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Sommaire

Le disjoncteur est un appareil utilisé sur les réseaux de transport d’énergie 3
haute tension. Il a deux taches distinctes & accomplir: celle d’interrupteur et celle
de fusible. Dans la premiére, ’appareil est employé pour la mise en service et
hors de service de lignes de transport en situation normale. Dans la seconde, le
disjoncteur joue le réle de protecteur de ces mémes lignes lors de la production
d’une défaillance, par exemple, un court-circuit. Pour parvenir & ses deux objec-
tifs, le disjoncteur emploie un mécanisme dans lequel des électrodes initialement en
contact sont séparées lors de ordre d’ouverture. Un arc électrique s’allume alors
entre les électrodes, arc par lequel le courant de la ligne continue de circuler. Si-
multanément & la séparation des électrodes, un gaz est comprimé dans un cylindre
et un jet axisymétrique de gaz est dirigé sur ’arc. Ce jet procure le confinement
et le refroidissement de P’arc, jusqu’a son extinction. Actuellement, le développe-
ment d’un nouveau modéle de disjoncteur nécessite une longue phase d’essais en
laboratoire sur des prototypes, et trés peu d’outils d’analyse sont disponibles pour
aider le concepteur dans cette tiche de développement.

Dans ce contexte, la disponibilité d’un outil informatique pour 'obtention de la
physique de ’écoulement pourrait permettre, non seulement de réduire le nombre

d’essais en laboratoire, mais également une meilleure connaissance des paramétres



de design.

Dans le cadre de ce travail, une simulation numérique des écoulements de gaz
compressibles nonvisqueux dans les conduites est effectuée dans le but de prédire
les performances d’un disjoncteur industriel lors de son ouverture. Le probléme
est caractérisé par deux difficultés: une géométrie complexe et la présence d’ondes
de choc résultant de ’écoulement. Les équations d’Euler pour des écoulements
2-D, axi-symétriques sont proposées comme modeéle de base pour la simulation.
La résolution des équations de ’écoulement compressible a été effectuée a 1’aide
d’un schéma de volumes finis. Deux discrétisations spatiales avec deux types
d’intégrations dans le temps sont évaluées pour résoudre numériquement les équa-
tions d’Euler. Une nouvelle technique de maillage triangulaire nonstructuré et
adaptatif est utilisée. Le schéma de calcul utilise une intégration de Runge-Kutta
sur des volumes de contrdles ol toutes les variables sont stockées aux noeuds. La
procédure numérique est programmeée et expertisée pour deux cas simples. Les
résultats du traitement sur ordinateur sont comparés soit avec la solution an-
alytique, soit avec les données expérimentales. Ensuite, ’écoulement dans une
géométrie réelle est calculé et les effets du maillage et de la viscosité artificielle
sont évalués.

L’objectif de cette étude est I’élaboration d’un cadre informatique pour la simu-
lation numérique. Dans le chapitre 1 on décrit brievement les équations d’Euler —
un cas particulier des équations de conservation généralisées et la transformation
de coordonnées. Le chapitre 2 présente les techniques de discrétisations spatiales
et les itérations dans le temps. Enfin le chapitre 3 présente les calculs numériques
exécutés avec les techniques décrites au chapitre 3.

Le schéma numérique proposé nécessite une certaine viscosité artificielle pour



vi
lisser les instabilités qui apparaissent en présence d’un choc. L’exécution et la vali-
dation ont montré que la dissipation numérique joue un réle décisif dans la qualité
des résultats. Un amortissement insuffisant ou trop lourd diminue la précision de
la résolution numérique. Les valeurs optimales des parameétres ont été obtenues
par essali et erreur et sont valables pour des configurations données. Une démarche
automatique pour le choix de ces valeurs serait préférable & cette approche heuris-

tique et pourrait constituer un prochain sujet de recherche.



Abstract

A numerical simulation of compressible inviscid gas flows in complicated ducts
is undertaken subject to the practical requirement of predicting the performance
of an industrial gas circuit breaker during the discharge phase. The problem
is characterized by two difficulties: the complex geometries and the presence of
shocks in the resulting flow pattern. The Euler equations for 2-D and axisym-
metric compressible flows are proposed as the elementary mathematical model for
such a simulation. Two spatial discretisations and two time-integration processes
are surveyed as the related numerical solvers to the Euler equations. A novel un-
structured adaptive triangular mesh is utilized in conjunction with the cell vertex
scheme and the Runge-Kutta process for this problem. The numerical procedure
is programmed and tested under two simple cases, the computed results are com-
pared with either the analytic solution or the experimental data. Finally, the flow
in a real geometry is calculated and the effects of grid and artificial viscosity are

evaluated.
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Introduction

High voltage transmission networks should be provided with safe and reliable
systems in order to turn off the power rapidly in case of disorder. This switching
function is usually performed by gas-blast circuit breakers or gas circuit breakers
for short in this presentation. When a fault takes place they come into operation.
As the normally contacted terminals of the circuit breaker separate, the current
continues to flow in the form of an arc induced between the terminals until the
current zero is reached. At this point the arc is much smaller than it was in
the high-current phase and the current is momentarily interrupted, but then a
recovery voltage pulses across the terminals of the circuit breaker. If the breaker
has been designed properly, it will be able to resist this recovery voltage and
power interruption will be successful. However, the recovery voltage may be so
high that the arc can be reignited and this will result in the breaker failure to
achieve interruption.

A protection against this breakage is taken by blowing a stream of gas from
a high-pressure gas reservoir through the breaker nozzles toward the terminals.
Removing energy from the arc, this process sets up suitable dielectric strength
and withstands arc reignition.

The extinction and reignition characteristics of gas circuit breaker are strongly
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affected by the gas flow which depends heavily on the geometry of the interrupter.
Therefore a thorough understanding of the relationship among the arc, flow and
geometry, as well as a deep insight of the associated phenomena will benefit the
design of effective gas circuit breakers and improvement of their performances.

In the present study and as an initial stage leading to the more sophisticated in-
vestigation of the problem and a representation of a real step toward the computer-
aided design of gas circuit breakers, we have simplified the physical reality under
some hypotheses. We ignore chemical reactions, and do not take into account elec-
tric mechanisms which are governed by Maxwell’s equations. We assume that the
physical domain is two dimensional or axisymmetrical, the boundaries of compu-
tation are static instead of moving, the flow is neither viscous nor conductive and
replace the working gas SFg with an ideal gas. Following these, the mathematical
model dealing with such a fluid flow is based on the Euler equations.

The purpose of this undertaking is to establish a computational framework for
the simulation. Chapter 1 describes briefly the Euler equations — a specific case
of the general conservation law form and the coordinate transformation. Chapter
2 discusses the widely applied spatial discretizations and time iterations. Finally,
Chapter 3 illustrates and examines the computational results implemented by

using the numerical approaches in Chapter 2.



Chapter 1

Mathematical Model

The mathematical model used to describe the motion of real fluids is the Navier-
Stokes equations. So far the enormous mathematical difficulties encountered when
solving them have precluded any analytic form in which the convective terms
interact in a general way with the friction terms. However, in this presentation
we consider such flows where the effects of viscosity are negligible, namely, the
motion of the flows is governed by the Euler equations, a simplified form of the

Navier-Stokes equations.

1.1 Euler equations

Let us start with a system of the universal conservation law:

—4

@&+ f(@)s =0, (1.1)

d
=

1
here §(Z,t) is an n column vector of unknowns, f* (¢) is a vector valued function

of n components, £ = (z1,---,z4) and f = (f_i, --~,fd). Note that for d = 3,7 =

(xla I, IE3) - (I’ Y, Z).



Rewrite (1.1) in the form:
4 . —
@+ A9, =0,
i=1
where A*(g) = f:;- is the Jacobian matrix. The system (1.1) is called hyperbolic if

the matrix

d
>_wid(q)
i=1
has real eigenvalues and a complete set of eigenvectors for all real w; [1].

Denote the variables:

P the density,

u,v and w the velocity components in the z,y and z
directions respectively,

My, m, and m,, the momentum components in the z,y

and z directions respectively,

T the temperature,

P the pressure,

S the entropy,

E the energy,

R the universal gas constant,

~ the ratio of specific heats,

c the sound speed — (YRT)'/?,
H the total enthalpy.

Here T', P, S and H follow the thermodynamic relations:




)—ﬁmm

m2 + m? + m?
— _1 E_ L3 v w ,

P (v )( 20

2 2 2

s = 1n(E—m“+m°+mw
2p
E+P P

g o= X5 _ 0 .

p Yy—1lp 2p

g will always indicate the vector:

i
Il

\

my ou
m, | = | pv
My pw

E )

Now the Euler equations are of the form:

where

pu
pu?+ P
puv

puw

\ (E + P)u

\ £ )

G+ i+ P+ f2=0,

pv
UL
pv:+ P

prw

\ (E + P)v

1
=+ —(ml+ml+md).

oW
WU
pwY

pw? + P

\ (E + Plw

(1.2)

The system is hyperbolic. In the following chapter for convenience and without

confusion, we may write , f,g’for q, fj, f—k accordingly.



1.2 Transformation of the governing equations

For many applications one can express the Euler equations in different co-
ordinates. To this end, a general transformation of the Euler equations from a
Cartesian coordinate system (z,y,z) to an arbitrary coordinate system (¢,7,¢)

can be cast through first consideration of the mapping:

& = &(z,y,2),
n = n(z,y,z2),
¢ = ¢(z,y,2).
Using the chain rule leads to
36_, €&z Nz G :—f aﬁg
;% =1 & mo& aa_,, =4 Eaﬁ (2.3)
2 & M G o >

On the other hand, z,y, 2 may also be represented as functions of £,7,¢, i.e.,

x = x(g’n,g),
y = y(&n,¢),
z = z(&n,¢).

Consequently,



N 9 R
3¢ Te Ye = 3z 3z
-2 = 8 =B| &
8n Tn Yy 277 Ay Ay
- a8 N
B¢ e Yo % EP: bz

If det A # 0, or equivalently, det B # 0, it follows

A
AT

= B!
(B—I)T — (BT)—I

Thus the relationships between the covariant and contravariant metric coefficients

are

where

€z
€y
£z
Nz
My
N1z
Sz
Sy
Sz

1/ det B

= J(Ynz — Ye2n)s

= —J(zq2 — z2y),

= J(z,z — z.2),

= —J(vez — ye2e),

= J(zer — z2e), (1.4)
= —J(zey; — z;e),

= J(yezy — Yn2e),

= —J(zezq — Ty2¢),

= J(zfy,, - znyf)’

1/[ze(ynze — Yoezn) — zn(Veze — Ye2e) + xc(Yezq — Yn2e)].
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Applying the generalized transformation (1.3) to the Euler equations written

in the vector form (1.2) one gets

G +efi+nfi+ofl
e e SR+ o f}
+EfE+m i+ off=0.
It can be rearranged into, after dividing by J then adding and subtracting like
terms, the following vector equation [2]:

(g")+(ﬁ€z+f'§€y+f3$z) +(f‘nz+fﬂzny+f'3nz) +(fjcz+fﬂzs‘y+f3gz)
JJ, J J , J ;

-|(8).+ @), ),
-21(%) (), + (®),
-PU(%) (), (),

The last three terms in square brackets can be dropped by using (1.4). Since the

Il
o

present study is aimed at plane flows, the final equation is in two dimensional

strong conservation law form:

o off it _;
ot o¢ on ’

where



3
1

1

(Fe, + F2e)/J,

(fn. + fin,)/J.



Chapter 2

Numerical Methods

The basic idea of numerical solution to the unsteady Euler equations is first to
transform them into a set of coupled semi-discrete ordinary differential equations
and then to integrate these ordinary differential equations numerically in time. The
spatial discretization approach invoked in this study is the finite volume method
based upon an integral form of the equations to be solved. The computational
region is divided into elementary volumes over which the integration is carried
out. Such a procedure allows one to deal with complicated geometries without
resort to the equations written in curvilinear coordinates and also preserves the
property of conservation [3].

Consider the two dimensional Euler equations:

o of oy

hufid 0.
ot "oz "y

In the finite volume formulation, the steady state is described as the net flux into
a finite volume cell being equal to zero. In smooth flow regions this is equivalent
to the integration of the differential equations in conservation law form over an

arbitrary cell 2 with boundary 99 to give
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//n[f(ﬁ)x + §(@),] dzdy = 0,

here f and g are the flux vectors in the z and y directions, respectively. Applying

the divergence theorem we obtain the boundary integral

§_17(@)dy - §(a) dz} = G.

For the discrete version, where (7, the approximation to #, is adopted, the above
boundary integral is replaced by, without loss of generality, the sum over the n

cell sides of a polygon:

(70 Ay ~ §(0)): Azi) =6, (2.1)
i=1
where (Az;, Ay;) defines the orientation of side ¢, and f(U);, §(¥)|; are flux func-
tions considered as averages along it. Thus f| (ﬁ)l, Ay; — §(ﬁ)|, Az; is the normal
flux traversing that side. Obviously, if one further divides ? into a number of

subcells, and performs integration over each of them and then sums up the corre-

sponding boundary integrals with respect to {1, one obtains the same result.

2.1 Spatial discretisations

The key to discretisation is how these averages are evaluated in terms of U.
The two most evident choices are to keep U at the cell centres, and average across
the cell sides [4]; or to keep U at the cell vertices, and average along the cell
sides [5]. These two concepts were first applied to the structured quadrilateral

grid because of its high efficiency to the computation. However, unstructured
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grids 1) provide a great deal more flexibility for fitting complicated configurations
and furnish a natural setting for employing adaptive meshing; 2) facilitate the
implementation of vectorization, and they can most easily be achieved by using
triangular elements. Hence for simulation of flow in the complex interior of a gas
circuit breaker, the unstructured triangular mesh is desirable. Recently, Morton
and Paisley [6] studied these two different approaches on structured quadrilateral
meshes, throwing some new light on the intrinsic attributes of each. Their paper
is of great value to us in our work and a number of arguments in it are cited in
this chapter. For completeness and varieties of application, we survey the above
two discretisations respectively on both structured quadrilateral and unstructured

triangular meshes below.

2.1.1 Cell centre scheme

First we construct the discrete steady spatial residual (2.1) for an arbitrary
quadrilateral cell with reference to Figure 2.1a by averaging U across cell bound-
aries. Dividing by the cell area Vi, denoting the residual by ﬁc(ﬁ), and writing

— —

f& for f(U)g, etc., we have
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Ro(l) = g [5Ue + Fooa = w0) = 50 + G2) a2 — )

1 - — 1 .
+5(fc + fn){ys — v2) — 5(90 + dn) (23 — z5)
1 - ~ 1, .
+5(fc + fw)(ye — ys) — E(gc + gw) (T4 — z3)
1, = - 1 . .
+'2'(fc + fs)(y1 — va) — 5(90 + 7s)(z1 — z4)
]_ — — - —
= 'ﬁ;;[fE(yz — 1) = fwl(ys — va) — [n(vz — vs) + Fs(y1 — wa)
—gu(z2 — 1) + gw (23 — 24) + gn (22 — z3) — Fs(z1 — z4)].
For a uniform rectangular mesh of cell dimensions Az and Ay, it reduces to

fe—fw | Gv —ds
2Azx 2Ay

R;ix(U) =

the familiar central difference in both = and y directions, resulting in a second
order accuracy.

Similarly, for an arbitrary triangular cell in Figure 2.1¢, we get

11

Ro(0) = 3 |50+ fe)lva = w) = 5(d + o) (@2 — 1)

F2 e+ Fo) s — ) — 5 (G0 + G (@ — 22)
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5o+ o v = vs) = (0 + Go) (21 — 25)
_ 1. = — _ )
= 'Z"%[fcl(yz - y1) —4gc, (332 T

+fo, (s — y2) — Goy (25 — )

-HF'ca (1 — ys) — Jes(z1 — z3)].

2.1.2 Cell vertex scheme

Now keeping U at the cell vertices, constructing the residual (2.1) and denoting
it by ﬁc, then averaging U along the cell boundaries, we obtain, for an arbitrary

quadrilateral cell in Figure 2.2a,
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o) = = [3Uh+ M=) - 5@ + @) (e — =)

+;E+ﬁﬂm—w%—aﬁ+%ﬂ%“zﬂ
1~ 7 S
+5(f3 + fa)(ya — ys) — 5(93 + J4) (€4 — z5)

(2.3)

+%(]§ + f;)(y1 — y4) — %(54 + §1) (21 — z4)
= Sl -+ (i - s~ w2)

—(.‘71 - 573)(-’132 - x4) - (52 - 54) (233 - -'131)]-

This corresponds to using the trapezoidal rule to approximate the integrals along
each of the cell sides. On a uniform rectangular mesh it can be written as the box

scheme average of differences

5 o 1|(fa—fs = 7 o L
Bypyps(0) = . [(fz fs)A'*‘z(ﬁ f4) n (72 gl)A-i—y(gs A

possessing second order approximation also.

A triangular form can similarly be constructed as

Re(U) = _V% [%(f; + f2)(v2 — w1) — %(!71 + §2) (22 — 1)

+%(f; + fa)(ys — v2) — %(52 + g5) (73 — z2)

1

+%(f_:; + f;)(yl —y3) — 5(53 + 1) (z1 — z3)
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= i[f:(yz — y3) — g1(z2 — z3)

-

+f2{ys — v1) — G2 (zs — 1)

+J§(y1 — y2) — G3(z1 — z2)].

However in practice, the discretisation procedure is carried out node by node [7].
The flow variables are stored at the vertices of the triangles and the control volume
for a particular node ¢ is taken to be the union of all triangles surrounding this

node, as shown in Figure 2.2¢, thus

Rc(ﬁ) = 2—‘1,0'[.)’:(?/2 — yn) — J1(z2 — z,)

+f_;(y3 — 1) — Ga(z3 — z1)

+ fr1 (v — Yn—2) = Gn-1(Tn — Tn_2)

—

+fn(yl - yn—l) - En(xl - xn—l)]'
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Figure 2.1: Geometry for flow variables at cell centres: (a) general quadrilateral

mesh; (b) nonuniform rectangular mesh; (¢) triangular mesh.
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Figure 2.2: Geometry for flow variables at cell vertices: (a) the vertices around

cell C; (b) the cells used to update vertex 1; (¢) triangular mesh.
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This equation indicates that the cell vertex scheme is independent of the cell
interior division. Therefore it relies on meshing less than the cell center scheme.

By letting n = 4, we get the above quadrilateral formula (2.3).

2.1.3 Some properties of the two schemes

The objective, in calculation of an approximate steady solution by means of
some iterative process, is to make the spatial residuals given in 2.1.1 or 2.1.2
close to zero. A universal analysis on the principal differences in the character
of the approximation obtained by setting the residuals in 2.1.1 and 2.1.2 to zero
— in particular, the accuracy on nonuniform meshes and the tendency to exhibit
spurious solution modes for a general grid is not liable to conduct. However, for a
special case of the structured quadrilateral mesh, Morton and Paisley [6] compared
these two schemes in connexion with the above properties. They suggested that
the cell vertex scheme possesses a greater resilience to distorsions in the mesh
than does the cell center scheme. They showed that the basic flaw with the cell
center scheme as in (2.2) on an uneven mesh is the evaluation of the flux on a cell
boundary as a simple average of the values in neighboring cells. On a nonuniform
mesh this average is not centered at that boundary and errors are immediately
introduced. Hence it is clear that the cell center approach as it stands must be
adapted if it is expected to match the accuracy of the cell vertex method on a
given nonuniform mesh. They also argued that another distinct advantage of the
cell vertex scheme over the cell center scheme is its smaller number of spurious
solution modes.

An improvement of anti-distortion performance of the cell center scheme can

be conducted from the identity
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2 1 1
ety 1o,
2n +1 2n+1
Dy, =
-2
f p 42 aso
n-+2 n -+ 2

where Dy = (a+2b+¢)/b, D; = (a +nb+¢)/(n+ 2)b, and b # 0. One can
regard D as a general form of a central difference with three points, and D; with
arbitrary point(s). Suppose D; = 1 + O(h*),k > 0; fix the other parameters and
let n get sufficiently large such that quantity 4/(n + 2) is equal to or less than A,
we may perceive that | D, — 1| has a higher order with respect to h than |D; — 1].
This implies that for a center difference represented by the leading terms in the

truncation error such as

” Azg +nlAze + Azw -~

= Ayg + nAyc + Ayw _
Ro(0) = o
c(U) (n+2)Azc fele- +

(n+2)age et

where, as shown in Figure 2.1b, C* denotes the center of cell C, Azc, Ayc are
the dimensions of cell C, Azg, Ayg are the dimensions of the cell to the right, et
cetera. On condition that f—; +4gy, = 0, its accuracy of approximation will enhance
as n, the weight of the central term, increases. On the other hand, when n > 2 the
difference cannot be expressed without using extra points. Hence the calculation
is complicated, and the additional spurious modes may also be brought because
generally speaking, the more the points a difference scheme uses, the more the
spurious modes it exhibits.

Nevertheless, the following example shows an abnormal feature about points
and spurious modes. Consider a uniform scalar difference equation with five points

in £ and y directions respectively,
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Ujsar — Uj—2x 4 Ujr1x — Ui—1p

2Az R 2Azx
2nd
Ujkrz = Uj k-2 Ujkrr — Usk— 0
2Ay 2Ay ) )
ath
Looking for modes of the form Uj, = Uuiv*, we have
Al = 0o+ (= o]
2Azx
1 P
+ 2_A_y (1/4 _ 1)/1'2 + (1/3 . l/);l,2]U/.L]—2l/k_2
- [“1—( P-1)(u +p 1)t
2Azx
1 2 2 2| fr,5-2 k-2
— 1 J = 0.
+ 2Ay(u DN +v+ 1) | Uy 0

Its nonzero real solution set is {(u, v)| 4, = +1}, the same as that to a three-point

difference consisting of the second and fourth terms in this equation.

2.2 Time stepping iterations

By far the most widely used form of iteration or smoother, is that based on
a time stepping approximation to the unsteady Euler equations. It is here that
the cell center scheme has its main attraction, since the residuals in 2.1.1 is cor-
rectly centered for updating the value Us. However, once it has been decided

how contiguous residuals can be combined to update the values of unknowns at
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a vertex [5], the cell vertex scheme again possesses definite advantages. It seems,
habitually, that the cell center scheme adopts a Runge-Kutta procedure [8] while

the cell vertex scheme a Lax-Wendroff process [5].

2.2.1 Lax-Wendroff algorithms

For convenience we discuss this iteration on quadrilateral meshes. The parallel
conclusions for triangular meshes can be obtained by similar reasoning. The Lax-

Wendroff method is based on a Taylor series expansion in time

1 -
= g™ — " = Ata? + aAt”ﬂ,’;; + O(1At%), (2.4)

in which the time derivatives are fepla,ced by spatial derivatives via the differential
equation. This can be taken as a two-step method, though it is advantageous for
steady problems to consider it as one step. Thus for the unsteady system of

differential equations

-

U + f(ﬁ)z + i(ﬁ)y = 6’

the second time derivative in (2.4) is replaced by spatial derivatives as

de = (@) = —zf(9):+4(1)]
o - d .
= —a( u)—a—y(Bu,)
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where A, B are the Jacobian matrices 8f/6ﬁ', 0§/ 81U respectively. Substituting

this expression into (2.4) we get the time increment in the solution:

, DR DU O ISR RNV

U™ = —At(f, + gy)" + ~A? —[A(fe + 3,)] + =—[B(f2 + 3] - (2.5)
2 dzx dy

The spatial discretisation of the first term in this equation, say, with reference to

Figure 2.2b, at point 1, is given by

_AtVAﬁA +VsRp + VoRo + VpEp
Va+Vp+Ve+Vp ’

an area weighted average of residuals (2.3) in the adjoining cells.

On a general mesh this average corresponds to the boundary integral around
the perimeter of the group of four cells, ensuring conservation is maintained during
the transient phase and values at the central vertex are eliminated. The effect is
brought to light even in one dimension [6].

The second term of (2.5) is in the form of a divergence and again can be cast
as a boundary integral, this time around the inner quadrilateral ABCD. The
flux functions at the cell centers are now given by the product of the respective
Jacobian matrix (where all the values of the conserved variables needed for the
matrix entries are evaluated at the cell centers, as averages of the vertex values)

with the residual vector for that cell. This gives

A AR~ (AR)olvs ~ o) + [(AF)s ~ (AB)o](e — 1)

~[(BR)s — (BR)c)(zp —zp) — [(BR)s — (BE)p|(zc — z4)},
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where V] is the area of the quadrilateral formed by the centers of the four cells —
A,B,C and D. If the four edges of the group of the four cells are especially all

straight line segments, we have

1
Vi= Z(VA + Vs + Ve +Vp).

Thus the total change at a point is represented by a weighted average of contiguous

residuals (the weights depend on the geometry and the Jacobians). Namely,

. 1 " - = 5
ST — ~; At (D4Rs + DpBp + Do Ro + DpRp), (2.6)

where Dg are the “distribution” matrices [6]:

Dy = ;%I - %(ya —yp)As + %f(xB —zp)Ba,
Dp = ;V{ZI - %lf(yc —ya)Ap + ‘é/.lf(zc — z4)Bp,
De = ;:‘:,C;XI =~ ‘A,—lt(yB —yp)Ac + %5(1:3 — zp)Be,
Dp = ;:V;ZzI — é—f(yc — ya)Ap + -%t(-'ﬂc — z4)Bp.

An important feature of this one-step formulation is that at convergence, the
weighted average of cell residuals in (2.6) tends to zero as U1 — 0. This is also

crucial to individual residual vanishing under appropriate boundary conditions.
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The evaluation of the Jacobians necessary for the one-step form can be circum-
vented by casting the iteration in a two-step form as is often done for unsteady
problems, e.g., to predict values at cell centers (denoted here by *) and then obtain

corrected values at the vertices [6]:

1 el — — — 1 —
Uz = Z(U{z + U7 +Us +UF) — EAtRC,

— — —

Uptt = Up - AtR

where 1—?:{ is evaluated from ﬁj, ﬁ,’;,ﬁg and U p- For convergence we must have
1_?:; — 0 Vj and this does not necessarily imply that R}‘, — 0 V0. Thus if the
two-step form is used the residual constructed from average values in neighbouring
cells is set to zero, rather than what is actually required — the residual for each
individual cell.

For the limits on At to ensure convergence, and the optimum local choice,

consider the two dimensional scalar wave equation
us+auz+buy =0,

with a and b constant. On a uniform rectangular mesh, we find [6]

1
sUrtl = _ZAt[(l — v+ )Ra+ (1 —v.—v,)Rp
(2.7)
+(1+ v, —vy)Re + (1 + vy, + 1) Rp]

with
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a
RC=5(

Az Az 2\ Ay Ay

U, - U, U, -U. b (U, - U. Us; - U.

2 s, A1 4)+(2 1, s 4),etc.
and v, = a(At/Az), v, = b(At/Ay). Performing the usual Fourier analysis and
assuming the solution being of the form U}, = Aneiliétkn)  where ¢ = k,Ax,

n = kyAy and k,, k, are the wave numbers in the z and y directions respectively,

we obtain the amplification factor:

A= 1 —z'(umsinﬁcosz%-i-uy coszgsinn)

.2 & n o
~2u2sin? = cos® = — v, v, sin Esiny
z 2 2 v

2 25 .27
—2z/y coSs —2-sm -2—

Rearranging, using the half-angle formulae and putting m = v, sinicosg- +

v, cos g sin % leads to

A=1—2imcos écos n_ 2m?,
2 2
with
[A]? =1 — 4m? (1 — m? — cos? gcos2 g) .

For convergence we need |A?| < 1 for all £, in the range [0,27]. The necessary

and sufficient conditionfor is

2 2.2
0<m gl—czcy,
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here we write ¢, for cos g, ¢y for cos g— and later s; for sin g, s, for sin %
It can be deduced [6] that for the upper bound on m?, which corresponds to

the stability bound for the unsteady case, it is necessary and sufficient that

v+t <. (2.8)

Sufficiency was well proved by using the Cauchy-Schwarz inequality (see [6]), while
necessity can be verified briefly by reductio ad absurdum underneath.

Suppose that
vitul>1,
this inequality can be further written as

d d
2 2
=1 =14+—=-4+-, d>0
v, + vy +d +2+2, >0,

where we may specify that

d d
2 2
VU—E, Vz—-1+-2—>1

Now let £ =, n =0, then it follows
Se=c¢cy; =1, ¢;=s8,=0.

Consequently,

m? = (vz8.¢, + vye.8,) = v > 1.

On the other hand, according to the hypothesis of necessity, the inequality

m* <1—clel=1
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holds. The contradiction in the expressions of m? implies the impropriety of the
preliminary assumption: 2+ 12 > 1. Thus the validity of the above proposition
for necessity is testified.

The stability or convergence limit (2.8) gives the largest At that can be used;
for the differential equation, which has no dissipation so that the steady state
is reached only by driving initial perturbations out of the domain, taking the
largest time step possible is the optimal strategy [6]. Since the Lax-Wendroff
algorithm (2.7) contains some dissipation which depends on At, a smaller value
may be preferable. For example, in one dimension, |A| =1 — 4v%(1 — v?)s*, where
v =alAt/Az,s =sin g, so that one obtains maximum damping for all error modes
by taking v? = % In practice the time step can be differed locally to take account
of local mesh lengths and the maximum permissible value is unclear when mesh
is irregular. Therefore the fastest convergence rate is obtained by employing the
local time step [6]. An example of this is given by a geometry independent formula

using two one-dimension limits [5]

| %
Atg < min{ g Yo } )

|uAy! — vAZH + cAl’ [uAy™ — vAZ™| + cAm

where Az!, Ay}, Al, Az™, Ay™, Am depend on the cell geometry:

1 1
Azl = 5(1:2+:1:3—1:1—x4); Az™ = —2~(:1:1+x2—x3—:1:4);
! 1 m 1
Ay = §(y2+y3—y1—y4); Ay™ = 5(!/1 + Y2 — Ys — Ya)i
Al = (a4 (AT Am = (™) + Ay,

and ¢ = 1/vP/p is the speed of sound. This condition also guarantees the distri-

bution matrices in (2.6) to be nonsingular [6].
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2.2.2 Runge-Kutta algorithms

The Runge-Kutta methods or the multistage methods were initially aimed at
solving the ordinary differential equations. However, once the spatial derivatives
in the Euler equations are appropriately treated according to some discretisation
approach, say, one of the two schemes in 2.1, the methods can also be applied to
calculate the partial differential equations such as the unsteady Euler equations.
Thus we integrate the unsteady Euler equations over a quadrilateral or triangular
cell 7 and construct the residuals using either the cell vertex scheme or the cell
center scheme to obtain

dU;

" +Ry=0, i=1,2,+-,n. (2.9)

The scheme as it stands is not resistant to high frequency oscillations between
the odd and even mesh points. Dissipative terms must be put in to suppress spu-
rious oscillations of this type, and to prevent the appearance of unsightly wiggles
in the neighborhood of shock waves. With the addition of dissipative terms ]3,-,
the system of semidiscrete equations (2.9) takes the form [4]

D;

here V; stands for the volume of cell 7, and D consists of a blend of the second and
fourth differences. The second differences are introduced primarily to smooth out
the oscillations in regions of severe pressure gradients associated with the shock
capturing. While the fourth differences are used for background dissipation to
hinder the odd and even mesh point decoupling. For further details see [4,7,8,9].

Equation (2.10) can be rewritten as [4]
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—

aU;
dt

—

(Qi - ﬁl) = 6)

+

S

—

where % = R;, é(ﬁ) and 5((7 ) can be regarded as the convective and the dissi-

%

pative operators respectively. Dropping the subscripts ¢, the standard five-stage

hybrid scheme, to advance a time step At, can be given by [7]

U = gr,
go = go - %@i[@'(ﬁ(o)) — DT,
g® = o - %.A_‘[Q’((j(l)) — D(TWy),
(2.11)
ge = go _ asTAt[Q‘(ﬁw) - By,

ﬁn+1 — ﬁ(S),
where U™ and U™*1 are the values at the beginning and the end of the nth time

step, o; are the coefficients endowed with
a;=1/4, a3 =1/6, a3 =3/8, oy =1/2, as=1.

The convective operator é(fj ) is evaluated at each stage in one time step, while
the dissipative operator 5([7 ) is calculated only twice, each in the first two stages.
This scheme is specifically designed to damp high frequency error modes and is

adaptable to mutilgrid methods.
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The admissible time step of this explicit hyperbolic equation solver is confined
by the Courant-Friedrichs-Lewy condition. A method of extending the maximum
time step limit can be derived from strengthening the support of the scheme by
averaging the residuals and their neighbors, e.g., in [7| the speed of iteration is

traded off with the complexity of computation as follows

Ri=R+ev(1-0)E+0 R,
where 0 < ¢ <1, e is a small weighting parameter and V? is the undivided Lapla-
cian operator. For the unstructured triangular mesh, the Laplacian is evaluated
by
Vz(*_ji = i (k= n(*)s,

k=1
and n is either taken 3 as for the cell center scheme or as the total number of edges
ringing node ¢ for the cell vertex scheme.

When # = 0, the average is performed explicitly, and the support is only
increased slightly. Nevertheless, when 8 = 1, the implicitly calculated average
makes the support infinite and the CFL condition no longer imposes any restriction
on the time step, provided the value of € is taken adequately [7].

For 8 # 0, the implicit system of equations needs to be solved iteratively.
Because € is usually small (say, 0.5), the coefficient matrix related to this procedure
becomes strongly diagonally dominant. According to [7], in practice two simple
Jacobi iterations are normally sufficient to produce an approximate solution to
the smoothed residuals such that the convergence of the time stepping can be
significantly accelerated. Moreover, using the maximum permissible time step at

each point can also expedite the convergence to the steady state.
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2.3 Other computational points

This section is devoted to present briefly the boundary conditions, the form of
dissipation and the criterion of mesh refinement, all of these are involved in the

computations of next chapter.

2.3.1 The boundary conditions

The physical boundary conditions for computations later are imposed, accord-

ing to [10], such as:

Inlet plane (subsonic)
1) total pressure Py(= Py, = 1 (uniform value),
the pressure at entrance)
2) total temperature T = 1 (uniform value),

3) flow angle at entrance

Outlet plane (subsonic)
1) static pressure Py(= Py,

the pressure at exit)

Outlet plane (supersonic)

none
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2.3.2 The form of dissipation

Additional dissipative terms are indispensable to deter the appearance of os-
cillations near shock waves and to damp the high frequency uncoupled modes that
may be triggered on both structured quadrilateral mesh and unstructured trian-
gular mesh. For the latter, which, together with the Runge-Kutta time stepping

process, was adopted in this undertaking, dissipation can be of the form [7]
D(T) =3 da,
k=1
where
dix = e1(Us — Uy) — V*(U; — Ty),

and
V20, = 3 0, — nll.
k=1
Here €; is a small coefficient determined emprically, ¢; an adaptive coefficient which
is made proportional to an undivided Laplacian with respect to the pressure, and
n has been defined in 2.2.2.
Thus with the dissipation added and referring to the Runge-Kutta iteration

(2.11), equation (2.9) can formally be written as
U | & - .
?—I—R‘-’-:O, Z=1,2,"',n,

where
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2.3.3 The criterion of mesh refinement

The mesh refinement of the code utilized in this investigation is based on the
following algorithm:

Giving a positive real number C, as the bound of refinement, Supposing that
N1,Mg, **, Ny are the neighbors to node n (here m is a function of node number,

which takes positive integer values), and evaluating

Dl = ma»X{dnla dn23 Tt dﬂm}’

then the mesh is refined on condition that D; is greater than or equal to C,, or

not. Here

PJtI
Z IP + PJ;I

J =nN1,N2, N,

and P is the pressure at node k. Since in real problems it is necessary to have
Dy, > 0, therefore C, = 0 implies that refinement is applied everywhere while
C, = oo (or a positive number being large enough) means that no refinement

occurs.



Chapter 3

Computational Results

In this study, a code based on the cell vertex scheme on unstructured triangu-
lar grid using the Runge-Kutta multistage time stlepping procedure for the Euler
equations has been developed. Since the equations vary with different types of
flow regimes, the simulations of three distinct inviscid compressible duct flows
were carried out to test and validate the code. In order to present the results step

by step, it is helpful to start with the easiest one.

3.1 Straight channel flow

In this example an isentropic parallel flow was examined. The flow was sub-
sonic and uniform everywhere along the channel. For simulation of such a flow,
the boundary condition — a ratio of the outlet pressure to the inlet pressure was
accordingly imposed as P,,:/P:, = 0.8. In this chapter the inlet pressure is identi-
fied with the total pressure. The flow angle at the entrance was set to zero and it
will not be changed at the exit because of the flow pattern. Beginning the march-

ing procedure with an initial Mach number of zero, the solution converged after
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10,000 iterations. Since pressure and Mach number can be linked by the formula:

-1 7/(r-1)
7 2) (3.1)

P,y = P, (1 + TM

for this problem, more reasonable initial values can be placed. For example, a
choice of Mach number of 0.45, reduces iterations by about two thirds.

Substituting P,y /Pi» = 0.8 into (3.1) one obtains the theoretical Mach number

as
M = 0.573T7.

The computed maximum and minimal Mach numbers are

(Mn)maz = 05737,

(Mo)min = 0.5736,

thus the error bound is given by
E = max M — Mq| < M — (Mg)min = 1074,

where (1 is the computational domain. The mesh used for the calculation is shown
in Figure 3.1a. The computed data of pressure and Mach number are plotted in
Figure 3.1b where the two straight line segments are the corresponding analytic

solutions.

3.2 Nozzle flow

Here a converging-diverging nozzle with small throat radius of curvature was

utilized for testing two dimensional duct flow. The ratio of the outlet pressure to
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the inlet pressure was set to P,,;/P;, = 0.2. The flow angle at the entrance was
assigned equal to zero and the angle at the exit was left to be updated from the
computation. There is no exact solution for this case, however experimental data
are available [11].

Figure 3.2 illustrates the preliminary mesh and the numerical solution on it.
Figures 3.3-3.7 show the results in the same sequence as Figure 3.2: first the
domaim and mesh are illustrated and then the comparison of numerical result with
experimental data is revealed by Mach number vs. wall position of the nozzol. In
Figures 3.8b and ¢ two such comparisons are displayed.

Each of the solutions in Figures 3.36-3.6b was obtained through refinement
and continuing iteration based on its predecessor. It is seen that on coarse meshes
numerical solutions are unable to converge to the relevant experimental results in
the throat part. However, the differences lessen with local mesh refinement of this
area. The reason is that the coarse grid cannot capture the sharp changes of flow
variables caused by the geometry there. The mesh in Figure 3.2a was obtained
through refining the initial mesh with C, — the bound of refinement mentioned
in 2.3.3, of 3; the meshes in Figures 3.3a-3.6a were obtained through refining the
meshes in Figures 3.2a-3.5a respectively, with C, of 6, 6, 4, 4 for each.

The solutions shown in Figures 3.7 and 3.4 have near the same amount of
grid points but their distributions differ. The grid for the first solution was more
refined in the throat area and thus the solution has a better approximation there
while the second solution used an improved grid in the downstream region and
consequently possesses a better configuration here.

Figure 3.8a indicates an improved mesh regularity, b and ¢ display solutions

obtained on this mesh. Figure 3.8¢ is a follow-up result of b. The converged
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solution of Figure 3.8¢ required fewer refinements and iterations than the solution
of Figure 3.5b, because the mesh in Figure 3.8a has a better resemblance to the
nozzle wall as well as a more regular form of the internal cells. According to the
discussion in 2.1.3, it is well appreciated that the regularity of cell shape reduces
the discretisation errors and the fitness of boundary curve results in the boundary
conditions being imposed properly. Therefore the solution in Figure 3.8¢ converged
swiftly.

Although Mach number of zero is a universally practicable value for starting
iteration, during the calculation of this problem it is found that since the practical
flow at the outlet is supersonic, taking an appropriate positive value instead of
zero as the initial Mach number, say, 0.5, can effectively speed up the convergence
of iteration and cut down the time of computation.

Damping is necessary even though there was no shock presented in this test.
Calculations without damping or with insufficient damping induced oscillations or
even diverged within a number of time marching steps, after initially appearing
to converge. Since the two added damping factors sig2 and sig4, which will be
explained in 3.3.2, vary asymptotically from large to small, in a sense of absolute
value and the same as follows, during the iteration, we only list the values of sig2
and sig4 for all the solutions in Figures 3.26-3.6b at the final converged stages such
as: stg2 = 0.001 and sig4 = 0.07. At the beginning of calculation, the two factors,
particularly sig2, should be endowed with larger values to suppress the oscillations
inherently embedded in the numerical process. The influence of damping will be

further illustrated in the following section.
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3.3 Complex duct flow

Now we go back to the problem proposed at the beginning — simulation of the
flow phenomena in the interior of a gas circuit breaker. To date, there is neither
theoretical calculation nor experimental implementation available due to intricate
flow behavior and prohibitive experimental costs. In the previous two simpler
cases, satisfactory results (compared with either analytic solution or experimen-
tal data) were obtained by using the cell vertex code on unstructured triangular
meshes. However, to use this code with adaptive meshing to calculate duct flows in
complex geometries like the interior of a gas circuit breaker is a novel application
of such a computational procedure.

In this simulation, the original static flow was first accelerated to supersonic
condition and then shocked down by the electrode. For the test circumstances
the ratio of pressure was imposed such that P, /Pi, = 0.2. The flow angle at
the entrance was taken as 180° and that at the exit was left to be determined
computationally. The initial Mach number was 0. The configuration of the circuit
breaker interior and the relevant computational domain and zoning pattern are
illustrated in Figure 3.9a,b and ¢, respectively.

Figure 3.10a shows the introductory grid. Figure 3.10¢ shows two line segments
along which the Mach number changes will be displayed. The one that can be
clearly viewed is denoted by AB. It is parallel to the axis of symmetry — the
bottom contour line of the computational domain. The other is the projection of

AB on the axis of symmetry.
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3.3.1 The effects of grid and iteration

The solutions shown from Figures 3.11 to 3.13 were obtained using finer meshes.
Figure 3.10b displays a preliminary approximation on the coarse mesh, it seems
that the shock is not captured and the lines of iso-Mach are prone to vary with
iterations in regions around the throat and the flange of the electrode. Figure
3.10d and e illustrate the corresponding variations of Mach number along the two
line segments — AB and the axis of symmetry, with oscillations embedded. In
the succeeding discussion, figures describing Mach number vs. AB and the axis of
symmetry will always assume such that alphabetical order corresponds to lower-
upper position.

In order to get better results, grid refining must be invoked. The predetermi-
nate values of refinement were settled such as 0.08, 0.5, 0.7 for obtaining meshes in
Figures 3.115-3.13b respectively. The refinement was advanced level by level, e.g.,
the mesh in Figure 3.115 was obtained through refining the mesh in Figure 3.10a
using the value of 0.08, and so forth. According to the criterion of refinement in
2.3.3, the areas where the values of D; are greater than or equal to these predes-
tined values (denoted by C,) will be refined and those where the values of D; are
less than the predestined refinement values will not. Figure 3.11a shows the area
to be refined, which is surrounded by four iso-lines in terms of the values derived
from the operation of the second difference of the pressure. It is seen that in this
area the flow variables have notable changes. Figure 3.11b depicts the refined grid.
The computed result in Figure 3.11¢ denotes significant improvements compared
with Figure 3.10b, the regions where flow variables alter sharply in Figure 3.10b6
shrink to narrower ones, and two shocks are detected: one is in the vicinity of

the electrode flange, the other is under the electrode flange. The curves in Figure
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3.11d and e look obviously more reasonable than their counterparts in Figures
3.10d and e, despite the behavior of oscillation on the axis.

Figure 3.12b is obtained via a small regional refinement of the mesh in Figure
3.116. The areas for refinement are depicted in Figure 3.12a. At this time an
interesting phenomenon appears: the bigger shock on the right hand side of the
electrode together with the small one under the electrode forms a distinct A-
shock as shown in Figure 3.12¢. It is also perceivable that the lines of constant
Mach number tend to be steady except those in and near the shock regions in
comparison with Figure 3.11¢. Figure 3.12e gives a satisfactory result though d
reveals an appreciable crest sifuated upstream the bigger shock. This explains
that to capture shocks precisely one needs a grid with further refinement in the
relevant regions.

The places of the last refinement are shown in Figure 3.13a. Figure 3.13b is
the refined mesh, c¢ is the solution conducted on b, where two stagnation points
exist. One is on the axis facing the middle of the first fork from the entrance, the
other is on the front of the electrode flange. There are no substantial differences
between the results in Figures 3.13¢,e and their corresponding predecessors in
Figures 3.12c,e. At present the crest in Figure 3.12d vanishes in the updated
solution as illustrated by Figure 3.13d. Bearing in mind the fine grids and on
which the converged solutions were obtained, the concordance between these two
solutions is easily understood. The solution in Figure 3.14 was obtained on the
same grid as that in Figure 3.13b, nevertheless with 2,000 iterations fewer than
the solution in Figure 3.13. These two results as shown by Figures 3.13¢,d, e and
Figures 3.14a,b, ¢ accordingly, agree so well that one can nearly be regarded as

a copy of another. This, together with the above comparison of solutions on the
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meshes of different refinements (i.e., Figures 3.12 and 3.13), persuades that the
most uptaded solution depicted in Figure 3.13 is convergent and robust. Therefore
it was considered as a proper solution. Figure 3.17 illustrates an enlarged regional

view of mesh with different refinement levels in Figure 3.135.

3.3.2 The effects of the additional dissipation

The computational parameters are summarised in Table 3.1, where the pre-
liminary mesh corresponds to level 1, si¢2 and sig4 are the second and fourth
differences respectively, whose functions were described in the previous chapter.
The table shows that the fourth difference term behaves as a constant whereas
the second difference exhibits unmonotonic variations on diverse meshes. In other
words, the second difference plays a decisive or dominant role in the calculation.
The values of dissipation were chosen such that shocks can be captured and oscil-
lations can be damped as well.

Figure 3.15 illustrates a solution as a result of insufficient damping (sig2 = sig4
= 0.05). Oscillations can be seen through small circles around the shocks in
Figure 3.15a and crests located upperstream the bigger shock in both b and ¢. By
contrast, Figure 3.16 expresses one with excessive dissipation (sig2 = 3,sig4 =
0.07). Shocks were suppressed, and smooth but “unnatural” curves are subject to
see in Figures 3.16a-c. Since Figures 3.12 and 3.15, 3.16 share the same mesh,
these two instances suggest that dissipation is important to shock capturing (or
in other words, shock positions are critically and also sensitively dependent on
the dissipation added), even with considerably fine grid it still needs to be treated

carefully.
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3.3.3 Summary

A numerical simulation of the intricate flow in a circuit breaker has been at-
tempted. The results were obtained in such a way that the calculations were
enforced to be convergent on meshes of different refinement level. Namely, at the
beginning a convergent numerical solution was found on an elementary mesh which
may be referred to as level n. Then the mesh was refined to level n 4+ 1 and a new
convergent solution was obtained on it. Thus level by level, a series of convergent
results were achieved on meshes of different refinement level. This procedure was
terminated when the difference between the two neighboring solutions was within
an error limit. In other words, the solutions no longer varied significantly with
mesh refinement and time iteration. Therefore the results in the sequence of cal-
culation gradually converged to the final stage which reflects best the real flow
behavior. Such a procedure has been repeated for several cases with various flow

conditions and the results were found to be quite robust and mesh-independent.
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Figure 3.1: (@) computational domain and mesh with 152 triangles; (b) comparison
of numerical solution with analytic one in terms of pressure and Mach number vs.

position along the channel.
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Figure 3.2: (a) domain and mesh with 550 triangles; (b) comparison of numerical

result with experimental data in terms of Mach number vs. wall position.
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Figure 3.3: (a) domain and mesh with 1032 triangles; (b) comparison of numerical

result with experimental data in terms of Mach number vs. wall position.
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Figure 3.4: (a) domain and mesh with 1433 triangles; (b) comparison of numerical

result with experimental data in terms of Mach number vs. wall position.
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Figure 3.5: (a) domain and mesh with 2795 triangles; (b) comparison of numerical

result with experimental data in terms of Mach number vs. wall position.
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Figure 3.6: (a) domain and mesh with 3297 triangles; (b) comparison of numerical

result with experimental data in terms of Mach number vs. wall position.
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(b) comparison of numerical

)

Figure 3.7: (a) domain and mesh with 1425 triangles

result with experimental data in terms of Mach number vs. wall position.
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Figure 3.8: (a) domain and mesh with 1920 triangles; (b) solution on mesh a; (c)

solution with more iterations on b.
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Figure 3.9: (a) configuration of the interior of a gas circuit breaker; (b) computa-

tional domain; (¢) zoning pattern.
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Figure 3.10: (a) mesh with 672 triangles; (b) lines of constant Mach number;

(c) positions of line segments; (d) variation of Mach number along the axis; (e)

variation of Mach number along AB.
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Figure 3.11: (a) area to be refined; (b) refined mesh with 1594 triangles; (c) lines of
constant Mach number; (d) variation of Mach number along the axis; (e) variation

of Mach number along AB.
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Figure 3.12: (a) area to be refined; (b) refined mesh with 2747 triangles; (¢) lines of
constant Mach number; (d) variation of Mach number along the axis; (e) variation

of Mach number along AB.
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Figure 3.13: (a) area to be refined; (b) refined mesh with 4482 triangles; (c) lines of
constant Mach number; (d) variation of Mach number along the axis; (e) variation

of Mach number along AB.
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Figure 3.14: Result obtained on mesh in Figure 3.13b, (a) lines of constant Mach
nubmer; (b) variation of Mach number along the axis; (¢) variation of Mach number

along AB.
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Figure 3.15: Result obtained on mesh in Figure 3.12b, (a) lines of constant Mach

nubmer; (b) variation of Mach number along the axis; (¢) variation of Mach number

along AB.
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Figure 3.16: Result obtained on mesh in Figure 3.12b, (a) lines of constant Mach

nubmer; (b) variation of Mach number along the axis; (c) variation of Mach number

along AB.



91

3]

L

78 x16°9




92

46

3]

66

EB

3]

78 xie-d




93

AN
N

I

TR \R

YANANANAS

N

.
N

Figure 3.17: Different levels of refinement on mesh in Figure 3.13b.
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Figure No. Level Ratio and bound (C,) Iterations Coefficients of dissipation

of refinement (s?g2, sig4)
3.10 1 nil 27,000 0.15, 0.07
3.11 2 302/672, 0.08 5,000 0.01, 0.07
3.12 3 357/1594, 0.05 15,000 0.07, 0.07
3.13 4 528/2747, 0.7 5,000 0.05, 0.07

Ratio of refinement = the number of refined triangles' / the total of trianglest
t Refer to the mesh read at the beginning of calculation, i.e., the mesh of the

preceding level.

Table 3.1: Computional parameters.



Conclusions

In this work, the 2-D and axisymmetric compressible Euler equations were
proposed as a primary mathematical model dealing with the flow behavior in an
industrial gas circuit breaker. A numerical approach for solving such equations was
programmed, tested and evaluated. It consists of node-based finite-volume spatial
discretisation and Runge-Kutta time integration methods and was performed on
unstructured triangular grids. The refinement of the discretisation was dynami-
cally carried out through an adaptive process driven by the flow field. The validity
of the Euler-equation solver was justified in comparison with both the analytic so-
lution in a simple case and the experimental data for the flow passing through a
converging-diverging nozzle from which the accuracy and the effectiveness of the
adaptive process were also examined.

The numerical simulation of the intricate flow in a circuit breaker was then
attempted. The results were obtained in a way that guaranteed the convergence
of the calculations on meshes at different levels of refinement. This was achieved
by first obtaining a convergent numerical solution on an elementary mesh referred
to as level n. Then the mesh was refined to level n 4+ 1 and a new convergent
solution obtained. Thus level by level, a series of convergent results were achieved

on meshes at different refinement levels. This procedure was terminated when the
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difference between two neighboring solutions was within an error limit determined
by the user. In other words, the solutions no longer varied significantly with mesh
refinement (solutions on meshes at different refinement levels) and time iteration
(solutions on a fixed mesh but with differing iteration levels). This procedure was
repeated for several cases with various flow conditions and the results were found
to be quite robust and mesh-independent.

The current numerical scheme needs a controlled amount of artificial viscosity
in order to suppress the instability which appears near a shock and/or in regions of
high Mach numbers. In the implementation and validation phase of this work, it
was noticed that numerical dissipation played a decisive role in governing the qual-
ity of results. Insufficient or excessive damping reduced the accuracy of numerical
resolution. This has been comprehensively documented in [12]. The working val-
ues of dissipation were determined by trial and error, and they were observed to
be effective for a given discretisation approach. A code with an automatic setting
of the optimal dissipation values would be preferable to this heuristic investigation

and is thus deserving of further study.
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