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Abstract

The primary aim of the current study is to enhance the stability and accuracy of the Volume-Of-
Fluid (VOF) method for modeling free-surface flows with large topological changes and high
density ratio. For accurate capturing of fluid interfaces, a novel higher-order bounded convection
scheme is first constructed based on the total variation diminishing (TVD) concept and is then
employed for the discretization of convection terms in Navier-Stokes, energy and transport
equations. In the second step, the classical PISO algorithm is modified according to the two-step
projection method (Chorin’s model) and the combined model (PISOC) is then applied for the
treatment of the pressure-velocity coupling. Moreover, the second-order accurate piecewise-
linear interface reconstruction technique (PLIC-ELVIRA) is used for determining the normal
direction and curvature of the interface. The robustness and accuracy of the proposed models in
handling multiphase flows with interface rupture and coalescence are verified against several
experimental and numerical benchmark solutions such as: dam break, Rayleigh-Taylor
instability, bubble rising, rotation of a slotted disk (Zalesak’s problem), deformation of a 2D disk
and pure convection of a step profile. The results show that, the proposed third-order TVD flux-

limiter scheme can considerably reduce the false-diffusion errors and ensure the boundedness of
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the volume fraction while retaining the sharpness and shape of the interface. Furthermore, it is
found that the proposed PISOC algorithm has strong stability and convergence characteristics in
strongly coupled multiphase problems and is less susceptible to divergence when larger pressure
under-relaxation factor is used. The performance and effectiveness of the proposed modifications
are further demonstrated by analyzing transient entropy generation due to conjugate natural
convection heat transfer in two different canonical test cases (i.e. Differentially Heated Cavity
and Rayleigh-Bénard Convection) and good agreements are found with previously published

works.

Keywords: Third-order TVD flux-limiter scheme; Improved PISO algorithm; Multiphase flows;

PLIC;VOF method; ELVIRA scheme

Nomenclature

A surface area per unit depth A=2(L+H), m
Be Bejan number
Cp specific heat, J kg'! K!
Fy Body force

2

g Gravitational acceleration, ms

h Smoothing length, m

H enclosure height, m

k thermal conductivity,Wm’lK'1

L Length of the enclosure (m)

Nu Average Nusselt number on the active walls
p pressure, Nm

P dimensionless pressure
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Pr Prandtl number (=v, /)

r distance

Ra Rayleigh number (= g 3T, —-T)H* / arv)

S Total entropy generation (W/m>K)

SF Entropy generation due to viscous dissipation
St Entropy generation due to heat transfer

t time (s)

r* dimensionless time, ( ta/ H?)

T temperature, K

T +T
To Bulk temperature, (% ), K
u,v velocity components, ms!

U,V  Dimensionless velocity components

X,y Cartesian coordinates, m
Xij Distance between particle i and j in x-direction (xl.j =X, =X, )
Yij Distance between particle i and j in y-direction (y; =y; —¥;)

XY Dimensionless Cartesian coordinates

Greek symbols

a thermal diffusivity, m?s™!

Thermal expansion coefficient, K™!

% dimensionless temperature
u dynamic viscosity, kg m™! s™!
v kinematic viscosity, m?s™!

p density, kg m™

k curvature of interface

4

stream function(= _.[; UoY +y(X.Y,))
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» Irreversibility ratio (Lﬂz) or general dependent variable
kH*(T, - T’
Subscripts
c cold wall
f fluid
h hot wall

Total summation over the domain
(tot)

1. Introduction

The topic of conjugate conduction and natural convection heat transfer in closed enclosures has
received considerable scholarly attention in the last decade owing to its wide range of
engineering applications, including building insulation, designing nuclear reactor and solar
energy collectors, heat exchangers, double pane windows and microelectronic cooling devices
[1-4]. It 1s well-known that, the presence of internal conductive obstacles in the case of
buoyancy driven flows causes significant alteration in the flow and heat transfer characteristics
of the thermal systems [5]. Over the past decade, extensive effort has been devoted to analyzing
and optimizing conjugate natural convection heat transfer inside closed cavities. In a pioneering
work, Amine et al. [6] experimentally and numerically investigated flow structure and heat
transfer characteristics of natural convection in a parallelepipedic cavity containing several solid
blocks and concluded that the number and arrangement of conductive bodies have a significant
impact on the flow intensity within the enclosure. Similar observations were reported by Zhang
et al. [7], Ren et al. [8], Raji et al. [9] and Garoosi et al. [10,11] who numerically analyzed the
influence of the block’s fragmentation upon the heat transfer rate and direction of the fluid

motion inside the square cavity. They found that the subdivision of the conductive obstacle into

Page | 4



the smaller segments tends to suppress the fluid motion and delay the onset of natural
convection. In the same context, Hu et al. [12], Miroshnichenko et al. [13], Selimefendigil et al.
[14], Wang et al. [15] and Zargartalebi et al. [16] systematically examined the influences of
pertinent parameters such as Prandtl number (Pr), Rayleigh number (Ra), inclination angles of
the enclosure, the relative thermal conductivity and thickness of the solid wall on the flow
pattern, temperature distribution and heat transfer rate, for the case of conjugate natural
convection in different geometries (square cavity and partitioned horizontal annulus). They
showed that, an increase in the wall-to-fluid thermal conductivity ratio leads to an intensification
of convective circulation and thereby heat transfer enhancement while thickness of the

conductive wall has a minor impact on the average Nusselt number especially at high Ra.

Generally, from the applied thermal boundary conditions point of view, natural convection
mechanism in closed enclosure can be classified into two different groups: (a) enclosure with
differentially heated vertical walls (DHC) [17] where direction of the buoyancy force is
perpendicular to temperature gradient, and (b) enclosure with differentially heated horizontal
walls where temperature gradient and gravity force are parallel but act in opposite directions
(Rayleigh-Bénard convection) [18]. The study of convection heat transfer in the semi concentric
annulus such as C-shaped cavity is of great interest among researchers because it involves the
combination of two aforementioned groups. Kalidasan et al. [19], Rahimi et al. [20], Makulati et
al. [21] and MIiki et al. [22] numerically investigated the hydrodynamic and thermal behavior of
Rayleigh-Bénard convection in a two-dimensional C-shaped enclosure. They proved that the
onset of Rayleigh Bénard convection strongly depends upon the Ra and aspect ratio of the cold
obstacle. However, although the first-law analysis of thermodynamic can provide useful

information about flow structures and heat distribution within the system, minimizing the total
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rate of entropy generation is necessary for maximizing the overall energy efficiency of the
thermal systems. The basic concept of Entropy Generation Minimization (EGM) was first
introduced by Bejan [23,24] who mathematically demonstrated that irreversibilities due to fluid
friction (viscous dissipation) and heat transfer (temperature gradients) are two main sources of
entropy generation and exergy loss (destruction of available work) in thermal systems. Al-
Rashed et al. [25], Pordanjani et al. [26], Alkanhal et al. [27], Sivaraj et al. [28] and Magherbi et
al. [29] applied second law of thermodynamics to investigate the effects of Ra on the entropy
generation during the natural convection heat transfer inside the square cavity with and without
internal heating. They found that as the Ra enhances, both average Nusselt number and entropy
generation augment, significantly. A comprehensive review of latest efforts on the analysis of
entropy generation and natural convection heat transfer within various enclosures can be found

in works of Das et al. [30] and Biswal et al. [31].

The principles of convection heat transfer and entropy generation are reasonably well understood
and documented, however, modeling the hydrodynamics of multiphase flow with strong
discontinuities is another challenging issue faced by the Computational Fluid Dynamic (CFD)
community. Since, multiphase flows with moving and deformable interfaces are ubiquitous in
various modern engineering technologies with different length scales such as coal gasification in
molten slag [32], fluidized beds [33—35], solidification-melt dynamics [36], combustion systems
[37], atomization of liquid jets [38—40] and droplet impact [41,42], considerable research efforts
have been devoted to developing robust numerical approach for simulation of such flows.
Generally, simulation of multiphase flows can be accomplished through two different main
frameworks, namely Eulerian and Lagrangian descriptions [43]. To date, most of the successful

methods for investigations of multi-fluid and multiphase flows are designed based on Eulerian
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mesh-dependent techniques which in turn have their own pros and cons. Among a large variety
of numerical approaches in the class of Eulerian description, Volume-of-Fluid (VOF) [44],
Level-Set (LS) [45], Front Tracking model [46] and Two-Fluid approach [47] are four top-
ranking methods which have been widely used for computation of multiphase flows with moving
free surface. Recent applications of the VOF and the level set methods for simulating bubble
rising and dam-break flows involving several obstacles can be found in works of Malgarinos et
al. [48], Issakhov et al. [49,50] and Gu et al. [51]. Their results demonstrated that, although two
aforementioned methods can satisfactorily predict the pressure distribution of gas-liquid two
phase flows, excessive growth in the thickness of the interface (or blurring of the free surface) is
still one of the main difficulties associated with these models. To overcome this shortcoming,
over the last two decades, several researchers have focused on developing a robust and accurate
Interface-Sharpening Algorithm for treatment of the material interfaces in immiscible multiphase
flows. Regardless of the numerical approach used for simulation, the problem of preserving
interface resolution, in general, can be classified into three major groups, namely (I)
implementing high resolution differencing schemes for discretization of the convective term
[52], (I) artificial compression schemes to suppress the growth of interface thickness [53], and
(II) Adaptive Mesh Refinement (AMR) technique to handle large topology changes of the

interface [54].

The first class of methods attempts to define a set of rules with trade off precision-boundedness
and its use in the simultaneous reduction of numerical diffusion and unphysical oscillations with
a rapid, efficient, and cost-effective one-step composite procedure. Pioneering work in this
direction was carried out by Leonard [52] through introducing the principle of the Normalized

Variable diagram (NVD). He constructed a new higher-order bounded convection scheme to
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mitigate false-diffusion errors and suppress spurious oscillations (undershoots or overshoots that
leads to non-physical negative value of density) near discontinuities where strong gradients of
variables exist. In the light of the aforementioned study, Hill et al. [55], Denner et al. [56], Ling
et al. [57], Deng et al. [58] and Das et al. [59] applied different high order monotonicity-
preserving schemes such as: CICSAM, Hyper-C, Semi-Implicit Skewness Correction (SISC),
MUSCL, HRIC and SMART to maintain the shape and sharpness of the interface in the complex
convection dominated problems including those of the rising bubble and melting with natural
convection. Their results showed that, implementing high-resolution bounded convective scheme
in transport equation plays a crucial role for determining accurate topology features of the
surface dynamics in the coalescence and breakup processes. A comprehensive review and
comparison of the behavior between eight widely-used oscillation-free convection schemes in a
number of benchmark cases can be found in works of Alves et al. [60] and Choi et al. [61].
Referring to the second approach, Heyns et al. [53] introduced the concept of Artificial
Compression Velocity to remove false-diffusion errors and restrict the thickness of the interface
zone to the minimum possible number of computational grids. Pozzetti et al. [62], Cifani et al.
[63], Nguyen et al. [64,65], So et al. [66] and Akhlaghi et al. [67] extended former work and
combined the anti-diffusion and artificial compression velocity techniques to control the
interface layer thickness between the lighter and heavier mediums. They solved an additional
partial differential equation for volume fraction field and concluded that the aforementioned
technique can considerably prevent blurring and wrinkling of moving interface, thereby reducing
excessive numerical dissipation in that area. Another alternative approach to deal with the
excessive smearing of interface is to use an Adaptive Mesh Refinement and coarsening (AMR).

A local AMR algorithm as a third-principle tool was originally proposed by Berger et al. [54] for
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solving hyperbolic systems of conservation laws. This technique was employed later by Hua et
al. [68], Tan et al. [69], Ngo et al. [70], and Antepara et al. [71] to further minimize non-physical
smearing of the interface in modeling of rising bubble and droplet dynamics. However, the
results of Chen et al. [72], Schmidmayer et al. [73] and Li et al. [74] showed that improper
management of unnecessary elements in the dynamic grid refinement/coarsening process can
remarkably increase computational effort and even jeopardize convergence of non-linear solvers.
These findings were also supported by Das et al. [59] and Harvie et al. [75] who stated that
embedding higher order differencing schemes (i.e. 5th order WENO) in local AMR technique
without precaution can lead to unphysical velocities around the interface and substantial

reduction of mass conservation accordingly.

Based on the above literature review, the primary objective of the present study is to enhance the
accuracy and stability of Volume-Of-Fluid (VOF) model for simulation of multiphase flows with
high density ratios. For this purpose, the third-order accurate flux-limiter function is first
constructed based on the TVD constraint and then employed for discretization of the convection
terms and transport equation. To enhance the convergence rate and consistency of the iterative
solution procedure, the classical PISO algorithm is combined with the two-step projection
method (Chorin’s model) and the proposed hybrid model (PISOC) is then implemented for the
treatment of the pressure-velocity coupling. To preserve a high level of numerical accuracy, the
ELVIRA scheme is utilized for estimating the interface normal and curvature. The proposed
modifications are validated against several benchmark test cases including dam break, Rayleigh-
Taylor instability, bubble rising, rotation of a slotted disk (Zalesak’s problem), deformation of a
2D disk, pure convection of a step profile and transient entropy generation due to conjugate

natural convection heat transfer in square enclosures.
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1. Problem statement and governing equations

Schematic diagram of the physical models considered in this paper along with the corresponding

boundary conditions are shown in Fig. 1 where cases 1 to 6 are employed for validation and

verification of the proposed models in dealing with the multiphase flow problems, whereas cases

7 and 8 are considered for analysis of transient entropy generation due to conjugate conduction-

convection heat transfer in square enclosures filled with air (Pr=0.71). In all cases, the unsteady

flow is assumed to be two-dimensional and laminar. The thermo-physical properties of the fluid

are taken to be constant except for the density in cases 7 and 8 which varies linearly with the

temperature in accordance to the Oberbeck-Boussinesq approximation. The set of governing

equations including continuity, momentum, energy and volume fraction for incompressible

Newtonian fluids can be written in the following dimensional forms [76,77]:

dp ou v
——+—+
pot ox Oy

op,u N op,,uu N op, vu _ 8p

m(—) —um( ”)]+FST

ot ox Oy 6x 6
op,v O 0
Ol  On? DoV [— m<—> —um<—>]+F +Fy
ot ox oy oy
or, or, o'T o°'T
pC(—tuT— vy =k (5 + =
( +u . ay) ( Py ayz)
6(0 Jpu 8(0\/

6t ox

The energy balance equation for pure solid region in cases 7 and 8 can be expressed as:

oT o'T o°T
= (

—_— _+_
ot " ox 6y2)
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In the above equations, u and v are the mixture velocities in x and y-directions and C,, «, and k
denote specific heat capacity, thermal diffusivity ratio (o, =¢, / a, ) and thermal conductivity,

respectively. p, and u, are the mixture density and viscosity of working fluids which can be

computed via the volume-weighted average of the phases occupying each computational grid (

0<p<1)[78]:

pn=0p+(1-9)p, (7)
W, =ou+1-9)u, (8)

where subscripts 1 and 2 refer to the primary and secondary phases, respectively. The term Fy in

Navier-Stokes equations is the body force which would be the gravity force (F, =p,g) in the
multiphase flow problems (cases 1 to 3) or buoyancy force ( F, = pgB(T —1)) in conjugate free

convection problems (cases 7 and 8) with 7 being reference temperature. Fisr is the volumetric

surface tension force which acts on the interface region based on the Brackbill’s model [79] as:

Fo.=ckVeg )

where o represents the interfacial tension coefficient between phases and k& denotes the curvature

of interface defined as:

k:-v-n=é[(é-V)\7q\—(v-ﬁ)] (10)
ZIt
ne A=V (a1
n

with n standing for the interface normal vector. The additional term V-(¢(1-¢)u,)in the phase

advection equation is Artificial Compression [53] which helps in lessening the smearing of the

interface and retaining the sharpness of the interface region. Note that, the presence of ¢(1—¢)
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term in Eq. (5) allows the Interface Compression to be activated only in close vicinity of the

interface area. u, is the artificial compressive velocity which is given by:

(12)

u, = (pl_:ln_ (p‘ 'W

C, 1s a constant coefficient used to control the strength of the compression velocity with the
recommended value of unity [67]. Once the temperature and velocity fields are determined, the

total entropy generation (S

tot

) per unit volume for cases 7 and 8 can be calculated via the second

law of thermodynamics as follows [80]:

2 2 2 2 2
S,Ut=S7+SF=£2 [a—Tj + or + £ Z(G—MJ +2 il + a—u+@ (13)
17 |\ ox oy 1, ox oy oy Ox
where S, and S, are two main detrimental irreversibilities induced by thermal dissipation and

fluid friction, respectively. By defining the following pertinent parameters, Eq. (13) can be

transformed into the non-dimensional form as [81]:

2 _
A)(:i Y:l’ U:ﬁa V:ﬁa P:sz’ 9=T Tc.

H’ H a o po T, -1, (14)

3 2

pote g BT ol gl Hhe

H’ av a kH*(T,-T.)

2
2 2
S, =2 2(8U] +2(8—Vj + a—U+6—V (16)
oxX oY oy oX

In Eq. (16), Ais the ratio between the viscous and thermal dissipation which is set equal to 10

similar to works of Das et al. [81] and Ilis et al. [82]. The average total entropy generation (Etot)
is then obtained via integrating the local entropy generation rates over the entire computational

domain as:
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ErzijSTdXdY §F=ijSFdXdY S =Sr +SF (17)
V Vv

The relative dominance of thermal dissipation to fluid friction irreversibility can be
mathematically quantified using the local and average Bejan numbers defined as:

ST

TS+,

Therefore, according to the above definition, one can conclude that for the values of 0 < Be <0.5

Be

B_e:ijBedXdY (18)
%

the fluid friction irreversibility is dominant (S, < S, ) whereas 0.5 < Be <1lindicates dominance
of thermal dissipation (S, < S, ). For the particular case of Be=0.5, entropy generation due to
both factors are identical (S, =S, ). Meanwhile, the global heat transfer rate within the thermal

systems can be quantified through the average Nusselt number along the heated/cooled walls as

follows:
Nu=T_ 00 N = L"90,, (19)
k on H"Y on

As depicted in Fig. 1, the related initial and boundary conditions for the present problems can be

specified as follows:

u=v=0 On the rigid walls of the enclosures in all cases
=1 On the heated walls of the enclosures in cases 7 and 8
0=0 On the cooled walls of the enclosures in cases 7 and 8
% o On the adiabatic walls of the enclosures in cases 7 and 8 (20)
on
oo 00 On the walls of the conductive obstacle

kf' — == ks r—y . 7 d 8

"\on), on ). in cases 7 an
o™ 0 On the rigid walls of the enclosures in all cases

on

The initial conditions (at #=0) inside the enclosures are based on the assumptions that the cold

working fluid is motionless (6 =0,u =v=0) under the zero-pressure filed ( p =0). It is worth
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mentioning that, although the governing equations are discretized on the staggered-grid system

but to close the Pressure Poisson Equation (PPE) in the two-step projection part of the algorithm,
the homogeneous Neumann condition for the pressure (Jp"" / on=0) is imposed on the rigid

walls during each time step.
2. Numerical methodology

The system of governing partial differential equations together with corresponding boundary
conditions is discretized on a staggered grid system by means of a control-volume method where
the pressure nodes are sited at the cell centroids while the velocity components are located on the
midpoints of control volume faces, as depicted in Fig. 2 [83]. A novel hybrid PISO-Two-step
projection algorithm (PISOC) is first developed and then employed for handling pressure-
velocity coupling between the mass and momentum equations. A more detailed discussion and
derivation procedure of the pressure-based coupled algorithm associated with the newly

developed hybrid PISOC method are provided in appendix A.

The classical second-order central difference scheme is used for discretization of the diffusion
terms while the proposed third-order TVD bounded scheme is utilized for the treatment of the
convection terms in momentum, energy and volume fraction equations. To further improve the
performance and accuracy of the VOF model, the ELVIRA technique pioneered by Pilliod et al.

[84] is applied for material interface reconstruction and its curvature calculation.
2.1. A novel Third-order TVD Bounded scheme
In this subsection, a new third-order oscillation-free flux-limiter function is developed based on

the TVD constraint for convection discretization and the suppression of the interface smearing in
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dealing with multifluid and multi-material flow problems. In order to simplify the derivation
process of higher-order monotone convection scheme in the finite-volume description, the
general convection-diffusion equation in Cartesian framework without the pressure and transient

terms is considered here as:

¢ [ ¢ 21

—(pu¢)+—(p 9) ——[
where the scalar (T, @) and vector quantltles (u, v) in Egs. (2) to (5) are replaced by the general

transport variable ¢. By integrating Eq. (21) over a two-dimensional control volume (CV) as

sketched in Fig. 2 and applying the Gauss’s divergence theorem in conjunction with the classical

central differencing scheme for diffusion term, the following discretized equation can be derived:

F¢-F¢,+Fg —-Fo = (22)
D,(¢; ~¢)=D,(#p —#,)+ D, (¢ —#p) ~ D($ — ;)
where F, =(pu),AA with AA, =Ax=Ay and D, =n,Ay/Ax=n,Ax/Ay stand for the convection

flux and diffusion conductance cross the cell boundaries, respectively. By defining the flux-

limiter function (y(r)) and taking into account the flow direction (u” >0or u” <0), the values

of the property ¢ across the cell faces (4,, ¢,, ¢, and ¢, ) can be approximated as follows:

4.=4, +%l//(r;)(¢5 b 1 =)/
b=+ V=) = =) G =)

| u >0 (23)
¢n = ¢P +EV/(FH+)(¢N _¢P)’ rn+ = (¢P _¢s)/(¢1v _¢p)

1
9, = 9 +E‘//(’}+ WBp=0s)s 17 = (b — b))/ (B — )
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b=+ VUGB =G 0)/ G =0)

b =Bt u Ny~ 1 = (o8 By — )
2 <0 24)

=y VB8, 1 =y~ G =)

b=+ WG ). 7 =BG ~d)

where r* stands for the ratio of upwind-side gradient to downwind-side gradient as described by
Versteeg et al. [83]. More precisely, for the positive flow direction, the gradient ratio of r on the
West cell face is evaluated by 7', =(4,~¢,)/(4—¢ ) (orr’, =B —dw)/ (@ —&))
whereas in the case of negative flow direction, this ratio would be equal to
Ly = (@ —0.)/(@ ,—¢). In Egs. (23) and (24), the termy/(r)is known as a flux-limiter

function which is designed by the combination of two piecewise non-linear functions as:

+ +3

(r |2r|)><(r ) <

3r'+2r+3 (25)
2r+2

r+3

w(r)=
r>1

To construct the above third-order accurate scheme, the necessary and sufficient criteria
suggested by Sweby [85], Zijlema et al. [86], Leonard [52], Gao et al. [87], Waterson et al. [88]
and Alves et al. [60] are utilized to retain the monotonicity-preserving properties of TVD

scheme. It is evident from Fig. 2 that, the newly developed limiter is positive (y(r)>0) and lies

within the shaded area in the TVD diagram which guarantees both the boundedness

(monotonicity) of the solution and at least first-order accuracy of the discretization scheme [85].

Moreover, similar to Van Leer limiter function (y/(r) = (r+|r|) / (1+r)) [89], the proposed model

passes through the points y(0)=0 and (1) =1 which fulfills consistency requirement for second
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order accuracy [88]. It is also easy to show that the slope of the limiter function at the

intersection point (1,1) is the same as that of the classical QUICK scheme (w(r)=(r+3)/4,

@ :i) which in turn fulfills the desired third-order accuracy [52,86,90]. Furthermore, it
N

r=I1

can be seen from Fig. 2 that unlike the Minmod and Superbee models [91] (as the lower and
upper borders of the TVD region) which switch between linear schemes with different slopes,
the proposed model is smooth, finite and continuous over the entire range of r. In this context, it

is relevant to mention that, both sub-functions of the proposed limiter reach the point (1,1) with

the same slope of magnitude (% :l) which in turn respects the convective stability
r 4

r=l
criterion and fulfills Smooth Region Condition, accordingly. The effects of this crucial criterion
on the consistency of the convection scheme were systematically investigated by Alves et al.
[60] and Gao et al. [87] who mathematically proved that, the sudden alteration in the slope of
limiter function near the critical point (1,1) can lead to spurious pressure oscillation near the
material discontinuities in the multiphase flows. Before proceeding further, it is worth to mention
that in order to prevent or minimize excessive use of “/F” in computer programming process

and to avoid singularity of the denominator of subdomains (r<1, r>1) in Eq. (25), special

treatment should be applied to each sub-domain of the limiter. For this purpose, by multiplying

the numerator and denominator of gradient ratio (r) with the value of its denominator (e.g.

r=A/B = AxB/B"), the following relationships can be drawn:

Pt = (¢571 _¢572) _ (¢i71 _¢572) % (¢, _¢H) _ (¢i—1 _¢i—2)x(¢i _¢571)
T W) G4 g ¢~ 26)
" . _r—_(¢i_¢i+1):(¢i_¢i+1)x(¢i—1_¢i):(¢i_¢i+1)x(¢i—1_¢i)

R @.—=9) b.-8) (@.-4) (@ _¢5i)2
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By applying the above technique on the West cell face and considering the flow direction, the

sub-domains of the limiter can be rewritten as follows:

ppsl, GatlXOh) Sy g g g5 (00
r>1 % =9
sl B0XGah) sy g g -0)> 4 -8
(¢i—l_¢i) (27)
st GO T) Gy g -4 <@ -.)
<1 (¢i_¢i—l)
L Ghx@-9) z
. 231, : = [2 <1, i — Y L~ @)= (P 9,
" L G- 0.0% G )< G~ )

Note that, the similar procedure should be applied to other three faces of computational cell (7,

,r- and r’) by considering the related neighboring grid points. Finally, since the high-resolution

schemes are typically prone to a numerical instability owing to the appearance of negative main
coefficients, the proposed model can be generalized and reformulated by incorporating the

notation of upwind differencing scheme into the discretized equation as follows:

aP¢P = aw¢w + aE¢E + as¢s + aN¢N + Su
a, =D, +max(F, ,0)

a, =D, +max(-F,,0) (28)
ag =D, +max(F,,0)

ay =D, +max(-F,,0)

ap=ay +a,+a;+ay+(F,—F )+ (F,—-F,)

One of the main advantages of the above format of discretization is that the main coefficient (a,

) 1s always positive which can effectively satisfy the needs for conservativeness and

transportiveness. S, on the right-hand side of equations is called deferred correction which can

be expressed as:
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1
S, =5 ElA=7 0w 1) =7y () ~4r)

1
+—F ==y )w@)+rw )@, —4,)
2 (29)

1

+5Fn[(l—7n)w(r,f )= 1w (OB, — )
1

3 F ==y w () +y ()N — &)

where y,is the constant parameter which depends on the flow direction as:

y,=1if F,>0, y,=0if F, <0
y, =11t F >0, y =01if F,<0 (30)
y,=1if F, >0, y =0if F, <0
y,=1if F,.>0, y =0if F, <0
To provide deeper insight into the computer programming of proposed model, the FORTRAN

code in term of subroutine is developed and documented as a supplementary material which can

assist the user of a CFD code in constructing and implementing such a TVD scheme.
2.2. Interface reconstruction scheme (ELVIRA algorithm)

The programming process of ELVIRA technique pioneered by Pilliod et al. [84] is elaborated in
this subsection. Generally, in the PLIC-ELVIRA model, the interface is approximated by a

straight line segment (y=mux+d ) where six possible gradients of the color function (@)

generated by the forward, central and backward finite-difference schemes in the x and y-
directions are used to determine the interface slope. As depicted in Fig. 3, the first three possible

angular coefficients of the straight line in the x-direction can be mathematically calculated by:

m. :ikoEN TP T Pps =Py —Pp _(”s|
m.= i|§0EN T @+ Qs — Pyny — Py _(PW5|XO-5

m,, =£|Qy +@p + 05 — Gy — Py — Pus |

€1V
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The other three underlying interface slopes can be computed by rotating the gradients of row

sums by 90 degrees given by:

+1
my,f = _ _ _
|(/)WN TPy + Py — Py —Pp ¢E|
m, = 2 (32)
' |¢WN+¢N+¢EN_¢WS_(DS_¢ES|
+1
m

oy Op+ P — P — O — P

It 1s important to note that in the above equations, the symbol (£, plus-minus sign) should be
interpreted based on the table 1 and Fig. 3. Take as an illustration, for cases Al, A2, C1 and C2

only the positive (+m,) values of Eqs (31) and (32) should be used for interface reconstruction
whereas for cases B1, B2, D1 and D2 the negative ones (—m,) are regarded as potential slope

candidates. Fig. 3 demonstrates various possible cases of interface orientation with the
corresponding fluid position within the uniform stencil of 3x3cells which can be easily

distinguished from each other by defining the following two pertinent parameters:

n,= (¢)EN + 2(05 + Qg )— (q)WN + Z(DW + ¢Ws) (33)

n, = (Gyy + 20y + Py) = (Bys +205 + @) (34)

It is interesting to mention that, n, andn, in the above equations are very analogous to the

Youngs’s model [92] who initially introduced the concept of the PLIC technique for linear

reconstruction of material interfaces. It is evident from table 1 and Fig. 3 that, depending on the

signs of n,,n, and the absolute values of the interface slope (|mi

), the twelve different interface

configurations are likely to emerge within the main cell. Furthermore, it is apparent that, each of
the given position (except for horizontal and vertical orientations) consists of three subgroups of

interface shapes (i.e. triangle, trapezoid or pentagon) which should be determined through an
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iterative method until a desired response is achieved. This stage in the literature is commonly
referred to as Determination of Line Constant [93] where the line segment (y=mx+d ) is
displaced iteratively within the stencil while keeping its alignment constant until the volume
fraction enclosed by the reconstructed interface line becomes equal to the actual volume fraction
predicted by transport equation. When the exact location of the interface line is identified, the
constructed line is then extended across the 3x3 block to determine the volume fraction (¢) in
each of the surrounding 8 grids. In the last stage, any candidate slopes that can minimize the

following discrete error is regarded as the solution:

(35)

1
El.,j(mi) = z ‘(DHk,jH(mi)_(DHk,jH

k,=—1

Where E; i (m,) is the total error between the actual volume fractions obtained from the transport
equation (@, j+l) and those predicted by the interface reconstruction (¢, N(ml.)). To shed
further light on the structure of computer programming of the ELVIRA model, an analytical
example is given here where the linear function with formula y =0.3x+1.225 intersects the

vertical sides of the nine-point cell stencil. The volume fractions generated by this straight line is
portrayed in Fig. 3 where the upper half of the stencil is filled by the primary phase. As a first
step of the algorithm, the six possible interface slopes are calculated through Eqs. (31) and (32)

namely: (m,_, =43/10,m  =43/10, m, , =+3/10, m 6 =+480/947, m,  =+384/571 and
m,, =+960/961). In the second step, the interface orientation and position of the heavier fluid

are determined using Eqgs. (33) and (34). It can be seen from Table 1 that, according to the values

of n,=-1127/960 <0 and n, =763/192 >0 (irrespective of |m,

), the existing cases for the test

problem would be C1 and C2 which in turn indicate that only positive values of interface slopes
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should be considered for the interface reconstruction process namely: m, , =+3/10,m, , =+3/10
m,, =+3/10, m _, =+480/947, m  =+384/571 and m,, =+960/961. For the first attempt,

m_ . =+3/10is chosen as the angular coefficient of the straight line ( Vinterface = 0-3X+d).
Meanwhile, by taking into account the role of ‘mx’ f‘ <las a third condition along with n, <0

and n, >(01in Table 1, the possible interface mode is reduced to case C2. In the next stage, the

shape of the fluid polygon among the three possible cases (i.e. triangle, trapezoid or a pentagon)
should be identified. To accomplish this, the area of the biggest possible fluid triangle and
trapezoid enclosed in the central cell are first calculated and then compared with the actual value
of volume fraction. It can be seen from Fig. 3 that the volume fraction obtained by the exact
solution is positioned between the volume fraction of the biggest possible triangle and trapezoid (

Priiangle < Pcuar < Preaperoia) Which implies that the interface polygon has a shape of trapezoid. In
the fourth stage, the linear function should be calibrated within the main grid to reproduce the

correct volume fraction (‘(pAmml = Prnterfuce| = 107"). As mentioned earlier, this stage is equivalent

of finding the line constant (d). From Fig. 3 one can conclude that, according to

Priangle < Pciuar < Preapescia» the line constant of interface should be located between y-intercepts of
the largest possible triangle and trapezoid polygons (0.7 <d <1.4) created with the formulas
Viviange =0-3x+1.4and y, ., =0.3x+0.7, respectively. Hence, the arithmetic average of the

highest and lowest y-intercepts (d,,,,, =(1.4+0.7)/2=1.05) is taken as the first trial in the

iterative process. However, it is evident from Fig. 3 that the volume fraction produced by the

new interface line (y,,,,.. =0.3x+1.05) is still lower than that of the actual one which implies

that the second iteration is needed to reach a desired solution. Since, ¢, , <®,.... the lowest
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value of y-intercept is first replaced by the guessed one computed from the previous iteration,

and then the averaging process (d,,,, =(1.4+1.05)/2=1.225) is repeated. It should be
mentioned that, in the case of ¢, ., > ¢, ., the highest value of line constant should be replaced

by the guessed value obtained from the previous trial. It can be seen from Fig. 3 that, the newly

constructed interface line (y,,, ,, =0.3x+1.225) can successfully reproduce the correct volume

fraction. Having determined the true line constant, the volume fractions in the neighboring nodes
can be estimated as depicted in Fig. 3. The above procedure should be applied to the other five

remaining slopes and the one that can minimize the following residual is the winner:

m, =min{E, ,(m, ).E, (m,).E, (m,).E, (m ). E, (m, )E, (m,)] (36)

¥

Once the optimal interface line is determined, its normal vector (ny y+n x=d) can be calculated
as follows:

my+x=md (37)
where n, =mand n, =lare the components of normal vector. Finally, similar to the previous

sections, in order to provide deeper insight into the computer programming of ELVIRA

technique, the FORTRAN code is developed and documented as supplementary material.
3. Results and discussion

In this section, eight different canonical test cases are employed to demonstrate the accuracy and
reliability of the proposed modifications in handling convection heat transfer and non-hydrostatic
free surface flow with complex interface morphologies and topological changes. A classical 2D
dam-break problem (case 1) is first adopted to verify the capability of the enhanced VOF model

in capturing moving free surfaces involving severe interfacial deformation, coalescence and
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breaking-up events associated with water re-entry, impact pressure and splashing. To further
assess the performance of the proposed third-order TVD bounded convection scheme in
suppressing false diffusion errors and spurious numerical smearing (i.e. smearing of the interface
thickness), the nonlinear development of 2D Rayleigh-Taylor instability is analyzed as the
second benchmark test problem (case 2) where two immiscible fluids are evolved under the
combined action of viscous and buoyancy forces. Simulation of a single gas bubble rising in a
liquid column (case 3) is conducted to validate the effectiveness of the ELVIRA technique in
accurate estimation of surface tension force and its corresponding interface curvature. The
classical Rotation of a slotted disk (case 4), deformation of a 2D disk (case 5) and pure
convection of a step profile (case 6) are chosen to demonstrate the capability of the newly-
developed TVD bounded convection scheme in capturing steep gradients. The robustness and
stability of the newly proposed semi-iterative PISOC-algorithm in dealing with the velocity-
pressure coupling problem is further demonstrated through analysis of transient entropy

generation due to conjugate natural convection heat transfer in square enclosures (cases 7 and 8).
3.1.Dam break (case 1)

The schematic diagram of the dam break model is given in Fig. 1. In this numerical test, the

rectangular water column ( p, =997 Kg/m’ and 14, =855x10° Pa.s ) with width and height of
the W =0.25mand H =0.5m in hydrostatic equilibrium is initially installed on the LHS of the
square container with dimensions of [lm,1m]. The rest of the enclosure is occupied by air (
p,=1Kg/m’and 1, =185x107 Pa.s) as the outer medium (second phase) and the surface
tension force (o =71.1x10"° N/m) is taken into account. The simulation is conducted on

350x350 grid resolution and time sequence of the collapsing water column in terms of the
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volume fraction fields together with the pressure contours are plotted in Fig. 4 at different
dimensionless time instants (¢ =t,/g/H ). Generally, the dynamic evolution of the dam failure

can be classified into four distinct stages. The first stage encompasses the destruction of the
vertical gate and propagation of the wave front over the dry-deck until the surge front reaches the
downstream rigid wall (0<¢ <1.5). From Fig. 6 one can observe that, the water level height at

the dam site (/, =0.1m) monotonically lessens which implies that the conversion between

potential and kinetic energy takes place primarily at this stage. The second stage involves the
formation of the shock pressure due to impact of water toe with the opposite vertical wall which
in turn is accompanied by the development of the ascending fluid jet and semi-hydrostatic
pressure distribution on the bottom right corner of the enclosure (1.5<¢ <2.26). A close
inspection of Fig. 6 (c) shows that, the maximum impact pressure recorded by sensors 2 (

h,=0.025m) at t =1.59s is approximately equal to p =2.057 which is in accordance with

previously published measurements [94,95]. Furthermore, it can be seen that, the maximum run
up of the liquid jet in the vicinity of the right wall exceeds twice the initial water column height
which is compatible with the numerical findings of Colagrossi et al. [96]. However, as time
progresses (2.26 <t <3.42), due to the oncoming fluid flow and retarding effect of the gravity
force, the fluid acceleration declines and subsequently the thickness of the upward-moving jet
increases. This process corresponds to the continuous reduction in the pressure shock loading
and establishment of the stagnation point (fluid trapping) on the corner of the enclosure. The
third stage takes into account the appearance of the plunging breaking wave where, due to the
restoring action of gravity and the fluid-solid interaction adjacent to the right wall, the rising
water jet begins to overturn backwards and eventually hits the underlying moving wetted deck,

thereby forming the closed air-cushion structure and second shock pressure scenario (¢ =4.3,
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p’ =0.704) within the container (3.42 <t <4.42). Finally, in the last stage, the newly generated

flying jet starts to travel towards the upstream left wall where the water splash-up process and
interface fragmentation/breaking are likely to occur on the tip of the second plunging jet (

' <4.42).

Qualitative and quantitative comparison of the predicted results with numerical works of Xu et
al. [94] and Zheng et al. [95] in Figs. 5 and 6 show that, the trajectory of the tip of the plunging
jet and air entrapment phenomenon (closed cell structure) are well captured and reproduced by
the present model. The close-up snapshots of the interface before and after wave breaking in Fig.
6 (a) clearly demonstrate that the sharpness (thickness) of the interface is well controlled and
confined to a maximum of 2-3 grid stencil which in turn highlights the robustness of the
proposed non-linear flux limiter scheme (Eq. (25)) in eliminating interface smearing and
numerical diffusion errors. In order to better quantify the accuracy of the numerical model, the

time variations of the water front ( X, ), non-dimensional values of water level height (i/H )

front
at three different sections and pressure time histories recorded at six different sampling points (

h;) on the left and right vertical walls are presented in Fig. 6. It is evident that the predicted

results are smooth without non-physical oscillations and are in excellent agreement with those
obtained by reference numerical solutions [94,95]. However, there are some small discrepancy
between the results which can be partially attributed to neglecting the surface tension or due to
the occurrence of the so-called tensile instability problem and its consequent particle clustering in
the Lagrangian particle methods which trigger pressure oscillations in published results of

[94,95].
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3.2.Rayleigh-Taylor instability (case 2)

As schematically shown in Fig. 1, the simulation is carried out in the rectangular enclosure with

dimension of the [1m,2m] where a denser fluid with physical properties of p,, =1.8Kg / m’ and

4y =0.018 Pa.slies on top of a lighter fluid (o, :lKg/m3,,uH =0.01Pa.s) at t=0swith a

locally perturbed interface of y=1-0.15xsin(27zx) . The instability is governed by the Reynolds
and Atwood numbers of Re= pHHw/Hg/,uH =420and Ar=(p,—1)/(p,+1)=2/7 where
H =1mdenotes the width of the enclosure and ./Hg stands for the reference velocity with g

being the gravitational acceleration. Initially, the system is at rest (u=0m/s) and no-slip

boundary condition is imposed on all rigid walls. Similar to works of Rezavand et al. [97], Pahar
et al. [98] and Li et al. [99], owing to the relatively large radius of interface curvature, the
influence of the surface tension force is neglected. The computations are conducted on a

200x400 grid resolution and predicted results are presented in Figs. 7 and 8 at various non-
dimensional time (7 =t,/g/H ) instants. Generally, due to buoyancy/gravity forces and initial

distortion, the dynamics of the RTI problem is characterized by falling of the denser fluid as a
spike along the left wall and upward movement of the lighter fluid as a bubble, which lead to the
appearance of the mushroom-like structure within the enclosure. Inspection of Figs. 7 and 8
reveals that, during the early stages of the RTI development (7 <2), the contours of the velocity
components and shapes of the bubble/spike fronts remain entirely symmetrical with respect to
the center of the enclosure which implies that morphology and the growth of the instability are
primarily governed by the viscous force. As time goes on (2 <7 <4), the heavy fluid penetrates

further into the less dense fluid and consequently the intensity of the transverse velocity

augments and exceeds the critical value (see also |u in Fig. 8 (d)). At this stage, the interface

max
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evolves into an asymmetric shape and undergoes severe morphological deformation which
signifies that shear velocity and Kelvin-Helmholtz instability are coming into the picture [100].
This process is also accompanied by the formation of the four secondary recirculating zones
along the wings of the ascending and descending plumes which causes the interface to roll up,
resulting in the significant twisting and distortion of the interface. Towards the end of the
calculation (4<7<6), due to the imposition of the no-slip and impermeable boundary
conditions, more and more eddies are generated at the tails of the roll-ups and magnitude of the
velocity field progressively lessens which indicates that the RTI evolution enters into the
strongly nonlinear regime. In this circumstance, the major portion of the nonlinear spike
advances with the vortex shedding and curvature effects of the ring eddies, leading to the
development of the jet-like circulation and complex flow structure in the lower part of the
container. Qualitative comparison of obtained results with previously published data [97-99] in
Fig. 7 vividly confirms the capability of the modified VOF model in handling multi-fluid flows
with large deformations and topological changes. It is evident that the interface between two
fluids is smooth and successfully captured without any smearing. The time history of the bubble
front and spike tip is depicted in Fig. 8 (c) and good agreement is found with reference numerical

measurements [98].
3.3.Bubble rising (case 3)

To further evaluate the performance of the ELVIRA technique in calculating the interface-
normal vector and its corresponding surface-tension force (Eq. (10)), the hydrodynamic
characteristics of a single rising bubble in quiescent liquid is examined in this subsection. As
graphically shown in Fig. 1, the simulation is carried out in a rectangular duct with geometrical

dimensions of [4H,6.48H] where the circular bubble ( p, =1Kg / m’ and U = \/5/ 200 Pa.s ) with
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nominal radius of H =0.25mis initially immersed in a stationary heavy fluid ( p,, =100 Kg/m’

and 1, =+/2/2 Pa.s) which occupies the entire enclosure. No-slip and impermeable boundary
Hy

conditions are imposed on all rigid walls and calculations are performed on the 200x324

uniform mesh which is fine enough to capture large deformation and breakup of the interface.

Similar to work of Zhao et al. [101], the Reynolds number ( Re = D\/2Hg / v, ) based on the

reference velocity (/2Hg ) and characteristic length (D =2H) is set to Re =100 where v, =v,

denote the kinematic viscosity of the denser and lighter fluids. The Weber number (

We = p, g 2H)’ /a) based on the properties of the surrounding liquid is chosen as 200,
corresponding to the surface tension coefficiento =0.5N/m. The components of the initial
velocity vector and background pressure are set to zero (p,=0and w,=0ms"') and the

obtained results in terms of the temporal evolution of the bubble trajectory with associated
velocity contours are presented in Figs. 9 and 10. It can be seen that, due to the existence of the
density gradient between two phases, the buoyancy force causes the air bubble to float up along
the centerline of the enclosure while the heavy fluid sinks to the lower section at the vicinity of
the vertical walls, creating a pair of counter-rotating streamwise vortices on both sides of the
bubble. However, during the floating process, owing to the downwelling motion of the denser
fluid and shedding of two vortices from the main body, the cores of the primary eddies are
dragged towards the lower portion of the enclosure and subsequently the bubble shape begins to
evolve into the horseshoe-like structure (2<t <4.5). Fig. 10 reveals that this interface
stretching/twisting process is also accompanied by significant enhancement in the flow intensity
and the development of the wake structure in the rear of the gas phase which causes the tails of

the bubble to fold inward and elongate in the y axis. This mechanism signifies that the effects of
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the shearing-velocity become more prominent as time advances. Note that this stage corresponds

to maximum rate of bubble deformation such that the bubble shape is reconfigured to the cap-

like structure with terminal velocity (|V

max|=3.69 ). However, Fig. 9 shows that, during the
deceleration stage (4.5<¢ <5), the bubble motion and its rate of deformation abruptly slow
down and remain nearly constant, indicating that the fluid attached to the vertical walls is likely
to be in the regime of creeping flow [102,103]. Meanwhile, the shearing-stress in conjunction
with surface tension force starts to stretch the interface into thin layer. It is evident that during
this sequence (4<t <5), the bubble skirts become progressively squeezed and thinner,
resulting in the occurrence of bubbles detachment and interface rupture behind the ascending
bubble. Finally, in the last stage (5 <t <6), due to both drift and lift forces generated by vortex
shedding (wake-induced forces), two detached bubbles are directed towards the vertical cross-
section and begin to follow the convection path of the rolled-up vortices. The corresponding

velocity fields at this moment resemble approximately dipole-shaped pattern which in turn

manifest the formation of some secondary recirculating eddies inside the rising bubble.

A comparison of calculated results with the previously published data based on the VOF solution
on unstructured triangular grids with adaptive mesh refinement [101] in Figs. 9 and 10
demonstrates that, despite the negligible differences between the two numerical outcomes, the
hydrodynamic behavior of rising bubble including wake generation, interface
filamentation/fragmentation together with the bubbles detachment process is well reproduced by

the enhanced VOF method.
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3.4. Rotation of a slotted disk (Zalesak’s problem)

To further demonstrate the accuracy and robustness of the proposed third-order bounded
convection scheme in suppressing false-diffusion error and maintaining the sharpness of the
interface, the solid-body rotation case of Zalesak [104] (case 4) is considered here as a fourth
benchmark test problem. As schematically shown in Fig. 1, the calculation is performed in a

square enclosure ( H =1m) with 200x200 grid resolution where the notched disk with nominal
radius of R=0.15mis initially centered at (0.5,0.75). The width and the length of the slot are set

equal to W =0.05mand L=0.25msimilar to works of Owkes et al. [105] and Ming-Jian Li

[106]. The notched disk is subjected to a counter-clockwise rotating eddy given by:

u=-2r(y-0.5)

38
u=+2r(x-0.5) (38)

The transient evolution of volume-fraction field at various time instants is depicted in Fig. 11. It
is evident that, the general shape of the slotted circle is successfully preserved after one full
rotation. The qualitative and quantitative comparisons of the obtained results with previously

published data in terms of the final shape of the slotted disk and accumulated error (

N _ N
E, i = Z ‘(/’i,,- ¢ Z @, ;) are presented in Fig. 11 and table 2. It can be seen that,

i=1, j=1 i=1, j=1

despite a little smoothing on the sharp edges, the proposed improved VOF model can accurately
maintain the initial configuration and outperformed four other existing Eulerian models tested by
Cifani et al. [63] and Ming-Jian Li [106]. Finally, from table 2 one can deduce that, the predicted
results in the current work is more consistent with Lagrangian methods suggested by Scardovelli

et al. [93].
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3.5. Deformation of a 2D disk (case 5)

The transient deformation of a weightless liquid circular disk with nominal radius of R=0.15m
centered at (0.5,0.75) within a unit square domain ( H =1m) is examined in this subsection as

fifth canonical test case where due to the presence of non-uniform vorticity field (shearing flow),
the initially circular disk begins to evolve into a spiral structure with maximum distortion. The
simulation is carried out on 256x256 uniform grid system and periodic boundary condition is
imposed on all enclosure walls. As sketched in Fig. 1, the computational domain is subjected to a
single vortex described by [105]:
u =—2sin*(zx)sin(zy)cos(zy) cos(ﬂ)
T (39)
v =+42sin*(7y)sin(zx) cos(7x) cos(”?t)
where u and v denote velocity components in x and y-directions. The term ¢ is time and 7=8.0
represents the period of the velocity field. The sequential evolution of rotating disk at various
time instants is portrayed in Fig. 12. It can be observed that contrary to previous test case
(Zalesak’s disk), due to the imposition of the solenoidal velocity field, the circular fluid body is
progressively stretched and dragged towards the centre of the recirculating zone, giving rise to
the development of the thin continuous spiral-shaped filament within the enclosure at

t=T/2=4s. However, owing to the existence of cosinusoidal temporal factor (cos(zt/T)), the
fluid flow starts moving backwards in a counterclockwise direction (7/2 <) until the elongated

disk returns to its equilibrium (initial) position at 7=8.0. The comparison of the predicted results
with numerical works of Cifani et al. [63], Owkes et al. [105] and Ming-Jian Li [106] in Fig. 13
and table 3 illustrates that, in spite of severe topological change of rotating disk during its

evolution, mass conservation and the thickness of the thin filament are effectively preserved by
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the proposed model. Furthermore, Fig. 13 illustrates that, in contrast to the well-known Upwind
and Minmod schemes, the newly-proposed convection scheme (Eq. (25)) vividly demonstrates
excellent overall performance in terms of accuracy and eliminating false diffusion errors. Similar
observation was also reported by Zhang et al. [107] who investigated the performance, accuracy
and stability of nine different composite high-resolution convective schemes in dealing with the

multiphase flows with material discontinuities.
3.6. Pure convection of a step profile (case 6)

The superiority and capability of the proposed non-oscillatory TVD flux-limiter scheme over the
five classical monotone convection schemes in minimizing false-diffusion errors are further
verified via simulation of the advective transport of a step profile in an oblique velocity field
[107]. As shown in Fig. 1, the calculations are performed in a square cavity where Dirichlet
boundary conditions are applied to the left (¢ =1.0) and bottom (¢ =0) sides of the domain
while homogeneous Neumann boundary conditions are imposed on the right (d¢/dx=0) and top
(0p/0y=0) walls. The computational domain is subjected to the uniform velocity field (
u=v=1.0), oblique to the grid system at an angle of 45 degree with respect to the horizontal
direction. The governing conservation equation of the problem is:

Z—fﬁgfﬂ%w‘(ml—@w):o (40)
where ¢@represents the dependent variable and u and v are the velocity components in the
Cartesian framework. To be consistent with literature [90,107], a uniformly spaced grid size of
120x120 is utilized for the simulations and the first-order implicit Euler scheme is employed for
the time discretization. The temporal evolution of volume fraction field using three different

schemes is displayed in Fig. 14. As expected, the substantial improvement has been obtained by
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implementing the proposed third-order TVD scheme whereas the first-order bounded schemes
(i.e. Minmod and Upwind) are characterized by severe numerical diffusion which can be
attributed to the larger truncation errors generated by these schemes. This finding is also in
accordance with the conclusions drawn from the previous benchmark problem and those reported
by Darwish et al. [90]. The comparison of the obtained results with five other conventional TVD
schemes in term of the computational ¢ values along a vertical line of x=0.7m at steady state
condition in Fig. 15 once again confirms the superiority and robustness of the current non-
oscillatory TVD flux-limiter scheme over the existing monotone convection schemes in

capturing steep gradients.

3.7. Conjugate natural convection-conduction heat transfer (cases 7 and 8)

The transient entropy generation due to buoyancy-driven conjugate thermal convection in two
different horizontal annular ducts with a centered internal conducting obstacle (L=0.3H) is
analyzed in this subsection. As schematically shown in Fig. 1, the first benchmark problem (case
7) 1s strictly analogous to the classical Differentially Heated Cavity (DHC) [17] where gravity
force is perpendicular to the temperature gradient. In this case, the isothermal heating and
cooling are imposed on the vertical walls whereas the horizontal walls are thermally insulated.
However, contrary to case 7, to induce the buoyancy force and Rayleigh-Bénard Convection
(RBC) [108] in case 8, the horizontal walls of the enclosure are kept at different constant

temperatures (7, <7, ) while the side walls are maintained adiabatic. The spaces between the two

concentric squares in both cavities are filled with air (Pr=0.71) as a working fluid and the

thermal conductivity ratio of solid to fluid is taken as K, =0.2similar to work of Das et al.

[109]. Based on the grid independency test provided in table 4, the simulations are carried on
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159x159uniform mesh resolution and obtained results in the forms of streamlines, isotherms,
local and average Bejan number, entropy generation due to heat transfer irreversibility (S7) and

viscous dissipations (Sr) are presented in Figs. 16 to 21 at various Rayleigh numbers (

10* < Ra <107).

Generally, due to the existence of temperature differences within the enclosures, the flow
patterns and temperature distributions are characterized by upward movement of the heated fluid
and downward motion of the cooled one, which lead to the thermal energy exchange between the
two active walls. Fig. 16 reveals that, in case 7, the buoyancy force induced by differentially
heated/cooled sidewalls causes the fluid to move upward along the left wall until it encounters
the insulated top wall. After impinging to the top wall, the expanded fluid changes its direction
and travels horizontally towards the right wall as its internal energy decreases. As the fluid
approaches the downstream wall, because of its interaction with surrounding cold fluid, its
temperature decreases and consequently the fluid becomes gradually colder and denser. The
relatively condensed fluid eventually reaches the boundary layer of the cold wall and starts to
flow down and exchange its high level of energy. Since the bottom wall is sealed, the heavy fluid
moves obliquely outward towards the hot area to complete its thermal cycle. Hence, the
clockwise-rotating eddy is established within the annulus. This process is repeated until no
significant improvement is observed in the rate of heat transfer (steady-state condition). It can be
seen that at Ra =10, isotherms in case 7 are almost parallel to each other and evenly distributed
which indicate that the flow and temperature are in the weak coupling regime and heat transfer is
governed by conduction mode. However, by increasing the Rayleigh number up to 10°, the role
of the buoyancy force becomes more pronounced and subsequently isotherms start to follow the

pattern of streamlines, signifying the onset of natural convection at this stage. In addition, it is
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seen that due to the relative dominance of convection mode, both isotherms and streamlines are
more clustered and compressed in the vicinity of the active walls and two secondary vortices are
appeared in both sides of the conductive obstacle which manifests the presence of adverse

pressure gradients in those regions. With further increase in the value of Rayleigh number (

Ra =10°), the clustering structure becomes more prominent and distinct thermal boundary layers
are established in close proximity of the vertical walls. In this circumstance, due to substantial
coupling of the heat and fluid flows, the isotherms and cores of the two secondary vortices get
distorted and shifted towards the sidewalls where high levels of velocity gradients occur. The
horizontally oriented isotherms across the block in Fig. 16 confirm that, steep temperature

gradients exist in the vertical direction, signifying the high level of thermal mixing within the

enclosure. The absolute value of maximum stream function (|‘//max|) in table 5 reveals that,

further increment of Rayleigh number (Ra=10") leads to remarkable intensification of
convective flow and heat exchange inside the enclosure. It can be seen from Fig. 16 that this
stage is dynamically characterized by the development of small localized eddies on the corners
of the cavity and significant reduction in the thermal boundary layers thickness which support

the dominance of the convective regime.

However, by rotating the differentially heated vertical cavity (case 7) by 90 degree in clockwise
direction, the RBC configuration (case 8) will be established where gravity force becomes
parallel to an imposed horizontal temperature gradient. By examining the thermal structure and
dynamics of RBC in Fig. 17 one can deduce that, at the same nominal values of Rayleigh and
Prandtl numbers, RBC exhibits fundamentally different heat and momentum transport
characteristics compared to DHC during its evolution. In general, according to linear stability
theory [18], hydrodynamics and thermal behaviors of Rayleigh-Bénard Convection can be
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classified into the three distinct regimes, namely: (a) diffusion-dominated regime where four
symmetric CW and CCW eddies are formed within the enclosure and isotherms are horizontally

oriented (Ra < Ra,,,., with Ra,.., =1708being the critical Rayleigh number), (b) stable-

convection-dominated regime where viscous force is strong enough to overcome the oscillatory

behavior of RBC instability where the CW eddy together with two secondary CCW vortices are

developed within the enclosure (Ra,,, ., <Ra <5x10°) [108] and (c) unstable-convection-

dominated regime where transition from laminar to turbulent flow occurs (5x10° < Ra<10")
[110]. It should be noted that in the last stage, owing to the inherent unsteady nature of the RBC,
the streamlines and isotherms constantly change their topology such that oscillatory and non-
stationary thermal plume structures are cyclically emerged and disappeared inside the enclosure.
Based on the above discussions and information from the literature, the thermal hydraulic

behavior of RBC portrayed in Fig. 17 can be qualitatively analyzed as follows.

Starting from a cold isothermal initial state at Ra =10", it can be seen that the process consists of
the development of the ascending thermal plume in the close proximity to the hot boundary
which causes the fluid to move upward along the centerline of the enclosure and eventually
impact on the bottom of the conductive obstacle. However, since the Ra is greater than the
critical value, the vertical symmetry feature ultimately dies out and the clockwise recirculating
eddy is created inside the enclosure. Moreover, isotherms are vertically stratified and weak
thermal gradient is formed inside the obstacle which in turn supports the inception of the
convection at this Ra. As shown in Fig. 17, the early stages of flow evolution at Ra=10" are
qualitatively similar to the transient variations of temperature and velocity fields at Ra=10%
where flow bifurcation occurs. As time elapses, the buoyancy force overweighs the retarding

effects of the viscous force, leading to the formation of the strong CW rotating cell and two
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distinct thermal boundary layers near the horizontal walls. Similar to the previous case, the
significant twisting of the isotherms and streamlines are interpreted to reflect improvements in
the convection heat transfer within the annulus. With increasing Rayleigh number (Ra=10°), due
to high buoyancy-to-inertia ratio, a pair of ascending thermal plume is generated in the left and
right halves of the obstacle. The formation of these swaying and swirling structures of thermal
plume is also responsible for the development of some secondary vortices within the enclosure.
As time progressed over the period of 0.0187 <t<0.0525, two separate plumes begin to
coalesce, creating two distinct recirculation zones, namely: (a) the primary clockwise vortex
(Bénard cell) which occupies the major part of the enclosure and (b) two secondary counter-
clockwise eddies which are spatially confined to the smaller regions near the top-left and bottom-
right corners of the enclosure where isotherms are largely clustered and characterized by the heat
entrapment. It is worth recalling that, similar to the work of Ouertatani et al. [108], the flow
structure and temperature pattern together with the two minor convective cells are completely
symmetric with respect to the center of the cavity. It is worth noting that, such a change of flow
structure is known as the symmetry-breaking bifurcation which typically occurs in the transient
natural convection between two parallel plates with a heated horizontal base and cooled upper
walls [111,112]. It is evident that as the time increases (0.0525<¢), the primary cell grows in
size and squeezes two CCW vortices towards the corners of the enclosure until the steady-state
condition is achieved. As expected, with further increase of the Rayleigh number (Ra=10"), the
strength of the convective flow augments and subsequently RBC enters into the unsteady
convection regime where flow and thermal fields undergo severe distortions and structural
alterations. It is evident that, at the very beginning of the transient evolution (0<¢<0.0059),

three distinct thermal plumes and unstable multi-cellular structure are formed within the
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enclosure. As time goes on (0.0059 <7 <0.0637), the buoyancy force begins to disrupt the
symmetrical pattern of the vortices, leading to the initiation of convective instability and the

occurrence of vortex breakdown, accordingly.

The time-evolution of the local Bejan number and entropy generation due to heat transfer
irreversibility associated with cases 7 and 8 at various Rayleigh number are displayed in Figs. 18
and 19. A detailed examination of Fig. 20 reveals that, at low Rayleigh number (Ra=10%) due to
diffusion-dominated regime and weak convection effects, the local Bejan number values in most
parts of the enclosure in both cavities are close to unity which implies that most of the exergy

destruction takes place as a results of the heat transfer irreversibility (S, <S,). The

corresponded local entropy generation due to thermal dissipation in Fig. 19 shows that the active
zones of St in case 7 are more confined to the small regions near the bottom-left and top-right
corners of the enclosure where maximum heat transfer rate occurs. In contrast, St is almost trivial
in middle portions of the adiabatic walls where isotherms are smooth curves and uniformly
scattered due to insignificant heat flow in those areas. It is interesting to note that, this course of
the event also takes place in case 8 but in revers manner such that due to considerable amount of
heat flow along the horizontal walls, heat transfer irreversibility (S7) is found to be maxima in the
bottom-left and top-right junctions of the isothermal-adiabatic walls whereas vertical walls have
negligible contributions to S7. Table 5 illustrates that, as the Ra enhances, entropy generation due
to both factors (S7, Sr) augment whereas a reverse trend 1s found in the values of average Bejan
number. This behavior can be attributed to the fact that, by increasing the Ra, the thickness of the
thermal boundary layer decreases and intensity of the convection flow and recirculation patterns
augment. The reduction in the thermal boundary layer thickness and augmentation in the

compression of temperature profiles are interpreted to reflect the intensification of temperature
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gradient, heat transfer rate and S7. On the other hand, an increase in the buoyancy force promotes
the fluid motion and elevates velocity gradients, leading to significant enhancement in the fluid
friction irreversibility according to Eq. (16). However, since, entropy generation due to fluid

friction irreversibility (Sr) grows much faster compared to the thermal dissipation (S7), the local

and average Bejan number decline rapidly and become less than half ( Be <0.5) which indicates
that the dominant source of irreversibility is shifted toward the viscous dissipation. This trend is
continued or even accentuated as the Ra increases. This assertion is well borne out by Fig. 18
where due to the existence of flow separation and weak fluid circulation in the left and right
portions of the conductive obstacle in case 7, the fluid movement is restrained and thereby the

local Bejan number becomes greater than half in those areas. However, the situation gets worst

in case 8. As deduced from the magnitude of streamlines in table 5 (|1//mux

), because of high

intense fluid circulation cells, the entire enclosure in Rayleigh-Bénard Convection (RBC) acts as
an active site of the entropy generation due to friction irreversibility (compare also the values of

|1//max|between cases 7 and 8 in table 5). Further inspection of table 5 also reveals that the optimal

situation based on the highest heat transfer rate and lowest entropy generation also takes place in

case 7. Take as example, the ratios of average Nusselt number over that of total entropy
generation (Mt/gm) in case 7 at Ra=10", 10°, 10° and 107 are equal to 0.68, 0.2, 0.027 and

0.0031 while these ratios for case 8 are approximately 0.64, 0.12, 0.014 and 0.0016, respectively.
In fact, these outcomes convey that Differentially Heated Cavity (DHC) outperformed the RBC
from the viewpoints of optimal design, energy saving and minimization of entropy generation.
Similar observations were also reported by Anandalakshmi et al. [113] who examined the effects
of the Ra on the entropy generation during free convection heat transfer in rhombic enclosures

with various inclination angles. Furthermore, it is apparent from Figs. 18 and 19 that, similar to
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velocity and temperature fields, the contours plots of local Be and Sr in both cases are
symmetrical with respect to the center of the enclosure which can be regarded as an extra
validation from the standpoints of energy balance and mass conservation. By comparing Figs. 18
and 19 one can conclude that, although the maximum entropy generation due to heat transfer (

Sy max) Still occurs near the heated surfaces where the isotherms are largely compressed, but due
to imposition of the no-slip boundary conditions and enhanced convection effect at Ra=10°, the
significant velocity gradients are also generated in close vicinity of the rigid walls (S, U S;),

leading to the notable reduction in the values of local Bejan number in those areas ( Be <0.5).
Finally, at Ra=10" due to high velocity gradients generated by the buoyancy force, viscous
dissipation increases immensely and covers the more part of the domain which implies that at
this stage the substantial amount of available work (exergy) might be utilized to overcome the

energy losses induced by frictional irreversibility.

For getting further insight into the effects of Rayleigh number on the performance of thermal
systems in cases 7 and 8, time histories of the average Nusselt number (E), total entropy
generation (Efot) due to both factors (§T ,EF) and average Bejan number (B_e) are depicted in
Fig. 20. As expected for all cavities, both heat transfer rate (@ ) and overall entropy generation

augment with increasing Rayleigh number while a reverse trend is observed in the values of Be.

As stated before, an increase of Ra improves buoyancy force and consequently the heat flow

effects, hence, the values of both Sr and Sr increase. However, since fluid fiction irreversibility

1s more sensitive than the thermal dissipation to any alteration in Ra, the average Bejan number
drops immensely. It can be seen that, at Ra =10", the value of the Be is greater than half, which

indicates that total entropy generation (Sw) is more influenced by Sy rather than viscous
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dissipation (§mz ~Sr ). This conjecture is well reflected in Fig. 20 where the variations of S
have the same pattern of alteration with Sr. As Rayleigh number approaches the flow-transition
value (Ra =10"), the fluid flow becomes stronger and consequently the contribution of Sr to
Sior i invigorated dramatically so that total entropy generation begins to follow the transient
behavior of the fluid friction irreversibility (gmz ~Sr ). This enhancement mechanism also
manifests itself in form of the decreasing trend in the profiles of average Bejan number in both
cavities. It can be seen that the degradation in the values of Be is accelerated and intensified as

the flow enters into the convection-dominated regime ( Ra >10°).

However, before closing this section, there are some other interesting points that can be drawn
from Fig. 20. It is apparent that, at low Rayleigh number (Ra=10"), the aforementioned
pertinent parameters tend to reach the constant value with the small-amplitude fluctuation around
the state of equilibrium while, at high Rayleigh numbers (particularly beyond the critical value

of Ra,,.., =5200), the oscillatory behavior starts to emerge in their profiles [29]. This physical

behavior can be attributed to the strong interaction between hot and cold fluids at high Ra which
causes the induction of high-frequency internal waves and hydraulic jump in the velocity and
temperature fields. These observations are in accordance with numerical findings of Magherbi et

al. [29] and Schladow [114] who discussed that for Ra,,,., < Ra, when the initial condition is

somewhat far from the equilibrium state, fluid flow and heat transfer are likely to undergo
nonlinear oscillation around the steady-state condition. Another interesting feature is that in both
cavities due to assigning zero-temperature initial condition (& =0), the average Nusselt number
along the hot and cold walls decreases and increases asymptotically and reaches the identical

value which implies that the amount of the heat released from the hot surface is totally absorbed
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by the cold wall which in turn demonstrates the accuracy of the proposed model from the first
law of thermodynamics viewpoint. Finally, as pointed up earlier, by increasing the Rayleigh
number from 10° to 107, the flow pattern in the Rayleigh-Bénard Convection (RBC) is evolved
directly from the unicellular steady regime to the multi-cellular oscillatory solution. This
mechanism is also accompanied by the formation of a symmetry/asymmetry Hopf bifurcation
structure (Pitchfork bifurcation) [115,116] and vortex breakdown which leads to the striking

fluctuations in the heat transfer rate within the enclosure. To bring this point out more clearly,

the enlarged view of time-distributions of Nu with associated streamlines and isotherms
snapshots are re-plotted in Fig. 21. The weakly turbulent flow at Ra=107 manifests itself through
the emergence of semi-periodic thermal plumes and unsteady minor vortices. It is evident that
during the advection process (0<t <0.8), the direction and position of the flow circulation and
travelling wave are constantly changing (and internally displaced towards the downstream and
upstream end walls) within the enclosure, meaning that the internal waves and perturbations
generated by the initial conditions cannot be suppressed by the boundary layer. Figure 22 shows
the comparison of the predicted results with numerical outcomes of Das et al. [109], for the case

of Differentially Heated Cavity with internal conductive obstacle (K, =0.2and L=0.5H ). It is

apparent that the obtained results in terms of streamlines, isotherms and average Nusselt number

are in excellent agreement with previously published data.
4. Conclusion

In this study, a modified version of the Volume-Of-Fluid model was introduced for simulation of
multiphase and free-surface flows with high density contrast. To circumvent the difficulties

regarding the physical discontinuities at the material interface, a novel third-order bounded flux-
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limiter function was first constructed based on the TVD constraints and then employed for
discretization of the convection terms in the momentum, energy and volume fraction equations.
To further enhance the performance of the proposed model, the classical PISO algorithm was
first modified based on the Two-step projection (PISOC) method and then was used for the
treatment of the velocity-pressure coupling. To deal with the surface tension at the interface, the
procedure for implementing the ELVIRA technique was first described in detail and then
adopted to calculate the interface normal vector and its corresponding curvature. The accuracy
and robustness of the improved VOF model were verified against eight different canonical test
cases including: dam break, Rayleigh-Taylor instability, bubble rising, rotation of a slotted disk
(Zalesak’s problem), deformation of a 2D disk, pure convection of a step profile and transient
entropy generation due to conjugate natural convection heat transfer in square enclosures. Based

on the obtained results, the main conclusions of present study can be summarized as follows:

It was found that, the newly proposed bounded convection scheme can successfully

suppress false diffusion error and maintain sharpness of the interface.

e The results revealed that, the proposed non-linear flux-limiter function can successfully
control and maintain the thickness of the interface to a maximum of 2-3 grid stencils.

e It was found that, the combination of the two classical PISO and Two-step projection
method (PISOC) ensures that the mixed velocity in the vicinity of the material
discontinuity is free of spurious spatial oscillations.

e It was found that, the proposed PISOC algorithm can effectively accelerate the

convergence rate of numerical solution without introducing unphysical pressure

fluctuations.
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e It was found that the newly developed semi-iterative hybrid PISOC algorithm is robust
and consistent with superior convergence characteristics to the standard iterative PISO
algorithm.

e It was shown that, the enhanced VOF model can robustly handle large topological
changes of complex multiphase flows involving interface rupture and coalescence.

e [t was mathematically shown that, the ELVIRA technique can exactly reproduce any
arbitrary linear interfaces.

e The results revealed that, the improved VOF model outperformed the existent
conventional VOF method available in the OpenFoam® platform.

e The results revealed that, from the Entropy Generation Minimization (EGM) and optimal
design viewpoints, the Differentially Heated Cavity (DHC) outperformed the Rayleigh-
Bénard Convection (RBC) in terms of the highest heat transfer rate and lowest rate of

entropy generation.
Acknowledgments

This work is financially supported by the Merit scholarship program for foreign students
(PBEEE) of the Ministére de I’Education et de 1’Enseignement supérieur du Québec (MEES)

(Grant No. 263222), (Programme V1-Groupe: G2-20431).

Conflict of interest
The authors declared that there is no conflict of interest.
Supplementary material

For more details about the transient flow patterns in all simulated cases please refers to

animations 1 to 14 in supplementary material.

Page | 45



Appendix A (Combination of the PISO and Two-step projection algorithms for the treatment of

the pressure-velocity coupling)

Along this Appendix, a novel implicit pressure-based numerical algorithm is introduced using
the combination of the classical PISO algorithm [117] and Two-step projection (Chorin’s model)
[118] method, aiming to obtain a robust and consistent unsteady state solver for modeling
multiphase flows with complex topology changes on the staggered grid arrangement.
Fundamentally speaking, the concept of the Two-step projection method and PISO algorithm is
to establish a Pressure-Poisson equation by enforcing the velocity-divergence-free condition over
each computational grid to satisfy the requirement for continuity equation. As shown in Fig. 2, in
the staggered grid system, all scalar quantities (i.e. pressure, temperature, viscosity, density,
volume fraction, etc) are located at nodes inside each cell while velocity components are sited on
the cell faces. As stated in section 2, the convection terms in the present work are treated by
means of the newly developed third-order TVD bounded scheme whereas the second-order
central differencing scheme is employed for the approximation of the diffusion terms.
Meanwhile, the pressure gradient term is estimated using the linear interpolation between the two
immediate nodes sited on the momentum cell faces. The algebraic system of equations resulting

from this integration process can be written as follows:

apu, :Zanpunp+5u+St _Ap(pp_pnp) (AD)
where the subscript nb denotes the neighboring velocity nodes and S, represents the volumetric
source term which would be the surface tension force (S, = F,AxAy), gravitational force (
S, = pgAxAy) or buoyancy force (S, = RaPrAxAy) in the present study. The parameter q,,

involves the implicit representation of the convection and diffusion variables together with the
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transient term of Jpu/or . It should be noted that, in order to further enhance the accuracy and

performance of the numerical solution, the second-order implicit backward scheme proposed by

Kim et al. [119] is employed in the current work for time discretization as:

n+l

dpu _ 3(pw)," —4(pu), +(pu),” (A2)
ot 2At
By incorporating the term arising from temporal discretization into Eq. (Al), the central

coefficient @, and source term S, for unsteady flow take the form:

n+l

Py (A3)
a =a + AxA
EE Vi Y

_ AP, = (o s (A%)

S,
2At

where a » 1s the central coefficient associated with the steady-state formulation (see Eq. (28)). To

start the PISOC algorithm, the initial guessed value of u” is used for velocity components.
Ideally, the discretized momentum equations based on the guessed velocity fields and correct

pressure field (p"*!) can produce the correct velocity fields as [83]:

* n+l n+l
n+l _ Zanpunp + Su +St _ Ap (pp — Dy ) (AS)

u,

Clip aip
By introducing the intermediate velocity field (u) without the pressure gradient term, the first

part of the algorithm related to the Chorin’s model (two-step projection model) can be

accomplished as [120]:

. D a,w, +S,+5, (A6)
aip
n+l [}
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whered,, = 4, /aip. By taking the divergence on both sides of Eq. (A7) (

V' =V.u-V.-(2d, Vp" / 3)) and substituting it into the discretized continuity equation, the
following partial differential equation for the pressure can be obtained [121]:

. 3vu 3 3pn+1 4pn +pn)—1 A8
Vd, Vp" = _—( E_—P ) (A8)

2 2Atp"

p
The integration of Eq. (A8) over the computational domain yields:

3 3 3 n+l 4 n + n—1
a, /Bn/H ,+1 ]Pn+1 +Cl Pn+1 + a, HanH , . 1Pn+l +_ y __( p pp+1 pp AXAy)
2 2Atp;
=0, ;10 ;+a4;,%a,, (A9)
1+1/ d1+1 /Ay9 ai— j :di,j y
1]+1 = dl ]+1Ax a = di,ij

bl.’j :uj,jAy—uH.l,jAy"‘;i,ij_{;i,j+1Ax

where b, represents the mass imbalance arising from the incorrect velocity field. Having
determined the pressure field, the auxiliary velocity field can be modified using Eq. (A7). It
should be noted that, although the present algorithm is non-iterative in nature, but for the
strongly coupled nonlinear multiphase flows or Fluid-Structure Interaction (FSI) problems, the
minimum number of ten iterations may be needed to achieve a specific error with known
confidence levels of accuracy for pressure and velocity fields (similar to the classical two-step
projection model). However, contrary to the iterative version of the PISO-algorithm, in order to
reduce the computation cost, the iteration process can only be applied on Eq. (A9) instead of
extending it to the whole algorithm. To proceed, one can assume that the pressure and velocity
fields obtained from Eqs. (A7) and (A9) still cannot ensure the continuity condition after one or a

prescribed number of iterations. As a result, the superscript on the pressure and velocity variables
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n+l

is changed from ( p""',u"" ) to (p*,u"" ). By substituting the semi-corrected values of p“and u"

into the momentum equation (Eq. (A1)), the new velocity field ( u**) can be obtained as:

a, up _Za,,p u, +S,+S,—A,(p,-p,,) (A10)

By subtracting Eq. (A10) from (Al) and defining the incremental pressure ( p') and velocity

variables (u') as the difference between semi-corrected and true values, the following

relationship can be derived:

a,,—w,)=Ya (u, —u)-AV[(p,—p.)~(p, - )] (A1D)
p=ptp (A12)
u=u +u

a,(’)=-4V(p,—-p.,) (A13)
u=u+u, =u” - L 2o " P) (A14)

al.p

Note that, similar to the standard SIMPLE algorithm, the summation over the neighboring grid
points is dropped here for simplicity (Zanp (u,, —uzp) = Zanp (u;,) ~0). Substituting Eq. (A14)

into the discretized continuity equation yields the first system of discrete pressure-correction

equation as:

n+l

' ' : / 3p," —4p)+p," Al5
%JBJ Gy Byt @ B 6 0B+ ay B 4D, = 2Anﬂ” F— AxAy ( )
aisj: l+1]+a +a1]+1+a111
d A ’ ai— P = di A
s e (Al6)
4; JJj+l dl j+1Ax a = d AX

e s

b i =Ui /Ay UHI jAy+vl ]Ax Vi, ]+1Ax

Once the pressure correction field is known, the correct velocity and pressure fields can be

calculated via Egs. (A12) and (A14) as:
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p=p +a,p’
= ANV(p,-p,)

aip

(A17)

u=u
In the above equation, a, stands for the under-relaxation factor which is set as unity in the

present study. However, to further enhance mass conservation within each computational grid at
the current time step, once again it is assumed that the improved velocity (u) and pressure (p)
fields are not necessarily divergence free and consequently cannot satisfy the conservation of
mass rigorously. Hence, before advancing to the next time level (n+1), the second pressure-
correction step as a main part of the classical non-iterative PISO scheme is required to achieve a

satisfactory degree of accuracy. To accomplish this, the superscripts of the thrice-corrected
velocity and pressure fields in Eq. (A17) are altered fromu —u" and p — p" . Similar to the

previous stage, by substituting the updated velocity and pressure distributions into the

sk

momentum equation, the second semi-corrected velocity components (u ) can be obtained as:

u*M_Zanpun;+Su+Sl_Ap(pp —p;[:) (A18)
p =
Aip Aip

It is worth to mention that, contrary to the original PISO algorithm, due to the use of modified

velocity and pressure values in the momentum equation, the central (a,,) and neighbor (a,,)

coefficients in Eq. (A10) are replaced by the updated coefficients a;j, and a,, in Eq. (A18). Our

results have revealed that, although this modification is minor but it has a remarkable influence

on the stability and performance of the numerical solutions. To terminate the algorithm, it is

n+l

assumed that the correct pressure field ( p* ) with the aid of the newly improved velocity field (

u ) can ultimately satisfy the continuity constraint given by:
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Zanpunp +S,+S, 4 (P = o) (A19)

Aip Aip

u”

By subtracting Eq. (A19) from (A18) and defining the second incremental pressure variable ( p”

), the following equations can be derived:

g Zan,,unp +8, +58, Zanpunp +8, +S, Ap(p"” -poh) . A,(p, = p,) (A20)
! aip aip aip Cl;p
pn+l — p** 4 apzpn (Azl)
L Tl ) A(p) - p)) (A22)
Aip Aip

where  ,, represents the second under-relaxation factor which is taken as unity. Substitution of

u""'in the discretized continuity equation yields the second incremental pressure equation as:

n+l

a[,_/‘Pz‘,”j = ai+1,_/PiJ,:1/ a_ 1/P” lj+1R”/+1 a ;- IPl”j 1 Z’t‘,/’ +Z’iﬂj - e 2A£:Zﬁ: pp AxAy (A23)
p

a;=a,, +a_;+a,,,+a,

am,j = dm,jAy, aH,j = di,jAy

a; o =dijalx, a;,, ,=dijAx

bis =, JAy—u,H LAY+ 1y AX = Vi Ax (A24)

ek

( - ( Hokk )

= Zanp unp —u zanp unp —Uu

bl}j =( = )i,j Ay_ - )i+1 JAy
Aip Aip

Z ——-'-‘("'*** *** ( ook
Anp\Vip — n Zanp unp —u
P np
+ ) Ax— )i jaAx
aip aip

Once the second pressure correction equation is solved, the exact velocity and pressure
distributions can be calculated through Eqs. (A21) and (A22). Having computed the correct
velocity field, the volume fraction and energy transport equations are solved and calculation is
then transferred to the next time step where the updated physical quantities will be used as an

initial guess of the solution in the next level. However, before ending this subsection, it is
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necessary to point out that, in the standard PISO-algorithm, Issa [117] ideally assumed that the

twice-improved velocity field (u***) appeared as a source term on the right hand side of Eq.

seksk ~

(A24) is sufficiently accurate to satisfy the zero-divergence condition (V-u =0, 5;;=0).

However, our results have shown that this assumption is not necessarily valid so that the strict

enforcement of the continuity constraint via the direct imposition of V-u =0(or b: ;=0)1n

Eq. (A24) can lead to spurious pressure oscillation especially in the multiphase flows problems

where grid-to-flow skewness is large and fluid flow is governed by convection.
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Fig. 3. Possible cases of interface orientation together with an example of interface reconstruction technique.



(a) Volume-fraction field
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Fig. 16. Transient variation of isotherms and streamlines at different Rayleigh numbers for case 7. Pr=0.71.



Fig. 17. Transient variation of isotherms and streamlines at different Rayleigh numbers in case 8. Pr=0.71.
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Fig. 20. Transient variations of average Nusselt number (E ), total entropy generation (Etot), average Bejan

number (B—e), entropy generation due to thermal (E'T) and viscous (EF) dissipations as function of the
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K, =02)
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Table Click here to access/download;Table;Table 7.docx %

Table 1. Determination of the interface orientation and fluid position

variation rate of the color  variation rate of the color Absolute value of the Possible case of interface
function in the x-direction function in the y-direction interface slop orientation

n, >0 n, <0 m|>1 Al

n >0 n, <0 ’mi <1 A2

n,>0 n, >0 m|>1 Bl

n >0 n, >0 ’migl B2

n, <0 n, >0 | >1 Cl

n, <0 n, >0 im,| <1 C2

n, <0 n, <0 ‘m[ >1 D1

n, <0 n, <0 ’miSI D2

n >0 n,~0 ’mi >10% \a!

n <0 n,~0 ’mi >10% V2

n. ~0 n, <0 ’mi <107 H1

n, ~0 n, >0 ‘mi <107 H2




Table. 2. Zalesak’s problem (case 4): comparison of accumulated error.

N N
Advection algorithms Error (E = Z ‘(0,-, T j‘ Z D )
i=1, j=1 i=1, j=1
Present model/Eulerian 5.72x107
gVoFoam/Eulerian [63] 1.36x107°
interFoam/Eulerian [63] 6.61x107
OpenFoam®/Eulerian [106] 7.03x107°
Puckett/Stream/Eulerian [93] 1.00x1072
Quadratic fit/Lagrangian [93] 5.47x107
Quadratic fit+continuity/Lagrangian [93] 4.16x107°

Table. 3. Deformation of a 2D disk problem (case 5): comparison of accumulated error.

N _ N
Advection algorithms  Error (E = Z (@, —9.;) Z ?;;)

i=1, j=1 i=1, j=1

Present model/Eulerian 6.13x10™
gVoFoam/Eulerian [63] 2.95x107
interFoam/Eulerian [63] 5.58x107




Table 4. Variations of Nu as a function of the grid size in cases 7 and 8 at low and high Rayleigh numbers.

Number of grids (Case 7)
Ra 39x39 59x59 79x79 99x99 119x119 139%x139 159%159
10* 2.1675 2.1832 2.1966 2.2051 2.2134 2.2168 22177
107 17.1438 17.1944 17.2132 17.2225 17.2286 17.2307 17.2319
Number of grids (Case 8)
Ra 39x39 59x59 79x79 99x99 119x119 139%x139 159%159
10* 2.2505 2.2601 2.2692 2.2784 2.2825 2.2846 2.2853
107 11.1563 11.3219 11.4134 11.4308 11.4392 11.4406 11.4417




Table. 5. The effects of the Rayleigh number on the flow intensity, average Nusselt number and entropy
generation rate for cases 7 and 8 (steady-state condition). Note that, case 8 never reaches a steady state
condition at Ra=10".

Case 7
Ra m ‘Umax‘ ‘Wmax B_e L_S”,,)t Stot,max §T Sr,max §F SF’max
104 2217 15217 3459 0.618 3.240 25.463 2.185 14.503 1.054 14914
10° 4.624  40.902 8.849 0.299 23.061 629.852 4.523 63.850 18.538 590.402
105 9.023 120.314 16.537 0.188 332.456 16362.64  8.687 325.676 323.768 16227.41
107 17.231 350.577 30.429 0.163 5465.67 373316.035 16.027 1553.121 5449.64 372930.16
Case 8
Ra  Nu |Uwl Wl Be So S0t max Sy St max S, Sr s
10* 2285 19369 4276 0.579 3.543 17.587 2.257 11.743 1.286 16.695
10° 3.853 77.987 17.062 0.265 30.091 471.496 3.740 34435 26.351 471.378
105 6.595 273.305 52.611 0.106 473.863 15582.646 6.027 147.585 467.836 15582.543
107 11.441 785986 105.237 0.088 6826.085 329040.76 9.196 398.455 6816.88 329040.51
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