4.10)

The concentration is xed ac = 1 for the injection aperture, ¢ = 0 at in nity and zero

ux at the aspiration aperture. Several approaches exist to solve this equation. The classic
method is to use perturbation methods to analyze the behavior afin the limits of very
high or very low Pe. This problem has to be solved using singular perturbations, similar to
the approach used by Acrivos and Taylor to analyze convection-di usion around a spherical
obstacle [112]. This is feasible when = 2 and the boundary layer separating the region of
high concentration from the region of null concentration takes the form of a circle of radius
1. However, for general values of, the boundary layer's position is not trivial, which makes

it hard to obtain a solution in terms of singular perturbations. Another solution avenue is to
use material surface tracking, which is often used in groundwater problems involving point
sources and sinks [179]. However, this method usually neglects the e ects of lateral di usion,
which we want to account for in our analysis.

4.5.2 The problem in streamline coordinates

To simplify the problem, we use a transformation to Boussinesq coordinates [101]. Since the
system of equations 4.3 and 4.6 is conformally invariant, we can use the complex potential
as a map from the domairz = x + iy of dipolar ow to the streamline coordinate plane
= +1i wherethe ow is a simple, constant plane ow. This is similar to the hodograph
method used in interface problems for groundwater ows [180] [181] [52]. In the streamline

coordinate domain, the convection-di usion equation is reduced to the simpler form

@c @c @c
e: @ g -0 (4.11)

This represents convection-di usion in a uniform plane ow. There remains to impose the
proper boundary conditions on 4.11. To determine these boundary conditions, we must
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() (b)

Figure 4.1 Streamlines (a) and concentration pro le (b) for a nite sized dipole with =4
and Pe=10

determine where the important features of the dipole ow map in the streamline coordinate

domain. These important features are the symmetry axis at = 0, split in 4 dierent

segments by the two apertures and the stagnation point, as well as the streamline going from

the stagnation point to the aspiration aperture. The map of each segment in streamline

coordinate can easily be obtained by using the complex potential to map each endpoint. By

the de nition of our map, any segment of a streamline maps to a straight segment of constant
in the domain. These features are illustrated in gure 4.2.

The equivalent problem to solve is thus the problem of convection-di usion inside of a strip
with zero- ux (symmetry) conditions on the top and bottom walls. In addition, the strip is
separated by a semi-in nite segment of zero ux around = 0, which separates a region for
whichc! Oas ! 1 and one for whichc! las ! 1 . This semi-in nite boundary
condition makes the problem particularly hard to solve analytically, even if the underlying
equation is relatively simple. We will give solutions to this problem in the limits of high
and low Peclet numbers, and use these solutions to obtain concentration pro les for di erent
multipole geometries.
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Figure 4.2 Map of the important features of the nite dipole domain (a) and their equivalent
in the streamline coordinate domain (b)

4.5.3 Position of the stagnation point

In the streamline coordinate domain, there is a semi-in nite strip of zero ux at = 0 going
from | to = a9, Where gy is the image of the stagnation point in the dipole ow.
The stagnation point represents the point in the dipole ow domain where the velocity eld
vanishes. It can be shown that is position is given by

1
Zstag = ] (4.12)

Its image in the streamline domain is thus given by
1
stag = 100 — log — (4.13)

For the remainder of the text, we will use +i = + stag @S @ transformation, so that
the semi-in nite boundary ends at the origin in the streamline domain.



51

4.5.4 Approximation for large Peclet

We rst approach the problem in the high Pe limit. This regime is the one most commonly
found in micro uidics applications, where Pe is usually in the range df(? to 10*. The semi-

in nite boundary condition at = 0 seems to suggest that we could use the Wiener-Hopf
method to solve this problem, as in [108] [109] [182]. However, the addition of symmetry
conditonsat = and = (1 ) , as well as the dierent limit conditions for c as

- makes the problem dicult to pose using this formalism. We thus look for a
simpli ed formulation of the problem that still captures the important features of the solution.
To do so, we rst observe the behavior of the solution near= 0 , that is near the edge of
the semi-in nite no- ux boundary. At high Pe, there is a region around this point where the
e ect of the boundariesat = and =(1 ) are negligible. A local solution valid in
this region can be obtained by solving the simpli ed boundary value problem consisting of
equation 4.11 with the boundary conditions

@c
—=0 < 0 =0
@
c=1 !1 ;>0 (4.14)
c=0 U 0
By symmetry of the problem, we can deduce that will be equal to = for 0, =0.

This allows us to independently solve both halves of the plane. Speci cally, the problem in
both halves becomes identical to the leading-edge problem from [105]. We can thus apply
the solution directly and obtain the complete concentration pro le as a piecewise solution.
The solution obtained is continuous on the entire domain apart from the semi-in nite BC.

8
q
21z 1 erf Im Pe() <0
c(; )=, g (4.15)
"Iz 1+erf Im Pe() 0

This solution is illustrated in gure 4.3a

The solution 4.15 is valid near the origin and for high values of Pe, however it breaks down
for su ciently large values of . This can be seen intuitively by observing that very far down-
stream, the solution yields a uniform concentration o€ = = while a simple rst principle
analysis of the original problem shows that far enough down the channel, the concentration
must bec= = everywhere. More speci cally, we have neglected the e ect of the symmetry
conditonsat = and =(1 ) , which don't in uence the wake near the mixing
region, but eventually must be considered su ciently far downstream. We have previously
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Figure 4.3 Streamline coordinate solutions for the nite dipole at high Pe. a) Solution 4.15,
valid around the stagnation point and breaking down far downstream and b) Solution 4.19
valid far downstream but breaking down near the stagnation point

shown [15] that this breakdown region happens when> O (Pe). When the solution is
transformed back to the dipole domain, the breakdown region where the solution is no longer
valid is con ned to a circle or radiusO e P around the aspiration aperture.

4.5.5 Second approximation for large Peclet

In some cases, we may be interested in solutions for the highly convective regime in which
we need accuracy far downstream. In this case, we can use di erent approximations for the
problem in streamline coordinates and obtain a second solution. For very high values of Pe,
we can be justi ed in assuming that no mixing of the uid happens before>  g,g4. In that
case, we can assume that concentration will be constant in each channel region for gq.

We can then solve equation 4.11 for the semi-in nite strip> 0, 2](1 ) ; |[.

Using the change of variable(; )= exp(:=Pe )U(; ), we can bring 4.11 to the form
of the helmholtz equation

gg N @g;‘j . ipezu (4.16)

The Green's function for this boundary value problem is known and is given by [154]
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i % 9=, e o 9 ep( o + Poos () cos

(4.17)

n=0

q__
With ,= ™+ PTez, o=2and , =1 forn6&0. This Green's function can be convoluted

with the value of cat = 0 to obtain the concentration pro le. Since we approximate the
concentration prole at =0 to be simply a step function, we obtain

z
N @G . .
C(1 )_ 0 @(1 y 0; %J 0=0 d 0 (418)
Which can be simpli ed to
. 00 s ez1 1
1 2 1 P 2 P .
c(; )= —+— ﬁexp@@7e n—2+ TA Asin -~ cos E( ) (4.19)

About 10 terms are required to have an error of less thahO 3 everywhere except near
the branch cut at = 0, where the solution is already not valid. Adding further terms
beyond that only resolves the region around=0 more. This solution, illustrated in gure
4.3b breaks down in a region of orde® = Pe around the branch cut since it neglects
retrodi usion in that region.

4.5.6 Error for each approximation

We have obtained two di erent approximations of the concentration pro le in streamline
coordinates for the dipole problem. Both break down in di erent regions and in general, we
will use the one which is valid in the region of interest, depending on the problem. For multi-
polar devices with hydrodynamic ow con nement, solution 4.15 is perfectly appropriate, as
the breakdown region will be con ned to an exponentially small region under the aspiration
aperture. If however, we want the concentration pro le for non hydrodynamically con ned
devices such as impinging ows (presented in section 4.7), we may use the second solution,
valid far enough downstream. In gure 4.4, we compare both solutions to nite element
simulations to determine the error along the axis. We notice that the value of for which

the error is larger for the self-similar solution is of the orde® (Pe). We also note that by
using a combination of the two solutions, we can use the high Pe solution for values of Pe
as low as 1 while keeping an average error that is smaller than 2 %. The maximum error
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committed decreases approximately with Pé*>, as shown in gure 4.4d.

4.5.7 Approximation for very low Peclet

In the limit of very low Peclet number, we may approximate that di usion in the direction
happens much faster than convection, and that at any point in the streamline domain the
uid is completely mixed along any vertical line so thatc is only a function of phi. This
approximation allows us to separate the streamline domain in 3 1-dimensional subdomains
and solve a simpli ed equation for each.

The rst subdomain we analyze is the part of the strip de ned by 0, corresponding to
the region after the separating cut of zero derivative. In the very low Peclet regime, we can
approximate that this region is perfectly mixed and has constant concentration everywhere.
The concentration in this region will be the equilibrium concentration, that isc= = . As Pe
increases, this approximation will break down in a region around= 0 , where mixing will
not yet be complete.

Once we have xed the concentration for 0 to a constantc = =, the top and bottom
half of the strip for < 0 can be independently solved as separate 1-dimensional problems.
In both cases, we are solving the 1-D convection-di usion equation

@c @c
Pe— =0 4.20
@’ @ (4.20)
With ¢= 1= at =0 and concentration at = 1 xed at either O (top half-strip) or

1 (bottom half-strip). This gives us a piecewise de nition for the streamline coordinates
solution at very low Peclet numbers

1gpe < 0& >0 (4.21)
-1 —LgPe < 0& <0

8
; :
3

This solution can be taken back to the dipole ow domain using the complex potential as a
transformation, as was done for the high Pe solution.

4.6 Transforming the dipole solution

The dipole solution, be it for high or low values of Pe, can be used as a starting point to
generate more elaborate solutions without needing to solve new transport problems. We
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(@ Pe=1 (b) Pe =10

(c) Pe=100 (d) Maximum error committed

Figure 4.4 Error averaged along axis for di erent values of Pe for the self-similar solution
(dashed) and series solution (full line) for =4 and di erent values of Pe. Sub gure d shows
the maximum error committed by combining both approximations. The error for each graph
was obtained by comparing with 2D nite element simulations of the streamline problem
done in COMSOL multiphysics. For each value of, the error was integrated along the
axis
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can once again exploit the fact that the plane convection-di usion equation and the Laplace
equation describing the ow eld form a conformally invariant system of PDEs. This allows
us to use simple conformal maps to map the dipole ow to other multipolar ows with more
apertures and obtain solution of the transport problem in those ows directly. Examples
of simple transforms that can be used include power transforms for generating rotationally
symmetrical geometries, inversion transforms to obtain noncon ned ow pro les, or schwarz-
christo el transforms to obtain con ned channel geometries, as will be described in the
following sections. A selection of concentration pro les obtained from the dipole solution are
illustrated in gure 4.5.

4.7 The impinging ows solution

The nite dipole solution can be transformed to obtain concentration pro les in geometries
without hydrodynamic con nement. For instance, starting from the solution 4.15 for the
dipole ow geometry 4.9, we can use the transformation

z=27z1' 1 (4.22)

To obtain the concentration in a ow caracterized by an injection aperture of rate = 1
rate and null concentration at the origin and another injection aperture of unit rate and unit
concentration atz = 1. The ow pro le for the impinging ows is given by the gradient of
the potential function

(z)=log(z 1)+ log(2) (4.23)

In the case of = 1, the two singularities inject at the same rate, and a vertical line of
concentration c = = appears aroundz = =. Very close to this stagnation point, the ow
behaves like a purely extensional ow and the concentration pro le approaches the well-
known y-independent solution [100] [124]. However, §g increases, the velocity decreases
and a broadening of the concentration gradient is observed. In the case of 1, a hyperbolic
wake is formed around the aperture az = 1, and a similar wake is observed around = 0
when < 1. Dierent solutions for the impinging ows are illustrated at gure 4.6.

This solution can be used to model transport from two jets of di erent temperature impinging
on a 2D plate, or temperature in an aquifer with two di erent cylindrical injection wells. In
micro uidics, impinging ow devices can be used to generate long adjustable concentration
gradients in an open-space context.
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Figure 4.5 Concentration pro les obtained using combinations of translations and power
tranforms

(@ == () =1 © =4

Figure 4.6 Solutions for impinging ows at Pe= 10 for various values of
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4.8 Other starting geometries

In the previous sections, we have been exploiting the solution to the dipole geometry problem
described in 4.5.1, and nding derived solutions by using conformal transforms. However,
the method outlined here is quite general and can easily be extended to more complex
starting geometries. In cases when the arrangement of sources and sinks cannot be obtained
by transforming an already known solution, we have to start by mapping the problem to
streamline coordinates and see how the branch cuts map in the channel geometry. Once
the problem is properly posed in the streamline coordinate domain, it can be solved using
appropriate approximations and then mapped back to the multipole ow. This includes,
but is not limited to, applications where there are injection apertures injecting more than

a single reagent or reagent concentration. Examples of solutions obtained from di erent
starting geometries are illustrated in gure 4.7.

4.8.1 Single source in straight ow

One example of a dierent starting geometry is the case of a single injecting source in a
straight ow. This geometry can be found in problems of injection of cold water in aquifers,
for example waste from groundwater heat pumps or in the analysis of the contamination
of underground water sources. This arrangement cannot trivially be obtained by applying
simple transforms to the dipole solution presented in the previous sections. However, we
can apply the same reasoning as we did in section 4.5.1 to nd the form of the problem in
streamline coordinates. The obtained streamline coordinate problem is very similar to the
nite dipole one, and the same solution procedure can be applied.

Figure 4.7 Concentration pro les for multipolar geometries not obtainable from the simple
dipole solution.
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Flow in the thermal plume arrangement is described by the complex potential

= z+ log(z) (4.24)

Which corresponds to a dipole source of unit strength at in nity and an injection aperture
of rate  at the origin. This ow possesses a single stagnation point &g = . This
stagnation point transforms to the point g given by

stag — + log( )= (log( ) 1)+i (4.25)

The rst high Pe approximation 4.15 is applicable directly to this problem. To obtain a high
Pe solution valid far downstream, we must modify the results of section 4.5.5 to account
for the fact that the domain is now semi-in nite in the  direction. This solution can
again be obtained by using the Green's functions for Helmholtz' equation in the quadrant,
with Dirichlet boundary conditions on one axis and Neumann boundary conditions on the
other. Because the domain in streamline coordinates is semi-in nite, the low Pe regime is
harder to analyze than the strip domain of the dipole solution. We leave to future work
the determination of the di usion pro le for the thermal plume at very low values of Pe,
which would have to be done using matched asymptotic expansions (as the approximation
of complete mixing in the direction has to break down for su ciently high ).

An example of high Pe solution for a thermal plume in a straight ow is illustrated in
gure 4.8a. The solution can again be transformed using simple conformal maps to obtain
concentration pro les for more elaborate ow patterns. This is illustrated in gure 4.8b,
where we use a simple power transform on the plume solution to obtain the concentration
pro le of a single injection aperture placed over a purely extensional ow.

We note that this solution is di erent to the well-known Green's function for convection-
diusion in a straight ow [183], given in terms of Bessel functions, since it includes the
e ect of physical displacement by the injected uid.

4.9 Application to closed channel geometries

So far we have used power transforms and inversions to obtain rotationally symmetrical
geometries that can be used to model ows in unbounded 2-dimensional domains. The main
application of these being in open-space micro uidics. However, the same models can be used
to model di usion pro les in closed channel micro uidic devices. This is due to the fact that

a majority of micro uidic devices operate in channels much wider than they are tall, making
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() (b)

Figure 4.8 Concentration for a thermal plume in a straight ow with Pe=10 and =1 (a)
and concentration for a single injection aperture superimposed over a purely extensional ow
(b), obtained by applying the power transformz = 2 to the solution illustrated in (@)

them suitable for modelling with 2D ows. In particular, classic passive mixers such as the
T-mixer [128], hydrodynamic focusing [156] or the H- Iter [184] can easily be modelled using
our formalism. The main di erence between closed-channel micro uidic devices and open-
space devices is the presence of no-slip walls, which can throw doubt on the legitimacy of
the method. Indeed, the potential ow formulation is inadequate for modelling no-slip walls
and the 2D Stokes equation, which is usually used to describe such ows, is not conformally
invariant. However, it has been shown that the potential ow approximation only breaks
down in a thin boundary layer near the walls [185]. Since in most passive mixing devices, the
region of interest is near the center of the channel, this means our approximation can safely
be used and the 2D ow can be considered a potential ow in the bulk of the channel.

The general strategy for modelling di usion in closed-channel junctions is to begin with an
arrangement of point sources on the real axis in an unbounded plane, the solution of which
can be easily obtained using the previously outlined method. The obtained concentration
pro le is then transformed using Schwarz-Christo el maps, such that real axis is mapped to
the edges of the channel, and point sources are placed on the edges, approximating incoming
ow from side inlets. The general method is illustrated in gure 4.9.

From the same starting geometry, a variety of channel geometries can be obtained. We
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(@)

Figure 4.9 General outline of the closed channel model. We begin with a known solution for
impinging ows in uncon ned 2d space (a) and use 2 and 3-vertices Schwarz-Christo el maps
to obtain pro les for a T-mixer (b), hydrodynamic focusing (c) and a point source injecting
from above in a closed channel (d)
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contrast these models, which yield complete concentration prole for the turning region
of passive mixers, to the quasi-1D lump models usually used to model such devices [128].
By combining both approaches, it is possible to obtain a complete picture of transport in
closed channel micro uidic devices, even those including junctions with several inlets and
outlets. The same Schwarz-Christo el mappings, to either 2-vertices channels or 3-vertices
semi-in nite slots, can also be used to model di usion patterns from multipolar arrangement
with translational symmetry. This way, for example, the solution illustrated in gure 4.9d
can represent a point source in a closed channel or an array of point sources in a plane ow.
This kind of strategy could be used to model symmetrical arrays of multipoles such as those
used to mark tissues in [147].

4.10 Mapping to closed polygons: diusion in chambers and pixelated displays

In the previous section we showed how simple Schwarz-Christo el mappings to 2 and 3-
vertices polygons could be used to map multipolar ows from the open space to known channel
geometries. In all of the presented cases, at least one vertex was projected to in nity, so that
the resulting geometry as unbounded in at least one direction. We now look at examples of
Schwarz-Christo el mappings to polygons that are bounded in all directions. This can be used
to model either di usion in large 2d chambers in which uid is injected and aspirated from
point-like apertures or small channels on the edges of the chambers, or to model open-space
multipolar geometries with 2D translational symmetry, such as those used in hydrocarbon
recovery from thin aquifers or in micro uidic pixelated displays [19].

Unfortunately, not many Schwarz-Christo el maps to bounded polygons have closed analyti-
cal expressions. Itis possible to approximate any mapping using easy to implement numerical
methods such as those presented in [59], however this may prove to have diminishing returns
when compared to directly solving the corresponding di usion problem numerically. In some
cases, due to the highly singular nature of di usion problems in multipolar ows, the numer-
ical determination of the transformation may turn out to be more stable and precise than
the numerical resolution of the di erential equation system.

One transformation for which there exists a well-de ned closed form for both the direct
and inverse mapping is the map from the semi-in nite plane to a square, given in terms
of elliptical functions [65]. While the map is slightly unwieldy, most scienti c computation
packages include implementations of both the jacobi elliptic sine and elliptic integral that
are necessary for the direct and inverse map, which makes its implementation very simple.
We show in gure 4.10 how the method is applied to obtain di usion pro les in rectangular
arrays of apertures. The details of the calculation are given in [19].
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Figure 4.10 Concentration pro le for a translationally symmetrical array of injection and
aspiration apertures, generating concentration "pixels"”

4.11 Concluding remarks

We have analyzed the problem of tracer dispersion in 2D multipolar ows and shown solu-
tions to the problem for both high and low Pe limits. We have shown two high Pe solutions,
valid respectively downstream and upstream, and which can be combined to obtain an ap-
proximation valid everywhere in the ow domain. We have shown how simple solutions for
transport in multipolar devices can be extended to obtain 2D concentration pro le in a variety

of geometries. These solutions allow for a more sophisticated, 2-dimensional description of
convection-di usion in many transport problems. Speci cally, they give us complete concen-
tration pro les in domains where we previously relied on material surface tracking or limited
scaling arguments. These include open-space micro uidic applications such as micro uidic
probes or multipoles, reinjection problems in groundwater ows found in groundwater heat
pumps or aquifer contaminations and in interface tracking problems in porous media and
di usion in micro uidic channels and chambers. Moreover, the technique demonstrated here
is not limited to the few arrangements of sources and sinks we have illustrated. By using the
same transformations with more elaborate initial geometries, we could generate concentration
pro les for increasingly sophisticated devices. We hope that a more thorough knowledge of
2D exchange phenomena in open-space system will allow engineers and experimentalists from
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a wide range of elds to design devices that exploit the full features of 2D convection-di usion,
without being limited by unidirectional lump models.
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CHAPTER 5 ARTICLE 2 - THE 2D MICROFLUIDICS COOKBOOK -
MODELING CONVECTION AND DIFFUSION IN PLANE FLOW DEVICES

5.1 Outline

This article, publishedin Lab on a Chip in 2023,is a tutorial review describinghow tools of
complexanalysis,namely conformaltransforms, canbe combinedwith simple solutionsof the
Laplaceequation and convection-di usion equation, in order to obtain complete descriptions
of transport in a range of micro uidic systems.

The article beginswith an extensivesurvey of 2D micro uidic technologies, then presents a
generalsolution procedurethat can be usedto preciselyanalyzetransport in them.

The target audiencefor this article is engineersand scientistsworking in the eld of micro u-
idics, especiallygraduate students. Thesemicro uidics e xperimentalists are often called on
to be jack of all trades, manipulating fabrication, biological experiments, uid control, etc.

As such, the ideawasto provide a didactic explanation of simple tools that they could use

in their systems,without having to become uid mechanics experts.

The article is a good synthesisof the entirety of the project and its applicability to di erent
areasof micro uidics.

The text and figures of the articles are reproducedas they appearin the Lab on a Chip
publication, publishedin February = 2023.

5.2 Contribution

The text of the article, aswell asall the results presentedtherein, weredoneby myself, with
feedbackirom Thomas Gervais.

Contribution: Production of results, theoretical analysis,bibliographical research production
of gures, article redaction.

5.3 Introduction

Ever sincethe inception of micro uidics, and continuing to this yahe basic building block

for micro uidic systems has been the microchannel [2]. Micro uidics initially developped in
the 1970sas an o shoot of the emerging domain of microsystem [186]. The rapid develop-
ment of microelectronicsled to the invention of sophisticated techniquesfor working with
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silicon, and these techniques were then reappropriated by engineers working on MEMs and
Micro uidics to develop not just electronic circuits, but also mechanical and uidic systems.
Because of this close proximity with microelectronics, it makes sense that early micro uidics
devices were designed as networks of microchannels. Microfabrication techniques easily allow
for the etching of rectangular channels in silicon. Such channel networks are also reminiscent
of the already familiar pipe networks of the macroscopic world. Moreover, as in electronic
circuits, a channel network based logic allows for the decoupling of key functions in a mi-
cro uidic systems. Such a system can be thought of as an assembly of basic units which
can then be sequenced into complex arrangements. Nowadays, transport in microchannels
is extremely well-understood. Flow pro les are mapped for almost any imaginable channel
cross-section [3], allowing for the determination of pressure gradients and hydraulic resistance
in basic microchannel elements [5]. Di usion in simple channel junctions has also been stud-
ied extensively [4] [156]. Using dimensional arguments and 1D models, di usive exchange
between di erent uids put in contact over a distance can be accurately quanti ed, allowing
for the design of passive mixers [128], lters [157] and chemical gradient generators [129].
Once the precise behavior of individual microchannels is known, they can be assembled in
complex networks. These networks can then be analyzed using uidic analogs to Kirchho's
laws. This allows us to use the entire body of knowledge that exists for analyzing linear
electric circuits, available in any undergraduate electric circuit textbook, "for free" and to
apply it directly to the study of channel networks.

The combination of the theoretical understanding of the channel as an isolated unit with
the high level rules for assembling them using circuit theory forms a solid, self-contained
body of knowledge which can powefully tackle extremely complex channel networks. Pushed
to its extreme, this framework has been the backbone of impressive systems mimicking mi-
croelectronics [7] reproducing complex ecosystems on chips [6], accomplishing multi-step
lab operations on chip [187], as well as many more. However, while this paradigm is ex-
tremely strong and has allowed for the development of important technologies, it has its
limits. By using circuit theory, we conceptualize elements in our systems as either point-like
or 1-dimensional, abstracting away any 2D or 3D behavior the uid could have. In recent
years, a number of new technologies have emerged that break away from this 1-dimensional
paradigm. Precisely engineered channel junctions have been used to generate and distort
both rotational and extensional ows [188] [172], which can then be used to precisely study
complex uids [189]. Similar junctions have also been used to generate ows with precisely
controllable stagnation points, which are then used to trap and move around small particles
in 2D space [190] [13]. Flow in large chambers has been used to generate complex chemical
gradients that are impossible to realize in simple channels [9] [132]. Outside of chambers,
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entire families of micro uidic systems which use ow not con ned by walls at all have been
developped. Micro uidic probes [8] use pairs of point-like apertures to precisely stain large
biological surfaces. From there, more complex arrangements of point-like apertures are used
to generate increasingly complex ows over surfaces, micro uidic quadrupoles for the study
of chemotaxis [124], recon gurable multipoles for the automation of biological assays [15],
even periodic arrays of apertures for a micro uidic analog to pixelated LCD screens [19].

A theoretical framework for such eld-based micro uidic systems would be of great help to
engineers working in the eld, and would allow the push for more elaborate technologies that
fully exploit the intricacies of 2D ow and transport. Fortunately, it turns out that such
transport is already well-known to mathematicians working in various elds related to uid
mechanics [49] [191] [103], porous media [45] [34] or heat transport [192] [23]. The goal of this
article is to gather this knowledge, that is currently scattered piecemeal over various elds,
and collect it in one place easily accessible to engineers working in the eld of micro uidics.
This will enable us to describe ow and transport in 2D micro uidic systems in a systematic
way, and thus facilitate the analysis of existing system, as well as the invention of new ones.
Another goal of this article is to show examples of applications of simple transport theory
as a way to further understand micro uidic systems. By the end of this tutorial review, the
reader should have a solid grasp on the tools needed to examine ow and di usion in a wide
range of di erent micro uidic technologies. Of course, the framework described here can
also be of interest to engineers working in di erent elds, namely groundwater mechanics,
di usion-limited growth phenomena, or heat transfer to name a few.

While the 2D technologies summarized above cover a wide array of applications, we can
identify a number of recurring factors about them. By breaking them down to their most
basic building blocks/phenomena, we can obtain a list of relevant physical phenomena that
can be analyzed independently of each other. We will see that these basic phenomena, such
as ow, diusion and interfacial tension, are quite few in number, and can often be studied
using the same set of tools. This will enable us to de ne a basic work ow that is a great
starting point in the study of any 2D micro uidic system.

We begin this tutorial review by showing an overview of " eld-based" micro uidic systems
that operate using transport in 2D space. We then show a simple framework to analytically
model ow in these systems. From there, we introduce conformal transforms, a mathematical
tool with which we generate complex solutions from simpler ones. We then show how this
mathematical framework can be extended to model di usion, then interface e ects. We end
with a brief overview of some of the important 3D e ects that happen in these quasi-2D
systems.
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Example matlab scripts for all of the applications demonstrated in this tutorial review are
provided as supplemental material. We strongly encourage readers to experiment and play
with them.

5.4 Field-Based Micro uidics

Many di erent families of systems exhibit 2-dimensional ow, we briey review the most
important ones here. An overview of these di erent systems is found in gure 5.1

5.4.1 Channel Junctions

Perhaps the rst micro uidic system where 2-dimensional ow elds make their appearance is
the center of channel junctions. Very early micro uidic mixers and Iters consisted of simple
channel networks where uids of di erent concentration were put in contact over a certain
distance and allowed to passively exchange before being reseparated. Examples of such
devices include the well-known T-Mixer [128], H-Filter [157] as well as early hydrodynamic
focusing systems [156]. In early passive mixing application, the downstream, knowledge of
the quasi-1D behavior of ow and di usion was important. The transport properties of such

a ow were precisely characterized using classical transport theory [177] [4]. Later on, similar
channel junctions were used in multiphase systems to generate regular droplet streams [196]
[197]. In these applications, the 2D aspect of the ow at the junction is crucial, as it ultimately
determines the shape of the droplets obtained. Flow at the junction in these systems also
constitutes a nontrivial interface problem, which has been extensively studied [36]. Other
groups used similar channel junctions with the express purpose of generating 2D ows in their
center. Taking inspiration from G.I. Taylor's four-roll mill [169], a system initially invented to
study the deformation of macroscopic droplets, research groups engineered various junction-
based devices to generate extensional ows, shear ows, or even rotational micro uidic ows
[188] [172] (Fig.5.1.a.i and Fig.5.1.a.ii)). Such systems have then been applied to rheometry
and caracterization of complex uids [189]. Instead of adjusting ows to control shear, some
groups used similar ow generating systems to generate stagnation points whose position
can be adjusted. These hydrodynamic traps allows for the trapping and moving around of
particle in 2 dimensions [190] [13] (Fig.5.1.a.iii). Such micro uidic traps have been proposed
for use in single-cell analysis [198] and as ways to study complex polymer formation [199].
The analysis of such adjustable stagnation point ows remains a topic of interest to this
day [200].
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Figure 5.1 Micro uidic technologies operating with 2D ow elds. A) Flow in channel junc-
tions: i) and ii) Micro uidic four-roll mills [188] [172], iii) Stokes traps [13]. B) Complex
ow in large chambers: i) 2D concentration gradients in chambers, image courtesy of Folch
Lab, ii) moving interface system [9], iiii) micro uidic palette [132]. C) Multipolar sys-
tems: i) Micro uidic probe (Image courtesy of Pierre-Alexandre Goyette), ii) Micro uidic
quadrupole [124], iii) Recon gurable multipoles [15]. D) Periodic structures: i) Irrigation of
the human choriocapillaris [165], ii) Pixelated chemical displays [19], iii) Cell traps in mi-
cro uidic chambers [11] E) Complex interface systems: i) Radial viscous ngering [31], ii)
droplet-based micro uidics [10], iii) 2D capillary pumps [193]. F) Models for Porous Flow: i)
Silicon wafer models for sandstone [194], ii) Post arrays for the simulation of 2D multiphase
ow [37], iii) PDMS micromodels for fractured rocks [195].
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5.4.2 Large Chambers

A natural extension of channel junctions as a way to generate 2D ow elds is ow in large
chambers. Early micro uidic gradient generators were used to create controlled gradients
along one direction in large micro uidic chambers [129] [130]. One key application of such
generators was the construction of arti cial chemical environments in order to study chemo-
taxis [201], replacing the need for macroscopic gradient generators such as Boyden [202]
or Dunn chambers [203]. While early systems for generating chemical gradients in cham-
bers were an extension of channel-based systems, and functioned in a quasi-1D manner,
with di usion decoupled from convection, later systems involved transport in 2-dimensions
(Fig.5.1.b.i). Examples of such systems include micro uidic palettes [132](Fig.5.1.b.iii) gen-
erating complex 2D gradient with minimal ow and shear stress, adjustable extensional ows

in chambers for movable gradient interface [9](Fig.5.1.b.ii), as well as systems where parallel
inlets inject uid that is then free to evolve in a much wider chamber, creating intricate
concentration patterns [204] [205] [206].

5.4.3 Multipolar Systems

A breakthrough in eld-based micro uidics is the use of so-called multipolar systems, that is
systems in which the uid is con ned in a thin region between two plates, and ow is gener-
ated by point-like apertures injecting or aspirating uid from either the top or bottom plate.

The simplest such device is the micro uidic probe [8] (Fig.5.1.c.i), in which a pair of apertures
generates a con ned ow. Such probes have been used for micro-immunochemistry [141], lo-
calized perfusion of brain slices [207], or single-cell analysis [134]. Several variants of the
original design have been developped, using either precise silicon etching [144] or more re-
cently 3d printing [142]. Variants with nested apertures for tighter con nement [145] or
probes delivering heated liquid [146] have also been created. However, multipolar systems
are not just used as a way to engineer probes to mark tissues. Several other problems can
be elegantly solved through a multipolar approach. Using four apertures to create a purely
extensional ow, micro uidic quadrupoles have been used to generate tunable linear concen-
tration gradients [124](Fig.5.1.c.ii) which were then used to study cell chemotaxis [208], ra-
dial arrays of apertures were used to create directionally tunable gradients in chambers [171],
ower-shaped systems were used to create multiplexed environments for complex experi-
ments [15](Fig.5.1.c.iii) and mass-balanced doublets were used to generate shielding systems
enabling the selective protection of sensitive surfaces in micro uidic chambers [18]. Moving
from point source to line-source, micro- ow generators were developped to study the shear
response of cell walls [14].
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5.4.4 Periodic Structures

Multipolar systems based on periodically repeating arrays of aperture also exist and serve
to generate complex ow and concentration environments. Micro uidic probes based on lin-
ear arrays of apertures were proposed as a way to expose surfaces to several conditions at
once [147]. More recently, periodic arrays of apertures were proposed to fabricate pixelated
chemical systems [19](Fig.5.1.b.ii). Such pixelated systems are also reminiscent of the irri-
gation of the choriocapillaris in the human eye [165](Fig.5.1.d.i), an example of a biological
micro uidic system using periodic multipolar principles. In the domain of single-cell analy-
sis, a number of cell trapping systems are also based on periodic systems, be they arrays of
wells [209], "pachinko”-style systems to passively trap cells [11](Fig.5.1.d.iii) or traps based
on suction through arrays of point-like apertures [210].

5.45 Interfaces

We have listed several technologies that exploit ow and di usion in eld-based micro uidics

for single-phase system. However, a signi cant fraction of the research done today in micro u-
idics involves multiphase systems [36]. The study of multiphase ow in plane channels was
pioneered by Sa man and Taylor [29], who studied the way a uid displaced by a less viscous
one generates unstable " nger" structures. The instability of the interface was further inves-
tigated in the context of point-like apertures injecting in large chambers [31](Fig.5.1.e.i), and
found applications in porous media and oil recovery [34] [35]. In the context of micro uidics,
such unstable interfaces are used to generate controllable streams of droplets [12] that can
then be used as microreactors for complex reactions or assays [211]. Several of the ow prob-
lems involved in droplet micro uidics have been closely examined: ow inside droplets has
been modelled as dipoles in order to study their long-range interactions [126] [10](Fig.5.1.e.ii),
the interface problem involved in the generation of droplets, and the impact of ow pa-
rameters on droplet size and throughput is also well-characterized [197]. Another common
use of multiphase ows in micro uidic systems is in the design of capillary pumps. Ini-
tial designs for capillary pumps were 1-dimensional, following channel paradigms [212]. In
such pumps, a meniscus pulls the uid through a linear channel through Laplace pressure.
However, very soon, more complex pumps involving periodic 2D arrays of posts were de-
signed [193](Fig.5.1.e.iii). In such pumps, the ow is pulled in a nontrivial way through a
large chamber. Similar principles to those involved in these capillary pumps, as well as ideas
from the original Sa man-Taylor experiments were also exploited to create self-coalescing
modules, allowing the reconstitution of dried reagents in channels without mixing by Taylor
dispersion [38]. The same modules were later used to create elaborate 2D concentration pat-
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terns in micro uidic systems [213]. Lastly, micro uidic ow elds involving multiple phases
have been used extensively for rheometry [189] [214]. These applications also form an exten-
sive body of knowledge that has been reviewed elsewhere [21]. Problems involving multiphase
ow, even in 2D and at low Reynolds number, are generally extremely complex, and form
their own area of research [32], but the tools we present in this review are often applicable to
understand the functioning of simple multiphase ow, as has been done previously by other
authors for the case of droplets [10] and of complex capillary ows [38].

5.4.6 Models for Porous Flow

One nal area in which 1-dimensional models break down is in micro uidic systems studying
porous media. Flow in porous media is an extremely vast area of research [34], and one of
the main challenges behind it is the determination of continuous models for ow in complex
rocks, soils, and other disordered mediums. To solve this problem, research groups are
creating complex analogs of fractured rocks on chips, and studying how uid ows in them
[215](Fig.5.1.f.i, Fig.5.1.f.ii, and Fig.5.1.f.iii). These systems sit at the interface between 1D
channel based micro uidics and 2D eld-based ows, and the groups fabricating them study
how complex arrays of the former can lead behavior modelled by the latter. Similar chips
can also be used to model complex disordered environments, as is the case for "soil on a
chip" [216] systems, where ow in the chip becomes coupled with growth phenomena from
living bacteria, fungus or plants.

5.5 The Hele-Shaw Cell: A Basic Unit for 2D Flow

In order to break free of the channel paradigm, we need to "step up" one dimension and study
systems that are inherently 2-dimensional. Instead of a microchannel that has a width and
height that are signi cantly smaller than its length, we study large chambers, which have one
shallow dimension and extend signi cantly in the other two directions. Such a large, shallow
chamber has been described in the past by Henry-Selby Hele-Shaw [28]. In his experiments,
Hele-Shaw showed that the streamlines of a uid con ned in a thin domain between two at
plates behaves in a manner exactly analogous to eld lines in a 2D electric eld. This was
actually proposed as a way to "simulate" electric elds in complex capacitors in an era where
numerical simulations did not exist. The Hele-Shaw cell has remained an object of scienti c
interest up to this day. We cite for instance its use as a model for ow in porous rocks [217],
its interest as an environment to study uid- uid instability and the fractal behavior that
happens at an interface [32], or its role as a model for string theory [218]. The Hele-Shaw cell
is of special interest for micro uidics as it represents a perfect model for ow in a large number
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of systems. Indeed, a number of the systems listed in section 5.4 operate with ow in large
shallow chambers, or with ow con ned between a plane surface and a slab from which ow
IS injected or aspirated, creating a quasi-planar domain. Even regular micro uidic channels,
because of the way they're fabricated, are often much wider than they are tall, allowing the
use of the Hele-Shaw framework to study ow within them. We have shown elsewhere how,
while ow and di usion in microchannels can easily be explained by 1-dimensional models,
the behavior of uid in junctions of channels will have an inherently 2D aspect for which the
Hele-Shaw cell is a more appropriate model [16].

5.6 Flow in the Hele-Shaw Cell

5.6.1 Potential ow can be used for micro uidic systems

Flow in the Hele-Shaw cell is relatively simple to model analytically, especially in micro uidic
systems where Reynolds numbers are usually extremely small. When the thickness of the
domain d, which is the characteristic dimension in thez direction, is much smaller than the
characteristic dimensions of the ow in thex and y direction, and when inertial e ects are
negligible, ow in the Hele-Shaw cell is given by [20]

@p, , @p (5.1)

1
u= Z—Z(d z) @x @

Where u represents the ow eld, p the scalar pressure eld, the uid viscosity, and ® and
¢ the unit vectors in the x and y directions. This corresponds to a parabolic ow in the
z direction modulating an irrotational 2D ow eld in the xy plane. The 2D ow can be
described as the gradient of a potential function which is proportional to the pressure eld.
Flow thus becomes expressed as the gradient of a potential functionwhich, in the absence
of sources or sinks, satis es Laplace's equation

rz=o0 (5.2)

In this way, ow in the Hele-Shaw cell can be exactly modelled using the tools of potential ow
theory, which are analogous to those used to study 2D electric elds. With this formulation,
we can use the entire gamut of tools of classical electrostatics to study ow in micro uidic
systems. We also note that equation (5.2) is the same as the equation describing Darcy ow
in two dimensions [41]. The tools we present in this review are thus analogous to tools that
have been used to study ow in 2D aquifers and ow in porous media, and solutions from
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one can be often readily transferred to the other, despite the enormous di erence in scale.

5.6.2 Flow can be modelled as a superposition of point sources

One of the main advantages of the potential ow formulation is the linearity of the equations
involved. Very complex ows can be expressed as the sum of contributions from a library
of simple base elements. Similarly to how electric elds can be modelled as sums of point
sources. The 2D ow yielded by a single point source can easily be found using Gauss'
theorem. For a point source at the origin, it is given by

. Q

Where Q; is the ow rate through the aperture, d is the domain thickness, and is the unit
vector pointing away from the point source. Using our potential ow formulation, we nd
that this ow represents the gradient of a dimensionless potential contribution given by

p !
= 8;|og XL+y (5.4)

Where Qq is a characteristic ow rate andL is a characteristic distance in thexy plane. We
dene g = Q—O x= £ andy= { in order to work in a simpler dimensionless system. The
total potential can then be given by the sum of individual contributions

g
glog (x x)*+(y w)’ (5.5)

Where x; and y; are the dimensionless coordinates of each individual point source. Examples
of micro uidic devices modelled as sums of point sources are given in gure 5.2, where the
method is used to model a channel junction (Fig.5.2.a), a micro uidic probe (Fig.5.2.b), a
micro uidic "lighthouse" (Fig.5.2.c), Stokes traps (Fig.5.2.d), and micro uidic quadrupoles
(Fig.5.2.e).

Point sources are su cient for modelling ow in most devices. As long as the aperture's size is
signi cantly smaller than the ows characteristic length, it can be modelled as a point source
without loss of precision. Moreover, we can show that this is independent of the aperture's
exact shape (be it circular, polygonal or otherwise) [152]. We have also shown elsewhere
that small channels connected to larger chambers can be modelled as point sources without
inducing signi cant errors [16]. However in some cases more elaborate source terms may be
needed. For instance, liquid may be injected from an aperture of non-negligible size, either
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a line source [14] (Fig.5.2.f) or from a large 2D aperture whose radius is comparable to the
ow's caracteristic length. For such cases, analytical expressions for the contribution often
exist, and can be found in groundwater mechanics textbooks such as [45], which compiles a
large number of individual source elements that can be assembled into more complex ows
through linear superposition. An example of simple script used to generate streamline plots
from superposition of point sources is given in supplementary materials.

5.6.3 Shear stress is proportional to the 2D ow eld

Precise knowledge of shear stress can be critical in several applications of 2D micro uidics,
especially when treating sensitive biological surfaces. Chambers of varying width have been
used to create Shear stress gradients in order to study the adhesion of human lymphocite
[219] [220]. As another example, we cite the use of micro uidic probes devices for studying
adhesion of single cells to surfaces [221]. Shear stress at the bottom surface of a Hele-Shaw
cell is related to the slope of the velocity pro le in thez direction.

auj

@ . (56)

Since ow velocity in the Hele-Shaw cell is given by the product of a parabolic ow in the

z direction and a 2D potential ow (see equation (5.1)), it follows that at any point in the
Hele-Shaw cell, shear stress is simply proportional to the 2D ow eld [133]. This simple
observation is very powerful as it means that any 2D ow problem that can be modeled using
a potential ow function has an associated shear stress map described by the same potential.
Away from walls, knowledge of the 2D ow eld is thus su cient to completely characterize
shear stress. The areas of higher shear stress will correspond to the areas of faster 2D ow,
generally located near the injection and aspiration apertures. It is to be noted that the
models we provided for point source contributions (equation (5.3)) have a 2D velocity that
goes to in nity as we get closer to the point source. In reality, apertures have a nite size and
the point source model breaks down under the aperture. Accurate shear stress information
can still be extracted from the point source model by evaluating the 2D velocity pro le at a
distance from the point source equal to the radius of the aperture.

5.6.4 Conformal transforms turn simple results into complex ones

One of the most powerful tools we can use to analyze transport in 2D micro uidic systems is
conformal transforms. Conformal transforms are a tool of complex analysis that enable us to
reformulate partial di erential equation problems in di erent, often simpler, domains. They
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Figure 5.2 Various micro uidic systems modelled as sums of point sources. a) Channel
junctions with movable stagnation points [190], b) Micro uidic Probe [8], ¢) Micro uidic
Lighthouse [171], d) Stokes Traps [13], €) Micro uidic Quadrupole [124], f) Hydrodynamically
Con ned Micro ows [14], an example of system where line sources have to be used in order
to model the entire 2D ow.

have been used exhaustively in various domains of engineering to solve problems related to
the Laplace equation in 2D, be they in heat transfer, electromagnetism, uid ow, theory

of elasticity, etc. [59] Since we have seen that ow in the Hele-Shaw cell is described by a
potential function that respects the 2D Laplace equation (from equation 5.2), we can directly
apply the tools of conformal mapping to our theory.

In order to do so, we rewrite our dimensionless position vecteras a single complex number
z

Z =¥+ |y- (57)

In such a formulation, the potential for a point source at the origin becomes simply

i = glog(z) (5.8)

The complex potential = + i has the convenient property that its imaginary part
exactly corresponds to the stream function of the ow. From the complex potential, the
dimensionless velocity eld can be obtained using = ‘(’j—z = H(0y + iv(sy. This has
the added advantage of giving us a very simple way of plotting streamlines in a system, as
the streamlines are just the lines of equal, being the imaginary part of a generally quite
simple analytical function.
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The Laplace equation describing( z) is invariant under conformal transforms [222]. Confor-
mal transforms are a subset of transformations of 2D space which preserve angles. Conformal
invariance of equation 5.2 means that, if we possess a valid solutions of 5.2 and a transfor-
mation of space which is conformal, we can immediately use the transformation to generate
a new solution, which is itself also physically relevant. The transformations of complex space
C which are conformal, and thus preserve solutions of Laplace's equation, are just the set of
analytical functions of a complex variable. In practical terms, this means that if we possess
a complex potential ( z) which describes ow in a 2D micro uidic system (for example one
that was obtained by adding point source contributions as was described in section 5.6.2),
then any potential of the form ( f (z)) will also describe a possible system, providdd(z)

Is an analytic function (which includes any familiar mathematical functions).

We show in gure 5.3 how we can take a catalog of known ow pro les and transform them
using simple functions to obtain an entire array of di erent solutions. Four source images,
a at grid (Figh.3.a), a straight ow(Fig5.3.b), ow around a cylinder(Fig5.3.c), and dipole
ow in a micro uidic probe(Fig5.3.d) are transformed.

Each of these source images is rst transformed using a power transfofnfz) = z2. Such
a map has the e ect of "folding" the half-plane into a quarter plane, adding a new axis
of symmetry to the system, as is seen in its e ect on the at grid (Fig5.3.e). This power
transforms maps the straight ow to a purely extensional ow (Fig5.3.f), the straight ow
around a cylinder to purely extensional ow around a cylinder (Fig5.3.g9), such as is found
in experiments on droplet deformation [169], and the micro uidic probe is mapped to a
micro uidic quadrupole, which is a geometry consisting of two injection and two aspiration
apertures [124]. If an inversion transfornt (z) = % (Fig5.3.i) is applied to the same origin
images, points near the origin are mapped to points near in nity, and inversely points far
from the origin are mapped to points near the origin. This maps the straight ow to a 2D
dipole ow (Fig5.3.)), the ow around a cylinder to dipole ow inside a cylinder (Fig5.3.k),
where the exterior and interior of the cylinder have been "swapped", and the micro uidic
probe to an impinging ow geometry, where two point sources inject uid towards each other
at dierent ow rates (Fig5.3.l). Such an impinging ow geometry has been described in
our previous publications [16]. Finally, a logarithm transform is equivalent to switching from
cartesian to polar coordinates, as is seen in its e ect on the straight grid, transforming it to a
polar grid (Fig5.3.m). This maps the straight ow to the ow from a point source (Fig5.3.n),
and the ow around a cylinder to a point source near a rounded obstacle (Fig5.3.0). The
logarithm transformation can be applied to the micro uidic probe image, but the result
doesn't have any interesting immediate physical signi cance.
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These are some examples of applications of simple conformal maps to real ow pro les. Of
course, there exists many more possible maps. Extensive catalogues of conformal maps are
given in textbooks such as Schinzinger and Laura [59], Driscoll [65], or in more classic texts
such as Abramowitz and Stegun [223]. A small catalog of simple transforms can be found in
supplementary table 1.

We use conformal transforms in two ways when studying ow proles. The rst use is to
simplify a ow problem, bringing it from a complex geometry to a more straightforward one.
This allows us, for example, to nd ow solutions for symmetrical geometries with a large
number of apertures without having to resort to long sums of point sources [15]. This can
also allow us to nd stagnation points in complex ows without having to solve complex
algebraic equations. This use of conformal maps to simplify geometries will become very
important when we analyze di usion problems in section 5.7.

The second use of conformal transform is to take a known solution and "complexify" it.
Once we are in possession of a valid ow potential, we can apply our entire library of known
conformal transforms to it to immediately generate a number of other, equally valid solutions
"for free". This sort of exploration can be extremely useful in the design and invention of new
micro uidic systems. Examples of this procedure are shown in our previous publication [16].

5.7 Diusion in Hele-Shaw Cell

As shown in the previous section, potential ow formulation models almost any conceivable
2D ow in micro uidic devices. However, the operation of many micro uidic systems relies
not only on control of ow within them, but also on the precise di usion of solutes within
these ows, be they uorophores, drugs, reactive species, etc.

The concentration c of a di usive species in a 2D ow is described by the 2D convection-
di usion equation

r’c Pew rc=0 (5.9)

Where Pe = 233 is the Peclet number, representing the ratio of convective to di usive
transport [113]. The main di culty in solving this equation comes from the algebraic term
g r ¢, which renders the equation extremely complicated for all but the simplest ow.
Analytical solutions rarely exist, and the typical way to analyze such an equation is in terms
of singular perturbations [23]. Such methods are quite advanced, and typically only yield

results in limited regions of interest, for example bulk transport properties around boundary
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Figure 5.3 Application of simple conformal maps to various initial images. First row is the
untransformed image, respectively a plain grid (a), an experimental image of a straight ow
with uorescent beads in it (b), ow around a cylindrical obstacle from Hele-Shaw's original
article [28] (c), micro uidic probe (d). Second row is each of these images transformed
using f = z? transform (illustrated in sub gure e), leading to a purely extensional ow
(f), extensional ow around a cylinder (g) and ow in a micro uidic quadrupole [124] (h).
Third row is the images transformed using an inversion transform (i), leading to a 2D dipole
ow [20] (j), dipole ow inside a cylinder, which can be used as a model for recirculation
in a droplet [10] (k), and impinging jets of di erent concentrations [15] (I). Final row is
the images transformed using a logarithmic transform (m), leading to 2D ow from a point
source (n), ow from a point source near a rounded obstacle (0).
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layers.

In the case of Hele-Shaw ows however, much simpler solutions can be found. The ow eld
t can be rewritten asr , making the convection-di usion equation

2

r“c Per rc=0 (5.10)

This form of the convection-di usion equation is actually conformally invariant [101] [100].
This crucial fact allows us to extend the entire toolbox elaborated for ow patterns in section
5.6 and directly apply it to the di usion problem, which would otherwise be impossible to
solve directly.

As mentioned in section 5.6, we can use conformal maps in two di erent directions: either to
exploit known results and generate more complex ones from them, or conversely to simplify
complex problems to tractable geometries.

5.7.1 Using conformal transforms to complexify results

The rst direct use of conformal maps we can make is to "complexify" known results. Similar
to what was shown for ow patterns in gure 5.3, if we are in posession of a known concen-
tration pro le in a Hele-Shaw cell, we can apply our library of conformal maps to generate
a host of new solutions to more complex geometries. While this strategy was useful for
ow patterns, it is absolutely crucial for concentration pro les, as the constitutive equations
otherwise rapidly become unsolvable for all but the simplest geometries.

This strategy is applicable to any form of di usion pattern in Hele-Shaw cell. In the best of
case, if we possess an analytical result for di usion in a micro uidic device, it can immediately
be transformed to obtain analytical concentration proles in a myriad other geometries.
However, even in the absence of analytical results, conformal maps can be used to explore
possible con gurations. Any representation of a concentration pro le can be transformed
and used to make predictions, this includes concentration pro les obtained via numerical
methods (see section 5.9) but this can also include experimental uorescence images (as was
done in the last column of gure 5.3). Examples of such a technique are shown in gure 5.4.

5.7.2 Using conformal transforms to simplify and solve convection-di usion
problems

Conformal maps can be used in the converse direction as well, taking complex problems and
simplifying them in order to obtain tractable equations. In previous publications [15] [16]
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Figure 5.4 Analytical concentration pro les for various 2D micro uidic systems. a) Streamline
coordinate solution for 2 uids of di erent concentration put in contact in a horizontal plane
ow. This solution is then transformed using conformal maps to obtain b) Concentration
pro le in a hydrodynamic focusing system [156], ¢) Concentration in a micro uidic probe
(Experimental image courtesy of Pierre-Alexandre Goyette), d) Concentration in a pixelated
chemical display [19]. All of the analytical maps are obtained by transformations of the
simple plane ow concentration pro le shown in a).
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[19] [18], we have shown how this can be used to obtain complete concentration maps for
very elaborate micro uidic systems. We summarize the procedure in this section.

The key to the solution procedure lies in realizing that the complex potential( z) is itself

an analytical function of a complex variable, and can thus be taken as a conformal map.
By taking the mapf (z) = ( z)= + i , we get a description of the ow not in terms of
the space coordinates and y but in terms of the new coordinates and , representing
equipotentials and streamlines. In terms of these new coordinates, equation (5.10) becomes

Gc, Gc_, @c

@ @° @
Explicit passage from equation (5.10) to equation (5.11) requires the de nition of complex
gradient operators and is made in [100]. The crucial factor is that in the streamline coordinate
domain, described by coordinates and , the ow becomes a simple plane ow, and the
boundary conditions are transformed to conditions on horizontal segments [101] [52].

(5.11)

Equation 5.11 is much simpler to analyze than 5.10. Speci cally, through the change of vari-
ableC(; )= exp %Pe c(; ), it can be brought back to the form of the 2D Helmholtz
equation

fgcz N gi . ipezc (5.12)

Which can often be solved in rectangular domains using tabulated Green's functions [154]. In

simpler domains, solutions of equation 5.11 may sometimes already be known and expressible
in terms of simple functions, see for example [105]

The strategy for approaching convection-di usion in an arbitrary Hele-Shaw geometry thus
becomes

Determine the complex potential for the ow

Use the complex potential to determine how individual features of the ow map to
segments in the streamline coordinate domain

Solve the simpli ed convection-di usion problem in the streamline coordinate domain

Map back to the ow domain to obtain the complete solution for the concentration
pro le

The general outline of the strategy is illustrated in gure 5.4, where we show the analytical
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solutions of equation 5.10 in the case of a simple plane ow (Fig5.4.a), and proceed to trans-
form it to obtain pro les for the turning region in a hydrodynamic focusing channel junction
(Fig5.4.b), a source-sink doublet (Fig5.4.c) and a pixelated chemical display (Fig5.4.d). In
all three cases (the hydrodynamic focusing, the source-sink doublet, and the pixelated chem-
ical display), the di usion problem was simpli ed back to the same streamline coordinate
problem. We give more detail as well as step-by-step resolution for a large number of pos-
sible geometries in [16]. In many cases, the resulting solution can be expressed as a simple
combination of elementary functions such as logarithms, square roots and error functions.
An example Matlab script used for generating concentration maps is provided in supplemen-
tal les. We also provide a script used to transform digital images using conformal maps,
allowing the user to generate image such as the ones shown in gure 5.3.

One important thing to note is that very often, devices which appear at rst to be very

di erent will all simplify back to the same problem in streamline coordinate. This creates
very strong functional analogies between families of devices which are in appearance very
di erent.

For example, the streamline coordinate problem for a H-Filter is the same as the one for a
dipole source in a plane ow [18]. In both geometries, two uids of a di erent concentration
are initially separated, then put in contact over a certain distance, then reseparated. This
suggests the use of such a dipole source in a chamber as a way to generate wall-free micro u-
idic ltering systems. Similarly, we can show that a lot of "probe" type devices reduce to the
same streamline domain problem as a traditional T-Mixer [16].

These sorts of analogy present us with a strategy for transfering functionality of channel-based
systems to the "open-space”. We note here that often the simplest open-space geometry that
achieves the desired function is not necessarily the one we might have thought of at rst.

5.8 Worked-out example: Di usion from a cylindrical obstacle of xed concen-
tration

In order to demonstrate the tools presented in the previous sections we show a worked
out example using complex potential theory to model ow and di usion around a circular
obstacle. This could be a cell in a chamber, a reactive post, or a slowly dissolving pellet of
reagent. Straight ow around a circular obstacle can be modelled by the potential function

(5.13)



84

Figure 5.5 Worked-out solution to the problem of di usion around a circular bead. a) Stream-
lines (red) and equipotentials (blue) given by the complex potential 5.13. b) Domain in which
the transport problem given by equation (5.11) has to be solved. c¢) Concentration pro le
given by equation (5.15)

Which is the sum of a straight ow and a dipole source. The streamlines and equipotentials
of this ow pro le are shown in gure 5.5.a. In the streamline domain, the problem reduces
to straight ow in a semi-in nite chamber with a single nite strip of xed concentration
in the middle of the domain (see gure 5.5). This strip is the image of the contour of the
cylindrical obstacle, and its end points can be found by nding the complex potential of
the two stagnation points of the ow Since the ow exhibits two stagnation points, one at
z; = 1landone atz, =1, we nd the corresponding points in the streamline domains to be
1= 1+% = 2and ,=1+ I=2. The convection-di usion problem at hand is thus
to solve equation (5.11) withc! O asp 2+ 211 , asymmetry boundary condition for
the entire =0 axis, except for the range 2] 2;2[, where the boundary condition is that
c=1. The Peclet number for the transport problem can be computed using Re 2‘33 Cf
we know the average velocity in the channel we can repla@g with the expressionug,e r d
wherer is the caracteristic distance in thexy plane, here the radius of the cylinder. For
example, if we are studying a bead of radius = 1mm in a chamber of heightd = 500 m
with an average uid velocity in the chamber ofu,,e = 1mm=s, and if the bead is di using
uorescein in the chamber (D =4:2 10 ®m?s '), we nd a Peclet number of Pe 38Q

The domain in which equation (5.11) must be solved is shown in gure 5.5.b. The complete
solution to the transport problem turns out to be quite di cult due to the mixed boundary
condition on the axis = 0 , but approximate solutions do exist in the litterature [110]
[111]. However, for our purpose, we can use a solution for a semi-in nite strip to obtain a
concentration pro le that is valid at high Pe around the surface of the obstacle.

c()= 1 erf Im qu(+2) (5.14)

Which is a classic solution of the problem of di usion from a semi-in nite strip [105], o set so
that the origin of the semi-in nite strip lines up with the point = 2, =0, which corre-
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sponds to the image of the front of the cylinder. From this solution in the streamline domain
we can directly nd the concentration pro le in the regular ow domain by substituting in
equation (5.13). We nd

0 0 Os 111

c(z)= @ erf@m@ Pe z+ i+2 AAA (5.15)

Which is illustrated in gure 5.5.c. Strictly speaking, this solution fails to completely model
the wake behind the cylindrical obstacle, but can be largely su cient for most practical
purpose. For instance, even without knowing the full functional behavior of the wake, the
guantity gﬁ can be integrated along the length of the strip to obtain the total amount of
reagent that is transported from the surface of the cylinder to the wake downstream, thus
obtaining the Nusselt number (we give more detail on this procedure in [18]).

5.9 Use of numerical tools

The tools we have presented so far have allowed us to get a pretty complete analytical
modeling of a variety of eld-based micro uidic systems. Using conformal transforms, we have
also seen how solutions for simple systems can be extended and used to analyze very elaborate
geometries, while keeping solutions for ow and transport that are expressed in terms of single
functions. Simple analytic solutions are of course always preferable to numerical calculations,
they can give us the exact local scaling behavior of the ow and concentration as a function
of operational parameters, and can be used to generate models that are computationally
very light, that can then be used in controlling software (see for example [13]). There are
times where the use of numerical tools is practical, if not necessary, when designing new
systems. Moreover, the rst preliminary analysis of a new system very often involve numerical
investigation.

One crucial problem we face when using numerical methods to analyze 2D micro uidic sys-
tems is that the highly multiscale aspect of the problems makes their resolution by "direct
attack" extremely di cult. Indeed, eld-based micro uidic systems operate in a regime where
the ow is evolving in a domain much thinner than it is wide. However, this clashes with
the demands of classic numerical methods such as nite volume methods and nite element
methods to have individual mesh elements be as "square" as possible. A 3D nite element
method resolution of a problem of ow and di usion in a Hele-Shaw cell will require at least

5 or 6 elements along the short direction of the domain in order to fully resolve the parabolic
ow happening there. This means that the required resolution of the mesh is driven not by
the characteristic length of the ow, but by the much smaller gap that the quasi-2D ow
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exists in. This rapidly leads to extremely ne meshes, even for simple ows, and solution
times that are extremely impractical, even for moderately precise results.

A solution to this problem is to sidestep the 3D aspects of the ow and directly solve the 2D
equations, such as (5.2) and (5.10). Solving the 2D equations allows for the use of a mesh
that is extremely re ned in regions of interest, and more coarse outside of them. The removal
of one dimension also means that even for extremely ne meshes, solving times will be orders
of magnitude faster than for the equivalent 3D domain.

As an added bonus, since equations (5.2) and (5.10) are conformally invariant, solutions for
ow pro le or concentration maps obtained using numerical methods can be transformed us-
ing the tools of section 5.6.4, allowing a single simulation's result to be exploited in predicting
several more complex systems.

5.10 Interfacial e ects

The mixing of immiscible liquids and the e ects of surface tension in Hele-Shaw cells is a very
vast domain, and we give here only a couple of notes on it, as it has been thoroughly reviewed
elsewhere [32] [39]. Itis however worth showing how the tools presented in this review, namely
conformal mapping anf potential ow theory, can be applied to analyze complex multiphase
systems.

While the general problem of multiphase ow in Hele-Shaw cells is intractable, most phe-
nomena appearing in micro uidic systems can be reduced to one of a couple of simpler ow
types, which we list here.

The simplest multiphase phenomena found in micro uidic systems is certainly washburn

ow [224], which is the driving force behind capillary pumps [212]. Washburn calculated the

precise velocity of an advancing meniscus in a small cylindrical capillary using the laws of
Poiseuille ows. This model also has the advantage to sit well within the quasi-1D channel
paradigm, which makes it very simple to analyze, but not always descriptive enough for more
complex 2D ows.

Another simple example of multiphase ow is viscous ngering in a rectangular channel, rst
studied by Sa man and Taylor [29]. When a less viscous uid is pushed into a rectangular
channel lled with a more viscous one, the interface is unstable and forms families of nger-
like protrusions, eventually stabilizing with a single "main" nger advancing in the cell. The
phenomena has been further analyzed by sa man and can be modelled using the tools of
conformal mapping shown in section 5.6.4 [30] [225]. Extensions of the ideas behind viscous
ngers have been used to create self coalescing ow modules [38], which have also been
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analyzed in terms of conformal maps. Similar e ects have been observed when the uid is
injected from a point-like aperture in a large chamber, leading to a radial fractal pattern [31].
Similar interfaces have been observed in porous rocks, for instance in fossil fuel extraction
applications [35].

Lastly, one of the most common use of multiphase ow in micro uidics is in the formation
and control of droplets. Flow of liquid in and around droplets is a complex problem studied
elsewhere [226]. However, in many regimes, simple dipole ow can serve as a good approxi-
mation for ow both inside a micro uidic droplet as well as around it [10]. This formulation

has been used to accurately model the behavior of large ensembles of droplets in micro uidic
chambers [126]. This means that the framework developped in this article can be of use
when analyzing ow and di usion in problems involving micro uidic droplets and droplet
ensembles.

5.11 Beyond 2D, e ects in the third dimension

This review focuses on 2D e ects in micro uidic devices but it is important to remain aware
that we are treating systems that exist in the 3D world. This is compounded by the fact that
standard uorescence images, or microscope pictures of our systems are often taken either
from the top or the bottom, so that what we see is a signal that has been integrated over
a vertical direction, eliminating the third dimension from the picture (and from our minds).
Even when using simpli ed models of behavior in 2D. It is important to remain aware of
what happens in that third direction as it can very often be the driving factor in our system.
We brie y mention here a couple of important e ects that happen in the third dimension,
even in planar micro uidic systems.

5.11.1 Turning region under apertures

One region where ow is decidedly not 2-dimensional is in the turning region under point-like
apertures. In modelling systems as combinations of point sources in the plane, we implicitly
assume that the characteristic distance separating each of these point sources is much larger
than the radius of the aperture itself, or the thin gap of the Hele-Shaw cell. When these
assumptions are not ful lled, small errors in the predicted ow pattern can occur. This can
manifest, for example, in errors on the predicted position of stagnation points [124] [133]. If
the region of interest in the system is situated directly under one of the apertures, then the
fully 3D aspect of the ow has to be considered. The problem of the turning region under

a tube-like aperture has been studied in the past in various engineering applications such as
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radial di users [227], hydrostatic trust bearings or injection moulding [228] [229].

5.11.2 Buttery e ect at the di usion boundary layer

In section 5.7, we have tacitly assumed concentration in the micro uidic systems we study
is constant along the vertical axis, allowing us to treat the convection-di usion problem as a
purely 2-dimensional one. This is a useful simpli cation with which we tackle very complex
problems, but it does neglect e ects that happen at higher Peclet numbers. Speci cally, at
high Peclet number, di usion broadening happens due to "the buttery e ect" [177], where

analytes will tend to di use more near the top and bottom surfaces of the Hele-Shaw cell.
This is due to the lower velocity of ow in this region, which leads to comparatively more

molecules di using out, leading to a characteristic "C" shape of the di usion interface in the

vertical direction.

5.11.3 Surface reactions

Another case in which concentration cannot be assumed to be uniform through the vertical
section of the Hele-Shaw cell is in cases where surface reaction happens on either the top
or bottom surface of the system. Surface reaction is bound to happen in a large number
of micro uidics application, be they related to sensors [230], immunoassays [231] or surface
patterning [232] [233] to nhame a few. In addition to involving a third dimension, the re-
sulting convection-di usion-reaction problem is much more complex than simple convection-
di usion, as it involves a reaction time scale to keep track of in addition to the convective and

di usive time scales. This leads to a very large number of qualitatively di erent situations
depending on the relative scales involved [113]. The problem of molecule absorbtion on a
surface in a shear ow, such as happens in micro uidic surface reaction applications, has been
studied in classic transport theory litterature. We cite for example Leveque [107], Springer
and Pedley [108] as well as classic transport textbooks such as Deen [73] for in-depth solution
procedures.

5.11.4 Interaction with porous media

Finally, we brie y mention the situation when there is a porous surface at the bottom of the
Hele-Shaw cell. This is the case,for example, when processing biological tissues, for example
brain slices [207], adherent cell matrices [234], or cancer cells [235] [141], but could also
happen in soil-on-a-chip systems [216], or systems modelling ow in a granular bed [236]. In
such systems, we might be interested not only in what happens in the Hele-Shaw cell, but
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also what happens within the tissue. In most cases, like in staining applications, permeability
mismatch between the tissue and the Hele-Shaw cell is high, and it is su cient to consider
pure di usion from the uid to the tissue. However, in some cases, we might be interested
in penetration of the uid from the Hele-Shaw cell to the porous medium.

Behavior of the uid at the porous interface is a complex problem that has been formulated
by Beavers and Joseph [237] as well as Sa man [238] in the 1970s. While some theoretical
litterature exists on this problem [239] [240], as well as experiments in macroscopic conditions
[241], this last point has not been studied thoroughly in the context of micro uidics. This
could be an important area of research, both in the study of perfusion and in the context of
micro uidics being used as models for porous soils [215].

5.12 Conclusions

In conclusion, we have shown how a large number of micro uidic systems operate using
similar principles of quasi-planar ow. We have shown how a handful of simple theoretical
tools, namely potential ow, superposition of charges, conformal transforms and convection-
di usion analysis can be used to obtain thorough information on these systems' design and
operation. We hope that this review makes these tools accessible to a greater public of
engineers and experimentalists, and opens the door to a new generation of 2D micro uidic
technologies.
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CHAPTER 6 TECHNOLOGICAL APPLICATION - MICROFLUIDIC
SURFACE SHIELDS

6.1 Outline

The toolbox developed in my PhD was rst developed to model micro uidic probes and probe
adjacent systems. In chapter 3, we showed how micro uidic probes could be caracterized as
micro uidic multipoles, meaning arrangements of point sources and sinks distributed in a
quasi-2D space. In chapter 5 we showed how the framework could be applied to a range of
micro uidic systems.

This chapter, as well as the following one, showcase examples of new micro uidic systems
that were designed using the theory of multipolar ows. Both of these systems were rst
predicted analytically, using potential ow theory, before being fabricated and operated by
experimentalists in the group. Once these systems were fabricated, their operation and
caracterisation was guided by the theory of di usion in such systems. These two examples
thus showcase a clear example of how strong theory can be used in service of technological
development, and how solid understanding of the physical principles underlying our systems
can hint at possible new devices.

In this chapter, we present the micro uidic surface shield. The work presented here was the
subject of a peer-reviewed article in PRA [18], for which | was second author.

6.2 Contribution

The article related to this chapter [18] was written in around equal parts by myself and Oscar
Boyadjian. | wrote the rst half, including introduction and theoretical context, and Oscar
wrote the second half, focusing on fabrication and applications. My contribution consisted in
providing theoretical framework and analysis, and Oscar did the work related to fabrication
of the systems, as well as take all of the experimental images shown in the article.

6.3 Initial Justi cation

As with other multipolar systems we designed, the initial idea for the micro uidic surface
shield was to exploit the analogy between electric elds and ow in plane micro uidic sys-
tems. Speci cally, we could look at other applications of conformal mapping in the domain
of electrostatics and optics. One idea that got a lot of traction in the late 2000s is that of
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engineering materials to generate conformal maps that could redirect light rays in arbitrary
manners. A seminal paper on the subject is Ulf Leonhardt's Optical Conformal Mapping ,
published in Science in 2006 [61]. This article, as well as J.B. Pendry's article in the same
issue of Science [242], kickstarted the domain of optical cloaking , where one uses varying
refaction index in microengineered materials to redirect light around an obstacle. Ulf Leon-
hardt showed how spatially varying refraction index in a material could be conceived of as
a conformal map that would deform the path of light rays, and Pendry showed how such
a controllable refractive index could be achieved. These systems opened the way for many
applications in optics, but cloaking , that is the redirection of light rays around an obstacle
so that it is rendered invisible , became especially popular, thanks to its analogies with
science ction and fantasy concepts of invisibility cloaks.

In the years following the publication, research groups proceeded to fabricate invisibility
cloaks for several di erent wave phenomena, including acoustic waves [243], elastic waves
[244], seismic waves [245], waves at the surface of water [246], quantum mechanical matter
waves [247], etc.

Transposition of the cloaking principle to other wavelike phenomena is (theoretically) straight-
forward: as long as the phenomena can be described by the wave equation, the physics is the
same, and the problem becomes one of engineering an appropriate microstructured material
to modify the refractive index. However, shortly after, research groups started broadening the
de nition of cloaking and applying the terminology to phenomena that were not controlled

by the wave equation exclusively.

Speci cally, groups started developing cloaking systems for phenomena governed by parabolic
di erential equations such as heat ow [248], reaction-di usion [249], and Darcy ow [250].
While not described by the wave equation, these systems are still modelled by equations that
are conformally invariant, which enables the general methodology of applying a conformal
transform on a ow (of heat, di usive species, or uid in a porous media) to deform it around

an obstacle.

This, combined with our previous work on conformal transforms applied to micro uidic ow,
led logically to the idea of micro uidic cloaking. Using a pair of point-like apertures, an
excluded volume can be created in an incoming straight ow. The surface under this excluded
volume is thus only exposed to the injected uid, and is separated from the rest of the ow.
The streamlines of the ow are de ected around the excluded volumes in a manner analogous
to the electric eld lines around a conductor.
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6.4 Rankine Body

UIf Leonhardt's original article proposes a conformal transform given by

1
f@)=z+_ (6.1)

As a way to de ect incoming light rays around a circular obstacle. In potential ow formu-
lation, this map corresponds to a dipole source placed in an incoming plane ow. The main
characteristic of this map is that there is a clear separation between the streamlines within
the circle and those coming from the plane ow, with the two never mixing.

This ow pattern is something that we can reproduce quite easily in a Hele-Shaw cell by
using point sources. We can build a large rectangular chamber in which a horizontal ow
is driven using a syringe pump. If the Hele-Shaw cell is much thinner than it is wide, the
resulting ow (away from the walls) is a straight ow modulated by a parabola in the vertical
direction.

A dipole source can then be placed at the center of this chamber, and can be turned on or
0, toggling the system between a state of undisturbed plane ow and one where a circular
region is isolated from the rest of the ow.

In the real system, instead of a dipole source, we use a pair of mass-balanced injection and
aspiration apertures separated by a nite distance. Instead of a perfectly circular exclusion
zone, this creates an ovoid shape that is called a Rankine Body , known for its application in
early ship design [48]. The shape and size of the Rankine body can be adjusted by changing
the ratio of the plane ow incoming ow rate to the ow rate injected by the injection
aperture.

The potential function describing the ow in the micro uidic surface shield is thus

(z)= z +log(z+1) log(z 1) (6.2)

Where = \;’V%% Is the ratio of the plane ow velocity to the caracteristic velocity of the

point source. In the limit of pure convection, there is no mixing between the inside of the
recirculation zone and the incoming ow. In cases where diusion is present, the mixing
can be rendered arbitrarily small (see section 6.8). An illustration of the micro uidic surface

shield is shown in gure 6.1.
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Figure 6.1 lllustration of the micro uidic surface shield. a) Conceptual gure of the stream-
lines in the system, with the excluded volume colored in red. b) Experimental image of the
system in an experiment involving uorescent beads, clearly showing the separation between
the interior and exterior volume. c) CAD image of the system (side view) d) Composite u-
orescence image showing the system from a top view, in a situation involving non-negligible
di usion

6.5 System fabrication and operation

The experimental part of this work was realized by Oscar Boyadjian. The system was rst
designed in CAD and manufactured using stereolithography. The device was connected to 4
plastic tubes connected to syringe pumps, one for each point-like inlets, and one for each end
of the chamber. The central cell consisted of a 3D printed part mounted on a glass slide. The
chamber had dimensions of 1.6 cm by 2 cm and a depth of 506, and the two apertures, of
radius 50 m were pierced in the 3d printed part, and separated by a distance of 1 mm. The
system was sealed using UV-sensitive glue, and was operated using ethanol-dilute uorescent
solutions. Working with ethanol simpli ed the problem of air bubbles getting trapped in the
system, and was su cient for the proof-of-concept we presented in the article. Of course, in
biological applications, the system would have to be run using water solutions rather than
ethanol. This would involve more problems with trapped bubbles but could be solved by
using functionalized surfaces and a more streamlined operation protocol.

Schematic of the system is shown in gure 6.1b.

6.6 Applications in surface chemistry

The proposed use of the system is to isolate a sensitive surface from an incoming ow. For
example, a sensor could be placed on the surface underneath the pair of apertures, and be
selectively exposed to an incoming ow, in a manner that could be adjusted dynamically
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during the experiment. Such experiments, involving surface-based sensors, are common in
domains like SPR sensing [251], Whispering Gallery Mode sensing [252], or quartz crystal
microbalance sensing [253]. Outside of sensing application, this system could also be of use
in other biological experiments involving reactive surface, namely in manipulating 2D cell
cultures [254], or patterned antibodies [255]. In general, the problem of reaction from a surface
to a micro uidic ow is one that has been studied in-depth [230] [113], and technologies
allowing more precise control of the exposition of a reacting surface could prove to be a useful
toolbox in the development of complex micro uidic systems. The work we presented in the
Physical Review Applied article, however, was mostly conceptual in nature, and avenues of
application for the system to real sensing experiments still remain to be done.

6.7 Analogy with Groundwater Heat Pumps

Before moving on to analysis of di usion in the micro uidic surface shield, we mention that
the problem of a plane ow intersecting a pair of mass-balanced point sources has been
studied in the past in the domain of groundwater heat pumps.

Groundwater heat pumps are heat exchange systems in which hot water is extracted from an
underground aquifer through an aspiration well. The water is then used to heat utilities, and
the cold water is reinjected in the aquifer through a second well. As a rst approximation,
the aquifer can often be approximated as a mostly plane region described by a Darcy ow,
which is another form of potential ow. In the presence of a plane current in the aquifer,
di erent scenarios can occur, depending on the spacing of the apertures and their orientation
relative to the ow. Some of these scenarios are illustrated in gure 6.2.

Figure 6.2 Flow in a planar aquifer with a pair of wells in a plane ow. From [161]
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It is interesting to note that the second case shown in gure 6.2 is exactly equivalent to the ow
in our micro uidic surface shield. Of course, in most groundwater heat pump applications, it
is generally desirable to minimize feedback between the two apertures, so that the reinjected
cold water is not reaspirated by the injection well, whereas in our micro uidic surface shield
application we are doing the exact opposite: reaspirating the entirety of the injected uid.
In the case of planar aquifers perfectly described by 2D Darcy ow, the determination of
the ow pattern is direct, however the analogy between the two systems could open the way
to using micro uidic systems as miniature physical models for more complex aquifers with
known distributions of wells, owing to the similarity of the equations describing ow in both.

6.8 Diusion in the Micro uidic Surface Shield

In the limit case of pure convection, there would be no exchange between the exterior and
interior of the Rankine body. However, in real experiments, if the plane ow and injected ow
are at di erent concentrations, a thin di usion boundary layer is established at the interface
between the two regions. A small amount of reagent will thus di usively leak from this
boundary layer and be convected downstreams. In order to quantify this leakage, we need
to solve the convection-di usion problem associated with this system.

Di usion in the micro uidic surface shield is analyzed using the same methodology we have
presented in previous sections. The potential function (given in equation 6.2) for the ow is

obtained by a superposition of a plane ow and two point sources. This potential function

can then be used to map the problem to the streamline coordinate domain, where ow is
plane and the boundary conditions map to horizontal obstacles.

In the systems we analyzed in previous sections, problems often mapped to variations of the
same streamline coordinate domain: two strips of di erent concentration initially separated,
then brought into contact and allowed to mix over an arbitrary distance. In section 4, we
showed how a range of di erent systems could be reduced to this one problem, and how this
problem could be solved in a number of di erent regimes.

In the case of the micro uidic surface shield, however, the problem is a little more com-
plicated. The streamline coordinate domaine still features two strips of of di erent con-
centration, initially separated and then put into contact. However, the two strips are then
reseparated at another point further downstream, so that they are only allowed to mix over
a nite distance. A complete analytical solution of this problem is much more involved, and
is analogous to what is called the nite strip problem in heat transport [110], where heat
is transported in a ow from a strip of nite distance. The streamline coordinate problem
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for the micro uidic surface shield is shown in gure 6.3.

Figure 6.3 Features of the ow for the diusion problem in the regular ow domain ¢
domain), and in the streamline coordinate domain ( domain). Segments a, b, c, d, e
represent symmetry boundary conditions. Complete description of the coordinate for each
segment in both domains is given in [18]

No analytical solutions for this problem, or analogs to it, exist. There are, however, approx-
imate analytical methods. In cases where the strip is signi cantly longer than the character-
istic di usion length, the Wiener-Hopf method can be used to obtain approximate solutions
on each end [108] [108]. A similar method was used to obtain approximate solutions for
di usion problem around nite obstacles in potential ows [111]. Iterative procedures for the
determination of the Green's function have also been studied for some problems involving
simple ow [110]. All of these methods usually yield a solution that is either an in nite
series, or an integral that has to be approximated numerically (for instance an inverse fourier
transform of a given function). Fortunately for us, in most practical cases, we do not need
the exact analytical concentration pro le everywhere. In the case of the micro uidic surface
shield, we are mainly interested in the amount of exchange that happens through di usion
between the inside and outside region of the excluded volume. This quantity will allow us
to determine how much reagent leaks out in the tail of the surface shield, shown in gure
6.1d. Examples of such a determination using scaling arguments can be found in [113], for
problems that are very similar to the streamline problem shown in gure 6.3.

When the Peclet number is high enough (which is always the case in our experimental setup,
with Peclet numbers varying from around 100 to 1000), the solution presented in equation 3.6
can yield a good approximation for the leading edge of the problem. This solution assumes
that the concentration at the point of contact between the two strips remains constant at
c= % and is only approximately valid until the uids are reseparated. However, by neglecting
retrodi usion, this solution can be integrated at the point of re-separation to obtain a very
good approximation of how much reagent leaks out and isn't recaptured by the Rankine
body.
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This method is used to obtain the dimensionless ux from the Rankine body at arbitrary
Peclet numbers, this ux is computed for a number of di erent conditions, and compared
with experimental results, in gure 6.4.

Figure 6.4 Experimental veri cation of dimensionless ux from the micro uidic surface shield.
Dimensionless ux predicted from the theoretical model is compared to experiental results.
Experiments used an FITC solution, and ux was calculated by integrating the concentration
pro le in the tail downstream

6.9 Analogy with H-Filters

Examination of the problem in streamline coordinates also reveals a striking analogy between
the micro uidic surface shield and the well-known micro uidic H-Filter [157]. In both sys-
tems, two uids of di erent concentration are put into contact, allowed to mix over a nite
distance, then reseparated. In fact, using conformal transforms, we can see that the two
systems reduce to the same streamline coordinate problem. This analogy suggests the use
of micro uidic surface shields as systems for doing di usion-based Itration and separation
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in setups without channel walls, thus representing a sort of open-space analog to the H-
Filter (which we dubbed the O-Filter). This is signi cant, as other groups in the past have
attempted to reproduce such functionality using probe-type systems, and coming up with
elaborate systems requiring a large number of apertures. Our conformal analogy shows that
such elaborate systems are, in a sense, not required when one thoroughly understands the
physics of di usion at play in 2D micro uidic systems.

The analogy between the micro uidic surface shield and H-Filter is illustrated in gure 6.5.

Figure 6.5 Analogy between micro uidic surface shield and H-Filter. Schematic illustration of
ow and di usion in an H-Filter (i), in the streamline coordinate problem for the micro uidic
surface shield (ii), and in the micro uidic surface shield itself (iii). Experimental image of
ow and di usion in an H-Filter (iv) is transformed using conformal map to yield straight
ow in the streamline domain (v) and ow in the micro uidic surface shield (vi), illustrating
the analogy between the three domains.
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6.10 Reabsorbtion for nite-sized patches

We have shown in section 6.8 how we can characterize the di usive losses from the Rankine
body in our experiments. In applications where the objective is to isolate a surface from an
incoming ow, this di usive exchange represents an imperfection to our shielding, which
can be adjusted by modifying the Peclet number. We have also brie y discussed how this
di usive exchange could be exploited to generate open-space ltering systems.

In practical experiments where the objective is to isolate a reactive patch from an incoming
ow, however, the actual exchange between the inside and the outside of the cloak can
generally be completely negated. This is because our di usion model considered the worst-
case scenario where the entirety of the uid injected by the point source is at a di erent
concentration than the incoming ow. In a real experiment, the situation is likely to be very
di erent.

In an experiment involving sensors or reactive surfaces, it is likely that both the incoming
plane ow and the uid injected by the point source will have zero concentration. The
di usive species will come not from the injecting point source but will di use from the the
reactive surface to the ow. In the absence of a micro uidic surface shield, or when the
system is turned o , the ow will be a simple plane ow and the reactive patch will leave

a tail of reagent that will be convected downstreams. The approximate shape of the tail can
be estimated by using the known Green's function [154] [111]

ex

2

q
G(xy) = Ko Pe x2+y? (6.3)

Where K o is an modi ed Bessel function of the second kind.

When the shielding system is turned on, the entirety of the tail can be reaspirated. In that
case, it is su cient to ensure that the entirety of the sensor or reactive surface is contained
under the excluded volume, and that it doesn't overlap with the di usion boundary layer.

In order to demonstrate this, we ran nite element simulations of the 2D convection-di usion

problem in a micro uidic surface shield system with a rectangular reactive patch located
under the excluded volume. The reactive patch has no in uence on the ow but is kept at
a xed concentration ¢ = 1, while both the incoming and injected ow are at zero concen-

tration. Using such simulations, we have shown that if the reactive patch is more than 2 or
3 caracteristic di usion lengths from the boundary layer, the amount of reagent that leaks

out of the shielding system is vanishingly small.

Examples of this situation are shown in gure 6.6.
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Figure 6.6 Micro uidic shielding of a nite-sized reactive patch. a) Concentration pro le for
a reactive patch in a plane ow for Pe= 10. b) The same reactive patch under a micro uidic
surface shield, where the entirety of the wake is reaspirated (streamline overlaid in white for

clarity)

In order to determine an analytical solution to this problem, we could nd the image of the
reactive patch in the streamline coordinate domain, then a Green's function would have to
be convolved with a Kernel that has to be determined as part of the problem. This procedure
is quite involved, however, in this case, it was su cient to show that the exchange could be
made exponentially small using simulations.

6.11 Transient aspects of the system

The proposed application for the micro uidic surface shield was protection of sensitive sur-
faces from an incoming ow (or conversely the isolation of a external ow from the wake
generated by a reactive patch). Since the proposed experiments would involve turning the
shield on and o, it was important to quantify the time scale associated with this switching,
to determine how long it takes for the system to go from one state to another.

Because of the extremely low Reynolds numbers at play, (of the order of Re0:001), we
can approximate that the ow is established instantly as soon as the pump is turned on.
The time scale for this establishment is approximately LTZ 0:001s. This very short
timescale means that the establishment of the ow will be determined by the switching time
of the syringe pumps, which is of the order of a second.

As for the establishment of the concentration pro le, we nd (theoretically and experimen-

tally) that it was determined by the convection time t, 5 15s. This convective time

L2

scale is orders of magnitude smaller than the caracteristic di usion timgy 5 1:6h.
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The time scale which determines at what point the surface is isolated from the incoming
ow is the time scale of establishment of the ow, which is about 1s determined by the

switching time of the pump. Even though the concentration pro le takes about 15s to reach

steady-state, from the moment the ow is established we are ensured that the two regions
are isolated from one another.

During experiments, while switching the system on and o, or while varying the ratio of
injected uid velocity to plane ow velocity, we saw that it was possible to use the system
for generating chemical pulses that would then be carried downstream.

Another consequence of these di erent time scales is that when the micro uidic surface shield
is turned o (or when the size of the shielded region is reduced by reducing the ow rate from
the point source), the plane ow is established much faster than the concentration pro le. In
a situation where concentrated liquid was injected from the point source, this means that the
footprint of the Rankine body remains there, and is then shed and convected downstreams.
This behavior is illustrated in gure 6.7. This behavior could be used to generate regular
trains of chemical pulses in a micro uidic channel, which could be useful in designing surface
chemistry experiments involving frequency-dependent kinetics, or complex kinetics with time
scales of the order of the second.

Figure 6.7 Generation of a chemical pulse with the micro uidic surface shield. At time=0,
the system is in a steady-state, with a footprint highlighted in orange. The ratio of injected
ow to plane ow is then instantly reduced. The new footprint, highlighted in purple, is much
smaller, and all of the concentrated liquid that was in the area between these two regions is
convected downstream, generating a single chemical pulse.

6.12 Discussion

The initial idea for the system presented in this section was to present it as a micro uidic
cloaking system, in analogy to cloaking systems in optics and other analogous domains.
While presenting this work to reviewers, we ran into several critiques which eventually led
to us changing the name of the system to better re ect its functionality. In this section we
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brie y discuss these caveats as well as the implications for the technology itself.

One thing that was pointed out by reviewers is the fact that the surface shield we present
is not omnidirectional, as opposed to many cloaking systems. This means that the system
will only isolate the inner and outer region from one another if the ow is aligned with the
source-sink doublet. In all other cases, there will be partial reabsorbtion, which will become
greater as the system gets disaligned, as shown in gure 6.2. This critique makes sense if
the system is to be viewed as an invisibility cloak, but in the applications we propose,
the systems are fabricated so as to ensure that this alignment is always respected. This is
something that would have to be kept in mind in applications where the incoming ow is not
something we control but something that could vary with time. In this case we could not
just isolate a region from the outside ow without already having information about that
ow.

Another critique was that our system wasn't actually shielding a rigid obstacle, but protecting
a reactive patch that would be at the bottom of the channel. In real cloaking applications,
the obstacle to be shielded would usually have an impact on the ow, while our reactive
patch would still leave the plane ow undisturbed. A similar critique was connected to
the fact that most cloaking systems involved some form of microstructured material with a
variable parameter (for instance index of refraction), while our system did not have that. |
believe these two are mostly semantic points, our original argument was that the ow serves
as the microstructured material to cloak the concentration eld, which in the absence of
ow would be convected in the system. These critiques are mostly about whether or not
our system can rightfully be called a cloaking system, which in a sense is important, as
branding it cloaking adds it to a pool of articles that can be cited by engineers in di erent
elds who work on similar cloaking systems, but in another sense it is a point that is
tangential to the real technological applications of the system, which we brie y covered in
this section.

Another, more serious critique, was that the superposition of a dipole ow and a plane ow
iIs something that has been known in uid mechanics for a long time (and is presented in
classic uid mechanics textbooks such as Batchelor [20] or Lamb [44]). It was pointed out
by reviewers that branding a ow pro le that is well-known as a textbook example as a new
invention and calling it micro uidic cloaking makes it appear as if there is more there than
there actually is. | think there is some value to this critique, and it is important to be wary
of the ne line between good branding and dishonest salesmanship. | do believe, however,
that there is signi cant technological value in the system that we presented.

In the rst place, while superposition of dipole ow and plane ow is very simple on paper, the
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technology we present allows for the generation of ow patterns that are perfectly described
by potential ow formulation, and the arbitrary placement of ow singularities in this domain,
which is something non-trivial and unheard of before, as far as | am aware. Moreover, beyond
the simple generation of the ow pattern, we presented compelling cases for applications in
surface chemistry, which themselves are not simple and require careful analysis. Finally, our
analysis included in-depth discussion of di usion in such a system, which is also something
that is not trivial.

With all of that being said, a lot of published cloaking systems are of dubious value as
technological objects. Very often, the value of these publications is either in showcasing
thorough control of a phenomena through microstructured material, or making analogies
between seemingly di erent areas of physics by making parallels between initially di erent
systems of equations. This is in itself a valuable endeavor, but in this literature the fabrication
of systems that solve a real technological problem sometimes is secondary to just reproducing
results from classic optics papers.

This is not to say that the entire domain of cloaking is without value, but rather that our
system has value beyond just being true cloaking or not. In the article, we presented a
methodology for selective exposition of surfaces with applications in the domain of sensors,
showed how to transfer Itering functionalities to 2D ow- eld based systems, and showed a
methodology for generating controlled chemical pulses down a micro uidic chamber. All of
these functionalities were also achieved with systems that are relatively simple to fabricate
and operate. At the end of the day, these applications all have the potential to have a sig-
ni cant impact in di erent domains of micro uidics, and would be worthwhile to investigate
further, regardless of how the system is called.
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CHAPTER 7 TECHNOLOGICAL APPLICATION - PIXELATED
CHEMICAL DISPLAYS

7.1 Outline

The nal technological application we present is Pixelated Chemical Displays (PCD). This
system, initially fabricated and operated by Pierre-Alexandre Goyette, is in many ways the
logical continuation of the work we introduced in our initial multipole article (as presented
in section 3). The system consists in a periodic array of point-like apertures, injecting and
aspirating uid over a surface. The ow and concentration pattern generated by this system
is a periodic array of polygonal cells, tiling the plane. The system thus acts as a sort of
chemical analog to the pixel-based displays of computer screens, cellphones, etc.

This system is the largest integration and application of the principles of multipolar mi-
cro uidics. It could only happen at a point where the theory was extremely well understood,
but more importantly at a moment when the principles of fabrications of such devices were
mastered by my colleague Pierre-Alexandre.

The pixelated chemical display was published in Proceedings of the National Academy of
Sciences (PNAS) in 2021 [19]. | refer the reader to the PNAS article, as well as Pierre-
Alexandre Goyette's PhD dissertation [256] for a more complete discussion of the practical
aspects of the device.

7.2 Contribution

The article related to this work [19] was written mostly by Pierre-Alexandre Goyette. |
contributed the section on theoretical solution for the pixelated chemical display, parts of the
supplementary material related to the theoretical analysis and handled communications with
reviewers related to the theoretical aspects of the work. Pierre-Alexandre Goyette did the
work of fabrication, took the experimental images, and handled the part related to analysis
of the stability of pixelated displays (with help from Maude Tremblay who was doing an
internship in the lab). My contribution to this work consists in the modeling of ow and

di usion in these systems, as well as the fact that the idea for the system grew out of our
previous work with conformal transforms on multipolar ows.
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7.3 Original Motivation

7.3.1 Multipole and Recon gurable Micro uidics

Even before our initial work on micro uidic multipoles, there had been some work done
around the idea of using arrays of point-like apertures to generate periodic concentration
patterns over surfaces. In 2010, David Juncker's group at McGill used a 2 by 3 array of
apertures to generate tunable concentration gradients over brain slices [207], the authors also
showed how their system could be recon gured to yield di erent concentration patterns. In
2016, IBM's research group showed how a linear array of source-sink pairs could be used to
generate a comb-like pattern to stain breast cancer tissue slices [147]. Our 2019 Nature Com-
munications article [15] showed how a rectangular array of apertures could be recon gured
to yield di erent concentration patterns at di erent times over a treated surface. All three
systems are illustrated in gure 7.1.

Figure 7.1 Precursors to the pixelated chemical display. a) Early recon gurable probe-type
system for the analysis of brain slices [207] b) Comb-type arrays for marking of breast cancer
tissues [147] c) Our rst published recon gurable multipolar system [15]

Despite similarities in fabrication, we note that our system was one of the rst to move away
from the scanning-probe paradigm favored by other micro uidic-probe adjacent systems of
the time. Up until that moment, The main idea behind all of these systems was to generate a
chemical footprint that could then be scanned around a surface using a robotic arm. One of
the main ideas introduced in our 2019 article, and explored further in this work on pixelated
chemical displays, was that we could instead fabricate a system that is xed in place, and
modify the exposure of the surface not by scanning over it but by modifying the ow pattern
the surface was exposed to. This idea of a recon gurable chemical pattern over a surface
formed the blueprint for what would become Pixelated Chemical Displays.
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7.3.2 Polygonal Probes

The second puzzle-piece that opened up the way towards pixelated chemical displays was
our discovery, early on, of the possibility of generating very stable polygon-shaped patterns.
By applying simple power transforms of the fornf (z) = z" on the concentration pro le
generated by a source-sink doublet, we found out that we could predict three types of radially
symmetrical multipole shapes, illustrated in gure 7.2

These three families of radially symmetrical patterns could all be used to di erent ends.
As we discussed in earlier sections, the ower-type (g 7.2a) is the simplest type of multi-
polar geometry that can be used to simultaneously expose a surface to di erent chemical
environments. Each petal can thus represent one condition in a multiplexed experiment.
The poppy geometry (g 7.2b) showcases complex mixing between the di erent injected
reagents. It could thus be used to generate complex concentration gradients, or to study
mixing between di erent di usive substances, as was done in the so-called micro uidic
palette [132]. The third type of radially symmetrical multipole we predicted in our initial
article is the polygonal shape (g 7.2c). We saw that by surrounding an injection aperture
by a number of equally spaced aspiration apertures, the obtained concentration pro le was
a regular polygon, with the aspiration apertures at its vertices. This ow and concentration
pattern has very sharp concentration gradients at its edges, and is a controllable, regular
polygonal shape. We thus came up with the idea of using square-shaped polygonal pixels
to tile the plane in a regular fashion.

In addition to suggesting its use as a unit to tile the plane, the polygonal multipole has the
advantage of being much more stable to external perturbations than other multipolar shapes,
as is described in section 7.10.

7.4 System Overview

The Pixelated Chemical Display (PCD) consists in a monolithic 3D printed block with a at
surface at the bottom of it. The at surface is pierced by a regular array of apertures, them-
selves connected to holes in the side of the block by interior channels, which are then glued
to plastic tubes and connected to syringe pumps (see gure 7.3). By correctly alternating
injection and aspiration apertures, the system generates a ow pattern which is a tesselation
of regular cells (or pixels), each of which is independent of the other and only interacts
with it through a thin di usion boundary layer.
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Figure 7.2 Families of radially symmetrical multipoles. a Flower-type, b poppy type and c
Polygonal multipole

7.5 Fabrication and Operation

The system's head was designed in CAD and 3D printed using a photolithography printer.
Apertures were glued to plastic tubing which were then connected to manifolds that then
connected to a smaller number of syringe pumps. In previous systems, each aperture was
assigned to a single syringe pump but in Pixelated Chemical Displays it became necessary to
have a single pump activate more than one aperture, due to the very large number of sources
and sinks in the system. Space between the working surface and the PCD head was kept
constant using spacers that were part of the 3D printed block (see gure 7.3a).

A schematic of the syringe pump and manifold setup is presented in gure 7.7, and we provide
more discussion of the implications of multiplexing syringe pumps on the system's operation
in section 7.9.

CAD designs for previous multipole heads had been done by hand by Pierre-Alexandre
Goyette, however this was not feasible for displays containing hundreds of apertures. He
thus generated scripts that would automate the connection, within the PCD head, of each
aperture to a side aperture that could then be glued to a tube. This allowed for exible
design of displays with varying geometries or number of apertures without requiring new
immense design e ort every time.

He did, however, glue every single tube by hand.
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Figure 7.3 Pixelated chemical display system. a) Bottom view of the monolithic block b)
Schematic of the aperture con guration, generating individual cells c) Cross-section of the
system. Figure courtesy of Pierre-Alexandre Goyette, as published in [15]

7.6 Reagent Switching

Proof of concept experiments involving reagent switching were done with the Pixelated Chem-
ical Displays. Selected apertures were grouped and connected to manifolds that were them-
selves connected to valves switching between two di erent syringe pumps, each with a di er-
ent reagent. By correctly grouping pixels together, the system could be switched between 4
di erent chemical images , with switching times of the order of the second. In this proof of
concept experiment, the di erent con gurations were hard coded in the system beforehand.
True, complete, recon gurability would require valves for each con gurable apertures. The
design of a complete, integrated system with valves and manifolds directly 3D printed within
the PCD head was started and was supposed to be part of the project.

This design was to be part of a collaboration with Greg Nordin's group at BYU. This group

has developed an expertise in 3D printers for integrated micro uidics [155]. The collaboration
would have allowed the integration of large parts of the system in a single 3D printed head.
Unfortunately, this part of the project had to be dropped because of the COVID pandemic
of 2020-2021, which halted much of the in-person research being done at the time.
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7.7 Analytic Solution for Di usion in Pixelated Chemical Displays

In order to obtain an analytic solution for ow and di usion in pixelated chemical display,

we use a multi-step approach based on conformal maps to reduce the complex problem to
a known one. The periodic domain is separated into square cells surrounded by symmetry
boundary conditions, of which only a single one has to be solved to obtain the entire pro le.
A 4-vertices Schwarz-Christo el map is used to unwrap one of these cells to a semi-in nite
domain, where 4 apertures corresponding to the corners of the cell are distributed, with
positions determined by the parameters of the map (see gure 7.4). The Schwarz-Christo el
map that links the square cell (z-domain) and the semi-in nite domain (w-domain) is given
by the Jacobi Elliptic Sine

w = SN(zjm) (7.1)

Where the parameter m of the elliptic sine has to be determined using elliptic integrals
(see [65]), and is given bynm  0:02943for a square cell. Schematic illustration of the
passage from the z-domain to the w-domain is given in gure 7.5.

The problem in the semi-in nite domain is very similar to other multipolar problems encoun-
tered previously, and the complex potential for it can be obtained as a superposition of point
sources. If we identify the spacial coordinate of this semi-in nite domain a8 = u + iv, the
complex potential is given by

(w)=log(w 1)+ log(w+1)+ logw+m z logw m 2 (7.2)

This complex potential can in turn be used to move to the streamline coordinate domain,
where the solution for the concentration pro le is the same as the one that was found in
section 3

q —
c=05 1 erf Im Pe( 0) (7.3)

Where g is the image of the stagnation point in the streamline coordinate domain.

7.8 Solution for Triangular and Hexagonal Pixels

Although maps from the semi-in nite plane to the interior of a square exist in terms of
analytic (or semi-analytic) functions, no such map exists for triangles or hexagons. Such
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Figure 7.4 The di erent domains involved in the solution of the convection-di usion problem
for the pixelated chemical display. a) Periodic array of injection and aspiration apertures. b)
A single square-cell taken from this same periodic array. ¢) Unfolded domain for a single
cell. d) Streamline coordinate domain problem, equivalent to the one presented in section 3

Figure 7.5 Schematic illustration showing how the 4-vertices Schwarz-Christo el map allows
us to pass from the closed square-shaped cell to a semi-in nite domain with 4 apertures

maps could be obtained by using numerical methods, such as those presented in [59] or
[65], but the complexity of implementing these may prove to have diminishing returns when
compared to simple direct numerical solution of the convection-di usion problem. Otherwise,
concentration pro les based on polygonal multipoles (such as the one shown in gure 7.2c)
with an adjusted Peclet number may be a su cient approximation for most cases.

7.9 Use of Manifolds

In the multipolar micro uidics systems we presented in previous sections, ow rates were
xed by assigning a single syringe pump to each injection or aspiration aperture. Because
of this, small imperfections in the 3D printed head did not a ect the ow, provided that

the aperture did not become clogged or hydraulic resistance too high. However, in pixelated
chemical displays, where there are dozens, if not hundreds of apertures, the feasability of
assigning a single syringe pump to each aperture is greatly reduced. Instead, a system of
manifolds is put in place, which enables the use of a single syringe pump to control several
apertures at once. The downside of such an approach is that now, small di erences in
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Figure 7.6 Comparison between analytic and experimental concentration pro le for the dif-
fusion boundary layer in pixelated chemical displays

hydraulic resistance between channels will lead to di erences in ow rate in these apertures.

The channels within the 3D printed head intrinsically have a lot of variability in their hy-
draulic resistance, due to the fact that we are working close to the 3D printer's resolution
limit. This variability can be o set by adding a segment of plastic tubing of much higher
resistance between the manifold and the 3D printed head (see gure 7.7). Doing so will
ensure that the variability in resistance due to the 3D printer's resolution is small compared
to the resistance of the tubing (which is much easier to control).

Figure 7.7 Schematic of the experimental setup for the pixelated chemical display. Individual
syringe pumps are assigned to several apertures through a series of manifolds. Hydraulic
resistances put between the manifolds and the 3D printed head ensure that the resistance of
each channel is relatively constant and that the ow in each aperture is the same. Figure
courtesy of Pierre-Alexandre Goyette, as published in [15]

Nonetheless, in these pixelated systems, the added variability in resistance makes it more
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important to ensure that the ow pattern is relatively stable under small disturbances. For-
tunately, the periodic arrangement of sources and sinks we present is indeed very stable under
this type of disturbances.

7.10 Stability Analysis

Quantitative analysis of the stability of the Pixelated Chemical Display under variation of the
ow rates was conducted by Maude Tremblay as part of her internship in the group. Finite
element models for the 2D Laplace equation and associated convection-di usion problem
were constructed. Flow rates in each aperture was randomized by adding a bounded noise
term to each, and a large number (around 1000 per condition) of simulations were run.
The chemical footprint obtained in each simulation was compared to the expected footprint
for the undisturbed system using morphological lters and segmentation algorithms. These
simulations showed that the ow rate could be varied signi cantly within the PCD while
keeping the error to a small area near the di usion boundary layer (see g. 7.8).

Figure 7.8 E ect of perturbation on ow rates in a Pixelated Chemical Display. Simulations
were run for ow and di usion in an 81-aperture PCD, with an error on the ow rate for
each aperture. The gure shows one typical concentration pro le for di erent error terms.
Work done by Maude Tremblay under the supervision of Pierre-Alexandre Goyette

The simulations run for stability analysis used a noise term on the ow rate that was uni-
formly distributed through the system. Another worst-case scenario was investigated both
experimentally and numerically by completely shutting o one injection and comparing the
new pro le to the undisturbed one, simulating the e ect of clogging of a single aperture.
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In this scenario, shown in gue 7.9, the disturbance was localized to the cell containing the
clogged aperture, as well as a small disturbance in the boundaries of the surrounding cells,
but left the rest of the ow and concentration pro le largely una ected.

Figure 7.9 Experimental investigation of clogging of an injection aperture on a hexagonal
PCD. A) Undisturbed concentration pro le for a hexagonal array. B) The same array with
an injection aperture turned o. C) Absolute dierence between the two images. Figure
courtesy of Pierre-Alexandre Goyette, as published in [15]

7.11 Hydrodynamic Flow Con nement

Another interesting characteristic of Pixelated Chemical Displays is the fact that they exhibit
hydrodynamic ow con nement even in the absence of net in ow. For previous multipolar
micro uidic systems (such as those presented in previous chapters), the only way to ensure
that the system had a bounded footprint was to have a net aspiration that was bigger than
the total injection rate in the system. This put a restriction on the experimental applications
that could be explored, as the net in ow meant that the surface under analysis would have
to be wet, to provide uid to be aspirated. Pixelated Chemical Display are slightly di erent.
Because of the periodic conditions on each cell, the only way for the system to be stable is
if the net in ow of a single cell is exactly equal to the net out ow. If this isn't the case, the
system loses its periodicity and the footprint collapses (see gure 7.10).

The only exception to this rule is the pixels on the contour of the device, which can operate
with net in ow, net out ow, or equal in ow and out ow, yielding perturbation of the contour

but leaving the inside of the system relatively undisturbed. Examples of systems operating
with di erent net ow rates are shown in gure 7.11.

This means that the entire system can exhibit hydrodynamic ow con nement without re-
quiring aspiration that is superior to injection, which in turn enables it to function over dry
surfaces, or upside-down in a fountain -type mode of operation. Lifting up the requirement
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Figure 7.10 Finite element simulations for the e ect of net in ow on arrays of micro uidic
pixels. a) Array in which injection and aspiration apertures are balanced, generating a
periodic tesselation of cells. b) Array where aspiration is four times the injection rate,
leading to the collapse of the pixels

for wet surfaces thus opens up the door to a wider range of applications for the system.

7.12 Transition to Pressure Pumps

For every multipolar system presented in this thesis, up to the Pixelated Chemical Display
as it was published in 2021 in PNAS [19], syringe pumps were used to actuate the device.
Syringe pumps have the advantage of precisely xing the ow rate, and thus in smaller
systems they allow us to work without having to match hydraulic resistances (provided there
is no signi cant clogging). However, when designing larger integrated systems such as the
PCD, syringe pumps have several downsides which become apparant.

Notable among these downsides is the imprecision of syringe pumps at very low ow rates,
which puts a oor on the ow rates in these continuous streaming systems and thus leads to
very high reagent usage (as well as barring us from exploring lower Peclet regimes).

The principal of these downsides, however, is the necessity for a large number of pumps,
which makes the systems increasingly cumbersome and expensive as they are scaled up. This
problem is partially solved by e cient use of manifolds, which allow us to use a single pump

to activate several di erent apertures, but even in such a system, a di erent syringe pump
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Figure 7.11 Pixelated chemical display operating in di erent regimes. a-c) PCDs operating
with equal injection and aspiration d-f) The same systems but with superior injection on the
contour. We can see that in both cases, the interior of the system remains undisturbed and
the con nement of each pixel is preserved. Figure courtesy of Pierre-Alexandre Goyette, as
published in [15]

has to be used for each di erent reagent. Transition to pressure pumps would enable, at least
in theory, the activation of a system with an arbitrary number of apertures and reagents with
only two pumps, one for injection and one for aspiration.

Transition from syringe pumps to pressure pumps is thus a necessary step towards the de-
velopment of these systems for larger-scale applications. Some preliminary work has been
done by Pierre-Alexandre Goyette and Dina Dorrigiv and can be found in the discussion
of Pierre-Alexandre's dissertation [256], as well as more recent articles on applications of
PCD [139].

7.13 Applications

The main area of application for pixelated chemical displays is in designing highly multiplexed
experiments on surfaces. The system can expose a single surface to a large number of di erent
environments in a single experimental step. Recon gurability of the system also means that
single areas of a surface can be sequentially exposed to di erent conditions.
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A platform was developed by Dina Dorrigiv for the application of pixelated chemical displays

to the treatment of 3D tumor models [139]. Spherical tumor tissues, called spheroids, were
cultivated in arrays of wells. The array of wells is then exposed to di erent drug treatments
via a pixelated chemical display. The same system was also used to sequentially expose
spheroids to di erent dyes, as a proof-of concept demonstrating how the same spatial area
under the pixelated chemical display can be recon gured during the experiment. Such a
multi-step experiment could eventually be used to study synergistic e ects between di erent
drugs, as a way of testing a large number of combinations in a single experiment. Results
from Dina Dorrigiv's paper are shown in gure 7.12

Figure 7.12 Multiplexed staining of spheroid tissues using pixelated chemical displays. a)
Schematic of the multi-step experiment. b) Microscopy images of the stained spheroids c)
Quanti cation of uorescence intensity for each condition. Figure courtesy of Dina Dorrigiv,
as published in [139]

7.14 Analogy with other existing systems

Pixelated chemical displays show really close functional analogies with other previously ex-
isting systems which we brie y mention here, namely blood ow in the choriocapillaris [165],
as well as the ve-spot con guration for oil extraction from porous soils [35]. Highighting
these analogies serves two purposes. The rst purpose is that this points the way to publi-
cations in other elds of science where similar problems have been solved, and which could
be exploited to better understand the pixelated chemical display. Secondly, these analogies
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open up the way for new applications to pixelated chemical displays, which could eventually
be used as micromodels for either of these two systems.

7.14.1 Blood ow in the choriocapillaris

The Choriocapillaris is a semi-planar membrane that serves to irrigate the human retina.

It is composed of a dense mesh of capillary vessels held together by rigid connective tissue.
Irrigation in the choriocapillaris happens through regularly spaced apertures that inject and
reaspirate blood in a regular pattern. The ow pattern thus obtained is exactly analogous to
ow in the pixelated chemical display, with the exception that the apertures are arranged in

a con guration resembling a uniform voronoi tiling rather than a square or hexagonal tiling.
lllustration of blood ow in the choriocapillaris is shown in gure 7.13

Figure 7.13 Blood ow in the choriocapillaris. a) Schematic representation of the ow pattern
in the membrane. b) Fluorescence image of a human choriocapillaris. Taken from [165].

This con guration makes a lot of sense in light of what we have shown previously. We
have seen in previous sections how clogging or irregularities in the ow rate of individual
apertures only leads to very localised disturbance in the ow and concentration pattern in
pixelated chemical displays. The same conclusion can be drawn in the choriocapillaris. Such
a con guration for an irrigation system makes sense evolutionarily, as blocking of individual
capillaries will potentially lead to problems that are localised, and have little risk of causing

a failure of the entire retina.

Such analogies suggest the use of pixelated chemical displays, or similar systems, as micro-
models for the choriocapillaris, which could eventually be used to study pathologies related
to the retina, such as age-related macular degeneration (AMD).
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7.14.2 Oil recovery with the ve-spot con guration

We also brie y mention the so-called ve-spot con guration used in oil recovery, for its very
close analogy with the pixelated chemical display. In hydrocarbon recovery applications,
arrays of wells are scattered over a planar region and water is injected through the soil,
displacing the oil which is then reaspirated by aspiration wells. The con guration of injection
and aspiration wells is exactly the same as the con guration of injection and aspiration
apertures in the pixelated chemical display, albeit on the scale of the meter rather than
hundreds of microns. Flow in such applications is complicated by the imiscibility of oll
and water, which leads to viscous ngering instabilities. Eventually, viscous ngers break
through the aspiration wells, and whatever oil was left in the cell is then unable to be
recovered, which can make the method very ine cient, depending on the length and time
scale of the instability. lllustration of the ve-spot con guration, as well as experimental
images from Hele-Shaw cell models, are shown in gure 7.14.

Figure 7.14 Qil recovery in the ve-spot con guration. a) Schematic of the source-sink
arrangement, from [35]. b) Experimental images of the water-oil pattern at breakthrough for
di erent values of the important dimensionless numbers, from [257]

7.15 Limitations

We conclude this section with a brief discussion of the limitations of the pixelated chemical
display technology. Pixelated chemical displays provide a stunning display of the control we
have over planar micro ow systems, both on a conceptual level and on a fabrication and
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operation level. In this regard, they are somewhat analogous to Quake lab's micro uidic
RAM [7], in that they serve more as a demonstration of our control than as a system that
solves an immediate need.

Pixelated chemical displays open up the way for highly multiplexed experiments on surfaces,
but they do so at the cost of systems with intricate 3D printed parts, expensive syringe
pumps, etc. In addition, true recon gurability in these experiments comes at a cost. Most
of the proof-of-concept experiments we have realized did not have complete recon gurability
(in the way a regular LCD screen would), but rather had recon gurability between di erent
states that were hard-coded within the device. In this manner, completely recon gurable
systems have not been accomplished yet, and would require complex manifold and valve
systems, while semi-recon gurable systems come at the cost of additional design time for
each individual experiment, which moves the system away from a plug-and-play simple
solution.

In all of these cases, the question to be asked is not does this system solve such or such
problem , but it should always also include can the problem be solved in a simpler way. A
large number of problems can be solved by simple systems, such as lateral ow assays, and
in cases where a lateral ow assay is su cient, a lateral ow assay should probably be used.

In cases where multipolar chemical displays still o er advantages, such as the work on cell
pathways done by previous member of the group Pierre Claperton [138] and current work
by Maude Proulx in the group, it is also important to note that ower -type con gurations

are often much simpler and straightforward than 2D pixel arrays. Square pixels have the
advantage of being more impressive to look at, and strike the imagination with their analogy
to real LCD screens, but multiplexing between a small number of conditions or generation of
controllable gradients may still be better done with simpler multipolar con gurations, such
as those shown in sections 3 and 4.
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CHAPTER 8 GENERAL DISCUSSION

| conclude this dissertation with a short discussion on the possibilities and limitations inherent

in the presented work. Several of these discussion points have been mentioned in previous
sections, or in the associated publications, but | felt it was still relevant to compile the more
general points in one section.

| begin with discussion regarding the analytical models themselves, then move on to discussion
of the eld-based micro uidic technologies directly connected to the presented models, then
end up on a very brief discussion on the eld of micro uidics at large.

Some of the points | mention in this discussion may seem to go in a di erent direction than
what | have argued in the rest of this document, or in previous articles or publications. My
point here is not to undermine the work that was done, but rather highlight tensions that
exists within this work and within technological research in general. | hope that by providing
opposing arguments and letting them exist side-by-side, | can present a more complete view
of what | believe are really interesting and complex questions, in a way that we can rarely
do in normal scienti ¢ publications.

8.1 Relevance of analytical models

8.1.1 Why do analytical modeling?

The rst thing | want to discuss is the relevance of using analytical models. Why should we
get interested in analytical solutions in the rst place, especially in an era where numerical
solutions can be implemented readily and run in a matter of seconds (especially for elliptic
problems like the ones we are dealing with)? In previous sections, as well as in the articles
published throughout my PhD, | have made several relatively straightforward arguments for
this. These justi cations in favor of analytical models have included direct access to the
scaling behavior of the solution in terms of its physical parameters, extensibility to other
geometries, as well as the highly multiscale aspect of the problems at hand, which warrants
special treatment and runs the risk of making simulations very expensive if not treated
properly. In this discussion section, | want to make a more nuanced point, since | believe
that the question is more complex than it might seem at rst.

| believe that, while analytical solutions do have their share of utilitarian advantages, these
advantages are often not the only reason why we pursue them. A part of the interest, |
believe, is also aesthetic in nature. Having a closed-form solution to a problem, especially
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one that can be written concisely, feels good, and gives one the impression that we have
mastery over that problem. It is, in many ways, more pleasing and neat than pages and
pages of numerical data, as it presumably says a lot with very little.

As far as utilitarian problem-solving goes, the analytical approach may not always be the
most straightforward one, or even necessarily the most useful one, and if our aim is just to
solve a speci ¢ engineering problem for a concrete application, numerical methods may end
up being more useful. Of course, we are not just doing this sort of work to obtain quantitative
results, but are also driven by scienti ¢ curiosity.

It is still important to keep track of what we are solving for and why we are doing it, lest we
end up solving very complicated problems that have very little relevance.

8.1.2 What counts as analytical solutions?

The question of the use of analytical models is further complicated by the fact that some
problems blur the line between what counts as analytical and what doesn't. An example

of such a problem could include complex obstacle problems where the solution has to be
expressed in terms of Fourier series, with coe cients determined through iterative processes
[45] (see gure 8.1). Other examples of problems that blur the line between numerical and
analytical could include Green's function problems where the solution is obtained through
numerical convolution of a known kernel [111], Wiener-Hopf methods where the solution is
expressed as the inverse Fourier transform of a known analytical expression [108], or problems
involving conformal maps where the map doesn't have a closed-form solution and has to be
obtained using iterative methods [59].

In all of these cases, the search for a solution to the problem can still have scienti c interest,
and be worthy of being pursued, but a lot of the rhetoric that we use for selling analytical
work as cleaner or more useful becomes blurred, especially in the case of elliptic problems
where the solution through 2D nite di erence methods or 2D nite elements methods may
be more straightforward.

It is also worth noting that we have, somewhat arbitrarily, decided that 2D depth-averaged
ow and concentration maps are what counts as a complete analytical solution to the
transport problem at hand. 2D ow and concentration maps have the advantage of being
readily comparable to microPIV and uorescence microscopy images directly, which adds to
the interest. However, we have neglected much of what happens in thelimension, where a
lot of the physics that is relevant to the problem happens (see section 5.11). In this way, what
can be called a complete analytical model is somewhat loose, and can include, depending on
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Figure 8.1 Flow eld around obstacles in a 2D aquifer, such a ow- eld is obtained using
series solutions where the coe cients have to be determined using iterative methods. Taken
from [45]

the situation, a range of very di erent tools, including 1D scaling behavior, 2D maps averaged
along one direction for simpli ed geometries, full 3D solutions that may or may not involve
symmetries, etc. In the case of the current work, various iterations of complete theoretical
descriptions of the systems at hand have been presented over the years [124] [133] [15] [16],
which itself is a bit strange (how strong is a claim to a complete analytical model if every
subsequent publication showcases an even more complete model ?). There also remains
somewhat of a gap between the practical problems that are being solved and the answers
that this complete theory is providing.

8.1.3 How is this applied in the present work?

The main advantage of our models has been in helping us imagine and predict new systems
quickly. Once we had a model for di usion in micro uidic probes, and the means to transform
the solution using simple maps, it became pretty straightforward to then play with a number

of di erent possible maps and thus predict new systems to be fabricated. In this way, the
gquantitative aspects of the theoretical model were of less importance than the use of them
as ways to imagine new systems.

Thinking in terms of arrays of apertures and ways to transform them led us, very early on, to
the idea of the pixelated chemical display. However, the solution for convection-di usion in a
rectangular array of apertures requires the evaluation of complex elliptic integrals, which are
evaluated using iterative methods that are quite slow. The analytical solution presented in 7.7
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also only takes into account cases where all of the apertures are perfectly mass-balanced, and
doesn't allow us to model what happens at the edge of the PCD, or what happens when there
are imperfections in the ow rate. For most of this analysis, 2D nite element simulations
were used instead. Solving the convection-di usion equation using 2D nite element methods
for most of the systems presented in this work only takes a couple of second and remains a
useful tool for geometries that don't possess obvious symmetries.

Moreover, the systems we have been working with operate in extremely high Peclet regimes,
where the pure convection solution is usually su cient. In the case of the work presented
here, in almost all cases we had to make an e ort to lower the Peclet number experimentally,
in order to get concentration pro les that we could actually compare with the theory (oth-
erwise we would get gradients that too sharp when compared to the spatial resolution of the
uorescence images). In applications involving staining or reagent multiplexing, the gradient
at the boundary layer is usually excluded from the relevant domain anyways, and we are
working within the constant concentration area. In all of these applications, knowledge of
the pure convection solution combined with the fact that the boundary layer scales asPe

Is probably su cient for most practical purpose. There have been examples of applications
of multipolar micro uidic systems where the concentration gradient is important (for exam-
ple studies of chemotaxis using micro uidic quadrupoles [143]), but even in these cases, 1D
knowledge of how the gradient scales with Pe was su cient.

In realistic cases, even running the syringe pumps at the lowest possible ow rates, the
concentration gradients in the 2D plane are extremely sharp and can usually be neglected.
This may change in future applications involving pressure pumps, which could get to much
lower ow rates. Working at these lower ow rates would also mitigate the problem of high
reagent consumption, at the cost of increasing the size of the boundary layer somewhat.
There might thus be some optimisation warranted here, which models can help guide.

Applications similar to the micro uidic palette [132], where a system is used to generate
complex, multi-substance gradients, may still bene t from complete description of the 2D
concentration pro le, in a way where simple scaling may not be su cient. The poppy
geometry, which we have presented a couple of times throughout the work (see for example
gure 7.2b), may be useful for this sort of application. However, there hasn't been a lot of
work in this direction as of yet.

8.1.4 The true advantages of theoretical modeling

All of that being said, | do believe that analytical modeling has a place in a design pipeline,
even beyond pure scienti ¢ curiosity. The main advantage that this sort of analysis gives
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us, | think, is the ability to make analogies between di erent elds of science. The initial
impetus for the project was in nding out the analogy between ow elds in 2D Hele-Shaw
cells and 2D electric elds. This discovery opened up the way to using a host of tools that
had already been developped for classical electrostatics, and apply them to the domain of
micro uidics. Further down the line, | investigated the analogy between 2D Hele-Shaw ow
and 2D Darcy ows, which had been highlighted early on in the work but hadn't been
completely explicited yet. This analogy enabled the creation of links between the current
work and various domains of groundwater research, which | have highlighted throughout
this document. In both cases, the advantage of rigorously highlighting similarities between
di erent domains is twofold. First, it allows us to directly use a wealth of known results
from other elds, saving a lot of time and possibly making us think of things we wouldn't
have in previous ways of thinking. Second, it opens up the way to new applications of the
technologies we are fabricating, as | have highlighted in sections 6.7 and 7.14. This sort
of analogy-making between di erent seemingly unrelated elds of science is probably the
biggest advantage of strong theoretical models, more so than the determination of precise
guantitative data (which numerical methods can often do just as well).

Simple but far-reaching theoretical models also determine the landscape of what sort of
systems can be imagined. Thinking in terms of arrangements of sources and sinks in 2D, and
in terms of transforming space, has enabled the design of new systems that couldn't even be
conceived of in the old networks of microchannels paradigm. In this way, theory determines
the eld of what can be thought of , and new tools open up new ways of thinking, which is
another advantage that goes beyond the simple determination of quantitative data.

A nal advantage of theoretical modelling is that, if done properly, it can make us more
aware of the range of validity of our models. In order to reach the solutions that we have
been working with, we have been making a number of approximations, namely

The system is in a steady state

Inertial e ect are negligible everywhere in the domain

The thickness of the Hele-Shaw cell is much smaller than the other relevant length
scales in the problem

The Hele-Shaw cell has uniform depth throughout

Apertures are point-like, and the interesting parts of the ow are not underneath the
apertures



126

Solutions are dilute, such that concentration doesn't a ect ow properties and di u-
sivity is constant

Concentration is uniform along the depth axis

The e ect of any wall within the domain can be neglected, so that we can use potential
ow description

Knowledge of the 2D ow and concentration pro le is su cient to give us meaningful
knowledge of what happens in surface reaction applications (more on that in section
8.2.1)

Working from rst principles hopefully gives us a better understanding of all of the approxi-
mations that we are making, and thus of the range of applicability of the results we obtain.
This is to be contrasted to some of the very plug-and-play CFD packages that exist nowa-
days, where one can draw the geometry, add a physics modules picked from a library, press
play and obtain numerical results. In these cases, a similar number of important decisions
and approximations are being made, but they are sometimes hidden from the user for the
sake of usability, and this can sometimes lead to questionable results if the user isn't being
careful. Likewise, understanding the approximations and limitations of the systems we are
working with enable us to then use numerical tools more e ciently, for example in allowing
us to show that an equivalent 2D problem yields the same information as the bulkier, full 3D
multiscale problem.

At the end of the day, experimental, numerical, and analytical tool all contribute to a larger
toolbox and should work hand in hand to tackle concrete problems.

8.2 Extension to problems involving other phenomena

Discussion of the approximations we have been making in developing our ow and concentra-
tion maps brings us to another point which has been raised several times about the current
work, namely its applicability to problems involving di erent physics (multiphase ow, com-
plex reaction, transient aspects, microstructured chambers, variable gaps, etc). In a sense,
the problems we have been analyzing are maybe some of the most elaborate ones in which
it is possible to obtain a simple closed-form solution valid over the entire domain. We are
solving for convection-di usion in a 2D domain with very complex ow patterns and obtain

an expression for the entire concentration eld, which in itself is quite impressive. Obtaining
this simple closed-form expression hinges on being able to use conformal maps, which itself
requires all of the approximations listed in section 8.1.4 to hold. Most of the time, extension
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to problems with di erent physics will mean that the closed-form solution breaks down and
the problem has to be studied from the start. These extensions may also mean that we
need to rethink what we are looking for as an analytical solution , since complete ow and
di usion pro les may no longer be obtainable.

We discussed some other physical problems that come into play in 2D ow eld applications
in chapter 5, particularly subsection 5.11. We brie y list some extensions to problem with
di erent physics here.

8.2.1 Interaction with surfaces

Most of the applications that have been proposed for multipolar micro uidic systems, as well
as pixelated chemical displays, involve interaction with either a reactive surface, or some
sort of porous reactive slab. In most of these cases, the depth-average approximation
breaks down and it is important to consider what happens in the third dimension. The most
complete solutions for such problems are often 1 or 2-dimensional solutions along the other
axis, where ow is unidirectional and the depth direction is one of the independent variables.
Examples of such solutions include the analysis of transport from a reactive patch [107], or
of the interface between Stokes ow and porous ow [238]. These two problems, and related
solutions, are illustrated in gure 8.2.

() (b)

Figure 8.2 2D solutions to transport problems along the vertical direction. a Boundary con-
dition between Stokes ow and Darcy ow in a channel, taken from [239], b Multi-parameter
analysis of the wake behind a reactive patch, taken from [113]
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In many cases, while we are not in possession of a complete solution , knowledge of the 2D
convection-di usion solution without surface reaction can be combined with knowledge of the
unidirectional surface reaction problem to give us a good idea of how a system will behave.
The same can probably be done for interfaces with porous medium. In cases where the
porosity of the medium is very low (which is the case for many tumor samples), the problem
can be decoupled between a 2D convection-di usion problem in the Hele-Shaw chamber and
a pure di usion problem in the tissue.

8.2.2 Multiphase ow

A natural extension of the work presented in the dissertation seems to be problems of mul-
tiphase ow in Hele-Shaw cells. The solution procedure we have presented for ow and
di usion, with its use of conformal maps, is actually applicable to a small subset of multi-
phase ow problems where the interface is relatively controlled. Potential ow formulations
have been made to approximate ow in and around droplet ensembles [126], and a combi-
nation of potential ow formulation and conformal maps have been used to model ow in
self-coalescence modules [38], with analogies to viscous ngering.

However, in most applications involving multiphase ow in Hele-Shaw cells, the interfaces
are unstable, and ngering instabilities appear [31]. Theoretical analysis of such unstable
interfaces requires a machinery that is di erent from the one we exposed in this thesis, but
the problem has been studied at length elsewhere [32] [39] [33].

8.2.3 Uneven channel cross-section

The solutions we have presented require that the depth be constant over the entire Hele-Shaw
cell. Extension of these results to problems with varying depth could be possible. We list
two avenues for further work here.

First, solutions to ow in large chambers segmented in di erent areas of constant depth
are probably obtainable. Similar solutions exist in [45] for Darcy ow segmented in regions
of di erent permeability. Such a solution procedure is probably transferable directly and
would allow for the theoretical determination of ow in complex structured chambers. Since
the ow determined this way is still a potential ow, the entire procedure for solving the
associated convection-di usion problem would still be applicable. An illustration of a ow
pro le obtained this way is shown in gure 8.3.

A second way in which problems may exhibit non-constant depth could be in problems
involving surface rugosity. In these cases, if the surface rugosity is high enough that it has
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Figure 8.3 Flow eld in an aquifer with inhomogeneous ow conductivity, a similar procedure
could be used to model Hele-Shaw cells with varying depth. Taken from [45]

to be considered, solutions could be obtained using domain perturbation methods, such as
those explicited in [23]. However, the resulting problem would likely involve highly nonlinear
equations, and its solution may not be straightforward.

8.2.4 Transient problems

A nal aspect that might be interesting to look at is the extension of the results to transient
problems. The solution procedure we have been presenting presupposes that the problem
Is in a steady-state. This is a reasonable assumption in most cases, as the response time
for the Stokes ow is virtually instantaneous, and the time it takes for the di usion pro le

to reach steady-state is governed by the convection time scale, which is also very low. This
means that in many cases, we can obtain solutions for transient problems as sequences of
steady-state solutions.

In section 6.11 we have discussed the generation of chemical pulses from micro uidic surface
shields, which are inherently transient phenomena. In this case, the problem could be reduced
to a problem of convection-di usion of a set chemical patch in a straight ow, which can be
solved by convolution of a simple Green's function.

Another application in which transient aspects would be interesting to study is in chaotic
mixing. 2D chaotic micromixers have been studied in the early 2000s [127] [258]. These mi-
cromixers consisted of plane domains in which point-like apertures are sequentially activated,
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leading to a folding action similar to that observed in channel-based mixers [259]. Such a
system is illustrated in gure 8.4. Such transient behavior could be an avenue for further
study in the eld of multipolar ows.

Figure 8.4 2D chaotic micromixer with 3 point-like apertures. Sequentially activating each
aperture leads to a folding of the concentration pattern onto itself. Taken from [127]

8.3 The future of multipolar micro uidics

I will now make some remarks on the future applications of multipolar micro uidic tech-
nologies, as well as pixelated chemical displays. | believe these technologies are very impres-
sive, and showcase an immense control over both theory and the fabrication. However, they
have been faced with some hurdles when it comes to applications. | think it is important to
be aware of the limitations of such systems in order to properly plan future areas of research
in the eld.

8.3.1 The race for more apertures

The micro uidic probe [8] was undoubtedly an innovative system that opened up the way

to thinking of micro uidics in di erent terms than what had been done previously. One
direct consequence of it in the academic eld is that, in the following years, there was a sort
of race from the 3 or 4 research groups associated with early probe research where groups
tried to publish every imaginable combination of apertures. We note for example di erent
combinations of four-aperture probes [124] [145], linear arrays of probes [147], as well as our
own work on micro uidic multipoles [15]. There are of course diminishing returns, as far
as novelty goes, to adding more and more apertures to the same system. Another problem
of adding apertures is the prohibitive barrier of entry that multipolar micro uidics, which
stands in the way of widespread adaptability.
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8.3.2 Barrier of entry

One of the big problems of multipolar systems is their somewhat large barrier of entry. Much
of the work of IBM research group in Zurich on micro uidic probes involved systems that
were microfabricated on silicon in a clean room, and operated using mechanized robotic arms.
This sort of setup makes for very high quality results in the context of an industrial research
group, but is prohibitively expensive and stands in the way of widespread adoption.

Work from our group and others [142] focused instead on 3D printed systems. These 3D
printed systems lose to silicon microfabrication when it comes to large scale production, but
are much cheaper as far as prototyping goes. They also open up the way to the fabrication
of monolithic systems with interior 3D channel architecture (such as the pixelated chemical
display) which would be require some rethinking to be fabricated using traditional silicon
etching. Our group has also been focusing on recon gurability as a selling point for mul-
tipolar systems, where we no longer need a robotic arm, but instead modify the ow from a
single static device throughout the experiment. These two changes make for a protocol that
Is cheaper than the previous one, but the operation of open-space systems may still be quite
expensive when compared to other standard micro uidic setups such as lateral ow assays
or paper-based systems.

One big hurdle, as was discussed in section 7, is the necessity for large numbers of syringe
pumps, which can get expensive really fast. More recent work has been done on transitioning
to pressure pumps with systems of valves and manifolds, in order to alleviate this cost.
However, while these reduce the number of pumps required, the system itself becomes more
complex, requiring manifolds and systems of valves. This is probably the way to go for large
scale integration of 2D micro uidic systems, but for many applications this may still lose to
simple lateral ow assays as far as costs go.

An additional hidden cost for these systems, which is one that is mentioned by Albert
Folch in 2016 [260], is that it requires a trained PhD student to fabricate and operate. It
took Pierre-Alexandre 4 years of very hard work to get the expertise to fabricate and operate
his pixelated chemical displays, and by the end the fabrication process still took him about
half a day for assembling the entire system. In an academic setting, PhD students come
cheap, but one should not underestimate the real cost associated with this expertise when
trying to translate these technologies to any sort of real-world application. This is, again,
to be compared with simple microchannel systems, which undergraduate students can be
trained to fabricate and operate in a matter of a couple of hours.

This much higher complexity and barrier to entry that multipolar systems and pixelated
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chemical displays have means that any application they are used for should be one that
cannot be realized using simpler means. It is not constructive to use a very complex system
to solve a simple problem.

8.3.3 Reagent consumption

One application that multipolar systems have been proposed for is treatment of reactive
surfaces, be they cancer tissues, patterned antibodies for immunoassays, or sensors. This
makes sense as large surfaces are not directly processable through tight microchannels, and
thus surface treatment seems to present itself as a logical application for these probe-type
systems. However, application of multipolar systems to the treatment of surfaces runs into
two major hurdles.

The rst hurdle is the problem of reagent consumption. Micro uidic probes, multipoles, or
pixelated chemical displays are systems that operate in a constant streaming fashion, which
signi cantly increases the amount of reagent that is used. Aspiration apertures almost always
reaspirate reagent from more than one injection, so that in the best case what is aspirated
is a diluted version of what was injected, and in the worst case what is reaspirated is a mix
of the di erent reagents that were injected. This means that there is no straightforward way
to reuse the reaspirated reagent, and it is usually counted as a loss.

This problem is compounded by the fact that, in the case of a reactive surface, the surface
will interact with reagent in a thin boundary layer above it (see gure 8.5). Concretely,
this means that most of the injected reagent will not even come in contact with the reactive
surface, and will just directly go to the aspiration aperture, where it is wasted. In order to
increase reagent intake of the surface, we have to increase the Peclet number (which is done
by increasing ow rates). While this increases reagent intake to the surface, it also makes
this boundary layer thinner and thinner. In this way, the amount of reagent wasted increases
quicker than the amount of reagent that is consumed by the reactive surface, exacerbating
the problem even more.

These systems thus lose one of the main advantages of micro uidics, which is the use of
minute amounts of uids (especially expensive ones). Switching to pressure pumps will allow

for access to much smaller ow rates, enabling smaller reagent consumption. However lower
ow rate does mean lower Pe, and thus less sharp interfaces when multiplexing, as well as
smaller net absorbtion by the surface.
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Figure 8.5 Cross-section of a channel with a reactive surface at the bottom, the surface
generates a thin boundary layer above it, and a signi cant portion of the injected reagent
does not interact with it. Taken from [113]

8.3.4 Problem of di usion

Another problem that comes up when treating surfaces is the problem of di usion within
porous surface. A main selling point of pixelated chemical displays, and multipolar systems
in general, is their ability to spatially multiplex di erent reagents. At high Peclet numbers,
pixelated chemical displays can generate very sharply distinct patterns of reagents over a
surface. However, the entire analysis has been done while only considering what happens
within the liquid phase of the Hele-Shaw cell, and not what happens within the surface.

Experiments when treating porous surfaces, such as hydrogels (or eventually cancer tissues)
tell a di erent story. Indeed, biologically relevant surfaces usually have a very low porosity,
so that not much of the injected uid actually penetrates within the surface. The reagent

is thus left to penetrate the tissue through di usive processes, which are very slow. The
main disadvantage of these purely di usive processes is that they completely blur the sharp
interfaces that were present in the concentration pattern from the liquid phase (see gure
8.6). This inability to preserve the sharp spatial multiplexing when treating biological sur-
faces becomes a big hurdle to a large number of potential applications of pixelated chemical
displays, and somewhat defeats the interest of using the multipolar system in the rst place.

This e ect may be mitigated when treating very thin biological surfaces. In this case, ex-
periment times could be kept small enough that di usion within the tissue is negligible, and
allow us to preserve the sharp multiplexing we are looking for.

8.3.5 Search for applications

All of these points considered, | believe that we haven't yet found an application for the
more complex multipolar systems that has a strong technological or commercial potential.
In many ways, | believe we have been working backwards somewhat. We have developed a
very interesting technology that couldn't be thought of before. However, when it comes time
to actually put it to use we don't have much. Several applications have been discussed so
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Figure 8.6 Failed tissue staining experiment. A pixelated chemical display was left over a
porous agarose slab with similar properties as tumor slices. On the left is the concentration
pattern as observed within the liquid phase. On the right is the resulting staining pattern
within the agarose slab. After a couple of hours, di usive processes had completely erased
the sharp reagent multiplexing. Image provided by Dina Dorrigiv

far, and some may yield promising results, but most of them either hit the problems that

| have listed above, or they solve a problem for which there already exists a much simpler
solution. This sort of backwards process, where we have a hammer and are looking for nails,
makes some sense in a research environment. We have at our disposal tools that cost a lot of
time and money to develop and we want to extract as much value from them as possible. In
a sense, it would be counterproductive to always look for new solutions to problems and not
try to exploit what we already have at hand. | do believe, however, that it is a tendency we
have to be aware of, so that we can orient research in productive directions. This approach
of starting with the solution and looking for a problem is something that | believe exists
not just in this work but in the wider area of research in engineering, and is worth pointing
out.

In a sense, open-space micro uidics might be a domain that has come and gone, without
ever truly nding its footing. The unfortunate closure of IBM research group in Zurich
removed one of the big players in this eld, and the other groups that were working on these
technologies (our group and Mohammad Qasaimeh's group in Abu Dhabi) seem to be moving
away from it. In almost 20 years of development, a lot of systems have been published but
little has been done in terms of convincing practical applications. This is a bit disappointing,
as | do believe that the systems we developed are very interesting and allow us to explore an
area of uid mechanics that is di cult to play with otherwise, and which has its own unique
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gualitative features not found anywhere else. These technologies might still nd applications
one day, maybe in more fundamental areas of research in uid mechanics, but it might be
under new branding, and in directions that are di erent from the ones we envisioned when
we were rst working on them.

8.4 Where does this work go next?

| want to conclude with a number of possible directions where this work could be headed
next. The development of a theoretical framework for 2D micro uidics, combined with
the techniques for rapid fabrication of multipolar micro uidic systems that Pierre-Alexandre
developed, have opened up a whole new space of investigation, of which we have only explored
the surface.

8.4.1 Multipolar technologies

The systems we have been presenting open up possibilities for highly multiplexed chemistry,
as well as precise treatment of surfaces. Moreover, we have presented a complete framework
for the rapid generation of complex 2D ow patterns and concentration gradients in large
micro uidic chambers, or in 2D open-space domains. The systems we have been presenting
can be fabricated using simple 3D printing tools and pump systems that are easily accessible
to research groups with a start-up fund, enabling researchers to experimentally explore these
or and concentration elds in a rapid manner.

Beyond multiplexed surface treatment, the systems we present can be used as physical micro-
models for more complex ow phenomena described by the same sets of equations. Examples
we have mentioned throughout this work includes ow in 2D aquifers [45], complex growth
phenomena [261], turbulent transport [191], vortex structures in some regimes of the Navier-
Stokes equation [106], etc.

8.4.2 Transport phenomena in 2 dimensions

Beyond micro uidics, there is a wealth of phenomena that are described by the 2D convection-
di usion equation, or equations analogous to it. Add to this the range of growth phenomena
that have strong ties with the mathematics we have been studying, such as di usion-limited
aggregation [262], dendritic growth [263], viscous ngering processes [29], etc. The models
we presented could serve as a starting point to study more complex transport phenomena at
a range of scale, a number of examples of which we show in gure 8.7.
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Figure 8.7 Growth processes with analogies to the current work. a) Viscous ngering in
Hele-Shaw cells [264]. b) Growth of slime mold organisms [265]. c¢) Urban sprawl for large
cities [266]

There also exists a good volume of work on using conformal transformations to analyze
percolation clusters and other critical phenomena [267] [268]. This could be an avenue to
push the current work in a more theoretical direction, analyzing the symmetries of various
systems. Making links with percolation would also open up analogies with a range of new
physics, including gellation [269] [270], 2D turbulence [271], forest re propagation [272] [273],
epidemiology [274], water in Itration in soils [34], etc.
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CHAPTER 9 CONCLUSION

9.1 Summary of work

We have presented a uni ed framework for modeling ow and di usion in eld-based micro u-
idic systems. We rst demonstrated how the tools of conformal transforms and potential ow
can be used to analyze transport in micro uidic probes, then extended these same tools to
a vast range of micro uidic technologies, from channel junctions to ow in large chambers,
making links with multiphase ow, micromodels for porous ow and even some biological
systems. We ended by presenting how this toolbox could allow us to think about the de-
sign of micro uidic systems di erently, enabling us to design new unseen technologies like
micro uidic surface shields and pixelated chemical displays.

9.2 Impact

The work presented has the potential to have a signi cant impact on the micro uidic commu-
nity, especially through my last review article, which strives to make these results accessible
and easy to use for graduate students in the eld. While micro uidic probes and micro uidic
probe adjacent systems don't see as much interest in the eld as they did 10 years ago, the
general framework of 2D convection-di usion applies to an immense range of systems, and is
not going to get obsolete overnight. Moreover, | believe this project is a good demonstration
of how far theory-assisted design can be pushed. We started with a simple problem, extracted
the most general features we could from it, and used the idea to think about design di erently.

| believe this sort of approach could form the template for future research, perhaps starting
from di erent theoretical assumptions. | could imagine similar frameworks being build to
analyze di erent transport phenomena, be they growth processes, multiphase ows, reactive
ows, and maybe unlocking new ideas for technologies that couldn't be thought of before.

| also believe that there is value in the many links that were made in this work between
micro uidics and other elds like groundwater mechanics, turbulent transport, etc. Many of
the problems we face in micro uidics have already been solved in other places, and having
these bridges in place to readily access these other elds is maybe more invaluable than any
reformulation | could make in my papers. Likewise, these bridges might open up ideas for
applications of micro uidic systems to problems beyond the usual ones in life sciences.
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9.3 Limitations

Of course, the use of conformal transforms to study 2D ows relies on a number of assump-
tions: they can only model problems in steady-state, in the absence of reaction term, the
gap has to be uniform, etc. Many of these limitations have been mentioned in the discussion
section already. However when studying more complex problems | think these solutions could
still provide reasonable rst approximations or 0-order solutions for ows with additional
physics.

| think the main value of this work lies less in being a one size ts all solution for every
imaginable micro uidic system, and more in being a powerful tool added to the arsenal of
engineers and scientists, side by side with other methods.

9.4 Future Research

Research on applying the technologies developed in this PhD, namely pixelated chemical
displays and ower-type multipoles, is already well underway in the group, so | won't give
more recommendations for these. | think some of this work is very promising and is being
done by very talented engineers, and | have no doubts that it will lead to good research.

| want to end by recommending general directions for the theoretical part of the group's
research. When | entered the group, a lot of the research projects were very entrenched in
physics, uid mechanics, modelling, and fabrication. As the years went by, new collabora-
tions were formed with the CHUM, and the research projects slowly moved from theory to
application. Today, the group includes a healthy number of students working on biological
applications of technologies that we developped in these early years. In this way, we get
projects that are very solid and integrated, starting from rst principles and going all the
way down to biologically relevant results.

| do believe, however, that it would be worthy, at this point, to renew the modeling section
of the group. This can only be done if new projects are found, and these projects should
stem from new questions related to fundamental uid mechanics or transport phenomena. |
look forward to seeing new students work on interesting transport problems, and seeing how
the tools they develop inform the design of new micro uidics we can't even think of today.
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