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RESUME

Dans les dernieres années, les systemes singuliers des équations différentielles ont carré-
ment explosé puisqu’on les trouve dans plusieurs champs d’applications allant des systemes
électromécaniques en passant par des circuits électroniques, réacteurs chimiques et/ou bi-
ologiques ainsi que les systemes d’écoulement des fluides. Dans cette these, deux classes des
systemes singuliers non linéaires seront considérer, en 'occurrence : (i) systemes singuliers
perturbés, (ii) systemes généralisés ou systemes algébro-différentielles. Les techniques Hs et
Hoo pour I'estimation de I'état de ces classes seront développés ainsi que des conditions suff-
isantes pour la résolution des problemes en termes des équations d’Hamilton-Jacobi seront
présentés. Deux systemes, temps-continu et discrets, seront considérés et, pour plus de

viabilité des résultats, des exemples pratiques seront présentés et résolus.



vi

ABSTRACT

Singular systems of differential equations arise in many areas of science and technology,
including electro-mechanical systems, electronic circuits, chemical and biological reactors,
and fluid flow systems. In this thesis, two classes of singular nonlinear systems are considered;
namely, (i) singularly perturbed systems, and (ii) generalized systems, or descriptor, or
differential-algebraic systems. Hy and H, techniques for state estimation of these classes of
systems are developed, and sufficient conditions for the solvability of the problems in terms of
Hamilton-Jacobi equations are presented. Both continuous-time and discrete-time systems

are considered, and examples are presented to show the usefulness of the results.
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CHAPTER 1

INTRODUCTION

The problem of determining the internal behavior or “state” of a system from noisy measure-
ments is known as “state estimation” or “filtering”. Linear estimation dates back to Gauss
(1795) and the development of the method of “least-squares”. A very good account of the
subject can be found in the following references (Anderson, 1979), (Grewal, 1993), (Sorenson,
1985). However, since the turn of the century, the work of Nobert Wiener and of Kalman
R. E. have dominated the subject. They pioneered the application of statistical ideas which
started with the work of Wiener and Kolmogorov (Wiener, 1949), (Kolmogorov, 1949) to
filtering problems. A review of these two approaches are given at a later section. Nonlinear
filtering theory however, is a more recent and evolving subject, and is still a challenging

research area because it is richer and more involved than linear filtering.

Following the fundamental work of Kalman and Bucy (Kalman, 1960), (Kalman, 1961) in
linear filtering theory in 1960-1961, a host of publications appeared, formally deriving various
approaches to linear filtering algorithms using “least-squares” or “minimum mean-squares”,
“maximum-likelihood”, and other Bayesian and classical statistical methods. These statistical
methods were also formally applied to the nonlinear estimation problem using linearization
of one sort or another and Kalman-like algorithms. This also led to the development of the
extended Kalman-filter (EKF). These works received great financial support and impetus
from the aerospace industries as well as the Navy and Air-force offices of scientific research
in the USA. These industries and research organizations also spear-headed the application
of these techniques to submarine and aircraft navigation, space flight (including the Ranger,

Mariner and Apollo missions), as well as satellite orbit determination and navigation.

Furthermore, while Kalman and Bucy were formulating the statistical linear filtering theory
in the United States, Stratonovich (Stratonovich, 1960) was developing the probabilistic ap-

proach to discrete-time nonlinear filtering theory in Russia. Later Kushner (Kushner, 1967a),



(Kushner, 1964a) and Wonham (Wonham, 1963) indepedently developed the contnuous-time
theory, and subsequently, Ho and Lee (Ho, 1964) and Jazwinski (Jazwinski, 1998) applied
the probabilistic theory to discrete-time problems. Thereafter, most of the developments in

the nonlinear theory were made by Kushner (Kushner, 1967b)-(Kushner, 1970).

In this Dissertation, we shall focus on the H, and H., filtering techniques for nonlinear
singular systems. Even though H, and H, filtering techniques have been applied to linear
singular systems by many authors (see Chapter 2 for a review), to the best of our knowledge,
the nonlinear problem has not received any attention. Therefore, we propose to discuss
these problems in this Dissertation. We shall present new results for Hs and H,, filtering

for nonlinear singular systems, and also specialize these results to the linear case.

Singular systems are classified into two main classes; namely, (i) singularly perturbed sys-
tems, and (ii) differential-algebraic systems, descriptor or generalized state-space systems.
They are characterized by a singular parameter or matrix on the left hand side of the sys-
tem differential or difference equation. Therefore their analysis and control becomes more

complicated than regular systems.

The Dissertation is organized as follows. In the remainder of this chapter, we shall introduce
notations and then give a review of the classical (deterministic, statistical and probabilistic)
approaches to linear and nonlinear filtering theory as applied to dynamic systems. Then,
in Chapter 2, we present a literature review of deterministic finite-dimensional, mainly Hs
and H . filtering theory for linear singular systems. This is followed by a presentation of our
research objectives. Our research contribution starts in Chapter 3, where we shall present
new results on Ho-filtering for both continuous-time and discrete-time nonlinear singularly-
perturbed systems. This is followed in Chapter 4 with a counterpart solution to the H.,
problem for the same class of systems, and in both continuous-time and discrete-time. Then
in Chapters 5 and 6, we present similar solutions to the H, and H., filtering problems
for nonlinear descriptor nonlinear systems respectively, and in both continuous-time and

discrete-time. Finally, we give a brief conclusion in Chapter 7.

The notation is fairly standard except where otherwise stated. Moreover, ||(.)]|, will denote



the Euclidean vector norm on ", while E{.} and p(.) will denote respectively the math-
ematical expectation operator and probability measure. Other notations will be defined

accordingly.

1.1 Review of Classical Estimation Theory

In this Section, we give a review of classical static estimation theory beginning with the
least-squares method. Then in Section 1.2, we discuss the extensions of the above methods
to linear dynamic systems including the Wiener-Kolmogorov theory and Kalman filtering
theory. Finally, in Section 1.3, we review some of the statistical approaches to nonlinear

filtering theory and the Stratonovich-Kushner theory.

1.1.1 Least-Squares Estimation

The earliest motivations for the development of estimation theory apparently originated from
astronomical studies in which planet and comet motion was studied using telescopic mea-
surements. The motion of these bodies can be completely characterized by six parameters,
and to determine these parameters, telescopic measurements are taken. The problem then
was to estimate the values of these parameters from these measurements. To solve this prob-
lem, a young revolutionary, Karl Friedrich Gauss, then 18 years old, developed the method
of least squares in 1795. This method which was published in his book “Theoria Motus Cor-
porum Coelestium” or the “Theory of the Motion of the Heavenly Bodies Moving about the
Sun in Conic Sections (Crassidis, 2004)” in 1809, is very simple and intuitive. However, the
method was also independently discovered by Legendre in 1806 and he published his results
in his book “Nouwvelles méthodes pour la determination des orbites des cométes. The delay
in Gauss’s publication of his results is what led to the controversy of the original inventor.
Gauss also predicted the maximum-likehood method which was later discovered by R. A.

Fisher in 1912.

To review the least squares method, consider an ensemble ) of observations, or time mea-



surements of a variable y(t) given by

Y =A{y(tr),y(t2), - - y(tm)}

where y(t) is a linear function of another variable z(¢). Denoting now the emsemble ) by a

vector y € R™, and assuming that y is linearly related to = by the relation

y=Hzx, HeR"™",

where x denotes the vector of values of x(t). The problem then is: find an estimate & of x

from the ensemble ) such that, the sum of squares of the total errors

n

_ 1 ST . AT NS
Ji=35 ;(y =) (= 3) = 5y — HD) (y — Hz) = Sle] (1.1)
is minimized, where e = (ey1,...,e,)T = y — H# is the error vector. The solution to this

problem is obtained by applying the necessary principle of optimality:
VJ:=-H"(y—Hi)=0= 3= (H"H)"'H"y. (1.2)

The above basic algorithm can also be modified by including weights on the measurements,

especially if they are made with unequal precision. By modifying the cost function (1.1) as
To =Y (yi — Hiy)"W(y; — Hi), (1.3)

i=1

where W € R™*™ is a weighting matrix, the result is the following modified algorithm
&= (H"WH) *H"Wy, (1.4)

which is also called the weighted least-squares method. Similarly, other variants of the
algorithm including constrained least-squares, nonlinear least-squares, and the Levenberg-

Marquard method also exist (Crassidis, 2004).



1.1.2 Minimum-Variance Estimation

This method is an enhancement of the method of Least-squares by introducing probability
concepts in it. Minimum-variance gives the “best way” (in a probabilistic sense) to find an

optimal estimate. Consider as in the previous subsection the linear observation model
y(t) = Hxz(t) + v(t) (1.5)

for the variable z(t) € R", where v(t) € R" is the measurement error vector. We can concieve

of an estimate for x(t) defined by
2(t) = My(t) + v(t) (1.6)

where M € R™™™ v(t) € R" are suitable weighting parameters. The objective is then to
g

minimize the variance of each of the components x;,i = 1,...,n of x(t), i.e.,
1 oy
It follows that, if the measurement errors v(¢) = 0, then # = & and from (1.5), (1.6), we have
T=MHz+ v.
This implies that M and v should satisfy
MH=1, v=0 (1.8)

and the desired estimator has the form

=

|
=
<

(1.9)



Let us now define the error covariance matrix for an unbiased estimator as
P=E{(z—2)(z—2)"}. (1.10)
Then the objective J =, J; above, can be redefined as the augmented cost function
J=Tr [E{(z — 2)(x —2)"}] + Tr[A(I — MH)], (1.11)

where A is a Lagrange multiplier matrix. Now using parallel axis theorem (for unbiased

estimate)

E{(# —2)(# — o)} = E{22"} — E{a}E{2}"

and substituting (1.6) in (1.9), we get using F{v} =0,
E{z} = E{My} = E{MHx + Mv} = MHzx. (1.12)

Similarly, using E{vv?’} = R and the assumption that z and v are uncorrelated, i.e.,

E{zvT} = E{vzT} = 0, we obtain
E{#27} = MHx2a" H" M* + MRM™, (1.13)
and
1
J= §TT[MRMT] + Tr[A(I — MH)].
Then, using the matrix derivative-identities

a _ AT T a Ty __ T

and applying the necessary conditions for optimality of J with respect to M and A, we get

AT = (H'R'H)™! (1.14)
M = ANMH'R'=H"R'H)'H'R™. (1.15)



Finally, using (1.9) we obtain the optimal unbiased estimate
&= (H'R'H)'H'R 'y, (1.16)

which is referred to as the Gauss-Markov Theorem.

Remark 1.1.1. The minimum-variance estimator is an unbiased estimator, i.e. E{} = .
This can be shown as follows. © = My = M Hx + Mv. Then, using the fact that MH =1,
E{v} =0, and taking expectations, the result follows. If on the other hand, % is biased, then

the difference E{z} — x is the bias in .

The above algorithm can be refined to obtain improved estimates if a priori estimate z, € R"
of the variable x and covariance matrix () are available. As in the previous case, we assume
a linear model of the form

y=Hzx+v (1.17)

where v is zero-mean with covariance
Cov{v} = E{ov’} = R,
and assume the true state x is related to the a priori estimate as
To =17+ w, (1.18)
where w is also zero-mean random vector with covariance
Cov{w} = E{ww’} = Q.

Similarly, we also assume that the measurement errors v and the a priori errors w are
uncorrelated so that E{wv’} = 0. Moreover, the objective is to estimate x as a linear

combination of the measurements y and the a priori estimate z, as

T=My+ Ni, +v (1.19)



where M € ™™ N € " and v € R" are design parameters, and are selected such that

the variances of the estimates z;,7 = 1,...,n from their true values x

R

1
are minimized.
Again, if £ = z, then we should have from (1.17)
y=Hz, v=0.

Moreover, if in addition the a priori estimates are also perfect, i.e. T, = z, then w = 0 and
(1.19) yields
r=MHz+ Nx+v=(MH+ N)z+v,

which implies

MH+N=1I v=0.

Thus, the desired estimator (1.19) has the form
T=My+ Nz,. (1.20)
Similarly, we can define the following augmented cost function as
J= %Tr[E{(x — &) — )Y + Tr[A(I — MH — N)], (1.21)
where again A is a Lagrangian multiplier. Then, using (1.18),(1.17) in (1.20), we have
2= (MH+ N)x + Mv + Nuw. (1.22)

Further, if we assume as before that z and v, w are uncorrelated with each other, (1.21)

becomes

j:#ﬂMMW#A@Nﬁ+ﬂMQ—MH—Nn (1.23)



Applying now the necessary conditions for optimality of M, N and A, we have

MR- A"HT =,
NQ - A" =0,

I-MH—-N=0.

Finally, solving the above three equations for ]\, M, N, we get

AT = (H'R'H+Q™H)™! (1.24)
M = (HIR'H+Q ) 'H'R™! (1.25)
N = (H'RT'H+Q Y 'Q™. (1.26)

1.1.3 Maximum Likelihood Estimation (MLE)

This method was invented by R. A. Fisher, a geneticist, in 1912. It yields estimates for the
unknown quantities which maximize the probability of obtaining the observed set of data.
Without loss of generality, one may consider the following Gaussian density function as a

likelihood function

m/2 m
f(y;x)=( 1) exp [— <yi—u>2/<202>] (1.27)

2mo? ;
=1

where y € R™ represents the measurement data, while x € R" represents the estimated
variable. However, it is often conveneint to deal with the logarithm of the above likelihood

function in the form
m
In[f(y; )] = =5 In (270%) — o Z(yz- — ). (1.28)

Then, given the measurement information y, the problem is to find an estimate z which

maximizes f(y;x). The likelihood-loss function is also a probability density function (pdf),
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or a joint-density function, given by

L(y;z) = 1L, fi(y; @). (1.29)

Thus, the goal of the method is to find Z such that the probability of obtaining the observa-
tions y is maximized. Moreover, since In[L(y;z)] is a monotone function of L(y;x), finding
the x to maximize In[L(y; )] is equivalent to maximizing L(y;z). Therefore, the necessary

and sufficient conditions for the optimal estimate are respectively

{ o mizo]

2

OxoxT 1

—0 (1.30)

z

n[L(y; x)] < 0. (1.31)

Equation (1.30) is usually referred to as the likelihood equation. The method is best illustrated

with an example.

Example 1.1.1. Consider the Gaussian density function (1.27) and the problem of estimat-
ing x = (u,0?) from measuremets y that is related to x by the pdf f(y;x). Then, a natural
choice for L(y; x) in this case is L(y; x) = f(y; x), and therefore In[L(y; z)] is given by (1.28).

Applying now the mazimum-likelihood condition (1.30) for u and o2, we obtain

{Znlnwol}] = &S -2 =0

{oz Ly 2)]} o = =55 + 557 20 (0 — 1)* = 0
— 6= LY (g - )2 (1.33)

Maximum likelihood estimation has several advantages, including firstly, the invariance prin-
ciple, i.e., if  is a maximum likelihood estimate of x, then for any function ¢(x), the
maximum likelihood estimate of ¢, is ¢(Z). Secondly, the estimation errors in a maximum
likelihood estimate can be shown to be asymptotically Gaussian, regardless of the density

function used.
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1.1.4 Bayesian Estimation

In Bayesian estimation, the parameters to be estimated in the vector x are assumed to be
random variables with some a priori probability distribution. This a priori information is
combined with the measurement information y using a conditional density function which
is known as the “a posterior: distribution” and Baye’s rule to estimate the parameters. The

conditional density is then given by

_ fyl)f (=)
flaly) = ONE (1.34)

and thus both f(y|z) and f(x) must be known in order to use the method. Moreover, since

y is known, f(y) is a normalization for f(z|y) in the above equation (1.34), and

fly) = /°° fylz) f(x)dz.

If the above integral exists, then the a posterior density function f(x|y) is said to be proper;

otherwise it is said to be improper, and in this case, f(y) is set to f(y) = 1.

The estimate & which maximizes the conditional density (1.34) is known as the maximum a
posteriori (MAP) estimator. Since f(y) is known, the above problem can be represented in

logarithmic terms as that of maximizing the objective function

Juap = In[f(y|2)] + In[f (2)] = n[L(y|2)] + In[f(Z)] (1.35)

where L(y|z) = f(y|2) is a likelihood function. Thus, MAP is closely related to MLE in the
following respect:

(a) if the a priori distribution f(Z) is uniform, then MAP is equivalent to MLE;

(b) MAP estimation has the same asymptotic consistency and efficiency of MLE;

(c) the MAP estimator converges to the MLE for large samples; and

(d) the MAP estimator also satisfies the invariance principle.
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1.2 Linear Filtering for Dynamic Systems

In this section, we review some classical estimation techniques for linear dynamic systems
defined by state-space models. Many of the methods are extensions of the static methods
discussed in the previous section. For example, the Kalman filter is the dynamic version of
the least-squares method and is also a minimum-variance estimator. We also review some of
the historical developments in linear filtering in the early 20th century. As already mentioned,
R. A. Fisher in 1912-1920 introduced the method of maximume-likelihood estimation which
provided incentives for subsequent developments that culminated with the discovery of the

Kalman filter.

1.2.1 Wiener-Kolmogorov Theory

Thereafter, Kolmogorov in 1941 (Kolmogorov, 1949) and Wiener (Wiener, 1949) in 1942
independently developed a linear minimum mean-square estimation technique that received
considerable attention and provided the foundation for the Kalman filter theory. Historically,
Wiener was led to develop his linear theory from the desire to find a rational design for
fire control systems. To discuss the approach, consider a vector stochastic process y(t) €
R™ t € (ty,t1) C R, observed over an interval (tg,?;), and it is desired to estimate from
these observations another process z(t) € R",t € (to,t1), which is related to y(t) linearly.
Wiener’s work (Wiener, 1949) assumed that z(¢) and y(t) are jointly wide-sense stationary
ergodic processes with ¢y = —oo and n = m = 1. The result of this investigation led to
the specification of the minimum-variance unbiased estimate & of x by its weighting function

w(7) in the form of the convolution

z(t) = / w(t — s)y(s)ds, (1.36)

E{z(t)y" (7)} = E{a(t)y" (1)} (1.37)



13
Wiener used Fourier transform methods and spectral-factorization to solve this equation.

Further, at about the same time that Wiener was developing his continuous-time linear the-
ory, Kolmogorov was developing an analogous discrete-time theory (Kolmogorov, 1949). To
review the approach, consider the problem of estimating a signal x, k € Z, which is possi-
bly time-varying, from measurement data (yo, y1, .- .,¥y,) Where x; and y;,7 € Z are linearly
related by some cross-cerrelation function. Denote the estimate of x; using measurements

up to yx by k. Then, Kolmogorov used the discrete convolution

k
Ere =Y Hii, (1.38)
i=0
where H ; are the filter gains (or coefficients) which are to be chosen so that the mean-square

errors are minimized, i.e., Hy; are chosen such that
T = El(wx — Zrsn) " (2 — Tagi)] (1.39)

is minimized for kK = 0,...,. A necessary and sufficient condition for the existence of such
minimizers is that the estimation error or innovation ey, = xp — 4/, is orthogonal to the

measurement data, i.e.,

E[ek/ksz] = 07 { :0717"'7k7 (140)

holds. The above is the discrete Wiener-Hopf equation which is usually written as
k
Elwny! 1 =Y HesElywl), i=0,1,... k. (1.41)
5=0

This equation must be solved for the filter coefficients Hy, ;, and can be represented in ma-
trix form, whose solution should be straight-forward. However, the matrix inversion that is
required becomes computationally impractical when k is large. To circumvent this, Wiener
and Kolmogorov assumed ky = —oo instead of ky = 0, and the system to be stationary. The
resulting equations can then be solved using spectral factorization. Unfortunately, the appli-

cation of the Wiener-Kolmogorov theory was very limited, because the problem of synthesis
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remained practically unresolved. However, in the 1950’s many investigators generalized the
Wiener-Hopf equations to scalar nonstationary processes and finite observations intervals.
They also introduced shaping filters in (1.41) in order to help the solvability of the equation.
Similarly, since a new solution for the weighting coefficients for the filter must be gener-
ated for each £, J. W. Folin suggested a recursive approach for generating xy,,, given a new
measurement. Nevertheless, the main restrictions and drawbacks of the Wiener-Kolmogorov

theory are the following:

(a) the processes must be stationary and ergodic;

(c) the spectral factorization solution of the Wiener-Hopf equation is not amenable to

numerical computation even for rational spectra;

(d) the measurements or observations must be scalar processes, otherwise factorization of

matrices must be considered; and finally,

(e) the physical realization of the processor determined by the filter coefficients, is far from

trivial.

1.2.2 Minimum-Variance (Kalman Filtering) for Linear Dynamic Systems

Subsequently, in 1960, Kalman published his work on the discrete-time version of the Kalman
filter (Kalman, 1960). But prior to this, Peter Swerling had published at the RAND Corpo-
ration a Memo in 1958 about a recursive procedure for orbit determination (Sorenson, 1985).
Therefore, there was a squabble between Kalman and Swerling similar to the Gauss-Legendre
squabble about who was first to discover the Kalman filter, with the former prevailing. Sim-
ilarly, Stratonovich (Stratonovich, 1960) in the USSR also published at about the same time
results that are equivalent to Kalman’s work. But next, Kalman and Bucy together pub-
lished the second paper (Kalman, 1961) on the continuous-time version of the theory and a

complete solution to the linear filtering and prediction problem.
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The Kalman-Bucy theory provided explicit synthesis of the minimum-variance unbiased es-
timate of the state of the signal z(¢) by showing that it satisfies a stochastic differential
equation which is driven by the observations. The central idea of the theory was to replace
the problem of solving the Wiener-Hopf equation with that of solving a matrix Riccati equa-
tion which is considerably simpler. Moreover, the solution of this matrix Riccati equation
is the error covariance matrix of the optimal estimate, and with the advent of digital com-
puters, the theory was applied successfully to countless problems in guidance, navigation,
and orbit determination. These applications include also some of the most challenging space
programs of that time, including the Mariner, the Ranger, Apollo, and the ill-fated Voyager.
Other applications also included submarine detection, fire control, and practical schemes for

detection (Sorenson, 1985).

At this point, we summarize the main results of the Kalman-Bucy solution to the Wiener
filtering problem in discrete-time. Consider the linear state equations given by

Thr = Appipxk +wg, 2(0) =20
Eldk . (142)

yr = Hixp + vy

where z € R", y € R™, {wy}, {vx} are independent white-noise processes with zero-mean

and second-order statistics given by

Similarly, the initial condition x; is also assumed to be a random vector with mean value
Zg|—1, covariance matrix p—; and uncorrelated with v, and wy respectively. An estimate
&y, for zy is to be determined from the measurements {y;} and possibly previous estimates,

to minimize the mean-square error of the estimates, i.e,
Je = E[(z, — 26) (z — 22)], k=1,... (1.44)

A sequential estimator which operates in a recursive manner combining new measurement

information y; and the best previous estimate Z_1/,—; is also desired. The solution to this
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problem can be determined from the orthogonality principle (1.40). It is also very intuitive

at this point to conjecture an estimator of the form

Tk = Aksk—1Zk—1/k-1 + Ki[ye — HeAr -1 2k-1/k-1] (1.45)

which is a linear combination of the predicted estimate in the absence of new data, and the
residuals or innovation 1, = yp — Hpxg/k—1. The gain matrix Kj, is chosen to minimize Jj
and is given by

Ky = Prjp1 H (Hy Py H + Ri) ™', (1.46)

where the matrix Pj/;_; is the covariance of the error in the predicted estimate and is given

by
Pyt = El(wx — Eppper) (v — Erp-1)’] = Ak/kflpkfl/kflAZ/k_l + Qr-1, (1.47)
while P, is the covariance of the error in the estimate Z/;, and is given by
Py = El(zx — &) (we — Er)" ) = Prjp—1 — KeHpPrjp-1. (1.48)

These equations (1.45)-(1.48) represent the discrete-time Kalman filter equations and the

solution to the filtering problem.

1.2.3 Maximum Likelihood Estimation for Linear Dynamic Systems

In this subsection, we review an approach to the maximum likelihood method (Rauch, 1965)
for estimating the state of a linear dynamic system. We reconsider the model (1.42), (1.43)
with R; positive definite, and in addition, the initial condition x is assumed to be a Gaussian

distributed random vector with

E{ZE()} = Zf’(), E{ZE()I'(I;) = p().
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The problem is to find an estimate Z/n, k = 0, . .., K of x;, from the observations {yo, ..., yn}
so as to minimize the following objective functional

K
JML:Zl(wa@O/N;xlail/N---,xK,fK/N), (149)

k=0
for some loss function I(.) of the variables. The problem is called (i) filtering, if K = N;
(ii) prediction, if K > N; and (iii) smoothing if K < N. We shall present a solution to the
filtering and prediction problems. In order to solve the problem, the distribution of interest

is the joint distribution of xg, ..., zx conditioned on yy, ..., yy defined by

p(xOV"axK/yOa"':yN)-

If the loss function [(.) is zero near xy = 2y for K = 0,..., K, and very large otherwise,
then the optimum procedure is to use the joint maximum likelihood function or the logarithm
of the above probability distribution. If on the other hand, the objective functional (1.49)

above has the special form

K
Jur = Z e (xk, TN, (1.50)
k=0
then the distribution of interest is the marginal distribution of x; conditioned on {yo, ..., yn},
ie.,
p(zk/Yo, -, Yn),
which can be obtained from p(zo, ...,k /yo, ..., yn) by summing out z;, j # k. Moreover, if

i (xg, T, /N) is zero near xj, = Iy N and very large otherwise, then the optimum procedure to
use is the marginal maximum likelihood function, or the logarithm of the above distribution.

We shall employ this for determining the solution to the filtering and prediction problems.

Let Y} 2 {yo,--.,yx} and the estimate based on this data by Zj/,. This is to be obtained

by maximizing the density function p(zx/Y%:), which is equivalent to maximizing

L(zg, Yi) = log p(xr/Yr) = log p(xg, Yi) — log p(Yy). (1.51)
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Using the fact that vy are independent, we have

(i, Yie) = p(yr/ 2k, Yee1)p(k, Yi—1) = p(yr/Te)p(@k, Yie1)p(Yi-1). (1.52)

Next, let Z_1/4—1, Tr/p—1 be the estimates of xp_,, x given Yj_; respectively, and let

€k—1/k—1, €k/k—1 De the corresponding estimation errors. In addition, define

COU{fkq/kq} = Pk71/k71, OOU{fk/kq} = Pk/kfl-

Since vg, k =1,..., N are independent, then
Te/k—1 = Apr—1Tr—1/k-1 (1.53)
Pyjp—1 = Ak,k—1pk—1/k—1z4;§k,1 + Qr_1 (1.54)

give a solution of the prediction problem. Further, using (1.42), (1.43), it follows that the

conditional random vector z; given Y;_; has mean and covariance

E{Ik/yk_l} = fi'k/kfly OOU{ZEk/Yk_l} = Pk/kfly (155)

while the conditional vector y; given z; has

Substituting (1.55), (1.56) in (1.52) and using the fact that all the vectors are normally

distributed, we have

plow i) —1/2llyi — Hirils } 1 Pigna| 72 %

1 o p{
—— €X
(2m)™| Ry|

exp {—1/2“:1:k — f’“/’“—l"igi,l } p(Yii1). (1.57)

Further, substituting (1.57) in (1.52) and separating the terms in L(.) that depend on zy,

and defining the marginal maximum likelihood estimation (MLE) objective function in terms
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of these terms, we get

Ture = lys = Hypl s + [l — ik/k—lllim_l. (1.58)
Finally, applying the necessary condition for the optimal estimate, % =0, yields
Ti/k
Frp = (Hy R Hy + Py ) (Hg By + Py @rge-), (1.59)

which is the solution of the filtering problem. An alternative representation of this solution

can be given by using the following matrix-inversion lemma.

Lemma 1.2.1. Suppose Sk_jl = Sk_l + H,CTR,;IHk where Sy and Ry are symmetric and

positive definite. Then Sii1 exists and is given

Sk+4 235% —>Sk}JgK}JkSk}JgW+-f%k)_1f{k5%. <>

Using the above lemma in (1.59), we have the following more computationally efficient rep-

resentation

Tk = Tk—1 + Br(ye — Hig/p—1) = Arp—18k—1/k—1 + Br(yr — HiAg/e—1Zk—1/5-1) (1.60)

where

By = Py H (Hy Pyjr—1 HE + Rp.) ™"
Similarly, substituting (1.42) in (1.60) yields the error equation
ex/k = (I — BrHy)[Ag p—1€p—1/k—1 + Wip—1] — Brog. (1.61)
Moreover, since ej_1/x—1, vy and wy_; are independent, it follows that

}iﬂk 22(7OU{€k/k} ::(]7_'13k}{k)}ijk—1‘ (1.62)
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Equations (1.60)-(1.62) are the same as those derived by Kalman and presented in the

previous section with Zg,_; = Tg and Py/—; = P,.

1.2.4 Bayesian Estimation for Linear Dynamic Systems

In this subsection we review an approach to Bayesian state estimation for linear dynamic

systems (Ho, 1964). We consider the following linear time-invariant system model

x = Axp+ Bwg, z(0) ==z
S d g b @(0) =0 (1.63)
Y = Hixp + v

where z € R", y € R, and w and v are independent white Gaussian random sequences with
E{vr} = E{wx} =0, Cov{vg1} =R, Cov{w}=0Q.
Let Yiy1 = {vo, ..., Yrs1} be a set of discrete measurements, and suppose

p(re/Yr) is Gaussian,
OOU{ZEk/Yk} = Pk,

P(W, Vi1 / Tk, Vi) = p(wi)p(Vg1),

are known. The problem is to find the best estimate 4,1 of z; from Yy, in some optimal
sense which will be defined later. The Bayesian solution can be obtained in the following

steps:

1. Evaluate p(xy1/xx); this can be done either experimentally or analytically from knowl-

edge of p(wy, vet1/xk), p(ax/Yr) and (1.63).

2. Evaluate p(yx41/%k, Tr41); this is is also derived from p(wy, vgy1/2x) and (1.63).



21

3. Evaluate

P(Tht1, Yks1/ Vi) = /p(ykﬂ/yka$k+1)p($k+1/$k)p($k/yk)d$k~ (1.64)

From this, the marginal density functions p(zxy1/Y%) and p(yrs1/Yx) can be directly

evaluated.

. Evaluate

p($k+1, yk+1/Yk)
P(Yr+1/Ye)
_ J P/ Ve, wr)p(wria /o) p(we/ Vi) day, (1.65)
I J (i1 /Y wrq)p(xiir /on)p(en/ Vi) dog 1 dy, ‘

P(Tt1/Yis1)

from (1.64). Equation (1.65) is a functional-integral-difference equation governing the

evolution of the a posteriori density function of the state.

5. Estimate of x4, can then be obtained from p(xy1/Yii1).

Applying the above steps 1-5 to the model (1.63), we have since wy, vg41 are not dependent

on the state, (1.65) simplifies to

P(Yr+1/Th41)

Y, =— Yy). 1.66
P(Thy1/Yig1) p(@re1/ ) p(Tr+1/Ye) ( )

By assumption, p(zx4+1/Y%) is Gaussian and independent of vyy;. Hence,

E{z Y.} = Az
(i /Yi ‘ N (1.67)
OOU{ZEk+1/Yk} = APkAT + BQBT = Pk:—f—l'
Similarly, p(yx+1/Yx) is Gaussian and
E Y.} = HAz

{yr+1/Yi} K (1.68)

COU{yk+1/Yk} = HPk_HHT—i-R.
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Finally, p(yxg+1/Y%) is also Gaussian

PWrs1/Thr1} = Hapg

(1.69)
Cov{yps1/Tep1} = R.
Combining (1.67)-(1.69) and using (1.66) one gets
|H M, H” + R|'/? S \T 24T
Vi) = {=1/20(@nen - A5 M, -
p(xkﬂ/ k+1) (QW)”/QIR\I/2\M1€+1’1/2 €xXp / [(Jfk+1 :Ek) k+1(3§'k+1
Azy) + (Yo — Hrpp) " Ry — Hagpn) — (e —
HAG ) (HMyr HT + R) ™ (ypir — HAi-kH)]}. (1.70)

Completing the squares in the terms in {.}, we get

|HM,,HT + R|'/?
271')”/2|R|1/2|Mk+1|1/2

P(Try1/Yes1) = ( eXP{—l/Q(ZL"k:H —Zrp1) P (T —501«+1)}7 (1.71)

where

Fpy1 = Afp+ My HY(HMy o H + R) Y yp — HAZY), (1.72)
Pl = Mg, +H'R7'H, (1.73)

or equivalently

Py = My — Mk+1HT(HMk+1HT + R)_IHMkHv (1‘74)

and

My = AP,AT + BQB”. (1.75)

Equations (1.72)-(1.75) are exactly the same as the Kalman filter equations presented in the

previous subsection.
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1.3 Nonlinear Filtering

In this section, we review briefly the history of nonlinear filtering and present some well-
known approaches. Most of the results we present in this section will be in continuous-time,

by virtue of the nature of the original publications.

The theory of nonlinear filtering also started in the early 1960s, and was originally devel-
oped by Stratonovich. He formally obtained the random partial differential equation for the
conditional density p(x;|observation up to time ¢) of the signal z; given the observations y;
for the Ito model:

son dry = f(x)dt + g(x)dvy, x(ty) = xo (1.76)

dys = h(z)dt + dwy,

where x; € R, with zy a random vector, is a continuous-time process, {v;,t > to} is an
r-dimensional standard Brownian motion, f : " — R, g : ® — R is the diffusion
coefficient, y, € R™, h : R — RN™ is a known observation function, and {w;,t > ¢y} is an
m-~dimensional standard Brownian motion which is independent of v; and the initial state x;.
Let F/ = B(ys, s < t) be the filtration produced by the observation process y;, where B(.)
is the completion of the smallest o-algebra generated by y;. With the correction supplied by
Kushner (Kushner, 1964a), Stratonovich obtained the following equation

dp(ze| FY) = Ap(ae FY) + (h — h)R™M(dz), (1.77)
with
~ o, 1 o 0
A= _%f M §TT (gQg ax(?x) ’

E{UtUTT} = Q(7)0¢r, E{wthT} = R(T)5t,ra h= E{n(x:| F)},

and z; is the innovation process satisfying

dz = (h — h)dt + duwy,. (1.78)
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Later, Kushner (Kushner, 1964a), (Kushner, 1964b) in 1964 presented his own solution to
the filtering problem and obtained an equation for the conditional density and conditional
expectation of the observation. Consider a more general nonlinear possibly time-varying
model of the form

dry = Ty, t)dt + g(xy, t)dv,  x(tg) =

san . t f(xe,t) g, t)dvy (to) 0 (1.79)

dyt = h(f['t, t)dt + \/ﬁtdwt,

where f : R" — R g : R — R, h : R” — R™. Then, he obtained an equation for the

conditional density and conditional expectation of the observation given by
dp(ai| FY) = Lp(an] FY)dt + plad FY) Ry (dy, — hdt), (1.80)

where
2

0 1 r O ~ y
£ g+ 5Tr (90750 ) = ElhGa IR,

Similarly, M. Zakai (Wong, 1965), (Zakai, 1969) in 1969 presented a simpler equation than
Kushner’s in terms of the unnormalized conditional density P(x;|F}) (and linear in it) given
by:

dP (x| F}) = LP (x| F)dt + R (g, t) P FY)dys. (1.81)

However, only for the linear Gaussian case and certain class of nonlinearities, can the Zakai
equation be solved explicitly. Most of the efforts in this direction have gone into developing
numerical schemes for solving both the Kushner and the Zakai equations, which hitherto are

neither recursive nor computationally efficient.

1.3.1 Extended Kalman Filters (EKFs) and Unscented Kalman Filters (UKF)

The Kalman filter theory applies to linear-Gaussian problems, but most real-life applications
are nonlinear and/or non-Gaussian. Therefore, following the Kalman-Bucy pioneering work,
a nonlinear version of the Kalman filter was also developed (the “Extended Kalman Filter”

(EKF)) and was actually first derived by Peter Swirling in 1958. The EKF simply approxi-
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mates the nonlinear model by its first-order Taylor series evaluated at the current estimate.

For the system model
{ G
¥ (1.82)
w

where = € R” is the state vector, y € R™ is the measurement or observation vector, w € R™,

v € R" are Gaussian noise processes with

E{w(t)o” (1)} = Rt)5(t —7), Efw(t)w(7)} = Q#)o(t - 7),
E{v(t)w(r)} =0 for all ¢,7 € [0, 00),

f R XR =R G:R— R h: R xR — R". The EKF is given by

(1) = f(&(t),) + KOly(t) — h(@(t)),  2(to) = E{ao} (1.83)

where

and

P(t) = F(&t),t)Pt) + Pt)FT(&(t),t) —
P(t)H" (2(t),t) R (1) H (&(t), 1) P(t) + G(H)Q)GT (1),

Oh
Py =E{xoxl}, F(2(t),t)= ==| , H(2(t),t) = ol

Tl
The EKF, which is suboptimal, has been successfully applied to numerous nonlinear estima-
tion problems (Sorenson, 1985). However, for highly nonlinear problems with large initial

errors, divergence may occur. Consequently, the filter must always be initialized in a suffi-

ciently close neighborhood of the initial estimate in order to guarantee convergence.

Furthermore, different EKFs have been derived using various approaches (Daum 2005) such

as, (i) different coordinate systems; (ii) different factorization of the covariance matrix; and
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(iii) second-order or higher-order Taylor series corrections to the state vector prediction
and /or measurement update, etc. Nevertheless, and although the EKFs are widely used, their
inaccuracies and limitations have been recognized in the tracking and control communities.
Indeed, there is a general consensus that they are: (i) difficult to implement; (ii) difficult
to tune; and (iii) only reliable for systems that are almost linear on the time scale of the
update interval (Julier, 2000). Consequently, a significant improvement to these EKFs came
about with the development of the unscented Kalman-filter (UKF) (Julier, 2000). While
the EKFs use a simple linear or first-order Taylor approximation, the UKF uses a more
accurate approximation, “called the unscented transform” (to evaluate the multidimensional
distribution integrals). We summarize the main results of the UKF here. We consider the

following nonlinear discrete-time system model

T = f(x(k),ulk),v(
Y = h(x(k),u(k),k)

dn
21 .

k), k), 2(0) =g (1.84)
+w

(F)

where z(k) € R" is the state vector, u(k) is the input vector, v(k) is the system noise vector,
while w(k) is the measurement noise vector, and y(k) € R™ is the observation vector each

at time-step k. The noise vectors v(k), w(k) are assumed to have

E{v(i)v" ()} = Q(1)oy, E{w(i)w"(j)} = R(i)dy, E{v(i)w(j)} =0 forall i,j. (1.85)

The objective is to find the minimum mean-squared error (MMSE) estimate of the state
vector conditioned on the observations, or the conditional mean, i.e., &(i|j) which is given
by

&(il7) = Elx|Y7],

where Y7 = {y(1),...,y(j)}. The covariance of the estimate is also denoted by P(i|j). The
UKF approximates a nonlinear function by generating a set of points whose sample mean and
sample covariance are Z(k|k), P(k|k) respectively. The nonlinear function is then applied to
each of these points inturn to yield a transformed sample. Finally, the predicted mean and

covariance are calculated from the transformed sample.
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The n-dimensional random state vector x(k) with mean Z(k|k) and covariance P(kl|k) is
approximated by 2n + 1 weighted samples or sigma points selected by the algorithm

( X(klk) = a(klk)
W K/n+ k)
Xilklk) = @(klk) + (VI + £ PRIR))
W; = 1/2(n+ k)
Xign(klk) = @(k]k) -
Witn = 1/2(n+ k).

(1.86)

N

VI +R)P k|k)>

\

where & is a real number, <\/(n + /i)P(k“C)) is the i-th row or i-th column® of the matrix
square-root of (n + k)P (k|k), and W; is the weight that is associated with the i-th point.
It can then be proven that, the set of samples S chosen by (1.86) have the same sample
mean, covariance and all higher odd-ordered central moments as the distribution of z(k). In
addition, the matrix square-root and k affect the fourth and higher-order moments of the

sigma points.

Given the set of samples S generated by (1.86), the prediction steps are as follows.
Algorithm

1. Each sigma point is applied to the process model to obtain the transformed samples

2. The predicted mean is computed as

2n
Bk +1]k) = > WiXi(k + 1]k).

1=0

3. The predicted covariance is similarly computed as

P(k+1|k) = ani{zg(k +1|k) — 2(k + k)Y X (k + 1]k) — 2(k + 1|k)}7T.

1=0

'If P is of the form P = AT A, then the sigma points are formed from the rows of A. On the other hand,
if P = AAT, then the sigma points are formed from the columns of A.
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Consequently, the computations of the mean and covariance in the UKF involve only vector
and matrix operations, and does not involve the computation of the Jacobian as in the EKF.

It also yields more accurate predictions than those of the EKF's.

1.3.2 Maximum Likelihood Recursive Nonlinear Filtering

In 1968 Mortensen R. E. considered a variational approach to the nonlinear filtering problem

using a maximum likelihood function. For the model

s z(t) = f(z,t)+v(t) (L.87)

y(t) = h(z,t)+w(t),

where all the variables have their previous meanings and dimensions, he obtained the follow-

ing filter

B(t) = f(@(),0) + (@, to)ha(2(1), Q™ () [y (t) — h(&(1), 1)];
Z(to) = p = E{wo}, (1.88)

where 1171 (¢, ) satisfies a matrix Riccati differential equation with II7*(¢g,#p) = A (known)
for the suboptimal solution. The optimal solution involves the solution of the following

Hamilton-Jacobi-Bellman equation

oV 1
o (@t te) + H' [z, Vo V(.8 ), 1] = 0, V(w,tos pito) = oz — p) AN — pr) (1.89)

and
1 (2, 7) = 50" R+ 7 £ (,7) + () = b, )] Q [y(r) — b, ),

It is possible to show that 171 (%, t; u, to) satisfies a matrix Riccati differential equation by
computing the total time derivative of (I);; = 8*V (z, t; 1, to) /Ox;0x;. However, in addition,
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one needs to know the components

[0V (2, t; p, to)/axiaxjaxk]’ (1.90)

z=%(t)

of a tensor of rank 3 along the trajectory z(f). Thus, computing the optimal solution is

indeed a difficult task.

An alternative possible approximation is to assume that the quantities in (1.90) and the
higher derivatives of V(x,t; u,ty) evaluated along % are negligible. This is equivalent to
assuming that V' is quadratic with kernel matrix I1(z, t; u, to). This then leads to the matrix

Riccati differential equation for II7!(¢, ¢y), with appropriate initial condition II7!(¢y, o) = A.

1.3.3 Bayesian Nonlinear Filtering and Particle Filters (PFs)

Bayesian methods provide a rigorous general framework for dynamic state estimation prob-
lems. The Baysian approach is to construct the PDF of the state based on all the available
information. Bayesian nonlinear estimation (Ho, 1964) follows exactly the same procedure as
the linear theory outlined in the previous section. Given a set of measurements {yi, ..., yx}
of an observation function

y = h(z,v), (1.91)

where y € R is related to the variable of interest x € R”, that is corrupted by a noise
process v € R". Suppose also the joint density function p(z,v) is assumed to be known. The

problem is then to find a best estimate & of x from this data.

Using the joint density p(z, v), the marginal densities p(x) and p(v) can be readily obtained.

Then the Bayesian solution can be determined in the following steps.

1. Evaluate p(y): this can be achieved analytically (in principle) or experimentally by
Monte-Carlo methods.

2. Evaluate either (a) p(x,y) or (b) p(x/y) in the following way:
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(a) p(x,y) can be obtained analytically if v is of the same dimension as y and one can

obtain the functional relationship v = h*(x,y) from (1.91). Then using p(z,y) we

have
p(r,y) = plz,v =h"(z,y)) = h*(z,y)J
where J is the Jacobian matrix J = det (%;’y))

(b) p(z/y) can also be obtained either analytically or experimentally from y = h(x, v)
and p(x,v).

3. Evaluate p(z/y) using either of the following relationships:

(a) Following step 2(a) above,

ple/y) =
(b) Following step 2(b) above, one uses Bayes’ rule to get

ply/x)p(z)

p(x/y) = o)

The above step may be easy or difficult depending on the distribution one has assumed

for or obtained for p(z,v), p(y), p(y/x).

4. The “a posteriori” density function p(z/y) contains all the information necessary for

the estimation of z. One can use several criterion functions for estimating z from

p(x/y):

(a) Maximize J; = {prob(z = z)}. The solution is & = Mode of p(x/y), and is also
known as the most probable estimate. When the a priori density function p(z) is

uniform, this estimate coincides with the classical maximum likelihood estimate.

(b) Minimize Jo = [ ||z — Z||*p(z/y)dz. The solution is & = E{xz/y} and is known as

the conditional mean estimate.

(¢) Minmax J3 = |x — |. The solution is & = Median of p(z/y), and is known as the

minimax estimate.
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Other criterion functions could also be used. References (Arasaratnam, 2007a), (Arasarat-
nam, 2009) also present latest approaches to the Bayesian approach for discrete-time non-

linear systems.

However, an important class of Bayesian filters that were developed as improvements over
the EKF are called “particle filters (PFs)’ (Gordon, 1993). For linear Gaussian estimation,
the required PDF remains Gaussian at every iteration of the filter. However, for nonlinear or
non-Gaussian problems, there is no general analytic (closed-form) expression for the required
PDF. Thus, the central idea behind PFs is to represent the required PDF as a set of random
samples, rather than as a function over the state-space. Moreover, as the number of samples
become large, they effectively provide an exact equivalent representation of the required PDF.
Similarly, estimates of the moments (such as mean and covariance) of the state vector PDF

and its functional representation can be obtained or constructed directly from the samples.

A recursive weighted bootstrap algorithm which is based on Baye’s rule is used to update the
samples. The samples are naturally concentrated in the regions of high probability density.
They also have the great advantage of being able to handle any functional nonlinearity, as
well as system and measurement noise of any distribution. To review the approach, we first

consider the following general discrete-time nonlinear system

i Tre1 = frlzrwg), 2(0) = 20 (1.92)
Ye = hi(og,vk)
where fr : " x R — R", k = 1,..., is the system transition function, h; : R* x R, k =

1,..., is the measurement function, and wy, v; are uncorrelated zero-mean white noise
sequences of known PDF. It is assumed that the initial PDF of the state vectors p(x;| Do) =

p(xy) is available, where Dy, = {yo, ..., yx} is the measurement information at time k.

The objective is to construct the PDF of the current state z; given all the available infor-
mation, p(zx|Dy). This can theoretically be obtained in two steps: a prediction step, and

an update step. For if we suppose p(xr_1|Di_1) is available at step k — 1. Then p(x|Di_1
p p pp DP(Tk k P P\Tp|Vk
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can be obtained as

p(zg|Di—1) = /p(xk|xk_1)p(xk_1|Dk_1)dxk_1 —Prediction equation (1.93)

The state transition probabilities p(x|zk_1), which are assumed to be Markovian, are defined

by the systems equations and the known statistics of wy_4

plag|rp—1) = /p($k|$k—17wk—l)p(wk—ﬂﬂﬁk—l)dwk—h (1.94)

and since by assumption p(wg|zg—1) = p(wk—_1), we have

p(rp|rp—1) = /5(9% — fro1(Tp—1, wp—1))p(Wr—1)dwg_1. (1.95)

If now at time step k, a measurement y; becomes available, then (1.93) can be updated as

p(zi|Dy) = p(yk|zk)p(zk| De—1)

- —Update equation, 1.96
[ p(yelze)p(zx| Dr—1)dzy (1.96)

where again the conditional PDF p(yx|zg) is defined by the measurement model and the

known statistics of vy,

pluekon) = [ 3(un — bui, ) (o) o (1.97)

The above steps summarize the theoretical Bayesian estimation algorithm. However, analyt-
ical solutions to this problem are only available for a relatively small and restrictive choice
of systems and measurement models, e.g. the Kalman filter, where f, and hj are linear,
while w;, and vy are additive Gaussian of known variance. In reality, these assumptions are
unreasonable for many applications, and hence the need to modify the approach to conform

with more realistic situations.

Consequently, the “bootstrap filter” is developed to address some of the above concerns.
Suppose a set of random samples {x;_1(¢) : i = 1,..., N} from the PDF p(zy_1|Dyr_1) are

available. The algorithm propagates and updates these samples to obtain a set of new values
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{z(i) :i=1,..., N}, which are approximately distributed as p(zx|Dy).

Bootstrap Filter Algorithm:

e Prediction: The system state equations (1.92) is applied on each sample to obtain new

values as

xz(l) :fk—l(xk—l(i)uwk—l(i))7 Z.Zlv"'?Na
where wy_1(i),7 =1,..., N is drawn from the assumed PDF of wy_;.

e Update: On receipt of a new measurement y;, evaluate the likelihood of each prior

sample to obtain a normalized weight for each sample

Y|z (7))

- S, i=1,...,N
Zj:lp(yk|xk(])

q; =

In this way, a discrete distribution over {z}(i) : ¢ = 1,..., N} with probability mass
¢; associated with each sample 7 is defined. Next, resample N times from the discrete

distribution to generate samples {x(i) : i = 1,..., N} so that for any j, Pr{zi(j) =

(1)} = .

The above steps form a single iteration of the recursive filter algorithm. To initialize the algo-
rithm, N samples (i) are drawn from the known prior p(z;), and are then applied directly
to the update step of the algorithm. The claim is that the samples x4 (i) are approximately
distributed as the required PDF of p(zx| D).

The above basic algorithm is simple and easy to program. The only requirements are

(a) p(xy) is available for sampling;
(b) p(yk|ry) is a known functional form;

(¢) p(wy) is available for sampling.



34

The output of the algorithm as a set of samples of the required posterior density is also
convenient for many applications. In addition, it is straightforward to obtain estimates of

the mean and covariance of the state, and indeed any function of the state.

1.4 Conclusion

In this chapter, we have reviewed the historical development of estimation theory from
Gauss’s least squares method to the Kalman-Bucy theory and finally the Stratonovich-
Kushner theory. We have summarized most of the major approaches that have been de-
veloped for linear dynamic systems, including the minimum-variance method, the maximum
likelihood method and the Bayesian approaches. Finally, we have also discussed the exten-
sions of the above approaches to nonlinear dynamic systems including the extended Kalman
filter (EKF), the Stratonovich and Kushner filters, as well as the maximum likelihood recur-
sive nonlinear filters and Bayesian nonlinear filters. In the next chapter, we focus on linear

singular systems.
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CHAPTER 2

LITERATURE REVIEW

Singular systems are classified into two types; namely, (i) singularly-perturbed systems; and
(ii) differential-algebraic systems, descriptor or generalized state-space systems. The two
groups are also related as the second group can be obtained from the first by asymptotically

allowing the pertubation parameter to go zero.

Singularly perturbed systems are that class of systems that are characterized by a discontin-
uous dependence of the system properties on a small perturbation parameter €. They arise
in many physical systems such as electrical power systems and electrical machines (e.g. an
asynchronous generator, a dc motor, electrical converters), electronic systems (e.g. oscilla-
tors) mechanical systems (e.g. fighter aircrafts), bilogical systems (eg. bacterial-yeast-virus
cultures, heart) and also economic systems with various competing sectors. This class of sys-
tems has two time-scales; namely, a “fast” and a “slow” dynamics. This makes their analysis
and control more complicated than regular systems. Nevertheless, they have been studied

extensively (Khalil, 1985), (Kokotovic, 1986).

The filtering problem for linear singularly perturbed systems in both continuous-time (Assaw-
inchaichote, 2004a)-(Assawinchaichote, 2007), (Gajic, 1994), (Haddad, 1976)-(Hong, 2008),
(Lim, 2000), (Mukaidani, 2003), (Prljaca, 2008), (Sebald, 1978), (Shen, 1993), (Shen, 1996),
(Yang, 2008) and discrete-time (Kim 2002), (Lim, 1996), (Sadjadi, 1990) has been considered
by many authors. Various types of filters have been proposed, including composite (Haddad,
1976), (Haddad, 1977), (Sebald, 1978), (Shen, 1993) and reduced-order filters (Gajic, 1994),
(Sebald, 1978), (Shen, 1993).

On the other hand, descriptor, differential or generalized state-space systems provide a more
generalized description of dynamic systems including possible constraints conditions on the

states and the effect of small parameter perturbation (or singular-perturbation) in the model.
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They are also encountered in chemical and minerals industries, mechanical and aerospace
systems, as well as electronic and electrical circuits. Because of the incorporation of the
constraints conditions in the state equations, the state-variables are usually referred to as

semistate variables (Newcomb, 1981a).

Similarly, various authors have considered the observer design and filtering problems for lin-
ear descriptor systems in both continuous-time (Dai, 1989), (Dai 1989), (Darouach, 1995)-
(Darouach, 1997), (El-Tohami, 1984), (Fahmy, 1989), (Gao, 2004), (Hou, 1995), (Ishihara,
2009), (Koenig, 1995), (Minamide, 1989), (Paraskevopoulos, 1992), (Sun, 2007), (Uetake,
1989), (Zhou, 2008) and discrete-time (Dai 1988), (Darouach, 2009), (Boulkroune, 2010), (El-
Tohami, 1987)-(El-Tohami, 1983), (Ishihara, 2006), (Nikoukhah, 1999), (Nikoukhah, 1992),
(Zhou, 2008). Kalman - Luenberger type full-order and reduced-order observers have exten-
sively been studied, and necessary and sufficient conditions for the solvability of the problem
have been presented. On the other hand, only recently has there been some attention on
the design of observers and filters for nonlinear descriptor systems (Darouach, 2008). This is
probably because of the complexity of this class of systems. Similarly, the output observation
design problem for nonlinear systems has also been considered in (Zimmer, 1997). But to
the best of our knowledge, the filtering problem for more general affine nonlinear descriptor

systems has not been discussed in any reference.

In this chapter, we review some of the methods for both the Hs and H,, filtering problems
and for both linear singularly perturbed and linear descriptor systems respectively. But
only the continuous time results will be presented. The chapter is organized as follows. In
section 2.1 we discuss the Hs filtering problem for the linear singularly perturbed case. While
in Section 2.2, we discuss the H., problem. Then in Sections 2.3 and 2.4, we discuss the

corresponding linear descriptor problems respectively.
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2.1 Review of Kalman (H,)-Filtering for Linear Singularly-Perturbed Systems

In this section, we review Kalman (or Hs) filtering results for linear singularly-perturbed
systems and in the subsequent section, we consider the H., problem. The results presented

here are mainly from (Haddad, 1976).

We consider the following linear (possibly time-varying) (LTV) singularly-perturbed system

1 = Ai(t)ry + Ap(t)xe + Bi(t)w, w1(to,€) = 19
le : piy = Ao (t)xy + Asxg + Bo(t)w, xo(to, €) = 290 (2.1)
y = Ci(t)xy + Co(t)xe +v

where x; € R is the slow state vector, x5 € " is the fast state vector, while y € R™ is the
output measurement vector. The vectors w, v are uncorrelated white noise processes with

covariances given by
E{w(t)w’ (1)} = Q(t)s(t — ), E{o(t)v’ (1)} = R()d(t - 1),

while the matrices A (t), A1 (t), A1a(t), As(t) are continuous with respect to ¢ and have
appropriate dimensions, and p is a small parameter. It is also assumed that As(t) is stable,

nonsingular, and has bounded first derivative.

Applying the Chang (Chang, 1972) transformation, the above system (2.1) can be trans-

formed to the following decomposed system

n = Ao(t)n+ Bo(t)w, n(to,€) =no
oty HE = A+ Ba(thw, E(to€) =& (2.2)
Yy = Co(t)??o + Cg(t)g + v, t 2 to

where again 7 € 1™ is the slow state vector, £ € R"? is the fast state vector, while all other

variables retain their previous meanings,

Ao(t) = Ai(t) — Arx(D)L(E) + O ()
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By(t) = Bi(t) — pH(t)L(t)Bi(t) — H(t) Ba(t) = Bi(t) — Aw2(t) A3 (8) Ba + O(n)
Co(t) = Ci(t) — Ca(t)L(t) = Ci(t) = Co(t) Ay (1) Ani(t) + O(n)

pL(t) = As(t)L(t) — Asi(t) — pL(t)(As(t) — Awa(t)L(1))

pH(t) = —H(0)(As(t) + pL(t) Asa(t)) + Ara(t) + p(As(t) — Asa(£)L()H(2)

~

and all matrices have appropriate dimensions. The problem is to find the best estimates 7, £
of n, € from the measurements y(¢), that minimize the mean-squared errors E{||n(t) —n(t)||*},

E{||€(t) — £(t)]|?} and to investigate the behavior of the resulting filters as y — 0.

It can be shown that (Haddad, 1976) the solution to the above problem is given by the

following filter

N(t) = Ao(t)i+ (PLt)CT () + Pa(t)CT (1)) R1(t) (y — Colt)i(t) — C26(2));
N(to) = E{mo}

Fi . X (2.3)
’ pE(t) = Asx(t)(t) + (nPu(t)Cy (t) + Pa(t)C5 (1) R™H(t) (y(t) — Co(t)n(t)—
\ Co(t)E(L)),  &(to) = E{no}
where
Pi(t) = Ao(t)Pi(t) + Pi(t)Ag () + Bo(t)Q(t) By (t) — (Pi(t)CF (t) +
Pria(t)Cy (1)) R™H(t)(Co(t) Pu(t) + Cao(t) Pra(t)), Pi(to) = Cov{no}  (2.4)
MPH(t) = pAo(t) Pra(t) + P12(t)Ag(t) + Bo(t)Q(t)BoT(t) - (Pl(t)CoT(t) +
P12(t)C2T(t))R71(t) (1Co(t) Pra(t) + Ca(t) Pa(t)), Pra(to) = Cov{no, o} (2.5)
and

Py(t) = E{|ln(t) = a)I*}, Po(t)/n=E{[IEE) = E@)IF}, Palto) = pCov{&}.  (2.6)

The limiting behaviors of the above Riccati equations (2.4)-(2.6) as 1 — 0 can be obtained

by expressing each of the matrices P(t) and Pj5(t) as a sum of a steady-state term and a
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boundary layer term up to order O(u) as

Piy(t) = Pult) + Pio(t) + O(p), t >t (2.8)

respectively. The steady-state terms P,(t), Pio(t) are obtained by setting p = 0 in (2.5) to
get

where

Ag(t) = As(t) — Bo(t)Cy () RTH(#)Co(t),

and P(t) is chosen as the positive semidefinite solution of (2.9). Whereas the boundary-layer
terms Py(t), Pa(t) are obtained as the solutions to the following differential equations in the

stretched time variable 7 = (t — to)/u as

%152(7) = Ay(to) Po(7) + Po(7) A (to) — Po(7)CF (to) R Calto) Pa(7) + O(p),
P5(0) = pCov{&} — Py(ty), 7> 0, (2.11)
d -

—Pi(1) = Pia(7)[Af (to) — CF ()R (1) Ca(t) Po(7)] — [Pi(to)Cy (1) +
pl?(t(])Cg(t)]RilCQ(pr(T)a ]512(7'> = COU{WQ, Eo) - plg(to), T > (x212)

Since Aj(t) is stable and P, > 0, it implies that A,() is also a stable matrix. Consequently,
both Py(7) and Py5(7) tend to zero as 7 — oo and p — 0. The limiting behavior of Py (t)

also follows from (2.4) as

Pi(t) = Ao(t)Pi(t) + Pi(t)Ag () + Bo(t)Q(t) By (t) — (Pi(t)CJ (t) +
Py (t)CF (8))R™H(t)(Co(t) Pi(t) + Ca(t) Pra(t)) + O(p),
Pi(ty) = Cov{np}, t > to. (2.13)
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The limiting behaviors of the filters can also be studied. For the fast mode filter in the
stretched time parameter 7, the effect of }52(75) can be neglected and for to >t > t; >ty + e,

e > 0 arbitrary,
d ~ - A _ . 1
&= A0)6) + B()CT Ry — Coi) + O(p?), 720, (2.14)

However, near the initial estimation interval € > (¢ — ;) > 0 the above filter (2.14) needs to

be modified by adding Py(7) to Pa(7).

Similarly, for the slow-mode filter, we have

=

i1 = Ao(t)7 + Er (1) (y(1) — Co(t)i) + O(u?), (2.15)

where

K\(t) = (Pi(t)Cq (1) + Bo(t)Q(t) Dy (1)) Ry ' (¢),

with
Ro(t) = (R(t) + DoQ(t) D5 (1)),  Do(t) = Ca(t) Ay () Ba(t).

The reduced-order filter can also be obtained by setting p = 0 in (2.2) to get
£ =—A3'(t)Ba(t)w,
which yields
y(t) = Co(t)n — Co(t) A3 (1) Bo(t)w + v = Co(t)n + Do(t)w + v.
The reduced filter can then be constructed as
i1 = Ao(t)n + Ko(t)[g — Co(t)n],  (to) = E{mo}, (2.16)

where

Ko(t) = (Po(t)Cq (1) + Bo(t)Q(t) Dy (t)) Rg ',
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Ro(t) = (R(t) + DoQ(t) Dy),

and

Py(t) = Ag(t)Po(t) + Po(t)AL () + Bo()Q(t) BY (t) —
(Po(t)Cq (1) + Bo(t)Q() Dy (£)) Ry (£)(Co(t) Po(t) + Do(t)Q(t) By (1)),
Po(to) = Cov{no}- (2.17)

Next, we consider the time-invariant case in which the system matrices in (2.1) are constant,

ie.,

Zéu Pq pdy = Anxy + Aszo + Bow,  xa(to, €) = x99 (2.18)
y = Ciry+ Comy + 0.

In addition, z1(t), xo(to) are also assumed to be random vectors with mean values E{z;} =

71, E{xs} = Ty, and the covariances are also positive-definite constant matrices

E{w®)wr (1)} = Q(t — 1), E{v(t)w'(r)} = RSt — 7).

A time-invariant aggregate filter can be constructed for the system (Gajic, 1994) as

T = Aid 4 Apdy + Ke, T1(to) = 1o
Fl2,u : M@ = AnZy + Aoy + Koe,  To(tg) = Tao (2.19)
e = y— Ciy + Cody,
where, the optimal filter gains K7, K, are obtained from (Khalil, 1984) as
Kl == (PlciT + Plgc;)Ril, (220)

Ky = (uPpCy+ PGy )R, (2:21)
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with the matrices Py, P2, and P, representing the positive semidefinite stabilizing solution

of the filter algebraic Riccati equation (ARE):

AP + PAT + PSP + BQBT =0, (2.22)
where
A A B P P
A 1 1 1 12 . B= 1 1 . pP= ; : 12 7
;A21 ﬁA2 ;BZ p12 ;P2

C=[C, Gy, S=CTR'C.

The above filter (2.19) can also be decomposed using the Chang transformation (Gajic, 1994)

) I—pHL —pH x
o H H 1 (2.23)
T L I To

where L and H satisfy the algebraic equations

AQL — Agl - /,LL(Al - AlgL) = 0
—HA2 + A12 — ,U/HI_Alg -+ ,U/(Al - AlgL)H =0

to get

ﬁl = (A —ApL)ym + (Ky —HKy — pHLEK e, m1(to) = o
Fg,u : uﬁz = (As+ pLAp)n + (Ko + plKy)e,  ma(to) = 720 (2.24)
e = y—(C1—Col)i — [Cy + pu(Cr — CoL)H)],.

2.2 Review of (H.)-Filtering for Linear Singularly-Perturbed Systems

In this section, we present some results from (Lim, 2000), (Shen, 1996) on the H,, filtering
problem for linear singularly-perturbed systems. We reconsider the LTI model of the system

(2.18), and where w,v € Ls[ty,00). It is desired to design an estimator of the form (2.19) to
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estimate the states of the system so that the following objective is achieved:

Jio I128) = 2(0)% )

= SUPy» o0 <7~
Jio U@ 51 + o(@)]1?)dt

S (2.25)

for some weighting matrices R > 0, W > 0, a prescribed number v > 0, and where the

penalty variable z is a linear combination of the states defined as

Zz = Gll'l + GQI‘Q.

As in the Hs problem presented in the previous section, the aggregate H, filter solution is
given by the following gains

with the matrices ﬁl, ﬁg, and Py representing the positive semidefinite stabilizing solution

of the filter algebraic-Riccati-equation (ARE):

~ o~ ~ 1 ~
AP+ PAT — P (CTC — —QGTRG) P+ BWBT =0, (2.27)
v
where
- P P
P=| _ G=[G Gy,
Bl 1P,

and all the other matrices are as defined before.

A more numerically efficient and well-conditioned decomposition filter comprising of a sepa-

rate pure-slow and pure-fast independent filters directly driven by the innovation signal can

also be obtained. Accordingly, consider the optimal closed-loop filter equations (2.19), (2.26)
1 = (A — KiC)iy + (Arg — K1 Cy)ig + Kyy,

Fi.:y . ) ) (2.28)
pie = (A — KoCh)d + (Ay — KoC2)iy + Koy,



Then, there exists a nonsingular transformation T and a change of coordinates

Cs _ _I_ €

Cf X2

which transforms the above filter (2.28) into

44

;\S CLS O AS KS
.- C _ g + (2.29)
q 0 as | | ¢ LKy
To proceed, we make the folowing assumption.
Assumption 2.2.1. The triple (As, Cs, By) is controllable and observable.
Then, define the following transformation matrices
- AT - ((Jchl - W%GlTRCh)
—~B,WBF —A
. AT - (ClTCQ - VAQGITRGQ)
2 = )
I ~B,WBT —Aqs |
- AL - (Cgcl - W%GQTRGH)
3 — )
I —B,W BT — Ay |
- AT - (cgcg . VAQG;PRGQ)
—B,W BT —As
Then, it can be shown that T;,7 = 1,...,4 are components of the Hamiltonian matrix of the
system defined as
jl'l T
) T T
P _ 1 2 P ’ (2.30)
To I%T3 I%Tz; T2
| P2 i | P2 |
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where pq, ps are the corresponding costate vectors. The slow-fast decomposition of the above

aggregate filter can then be achieved by again using the Chang transformation

I —uNM —uN
M 1

T —

for some matrices M, N satisfying simultaneously the pair of algebraic equations

Note that Assumption 2.2.1 guarantees that T} is nonsingular and there exists a solution to
the above algebraic equations. This is guaranteed by the Implicit-function theorem, and can
be obtained by using iterative methods, e.g. the Newton’s method with initial conditions
MO = M +O(u) = T, 'T3, NO = N + O(u) = ToT; . Then, using similar results as in
(Gajic, 1994), the solution of the ARE (2.27) can be related to the solutions of the pure-slow

and pure-fast AREs as

P, 0 P, 0
P=1Qs5+ 0+ Q (233)
0 Py 0 P
where P;, P; satisfy the AREs
Ps(ll — (l4PS — as + PSCLQPS = O, (234)
Psby — by Py — by + prbapy = 0, (2.35)
with
a; a by b
E S VS VP =T uMT,

az aq by by



while the matrices €2;,7 = 1,...,4 are given by
Q Q
VP =B E, = B
Q3

with the permutation matrices E;, Es given by

Now, since

a1

as

by
bs

a2

aq

by
bs

11>

Ty — To(M© + O(p)) = Ty — ToT;7 5 4 O(p)

T, +0(n) =

o o o | |
0 I, 0

1, 0 0|
0 0 I,

AT

s

—B,W,BT

T4 +,uMT2 = T4 + O(,u)

—B,W BT

Ay

- (CQTCQ . W%GQTRGb)
— A,

1 uN
—M I—uNM
I,, 0 0 O
0 I,, O
I,, 0 O
0 0 I,

—A,

Y

- (cTe, - H6TRG)
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+0(p),(2.36)

(2.37)

then it follows by perturbing the coefficients of the AREs (2.34), (2.35), we get the following

Hoo symmetric filter AREs:

~ ~ ~ 1 ~
APO + POAT _ pO) ((JST C, — —GT RSGS) PO + BW,BT =0,
gl

- ~ ~ 1 >
AQP}O) 4 P;O)A%“ _ p;o) (CQTCQ — ?GgRC&) P}O) + BoWBI = 0.

(2.38)

(2.39)

Assumption 2.2.1 is sufficient to guarantee the existence of a numerically convergent iterative

solution to the ARE (2.39). Similarly, the following assumption is sufficient to guarantee the
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existence of a numerically convergent positive-definite stabilizing solution of the ARE (2.38).

Assumption 2.2.2. The triple (A, Cs, /BsWBT') is controllable and observable.

Next, we consider the decomposition of the filter (2.28). We apply again the Chang decou-

pling transformation

[ —uHL —pH I b4
o= 1t L u
L I —L I—puHL

for some mtrices H and L on the closed-loop filter matrix

(Al - KICI) (AIQ - KIOQ)
%L(Aﬂ — KQOl) i(AQ — KQCQ)

to obtain the decoupling equations

(AQ — KQCQ)L — (Agl — KQ — KQCl) — ,U/[(Al — chl) - (A12 - chQ)L] = 0(240)
_H(A2 - KQOQ) + (Alg - Kng) - ,LLHL(Alg - chg) + M[(Al - KlCl) —
(Ary — K1Cy)L|H = 0. (2.41)

The unique solution of the above algebraic equations exists under the assumption that the
matrix (Ay — K3Cy) is nonsingular. This solution can also be obtained by using Newton’s

method starting with the following initial conditions:

LY = (Ay — KyCy) M (Ag — KyCy),
MO = (A — K(Cy)(Ay — K>C)
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Thus, application of T ! to (2.28) results in the following decomposed filter equations

( 5

és L (A KC) (A - KiGy) Cs
T o= T Te |
Cr | (Ao — KOG (Ar — K2C2) Cr
K
FL e
LK,
L~
a, 0 s K,
é 1 - + 1
\ U Cr LKy

The filter coefficients and gain matrices are also related to the aggregate ones (2.26) by

g — (Al — chl) — (A12 — chQ)L
ay = (AQ — Kgcl) + ,LLL(Alg — chg)
KS = Kl—HKQ—,LLHLKl

Kf = K2 +MLK1

The above represent the independent pure-slow and pure-fast filters. Due to complete in-
dependence, the slow and fast signals can be processed with different sampling rates in
contrast with the original full-order filter (2.19), (2.28) which requires the fast sampling rate

for processing of both.

2.3 Review of H, Filtering for Linear Descriptor Systems

In this section, we review corresponding Kalman or H, filtering results for linear descriptor
or singular systems. The results presented here are mainly from (Darouach, 1997). We

consider the following LTT singular system

5 Ei = Azx+ Bu+w, xz(ty) = zo

des

o (2.42)
y = Cr+tuv,
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where F € R™", with rank(E) = ¢ < n, A € R7" B € R*P C € R™" and all the
variables have their previous meanings. Moreover, w and v are zero-mean Gaussian white

noise processes with joint covariance matrices

T T Q S
E W (7) ()] b = 5t — 7). (2.43)
v(t) ST R

In addition, we assume the initial condition zq is also a Gaussian random variable with

E{Jfo} = .f'o, E{xo.]?g} = po.

The following assumptions will also be required in the sequel.

Assumption 2.3.1. We assume the following on the system matrices

(i)

E A
rank | 0 E | —rank E =n, (2.44)
0 C
(i)
E A @ S
0 C ST R
rank =7 +m+ 2q, (2.45)
0O F 0 O
0 0 ET 0

(7ii) rank(sE — A) =r for almost all s € C.

Assumption 2.3.1 (i) is necessary for the Y-observability of the system (if E is square).
Whereas Assumption (ii) generalizes the condition R > 0 for a standard system (with £ = I),

and finally Assumption (iii) guarantees the system (2.42) is impulse-free.
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Since rank(E) = ¢, there exist two nonsingular matrices U and V' of appropriate dimensions

w1 T
such that Uw = ,x=V ;
Wo X2
A1 AQ Bl
UEV = . UAV = , UB= . CV =10 Gy,
0 0 As Ay By

and the system (2.42) can be represented in this new coordinates as

1 = A+ Asxo + Biu 4wy
ziies : 0 = Agl'l + A4I2 + BQU -+ Woy (246)
y = Cixy+ Coze + 0.

Next, under Assumption 2.3.1 (ii), there exists (Darouach, 1997) a nonsingular transforma-

tion T' € RE—a+m)x(r—a+m) guch that

r = (2.47)
s 0,

where ¥, € R(=9*(=9) js nonsingular. Define also the following nonsingular matrix

T Ut - Quurt Q
T = = (2.48)
Ty — WUt Lipn
where () is an arbitrary matrix of appropriate dimension, which must be chosen so that the
error covariance matrix of the algebraic model is minimized. Then, premultiplying (2.46)(ii)

and (iii) by the nonsingular matrix 7T and substituting 5 into (2.46)(i), we obtain the

following equivalent system

.Ci?l = (b.ilfl + B?_L + le
i]ldes To = Hxl + Dl_b + GQW (249)
g = Cx+ Gsw,
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where
wy
_ 3 _ Ag u
H=-7\T , =TT ;o U= o W= we |
Cl Cl Yy
(Y
_ —-B;, 0 _
D=TT L D =A+AH, G =[l, — AT,
0 I,
G2 - [O - Tlf], B == Bl + AQD, Gg - [O TQF],
_ —BQU _
Yy = TQF s Bl = [Bl O],
)
and

U 0 S ur o
E{w(t)w (1)} = - ;2T - - ot —7)=1I6(t — 7). (2.50)

Equation (2.50) indicates that the noise terms are correlated. For simplicity, we would find an
equivalent representation in which they are uncorrelated using a sequence of transformations.

Accordingly, define
A =E{w®t)(Gsw(T))'} =TIGE6(t — 7), R = GsIIG:.

Then the following result can be proven (Darouach, 1997)

Lemma 2.3.1. Under Assumption 2.5.1 (i), (iii), the matriz R is positive definite.

Further, define

N
Il

® - GART'C,
n = (G1 — GlAR71G3>w.
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Then
E{T](t)n(T)T} = (G1 - GlAR_ng)H((Gl - GlAR_ng,)T(S(t - T) = Q(S(t - T), (251)
and the system (2.46) becomes equivalently

_ i, = Axi+ Bu+ GAR Y+
R o ! g (2.52)
y = Cr+ Gsw,

with 7 and G3w uncorrelated.

The filter can now be designed based on the classical Kalman filtering theory for uncorrelated

noise terms. Accordingly, consider the following configuration

Filesll : { :%1 - Afil + Ba + GlARilg + K(g — Ofi'l), (253)

where the gain K is given by
K=PC'R™!

and P, satisfies the Riccati ordinary differential-equation
Pi(t) = AP(t) + P AT + Q — P,(t)CTR'CP(t). (2.54)
Then, an unbiased estimate for 5 is determined from (2.49) as
&y = E{xy} = H% + Du (2.55)

with error covariance

P, = HPHT + G-IIGYT. 2.56
2

This estimate is optimal if the “trace” of the error covariance P, above is minimal. Further,
it can be shown that (Darouach, 2008), the result above is independent of €2 and hence the

transformation 7.
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In addition, the steady-state filter gain K is obtained as the limiting value of the gain K
which inturn is determined by the limiting value P, = lim_o P (t). This limit if it exists,
must satisfy the ARE

APy + PLAT +Q— PCTR'\CP, = 0. (2.57)

It can then be shown that, under the conditions of Assumption 2.3.1 and some additional
structural assumptions, the above ARE has a positive definite stabilizing solution. The

following results have been established (Darouach, 2008).

Lemma 2.3.2. The pair (A, C) is detectable if and only if

sE—A
rank =n, Vs € C, Real(s) > 0. (2.58)
C

The following theorem gives necessary and sufficient conditions for the convergence and
stability of the filter. They are based on the concept of strong and stabilizing solutions of
the ARE (2.57). Briefly, a positive definite solution of the ARE is a strong solution if it
is such that the transition matrix of (A — P.CTR™'C) has all its eigenvalues \ satisfying
R(N) <0, and it is a stabilizing solution if (A—P,CT R~'C) has all its eigenvalues o satisfying
Re(o) < 0.

Theorem 2.3.1. Under Assumption 2.5.1, the following hold:

(i) The ARFE (2.57) has a unique strong solution if and only if (2.58) is satisfied.

(ii) The strong solution is the only nonnegative definite solution of the ARE if and only if

1/2
. . | A=AE Q S
(2.58) is satisfied, and the pencil has full-row rank for all
C ST R

finite complex \ satisfying R(N) > 0.

(iii) The strong solution of the ARE is stabilizing if and only if (2.58) is satisfied, and the
1/2
A—\E Q S

pencil has full-row rank for all finite complex \ satisfying

C ST R
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R(A) = 0. If in addition this rank condition is satisfied, for R(\) < 0, then the strong

solution is also positive definite.

Theorem 2.3.2. Suppose:

(i) Pi(0) — P, >0, then lim;_,o, Py(t) = Py, if and only if (2.58) is satisfied;

(ii) Py(0) > 0, then limy o, P(t) = P, exponentially fast, if and only if, (2.58) is satisfied
1/2
| A= )XFE Q S _
and the pencil has full-row rank for all finite complex X
C ST R
satisfying Real(\) = 0.

In the next section, we discuss the H,, problem.

2.4 Review of H, Filtering for Linear Descriptor Systems

In this section, we review some results on the H., filtering probblem for linear descriptor

systems (Xu, 2003b). We consider the following descriptor system

Ei = Ax+ Bw, x(ty) =9
Zldes : y = Cz + Dw (259)

z = Lux,

where x € R" is the system state vector, y € R™ is the measured output, z € R?® is the
controlled output or penalty variable, w € Lo([tg, 00),R") is the noise/disturbance vector,
E € " and rank(E) = q < n is the singular matrix of the system, while A, B, C', D and
L are real constant matrices of appropriate dimensions. To proceed, we adopt the following

definition.

Assumption 2.4.1. The disturbance-free system Ei = Ax is admissible, i.e., the following

hold:

1. the system is regular, i.e., det(sE — A) # 0 identically;
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2. the system is impulse-free, i.e., deg(det(sE — A)) = rank(FE) Vs € C;
3. the system is stable or (E,A) is Hurwitz., i.e., the roots of det(sE — A) = 0 have

negative real parts.

The following Lemmas will be required in the sequel.

Lemma 2.4.1. (Xu, 2003b) Consider the system (2.59) and let the transfer function from

w to z be G,,,(s) = L(sE — A)"'B. Then, the following statements are equivalent;

(S1) the system with w = 0 is sdmissible and ||G(8)]|c0 < 7;

(S2) there exists a matriz P satisfying the following LMIs:

E'P=P'E>0 (2.60)

ATP4+ PTA PTB LT
BTP —2I 0 | <O. (2.61)

L 0 —I

Lemma 2.4.2. (Boyd, 1994) (Schur complements for nonstrict LMI). The matriz inequality

71 Z
7T 7,

>0

holds if and only if

Z3 >0, Zy— ZyZ57Z3 >0, Zo(I —Z3ZF)=0.

We consider the following filter for the system

Eii’ = Afii’ + ny

Sest - (2.62)

2 = O

where Z € R" is the filter state, Z € R® is the estimated output of the filter, while A;, By,

Cy, are real constant filter matrices of appropriate dimensions which are to be determined.
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Letting

the combined closed-loop system (2.59), (2.62) can be represented as

< Eeée = A.e+ Baw
Y hese - ) . (2.63)
Z = Lee

where

E 0 A 0 B
Ec: 5 Ac: s Bc: 5 Lc:[L _Cf]-
0 E B;C Ay B:D
The problem can then be stated as follows. For a given v > 0, find the filter matrices
Ay, By and Cf such that the system (2.63) is admissible and the H., norm of the system

transfer function from w to Z, denoted as T%,, satisfies the constraint ||Ts, |l < 7 for all

w € £2 [to, OO)
The following result then gives a solution to the problem.

Theorem 2.4.1. Consider the systems (2.59) and suppose that it satisfies Assumption 2.4.1.
Then there exists a filter of the form Zilesf that solves the H, filtering problem for the system
if and only if, there exists matrices X, Y, ®, U and Y such that the following LMIs are
satisfied

ETX = XTE >0 (2.64)
ETY =YTE >0 (2.65)

ET(X-Y)>0 (2.66)
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ATY + YT A ATX +YTA+ CToT 4+ oT YTR LT —xT
XTA4+ATY +9C+d XTA4+ATX +9C+CToT XTB+UD LT
< 0. (2.67)
BTY BTX + DTwT —~21 0
I L-7Y L 0 -1

Moreover, in this case, there exist nonsingular matrices S, S, W, and W such that

ETS =5TE
EW =WET
Xy t=1-SW
YIX =1-WS5,

and the filter matrices are given by

Ey=E, A;=STey'w ', B;=85"T0, C;=7Y 'w!

Proof: We only give the proof of sufficiency of the Theorem. The necessity part can be
found in (Xu, 2003b). (Sufficiency:) Suppose (2.64)-(2.67) hold. Then, we show that there
always exist nonsingular matrices S, S, W, and W such that (2.68)-(2.71) hold. Accordingly,
we first show that the matrix Y satisfying (2.65)-(2.67) is nonsingular. Otherwise, In # 0
such that Yn = 0, and therefore n7 (ATY + YT A)y = 0. But this contradicts the fact that
(2.67) implies ATY + YT A < 0. Furthermore, we may assume also without loss of generality
that Y — X is nonsingular. Otherwise, we can choose Y = (1 — )Y, a > 0 a sufficiently
small number that is not an eigenvalue of 7 — XY ! and such that Y is nonsingular and
satisfies (2.67). Then it follows that (2.65), (2.66) are also satisfied by this ¥ and ¥ — X
is nonsingular. Thus, we conclude that, we can aways find a nonsingular Y that satisfies

(2.65)-(2.67). Moreover, this also implies that I — XY ' and I —Y ' X are also nonsingular.



Next, choose two nonsingular matrices M and N such that

E=M

Then, X and Y in (2.64, (2.65) can be written as

X, 0 Y, 0
X=MmT|" N, vy=MT|"" N

Xy X3 Y Y3

where X; = X! >0, Y; =Y > 0. Moreover,

Y—l N—l }/1 O MT
Y, Vs
where ¥; = YT = ¥ > 0. Now set
S0 N S0
S=MmT|"" N, S=MT|"" T |N
SQ Sg 2 SS
Wy 0 N Wy 0
W:N_l ! MT; W:N_l ~1 - T7
W2 W3 W2 W3

and where the matrices S;, S;, Wi, W;, i = 1,2, 3 are selected to satisfy

ST =5, Wy =W,

Sy, 0 B I— XY, 0
SyWy + §3W2 §3W3 N —X2Y1 — X3Y2 I— X3Y3 ’

W15, 0 B I -Y1X, 0
WoSt+ WySy WSy | | —VaXy—VaXy I—YiXy

o8

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

Using these equations, it can be verified that S, S, W and W given by (2.72), (2.73) satisfy

((2.68)-(2.71). Moreover, the nonsingularity of I — XY ~! and I — Y ~'X implies that the

matrices S, S, W and W are nonsingular too.
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l

Next, we show that the error systems Y.

is admissible and the filter %, 7 is also admissible

with ||T5y]|e < 7y for all w € Ls[tg, 00).

Define
Y I I X
1= 5 2 = 5

W 0 0 S

where Y = Y ~'. Then, clearly, both II; and II, are nonsingular. Also, setting

. Al X S
S -T

where T' = SYW ™!, we see that P is nonsingular as well. Moreover, from (2.68)-(2.71), we

have

E'r = ETSYw=wTWTETSY) W =W TEWSYW™!
= WTEI-YX) YW '=WTEY -YXY)W!
= WTEY(Y - X)YW =W TYT[ET(Y - X)[yw .

Next, by (2.64)-(2.66), we have
E'T =TTE <0, (2.77)

and therefore

ETP = PE, (2.78)

where E = diag{E, E}. Now, noting that I is nonsingular, and using (2.77), (2.68), (2.70),

we have

E'X + ETST Y TENYITTEYS = ET'X + STET Y1 TET)*T-TETS
= E'X 4+ ST TEN (T TEN)TTTETS
= E'X+ 5" (- TENTTTETS
= E'X+S'T"TE"S = ETX + STEr™'S

= E'X 4+ ETSI 'S = E"(X + 5T719)



60

= ET(X+SWY)=ET[X+ (- XY)Y]

= ETyY >o. (2.79)
Furthermore, since ET'~! is symmetric, we obtain

ETST I — (- TET) (- TET)*] = STET'[I — (ED YT ((ET~H)H)]
— STEr Y1 — (BT (Br )"
= STETYI — (ET )T (ET™Y)
= STET ™' — (ET Y (Er Y (Er )
= 0. (2.80)

By (2.79), (2.80) and Lemma 2.4.2, we deduce that

ETX  ETSr!

> 0. (2.81)
r-TpTs —I-TET

Premultiplying (2.81) by diag{l,T'T} and postmultiplying by diag{l,T'}, gives

ETX ETS
> 0. (2.82)
ETS —ETT
Noting (2.78), (2.82) can be written as
ETP=PTE>0. (2.83)

On the other hand, pre-multiplying (2.67) by diag{Y™,I,I,I} and post-multiplying by
diag{Y,I,I,I}, we have

YTAT + AY YTATX + A+ YTOTOT  YTPT B
XTAY + AT + UCY + dY XTA+ATX +0C +CTOT XTB+UD
BT BTX + DTgT —~2T

LY - YTY L 0
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VT[T _ yTyT
LT
<0. (2.84)
0
—I
The above inequality can also be rewritten as
N7 ATPIL, + T PTAIL, 107 PTB, NTLT
BT P11, —2] 0 < 0. (2.85)

L.IT, 0 -1

Again, pre-multiplying (2.85) by diag{II"7,I, 1} and post-multiplying by diag{IT~, I, T},

we obtain

ATeP+PTA, P'B. LT
BTP —2 0 | <O, (2.86)
L. 0 I

Combining (2.86), (2.83) and using Lemma 2.4.1 the result follow. [J

2.5 Motivations and Research Objectives

As mentioned in the Introduction and discussed in the previous sections, the filtering problem
for linear singularly-perturbed systems has been considered by many authors, and various
types of filters have been proposed; including, composite, decomposition and reduced-order
filters. However, to the best of our knowledge, the problem for affine nonlinear singularly-
perturbed systems has not been considered by any authors. Although, the dynamic output-
feedback problem for a class of systems has been considered by a handful of authors (As-
sawinchaichote, 2004b), and the same authors have also considered the filtering problem
for a class of stochastic Tagaki-sugeno fuzzy nonlinear systems (Assawinchaichote, 2004a).
Therefore, in this section, we outline as part of our research objectives to discuss the above

problem for both continuous-time and discrete-time nonlinear singularly-perturbed systems.
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Similarly, as mentioned in the Introduction and reviewed in the previous sections, various
authors have also considered the observer design problem for linear descriptor systems (Dai
1989), (Dai 1988), (Darouach, 1995)-(Darouach, 2008), (El-Tohami, 1987)-(Fahmy, 1989),
(Hou, 1995), (Koenig, 1995), (Minamide, 1989), (Paraskevopoulos, 1992), (Sun, 2007), (Ue-
take, 1989), (Zhou, 2008). Kalman-Luenberger type full-order and reduced-order observers
have extensively been studied, and necessary and sufficient conditions for the solvability of
the problem have been presented. On the other hand, only recently has there been some
attention on the design of observers and filters for nonlinear descriptor systems (Darouach,
2008). In addition, to the observer design problem for linear systems studied in the refer-
ences above, the Kalman filtering problem has also been discussed (Dai, 1989), (Nikoukhah,
1999), (Nikoukhah, 1992), (Zhou, 2008). Similarly, the output observation design problem
for nonlinear systems has also been considered in (Zimmer, 1997), but to the best of our
knowledge, the Hy and H, filtering problems for more general affine nonlinear descriptor
systems has not been discussed in any reference. Therefore, we include this problem also as

part of our research objectives.

Notwithstanding the above motivations that we have mentioned, the following are even

stronger reasons why we undertake this investigation:

1. Statistical nonlinear filtering techniques developed using minimum-variance, maximum
likehood, bayesian methods lead to infinite-dimensional filters that require the solution

of evolution equations such as the Stratonovich equation, the Kushner equation and the

Wong-and-Zakai equation that are known to have no explicit analytical solution and

neither any tractable numerical solutions;

2. The extended-Kalman filter (EKF) is known to be inaccurate for highly nonlinear

systems and is difficult to tune and implement;

3. Unscented Kalman filters (UKF) and Particle filters (PFs) are still computationally

cumbersome;

4. The methods we develop are simple and utilize the full nonlinear system dynamics as
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opposed to local linearization. They rely on finding smooth solutions to Hamilton-
Jacobi equations (HJEs) that can be found using polynomial approximation or other

methods;

5. The methods we develop are the first successful application of Hamilton-Jacobi theory

to nonlinear filtering - earlier not too successful methods include the following

(i) Mortenson R. E. (Mortenson, 1968): “Maximum likelihood recucursive nonlinear

filtering,” leads to a highly complicated HJE that involves a rank 3 tensor;

(ii) Berman N. & Shaked U. (Berman, 1996) and Shaked & Berman (Shaked, 1995):
“H nonlinear filtering,” lead to a filter in which the gain matrix depends on the

original state and hence is practically not implementable except for linear systems;

(iii) Nguang S. K. & Fu M. (Nguang, 1996): “Robust H, nonlinear filtering,” also leads
to filter whose gain matrix depends on the original state and hence is practically

not implementable except for linear systems;

Therefore, we itemize our research objectives as follows:

1. To solve the Hy continuous-time and discrete-time filtering problem for affine nonlinear

singularly perturbed systems;

2. To solve the Hs continuous-time and discrete-time filtering problem for affine nonlinear

descriptor systems;

3. To solve the H., continuous-time and discrete-time filtering problem for affine nonlinear

singularly-perturbed systems;

4. To solve the H, continuous-time and discrete-time filtering problem for affine nonlinear

descriptor systems.
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2.6 Conclusion

In this chapter, we have reviewed the literature on Kalman and H, filtering for linear singular
systems; both singularly-perturbed and descriptor systems. However, only continuous-time
results have been discussed, while the discrete-time results can be found in the references
cited. We have also outlined our motivation and research objectives for the Dissertation.
Moreover, in the subsequent chapters, we shall present results on our initial attempts to the

solution to the problems outlined in the research objectives.
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CHAPTER 3

Ho, FILTERING FOR SINGULARLY-PERTURBED NONLINEAR SYSTEMS

In this chapter, we discuss the H, or Kalman filtering problem for affine singularly perturbed
nolinear systems. The extended Kalman-filter (EKF) (or nonlinear Ha-filter) is by far the
most widely used tool in this area because of its simplicity and near optimal performance.
However, it still suffers from the problem of local linearization and is derived from the basic
assumption that the measurement noise signal is white Gaussian. This is however seldom
the case. Thus, in this chapter, we present alternative approaches to the EKF in which we
consider the full system dynamics. Moreover, Hy techniques are useful when the system and

measurement noise are known to be approximately Gaussian distributed.

Two types of filters will be discussed, and sufficient conditions for the solvability of the
problem in terms of Hamilton-Jacobi-Bellman equations (HJBEs) will be presented. Both the
continuous-time and the discrete-time problems will be considered. The chapter is organized
as follows. In section 2, we discuss the continuous-time problem while in section 3, we discuss
the discrete-time problem. Finally, in Section 4, a brief conclusion is given. Moreover, in
each section we also give problem definition and other preliminaries. Then, the solution
to the problem using decomposition filters and then using aggregate filters are presented
in subsequent subsections respectively. Examples are then presented to demonstrate the

approach.

3.1 H, Filtering for Continuous-Time Systems

In this section, we present preliminary results on the H, filtering problem for continuous-
time affine nonlinear systems, while in the next section we present the discrete-time results.

We begin with the problem definition and other preliminary definitions.
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3.1.1 Problem Definition and Preliminaries

The general set-up for studying Hs filtering problems is shown in Fig. 3.1, where P is the
plant, while F is the filter. The noise signal w € § is in general a bounded spectral-signal
(e.g. a Gaussian white-noise signal) which belongs to the set S of bounded spectral-signals,
while Z € P, is a bounded power signal or £, signal, which belongs to the space of bounded
power-signals. Thus, the induced norm from w to Z (the penalty variable to be defined later)

is the Lo-norm of the interconnected system F o P, i.e.,

A 1Z]l»
[FoPl, = SUPo£weS T 11 (3.1)

lwlls”

and is defined as the Hs-norm of the system for stable plant-filter pair F o P, where

[

{w(t): w € Loo, Ruw(T), Sww(jw) exist for all 7 and all w resp., |w||p < 0o},
S & {w(t): w e Loo, Ruw(T), Sww(jw) exist for all 7 and all w resp., ||Syw(jw)|le < 00},

2 A 4. 1 g 2
Izllp = lim = [ [|z(£)]"dt,

T—o0 27T _T

1wlls = 1| Suww (iw)lloo:

and R, (7), Sww(jw) are the autocorrelation and power-spectral density matrices of w(t)

respectively. Notice also that, ||(.)|» and ||(.)|s are seminorms.

At the outset, we consider the following affine nonlinear causal state-space model of the plant

which is defined on a manifold X C R™ "2 with zero control input:

1 = fi(xr,xe) + gz, x2)w; x1(to,€) = 19
P, - ety = folw1,T2) + g1 (1, T2)w; x2(t, €) = T (3.2)

y = ha(x1) + hoo(xa) + kot (21, x2)w,

1 . . Co . .
where x = € X is the state vector with x; the slow state which is n;-dimensional,
o)

and x5 the fast, which is no-dimensional; w € W C R™ is an unknown disturbance (or
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- +iz_ -
Zk@‘f F y

Figure 3.1 Set-up for H, Filtering

noise) signal, which belongs to the set W of admissible exogenous inputs; y € Y C R™ is
the measured output (or observation) of the system, and belongs to ), the set of admissible

measured-outputs; while € > 0 is a small perturbation parameter.

The functions ;1 C X = TX C RAmAnm2) 1og 0 X MM(X)) gy A —
2
M5 XY hgy gy 0 X — R™ and kg 1 X — M™*™(X), where M™J is the ring of i X j

smooth matrices over X', are real C'° functions of z. Furthermore, we assume without any
loss of generality that the system (3.2) has an isolated equilibrium-point at (27, 22) = (0, 0)
such that f1(0,0) = 0, f2(0,0) = 0, h21(0,0) = ha(0,0) = 0. We also assume that there
exists a unique solution z(t,ty, o, w,e) Vt € R for the system for all initial conditions

2(to) 2 2o = (2%, 2T)T, for all w € W, and all £ € R.

The standard #H, local filtering/ state estimation problem is defined as follows.

Definition 3.1.1. (Standard Hsy Local State Estimation (Filtering) Problem). Find a filter,
F, for estimating the state x(t) or a function of it, z = hy(x), from observations Y 2 {y(1):

T <t} of y(r) up to time t, to obtain the estimate
2(t) = F(Y1),

such that, the Hy-norm from the input w to some suitable penalty function zZ s locally
minimized for all initial conditions xo € O C X, for all w € W C S§. Moreover, if the filter

solves the problem for all xo € X, we say the problem is solved globally.

We shall adopt the following definition of local zero-input observability.

'For a manifold M, TM and T*M are the tangent and cotangent bundles of M.
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Definition 3.1.2. For the nonlinear system Pg,, we say that it is locally zero-input observ-

able, if for all states x1, xo € U C X and input w(.) = 0,

y(twrl?w) = y(t,fEQ,w) - T, = Ta,

where y(.,x;,w),1 = 1,2 is the output of the system with the initial condition z(ty) = x;.
Moreover, the system is said to be zero-input observable if it is locally observable at each

zo€ X orU=2X.

3.1.2 Decomposition Filters

In this subsection, we present a decomposition approach to the Hs state estimation prob-
lem defined in the previous section, while in the next subsection, we present an aggregate
approach. For this purpose, we assume that the noise signal w € W C S is a zero-mean

Gaussian white-noise process, i.e.,

E{w(t)} =0, E{wt)w'(7)} = Wé(t— 7).

Also, the initial conditions zi(tg,e) = x19, 2(to,€) = X9 are assumed to be Gaussian

distributed random variables with means given by

E{z10} = Zi0, E{z20} = Za.

We construct two-time scale filters corresponding to the decomposition of the system into a
“fast” and “slow” subsystems. As in the linear case (Chang, 1972), (Gajic, 1994), (Haddad,
1976), we first assume that there exists locally a smooth invertible coordinate transformation

(a diffeomorphism)

§i=01(7), ©1(0) =0, & =wa(x), ¢2(0) =0, & €R™, & e R™, (3.3)
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such that the system (3.2) is locally decomposed into the form

& = fil&)
13?;;3 552 = f2(&)

Necessary conditions that such a transformation must satisfy are given by the following

proposition.

Proposition 3.1.1. Consider the nonlinear system (3.2) defined on X. Let (Uy,x), (Us, &),
Uy, Uy C X containing the origin, be two coordinate neighborhoods on X, and consider the
problem of finding a local diffeomorphism?® ¢ : Uy — U, & = p(x) so that the system is
transformed into the partially decoupled form (3.4) by this coordinate change. Then, the

necessary conditions that such a transformation must satisfy are given by the following:

(i) . is locally an isomorphism;

(i)

) L. 1.9 - oy
<a§j, d((,D <f1(9£l?1+€f2(9172’ d(pz>>> 07 (2W) ) “y Z#]a (35)

(iii)
J - .
a0 P dhy; ) =0, 2,7 :172717&]7 (36)
0¢;
where ()7, “(*)” are the push-forward and pull-back operators (Boothby, 1975) respec-
tively;

(iv) the following diagrams commute

R L R

TU, = TU, X )
fl fl T 21 Thgl

N 1o ho

U, e Uy 6 = [

R L R

2see Ref. (Boothby, 1975) for most of the terminology here.
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Proof: Conditions (i), (ii) and (iii) can be rewritten respectively as

9p1 01

det ; z 0) # 0 (3.7)

dr1 Ora
%(Z—ﬁ 1(x1:x2)+ég—2f2($1,x2))0<p1(5) = 0 (3.8)
ai&(g—gfl(xlaxﬂ—l-ég—ng(xl,xg))Oga1(5) - 0 (3.9)
a%hmow‘l(é) = 0 (3.10)
a%hzzwl(ﬁ) = 0. (3.11)

Then, equation (3.7) which corresponds to (i), guarantees that the transformation ¢ is locally
invertible and satisfies the requirements of the Inverse-function Theorem (Sastry, 1999).
While equations (3.8), (3.9) and equations (3.10), (3.11) which correspond to conditions (ii),
(iii) respectively, guarantee that {fy(&1), ho1(&1)}, and { f2(&2), haz(€2)} are independent of &,
& respectively. Finally, (iv) follows by integrating equations (3.8)-(3.11), and since ¢(0) = 0,
ha1(0,0) = 0, ha(0,0) = 0, we get

(Z—ill (w1, 22) + ég—g 2(I1,$2)) ) (p—l(é) = fl(f1) (3.12)
(g—iffl(xl,@) + ég—izﬁ(m,m)) o 80_1(5) = fQ(Ez) (3.13)
hao@ (&) = 521(51) (3.14)
haso o '(€) = ha(&). O (3.15)

We consider an example.

Example 3.1.1. Consider the following system defined on R* \ {z; = 0},

. x5
T = —xr1— — F+ W
x1

S.jl'g = —X2 + TaWp
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Yy = 1+ X9 + Wy.

where wy 1s a zero-mean Gaussian white noise process. The system has an equilibrium point
at x = 0, but is not defined on the x1 = 0 axis. Therefore, it cannot approach x = 0 along

this axis. The transformation

& =pi(x) = i—;: §o = () = —o,

on Uy = R\ {zo = 0}, is a local diffeomorphism for the system, and transforms it to

& = &+ (—i —&)wo
3

552 = =& — S

y = —&& — &+ wp.

Similarly, for the set Uy = {xq = 0}, we can use the local diffeomorphism

§1=01(n) =21, &= @a(x) =29,

which transforms it to

51 = =& +wo
652 = O
y = & + wp.

Remark 3.1.1. Based on the above example, and since it is too stringent to find a transfor-
mation such that ing = ﬁgj(ﬁj),j = 1,2, condition (3.6) equivalently, (3.10), (3.11) can be

relazed or eliminated from the necessary conditions.

The filter is then designed based on this transformed model with E{w} = 0. Accordingly,
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we propose the following composite filter

f/ (é Ny — h21(f ) — Bm(é)]% él(tO) = E{p1(x0)}
Ny — har(&1) — hao ()]s &(to) = E{2(0)}-

51 = A&

+
F?C : A~ A A~
ey = fo(&) + La(§,

(3.16)
where é € X is the filter state, L, € grxm Ly € R"2Xm are the filter gains, while all the

other variables have their corresponding previous meanings and dimensions. We can then

define the penalty variable or estimation error as

~ ~ ~

=y —ha(&) — hao(&). (3.17)

The problem can then be formulated as a dynamic optimization problem with the following

cost functional

. (7T 7T 1 > ~ 1 a a
min ) = €{y [T = (IR By B9
Ly, Ly € R, o

weS, xg=0
st. (3.16) and with w=0, lim {E(t) — €)= 0.
—00

To solve the above problem, we form the averaged Hamiltonian function H : T*X x T*) x

W x XM o grexm s R

H(é,y,waﬁhﬁ%‘?a%) = 1(5 DIAED) + Li(€, )y — har(61) — haa(£2))] +
éf/ (f y)[f2(52) + Lz(f Y)ly — h21(§1) h22(52))] +
AR E (3.19)

for some C' function V : X x Y — R, and where the costate vector (p? pL)7T is set equal
to (pf' ph)T = (175 V,)”. Moreover, here and subsequently, Vé, V,, represent row vectors of

partial derivatives with respect to é and y respectively. Completing the squares now for Ly
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and L, in the above expression (3.19), we have

H(év Yy, w, IA/l; IA/27 ‘A/éT7 %) - ‘751 (é? y)fl(él) + éf/& (év y)fQ(EQ) + %(év y)y +
| E )T En) + 0= Far(E) ~ Fn(8))
% H(y - il21(§1) - l~l22(é2))

%Vs E L&y LT E Vi G y) +

2

2

B AG R MR )
Sy — Fin(&) ~ P &) -
Ve E DA DT V) + 211
Thus, setting the optimal gains Lt (€,y), L3(€,y) as
Vo Li€y) = —(y—ha(&) — haa())” (3.20)
VoG 9)Lsy) = —ely —haa(€) — haa(6))" (3.21)

minimizes the Hamiltonian (3.19). Finally, setting
H(é? y? w7 i;? IA/§7 ‘/)VéT7 ‘A/y) - 07
results in the following Hamilton-Jacobi-Bellman equation (HJBE):

Ve (6 9) F1(€0) + 1V, (€, 9) Fal&a) + Vi (&, )i — 3V (€ ) L€ ) LT (€, ) V(€ 9) -

~

ﬁ22(52))T(W —2I)(y — 521(51) — ib22(52)) =0, V(0,0)=0, (3.22)
or equivalently the HIBE

Vgl(é, y)ﬁ(éﬁ + %Vgg(f, y)]?z(éQ) + Vy(é, v)y+ 5y — 521(51)—
has(E))T (W — AT (y — hay(€1) — haa(€2)) = 0, V(0,0) = 0. (3.23)
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But notice from (3.4), with the measurement noise set to zero,

y= £f1(§1)+§11(§)wh21 (él) + £f2(§2)+§21(§)wh22(§2)’

where L is the Lie-derivative operator (Vidyasagar, 1993). Then, under certainty-equivalence

and with E{w} = 0, we have
9= Lienha (&) + Ly ha() = Ve ha(6) fi(6) + Vi haa(E) o).
Substituting this now in the HIBE (3.23), we have the following HJBE

Ve, (§9) F1(60) + 2V, (6, 9) fa(E2) + Vi€ 0) [V, har (€0) i(€1) + Vg, haa(82) fo(2)]+
Ly — har(&1) — haa(&))T(W — A1) (y — ha1(&1) — haa(€2)) = 0, V(0,0) = 0. (3.24)

We then have the following result.

Proposition 3.1.2. Consider the nonlinear system (3.2) and the Hy filtering problem for
this system. Suppose the plant PZ, is locally asymptotically stable about the equilibrium-
point x = 0 and zero-input observable. Further, suppose there exist a local diffeomorphism ¢
that transforms the system to the partially decoupled form (3.4), a C positive-semidefinite
function V:NxT— Ry locally defined in a neighborhood NxYTcxxy of the origin
(f, y) = (0,0), and matriz functions Li: Nx Y — Ruxm_ i = 1,2, satisfying the HIBE
(3.24) together with the side-conditions (3.20), (3.21). Then the filter ¥§, solves the Ha
filtering problem for the system locally in N.

Proof: The optimality of the filter gains ﬁ{, ﬁg has already been shown above. It remains
to prove asymptotic convergence of the estimation error vector. Accordingly, let V >0 be
a C! solution of the HIBE (3.22) or equivalently (3.23). Then, differentiating this solution
along a trajectory of (3.16), with Ly = L*, L, = L3, we get

A A ~ 1
€

Vo= V(& Ifi&) + L€ y)(y — har(€) — haa(E2))] +



75

i’;(é7 y)(y — 7121(51) - 7122(52))] + %(é? Y)Y
1 2
3l

where the last equality follows from using the HJBE (3.22). Therefore, the filter dynamics
is stable, and V/(£,y) is non-increasing along a trajectory of (3.16). Further, the condition
that f/(f(t), y(t)) = 0Vt > t, implies that z = 0, which further implies that y = hg (&) +
ﬁgg(ég) Vt > t,. By the zero-input observability of the system, this implies that £ = &.

Finally, since ¢ is invertible and ¢(0) = 0, € = £ implies & = ¢~ 1(€) = ™ 1(¢) = 2. O

Next, we consider the limiting behavior of the filter (3.16) and the corresponding HJBE
(3.23). Letting € | 0, we obtain from (3.16), and since the vector-field f; is locally asymp-
totically stable, we have in the steady-state, the reduced-order filter

Ff{, { 51 = fl(él) + ﬁl(éh Yy — 521(51)] + O(e), (3.25)

& — 0 and Ve, (é , y)ﬁg(é ,y) — 0. While (3.23) reduces to the Lyapunov-inequality

~ ~ ~

Ve (€ 9)falé,y) <0, V(0,0) =0, (3.26)

Note also that, since we are dealing with an infinite-horizon situation, a boundary-layer term

does not exist. Moreover, we can then represent the solution of (3.23) locally about £=0as

~ ~ ~

V(& y) =V(&y) +O0(e).

To relate the above result with the linear theory (Gajic, 1994), (Haddad, 1976), (Haddad,
1977), (Sebald, 1978), we consider the following linear singularly-perturbed system (LSPS):

&1 = Az + Apxs + Buw; () = 10
Pl S ciy = Apxi+ Agwy + Buw;  25(t) = 290 (3.27)
y = Coxy+ Corws + w,

where Al € §Rn1><n1’ A12 € §Rn1><n2’ A21 € §Rn2><n1, AQ € §Rn2><n2, Bll € §Rn1><m, and Bgl €
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R2*™  while the other matrices have compatible dimensions. Then, an explicit form of the

required transformation ¢ above is given by the Chang transformation (Chang, 1972):

I,, —eHL —eH x
Sl " (3.28)
fg L In2 )

where the matrices L and H satisfy the equations

0 = AQL - AQl - SL(Al - AlgL),
= —H(AQ + €|_A12) + A12 + 8(141 — AlgL)H

The system is then represented in the new coordinates by

51 = 121151 + an; &1(to) = &0
sp - 552 = 121252 + Byyw; &2(to) = &0 (3.29)
Yy = 62151 + 62252 + w,

where

Ay = A —Apl=A) — Ap AT Ay + O(e)

By = By —eHLBy —HBy = By — A1p Ay By + O(e)
Ay = As+elAjp = A+ 0O(e)

By = By +¢eLByp = By + O(e)

Cy = Oy — Cpl = Cyy — CpAy Ay + Ole)

Cy = Cp +e(Coy — Co)H = Co + Ofe).

Adapting the filter (3.16) to the system (3.29) yields the following filter

51 = 121151 + ﬁl(y - 6'2151 — 02252)

Fi,: A o
ey = Al + Lo(y — Cné&i — Cnéa).

(3.30)
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Consequently, we have the following Corollary to Proposition 3.1.2. We may assume for

simplicity and without loss of generality that the covariance of the noise is W = [.

Corollary 3.1.1. Consider the linear system (3.27) and the Hy filtering problem for this
system. Suppose the plant Plsp 15 asymptotically stable about the equilibrium-point x = 0 and
observable. Suppose further, it is transformable to the form (3.29), and there exist positive-
semidefinite matrices P, € R™*™ Py, € R™X"2 Q) € ™™ and matrices Ly, Ly € R,

satisfying the linear-matriz-inequalities (LMIs)

| Ar{g + 1511211 — 30’{1@21 —ézTgégl 3(7;[1 0 |

—CL Cyy LATPy 4+ LBy Ay — 3CLCy 3CL 0 “ 3.31)
3Co; 3C5 =3I Q

I 0 0 Q" 0

0 0 (AL -Ch) _
0 0 —iCh <0 (3.32)

YPL - CHT —4CL (A —m)

0 0 1cf ]
0 0 L(PLy—CL) | <0 (3.33)

—5Co g (PLy = CH)T (1— o)l

for some numbers p1, s > 1. Then the filter F'. solves the Hy filtering problem for the

system.

Proof: Take
~ A 1 - N N ~
V(€ y) = §(§1TP1§1 + 52TP2§2 + ?JTQ?J)

and apply the result of the Proposition. []

Moreover, the limiting behavior of the filter (3.30) is the reduced-order filter

F, : { 51 = 121151 + f/1(y — 6'2151) + O(e), (3.34)
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and the limiting behavior of (3.32) as e | 0 is P, satisfies the Lyapunov inequality

AP, + P A, <. (3.35)

Proposition 3.1.2 has not yet exploited the benefit of the coordinate transformation in de-
signing the filter (3.16) for the system (3.4). We shall now design separate reduced-order
filters for the decomposed subsystems which should be more efficient than the previous one.

For this purpose, we let € | 0 in (3.4) and obtain the following reduced system model:

& = f( &)+ gu(§w
)

Pr:id 0 = fal&) +iu(@w (3.36)
y = h21(§1) + h22(§2) + %21(5)?”

Then, we assume the following (Khalil, 1985), (Kokotovic, 1986).

Assumption 3.1.1. The system (3.2), (3.56) is in the “standard form”, i.e., the equation

0= fo(&) + g (Hw (3.37)

has | > 1 distinct roots, we can denote any one of these solutions by

& = q(&,w). (3.38)

Under Assumption 3.1.1, we obtain the reduced-order slow subsystem

pa. ) & = f&)+aul& (& w)w+0() (3.39)

' y = 7121(51) + il22(Q(§17 w)) + %21(517 q(&, w))w + O(e)
and a boundary-layer (or quasi-steady-state) subsystem as

@ = Fu&(r)) + G (6, Ea(r), (3.40)
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where 7 = t/e is a stretched-time parameter. It can be shown that there exists £* > 0 such
that the subsystem is locally asymptotically stable for all £ > ¢* (see Theorem 8.2 in Ref.
(Khalil, 1985)) if the original system (3.2) is locally asymptotically stable.

We can therefore proceed to redesign the filter in (3.16) for the composite system (3.39),
(3.40) separately as

5 = AE) + LG )y — (&) — haa(q(€1,0))]

e§y = fa(&) + La(&a, y)[y — har(§1) — haa(&2)].

(3.41)

Notice that & cannot be estimated from (3.38) since this is a “quasi-steady-state” approxi-

mation.

The following theorem then summaries this design approach.

Theorem 3.1.1. Consider the nonlinear system (3.2) and the Hs estimation problem for
this system. Suppose the plant Pg, is locally asymptotically stable about the equilibrium-point
x = 0 and zero-input observable. Further, suppose there exist a local diffeomorphism o that
transforms the system to the partially decoupled form (3.4), and Assumption 3.1.1 holds. In
addition, suppose there exist Ct positive-semidefinite functions Vi:N; x T; — Ry, i=12,
locally defined in neighborhoods N; x T; C X x Y of the origin (&,y) = (0,0), i = 1,2
respectively, and matriz functions Li: N;x Y — Rrexm g = 1,2 satisfying the HIBEs:

‘7151 Ly &) + V&, y)[vglﬁm(gl)fl (&) + Vgﬁm(Q(gh 0))f1(E1)] + 3y — ha1(€1)—

ﬁm(@(fvl, 0))T(W —2I)(y — ;L21(51) - ﬁm(@(fvl, 0))) =0, ‘71(0, 0)=0 (3.42)
Wae, (E2,9) fa(€2) + Vay (€2, 9) [V, har (€1) fr(€1) + Vi, haa(E2) fa(€2)]+
2y — ha1(&1) — haa(£2))T(W = 2I)(y — ha1(&1) — haa(€2)) = 0, V2(0,0) =0, (3.43)

together with the side-conditions

v

Vie, G 9)Li(€ny) = —(y = hat(€1) — haa(9(£,0))7, (3.44)
‘725“2 (527 y)EQ(Ev y) = —<(y— il21(v1) - B22(§2))T. (3.45)
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Then the filter }T“gc solves the Hy filtering problem for the system locally in UN;.

Proof: We define separately two Hamiltonian functions H; : T*X x W xR"*™ — R, i =1,2
for each of the two separate components of the filter (3.41). Then, the rest of the proof follows

along the same lines as Proposition 3.1.2. [J

Again, we have the limiting behavior of filter F3_ and associated HIBEs (3.42), (3.43) as
el 0:

V] ~

Fo . §u1 = f(fl) + El(glay)[y - 7121(51)] (3.46)
9 — O,
Vig, (6.0 F1(&0) + Vig (€9 [V, han (80 f1(€1) + Ve, haa(q(&1, 0)) f1(€1)] +
L T (6) (W —21)(y — Fr(6)) =0, VA(0,0) =0 (3.47
Vae, (62, 9) fa(&1) <0, (3.48)
together with the side-conditions
Vie, Gy Li(€y) = —(y—ha(&)", (3.49)
Vo, (€, ) La(€,y) — 0. (3.50)

Similarly, specializing the result of Theorem 3.1.1 to the linear system (3.27), we obtain the
filter
& = A+ zl(y - 02151)

v

F), : o L
el = Al + La(y — Cn&y — C262).

(3.51)

The following corollary summarizes this development if we assume W = I without loss of

generality.

Corollary 3.1.2. Consider the linear system (3.27) and the Hy filtering problem for this

system. Suppose the plant Pip 18 asymptotically stable about the equilibrium-point x = 0 and
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observable. Suppose further, it is transformable to the form (3.29) and As is nonsingular.
In addition, suppose there exist positive-semidefinite matrices P e Rpraxn P, € Rr2xnz
Ql,ég e R™™ gnd matrices L, € Rmxm ,ig e R™XM - satisfying the linear-matriz-

inequalities (LMIs)

AIT}U?I + Pyzll - 651621 é2Tl pl
0 le 0
0 —CHCyy 5 0
—CLCy HATB + PyAs) — CLCn CL G
?2 21 6( 2172 % 2) 22021 5 Q2 <0 (3.53)
Co Ca -0
0 Q2 0
0 0 %(ézl - O2Tl)
SAL-CRT 0 (ol |
0 —5C%
0 0 i(pgi2 ~CH) | <0 (3.59)
1 E(PL-CRT (-

for some numbers §1,0, > 1. Then the filter Fb. solves the Hso filtering problem for the

system.

Proof: Take
o v 1 o s T~
Vil,y) = 5(51 P& +y Quy)
19 V] 1 Y, VR 1%
Vo(a,y) = §(§2TP252 + yTQQy)

and apply the result of the Theorem. Moreover, the nonsingularity of A, guarantees that a

reduced-order subsystem exists. [
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3.1.3 Aggregate Filters

In the absence of the coordinate transformation, ¢, discussed in the previous section, a filter
has to be designed to solve the problem for the aggregate system (3.2). We discuss this class

of filters in this section. Accordingly, consider the following class of filters:

i = fi(@) + Ll(ﬂ\?, Y)y — ho1(21) — haa(22)]; 21(to) = T1o
Fgag : 552 = fQ(i) + L2(i, y)(y - h21(561) - h22(562)); 502(150) = Ty (3-56)

Z = y— ho(21) — hoa(Z2),

where L, € graxm Ly € R™*™ are the filter gains, and 2 is the new penalty variable. We

can repeat the same kind of derivation above to arrive at the following result.

Theorem 3.1.2. Consider the nonlinear system (3.2) and the Ha estimation problem for
this system. Suppose the plant Pg, is locally asymptotically stable about the equilibrium-point
x = 0, and zero-input observable. Further, suppose there exists a C' positive-semidefinite
function V:NxYT— R, locally defined in a neighborhood NxTcCcXxx) of the origin
(1,22,y) = (0,0,0), and matriz functions Li: N x YT — Rxm i =12 satisfying the
HJBE:

Vi (2, 9) f1(2) + LVa, (2, 9) f2(2) + Vi (2, 9) [V, ho1 (21) f1(2) + Vi, hao(22) fo (2)] +

Ly — ha1 (1) — haa(22))T (W — 2I)(y — ha1(21) — haa(22)) = 0, V(0,0) = 0 (3.57)

together with the side-conditions

Vi (2,9) L1 (2,y) = —(y — har(21) — haa(d2))7 (3.58)
Vio(2,y)La(,y) = —e(y — har(21) — haa(i2))”. (3.59)

Then, the filter ¥5, solves the Ha-filtering problem for the system locally in N.

Proof: Proof follows along the same lines as Proposition 3.1.2.

The result of Theorem 3.1.2 can similarly be specialized to the linear system Pép. Moreover,
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we also have the limiting behavior of the filter F§, as e | 0

3ag
FSQQ : o= fila)+ Ll(i’, Yy — hor(21)]; 21(to) = T1o (3.60)
Z\EQ — 0
Vi, (2,9) fo(2) <0, (3.61)
together with the side-conditions
Vi, (2, 9) La (2, y) = —(y — har (21))" (3.62)
Remark 3.1.2. Also, comparing the accuracy of the filters ¥, ¥5., F5 . we see that the

order of the accuracy is ¥5. = ¥, = F5, by virtue of the decomposition, where the relational

operator “>7 implies better.

3.1.4 Push-Pull Configuration

Finally, in this subsection, we present a “push-pull” configuration for the aggregate filter
presented in the above section. Since the dynamics of the second subsystem is fast, we can
afford to reduce the gain of the filter for this subsystem to avoid instability, while for the
slow subsystem, we can afford to increase the gain. Therefore, we consider the following

filter configuration

5’5? = fl(xb) + (Lli + L';)(x", y)[y - hzl(fE
Fiag : 5% = f2($b) + (Lli - Lg)(fba y)[y — hoy(x
2 = y—ha(a}) — hap(a}),

_ =
~—
=
[NV
[\
—
8
oS
~—
—
8

where ” € X is the filter state, L} € R™*™ L) € R"2*™ are the filter gains, while all the

other variables have their corresponding previous meanings and dimensions.

Consequently, going through similar manipulations as in Proposition 3.1.2 we can arrive at
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the following result.

Proposition 3.1.3. Consider the nonlinear system (3.2) and the Hay estimation problem for
this system. Suppose the plant Pg, is locally asymptotically stable about the equilibrium-point
x = 0, and zero-input observable. Further, suppose there exist a C' positive-semidefinite
function V° : N* x Y — R, locally defined in a neighborhood N’ x Y* C X x Y of the origin
(2%, 2%, y) = (0,0,0), and matriz functions L} € R™>™ L} € R"2*™  satisfying the HIBE:

ngg (2", y) fr(2") + %VIZ (@, y) fo2h) + V) (2", 9)[V s har (27) f1() + V gy haa(3) fo(2”)] +
3(y = har (a}) — hao(23))T(W = 21)(y — hay (2) — haa(23)) =0,  V?°(0,0) =0 (3.65)

together with the side-conditions

(Vﬁg + V;g)(fﬂbay)L?(xbay) = —(y — haa () — haa(a3))" (3.66)
(ij - begxxb:y)[/;(xb:y) = —e(y — haa(a) — haa(a3))". (3.67)

Then, the filter F¢_ solves the Hs filtering problem for the system localy in N°.

4ag

Remark 3.1.3. If the nonlinear system (3.2) is in the standard form, i.e., the equivalent of

Assumption 3.1.1 is satisfied, and there exists at least one root Ty = o(x1,w) to the equation
0= fo(x1,22) + go1 (w1, ¥2) W,

then reduced-order filters can also be constructed for the system similar to the result of Section

3.2.8 and Theorem 3.1.1. Such filters would take the following form

o= fil#, ( 1,0)) + L1(Z1,y)(y — ha1(Z1) — haa(0(1,0))); #1(to) = Z1o
| O ety = fo(Z)+ ( Y)Y — hai(21) — hoo(22)); Z2(to) = Tao (3.68)
) — haa(Z2).

Z = Y- hgl(i'

However, these filters would fall into the class of decomposition filters, rather than aggregate,

and because of this, we shall not discuss them further in this section.
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In the next section, we consider some examples.

3.1.5 Examples

We consider a few simple examples in this subsection. The first example is designed to
illustrate how the use of a transformation and a decomposition of the system can simplify

the filter design.

Example 3.1.2. We reconsider Example 3.1.1 to design a decomposed filter for the system.

The system is transformed to the following two systems locally over Uy and Uy respectively:

& = —£;1+(i—§1)wo

_ 6
elo = —& — Suo
y = —&& — &+ wo.
defined on U, = R2\ {& = 0}, and
51 = =&+ wo
652 =0
y = &+ wo.

which is defined for Uy = {& = 0}. We design the filter (3.16) for each of the subsystems.
Accordingly, it can be checked that, the functions Vy(€) = %(éfQ +e€2), Va(é) = %(éf + £2)
solve the HIBE (3.23) for the filter and for the two subsystems respectively. Therefore, the

filter gains can be calculated from (3.20), (8.21) for the two subsystems respectively as

fil(éa y) = éf(y+élé2 +§:2): 22(57 y) = _(y +§1§2 +§2),
2
and R
Ly = -8 ey —o

&1
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Moreover, the gains Ly, Ly are set to zero if |&1] < €, |&] < € (small) respectively to avoid

the singularity at the origin él = fg =0.

Example 3.1.3. Consider now the following singularly perturbed nonlinear system

. 3 2
T = —x]+ T2+ TiWo
ely = —x1 — Ty + sin(xg)wy

Yy = X1+ X9+ Wp.

where wy is a zero-mean Gaussian white noise process with W = I, ¢ > 0. We construct

the aggregate filter F$

Sag PrESENtEd PN the previous section for the above system. It can be

checked that the system is locally observable, and the function V(i) = (2% +e23), solves the
inequality form of the HIBE (3.57) corresponding to the system. Subsequently, we calculate
the gains of the filter as

€(y — Z\El — i‘g)

< y— T — I NN
Ll(x7y> = _(.\T—112)’ LQ(x7y> = - .\Tg ) (369)

where again the gains Ly, Ly are set equal to zero if |iy| < € (small), |&5] < € (small) to

avoid the singularity at &1 = xo = 0.

Similarly, we can construct the push-pull filter gains for the above system since the HJIBFEs

(3.57) and (3.65) are identical as

ey — 2} — )
(2} + x3)

L?(xb7y> = - ) L;(xb7y> = - (370)
and again, we set the gains L}, LY to zero if |2, + 25| < € (small) to avoid the singularity at

2 + 2 = 0.
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3.2 H, Filtering for Discrete-time Systems

In this section, we discuss the counterpart discrete-time results for the H, local filtering
problem for affine nonlinear singularly-perturbed systems. Two types of filters, namely, (i)
decomposition, and (ii) aggregate filters will similarly be considered, and sufficient conditions
for the solvability of the problem in terms of discrete-time Hamilton-Jacobi-Isaacs equations

(DHJIEs) will be presented. We begin with the problem definition and other preliminaries.

3.2.1 Problem Definition and Preliminaries

Figure 3.2 shows the equivalent set-up for the disrete-time problem, where Py is the plant,
while Fy, is the filter. The noise signal wy € &’ is similarly a bounded spectral signal (e.g. a
Gaussian white-noise signal) which belongs to the set &’ of bounded spectral signals, while
Z € P, is a bounded power signal or /5 signal, which belongs to the space of bounded power
signals. Thus, the induced norm from wy to Z (the penalty variable to be defined later) is

the fo-norm of the interconnected system Fy o Py, i.e.,
1z ||7a
F.oP S _— 3.71
IEs 0 Pille, £ supyues Twole (3.71)
where “o” denote operator composition,

P2 {w: w e l, Ryw(k), Sww(jw) exist for all k and all w resp., ||w||p < oo}

s 2 {w: w € ly, Ryw(k), Sww(jw) exist for all £ and all w resp., |[Sww(jw)|le < o0}
K
2 2
HZHp' = lim 2K Z [ 2|
k=—K

lwolls = V1Suwguwo (16)llse = v/3UPy [ Sugus (70)1],

and Ry, Sww(jw)) are the autocorrelation and power spectral-density matrices of w. Notice
also that, ||(.)|| and ||(.)||g are seminorms. In addition, if the plant is stable, we replace

the induced fs-norm above by the equivalent H,-subspace norms.
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Figure 3.2 Set-up for discrete-time H, filtering

At the outset, we consider the following singularly-perturbed affine nonlinear causal discrete-

time state-space model of the plant which is defined on X C R™*"2 with zero control input:

Tipr = fi(@ig Tox) + g11(Tip, Top)wr; z1(ko,€) = x'°
da .
Ps; : ET2k+1 = f2($1,k7332,k,€) +921($1,k,332,k)wk; 332(1%,5) =z (3-72)
Y = ho(@1k) + hao(2ok) + ko (1 5, Tok) Wk,
x
where x = ! € X is the state vector with x; the slow state which is n;-dimensional
o)

and xo the fast, which is ny-dimensional; w € W C R" is an unknown disturbance (or noise)
signal, which belongs to the set YW of admissible exogenous inputs; y € )Y C R™ is the
measured output (or observation) of the system, and belongs to ), the set of admissible

measured-outputs; while € is a small perturbation parameter.

The functions f; : X - X TR fo: AXR = X, g1 : X - M"W(X), gog + X —
Mm2Xm( XY where M™J is the ring of i X j smooth matrices over X, hoy, hoy : X — R™,
and kop : X' — M™™(X) are real C*° functions of x. More explicitly, fy is of the form
fa(T1k, ok, €) = (Exoy + fg(xm,xg,k)) for some function f : X — R". Furthermore, we
assume without any loss of generality that the system (3.72) has an isolated equilibrium-
point at (z7,2I) = (0,0) such that f1(0,0) = 0, f2(0,0) = 0, h91(0,0) = hay(0,0) = 0. We
also assume that there exists a unique solution z(k, ko, zo, w,e) Vk € Z for the system, for

all initial conditions z (ko) = zo = (217, 22")7 for all w € W, and all € € R.

The standard discrete-time Hy local filtering/state estimation problem is defined as follows.

Definition 3.2.1. (Standard Hy Local State Estimation (Filtering) Problem). Find a filter,

Fy, for estimating the state xj or a function of it, z;, = hy(x), from observations Y, 2 {y; :
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i <k} of y; up to time k, to obtain the estimate

such that, the Hy-norm from the input w to some suitable penalty function zZ s locally
minimized for all initial conditions 2° € O C X, for allw € W C 8'. Moreover, if the filter

solves the problem for all 2° € X, we say the problem is solved globally.

We shall adopt the following definition of local observability.

da

sps we say that it is locally zero-input observ-

Definition 3.2.2. For the nonlinear system P

able, if for all states x1, xo € U C X and input w(.) = 0,
y(k; x1,w) = y(k; 29, w) = 11 = T9,

where y(.,z;,w),i = 1,2 is the output of the system with the initial condition xy, = x;.
Moreover, the system is said to be zero-input observable if it is locally observable at each

eX orlU=2X.

3.2.2 Discrete Decomposition Filters

In this section, we present a decomposition approach to the Hs estimation problem defined
in the previous section, while in the next section, we present an aggregate approach. For this
purpose, we assume that the noise signal w € W C &’ is a zero-mean Gaussian white-noise

process, i.e.,

Also, the initial conditions z1(kg,e) = ', xy(ko,e) = 2*° are assumed to be Gaussian

distributed random variables with means given by

E{xlo} — j107 E{xQO} — jQO.
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We construct two-time scale filters corresponding to the decomposition of the system into
a “fast” and a “slow” subsystems. As in the linear case (Chang, 1972), (Aganovic, 1996),
(Kim 2002), (Lim, 1996), (Sadjadi, 1990), we first similarly assume that there exists locally

a smooth invertible coordinate transformation (a diffeomorphism) ¢ : z — &, i.e.,

51 = 901('7778% ()01(07 5) = O: 52 = 902('7778)7 ()02(07 5) = O: 51 € §Rn17 62 S éRnQ: (373)
such that the system (3.72) is locally decomposed into the form

Sihr1 = fl (§1pre) + G11(&rs e)wy,  &i(ko) = 901($0> €)
f’g; S ebopit = fa&orr ) Gor (b )wi;  Ex(ko) = pa(a®,€) (3.74)
Y = hot(E1p Eokr ) + hoa(Evk, Eapy €) 4 kan (g, €)w

Necessary conditions that such a transformation must satisfy are given in Proposition 3.1.1.
A local version of that result can be derived for the discrete-time case. In most cases, this
local version would also be sufficient. Moreover, if such a coordinate transformation exists,

the functions fl, fg, J11, g21 will be some nonlinear functions of fi,fs, g11, go1 since

S1k+1 = 1(7x) + gu1 (g ) wi oo (&), &ilko) = ¢1(2°,¢)
2(Tk, €) + gor (@) wy,
g = o) Il ) e ) el = e 2)
2(Tk, €) + Gor(Th)wy,
Y = hoi(¢n ék, ) + haa(Pa (&, ))+/€21(<P_1(fk75))wk

where ¢; = I[;0 1,1 =,1,2, II; : x — x; is the natural projection onto the i-th coordinate,

and 20 = (g107, 22077

The following result gives local conditions that ¢ must satisfy.

Proposition 3.2.1. Consider the nonlinear system (3.72) defined on X. Let (Uy,x), (Us, &),

Uy, Uy C X containing the origin, be two coordinate neighborhoods on X, and consider the
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problem of finding a local diffeomorphism® ¢ : Uy — Us, & = @(x,¢) so that the system is
transformed into the partially decoupled form (3.74) by this coordinate change. Then, the

necessary conditions that such a transformation must satisfy are given by the following:

(i) s is locally an isomorphism;

(i)

9 A) 9 f *
— d —Lx ; =(—.,d op ! i =0, 7
<a£j7 7 fa ’ > <a§j fa v ’ > S

i,7 =1,2,1 # j, and where ()7, “(*)” are the push-forward and pull-back operators
(Boothby, 1975) respectively.

Proof: Conditions (i), (ii) can be rewritten respectively as

91 dp1
det gi gi 0) # 0 (3.76)
o1 Oz
9 ©1 h@, 22) cpl(&e)| = 0 (3.77)
0% fa(x1, x2)
0 fl(l'lny) -1
2 ° , -0 3.78
7, P2 faler. ) 0 (& €) (3.78)

Then, equation (3.76) which corresponds to (i), guarantees that the transformation ¢ is lo-
cally invertible and satisfies the conditions of the inverse-function Theorem (Sastry, 1999).
While equations (3.77) and (3.9) which correspond to (ii) follow from (3.75), (3.75) re-
spectively by setting w = 0, and guarantee that fi(¢;), fo(&) are independent of &, &
respectively. [

Remark 3.2.1. [t is virtually impossible to find a coordinate transformation such that

ing = ﬁgj(ﬁj),j = 1,2. Thus, we have made the more practical assumption that ng =

B2j(£17£2)7j =1,2.

3see Ref. (Boothby, 1975) for most of the terminology here.
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The filter is then designed based on this transformed model with the optimal noise level set

as w* = E{w} = 0, and accordingly, we propose the following composite filter

( ~

é1,k+1 = N él,k:g) + Ll(ék:ykag)[yk - iL21(ék, 5) - ﬁ22(€k:5)]3

Fii : (3.79)

5§2Jq+1 = J2

\

where é € X is the filter state, Ly € R™*™ Ly € R™*™ are the filter gains, while all the
other variables have their corresponding previous meanings and dimensions. We can then

define the penalty variable or estimation error at each instant k& as

2 = Y — ha1 (&) — hao(&). (3.80)

The problem can then be similarly formulated as a dynamic optimization problem with the

following cost functional

_ IRty 1 " =da
min J1(L1,L2,w) = E {5 E HZk:HI%V} = 5 {HFCllc © ng ||%LQ}W
Ll c §Rn><m, LQ c §Rn2><m’ ko

w e Sl,g(ko) =0
s.t. (3.79) and with w =0, klim {& — &} = 0;
—00
(3.81)

Therefore, to solve it, we consider the expected Hamiltonian function defined as H : X X

Y x RBMXM o Br2xmo R — R

H(éa Y, Lla L27 ‘/7 5) = V(fl(éla 5) + Ll(éay7€>(y - 521(5178> - h22(5278>>7
éf?(é?yg) + §L2(éa Y, 5)(y - B21(év 5) - B22(é? 5))7y> -

N 1 5
V(& ye-1) + 5111w (3.82)
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for some C' positive-semidefinite function V : X x Y — R, and where él = {Alvk, ég =
ézk Y = Yk, 2 = 2x. Then the optimal gains L} and L3 can be obtained by minimizing

H(.,., Ly, Lo, .,.) with respect to L; and Ly in the above expression (3.82), as
[LL L;] = arginiLn H(éayaLlaL%‘/ag)' (383)
1,42

Because the Hamiltonian function (3.82) is not a linear or quadratic function of the gains

Ly, Lo, only implicit solutions can be obtained by solving the equations

OV (A 1 y) _ 0
O\ NS i

VA 1Y) _ 0
I A=A%, u=p*

for L1(€,y), L5(€, y) simultaneously, where
A= filé) + L )y — har(&1) = haa(&)),

= (f1(é1) + L2(é, y)(y — 7121(51) - h22(é2))),

M | =

OV /ON, OV /Op are the row vectors of first-order partial derivatives of V' with respect to A and
u respectively, and V' solves the discrete-time Hamilton-Jacobi-Bellman equation (DHJBE)

H(Ey, L, L5, V,e) =0, V(0,0,0)=0, (3.84)
with
2 2
OA A=A u=p* alu A=A p=p*

Thus, the only way to obtain an explicit solution is to use an approximate scheme. Intuitively,
a first-order Taylor series expansion of the Hamiltonian about (f (51),

% f (ég), y) in the direction of the state vectors (51, 52), would capture most if not all of the
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system dynamics. This approximate Hamiltonian is then given by

ﬁ(éay, ﬁh sz, Vﬁ) = V(fl(élﬁ)u %ﬁ(éﬁ)ay) - V(é? Yr-1) +
Ve (Fil€1,2), 2 oG, ) ) Eal€, 2l — Fon(€,2) — honlE, )] +

>

52(-];1(517 5)7 §f2(é2,5)7y)f/2(é, Y, 5)[y - B21(év 5) - h22(é, 5)] +

DN — ™ | =

1[I + OCIEN), (3.85)

where V, ﬁl, Lo are the corresponding approximate functions, and Vgl, Vég are the row
vectors of first-partial derivatives of V with respect to él, 52 respectively. Completing the

squares now for Ly(€,y) and Ly(€,y) in the above expression (3.85), we get

ﬁ(évyyi/la i/27 ‘77 €)= V(fl(élae)v éﬁ(éﬁ)ay) - V(é? Yk—1) +
2
+

[A/’{(éa Y, 5)‘75;(f~1(5178)7 éfQ(é?a 5)7 y) + (y - ﬁ21(é: 8) - h22(é: 8))

1
2

! H§ﬁ§<é,y,e>vg<ﬁ<&,e>, L6, 2),0) + (5 — a6, 2) — B )

%‘751 (fl(él: 8)7 éf;(é% 5)7 y)il(éa Y, €)f’?(éa Y, 8)‘75110?1(517 5)7 éfQ(éQ: 8)7 y) -
sVl Fi61,), 2o, ) ) Ea(l . O BT ) VE (61, 0), 2ol ). 9) +
1

Sl

Therefore, taking the filter gains as

‘A/él (fl(éla 5)7 éf;(é% 8)7 y)[:)lk(éa Y, 5) = _(y - iL21(é: 8) - h22(éa 5))T7 (386)

~ ~ A 1~ - PP ~ ~ N
‘/g;(fl(glag)agf2(€278)7y)[/2(€7y7€) = _S(y_h21(€78) - h22(§7€))T7 (387)
minimizes (.- Ly, Lo, ., .). Next, substituting the above optimal gains in (3.86) and setting

f[(éa Y, [A/Ia i;: f/a 8) = 07
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results in the following DHJE

V(fl(élﬁ)u %J%(émé)ay) - V(é? Yk—1) + %(?J - 7121(5 €) — h22(§ 5))
(W —4I)(y — ha1(€,€) — haa(€,6)) =0, V(0,0,0) = (3.88)

We then have the following result.

Proposition 3.2.2. Consider the nonlinear discrete system (3.72) and the Ha filtering
problem for this system. Suppose the plant PS;‘ 15 locally asymptotically stable about the
equilibrium-point x = 0 and zero-input observable. Further, suppose there exist a local diffeo-
morphism @ that transforms the system to the partially decoupled form (3.74), a C positive-
semidefinite function V:NxYT— R locally defined in a neighborhood NxYCcXx) of
the origin (é, y) = (0,0), and matriz functions Li: N x T — Rxm i =12 satisfying the
DHJBE (3.88) together with the side-conditions (3.86), (3.87). Then the filter F* solves
the Hs filtering problem for the system locally in N.

Proof: The optimality of the filter gains ﬁ{, ﬁ; has already been shown above. It remains
to prove asymptotic convergence of the estimation error vector. Accordingly, let V >0bea
C? solution of the DHJBE (3.88). Then, consider the time-variation of 1% along a trajectory
of (3.79), with Ly = L}, L, = L3, we get

Vi borny) ~ V(o) Zhéne)y) +
Ve (F€1,), 2 llo,2), 1) (6, 9,0y — Fin (€, €) — 6, ) +
Ves(F61,), 2 Follo, ) 1) 36, 9,000 — (6, ) — (€, )
= Ve borir) — 5lal,

where we have used the first-order Taylor approximation in the above, and the last equality

follows from using the DHJBE (3.88). Moreover, the last equality also implies

o . NP 1.
V(fl,k+17§2,k+17y) - V(fl,k,fzk,yk—ﬂ = _§HZI<:HI2/V
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Therefore, the filter dynamics is stable, and V(é ,y) is non-increasing along a trajectory of
(3.79). Further, the condition that V(él7k+1,527k+1,y) = \A/(él,k,ézk,yk_l) Vk > k, implies
that Z; = 0, which further implies that vy, = ﬁgl(él,k) + 522(527]{) Vk > k,. By the zero-
input observability of the system, this implies that é = £. Finally, since ¢ is invertible and
p(0) = 0, § = ¢ implies & = p~'({,e) = p7!(¢,2) = 2. O

Next, we consider the limiting behavior of the filter (3.79) and the corresponding DHJBE
(3.88). Letting € | 0, we obtain from (3.79),

0= f~2(€2k) + LQ(ék: i) (Y — BQl(ék) - 522(51@))

and since fo(.) is asymptotically stable, we have & — 0. Therefore H(.,.,.,.,.) in (3.82)

becomes

Ho(&,y, L1, Ly, V,0) = V(fl(él) + Li(&, y)(y — har (&) — haa (), 0, y) — V(& ypr) +

1
el (3.50)
A first-order Taylor approximation of this Hamiltonian about ( fi (él), 0,y) similarly yields

ﬁO(éa Y, -i/ly IA/Q: ‘_/7 O) - V(fl(él)? 07 y) + ‘751 (fl(él)v O7y)f/,{(éa y)(y - il?l(é) - hQQ(g)) -
_ 1 ~
V(& ge1) + 51121 + OCIEI®)- (3.90)

for some corresponding C'-function V: N x Y — R,, N x Y C X x ). Minimizing again

this Hamiltonian, we obtain the optimal gain ﬁ{o given by

‘7gl(f1(§1)7 0, y)f/fo(éy y)=—(y— 7121(5) - h22(é))T7 (3.91)

where V satisfies the reduced-order DHJBE

VA, 0,9) = V(E i) + 5 — Fn(€) — k(&) (W = 21)(y = hn (€) — () =
V(0,0,0) = 0. (3.92)
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The corresponding reduced-order filter is given by

Pl 6 = filé) + Liln, o)y — han(€) — hn(©)] + O(c). (3.93)

Moreover, since the gain L, is such that the estimation error e, = yj, — hat (&) — haa () — 0,
and the vector-field f5(&,) is locally asymptotically stable, we have L}(&, yx) — 0 as £ | 0.
Correspondingly, the solution V' of the DHJBE (3.92) can be represented as the asymptotic
limit of the solution of the DHIJBE (3.88) as € | 0, i.e.,

~ ~

V(€ y) =V(&,y)+0().

We can also specialize the result of Proposition 3.2.2 to the following discrete-time linear
singularly-perturbed system (DLSPS) (Aganovic, 1996), (Kim 2002), (Lim, 1996), (Sadjadi,

1990) in the slow coordinate:

Tiper = Airip + Aaxog + Briwg;  x1(ko) = 2
Pldsp : o1 = AnTip + (eln, + Ao)xay + Buwy;  xa(ko) = 2 (3.94)

Y = Conxyp+ Comoy + wy

where Al € §Rn1><n1, A12 € §Rn1><n2’ Agl € §Rn2><n1’ AQ € §Rn2><n2, Bll € éRanS, and Bgl €
R"2%5  while the other matrices have compatible dimensions. Then, an explicit form of the

required transformation ¢ above is given by the Chang transformation (Chang, 1972):

I,, —eHL —eH x
Sl . (3.95)
fg L In2 )

where the matrices L and H satisfy the equations

0 = (€In2 + AQ)I_ — AQl — SL(Al — A12L)
O = _H[(€[n2 + AQ) + €I—A12] + A12 + 5(141 - AlgL)H
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The system is then represented in the new coordinates by

Sipt1 = Alfuc + ank; &1(ko) = ¢t
Pldsp : e&opt1 = 121252,k + B2lwk§ &a(ko) = &% (3.96)

Y = Coxip+ Crpxey + wy,

where

Ay = Al —Apl=A) — Ap(el, + Ay) 1Ay + O(e)
By = By —eHLBy —HBy = By — A1p Ay By + O(e)
Ay = (e, + Ag) +ecLAis = Ay + O(e)

By = Bgy +¢elLBjy = By + O(¢)

Cop = Cy — Col = Oy — Coo(el,, + As) tAs + O(e)
Cyp = O +e(Cy — Co)H = Cap + O(e).

Adapting the filter (3.79) to the system (3.96) yields the following filter

él,k-ﬁ-l = Alél,k: + i/l(yk - 62151,14; — émézk)

F{. : o o
o1 = Ao+ La(yp — Co1&1 s — Cba).

(3.97)

Taking

NI 1 ~pr ~ A A A N
V(&) = (& P&+ & Poa + 3" Qu),

for some symmetric positive-definite matrices 151, 152, Q, the DHJBE (3.88). Consequently, we
have the following Corollary to Proposition 3.2.2. We may assume without loss of generality

that the covariance of the noise W = I.

Corollary 3.2.1. Consider the DLSPS (3.94) and the Hsy filtering problem for this system.
Suppose the plant Pép 15 locally asymptotically stable about the equilibrium-point x = 0
and observable. Suppose further, it is transformable to the form (3.96), and there exist

symmetric positive-definite matrices P e Rmxm Py € Rr2xnz gnd ) € R™™ and matrices



Ly € Rmxm Ly, € Rm2X™ satisfying the LMIs

A{plzil — ]51 — 3@;1621

—OQTQCYQl 3@;1 0
_OQTlé?? E%Agl%fb - pQ - 36;2622 3@;2 0
3Cy 3Co -3 Q
0 0 QT 0
0 0 %(AlTplLl —C1h)
0 0 —icy <0
VAP L, -CH)T —3CL  (—o)l |
0 0 ~30%,
0 0 L(ATPL, —Ch) | <0
—%621 2%(1215152[12 — éQTQ)T (1 —392)1 |

<0
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(3.98)

(3.99)

(3.100)

for some numbers §1,0, > 1. Then the filter Fd. solves the Ho filtering problem for the

system.

Similarly, for the reduced-order filter (3.93) and the DHJBE (3.92), we have respectively

~ ~ A A

Fi { S = Aabix+ Lio(ur — Cunix — Caolo),

| ATPiyA, — Py — 3CHCn —C1,Cn 3¢L 0
_OQTléﬂ éAgPQOAQ — PQO — 30;2022 30;2 0
3C 3C%2 —3I Q1
I 0 0 0
0 0 %(AlTPIOLl -C1)
0 0 -1C%, <0,

(3.101)

(3.102)

(3.103)
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for some symmetric positive-definite matrices Pig, (10, gain matrix Ly and some number

d10 > 1.

Proposition 3.2.2 has not yet exploited the benefit of the coordinate transformation in de-

signing the filter (3.79) for the system (3.74). We shall now design separate reduced-order

filters for the decomposed subsystems which should be more efficient than the previous one.

If we let € | 0 in (3.74) and obtain the following reduced system model:

Sk = fil€ir) + Gu(&r)wy
pPr: 0 = fal&n) + Fau(&)wr

y = Bm(fk) + hoa (&) + l~f21(€k)wk-

Then, we assume the following (Khalil, 1985), (Kokotovic, 1986).

Assumption 3.2.1. The system (3.72), (3.104) is in the “standard form”, i.e

0= fQ(fQ) + go1(§)w

has | > 1 distinct roots, we can denote any one of these solutions by

3 ZQ(flaw)-

for some C' function q: X x W — X.

Under Assumption 3.2.1, we obtain the reduced-order slow subsystem

Eiprr = fi(&r) + 911(&ak, @&, wi))wy + O(e)
| S Y = iLm(ﬁl,k, q(&k, wi)) + ﬁ22(§1,k7 q(& e, w))+
ko1 (€1 1y @(Ex s wi))wi 4+ O(e)

and a boundary-layer (or quasi steady-state) subsystem as

52,m+1 = f2(§2,m, ) + Go1(&1ms 52,m>wm

(3.104)

., the equation

(3.105)

(3.106)

(3.107)

(3.108)
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where m = | k/e] is a stretched-time parameter. This subsystem is guaranteed to be asymp-
totically stable for 0 < & < £* (see Theorem 8.2 in Ref. (Khalil, 1985)) if the original system

(3.72) is asymptotically stable.

We can then proceed to redesign the filter (3.79) for the composite system (3.107), (3.108)

separately as

51,k+1 = fi(Eir) + L€k, vn) lyn — hoa (E1p) — haa (€1 1))

~ (
Fd‘cl : . L o L -
’ 5§2,k+1 = f2(§2,k7 5) + L2(§2,k, Yk, 5)[?Jk - h21(§k;) — hao &:)]7

(3.109)

where

%21 (gl,k) = iLQl (gl,ka Q(gl,ka O)): %22(51,]6) = 521 (5].,]67 q(gl,ka O))

Notice also that & cannot be estimated from (3.106) since this is a “quasi-steady-state”
approximation. Then, using a similar approximation procedure as in Proposition 3.2.2 we

arrive at the following result.

Theorem 3.2.1. Consider the nonlinear system (3.72) and the Hsy estimation problem for
this system. Suppose the plant P‘Si;‘ 15 locally asymptotically stable about the equilibrium-point
x = 0 and zero-input observable. Further, suppose there exists a local diffeomorphism ¢ that
transforms the system to the partially decoupled form (3.74), and Assumption 3.2.1 holds.
In addition, suppose there exist C' positive-definite functions Vi:N; x T — Ry, 1=12,
locally defined in neighborhoods N; x T; C X x Y of the origin (&,y) = (0,0), i = 1,2
respectively, and matriz functions Li:N;xT; — Rrixm g =1, 2 satisfying the DHJBFEs:

V(6 ) = Vil gos) + (g — Fan(E) — Baa(E0))T (W = 4D1)(y — Toan (&1) —

2
has(€1)) =0, V1(0,0) =0, (3.110)
‘72(2132(5275)79) — Vo€, k1) + %(?J — h1(€) — haa(£))T(W — A1) (y — han(€) —
haoa(€)) =0,  V5(0,0) =0, (3.111)

together with the side-conditions

Vie, (F€). ) LiEy) = —(y— ha(&) — haa(€)T (3.112)
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Y v 197 ~ V] ~

252( f(f% €),y)L5(&2,y,6) = —6(y—h21(£)—h22(§))T. (3.113)

Then the filter f‘gﬁ solves the Hy filtering problem for the system locally in UN;.

Proof: We define separately two Hamiltonian functions H; : X x Y xR" ™ xR — R, i = 1,2
for each of the two separate components of the filter (3.109). Then, the rest of the proof

follows along the same lines as Proposition 3.2.2. [J

Remark 3.2.2. Comparing (3.112), (3.110) and (3.91), (3.92), we see that the two reduced-
order filters approximations are similar. Notice also that 51 appearing in (3.113), (3.110) is
not considered as an additional variable, because it is assumed to be known from (3.109a),

and therefore is regarded as a parameter.

3.2.3 Discrete-time Aggregate Filters

Similarly, in the absence of the coordinate transformation, ¢, discussed in the previous
section, a filter has to be designed to solve the problem for the aggregate system (3.72). We

discuss this class of filters in this section. Accordingly, consider the following class of filters:

;

Tipsr = fi(¥e) + ($k, Ui €)Yk — ho1 (T1,6) — hoo(T2k)];
1 (ko) =
Fng : ETops1 = fo(Tr,€) + Lg(xk, Uk, €)Yk — ho1(X1k) — hoo(Tok)]; (3.114)
o (ko) =
e = Uk — h21(501,k:) — haa(Za,1)

where f/l, Ly € R™™ are the filter gains, and z is the new penalty variable. We can repeat

the same kind of derivation above to arrive at the following.

Theorem 3.2.2. Consider the nonlinear system (3.72) and the Hy estimation problem for
this system. Suppose the plant P‘Si;‘ 15 locally asymptotically stable about the equilibrium-
point x = 0, and zero-input observable. Further, suppose there exist a C' positive-definite

function V:NxY— R, locally defined in a neighborhood NxTcCcxxy of the origin
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(21, 22,y) = (0,0,0), and matriz functions Li: Nx T — Rxm_ = 1.2, satisfying the
DHJBE:

V(fi(2), éf2(f\575)7y) — V(& yp-1) + %(y — ha1 (1) — haa(22)) (W — 4I)(y —
hao(i2)) =0, V(0,0,0) = 0, (3.115)

together with the side-conditions

1 .

Vz‘vl(fl(i)a gf2(i75)7y)Lf(9\Ua y,e) = —(y— har(d1) — haa(22))", (3.116)
Vi, (f1(2), éfz(a‘r, €),y)La(x,y,e) = —e(y — har (1) — haa(2))7. (3.117)

Then, the filter ¥5,, solves the Hy filtering problem for the system locally in N.

Proof: Proof follows along the same lines as Proposition 3.2.2. [J

The result of Theorem 3.2.2 can similarly be specialized to the linear systems ng in the

following Corollary. Again we may assume without loss of generality that W = I.

Corollary 3.2.2. Consider the DLSPS (3.94) and the Hsy filtering problem for this system.

l

Suppose the plant P,

15 locally asymptotically stable about the equilibrium-point x = 0
and zero-input observable. Suppose further, there exist symmetric positive-definite matrices
P € Rraxm P, € Rrexn2 Q,R e R™™ and matrices L€ g Ly € Rn2xm satisfying

the following LMIs

A{]\%Al + E%AglpzAgl — ]51 — 30;1021 A{PlAm + E%A%l]\DQAQ _ 30;2021
A1T2P1A1 + E%AgPQAgl - 30%1022 A?QPIAH + E%AgP2A2 _ p2 _ 3027’2022

3021 3022
0 0
3CL 0
3CL 0
<0 (3.118)
31 Q
Q" 0
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0 0 YATPL,-C%)
0 0 ~Llet, <0 (3.119)
%(A{Pliq — o)t —%C’ég (1 —pp)I

0 0 —%CQTl
0 0 £ (AT PLy —Ch) | 0. (3.120)
—%021 2—16(145P2L2 - OQTQ)T (1 - :UQ)I
Then the filter
Fcllfzg : Tipr = A+ Ai2f\32,k + ?1(% — Oy, — Coalio ) (3.121)
€Topp1 = Andip+ AsZog + Lo(yp — Cor1 — Coadog),
where Ay = (cl,,, + As) solves the Hy filtering problem for the system.
We also have the limiting behavior of the filter Fggg ase ] 0
_ ¥ = fi(ag) + Li(ag, — hor(210)]; 21(ko) = 7°
Ff-fﬁjg : 1,k+1 f1( k) 1( k yk)[yk 21( 1k)] 1( o) (3'122)

i‘gﬂzg — 0,

and the DHJBE (3.115) reduces to the DHJBE

V(fl(a‘f),y)—V(a‘:,yk1)+%(y—hzl(ﬁsl))T(W—21)(y—h21(a‘:1)) =0, V(0,0)=0, (3.123)

together with the side-conditions

Vxl(fl(x):y)LI(xay) = —(y—h21(f\’51)—h22(9\52))T (3.124)
Lo(x,y) — 0. (3.125)

3.2.4 Discrete-time Push-Pull Configuration

Finally, in this subsection, we present similarly a “push-pull” configuration for the discrete

aggregate filter presented in the above section. Since the dynamics of the second subsystem
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is fast, we can afford to reduce the gain of the filter for this subsystem to avoid instability,
while for the slow subsystem, we can afford to increase the gain. Therefore, we consider the

following filter configuration

(

o = ful@}) + (L] + L) (@}, yk, ) (yk — har () ) — hoo(23,)];
(ko) = T1o
Fiog 0N e2hppy = falahe) + (L — Lo) (@, ye ©) e — han (2 ) — (3.126)
haa (a3 0)]; a3 (ko) = Tao
2P = yp— ha(a] ) — hao(ah ),

\

where 2’ € X is the filter state, L} € R™*™ L) € R"2*™ are the filter gains, while all the

other variables have their corresponding previous meanings and dimensions.

Consequently, going through similar manipulations as in Proposition 3.2.2 we can give a

corresponding result to Theorem 3.2.2 for the push-pull configuration.

Proposition 3.2.3. Consider the nonlinear system (3.72) and the Hy estimation problem for
this system. Suppose the plant ng 18 locally asymptotically stable about the equilibrium-point
x = 0, and zero-input observable. Further, suppose there exist a C' positive-semidefinite
function V° : N> x Y* — R, locally defined in a neighborhood N’ x Y> C X x Y of the
origin (2%, 25,y) = (0,0,0), and matriz functions L, € RM*™ L[} :€ R™X™ satisfying the
DHJBE (3.115) together with the side-conditions

VA (), Zfala,2)) eV (), 2ol DA, 9, €) =

—(y — ha1(2]) — haa(a3))" (3.127)
[‘/xb'i (fl(xb)v §f2(l‘b75)) - gwg(fl('rb% §f2(xbv 5))]L3(Ib7y75) =
—(y = ho1 (%) — haa(23))T. (3.128)

Then, the filter ¥3,, solves the Hy filtering problem for the system locally in N’.

Remark 3.2.3. If the nonlinear system (3.72) is in the standard form, i.e., the equivalent of
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Assumption 3.2.1 is satisfied, and there exists at least one root Ty = o(x1,w) to the equation
0 = fa(1, 22) + go1 (21, T2)w,

then reduced-order filters can also be constructed for the system similar to the result of Subec-

tion 3.2.2 and Theorem 3.2.1. Such filters would take the following form

(

Fierr = i@k, 0(81,0)) + Li(@ap, ye) [ye — hor (F14) —
haa(0(£1,0)));  #1(ko) = Z1o

Fiog ©  €haknt = folin,€) + La(ir, vk ©)[yk — a1 (F1x) — hoa(F2));

Ta(ko) = Tao

Ze = Yp— ho1(Z1k) — hoa(Tok).

\

However, this filter would fall into the class of decomposition filters, rather than aggregate,

and because of this, we shall not discuss it further in this section.

In the next subsection, we consider an examples.

3.3 Examples

We consider some simple examples in this section, because of the difficulty of solving the

HJBE.
Example 3.3.1. Consider the following singularly-perturbed nonlinear system

1 1

Tipt1 = Ty + T3 4+ T pWok
2 2
ETgkr1t = —Eyy = Typ o+ Sin(Tok)Wok
Y = Tk + Tok + wo.

where wq 1s a zero-mean Gaussian white noise process with covariance W =1, > 0. We

a

Sag Dresented in the previous section for the above system. It

construct the aggregate filter F

can be checked that the system is locally observable, and the function V(%) = (23 + ex3),



107

un( )

Figure 3.3 Tunnel-diode circuit.

solves the inequality form of the DHJBE (3.115) corresponding to system. Subsequently, we
calculate the gains of the filter as

, (3.129)

U 1 1
where the gains Ly, Lo are set equal to zero if |t + 23| < € (small) to avoid a singularity.

Next, we consider the tunnel-diode example considered in (Assawinchaichote, 2004b), (Hong,

2008).

Example 3.3.2. Consider the tunnel diode circuit example in (Assawinchaichote, 2004b),
(Hong, 2008) and shown in Fig. 3.3. Suppose also the doping of the diode is such that the

diode current in the circuit is given by
: 1/3
ip(t) = 0.0lvp(t) + 0.05v,"(¢)

with the parasitic inductance defined by €1, and the state variables x1(t) = vo(t), x2(t) = i (1),

we have

Cir(t) = —0.01z(t) — 0.0521(t) + z2(t) + 0.1w(t)
6]}132(1&) = —I (t) — R.Tg(t)
y(t) = Sz(t) +w(t).
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Figure 3.4 Actual state and state estimate for Reduced aggregate Hs filter with unknown
initial condition and noise variance 0.1.
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Figure 3.5 Estimation error for Reduced aggregate H filter with unknown initial condition

and noise variance 0.1.
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If we choose C' = 1F and R = 0.4Q, ¢, = eH = 0.01H, S = [1 1], then the discrete-time

approximation of the above cicuit with sampling width 1 is given by

Tige1 = Tip — 0.05xi/,? + Zop + wy
€LTap+1 = —T1x — 0.4xgy (3.130)
Y = Tk + Tog + W

Suppose also that we are only interested in estimating the output voltage across the diode and

da

capacitor vp(t) = x1(t). Then, we can consider the reduced-order filter F5ag

defined by

for the system

f\pl,k-i-l = —151‘1&—0051’1(5—}-

Z1 (Tk, yr) (e + 1.5(211));

.C}?l(ko) - .Tlo

We can take as a local approzimate solution to the DHJBE (3.115) for the above system as

V(i) = (21 +epao)?. Using this solution, we calculate the filter gain from (3.125) as

<o —(y + 1.52

ll (ZL‘) = (y 1?1/3
—1.527 — 0.052,

Notice that in this example, it is easier to find an approzimate solution of the DHJBE (3.115)

than of (3.123).

The results of the simulation with the above filter are shown on Figs. 3.4,3.5. The noise
signals wy are assumed to be zero mean Guassian white noises with variances 0.1. The initial
condition for the system is also assumed to be unknown in the simulations. The results of the

simulation are reasonably good, considering the fact that we are using only an approrimate

solution to the DHJBE.
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3.4 Conclusion

In this Chapter, we have presented a solution to the Hs filtering problem for affine nonlinear
singularly-perturbed systems. Three types of filters have been presented, and sufficient
conditions for the solvability of the problem using each filter have been given in terms of
HJBEs. Both continuous-time and the discrete-time systems have been considered, and the
results have also been specialized to linear systems, in which case the conditions reduce to
a system of LMIs which are computationally efficient to solve. Examples have also been

presented to illustrate the approach.

However, efforts would still have to be made in finding an explicit form for the coordinate
transformation discussed in Subsections 2.2, and 3.2, and also in developing computationally

efficient algorithms for solving the HJIEs.
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CHAPTER 4

Hoo FILTERING FOR SINGULARLY-PERTURBED NONLINEAR SYSTEMS

In this chapter, we discuss the H, filtering problem for affine nonlinear singularly-perturbed
systems. The Hs techniques discussed in the previous chapter suffer from the lack of robust-
ness towards Lo bounded disturbances and other types of noise that are nonGaussian. On
the other hand, the H., filter is the optimal worst-case filter for all Lo-bounded noise sig-
nals and is also robust against unmodelled system dynamics or uncertainties. Furthermore,
Ho filtering techniques have been applied to linear and nonlinear singularly-perturbed sys-
tems by some authors (Assawinchaichote, 2004a), (Assawinchaichote, 2004b), (Lim, 1996),
(Yang, 2008). In particular the references (Assawinchaichote, 2004a), (Assawinchaichote,
2004b), (Yang, 2008) have considered fuzzy T-S nonlinear singularly-perturbed systems and
have used linear-matrix-inequalities (LMIs) for the filter design, which make the approach
computationally very attractive. However, to the best of our knowledge, the general affine
nonlinear problem has not been considered by any authors. Therefore, we propose to discss
this problem in this chapter. Three types of filters will similarly be considered, and sufficient
conditions for the solvability of the problem in terms of Hamilton-Jacobi-Isaacs equations
(HJIEs) will be presented. An upper bound £* on the singular parameter ¢ for the stability

of the nonlinear filters is also obtained using the local linearization of the nonlinear models.

In addition, there has been alot of progress in the application of nonlinear H., techniques
in control and filtering as efficient computational algorithms for solving HJIEs are being
developed (Aliyu, 2003)-(Abukhalaf, 2006), (Feng, 2009), (Huang, 1999), (Sakamoto, 2008).
The advantages of using the nonlinear H,, approach is that, the full nonlinear system model
is utilized in determining a solution to the problem, and solutions obtained are optimal
(or suboptimal) over the domain of validity of the solution to the HJIE. Hence they are
more reliable, plus the additional benefit of robustness to modeling errors and disturbances.

Moreover, by specializing the results developed to linear systems, we get a local approximate
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solution to the problem corresponding to the linearization of the system around an operating
point. Indeed, using this local linarization, an upper bound * on the singular parameter € for
the stability of the nonlinear filters can also be obtained. This in itself is an added motivation
for considering the nonlinear techniques. But the problem also deserves consideration in its
own right. Both the continuous-time and the discrete-time problems will be discussed. The

Chapter is organized as follows.

4.1 H, Filtering for Continuous-time Systems

In this Section we discuss the H, filtering problem for continuous-time singularly-perturbed
affine nonlinear systems, and in the next section, we discuss the corresponding discrete-time

results. Under each section, we discuss decomposition, reduced and aggregate filters

4.1.1 Problem Definition and Preliminaries

The general set-up for studying H filtering problems is shown in Fig. 4.1, where P is the
plant, while F is the filter. The noise signal w € P is in general a bounded power signal (or
Lo signal) which belongs to the set P of bounded power signals, and similarly the output
Z € P is a bounded power signal. Thus, the induced norm from w to Z (the penalty variable

to be defined later) is the £, -norm of the interconnected system F o P, i.e.,
A EE B
H © ||»Coo SUPo£wes H || ( : )

and is defined as the H,,-norm of the system for stable plant-filter pair F o P, where

1>

P {w(t) : w € Lo, Ruw(T), Sww(jw) exist for all 7 and all w resp., |w|p < oo},

Jim —/ 2(0)|[2dt.

At the outset, we consider the following affine nonlinear causal state-space model of the plant

>

2%
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+¢Z_ P -~ W
z~—— - F y

Figure 4.1 Set-up for H, Filtering

which is defined on a manifold X C R™*"2 with zero control input:

1 = filzr, @) + gz, x2)w; x1(to, €) = 210
P, ety = fol1,22) + go1 (w1, x2)w; x2(to,€) = Xa0 (4.2)

y = hoi(x1) + hoo(xa) + kot (x1, x2)w,

L1 . . L . .
where x = € X is the state vector with x; the slow state which is n;-dimensional and

T2
x5 the fast, which is no-dimensional; w € W C Ly([to, 00), R") is an unknown disturbance

(or noise) signal, which belongs to the set W of admissible exogenous inputs; y € Y C R™ is
the measured output (or observation) of the system, and belongs to ), the set of admissible

measured-outputs; while € > 0 is a small perturbation parameter.

The functions S C X = TX C REmAn2) 1og s X o MW, gy 2 X —
f2
M™% (X), where M™J is the ring of i x j smooth matrices over X, hoy, hoy : X — R™,

and koy : X — M™7(X) are real C*° functions of z. Furthermore, we assume without any
loss of generality that the system (4.2) has an isolated equilibrium-point at (x,z2) = (0,0)
and such that f1(0,0) =0, f2(0,0) =0, ha1(0,0) = hae(0,0) = 0. We also assume that there
exists a unique solution z(¢,tg, xg,w,c) Vt € R for the system for all initial conditions z,

for all w € W, and all € € R.

Moreover, to guarantee local asymptotic stability of the system (4.2) with w = 0, we assume
that (4.2) satisfies the conditions of Theorem 8.2, (Khalil, 1985), i.e., there exists an * > 0
such that (4.2) is locally asymptotic stable about = 0 for all € € [0,e*).

'For a manifold M, TM and T*M are the tangent and cotangent bundles of M.
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The H-suboptimal local filtering/state estimation problem is defined as follows.

Definition 4.1.1. (H..-Suboptimal Local Filtering/State Estimation Problem). Find a filter,
F, for estimating the state x(t) or a function of it, z = hi(x), from observations Y 2 {y(1) :

T <t} of y(r) up to time t, to obtain the estimate
2(t) = F(Y1),

such that, the Hoo-norm from the input w to some suitable penalty function Z is rendered

less or equal to a given number v > 0, i.e.,

/oo 12(7)||2dt < ~* /oo |w(T)||?dt, Vw € W, (4.3)

to to

for all initial conditions xo € O C X. Moreover, if the filter solves the problem for all

xg € X, we say the problem is solved globally.

We shall adopt the following notion of local observability.

Definition 4.1.2. For the nonlinear system P¢,, we say that it is locally zero-input observ-

able, if for all states x1, xo € U C X and input w(.) =0
y(t7 l‘l,w) = y(ta ZEQ,/LU) - T, = Ta,

where y(.,x;,w), i = 1,2 is the output of the system with the initial condition x(ty) = x;.
Moreover, the system is said to be zero-input observable if it is locally zero-input observable

at each xg € X orU = X.

4.1.2 Solution to the H,, Filtering Problem Using Decomposition Filters

In this section, we present a decompostion approach to the H., state estimation problem.

We construct two time-scale filters corresponding to the decomposition of the system into a

“fast” and “slow” subsystems. As in the linear case (Chang, 1972), (Gajic, 1994), (Haddad,



115

1976), we assume that, there exists locally a smooth invertible coordinate transformation (a

diffeomorphism), ¢ : z — &, i.e.,

£1 = ()01(1‘)7 901(0) =0, 52 = 902(x)7 (102(0) =0, fl S §Rn17£2 S §Rn27 (44)
such that the system (4.2) can be decomposed in the form

& o= fil¢ (&) + 91w,  &i(to) = @i(xo)
P q ey = fol&) +gu()w;  Elto) = pa(xo) (4.5)
y = h21(§1) + h22(§2) + %21(5)10

Necessary conditions that such a transformation has to satisfy are given in (Aliyu, 2011c)
and in Chapter 3. Then, we can proceed to design the filter based on this transformed model
(4.5) with the systems states partially decoupled. Accordingly, we propose the following

composite “certainty-equivalent” filter

§T1 = fl(él)"i_gll(é)w*

F(fc : ~ A
e§y = fa(&) + gu(§uw*

where é € X is the filter state, w* is the certainty-equivalent worst-case noise, L, € Rmxm,
Lo € Rm2%™ are the filter gains, while all the other variables have their corresponding previous

meanings and dimensions. We can then define the penalty variable or estimation error as

£=Y— ﬁ21(51) - ﬁ22(é2)- (4-7)

The problem can then be formulated as a dynamic optimization problem (or zero-sum dif-

ferential game) with the following cost functional (Basar, 1995):

: s s a L[>
min sup,ew (L, Lo, w) = 5/ (121> = A*w||®)dt, s.t. (4.6),
to

LieRNLX™M [,cRnaxm

and with w =0, lim {E(t) — £(t)} = 0(4.8)
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A “saddle-point solution” (Basar, 1995) to the above game is said to exist, if we can find a

pair of strategies ([L}, L%], w*) such that the following conditions are satisfied

Ji([LF, L), w) < Jo([L*, Li], w*) < Ji([Lq, Lo), w*), VL € R™*™ L, € R Y € W(4.9)

To solve the above problem, we form the Hamiltonian function H:T°X xT*Y x W x

Rmom s Jraxm s R

H(é:y:@U,ﬁl,ﬁzafféTa%T) = Vl(f &) + gu@)w + L€, y)(y — har (&) — haa(E2))] +
év &) fa(62) + G21(Ow + La(€ y)(y — hor(&1) — hao(&))] +
V(€ )+ 52l ~ 22l (4.10)

for some C' function V : X x ¥ — R. Then, applying the necessary condition for the

worst-case noise, we have

OH 1 o Tl
N =0=w :ﬁ[gn(é)vg(é y)+ 921(5)‘/5(579)]‘ (4.11)

Moreover,

0*H - . - S g
w2 = _721 = H(gayuvalyL%‘/éTvV;/T) < H(é.?y?w*aLhL??‘/fTvV;;T) Ywe W.

Substituting now @* in (4.10) and completing the squares for L, and ﬁQ, we have

~ ~ A

H@,y,wnzhm,vg,v;f): L EDFE) + TV, E D RE) +VE i+

~

SV (€ 0)n QTR OV € v) +
—V L& 03 (©FH V] (€ y) + 5 Ve, (€ 1)5 (O )V (€. v)] +
—HLT(f y)VT(f y)+ (v — 521(51) — hoa(&2))|1” -
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2

e

3 ELQT(E, y)ffg(ﬁ,y) +(y = har (&) — haa(&))|| + %HZHQ -
1

S = Fon (6) — T @I — gV, (€ 9) (€ ) LEE )V (6 ).

VaEuLi€y) = —(y—ha(&) — haa(&))", (4.12)
Véz (57 y)f’;(év y) = —ly— il21(é1) — il22(é2))T, (4.13)

minimizes the Hamiltonian (4.10) and implies that the saddle-point condition
ﬁ(é? Y, w*v ix{? IA/;7 ‘A/éTa ‘A/yT) S f{(éa Y, 12}*, -i/la ﬁ?? ‘75’11) (414)
is satisfied.

Similarly, as in Chapter 3, we can obtain the corresponding analytical expression for ¢ from

(4.5) with the measurement noise set to zero, as

i =L

fi+griw

h21 +L; h22,

fotgarw

which under certainty-equivalence and in the presence of w*, results in

U= Lag @€ + Lige) @ h2(),

£)i*
Ve (€0 [AE) + 5o @OV () + i (O OV E vl +

V(@) () + i @ OV () + 50m (O35 (VL (€ 1))a15)

Finally, setting
H(,y, % L1, L3, VI, V) =0

and using the above expression (4.15) for ¢ results in the following Hamilton-Jacobi-Isaacs
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equation (HJIE):

Ve (6,9 F1(60) + 2V, (6 0) fa(G2) + Vi€, 9) [V har (§0) f1(€)) + LV g, haa (&) fo(2) ]+
ﬁ[f/&(éa y)+2 Ay(éa y)vglhm(él) és (5 Y) +2V, (é y)V h22(§2)]
@O a@@md | [rEn]
Lo ()Fh(E) £52(£)55 () g(é,y)
Ve &Ly LT E VI y) = 35V Gy Lo ) L (E »VI(E y) -
1y = har(&1) = haa(2))T(y = han (1) — haa(&2)) = 0, V(0,0) =0, (4.16)

fo(€ / é )[V h21(§1)f1(§1> %V&hm(&)ﬁ(&)]

Ve, (E ) fuéy) + 1V,
#[ Agl (é: y)+2 Ay(é y)vglhm(él) VgQ (fa y) + QVy(éa y)vgghm(&)]x
@I @O || e |
éﬁm(f)éﬂ(é) 52?21(5)?;1(5) Vg(éa Y)
2y — ha1(&1) — haao(&2)) T (y — han(§1) — haa(€2)) = 0, V(0,0) = (4.17)
Moreover, from (4.10), we have
N s . 1o~ o« o -
H(£7 Y, w, LI? Lgu VYéTu ‘/yT) = ‘/5 (5 )f (51) ‘/52(57 y)f?(é.?) + V;!(fv y)y -
2 2 3
Sl = w2 4+ L2 = 5212
= Ay BB V7T - D -
Thus,
1(6,y,w, Ly, L5, VI V) < H(E y,w*, L, L3, VE, V), (4.18)

Combining now (4.14) and (4.18), we have that the saddle-point conditions (4.9) are satis-
) constitutes a saddle-point solution to the game (4.8). Conse-

fied and the pair ([L3, 3], w

quently, we have the following result.
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Proposition 4.1.1. Consider the nonlinear system (4.2) and the H local filtering problem
for this system. Suppose the plant Pg, is locally asymptotically stable about the equilibrium-
point x = 0 and zero-input observable for all ¢ € [0,e*). Further, suppose there exist a local
diffeomorphism ¢ that transforms the system to the partially decoupled form (4.5), a C*
positive-semidefinite function V:NxT— Ry locally defined in a neighborhood NxTc
X x Y of the origin (f, y) = (0,0), and matriz functions Li: NxT — Rrxm_j =1,2,
satisfying the HJIE (4.16) together with the side-conditions (4.12), (4.13) for some v > 0
and € < €* (that guarantees asymptotic stability of the system). Then, the filter F{. solves
the local Hyo filtering problem for the system.

Proof: The optimality of the filter gains [:{, ﬁ; has already been shown above. It remains
to prove asymptotic convergence of the estimation error vector. Accordingly, let V >0 be
a C' solution of the HJIE (4.16) or equivalently (4.17). Then, differentiating this solution

along a trajectory of (4.6) with L, = IA{, Ly = ﬁ;, and any w € W inplace of w*, we get

A

Vo= Va@whE) +au@w+ LiE )y — hn(é) — ha(&))] +
éVg E ) fae) + G (E)w + L5E, 1)y — han(E1) — han(€2))] + Vi (€, 1)y

2
_ a2 1 2 2_1 2
= Dl = + 5l - 1

2
1 1
< Z2l2 — 212
< Sl = Sl
where the last equality follows from using the HJIE (4.16). Integrating the above inequality
from t =ty to t = oo and since the system is asymptotically stable, implies that the L£o-gain

condition (4.3) is satisfied.

Moreover, setting w = 0 in the above inequality implies that f/(f(t), y(t)) < —1||z||*>. There-
fore, the filter dynamics is stable, and V(£(¢),y(t)) is non-increasing along a trajectory of
(4.6). Further, the condition that f/(é(t),y(t)) = 0 Vt > t, implies that z = 0, which
further implies that y = 7121(51) + BQQ(&) Vt > t,. By the zero-input observability of the
system, this implies that E=¢ F inally, since ¢ is invertible and ¢(0) = 0, ¢ = ¢ implies
=g (=9 () =20
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Remark 4.1.1. Note that, we have not included the term ko1 (€)w* as part of the innovation
variable (or estimation error), e = y — hyy (&) — hao(E3), in the filter design (4.6) only to

simplify the design. Moreover, the benefit of including it is very marginal.

Remark 4.1.2. An estimation of the upper-bound €* of the singular perturbation parameter
e that gquarantees the asymptotic stability of the filter (4.6) and the satisfaction of the Lo-gain
condition (4.3) can be made from a local linearization about é = 0 and a linear analysis of

the filter (4.6). This will be discussed after Corollary 4.1.1.

To relate the above result to the linear theory (Gajic, 1994), (Haddad, 1976), we consider

the following linear singularly-perturbed system (LSPS):

&1 = Apry+ Aprs + Buw;  21(te) = 10
PZSP : ety = Agmy + Asy + Bojw;  xa(ty) = o (4.19)
y = Cyzi+ Coprs +w

where Al € §Rn1><n1, A12 € §Rn1><n2’ Agl € §Rn2><n1’ AQ € §Rn2><n2, Bll € éRanS, and Bgl €
K2 while the other matrices have compatible dimensions. Then, an explicit form of the

required transformation ¢ above is given by the Chang transformation (Chang, 1972):

I,, —eHL —eH x
Sl ' (4.20)
&2 L I, L2

where the matrices L and H satisfy the equations

0 = AQL - AQl - SL(Al - A12L)
0 = —H(AQ + €|_A12) + A12 + 8(141 — AlgL)H

The system is then represented in the new coordinates by

51 = 121151 + an; &1 (to) = o
Pi’p : ey = Ay, + Byw; & (to) = &0 (4.21)
Yy = 62151 + 62252 +w
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where

Ay = A —Apl=A) — Ap AT Ay + O(e)

By = By —eHLBy —HBy = By — A1p Ay By + O(e)
Ay = As+elAjp = A4+ 0(e)

By = By +¢eLByp = By + O(e)

Cy = Oy — Cpl = Cyy — CpAy Ay + O(e)

Cy = Cp +e(Coy — Co)H = Coy + Ofe).

Adapting the filter (4.6) to the system (4.21) then yields the following filter

51 = (1211 + %zénéﬂpl)él + %BHBQTH%& + f/l(y - C~'2151 - 02252)7
C (t) = 0
Fo.{ gﬂ(o) S (42
g€ = (Ay+ ﬁBmB%Pﬂ& + 7%BmBﬂR& + Lay(y — Ca1&1 — Céo),
L éQ(tO) =0,
where ]51, PQ, f/l, ﬁQ satisfy the following matrix inequalities:
AP+ PG+ P BuBL Py — 3G G
1Py By BL P+ 3C5C
30y
0
=P By B, P, + 3CF,C 3CL 0
ATPy + Py A, + ﬁPQBmBQTlPQ —3CLCy» 3CL 0 <0 (4.23)
3C, 31 Q| T
0 %Q 0
0 0  YAL -CY)
0 0 —1cy <0, (4.24)

WP L -CH)" -iCh,  (1—m)I
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0 ~3C3
0 L(PLy —CL) | <0, (4.25)

0
0

10y L(PLy— CH)” (1— po)I

for some symmetric matrix @) € R"™*™ > 0, and numbers uy, 2 > 1. Consequently, we have

the following Corollary to Proposition 4.1.1.

Corollary 4.1.1. Consider the linear system (4.19) and the Hs filtering problem for this
system. Suppose the plant Plsp 15 locally asymptotically stable about the equilibrium-point
x = 0 and observable for all ¢ € [0,e*). Suppose further, it is transformable to the form
(4.21), and there exist positive-semidefinite matrices Py e Rmxm | P, € jr2xm2 () ¢ jRmxm
and matrices Ly, Ly € R"™, satisfying the matriz-inequalities (Mls) (4.23)-(4.25) for some
v >0 and € < *. Then the filter F._ solves the Ho, filtering problem for the system.

Proof: Take

~ A 1 - " N ~

V(& y) = §(§1TP1§1 +& P+ 4" Qy)
and apply the result of the Proposition. []

Furthermore, to estimate an upper-bound * on the singular perturbation parameter ¢ that
guarantees the asymptotic stability of the filter (4.6) and the satisfaction of the Ly-gain
condition (4.3), the result of the above Corollary 4.1.1 can be utitilized to formulate an
optimization problem. By assuming that the model (4.19), is a local linearization about
x = 0 of the nonlinear model (4.2) in the sense that,

_ 9fi
Al_axl

(x1,22), Aiz= g—g - (r1,72), Bi1 = ¢11(0,0),
0 (z1,22), B = g21(0,0), (4.26)

-0 (.’El,xg), le(an) :-[7

=0

_ 9f _ Of
A = BE|  (@iwa), Ao =B

— 8th _ 8h22
Co = m‘xzo (71,72), Co22= Dy |,

we can then state the following corollary.

Corollary 4.1.2. Consider the nonlinear system (4.2) and the Hoo filtering problem for this
system. Let (4.20) be a local linearization of the system, and suppose the system is locally

asymptotically stable about the equilibrium-point x = 0 for all € € [0,e*) and zero-input
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observable. Suppose further, it is transformable to the form (4.21), and there exist positive-
semidefinite matrices P, € R >*™ | Py € Rm2xm2 Q) € R™*™  matrices Ly, Ly € R™*™, and

numbers v*, €* that solve the optimization problem:
miny —e st (4.23) — (4.25). (4.27)

Then, the filter F._ solves the Hoo filtering problem for the system locally. Moreover, v* is
the minimum achievable disturbance attenuation level for the filter, and * is an upper-bound

of the parameter ¢ for asymptotic stability of the filter.

Remark 4.1.3. Notice, in the above Corollary 4.1.2, it is possible to have €* > &*.

Proposition 4.1.1 has not yet exploited the benefit of the coordinate transformation in design-
ing the filter (4.6) for the system (4.5). Moreover, for the linear system (4.19), the resulting
governing equations (4.23)-(4.25) are not linear in the unknown variables Py, P,. Thus, we
shall now design separate reduced-order filters for the decomposed subsystems which should
be more efficient than the previous one. For this purpose, we let ¢ | 0 in (4.5) and obtain

the following reduced system model:

& o= A&+ gu@w
Pig 0 = A&)+ga@w (4.28)
y = h21(§1) + h22(§2) + 7221(5)?11

Then we assume the following.

Assumption 4.1.1. The system (4.2), (4.28) is in the “standard form?”, i.e., the equation

0= fol€) + Gor (&)w (4.29)

has | > 1 isolated roots, we can denote any one of these solutions by

& = q(&,w). (4.30)

for some smooth function q : X x W — X.
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Under Assumption 4.1.1, we obtain the reduced-order slow subsystem

&= fil&)+ (&, a&,w)w+ Ofe)

P2 ~ ~ B (4.31)
y = hoi(&) + hoa(q(61,w)) + ka1 (&1, q(61, w))w + O(e)
and a boundary-layer (or quasi-steady-state) subsystem as
& o
P f2(&2(7)) + g1 (&1, &o(7))w (4.32)

where 7 = t/e is a stretched-time parameter. It can be shown that there exists an * > 0,
such that this subsystem is asymptotically stable for all € € (0,¢*) (see Theorem 8.2 in Ref.
(Khalil, 1985)) if the original system (4.2) is asymptotically stable.

We can therefore proceed to redesign the filter in (4.6) for the composite system (4.31), (4.32)

separately as

;

v ~ V]

&= ful€) + gu (&, q(&, )it + L6, )y — har(§1)—
Fa . ) li22(VQ(§17Uv’f))v)a gl(fo) V: 0 S ]
elo = fo(&) + gar(ws + La(&2,y) (Y — ha1 (&) — ha2(&2)), &a(to) = 0.
2= y—ha(&) — hn(&),

(4.33)

\

where we have decomposed w into two components w; and ws for convenience, and w; is
predetermined with éj constant (Chow, 1976), i # j, i,j = 1,2. Notice also that, & cannot

be estimated from (4.30) since this is a “quasi-steady-state” approximation.

The following theorem then summaries this design approach.

Theorem 4.1.1. Consider the nonlinear system (4.2) and the Hoo local filtering problem
for this system. Suppose the plant Pg, is locally asymptotically stable about the equilibrium-
point x = 0 and zero-input observable for all ¢ € [0,e*). Further, suppose there ezist a
local diffeomorphism @ that transforms the system to the partially decoupled form (4.5), and
Assumption 4.1.1 holds. In addition, suppose for some v > 0 and ¢ € [0,&*), there exist C!
positive-semidefinite functions Vii Ny xTi — R, i =1,2, locally defined in neighborhoods
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N;xY; C X xY of the origin (gi,y) = (0,0), i = 1,2 respectively, and matriz functions
Ei N

:N; x Tp — Ruxm i = 1,2 satisfying the HIIEs:

Vie, €0 A(&) + 22 Vig, (G0 9)in (&1, (&, @D))aT (61, (&, 0D))VE (61, 9)+
Viy (61, 0) [V har (§1) + Vg haa(q (61, 07) )] <f1(51)+
(€, (6 01T € g BDIVE (61.)) = 3 — hn(61) -
2(q(€1, W) (Y — ha1 (€1) — haa(q(&1,157))) =0, V4(0,0) =0

L
,YZ
hs (4.34)

V]

9

Wi, (€,9) 2(62) + 553 Vig, (€, 1)1 ()75 ()

Vay (€, )< Vg2h22 &) fo (&) + —z021(€ NG )|+

Ve, For (60) 1 (60) + g (&, a(én, 9030 (6, aln, D)V (€, )]) —
Ly — har(&1) — haa(2)) T (y — haa (1) — haa(€2)) = 0, V3(0,0) =0

e (€ y)+
Ve (€

(4.35)

and where

ok

1 _ o
wy 72911(61762) 5(61, ),

together with the side-conditions

Vlgl (51, y)zl(gh y = —(y— ﬁ21(§1) - 522@(51, Uu}f)))T (4.36)

‘7252 (5: y)EQ(gv y) = —ely— ﬁ21(§1) — il22(§v2))T. (4.37)

Then, the filter }T“gc solves the local Hoo filtering problem for the system.

Proof: (Sketch). We define separately two Hamiltonian functions H; : T*X x W x R —

R, i = 1,2 with respect to the cost-functional (4.8) for each of the two separate components
of the filter (4.33) as

ﬁl(élayawl,zlasz/ga‘v/f) = ‘V/lgl(ful:y)[fl(ful)+§11(51a§2)w1+z1(51,y)(y—

o (1) = han(&2))] + %(HZH2 = 7 [lwa]*) (4.38)
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—_

ﬁ2(57 Y, Wa, i/ly iz, ‘u/gTa ‘v/yT) = 5‘7252(57 ?J)[J%(é) + 521(5)102 + i2(57 Yy — 7121(51) -
-y 1
haa(€2))] + S (12117 = 7 [lwol*) (4.39)

for some smooth functions V; : X x ) — R, + = 1,2. Then, we can determine wj, wj by

applying the necessary conditions for the worst-case noise as

1 v - . o
@TJI = 72911(5 52)‘/12(5179)
1 o o o
Wy = 72912(5)‘/ &)

where w07 is determined with &, fixed. The rest of the proof follows along the same lines as

Proposition 4.1.1. [

The limiting behavior of the filter (4.33) as € | 0 corresponds to the reduced-order filter

.
Fe .

& = f<§> g (&, (€0, 07) 0 + La (€1, )y = hn (§1) = (4.40)

haa(q(&r, 1)), &i(to) = 0,
which is governed by the HJIE (4.34).

Similarly, specializing the result of Theorem 4.1.1 to the linear system (4.19). Assuming A

is nonsingular (Assumption 4.1.1), we have
& = — Ay Byw,

and hence we obtain the composite filter

. . VR . VRN
& o= A&+ V%BnBlTlPl& + Li(y — Cun &y + $022A51321BEP1§1),
C (1) = 0
o) 0 Sl=0 (4.41)
€& = A+ ﬁBmBngPQfQ + Lo(y — Cné&s — Cbo),
L 52(150) - O

The following corollary summarizes this development.
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Corollary 4.1.3. Consider the linear system (4.19) and the Hs filtering problem for this
system. Suppose the plant Plsp 15 locally asymptotically stable about the equilibrium-point
x = 0 and observable for all ¢ € [0,e*). Suppose further, it is transformable to the form
(4.21) and Assumption 4.1.1 holds or Ay is nonsingular. In addition, suppose for somey > 0
and € € [0,e%), there exist positive-semidefinite matrices P € Rmxm P, e Rrxnz (),
Qs € R™™ and matrices Ly € RM*™ Ly € R2*™  satisfying the linear-matriz-inequalities

(LMIs)

[ (AP + PiAy - CBCon + 2CHCn A BuBL P+ | -
1Py By B AT CLCy, o
Bﬂfﬂ —7_21
P BB A;TCL, 0
Cot — %Con Ay By BL, P, 0
I 0 0
LCpA; ' BuBLP Cf — S P BuBLACY 0
0 0 0
2] 0 0 | <0 (4.42)
0 —1 Q
0 1 0 |
G e _CLC o  ¢I o |
—~CLCy YATP, + Py Ay) —CLCy  PoBy Ch O
0 BL P, —e72472] 0 0 | <0 (4.43)
621 622 0 -1 QQ
0 0 0 Q0 |
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. LPL—CL+
L P By BnA;TC
. - 72 1211821419 22) SO (444)
WP L, —CL+
2(~1 ~1 ) 21 (1—6))1
171 ~T AT\T
| ?PIBIIBQIAQ 022) ]
0 0 —1ich
0 0 1iPL, - Ch) | <0 (4.45)
—%621 %(%pﬂv@ - éQTz>T (1 - 52)[

for some numbers 6y,0o > 1. Then the filter F., solves the H, filtering problem for the

system.

Proof: Take

o U 1 oo o o
Vil,y) = §(§1TP1§1 +y " Qy)
oo 1 onoe o o
Vo(&a,y) = §(§2TP2€2 + ?JTQQZJ)

and apply the result of the Theorem. Moreover, the nonsingularity of A, guarantees that a

reduced-order subsystem exists. [

Remark 4.1.4. A similar result to Corollary 4.1.2 can be obtained for the filter (4.33) in
terms of the a local linearization about x = 0 represented by the filter (4.41) and based on the

result of Corollary 4.1.2, to obtain an upper €* and lower bound v* for € and y respectively.

4.1.3 Aggregate H,, Filters

In the absence of the coordinate transformation, ¢, discussed in the previous Subsection, a

filter has to be designed to solve the problem for the aggregate system (4.2). We discuss this
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class of filters in this subsection. Accordingly, consider the following class of filters:

(

i = fi(ag, @ )+911(5131,332)w +L1(33 Y)(y — ha1 (1) + hoa(22));

l‘l(t )
Fgag 552 = fa(2y, 902)"‘912(951,%)10 +L2(f Y)(y — ho1 (1) + hoa(2)); (4.46)
Ta(to) =

Z = y— ho(21) + hoo(Za),

where L; € R"*™ L, € R"2*™ are the filter gains, and Z is the new penalty variable. We

can repeat the same kind of derivation above to arrive at the following.

Theorem 4.1.2. Consider the nonlinear system (4.2) and the H, local filtering problem for
this system. Suppose the plant Pg, is locally asymptotically stable about the equilibrium-point
x = 0 and zero-input observable for all € € [0,e*). Further, suppose for some v > 0 and

€ [0,e%), there exist a C' positive-semidefinite function V:NxT— Ry, locally defined
i a neighborhood NxYTcxx)y of the origin (I1,x2,y) = (0,0,0), and matriz functions
Li:NxT- Rrxm g = 1,2, satisfying the HJIE:

Vi (2, ) f1(21, 22) + LVa, (2,9) fo(1, ) + Vy (2, 9) [V hor (1) f1(2) + 2 Vi, hon(22) f2(2)]

+52 (Vi (2, 9) + 2V, (2, 9) (Vi hor (81) Vi (2, y) + 2V, o ()] %
g1 ()9 (2) l911(9\5)9’51 (2) Vle(f’U: Y)
%gm( )91 () 52921($)92T1(55) VzTg(ﬂ\Ua Y)
=3y — har (1) — haa(22))" (y — ha1 (1) — haa(¥2)) = 0, V(0,0) =0, (4.47)
together with the side-conditions
Vi, (2,9)Li(2,y) = —(y — har (1) — haa(i2))" (4.48)
Vi (2, 9) Lo(2,y) = —e(y — har (1) — hao(22))7. (4.49)

Then, the filter ¥5,, with

= %m BV (2 y) + Zgh (V)
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solves the H local filtering problem for the system.

Proof: Proof follows along the same lines as Proposition 4.1.1. [

The result of Theorem 4.1.2 can similarly be specialized to the linear system Pép. Also,
based on a local linearization of the system, bounds on € and v can be obtained similar to

the result of Corollary 4.1.2.

Remark 4.1.5. Also, comparing the accuracy of the filters F{,, Fg., F we see that the

a
3ga’

order of the accuracy is ¥, = F{, = F§

Sag DY virtue of the decomposition, where the relational

operator “ =" implies better.

To obtain the limiting filter (4.46) as € | 0, we must obtain the reduced-order model of the

system (4.2), since w* is unbounded as € | 0. Using Assumption 4.1.1, i.e., the equation
0= fo(x1,x2) + Gor(x1, xo)w (4.50)
has k£ > 1 isolated roots, we can denote any one of these roots by
Ty = p(z1, W), (4.51)
for some smooth function p : X x W — X. Then, we have the reduced-order system

1 = fi(z, ZT2) + g11(w1, To)w; z1(to) = 210

Pl (4.52)
y = hoi(z1) + hoo(Z2) + ko1 (21, T2)w,

and the corresponding reduced-order filter is given by

'7;71 = fl('jjlap('jjlau,}*)) +gll('i'17p(jj17w*))w*+
Fgagr : I//l(‘fv y)(y - h21(‘f1) + h22(p(:ﬁ17 w*))’ ‘fl(to) =0 (453)
2 = y— ho(d1) + hoo(p(d1,0")),
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where all the variables have their corresponding previous meanings and dimensions, while

, 1 NCT
W = _91T1(x)V;xT1(957?J)7

,72

Vm(fl’?ay)/—;l(fi:y) = —(y - h21(531) - h22(p(3317 w*>>T7

with V satisfying the following HJIE:

Vi (4

%1(33 y) fi(L1, p(21,0%)) +V(331 Y) Vi, hoi (1) f1 (€1, p(£1,0*))+

Y) + 2V, (£1,y) Vi, har (41)] 911 (£, p(£1,10%)) g (£, p(d1, 6*)) VE (d1, y)—

Ly — hor(#1) — hoa(p(d1,0%)) T (y — hat (1) — hoo(p(d1,6*)) = 0, V(0,0) = 0. (4.54)

4.1.4 Push-Pull Configuration

Finally, in this subsection, we present a “push-pull” configuration for the aggregate filter

presented in the above section. Since the dynamics of the second subsystem is fast, we can

afford to reduce the gain of the filter for this subsystem to avoid instability, while for the

slow subsystem, we

filter configuration

Fa

4ag :

N«

can afford to increase the gain. Therefore, we consider the following

y — ho1(Z1) + hoa(Z2),

where & € X is the filter state, L; € R™*™, L, € R"2%™ are the filter gains, while all the

other variables have their corresponding previous meanings and dimensions.

Again, going through similar manipulations as in Proposition 4.1.1 we can arrive at the

following result.
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Proposition 4.1.2. Consider the nonlinear system (4.2) and the H local filtering problem
for this system. Suppose the plant Pg, is locally asymptotically stable about the equilibrium-
point x = 0 and zero-input observable for all e € [0,*). Further, suppose for some~y > 0 and
e € [0,&%), there exist a C positive-semidefinite function V:NxT—= R, locally defined
in a neighborhood N x T C X x Y of the origin (Z1,Z2,y) = (0,0,0), and matriz functions
Ly € Rmxm | Ly :€ R satisfying the HIIE (4.47) together with the side-conditions

(Vay + Van) (@, y) Li(,y) = —(y — har (1) — has(#2))" (4.56)
(Vay = Vi) (#,y) Lo(&,y) = —e(y — har (1) — hoo(d2))" (4.57)

Then, the filter F§,, solves the Hy local filtering problem for the system.

In the next section, we consider some examples.

4.1.5 Examples

Consider the following singularly-perturbed nonlinear system

. 3
Ty = —x]+ T2
€Ty = —X1 — Tyt w

Yy = X1+ X9+ w,

where w € L£,[0,00), € > 0. We construct the aggregate filter F§,, presented in the previous

section for the above system. It can be checked that the system is locally observable, and
the function V(i) = 5(2% +23), solves the inequality form of the HJIE (4.47) corresponding

to the system. Subsequently, we calculate the gains of the aggregate filter as

5(34 — T — 552)

N e
e (4.58)

where Ly (,y), La(2, y) are set equal to zero if || < e (small), |5] < e (small) respectively

to avoid the singularity at © = 0.
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Similarly, we can construct the push-pull filter gains for the above system as

By =~ WP =) popy S d) (4.59)

Ty + Ty T1 + To
4.2 H, Filtering for Discrete-time Systems

In this section, we discuss the corresponding H, filtering results for discrete-time singularly-
perturbed affine nonlinear systems. We similarly discuss decomposition, aggregate and

reduced-order filters.

4.2.1 Problem Definition and Preliminaries

The general set-up for studying discrete-time H, filtering problems is shown in Fig. 4.2,
where Py, is the plant, while Fy, is the filter. The noise signal w € P’ is in general a bounded
power signal (e.g. a Gaussian white-noise signal) which belongs to the set P’ of bounded
spectral signals, and similarly Z € P’, is also a bounded power signal or /5 signal. Thus, the
induced norm from w to Z (the penalty variable to be defined later) is the ¢, -norm of the

interconnected system Fj o Py, i.e., i.e.,
IF 0 Pl 2 suDosyes 1 (4.60)
where
P A {w: w € loy, Ryw(k), Spw(jw) exist for all k and all w resp., ||w||p < oo}

2113 £ Jim o Z [

and Ry, Sww(jw) are the autocorrelation and power spectral density matrices of w. Notice
also that, ||(.)||pr is a seminorm. In addition, if the plant is stable, we replace the induced

(s -norm above by the equivalent H,, subspace norms.
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Figure 4.2 Set-up for discrete-time H,, filtering

At the outset, we consider the following singularly-perturbed affine nonlinear causal discrete-

time state-space model of the plant which is defined on X C R™*"2 with zero control input:

Tiprr = fil@ig, Tok, ) + g11(@1 g, Tag)wr; x1(ko,€) = a0

Pg; : EXQk+1 = f2($1,k7$2,k)+921(331,k,5132,k)wk; 57132(]%75):9520 (4~61)

Y = hot(z1k) + hoa(wag) + ko (1 k, To k) Wk,

1 . . L . .
where x = € X is the state vector with x; the slow state which is n;-dimensional
o)

and x5 the fast, which is ny-dimensional; w € W C R is an unknown disturbance (or
noise) signal, which belongs to the set W C #3[ko, 00) C P’ of admissible exogenous inputs;
y € Y C R™ is the measured output (or observation) of the system, and belongs to ), the

set of admissible measured-outputs; while € is a small perturbation parameter.

The functions f; : X — R™, X C RMT"2 fo: X xR = R"™2, g3 : X = M"(X), go :
X — M™2X7(X), where M* is the ring of 7 X j smooth matrices over X, hgy, hoy : X — R™,
and kg 0 X — M™7(X) are real C* functions of . More specifically, fs is of the form
fo(T1h, o, €) = (exap+ fo(T1 4, T2x) for some smooth function fo : X — R™2. Furthermore,
we assume without any loss of generality that the system (4.61) has an isolated equilibrium-
point at (z7,2I) = (0,0) such that f1(0,0) = 0, f2(0,0) = 0, he1(0,0) = hay(0,0) = 0. We
also assume that there exists a unique solution z(k, ko, xo, w, €) Yk € Z for the system, for

all initial conditions z (ko) 220 = (219", 22T for all w € W, and all € € R.

The suboptimal H, local filtering/state estimation problem is defined as follows.

Definition 4.2.1. (Sub-optimal He, Local State Estimation (Filtering) Problem). Find a

filter, ¥y, for estimating the state xj or a function of it, zx = hi(xx), from observations
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Y 2 {yi 1 <k} of y; up to time k, to obtain the estimate

such that, the Hoo-norm from the input w € W to some suitable penalty function z is locally
rendered less than or equal to a given number v for all initial conditions 2° € O C X, for
allw € W C ly([ky, ), R"). Moreover, if the filter solves the problem for all z° € X, we

say the problem is solved globally.

In the above definition, the condition that the H..-norm is less than or equal to v, is more

correctly referred to as the f5-gain condition

Dollzl? <) llwil’, 2 € O c X, Vwew. (4.62)
ko ko

We shall adopt the following notion of local observability.

a

p» we say that, it is locally zero-input observ-

Definition 4.2.2. For the nonlinear system P

able, if for all states x1, xo € U C X and input w(.) =0
y(kf7l'1,w) = y(k,l'g,w) - T = T,

where y(.,z;,w),i = 1,2 is the output of the system with the initial condition x, = x;.
Moreover, the system is said to be zero-input observable if it is locally zero-input observable

at each 2° € X or U = X.

4.2.2 Solution to the Discrete-time ., Filtering Problem Using Decomposition
Filters

In this section, we present a decomposition approach to the H., estimation problem defined

in the previous section, while in the next section, we present an aggregate approach.
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We construct two time-scale filters corresponding to the decomposition of the system into
a “fast” and “slow” subsystems. As in the linear case (Aganovic, 1996), (Chang, 1972),
(Kim 2002), (Lim, 1996), (Sadjadi, 1990), we first assume that there exists locally a smooth

invertible coordinate transformation (a diffeomorphism) ¢ : z +— &, i.e.,

El = 901('7778% ()01(07 5) = O: 52 = 902('7778)7 ()02(07 5) = O: 51 € §Rn17 62 S éRnQ: (463)
such that the system (4.61) is locally decomposed into the form

Sihr1 = fl (§1pre) + G11(&rs e)wy,  &i(ko) = 901($0> €)
f’g; S ebopit = fa&orr ) Gor (b )wi;  Ex(ko) = pa(a®,€) (4.64)
Y = hot(E1p Eokr ) + hoa(Evk, Eapy €) 4 kan (g, €)w

Remark 4.2.1. [t is virtually impossible to find a coordinate transformation such that

ing = ﬁgj(ﬁj),j = 1,2. Thus, we have made the more practical assumption that ng =

haj(€1,&),5 = 1,2.

Necessary conditions that such a transformation must satisfy are given in (Aliyu, 2011a).

The filter is then designed based on this transformed model as follows

p

,€) + gll(fka E)wh + L (Eks Ys €)Yk — a1 (Eks €) — o€k, €)];

o, ) _ (4.65)

é1,k+1 = 1(
&

552,k+1 = 2( ,€)+ 921(&:, e)wy + L2(ék7yk75)[yk - ilm(ék:a €) — ﬁ22(§k75)]§
&a(ko

da .
Fio -

where é € X is the filter state, L1 € R™*™ Ly, € R"*™ are the filter gains, and w* is the
worst-case noise, while all the other variables have their corresponding previous meanings
and dimensions. We can then define the penalty variable or estimation error at each instant

k as

Zk =Yk — h21(f ) h22(f ) (4-66)

The problem can then be formulated as a dynamic optimization problem with the following
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cost functional

. IR
min sup,ew (L, Lo, w) = 5 Z {1zl = A |lwsl?}, s.t. (4.65),

LiERMLXM [,cRn2Xm
1€ ,L2€ k—ko

and with w = 0, klim (€ — &} =0. (4.67)
—00

To solve the problem, we form the Hamiltonian function H : X x W x Y x RMX" x Rr2xm x

®— R

H(&w,y, L1, Ly, V,e) = V(fl(éhﬁ) + (6 ew + Li(€, y, ) (y — hai (&1, ) —
hialo, ) 2ol ) + a6 2w+ Lol )y -
il21(é, 5) — il22(éa €)), y) - V(é, Yr-1) +

S0 = 72wl (165)

for some C* positive-definite function V : X x Y — R, and where 51 = él,k., ég = 527;C Y = Y,
z = {2z}, w = {w;}. We then determine the worst-case noise w* and the optimal gains L*
and ﬁ; by maximizing and minimizing H with respect to w and L, Lo respectively in the

above expression (4.68), as

wr = argsupwH(é,w,y,Ll,Lg,V,e) (4.69)
[LLL;] = arginiLn H(éuw*ayuLlaL%‘/vg)' (470)

However, because the Hamiltonian function (4.68) is not a linear or quadratic function of w
and Ly, Lo, only implicit solutions may be obtained (Aliyu, 2011a). Thus, the only way to
obtain an explicit solution is to use an approximate scheme. In (Aliyu, 2011a) we have used
a second-order Taylor series approximationn of the Hamiltonian about (f; (&), L f2(&),y) in
the direction of the state vectors (51, 52) It is believed that, this would capture most, if not
all, of the system dynamics. However, for the H,, problem at hand, such an approximation

becomes too messy and the solution becomes more involved. Therefore, instead we would
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rather use a first-order Taylor approximation which is given by

A ~

H(E by, Ly, Lo, V,e) = V(fil&,e), éﬁ(éﬂ)ay) — V(€ ye1) +
Ve (i (61,), 2 ollo,2), ) (€, ) +
Ly(€,y,6)(y — haa (€, €) — haa (€, €)] +
é‘%g,e(fl(éhg)?éf;(é%e)?y)[g?l(g? )W +
Ly(&y,€)(y — haa(§,€) — haa(§,€)] +
%(HiHQ—72\1w1\2)+0(\!§\!2) (4.71)

where V, w, ﬁl, L, are the corresponding approximate functions, and Vép ‘752 are the row

vectors of first-partial derivatives of V with respect to 51, 52 respectively. We can now obtain

w* as

0 = S 6V (Flérne) 2o ) + 2TRE VL (o). 2alGane) o)) (472)

Then, substituting @w = w* in (4.71), we have

ﬁ( A? leL?vV 5) (];1(5175)7 éfQ(é%g)vy) - V(é yk—l) +
% Ve (Fil6r,2), 2 ol ), m)im (6 05 (€ ) VE (ol ), 2ol ), ) +
SV (6, 9), 2o, 2). ) 6 )T (E )V (s, o), gf Ere))] +

(P69, ol ) ) EaE )y = For(€,6) — (6 €)) +
[— (61,0, 2 Fl0), )i € THE VL (s, ), ol ) +

Ve (Fiér.2). gf2(é27 ) VIO EOVE (i, 2), 2ol o)) +
gvg(fl(él,e), s ), ) Eal . )y — Pn (€,) — ha(f2)) + S I (473

Completing the squares now for Ly (€,y) and Ly(€, y) in (4.73), we get

N~ s s s A 1~ A
H(f,w 7?J7L1,L2,V75) ~ V(f1(§1,5)7 gf2(f2,5)ay) - V(fayk—l)
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+2L72[‘%1(f1(5175)7§f2(527 £), )911(5 5)911(5 5) (fl(flv €), %fz(é,e),y)
—i—lVl(fl(fl,&),éfz(éz, e), )11 (&, g (&, 5) (fl(éh )agﬁ(é?ve)’y)]

2
+

A

L€V (6,), 2 aln ) 0) + (4 — a6, 0) — henté )

- [1 Ve (Fu(6r,2), 2ol ), 9)mn 6 NG (€ V(i 9). S oor) )

~ ~ A A ~ ~

(), 9)3 (T OV (6,9 Lol 0)9)] -
() €, ) ET € .07, (7, 9), 2ol o). w) -

~ ~ A A A ~

2(60:0).9) (6,3, ) EE €y, NV (61, 0), - ol ).0)

w|’_‘
14
™ | = \_/

Ve, (filre),

1 2

3 les 3. VL (iEr,e), 2ol ). 0) + (3 — (6. 0) = hn(£, )

1
5]\,2\]2. (4.74)

Hence, setting the optimal gains as

‘A/él,g(fl(éla 5)7 éf;(é% 8)7 y)[:)lk(éa Y, 5) = _(y - iL21(é: 8) - h22(éa 5))T (475)
‘752(151(517 5)7 éfQ(é% 5)7 y)f’;(éa Y 5) = —5(y - B21(é? 5) - h22(év 5))T (476)

minimizes the Hamiltonian H (o [31, ﬁQ, .,.) and guarantees that the saddle-point condition

(Basar, 1982)
H(, 0% LY L5, ) < H(, 0%, Ly, Ly, .,.) VL€ RM™ Ly, € grxm (4.77)
is satisfied. Finally, substituting the above optimal gains in (4.71) and setting
H(E wy, L1, L3,V ,e) = 0,

results in the following discrete Hamilton-Jacobi-Isaacs equation (DHJIE):

V(G e), 2ol ) 9) — VEyer) +
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1 - A - A ~ R

2—72[ Agl( 1(5175)7%f2(§27€)7y> Vgg( 1(51:5):%]52( 2,6),y) | X

|
—~
<
|
>=
Do
=
—~
A
[©)
~
|
>
no
no
—~
o
™
N—
N—
S~
A~
NS
|
)
Do
=
—~
\.t/\f"w
™
N—
|
>=
Do
no
—~
s
[©)
~
N
|
o
<>

(0,0,0)=0.  (4.78)

We then have the following result.

Proposition 4.2.1. Consider the nonlinear discrete system (4.61) and the Heo-filtering
problem for this system. Suppose the plant P‘Si;‘ 15 locally asymptotically stable about the
equilibrium-point x = 0 and zero-input observable. Further, suppose there exist a local diffeo-
morphism @ that transforms the system to the partially decoupled form (4.64), a C* positive-
semidefinite function V:NxT > R locally defined in a neighborhood NxTcxx)y
of the origin (£,y) = (0,0), and matriz functions L; : N x T — Rv*m i = 1,2, satisfying
the DHJIE (4.78) together with the side-conditions (4.75), (4.76) for some v > 0. Then, the
filter F4% solves the Hoo filtering problem for the system locally in N.

Proof: The optimality of the filter gains [:{, ﬁ; has already been shown above. It remains

to show that the sadle-point conditions (Basar, 1982)

H(,w, LY L5, ) < H(, %, LY, L3, .,) < H(., W%, Ly, Lo, ., ),

VI, € R™ Ly € R Y € Lo[kg, 00), (4.79)

and the l5-gain condition (4.62) hold for all w € W. In addition, it is required aklso to show

that there is asymptotic convergence of the estimation error vector.

Now, the right-hand-side of the above inequality (4.79) has already been shown. It remains
to show that the left hand side also holds. Accordingly, it can be shown from (4.71), (4.78)
that

B 0,11, B3, V,2) = H(E i, 11, 13, V,2) — o7l — P

Therefore, we also have the left-hand side of (4.79) satisfied, and the pair (@*, [L*, L3])

constitute a saddle-point solution to the dynamic game (4.67), (4.65).
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Next, let V > 0 be a C! solution of the DHJIE (4.78). Then, consider the time-variation of
V along a trajectory of (4.65), with L, = L}, Ly = L%, and w € W, to get

V(él,k-{-l, é2,k:+17 y) ~ V(fl (élv 5)7 éfQ(é% 5)7 y) +
gl(fl(éla £), éf;(é%g):y)[gll(é: £)w + fif(éa y,e)(y — iL21(é: €) — h22(€: e) +

Ve 60,), 2o, ), g E 2w+ B3(E,y, )y — Fon (6, ) — (£, )]

™ | = <>

2
Aoa 0 NI 1 . _ .
V(E ) = Sl — a2+ 5 (] = 12117) Vi e W

N 1 R B N
< V() + 50000 = I217) Vo e w (430)

where we have used the first-order Taylor approximation in the above, and the last inequality
follows from using the DHJIE (4.78). Moreover, the last inequality is the discrete-time
dissipation-inequality (Guillard, 1996), which also implies that the ¢;-gain inequality (4.62)

is satisfied.

In addition, setting @ = 0 in (4.80) implies that

AA A NN A 1
V(ﬁl,k+17§2,k+1yy) - V(fl,ka 52,14;, yk—l) = _§||ZkH2

Therefore, the filter dynamics is stable, and f/(é ,y) is non-increasing along a trajectory of
(4.65). Further, the condition that V(€17k+1,§2,k+1,y) = V(él,k,ég,k,yk,l) VE > kg (say!)
implies that z, = 0, which further implies that vy, = Bgl(ék) + ng(ék) Vk > k,. By the
zero-input observability of the system, this implies that f = . Finally, since ¢ is invertible

and ¢(0,e) =0, 5: € implies & = @’1(5, e)=p Y e)=2. O

Next, we consider the limiting behavior of the filter (4.65) and the corresponding DHJIE
(4.78). Letting € | 0, we obtain from (4.65),

0= fol€ar) + La(Ch, ) (yr — ho1 (&) — haa(&)) kK,

and since f,(.) is asymptotically stable, we have €5 — 0. Therefore, H(.,...,.) in (4.68)
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becomes

Ho(&,w,y, L1, Ly, V,0) = V(fl(él) + g (©)w + Li(&,y) (y — har (&) — haa(&)), an) -

A 1
V(& ge-1) + 5 (11217 = 2 lw]l?). (4.81)
A first-order Taylor approximation of this Hamiltonian about ( fi (él), 0,y) similarly yields

ﬁO(éa ’UA}, Y, lA_flOa ‘77 O) = V(fl(él): 07 y) + ‘751 (fl(él)? an>£,{0(éa y)(y - iL?l(é) - h22(£)) +
Ve, (f1(60),0,9)g1()w = V(& ys1) + %(HZH2 =@l +
O([I£]1*) (4.82)

for some corresponding positive-definite function V : X x Y — R, and gain matrix Lio.
Minimizing again this Hamiltonian, we obtain the worst-case noise wj, and optimal gain

matrix L}, given by

iy = —ghEOVE(fi(&).0,y), (4.83)
Ve (160, 0,9 L5(Ey) = —(y — haa(€) — han(€))7, (4.84)

where V satisfies the reduced-order DHJIE

V(fl(él): 0,y) + #V}(fl(él), 0,y)gn(é)gﬂ(é)vg(ﬁ(&), 0,y) — V(él: 0, Yp—1)—
5y = a1 () = haa()))(y — han(€) — haa(§)) = 0, V(0,0,0) =0. (4.85)

The corresponding reduced-order filter is given by

Fi {6 = Aié) + Liglé )y — han (&) — () + Oe). (4.86)

Moreover, since the gain L%, is such that the estimation error e, = yj, — hat (&) — haa(Ex) — 0,
and the vector-field fg(ég) is locally asymptotically stable, we have ﬁg(ék, yx) — 0ase 0.
Correspondingly, the solution V' of the DHJIE (4.85) can be represented as the asymptotic
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limit of the solution of the DHJIE (4.78) as € | 0, i.e.,

~

V(€ y) = V(,y) +O(e).

We can specialize the result of Proposition 4.2.1 to the following discrete-time linear singularly-
perturbed system (DLSPS) (Aganovic, 1996), (Kim 2002), (Lim, 1996), (Sadjadi, 1990) in

the slow coordinate:

Tiper = Axip + Aptop + Buwy;  11(ko) = 2
Pfisp . €Topy1 = Aoz + (eln, + A2)xoy + Bowy;  w2(ko) = % (4.87)
ye = Coxy g+ Coomoy + wy

where Al € §Rn1><n1, A12 € §Rn1><n2’ Agl € §Rn2><n1’ AQ € §Rn2><n2, Bll € éRanS, and Bgl €
K2 while the other matrices have compatible dimensions. Then, an explicit form of the

required transformation ¢ above is given by the Chang transformation (Chang, 1972):

I,, —eHL —eH x
Sl e (4.88)
&2 L L, T2

where the matrices L and H satisfy the equations

0 = (€[n2 + AQ)I_ — AQl — SL(Al — A12L)
0 = —H[(€In2 + Ag) + €LA12] + A12 + 8(_/41 — AlgL)H

The system is then represented in the new coordinates by

Sip+1 = Alfuc + ank; &1(ko) = ¢t
asp ¢\ okt = Asbop+ Bauwy; &a(ko) =¥ (4.89)
Yp = émfuc + é22§2,k- + wg,
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where

Ay = A — Apl = Ay — App(el,, + Ay) LAy 4+ O(e)

By = By —eHLBy —HBy = By — A1p Ay By + O(e)
Ay = (el +As)+cLAs = Ay + O(e)

By = By +¢eLByy = By + O(e)

Cy = Oy — Col = Oy — Coo(el,, + Ay) P Ay + O(e)
Cy = O +e(Co — Co)H = Co + O(e)

Adapting the filter (4.65) to the system (4.89) yields the following filter

él,k:-}—l = Alél,k + an;: + ﬁ1(yk — é2lél,k — 62252,/%)

F{. : T . T
o1 = Aoy + Boywi + La(yr — Cnéip — Coobog).

(4.90)

Taking
~ A 1 ~pr ~ A A A ~
V(& y) = 5(51[})151 + & P +y"Qy),
for some symmetric positive-definite matrices ]31, ]32, Q, the DHJIE (4.78) reduces to the

following algebraic equation
S (S . o a e e s .
(& AT PLAE + gngAzT%AszQ +y'Qu) — (& P& + & Pabo + 451 Qui—1) +
1 (opama = = a0 = 4 1l spvmn = o a0 = 4 1 opomn = o f o
2 &L AT PLB B Pl A + ?szAzTP2Bz1B1T1P1A1§1 + §§1TAF{P1311BQTlP2A2§2
1 s o n o e - - U
+8 A BB B P Ast| = 3(y'y — G Coy =y & =y Cn&a — ' gl —
& Chy + & CHCn& + & CF 0y + 65 C1Co1 61 + £ CCs) = 0. (4.91)

Subtracting now %yT}?y for some symmetric matrix R > 0 from the left-hand side of the
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above equation (and absorbing R in Q), we have the following matrix-inequality

ATPyAy - Pr+ L AT P By BT Py — 305 o
L AT Py By BT Py Ay + 365G

3Cy
i 0
ﬁz‘l{ﬁlénéapﬂiz + SC'QTlC’QQ 3@2Tl 0
5%[15152212 — ]52 + ﬁ;ﬁ%iﬁQBﬂB%}Pg[lg — 3C~'2TQC~'22 ASC"QTQ 0 <0, (4.92)
302 Q-3 0
0 0 -Q |

while the side conditions (4.75), (4.76) reduce to the following LMIs

0 0 -1cl <0 (4.93)

0 0 e
0 0 s (AT Py Ly — CF) | <0 (4.94)
—1Cy H(ATP Ly, — CH)T (1—085)1

respectively, for some numbers d1, d2 > 1. The above matrix inequality (4.23) can be further
simplified using Schur’s complements, but cannot be made linear because of the off-diagonal
and coupling terms. This is primarily because the assumed transformation ¢ can only achieve
a partial decoupling of the original system, and a complete decoupling of the states will

require more stringent assumptions and conditions.

Consequently, we have the following Corollary to Proposition 4.2.1.

Corollary 4.2.1. Consider the DLSPS (4.87) and the H, filtering problem for this system.
Suppose the plant Pép 15 locally asymptotically stable about the equilibrium-point x = 0
and observable. Suppose further, it is transformable to the form (4.89), and there ezist
symmetric positive-definite matrices P, € R™*M | Py € Rm2Xn2 () € R™ ™ and matrices

Ly € Rmxm [, € Rm2Xm satisfying the matriz inequalities (4.92), (4.93), (4.94) for some
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numbers 01,65 > 1 and v > 0. Then, the filter F{ solves the Hoo filtering problem for the

system.

Similarly, for the reduced-order filter (4.86) and the DHJIE (4.85), we have respectively

Fcflr : { é1,k+1 = Alél,k + ﬁfo(yk - éméuc - 02252,1@) (4.95)

ff{ﬁm[ll - p10 - 3(7;1@21 AlTmen 3621 0
BT Py A —y 2] 0 0
s K ) <0 (4.96)
3CH 0 Q-3 0
0 0 0 Q
0 0 -1y <0 (4.97)
YAT Pyl — CH)T —1CF, (1=60) |

for some symmetric positive-definite matrices Py, @19, gain matrix L;y and some number

(510 > 1.

Similarly, Proposition 4.2.1 has not yet exploited the benefit of the coordinate transformation
in designing the filter (4.65) for the system (4.64). We shall now design separate reduced-
order filters for the decomposed subsystems which should be more efficient than the previous

one. If we let £ | 0 in (4.64) and obtain the following reduced system model:

Sikrn = fi(6) + gu(§w
| 0 = fo(&)+ gu(w (4.98)
Y = 521(5) + iLm(f) + ]%21(5)111

Then, we assume the following (Khalil, 1985), (Kokotovic, 1986).
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Assumption 4.2.1. The system (4.61), (4.98) is in the “standard form”, i.e., the equation

0= fo(&2) + gu(§w (4.99)

has | > 1 isolated roots, we can denote any one of these solutions by

& = q(&1, w) (4.100)

for some C' function q: X x W — X.

Under Assumption 4.2.1, we obtain the reduced-order slow-subsystem

k1 = f1(&r) + 911(Eaks @&, wi))wy + O(e)
P? : Y = 7121(51,19, Q(él,kywk)) + 7122(51,19, Q(él,ka wk))"‘ (4'101)
Feor (&1, ¢(&1 ey wi ) )wi + O(e),

and a boundary-layer (or quasi steady-state) subsystem as

52,m+1 = f2(§_2,m, €) + Ga1(&1ms gQ,ma €)W, (4.102)

where m = | k/e] is a stretched-time parameter. This subsystem is guaranteed to be asymp-
totically stable for 0 < ¢ < £* (see Theorem 8.2 in Ref. (Khalil, 1985)) if the original system

(4.61) is asymptotically stable.

We can then proceed to redesign the filter (4.65) for the composite system (4.101), (4.102)

separately as

Eipn = Hl&g)+ §11(51,k)1f1f,k + [U/l(gl,k:a Yr) (Yr — ﬁm(él,k) - E22(§1,k))
Fi . 552,k+1 = f2(52,k, €) + o1 (&, )Wy + z2(§2,k, Ui €) (Y — o1 (Exy €)— (4.103)
522(5197 5))7

where

o1 (E1k) = har (k@ 07 4))s  haa(Erp) = o (Evps a(Evps 5 1))
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Notice also that, & cannot be estimated from (4.100) since this is a “quasi-steady-state”
approximation. Then, using a similar approximation procedure as in Proposition 4.2.1, we

arrive at the following result.

Theorem 4.2.1. Consider the nonlinear system (4.61) and the H, estimation problem for
this system. Suppose the plant P‘Si;‘ 15 locally asymptotically stable about the equilibrium-point
x = 0 and zero-input observable. Further, suppose there exists a local diffeomorphism ¢ that
transforms the system to the partially decoupled form (4.64), and Assumption 4.2.1 holds.
In addition, suppose for somey > 0, there exist C? positive-definite functions ViiNixY; —
Ry, i =1,2, locally defined in neighborhoods Ny x T; € X x Y of the origin (&,y) = (0,0) i =
1,2 respectively, and matriz functions Li:N;xT; — graxm, T, C Y, i = 1,2 satisfying the
pair of DHJIESs:

‘v/l(fl(gl):y) + #‘Z,gl(fl(gl):y)f]n(gbQ(glawf))@ﬂ(él:Q(glawD)vngl(f (51)7y) -
Vi) — S0 = Fn(6) = Fa(60) (y — Fen (61) — Pl £1)) =

V1(0,0) =0, (4.104)
%(%f2(5275)7y> + 2})/2 252( f (527 ) y)gﬂ(ga )g21(§7 ) 252( f (527 )7 )
‘72(5% yk—1) - g(y - iL21(5: 5) - 522(5: 5))T(?J - 521(5 5) - h22(57 5)) =0,

15(0,0) =0 (4.105)

together with the side-conditions

i = il sV (A (@100)
1 1-
w; = ,72921(5, ) 252( f(€27 )7 ) (4107)
Vi (RENLIELy,e) = —(y—To(Ere) — hanl(€e)” (4.108)
‘U/QEGJF?@%@??J)EE(&yu5) = —e(y— 7121(5, ) — ﬁQQ(f))T (4.109)

Then the filter f‘gé‘ solves the Hoo filtering problem for the system locally in UN;.

Proof: We define separately two Hamiltonian functions H; : X x W x ) x R"*™ x & —
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R, i = 1,2 for each of the two separate components of the filter (4.103). Then, the rest of

the proof follows along the same lines as Proposition 4.2.1. [J

Remark 4.2.2. Comparing (4.104), (4.108) with (4.84), (4.85), we see that the two reduced-
order filter approximations are similar. Moreover, notice that 51 appearing in (4.109),
(4.105) is not considered as an additional variable, because it is assumed to be known from
(4.103a),(4.108) respectively, and is therefore regarded as a parameter. In addition, we ob-
serve that, the DHJIE (4.104) is implicit in W}, and therefore, some sort of approzimation

18 required 1n order to obtain an explicit solution.

Remark 4.2.3. Notice also that, in the determination of WF, we assume & = q(&1,w) is
frozen in the Hamiltonian Ho, and therefore the contribution to wt from gi1(.,.), %21(., ) s

neglected.

We can similarly specialize the result of Theorem 4.2.1 to the discrete-time linear system

(4.87) in the following corollary.

Corollary 4.2.2. Consider the DLSPS (4.87) and the H, filtering problem for this system.
Suppose the plant Pip 15 locally asymptotically stable about the equilibrium-point x = 0 and
observable. Suppose further, it is transformable to the form (4.89) and Assumption 4.2.1 is
satisfied, i.e., Ay is nonsingular. In addition, suppose for some ~ > 0 there exist symmetric
positive-definite matrices P e Rerixmi QZ € R and matrix L; € Rrxm g =1, 2 satisfying
the following LMIs

[ ATHA, — P, —3C0LC0y ATPBn. 3CL 0 |
EﬂflAl —2 U 0 0 <0
3CH 0 Q-3 0
i 0 0 0 —Q |
| —3CLCy —3CT Cys 0 3Ch 0 |
—3CLCy ATPyAy — Py —3CLCo AT PyBy, 3CL, 0
0 BL P, A, 72e2] 0 0 | <0
3C 3Ch: 0 Q—31—R, 0
0 0 0 0 —Q, |




0
WATAL - CR)T
0 0
0 0

for some numbers 93,904 > 0 and where

~ . L _ N 1 =~ o e o
By, = By + 022A51321, Cy = Cy1 — ?02214513213?1131141-

Then, the filter F& solves the Hoo filtering problem for the system.

Proof: We take similarly,

VA 1 oo o o
Vil y) = §(f1TP1§1 + yTQly)

o~ 1 ono o o
Va(&s,y) = 5(&5 P& +y" Qo)

and apply the result of the Theorem. [

4.2.3 Discrete-time Aggregate H,., Filters
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Similarly, in the absence of the coordinate transformation, ¢, discussed in the previous

subsection, a filter has to be designed to solve the problem for the aggregate system (4.61).

We discuss this class of filters in this subsection. Accordingly, consider the following class of

filters:
/ .
Tippr = fil@) + gu(@r)Wg + Li(T, Ye, €)[yr—
hor(Z1) — hoo(Zok)];  @1(ko) = 17
Fggg Py EZoppr = fa(Zk, €) + gor(Tp) Wy + Lo(k, Uk, €) [yn—

h21(561,k:) - h22(i2,k)];

2o (ko) = 7%°

Zk = Yk — h21(551,k) - hzz(ﬁfQ,k),

(4.110)
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where Ll, Ly € ™™ are the filter gains, and z is the new penalty variable. We can repeat

the same kind of derivation above to arrive at the following.

Theorem 4.2.2. Consider the nonlinear system (4.61) and the H, estimation problem for
this system. Suppose the plant P‘Si;‘ 15 locally asymptotically stable about the equilibrium-
point x = 0, and zero-input observable. Further, suppose there exist a C' positive-definite
function V:NxYT— R, locally defined in a neighborhood NxTCxxy of the origin
(21, 22,y) = (0,0,0), and matriz functions Li: N x T — Ruxm i =12 satisfying the
DHIJIE:

‘\/(fl("\p% éfQ(:\Cvg)?y) - V(‘,\Lyk—l) + #[ me (fl(i)v %f?(xag)vy) VIQ(fl('j:)v %f?(jjag)vy) ] X
g (@)gh (@) 2g11(2)g3, (%) VT (fu(x),1
Lo (@)gh (2) g (@)g5 (@) | | ViIL(A(), Lfa(d,€),m)

%(y — ho1 (1) — hao(22)) T (yy — ho1 (1) — haa(22)) =0,  V(0,0) = 0, (4.111)

together with the side-conditions

Vz‘tl(fl(ﬁ?): éfz(i‘, £), y)L{(z,y) = —(y — har(21) — haa(22))", (4.112)
Vi, (f1(2), éfz(i‘, €))Lt y) = —e(y — har (1) — haa(i2)). (4.113)

Then, the filter ¥5,, solves the He filtering problem for the system locally in N.

Proof: Proof follows along the same lines as Proposition 4.2.1. [

For the DLSPS (4.87), the Chang transformation ¢ is always available as given by (4.88).
Moreover, the result of Theorem 4.2.2 specialized to the DLSPS is horrendous, in the sense
that, the resulting inequalities are not linear and too involved. Thus, it is more useful to

consider the reduced-order filter which will be introduced shortly as a special case.

Using similar procedure as outlined in the previous section, we can obtain the limiting
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behavior of the filter F5, ase ] 0
Tippr = fil@e) + 911(9\51&111{0,/1C + Lm@k: Y)Yk — ho1(T11));
Fle 1 (ko) = z1° (4.114)
i‘gﬂk — 0,

with
- 1 N .
Wiy = ﬁgﬂ(f)‘/fl(fl(x))a

and the DHJIE (4.111) reduces to the DHJIE

V(fi(21),y) + QL,VQVa‘m(fl(fifl):y)gn(ﬁ?)gﬂ(f)vle,y(fl(ﬁf)) — V(1. Y1) —
g(y — ho1(21))"(y — har(21)) = 0, V(0,0) =0, (4.115)

together with the side-conditions

Vi, (1) Lo(,y) = —(y — har(31))" (4.116)
Ly(x,y) — 0. (4.117)

Similarly, specializing the above result to the DLSPS (4.87), we obtain the following reduced-
order filter

. N N N N AN
F6agr : { Tik+1 = A1$1,k + anfo,k + Lfo(yk - 0215131,k), (4'118)
with
1 N
w;o - BﬂplAli'l

72
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and the DHJIE (4.115) reduces to the LMI

[ A1Tp101‘~11 . 3C3,Cy A”{PNBH 303, 0 -
BT PoA, I \ 0 O <o (4.119)
3Cy, 0 @1—31 0
_ 0 0 0 -Q
o 3(Af Poluo = Ch) | _ (4.120)
5 (AT PioLyg — C3;)" (1651 .

for some symmetric positive-definite matrices Py, ()19, gain matrix Ly and some number

55>1.

Remark 4.2.4. [f the nonlinear system (4.61) is in the standard form, i.e., the equivalent of

Assumption 4.2.1 is satisfied, and there exists at least one root Ty = o(x1,w) to the equation

0= fo(xy, x2) + go1(x1, T2)W,

then reduced-order filters can also be constructed for the system similar to the result of Subec-

tion 4.3.3 and Theorem 4.2.1. Such filters would take the following form

4
Trprr = [il@ig, o(T1, 07 ) + g1a (@1, 0 (21,07 )07+

Ly (&1, Y €) (Y — ho1 (F1,) — haa(o (i1, wy L)) @1(ko) = o
Flogr ETokt1 = foTk,€) + go1 (a1, 552)11157,{& (4.121)
L2(fk:7 Y, €)Yk — ho1(Z1x) — hoo(Tok));  Ea(ko) = Tao

Ze = Yp— ho1(Z1k) — hoo(Zok).

\

However, this filter would fall into the class of decomposition filters, rather than aggregate,

and because of this, we shall not discuss it further in this subsection.

In the next section, we consider an example.
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4.2.4 Examples

Consider the following singularly-perturbed nonlinear system

1 1

_ 3 2
Ti1k+1 = xl,k + 33'27k +w
1 1
_ 2 3
Elok+1 = —Lop — Loy
Yo = T1k + X2k =+ w.

where w € £,[0, 00) is a noise process, ¢ > 0. We construct the aggregate filter F§,, presented
in the previous section for the above system. It can be checked that the system is locally
observable, and with v = 1, the function V(%) = (2% + e13), solves the inequality form of
the DHJIE (4.111) corresponding to the system. Subsequently, we calculate the gains of the
filter as

L) = - Gy =S 00), (1122

R v+

where the gains Ly, L, are set equal to zero if ]xlé + 22| < e (small), \xé + xé[ < € (small)

to avoid the singularity at the origin x = 0.

4.3 Conclusion

In this chapter, we have presented a solution to the H, local filtering problem for affine non-
linear singularly-perturbed systems in both continuous-time and discrete-time. Two main
types of filters, namely, decomposition and aggregate filters have been presented, and suf-
ficient conditions for the solvability of the problem using each filter are given in terms of
HJIEs. Moreover, for the continuous-time problem and the decomposition filters, the solution
to the mixed Hy/Hoo filtering problem has also been presented. While for the discrete-time

problem, first-order approximate solutions have been derived.

Furthermore, for each type of filter, reduced-order filters have also been derived as limiting

cases of the above filters as the singular parameter € | 0. The results have also been
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specialized to linear systems, in which case the conditions reduce to a system of matrix-
inequalities(MI) and LMIs which are computationally efficient to solve. Moreover, it has
been shown that, based on the local linear approximation of the nonlinear models, it is
possible to find the minimum disturbance attenuation levels v* and upper bounds €* on the
singular parameter ¢ which guarantee the asymptotic stability of the filters. In addition,

examples have been presented to illustrate the approach.

Future efforts would concentrate in finding explicit form for the coordinate transformation

discussed in Section 3, and developing computationally efficient algorithms for solving the

HJIEs.
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CHAPTER 5

‘H, FILTERING FOR NONLINEAR DESCRIPTOR SYSTEMS

In this chapter, we discuss the H, or Kalman filtering problem for affine nonlinear de-
scriptor systems. The linear problem has been discussed in several references (Dai, 1989),
(Nikoukhah, 1999), (Nikoukhah, 1992), (Zhou, 2008), however, to the best of our knowl-
edge, the filtering problem for more general affine nonlinear descriptor systems has not been
discussed in any reference. Therefore, in this chapter we propose to discuss this problem
for both continuous-time and discrete-time systems. Two classes of filters will be presented;
namely, (i) singular type, and (ii) normal type filters. Moreover, H, filtering techniques
are useful when the system noise and measurement noise are known to be approximately

Gaussian distributed, and are superior to H., techniques in such applications.

In addition, while the extended Kalman-filter has remained the most popular tool used in
this area, it still suffers from the problem of local linearization around the previous estimate,
and as such, the convergence of the estimates cannot be guaranteed either empirically or
theoretically. On the other hand, the result that we present in this chapter employ the full
nonlinear system dynamics, and proof of asymptotic convergence can be established. The
chapter is organized as follows. In Section 5.1, we present results for the continuous-time
problem, while in Section 5.3, we present corresponding results for the discrete-time problem.

Finally, in Section 5.4, we present a short conclusion.

5.1 H, Filtering for Continuous-time Nonlinear Descriptor Systems

In this section, we discuss the filtering problem for continuous-time systems, while in the
next section, we discuss the corresponding results for discrete-time systems. We begin with

the problem definition.
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5.1.1 Problem Definition and Preliminaries

The general set-up for studying Hs filtering problems is shown in Fig. 5.1, where P is the
plant, while F is the filter. The noise signal w € § is in general a bounded spectral signal
(e.g. a Gaussian white-noise signal), which belongs to the set S of bounded spectral signals,
while Z € P is a bounded power signal or L, signal, which belongs to the space of bounded
power signals. Thus, the induced norm from w to Z (the penalty variable to be defined later)

is the Lo-norm of the interconnected system F o P, i.e.,

IZ]l»
lwlls”

A
[FoPl, = SUPo£wes (5.1)

and is defined as the Hs-norm of the system for stable plant-filter pair F o P, where the
operator o implies composition of input-output maps. At the outset, we consider the following
affine nonlinear causal descriptor model of the plant which is defined on a manifold X C R"
with zero control input:

pe | Ei = f(z)+ q(x)w; x(ty) = xo (5:2)

y = ho(x) + ko(x)w
where x € X is the semistate vector; w € W C R™ is an unknown disturbance (or noise)
signal, which belongs to the set W of admissible exogenous inputs; y € Y C R™ is the
measured output (or observation) of the system, and belongs to ), the set of admissible

measured-outputs.

The functions f: X - TX ! g1 : X — M™*™(X), where M™J is the ring of i x j smooth
matrices over X, hy : X — R™, and koy : X — M"™™(X) are real C*° functions of x,
while £ € R"*" is a constant singular matrix. Furthermore, we assume without any loss of
generality that the system (5.2) has an isolated equilibrium-point at z = 0 such that f(0) = 0,
ha(0) = 0. We also assume that there exists at least one solution z(t,t, Exg, w) Vt € R

for the system for all admissible initial conditions Exg, for all w € W. Further, the initial

'For a manifold M, TM and T*M are the tangent and cotangent bundles of M.
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1 P -~
o

Figure 5.1 Set-up for Hs Filtering

condition Ezg is said to be admissible, if the solution x(t) is unique, impulse-free and smooth

for all [tg, 00).

In addition, the following standing assumptions will be made on the system.

Assumption 5.1.1. Let 2 € O C X, A = %(E). Then, the system (5.2) is admissible
implies the following hold:

1. the system is locally reqular at each T € O and hence locally solvable, i.e, det(sE—A) #
0,

2. the system is locally impulse-free at each T € O, i.e., deg(det(sE — A)) = rank(E) for
all x € O and al most all s € C;

3. the system is locally asymptotically stable, i.e., (E, A) is Hurwitz at each T € O.

The standard H, local filtering/state-estimation problem is defined as follows.

Definition 5.1.1. (Standard Hs Local State Estimation or Filtering Problem). Find a filter,
F, for estimating the state x(t) or a function of it, z = hy(x), from observations Y 2 {y(1):

T < t}, of y(1) up to time t, to obtain the estimate
2(t) = F(Yy),

such that, the Hyo-norm from the input w to some suitable penalty function zZ s locally
minimized for all admissible initial conditions Exy € O C X. Moreover, if the filter solves

the problem for all admissible Exyg € X, we say the problem is solved globally.

We shall adopt the following definition of observability (Ozcaldiran, 1992).



159

Definition 5.1.2. For the nonlinear system P%,, we say that it is locally weakly zero-input

observable, if for all states x1, xo € U C X and input w(.) =0, t > tg
y(t; Exy(to—),w) = y(t; Exs(to—), w) = Fx1(tg) = Exa(to); (5.3)
the system is said to be locally zero-input observable if
y(t; Exq(to—), w) = y(t; Exo(to—), w) = x1(ty) = 2(to); (5.4)

where y(., Ex;(to—),w), @ = 1,2 is the output of the system with the initial condition

Ex;(to—); and the system is said to be locally strongly zero-input observable if
y(t, El’l(to—), w) = y(t, El’g(to-), w) — Z'l(to—) = .Tg(to—). (55)

Moreover, the system is said to be globally (weakly, strongly) zero-input observable, if it is

locally (weakly, strongly) zero-input observable at each xy € X or U = X.

In the sequel, we shall not distinguish between zero-input observability and strong zero-input

observability.

5.1.2 H, Singular Filters

In this subsection, we discuss singular filters for the H, state estimation problem defined in
the previous section. We then discuss normal filters in the next subsection. For this purpose,
we assume that the noise signal w € W C § is a zero-mean Gaussian white-noise process,
ie.,

E{w(®)} =0, E{fw®)w’(r)} = Wo(t—r7).

We then consider the following class of singular filters for the system with the optimal noise
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level set at w* = Ew = 0 in the usual Kalman-Luenberger type structure:

t~>

po ng = f(@)+ L(2,y)(y — ha(2));  #(to) =0 (5.6)

Z = y—hy(2)

where € X is the filter state, L:XxY — R is the gain matrix of the filter, and

Z € R™ is the penalty variable or estimation error.

The problem can then be formulated as a dynamic optimization problem with the following

cost functional

min  J(Ew) = { / (el = 3 {IFS 0 PDI Yy )

LeRnxm weS,xo=0
, and with w = 0, hm {x( ) —x(t)} = 0.

To solve the above problem, we form the Hamiltonian function H : T*X xT*Y x W x R"*™ —

R

H(d,y,w, L, Vi, V) = Vea(E2,y)[f(2) + L(2,y)(y — ha(@))] + Vy (B2, y)y + (5.8)

L.
SR, (59)

for some C' function V : X x ) — R, and where Vi is the row vector of first partial

derivatives of V with respect to Ex.

Completing the squares now for L in the above expression (5.9), we have

H(&,y,w, L Vi, VI = Via(Ed,y)f(2) + V,(E2,y)) +
Loiar, o o . .
§HLT(IL‘, Y)WV (B2, y) + (y — ha(2))]]* —

1. R N A, ~ R 1., .
§VE§:(E$7 y)L(x, ?J)LT(% ?J)VET;i(Exa ?J) + §HZ||%W—I)'



161

Thus, setting the optimal gain ﬁ*(ﬁc, y) as
Via(Ed,y) L (&,y) = —(y — ha(2))", (5.10)
minimizes the Hamiltonian (5.9). Finally, setting
H(&,y,w, L, VL, ‘A/yT) =0

results in the following Hamilton-Jacobi-Bellman equation (HJBE):

Vs (B2, ) (2) + VB2, y)i — 5 Via (B ) (2 y) 7 (2,0 Vi (B, ) +
Sy ha(@))" (W — 1)(y — ha(@) =0, V(0,0) =0, (511)

or equivalently the HIBE

Vis(E2,y) f(2) + Vy (B, y)y+ %(y — ha(&))" (W = 2I)(y — ha(£)) = 0, V(0,0) =0. (5.12)

But notice from (5.2), with the measurement noise set at zero,
ZJ = Eergth:

where £ is the Lie-derivative operator (Sastry, 1999) in coordinates Fx. Moreover, under

certainty-equivalence and with @w* = E{w} = 0, we have
§ = Lwyha(2) = Viaha(2) f(2).

Substituting now the above expression in the HJBE (5.12), results in the following formal

form of the equation

Ves(Ed,y) f(2) + %(Ei} Y)Vieahe(2) f(2) + %(?J — ho(&))" (W —2I)(y — ho(2)) = 0,

V(0,0) = 0. (5.13)
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Consequently, we then have the following result.

Proposition 5.1.1. Consider the nonlinear system (5.2) and the Hy filtering problem for
this system. Suppose the plant P3y is locally asymptotically stable about the equilibrium-point
x = 0 and zero-input observable. Further, suppose there exist a C* positive-semidefinite
function V:NxT— Ry locally defined in a neighborhood NxYTcxxy of the origin
(f, y) = (0,0), and a matriz function L: NxT — R satisfying the HIBE (5.13) together
with the side-condition (5.10). Then the filter F} ¢, solves the Hy filtering problem for the

system locally in N.

Proof: The optimality of the filter gain L* has already been shown above. It remains to
prove asymptotic convergence of the estimation error vector. Accordingly, let V > 0beaC!
solution of the HJBE (5.11) or equivalently (5.12). Then, differentiating this solution along

a trajectory of (5.6), with L =L*, we get

~ ~

Vo= Vea(B2y)[f(@) + L*(&,9)(y — ha(2))] + V, (B2, y)j

1
= =5l

where the last equality follows from using the HIBE (5.12). Therefore, the filter dynamics is
stable, and V(EZ, y) is non-increasing along a trajectory of (5.6). Further, the condition that

V(Ez(t),y(t)) = 0Vt > ts implies that z = 0, which further implies that y = ho(2) Vt > .

By the zero-input observability of the system, this implies that £ = = Vt > t,. [

The result of the theorem can be specialized to the linear descriptor system

EFr = Ax+ Biw;, Fx(ty) = Ex
Pl ' (fo) ’ (5.14)
Yy = 0233' + D21’LU
where £ € R™", A € R™" By € R™™, Cy € R™*™, Dy € R™*". Assuming without loss

of generality that W = I, we have the following result.

Corollary 5.1.1. Consider the linear descriptor system (5.14) and the Hy filtering problem
for this system. Suppose the plant P, is locally asymptotically stable about the equilibrium-
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point x = 0 and observable. Suppose further, there exist symmetric positive-semidefinite

matrices P € R Q € R™™  and a matriz L € K™, satisfying the linear matriz-

mequalities
ETPA+ ATPE—-CTCc, ¢ 0
C, —1 Q| <0 (5.15)
0 QT 0
0 YETPL - ) |
o 3 >) <0 (5.16)
HETPL - coI)T (1=6)1 |

for some number 61 > 1. Then the filter

Ei = Ai+ L(y—Coit); Ei(ty) =0
| ) ) (5.17)
z = Oy

solves the Ha estimation problem for the system.
Proof: Take
~ 1 A A A
V= 5(gsTETPEas +y'Qy), P>0
and apply the result of the Proposition. [

Notice however, since the system is inherently constrained, the steady-state error of the
estimates may be improved by using a proportional-integral (PI) filter configuration (Gao,

2004), (Koenig, 1995). Thus, we consider the following class of filters:

Etx = f(&)+ Li(2,&9)(y — ha(®)) + Lo(#,&, y)€
Fhso £ = y—hy(@) (5.18)
=y ha(d)

where & € X is the filter state, & € R x R is the integrator state, and Ly, Ly : X xY — R¥™
are the proportional and integral gain matrices of the filter respectively. Similarly, using

manipulations as in Proposition 5.1.1, we can arrive at the following result.
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Theorem 5.1.1. Consider the nonlinear system (5.2) and the Hs filtering problem for this
system. Suppose the plant P§, is locally asymptotically stable about the equilibrium-point
x = 0 and zero-input observable. Further, suppose there exists a C' positive-semidefinite
function V: N xZx T — R, locally defined in a neighborhood N x = x TCXXxYXRxY
of the origin (&,&,y) = (0,0,0), and matriz functions Ly, Ly : N x Zx T — R™™  satisfying
the HIBE

Vigs (B, &, y) f(£) + Vy (B, £, y)V peha(E) () + Ve(BE, &, y) (y — ha()) — ET6+
Ly — ho(2))T (W — 21)(y — ha(F)) = 0, V/(0,0,0) = 0. (5.19)

together with the side-conditions

VEi(Ejvfay)Ll(i‘7§7y) = _(y—h2(f))T (5.20)
VE%(Ei'aan)LQ(jaé‘:y> = _ET' (521)

Then the filter F{, g, solves the Hy filtering problem for the system locally in N.

In the next section, we consider the design of normal filters for the system.

5.1.3 H,; Normal Filters

In this subsection, we discuss normal filters for the system (5.2). We shall consider the design
of both full-order and reduced-order filters. We start with the full-order filter first, and in

this regard, without any loss of generality, we can assume that F is of the form

axq

This follows from matrix theory and can easily be proven using the singular-value decompo-

sition (SVD) of E. It follows that, the system can be represented in the canonical form of a
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differential-algebraic system

o1 = fi(z) +gu(@)w; z(t) = 2o
Py, - 0 = fo) + g (2)w (5.22)
y = ha(x) + kop(x)w

where dim(z1) = ¢, f1(0) =0, f2(0) = 0. Then, if we define
iy = fo(x) + gn(v)w,

where 5 is a fictitious state vector, and dim(z3) = n—gq, the system (5.22) can be represented

by a normal state-space system as

o1 = filz) +gu(@)w; z1(te) = 10
is% : Ty = fQ(ZL‘) + ggl(x)w; ZL‘Q(to) = Ty (523)
y = ho(x) + kor(z)w.

Now define the set
Q, = {(x1,20) € X' | 2 = 0}. (5.24)

Then, we have the following system equivalence
Py|o, = P, (5.25)

Therefore, to estimate the states of the system (5.22), we need to stabilize the system (5.23)
about €2, and then design a filter for the resulting system. For this purpose, we consider the

following class of filters with E{w} = 0:

Fi(@) + Li(@,y) (y — ha(2))
Fhnsy @2 = fo(@) + foa(w)aa(®) + La(2,y)(y — ha()) (5.26)

z = Yy — hQ(Z\E)v

Iy
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where © € X is the filter state, ﬁl X x Y — RO f/Q X XY — RV gre the
filter gain matrices, and gay : X — M™~9*P is a gain matrix for the artificial control input
u = ag(x) € RP required to stabilize the dynamics @5 about €,. Accordingly, we make the

following assumption.

Assumption 5.1.2. The pair {fo, g2} is stabilizable, i.e., 3 a control-Lyapunov-function
(CLF), V >0, such that Vy,(x)(f2(x) — goa(x)gm(2)V,E(2)) < 0.

Thus, if Assumption 5.1.2 holds, then we can set ax(d) = —1g5(2)V;L (%), where ¢ > 0 is
small, a high-gain feedback (Young, 1977) to constrain the dynamics on €2, as fast as possible.

Then, we proceed to design the gain matrices ﬁl, L, to estimate the states. Consequently,

we have the following result.

Proposition 5.1.2. Consider the nonlinear system (5.22) and the Hs estimation problem
for this system. Suppose the plant P is locally asymptotically stable about the equilibrium-
point x = 0, is zero-input observable and satisfies Assumption 5.1.2. Further, suppose there
exists a C' positive-semidefinite function V:NxT = R, locally defined in a neighborhood
NxY C XxY of the origin (Z1,22,y) = (0,0,0), and matriz functions Li: NxT — Roxm
Ly: N x T — R0"_ satisfying the HIBE:

‘\/}m (‘/\Ev y)fl(i‘) + ‘\/512 (‘/\Ev y)f?(:\p) + ‘\/512 (‘/\Ev y)922(‘/\p)a2(i‘) + ‘\/;J(iiv y)vE:th(i')f(i‘)—i_
Ly — ho(2))T(W — 4I)(y — ha(2)) =0, V(0,0) =0 (5.27)

together with the side-conditions

Vi, (2,y)La(2,y) = —(y— ha(2))" (5.28)
Vo (2, 9) La(2,y) = —(y — ha(¥))" (5.29)

Then, the filter ¥4, 4 solves the Ha-filtering problem for the system locally in N.

Proof: Follows along same lines as Proposition 5.1.1.
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Remark 5.1.1. Notice the addition of the high-gain feedback u = a(), transforms the filter
F% 3 to a singularly-perturbed system (Young, 1977) with a slow subsystem governed by the
dynamics 1, and a fast subsystem governed by the xo-dynamics. This design philosophy
18 not a coincidence, since descriptor systems are intimately related to singularly-perturbed
system. This also suggests an alternative approach to the filter design problem, by considering

a singularly-perturbed model of the system (5.22) as

1 = fi(z) +gu(@)w; x(ts) = 20
P, ety = fa(z) + gar(7)w, (5.30)
y = hao(x) + ko (2)w,

where € > 0 is a small parameter, and designing a normal filter for this equivalent system
(Aliyu, 2011a). Notice in this case, as € | 0, the model (5.30) reduces to the original model
(5.22).

Remark 5.1.2. A common HJBE-CLF can also be utilized in the above design procedure.

This can be achieved optimally if we take

w(r) = ——gh@) V().
‘Z\m(‘/\pvy)zl(:\pvy) = _(y_hQ(‘/\E))T7
Vio (0, 9) La(2,y) = —(y — ha(@))7,

where V is a C* solution of the following HIBE

‘_/i’l (‘/\Evy)fl(‘/\p) + ‘ZL’Q(‘%?y)fé(i‘) - %‘Z@Q(i7 9)922@)9;2@)‘752(9\579)4‘

Vy (&, 9)VEsha(2) f(2) + §(y — ha(2))" (W = A1) (y — ha(¥)) =0,  V(0,0) =0.

Next, we consider a reduced-order normal filter design. Accordingly, partition the state-

vector z comformably with rank(E) = qasx = (27 21T with dim(z,) = q, dim(x3) = n—q
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and the state equations as

1 = fi(x, x2) + g1 (@1, x2)w; x1(to) = 210
15% : 0 = fa(xr,x2) + gor(x1, x2)w; x2(to) = 20 (5.31)
y = ha(x) + kop(x)w.

Then we make the following assumption.

Assumption 5.1.3. The system is in the standard-form, i.e., the Jacobian matriz fo ., (x1, x2)

is nonsigular in an open neighborhood U of (0,0) and g21(0,0) # 0.

If Assumption 5.1.3 holds, then by the Implicit-function Theorem (Sastry, 1999), there exists

a unique C! function ¢ : §¢ x W — R"~? and a solution
Ty = ¢(z1, W)

to equation (5.31b). Thus, the system can be locally represented in U as the reduced-order
system

pe . 1 = fi(z, oo, w)) + gui (w1, ¢(w1, w))w; w1(te) = 710 (5.32)

y = ha(zy, d(z1,w)) + kay (21, ¢(x1, w))w.

We can then design a normal filter of the form

Fo= fil, 61, 0)) + L, 6(21,0), y)(y — ha(#r, ¢(#1,0)));
FaDrN4 5731(150) = E{xm} (5‘33)
Z = y_hQ(‘i'17¢(‘i'170))

for the system, and consequently, we have the following result.

Theorem 5.1.2. Consider the nonlinear system (5.22) and the Hsy filtering problem for
this system. Suppose for the plant P2 is locally asymptotically stable about the equilibrium-
point x = 0, zero-input observable and Assumption 5.1.83 holds for the system. Further,

suppose there exists a C' positive-semidefinite function V:NxT — R, locally defined
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in a neighborhood N x Y C UxY of the origin (Z1,y) = (0,0), and a matriz function
L:N x T — R*™ satisfying the HIBE:

Vi, (21,9) f1(d1, @(d1,0)) + Vy(£1,y) Vizha(E1, ¢(21,0)) f1 (21, 6(21,0)) +
Ly = ha(#1, ¢(21,0)) (W = 21)(y — ha(i1, ¢(i1,0))) = 0, V(0,0) =0,  (5.34)

together with the side-condition
Vi, (2, 9) L(E1,y) = —(y = ha(in, 6(21,0))" (5.35)
Then, the filter ¥, 5, solves the Hy filtering problem for the system locally in N.

Proof: Follows along same lines as Proposition 5.1.1.

Similarly, we can specialize the result of Theorem 5.1.2 to the linear system (5.14). The

system can be rewritten in the form (5.22) as

T = Az + Az + Briw; xq(to) = 1o
P, 0 = Anwy + Ay + Boyw;  xo(to) = a0 (5.36)
y = Cyuzy+ Cypzs+ Dyw.

Then, if A, is nonsingular (Assumption 5.1.3) we can solve for x5 in equation (5.36(b)) to
get
Ty = —A; ' (A1 + Byw),

and the filter (5.33) takes the following form
i = (A — A51A21)fi1 + E[y — (Cn — 022A2_1A21)f1];

FlDrN4 5731(150) = E{xm} (5‘37)
y— (Cy — 02214271/421)%1'

(¢
I

Then, we have the following corollary if we again assume that W = [ without loss of

generality.
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Corollary 5.1.2. Consider the linear descriptor system (5.14) and the Ha-filtering problem
for this system. Suppose the plant Pl is locally asymptotically stable about the equilibrium-
point x = 0, Assumption 5.1.3 holds and the plant is zero-input observable. Suppose further,
there exist symmetric positive-semidefinite matrices Pe R1x9 C? e ™™ and a matriz

L € ™ satisfying the LMIs:

ATP 4 PA, - CICT CT 0
Cy -7 Q| <0 (5.38)

0 Q 0

0 LPL—CT) |
L ol ) | g (5.39)

F(PL=CHT (=) |

for some &5 > 1, where A, = (A; — A1 Ay), Cy = (Coy — Oy Ay Ag1). Then, the filter
(5.37) solves the Hy-filtering problem for the system.

Proof Take

V]

o Loore, <
V(#) = ST P + 5" Qy)

and apply the result of the Theorem. [

5.1.4 The General case

In this subsection, we consider the filtering problem for the more general class of affine
descriptor systems in which £ = E(x) € M™"™(X) is a matrix function of x, and can be

represented as

Y E(x)t = f(z)+ g(z)w; z(ty) = 2o

be (5.40)
y = ha(x) + koi(2)w,

where minimum rank(E(zx)) = q for all x € X, E(0) = 0, and all the other variables and

functions have their previous meanings and dimensions. We also have the following modified

definition of regularity for the system (Zimmer, 1997).
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Definition 5.1.3. The system (5.40) is reqular if and only if, there exists an embedded
submanifold (Boothby, 1975) N C X and a vector-field f# such that, every solution of

i = f#(z), x € N, is also a solution of (5.40), and vice-versa.

We first consider the design of a singular filter for the above system. Accordingly, consider
a filter of the form (5.6) for the system defined as
E(@)i* = f(2")+ L@ y)(y — ha(2"))

Fos b b (5.41)
2 = y—ha(2),

where L’ € R"*™ is the gain of the filter. Suppose also the following assumption holds.

Assumption 5.1.4. There exists a vector-field e(z) = (e1(z), ..., en(x))T such that

_86

E(z) = .

(x), e(0)=0.

Remark 5.1.3. Notice that, e(x) cannot in general be obtained by line-integration of the

rows of FE(x).

Then we have the following result.

Theorem 5.1.3. Consider the nonlinear system (5.32) and the Ha state estimation prob-
lem for this system. Suppose for the plant P?pq is locally asymptotically stable about the
equilibrium-point x = 0, and zero-input observable. Further, suppose Assumption 2.4.1 holds,
there exists a C* positive-semidefinite function V° : TN® x Y° — R, locally defined in a
neighborhood TN® x Y C TX x Y of the origin (e(x),y) = (0,0), and a matriz function
L’ N° x Y* — R™™ satisfying the HIBE:

Vo (@), 9) F(2°) + V) (e(2"), )V eayha () f(2”) +

S — o) (W = 2D)(y — ha(a®)) = 0, V*(0,0) =0, (5.42)
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together with the side-conditions

Vi (€(a?),9) (2 ) = —(y — hala”))". (5.43)

Then, the filter F4,qs solves the Hy local filtering problem for the system in N”.

Proof: Let VV” > 0 be a solution of the HIBE (5.34), and consider the time-derivative of
this function along a trajectory of (5.41)

V= Vi (@), ) B()i + Vi (e(a), y)y

e(zb
= Vi (@), ) (") + L@, y)(y — ho(2”)] + V, (e(2”), )y

1
= —5I2I%

where the last equality follows from using the HIBE (5.34). The rest of the proof then follows

along the same lines as Proposition 5.1.1. [J

A normal filter for the system can also be designed. If rank(E(x)) = ¢ is constant for
all z € T C X. Then, it can be shown (Zimmer, 1997) that, there exists a nonsingular
transformation 7' : T — M™"(X) such that

r@E@ = ™, @ = [ M),

0 fNQ (33')

where By € M?4(T) is nonsigular on T, and the system (5.40) can similarly be represented

in this coordinates as

B = EyN) fi(rn, we) + BN @) dn (e, m)w; @(te) = @

Phe 0 = falxy,x2) + gor(x1, x2)w;  xa(ty) = T2 (5.44)
y = hg(l’)—f-k’gl(l')w,

T
where () = T'(x)g1(z). Then, a normal filter can be designed for the above system

5721(95)
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using the procedure outlined in Subsection 5.1.3 and Proposition 5.1.2. Similarly, a reduced-
order filter for the system can also be designed as in Theorem 5.1.2 if the equivalent of
Assumption 5.1.3 is satisfied for the system. This would also circumvent the problem of

satisfying Assumption 5.1.4.

In the next section, we consider an example.

5.1.5 Examples

Consider the following simple nonlinear differential-algebraic system

B = —2 4 29 + 23w (5.45)
0 = —x1 — 29+ sin(z)wp (5.46)
y = 1+ 2+ w, (5.47)

where wy is a uniformly distributed noise process. We find the gain for the singular filter
F{ ¢, presented in Subsection 2.2. It can be checked that the system is locally observable,

and the function V(&) = 142, solves the inequality form of the HIBE (5.12) for the system.

1
2
Subsequently, we calculate the gain of the filter as

7 (y — 1 — 29)

L(f\play) = _Ta

where L is set equal zero if |21] < € (e small) to avoid the singularity at & = 0.

Figures 5.2 and 5.3 show the result of the simulation with the above filter. In Figure 5.2,
the noise variance was set to 0.2 while in Figure 5.3 it was set to 0.5. The result of the

simulations show good convergence with unknown system initial condition.

Similarly, we can determine the reduced-order filter gain (5.33) for the above system. Notice

that the system also satisfies Assumption 5.1.3, thus we can solve equation (5.47) for x5 to
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H2 Filter Estimates H2 Estimation Error
1.2 T T T T T T

states

5 10 15 20 0 5 10 15 20
Time Time

Figure 5.2 H, singular filter performance with unknown initial condition and noise variance
0.2

H2 Filter Estimates H2 Estimation Error
1 T T T T T T

states

5F 4
10} 4
15} 4
_05 . . . . . .
5 10 15 20 0 5 10 15 20
Time Time

Figure 5.3 H, singular filter performance with unknown initial condition and noise variance
0.5
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get Ty = —x1 + sin(x;)wy, and substituting in (5.45), we get the reduced system
i = —a% — 21 — sin(zy)wy + 22w

which is locally asymptotically stable about = 0. Then, it can be checked that, the function

Viz) = 21 solves the HJBE (5.34), and consequently, we have the filter gain
N Y
L = ——
1 (Ih y) i‘l )

where again L(i#y,y) is set equal to zero if |x;| < € small. The result of the simulation with
this normal or reduced-order filter is very much the same as the singular filter shown above,

and hence it is omitted.

5.2 H, Filtering for Discrete-time Descriptor Systems

In this section, we present the discrete-time counterpart Hs filtering results presented in
the previous section for affine nonlinear descriptor systems. We shall similarly present two

classes of filters, namely, (i) singular; and (ii) normal filters.

5.2.1 Problem Definition and Preliminaries

Again, the set-up for this case is shown in Fig. 5.4, where P}, is the plant, while F} is the
filter. The noise signal w € &' is in general a bounded spectral signal (e.g. a Gaussian
white-noise signal) which belongs to the set &’ of bounded spectral signals, while Z € P,
is a bounded power signal or ¢y signal. Thus, the induced norm from w to Z (the penalty
variable to be defined later) is the f3-norm of the interconnected system Fy o Py, where the

operator o implies composition of input-output maps, i.e.,

A 121
HFk © PkHZz = SUPqyes’ HwHP/ ) (548)
S
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P 2 {w: w € ly, Ryw(k), Suww(jw) exist for all k and all w resp., ||w|p < oo},

S 2 {w: w € ly, Ryw(k), Sww(jw) exist for all k and all w resp., [|Syw(jw)|le < 0},

K
2 A I; L 2
P )

22 & Jim —— 37

k=—K

lwlls = V18w (w)llse = v/suby [ Swu (i)

and Ry, Sww(jw) are the autocorrelation and power spectral density matrices of w. Notice
also that, ||(.)||p is a seminorm. In addition, if the plant is stable, we replace the induced

{s-norm above by the equivalent H., subspace norms.

At the outset, we consider the following affine nonlinear causal descriptor model of the plant
which is defined on X C R"™ with zero control input:
Ex = f(zp) + g1 (xp)we; (ko) = 2°
P“Dd : k41 fxr) + gi(zr)wy, (ko) (5.49)
U = ho(xr) + Koy (2r)we,

where x € X is the semistate vector; w € W C R™ is an unknown disturbance (or noise)
signal, which belongs to the set YW of admissible exogenous inputs; y € )Y C R™ is the
measured output (or observation) of the system, and belongs to ), the set of admissible

measured-outputs.

The functions f : X — X, g : X — M™™(X), where M™J is the ring of 7 x j smooth
matrices over X', hy : X — R, and kg : X — M™(X) are real C* functions of
x, while E € R™*" is a constant but singular matrix. Furthermore, we assume without
any loss of generality that the system (5.49) has an isolated equilibrium-point at z = 0
such that f(0) = 0, ho(0) = 0. We also assume that there exists at least one solution
x(k, ko, E2°,w) Vk € Z for the system, for all admissible initial conditions Ez°, for all
w € W. The initial condition Ez" is said to be admissible if the solution xj is unique,

impulse-free and smooth for all k € [k, 00).

In addition, the following standing assumptions will be made on the system.
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+ izk Pk ~ Wk

e

By
<

RN>

Figure 5.4 Set-up for H, Filtering

Assumption 5.2.1. Let A = %(mo), xg € O C X, then the system (5.49) is admissible
implies the following hold:

1. the system is locally reqular at each point xo € O and hence solvable, i.e, det(zE— A) #
0 for all z € C;

2. the system is locally impulse-free at each g € O, i.e., deg(det(zE—A)) = rank(E) Vz €
C;

3. the system is locally asymptotically stable, i.e., (E, A) is Hurwitz at xy = 0.

The standard H; local filtering/state-estimation problem is defined as follows.

Definition 5.2.1. (Standard Hs Local State Estimation or Filtering Problem). Find a filter,
F, for estimating the state x(t) or a function of it, z, = hy(xg), from observations Y, 2

{y(@) : i <k}, of y(i) up to time k, to obtain the estimate
2 = F(Yy),

such that, the Hyo-norm from the input w to some suitable penalty function zZ s locally
minimized for all admissible initial conditions Ex® € O C X. Moreover, if the filter solves

the problem for all admissible Ex® € X, we say the problem is solved globally.

We shall adopt the following definition of local zero-input observability which we coined from

(Ozcaldiran, 1992), (Vidyasagar, 1993).

Definition 5.2.2. For the nonlinear system P%, we say that, it is locally weakly zero-input
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observable, if for all states x1, xo € U C X and input w(.) =0, k > ko
y(k; Exi(ko—), w) = y(k; Exa(ko—), w) = Ex1(ko) = Ewa(ko); (5.50)
the system is said to be locally zero-input observable if
y(k; Exy(ko—), w) = y(k; Exa(ko—), w) = 1(ko) = x2(ko); (5.51)

where y(., Ex;(ko—),w), i = 1,2 is the oulput of the system with the initial condition

Ex;(to—); and the system is said to be locally strongly zero-input observable if
y(k; Exy(ko—),w) = y(k; Exa(ko—), w) = x1(ko—) = x2(to—). (5.52)

Moreover, the system is said to be globally (weakly, strongly) zero-input observable, if it is

locally (weakly, strongly)-observable at each x(kg) € X or U = X.

In the sequel, we shall not distinguish between local observability and strong local observ-

ability.

5.2.2 Solution to the H; Filtering Problem Using Singular Filters

In this section, we discuss singular filters for the H, state estimation problem defined in the
previous section, and we discuss normal filters in the next subsection. For this purpose, we
assume that the noise signal w € W C §' is a zero-mean Gaussian white-noise vector process
with

E{w(k)} =0, E{wk)w’ ()} =Wék—j), i,j,k€Z.

The system’s initial condition is also assumed to be Gaussian distributed random vector with

mean

E{zo} = 2°.

We consider full-order Hs singular filters for the system with the certainty-equivalent optimal
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noise w* = Ew = 0 in the usual Kalman-Luenberger type structure:

. Eipe = f(2x) + LTk, y) (v — ha(@)), (ko) = 2°
Fod (5.53)

Zk = Uk — hal(Zy),

where 7 € X is the filter state and L : X x ) — R™™ is the gain matrix of the filter, Z € R™

is the penalty variable or estimation error.

The problem can then be formulated as a dynamic optimization problem with the following

cost functional

, 1 =  _ 1 . .
min J(Lw) = E{§Z||zk||%v}:§{uFé o PHI3, } (5.54)

i X ’
LeERM XM yweS k—Fo

s.t. (5.53), and with w =0, tlim {& —x}=0;
—00

To solve the above problem, we form the Hamiltonian function? H : X x ) x R™™ x R — R

(Wang, 2008):

for some C? function V : X x Y — R and where * = x3, y = yi, 2 = 2. Notice also here
that, we are only using y;_1 in the above expression (5.55) to distinguish between y, = y

and yx_1. Otherwise, (5.55) holds for all y and is smooth in all its arguments.

Then, the optimal gain L* can be obtained by minimizing H with respect to L in the above
expression (5.55), as

L* =argmin H(z,y, L, V). (5.56)
L

Because the Hamiltonian function (5.55) is not a linear or quadratic function of the gain L,

20ur definition is slightly different from Reference (Wang, 2008) in order to maintain the symmetry of
the Hamiltonian
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only implicit solutions can be obtained by solving the equations

WAyl _ (5.57)

for L*(z,y), where A = E(f(2) + L(z,y)(y — ha(2))), dV/OX is the row vector of first-order
partial derivatives of V' with respect to A, and V solves the discrete-time Hamilton-Jacobi-

Bellman equation (DHJBE)

H(z,y,L*,V)=0, V(0,0)=0, (5.58)
with
o0*V
— 0.
ON? [\ g

Thus, the only way to obtain an explicit solution is to use an approximate scheme. Accord-
ingly, consider a second-order quadratic approximation of the Hamiltonian function (5.55)

about (Ef(2),y) and in the direction of the estimator state vector E#, denoted by H:

H(z.y,L,V) = V(Ef(@),y) + Ve Ef (&), 9)[E(f(@) + L(&,y)(y — ho(8)))] +
S = b)) 7 (2, 9) B Viapa (B (), 9) BLE, y)(y — hald)) —
V(B ) + 5120 + OUIRIP) (559)

where f/, [2, are the corresponding approximate functions with 1% positive-definite, and VEm B
is the Hessian matrix of V with respect to £z. Then, differentiating H (o IA/, .) with respect
to u = Eﬁ(fc, y)(y — ha(Z)) and applying the necessary optimality conditions, i.e., % =0,
we get

EL*(2,y)(y — ha(2)) = —[Vesrs (Ef(2),y)] Vi (Ef(2),y). (5.60)

Finally, substituting the above expression for L* in (5.59) and setting

H(z,y,L*, V) =0,
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results in the following DHJBE:

V(Ef(2),y) + Ve:(Ef(2),y)Ef(2) — V(B2 ye_1)—
Wis(Ef(2), y) [Vesns(Ef(2), )] VE(Ef(2),y)+
2y — ha(&)"W(y — ha(@)) =0, V(0,0) =0. (5.61)

We then have the following result.

Theorem 5.2.1. Consider the nonlinear system (5.49) and the Hs filtering problem for this
system. Suppose the plant P& is locally asymptotically stable about the equilibrium-point
x = 0 and zero-input observable. Further, suppose there exist a C? positive-definite function
V : NxT = R, locally defined in a neighborhood Nx T C XxY of the origin (&,y) = (0,0),
and a matriz function L:NxT— R satisfying the DHIBE (5.61) together with the
side-condition (5.60). Then, the filter F%l, solves the Hy filtering problem for the system
locally in N.

Proof: The optimality of the filter gain L* has already been shown above. It remains to
prove asymptotic convergence of the estimation error vector. Accordingly, let V(Ei, y) >0
be a C'! solution of the DHJBE (5.61). Then, taking the time variation of V along a trajectory
of (5.53), with L = L*, we get

V(Bia) ~ VEF@).Y) + Ve B0, 9B + L)y~ ho(@)] +
(0 a())" L7 (2, 4) " Vi a (B (), 4) EL (2, )y — D)
= V(ES(#),9) + Vesl EF(3), ) B () -

Ve E1(8), ) Vs (BF(2), )] VE(BS(2),v)
= V(B2 1) — 5y — (@) Wy — ()

where use has been made of the quadratic Taylor approximation above, and the last equality
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follows from using the DHJBE (5.61). Therefore,
A R N R 1., . 9
V(EZpi1, ye) — V(EZ, Y1) = _§||Zk||w

and by Lyapunov’s theorem, the filter dynamics is stable, i.e., V(Ei‘,y) is non-increasing
along a trajectory of (5.53). Further, the condition that V(Eii1,yx) = V(EZ, yp_y) Yk >
ks, for some ks, implies that Z; = 0, which further implies that y, = ho(Zy) Vk > ks. By the

zero-input observability of the system, this implies that &, = xp Vk > k. [
The result of the theorem can be specialized to the linear descriptor system

Ex = Ax, + Biwy;, FEz(ky) = Ea°
pi . k1 k 1Wk (ko) (5.62)
yr = Coxp + Dyywy,
where £ € ™" A € R™*", By € R, Cy € R™*™, Dy € R™ ™. Assuming without loss

of generality that W = I, we have the following result.

Corollary 5.2.1. Consider the linear descriptor system (5.62) and the Hy filtering problem
for this system. Suppose the plant P4 is locally asymptotically stable about the equilibrium-
point x = 0 and observable. Suppose further, there exist symmetric positive-semidefinite
matrices P € R, Q, R € R™™, and a matriz L € R™™, satisfying the linear matriz-

inequalities (LMIs)

ATETPEA+ ETPE +3CfCy,  —3CT 0
~ic, ~3Q@-R) 0 |<0 (5.63)
0 0 -1Q
B(A—iC,) 1EL |
( ) ) 2 <0 (5.64)
LLTET 51

for some number 61 > 0. Then the filter

Ei = Ai+ L(y— Coi); Ei(ky) = Ex°
Fpsi ) (5.65)

Z:CQ.@
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solves the Ho estimation problem for the system.

Proof: Take
N 1 o N ~
V(EZ,y) = 5(aeTETPEae +47Qy), P>0

and apply the result of the Theorem. [

Notice that the DHJIE (5.61) is a second-order PDE, and hence there is an increased com-
putational burden in finding its solution. Thus, alternatively, the results of Proposition 5.2.1
can be rederived using a first-order Taylor-series approximation of the Hamiltonian (5.55),

which can be obtained from (5.59) by neglecting the quadratic term, as

~

V(B yer) + 51217 + O(I27). (5.66)

Then, repeating the optimization as previously, we can arrive at the following first-order

counterpart of Proposition 5.2.1

Proposition 5.2.1. Consider the nonlinear system (5.49) and the Ho filtering problem for
this system. Suppose the plant P is locally asymptotically stable about the equilibrium-point
x = 0 and zero-input observable. Further, suppose there exist a C' positive-semidefinite
function VN xT; — Ry locally defined in a neighborhood NixTiCXxY of the origin
(,y) = (0,0), and a matriz function L: Ny xYT; — R satisfying the DHIBE (Lyapunov

equation)

Y(Ef(2),y) + Ve Bf (@), y) Ef (&) = Y (B, yp-) +
S~ ha() (W —21)(y — ha(8)) =0, ¥(0,0) =0, (567

together with the side-condition
Yo (Ef(2),y)EL* (&, y) = —(y — ha(2))"" (5.68)

Then, the filter F&, solves the Hy filtering problem for the system locally in N;.
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Proof: Proof follows along same lines as Theorem 5.2.1. [J

In the next section, we consider the design of normal filters for the system.

5.2.3 Discrete-time H, Normal Filters

In this subsection, we discuss normal filters for the system (5.49). We shall consider the
design of both full-order and reduced-order filters. We start with the full-order filter first,

and in this regard, without any loss of generality, we can assume that E is of the form

This follows from matrix theory and can easily be proven using the singular-value decompo-
sition (SVD) of E. It follows that, the system can be represented in the canonical form of a

differential-algebraic system

T = fi(ze) + gu(zp)we; z(ko) = 2°
Py - 0 = folzy) + gor(zr)wy (5.69)
y = ha(xg) + kor(xp)wy,

where dim(z1) = ¢, f1(0) =0, f2(0) = 0. Then, if we define

T i1 = fa(zr) + g1 (Tr)wy,

where x9 511 is a fictitious state vector, and dim(z2) = n — ¢, the system (5.69) can be

represented by a normal state-space system as

Ty = Si(oe) + gu(ze)we; x1(ko) = '

Py Topr1 = falxr) + gor(zn)wr; wa(ko) = 2 (5.70)
Yy = h2($k)+l€21($k)wk

8
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Now define the following set €2, C X
Qp = {(x1,22) € X | 29441 = 0}. (5.71)
Then, we have the following system equivalence
P, =P, (5.72)

Therefore, to estimate the states of the system (5.69), we need to stabilize the system (5.70)
about €),, and then design a filter for the resulting system. For this purpose, we consider

the following class of filters with w* = E{w} =0

Tippr = Ji(aw) + Ll(i‘ka Yr) (Y — ha(2r))
FaDdN:S 562,k;+1 = f2(56k) + 922(1%)042(%) + ﬁ2@k7 yk)(yk - h2(ik)) (5-73)
ék = Yk — hQ('\Tk)a

where = € X is the filter state, il X x )Y — R Lg XA XY — RV gre the
filter gain matrices, and gay : X — M™~9*P is a gain matrix for the artificial control input
u = () € NP required to stabilize the dynamics xg 1 about €,. Accordingly, we make

the following assumption.

Assumption 5.2.2. The pair { f2, Goz} is locally stabilizable, i.e., 3 a control law ay(22) and

a Lyapunov-function (LF), V > 0, such that V( f3(&)— goa(¥)as(2)) =V (2) <0V € N C X.

Thus, if Assumption 5.2.2 holds, then we can make ay = ay(Z, ), where e > 0 is small,
a high-gain feedback (Young, 1977) to constrain the dynamics on (2, as fast as possible.
Then, we proceed to design the gain matrices ﬁl, Lo to estimate the states using similar
approximations as in the previous section. Using the first-order Taylor approximation, we

have the following result.

Proposition 5.2.2. Consider the nonlinear system (5.69) and the Hy estimation problem for
this system. Suppose the plant P is locally asymptotically stable about the equilibrium-point

x = 0, and zero-input observable. Further, suppose there exist a C' positive-semidefinite
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unction V. : N x T — R, locally defined in a neighborhood N x T C X x Y of the origin
f + y g g
(21, 22,y) = (0,0,0), and matriz functions Li i NxYT = Rm Ly N x Y — Rn-oxm,
satisfying the DHJBE:

V(fl(i“)a f2(53)a y) - V(ﬁfla i’2:yk71) + Va‘cg(fl(i’)a f2(f75)a 9)922(55)042(537 5) +

Sy () (W = 41)(y — ha(2)) = 0, V(0,0,0) =0, (574)

together with the side-conditions

%1(f1(i‘)7fQ(‘/\E)vy)Ll(‘/\Eh:\E%y) = _(y_hQ(‘/\E))T7 (575)
Vio (f1(2), fo(@),y)La(d1, 20,y) = —(y — ha(2))". (5.76)

Then, the filter F%y\ solves the Ho-filtering problem for the system locally in N.

Proof: Follows along same lines as Theorem 5.2.1.

A common DHJBE for both the stabilization and filter design can also be utilized in the

above design procedure. This can be achieved optimally if we take

. 1 T N .
042(‘7:75) = —gggz(flf)‘@i(fl(flf),f2(33)ay)a
Va‘cl(fl('\x)a fQ(i)ay)Ll(i“ay) = —(y - h2(3\5))T:
‘Ziz(fl(i')a fQ(‘/\E)Jy)LQ(:\Evy) = —(y - h2(i))T7
where V > 0 is a O solution of the following DHJBE

V(fl(‘/\p)v fQ(i)vy) - é‘_/m(fl(‘/\p)v fQ(‘/\E)vy)g22(i)gg;(i)‘7:v€(fl(i)v fQ(i‘)vy) -

V (21, 29, Yr_1) + %(y — ho(2))T(W — 41)(y — ho(2)) =0, V/(0,0,0) = 0.

Next, we consider a reduced-order normal filter design. Accordingly, partition the state-

vector z comformably with rank(E) = qasx = (27 21T with dim(z,) = q, dim(x3) = n—q
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and the state equations as

Tipr1 = Ji(@ie, Xar) + 11Tk, Tok)wr; 21(ko) = zt0

P%j : 0 = fol@ik Tak) + g2 (T1k, Top)wr; w2(ko) = 2% (5.77)

Y = h2($k)+k21(l‘k)wk

Then we make the following assumption.

Assumption 5.2.3. The system is in the standard-form, i.e., the Jacobian matriz fo ., (x1, x2)

is nonsigular in an open neighborhood U of (0,0) and g21(0,0) # 0.

If Assumption 5.2.3 holds, then by the Implicit-function Theorem (Sastry, 1999), there exists

a unique C! function ¢ : §¢ x W — R"~? and a solution
Ty = ¢(z1, W)

to equation (5.77b). Thus, the system can be locally represented in U as the reduced-order
system

Tiper = fi(@ig (@1, wi)) + gui(@ g, (@, wi))wy; x1(ko) = x°

| S (5.78)

U = ho(@ig, @1k wi)) + ko1 (T1k, O(T1k, W))Wk

We can then design a normal filter of the form

Tigrr = Si(Tig, &(T1k,0)) + E(fl,kmb(fl,k,o)ayk)[y—
Fi N ho (14, 6(F10,0))];  21(Ko) = T (5.79)
= Yr— hQ(fl,k, ¢(5731,ka 0))

for the system, and consequently, we have the following result.

Theorem 5.2.2. Consider the nonlinear system (5.69) and the Hsy filtering problem for
this system. Suppose the plant P2 is locally asymptotically stable about the equilibrium-
point x = 0, zero-input observable and Assumption 5.2.3 holds for the system. Further,

suppose there exists a C' positive-semidefinite function V:NxT — R, locally defined
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in a neighborhood N x Y C UxY of the origin (Z1,y) = (0,0), and a matriz function
L:Nx T — R satisfying the DHIBE:

V(fi(#1, @31, 0),9) + Vi, (Fu(@1, 6(21, 0), 9) faldn, 621, 0)) = V(Fr, o) +

1 N . N . o

5 (W = ha(ir, (21, 0)) (W = 21)(y = ha(#1,6(i1,0)) = 0, V(0,0) = 0, (5.80)

together with the side-condition

‘u/m(fl(fl, P(Z1, 0)>y)i(f1, y) = —(y — ha(21, 9(Z1, 0)))T- (5.81)

Then, the filter F& ., solves the Hy local filtering problem for the system in N.

Proof: Follows along same lines as Theorem 5.2.2.

Similarly, we can specialize the result of Theorem 5.2.2 to the linear system (5.62). The

system can be rewritten in the form (5.69) as

Tip1 = A1z + Axoy + Buwy;, w1(ko) = zt0
Pllg : 0 = Anziy+ Asxop + Bawy;  x2(ko) = %0 (5.82)

Ye = Cozip+ Crptayp + Dywy.

Then, if A, is nonsingular (Assumption 5.2.3) we can solve for x5 in equation (5.82(b)) to
get
Ty = —AQ_I(AglIl + Bglw)

and the filter (5.79) takes the following form

Ty = (A1 — A;1A21)i'1,k + z(yk —(Cyn — 022A§1A21)f1,k); i1 (ko) = 2t

0
(5.83)
Z = yp— (Cy — 022A51A21)-i'1,k-

ld
FDT‘N4

Moreover, if we assume without loss of generality W = I, we have the following corollary.

Corollary 5.2.2. Consider the linear descriptor system (5.62) and the Ha-filtering problem
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for this system. Suppose the plant P is locally asymptotically stable about the equilibrium-
point x = 0, Assumption 5.2.3 holds, and the plant is observable. Suppose further, there exist
symmetric positive-semidefinite matrices P e Ra<q, Q e R™™ and a matric Le grxm

satisfying the LMIs:

3ATPA, —P—-CICT CT 0
s Q-1 0 | <0 (5.84)
0 0 -Q
0 LATPL - CT) |
o 2 (A | <o (5.85)
WATPE—CD (1-a)l |

for some number 65 > 1, where A; = (A — A1 Ag), Cy = (Coy — Cp Ay  Agy). Then, the
filter (5.83) solves the Ha-filtering problem for the system.

Proof: Take

V]

o Loore, <
V(@) = (T P+ 7 Qy)

and apply the result of the Theorem. [

5.2.4 The General Discrete-time case

In this section, we consider the filtering problem for the more general class of affine descriptor
systems in which £ = F(z) € M™"(X) is a matrix function of x, and can be represented
as

pad . E(xp)zre = f(or) + gi(zr)wy; (ko) = 2° (5.86)

Y = ha(zg) + kot (k) wy

where minimum rank(E(zx)) = q for all x € X, E(0) = 0, and all the other variables and

functions have their previous meanings and dimensions.

We first consider the design of a singular filter for the above system. Accordingly, consider
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a filter of the form (5.53) for the system defined as

pod_ E(#r) e = f(@) + L@ ye) (ye — holdx)) (5.87)

Zy = Yp— ha(Ty),
where L € R7%™ is the gain of the filter. Suppose also the following assumption holds.

Assumption 5.2.4. There exists a vector-field e(x) = (e1(x), ..., e.(x))" such that

_66

E(z) = o

(x), e(0)=0.

Remark 5.2.1. Notice that, e(x) cannot in general be obtained by line-integration of the

rows of E(x).

Then we have the following result.

Theorem 5.2.3. Consider the nonlinear system (5.78) and the Ha state estimation prob-
lem for this system. Suppose for the plant P2 pq is locally asymptotically stable about the
equilibrium-point x = 0, and zero-input observable. Further, suppose Assumption 5.2./4 holds,
there exists a C" positive-semidefinite function Y : Nx YT — R, locally defined in a neighbor-
hood NxYT C X xY of the origin (e(z),y) = (0,0), and a matriz function L - N xT — R,
satisfying the DHJBE:

(= o) (W —21)(y — ha()) = 0, ¥(0,0) =0 (589)

together with the side-condition

Yo (B(2) (%), ) B(@)L* (2, y) = —(y — ha(2))". (5.89)

Then, the filter F&. solves the Hy local filtering problem for the system in N.

Proof: Let Y > 0 be a C! solution of the DHIBE (5.80), and consider the time-variation
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of this function along a trajectory of (5.87) with L(Z,y) = L*(Z,y)

Y(E(2)Tr1,y) ~

=«

(B(2)f(&),y) + Yo (E(2)f(), y) B(&) f (&) +
(@) (B(@) (@), y) E(@)L* (&, y)(y — ha(2))

§ L.
(e(@), v1-1) — 5 121

<

I
e

where in the above manipulations, we have used the first-order Taylor approximation, and
the last equality follows from the DHJBE (5.88). Thus, again by Lyapunov’s Theorem, the
estimator dynamics is stable. The rest of the proof then follows along the same lines as

Theorem 5.2.2. [

A normal filter for the system can also be designed. If rank(E(x)) = ¢ is constant for
alz € Y C X , then, it can be shown (Zimmer, 1997) that, there exists a nonsingular
transformation 7' : T — M™"(X) such that

r@E@ = ™), 1@ = [ M),

0 fNQ (33')

where F; € qu;(f) is nonsigular on Y. The system (5.86) can then be similarly represented

in this coordinates as

T1g+1 = Efl(xk)fl(ka,xQ,k) + Efl(xk)f]n(xl,k,@,k)wk; x1(ko) = zt0

Pde 0 = fol@ik,xag) + gor(T1k, Top)wr;  xo(ko) = 2 (5.90)
Y = ho(xg) + ko (zx)wy,

gi1(x
where gu(7) = T(z)g1(z). A normal filter can now be designed for the above trans-

g1 ()
formed system using the procedure outlined in Subsection 5.2.3 and Proposition 5.2.2. Sim-

ilarly, a reduced-order filter for the system can also be designed as in Theorem 5.2.2 if the
equivalent of Assumption 5.2.2 is satisfied for the system. This would also circumvent the

problem of satisfying Assumption 5.2.4.
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5.2.5 Examples

Consider the following simple nonlinear differential-algebraic system:

T+l = x}/,f + x;/,f + sin(zy ) wo k (5.91)
0 = mip+ 2ok (5.92)
Yo = Tk + T2k + Wok- (5.93)

where wy is a zero-mean Gaussian white-noise process with unit variance. A singular filter
of the form F9,¢; (5.53) presented in Subsection 5.2.2 can be designed. It can be checked
that, the system is locally zero-input observable, and the function f/(i“) = (23 + 23 + y?),

solves the DHJBE (5.67) for the system. Subsequently, we calculate the gain of the filter as

~ (Yp — 16 — Tog)
ll(‘rkayk) = - .1/3 ~1/5 ;
Ty Ty,

where [ is set equal zero if |92'1/,f + i;/ | < € (e small) to avoid a singularity. Thus, z; can

be estimated with the filter, while x5 can be estimated from 29, = —21 .

Similarly, a normal filter of the form (5.79) can be designed. It can be checked that, As-
sumption 5.2.3 is satisfied, and the function V(i) = (%} + y?) solves the DHIBE (5.77) for

the system. Consequently, we can also calculate the filter gain as

. (Y — T1p — To k)
ll(xkayk) = - 21/3 21/5
L

and again [; is set equal zero if |f}/ D+ ié/ | < € (e small) to avoid the singularity.

5.3 Conclusion

In this Chapter, we have presented a solution to the Hs filtering problem for affine nonlinear

descriptor systems in both continuous-time and discrete-time. Two types of filters have been
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presented; namely, singular and normal filters. Reduced-order normal filters have also been
presented for the case of standard systems. Sufficient conditions for the solvability of the
problem using each type of filter are given in terms of HIBEs and DHJBESs, and the results
have also been specialized to linear systems, in which case the conditions reduce to a system
of LMIs which are computationally efficient to solve. The problem for a nonconstant singular
derivative matrix has also been discussed. Examples and simulation results have also been

presented to illustrate the approach.
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CHAPTER 6

Hoo FILTERING FOR DESCRIPTOR NONLINEAR SYSTEMS

In this chapter, we discuss the solution to the H., filtering problem for affine nonlinear
descriptor systems. The corresponding H, solution has been discussed in Chapter 5. This
approach is useful when the disturbances/measurement noise in the system are known to be
Gaussian. However, in the presence of nonGaussian noise and possibly Lo-bounded distur-

bances, the H., methods that we discuss in this chapter are more effective.

The chapter is organized as follows. In Section 2, we present a solution to the continuous-
time problem. Two classes of filters, namely, (i) singular; and (ii) normal filters, are similarly
considered. The general problem of a nonconstant derivative matrix is also considered.
Examples are then presented to demonstrate the approach. Then in Section 3, we present
the corresponding solution for discrete-time systems. Finally in Section 4, we give a short

conclusion.

6.1 H, Filtering for Continuous-time Systems

In this section, we present a solution to the continuous-time filtering problem using singular

and normal filters. We begin with the problem definition and other preliminaries.

6.1.1 Problem Definition and Preliminaries

The general set-up for studying H filtering problems is shown in Fig. 6.1, where P is the
plant, while F' is the filter. The noise signal w € P is in general a bounded power signal
(or Ly signal) which belongs to the set P of bounded power signals, and similarly Z € P, is

a bounded power signal. Thus, the induced norm from w to Z (the penalty variable to be
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defined later) is the H..-norm (or L£o-gain) of the interconnected system F o P, i.e.,

2],
lwlle,

A
|F o Pz, = SUPo£weLy (6.1)

At the outset, we consider the following affine nonlinear causal descriptor model of the plant,
which is defined on a manifold X C R" with zero control input:

pe . Ei = f(z)+ g(z)w; x(to) = xo 62)

y = ho(x) + koi(x)w,
where z € X is the semistate vector; w € YW C R” is an unknown disturbance (or noise)
signal, which belongs to the set YW of admissible exogenous inputs; y € )Y C R™ is the
measured output (or observation) of the system, and belongs to ), the set of admissible

measured-outputs.

The functions f : X — TX 1 g : X — M"*"(X), where M™J is the ring of i x j
smooth matrices over X, hy : X — R, and kg : X — M™ (X)) are real C*° functions
of z, while E € R is a constant but generally singular matrix. Furthermore, we assume
without any loss of generality that the system (6.2) has an isolated equilibrium-point at
x = 0 such that f(0) =0, hy(0) = 0. We also assume that there exists at least one solution
x(t, to, Fxg,w) Vt € R for the system for all admissible initial conditions Exg, for all w € W.
The initial condition Fzg is said to be admissible if the solution x(t) is unique, impulse-free
and smooth for all [ty, 00). In addition, the following standing assumptions will be made on

the system.

For simplicity we also make the following assumptions on the plant.

Assumption 6.1.1. The system matrices are such that

ka1 (2)gi () = 0,

'For a manifold M, TM and T*M are the tangent and cotangent bundles of M.
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+¢Z_ P -~ W

Figure 6.1 Set-up for H, Filtering

Assumption 6.1.2. Let 7 € O C X a neighborhood of x =0, A = %(f). Then, the system

(6.2) is locally admissible, implies the following hold:

1. the system is locally reqular at each T € O and hence locally solvable, i.e, det(sE—A) #
0 for all s € C;

2. the system is locally impulse-free at each X € O, i.e., deg(det(sE — A)) = rank(FE)

for all z € O and al most all s € C;

3. the system is locally asymptotically stable, i.e., (E,A) is Hurwitz for all T € O.

The suboptimal H, local filtering/state-estimation problem is defined as follows.

Definition 6.1.1. (Suboptimal H, Local State Estimation or Filtering Problem). Find a
filter, ¥, for estimating the state z(t) or a function of it, = = hy(x), from observations

Y, 2 {y(1) : 7 <t} of y(7) up to time t, to obtain the estimate
2(t) = F(Y1),

such that, the Hoo-norm (or La-gain) from the input w to some suitable penalty function Z
1s locally less or equal to some given desired number v > 0 for all initial conditions Exqy €
O C X. Moreover, if the filter solves the problem for all admissible Exy € X, we say the

problem 1s solved globally.

We shall adopt the following definition of local zero-input observability (Ozcaldiran, 1992).

Definition 6.1.2. For the nonlinear system P%,, we say that it is locally weakly zero-input
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observable, if for all states x1, xo € U C X and input w(.) =0, t > tg
y(t; Exq(to—),w) = y(t; Exe(to—),w) = Exy(ty) = Exa(ty); (6.3)
the system is said to be locally zero-input observable if
y(t; Ex1(to—), w) = y(t; Exs(to—), w) = x1(tg) = x2(tp); (6.4)

where y(., Ex;(to—),w), ¢ = 1,2 is the output of the system with the initial condition

Ex;(to—); and the system is said to be locally strongly zero-input observable if
y(t; Exy(to—),w) = y(t; Exs(to—), w) = z1(tog—) = z2(to—). (6.5)

Moreover, the system is said to be globally (weakly, strongly) zer-input observable, if it is

locally (weakly, strongly) zero-input observable at each xy € X or U = X.

In the sequel, we shall not distinguish between observability and strong observability. More-

over, we shall also assume throughout that the noise signal w € W C Ls([to, 00); R").

6.1.2 H, Singular Filters

In this subsection, we discuss full-order H,, singular filters for the system in the usual

Kalman-Luenberger type structure:

. Ex = f(2)+ q(@)0* + L(&, y)(y — hao(Z) — koy (&)0*) (6.6)
z = y—he(2)

~

where & € X is the filter state, w* is the worst-case estimated system noise (or certainty-
equivalent noise), L:X xY — R is the gain matrix of the filter, Z € R"™ is the penalty

variable, or innovation variable, or estimation error. The problem can then be formulated
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as a dynamic optimization problem (Basar, 1995) with the following cost functional

1 [ .
win supyewd(Low) = 5 [ (EOI =Pl st 66
LE%"XM to
and with w = 0, tlim {z(t) — z(t)} = 0. (6.7)
—00

To solve the above problem, we form the Hamiltonian function H : T*X xT*Y x W x R"*™ —

R

H(:%vy?wvivvgiv%T) = VE@(Eiivy)[f( )+gl( )w+L(I y)(y h2( ) le(:%)w)+

V(B2 y)j+ 5 (|| I1* = 7*[lwll) (6.8)

for some C* function V : X x Y — R, and where VEm is the row vector of first partial-

derivatives of V with respect to E. Applying then the necessary condition for the worst-case

oH
) Ow w=w*

noise/disturbance =0, we get

and substituting @* in (6.8), we get

H(d,y,0* L, Vi, VI = Via(Ei,y)f(2) + V,(Ez,y)y +
1 - N N RS .
WVEé(Efa Y)91(2)g1 (&) Vas(Ed,y) +
VEQ@(E@ y)L(#,y)(y — ha(#)) +

QVQVEx(Ex )L, y) L (3, 9) Vi (B2, y) + H 1.

Completing the squares now for L in the above expression (6.8), we have

~ ~

H (&, y,w* L, b V) = Vs (B, y) f(2) + V, (B, y)y +
1 - . . N .
2—,}/2VE§3(E$7y)gl(x)g?(l‘)vgzi(Ex7y)

(1—=9%),-
THZIIQ-

1o .
+2—72HLT(96, YWVis(Ed,y) + 77y — ha(2))|* +
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Thus, setting the optimal gain ﬁ*(ﬁc, y) as
Vea(E2,y)L*(&,y) = —7(y — ho(#))", (6.9)

minimizes the Hamiltonian (6.8) and ensures that the saddle-point condition (Basar, 1995)

A A

H(., . @ L., ) < H(, ., 0" L,.,.) (6.10)

is satisfied.

In addition, notice similarly as in Chapter 5, from (6.2) and with the measurement noise set

at zero,

?J - /jf-l—gwh%

where £ is the Lie-derivative operator (Sastry, 1999) in coordinates Fx. Moreover, under

certainty-equivalence and using the expression for w* as defined above, we have
.5 . . . 1 . T .
¥ = Li@)ea @y ha(t) = Visha(2)[F (@) + 301 (2)g1 (2)Vps (B2, y)).

Finally, setting
H(i‘a Y, UAJ*7 f/*a VE,Z‘nga ‘A/yT) =0
results in the following Hamilton-Jacobi-Isaac’s equation (HJIE):

~ A

B (E2,y) f(2) + Vy (BT, y)VEsha(2) f(2)+

22 Vi (B2, ) g1(2) 9] (2)Vi, (Bd, y)+
U= () — (@) (y — ha(i)) =0, V(0,0) =0. (6.11)

We then have the following result.

Proposition 6.1.1. Consider the nonlinear system (6.2) and the local Ho filtering problem
for this system. Suppose the plant Py satisfies Assumption 6.1.1, is locally asymptotically
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stable about the equilibrium-point x = 0, and zero-input observable. Further, suppose for
some v > 0, there exist a C' positive-semidefinite function V:NxT— Ry locally defined
in a neighborhood N x Y C X x Y of the origin (Z,y) = (0,0), and a matriz function
L:NxT— Rm satisfying the HIIE (6.11) together with the side-condition (6.9). Then
the filter F{ g, solves the local Ho, filtering problem for the system.

Proof: To complete the proof, we need to show that (w*, L*) constitute a saddle-point

solution to the optimization problem (6.7), i.e,

A A

H(., . w L*. )< H(, oL . )< H(, . o L,..) (6.12)

hold, and the L5-gain condition
1202, < 7wl (6.13)

is satisfied with L = L*.

First, note from (6.8) and (6.11)

H(a,y,w, L VE VD) = {Via(Ba,y) f(3) + Vy (B y)j +

I - T aNTrT A (1_72)~2
2
=l —
~ A A ’72
= H(z,y,o* L* VI, vyT) — 7Hw — *|%
Therefore,
H(z,y, @, L5, V], V) < H(z,y,o%, L* VI, V). (6.14)

Hence, combining (6.10) and (6.14), we have that the sadle-point conditions (6.12) are sat-
isfied.

Next, let V > 0 be a C" solution of the HJIE (6.11). Then, differentiating this solution along
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a trajectory of (6.6), with L = L*, we get

V = Ve:(E2,y)[f(2) + g1(@)w + L*(&,y)(y — ha(2))] + Vy (B2, )y

= {Vm(Ex, y) f(&) + V(B y)y + WVE@(Ex, Y)g1(2)g1 (2)Vaz(EZ,y) +

2 2 2
CE ) = D — a2 + 2 ol - £ )21
< Ll - 2l
where the last inequality follows from using the HJIE (6.11). Moreover, setting w = 0 in the
above inequality we get v < —3||Z]|*. Therefore, the filter dynamics is stable, and V(Ei,y)
is non-increasing along a trajectory of (6.6). Further, the condition that V(E:i:(t), y(t)) =
0 Vt > t, implies that Z = 0, which further implies that y = ho(2) Vt > t,. By the zero-input

observability of the system, this implies that £ = z Vt > t,.

Finally, integrating the above inequality (6.15) from ¢ = t, to t = oo, and since V(E#(c0), y(00)) <
00, we get that the L£o-gain condition (6.13) is satisfied. [

The result of the theorem can be specialized to the linear descriptor system

EFr = Ax+ Byw;, Fx(t)) = Ex
pL . ! (to) 0 (6.15)
Yy = 0233' + D21’LU,

where £ € R™" A € R™", By € RV, Cy € R™*", Doy € ™.

Corollary 6.1.1. Consider the linear descriptor system (6.15) and the Ho, filtering problem
for this system. Suppose the plant P, is locally asymptotically stable about the equilibrium-
point x = 0 and observable. Suppose further, for some v > 0, there exist symmetric positive-

semidefinite matrices Pe R Q e ™™ and a matrix Le R satisfying the LMIs

ETPA+ ATPE + (1—+*)CIC, ETPB, (1-~?)CT 0
BTPE e 0 0
| <o (6.16)
(1 =9%)Cy 0 —I Q
0 0 QT 0
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0 LETPL —~2CT
. 2l TN g (6.17)
(ETPL —»*CT)T (1—dy)1

1
2

for some number &, > 1. Then the filter

Ei = (A+ %BBIPE+5LLTPE)i + Ly — Cad);  Eilt) =0

z = Oy

Flg, - (6.18)

solves the Hs, estimation problem for the system.

Proof: Take V = %(J%TETpEx +47Qy) and apply the result of the Proposition. []

Furthermore, to improve the steady-state estimation error, we propose in addition a proportional-

integral (PI) filter configuaration (Gao, 2004), (Koenig, 1995):

Er = f(z)+gu(2)0* + Li(B,§, y)(y — ha() — ka (2)0")+
o | Ly(E7,8,y)E, Ex(ty) =0 (6.19)
§ = y—he()

\

where & € X is the filter state, & € R x R is the integrator state, and Ly, Ly : X xY — R™*™
are the proportional and integral gain matrices of the filter respectively. Similarly, using

manipulations as in Proposition 6.1.1, we can arrive at the following result.

Theorem 6.1.1. Consider the nonlinear system (6.2) and the local H filtering problem
for this system. Suppose the plant P is locally asymptotically stable about the equilibrium-
point x = 0 and zero-input observable. Further, suppose for some v > 0, there exist a
C*' positive-semidefinite function V. : N x 2 x T — R, locally defined in a neighborhood
NxZExT CXXYXRXY of the origin (,&,y) = (0,0,0), and matriz functions
Li,Ly: N xZEx T — R satisfying the HJIE

Via(BE, &, y) f () + Vy(BE, &, y)Viesha () f(2)+
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57 Vea (B2, &,9)91(2)g] (1) Vi (B, €, y)+
Ve(EZ,&,y)(y — ha(2)) — £7€+
U= (y — ho () (y — ha(#)) =0,  V(0,0,0) =0, (6.20)

2

together with the side-conditions

VE;E(Ejaan)Ll(Ejj:g:y> = _’YQ(ZJ—hQ(f))Ta (6.21)
Ves(BE,&,y)Lo( B, &, y) = =€ (6.22)

Then, the filter F}, ¢, solves the Hoo local filtering problem for the system.

In the next section, we consider the design of normal filters for the system.

6.1.3 H. Normal Filters

In this subsection, we discuss normal filters for the system (6.2). We shall consider the design
of both full-order and reduced-order filters. We start with the full-order filter first, and in

this regard, without any loss of generality, we can assume that F is of the form

This follows from matrix theory and can easily be proven using the singular-value decompo-
sition (SVD) of E. It follows that, the system can be represented in the canonical form of a

differential-algebraic system

1 = fi(z) +gu(r)w; x(ts) = xo
Py, 0 = folz)+ gu(2)w (6.23)
y = ho(x) + koy(2)w,
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where dim(z1) = ¢, f1(0) =0, f2(0) = 0. Then, if we define
y = fa() + ga (2)w,

where @5 is a fictitious state vector, and dim(z2) = n—gq, the system (6.23) can be represented

by a normal state-space system as

o1 = filz) +gu(@)w; z1(to) = 10
Py - Ty = folx) + gu(x)w; x2(ty) = 2o (6.24)
y = hg(ﬂf) + le(.CI?)w.

Now define the set
QO = {(I'l,l'g) eX | To = 0} (625)

Then, we have the following system equivalence
Py|o, = P, (6.26)

Therefore, to estimate the states of the system (6.23), we need to stabilize the system (6.24)
about (2, and then design a filter for the resulting system. For this purpose, we consider the

following class of filters

p1o= fi(@) + gu@)* + Li(d,y)[y — hald) — ko (2)0*]
Fins 532 = f2(53) + 921(55)@21* + 922(33)062(53) + L2(53, y)[y - h2(55) - k21(53)w*] (6-27)

2= y— (),

where & € X is the filter state, w* is the estimated worst-case system noise, Li:XxY—
yaxm Lg t X XY — RV gre the filter gain matrices, and goo 1 X — M®9XP is g gain
matrix for the artificial control input u = ay(z) € RP required to stabilize the dynamics @5

about ,. Accordingly, we make the following assumption.

Assumption 6.1.3. The pair {fo, g2} is stabilizable, i.e., 3 a control-Lyapunov-function

(CLF), V > 0, such that Vy,()(f2(z) — gaa () gm(z)V.E(2)) < 0.
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Similarly, for simplicity in the derivation of the results, we also make the following assumption

on the plant P,.

Assumption 6.1.4. The system matrices are such that

ka1 (2)[g1, (%) ga1(x)] = 0,

Thus, if Assumption 6.1.3 holds, then we can set ax(d) = —1g5,(2)V;L (%), where ¢ > 0 is
small, a high-gain feedback (Young, 1977) to constrain the dynamics on €, as fast as possible.
Then we proceed to design the gain matrices 1\31, L, to estimate the states. Moreover, a
common HJI-CLF can also be utilized in the above design procedure for both the stabilization

and the filtering. Consequently, we have the following result.

Proposition 6.1.2. Consider the nonlinear system (6.23) and the local H filtering problem
for this system. Suppose the plant P2 satisfies Assumptions 6.1.3, 6.1.4, is locally asymptot-
1cally stable about the equilibrium-point x = 0, and zero-input observable. Further, suppose
for some v > 0, there exist a C* positive-semidefinite function V:NxT = R, locally
defined in a neighborhood N x T C X x Y of the origin (1, &2, y) = (0,0,0), and matriz
functions L NXxYT = Rm [y N xT — Roaxm, satisfying the HJIE:

Vi (2,9) f1 (&) + Vay (2, 9) fa(2) + Vy (2, 9) Vi, ha (&) f1 (2) +
- V(l' Y) Vi, ha(2)[g11(2) g1, (2 )VT( y) +gu(@ )ﬁ(@‘@ﬂwﬁh
#Vx (&, 9)gn (1) gh @)V (2, y) + 5 Vi, (2, 9)g0 (2) g5 (2) Vi (&, y)+

A (y — hy ()T (y — ha(2)) =0, V(0,0) =0, (6.28)

together with the side-conditions

Vi, (2, 9) Li (2, 9) + Viy (2, y) La(2,y) = —7*(y — ha(2))". (6.29)
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Then, the filter ¥}y solves the local Hoo-filtering problem for the system.

Proof: Follows along same lines as Proposition 6.1.1.

Remark 6.1.1. Notice the addition of the high-gain feedback u = as(x), transforms the
filter ¥, x5 to a singularly-perturbed system (Young, 1977) with a slow subsystem governed
by the dynamics &1, and a fast subsystem governed by the xo-dynamics. This also suggests
an alternative approach to the filter design problem, by considering a singularly-perturbed

model of the system (6.23) as

T = filz)+gu(x)w; x(ty) = xo
Pl i Q ciy = fola) + g2, (6.30)
Yy = hg(l‘) + kgl (ZE)U},

where € > 0 is a small parameter, and designing a normal filter for this equivalent system
(Aliyu, 2011b). Notice in this case, as € — 0, the model (6.30) reduces to the original model
(6.23).

Similarly, a normal PI-filter for the system (6.23) can also be designed. However, next
we consider a reduced-order normal filter design. Accordingly, partition the state-vector x
comformably with rank(E) = q as x = (z¥ z])T with dim(z,) = ¢, dim(z3) = n — q and

the state equations as

1 = fi(xy, x2) + g1 (@1, x2)w; x1(to) = 210
15% : 0 = fa(xr,x2) + gor (@1, x2)w; xa(to) = 20 (6.31)
y = ha(x) + kop(x)w.

Then we make the following assumption.

Assumption 6.1.5. The system is in the standard-form, i.e., the Jacobian matriz fa ., (x1, x2)

is nonsigular in an open neighborhood U of (0,0) and g21(0,0) # 0.

If Assumption 6.1.5 holds, then by the Implicit-function Theorem (Sastry, 1999), there exists
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a unique C* function ¢ : §¢ x W — R"~? and a solution
Ty = ¢(z1, W)

to equation (6.31b). Therefore, the system can be locally reprsented in U as the reduced-

order system

pe . 1 = fi(z, oo, w)) + gii (w1, ¢(wr, w))w; w1(te) = 710 (6.32)

y = ha(zy, d(z1,w)) + kay (21, ¢(x1, w))w.

We can then design a normal filter of the form

(
Fona ho(Z1, ¢(Z1, W) — ko1 (Z1, ¢(21,w*))];  Z1(to) =0 (6.33)

for the system, and consequently, we have the following result.

Theorem 6.1.2. Consider the nonlinear system (6.23) and the H, filtering problem for this
system. Suppose the plant P2 satisfies Assumptions 6.1.3, 6.1.5, is locally asymptotically
stable about the equilibrium-point x = 0, and zero-input observable. Further, suppose for
some y > 0, there exists a O positive-semidefinite function V:NxT— R, locally defined
in a neighborhood N x T C UxY of the origin (Z1,y) = (0,0), and a matriz function
L:NxYT— R*™ - satisfying the HJIE:

Vi, (&1,9) fi(1, (0, 0%) + Vy (8, 9) Vaho (81, (0, 0) fi(, (1, 07)+
52 Vi (21, 9) g1 (21, 0(&1, @) g (1, o (1, 0) VE (21, )+
LV (&, y) Vi, ha(1, (0, 0%)) g (F1, @(F1, %)) gl (1, (i, @)V (1, )+
W) (y — hy (i, 9 (i, 15%))) T (y — hality, @(i1, 1)) = 0, V(0,0)=0,  (6.34)

together with the side-conditions

v
ok

1 . . . o ox o O oI T
w = ?[gﬂ(xlaﬁp(xlaw )) - kgl(xl,w(xl,w ))LT(Z'l,(p(.CI?l,’LU )]V;;(]?l,y),
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Y

Vi, (21, ) L(E1,y) = =72y — ha(F1, (i1, 0*)) 7. (6.35)

Then, the filter ¥, 5, solves the local Hoo-filtering problem for the system.

Proof: Follows along same lines as Proposition 6.1.1.

Remark 6.1.2. Notice in the above Theorem 6.1.2, w* s given implicitly, and so is the
HIJIE (6.34) given in terms of w*. Thus, we can only find an approrimate solution to the
filtering problem.

Similarly, we can specialize the result of Theorem 6.1.2 to the linear system (6.15). The

system can be rewritten in the form (6.23) as

Tt = Ay + Apzs + Bhiw; z1(ty) = 10
PlD . 0 = Agxy + Asxo + Boyw;  xa(ty) = o (6.36)
y = Cyzi+ Cypxs+ Dyw

Then, if Ay is nonsingular, (Assumption 6.1.5) we can solve for x5 in equation (6.36(b)) to
get
Ty = —A; ' (A1 + Byw),

and the filter (6.33) takes the following form
i = (A; — A12A2_1A21)f1 + (B — AIQAQ_IBQI)/LD

*+
FlDrN4 i[y — (Cy1 — Oy A ATy — Dogd™];  #1(te) =0 (6.37)
y— (Cy — 02214271/421)%1'

Q¢
I

Then, we have the following corollary.

Corollary 6.1.2. Consider the linear descriptor system (6.15) and the H-filtering problem
for this system. Suppose the plant P, is locally asymptotically stable about the equilibrium-
point x = 0, Assumption 6.1.5 holds and the plant is observable. Further, suppose for some

v > 0, there exist symmetric positive-semidefinite matrices P e RI<9 Q e R™™ and a
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matriz L € R™ 0 satisfying the LMIs:

ATP4+ PA, + (1 —~2)CICT PB, ~+*CT 0
BTP —2 0 0
. .| <0 (6.38)
’7202 0 —1I Q
0 0 Q 0
0 LPL—22CT) |
. ) 2( v*Cy) <0 (6.39)
WPL—72CHT (=) |

for some (53 2 1, where Al = (Al — A12A;1A21), él = (Bll — A12A51321); ég = (021 —
Cp Ayt Ayy), and 0% = #(BIT — DLLT)P. Then the filter (6.37) solves the Heoo-filtering

problem for the system.
Proof Takef/(i") = %(@Tpi"l + yTQy) and apply the result of the Theorem. [J

In the next section, we consider a simple example due to the difficulty of solving the HJIE.

6.2 Examples

In this section, we consider a few simple examples due to space limitation.

Example 6.2.1. Consider the following example of a nonlinear voltage controlled capacitor

(Ezample I1I-2, (Newcomb, 1981b)) with C = 1F:

i’l = —X3
0 = -2y —x2+w
0 = —x1 + 333'3 + .CE%

Yy = Ta.
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Eliminating the second equation, the above system can be represented as

i’l = —XI3
0 = —I + 333'3 + .Tg
Yy = —x+w.

It can then be checked that for v = 1, the function V(ﬁc) = %33% solves the inequality form

of the HJIE (6.11), where the right-hand-side the HJIE reduces to Vs (EL) f() = —#1d5 =

—31% — 23 < 0. Hence we can calculate the gain of the singular filter Fh g, as I = —%

Example 6.2.2. Consider now a modified version of the wvoltage controlled capacitor of

Ezxample 6.2.1:

0 = —T1 — X2 (641)
y = 2x1+ a9+ w (6.42)

We find the gain for the singular filter ¥4, ¢, presented in subsection 6.1.2. It can be checked

that the system is locally observable, and the function f/(fc) = 172, solves the inequality form

1
2

of the HJIE (6.11) for the system. Then, we calculate the gain of the filter as

~ — 2T — 7
L(‘%vy) = _(y =L x2)7

e

where L is set equal zero if |iy| < € (e small) to avoid the singularity at #, = 0.

Figures 6.2 and 6.3 show the result of the simulation with the above filter. In Figure 6.2,
the noise is a uniformly distributed noise with variance of 0.2, while in Figure 6.3 we have
w(t) = e %% sin(0.57t) is an Lo-bounded disturbance. The result of the simulations show

good convergence with unknown system initial conditions.

Similarly, we can determine the reduced-order filter gain (6.35) for the above system. Notice

that the system also satisfies Assumption 6.1.5, thus we can solve equation (6.41) for x4 to
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Hinf Filter Estimates Hinf Estimation Error
1.4 T T T T

state x1

Figure 6.2 Hoo singular filter performance with unknown initial condition and uniformly
distributed noise with variance 0.2

Hinf Filter Estimates Hinf Estimation Error
1.4 T T T T

state x1

2} 4

Figure 6.3 Hs singular filter performance with unknown initial condition and Lo-bounded
disturbance



212

get Ty = —x1, and substituting in (6.40), we get the reduced system
i’l = —ZE? — I

which 1s locally asymptotically stable about x = 0. Then, it can be checked that, the function

Viz) = 13 solves the HIIE (6.34), and consequently, we have the filter gain
7oy y— I
L = —
(Ila y) i‘l )

where again L(iy,y) is set equal to zero if |#1] < € small. The result of the simulation is the

same as for the singular filter above.

6.3 H, Filtering for Discrete-time Systems

In this section, we present the counterpart H., filtering results for discrete-time nonlinear
descriptor systems. We similarly present solutions using singular and normal filters, and
examples are also presented to demonstrate the results. We begin with the problem definition

and other preliminaries.

6.3.1 Problem Definition and Preliminaries

The general set-up for studying H, filtering problems is shown in Fig. 6.4, where Py is the
plant, while Fy is the filter. The noise signal w € &’ is in general a bounded power signal
(e.g. an fy signal) which belongs to the set P’ of bounded power signals, and Z € P, is also
a bounded power signal. Thus, the induced norm from w to Z (the penalty variable to be
defined later) is the /. -norm of the interconnected system Fj o P (where the operator “o”

implies composition of input-output maps), i.e.,

A 2]l
|Fx o Pille., = SUD Ly’ H@UHP/ , (6.43)
P
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+¢Zk Pk ~ W

Z7—

iy
=

RN>

Figure 6.4 Set-up for Discrete-time H., Filtering

e {w: w e lo, Ryw(k), Sww(jw) exist for all k and all w resp., ||w||p < oo}

=112 £ Jim o Z [

and Ry, Sww(jw) are the autocorrelation and power spectral density matrices of w. Notice
also that, ||(.)[| is a seminorm. In addition, if the plant-filter pair is stable, we replace the

induced /,-norm above by the equivalent H., subspace norm.

At the outset, we consider the following affine nonlinear causal descriptor model of the plant
which is defined on X C R"™ with zero control input:

Ex = f(zp) + g1 (xp)we; (ko) = 2°
PaDd: k-+1 f(@r) + g1 (wp)wr; (ko) (6.44)

yr = ha(xr) + kor(2r)wy,
where x € X is the semistate vector; w € W C R” is an unknown disturbance (or noise)
signal, which belongs to the set VW of admissible exogenous inputs; y € Y C R™ is the
measured output (or observation) of the system, and belongs to ), the set of admissible

measured-outputs.

The functions f : X — X, g1 : X — M™*"(X), where M*%J is the ring of i x j smooth
matrices over X, hy : X — R™, and kg : X — M™"(X) are real C* functions of z,
while £ € R™™ is a constant but singular matrix. Furthermore, we assume without any
loss of generality that the system (6.44) has an isolated equilibrium-point at « = 0 which is
admissible and is such that f(0) = 0, ho(0) = 0. We also assume that there exists at least
one solution z(k, ko, 2°, w) Vk € Z for the system, for all admissible initial conditions z°, for
all w € W. The initial condition 2 is said to be admissible if the solution z; is unique and

impulse-free for all k € [ky,00). For simplicity we also make the following assumptions on
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the plant.
Assumption 6.3.1. The system matrices are such that

le(x)ng(x) = 07

In addition, the following standing assumptions will be made on the system.

Assumption 6.3.2. Let A = g—ﬁ(f), T € O C X. Then, the system (6.44) is locally

admissible, implies the following hold:

1. the system is locally reqular at each T € O and hence locally solvable, i.e, det(zE—A) #
0 for all z € C;

2. the system is locally impulse-free at each & € O, i.e., deg(det(zE—A)) = rank(E) Vz €
C;

3. the system is locally asymptotically stable, i.e., (FE, A) is Hurwitz at T = 0.

The suboptimal H, local filtering/state-estimation problem is defined as follows.

Definition 6.3.1. (Suboptimal H, Local State Estimation or Filtering Problem). Find a
filter, ¥y, for estimating the state xj or a function of it, zx = hy(xx), from observations

Y, 2 {y(i) : i <k}, of y(i) up to time k, to obtain the estimate

such that, the ly-gain from the input w to some suitable penalty function z is rendered less

or equal to some desired number v > 0, i.e.

DoIEIP <A Y (6.45)

k=ko k=ko
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for all admissible initial conditions 2° € O C X for all w € {y[ky, 00). Moreover, if the filter

solves the problem for all admissible z° € X, we say the problem is solved globally.

We shall adopt the following definition of local zero-input observability which we coined from

(Ozcaldiran, 1992), (Vidyasagar, 1993).

Definition 6.3.2. For the nonlinear system P%, we say that, it is locally weakly zero-input

observable, if for all states x1, x9 € U C X and input w(.) =0, k > ko

y(k; Exy(ko—),w) = y(k; Exa(ko—), w) = Ex1(ko) = Exa(ko); (6.46)

the system is said to be locally zero-input observable if

y(k; Exi(ko—),w) = y(k; Exa(ko—), w) = z1(ko) = x2(ko); (6.47)

where y(., Ex;(ko—),w), i = 1,2 is the oulput of the system with the initial condition

Ex;(to—); and the system is said to be locally strongly zero-input observable if

y(k; Exy(ko—),w) = y(k; Exa(ko—), w) = x1(ko—) = x2(to—). (6.48)

Moreover, the system is said to be globally (weakly, strongly) zero-input observable, if it is

locally (weakly, strongly)-observable at each x(ky) € X or U = X.

In the sequel, we shall not distinguish between local observability and strong local observ-
ability. Moreover, in the next two subsections, we discuss singular and normal filters for the
H., state estimation problem defined above. For this purpose, we assume throughout that

the noise signal w € W C {y[kq, 00).
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6.3.2 Discrete-time H., Singular Filters

In this subsection, we discuss full-order H,, singular filters for the system in the usual

Kalman-Luenberger type structure:

EZp = f(@k) + 91 (@)Wf + L(Zk, yi) [ye — ho(Zr — ka1 (@) wr], 2(ko) =0

Zk = Yp — ha(Zp)

where 7 € X is the filter state and L : X x ) — R™™ is the gain matrix of the filter, Z € R™
is the penalty variable or estimation error, and w* is the estimated certainty-equivalent worst
system noise. Notice also here that, we are not including the term kjow in the filter design,

because its effect on w* is negligible, and to simplify the presentation.

The problem can then be formulated as a dynamic optimization problem with the following

cost functional:

A

. 1 -
min supyepJ (L, w) = 52[\]2k\]2—72\]wkl\2], s.t. (6.49),
LE%"X"”‘ k:ko

and with w = 0, klim {Zr — zx} = 0. (6.50)
—00

To solve the above problem, we form the Hamiltonian function? H : X x Y x R x R — R

(Wang, 2008):

H(t,y,w, L, V) = V(E(f(2) + g1(2)w + L(Z,y)(y — ha(E)) — ka2 (2)07), y) —

R L
V(EZ, yr—1) + §(HZ||2 = *lwl?) (6.51)

for some C? function V' : X x Y — R and where z = xy, y = yx, 2 = {Z}, w = {w;}. Notice
also here that, we are only using y,_; in the above expression (6.51) to distinguish between
yr =y and y;_;. Otherwise, (6.51) holds for all y and is C"! in all its arguments. Then, the

optimal gain L* can be obtained by minimizing H with respect to L in the above expression

20ur definition is slightly different from Reference (Wang, 2008) in order to maintain the symmetry of
the Hamiltonian
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(6.51), as
- 1 LOV(\y
W= —Qgﬂx)%) (6.52)
v A=E(f(2)+91(&)w+L(#,y) (y—h2 (2)—ko1 (&)w), w=uw*
L = argmLinH(:i:,w*,y,L,V). (6.53)

where OV/O\ is the row vector of first-order partial derivatives of V' with respect to A.
Because the Hamiltonian function (6.51) is not a linear or quadratic function of the gain
L, only implicit solutions can be obtained by solving the above equations. Thus, the only
way to obtain an explicit solution, is to use an approximate scheme. Accordingly, consider
a first-order Taylor approximation of the Hamiltonian function (6.51) about (£ f(Z),y) and

in the direction of the estimator state vector Ez, denoted by H:

ko (#)w)] = V(B yg-1) + %(HiH2 —*[lwl*) + Ollz "), (6.54)

where V, L are the corresponding approximate functions. Applying the necessary condition

for the worst-case noise, we get

o
ow

— 0= i = %[gm — K@) LT (@, )| EVE(Ef(3).y).  (6.55)

w=w*

Substituting @* in (6.54) and completing the squares in EL, we get

H(z,y, 0" L, V) = V(Ef(2),y) + Vez(Ef(2),9)Ef (&) — V(E2, ys1) +

NP @) B Vs (B, 0) + 22— @) +

272
33 Vea (E1(0),0) Ean ) )T () ETVE(EF @), ) +

E e (6.56)

Thus, setting
Vea(Ef(2),y) EL*(%,y) = =" (y — ha(&))" (6.57)
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A

minimizes H (.,.,w* L,.) and guarantees that the saddle-point condition (Basar, 1982)
H(#,y, o, L, V) < H(z,y, &, L, V) VLeR>™ (6.58)

is satisfied. Finally, substituting the above expression for L* in (6.56) and setting

yields the following DHJIE:

V(Ef(2),y) + Ve (Ef(2), ) Ef(2) + 352 Vea(Ef(2),y) Eqi (2)(2)g] (2) ETVE (B f(&), y)—
V(E#, yr 1) + 5252 (y — ha(8))7(y — ha(2)) =0, V(0,0) =0, (6.59)

Moreover, from (6.54), (6.59), we can write

~

~ A ~ Al oA 1
H(£7y7w7L*7 V) - H(‘%uva*a L*u V) - 572”11} - w*HQ? (660)

and hence,

A A ~

H(z,y, %, L*, V) < H(&,y,a% L*, V). (6.61)
Thus, combining (6.58) and (6.61), we see that the saddle-point conditions (Basar, 1982)

~ A ~

H(z,y, 0, L*, V) < H(&,y, % L*,V) < H(&,y, &% L, V) (6.62)

are satisfied, and the pair (w*, ﬁ*) constitutes a saddle-point solution to the dynamic game

(6.50), (6.44). Consequently, we have the following result.

Proposition 6.3.1. Consider the nonlinear system (6.44) and the Ho, filtering problem for
this system. Suppose the plant P satisfies Assumptions 6.5.1, locally asymptotically stable
about the equilibrium-point x = 0, and zero-input observable. Further, suppose for some
v > 0, there exist a C' positive-semidefinite function V:NxT > Ry locally defined
in a neighborhood N x Y C X x Y of the origin (Z,y) = (0,0), and a matriz function
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L:NxT = R satisfying the DHJIIE (6.59) together with the side-condition (6.57).
Then, the filter F&y, solves the Hoo filtering problem for the system locally in N.

Proof: The optimality of the filter gain L* has already been shown above. It remains to
prove that the ¢;-gain condition (6.45) is satisfied, and there is asymptotic convergence of
the estimation error to zero. Accordingly, let V(Eﬁc, y) > 0 be a C"! solution of the DHJIE
(6.59). Then, taking the time variation of V along a trajectory of (6.49) with L = L*, we

get

~

V(Birr,y) ~ V(Ef(2),y)+ Vea(Ef(@),y)[E(f(2) + g1(2)w +
ﬁ*(i", Y)(y — ha(Z) — ko1 (2)w)]
_ {V(Ef(:i:),y) + Via(Ef(2),y)Ef (&) + 4 _27 )
1

5.2 Vee B (2),9) oy () (@)g] (2)ETVE(E (), 9) | -

I121* +

1 1 1
57l = 0"+ Sl = S 1)

~

. 1 1, .
< V(B ) + 577wl = 5P, (6.63)

where use has been made of the first-order Taylor approximation above, and the last inequal-
ity (6.63) follows from using the DHJIE (6.59). Summing the above inequality from k = kg

to oo we get that

. X 1 < .
V (@, Yoo) = V(Ko yro—1) < 5 > (7" ul* = [111%),

k=ko
and therefore the fy-gain condition (6.45) is satisfied. In addition, setting w = 0 in the

inequality (6.63), we have
~ R ~ R 1, . 9
V(EZk1,yk) = V(Edk, yr-1) < _§HZI<:H ,

and by Lyapunov’s theorem, the filter dynamics is stable, i.e., V(Ez,y) is non-increasing
along a trajectory of (6.49). Further, the condition that V(Eii1,yx) = V(EZ, yp_y) Yk >

ks, for some ks, implies that Z; = 0, which further implies that y, = ho(Zy) VE > ks. By the
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zero-input observability of the system, this implies that 2, = x, Vk > k,. U

The result of the theorem can be specialized to the linear descriptor system

Ex = Az, + Biwy; x(ky) = 2
P% : k+1 k 1Wk (ko) (6.64)
ye = Coxp+ Dywy, D3 B =0, DyuDj =1,

where £ € R™" A € R™", By € RV, Cy € R™*", Doy € ™.

Corollary 6.3.1. Consider the linear descriptor system (6.64) and the Ho filtering problem
for this system. Suppose the plant P4 is locally asymptotically stable about the equilibrium-
point x = 0 and observable. Suppose further, there exist symmetric positive-semidefinite
matrices P € R Q € R™™  and a matriz L € K™, satisfying the linear matriz-

inequalities (LMIs)

[ ATETPEA — ETPE + (1 —42)CFCy ATETPEB, (1-~+3)CY 0 |
BYEPEA —21 0 0
) <0  (6.65)
(1 —~+%)C, 0 Q-1 0
i 0 0 0 -Q |
0 LATETPEL — 20T |
A 2 76 <0  (6.66)
s(ATETPEL —y*Cf)T (v? = o)1

for some number 61 > 1. Then the filter

Eiyn = (A+ %BBIEPEA+ LLL"EPEA)R, + Ly — Coiy);
Flsi (ko) = 0 (6.67)

A

2y = yp — Comy,

solves the H filtering problem for the system.

Proof: Take V(E#,y) = (zTETPE: + y"Qy), P > 0 and apply the result of the

1
2

Proposition. [

Notice similarly however, since the system is inherently constrained, convergence of the esti-

mates may be slow with filter F% . Therefore, to guarantee better convergence, we propose a
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proportional-integral (PI) filter configuration (Gao, 2004), (Koenig, 1995) to further improve

the convergence. Thus, we consider the following class of filters:

ad
FDS2

(
BTy

§k+1

2k

\

F(@x) + gr(@)w) + L1 (2, e yr) (ye — ha(@r) — kan (E)0])+
Lo, & yr)ér, (ko) =0 (6.68)
yr — ha(Zy)

Y — ha(Zk)

where & € X is the filter state, w* is the estimated worst-case noise of the system, £ € R™ is

the integrator state, and Ly, Ly : X x Y x Y — R™™ are the proportional and integral gain

matrices of the filter respectively. Similarly, using manipulations as in Proposition 6.3.1, we

can arrive at the following result.

Theorem 6.3.1. Consider the nonlinear system (6.44) and the Ho local filtering problem for

this system. Suppose the plant P& satisfies Assumption 6.5.1, is locally asymptotically stable

about the equilibrium-point x = 0, and locally zero-input observable. Further, suppose there

exist a C? positive-definite function V : N x 2 x T — R, locally defined in a neighborhood

NxExT cCXxYxY of the origin (&,€,9) = (0,0,0), and matriz functions Ly, Ly :
N xZx T — R satisfying the DHJIE

V(EF(7),&y) + Vee(Ef(2),6,y)Ef(7)+

72 Vea(Bf(2),y)Egi(2) ()91 (2) BT Vi (B f (%), y)—
V(Ejv £7 yk—l) + %(Ef(i‘)v év y)(y - hQ(i‘)) - £T£+

U5y = ha(@) (y — ha(#) =0, V(0,0,0)=0, (6.69)

together with the side-conditions

Ves(Bi, &, y)EL}(3,6,y) = —7°(y— ha(3))", (6.70)
Ve:(BZ,&,y)ELy(%,&,y) = —¢. (6.71)

Then, the filter F&, solves the Hoo local filtering problem for the system locally in N.
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Proof: The proof follows along similar lines as Proposition 6.3.1. [

In the next section, we consider the design of normal filters for the system.

6.3.3 Discrete-time H.,, Normal Filters

In this subsection, we discuss normal filters for the system (6.44). We shall consider the
design of both full-order and reduced-order filters. We start with the full-order filter first,

and in this regard, without any loss of generality, we can assume that E is of the form

This follows from matrix theory and can easily be proven using the singular-value decompo-
sition (SVD) of E. It follows that, the system can be represented in the canonical form of a

differential-algebraic system

Tiprr = filzg) + gul(zp)ws; (ko) = 2°
P%j : 0 = folxk) + gor(xk)wg (6.72)
y = ho(zg) + kor(xp)wy

where dim(z1) = ¢, f1(0) = 0, f2(0) = 0. We also assume the following counterpart of
Assumption 6.3.1 for simplicity.

Assumption 6.3.3. The system matrices in (6.72) are such that

k21(x)[91T1(33) gn(z)] = 0,

Then, if we define

T i1 = fa(zr) + g1 (Tr)wy,

where 25,41 is a fictitious state vector, and dim(xs) = n — ¢, the system (6.72) can be
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represented by a normal state-space system as

Ty = fi(ze) + gu(ze)we; x1(ko) = zt0
P%d : Topyr = fo(wr) + gor(Tr)wr; 2(ko) = 0 (6.73)
y = ho(xy) + ko1 (zp)wy.
Now define the following set €2, C X
QO = {(.Tl,ilfg) eX ’ T2 k+1 = O, k= 1, .. } (674)
Then, we have the following system equivalence
Pilo, = PF. (6.75)

Thus, to estimate the states of the system (6.72), we need to stabilize the system (6.73)
about (2, and then design a filter for the resulting system. For this purpose, we consider the

following class of filters

;

1() A+ gu (@) + Ly (e, ye) [ye — ha(@r) — kon ()],
t1(ko) =0
)+ gor () Wf + oz (i) (k) + Lo (e, i) [y — (6.76)
ho(Zy) — kor(p)wy], 22(ko) =0

2k = Yk — ho(Ty),

|
Ay

Tik+1 =

8

|
o

ad N
FDN3 T2k4+1 =

\

where & € X is the filter state, w* is the worst-case estimated system noise, Li:XxY—
gaxm LQ X XY — RO-DXM gre the filter gain matrices, and gog : X — MO—DXP ig g gain
matrix for the artificial control input u = g () € R? required to stabilize the corresponding

filter dynamics 9 ;41 about
Op = {(1,0) € X|dopn =0, k=1,...}. (6.77)

Accordingly, we make the following assumption.
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Assumption 6.3.4. The pair {fs, Ga2} is locally stabilizable, i.e., 3 a control law ay(22) and
a Lyapunov-function (LF), V > 0, such that V(fo(2) — Goa(2) e (2)) =V (2) < OVi € N C X.

Thus, if Assumption 6.3.4 holds, then we can make ay = ay(Z,¢), where € > 0 is small,
a high-gain feedback (Young, 1977) to constrain the dynamics on (2, as fast as possible.
Then, we proceed to design the gain matrices Ll, Lo to estimate the states using similar
approximations as in the previous section. Using the first-order Taylor approximation, we

have the following result.

Proposition 6.3.2. Consider the nonlinear system (6.72) and the Hs local filtering prob-
lem for this system. Suppose the plant P satisfies Assumptions 6.3.3, 6.3.4, is locally
asymptotically stable about the equilibrium-point x = 0, and zero-input observable. Further,
suppose there exist a C* positive-semidefinite function V:NxT— Ry, locally defined in
a neighborhood N x T C X x Y of the origin (Z1,22,y) = (0,0,0), and matriz functions
Li:NxYT = Rm [y N x Y — R-" satisfying the DHJIE:

V(f1(2), fo(&),y) = V (&1, T2, ys1)+
502 Vi (f1(&), fo(&),9)gn (2) () gl )V (f1(2), fald), )+
LVi, (A1), L), )gn () () gl () VI (f(2), f2(i),y)—
Vi, (f1(2), fo(¥), 1) ga2(¥)a (2, )+
7= Vi, <f1< ), Fo(@), )92 (%) (&) g3, (@) VIE (F1(2), fa(®), y)+
U (y — hy(2))7 (y — ha(¥)) =0, V(0,0,0) =0, (6.78)

together with the side-conditions
Va‘m(fl(i?): fa(2), y)l\/l(j:la T9,y) + Va‘m(fl(‘\x)a fo(2), y)LQ(ﬁfla T9,y) = —’72(9 - h2(5ﬁ))T- (6.79)
Then, the filter F&y.. solves the Hoo-filtering problem for the system locally in N.

Proof: Follows along same lines as Proposition 6.3.1.

A common DHJIE-Lyapunov function for both the stabilization (Guillard, 1996) and filter
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design can also be utilized in the above design procedure. This can be achieved optimally if

we take

az(¥,¢) = =195 () V5, (f1(2), f2(2), y)
‘Z\m(fl(:\p% f2(i‘)7y)i’1(i‘7y) + ‘Z@Q(fl(i)7 fQ(i)vy)i/2(i7y) = _’72(y - hQ(i‘))Ta

where V > 0 is a O solution of the following DHJIE

V(f1(2), fa(2),y) = V (&1, L2, Yr—1)+
22 Vi, (A1), Fo(), 1)gu () (0)gh )V (f1(2), fol@), )+
LV (f1(2), £2(2), 9)g1n(2)(2)gh (1) VE(F1(2), fald), )
%%2<f1< ), f2(&), y)g22(2) g (¥) VL (f1(2), fo(), )+
22 Vaa (A1), Fo®), )9 () ()0 )V (f2(2), Fol@), )+
U (y — ho(2))7(y — ha(2)) = 0, V(0,0,0) = 0. (6.80)

Similarly, a normal Pl-filter for the system (6.72) can also be designed. However, next
we consider a reduced-order normal filter design. Accordingly, partition the state-vector x
T )T

comformably with rank(E) = q as ¢ = (z7 x3)" with dim(z1) = ¢, dim(z3) = n — ¢ and

the state equations as

Tiprr = Ji(@ie, 2ar) + g1 Tk, Tok)wr; 21(ko) = zt0

Py 0 = fol@rk, Tor) + g1 (T1k, Top)wr; w2(ko) = 2% (6.81)

Y = ha(zk) + kot (xk)wy

Then we make the following assumption.

Assumption 6.3.5. The system is in the standard-form, i.e., the Jacobian matriz fa ., (x1, x2)

is nonsingular in an open neighborhood U of (0,0) and g21(0,0) # 0.

If Assumption 6.3.5 holds, then by the Implicit-function Theorem (Sastry, 1999), there exists
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a unique C! function ¢ : R? x W — R"74 and a solution
Ty = ¢(x1, w)

to equation (6.81b). Thus, the system can be locally represented in U as the reduced-order

system
pad . ) kel = Fr(@on, O(w1p, wi)) + g (21k, G2k, wi))wr; o1(ko) = 2™ (6.82)
rD - .
Yo = ha(@ik O(T1k, wi)) + Kot (z1k, H(21,, k)W
We can then design a normal filter of the form
(
Trper = fil@ig, 0@k W) + 911 (g, G(T1k, W7 5) )07+
z(i'l,ka ¢(5731,k, UU)M): yk)[y - h2(fi1,k, ¢(571,ka u“)*))—
Fi N ka1 (21,5, A(Z1 5, 07) )] (6.83)
i‘l(ko) — O
Zy = Yp — ha(T1k, ¢(T1k, W07)),

\

where again all the variables have their corresponding previous meanings and dimensions.
Consequently, we have the following result. Suppose that for simplicity, the following equiv-

alent assumption is also satisfied by the subsystem (6.82).

Assumption 6.3.6. The system matrices are such that

ki (2)g1,(z) = 0,

Theorem 6.3.2. Consider the nonlinear system (6.72) and the Hs local filtering problem for
this system. Suppose for the plant P2 is locally asymptotically stable about the equilibrium-
point x = 0, zero-input observable and Assumptions 6.5.5, 6.3.6 hold for the system. Further,
suppose there exist a C' positive-semidefinite function V:NxT = R, locally defined

in a neighborhood N x Y C UxY of the origin (Z1,y) = (0,0), and a matriz function
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L:NxY — R>™™ satisfying the DHJIE:

V(fi(#1, &1, 07)), y) + Vi, (fi(Er, ¢(E1,07)), ) fo(d1, d(F1, 7)) — V(&1 yeo1)+
2'1y2 ‘2?1(]01 (i'a ¢('%17 w{))a y)gll(ila ¢(3u317 @TJI))QE ('%17 ¢(3u317 wf))‘v/le(fl ('i'la ¢('%17 ’UU}I))? y)

9

+(1_T’Y2)(y - hQ(jjl: ¢(i'17 w;))T(y - hQ(jjl: ¢(i'17 UUJI)) = 07 V(07 O) = 07 (684)

together with the side-condition

‘u/;h (fl ('i'la ¢(j717 ’UU}T)), y)z(jjl: y) = _(y - hQ(i'la ¢(j717 w;)))T7 (685)

(a3

wl_

1 . y
ﬁ[gﬂ (1, (&1, W) — Ky (F1, (1, W) LT (21, 9)]V3, (Fi(F, 621, 07)), y).

Then, the filter F v, solves the Ho local filtering problem for the system in N.

T

Proof: Follows along same lines as Proposition 6.3.1.

Similarly, we can specialize the result of Theorem 6.3.2 to the linear system (6.64). The

system can be rewritten in the form (6.72) as

Trp1 = A1z + Axoy + Buwy;, x1(ko) = zt0
Plg : 0 = Anziy+ Asxop + Bawy;  x2(ko) = z%0 (6.86)

Y = Coxip + Coxay + Doywy

Then, if A, is nonsingular (Assumption 6.3.5) we can solve for x5 in equation (6.86(b)) to
get
Ty = —AQ_I(AglIl + Bglw)

and the filter (6.83) takes the following form

Flgﬂm Tigy1 = Alfuc + énwf + Ii[yk — éQlka — Dyywy]; Z1(ko) =0 (6.87)

2k = ykz_omff'l,k-

where /Uh = (A — A12A2_1A21), Bn = (B — AIQAQ_IBQI)u Cv'21 = (Cy — 022142_11421).
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Then, we have the following corollary.

Corollary 6.3.2. Consider the linear descriptor system (6.64) and the H.o-filtering problem
for this system. Suppose the plant P'3 is locally asymptotically stable about the equilibrium-
point x = 0, Assumption 6.3.5, Assumption 6.5.6 hold, and the plant is observable. Suppose
further, for some ~v > 0, there exist symmetric positive-semidefinite matrices P e Ra<q

Q € R™*™ and a matriz L € R™™, satisfying the LMIs:

3ATPA, — P+ (1—2CICL BLPA, (1-+2CL 0
ATPB —~2T 0 0
Lo 7 ) <0 (6.88)
(1 — ’72)021 O Q — ] 0
0 0 0 —Q
0 LATPL —22CH) |
o ) 2( 1 7 21) <0 (6.89)
s(ATPL —~*CH)" (1—d3)! |

for some number 63 > 1. Then, the filter (6.87) solves the Hso-filtering problem for the

system.

Proof: Take V(#) = %(flT]Bﬁcl +y7Qy) and apply the result of the Theorem. [J

6.4 Examples

Consider the following simple nonlinear differential-algebraic system:

1/3 2/5

0 = mip+ 2ok (6.91)
Ye = Tikt+ T2kt Wi (6.92)

where w € f5. A singular filter of the form F}¢, (6.49) presented in Subsection 6.3.2 can
be designed. It can be checked that, the system is locally zero-input observable, and with
~ = 1for = 1, the function V(%) = 2(22 + 23 +y?), solves the DHJIE (6.59) for the system.
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Subsequently, we calculate the gain of the filter as

~ (Yp — 16 — Tog)
ll(‘rkayk) = - .1/3 .2/5 ;
Ty Ty,

where 1) is set equal zero if \551/,3 + 333/ 7| < € (e small) to avoid a singularity. Thus, zy, can

be estimated with the filter, while x5 can be estimated from 29, = —21 .

Similarly, a normal filter of the form (6.83) can be designed. It can be checked that, As-
sumption 6.3.5 is satisfied, and the function V() = 2(#3 + y?) solves the DHJIE (6.80) for

the system. Consequently, we can also calculate the filter gain as

. (Yo — T1p — To k)
ll(xkayk) = - .1/3 .2/5
L

and again [; is set equal zero if |f}/ D+ i‘f/ 2| < € (e small) to avoid a singularity.

6.5 Conclusion

In this chapter, we have presented a solution to the H, filtering problem for affine nonlinear
descriptor systems. Both in continuous-time, and in discrete-time. Two types of filters have
been proposed; namely, singular and normal filters. Reduced-order normal filters have also
been presented for the case of standard systems. Sufficient conditions for the solvability
of the problem using each type of filter are given in terms of HJIEs and DHJIEs. The
results have also been specialized to linear systems, in which case the conditions reduce to a
system of LMIs which are computationally efficient to solve. The problem for a nonconstant
singular recursion matrix has also been discussed, and finally, examples have been presented

to demonstrate the approach.

clearpage
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SUMMARY AND CONCLUSION

In this Dissertation, we have reviewed the historical development of estimation theory from
Gauss’s least squares method to the Kalman-Bucy theory and finally to the Stratonovich-
Kushner theory. We have also summarized most of the major approaches that have been
developed for linear dynamic systems, including the minimum-variance method, the maxi-
mum likelihood method and the Bayesian approaches. Finally, we have also discussed the
extensions of the above approaches to nonlinear dynamic systems including the extended
Kalman filter, the Stratonovich and Kushner filters as well as the maximum likelihood re-

cursive nonlinear filters and Baysian nonlinear filters.

On the other hand, the contribution of the Dissertation is mainly to develop Hs and Ho
approaches to filtering for nonlinear singular systems. These approaches which are deter-
ministic are much easier to derive and the filters developed are simpler to inplement. The
filters derived are also finite-dimensional, as opposed to the statistical methods which lead
to infinite-dimensional filters and evolution equations such as the Stratonovich equation, the
Kushner equation, and the Wong and Zakai equation, which have no exact solutions and nei-
ther computationally tractable numerical solutions. They rely on finding smooth solutions

of certain Hamilton-Jacobi equations which can be found using polynomial approximations

or other methods (Aliyu, 2003), (Al-Tamimi, 2008), (Abukhalaf, 2006), (Huang, 1999).

Further, to summarize the results, for singularly-perturbed systems, we have presented Hs
and H.,-decomposition, aggregate and reduced-order filters, both in continuous-time and
discrete-time. While for descriptor systems, we have presented similarly Hy and H.-singular
and normal filters in both continuous-time and discrete-time. Reduced-order filters have
also been considered. Some simulation results have also been presented to validate the

approaches.

The H, filters are useful when the system and measurement noise is fairly known and can be
modeled as stationary Gaussian white-noise processes with certain covariances. Whereas the

Ho filters are more useful when the system and measurement noise are generally unknown,
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but can be assumed to be Lo-bounded. They also have better robustness against other forms
of disturbances than the H, filters. In both cases we have pursued deterministic approaches

to the filter design as apposed to stochastic approaches.

By-and-large the Dissertation represents the first successful attempt to use Hamilton-Jacobi
theory to solve the filtering problem for affine nonlinear systems. Earlier not so successful
attempts (Mortenson, 1968), (Berman, 1996), (Nguang, 1996), (Shaked, 1995) have led to
very complicated Hamilton-Jacobi equations involving a rank-3 tensor (Mortenson, 1968) and
gain matrices that require the original state information (Berman, 1996), (Nguang, 1996),
(Shaked, 1995) which are practically unrealizable. On the other hand, we have avoided both
of these two problems by not using an error vector e = x — 2 in our design, and also by
using determinstic techniques. We have attempted to address all the research objectives
that we set out in Chapter 2, but we believe that improvements can still be made on the
results that we have achieved, especially in finding efficient ways to solve the Hamilton-
Jacobi equations. Future efforts will also consider ¢; filter design approaches which have the

tendency to suppress persistent bounded disturbances as well.
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