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RÉSUMÉ 

Dans cette thèse, une méthode numérique est présentée pour étudier le comportement dynamique 

d'une plaque rectangulaire isotrope soumise à des charges aérodynamiques induites par un flux 

d'air supersonique parallèle. Un modèle d'éléments finis, basé sur des fonctions de déplacement 

polynomiales bidimensionnelles et sur la théorie des pistons linéaires, est utilisé pour étudier le 

comportement dynamique de la plaque solide couplée avec charges aérodynamiques. L'approche 

développée est capable de modéliser des plaques plates et des coques peu profondes dans 

lesquelles le couplage fluide-structure à l'interface est appliqué de manière synchrone sur la base 

d'une méthode monolithique. La raideur élémentaire et l'amortissement obtenus à partir de la 

charge aérodynamique sont couplés avec à ceux obtenus à partir du modèle structurel et ils sont 

calculés par intégration analytique. En assemblant les matrices élémentaires, nous obtenons les 

matrices globales de masse, d'amortissement et de raideur de notre plaque puis nous pouvons 

écrire les équations dynamiques régissant notre problème. Les valeurs propres du système sont 

calculées selon la méthode réduite. La pression aérodynamique non dimensionnelle critique du 

flux d'air induisant le flottement de la structure est déterminée pour diverses conditions aux 

limites et géométries. Les résultats obtenus sont comparés aux travaux de recherche publiés et un 

très bon accord a été souligné. 

 

 



vi 

 

ABSTRACT 

In this thesis, a numerical method is presented to study the dynamic behaviour of an isotropic 

rectangular plate subjected to aerodynamic loads induced by parallel supersonic airflow. A finite 

element model, based on bi-dimensional polynomial displacement functions and linear Piston 

theory, is used to study the dynamic behaviour of the solid plate coupled with aerodynamic loads. 

The developed approach is capable to model flat plates and shallow shells in which the fluid-

structure coupling at the interface is applied synchronously based on a monolithic method. The 

stiffness and damping obtained from aerodynamic load are coupled with those obtained from 

structural model and they are calculated using analytical integration. By assembling the matrices, 

we obtain the global mass, damping and stiffness matrices for our plate and then we can write the 

dynamic equations governing our problem. The eigenvalues of the system are calculated using 

reduced method. The critical non-dimensional aerodynamic pressure of the airflow inducing 

flutter of the structure is determined for various boundary conditions and geometries. The 

obtained results are compared with the published research works and a very good agreement is 

obtained.  
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CHAPTER 1 INTRODUCTION 

Aeroelasticity is considered a branch of applied mechanics, which is concerned about the motion 

of a deformable body through an airstream. The origin of Aeroelasticity comes from aircraft 

engineering, where aeroelastic problems turned out to be important since the beginning of the 

powered flight. The aeroelasticity gaining more importance in other branches of engineering, as 

well. There is a general trend to build larger and thus more elastic structures and components in 

civil engineering, turbomachinery, and hydraulic plants, where aero- and hydro-elastic 

phenomena appear increasingly more often as limiting factors. From this, it is apparent that the 

field of aeroelasticity is still in expansion. 

Static aeroelasticity is defined as the study of interaction between the steady flow aerodynamics 

and the static solid mechanics phenomena [1]. Divergence and control reversal are two major 

phenomena considered in the static aeroelasticity [2]. When a lifting surface is under an 

aerodynamic load, the structure deflects, and if the deflection continues, the aerodynamic load 

increases until the divergence point (i.e., the failure point of the structure). When there is a lack 

of response in a control surface, control reversal occurs, and the reason is deformation of the 

lifting surface [2]. 

Dynamic aeroelasticity is defined as the interaction of an elastic body with aerodynamic and 

inertial forces. Flutter is an extreme and dangerous phenomenon encountered in flexible 

structures subjected to aerodynamic forces.  This includes aircraft, buildings, telegraph wires, 

stop signs, and bridges.  Flutter is an self-excited vibration with an exponentially increasing 

amplitude that can destroy a structure as a result of interactions between aerodynamics, stiffness, 

and inertial forces on a structure [2].  
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Figure 1: Interaction of inertial forces and structural forces (elastic forces) with aerodynamics [1] 

1.1 Literature Review 

Plates are commonly used in different industries like aerospace, shipbuilding, and the nuclear 

industry. The products of all these industrial fields have major economic importance and require 

a high safety level.  Therefore, their dynamic behavior when subjected to external loadings 

should be well understood to avoid failure.  

The combination of aerodynamic, inertial, and elastic forces results in a complex fluid-solid 

interaction (FSI) problem. Thus, to improve the design and performance of such structures, 

determining the structure’s behavior in response to aeroelastic phenomena is important. For this 

purpose, either numerical or experimental techniques can be used. However, the experimental 

methods may face the problem in simultaneous measurement of plate deformations, aerodynamic 

force, and plate kinematics. To overcome these difficulties, numerical methods or simulations are 

more attractive.  

Major efforts have been devoted by researchers to resolve different issues in this field and a 

multitude of theoretical [3-17] and experimental works [18-23] have been done during the last 

decades.  Bismark [24] investigated linear flutter of thin plates and underlined that in the 

hypersonic flight, new mathematical models must be employed in the estimation of aerodynamic 

loads for analyzing aeroelastic stability of plate and shells. He also mentioned FEM is a robust 
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method for analyzing complex geometries, materials, and loading; however, it is not still fully 

applied to different cases and there are limited results to compare with other methods like the 

Rayleigh–Ritz and Galerkin.      

Abbas et al. [25] developed the structural model by using the absolute nodal coordinate 

formulation (ANCF) procedure to study flutter of a plate subjected to the external supersonic 

airflow. They took both shear and transversal strains into account in their formulations. A linear 

piston theory was used to predict the aerodynamic load. The ANCF method was applied to 

analyze an isotropic plate under different boundary conditions in supersonic flow. They showed 

that the results obtained by ANCF have good agreement with the results in the literature. 

Bloomhardt and Dowell [26] worked on the noise reduction of transport aircrafts in the subsonic 

regime. They used a plate model with a linear potential flow theory to analyze aeroelastic 

behavior of the wing. They considered two different boundary conditions. First, all edges simply-

supported and second, three edges simply supported and one edge (trailing edge) free. They 

concluded that for a specific boundary condition, with increasing the aspect ratio of the wing, 

flutter dynamic pressure is increased. Moreover, the flutter dynamic pressure for the case of free 

trailing edge boundary is higher than the case of all edges simply supported for a fixed aspect 

ratio.   Xie et al. [27] studied nonlinear flutter in supersonic flow for a cantilever plate using the 

proper orthogonal decomposition (POD) method. They utilized Von Karman plate theory and the 

first order piston theory in their analysis. They concluded for good convergence, the number of 

POD modes should be lower than the number of the Rayleigh–Ritz modes and it leaded to less 

computational efforts. Gibbs and Dowell [28] worked on the stability of rectangular plates in 

subsonic flow and validated their results with an experimental setup. They considered a linear 

structural model with an unsteady aerodynamic model to estimate the aerodynamic loads. They 

used a Rayleigh-Ritz method to solve their numerical problems. They validated their results for a 

combination of clamped and free boundary conditions to resemble the real wing structure. For 

each type of boundary conditions, they reported flutter and divergence instabilities in their 

analysis. Kerboua et al. [29] investigated the linear vibration of a rectangular plate in water. They 

developed equations of motion using a finite element method and Sanders’ shell theory. A 

polynomial and exponential function were used to model the in-plane and out-of-plane 

displacement components. Moreover, they used velocity potential and Bernoulli’s equation to 
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determine the fluid load acting on the structure. They compared their results with both 

experiments and other analytical approaches and a good agreement is found.  Katsikadelis and 

Babouskos [30] studied the flutter response of isotropic thin plates in supersonic flow considering 

internal and external damping. Governing equations were derived from the classical plate theory 

and the first order piston theory. The analog equation method (AEM) was employed to decouple 

foregoing equations into one bi-harmonic as well as two Poisson’s equations under fictitious 

excitation which were solved by employing the boundary element method (BEM).  Song and Li 

[31] investigated the effects of various boundary conditions and the accuracy of assumed mode 

method (AMM) on the flutter characteristics of an isotropic rectangular plate subjected to a 

supersonic flow. They employed classical thin plate theory to model structural motion along with 

piston theory to estimate aerodynamic loads. Equations of motion, derived by Hamilton’s 

principle, were solved using the finite element method and AMM. They found that AMM is not 

as accurate as finite element method results, and stiffer boundary conditions would substantially 

improve the stability of the plate. Moreover, when the boundary of the structure is elastically 

restrained mode veering will occur. Based on Ye and Dowell model [32], Xie et al. [33] extended 

the work and studied the chaos phenomenon for a cantilever plate in supersonic flow. They 

showed that with a decreasing length-to-width ratio, the critical dynamic pressure decreases. 

They employed time histories, phase trajectories, bifurcation diagrams, Poincaré plots, and 

frequency spectra to identify the evolution of chaos.  Xie and Xu [34] focused on the semi-

analytical proper orthogonal decomposition methods (S-POD and P-POD methods) and 

compared their results with the Rayleigh–Ritz and Galerkin methods. They studied both 

cantilevers and simply supported plates in supersonic flow. They found that the P-POD method is 

more efficient and accurate than the Galerkin method. Therefore, they recommended using P-

POD and S-POD methods for the simply supported and cantilever plate, respectively.  Mahran et 

al. [35] studied a linear isotropic trapezoidal plate wing and explored flutter and divergence using 

finite element approach. They used the linear vortex lattice method to carry out a divergence 

analysis and the linear doublet lattice method for flutter analysis. Static condensation was 

employed to reduce the in-plane degrees of freedom at each node and hence to reduce 

computation burden. They concluded that by increasing wing taper, divergence, and flutter 

speeds of the plate increased.  Ganji and Dowell [36] studied panel flutter in a two-dimensional 
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flow using the enhanced piston theory (EPT). They stated that in a specific range of Mach 

numbers (1<M<√2), flutter boundary and post flutter response cannot be determined using the 

full potential flow theory, because this theory calculates the damping negative and predict the 

aeroelastic system always unstable. By including higher-order terms of reduced frequency in the 

solution, the model can accurately predict flutter and post flutter response [37]. They also noted 

that for M>√2 obtained results with the lower order piston theory are near to the results with 

using enhanced piston theory.  Tian et al. [38] considered a trapezoidal wing in hypersonic flow 

and obtained governing equations using coupled von Karman’s large deflection plate theory with 

the third-order piston theory. They subsequently integrated equations using the Rayleigh-Ritz 

method along with affine transformation and found that the flutter boundary is substantially 

affected by increasing the sweep angle at different cord to span ratios. Aravinth et al. [39] studied 

a trapezoidal wing subjected to parallel flow with different Mach numbers from subsonic to 

supersonic regimes. They used enhanced piston theory [37] along with von Karman’s large 

deflection plate theory to develop governing equations. They used a Jacobian transformation with 

the Rayleigh-Ritz approach to convert the cantilever trapezoidal plate into a cantilever square 

plate to solve nonlinear oscillations of a fluttering plate. They concluded that the amplitude of the 

limit cycle vibration increases with increasing the dynamic pressure. Moreover, by using EPT 

fewer modes are necessary to obtain a converged solution and as a consequence computational 

time will be decreased.  Lin et al. [40] investigated the flutter response of an elastic rectangular 

functionally graded (FG) plate which was reinforced by carbon nanotubes in a hypersonic airflow 

under aero thermal load. They considered coupled thermo-elastic effects by solving Von-Karman 

plate theory in conjunction with Fourier’s heat conduction equation along with employing the 

third-order piston theory. They used finite difference and Galerkin methods to solve thermal and 

aeroelastic equations, respectively. In general, coupled and uncoupled approaches showed 

relative agreement in buckling, LCO and chaos response but not in motion amplitudes and flutter 

response. 

A finite element model is developed in this thesis to study the dynamic behavior of rectangular 

plates subjected to parallel supersonic airflow. In the previous works of Lakis et al. [41-42] for 

axisymmetric structures, displacement fields are used, which offer exact solution of the 

equilibrium equations. Indeed, the dynamic model of cylindrical shells allows separation of 



6 

 

variables in longitudinal and circumferential directions that make obtaining an exact solution 

possible. This approach yields a very accurate model and facilitates coupling of fluid-structure 

equations. However, obtaining exact solutions for equilibrium equations governing rectangular 

plates is not possible using the same procedure; because, we have fully coupled motions between 

the principal directions of the motions. To overcome this problem, we used a two-dimensional 

polynomial model to approximate the finite element displacement field. A linear solid model is 

used based on Sanders’ shell theory.  The first order piston theory employed to model the 

aerodynamic forces induced by the supersonic flow. Parametric studies for different thicknesses 

and aspect ratios carried-out in order to see how dynamic instability point is affected. Moreover, 

the effect of boundary condition on natural frequencies is also investigated. 
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INVESTIGATE THE DYNAMIC INSTABILITY OF A RECTANGULAR 
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Abstract 

In this paper, a numerical method is presented to study the dynamic behaviour of an isotropic 

rectangular plate subjected to aerodynamic loads induced by parallel supersonic airflow. A finite 

element model, based on bi-dimensional polynomial displacement functions and linear Piston 

theory, is used to study the dynamic behaviour of the solid plate coupled with aerodynamic loads. 

The developed approach is able to model flat plates and shallow shells in which the fluid-

structure coupling at the interface is applied synchronously using a monolithic method. The solid 

model is based on Sanders’ shell theory. The stiffness and damping matrices that result from 

application of the aerodynamic load are coupled with those obtained from a structural model and 

are calculated using analytical integration. By assembling the matrices, the global mass, damping 

and stiffness matrices for the plate are obtained and then dynamic equations of the governing 

problem are derived. The eigenvalues of the system are calculated using the reduction technique. 

The critical non-dimensional aerodynamic pressure of the airflow that induces flutter of the 

structure is determined for various boundary conditions and geometries. The obtained results are 

compared with other published research works and very good agreement is observed.  
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Keywords: Finite element, fluid-structure interaction, aerodynamic pressure, piston theory, 
frequency, flutter.  

2.1 Introduction 

Plates are widely used in structures commonly found in the aerospace, aeronautical, shipbuilding, 

and nuclear industries. All of these industrial fields are of major economic importance and 

require high safety levels. To avoid failures, it is therefore critical to have a good understanding 

of the dynamic behaviour of these structures when subjected to external loads. A large effort has 

been devoted by researchers to resolve many issues in this field, and a multitude of theoretical [1-

15] and experimental works [16-21] have been completed during the past few decades. In 1992, 

Bismark [26] investigated linear structural models and underlined that due to hypersonic flight, 

new mathematical models must be included for accurate prediction of aerodynamic loads and for 

analysis of the aeroelastic stability of plates and shells. He also mentioned that, although the 

finite element method (FEM) provides a robust approach for analyzing complex geometries and 

various loading, it is still not fully utilized for many cases and there are limited results available 

to compare with other methods such as Rayleigh–Ritz and Galerkin.   

Abbas et al. [33] used continuum mechanics as a basis to develop structural model by applying 

an absolute nodal coordinate formulation (ANCF) procedure. They considered both shear and 

transversal strains in their formulations. Linear piston theory was used to predict the aerodynamic 

load. In fact, this was the first time that ANCF was used for analyzing an isotropic plate element 

with different boundary conditions subjected to supersonic flow. They showed that the results 

obtained using ANCF have good agreement compared to the results in literature. Bloomhardt and 

Dowell [34] worked on noise reduction of transport aircraft in a subsonic regime. They used a 

plate model with linear potential flow theory to analyze the aeroelastic behavior of the wing. 

They considered two different boundary conditions. First, they considered all edges simply-

supported and second, they considered three edges simply-supported and one edge (trailing edge) 

free. They concluded that for a specific boundary conditions, flutter dynamic pressure increases 

as the aspect ratio of the wing is increased. Moreover, flutter dynamic pressure for the case of the 

free trailing edge is higher than the case of all edges simply-supported for a fixed aspect ratio. 

Xie et al. [35] studied nonlinear flutter in supersonic flow for a cantilevered plate using the 
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Proper Orthogonal Decomposition (POD) method. They utilized Von Karman plate theory and 

first order piston theory in their analysis. They concluded that good convergence can be obtained 

if the number of POD modes are lower than the number of Rayleigh–Ritz modes and it also 

reduces computational effort. Gibbs and Dowell [38] studied the stability of rectangular plates in 

subsonic flow and validated their results with an experimental setup. They considered a linear 

structural model with an unsteady aerodynamic model to estimate the aerodynamic loads. They 

used Rayleigh-Ritz method to solve their numerical problems. To resemble a real wing structure, 

they considered different boundary conditions for their analysis. They validated their results for a 

combination of clamped and free boundary conditions to resemble a real wing structure. For each 

type of boundary conditions, they could see either flutter or divergence in their analysis.  Kerboua 

et al. [30] investigated linear vibration analysis of a rectangular plate in water. They developed 

equations of motion using the finite element method and Sanders’ shell theory. Polynomial and 

exponential functions were used to model the in-plane and out-of-plane displacement 

components. Moreover, they used velocity potential and Bernoulli’s equation to determine the 

fluid load acting on the structure. They compared their results with both experimental and other 

analytical studies and a good agreement was found. Katsikadelis and Babouskos [31] studied 

flutter response of an isotropic thin plate in supersonic flow considering internal and external 

damping. Governing equations were derived from classical plate theory and first order piston 

theory. An Analog Equation Method (AEM) was employed to decouple the foregoing equations 

into one bi-harmonic as well as two Poisson’s equations under fictitious excitation. These 

equations were solved by employing the boundary element method (BEM). Song and Li [36] 

investigated the effects of various boundary conditions and the accuracy of the assumed mode 

method (AMM) on the flutter characteristics of an isotropic rectangular plate subjected to 

supersonic flow. They employed classical thin plate theory to model structural motion along with 

piston theory to estimate aerodynamic loads. Equations of motion, derived by Hamilton’s 

principle, were solved using the finite element method and AMM. They found that AMM is not 

as accurate as the finite element method and concluded that stiffer boundary conditions would 

substantially improve stability of the plate. Moreover, when the boundary of the structure is 

elastically restrained, mode veering will occur. Based on the Ye and Dowell model [25], Xie et 

al. [37] extended this work and studied a chaos phenomenon for a cantilevered plate in 
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supersonic flow. They showed that, with decreasing length-to-width ratio the critical dynamic 

pressure decreases. They employed time histories, phase trajectories, bifurcation diagrams, 

Poincaré plots and frequency spectra to identify the evolution of chaos. Xie and Xu [39] focused 

on semi-analytical proper orthogonal decomposition methods (S-POD and P-POD methods) and 

compared their results with Rayleigh–Ritz and Galerkin methods. They studied both cantilevered 

and simply-supported plates in supersonic flow. They found that the P-POD method is more 

efficient and accurate than the Galerkin method. Therefore, they recommended using P-POD and 

S-POD methods for the simply-supported and cantilevered plate, respectively. Mahran et al. [40] 

studied a linear isotropic trapezoidal plate wing and explored flutter and divergence using an F.E. 

approach. They used a linear vortex lattice method to carry out a divergence analysis and linear 

doublet lattice method for flutter analysis. Static condensation was employed to reduce in-plane 

degrees of freedom at each node and hence to reduce the computational burden. They concluded 

that, by increasing wing taper, divergence and flutter speeds of the plate increased. Ganji and 

Dowell [41] studied panel flutter in two-dimensional flow using the Enhanced Piston Theory 

(EPT). According to their conclusions, if the Mach number lies within a specific range 

(1<M<√2), flutter boundary and post-flutter response cannot be determined using full potential 

flow theory because this model calculates negative damping and predicts that the aeroelastic 

system is always unstable. By including higher order terms of reduced frequency in the solution, 

the model can accurately predict flutter and post flutter response [42]. They also noted that for 

M>√2, results obtained with lower order piston theory approach those calculated using Enhanced 

Piston Theory. Tian et al. [44] considered a trapezoidal wing in hypersonic flow and obtained 

governing equations using coupled von Karman’s large deflection plate theory and third order 

piston theory. They subsequently integrated equations using the Rayleigh-Ritz method along with 

affine transformation and found that the flutter boundary is substantially influenced by increasing 

sweep angle at different cord-to-span ratios. Aravinth et al. [45] studied a trapezoidal wing 

subjected to parallel flow with different Mach numbers from subsonic to supersonic regimes. 

They used Enhanced Piston Theory [42] along with von Karman’s large deflection plate theory to 

develop governing equations. A Jacobian transformation with a Rayleigh-Ritz approach was used 

to convert the cantilevered trapezoidal plate into a cantilevered square plate in order to solve 

nonlinear oscillations of a fluttering plate. They concluded that the amplitude of the limit cycle 
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increases with increasing the dynamic pressure. Moreover, by using EPT fewer modes are 

necessary to obtain a converged solution and as a consequence computational time is decreased. 

Lin et al. [46] investigated the flutter response of an elastic rectangular functionally-graded (FG) 

plate reinforced with carbon nanotubes in hypersonic airflow under an aero-thermal load. They 

considered coupled thermo-elastic effects by solving von-Karman plate theory in conjunction 

with Fourier’s heat conduction equation along with third-order piston theory. They used finite 

difference and Galerkin methods to solve thermal and aeroelastic equations, respectively. In 

general, coupled and uncoupled approaches showed relative agreement in buckling, limit cycle 

oscillation (LCO) and chaos response but not in motion amplitudes and flutter response. Lakis et 

al. [24, 27] analyzed axisymmetric structures. They proposed displacement fields which 

exactly satisfied equilibrium equations. The dynamic model of cylindrical shells allows 

separation of variables in longitudinal and circumferential directions (in a cylindrical 

coordinate system), which makes obtaining an exact solution possible. This approach yields 

an accurate model and facilitates coupling of fluid-structure equations. However, in 

rectangular plates, obtaining exact solutions for equilibrium equations is not possible 

because the separation of variables remains impossible due to a fully coupled motion field 

at the principal directions of the motions (in a cartesian coordinate system). In this paper, 

to overcome this problem, a two-dimensional polynomial model is used to approximate the 

finite element displacement field. Linear solid model is developed based on Sanders’ shell 

theory. First order piston theory models the aerodynamic forces induced by supersonic 

flow. Parametric studies for different thicknesses and aspect ratios are carried-out in order 

to see how the dynamic instability point is affected. The effect of boundary conditions on 

natural frequencies is also investigated. The originality of this work lies in the fact that a 

monolithic solid-fluid finite element model developed which is capable of simulating plates 

with any geometry (e.g., rectangular, circular). In addition, any boundary conditions can be 

applied at edges or in the middle of the plate. Also, the thickness and mechanical properties 

of the plate can vary at each point with/without structural discontinuities (i.e., holes). 
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2.2 Structural Model 

In the present study, a flat finite element with four nodes (i, j, k and l) and six degrees of freedom 

at each node is used to obtain a solid structural model, see Figure (2). The kinematic equations 

are developed using Sanders’ thin shell theory based on Love’s first order approximation [23]. 

Membrane and bending effects are considered in this theory. 

2.2.1 Kinematic Equations: 

The displacement field of the middle surface of a flat plate may be expressed as a function of the 

in-plane displacements 𝑈 and 𝑉 in 𝑋 and 𝑌 directions, respectively, and the transverse 

displacement 𝑊 in the Z direction, according to the following equations: 

𝑈(𝑥, 𝑦, 𝑡) = 𝐶 + 𝐶 + 𝐶 + 𝐶  (1) 

𝑉(𝑥, 𝑦, 𝑡) = 𝐶 + 𝐶 + 𝐶 + 𝐶  (2) 

𝑊(𝑥, 𝑦, 𝑡) = 𝐶 + 𝐶 + 𝐶 + 𝐶 + 𝐶 + 𝐶 + 𝐶 + 𝐶 + 𝐶 +

𝐶 + 𝐶 + 𝐶 + 𝐶 + 𝐶 + 𝐶 + 𝐶   

 (3) 

Where: 𝐴 and 𝐵 are plate dimensions and 𝐶  are unknown constants.  

 

Figure 2: Geometry and displacement field of a typical element 
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In matrix form 𝑈, 𝑉 and 𝑊 can be written as follows: 

𝑈
𝑉
𝑊

= [𝑅]{𝐶}  (4) 

In the above equation, [𝑅] is a 3 × 24 matrix and {𝐶} is the unknown constant vector of order 24. 

Matrix 𝑅 is presented in Appendix B.  

Each element consists of four nodes and each node has six degrees of freedom. Therefore, 

displacement and nodal displacement vectors are, respectively given by Equations (5) and (6) as 

follows: 

{𝛿} = {𝛿 } , 𝛿 , {𝛿 } , {𝛿 }   (5) 

{𝛿 } = 𝑈 , 𝑉 , 𝑊 , , ,   (6) 

By substituting Equations (1-3) into Equation (5), one can obtain: 

{𝛿} = [𝐴]{𝐶}   (7) 

Multiplying each side of Equation (7) by [𝐴] , the following expression can be found for vector 

{𝐶}. 

{𝐶} = [𝐴] {𝛿}   (8) 

[𝐴]  terms are found in Appendix B. Using Equations (8) and (4), the displacement field can be 

written as follows: 

𝑈
𝑉
𝑊

= [𝑅][𝐴] {𝛿} = [𝑁]{𝛿}   (9) 

In the above equation, matrix [𝑁] is the displacement shape functions of order 3× 24. 

2.2.2 Strain displacement relations 

According to Sanders theory [23], strains for a rectangular plate are related to displacement 

through the following equation: 
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 (10) 

Sander’s theory in comparison to Love’s first approximation has the following advantages: 

1.       It is more realistic because all strains vanish for small rigid-body motions of the shell 

whereas for Love’s theory they do not. 

2.       In Sanders’ theory, the number of stress unknowns are reduced from 10 to 8 by using a 

symmetric approximation in the expressions of the resultants in terms of integrals of stress 

through the thickness of the shell. 

3.       The expressions for the stress quantities satisfy the equations of equilibrium identically 

[23]. 

By introducing the displacements given in Equation (9) into the above strain-displacement 

relationship, one obtains the strain vector as a function of nodal displacements for each finite 

element. 

{ε} = [Q][𝐴] {𝛿} = [𝐵]{𝛿}  (11) 

Where:  Q matrix is order of (6 × 24) and is given in Appendix B.  

2.2.3 Constitutive equations: 

To obtain structural matrices, the relationship between stresses and strains must be defined. For 

an isotropic rectangular plate, Equation (12) is written to relate the strain field to the stress field. 

{𝜎} = [𝑃]{𝜀}  (12) 

Where [𝑃] is the elasticity matrix coefficients of order (6×6) given Appendix A. 

By substituting Equation (11) into Equation (12), the stress field can be rewritten as follows: 
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{𝜎} = [𝑃][𝐵]{𝛿}   (13) 

Using the standard procedure of the finite element method, the mass [𝑚] and stiffness [𝑘]  

matrices for each finite element can be expressed by Cook [28]: 

[𝑘] = ∬ [𝐵] [𝑃][𝐵]𝑑𝐴   (14) 

[𝑚] = 𝜌 ℎ ∬ [𝑁] [𝑁]𝑑𝐴   (15) 

Where ℎ is the thickness of the plate and 𝜌  is the material density. Mass [𝑚] and stiffness [𝑘]  

matrices can be obtained by substituting [𝐵] = [Q][𝐴]  and [𝑁] = [𝑅][𝐴] into Equations (14) 

and (15): 

[𝑘] = [[𝐴] ] (∫ ∫ [𝑄] [𝑃][𝑄]𝑑𝑥𝑑𝑦)[𝐴]   (16) 

[𝑚] = 𝜌ℎ[[𝐴] ] (∫ ∫ [𝑅] [𝑅][𝑄]𝑑𝑥𝑑𝑦)[𝐴]   (17) 

In the above equations, 𝑥  and 𝑦  are dimensions of an element in 𝑋 and 𝑌 directions, 

respectively. These integrals are computed in MATLAB software. 

2.3 Aeroelastic model 

Elastic structures subjected to supersonic flow may lose their dynamic stability. When a plate in 

supersonic flow is considered, there is an aerodynamic load exerted on the plate due to the effect 

of flow on the structure. This load changes the global matrices of the structure by adding virtual 

damping and stiffness induced by flow to the dynamic equations. 

The general equation governing fluid structure interaction in the case of an elastic flat plate 

subjected to parallel supersonic flow is as follows: 

[𝑀 ] �̈� + 𝐶 �̇� + [𝐾 ] − 𝐾 {𝛿 } = {0} (18) 

In Equation (18), the terms 𝑠 and 𝑓 are the structural and fluid effects, respectively. 𝛿  is the 

global displacement vector of the plate. In the above equation, structural damping is not 

considered, because it is dependent on the thickness of the membrane and for thin shells it is 

negligible in comparison to the aerodynamics and inertial forces. 
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Piston theory was introduced into aeroelasticity in a linearized form by Ashley and Zartarian 

[22]. It is an efficient tool that provides an approximation for the aerodynamic pressure applied 

on an elastic structure with remarkable accuracy whenever the Mach number is approximately 

between 2.5 to 4.5 [22]. 

To model the effects of supersonic flow on an elastic plate, we calculate the aerodynamic 

pressure and then integrate it over the solid-fluid interface of each finite element. The pressure 

equation for piston theory which is applicable to supersonic flow with Mach number over 1.7 (M 

> 1.7), is used in this paper and expressed as follows [43]: 

𝑃 = +   (19) 

In the above equation, W, 𝑄 , 𝑀  and 𝑉  are displacement vector, dynamic pressure, Mach 

number and free stream velocity respectively. The correction factor for curvature has been 

omitted as it has been proven in previous works that it doesn’t have a significant effect [32]. 

Moreover, W can be rewritten based on shape functions using Equation (9). 

The fluid-induced force vector can be written for each finite element in terms of equivalent nodal 

forces as follows: 

{𝐹 } = ∫ [𝑁] {𝑃 } 𝑑𝐴 = ∫ [[𝐴] ] [𝑅]
0
0
𝑃

𝑑𝐴  (20) 

[𝑁] is the displacement shape function matrix. {𝑃 } is the aerodynamic pressure which may be 

rewritten as function of nodal displacements based on Equation (19) as follows: 

{𝑃 } = [𝑅 ] [[𝐴] ] {𝛿} + [𝑅] [[𝐴] ] �̇�   (21) 

The latter equation is obtained by introducing the displacement functions of Equation (9) into 

Equation (19). [𝑅 ] is a matrix of order (3×24) obtained by working out derivatives of [𝑅] with 

respect to x. 

Substituting Equation (21) into Equation (20) one obtains the aerodynamic load vector as 

follows:  
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{𝐹 } = 𝑍 [[𝐴] ] [𝑅] [[𝑅 ] [[𝐴] ] {𝛿}]𝑑𝐴

+ 𝑍 . 𝑍 [[𝐴] ] [𝑅] [𝑅] [[𝐴] ] �̇� 𝑑𝐴   (22) 

Where:  

𝑍 =    and 𝑍 =      

Based on Equation (22), the aerodynamic stiffness and damping for one element will be obtained 

as follows: 

[𝑘 ] = 𝑍 ∫ [[𝐴] ] [𝑅] [[𝑅 ] [[𝐴] ] ]𝑑𝑥𝑑𝑦  (23) 

[𝑐 ] = 𝑍 . 𝑍 ∫ [[𝐴] ] [𝑅] [[𝑅] [[𝐴] ] ]𝑑𝑥𝑑𝑦  (24) 

Equations (23) and (24) are aerodynamic elementary matrices that must be added to solid 

equations.  

2.4 Global matrices and eigenvalue problem 

The rectangular plate is subdivided into small rectangular finite elements, each of which has its 

own structural and aerodynamic matrices computed in Equations (14-15) and Equations (23-24), 

respectively. The global matrices mentioned in dynamic Equation (18) governing the coupled 

fluid-structure system are determined by superimposing elementary matrices developed above 

and by taking the applied boundary conditions into account. 

The eigenvalue problem of the governing dynamic Equation (18) may be solved by means of the 

equation-reduction technique. Equation (18) may be rewritten as follows: 

[0] [𝑀 ]

[𝑀 ] 𝐶

�̈�

�̇�
+

−[𝑀 ] [0]

[0] [𝐾 ] − 𝐾

�̇�

{𝛿 }
= {0}  (25) 

Without considering fluid effects, Equation (25) may be simplified to: 
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[𝑀 ] �̈� + [𝐾 ]{𝛿 } = {0}   (26) 

Natural frequencies and mode shapes for such a system are obtained by solving the following 

equation: 

𝐷𝑒𝑡 [𝐾 ] − 𝜔 [𝑀 ] = 0  (27) 

This approach was used to validate free vibration analysis results.  

When an elastic plate is subjected to supersonic flow, the natural frequencies and mode shapes of 

Equation (25) are calculated by solving the following equation: 

|[𝐷] − Λ[𝐼]|=0  (28) 

Where, [𝐷] =
[0] [𝐼]

[𝐾 ] − 𝐾 [𝑀 ] [𝐾 ] − 𝐾 𝐶
= 0 

In the above equation, [𝐼] is the identity matrix and Λ = −  where 𝜔 is the natural frequency.  

To obtain natural frequencies and mode shapes, two separate codes were developed in 
FORTRAN and MATLAB software. In FORTRAN, DEVLCG subroutine was used to determine 
natural frequencies and mode shapes. In MATLAB, natural frequencies and mode shapes were 
obtained by using POLYEIG command. Both results were in good agreement.  

2.5 Results and discussion 

In this section, the fluid-structure model developed above is used to calculate the dynamic 

behavior of plates subjected to supersonic flow. Several boundary conditions and geometrical 

configurations were studied to investigate the vulnerability of plates under aerodynamic loads. 

First, the requisite mesh size of convergence for the problem was obtained, see Figure (4). Then, 

the problem was studied based on obtained mesh size. The results were validated at each step. 

The first set of calculations concerns a simply-supported (SSSS) rectangular plate as studied in 

reference [29]. For all cases studied in this paper, the boundary condition of each side of the 

rectangular plate is cited according to the order shown in Figure (3). In this paper, no 

aerodynamic loading is accounted for vibration analysis of the plate. Examples of boundary 

conditions are illustrated in Figure (5). The physical properties of the solid plate are: 𝐸 = 196 

𝐺𝑃𝑎, 𝜌 = 7860 𝑘𝑔 𝑚⁄ , ℎ = 2.54 𝑚𝑚, 𝜈 = 0.3, 𝐴 = 609.6 𝑚𝑚 and 𝐵 = 304.8 𝑚𝑚. The 
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computed natural frequencies are shown in both Table 1 and Figure (4) for various mesh sizes 

(nx, ny) along the x and y coordinates, respectively. It can be concluded that, for the first four 

fundamental modes, twenty-five finite elements (5×5) are sufficient to reach mesh independency, 

whereas for higher modes like mode 5 and 6 and more, considering at least 64 elements, is a good 

one to have more accurate results. 

The aerodynamic pressure presented in Equation (21) was used to calculate the natural 

frequencies of a flat plate subjected to external supersonic flow. The objective was to validate our 

numerical model through comparison with the case studied in reference [36]. For this purpose, a 

plate with geometry and mechanical properties: E= 210 𝐺𝑃𝑎, 𝜌 = 7930 𝑘𝑔 𝑚⁄ , ℎ = 0.001𝑚 

𝜈 = 0.33, 𝐴 = 𝐵 = 0.1 𝑚,  is considered [36]. In Equation (21), 𝑄  is increased progressively 

from zero to higher values where for example, for fully simply supported plate (SSSS), this range 

is between 0 to 248×105. Then, frequency is calculated at each step. To enable comparison of the 

results with reference [36], a non-dimensional aerodynamic pressure 𝜆 = 2𝑄 𝐴 𝛽𝐾⁄  is defined, 

where 𝛽 = 𝑀 − 1 and 𝐾 = 𝐸ℎ 12(1 − 𝜈 )⁄ . Results obtained for plates with various 

boundary conditions (FSFS, CSCS and SSSS) are shown in Figures (6) to (8) for the first 

fundamental modes. Article [36] reports results for these plates using two different methods, the 

assumed mode method and the finite element method. The critical dynamic pressure obtained for 

a plate which is simply-supported (SSSS) on four sides shows very good agreement between the 

two methods. However, for the other boundary conditions (CSCS and FSFS), a significant 

difference was found. Our results agree perfectly with those of the finite element method in 

reference [36], using a very low number of finite elements (see Figures (6) to (8)). As we used 

only 25 elements for obtaining our results, current method is much faster than reference [36] 

where they used 225 elements for case SSSS and 441 elements for cases FSFS and CSCS to 

obtain good results. The critical pressures inducing dynamic instability of the “flutter” type for 

each case are cited in Table 2. Flutter occurred when two modes coincide at the same critical 

pressure (Figures (6) and (8)). A perfect agreement between our results and those of Song et al. 

[36] is seen. 

The validations made above encouraged us to employ the developed model to study the effect of 

boundary conditions and geometrical ratios on the dynamic stability of plates in contact with 
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supersonic flow. The reference plate used to carried out these calculations is made of aluminium 

with the following physical properties: E = 69 GPa, ρ = 2750 kg⁄m3, h = 1 mm, ν = 0.33, and A = 

B = 0.1 m. Table 3 and Table 4 give the critical non-dimensional aerodynamic pressure inducing 

flutter or divergence type instabilities (by increasing non-dimensional aerodynamic pressure, 

when natural frequency decreases and goes near 0, divergence type instabilities will be occurred). 

The results listed in Table 3 were calculated for various boundary conditions and geometrical 

ratios A/B. The dimension A was maintained constant while B was varied from 0.05 m to 0.4 m. 

Additionally, Table 4 gives the critical non-dimensional aerodynamic pressure inducing flutter or 

divergence type instabilities for various thicknesses where A = B = 0.1 m. 

Figures were added for some of the cases analyzed to reveal how the dynamic behaviour of the 

plate progresses and to identify the modes in which flutter or divergence occur (see Figures (9) to 

(12)). It is evident that boundary conditions play a major role in the dynamical stability of the 

structure. More structural support is equivalent to an increased stability margin at higher 

supersonic flow velocities. However, by examining the obtained results, it is indicated that 

adding support to edges along the flow direction or in the direction perpendicular to the flow 

have different effects on the dynamic stability quantitatively and qualitatively. For example; 

Cases 2 and 3 in Table 3 have a geometrical ratio A/B=0.5. The unique difference between these 

two cases is the flow direction with respect to the clamped sides (i.e., CFCF versus FCFC). For 

the same fluid-structure interaction area, the plate in Case 2 undergoes a flutter type instability at 

λ = 207.88. For Case 3 on the other hand, a divergence type instability occurs at a much lower 

dimensionless dynamic pressure; λ = 19.75 (see Figure (9)). At constant thickness, if the plate 

does not have any supported edges parallel to the flow direction, aspect ratio variation does not 

significantly affect stability results (see Cases 2, 4 and 6 in Table 3). Moreover, by increasing the 

aspect ratio (A/B), the critical pressure increased in all boundary conditions except for case 4 (see 

Table 3). Most boundary conditions showed either pure divergence or flutter instability, but 

CFCF initially experienced divergence-type instability (A/B≤1), and by increasing the aspect 

ratio, flutter became the dominant instability (Table 3). In general, removing boundary condition 

of the outer edge (side 2 in Figure (3)) made the plate more prone to divergence instability 

(Tables 3 and 4). In all boundary conditions, increasing the plate thickness increased critical 

dynamic pressure (𝜆 ) because of improving structural stiffness (Table 4) but did not alter the 
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instability type (flutter or divergence) since the plate aspect ratio (for example Case 3 in Table 3) 

and boundary conditions determine the instability type. 

 

Figure 3: Flow direction and order of boundary conditions, CFCF is a clamped-free-clamped-free 

plate, respectively, at sides 1, 2 3 and 4 

 

Figure 4: Mesh convergence as a function of the number of quadrilateral finite elements of a 

simply- supported (SSSS) rectangular plate 

 

Figure 5: Some examples of boundary conditions designation (FSFS, CSCS and SSSS) 
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Table 1: Natural frequency (Hz) of a simply-supported (SSSS) rectangular plate compared to 

analytical and numerical solutions 

 Present Reference [29] ANSYS (Shell 63)   

Mode 1 81.00 82.93 80.99 

Mode 2 128.86 133.44 129.33 

Mode 3 207.84 213.72 209.86 

Table 2: Critical non-dimensional aerodynamic pressure (λ_cr) inducing flutter for various 

boundary conditions 

Boundary 

conditions 

Critical non-dimensional aerodynamic pressure 𝜆  

Flutter mode 

number Present FEM FEM of Ref. 

[36] 

AMM of Ref.  

[36] 

SSSS 511.38 512 512 1 and 2 

FSFS 332.60 336 287 2 and 3 

CSCS 548.80 546 428 1 and 2 

Table 3: Critical non-dimensional aerodynamic pressure (λ_cr) inducing flutter (or divergence*) 

as a function of geometrical ratios A/B 

Geometrical 

ratio A/B 

Case 1 

(SSSS)  

 

Case 2 

(FCFC)  

Case 3 

(CFCF) 

Case 4 

(FFFC) 

Case 5 

(CFFF) 

Case 6 

(FCFF) 

Case 7 

(SFSS) 

   

0.25 - - 3.58* 2.06* 1.40 10.40 3.7*    
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0.50 128.88 207.88 19.75* 2.04* 5.40 27.02 3.71*    

0.75 145.51 205.80 64.03* 2.02* 10.39 38.45 13.3*    

1.00 168.38 205.80 155.08* 2.00* 17.46 41.57 38.35*    

1.25 203.72 205.80 216.20 1.99* 27.02 42.61 85.23*    

1.50 245.30 203.72 268.17 1.97* 39.91 42.61 148.63*    

1.75 299.35 203.72 336.77 1.96* 58.21 41.57 234.9*    

2.00 361.71 201.64 422.00 1.95* 85.65 41.57 351.32*    

Table 4: Critical non-dimensional aerodynamic pressure (λ_cr)  inducing flutter (or divergence*) 

for various thickness ratios (href=1 mm and A=B=0.1 m). 

Thickness 

ratio h/href 

(SSSS) (FCFC) (CFCF) (FFFC) (CFFF)  (FCFF) (SFSS) 

0.25 2.70 3.20 2.42* 0.03* 0.27 0.67 0.60* 

0.50 21.83 25.57 19.33* 0.25* 2.16 5.20 4.78* 

0.75 69.64 86.48 65.48* 0.84* 7.38 17.67 16.11* 

1.0 168.38 205.80 155.08* 2.00* 17.46 41.58 38.35* 

1.25 328.45 399.13 301.43* 3.91* 34.09 82.11 75.04* 

1.50 571.67 690.16 523.86* 6.74* 58.62 141.36 129.30* 

1.75 904.28 1093.45 832.35* 10.69* 92.51 224.51 205.80* 

2 1340.80 1633.94 1241.04* 16.01* 138.24 332.60 307.25* 
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Figure 6: Natural frequency variation as a function of the non-dimensional aerodynamic pressure 

for a FSFS plate 

 

Figure 7: Natural frequency variation as a function of the non-dimensional aerodynamic pressure 

for a CSCS plate 
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Figure 8: Natural frequency variation as a function of the non-dimensional aerodynamic pressure 

for a SSSS plate 

 

Figure 9: Natural frequency variation as a function of the non-dimensional aerodynamic pressure 

for an Aluminium plate 
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Figure 10: Natural frequency variation as a function of the non-dimensional aerodynamic 

pressure for an Aluminium plate 

 

Figure 11: Natural frequency variation as a function of the non-dimensional aerodynamic 

pressure for an Aluminium plate 
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Figure 12: Natural frequency variation as a function of the non-dimensional aerodynamic 

pressure for an Aluminium plate 

2.6 Conclusion 

A new fluid-structure finite element model is presented to study the dynamic stability of 

rectangular plates subjected to parallel supersonic flow. The solid model uses linear Sanders’ 

shell theory. The quadrilateral finite element shape functions are two-dimensional polynomial 
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their stability first through divergence and then by flutter due to coupling of the modes. The 
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mechanical properties varying from one point to another in the structure or having geometric 
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CHAPTER 3 GENERAL DISCUSSION 

3.1 Motive 

Plates are broadly used in different industries including aerospace, shipbuilding, and in the 

nuclear industry.  

The interaction between aerodynamic, inertial and elastic forces results in a complex fluid-solid 

interaction (FSI). Thus, to improve the design process and control of such structures, the exact 

determination of induced loads in the presence of aeroelastic considerations is necessary. For this 

purpose, numerical and experimental techniques are used. However, the experimental methods 

may face the problem in simultaneous measurement of plate deformations, aerodynamic force, 

and plate kinematics. To overcome these difficulties, numerical methods or simulations are more 

attractive.  

3.2 Summary of Works in the Current Study 

The purpose of the current study was to characterize the dynamic stability of rectangular plates 

subjected to parallel supersonic flow. The solid model used Sanders’ shell theory. The 

quadrilateral finite element shape functions are two-dimensional polynomial functions of order 

three for transverse displacement and of order two for the in-plane displacements. The solid 

model is coupled with first order piston theory to account for aerodynamic pressure. Calculations 

were performed for plates with various geometrical properties and boundary conditions. Two 

kinds of dynamic instability were found in our results: the coupled-mode flutter and divergence. 

Cantilevered plates may lose their stability first through divergence and then by flutter due to 

coupling of the first and second modes. The results obtained using the present model were 

validated by comparing them to the existing works in the literature and a very good agreement 

was observed. This approach makes it possible to model plates with mechanical properties 

varying from one point to another in the structure or having geometric discontinuities.  
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CHAPTER 4 CONCLUSION AND RECOMMENDATIONS 

A numerical investigation for solid model coupled with fluid for an isotropic rectangular platehas 

been carried out for various geometrical properties and boundary conditions. The following 

observations were made: 

 By increasing the thickness ratio, the critical non-dimensional aerodynamic pressure (𝜆 ) 

was increased for all boundary conditions.  

 By increasing the geometrical ratio (A/B), the critical non-dimensional aerodynamic 

pressure (𝜆 ) was increased for case 1 (SSSS), case 3 (CFCF), case 5 (CFFF) and case 7 

(SFSS) and decreased for case 2 (FCFC) and case 4 (FFFC). 

 By increasing the geometrical ratio (A/B), the critical non-dimensional aerodynamic 

pressure (𝜆 ) was increased first and then was decreased for case 6 (FCFF). 

 In case 7 (SFSS) and case 4 (FFFC), for all geometrical properties and boundary 

conditions, we had divergence.  

 In case 1 (SSSS), case 2 (FCFC), case 5 (CFFF) and case 6 (FCFF) for all geometrical 

properties and boundary conditions, we had flutter.  

 In case 3 (CFCF), for a square plate, by changing the thickness of the plate, we had only 

divergence. However, for a fixed thickness if A≤B we have divergence and if A>B we 

had flutter.  

4.1 Future Research 

Future works could focus on the following subjects: 

 Introducing both structural and aerodynamics nonlinearities in the aeroelastic analysis of 

plates subjected to supersonic flow particularly in wings with high aspect ratios where 

large deflections are expected 

 Expanding the current model to handle trapezoidal plates 

 Performing analysis using anisotropic materials 
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 Aeroelastic analysis of isotropic and anisotropic notched plates 
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APPENDIX A 

A1.Elements of elasticity matrix for an isotropic material: 

𝑃 =

⎣
⎢
⎢
⎢
⎢
⎡

𝐷 𝜈𝐷 0
𝜈𝐷 𝐷 0
0
0
0
0

0
0
0
0

(1 − 𝜈)𝐷/2
0
0
0

0 0 0
0
0
𝐾

0
0

𝜈𝐾

0
0
0

𝜈𝐾
0

𝐾
0

0
(1 − 𝜈)𝐾/2⎦

⎥
⎥
⎥
⎥
⎤

 

In the above matrix, 𝐷 = 𝐸ℎ 1 − 𝜈⁄  and 𝐾 = 𝐸ℎ 12(1 − 𝜈 )⁄  
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APPENDIX B 

B1. Elements of matrix 𝑅 

𝑅 =

⎣
⎢
⎢
⎢
⎢
⎡1

𝑥

𝐴

𝑦

𝐵

𝑥𝑦

𝐴𝐵
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1
𝑥

𝐴

𝑦

𝐵

𝑥𝑦

𝐴𝐵
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1
𝑥

𝐴

𝑦

𝐵

𝑥

2𝐴

𝑥𝑦

𝐴𝐵

𝑦

2𝐵

𝑥

6𝐴

𝑥 𝑦

2𝐴 𝐵

𝑥𝑦

2𝐴𝐵

𝑦

6𝐵

𝑥 𝑦

6𝐴 𝐵

𝑥 𝑦

4𝐴 𝐵

𝑥𝑦

6𝐴𝐵

𝑥 𝑦

12𝐴 𝐵

𝑥 𝑦

12𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵 ⎦
⎥
⎥
⎥
⎥
⎤

 

B2. Elements of matrix 𝑄 

𝑄 =

⎣
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⎢
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⎢
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⎢
⎢
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0 0
1

𝐵

𝑥

𝐴𝐵
0

1

𝐴
0

𝑦

𝐴𝐵
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0
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𝐴𝐵

−𝑥 𝑦

𝐴 𝐵

−𝑥𝑦

𝐴 𝐵

−𝑥 𝑦

2𝐴 𝐵 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

 

 

 

 

B3. Elements of matrix 𝐴  
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−𝐴

𝑥
0 0 0 0 0

𝐴

𝑥
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−𝐵

𝑦
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

𝐵

𝑦
0 0 0 0 0

𝐴𝐵

𝑥 𝑦
0 0 0 0 0 −

𝐴𝐵

𝑥 𝑦
0 0 0 0 0

𝐴𝐵

𝑥 𝑦
0 0 0 0 0 −

𝐴𝐵

𝑥 𝑦
0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0
−𝐴

𝑥
0 0 0 0 0

𝐴

𝑥
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0
−𝐵

𝑦
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

𝐵

𝑦
0 0 0 0

0
𝐴𝐵

𝑥 𝑦
0 0 0 0 0

−𝐴𝐵

𝑥 𝑦
0 0 0 0 0

𝐴𝐵

𝑥 𝑦
0 0 0 0 0

−𝐴𝐵

𝑥 𝑦
0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 𝐴 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 𝐵 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0
−6𝐴

𝑥

−4𝐴

𝑥
0 0 0 0

6𝐴

𝑥

−2𝐴

𝑥
0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 𝐴𝐵 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0
−6𝐵

𝑦
0

−4𝐵

𝑦
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

6𝐵

𝑦
0

−2𝐵

𝑦
0

0 0
12𝐴

𝑥

6𝐴

𝑥
0 0 0 0

−12𝐴

𝑥

6𝐴

𝑥
0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0
−6𝐴 𝐵

𝑥

−4𝐴 𝐵

𝑥
0 0 0 0

6𝐴 𝐵

𝑥

−2𝐴 𝐵

𝑥
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0
−6𝐴𝐵

𝑦
0

−4𝐴𝐵

𝑦
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

6𝐴𝐵

𝑦
0

−2𝐴𝐵

𝑦

0 0
12𝐵

𝑦
0

6𝐵

𝑦
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−12𝐵

𝑦
0

6𝐵

𝑦
0

0 0 0 0
12𝐴 𝐵

𝑥

6𝐴 𝐵

𝑥
0 0 0 0

−12𝐴 𝐵

𝑥

6𝐴 𝐵

𝑥
0 0 0 0 0 0 0 0 0 0 0 0

0 0
36𝐴 𝐵

𝑥 𝑦

24𝐴 𝐵

𝑥 𝑦

24𝐴 𝐵

𝑥 𝑦

16𝐴 𝐵

𝑥 𝑦
0 0

−36𝐴 𝐵

𝑥 𝑦

12𝐴 𝐵

𝑥 𝑦

−24𝐴 𝐵

𝑥 𝑦

8𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵

𝑥 𝑦

−12𝐴 𝐵

𝑥 𝑦

−12𝐴 𝐵

𝑥 𝑦

4𝐴 𝐵

𝑥 𝑦
0 0 0 0

−36𝐴 𝐵

𝑥 𝑦

−24𝐴 𝐵

𝑥 𝑦

12𝐴 𝐵

𝑥 𝑦

8𝐴 𝐵

𝑥 𝑦

0 0 0
12𝐴𝐵

𝑦
0

6𝐴𝐵

𝑦
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−12𝐴𝐵

𝑦
0

6𝐴𝐵

𝑦

0 0 −
72𝐴 𝐵

𝑥 𝑦
−

36𝐴 𝐵

𝑥 𝑦
−

48𝐴 𝐵

𝑥 𝑦
−

24𝐴 𝐵

𝑥 𝑦
0 0

72𝐴 𝐵

𝑥 𝑦
−

36𝐴 𝐵

𝑥 𝑦

48𝐴 𝐵

𝑥 𝑦
−

24𝐴 𝐵

𝑥 𝑦
0 0 −

72𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵

𝑥 𝑦

24𝐴 𝐵

𝑥 𝑦
−

12𝐴 𝐵

𝑥 𝑦
0 0

72𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵

𝑥 𝑦
−

24𝐴 𝐵

𝑥 𝑦
−

12𝐴 𝐵

𝑥 𝑦

0 0 −
72𝐴 𝐵

𝑥 𝑦
−

48𝐴 𝐵

𝑥 𝑦
−

36𝐴 𝐵

𝑥 𝑦
−

24𝐴 𝐵

𝑥 𝑦
0 0

72𝐴 𝐵

𝑥 𝑦
−

24𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵

𝑥 𝑦
−

12𝐴 𝐵

𝑥 𝑦
0 0 −

72𝐴 𝐵

𝑥 𝑦

24𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵

𝑥 𝑦
−

12𝐴 𝐵

𝑥 𝑦
0 0

72𝐴 𝐵

𝑥 𝑦

48𝐴 𝐵

𝑥 𝑦
−

36𝐴 𝐵

𝑥 𝑦
−

24𝐴 𝐵

𝑥 𝑦

0 0
144𝐴 𝐵

𝑥 𝑦

72𝐴 𝐵

𝑥 𝑦

72𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵

𝑥 𝑦
0 0 −

144𝐴 𝐵

𝑥 𝑦

72𝐴 𝐵

𝑥 𝑦
−

72𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵

𝑥 𝑦
0 0

144𝐴 𝐵

𝑥 𝑦
−

72𝐴 𝐵

𝑥 𝑦
−

72𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵

𝑥 𝑦
0 0 −

144𝐴 𝐵

𝑥 𝑦
−

72𝐴 𝐵

𝑥 𝑦

72𝐴 𝐵

𝑥 𝑦

36𝐴 𝐵

𝑥 𝑦 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 


