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Abstract. Shear strength characterization of coarse granular materials often requires

modifying the original material in order to fit samples in standard testing devices. This

is done, however, at the expense of changing the particle size distribution (psd), em-

ploying scaling-down techniques such as parallel grading or scalping methods. Such

procedures hide, nevertheless, another challenge. As a given particle size can present

a characteristic grain shape, altering the grain size distribution can strongly modify the

distribution of grain shapes. While the effects of grain shape on shear strength have been

vastly covered in the literature, the effect of having different shapes along grain sizes has

yet to be systematically assessed and understood. This article explores the critical shear

strength of samples composed of particles with size-shape correlations using 2D dis-

crete element simulations. Two cases of particle shape variability across grain sizes are

studied: (1) the sharpness of grains’ corners - modeled via the number of sides of regular

polygons - and (2) the geometric irregularity of grains - where the corners of a polygon

are not necessarily evenly spaced. The effects of these geometrical properties on the

shear strength are assessed through a series of numerical simple shearing tests up to

large levels of deformation. We find that granular materials presenting different num-

ber of sides across grain sizes can strongly modify their mechanical response depend-

ing on the grain-size correlation. On the contrary, grain shape irregularity turns out not

to have a major effect on the critical shear strength. Microstructural analyses allow us

to identify how each correlation affects load transmission mechanisms between grains,

and the contribution of each grain shape class to the macroscopic shear strength. This

work shows that particle sizes are not the only sample descriptor to consider when ap-

plying scaling-down techniques. It is equally key to characterize particle shapes across

grain sizes to capture the material’s mechanical response adequately.

Keywords. shear strength, particle shape, polydispersity, discrete-
element modeling, grain size distribution
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1. Introduction
Stability analyses of earth fills composed of coarse granular
materials, such as rockfill dams, mine waste rock dumps,
railway ballast, or gravel dikes, require to characterize the
shear strength properties of oversized particles that often
do not fit in laboratory devices [Bard et al., 2011, Barton
and Kjærnsli, 1981, Indraratna et al., 1998, Marachi et al.,
1972, Marsal, 1967, Matsuoka et al., 2001, Ovalle et al., 2020].
In such cases, small-scaled samples using scalping or par-
allel grading techniques are usually prepared to carry out
shearing tests [Frossard et al., 2013, Hu et al., 2011, Marachi
et al., 1972, Verdugo and de La Hoz, 2007]. Although nu-
merous research has been reported about the effect of these
techniques on the shear strength of granular materials, the
results widely vary up to the point of being contradictory.
While some studies have indicated that shear strength de-
creases with grain size [Marachi et al., 1972, Ovalle et al.,
2014, Varadarajan et al., 2003, Xiao et al., 2014, Zeller and
Wullimann, 1957], others have shown the opposite behavior
[Al-Hussaini, 1983, Cao et al., 2020, Deiminiat and Li, 2022,
Linero et al., 2007]. The sources of this apparent contradic-
tion are presumably found in several sample and testing
characteristics, and inherent material properties.

Firstly, concerning sample and testing characteristics,
comparing different materials is challenging since neither
clear standards have been formulated to assess the relative
density of oversized materials nor have authors systemati-
cally reported whether their samples are prepared in dense
or loose conditions. Therefore, some studies might have
used dense samples and reported the peak strength, while
others might have tested loose materials and obtained the
critical strength. Moreover, using the relative density as a
basis for shear strength comparison is not the most appro-
priate because different particle size distribution (psd) have
different density limits [Youd et al., 1973, Zheng and Hryciw,
2016]. In addition, materials can undergo grain crushing at
certain stress levels depending on their particle strength,
which implies lower dilatancy and, thus, a reduced peak
strength [Hardin, 1985, Lade et al., 1996, Ovalle et al., 2015].
Finally, the aspect ratio between the maximum particle size
and the characteristic sample size, which is known to have
a significant impact on the strength [Amirpour Harehdasht
et al., 2019, Cerato and Lutenegger, 2006, Deiminiat et al.,
2020].

Secondly, concerning inherent material properties, al-
tering the psd when preparing small-scaled samples might
affect the packing density and, consequently, the peak
strength. On the other hand, several works have shown that
if all the grains have the same characteristic shape and sur-
face roughness, the critical strength does not depend on the
psd [Amirpour et al., 2017, Azéma et al., 2017, Cantor et al.,
2018, Deng et al., 2021, Li et al., 2013, Linero et al., 2019,
Muir Wood and Maeda, 2008, Voivret et al., 2007a, Yang and
Luo, 2018]. However, small scaling techniques could also
alter the characteristic grain shape of the material, which
would strongly affect the critical strength [Altuhafi et al.,
2016, Azéma and Radjai, 2010, Cho et al., 2006, Linero et al.,
2019, Nguyen et al., 2015, Nouguier-Lehon, 2010, Xiao et al.,

2019]. This phenomenon has been confirmed by recent
studies showing that particle shape could be correlated
with grain size due to sedimentary lamination or fine folia-
tion induced by metamorphism in some rockfill materials
[Kawamoto et al., 2018, Linero et al., 2017, Liu et al., 2022,
Ovalle and Dano, 2020]. Shearing tests over those materials
have shown significant differences in critical shear strength
after applying small-scaling techniques. Therefore, repre-
sentative small-scaling sample preparation based only on
reducing characteristic grain size needs to be revised if the
particle shape distribution changes.

The main objective of this paper is to study the effects of
grain size-shape correlations and psd on the critical strength
of granular materials. This research extends the work of Car-
rasco et al. [2022], which presented the effect of particle
elongation correlated with grain sizes by introducing a com-
prehensive analysis of the effects of grain angularity and
grain geometric irregularity. We use discrete element mod-
eling (DEM) of 2D granular samples over a large range of
psd and analyze the results regarding the macromechanical
behavior under critical state conditions. We also isolate the
contribution of each family of grain shape and size to the
total shear strength, allowing us to describe and understand
the effect of particle characteristics on the critical strength.

Is there any particular granulometric class that mainly
backs up the macroscopic shear strength? Are grains with
sharper corners allowing samples to develop more shear
strength independently of their size? What are the main
grain geometrical characteristics controlling shear strength
that scaling methods should rely on? This research aims to
shed light on this set of questions.

2. Model material and numerical
simulation

We create 2D numerical samples in which grain sizes vary
widely from mono-size to highly polydisperse configura-
tions. As grain sizes vary, we also consider two cases of grain
shape-size correlations detailed in the following.

2.1. Grain shape size correlations
Case 1

In this case, we consider grains whose corners can be
more or less sharp, being able to develop, respectively, more
or less shear strength as shown in the literature [Azéma
et al., 2012, Estrada et al., 2011]. This is achieved by varying
the number of sides ns of regular polygons. This parameter
is lower bound to 3, which corresponds to a regular triangle,
and as ns increases, polygons gradually approach the shape
of a disk. We choose to vary ns in the range [3,64] as shown
in Figure 1, giving us the possibility to explore two different
size-shape correlations:

• Case 1A: large grains have large ns while small have
sharper corners.

• Case 1B: large grains have sharper corners while
small ones have large ns .
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ns : 3 4 5 6 7

8 10 16 32 64ns :

Figure 1. Scheme presenting the evolution of cor-
ner sharpness, being ns the number of sides of regular
polygons.

Case 2
In the second case, we explore another component of

grain geometries: shape irregularity of a polygon (ns = 5).
While the vertices are evenly separated for a regular polygon,
we can model geometries in which the vertices’ separation
varies as a function of a level of irregularity, as proposed
by Nguyen et al. [2015]. We choose to use pentagons for this
part of the study since numerous numerical studies have
reported their characterization using DEM simulations
for mono-size pentagon assemblies [Estrada et al., 2011,
Nguyen et al., 2015], providing a reference point for our
simulations. For a regular pentagon, the angular position
of each vertex can be defined by θk = θ0 + 2kπ/5, where θ0

is the position of the first vertex from the horizontal, and
k is an integer varying from 1 to 5. We can alternatively
modify the geometry of the regular pentagon by changing
the angular position of vertices k as:

θk = θ0 + k
2π

5
± π

5
r[0,δ] , (1)

being r[0,δ] a random variable in the range [0,δ], δ is the de-
gree of irregularity that can vary from 0 to 1, and the ± sign
is randomly chosen for each vertex; see Figure 2.

Similarly to case 1, the geometrical irregularity of pentag-
onal grains can be studied in two opposite situations:

• Case 2A: large grains are irregular pentagons while
small ones are regular.

• Case 2B: large grains are regular pentagons while
small ones are irregular.

� = 0 � = 0:5 � = 1

Figure 2. Scheme presenting the evolution of grain
geometric irregularity as a function of parameter δ,
based on Nguyen et al. [2015]

2.2. Granular sample generation
The construction of numerical samples heeds the follow-

ing procedure:

i. the maximum circumscribing particle diameter
dmax = 15 mm is defined for all the simulations
(note that a polygonal grain size is defined by the
diameter of the circle that circumscribes the poly-
gon),

ii. the number of samples is fixed using the grain size
span S (defined in Eq. 2) varying from 0 (monodis-
perse sample) to 0.9 (highly polydisperse sample) in
steps of 0.1 (i.e., ten different samples per case),

S = dmax − dmin

dmax + dmin
, (2)

iii. minimal particle size dmin is calculated by means of
S for each sample,

iv. the range dmin to dmax is discretized in N f = 10 par-
ticle sizes and a uniform psd is set. This means that
the surface of a given particle size class is constant
for all sizes, resulting in the psd shown in Figure 3,

v. depending on the size-shape correlation (i.e., Case
1 or 2), we are able to find the corresponding shape
for each particle of size d .
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Figure 3. Particle size distribution as a function of
particle size span S , where each particle diameter d is
normalized by the maximum particle diameter dmax.

The last step of the procedure is performed using the fol-
lowing set of rules:

• For Case 1, one of the shapes in the set ns ∈
[3,4,5,6,7,8,10,16,32,64] is assigned to each grain
size.

• For Case 2, the following equations characterize the
level of irregularity as a function of the relative grain
diameter in the assembly dr , defined as:

dr = d − dmin

dmax − dmin
. (3)

Note that this reduced diameter varies between 0
and 1, as the grain belongs to either the smaller or
larger classes of particles in the assembly. When the
large grains are the most irregular ones the irregu-
larity is equal to δ(d) = dr (Case 2A), and when the
large grains are the most regular ones, δ(d) = 1 − dr

(Case 2B).
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Finally, Figure 4 shows the significant advantage of this
generation routine which allows creating assemblies with
the same psd, yet the particle shape for each grain size
varies significantly. In terms of Wadell’s circularity, defined
as φw = c/C , being c the perimeter of a circle of the same
area as the plane figure, and C is the actual perimeter of the
plane figure [Wadell, 1933], Case 1 shows φw evolving from
0.77 for triangles to 0.99 for polygons with 64 sides. In Case
2, φw varies from 0.93 for regular pentagons to ∼ 0.905 for
the most irregular pentagon. To complement the descrip-
tion of psd, we compared the grain size span parameter
S, with the D50, the uniformity coefficient (Cu = D60/D10),
and the ratio between the maximum to minimum particle
sizes (RD = dmax/dmin). These parameters are presented in
Table 1 below.

Table 1. Parameters dmax, dmin, RD , D50 and Cu for
different values of S .

S dmax [mm] dmin [mm] RD D50 [mm] Cu

0 15.0 15.0 1.0 15.0 1.0
0.1 15.0 12.3 1.2 13.7 1.1
0.2 15.0 10.0 1.5 12.5 1.2
0.3 15.0 8.1 1.9 11.5 1.4
0.4 15.0 6.4 2.3 10.7 1.6
0.5 15.0 5.0 3.0 10.0 1.8
0.6 15.0 3.8 4.0 9.4 2.2
0.7 15.0 2.7 5.7 8.8 2.6
0.8 15.0 1.7 9.0 8.3 3.2
0.9 15.0 0.8 19.0 7.9 4.2

2.3. DEM simulation
The numerical samples are tested in order to character-

ize their shear strength properties using a discrete element
method known as contact dynamics (CD). The CD method
is an approach capable of simulating collections of rigid
bodies interacting with frictional contacts. This strategy
uses a non-smooth definition of contact laws, which is ideal
for dealing with bodies of varied shapes without the need
to define stiffness or damping parameters at the variety of
contacts that can occur between bodies. In Figure 5, we can
notice that in the case of polygons in contact, two different
types of interactions can occur: (1) side-vertex (sv) and (2)
side-side (ss). A sv contact is a single corner of a polygon
contacting a side of a neighboring particle. A ss contact
between two rigid polygons can be defined by two point
contacts on the common side representing the tangential
line [Saussine et al., 2006]. Despite this numerical treatment
of a ss contact, the choice of their loci is inconsequential
and only the sum of the two contact forces has a mechanical
sense. For more information about the mathematical frame-
work and numerical implementation of the CD method, see
references [Dubois et al., 2018, Jean and Moreau, 1992,
Moreau, 1988, Radjai and Richefeu, 2009].

Each numerical sample is built with Np ≃ 10 000 par-
ticles, which are placed layer-by-layer in boxes by mean
of a potential energy deposition protocol as described

S === 0.2 S === 0.8

C
as

e
1A

C
as

e
1B

C
as

e
2A

C
as

e
2B

Figure 4. Screenshots of samples with particle size
span S=0.2 (left) and S=0.8 (right) for different size-
shape correlation studies.

in Ref. [Jullien et al., 1992, Visscher and Bolsterli, 1972,
Voivret et al., 2007b]. This approach is an efficient strategy
to achieve relatively dense random packing configurations
without the need of time consuming dynamic simulations.
The samples are initially compressed using an isotropic
pressure P = 10 kPa using rigid walls around the grain as-
sembly up to a stable solid fraction ν = As /A, where As is
the total surface area of grains and A the containing box
area. Moreover, all our tests ensured that the sample height
(h0) respects the ratio h0/dmax > 10 to avoid size effects
on the mechanical behavior [ASTM, D6528–17, Cerato and
Lutenegger, 2006, Schuhmacher, 2016].
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Figure 5. Scheme of (a) side-vertex and (b) side-side
contacts between two grains labeled i and j , where the
red circles represent the contact points.

As shown in Figure 6, simple shearing tests are performed
by moving the upper and lower wall along axis ‘x’ at con-
stant velocity v , while applying vertical pressure P along
axis ‘y ’. We set up the shear velocity v to apply a quasi-static
shearing by imposing an inertial number I = γ̇〈d〉pρ/P ≪ 1
[GDR-MiDi, 2004], where γ̇ = v/h, h the height of the sam-
ple, 〈d〉 is the average particle circumdiameter, and ρ the
grains’ density. The value of the inertial number was set to
I = 1 × 10−3 for all the tests.

In order to reach critical state in terms of macroscopic
and microscopic descriptors, we sheared our samples up
to a cumulated shear strain γ = δx /h = 400%, being δx the
cumulated horizontal displacement of the walls. This large
deformation was reached by employing periodic bound-
ary conditions along the shearing direction, which allows
any particle or contact crossing the periodic boundary to
reappear on the sample’s opposite side (see Figure 6). To ef-
fectively apply the shearing deformation, we set all particles
in contact with the upper and lower walls to follow the wall

v

v

h0

P

P

y

x

Figure 6. Scheme of boundary conditions for the
shearing tests. The dashed lines represent the periodic
boundary along the x axis, and the gray particles are
the ones under this condition

displacements as if they were ‘glued’ to the boundary, avoid-
ing sliding between grains and walls. For the interactions
between grains, the coefficient of friction was set to µ = 0.4,
and gravity was set to zero to avoid pressure gradients. All
shearing tests were performed using the free open-source
software LMGC90, capable of simulating discrete mechan-
ical systems in the frame of the CD method [Dubois et al.,
2023, 2011].

3. Macroscopic behavior
The macroscopic behavior in our tests can be characterized
by the solid fraction ν and the normalized shear stress q/p,
being q the deviatoric stress and p the mean pressure of the
granular stress tensor σ. This tensor is computed using the
following expression [Andreotti et al., 2013, Nicot et al., 2013,
Rothenburg and Bathurst, 1989]:

σi j = 1

A

X
∀c

f c
i ℓc

j , (4)

where f c
i is the i component of the force at contact c, and

ℓc
j is the j component of the branch vector (i.e., the vector

joining the center of mass of touching particles at contacts
c). We use the principal stresses of σ (i.e., σ1 and σ2) to cal-
culate q = (σ1 −σ2)/2 and p = (σ1 +σ2)/2. The coefficient of
internal fiction is given by µ∗ = q/p = sin(φ) at the critical
state, being φ the macroscopic friction angle of the material.

Figures 7 and 8 show the evolution of ν and q/p for
all cases as a function of the shear deformation γ. For the
shear stress q/p, we observe a gradual gain of resistance in
all the cases up to γ ∼ 0.2. Then, a transient zone towards
the steady state takes place that varies depending on the
material. While in Case 1A the steady state is reach around
γ ∼ 0.4, in case 1B the stabilization occurs more rapidly, as
soon as γ ∼ 0.3. For the Cases 2A and 2B, the shear strength
stabilization occurs practically at the same levels of defor-
mation (i.e., γ ∼ 0.3). In terms of volume of the sample, we
observe that in all cases the solid fraction finds steady values
earlier than the shear strength, around γ ∼ 0.25. Although
the critical state is reached before γ ∼ 0.5, we decided to
shear the samples up to 400% shear deformation to ensure
that both macroscopic and microscopic parameters find
stable values despite relatively small fluctuations. To char-
acterize the critical state, we average the values for the last
100% of deformation out of the total 400% accumulated.

Figure 9 shows the evolution of the average solid frac-
tion for both cases and all the grain size spans in the criti-
cal state. For Cases 1A and 1B (Figure 9(a)), we can observe
that solid fraction increases from ν ≃ 0.8 for S = 0 to ν ≃ 0.85
for S = 0.9. Nevertheless, while for Case 1A ν gradually in-
creases with S as small angular grains can fill voids between
larger particles, in Case 1B, the solid fraction presents a par-
abolic trend with a minimal ν ≃ 0.79 for S = 0.4. This evolu-
tion in Case 1B might be related to the development of large
cavities between large sharper particles only after S > 0.5.
Despite the difference in size-shape correlation, we obtain a
similar value of ν for both cases for S = 0.9.

On the other hand, Figure 9(b) shows that Cases 2A and
2B have similar evolutions of ν as grain size span increases,

Open Geomechanics, 2023, article no. 1
Sergio Carrasco, David Cantor, Carlos Ovalle & Paula Quiroz-Rojo , Shear strength of angular granular materials with size and shape
polydispersity 5



(a)

(b)

Figure 7. Evolution of shear stress q/p and solid frac-
tion ν (inset) for Cases 1A (a) and 1B (b) as a function
of the shear deformation γ.

being Case 2B slightly denser than Case 2A. This suggests
that small irregular pentagons can more efficiently fill the
voids left by larger regular pentagons.

In terms of critical state shear strength, Figure 10 shows
the evolution of the average q/p for the different size-shape
correlations. For assemblies composed of same-shape reg-
ular polygons, previous studies have shown that the shear
strength varies exponentially as a function of particle sharp-
ness, from q/p ≃ 0.27 for disks [Voivret et al., 2007a] to
q/p ≃ 0.47 for triangles [Estrada et al., 2011]. Effectively,
the mean values of q/p at critical state that we found in
Figure 10(a) lay between those extreme cases. For Case 1A,
the shear strength increases linearly as S increases from
q/p ≃ 0.36 for S = 0 to q/p ≃ 0.43 for S = 0.9, while for Case
1B, the shear strength slightly decreases to q/p ≃ 0.32 for
S = 0.9.

Figure 10(b) shows the evolution of the shear strength
in the critical state as a function of S for Cases 2A and 2B.
Unexpectedly, both cases show similar trends for q/p, being
slightly higher as the grain size span increases. However,
this variation is so small that we can suggest that the shear
strength is practically independent of the size-shape cor-
relation. Figure 10(b) also shows values of q/p for granular
assemblies composed of only regular (δ = 0) and irregu-
lar pentagons (δ = 1) assemblies, being q/p = 0.49 and

(a)

(b)

Figure 8. Evolution of shear stress q/p and solid frac-
tion ν (inset) for Cases 2A (a) and 2B (b) as a function
of the shear deformation γ.

q/p = 0.46, respectively [Estrada et al., 2011, Nguyen et al.,
2015]. It is observed that the different results of q/p in our
simulations are within such a range, although slightly closer
to the case of irregular particles.

This set of results put in evidence the fact that (1) grain
sharpness plays a major role on the macroscopic shear-
ing response and (2) equal particle size distributions may
present dramatically different macroscopic behavior (in
terms of strength and density) depending on their grain
size-shape correlation.

In order to understand the macroscopic effects of each
grain shape given its relative size in a sample, it is key to ex-
plore micromechanical aspects related to the grain organi-
zation and force transmission mechanisms for each of the
cases tested.

4. Microscopic behavior
4.1. Connectivity

We can characterize the particle organization using an in-
dicator of their connectivity through the coordination num-
ber or average number of contacts per load-bearing grain.
This parameter is defined as Z = 2Nc /N ∗

p , where Nc is the
total number of force-bearing contacts, and N ∗

p the number
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(a)

(b)

Figure 9. Evolution of the average solid fraction ν at
critical state as a function of the particle size disper-
sion S for Case 1 (a) and Case 2 (b). Error bars display
the standard deviation of the data.

of grains transmitting forces. The coordination number ex-
cludes all particles having less than two active contacts (i.e.,
floating particles) to compute N ∗

p . In this vein, it is also pos-
sible to estimate the proportion of grains not participating in
the transmission of forces as c0 = N 0

p /Np , being N 0
p the num-

ber of floating particles and Np the total number of particles
in the assembly.

Figure 11(a) shows the evolution of Z and c0 as a func-
tion of S for Cases 1A and 1B. For mono-shape polygonal as-
semblies, the coordination number is bounded between Z ∈
[3.1,3.5] [Azéma et al., 2012]. The inclusion of grains with
different sharpness affects the connectivity at critical state,
allowing the assemblies to have a broader range for Z . As
grain size span increases, Cases 1A and 1B present opposite
trends with an increase of Z for assemblies containing large
particles with low sharpness (high ns ) (varying from Z = 3.6

(a)

(b)

Figure 10. Evolution of the average critical shear
strength q/p as a function of the particle size disper-
sion S for Case 1 (a) and Case 2 (b). Error bars display
the standard deviation of the data.

to 3.9 in Case 1A) and a drop of connectivity as the assembly
contains large sharp grains (low ns ) (from Z = 3.6 to 3.3 for
Case 1B). The inset in the same figure shows the evolution
of c0 as a function of S for Cases 1A and 1B. In both cases,
c0 gradually increases with S due to a large proportion of
small particles rattling between larger particles; namely, c0

increases from ∼ 0.16 for S = 0 to ∼ 0.70 for S = 0.9 for Cases
1A and 1B, respectively. To analyze this behavior in detail,
we consider the coordination number by particle family Z f

(i.e., the average number of contacts per particle of shape
ns or δ) as a function of dr . Figures 11(b) and 11(c) present
the average number of contacts Z f in Cases 1A and 1B as
a function of dr . Interestingly, we observe an almost linear
dependence between Z f and dr , with an increasing slope as
S increases. Similar behavior is observed in simulations of
spheres and irregular pentagons [Cantor et al., 2018, Nguyen
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(a)

(b)

(c)

Figure 11. Evolution of Z at critical state as a func-
tion of the particle size dispersion S and for Cases 1A
and 1B (a), and evolution of Zf per particle family for
Cases 1A (b) and 1B (c) as a function of dr and as a
function of ϕw in the inset figure.

et al., 2015]. These figures confirm that larger particles are al-
ways more connected than small ones independently of the
grain shape distribution. If we compare Z f in inset figures
of Cases 1A and 1B, larger particles with high ns are always
better connected than larger sharper particles, as opposed

(a)

(b)

(c)

Figure 12. Evolution of Z at critical state as a func-
tion of the particle size dispersion S and for Case 2A
and 2B (a), and evolution of Z per particle family for
Case 2A (b) and Case 2B (c) as a function of dr and as a
function of ϕw in the inset figure.

to the smaller particles where less circular grains tend to be
more connected. This behavior is presumably due to the ca-
pacity of small sharper particles to reach neighboring parti-
cles with their corners that are normally unreachable for less
angular grains Azéma et al. [2012].
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In Figure 12(a), we can observe Z and c0 as a function
of S for Cases 2A and 2B. We observe that the connectivity
among grains is almost constant with a value of Z = 3.8, re-
gardless of S. Both size-shape correlations of irregular to reg-
ular pentagons (i.e., Cases 2A and 2B) allow having a better-
connected assembly than for only regular pentagons, where
Z = 3.2 [Azéma et al., 2012]. Figures 11(b) and 11(c) present
the average number of contacts Z f in Cases 2A and 2B as
a function dr . We can observe - as in Cases 1A and 1B - a
linear dependence between Z f and dr that is almost identi-
cal in both cases. Comparing both size-shape correlations
based on irregularity, we can hardly detect a difference in
the microstructural evolution of connectivity. Therefore, the
sharpness of the grains in Cases 2A and 2B (i.e., pentagons),
instead of their degree of irregularity, seems to be a more
meaningful geometric parameter controlling the behavior of
these assemblies.

4.2. Influence of the type of contact
between grains

Previous numerical works have shown that contact types
between angular grains can play a crucial role in the de-
velopment of macroscopic strength [Acevedo et al., 2013,
Boton et al., 2013, Hidalgo et al., 2009, Kanzaki et al., 2011,
Matsushima and Chang, 2011]. For instance, it has been ob-
served that the proportion of side-side contacts in packings
of polygons under shearing has an essential role in stress
transmission and mobilization of strength for most angular
particles. Nevertheless, those results were found in samples
containing only grains of the same shape, and it is not clear
whether that observation holds up for size-shape correlated
grain assemblies.

We study the influence of the side-vertex and side-side
contacts in our samples. As shown in Figure 13, we quan-
tify the proportion k of each type of contact (i.e., kss and
ksv , respectively), as a function of S. We can observe that
the proportion of contacts type evolves in opposite trends
for Cases 1A and 1B. As a matter of fact, the number of ss
contacts increases for Case 1A and decreases for Case 1B as
the grain size span increases, which agrees with the macro-
scopic shear strength trends.

Using mono-shape assemblies, Azéma et al. [2012] have
shown that kss varies exponentially as a function of parti-
cle sharpness, from kss ≃ 0 for circles to kss ≃ 0.25 for tri-
angles. Despite the fact that larger grains are always better
connected than smaller ones, our results suggest that the ca-
pability of granular samples with size-shape correlations to
generate ss contacts is mainly determined by the shape of
the classes of small grains. This can be understood consid-
ering the fact that there are many more small grains in the
sample compared to larger grains, so they can promote a
greater numerical proportion of their preferred contact type.
To put this in evidence, Figure 14 shows screenshots of the
samples at a given instant under critical state for Cases 1A
and 1B with S = 0.0 and S = 0.8; floating particles are shown
in light gray, while grains transmitting forces are shown in
black. The lines connecting the centers of touching grains
correspond to the contact network and the line thickness is

(a)

(b)

Figure 13. Evolution of the proportion of contact
type (ksv and kss ) at critical state as a function of the
grain size dispersion S for Cases 1A and 1B (a), and
Cases 2A and 2B (b)

proportional to the magnitude of the normal force. The color
of the lines also indicates whether it is ss (green) or sv (red)
contact.

For Cases 2A and 2B, Figure 13(b) shows the proportion
of ksv and kss as a function of S. Both contact proportions
remain very similar for all grain size spans and all size-shape
correlations, which is consistent with the strength found in
such Cases.

While the proportion of number of contacts is of great
interest, the effective contribution of each contact type to
the macroscopic strength might be slightly different due
to the magnitude of forces that each contact carries de-
pending on the size of grains in interaction. To explore the
micromechanical contributions of the contact type to the
macroscopic shear strength, we can define the stress tensor
as a sum of two partial tensors representing the contribu-
tion of sv and ss contacts. Employing the expression (4) and
limiting the sum per contact type as:

σi j = σsv
i j +σv v

i j , (5)

where

σsv
i j = 1

A

X
∀c sv

f c
i ℓc

j , (6)
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and

σss
i j = 1

A

X
∀c ss

f c
i ℓc

j , (7)

being c sv and c ss the corresponding contacts types. Using
these partial tensors, we can compute the contribution of
each one to the macroscopic strength since q = q ss + q sv ,
being q ss and q sv , the deviatoric components of each par-
tial tensor. Figure 15 shows the evolution of q/p, q sv /p, and
q ss /p as a function of grain size span S. For Case 1B, where
larger particles are sharper and smaller ones have high ns ,
the contributions of sv contacts remain constant as S in-
creases, even though the number of contacts ksv increases
with the size dispersion.

On the other hand, for Case 1A, both contact types in-
crease their contributions to q/p as S increases, although it
is only kss the one that increases as the S increases.

For Cases 2A and 2B, the evolution of q sv /p and q ss /p is
practically the same for both cases as S increases. There are
no major differences in the contributions to shear strength,
whether the fraction of smaller grains is composed of regu-
lar or irregular pentagons. Nonetheless, the contribution to

C ase 1 C ase 2

S
=

0
S

=
0.

8
A

S
=

0.
8

B

Figure 14. Screenshots of samples at critical state for
Case 1 (left) and Case 2 (right) for different size span
and size-shape correlation. The green and red lines
joining the center of mass of touching grains indicate
whether it corresponds to a ss or sv contact, respec-
tively.

(a)

(b)

Figure 15. Decomposition of the deviatoric compo-
nent of stresses q/p (at critical state) by contribution
of side-vertex qsv /p and side-side qss/p contacts for
Cases 1A (a) and 1B (b) as a function of the grain size
span S .

shear strength of sv contacts increases while that of ss de-
creases in similar proportions. This compensation of contri-
butions helps to explain why the macroscopic response q/p
remains practically constant with S.

4.3. Contributions to shear strength by
shape class

We employ an alternative decomposition of q/p to access
the contributions of each shape class on the critical shear
strength [Cantor et al., 2020]

q

p
= 1

p

NscX
i=1

q i , (8)

being q i the deviatoric component of the granular stress
tensor σi for each particle shape class (sc) in the assembly.
This tensor is computed using the following expression:

σi
mn = 1

A

X
∀N ∗i

p

f c
mr c

n , (9)
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(a)

(b)

Figure 16. Decomposition of the deviatoric compo-
nent of stresses (at critical state) by shape class for
Cases 1A (a) and 1B (b) as a function of the grain size
span S .

where N ∗i
p is any load-bearing grain with a given shape ‘i ’,

f c
m is the m component of the force at contact c, and r c

n is
the n component of the vector joining the center of mass of
particle and the contact point. We use the principal stresses
of σi (i.e., σi

1 and σi
2) to calculate q i = (σi

1 − σi
2)/2 and

p i = (σi
1 + σi

2)/2 for each family shape. Figure 16 presents
the deviatoric contributions by shape classes to q/p at criti-
cal state for size-shape correlations 1A and 1B as a function
of S. Note that the shape classes are separated into ten
groups for Cases 1A and 1B as they are categorized by the
number of sides of the grains. For mono-size samples S = 0,
we observe that, at critical state, all polygons contribute
q i /p around 0.35 to 0.40, except for the triangles where
q i /p is slightly lower. In general, the coarse fractions of the
sample increase their contributions to total critical q/p.
This behavior is even more marked as size span S increases.

For Case 1A, the coarser and less sharp fractions increase
their contributions by around 30 − 70% when passing from
monodisperse to highly polydisperse samples. For Case 1B,
where the coarse fraction is composed of sharper grains,
we observe that only the most sharp classes (i.e., triangles
and squares) increase their contribution to the global shear
strength.

(a)

(b)

Figure 17. Decomposition of the deviatoric compo-
nent of stresses (at critical state) by shape class for
Cases 2A (a) and 2A (b) as a function of the grain size
span S .

On the other hand, by studying the evolution of q i /p at
critical state for the finer fraction of particles, we can ob-
serve for Case 1A that square and triangular particles de-
crease their contribution as S increases. In particular, the
sharpest particles reduce to almost half their contribution
to the global shear strength as S increases. For Case 1B, we
observe a significant drop in the contributions to strength of
small less sharp grains as S increases. For instance, 10-side
polygons decrease their contribution by almost half, and for
64-side polygons, the drop of about 1/4 when comparing the
mono-size and the polydisperse cases.

These curves help to understand that the drop of criti-
cal q/p in Case 1B is mainly due to a significant decrease
in shear strength provided by the less sharp grains. In con-
trast, Case 1A has a generalized increment of critical q/p be-
cause small sharp grains contribute significantly to the shear
strength, while larger less sharp grains present slight incre-
ments of strength.

Figure 17 shows the evolution of q i /p to critical shear
strength for Cases 2A and 2B, where the shape class is re-
lated to the irregularity of pentagonal grains. We observe an
identical evolution of contributions by shape class for both
cases. The drop in strength of the finer fraction is fully com-
pensated by the increase in the contribution of the coarse
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fraction, regardless of the characteristic grain shape of the
finer fraction.

5. Conclusion
This paper studied the effects of granular assemblies pre-
senting correlations between the size and the shape of the
grains. Two cases covering different shape descriptors were
considered and modeled. In the first case, we use regular
polygons with two different size-shape correlations: Case
1A, where large grains are less sharp than small ones, and
Case 1B, where large grains are sharper than small ones. In
the second case, we use pentagons with two different size-
shape correlations: Case 2A, where large grains are regular
pentagons and small ones are irregular, and Case 1B, where
large grains are irregular pentagons and small ones are
regular. Our granular assemblies varied from mono-size to
polydisperse arrangements of grains where dmax/dmin ≃ 20.
Employing the discrete element method known as contact
dynamics, we simulated 2D granular assemblies under sim-
ple shearing employing periodic quasi-static conditions up
to a cumulated shear deformation of γ = 400%.

We observed that size-shape correlations based on sharp-
ness profoundly modify the mechanical response of the
granular assemblies, while grain irregularity in pentagons
did not show any significant impact on the mechanical
behavior as grain size span is varied.

In systems with size-shape correlation based on grain
sharpness, assemblies in Case 1A show that shear strength
significantly increases with grain size span. The opposite
size-shape correlation, Case 1B, shows a drop in shear
strength as the grain size span increases.

To understand the differences between Cases 1A and
1B, we undertook a series of microstructural analyses and
showed that each correlation strongly affects the grain con-
nectivity, being the assembly in Case 1A able to develop
more contacts per particle on average. Furthermore, we de-
composed the connectivity by grain size and observed that
the connectivity of larger grains always increases indepen-
dently of the grain size-shape correlation. Our results also
related higher values of Z with the presence of more side-
side contacts, which allows a more stable contact network
to be formed.

Finally, we also decomposed the deviatoric component
of the shear strength critical q/p by contributions of differ-
ent shape classes. This analysis showed that larger grains
contribute more to the shear strength as the grain size span
increases. This phenomenon is more intense when large
grains are less sharp. In turn, the same analysis showed
that smaller grains have fewer contributions to the shear
strength as the grain size span increases. Specifically, the
contribution of smaller particles drops around two times
more when their shapes have a large number of sides than
when the particles are sharp.

For Cases 2A and 2B, we also decomposed q/p at crit-
ical state by contributions of different shape classes q i /p,
showing a practically identical evolution of contributions by
shape class for both cases, being the largest grains those al-
ways contributing more than the small grains. The increase

in the contribution of the coarse fraction is then fully com-
pensated by the drop in resistance of the finer fraction. Con-
sequently, there is no difference in whether the finer fraction
is regular or irregular.

Together with a previous research on the effects of parti-
cle size-elongation correlations [Carrasco et al., 2022], this
work proves that different grain size-shape correlations can
have major effects on the critical shear strength and solid
fraction of granular assemblies. These facts suggest that
scaling methods based on scalping or parallel psd can imply
significant errors when estimating the shear strength of a
material in a small-scaled sample if grain shapes are not
taken into account in the procedure.

Future studies on this topic should focus on exploring
more realistic size-shape correlations seen in geomaterials,
as well as include the possibility of grains to break. Another
important challenge in this topic concerns the extension
and validation of the two-dimensional size-shape correla-
tions to three-dimensional modeling and simulation. The
validation of these numerical observations concerning grain
shape and size effects through laboratory tests is highly de-
sired but rarely seen in the literature. The challenges of
experimental testing to reproduce broad grain size distri-
bution while carefully controlling the grain shape is still an
open issue that calls for large-scale testing or alternative
physical approaches.
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