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RESUME

De nos jours, la robotique moderne progresse a un rythme effréné et, au fil du temps, de nouvelles
applications robotiques apparaissent. Dans ce contexte, de nouvelles applications robotiques ne

cessent d’émerger, notamment en ce qui concerne les robots mobiles et les systemes multi-robots.

En effet, Les nouveaux systemes robotiques permettent non seulement d’étendre les capacités hu-
maines, mais donnent également la possibilité a I’homme d’accomplir des taches plus ardues dans
des environnements plus difficiles et plus dangereux. Ceci engendre des conséquences sociales
et économiques importantes et potentiellement dangereuses, créant des effets socio-économiques

autant importants que ces conséquences.

Par conséquent, la capacité des robots mobiles et des systemes multi-robots a atteindre une au-
tonomie a long terme et a survivre dans leur environnement de travail est essentielle. L’un des
éléments clés dans la quéte de I’autonomie a long terme est la suffisance énergétique ainsi que
I’autonomie énergétique, c’est-a-dire la capacité des robots a maintenir une charge suffisante tout
au long de I’exécution de leur mission, quelles que soient les circonstances, indépendamment de la

nature de la mission ou I’environnement.

Le maintien de la suffisance énergétique pose de nouveaux défis, en particulier lorsque les ressources
de recharge disponibles dans I’environnement sont limitées, ce qui impose la nécessité de coordon-
ner les activités de recharge entre les différents robots. Un autre défi se pose lorsque les robots
operent dans des environnements inconnus et complexes, ou la consommation d’énergie des robots
peut ne pas étre uniforme dans tout I’environnement, et/ou 1’environnement lui-méme peut Etre
encombré et non structuré. Cela nécessite de réfléchir a des alternatives plus prudentes dans la
recherche d’une station de recharge, tout en prenant en considération ces aspects environnemen-
taux. En outre, assurer une suffisance énergétique pour les scenarios mentionnés représente un
défi en soi, car ces garanties pourraient non seulement trop restreindre la capacité des robots a se

déplacer, mais également nuire a leur capacité a bien mener leurs missions.

A la lumiére de ces défis, nous présentons dans cette these deux cadres différents qui s attaquent
a ces problemes en fournissant des garanties sur la capacité des robots a effectuer leurs missions.
Le premier cadre garantit I’énergie pour les robots dans un systeme multi-robots ayant une station
commune qu’ils partagent. Notre cadre utilise des fonctions de barriere de contrdle (CBF) pour
formuler deux types de contraintes : 1'une d’elles garantit que les robots s’approcheront de la
station de recharge et arriveront avant que leur tension ne descende en dessous d’un certain niveau

fixé, et ’autre garantit 1’utilisation mutuellement exclusive de la station de recharge par les robots.
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Au cours du développement de ce cadre, nous formalisons et décrivons la capacité d’une station
de recharge, a savoir le nombre de robots qu’une station peut desservir, compte tenu de la capacité
de la station, ainsi que des propriétés de décharge des robots et de 1’écart souhaité entre les heures
d’arrivée des robots et les heures de départ d’une part, et de la séparation souhaitée dans les temps
d’arrivée des robots a la station d’autre part. Nous montrons la validité de ce cadre a travers les
résultats d’une campagne de simulations, et par des résultats expérimentaux utilisant des robots

KheperalV et des drones Cognifly.

Le second cadre garantit la suffisance énergétique des robots opérant dans des environnements in-
connus et complexes. Nous tirons parti de la capacité d’un planificateur d’exploration a créer des
chemins siirs et viables dans une carte construite incrémentalement par un robot au fur et 2 mesure
qu’il se déplace dans I’environnement, et nous utilisons les CBF pour fournir des garanties de suffi-
sance énergétique sur ces chemins, c’est-a-dire que le robot peut parcourir les chemins produits par
le planificateur de chemins de facon a ce qu’il arrive a la station avant que son budget énergétique
ne soit épuisé. Pour définir les contraintes sur les chemins linéaires par morceaux du planifica-
teur de chemins, nous proposons une méthode de lissage de trajectoire basée sur la sigmoide qui
produit une trajectoire paramétrée continue plus facile a intégrer dans les contraintes de suffisance
énergétique. En effet, Nous montrons que notre cadre est adaptable a des robots avec des modeles
dynamiques plus élaborés, en I’adaptant a un robot monocycle. Nous démontrons également la va-
lidité de notre cadre par le biais d’'une campagne de simulation dans un ensemble d’environnements
labyrinthiques, et par des résultats expérimentaux qui mettent en évidence I’application de notre
cadre sur un mini rover AgileX Scout. En outre, Nous fournissons une discussion oll nous passons
en revue certaines des principales caractéristiques des cadres proposés, et ou nous signalons cer-
tains problemes liés au développement de cette these. Finalement, nous concluons en discutant de

certaines limitations et en donnant des suggestions pour les travaux futurs.



Vil

ABSTRACT

Modern-day robotics is advancing at an astounding rate, and as time goes by new robotic applica-
tions keep emerging, especially considering mobile robots and multi-robot systems. New robotic
systems promise to extend human abilities and enable humans to deal with more arduous tasks in

harsher and more dangerous environments, with potentially significant social and economic effects.

Therefore, the ability of mobile robots and multi-robot systems to achieve long-term autonomy
and survive in their work environments for extended periods of time is becoming more and more
necessary, with the main aim of unlocking the full potential of these robotic systems, especially
in real-life deployments. One key component in the quest for long-term autonomy is energy suffi-
ciency, namely the ability of robots to maintain sufficient charge throughout their mission execu-

tion, regardless of what the mission or environment may be.

Maintaining energy sufficiency poses new challenges, especially when the available charging re-
sources in the environment are limited, thus imposing the need to coordinate charging activities
among different robots. Another challenge is when robots operate in unknown and complex envi-
ronments, where robots’ power consumption may not be uniform across the environment, and/or
the environment itself could be cluttered and unstructured, which calls for more careful ways of
seeking recharge, taking these environment-related aspects into account. Moreover, guaranteeing
energy sufficiency for the aforementioned scenarios is a challenge in itself, that is because these

guarantees could overly restrict the robots’ ability to carry out their missions.

In light of these challenges, we present in this thesis two different frameworks that tackle these
problems by providing guarantees on energy sufficiency for robots in two different scenarios. The
first framework ensures energy sufficiency for robots in a multi-robot system having a common
charging station that they share. Our framework uses Control Barrier Functions (CBFs) to formu-
late two types of constraints: one that ensures that robots will approach the charging station and
arrive before their voltage drops below a certain set level, and one to ensure mutually exclusive use
of the charging station by the robots. During the development of this framework, we formalize and
describe the capacity of a charging station, namely the number of robots a station can serve, given
the robots’ discharging properties and the desired separation in arrival times of robots to the station.
We show the validity of this framework through the results of a simulations campaign, and through

experimental results using KheperalV robots and Cognifly drones.

The second framework ensures energy sufficiency for robots operating in unknown and complex
environments. We leverage the ability of an exploration planner to create safe and viable paths

in a map that is being incrementally built by a robot as it moves in an environment, and we use
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CBFs to provide guarantees on energy sufficiency over these paths, i.e. the robot can traverse the
paths produced by the path planner so that it arrives to the charging station by the time its energy
budget is depleted. To define the energy sufficiency constraints over piecewise linear paths from
the path planner, we propose a sigmoid-based path smoothing method that produces a continuous
parameterized path that is easier to integrate into the energy sufficiency constraints. We show
that our framework is adaptable to robots with more elaborate dynamic models, and we do so by
adapting our framework to a unicycle robot. We demonstrate the validity of our framework through
a simulation campaign in a set of maze environments, and through experimental results of applying
our framework on an AgileX Scout Mini rover. We provide a discussion where we review some of
the main features of our proposed frameworks, and report some issues related to the development

in this thesis. We conclude by discussing some limitations and giving suggestions for future work.
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CHAPTER1 INTRODUCTION

1.1 Context and motivation

Modern robotics have promising potential for becoming widespread in their use in everyday life.
There is a plethora of applications where robots, especially multi-robot systems, can carry out
arduous tasks and interact with dangerous environments. Some examples of such applications
include: underground [2] and planetary exploration [3], mining [4], removal of landmines [5] and

precision agriculture [6] among many others.

One important feature that such robot systems must have to maximize their benefit and potential
is long-term autonomy, i.e. the ability to successfully and consistently run missions in different
types of environments over extended periods of time. To this end, a multi-robot system must have a
set of abilities and features that include the ability to maintain connectivity among robots and with
ground stations, ensuring Energy Sufficiency (ES), and adapting to any given environment with

time through learning.

A key element in achieving long term autonomy is energy sufficiency: the ability of robots to
maintain a certain amount of energy during a mission, guaranteeing that they never run out of
energy. Energy sufficiency can be achieved with the ability to recharge during mission execution

when needed without compromising the mission.

To be effective, a method to maintain energy sufficiency has to be mission-agnostic (meaning that
it is applicable to any mission), modular, and as little intrusive as possible to the robot mission.
Moreover, the method has to be adaptable and applicable to a wide range of robot models and

environments.

In this thesis, we deal with some central challenges related to energy sufficiency of mobile robot

systems for long-term autonomy.

Resource access coordination in multi-robot systems

One central challenge for long-term autonomy is to provide guarantees that all robots have enough
energy during mission execution, especially in situations where there is a limited number of charg-
ing stations available. In such cases, robots have to coordinate the use of an available charging
station. This is in part because no more robots should arrive at a station for recharging more than
the station can handle. Moreover, some types of missions carried out by multi-robot systems could

be severely affected if several robots decide to opt out of the mission in favor of recharging, e.g.



coverage and patrolling missions. Consequently, the coordination behavior we seek needs to avoid
robots waiting near the charging station and to incentive robots to arrive to an available station at
different times. Therefore to achieve coordination, a robot’s arrival time at a station needs to be
adequately estimated and then manipulated to ensure no other robots have the same arrival time,

thus achieving proper use of available charging resources.

Another issue that is tightly connected to the previous point is the need to understand the limits of
a charging cycle with robots sharing a charging station. In other words, given a maximum arrival
time of a robot to a station, we need to know how many robots can be serviced by this station.
This idea is motivated by the observation that the number of robots that can be serviced by a single
charging station cannot be arbitrary, as it depends on the discharging and charging characteristics
of robots. This knowledge is important for the planning of field deployments and for successfully

sizing the charging requirements of a multi-robot system in a field mission.

Operation in unknown and unstructured environments

Mobile robots often operate in unknown and unstructured environments. In these cases, robots have
to generate maps and use a path planner to navigate the environment and return to their charging
stations. Keeping track of the energy necessary to return to the charging station independently of
the way the path is generated is essential for successful deployment in a mission-agnostic way.
Ensuring ES on a path produced by a general path planner is challenging for a number of reasons.
First, the amount of energy needed to traverse a given path needs to be adequately estimated, and
this estimation is based on the path geometry, and having an accurate representation of power
consumption along the path. Second, the fact that a path planner can change the path it produces
in an abrupt manner at a certain frequency calls for the need to ensure that such path updates do
not violate ES, i.e. the new path does not need more energy to traverse than is available. Third,
the paths produced by path planners are often described in terms of waypoints in the environment,
which may require employing path smoothing techniques to produce smooth paths that are more

convenient to handle.

Translation of simple kinematic models to more realistic ones

Using simple kinematic models to express robot states has been a common practice in robotics,
especially with applications that involve planning for robots. This is due to the fact that such
models are relatively simple to use while being able to capture the essential states that concern a
system designer in applications where planning is involved. However, the manner a robot consumes
energy is often more accurately expressed with more elaborate models. For instance, the energy

consumption of a unicycle-type robot could be more accurately expressed in terms of linear and



angular speeds, while a single integrator model does not have such states readily available. For this
reason, there is a need to account for potential mismatches in energy consumption due to the model

simplification.

1.2 Problem Statement

In this thesis we are concerned with fulfilling energy sufficiency to achieve long term autonomy
of multi-robot systems. Endowing mobile robots, especially multi-robot systems, with such ability
paves the way for more sustainable robot missions in realistic environments. In this thesis we

attempt to tackle the following core challenges:

1. The lack of mission-agnostic, decentralized and flexible energy sufficiency frameworks that
inherently handle coordination constraints among robots to access the available charging
stations, and be adaptable to a wide range of environments;

2. The prevalent method of using single integrator models to describe robot states poses a chal-
lenge with modeling energy consumption with respect to the simplified set of states, which
gives rise to additional challenges to adapt control actions derived using such a simplified

model to actual robot kinematics;

3. Unclear understanding of the relationship between how robots coordinate, their individual

properties, and the number of serviceable robots by a charging station.

4. The lack of simple and intuitive methods for path smoothing that produce parameterized
continuous paths that are arbitrarily close to the piecewise continuous path produced by path

planners.

1.3 Research Objectives

In the light of the previous challenges, and motivated by the positive potential impact long term

autonomy can have socially and economically, the research objectives we adopt in this thesis are:

O1: Ensure ES for multi-robot systems while achieving the following goals:

— Be mission-agnostic: the method we seek should be compatible with any robot mission.

— Handle multi-robot coordination of Charging Station (CS) use in a decentralized man-

ner.

— Provide guarantees on energy sufficiency.



02:

03:

1.4

Mathematically define station capacity and provide the relationship between such capacity

and robots’ properties and mission properties.

Ensure ES in unknown and unstructured environments, in a manner compatible with a wide
range of path planners, while being mission-agnostic and compatible with a wide range of
robot models.

Research Contributions

. FW1: An ES framework based on CBFs that guarantees ES for robots in a multi-robot

system, as well as proper coordination among robots to ensure proper coordinated access
to a shared charging station. Moreover, we formulate station capacity for the framework
and elaborate key relationships with robot and mission properties. This work is described in
detail in Chapter 4 were we develop the base framework with a simplified battery discharge
model, and Chapter 5 where we further develop the framework with a more accurate battery
discharge model, enhanced coordination framework and more developed station capacity

formulations. This work was published as

* H. Fouad and G. Beltrame, “Energy Autonomy for Resource-Constrained Multi Robot
Missions,” 2020 IEEE/RSJ International Conference on Intelligent Robots and Systems
(IROS), Las Vegas, NV, USA, 2020, pp. 7006-7013.

* H. Fouad and G. Beltrame, “Energy Autonomy for Robot Systems With Constrained
Resources,” in IEEE Transactions on Robotics, vol. 38, no. 6, pp. 3675-3693, Dec.
2022.

FW2: An ES framework based on CBFs that guarantees ES for a robot operating in an un-
known environment. This work has three sub contributions: (a) A method that leverages the
ability of an exploration planner to explore and construct maps for unknown environments,
while using CBFs to provide guarantees on ES of a robot over paths produced by the path
planner. (b) A simple and quick method for path smoothing that gives parameterized continu-
ous paths closely tracking the original piecewise continuous paths. (c) A method for adapting
the framework developed for a simple robot described by a single integrator model to a robot
described by a unicycle model. These ideas are presented in more details in Chapter 6, and

this work was published as

* H. Fouad, VS. Varadharajan, and G. Beltrame. “Energy Sufficiency in Unknown En-
vironments via Control Barrier Functions.” Submitted to the International Journal of
Robotics Research, 2023.



1.5 Research Impact

We envision that our proposed methods will have a tangible effect on the field of long term au-
tonomy for multi-robot systems. The continuous operation of robot fleets is a topic of extreme
importance, especially considering the current transition to industry 4.0 and the increased presence
of robots in manufacturing, logistics, health. An example is a permanent drone show, where the
UAVs representing “pixels” in the sky can be constantly replaced, as long as the overall power input
from the available charging stations matches the overall energy used by the UAVs in the air. This
approach can also be applied to fleets of monitoring robots (e.g. checking a perimeter) to extend
the range and duration of operation of the whole system. FW1 provides a solution to this class
of problems, since it provides a method that enables multiple drones to share a charging station
(that could be extended to multiple stations), and it provides sizing tools to properly estimates the
amount of needed charging stations.

On a larger scale, consider that Electric vehicles (EVs) have gained much attention and favour by
many companies, industries and even individuals due to their lower harmful impact on the envi-
ronment. Moreover, this has been bolstered by recent advances in Li-Po batteries, their capacities
and recharging technologies. One example of such a shift in interest is that at the time of writing
this thesis, Amazon was planning to buy 100,000 EVs from Rivian, an EV manufacturer, a deal
estimated to be valued at ten billion dollars. In this context ensuring that such delivery EVs have
proper access to charging facilities when needed is an integral part of the process to ensure the
sustainability of the system. FW2 can be used to add a modular energy sufficiency layer to these
EVs, along with a path planner, to seamlessly help guiding them to recharge when needed. Conse-
quently, FW2 could be useful for the transportation and logistics sector in general, as it is expected

to depend more on EVs as time goes by.

Additionally, the ability of FW2 to enforce energy sufficiency over arbitrary paths is a useful asset
in applications involving exploration like cave or planetary exploration. Also, FW2 can be applica-
ble for humanitarian demining and precision agriculture, where it is often the case that robots need

to move on specific paths through a map in the environment (e.g. irrigation patterns).

During the course of developing the methods in this thesis we took part in the development of the
Cognifly drone, which was used extensively in the experiments of the multi-robot coordination of
charging activities, which is described in more detail in Chapter 5. The Cognifly is currently one of
the popular options for cheap and collision resilient drones, and has been used in several outreach

programs for high school students in Montréal. The Cognifly development is published as



* de Azambuja, Ricardo, et al. "When being soft makes you tough: A collision-resilient quad-
copter inspired by arthropods’ exoskeletons." 2022 International Conference on Robotics and
Automation (ICRA). IEEE, 2022.



CHAPTER 2 LITERATURE REVIEW

In this chapter we provide a literature review of the related body of work pertaining to the main

themes in this thesis. The main topics we cover are:

* A brief discussion about long term autonomy in multi-robot systems: its signification and the

potential impact it can have on society.
* Evolution of energy awareness in multi-robot systems.

¢ Control Barrier Functions (CBFs): which is the main tool we use in our framework to enforce
energy related and coordination constraints. The main ideas we discuss pertaining to CBFs

are

*

Chronological description of the development of several main ideas related to CBFs.
* Discussion of some properties of CBFs.

* Current development regarding using CBFs and different learning techniques.

*

Different applications of CBFs.

2.1 Long term autonomy mobile robot systems

Long Term Autonomy (LTA) is the ability of a robot or multiple robots to operate in their intended
environments for extended periods of time. This can be seen as the natural progression of lab
tested robots that although can do many types of tasks, they do not carry them out persistently for
extended periods of time. Having robots that can consistently do a mission for a long time is a
lucrative idea due to the potential socioeconomic gains they can bring about, specially with recent
advances in sensory and computational abilities of robots that makes them more versatile and well

equipped to take on complex tasks.

Effective long term autonomy would benefit several domains and types of missions that have di-
rect economical benefit as in construction [7, 8] and mining [4, 9], can save human lives as in
humanitarian demining [10, 11, 12] and search and rescue [13, 2], can provide assistance in daily
life tasks like in service robots [14] and tour guide robots [15, 16], or help explore and understand
different environments (potentially for future exploitation) as in cave exploration [17], space ex-

ploration [18, 19, 3] and studying oceans [20]. Therefore the motivation for achieving long-term



autonomy in different types of robot systems is strong owing to the benefits using robots persis-
tently can bring in terms of saving human lives, achieving economic growth, and enhancing the

living conditions of many people.

Several properties, thus, should exist in robots capable of doing long-term deployments. One such
important quality is robustness and adaptability, which implies that a robot should be able to handle
changes in its properties or environment during the course of its operation. Some examples include
robustness in localization in indoor environments [21], outdoor environment [22], and dynamic
environments [23]. Also, various machine learning techniques are employed to enable robots to
learn from their environments, especially in situations where there is limited access to training
data [24]. Moreover, they have to be self-sufficient, meaning that they should be able to seek
the resources they need autonomously mid-mission. In the next section, we discuss one aspect of

self-sufficiency needed for LTA, namely energy sufficiency.

2.2 Energy sufficiency in multi-robot systems

As discussed earlier, one key ingredient for the long-term autonomy of systems of individual or
multiple robots is the ability to maintain enough energy to carry out their mission for extended pe-
riods of time, thus achieving energy sufficiency. Herein, we present a brief account of the historical

development of energy awareness in single and multi-robot systems.

Energy awareness in robots and more generally dynamic systems has been a domain of interest
for researchers for a long time. Early incarnations could be seen in the form of designing "energy
efficient”" systems that consume less energy. The domain of optimal control is full with such ex-
amples, in which a cost function can be designed and minimized such that it minimizes the energy
consumption of the system. One example is the work in [25] in which a cost function is designed
for a robotic manipulator that tends to minimize the execution time and energy expenditure of the

system, and a numerical solution for the resulting two point boundary value problem was presented.

Another example can be found is [26] in which an approximate method was developed to produce
sub-optimal but real time path planning for a manipulator mounted on a free flying space robot, so
as to minimize the energy waste due to viscous friction in motors. In [27] an approximate method
was presented to estimate energy-minimizing paths for a mobile robot on a terrain. The problem
was tackled by converting the continuous space of the terrain into a discrete graph by introducing
discrete nodes on boundary edges of terrain faces(patches of a map) and connecting them with
edges which are weighted appropriately based on energy expended due to friction and gravity

(according to the inclination of velocity vectors at each of these nodes on the original terrain), and



then a discrete optimization problem was formulated to find the discrete path with the least energy

expenditure.

Node scheduling The previous examples more or less fall into the planning phase for a single
robot. When it comes to multi-robot systems, this line of thought of optimally utilizing the available
energy was extended. The field of sensor networks has been one of the initial areas in which such
ideas were implemented. The main idea is having a group of sensors covering a certain region, and
then it becomes a question of activating and deactivating sets of these sensors so as to utilize the
redundancy in sensor coverage to minimize the total energy used by the network. This problem is

known as node scheduling [28].

In [29] the authors tackled the problem of a stochastically placed sensor nodes in a sensor network
with high redundancy in coverage (several parts of the map can be covered by many nodes). Their
approach introduces a centralized algorithm for generating mutually exclusive sets of sensors, such
that each set covers the map sufficiently, then operate each of these sets exclusively for a certain

amount of time before switching to the next, leading to a decrease in energy consumption.

A similar concept was used in [30] in the sense that redundancy in the coverage of the sensors was
used to save energy, but through using a more decentralized approach. The idea is simply to let
each sensor node sleep and then wake up randomly with a certain probability. When a node wakes
up it probes the neighbouring nodes to see if there are other active neighbours in which case it goes

back to sleep, or starts working otherwise.

Another example of decentralized techniques to achieve the same idea was presented in [31], in
which a decentralized algorithm was described for sensor networks with high redundancy. The idea
is to ensure the existence of a minimal number of awake nodes that form a connected backbone that
preserves the capacity of the original network, in the sense that no congestion in messages takes
place at any of the nodes. A decentralized algorithm was proposed for electing these awake robots

according to their connectivity to other nodes and their energy.

A slight variation in the theme of node scheduling is having nodes that can vary the sensing range
as described in [32]. There, the basic idea is that random sets of nodes are selected at each round
to be active, and then these active nodes apply certain rules to adjust their sensing ranges so as to
maintain coverage, and then it was shown that using such rules for picking the sensing range can
lead to an overall reduction in energy consumption compared to the case of using uniform sensing

ranges like in [29].

The idea of using adjustable sensing ranges presented in [32] and the idea of finding set covers
presented in [29] were mixed together in [33] to formulate what is called Adjustable Range-Set

Covers (AR-SC) problem. In this problem it is required to find set covers (subsets of sensors) as
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well as sensor ranges, such that the number of these sensor bundles is maximized, a group of M
targets can be monitored by each of these set covers (sensor bundles) and that each sensor node can

only consume a constrained amount of energy.

An integer programming formulation of this problem was given, as well as a linear programming
approximation of the solution, all suited to centralized implementation. Moreover, they provided a

greedy heuristic that can be done in a decentralized way to find these set covers.

With the development of mobile robots, much attention has shifted towards maximizing the utility
of mobile robot networks for doing various types of missions, especially coverage and surveillance.
For example, in [34] the problem of robot deployment of robots for search and rescue scenarios was
investigated. The goal was to calculate the least number of mobile robots sufficient for dynami-
cally covering a certain area given power constraints on each robot’s energy consumption and time

constraints about the deadline required for finishing the assigned task.

In [34] a policy for picking a fixed speed for each robot that maximizes its traversed distance was
provided. Moreover, a deployment strategy was described that maximizes the covered area and
determines the number of groups of robots and number of robots in each group sufficient to cover

the area of concern.

Another interesting direction when it comes to utilizing multiple mobile robots is the idea of allo-
cating tasks to robots such that robots with higher energy content have higher workload. One of the
pioneering examples for using such approach for covering missions is [35]. In this work, a Lloyed
like algorithm was utilized (robots chasing centroids of a voronoi diagram). The difference is that
the metric used for defining the voronoi tessellations was modified such that it includes the energy
content of each robot, resulting in robots with more energy having bigger tessellations to cover,

leading to energy aware task re-partitioning.

Along similar lines goes the work in [36] where a model for the quality of a coverage sensor was
provided, and then an energy aware waypoint selection method was described. The aim of this
method is to target the portion of the mission when more time is spent in spacial distribution than
in local coverage (when most of the desired area is covered and robots are "fine tuning" to cover
the small missed patches). The waypoint to be selected by each robot should be such that it avoids
previously covered areas, and the proposed approach then puts the majority of this redistribution

load on robots with longest operational life and smallest history of actuation effort.

The same idea was also employed in different applications like energy aware rendezvous [37]. In
this work an optimal control problem was formulated to let a group of robots decide when and
where to meet, according to the initial voltage level of each robot. This rendezvous should be made

in such a way to ensure that the voltage level is always non-negative. For that end, an optimal
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control problem was formulated to calculate the optimal input acceleration profile for the moving
robot that minimizes energy consumption and to derive a relation between voltage level and time
of execution. Another optimization problem was then formulated that minimizes the spatial and
temporal differences between robots, and constrained with the aforementioned relation and solved

in a distributed manner in a very similar way to consensus problems.

Path planning techniques are also used for planning missions for multi-robot systems, but rather
in a centralized manner. Much like the word done in [27], the authors in [38] the authors tackle
the problem of path planning of multiple autonomous underwater vehicles in a general flow field.
The authors provide cost functions for minimum time and energy (based on provided kinematic
and energy models) to go from one point to another, and provide a graph search-based optimal
trajectory planning (similar in the idea to that in [27]) so as to figure out the paths that minimize

energy or time.

Charging stations In the previously presented ideas, the main theme was basically utilizing the
available energy of a multi-robot system through proper planning or repartitioning of tasks. Another
popular technique that has gained more attention recently is the possibility of having charging
stations to actively add energy to the multi robot system. These charging stations can be stationary

or moving.

Stationary charging stations The basic idea is to have a number of charging stations in the area
where the robots execute their mission. Then at some point each robot goes to a charging station
when energy runs critically low. One of the pioneering works in this direction is [39] that discusses
the problem of several robots sharing a number of charging stations. This paper introduces some
inequalities to approximately describe the capacity and the viability of the system (i.e. whether
the number of charging stations is sufficient), as well as a simple algorithm that enables robots to
share recharging resources using simple behaviors as building blocks, like activity, waiting, and

searching.

One of the most important questions related to this direction is: how to determine the appropriate
time to abandon the mission and go to recharge? It could be argued that the simplest solution is to
use a fixed set threshold on energy or battery voltage [40], however, It was shown in [41] that using
an adaptive threshold gives better results. In [42] the authors use an adaptive threshold for voltage
that depends on the current battery state of charge, and then estimate the distance it can travel and
compare it to its current distance from a charging station. Also [43] adopt an adaptive threshold for
battery voltage to prompt returning to recharge, and this threshold is adapted by formulating a risk
factor described by a probability distribution function that indicates the probability of having less
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energy to return to the CS than the currently available energy, and their proposed solution balances
between this risk and the gain the robot would get in terms of mission execution if it continues its

mission.

One problem with the methods mentioned above is the fact that they do not provide hard theoretical
guarantees that a robot will be sufficiently powered at all times. The introduction of Control Barrier
Functions [44, 45, 46, 47], which is a method that mainly concerns providing guarantees on the

safety of system execution, provided a solution for the lack of guarantees in [41, 43].

For example, in [44] and [47] a control barrier function was provided for energy persistence of a
group of robots, each having a charging station. This proposed barrier function provides guarantees
on having the voltage of each robot above a certain threshold. This barrier function is mixed with
a nominal controller that does a coverage mission through quadratic programming, to result in a
minimally invasive execution, meaning that the final control action will be the nominal as long as
the states of the system are far away from the boundary of the safe set (i.e. as long as the energy is

not near from the minimum allowable value).

The CBF approach is advantageous in the sense that it provides an answer to the question of re-
quired threshold to abandon the mission in favour of a recharge. Moreover, it is a flexible and
versatile tool that can be used to "mix" different constraints to get more realistic behaviour from
the system as in [46]. In this paper the authors propose an approach to compose CBFs by mixing
smaller CBFs that server as building blocks.These behaviours include energy persistence, connec-

tivity, collision avoidance and others.

The CBF approach was also employed in [45] to achieve energy persistence for a group of robots
doing a coverage mission, with the difference that the recharging process doesn’t happen in a
specific charging station, but rather at certain parts of the map to be covered, similar to recharging

by solar power, with having some areas with more sun light that others.

Although CBF methods provide guarantees on energy sufficiency, the works discussed so far do
not handle situations in which multiple robots share a charging station, which could be a common
scenario in many multi-robot missions. One solution was introduced in [48] where the authors
provide a framework that enables robots in a multi-robot system, carrying out a frontier exploration
mission, to choose a charging station among a set of available stations, and for the robots assigned
to a certain station to coordinate so that they use the CS in a mutually exclusive manner. The authors
adopted a market-based approach in which each robot places bids for using the CS depending on

its available energy, distance from CS and distance from its nearest frontier.

A different approach was adopted in [49] where a group of robots carries out rendezvous on a

regular basis so they can plan, and coordinate the use of a charging station. The problem was
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formulated as an instance of a workforce scheduling problem which is NP, and aims to minimize
the deprecation in mission quality due to robots needing to rendezvous, while at the same time
properly using the available charging station. An evolution algorithm heuristic solution was then
adopted, so that robots can all solve the problem in real time, broadcast their results, agree of plan

and redo rendezvous later.

Another approach to tackle a similar problem was presented in [50] using game theory. This paper
tackled the problem of having a number of charging stations and robots that have to share these
stations. The problem is modelled as a special case of job-shop scheduling problem [51], with the
assumption that all recharging processes take the same time. The authors propose a formulation
of the resource allocation problem as a non-cooperative game, and propose an algorithm for calcu-
lating the unique pure strategy Nash Equilibrium point for this game (given that each robot knows

positions of other robots), leading to a unique allocation of the charging stations.

From the previous methods discussed thus far [43, 48, 52], we can notice that they all do not
provide hard theoretical guarantees on system performance regarding ES and they are often time
very invasive in the sense that they are ES methods that are designed for a specific type of mission,
making it less flexible and usable for other missions [48]. Moreover, some of these methods could

be computationally demanding as in [49].

One interesting question that is also related to static charging stations is: how to place these charg-
ing stations to make sure that the robots will have access to them when needed? Authors in [53]
tried to provide an answer to this question. Two problems were formulated: the first concerns
finding the minimum sufficient number of charging stations given the number of robots and the
minimum voltage threshold. The second is the inverse problem: given the locations of the charging
stations, what is the minimum allowable voltage threshold. These minimization problems were

solved with algorithms using satisfiable modulo theory.

The question of locating charging stations was also treated in [54] in the context of warehouse
robots. The idea of this paper is to model the warehouse as network of nodes representing candidate
locations for charging stations, with the links being the cost of travelling between these locations.
The demand of recharge at each of these nodes varies with the operating conditions, and the goal
is to determine a set of nodes (of the original set of nodes describing the warehouse) that creates
a connected subgraph embedded in the subset of nodes with highest demands (solving an online
online connected dominating set problem) to make sure there is a charging station with reach for

all robots when needed.

Moving charging stations Another recharging modality that can be traced in the literature as

well is using moving charging stations that can move to deliver a recharging service when needed.
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Applications for such an approach vary widely from patrolling and surveillance [52, 55], area cover-
age [56], vehicle routing problems [57], transportation [58] and many others. The main motivation
behind this direction is the possibility of reducing the detour the robots have to do to recharge

compared to the case of static charging stations.

In [52] the problem of persistent robots doing surveillance mission was covered. Each robot goes
in a predefined route and the main requirement is that these robots are able to replenish their energy
without detouring from their specified routes. For that end, a group of recharging depots carrying
batteries are tasked with dropping batteries at some locations along each route of each robot so
that robots can collect them with no detour. The problem is then formulated as a generalized
multiple depot travelling salesman problem in which a complete graph containing the robots and
their potential replenishment points is defined, and then the main goal is to design cyclic routes for
a number of these depots along this graph (the start node is the end node) such that the total distance
covered by each depot is minimized, while assuring that at least one point of each robot’s route is
visited and all routes for all robots are visited. A heuristic algorithm called multiple depot random

select was introduced to solve the problem, with both centralized and decentralized solutions.

A slightly different approach was adopted in [56]. The main goal was to do an energy persistent
coverage mission by a group of robots in a GPS-deprived environment. The idea was to deploy
the robots with some potential-based control law using only local interactions, and then from the
resulting formations groups of virtual trees are formed for subgroups of the robots with charger
robots deployed to each of these trees. Predecessor-successor relations are then established between
robots, and these relations are used so that robots can exchange their positions to create an energy
gradient towards the charging station (i.e. robots with lower energy nearer to station) without

compromising the coverage.

Interestingly, the work in [55] can be seen as a prequel for the work in[52], as the same problem
was tackled of having a group of robots doing surveillance tasks along predefined routes. However
instead of having charging depots, there are charging robots that rendezvous with the robots at
certain points along each robot’s path, and it is required to design the path of the charging robots
to meet with mission robots once to recharge them without detouring, while minimizing a certain
cost function. A graph based representation for the problem including charging robots as well as
potential charging locations as vertices was introduced and a mixed integer linear program was

introduced and solved for small example case.

The work in [58] touches upon a very interesting point that can be seen as lying between the realms
of static and dynamic charging station, which is: what is the effect of placing charging stations
in specific locations in the field along the robot paths? what is the effect of the potential spacial

interference on the performance of the mission? These question are interesting in the sense that
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it can shed some light on the relation between charging station locations and mission execution
quality. The authors argue that placing the charging stations along the robot paths (for a simple
transportation mission at least) deteriorates the performance and the best way is to put it nearby.
The authors then propose an algorithm, assuming that these charging stations are mobile, so that

they adjust their locations and reduce the effect of spacial interference.

2.3 Control Barrier Functions

After giving quick glimpses of evolution and advancement in energy aware and energy persistent
multi robot systems, we give in this section a brief account for the evolution of the idea of control

barrier functions, which constitutes the workhorse for our energy persistence algorithms.

The presentation in this section will be divided into three main parts: (i) Discussion of the basics
of control barrier functions and their evolution (ii) Examples of using control barrier functions in

different applications (iii) Some of the relevant theoretical development.

2.3.1 Basics of control barrier functions

Control barrier functions (CBFs) have recently gained popularity as tools for ensuring system safety
in safety critical systems [47]. What we mean by ensuring safety is providing guarantees that a sys-
tem evolves in such a way that its states (or a subset of its states) stay in a safe set. Other tools have
existed in the literature to verify safety for safety critical systems, and these methods mostly depend
on estimating reachable sets of system states to verify that such sets don’t intersect with unsafe sets.
For example [59, 60] provide tools for estimating the reachable sets of linear hybrid systems for
safety verification, [61] provides methods for checking the stability of piecewise affine systems by
casting them as verification problems and [62] that introduces a Hamilton-Jaccobi formulation of
reachable sets, provide algorithms to estimate them and use this knowledge to formulate a differ-

ential game for collision avoidance of two airplanes.

The main drawback of such methods is the need to explicitly know how system trajectories evolve,
either approximately or numerically, which is not generally an easy task. Motivated by this, the
notion of barrier certificates was introduced in [63] which defines Lyapunov-like functions, called
barrier certificates, the existence of which guarantees the safety of the system. These functions are
defined as [63]

B(z) >0 Vze kX, (2.1a)
B(z) <0 Vze X, (2.1b)
0B
%f(:):,d) <0 VY(xr,d)eX xD (2.1c)
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where X, is the set of unsafe states, A&j is the set of initial conditions, d is the system input and D
is the space of all input values. The idea is simply to say if for a specific system we can provide
a function B that is positive in the unsafe region, and ensure that B is always decreasing, then the

system states never go to the unsafe set.

This work has been extended in [64] to stochastic systems, and much like converse Lyapunov
theorems a converse theorem for the barrier certificates was introduced in [65]. The main advantage
of such approach is that it provides guarantees on the safety of the system without the need of

estimating its reachable sets [63].

A slight modification for the aforementioned barrier certificates (2.1) is to take its complement
B(z) = —h(x) [47], in which case the safe set would be defined for h(z) > 0 and the problem
would be to ensure that this safe set is forward invariant. The author in [66] provide a review
on the methods and applications of positive invariance of sets in control engineering, especially
theorem 3.1 (Nagumo 1942) which was a first attempt to drive sufficient and necessary conditions
on positive invariance of sets, and is essentially a similar result for what was introduced in [63] but

using the complement of the barrier certificate.

Barrier certificates, much like Lyapunov functions, provide guarantees, but don’t answer the ques-
tion of how to choose the input in such a way that attains these guarantees. For that, the notion of
control barrier functions was introduced in [67], which draws inspiration from control Lyapunov
functions (CLFs) [68] and [69]. In [67] control affine systems were treated and an explicit formula

of a control law was given that guarantees the safety of the system.

The next step to the work in [67] is to think about a way to mix the safety requirement (which
has a control action respecting it) with another control action that satisfies a certain requirement.
For that end several methods can be found in the literature to mix system requirements with safety

guarantees.

For instance, in [70] this was done by introducing the control Lyapunov barrier function (CLBF) to
study the stabilization of a control affine system with safety guarantees. The main idea behind this
approach is to find a bounded continuous function I that 1. has a negative time derivative with
respect to unforced system field outside the unsafe region 2. be positive in the unsafe set and then
it can be proved that the system will be stabilized, without having the trajectories passing through
the unsafe region. The authors also proposed a way for constructing such CLBF given that there is
a CLF and a CBF available.

Another approach that has gained even more traction, and was almost developed around the same

time, is the use of quadratic programming to mix control Lyapunov and control barrier functions
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[71]. In this work, the focus was on control affine system defined as

% = f(x) + g(x)u (2.2)

where x € R" are system states (for 7 states), and u are system inputs (for m inputs). The proposed
approach in [71] was that if there is a CLF for the system that stabilizes it in some sense (as defined
in [69]) and a CBF that guarantees safety in some sense (as defined in [67]), then both can be mixed

with a quadratic program that takes the following form

1
u* = argmin §ﬁTHﬁ + Fu

-
0 2.3)

subject to LyV+LVTu+eV <6
LB+ LB < L

where V' and B are CLF and CBF of the system respectively, L;V = %—‘;T fand L,V = %Tg are
the Lie derivatives of the function V' in direction of f and g , ¢c3 > 0 and v > 0 are constants and
0 is a relaxation parameter that will sacrifice the priority of system stabilization if it will cause the

system states to go to the unsafe set.

According to [72], such approach has an advantage over the technique proposed in [70] in that it
mediates between executing the mission (following the CLF) and ensuring safety (following the
CBF), putting more emphasis on safety (through the relaxation of CLF condition when needed),
while in [70] it would be difficult to construct CLBF if the mission and safety requirements are
contradictory. Moreover, the technique in [71] is easier to construct, and algorithms for solving

quadratic programs are quick and numerically efficient and suitable for online implementation.

Thus far, the control barrier functions defined were basically to ensure system safety, or in other
words, to make sure that the system will not go to an unsafe region. Another way to look at the
same problem is to ensure system safety by formulating the problem as a set invariance, in the sense
that we need to ensure a system will stay in a defined safe set, rather than ensuring that it will not

wander away to an unsafe set.

The authors in [73] tackled this point through defining the reciprocal barrier functions (RBFs) and
the zeroing barrier functions (ZBFs). Both definitions were based on defining the safe set C as

C={xeR":h(x)>0} (2.4a)

OC ={z €R": h(zx) =0} (2.4b)
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Int(C) = {z € R" : h(z) > 0} (2.4¢)

where h is a continuously differentiable function. The main goal is to keep the interior of this safe
set forward invariant (i.e. if the system starts safe, it stays safe for all times in the future). A ZBF
is defined as being this previously mentioned £ if there is an extended class K function «, and a
superset D of the safe set C (C C D) such that

Lih(x) > —a(h(x)) (2.5)

where L¢h(x) is the lie derivative of h in the direction f (for a control affine system). It could
be shown [73] that the presence of a ZBF for a system implies the forward invariance of C. The
RBF is similar in essence to the control barrier functions defined in [67], and its main purpose is to
steer the system away from unsafe sets. However, in [73] it was defined such that it depends on A.
More rigorously, a continuously differentiable function B is RBF if there exist class K functions
ai(h(z)), as(h(x)), as(h(zx)) such that for all z € [(C)

1 1

@) =P )

LyB(x) < as(h(z)) (2.6b)

(2.6a)

These barrier functions so far don’t depend on inputs, and they act as certificates in the sense that
their existence guarantees the safety of the system. In [73] the definition of the control versions
of the RBF and ZBF were given. Thus, a continuously differentiable function h is called zeroing
control barrier function (ZCBF) if for some set D such that C C D, there exists an extended class

K function « such that

sup[L;h(z) + Lyh(x)u + a(h(z))] > 0,V € D (2.7)
uelU
and it was shown that having a ZCBF for the system implies that the safe set C is forward invariant.
Likewise, for a continuously differentiable function B is called a RCBF if there exist class K
functions a4 (h(x)), as(h(x)), az(h(z)) such that for all x € Int(C)

o R (2.82)

inf [L;B(z) + LyB(x)u — as(h(z))] <0 (2.8b)

uelU
and as mentioned earlier these control barrier functions can be a part of a QP problem that mediated

between following a mission and ensuring safety as in equation (2.3).
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2.3.2 Theoretical aspects

In this section, we present some of the relevant theoretical extensions and modifications to the basic

idea, along with some applications for which these modifications are relevant.

Robustness of CBFs

In [72] the authors tackled the problem of establishing the robustness properties of zeroing barrier
functions to bounded uncertainties to the system model. This was done by applying somewhat
similar idea to [74](chapter 8) about the stability of periodic orbits. So the main theme for showing
robustness is by first showing the asymptotic stability of the safe set C defined in (2.4), then based
on this result it was shown that there is a neighbourhood around the safe set, in which the safe set
is still asymptotically stable for the perturbed system. Moreover, it was shown that solving the QP

problem for similar to (2.3) and takes the form

1
u* = argmin iuTHu + Fu
u

subjectto  L;V + LV' + ¢V <6 (2.9)
Lih+ Lshu+ a(h) >0

for a zeroing control barrier function with relative degree one (L,h # 0) results in having an
optimal solution u* which is locally lipcshitz continuous (which ensures the existence of unique

solution for the system given this input).

It is also worth mentioning that the QP in equation (2.9) is well suited in cases where the access for
a CLF V that fulfills the desired mission is available. A formulation similar to the QP in (2.9) is by
solving the following constrained least squares (CLS) problem [44]

* . 1 2
u* = argmin  —||u — W]
u 2 (2.10)

subject to Lih+ Lyhu + o(h) > 0

where ||.|| is the Euclidean norm, and u,,,,, is the nominal control action that the robot executes
related to its mission. It is to be noted that the QP in this case acts as an arbitrator, in the sense that
it tries to adhere to the mission as much as possible, unless this leads to getting out from the safe

set, in which case the mission is abandoned and the safety control action is adopted.
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High relative degree control barrier functions

One of the problems that may take place while trying to find the "safe" control action that satisfies
(2.7) is to have a ZCBF with a higher relative degree than one, meaning that LgLff1 =0,LyL} #0
(where p is the relative degree of the system), which means in other words that the control barrier
function has to be differentiated p times till the control action u shows up. This is problematic
because simply the term L A in (2.7) will be equal to zero and the QP problem can’t be solved this

way.

Several solutions were proposed in the literature to deal with this problem [75, 76, 77]. In [75] re-
ciprocal control barrier functions were used, and a safe set was defined to ensure proper gait motion
for a bipedal robot. A backstepping approach was adopted to define a new RCBF that contains the
sought control action, then it was shown that if this new control barrier function satisfies a condition
similar to (2.8a), it can be guaranteed that the set C (safe set) will be forward invariant (i.e. safety

will be guaranteed).

In [76] the problem was treated in a slightly different manner, although having a similar back-
stepping flavour. The authors in this work tackle the problem of using quadratic programmes to
mix between control lyapunov functions and control barrier functions, but they use input output
feedback linearization to render a nonlinear system to a linear one, which makes finding a CLF a
straight forward task for the linearized system. Moreover, the notion of virtual input output lin-
earization was introduced and utilized with the CBF, motivated by the fact that the original input
has already been used to input output linearize the original system dynamics. As a consequence, the
high relative degree CBF was transformed into a linear controllable canonical form system whose

output is the original CBF.

Based on this linearized representation of the higher relative degree CBF, a linear controller can
be designed to ensure that the dynamics of the stability of the resulting transformed system for the
CBE. Such type of CBF for which a linear combination of its derivatives serve as the stabilizing

(third) term in (2.8a) was called an exponential control barrier function in [76].

A similar, yet more general approach was adopted in [77] with the difference that a zeroing control
barrier function was used. The main idea was to do a similar input output linearization step for
the system with the barrier function being as a pseudo output, but functions «; were added at
each differentiation along the way. After that a group of sets C; were defined for each of these
differentiations , and the main idea is to pick each of these «; functions to ensure forward invariance
of each of these sets C;. A special case would be taking these «; functions as linear functions to give
the same result in [76]. This sort of barrier function with generic «; functions in their definitions
was called the higher order control barrier function (HOCBF) in [77].
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Feasibility of Quadratic Programs for CBFs

One of the central issues that come up while dealing with CBFs is the feasibility of the quadratic
program. Feasibility issues while dealing with CBFs could be caused by conflict between con-
straints and/or conflicts between the constraints and control limits, leading to no solution satisfying

all constraints simultaneously.

To solve the issue of contradicting constraints, the authors in [78] proposed a technique for mixing
barrier functions through multiplication and addition, giving a similar effect of union and intersect
operators (OR and AND operators) for barrier functions. The main advantage of such technique is
its mathematical simplicity, but the fact that it isn’t easily translatable to zeroing barrier functions
[79] (as it depends on the definition of barrier functions in [67]) which makes it lose many of the
robustness properties in [73]. The authors in [46] proposed an idea to compose such compound
barrier functions using min and max operators to give the same effect of AND and OR operators
proposed in [78]. The main goal in [46] is to propose a constraint based approach for robots to
survive for long periods of time, drawing inspiration from animals that act within certain constraints
for their survival, changing the priorities of each of these constraints depending on the surrounding

conditions.

The main challenge in the idea proposed in [46] is dealing with the non-smoothness of the min
and max operators. The authors in [79] tackled this issue by introducing the non-smooth barrier
functions (NBFs) that depend on their definitions on tools from non-smooth analysis defined in
[80]. Moreover, sufficient conditions for the validity of the barrier function were given and the

proposed tools were used to introduce the min/max composition of barrier functions.

This work has been extended in [81] for non-smooth control barrier functions (NCBF) for control
affine systems with possibly discontinuous inputs. For this, the conditions necessary for having a
control barrier function were modified by generalizing the notion of inner product and defining it for
the generalized derivative of the discontinuous barrier function. Based on these results, the boolean
non-smooth control barrier functions (BNCBF) were defined as results of boolean operations on
such NCBFs. The gradient conditions necessary for ensuring forward invariance were modified for
QP application, and an example application of leader follower navigation with collision avoidance

and connectivity maintenance was provided.

Another direction to study the issue of QP feasibility is through studying the properties of the
constraints of the QP and how they may impede each other. One example is in [82] that studies
conditions for existence of control actions satisfying multiple inequalities simultaneously, and these
conditions express the need of having two CBF constraints to be pointing in the same direction (i.e.

Lgyh;(z) for i = 1,2 having the same sign), and if not then further conditions should be satisfied to
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ensure that the two CBF constraints have an intersection (i.e. control action u that satisfies both). A
similar idea was presented in [83], in which CBFs with constraints "pointing" in the same direction
were called non-interfering. Moreover, they offer conditions for which solutions exist in case of
having non-interfering constraints, and in case of interfering constraints they provide an algorithm
that restrains system states from evolving in the direction of state space regions where violations of

non interference could take place (through introducing more constraints).

Studying QP stability is also concerned with studying the effects of input boundaries on perfor-
mance. One popular way to deal with this issue is through using penalty functions and relaxation
functions [84]. In this work the authors presented Parameter Adaptive CBF (PACBF) and Relax-
ation Adaptive CBF (RACBF). In PACBF a set of penalty functions are defined as a part of the for-
mulation of the higher order CBF (multiplied by the equivalent of the a(.) in (2.10)), and auxiliary
dynamics were defined for these functions and the CBF constraints are applied for the augmented
system consisting of the original system plus the auxiliary dynamics, which provides an ability for
the system to adapt with control action bounds. In RACBF a similar set of parameters, albeit less in
number, are defined with auxiliary dynamics and augmented system, but the formulation is done in
such a way they act like relaxation parameters rather than penalty parameters multiplied by the a(.)
function in (2.10). A similar extension to this theme is presented in [85] through using Auxiliary
Variable CBF with the aim of reducing the number of parameters that need to be tuned in PACBF
and RACBF. In this method similar variables to penalty functions were used in the definition of the
HOCBEF, albeit with a different structure than PACBF, with auxiliary dynamics defined for these
variables and constraints were constructed to the full augmented system.

Dealing with uncertainties

One main issue with our dicussion of CBFs so far is the fact that they need an accurate model of
the system to validate the guarantees given by these CBFs. However, in reality it is often the case
that system models are not accurate: system parameteres may not be correct, besides the fact that
unmodelled dynamics may exist. Some of the most popular methods that emerged recently to deal
with this issue use tools from robust control [86, 87, 88, 89, 90], adaptive control [91, 92, 93, 94],
and machine learning. In this section we focus on robust and adaptive methods, and in the next

section we give more details on learning methods.

The main idea behind robust CBF methods is to add an extra margin of conserativeness to the CBF
constraint, through adding an extra uncertainty related term, in a manner that compensates for un-
certainty in dynamics. For example in [88] a method was introduced to deal with uncertainties in
state estimation through using an upper bound for state disturbance as the extra term in the CBF

constraint and showing that enforcing such constraint on the state estimate will lead to forward
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invariance of the safe set for the actual states. In [90] an extension to Hamilton Jaccobi reacha-
bility method was introduced through using CBFs as to reduce the conservativeness of original HJ
methods. In this work the sense of robustness is essentially manifested in the formulation through
minimizing the effect of disturbances in a CBF formulation, while using the CBF as a value func-
tion for the HJ optimization problem. One added advantage of this method is that it retrieves the

biggest possible safe set in the state space, but it suffers from the curse of dimensionality.

Other works deal with robustness from the perspective of the effect of input dynamics. One such
example is in [87] which deals with the problem of system input being affected by uncertain ele-
ments so that the actual control input affecting the system has uncertainty. The way the authors in
[87] deal with this issue is through creating a modified set of dynamics a modified input (affected
by uncertainty) and through upper bounding the effect of this uncertainty they could add an extra
uncertainty related term to the QP constraint which adds enough conservativness to account for in-
put uncertainty. The authors in [86] tackled a similar issue for input input uncertainty to model the
effect of unmodelled dynamics and lags of actuators. The concept of solution is similar in essence
to [87], but they use integral quadratic constraints (IQC) to formulate the uncertainty term in the
CBF constraint. The authors consider that the actual system input has a component that passes by
a filter ' which has LTI dynamics. The IQC signifies roughly the difference in energy between
the actual uncertain input that goes to the system and the expected filter F' output. We note that
in both [87, 86] the constraints of the quadratic program become quadratic instead of linear due
to direct dependence of these constraints on the magnitude of the input values, which makes the

solution of the optimization a bit more computationally expensive.

Another philosophy of dealing with uncertainty in systems is through adding some extra parameters
to the system equation and adapting these parameters using system output, which gives rise to
adaptive CBFs. One early example in this regard is [91] which uses a system model where there is
a set of unknown parameters that are being adapted using an adaptation law in a manner similar to
adaptive control Lyapunov functions (ACLF) [95]. The adaptation law is made such that the values
of the parameters follow the gradient of a CBF to make it increase to ensure forward invariance of
the safe set. A central issue with this work is the fact it was incapable of approaching the boundary
of a safe set, making it very restrictive. This work has been enhanced and extended to the case
of hybrid systems in [93] and in this work an attempt was made to reduce the conservativeness
of the method in [91] by introducing a hybrid adaptation law with a hysteresis-like mechanism.
Adaptive CBFs for fully actuated and under actuated nonlinear systems were discussed in [92]. In
this work the control action for the system was considered a summation of two control actions, one
that follows and CBF-CLF QP problem similar to (2.9) using a set of estimated states, and another
control action that counts for uncertainty and tries to reduce the estimation error between true states

and estimated ones.
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Although robust and adaptive methods do a good job handling system uncertainty, some works
tend to mix both and adopt a philosophy of starting with some form of a conservative system rep-
resentation through high degree uncertainty, then adapting the system using system output data to
reduce this uncertainty with time, which leads to more robust and easier formulations than adaptive
techniques. One example is [96] that provided a solution to the issue of excess conservativeness
of [91] by adopting a robust CBF formulation akin to [88, 89], by introducing an additional term
to the CBF constraint formulation with parameters signifying uncertainty level, then adapting the
system by using set membership identification technique (SMID) on system output data to find val-
ues of these parameters that reduce overall system uncertainty and enlarge the safe set. A similar
essense could be found in [89] where the uncertainty was modeled in terms of a set of unknown
parameters (in a manner similar to adaptive methods like in [91]) and then a minimization problem
for the uncertainty gradient was used as the extra term in the CBF constraint, and a duality principle
was used to modify the problem to a set of regular linear constraints that a QP can handle while
accounting for uncertainty effects at the same time. A similar SMID approach to [96] was adopted

to reduce the uncertainty through parameter adaptation.

CBFs and learning techniques

Over the past 3-5 years we can notice a noticeable growth in the literature with respect to works
incorporating CBFs with learning techniques and vise versa. This merging serves many purposes
like dealing with system uncertainty [97, 98, 99, 100], finding policies for non-control affine sys-
tems [101], provide safety guarantees to RL policies [102, 103], tune CBF parameters for better
performance [104] and construction of CBFs from data [105, 106, 107] among many others. In this
section we give a brief account for some of these applications.

One of the main issues of CBFs is the fact that it may be challenging to formulate, depending on
the application, and arbitrary construction of such functions may lead to confining the system in
a smaller safe set than the true one. Therefore construction of CBFs from data is a central theme
when it comes to applications of machine learning in CBF. One example is [106] in which a method
was presented to construct CBFs from expert demonstrations. The authors defined a subset of the
state space where the validity of CBF is guaranteed and provided a set of conditions to form a
loss function that ensures some desired continuity properties for the CBF and its derivatives. The
CBF is obtained by parameterizing the CBF and minimizing the loss function wrt these parameters.
In [107] the authors use Support Vector Machine (SVM) to construct a CBF from sensor data for
navigation application. The idea of the method is to collect a dataset of points that are labelled as
safe or unsafe, train a SVM classifier that gives posterior probability a data point is safe or not,

and this probability could be converted to a CBF that is utilized in a QP to filter system’s control
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actions. The method presented in [105] also tackles a navigation task in a cluttered environment, but
the CBF is expressed as a linear function with learnable parameters and they adopt an incremental

learning technique to adjust these parameters.

A closely related work to construction of CBFs is the construction of barrier certificates, which can
prove useful for non-control affine nonlinear systems [101]. In this work the authors aim to generate
control actions driving a non-control affine nonlinear system to a target goal set without passing
through unsafe sets. They use neural networks to represent a barrier function and a Lyapunov-like
function, and provide a loss function that satisfies certain desired qualities for these two functions
(positive definiteness and proper signs of derivatives). The network is trained and the policy is

obtained by minimizing this loss function.

Another important application for using learning techniques is mitigating the effects of system
uncertainty. One popular way to model uncertainty in nonlinear systems is by using Gaussian Pro-
cesses (GP) [98, 103]. In [98] the authors use a GP to model nonlinear system uncertainty and the
main idea is to start with a conservative estimate of disturbance with a small safe set, then expand
this safe set as more data is collected. The CBF was parameterized and a maximization problem for
the safe set was formulated, and a QP was adopted with the updated CBF constraints to maintain
safety. Adaptive sampling was adopted to reduce numerical complexity, where the new sampled
points are more dense around regions of state space that are more uncertain. Similarly in [103]
disturbance was modelled as a GP, but the goal was to train a Reinforcement Learning (RL) policy
with the CBF-QP framework incorporated in the training phase. This was done by introducing a
differentiable optimization framework that can encorporate the QP as Karush—Kuhn—Tucker (KKT)

conditions (linear conditions) to be part of the reward in the learning.

The use of CBFs in RL is one of the currently active areas of research that attracts a lot attention.
The motivation behind this is the fact that RL does not have explicit guarantees on safety. One
example of tackling this problem is [102] that aims to produce RL policies that are inherently safe
using CBFs. The authors use GP to model disturbance, similar to [98, 103] and they formulate
CBF constraints that provide stochastic safety guarantees. In order to guide the policy in safe
direction, they modified the CBF constraint to include the history of safe control actions from

previous episodes and they show that safety is still guaranteed.

We can find in the literature another body of work concerning using RL methods to enhance CBF
performance and deal with system uncertainty. For example, [99] mitigates the effect of system
uncertainty while providing safety and tracking guarantees. The main idea is to formulate CBF-
CLF constraints while injecting an input dependant on a nominal (inaccurate) model which results
in having extra error terms due to the model mismatch. Some more tunable parameters were added

to the constraints and a RL agent was trained to drive these error terms to zero, thus negating
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the effect of model mismatch. In [104] the authors formulate a regular CBF constraint with a set
of tunable parameters (akin to the «(.) function in (2.9)). Parameters are intended to be tuned
to reduce CBF constraint excess conservativeness, prevent the system from getting stuck under
CBF and enhancing quality of trajectories. The authors provided two methods for CBF parameter
tuning. The first is a brute force method in which trajectories are explored in state space to populate
a dataset that is used later to train a neural network, and the second is to use RL to explore these
parameter values. This could be argued to be similar in essence to other applications where RL is

used for parameter tuning, e.g. [108].

2.3.3 Applications of CBFs

There is a great body of work in the literature related to the applications of control barrier functions.
Many of these applications have to do with safety critical systems [71, 109, 110, 111, 112], as well

as other applications like energy persistification [44, 45] and designing robot behaviours [113].

In [109] the problem of collision avoidance between two airplanes was tackled. The main property
of such problem is the existence of actuator saturation. The main challenge was the fact that
the combination of nonlinear dynamics and actuator saturation makes simple CBFs comprised of
functions as distances between two aircrafts are not enough. For that a specific barrier function
for this application that guarantees safety in a certain time horizon was introduced, and the control

action can be calculated numerically.

In [110] a very interesting review of set invariance methods was given including tools from viability
theory and Lyapunov stability theorem with the aim of designing control laws to keep the system in
a safe set. The main goal of the paper is to introduce a robust QP formulation for a CBF problem,
in which the system parameters are uncertain, and this concept was implemented to ensure safety

of a segway robot, in the sense that it has to stand vertical, even if it takes a disturbance input.

One of the pioneering examples of using CBFs in real applications was [71], in which a modified
version of the control barrier function defined in [67] was introduced, where a direct connection
between the barrier function and set invariance was established. A CBF formulation was introduced
for collision avoidance between two double integrator point masses representing two cars, and a
QP was defined to alter the original behaviour of one of the cars in a minimally invasive manner to

ensure it won’t collide with another car if it moves with its original velocity.

Another popular application for using CBFs is collision avoidance in multi-robot systems [111]. In
this paper a similar formulation for collision avoidance to what was in [71] was used. A centralized
version of the problem was constructed, in which a central agent solves the QP problem related

to the collision avoidance CBF, knowing all the positions of all robots. Moreover, a decentralized
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version of the same problem was introduced, in which each agent solves the QP problem for its

immediate neighbours without the need to know the locations of every other agent.

One of the interesting applications using CBFs is bipedal robot motion [114]. In this paper a CLF-
CBF QP formulation (similar to what has been adopted in [71]) was used for controlling the gait
motion of a bipedal robot, while enforcing some safety constraints as avoiding overhead obstacles
and landing on precise footholds. Also in [75] a similar problem was tackled but the problem was
formulated in such a way that the relative degrees of the barrier functions were higher than one,
and thus a backstepping approach was proposed for deriving the control action for achieving set

forward invariance (and thus safety) using the same QP formulation in [71].

Another interesting idea was addressed in [115] in which a generalized framework was presented
for solving gradient descent problems using a control barrier function formulation. The main idea
is to consider the negative of the potential function as being a zeroing barrier function and use
the same QP formulation to minimize the potential function, but here while using the CBF for-
mulation as being a constraint on the minimization in a decentralized manner. This idea has been

implemented to achieve a formation task and a coverage task for a multi robot system.

Another interesting application of CBFs is the work in [113], which presents an idea for guarantee-
ing the fulfillment of the correct graph structure required for a multi-robot system to do a certain
behavior or segment of a mission when the robots switch from one behavior to another, utilizing
tools from CBFs. For that end, a finite-time control barrier function (FCBF) was defined that guar-
antees the convergence of the system states to a certain desired safe set in a finite time, drawing
inspiration for that from [116]. The rest of the idea is to define the different safe sets corresponding
to each desired graph structure and use a CBF based framework to make the robots converge to
such desired graph structures in a minimally invasive manner, without the need to do an explicit
rendezvous and picking the right graph from the resulting complete graph, which interferes with

the mission execution.
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CHAPTER 3 RESEARCH APPROACH AND THESIS ORGANIZATION

In this chapter, we give a brief description of the deliverables of the thesis, as well as a concise de-
scription of the main ideas in the thesis. and we link different deliverables to the research objectives

defined in the Chapter 1. We conclude this chapter by giving a description of the thesis layout.

In this thesis, we develop two frameworks for ES:

(FW1) Energy sufficiency for multi-robot systems sharing a charging station.

(FW2) Energy sufficiency for robots in unknown environments.

FW1: Energy sufficiency for multi-robot systems sharing a charging station (O1 and 02)

In the development of this framework, we are interested in scenarios in which robots of a multi-
robot system are carrying out a mission, with one shared charging station that they need to share

for recharging. The purpose of this framework is twofold:

* Provide guarantees on the energy sufficiency of the robots in the system, meaning that no

robot will have its energy running below a certain threshold.

* Provide guarantees on coordination of the charging station usage to ensure mutually exclusive

use of the charging station.

The development of FW1 should ensure that the robots are able to maintain the required energy
levels irrespective of their missions (energy agnostic), and to achieve as little interference to the
original mission being carried out by the robots as possible (minimally invasive), and to be easily
applicable to any type of control action (flexible and modular). The use of CBFs aids with achieving

these goals as we demonstrate in Chapters 4 and 5.

Another key idea that we explore during the development of FW1 is the idea of charging station
capacity, and by this we mean the number of robots serviceable by one charging station given their
discharge properties, as well as the desired separation in robots’ arrival times to the station. We

also highlight the relation between this capacity and the coordination framework in FW1.

In our development of FW1 we start by developing a basic version of the framework in Chapter 4,
where we use a simple formulation in which the robot dynamics are modeled as a single integrator,
and a linear battery voltage discharge model. We define the ES and coordination frameworks within

FW1 by introducing CBF constraints for the robot’s position w.r.t. CS in relation to its battery
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voltage (similar to [44]), and other CBF constraints for pairwise difference in robots’ arrival times
to the CS to achieve desired coordination. We also derive expressions for CS capacity based on the
ES and coordination frameworks developed in Chapter 4. In Chapter 5 we develop the treatment
presented in Chapter 4 by adopting a more accurate battery discharge model, modifying the ES and
coordination CBF constraints, and providing a more developed treatment of the CS capacity that

allows for a larger number of serviceable robots than that was presented in Chapter 4.

FW2: Energy sufficiency for robots in unknown environments

In the development of this framework, we tackle one of the central issues regarding the ES aspect
of FW1, namely the limitation of robots moving only in straight lines. The main idea is to pair
the capabilities of a path planner to find sound paths in an environment, and the ability of CBFs
to provide performance guarantees to produce a framework that enables a robot to ensure ES in
a complex and potentially unknown environment, irrespective of the mission it carries out. The

development of FW2 is presented fully in Chpater 6.

We present a path smoothing method based on sigmoid functions that can produce smooth parame-
terized paths from a set of waypoints, such that the smooth path is arbitrarily close to the piecewise
linear path defined by these waypoints. Given the ability of the path smoothing method to create
parameterized paths, we proceed with developing FW2, which aims to provide guarantees on ES
of a robot over a path produced by a path planner. This framework has several favorable proper-
ties: compatibility with any mission type (mission agnostic), compatibility with any path planner

(modularity), and adaptability to more elaborate robot dynamics (flexibility and extensibility).

The core idea behind FW2 is to create a reference point along the path, which is facilitated by
the nature of the smoothed path, and modify the energy sufficiency constraints from FW1 to move
this reference point along the path in a manner that ensures its arrival to the CS by the time the
robots energy budget is depleted. The robot then follows this reference point in a stable manner, as
discussed in Chapter 6.

Basic methods and tools used

Herein we give a brief description of the main methods and practices adopted during the develop-
ment of FW1 and FW2. Our development is divided into three main parts: theoretical development,

simulation investigation and validation, and experimental validation.
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In the theoretical development phase, we design our ES frameworks and provide proofs of validity
and establish theoretical limits on performance, and this is manifested in various lemmas, proposi-

tions and theorems in Chapters 4, 5 and 6.

In the simulation validation phase, the main simulation tool we use is the ARGoS simulator [117],
and we mostly use a KheperalV robot model in simulation as a proof of concept. We use en-
ergy and voltage models for the robots similar to what is being used during the development of
FW1 and FW2. The various frameworks are implemented on the robots using the Buzz program-
ming language [118] which facilitates interacting with multiple robots in a multi-robot system
programming-wise. In the development of FW1 and FW2, we run various simulation campaigns
(using the described simulation setup) of batches of 30 simulations or more for each scenario under

study. We run these simulation campaigns on computecanada clusters.

Following the simulation phase, we go through an experimental validation phase where we test
the validity of our proposed methods on actual real-life robots to test the extent of efficacy of our
methods. Throughout the development in this thesis, we use three main experimental setups (we

provide more details about these setups in later Chapers)

* In Chapter 4, we carry out experiments using a set of three KheperalV [119] robots in an
indoor lab environment, and we use an indoor Optitrack [120] motion capture system for
indoor localization. The robot runs Buzz codes using BzzKh4 [121], a modified version of

Buzz for Khepera robots.

* In Chapter 5, we carry out experiments with a set of three Cognifly [122] quadcopters. We
use the Optitrack system for indoor localization as well. The drones run BuzzCognifly [123],

which is a Buzz implementation adapted for Cognifly drones.

* In Chapter 6, we use one AgileX Scout Mini rover, running an exploration software stack, and
equipped with a set of sensors that enable the robot of doing frontier exploration tasks. We
give more details about the system structure in Chapter 6. Moreover, we run the simulations
on a docker container that runs an instance of ARGoS simulator, with the exploration stack

and simulated sensors running in the background.

Document layout

Herein, we describe briefly the layout of the next chapters. In Chapter 4, we present the develop-
ment of the basic version of FW1 using a simplified battery discharge model, and introduce the
idea of CS capacity. We further develop this treatment in Chapter 5, where we use a more accu-

rate battery model and give a more developed treatment of CS capacity, as well as demonstrate the
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results of experimental trials using Cognifly quadcopters [122]. In Chapter 6 we develop FW2,
where we endow a generic path planner with ES property in a modular and energy-agnostic fash-
ion, and we demonstrate the results of experimental runs using AgileX Scout Mini rover [124]. In
Chapter 7, we provide a discussion of the work presented in the thesis, where we highlight some of
the strong points of the work and give some remarks about some points of relevance. Moreover, we
discuss some of the issues we attempted to tackle during the course of the development of FW1 and
FW2. Chapter 8 concludes the thesis and provides insights about current limitations and possible

directions for future work.
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CHAPTER 4 ARTICLE 1: ENERGY AUTONOMY FOR RESOURCE-CONSTRAINED
MULTI ROBOT MISSIONS

Preface: Robots in a multi-robot system need the ability to consistently recharge to achieve reli-
able long-term autonomy. In cases where robots share a charging station, they need to coordinate
access to the station to avoid queuing and reduce degradation in mission quality. In this chapter,
we tackle the energy sufficiency problem of a group of robots sharing one charging station. We
propose a mission agnostic framework based on Control Barrier Functions (CBFs) that achieves
two goals: 1. ensuring any robot’s voltage stays above a certain desired threshold. 2. and ensuring
mutually exclusive use of the charging station.

Another idea we study is the relationship between the number of serviceable robots, that carry
out the coordination framework we propose, by one charging station and robots’ discharge and
recharge properties, as well as the sequence of arrival to the station. We believe that understanding

this relationship is important for sizing charging demands for multi-robot systems.

Full Citation: Fouad, Hassan, and Giovanni Beltrame. "Energy autonomy for resource-
constrained multi robot missions." 2020 IEEE/RSJ International Conference on Intelligent Robots
and Systems (IROS). IEEE, 2020. Manuscript accepted for publication on July 2, 2020.

DOI: https://doi.org/10.1109/IR0S45743.2020.9341455

Abstract: One of the key factors for extended autonomy and resilience of multi-robot systems, es-
pecially when robots operate on batteries, is their ability to maintain energy sufficiency by recharg-
ing when needed. In situations with limited access to charging facilities, robots need to be able
to share and coordinate recharging activities, with guarantees that no robot will run out of energy.
In this work, we present an approach based on Control Barrier Functions (CBFs) to enforce both
energy sufficiency (assuring that no robot runs out of battery) and coordination constraints (guar-
anteeing mutual exclusive use of an available charging station), all in a mission agnostic fashion.
Moreover, we investigate the system capacity in terms of the relation between feasible require-
ments of charging cycles and individual robot properties. We show simulation results, using a
physics-based simulator and real robot experiments to demonstrate the effectiveness of the pro-

posed approach.
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4.1 Introduction

Long term autonomy is considered one of the key ingredients for the practical application of multi-
robot system. When performing missions out of the comfort of the lab, limited battery capacity and

the recharging ability of robots are one of the most important obstacles to deployment.

Many approaches can be found in literature that deal with this issue. Early efforts took directions
as energy aware path planning [27] and node scheduling in wireless sensor networks. Later ideas
have been integrated in multi-robot systems, as in [125] in which a mission was split in real time

among participating agents depending on their energy level.

Another solution for energy maintenance is through the use of charging stations, whether being
static or mobile. In [52], a group of charging robots plans routes to deposit batteries on predefined

paths for robots doing surveillance so as to eliminate detours and assure energy sufficiency.

Notomista et al. [44] propose using static charging stations and a control barrier function (CBF)
framework to assure energy persistence in a group of robots. This framework provides a constraint
based behavioral layer that guarantees the survivability of robots by driving each robot to a ded-
icated charging station in a minimally invasive way (affecting their original mission as little as

possible).

In this paper, we extend [44] by considering a group of robots doing a mission (e.g. coverage or
waypoint navigation), but having a single charging station that they need to share. The contribution
of this paper is twofold: 1) Augmenting the results in [44] with a CBF-based coordination frame-
work that assures mutually exclusive use of the charging station, and 2) introducing some sufficient

conditions that describe the system’s capacity and assure the overall feasibility of the coordination.

4.2 Preliminaries

4.2.1 Control Barrier Functions (CBF)

A control barrier function (CBF) [47] is a tool that can be used to assure safety of control systems.
In this context, safety means guaranteeing that the states of the system stay in a “safe set” and never

wander off to “unsafe” regions.
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The safe set is defined to be the superlevel set of a continuously differentiable function A (x) such
that [47]:

C={zeR":h(z)>0}
JC ={x € R" : h(x) =0} 4.1)
Int(C) ={x € R": h(xz) > 0}

which means that assuring that h(x) > 0,Vt > t, implies the safe set C is positively invariant and

the system is safe. For a control affine system of the form

i = f(x) + g(a)u

having a control action u that achieves

Lih(z) 4+ Lyh(z)u > —a(h(x)) 4.2)

h(z)

where a(h(x)) is an extended type K function, assures that C is positively invariant. In this paper
we use zeroing control barrier functions (ZCBF) [73] owing to their robustness and asymptotic
stability properties [72].

Definition 1. [73] For a region D C C a continuously differentiable function h(x) is called a
zeroing control barrier function (ZCBF) if there exists an extended class K function a(h(x)) such
that

sup (Lsh(x) + Lyh(z)u + a(h(x))) >0 Vo €D (4.3)

uelU

We can also define the set K., [73] for the ZCBF h(x) as
Koy ={u €U : Lyh(x) + Lyh(z)u + a(h(z)) > 0} (4.4)

which is the set containing all the “safe” control inputs. Choosing a Lipschitz continuous controller

u from K. is sufficient to ensure that the safe set C is forward invariant [73].

Equation (4.2) represents a basic requirement on the control action to assure safety, but this control
action is not necessarily that of an arbitrary mission. Quadratic Programming (QP) can be used to

enforce (4.2) as a constraint that has to be respected by the mission’s nominal control action .,
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in the following manner [44]:

*

ur=min  ||u— Upom|
“ 4.5)
s.t. Leh(z) + Lyh(z)u > —a(h(x))

4.2.2 Problem statement
Given a group of n robots, we:

* Ensure that the battery voltage of each robot never goes below a certain desired level (safety).
* Ensure that there is no more than one robot at the charging station at any time (coordination).

* Investigate the number of robots that can be accommodated by one charging station (capac-

ity).

For the sake of simplicity of analysis, we use a robot model similar to [44]:

—key, |z —x|| >0 (4.6)

k.n, otherwise

where # € RR? is the robot’s position, z. € R? is the position of the charging station, E is the
battery voltage, k. > 0 and k., > 0 are discharging and charging coefficients respectively and o
is an effective charging distance away from the charging station. To be conservative, we take k. as
the worst case discharge rate of the battery. The charging model in (4.6) is a linear approximation

of a continuous charging process that can be obtained from wireless pads [126].

4.2.3 Overview of the strategy

In Figure 4.1 we present a schematic representation of our proposed framework. We build an
energy sufficiency layer that ensures that the voltage of each robot stays higher than a given mini-
mum level (to ensure sufficiency) and lower than a certain upper bound (by ejecting the robot from
the charging region to avoid overcharging). We also implement a coordination layer that ensures
mutually exclusive use of the charging station through proper manipulation of the robots’ desired
voltage thresholds, thus manipulate their arrival times to the charging station to respect a desired
temporal separation o;. Moreover, we describe the system’s capacity, namely the relationship be-
tween the battery discharge characteristics and the number of robots that can be served by a single

charging station, as well as allowable values of d;, to ensure the overall feasibility of the system.
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Figure 4.1 A schematic of the proposed framework. Both ES layer and coordination layer consist
of CBFs that produce inequality constraints for the Quadratic Program (QP), that modifies a nom-
inal control action ,,,,, coming from a Mission Controller (MC). The coordination layer aims to
separate consecutive arrival times to the CS by at least an amount of ¢;.

4.3 Energy sufficiency framework

4.3.1 Energy sufficiency CBF
The candidate CBF we use for energy sufficiency is taken from [44] and is defined as

|

hs = FE — Enin — kc 1Og 5

4.7)

where FE,,;, is the desired minimum voltage, ¢ is the effective radius of the charging station and
k. > 0 is a constant such that the last expression approximates the amount of voltage needed to

return back to the charging station.

Theorem 1 and 2 from [44] show that the CBF in (4.7) is a ZCBF if ||z — z.|| > ¢ and that
u € U = R? (no restrictions on the control action moving the robots). We investigate the relation
between the choice of the a(h) in (4.2) and the voltage level at the arrival at the charging station.

In the following, we use a linear a(h) function of the form

a(h) = Bh (4.8)
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Lemma 1. Given a robot with dynamics described in (4.6), and for the the QP in (4.5) using the
ZCBF in (4.7), the voltage difference £ — FE,,;, is bounded by zero from below and by a quantity

inversely proportional to (3 from above.

Proof. After some time 1T' > ¢, the nominal control input u,,,,, won’t be able to satisfy the con-

straint in (4.5), in which case the output of the QP problem will be a control input « that satisfies

hy = —Bhg = hy(t) = hy(T)e Pt (4.9)
but from (4.7)
E — By — k. log [z = || _ h(T)e=P4=T) (4.10)
and on arrival at the charging station at time ¢ = ¢, we have ||z — z.|| = ¢ thus
E(to) — Epin = hy(T)e Plle™D (4.11)

to show that F(t,) — E,., is bounded from below, it suffices to mention that if the robot starts in
the safe set (i.e. hs(ty9) > 0,Vt > ty), then respecting the constraint in (4.5) for h, assures that
hs(T) > 0 as well (by virtue of the fact that h, is a ZCBF [44]), so the right hand side in (4.11) is

not smaller than zero.

E(t,) — Epin is bounded from above by equation(4.11), which shows that the bound on this dif-

ference decays exponentially with j. 0

Remark 1. It is worth noting that Lemma 1 shows that the ZCBF hg has a tracking property in the
sense that the voltage at the time of arrival at the charging station is close to E,,;, with a margin,

the tightness of which can be manipulated.

Since the battery discharge is constant with time and that the difference £ — F,,,;, is bounded (i.e.
by proper choice of 3 the robot arrives at charging station with £ ~ F,,;,), we can conclude that
the arrival time at the charging station is approximately the time it takes the battery to discharge
from its current voltage to E,,;,

E_Emin
Tor~ ==

with 77, being the arrival time at the charging station.

4.12)

To recharge the battery, the robot needs to stay for a sufficient time inside the charging region:
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Lemma 2. Given a robot with dynamics described in (4.6), and for the the QP in (4.5) using the
ZCBF in (4.7), choosing the o(hs) function

hs ) - 4 >5
alhy) = Pl lle =l 4.13)

bihs , otherwise

with 0 < [ < By, leads to having D — oo as t — oo inside the charging region, where
D = ||z —z.]|

Proof. When a robot heads back to the charging station at ¢ > T, the control action fulfilling (4.9)
is .
Lyhs + Lyhsu = —Bhe = —ke — — (¢ — 2c)"u = —Sh,

D2
This equation can be written as
D2
hs —k
T — T, TU:L r— )" (z — x.
(@ =) Tu =2 e — o) (@~ 22) s
hs — ke
= Uu= Bkc(.ﬁ — l'c)
plugging this control action into the robot dynamics, and noting that %D = ﬁi:iiﬁ Z, we have
- hs - ke
D= Phs = ke p D (4.15)

Inside the charging region, 5 = 5, and E' — E,;,, = AE, + ke, At, with AE, = E(t,) — Eyi and
At =t —t,, thus

) 1 D
D= - <BZ <AEa + ken At — ke log 5) — k) D (4.16)

then if we substitute 5; = 0, which is the lowest value of 3, in (4.16) we get

D= —I;D = D(t) = de 1A 4.17)

which means that D — 0 as ¢t — o0. L]

Lemma 3. For the same conditions of Lemma 2, the choice of (4.13) assures that the robot stays

inside the charging region for a sufficiently long period.

Proof. When the robot approaches the charging station, D < 0. However, there is a point at which

D = 0 as the battery recharges and starts to move out of the charging region. The time until this
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reversal point can be calculated by setting D = 0 in the above equation so

1 (ke D,

At, = — 4+ k.log— — AFE, (4.18)
kch l 0

where D, is the distance from x, at the reversal time. Since D — 0 as t — oo this means that

that D, # 0 in finite time so log % > —oo0 and thus it can be seen that the reversal time can be set

arbitrarily high by setting a low value for ;, which in turn means that using the proposed switching

in the value of 3, the robot can stay for an arbitrary amount of time inside the charging region. [

4.3.2 Overcharge protection CBF

The purpose of this CBF is to ensure that the robot “escapes” the charging region before it over-
charges (i.e. keeps charging beyond a desired maximum voltage) in a similar way to what was done

in [45]. To this end we propose:
D
hov = Ema:v —FE+ kov 108; g (419)

The main intuition behind this choice is that when E,,,, — E decreases as the robot recharges,
the k,, log % tends to become more positive (or rather less negative since the robot is inside the
charging region during recharging) by escaping away from the charging region. In the following,

we show that this proposed CBF is indeed a ZCBEF, in a very similar way to Theorem 1 in [44].

Theorem 1. The function hy, = Epae — E + ko, log % isa ZCBF if U = R™

Proof. Since we are considering the case where U = R™ (i.e. no saturation on the control action),
then showing that h,,, is a ZCBF follows from showing that L4h,, # 0. For the proposed function
hOU

Lohoy = —2(x — x.)" (4.20)

so we need ||z —z.|| > 0to have L h,, defined and not equal to zero which was shown in Lemma 2,
and since recharging from F,,;, to F,,.. happens in a finite time, then x # x. in included in this

period. [

Remark 2. The CBF's for energy sufficiency and overcharge protection may be in conflict since one
slows down the robot for it to recharge (i.e. hg), while the other tries to push it outside the charging
region (i.e. hyy). To avoid infeasibility of the QP, the next two conditions have to be satisfied

k

—k, — D702($ —

xc)TU Z _ﬁhc (4213)
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Koo

D2 (.I' - xc)Tu > _5ovhov (421b)

_kch +

and eliminating u we get
6hs - ke N kch - Bovhov > 0’
kc kOU o

so condition (4.21b) can be relaxed when the left hand side of (4.22) is equal to zero, leading h,,

(4.22)

to take over and push the robot out of the charging region.

4.4 Coordination framework

The purpose of the coordination framework is to ensure mutually exclusive use of the available
charging station. The proposed strategy is through the manipulation of £, for each robot to

change their arrival times at the charging station (according to (4.12)). Our main assumptions are:

1. The underlying communication graph between the robots is a complete graph, meaning that

each robot can receive information from all other robots.
2. Robots are homogeneous and have the same battery discharge rate.
3. All robots start at the maximum voltage.

4. The recharge rate of the battery is faster than the discharge rate. This can be a reasonable as-
sumption for systems with powerful wireless charging pads along with capable lipo batteries

or for battery swapping platforms'.

The mechanism we propose to change the value of F,,,;, is to assume that it changes according to
the following dynamics
Ermin =1 (4.23)

where n € © = R with O being the set of all admissible values of 7, and the nominal value of
choice for 7 is zero (its default value is zero unless changed by other control laws to fulfill other
constraints). Our main strategy is twofold: 1) Introduce a constraint to bound the value of E,,;,
from below, as well as conditions that assures the feasibility of the scheduling with respect to the
system’s capacity, and 2) introduce a CBF h,,; that keeps the difference in arrival times above a

desired value ¢; through the manipulation of E,,,;,,.

! Although battery swapping is discrete process in nature, it can fit in our proposed framework by properly choosing
kcr so as to ensure all robots spend at least the amount of time needed for a battery swap process.
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4.4.1 Boundson E,,;,

Arbitrary manipulation of F,,;,, does not necessarily comply with what could be physical bounds
on its value. Asking for a too low value may cause permanent damage to the battery and a too high

value cause h to be negative.

Lower bound on F,,,;,

Lower bounding F,,;, corresponds to requiring having an acceptable voltage at the beginning of
the charging process to avoid permanent damage to the battery. The proposed CBF for this purpose
is

hr = kp(Emin — Ew) (4.24)

where Ly, > 0 is the desired lower bound voltage and %, > 0 is a scaling gain. The constraint for
the QP (4.5) is:
ko > —a(hy) (4.25)

and we choose
alhy) =k -sign(h) - [he|”p €10,1) (4.26)

with Kk > 0.

Lemma 4. For a robot with dynamics (4.6) and E,,;,, obeying (4.23), hy, is a ZCBF.

Proof. 1t is not hard to see that hj, is a ZCBF following the same argument in Theorem 2, as
n € © = R, so it is always the case that a value of 7 could be found that satisfies (4.3) for
the constraint (4.25), so if E,,;,(to) > 0 then (4.25) ensures positive invariance of the safe set
Ce,.. = {Emin € R: Epin > Ep}. O

min —

Upper bound on F,,;,

The upper bound on F£,,;, is correlated with the capacity of the system and how many robots can
be served by one charging station. Indeed, there is a relation between the feasible number of robots
(that can be served with a minimum separation time d;) and certain robot parameters, like discharge

and recharge rates and maximum and minimum voltage of the battery.

To demonstrate this, suppose we have n robots in the first recharging cycle (when all robots start
at £,,,, and discharge with the same rate, as per assumptions 2 and 3) and that each robot has a
specific F,,;,. We consider the first robot to recharge (with F£,,,;, yet to be determined) and the last

one (with E,,;, = Ej in the extreme case). We require that once the first robot arrives at time ¢;
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and recharges at t,, it won’t recharge again until at least a time J, after the last robot has recharged.
Thus at ¢,

Emaz — E En — — b)) - E
maxk: m ( m ke(tzk tl)) b Z 515 (427)

where ¢ — t; = is the time needed to recharge the battery of the first robot, and E,,, is

Emaszm
kch
the value of F,,;, of the first agent. The first expression in the above inequality is the time the first
robot takes until it reaches the charging station again, and the second is the time the last agent take
to reach the charging station for the first time starting from ¢,. Substituting ¢5 — t; in the above

inequality:

E < (1 + kkceh)Emax + Elb - 5tke
>~ 2+ 1575
ch

(4.28)

m

%@E””’” and considering

Noticing that the difference in arrival times of any two robots is AT}, =
the first recharging cycle where E is the same for all robots who have not recharged yet, this means
that AE,,;, sets the difference in arrival times and uniformly separated arrival times imply uniform

separation in values of F,,;,.

We can calculate the uniform step in E,,;, if we convert the last inequality to an equality and using

AR, = Bn=Bw _(F ) (Epaw — En) — ik
n—1 (24 2=)(n—1)

(4.29)

ke
kch

What we require in this case is that the arrival times of the last two robots (without loss of general-
ity) with E,,;, = Ej and E,,;,, = Ey, + AE,,;, to be at least d;:

Emax - Elb Emax - (Elb + AEmzn)

— >0 4.30
K . > 0 (4.30)
and substituting (4.29) into the last equation we get
1+ L) (Epax — Ew) — Stke
(1 + 55 w) — O — k. >0, (4.31)

ke
(2 + ken

)(n—1)

the critical value of 9, at which equality is achieved, given system parameters (kc, ke, 7, Fpar —
Emm) is

(1 + ke ) (Emaz - Elb)

ken

:ke[1+(2+,f;)(n—1)]

(4.32)

ter
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The last relation describes the feasible separation in arrival times for the robots given different
system parameters, and considering that each robot has a distinct value of F,,,;,,, which are separated

by multiples of F,,,.

Finally, we require 0;_. above to be more than the time taken to fully recharge a battery from Ej, to

Emax
5, > Lmes — B (4.33)
- kch
Definition 2. For a group of n robots, each with a distinct fixed value of E,,;, and all applying the
energy sufficiency and overcharge CBFs constraints (hs and h,,), a charging cycle is defined as
the time window taken by the robot with the lowest E,,;, value (i.e. E,,;, = Ey) to discharge from

Ernaz to By and then recharges again.

Lemma 5. For a group of n robots each with a distinct value of E,,;, that satisfies (4.32), (4.33)
and (4.29), let z; be the number of recharges that one robot can have in one charging cycle, then

the maximum number of recharges for any robot is z; = 2.

Proof. The number of recharges of robot 7 = n (first robot to recharge) in one cycle is

(Emaac_Elb)(l"Fkkcfeh)
— ke
=1 | E) (4.34)
ke

where the second expression on the right hand side is the floor of the quotient of the two periods.
If we take this quotient and substitute (4.28) and (4.32) we get

2+)4 _
A+ (2+ ) ¢ 39

ke
ch

where A = (1 + (2 + 5 ) (n— 1)) What we want to verify is that 1 < ¢ < 2. Checking the

difference between numerator and denominator

2+ ke A—A— er =(A-1) er >0, (4.36)
kCh kch kch

satisfying the first inequality. To check the second we need to make sure the numerator is less than

k k
2(A 1 = Y p—
( i ( +kch>> kch

ke ke ke
=2 <1+ km) . <1+ <2+ kd) (n — 1))

twice the denominator

(4.37)




44

but if we substitute (4.32) in (4.33) we have

ke ke ke
(1 + kch) > o (1 + (2 + kch) (n— 1)) (4.38)

which renders (4.37) positive, meaning that the ratio is upper bounded by 2, which in turn means

that the maximum number of recharges of the most needy agent is two per charging cycle. Since the
last robot recharges only once in a cycle, this means that any other robot in between can recharge

no more than twice per cycle, which completes the proof. [

Lemma 6. For a group of n robots, if 6, satisfies

Emaz - E
R <5, < 6, (4.39)
kch

as well as equation (4.29), then there exists E,, = {Enin,, - - -, Fmin, } such that the difference in

arrival times between any two robots is at least 6, (i.e. the scheduling problem is feasible).

Proof. The idea of the proof is to use the upper bound z; and show that the possible difference

between any two landing times is at least d;,. even with this worst case scenario.

Based on Lemma 5, the possible number of recharges is 2(n — 1) and thus the required number of
spaces between these recharging events (taking the start and end recharging events of last agent) is
M =2(n—1)+ 1= 2n — 1. If we divide the length of a whole charging cycle by this quantity it
gives the available time ¢,, between any two recharging events in the worst case, which should be

at least equal to ¢;,,. To check this

Ema:v - Elb I+ % 1 1
Saw — 01, = ( )(1+3) [ _ } (4.40)
ke 2n—1 A
and the difference of the numerator is kkeh (n — 1) > 0, which in turn means that for the 2n — 1

intervals, each can be at least d;,,. This means that there exist values of E,,;,, for each of these

landings that are properly temporally separated.

To complete the proof, we consider two corner cases for £; at the beginning of each cycle, to

ensure the robots are able to adopt new F,,;,, values leading to separate landings. The worst case is
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E; = E,,in, at the beginning of each cycle. In this case, setting E,,;,,, = Ej; gives

TL2 k 5tm'
Ey+2AE,, — E
T, = W+ - b _ 2, (4.41)

the second corner case is if F; = FE,,,, at the beginning of the cycle, which has a solution by
design, as value of F,,;,, separated apart by at least A F,,, assures having &, between arrival times
by design. [

4.4.2 Coordination CBF

This CBF aims at separating the arrival times of two robots with at least ¢;, and the core idea is very
similar to the collision avoidance strategy proposed in [46], albeit it is collision of arrival times.
For that we define a pairwise safe set C;; as

Cij = {(Emin» Emin;) € R?|he,, > 0} (4.42)

and we propose the following CBF h,,; between two agents (3, j)

|TL1‘ _TLJ |

he.. = log (4.43)

Cz]
where 77, is the arrival time of robot ¢ as described in (4.11), and J; is the desired separation in
arrival times between robots. The resulting constraint for the QP problem is

Ty, =T, Ty =T),

I > y 4.44
[Ty, —Tp,[* ke — ) (349

where I'; = %TLZ. = —ke, — ;.

It would be more practical to consider a decentralized version of equation (4.44) and to show that
(4.43) is a ZCBF. The desired decentralization can be done by dropping the term 7); from I'; in

(4.44) so we end up with (noticing that robots are assumed to have the same discharge rate)

—i—j’Zni > —a(he,). (4.45)
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For the a(h,,,) function in (4.45) we propose the form

ij

a(hcij) = Yij * Sign(hcij) ’ ’hcij P P E [Oa 1)- (4.46)

We define the value of ~y; for robot 7 as

Jf ||, — || > dand ||z, — x| > 6
il =l > g and oy ] wan
0 , otherwise

Theorem 2. For a multi robot system with (4.6) as the dynamics of each robot, then for a pair of
robots (i, j) satisfying ||v; — x || > 6 and ||x; — x || > 6, h,, is a ZCBF forn € © = R, with
(4.45) rendering the set C;; forward invariant. Moreover, if (Epin,(to), Emin, (to)) ¢ Cij, (4.45)
leads (Epin,(t), Emin, (t)) to converge to OCyj in finite time.

Proof. Since 7 € © = R there exists a control action 7 that satisfies (4.3) (and keeps C;; invariant),
then to show that h,,; is a ZCBF, we need to make sure that |77, — T, | # 0.

The only chance that this difference can be equal to zero is when one of the robots enters to the
charging region. To show this, consider having two robots (7, j) applying (4.45) and without loss
of generality suppose that robot j arrives at the charging station, so the difference in arrival times
is
ATy, = kl Ei = Epin, — (Ej(ta) + ken(t = ta) = Emin, )] (4.48)
Due to the choice of v;; in (4.47) the right hand side of (4.45) is equal to zero, so the choice of
Nnom; = Tnom; = 0 as nominal values actually satisfies (4.45) for both robots and consequently
FErin; and Eyy, . does not change. This means that (4.48) is
ATy, = 2 [Bs— B, — (5 + bt — 1)) (4.49)
where 0 is the difference between the voltage and minimum voltage at the time of arrival to the
charging station, expressed in (4.11). Therefore, it can be seen from (4.49) that at some point this
difference in arrival times is equal to zero (FE; decreases while k.,(t — ¢,) increases), rendering
(4.44) undefined. We can conclude that (4.43) is a ZCBF when both robots are out of the charging

region.

The proof of the second part is the same as that of proposition III.1 in [113] and is omitted here for

space limits. 0
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It is worth mentioning that the main motivation in the choice of (4.46) is the idea that each robot
can start with a random estimate of its E,,;,, and generating a control action 7, that satisfies (4.45)

ensures safety in finite time.

In addition, the above theorem is applicable even if one robot ¢ applies (4.45) with respect to another
robot 7 while robot j is not doing the same. This follows the same argument that since ; € © = R
then there is always a value of 7); that satisfies (4.3), as long as both robots are away from the

charging station.

In the coordination strategy we propose, we decouple the energy sufficiency behaviour and the
coordination behaviour. This should not affect the arguments stated earlier about the ability of the
energy sufficiency ZCBF to track F£,;,. This is because (4.10) and (4.11) do not put a constraint

on the change of £,,;, as long as u is generated in such a way that causes hs = —[(h.

To show this, the constraint in (4.5) for hg, assuming that F,,;, changes, is

ke
—ke—n — ﬁ(x —z) u > —a(hs) (4.50)
and if we consider F,,,;, not to change in this constraint the second term of the LHS of the previous
inequality drops out

—k. r—x.) u > —alhy) 4.51)

_ ﬁ(
If we consider that u € U = R? (which was the case for Theorem 1 in [44] to show that h, is a
ZCBF), then it can be argued that there will be always u’ to be substituted in (4.51) such that

k s,k

Tl =) = pe e =) Tu (4.52)

and this indicates the possibility to decouple the coordination from the energy sufficiency CBFs.

4.4.3 Feasibility of QP

Our coordination strategy introduces two barrier functions: h.,; which tends to keep two agents’
arrival times separate through changing F,,;,, and h;, which bounds E,,;, from below. We need to

assure that these constraints are admissible and lead to a feasible QP.

The main problem lies in the fact that the coordination effort is being done by changing only
E,in, which is only 1-D. This way potentially conflicting constraints in the QP (4.5) may render
it infeasible. This issue has been dealt with in the context of control barrier function composition
in [78] and [46] and we adapt the basic idea from the latter.
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of applying the coordination constraint with all other

agents, it only has to apply it with the agent that has the closest arrival time among all other agents

(hence the need for assumption 1). If during

the process the value of F,,;, is about to go below

the lower bound, the agent stops the coordination and focuses only on keeping the lower bound of

Emin-

This way, we make sure that by construction each agent only changes F,,;,, in one direction, leading

to a feasible QP. This idea is summarized in Algorithm (1).

Algorithm 1 Coordination algorithm

Require: 7, ,Vk €N,
he,..., = ho
hLi = Eﬁmzn2 - Elb
while j in V; do
Tp, —Tr.
hCi]’ = log — .
if h,, < he,,, then
Ptpin = hc,;
end if '
end while
if h. . < hp, then
A, = Lghe,,,
B, = —L¢h,,,, —alh.,,) ---(eqn. 4.45)
else
A. = Lyhy,
B.= —Lshy, — afhy,) ... (eqn. 4.25)
end if
The final QP is
u' = min ||u— w,eml|
uek? (4.53)
st. Au> B
where
AT —E(z—z)T 0
A= |AT | = | b (z—a)" 0],
AT 0 0] AT
Bs ke - as(hs)
B = Bov = kch - aov(hov)
BC BC

while A. and B, are determined from Algorithm (1). In the following, we show that Algorithm (1)

indeed achieves the desired coordination task.
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Theorem 3. For a multi robot system with dynamics defined in (4.6) and with the coordination and
lower bound constraints defined in (4.43) and (4.24), and provided that the inequalities (4.28) and
(4.39) are satisfied, then Algorithm (1) assures that the difference in arrival time between any two

robots is at least §; (mutual exclusive use is assured).

Proof. From Algorithm (1), each robot is either applying the coordination CBF h,,; or the lower
bound CBF h. For the robots which do not apply A, from Theorem (2), for a robot i the control
action that respects the constraint (4.44) leads F,,;,, into safe set C;; with respect to its neighbor
with the closest landing time. Each robot can apply this to its neighbor with the closest landing

time {(¢,7)|j € N; and h,,; = mingep;, he,, }, eventually leading to E,in, € C = | Cij , Vi.
ViEj
Moreover, since we have established the feasibility of the scheduling problem in Lemma (6), then

we know that the sets C;; are nonempty and that a solution exists.

If arobot ¢ is applying the lower bound /7, then it can’t push its arrival time any further. In this case
The nearest robot j that applies the coordination CBF will have a control action 7; that will lead
Ernin, to Cyj (noticing that C;; is non empty), and then all other robots applying coordination CBF
will coordinate in a pairwise fashion based on the neighbour of closest landing time as discussed in

the previous point.

]

4.5 Results

4.5.1 Simulation results

We carried out simulations using ARGoS [117], a physics-based simulator designed to handle

multi-robot and swarm systems. The code was written using the Buzz programming language [127].

The mission considered for this simulation is a coverage mission, as in [44], in which 7 robots

spread over a given area.

The main requirement is to cover a square of dimensions 6m x 6m with a charging region of radius
0.2m around the origin. The robots are required to arrive at the charging station with a separation of
0; = 20 sec (knowing that it takes Em‘;:i;E“’ = 6 sec to recharge). Table 4.1 contains the parameters

of the system.

Table 4.1 Values of parameters used in simulation

Parameter | k. ke | m | Bz | En Ot,,
Value 0.012 | 05| 7| 13.2 | 10 | 20.77 > ¢,
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Figure 4.2a shows the separation in arrival times is as desired. We note that the voltage does not
go below Ej,. It can be seen as well that the maximum voltage is exceeded in a small number
of conditions because of the kinematic model in the simulation, which was for a differential drive
robot, so the rotation the robot experiences to pursue the point mass velocity introduces some delay

that can cause such peaks.

4.5.2 Experimental results

We performed a simple waypoint navigation mission with three Khepera IV robots (where o, =
—ky(z — Ttarget) ), Where k, > 0 is a proportional gain). In our experiment, a virtual battery
simulated in code was used instead of a real battery for the sake of proving the concept and probing
the effects of more realistic operating conditions on the proposed algorithm. The code had a running
frequency of 10 Hz, and an optical tracking system was used for position feedback. Figures 4.2c

and 4.2d show the evolution of EF and F,,,;, with time.

4.6 Conclusions

In this paper we present a control barrier function (CBF) based framework for long term autonomy
of multi robot systems with limited charging resources. We started by highlighting some tracking
properties of the energy persistence CBF in [44] and then we introduced a CBF based framework

to achieve the necessary coordination for sharing the charging station.

As a future work we consider extending the current results by investigating double integrator robot
models with disturbances and examine the effect of such disturbances on the coordination behavior.
Moreover, we would like to accommodate our approach to the case of having multiple charging

stations and possibly relaxing the assumption of having a complete communication graph.
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Figure 4.2 Evolution of voltage and F,,;, values for the coverage task in 4.5.1 (4.2a and 4.2b) and
the waypoint navigation task in 4.5.2 (4.2c and 4.2d). The occasional overshoots of voltage can be
mostly attributed to the difference between the single integrator kinematics and that of an actual
robot. There is also some jitter in F),,;, due to the switching nature of Algorithm 1.
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CHAPTER S ARTICLE 2 : ENERGY AUTONOMY FOR ROBOT SYSTEMS WITH
CONSTRAINED RESOURCES

Preface: Long-term autonomy of multi-robot systems requires that robots are able to stay en-
ergized consistently. We are interested in situations where a group of robots, sharing a charging
station, is carrying out a mission in an open environment.

In this chapter, we provide a mission-agnostic framework based on CBFs that gives guarantees
on robots’ voltages are above a certain threshold, while ensuring mutually exclusive use of the
charging station. we extend the results of the previous chapter by adopting a more accurate voltage
discharge model and we modify the coordination framework from the previous chapter to enable
one station to serve more robots, and we discuss the station capacity for this setup, i.e. number
of serviceable robots by one station, given robots’ properties. Moreover, we present experimental

validation results of carrying out the proposed framework on a group of three Cognifly drones.

Full Citation: Fouad, Hassan, and Giovanni Beltrame. "Energy Autonomy for Robot Sys-
tems With Constrained Resources." IEEE Transactions on Robotics 38.6 (2022): 3675-3693.
Manuscript accepted for publication on April 14, 2022.

DOI: https://doi.org/10.1109/TR0O.2022.3175438

Abstract: One of the key factors for extended autonomy and resilience of battery-powered multi-
robot systems is their ability to maintain energy sufficiency by recharging when needed. In sit-
uations with limited access to charging facilities, robots need to be able to share and coordinate
recharging activities, with guarantees that no robot will run out of energy. In this work, we present
an approach based on Control Barrier Functions (CBFs) to enforce both energy sufficiency (ensur-
ing that no robot runs out of battery) and coordination constraints (guaranteeing mutual exclusive
use of an available charging station) in a mission agnostic fashion. Moreover, we investigate the
system capacity in terms of the relation between individual robot properties and the limit on tem-
poral separation requirements within charging cycles. We show physics-based simulation results

as well as real robot experiments that demonstrate the effectiveness of the proposed approach.
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5.1 Introduction

The field of multi-robot systems has seen extensive growth in the past years, as different appli-
cations have been explored, such as surveillance [128, 129], search and rescue [130], handling
hazardous waste [131], coverage in mobile sensor networks [132], exploration and mapping [133]
just to name a few. Although these applications highlight several merits of multi-robot systems,
there is still a need to understand how to carry out such missions for an extended period of time in

a robust and reliable manner.

Addressing this issue comprehensively is a multifaceted endeavour and calls for studying the ef-
fects of several variables that may change during the mission’s extended lifetime. Some of these
variables are related to the environment in which a mission takes place, while others pertain to
robot states and characteristics. One important example of the latter is the robot’s energy capacity
and consumption, which essentially dictates how long a multi robot system can operate. Therefore,
energy autonomy, or the ability of robots to seek recharging during the mission as needed, is one

of the key ingredients of long-term autonomy for multi-robot systems.

In this paper we study the energy autonomy of a multi-robot system in scenarios where the recharg-
ing resources are limited. More specifically, a scenario in which multiple robots carry out a mission
with one shared charging station that can only serve one robot at a time. The robots need to tem-
porally coordinate in a manner that eliminates queueing outside of the charging station, while pro-
viding guarantees on the performance of the system. Such temporal coordination eventually leads
to the robots alternating on the shared charging station with some difference in arrival times. This
problem has been tackled in various ways in literature. For example, Munoz et al. [134] deal with a
similar problem and introduce a finite state machine that makes robots alternate over the charging
station. Michaud and Robichaud [39] propose a somewhat similar state machine to enable a group
of robots to share a limited number of charging stations. These approaches are relatively simple

and do not provide guarantees on the performance of the system.

Iftikar and Khan [135] used auctions to tackle the same problem to ensure mutual exclusive use of
charging stations among a group of robots. One drawback of traditional auction based methods is
the need for an auctioneer that collects bids and makes decisions, which means either a centralized

system or one relying on an election process. Either way, the method does not provide guarantees.

A more rigorous approach was adopted by Notomista et al. [44], who present a method based on
control barrier functions (CBFs) that gives guarantees on energy sufficiency of individual robots,
with each robot having its dedicated charging station. Moreover, Notomista et al. use a simple
linear discharge model for batteries, which may not be very representative of many actual battery

discharge profiles.



54

In our previous work [136] we extended the results in [44] by presenting a CBF based framework
that achieves the desired temporal coordination among robots, i.e. achieving controlled differences
in arrival times to the charging station to ensure mutual exclusivity of its use, while providing
guarantees for energy sufficiency of the robots, i.e. voltage never gets below a certain desired
threshold, and convergence of the temporal coordination. The framework proposed in [136] has
the added advantage of being flexible in the sense that it can be applied on top of a generic mission
to ensure the satisfaction of energy sufficiency and coordination constraints. Such flexibility is an
added advantage of using CBF constraints in a quadratic program setup as described by Ames et
al. [47].

In this work, we extend our results [136] in the following directions:

* we use a more realistic battery exponential discharge model that closely follows experimental
data;

* we enhance our coordination framework to allow for longer separations between arrival
times, taking in account potential differences in properties among robots. We also present
new results for the maximum amount of separation time between arrivals that could be

achieved by a system;

* we present experimental results using a group of Cogniflys (lightweight, collision-resilient
flying robots) showing the accuracy of the proposed discharge model, and the efficacy of the

proposed framework.

This paper is organized as follows: in Section 5.2 we provide a review of the literature related to
extended energy autonomy of multi-agent systems, as well as the control barrier functions, which
is going to be the main tool in our work. In Section 5.3 we provide a background for our work
by presenting some preliminaries, as well as laying out the problem statement and the robot model
we use. In Section 5.4 we describe the energy sufficiency framework responsible for ensuring
proper voltage levels in robots throughout mission execution. We present the coordination frame-
work in Section 5.5, along with description of system’s capacity and overall problem feasibility in
section 5.6. We present the main results of the paper in Section 5.7 and discuss these results and

conclude the paper in Section 5.8.

5.2 Related work

The energy related aspects for long-term autonomy of multi-robot systems have taken several forms

in the literature with varying themes over the time. Early examples had the flavour of energy
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awareness in the sense of manipulating the system to extend its execution time as much as possible.
One example is the work on node scheduling in sensor networks [28] in which subsets of nodes are
activated while keeping others deactivated to extend the lifetime of the network. [29] introduced
an algorithm that generates mutually exclusive sets of sensors in a centralized manner, with each
set covering the map sufficiently, then the operation of these sets is alternated in an energy efficient
manner. Ye et al. [30] adopted node scheduling in a more decentralized way, as their algorithm
wakes up each node with a certain probability to probe its neighbours, and become fully active if

there are no active neighbours around.

With time, attention has shifted towards mobile robots and the theme has become making a mission
execution dependent on the robots’ energy content, with the goal of extending their life time. As
an example, [35] tackled multi-robot coverage using Voronoi tessellations, introducing an energy
augmented metric that results in agents with more energy having larger tessellations to cover. Op-
timal control was used by [37] to create a rendezvous mission between multiple robots, such that
the location and time of gathering depends on initial voltages of the robots, in a way that minimizes

energy consumption and ensures non-negative voltage levels for all robots.

Recently, more attention has been given to injecting energy into the system through charging sta-
tions. One way to do this is using mobile charging stations, as done by [55] where a persistent
surveillance mission is carried out by a group of robots patrolling along predefined trajectories,
while having other moving charging stations that rendezvous with the patrolling robots at certain
points along their paths. [52] tackled a very similar problem, with mobile depots instead of mobile
charging stations. These depots are able to drop batteries at certain locations along the trajectories
of the surveying robots so that they can replenish their energy without the need to detour from their

paths.

Charging stations can also be static, with the robots visiting them when they need to. One ex-
ample [44] introduces a control barrier function framework to drive each robot from a coverage
mission back to a dedicated charging station in a way that guarantees no voltage falls below a de-
sired level. [137] presented a continuation to this theme by studying a similar problem, considering
the charging process taking place in certain parts of the environment to be covered. [50] took an-
other direction, as they tackled the problem of having multiple robots sharing multiple charging
stations. The resource allocation problem was modeled as a non cooperative game and they pro-
vided an algorithm for calculating the pure strategy Nash equilibrium point, leading to a unique

allocation of charging stations.

Another related question to having static charging stations is: how to place these charging stations?
[53] studied this question and used the satisfiable modulo theory to solve two problem formulations:

1. knowing the threshold after which a robot heads back to charging station, what is the minimum
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number of such stations and where should they be located 2. knowing the available number of
charging stations, what is the power threshold and where should these stations be located. [54]
took another path, where the environment was modeled as a graph of connected nodes, and the
problem was to determine the set of nodes that creates a connected subgraph, embedded in the
subgraph of nodes with highest demand, to ensure more accessibility to charging stations for nodes

with higher demand.

Another relevant point to static charging stations is the method used for recharging, as this can
affect the time spent by a robot inside a charging station. Different methods exist for replenshing
robots’ energy like contact charging [138, 139] and inductive charging [140, 141], noticing that
both take relatively long time to recharge. A faster alternative can be battery swapping [142, 143]

that is often used for flying robots.

In our work, we use control barrier functions (CBFs) [47] as the main tool for achieving energy suf-
ficiency and coordination. Barrier functions were originally used in optimization problems [144],
but [63] introduced the notion of a barrier certificate that can be used for quantifying the safety of
a nonlinear system. These certificates have similar properties to Lyapunov functions, the existence
of which ensures system’s safety, or that the system state will not wander off to unsafe regions of
state space. Also [65] introduced a converse theorem for barrier certificates, that looks conceptually
similar to converse Lyapunov theorems: if a system is safe, then it has a valid barrier certificate.
Barrier certificates lend themselves to be a more convenient way to quantify systems safety, instead
of using other methods that rely more on estimating reachable sets [59, 60, 62] and verifying they

do not intersect with unsafe sets, which is a computationally expensive process.

[67] introduced the notion of a control barrier function which can be seen as an extension to barrier
certificates, with the aim of calculating the safe input that can ensure the safety of control affine
nonlinear system. This extension is conceptually similar to control Lyapunov functions (CLFs)
[145, 69] in that both help describing a control action that renders a control affine system safe in
case of CBFs, or stable in case of CLFs.

One challenge that emerged after introducing CBFs is the idea that this "safe" control action may
not be the desired control input for a robot’s arbitrary mission, and this called for the need to "mix"
the desired control action with the safe one. For this end, [70] introduced the notion of control
Lyapunov barrier function (CLBF) to study the stabilization of nonlinear control affine systems
with safety guarantees. The main idea behind CLBFs is to find or construct a bounded continuous
function W that has a negative time derivative with respect to unforced system field outside of the
unsafe region and is positive in the unsafe region. It can be then shown that if such a function exists,

then the system will be stabilized without having the trajectories pass through the unsafe region.
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[146] introduced another way to do this "mix" for control affine systems using quadratic programs
(QPs). The main idea behind this approach is to construct a QP to minimize the difference between
a desired control action, which is mission specific, and the actual control action acting on the
system, with a set of linear constraints that are constructed from the time derivative of different

CBFs in such a way that ensures positive invariance of the safe set.

5.3 Background

5.3.1 Control Barrier Functions (CBF)

A control barrier function (CBF) [47] is a tool that can be used for ensuring safety of control
systems. In this context, safety means ensuring that the states of the system stay in a “safe set” and

never wander off to “unsafe” regions.

The safe set is defined to be the superlevel set of a continuously differentiable function A (z) such
that [47]:

C={zxeR":h(x)>0}
OC ={x € R": h(z) =0} (5.1)
Int(C) ={x € R": h(xz) > 0}

which means ensuring that ~(z) > 0 implies the safe set C is positively invariant. For a control

affine system of the form
&= f(z)+g(x)u

where u € U C R™ , with U being the set of admissible control action values, is the input of the

system, and f and g are Lipschitz continuous.

In this paper we use the zeroing control barrier functions (ZCBFs) defined in [73], owing to their

robustness and asymptotic stability properties [72].

Definition 3. [73] For a region D C C a continuously differentiable function h(x) is called a
zeroing control barrier function (ZCBF) if there exists an extended class K function o(h(z)) such
that
sup (Lyh(z) + Lyh(z)u + a(h(z))) >0 Vo e D (5.2)
uclU
where L;h and L h are the Lie derivatives of & in the directions of f(x) and g(z) and «(h(x)) is

an extended class I function [74] (a function that is strictly increasing, a(z) = 0 only at z = 0,
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and lim a(x) = co). We can also define the set K, [73] for the ZCBF h(x) as

T—r00

K.y ={u€U: Lfh(z) + Lyh(x)u + a(h(z)) > 0} (5.3)

which is the set containing all the safe control inputs. Choosing a Lipschitz continuous controller

u from the above set is sufficient to guarantee that the safe set C is forward invariant [73].

The inequality in (5.3) represents a basic requirement on the control action to ensure safety, but
this control action is not necessarily that of an arbitrary mission. Quadratic programs (QPs) can be
used in this regard to enforce (5.3) as a constraint that has to be satisfied by the system’s control

action in the following manner [44]:

*

uw* =min  ||u — Upom||?
u (5.4)
s.t. Leh(z) + Lyh(z)u > —a(h(x))

where .., 18 the mission related nominal control action. The purpose of »* is to minimally deviate

from ., while ensuring the satisfaction of the CBF constraint.

5.3.2 Nonsmooth control barrier functions

In presence of multiple and potentially conflicting constraints, the QP problem mentioned above
could be infeasible. Thus, it would be beneficial to arbitrate between the constraints to produce
a feasible set for the QP solver to handle. One way of achieving this is through control barrier
function composition. We adopt the framework described by Glotfelter et al. [81], where boolean

nonsmooth control barrier functions (BNCBF) are used to impose forward invariance of safe sets.

We are interested in situations where CBFs are composed using an AND operator, e.g h = h; A
ho A ... that can be shown to be equivalent to h = min{hy, ho, ... }. Such discontinuous functions
may invalidate conventional continuous solutions due to discontinuities in the flow field. Therefore,

differential inclusions of the form
z(t) € F(z(t)),z(0) = xo

where + € & C R", to describe dynamics rather than ordinary differential equations, where F :
R"™ — 2R" is a compact nonempty, convex and upper semi continuous set valued map, so that the

existence of a Carathéodory solution is ensured [81].

Definition 4. Let h be a function that is Lipschitz near x’, then the generalized gradient Oh(x') is

Oh(z") = co{lim Vh(z;) : x; — o', x; ¢ S, }

1— 00
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where co denotes a convex hull, S is an arbitrary set of Lebesgue measure zero in R", and ()}, is

the set of points where h is non-differentiable.

Definition 5. A function h is a valid NCBF if there exists o : R — R that is locally Lipschitz

extended class IC function and a measurable locally bounded function v : ® C R" — R" such that

min(oh(x"), K [f + gu] (")) > a(h(z")),Vz' € ®
with K [f + gu| being the Filippov’s operator. The last inequality is a more generalized version of
(5.2).

Definition 6. [81, Definition 7] For € > 0, the almost active set for a candidate BNCBF given by
h = hy A hy is defined at each ' as

I(z") = {i: |h(z") — hi(2))| < €}
and the almost active gradient dh. : ® C R™ — 2%° at a point 2’ € ® is

Ohe= |J 0Ohi(2)

i€le(x’)

Lemma 7. [81, Theorem 3] let h be a smoothly composed BNCBE, i.e. composed of continuously
differentiable functions h;. If there exists € and locally Lipschitz extended class K function « s.t.
the following QP

w*(2)) € argmin w' A(2)u+b" (2 )u
v (5.5)
st (Oh(2), f(2") + g(z")u) > —a(h(z))

has a solution for every x' and u* is locally measurable and bounded, then h is a valid NCBF.

5.3.3 Robot model

We use a single integrator model to describe robot’s kinematics, along with an exponential battery

discharge model

T=u
V() = Vo + ky (e Fe00) — 1) (5.6)
=SV =k(Vo—V — k)
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where z € R? is the position of the robot, V is the battery voltage, V}, is the maximum battery
voltage, k. and k, are battery related discharging coefficients and ¢, is the time at the beginning of
discharge. For simplicity, we consider the dimension size d = 2, but the results are still applicable
for d = 3 as well. We refer to x = [:L‘ V}T € D C R4 as being the collective state of a
robot. Figure 5.1 shows the actual voltage change of a Cognifly [122] while hovering inside a
lab environment and shows the efficacy of an exponential discharge model in describing the actual

battery discharge.

84 T T T T T T T T

Experimental
Exponential model

7.2 | | | | | | |
0 100 200 300 400 500 600 700 800 900

time (sec)

Figure 5.1 Comparison between actual voltage discharge of a hovering Cognifly drone, and the
exponential discharge model with V{, = 8.19, k;, = 1.2411, k., = 0.00193.

For charging, we adopt a simple charging model that is agnostic to different charging modalities.
We suppose that a robot gets within a distance ¢ from a charging station, then it automatically
spends a specific amount of time t., till it finishes recharging and the voltage goes back to 1}

again. This charging station is located at position 2. € D C R? that is known to all robots.
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5.3.4 Problem statement

Given N robots, each modeled by the dynamics in (5.6) carrying out a generic mission, and sup-
posing there exists one charging station, whose position is known for all robots, with one available

charging slot, we need to ensure that:

» Safety: The battery voltage of any robot never goes below a certain desired lower bound V.

* Coordination: No more than one robot will be at the charging station at any time. This
requirement aims to respect the available charging slots ( one per charging station), and
to avoid queueing at the station. This can be achieved by making the robots arrive at the
charging station at different times that are separated by at least §;. This way the robots

alternate on the charging station periodically.

* Feasibility: The amount of time §; between arrivals should be commensurate to the number
of robots NV and the discharge properties of these robots. In other words, there is a maximum
limit on 9, that can be achieved in the system given N and the robots’ discharge properties,

and such limit should be respected.

5.3.5 Solution strategy

Figure 5.2 depicts a schematic overview of the strategy we adopt in this work. The core idea in
this paper is similar to what we did in [136], that is to build two CBF-based layers: (1) an energy
sufficiency layer, (ii) and a coordination layer. The energy sufficiency layer ensures the voltage
of each robot stays higher than a certain minimum level V,,,;,,, ¢ = 1,... N . This layer is a

“tracker” for the desired V/,,, value.

The coordination layer, on the other hand, is responsible for manipulating the value of V;,,, for each
robot to ensure mutual exclusive use of the charging station. We do this by finding the relationship
between V,,,, and the time at which each robot arrives at the charging station, and formulate a con-
straint on these arrival times to make sure they are properly separated, consecutive arrivals to CS are
separated by a desired temporal separation ;. We also investigate the station capacity, namely, the
relationship between robots’ discharge properties and the allowable number of serviceable robots

by one CS, as well as the allowable range for temporal separation J,.
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Energy sufficiency layer

MC B i? hs Ji Unom x
! Coordination layer
P e ; — u,n
n:*r Tai > hcij : > QP » Robot
5, ®
|

Figure 5.2 A schematic of the adopted strategy. Both ES and coordination layers consist of CBFs,
and produce linear constraints that are used in the QP, which in turn manipulates the nominal control
action produced by a mission controller.

5.4 Energy sufficiency framework

5.4.1 Energy sufficiency CBF

The goal of this CBF is to enforce proper constraints that will ensure that a robot’s battery voltage

does not get below a certain minimum level V,,,;,,. We propose the following candidate CBF:
hs(x) =V =V, — I'(x) (5.7)

such that
T(x) = ky (1 - e‘fi(D—‘”) (5.8)

where V' is the robot’s voltage, V,,, is the minimum voltage a robot should sustain, ¢ is the effective
radius of the charging station, D = ||z — x.|| is the distance from the charging station, v, is the
desired velocity by which the robot returns back to the charging station and I'(x) represents the
amount of voltage needed to get back to the charging station. The linear constraint associated with
the candidate CBF h; is

kpke ke

T
bV~ V = ) e tro-n E T 5 o, 59

v
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Note that according to Lemma 1 in [44], if D > ¢ we need I'(x) = 0 only at the boundary of the
charging station D = 4, which means V' = V,, at the boundary of the charging station by design.
In other words, as long as the robot is outside of the charging station, the candidate CBF h(x)
should lead to moving the robot in such a way that V' > V/,,,, and that VV = V},, only happens at the
boundary of the charging station.

In the next theorem we prove that h4(x) is indeed a zeroing CBF.

Theorem 4. For a robot with dynamics described in (5.6), and having v € U =€ RY, where U is

(z—z)”

the set of possible values for the control input w in (5.6). Suppose that u, = {u € R? : 5

—u,. }, then hs(x) is a ZCBF if u, € U.

Proof. To show that hy(x) is a CBF, it has to satisfy hs(x(t)) € C = hs(x(t)) € C,Vt > t, for
that it has to satisfy
he > —a(hs) = Lihs + Lyhgu > —af(hy) (5.10)

without loss of generality we consider ¢y = 0 in (5.6) and differentiating (5.7) we get

. . D
hs = —kpke (e_ket + 6-5([)-5)) (5.11)

vy

suppose at time ¢, and a distance D, away from the charging station, h4(ts) > 0 and the robot starts
moving such that D = —uv, (noticing that D = LD“)U and that such input is achievable since
u, € U), then D(t) = Dy — v,.(t — t5) = Dy — v, At, and

ke

ho = k. (—e’%tSe’fﬁAt + ewws%’“em) (5.12)

in case e_%(Ds_é) > e~ kels then hs > 0 owing to the growing exponential term. This means if
h(ts) > 0= h(t) > 0,Vt > t,. In case e~ (Ps=9) < o—kets je. the control action u causing D as
been activated early, then h, starts negative at At = 0 till the positive exponential term catches up.
The time at which /2, = 0in (5.12) is

Atc—1<Ds_6—t3> (5.13)

2 Uy

and note that ¢, has to be less than the time to return back to the charging station for At,. to be valid
(hence e_%(D s=9) > e~ kets)  What we want to show is that although hs starts negative, the value
of hs will stay positive till hs becomes positive again. To show this we compare hg(ts + At.) with
the value of h, at a time ¢} s.t. t} > Dg—:‘s and hy(t%) > 0 and D(t}) = D, (basically at a time when

D = —uv, 1s activated at a time greater than D;—_‘S, and notice that we have established the forward

T
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invariance for this case) so

hs(ts + At.) — hy(th) =

S

ey <€§e(nira+ts) _ pkett (5.14)

Lo (Bt ) e (D55)>

we notice that the difference between the first two terms and the last two terms is positive, since
ts < DZ:(S and t; > 2:=0 > 1 (Lré + ts) thus hy(ts + At.) — hg(t*) > 0 which means that even

Uy 2 Uy

if hs(ts) < 0(ft, < LZ S__T‘S) and provided that h(ts) > 0, then the value of A is still positive until
hy(t) > 0 again.

(z—x)T .
—57%—u = —v, ,l.e. that leads the robot

In conclusion, we show that the control action u leading to
to go back to the charging station with a constant speed v,. is indeed a solution that satisfies (5.10)

and maintains forward invariance of the safe set C, thus h; is a ZCBF.

]

What we have shown in the last proof that when h; is used as a constraint, returning the robot back
to the charging station with a constant speed is sufficient, and this speed could be set to a value

within realistic bounds of control action manageable by the robot.

It is also worth mentioning that h, serves as a CBF that generates constraints that are intended to
be used when D > 4, since we do not care technically about what happens inside, as we assume a

fixed waiting time in which recharging takes place.

In the next lemma we investigate the relation between the choice of a(h) in (5.9) and the voltage

level of the robot when it arrives at the charging station. We use a linear «(h;) function of the form
alhs) = Bshs (5.15)

where 5, > 0.

Lemma 8. Given a robot with dynamics described in (5.6), and for the QP (5.4) using the ZCBF
(5.7), the voltage difference V- — V,,, is bounded by zero from below and by a quantity that decays

exponentially with B, from above.

Proof. We start by noticing that in the QP (5.4), as long as the inequality is satisfied by u,m,
U = Upom WIill be the solution of the minimization problem. Otherwise, the resulting control input
u satisfies

he = =Bshs = hy(t) = hy(T)e*=1) (5.16)
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but from (5.7)
V — Vi = T(x) = hy(T)e P (5.17)

and on arrival at the boundary of the charging station at time ¢t = ¢, we have D = ¢, thus
V(ta) = Vin = hy(T)ePole=D), (5.18)

To show that V' (¢,) — V;, is bounded from below, it suffices to consider that if the robot starts in
the safe set (i.e. hs(tg) > 0), then respecting the constraint in (5.4) for h, ensures that hy(7) > 0
as well (by the virtue of the fact that h, is a ZCBF), so the right hand side in equation (5.18) is not

less than zero.

V(ty) — V,, is bounded from above by equation (5.18), which shows that the bound on this differ-

ence decays exponentially with (. [

Remark 3. It is worth noting that Lemma 8 shows that the ZCBF hg has a tracking property in the
sense that the voltage at the time of arrival at the charging station is close to V,, with a margin, the

tightness of which can be manipulated.

From equation (5.6) we can calculate the time of a full discharge as

1 ky
TV, Vi) = —log————— 5.19
(07 ) ke ngb+vm_‘/() ( )
Given the tracking ability of i, we have discussed we can define the arrival time, which is the time

remaining for each robot till it arrives back to the charging station, as

T.(Vo,V) =T(Vo, Vin) — T(Vo, V)
o, ky+V =V, (5.20)
TRV, — Wy

the above relation expresses the difference between the total time till V' reaches V;,, starting from
Vb, and the time that has been already spent to get to V' from V. This definition will be used later

in the coordination framework.

5.5 Coordination framework

The purpose of the coordination framework is to ensure mutual exclusive use of the available charg-
ing station. The proposed strategy to achieve this is through manipulating V;,, for each robot to

change their arrival times.
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Assumption 1. The underlying communication graph between the robots is a complete graph,

meaning that each robot can receive information from all other robots.

It is worth mentioning that although assumption 1 may seem a bit constrictive, but this can be
practically achieved through using multi-hop communication to spread each agent’s information in

a gossip like fashion [127].

The mechanism we propose to change the value of V,,, is to assume that it changes according to the
following dynamics
Vin =1 (5.21)

where n € © = R with O being the set of all admissible values of 7, and the nominal value of
choice for 7 is zero (its default value is zero unless changed by other control laws to fulfill certain
constraints, which means by default the value of V,,, does not change). Also Vj;, > 0 is a lower

bound for V,,,, which can be related to the physical characteristics of the robot.

Our main strategy is twofold: (i) introduce a constraint to ensure that the value of V,,, stays above
the lower bound V};, and (ii) introduce a new CBFE, hcz.j ,to keep the difference in arrival times

between any two robots ¢, j above a desired value J; through the manipulation of V,,, for each robot.

5.5.1 Pairwise coordination CBF

This CBF aims at separating the arrival times of two robots with at least d;, and the core idea is very
similar to the collision avoidance strategy proposed in [46], albeit it is to avoid collision of arrival

times. For that we define a pairwise safe set C;;
Cij = {(Vini, Vin,) € R? : he,; > 0,V5 € N} (5.22)

where N/ is the set of neighbours of robot i that are outside of the charging station. We propose

the following function h.,; between two agents (4, j)

‘Tai _Taj |

he,, = log =0 Vi € N} (5.23)

where T, is the arrival time of robot ¢ as described in (5.20), , and ¢; is the desired separation in

arrival times between robots. The resulting constraint for the QP problem is

T, — T,

Mo —T.F (7o = T0,) 2 —alhe,). Vi€N, (5.24)

where
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dTa- ni
L= 1 — 5.25
dt ke,(kp, + Vi, — Vo) ( )

We can obtain a decentralized version of (5.24) by dropping out the term n; from Taj in (5.24) ,

which means that agent ¢ will deal with j as an external input in a sense, giving

T, —1T,. 1
— a; a; ; > _ hc.. ’ \VI . 6 N/ 526
|Tai - Taj|2 (kbz + sz - ‘/O)n o a( ”) J ? ( )
For the a(h,,;) function in (5.26) we propose the form
a(hcij> = 5Chcij (5.27)

with 3 > 0. In the next lemma we want to show that h.; is a ZCBF

Lemma 9. For a multi robot system with (5.6) as the dynamics of each robot, then for a pair of
robots (i, ) satisfying T, (to) # Ta,(to), he,; is a ZCBF forn € © = R, with (5.26) rendering the

set C;; forward invariant.

Proof. 1f T, (to) # T,,;(to), and since n € © = R there exists a control action 7 that satisfies
(5.26), thus h,,; is a ZCBFE. O

We note that if (V;,, (to), Vi, (to)) ¢ Cij.then by virtue of h.,; being a ZCBF then (V,,,, (1), Vi, (1))
to converge to JC;; asymptotically owing to the asymptotic properties of ZCBFs [72]. The speed of
convergence and closeness to the boundary can be gauged by the choice of 3. in (5.27).This could
be taken into account when choosing d; (so for example &; = J; + € could be chosen for finite time

convergence to a desired 9;).

Remark 4. For h,, T, 0 = Taj is a point of singularity for the gradient of h.,;. Hence this requires
starting at different values of T, a; for all robots, which can practically be done by choosing V.,

depending on each robot’s index, provided that they all have the same maximum voltage V.

It is worth mentioning that the main motivation in the choice of (5.27) is the idea that each robot
starts with an estimate of its V/,,, that does not necessarily lie in the pairwise safe set C;;, and then
generates a control action 7); that satisfies (5.26) and satisfies the desired separation of arrival times

in a finite time.
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Additionally, the above result is applicable even if one robot z applies (5.26) with respect to another
robot j, while robot j is not. This follows the same argument that since 7; € © = R then there is

always a value of 7); that satisfies (5.26).

5.5.2 V,, lower bound CBF

Lower bounding F,,;, corresponds to the requirement of an acceptable voltage at the beginning of
the charging process to avoid permanent damage to the battery. The proposed CBF for this matter
is

hi = ky,log “2: (5.28)

where Vj;, > 0 is the desired lower bound voltage and &, > 0 is a scaling gain. The constraint for
the QP (5.4) is:

k.

”\Zn > —a(hy) (5.29)

and we choose
Oé(hL) = BLhL- (530)
Lemma 10. For a robot with dynamics (5.6) and V,, satisfying (5.21), hy, is a ZCBF.

Proof. Sincen € © = R, soitis always the case that a value of 7 could be found that satisfies (5.2)
for the constraint (5.29), so if V,,,(t9) > Vj, then (5.29) ensures positive invariance of the safe set
Cv,, ={Vm €eR:V,, > Vj}. O

Remark 5. As the value of V,, is changing due to input, it could be considered one of the robot’s
T
states and thus we can augment the state vector to be x = {x \%4 Vm} . Also the energy suffi-

ciency constraint (5.9) needs to be modified to account for changing V.,,, and hence becomes

k ke e - c T
ke(Vo =V — k) — 1 — Le*%(D%)M

o o U > —a(hs) (5.31)

but the result of lemma 8 still holds, since the idea of this lemma is that a set of control inputs (u,n)
will be produced from the QP that satisfies (5.16), and hence the exponential decay of hy leads to
the bounded difference V' — V,,, on the boundary of the charging region.

Remark 6. We note that the robot dynamics is Lipschitz outside of the charging station. Moreover,
the CBFs for energy sufficiency and coordination defined thus far and their associated constraints
are all continuous outside of the charging region. For this end each robot coordinates with neigh-
bours that are outside of the charging station because a robot that has already arrived to the

charging station does not affect the arrival times of subsequent robot.
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5.5.3 Coordination framework

In this section we construct for each robot a boolean nonsmooth CBF out of the pairwise coordi-
nation and lower bounding CBFs discussed earlier. The motivation behind this is that V/,,, that we
are using as a coordination variable, could be subject to contradictory constraints. For example, it
may need to decrease to temporally coordinate with another robot, but it needs to increase in the
same time to not go below V};,. One solution to this is to arbitrate between different constraints

and consider the most imminent at the moment. We can encode this as a boolean expression as

following
he, = /\ he,; N hr
JEN]
this effectively equivalent to
he, = min{he,, hr}, VjeN, (5.32)

with NV being the neighbour list of robot i. For each robot the safe set is

C;= ﬂ Ci; NCy,
JeN]

with Cp, = {V,, € R : V,,, > Vj,}. Since h,, are all continuously differentiable except at points
where T,, = T,, (which we start away from, and do not have by virtue of applying pairwise
coordination CBFs), and h, is continuously differentiable (expect at V,,, = 0 which we start away
from and do not get close to by virtue of V,,, lower bound CBF), then /., is smoothly composed,
and the gradients of hcij and hj, are described in (5.26) and (5.29). We can follow the same line
of reasoning in lemmas 9 and 10 by considering that since € R, and since 7 is only the control
action affecting h.,, then there exists a value of 7 that respects the constraint in (5.5). The QP

combining both constraints for each robot is

ut = muin u' Au+0b'u
st. Lyhs + Lyhsu > —fhg (5.33)
<aehc“ f + 97]> 2 _ﬁchci

-
where for the combined system u = [ul Us 77} , with (u1, ug) being the velocity control input

in (5.6) and L,hsu = —n — %6_%(D_§)% “ . Note that A could be chosen as identity
T u2
matrix, and b = —2u,,,, so that the QP would be solving a least square problem of the form

min ||t — Upem||?.
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5.6 Limits on temporal separation

The purpose of the coordination framework described thus far is to impose temporal constraints on
the difference between the expected arrival times of any two robots. However, the value of desired

difference ¢, is not arbitrary and has to respect some limits.

To motivate this idea, suppose a robot can survive on one battery for a certain amount of time 7',
i.e. its voltage starts at 1 and ends at V};, over a period 7', then theoretically speaking if we have
two robots then the maximum §, we can ask for can not be greater than 7" (that is a robot starts with
a fresh battery exactly at the time the other has depleted its own and about to recharge). Moreover,

one would expect that when a new robot is added, the maximum value of J; will be even less.

The question now becomes: how to estimate this limit? And what is the relationship between this
limit and the number of robots in the system, as well as the discharge and recharge characteristics

of the system? A

Figure 5.3 Schematic of the voltage for the first and last robots to recharge in one cycle, we call
them A (in red) and Z (in blue) respectively. We call d, the terminal separation time, which is the
separation time between first arrival of robot Z and the second arrival of robot .A.

Proposition 1. For a group of N robots with same discharge characteristics, each staying for an
amount of time T, inside the charging station to recharge, and if the value of V,,, for each robot
is Vi, = Vi from the second discharge cycle onwards, then the maximum allowable temporal

separation that can be achieved among robots is
51‘/” = %(Ta(‘/(b ‘/lb) + Tch)

Proof. Consider a scenario where a group of N robots with each robot having a distinct value of
Vin;» and we want them to arrive at the charging station with a separation of arrival times equal

to d,. We specifically consider the robot with the maximum value of V,, = V,,, and the one with
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smallest value of V,,, = V};,. We call the former robot A and the latter robot Z. Since robot A has
the highest value of V,,,, it will be the first to visit the charging station, while robot Z will be the
last, by virtue of having the least V;,, value. This is depicted in Figure 5.3.

If V,, for robot A is V,,, = V}, after the first visit to the charging station, we want the time difference
between the first arrival of robot Z and the second arrival of robot A (we call it 6, = Ty — T3 in
Figure 5.3), to be at least equal to J;. Supposing that each robot spends an amount of time 7,

inside the charging station to recharge, so what we want can be expressed as
Tous(Vo, Vin) + Ten + Tu s (Vo, Vin) — Taz (Vo, Vi) > 6, (5.34)

Notice that at this point we still do not know &, and V,,,. Now suppose we divide the time between
the first arrival of robot .4 and the first arrival of robot Z into N — 1 equal intervals (corresponding
to uniformly timed arrivals of N agents from 77 to 75 in Figure 5.3), then we want this interval to

be at least equal to o, B
Tag(‘/()v ‘/lb> - Taz (%7 Vm)
> .
N 1 > 0y (5.35)

Supposing that all robots have the same discharge properties, then (5.34) becomes

1 log —t— T T, >0
= t (5.36)
= ky + Vm _ VO > ke ke(8t—Ten)
and (5.35) becomes
K+ Vi =V,
k (N ) log kl;rf‘vlb_v(()) 2 5t (5 37)
= Ky + Vi — Vo 2 N80 (ky Vi — 1g)
taking the equality and equating the right hand side of the last two relations we get
1
e = 3 (5 108 sty + Ton) (5.38)

— %( a(‘/(]y ‘/lb) + Tch)

The last relation describes the maximum amount of temporal separation in arrival times given the
number of robots /V, the total discharge time of one cycle and the waiting time in the charging

station. [
Thus for a normal operation ¢; has to satisfy

0 < 3 (Ta(Vo, Vi) + Ton) (5.39)
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Remark 7. Equation (5.38) could be rearranged to calculate the value of one of the variables with
respect to others, so for example we can calculate the maximum allowable recharge time T, , if
we know the the number of available robots N, a desired value of the separation time 6, and the

total discharge time. We consider this relation to be expressive of the capacity of the system.

Remark 8. We notice that the first expression of (5.38) is the division of the total cycle period
by the number of robots, which is an intuitive result for the feasible separation period. However,
we notice that the maximum available temporal separation is directly proportional to the charging
time Ty, and this is due to the fact that when T, increases, the time of arrival of robot A for the
second time has additional delays, which increases the difference Ty — T in Figure 5.3 leading to

an additional margin for increasing 6;.

Based on the last remark, there should be a limit on 7;;, beyond which the problem becomes infea-
sible (or else a robot would arrive to the charging station while another robot has not finished its
1., waiting period). Thus T, < d;,,. In the critical case when they are equal, substituting in (5.38)
we get

_ 1 ky
Tehe, = (N—1)ke log kot Vie—Vo

(5.40)

which describes the maximum allowable charging time for a system of N robots with given dis-

charging characteristics.

Remark 9. Supposing that not all robots are having the same discharge properties, but they have
the same maximum voltage V. We take robot A as the robot with the fastest discharge rate among
all robots (thus it could be considered the neediest robot) and robot Z as the one with the slowest
discharge rate. We can still use (5.34) and the reasoning behind it, but T, ,(Vo, Vip) =T, (Vo, Vi) <
0. We define T,, = T, + 1o, (Vo, Vib) — Tz (Vo, Vis) and follow same steps in (5.36) and (5.37) and
in this case the new ;. is

_ 1 1 k
Oep = (17 log v + TP) (5.41)

but we note that since T, ,(Vo, Vi) — T, Vo, Vis) < 0, then T,, < T, which means that the amount
of maximum allowable temporal separation diminishes proportionately to the difference between

the full discharge time of the slowest discharging and fastest discharging robots.

Our treatment thus far for d;_. depends on the fact that the value of V,,, changes to V}; after the first
charging cycle. However, the proposed coordination framework is not equipped for doing so. For

that we propose to introduce a state jump inside the charging station for V,,, — V.

Theorem 5. Given a group of N robots with dynamics described in (5.6), and applying both energy

sufficiency and coordination constraints as in (5.33). Suppose a state jump V,, — Vi, whenever



73

D <9, and that a 6; is chosen to satisfy (5.39), then the set

c=N N ¢y (5.42)

iEN jeN]

is forward invariant.

Proof. We want to show that if the system starts in a safe set, then switching V,,, — Vj;, when
D < § will still make the system in the safe set. Consider robot A and a consecutive robot B in the
charging order, i.e. 0; < |T,,—Tu,| < |Tu,—Ts,|, Vi e N\{A, B}. Suppose robot A precedes B
in charging and that A starts charging at time t., and the switching V,,, — V}; takes place. Robot A
will arrive back to the charging station at time 7'y = t.+ T, + T4 (Vo, Vip). Suppose robot B arrives
at t.+ 0, then it will arrive back to the charging station at time T = t.+;+ 1., + 71, (Vo, Vip). The
difference in the arrival times 7' — T4 in the new discharging cycle will be equal to Tg — Ty = 9;.
Same argument can be applied iteratively between any two consecutive robots in the charging

schedule.

Thus the switching of V;,, — V};, does not alter the forward invariance of C;;, which can be general-

ized to all pairwise sets. This means that if the system starts in C, it remains there. [l

Remark 10. Assumption 1 could be relaxed to having a connected undirected graph, and use
multi-hop based information dissemination to keep a shared data structure with all agents’ arrival
times information'. Such information update has a delay that depends on the level of connectivity
of the communication network, i.e. agent © would know about agent j’s information after some
time 7 € (0,7] C R. Consequently, the pairwise coordination constraint in (5.24) will need to
take into account the effect of such delay to ensure proper pairwise coordination [148]. Moreover,
the system capacity, as expressed by the limit on temporal separation, will have to be augmented
to accommodate the effect of this delay. Such effect of delayed information dissemination is the

subject of future work.

5.7 Results

In this section, we highlight the ability of the proposed method to achieve successful coordination

among the robots, as well as its applicability to different types of missions.

For that end, we consider the following tasks:

* Coverage task, in which a group of robots try to expand and cover a certain area of interest.

'A similar idea is utilized for example in maximum consensus for decentralized task allocation [147]
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* Random exploration, in which robots are randomly wandering around in a certain area while

avoiding collision among each other.

* Random exploration with obstacles, which is similar to the previous task, except that the area

of interest contains a number of obstacles.

We run simulations for the three scenarios using ARGoS [117], a physics-based simulator designed
to handle large numbers of robots, using models of the Khepera IV robot. Moreover, we run hard-
ware experiments using a group of Cognifly quadcopters [149] doing a simple waypoint navigation
task.

We use the Buzz programming language [127], which is a language developed for heterogeneous
robot swarms, for programming the desired behaviours on robots both in simulation and hardware

experiments.

It is worth mentioning that since the final control input resulting from the solution of (5.33) con-
siders the robot as being a single integrator point as described in (5.6), it cannot be used directly on

the Khepera IV robots in simulation, as they are better described by a unicycle kinematic model

T1 =vcosl
To = vsinf (5.43)

0 =w

where 6 € R is the yaw angle of the robot between its forward direction and the actual x axis of the
environment and v is the forward velocity of the robot, and the pair (v, w) € R? is the actual input

to the robot. We use the nonlinear mapping from single integrator to unicycle kinematics in [150]

vl _ 1 (1) co§9 sinf| |u, (5.44)
w 0 7 —sinf cosf| |u,

where (u,, u,) are the components of the control input  in (5.6), and [ is the distance of an imag-
inary handle away from the center between the two wheels, as demonstrated in Figure 5.4, and

serves as a tuning parameter for the robot response.

Remark 11. The choice of the | variable in (5.44) can affect the power consumption, as highlighted
in [151], which provides an estimate for the value of this parameter to balance between control ef-
fort and tracking. In this work, we presume the availability of a conservative estimate of the battery
voltage change (e.g. figure 5.1) for a given robot carrying out a certain mission profile using a
certain controller. However, for more characterization of the effect of | on power consumption, an

energy augmented kinetic model of a differential drive robot, e.g. [152], could be used to find a
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relation between the control actions u, and u, and the current consumption, and hence the battery

voltage change. We give further elaboration on this point in Appendix A.

A

Y

X

>

Figure 5.4 Schematic of a unicycle model, as well as the handle point, an [ distance away from the
center of two weels.

For the simulation cases, we carry out 30 different simulations with different initial positions and
orientations for the robots that operate in an arena of 6mx6m that is depicted in Figure 5.5. More-
over, the robots stay for 7., = 25 seconds inside the charging region, and their voltage changes in

such a way that mimics a battery swapping process.

5.7.1 Coverage task

We applied the proposed energy sufficiency and coordination framework on top of a coverage
mission, in a very similar way to what was done in [44]. In this task we have a convex polytope ()
divided into a set of polytopes W = {W, Ws, ..., W, } with one polytope assigned to each robot

and representing its “dominance region”, and the robots are required to move in such a way that
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(b) Arena with obstacles

Figure 5.5 Snapshots of the arenas used in the simulations, without obstacles in 5.5a, and with
obstacles in 5.5b.

minimizes the locational cost function [132]

HX, W) Z/ f(llg = z:l)é(a)dq (5.45)

where f(||¢ — z;||) is a non-decreasing differentiable function f : R, — R, representing the
degradation of sensing quality with distance, ¢(x) : @ — R, is a distribution density function
that represents relative weights or importance over different points in (). One way to solve this

locational optimization problem is to use Voronoi partitions V = {Vi,...,V,,}, with a Voronoi
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partition V; defined as
Vi={z e Xlllg = l| <llg —2ll,v5 # 1} (5.46)

so if we let W; = V/, the solution to (5.45) consists of having each robot chase the centroid of its

partition using the following control law
Ucov; = kcov(CVi - zz) (547)

where Cy; is the centroid of the Voronoi partition for robot s.

To ensure that a robot will not randomly wander into the charging region before it should, We add

a collision avoidance constraint with the following CBF
hes = |2 — Tes| — Asafees (5.48)

where A, .., should be at least equal to d from (5.8). We can then calculate the nominal control

action Uy, through solving the following QP, with the constraints corresponding to (5.48)

Upom = min ||U_UCO”U||2
ucR?

(23 — Tos) (5.49)

S.t.
|| — es]|

u Z —DPes hcs

for p.s > 0, and the value of u,,,, from (5.49) is the nominal control action used in (5.33). The

values of the parameters used are presented in Table 5.1.

Table 5.1 Values of parameters used in coverage task simulations

Parameter ke ks N | Vo | W 0y,
Value 0.0012 | 1.1911 | 7 | 81| 7.2 | 171.3 sec

The value of 4, is calculated from (5.38) with 7, = 25. For the coverage scenario the robots are
tasked with covering the arena depicted in Figure 5.5a, following the nominal control action from
(5.49), while achieving a desired temporal separation of 9, = 165 sec. Figure 5.6 shows a sample
result of applying (5.33) on a coverage task. From Figure 5.6a, the desired separation in arrival

times is achieved.
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Figure 5.6 Evolution of voltage V' and V,,, values for the coverage task simulation (5.6a and 5.6b).
Figure 5.6¢ represents the distances of robots from the charging station during the mission. The
black horizontal solid line in 5.6a represents V};,. Figure 5.6d is the minimum value of the coodina-
tion CBF at all times.
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5.7.2 Random exploration task

In this task each robot is required to roam randomly within a certain predefined area surrounded by
walls, depicted in Figure 5.5a. Each robot uses a set of onboard ultrasonic sensors to avoid colliding
with any of these walls, and thus becomes contained within the area of interest. Figure 5.7 shows
a schematic of the obstacle avoidance method we are using. For each sensor registering a distance
less than a desired safety range, we form a vector from the robot’s origin towards the direction
of this sensor in the local reference frame and with a magnitude equal to the registered reading
(vectors v; and v; in Figure 5.7), we sum together all these vectors to get their resultant (vector
V' in Figure 5.7) and the escape direction will be the opposite of this resultant vector (vector e in
Figure 5.7).

V; //
)V
/
/ U
A/
T /
/
/ Y
| b ]
J \/
/
/
/
//
e
/
/
/
/
y

Figure 5.7 Schematic of the method used for avoiding obstacles. Vectors v; and v; are vectors in
robot’s local axes pointing from its origin towards each respective sensor, and the length of each
vector is equal to each sensor’s registered reading. The vector V' = v; + vy, is the resultant of all the
vectors of ultrasonic sensor registering readings and e is the escape vector.

In order to pursue the escape vector, we use a simple proportional controller to calculate the wheel
speeds:

Uy = Up + krat‘gZ5 (5 50)

U = Vp — kr0t¢
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where k,..; > 0, v, and v; are the right and left wheels’ linear speeds, v, is a desired base speed and
¢ is the angle between the escape vector and the local sagittal axis (front direction). We apply a
similar collision avoidance layer as (5.49) to prevent random wandering into the charging station,
and we depend on the ultrasonic sensors to avoid collision with walls. We use the following CBF

for inter-robot collision avoidance
hcol = ||xz - x]“ - 5col (551)

where d.,; > 0 is a desired safe distance between robots. We calculate the robot’s velocity relative

cosf) —sinf| |1 0| |v (5.52)
Uegp = .
b sinf cos6 0 | |w

where v = ””"TJ”” and w = 5+ with b being the width of the robot. The nominal control action

to global axes .,

then becomes
Upom = Min  |ju — uew||2

u€R?
(Q?i — ili'j) . .
st. ——u > _pcolhcolaVZ 7é J 5.53
e — a1 >3
(= Te) S
|2 — es|

for p.o; > 0 and p.; > 0.Table 5.1 presents the values of parameters used in this simulation.

Table 5.2 Values of parameters used in coverage task simulations

Parameter ke ky N | Vo | Vi Oy,
Value 0.00195 | 1.1911 | 7 | 8.1 | 7.2 | 106.8 sec

Note that the value of ¢; . is calculated from (5.38) with 7,;, = 25. In this scenario the robots
are required to randomly explore (by random walking) the arena depicted in Figure 5.5a, while

avoiding collisions and achieving a desired temporal separation of 105 seconds.

Figure 5.8 shows the results of a sample simulation. We can see from Figure 5.8a that the desired
temporal separation in arrival times is achieved. Also similar to previous results, the value of A

Cmin

converge to zero as shown in Figure 5.8d.

5.7.3 Random walk with obstacles

This task is essentially similar to the previous random exploration task discussed above for the same

arena, except that the area of interest contains nine randomly distributed cylindrical obstacles, each
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Figure 5.8 Evolution of voltage V' and V/,,, values for the random exploration task simulation (5.8a

and 5.8b). The black horizontal solid line in 5.8a represent V};,. Figure 5.8d is the minimum value
of the coodination CBF at all times.

with a radius of 15cm (example in Figure 5.5b). We carried out simulations for 30 random initial
positions, orientations, and obstacle locations. Although in many cases the framework manages
to achieve charging/discharging cycles similar to what is depicted in Figures 5.6 and 5.8, but the
presence of obstacles affects the framework negatively which is manifested in not achieving the

desired separation in arrival times in many instances.

To illustrate this result, we calculate the differences in arrival times between each two consecutive
arrivals for all 30 tests, and then calculate how far these differences are from the desired separation
in each case to serve as a measure of the error. Figure 5.9 shows a box plot representing the median,
maximum and minimum values of these errors. Ideally, the minimum value of this difference
should be at least equal to zero (meaning that in the worst case the desired separation in arrival

times is achieved), while in simulation some error could be expected due to the difference between
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the point mass model we are using and the actual kinematics of the robot, as well as the fact that
the collision avoidance between robots presents some unmodeled delay for the robot’s way back
to recharge. We point out that these errors are still two orders of magnitude less than the desired
temporal separations in each case. The random exploration task with obstacles performs worse
than the other two in the worst case due to the introduced disturbance from the environment (the

obstacles) that haven’t been taken care of in the energy sufficiency framework.

'15 F T T T =

05 E— .

A(St (sec)

145 F 1

2tk 4

25 F -

1 1 1

Coverage Exploration Exploration (w/ obstacles)

Figure 5.9 Box plots of differences in consecutive arrival times between robots over 30 experiments
for the following tasks: (i) coverage, (ii) random exploration and (iii) random exploration with
obstacles. A negative difference indicates that two arrival times are separated with a time less than
d;. The vertical axis represents this error in temporal separation in seconds.

5.7.4 Physical robot experiments

For the hardware setup, we use a group of three Cognifly quadrotors [122] carrying out a simple

waypoint navigation task. Such quadrotors can be modelled using a simple single integrator model
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and the waypoint navigation is achieved via a proportional controller

UWN — kWN(fL’ — l‘t) (554)

where kyy > 0 is a proportional gain, and z; € R? with d = 2 in our case.

The drones achieve indoor positional feedback through an Optitrack system, and each drone is
running a Buzz [127] code at 10 Hz. Cogniflys are running on Li-po batteries with discharge
characteristics similar to that depicted in Figure 5.1. We note that the parameters for the voltage
discharge were chosen to bound the actual voltage change from below, i.e. to be conservative. More
conservative parameter choice is possible, but it will lead to a more conservative system capacity
estimation, i.e. the achievable temporal separation between robots’ arrivals will be estimated to be

less.

For recharging, the drone stays inside the charging region for 7., = 65 seconds, and we apply a
manual hot battery swapping process, meaning that the Cognifly is attached to an external power

source while the battery is being swapped manually.

The parameters that model the actual system (the battery + mission discharge profile) are presented

in Table 5.3. In this task, the drones are required to carry the on waypoint navigation task and

Table 5.3 Values of parameters used in coverage task simulations

Parameter k. ky N | Vo | Vi Ot
Value 0.00195 | 1.1911 | 7 | 81 | 7.2 | 262.3 sec

arrive to the station with a temporal separation of 220 seconds. Figure 5.10 depicts the voltage
discharge/recharge cycles and the values of V,,,. These voltage values are measured onboard and

they are being directly used in the energy sufficiency framework.

5.8 Discussion and Conclusion

In this paper we present a control barrier function (CBF) based framework for extended multi-
robot system energy autonomy. We extend the work by [44] considering the case of needing to
share a charging station among several robots. We introduce a CBF based coordination layer that
is mission-agnostic by nature to ensure mutually exclusive use of a charging station in a minimally
invasive way. Moreover, we describe the limits on the temporal separation to be enforced by the

coordination framework in such a way that ensures that the safety set for coordination is non-empty.

There are some considerations that may affect the performance of the proposed framework mostly

due to some unmodelled aspects. One such example, as discussed in Section 5.7, is the existence
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of obstacles in the environment and how the robots evade them, as well as how they evade collision
with other robots. This can affect the overall performance because if a robot is hindered by obstacles
or evasion of other robots on its way back to the charging station, it can arrive later than expected,

which can perturb the differences in arrival times.

Another limitation of this work is the need for knowing a reasonable worst case estimate of battery
voltage change depending on the mission under consideration, which makes it more suited for
situations where the voltage decrease is uniform throughout the mission. If the power consumption
is considerably less than this worst case value during mission execution, the proposed framework

will react conservatively to the actual voltage change.

Moreover, the proposed framework uses a simple abstract robot model, namely a single integrator
model. The output of the framework is then provided to the actual robot as an input through a proper
interface, e.g. equation (5.44). However, this may add an additional layer of power consumption
through the actual controllers onboard that pursue the output of our proposed framework, e.g.
choosing small values of [ in (5.44) may lead to higher power consumption. In Appendix A we
present a model that shows the relation between a single integrator to unicycle transformation
(5.44) and the voltage change, and we present a method for using our proposed framework on a
full unicycle model. However, it would be interesting to use the full nonlinear model without any

intermediate simplifying models (as single integrator model) to achieve better utilization.

In the future we think it would be interesting to extend the current work by considering multiple
charging stations. Moreover, we need to extend the framework so that it can deal with the currently
unmodelled obstacles/environment/terrain and provide energy sufficiency in scenarios where robots
move in complex environments by complementing the proposed framework with planning capabil-
ities.

Additionally, we would like to use more accurate robot-specific models, and customize the pro-
posed framework accordingly, to have better ability predicting the voltage change for specific types

of robots, thus leading to better utilization of the system.
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Figure 5.10 Evolution of voltage V' and V,, values for three Cognifly quadrotors carrying out a
waypoint navigation task.
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CHAPTER 6 ARTICLE 3 : ENERGY SUFFICIENCY IN UNKNOWN
ENVIRONMENTS VIA CONTROL BARRIER FUNCTIONS

Preface: A robot’s ability to seek recharge in a complex environment is key for the long-term
deployment of robots in realistic environments. In such scenarios, robots often use path planners
to find valid paths in an environment represented by a map, either known a-priori or constructed
by the robot. Therefore there is a need to ensure energy sufficiency over such paths at all times in
a mission-agnostic fashion.

In this chapter, we propose a CBF-based framework that provides ES guarantees over paths
produced by a general path planner during executing a general mission. The framework we
propose is modular and compatible with any form of path planner that is capable of producing
waypoints in the environment. Moreover, we provide a method for adapting the proposed
framework, which uses a single integrator robot model, to a unicycle-type robot. We demonstrate
through simulation results the efficacy of the proposed framework, and we present the results of

conducing experiments using the proposed framework on a Scout Mini rover.

Full Citation: Fouad, Hassan, Vivek Shankar Varadharajan, and Giovanni Beltrame. "En-
ergy Sufficiency in Unknown Environments via Control Barrier Functions." arXiv preprint
arXiv:2306.15115 (2023). Manuscript submitted to the International Journal of Robotics Research
(IJRR) on June 27, 2023.

DOI: https://arxiv.org/pdf/2306.15115.pdf

Abstract: Maintaining energy sufficiency of a battery-powered robot system is a essential for long-
term missions. This capability should be flexible enough to deal with different types of environment
and a wide range of missions, while constantly guaranteeing that the robot does not run out of en-
ergy. In this work we present a framework based on Control Barrier Functions (CBFs) that provides
an energy sufficiency layer that can be applied on top of any path planner and provides guarantees
on the robot’s energy consumption during mission execution. In practice, we smooth the output of
a generic path planner using double sigmoid functions and then use CBFs to ensure energy suffi-
ciency along the smoothed path, for robots described by single integrator and unicycle kinematics.
We present results using a physics-based robot simulator, as well as with real robots with a full

localization and mapping stack to show the validity of our approach.
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6.1 Introduction

Current advances in robotics and its applications play a key role in extending human abilities and
allowing humans to handle arduous workloads and deal with dangerous and uncertain environ-
ments. For instance, search and rescue missions [2], construction [7], and mining [4] put a strain
on the human body as well as being inherently dangerous. Moreover, tasks with a high degree
of uncertainty like terrestrial [17] and extraterrestrial [3] exploration benefit immensely from using
robots, especially with the current quest for planetary exploration and the need to discover locations
to host humans [153, 154].

To this end, endowing robots with the ability to recharge during a mission is of vital importance
to enable long term autonomy and successful execution of missions over extended periods of time.
This gives rise to a crucial need for methods that guarantee that no robot runs out of energy mid-
mission, i.e. energy sufficiency, while at the same time having the needed flexibility to adapt to
various types of missions and environments. Many methods exist in literature to achieve this goal:
using static charging stations [44, 155, 156, 157], using moving charging stations that do ren-
dezvous with the robots during their mission [158, 159, 160] or deposit full batteries along robot’s
mission path [52]. The main shortcomings of these methods are that they either do not provide
formal guarantees on performance, or they have limited ability to deal with scenarios involving
unstructured and uncertain environments, €.g. in exploration missions where maps are not known
beforehand.

One way to tackle the issue of unstructured environments in light of energy sufficiency is to perform
path planning that incorporates energy cost as one of its metrics. As an examples of this energy-
aware path planning, [161, 162, 163] formulate energy sufficiency as a combinatorial optimization
problem with the environment modelled as a weighted graph encoding energy costs, travel times,
and distances. One issue with these methods is the rapid increase in computational complexity for
large environments. Other methods emerged to deal with this issue with heuristics like Genetic Al-
gorithms [164], Tabu-Search [165] and Monte Carlo Tree Search [166]. However, one fundamental
problem with these methods mentioned so far is their need to know the map beforehand, which may

not be available for missions with unknown or dynamic environments such as exploration tasks.

Tackling the issue of unknown and unstructured environments calls for the use of exploration plan-
ners. Such planners use the collected sensor information over time and provide two types of tra-
jectories: exploration paths that maximize environmental coverage, and homing paths from robot’s
current position to any desired point in the map that is being incrementally built as the robot keeps
exploring. Several well-designed exploration planners exist in literature, many of which devel-
oped within the scope of the DARPA SubTerranian Challenge [167]: the Graph-Based exploration



88

== Exploration 1 .
- Homing 1 B
== FExploration 2 £ i

Homing 2 Y
— Exploration 3 ¥,
= Homing 3 i1

Path 2 End

___Charging station

\ s

o e

Figure 6.1 Maintaining energy sufficiency during the exploration of a corridor environment.

planner [168], the Next-Best-View planner [169], the motion primitives-based planner [170]), the
Dual-Stage Viewpoint Planner [171], and the TARE planner [172].

In this work, we present a modular and mission-agnostic framework that uses a Control Barrier
Function (CBF) [47] to guarantee energy sufficiency when applied alongside an arbitrary explo-
ration planner. The approach builds upon our previous work [173, 157], which provides energy-
sufficiency guarantees for robots in obstacle-free environments. We thus leverage the ability of
an exploration planner to deal with unstructured and unknown environments and extend previous
formulations to validate guarantees on energy sufficiency over paths generated by this planner,
allowing for more realistic mission execution. The modular nature of our framework makes it
suitable for a wide range of applications that employ a path planner, especially the exploration of
unknown subterranean environments [168], as well a navigation in urban [174, 42, 175], and indoor

environments [176].

In essence, the contribution of this paper is a CBF-based mission-agnostic modular framework

that can be applied in conjunction with any path planner to ensure energy sufficiency of a robot
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in unknown and unstructured environment. The framework applies to robots modelled as single
integrator points or using unicycle kinematics. The framework is validated through physics-based
simulation and on a physical AgileX Scout Mini rover, with a detailed description of our hardware

setup and software stack (which is also available as open-source).

The paper is organized as follows: Section 6.2 reviews the literature around energy sufficiency,
energy awareness in path planning, and some relevant topics to our frameworks like path smoothing
and control barrier functions (CBFs); Section 6.3 presents some preliminaries, followed by the
problem statement we are addressing; in Section 6.4 we lay out the main building blocks of our
framework by addressing a case in which a robot, modelled as a single integrator point, is stationary
with a non-changing path; in Section 6.5 we extend the results of the previous Section to the case
of a moving robot with a varying path due to robot’s motion and path updates; we then present
a method for applying our proposed framework with robots described by unicycle kinematics in
Section 6.6; Section 6.7 shows simulation and hardware results; then we conclude the paper and

provide a discussion along with future work in Section 6.8.

6.2 Related work

Path planning methods for autonomous robots have been an active area of research for a long time
[177, 178]. Different families of path planning methods can be found in literature that vary in
their purpose (e.g., local planning vs. global planning), the way they encode the environment (grid
maps, visibility graphs, voronoi diagrams...), the type of systems they plan for (e.g., holonomic,
non holonomic, kinodynamic) and the way the path is created (sampling the space, graph searching,

potential fields...).

Endowing path planning with energy awareness has been treated in literature in different forms that
vary by purpose. For example, some works find energy efficient paths within an environment so
as to increase a mission’s life span as presented by [179] for four wheeled robots and by [180] for
robots in hilly terrains. Other works focus on ensuring robot’s ability to carry out missions within
certain energy capacity and return to a charging station. For example, [165] use a graph with nodes
representing tasks with energy costs and edges indicating spatial connectivity with distances, then
use Tabu search to solve a Traveling Salesperson Problem (TSP) on this graph to minimize cost.
[166] use a probabilistic roadmap method to generate a graph with routes to different goals and
charging nodes, then they use Monte Carlo Tree Search (MCTS) to create a tour vising all goals,
while having a utility function that diverts the robot from its tour to recharge when needed. [181]
proposes something similar by creating an idealized version of the environment in the form of a
MAKLINK graph, then use the Dijkstra’s algorithm for finding paths to charging station. [164]

consider the problem of UAV coverage of an area while needing to recharge, and uses a mix of
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grid maps and genetic algorithms (GA) to produce trajectories that minimize mission time and cost
while penalizing energy loss. In the electric vehicle literature, similar graph representations of envi-
ronment are typically used, and an optimization problem is solved over the graph. [163] formulate
the problem as a variation of the vehicle routing problem and use mixed integer programming to
find the optimal paths. Similarly, [162] formulate an integer program that aims to find the best
path with least cost to go from destination to goal while charging at a station. The problem is then
solved in two stages: building a meta graph of best paths from destination to goal passing through
stations, and the then using Dijkstra’s algorithm to find the best path of this meta graph. It is worth

noting that these methods typically do not provide performance guarantees.

The output of sampling based path planners is often in the form of waypoints. There is often
a need to smooth the resulting piecewise linear paths to reduce the effect of sharp turns, which
gives rise to a significant body of work pertaining to path smoothing [182]: using Bezier curves
[183, 184], B-splines [185], among many others. [183] provide a framework for interpolating a set
of waypoints with cubic Bezier segments in a way that maintains curvature limits and ensures no
collision between obstacles and the interpolated path. [185] uses clamped B-splines to produce C?
continuous paths, and they provide a scheme for point insertion in segments where there is collision

with obstacles to iteratively rebuild the path till no collision takes place.

Another body of work attempts to merge path planning and smoothing: for example, [186] propose
a method for finding shortest Bezier paths in a cluttered environment, where Bezier control points
are searched for to minimize path length using Genetic Algorithms (GA). [187] provide a method
for smoothing the output of variants of an A* planner by considering the waypoints as Bezier curve
control points and then introducing insertion points between every two of these control points, then
use quadratic Bezier segments with the inserted points as control points to produce a smooth path.
[188] describe a method for creating smooth paths in robot soccer, where the authors use a 4th-order
Bezier curve with control points comprised of the robot’s position and goal as ends, and the other

robots’ positions as rest of control points to produce a dynamically changing and smooth path.

We use Control Barrier Functions [47] as the base of our framework. Barrier functions have been
used in optimization problems to penalize solutions in unwanted regions of the solution space
[144]. This concept has been later exploited to certify the safety of nonlinear systems [63], in the
sense that finding such functions guarantees a system’s state does not to wander to unsafe regions
of the state space. The notion of Control Barrier Function was introduced by [67] to express values
of a system’s control input that ensures safety for a control affine system, and [146] introduced
the popular method of using quadratic programs to merge system tracking, encoded by a desired
system input, and the safe control input dictated by CBF constraints. Other methods use Control

Lyapunov Barrier Functions (CLBF) [70] to achieve tracking and safety simultaneously.
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6.3 Background

6.3.1 Control barrier functions

A control barrier function is a tool that has gained much attention lately as a way of enforcing set

forward invariance to achieve safety in control affine systems of the form

x = f(x) + g(x)u

where u € U C R™ is the input, U is the set of admissible control inputs, x € R" is the state of
the system, and f and g are both Lipschitz continuous. In this context, what is meant by safety is
achieving set forward invariance of some safe set C, meaning that if the states start in C at ¢t = {,
they stay within C for all t > ¢,. This safe set C is defined as the superlevel set of a continuously

differentiable function A(x) in the following manner [47]:

C={zxeR":h(z)>0}
OC ={z € R": h(z) =0} (6.1)
Int(C) = {z € R": h(z) > 0}.

This condition can be achieved by finding a value of control input that satisfies h > —a(h), with

a(h) being an extended class /C function [74].

Definition 7. [47] For a subset VW C C, a continuously differentiable function h(z) is said to be a

zeroing control barrier function (ZCBF) if there exists a function a(h) s.t.

sup Lyh + Lyhu > —a(h), Ve e W (6.2)

uelU

where L¢h and Lyh are the Lie derivatives of h(x) in direction of f and g respectively.

Supposing that we define the set of all safe inputs U, = {u € U : Lsh + Lshu > —a(h)},
then any Lipschitz continuous controller u € U, guarantees that C is forward invariant [47]. Since
the nominal control input u,,,, € U for a mission may not belong to Uy, there should be a way
to enforce safety over the nominal mission input. This could be done by the following quadratic
program (QP) [47]

u* = min Hu—unomH2
v (6.3)
st. Lyh(x) + Lghu > —a(h)
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noting that u* tries to minimize the difference from w,,,, as long as safety constraints are not

violated.

6.3.2 Problem definition

We adopt single integrator dynamics to describe the robot’s position in 2D. Moreover, we consider
the energy consumed by the robot as the integration of its consumed power, which in turn is a

function of the robot’s velocity

(6.4)

with 2 € R? being the robot’s position , u € U € R? is the robot’s velocity control action, £ > 0
is the energy consumed and P(u) > 0 is the power consumed by the robot as a function of its input

velocity. The power consumption follows the following parabolic relation
P(u) = mo + mq||ul| + ma||ul|? (6.5)

for mg, my, my > 0. We consider a charging station at 2. € R? and that the robot starts a fast

charge or a battery swap sequence as soon as it is at a distance J away from ., i.e. ||z — z.|| < 0.

Assume that there exists a path between a robot and a charging station described by a set of way-
points W = {wy, ws, . . . ,w,, }, with w; € R? and the charging station at w,,,,, produced by a path
planner every 7 seconds. Provided that such robot is carrying out a mission encoded by a desired
control action u, and a nominal energy budget £,,,,,, our objective is to ensure energy sufficiency
for this robot, i.e. F,,, — E(t) > 0 Vt > t,, while taking into account the path defined by
W back to the charging station. Such scenario is relevant in cases where ground robots are doing

missions in complex or unknown environments, or for flying robots in areas with no fly zones.

In this work we assume that the environment is static, i.e. obstacles don’t change their positions

during the mission.

Remark 12. The power model in (6.5) is intended to be a generic power model that represents
different sources of power consumption like payload power (the constant term), viscous friction

(the linear term) and higher order drag forces like drag forces (the parabolic term).
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6.3.3 Strategy overview

Figure 6.2 depicts a schematic representation of the strategy we adopt in this work. We first in-
troduce a path handling layer that consists of a path planner that has access to the environment,
either through a known map or through a SLAM system that produces a map for the environment
incrementally. The path planner produces a set of discrete waypoints from the robot’s position to
the CS, and then a path smoothing procedure is carried out on these discrete waypoints to produce

a smooth representation of the same path as a function of a path parameter.

We then construct an ES layer that uses the parametric continuous representation of the path and
manipulates the robot’s position along the path in a manner that ensures that the robot’s energy
budget is not violated. We start by studying a simple case where both the robot and the path are
initially static, then we investigate the effect of robot movement and discrete path changes from the
path planner. Moreover, we highlight some stability properties of the proposed framework and use

this knowledge to adapt our methods to unicycle type robots.

6.4 Energy sufficiency over a static path

In this section we discuss the foundational ideas of our approach. We start by considering a static
scenario where the path does not change, and the robot is stationary and lies at one end of the path,

while the charging station lies on the other end.

Briefly, we construct a continuous parametric representation of the piecewise linear path described
by waypoints V. We define a reference point along the path that depends on a path parameter
value, then we modify the energy sufficiency framework in [157] to manipulate the location of the
reference point in a manner proportional to available energy, and we make the robot follow this

reference point. This way we can generalize the method in [157] to environments with obstacles.

6.4.1 Smooth path construction

To ensure that the CBFs we are using are Lipschitz continuous, we use a smooth parametric de-

scription of the piecewise linear path we receive from a path planner as a set of waypoints V.

We define p(s) to be a point on the path that corresponds to a parameter s € [0, 1], such that
p(0) = wy and p(1) = w,, i.e. s = 0 at the beginning of the path and s = 1 at its end. Such
concept is common for describing parametric splines like Bezier curves. We seek an expression for

p(s) that closely follows a given piecewise linear path with waypoints W.

For some point p lying on the path, we define the path parameter s as being the ratio of the path

length from w; to p to the total path length. Figure 6.3 shows an illustrative example of five
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Figure 6.2 A schematic representation of the adopted strategy. A path planner produces discrete
waypoints connecting the robot to the CS, provided it has knowledge of the environment’s map.
The smoothing module produces a parameteric representation of the path, that is in turn used by
the CBFs in the ES layer to produce linear constraints for the QP to ensure that the robot’s energy
budget is not violated through manipulating its position along the path.

waypoints. We adopt a smooth representation for p(s) using double sigmoid activation functions

as follows ,
p(s) = D oil(s)wi(s) (6.6)
=1
where w; is expressed as
wis) = JEEIwi A S win (6.7)

Here s; = % where L; = ' [Jwgs1 — wi|l and L = 3327 [lwgs1 — wy||. We note that the
relation between the path length [(s) from path start (at w;) to point p(s) is I(s) = Ls (by definition
of s).
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Figure 6.3 Am illustrative example of a path consisting of five waypoints. For a point p(s) on the
path s is defined to be the ratio of the length of the orange segment to the total path length. In this

illustration L = 7" Ly,

In (6.6), 0;(s) is a double sigmoid function defined as

oi(s) = o} (s)a (s)

pon 1
g; (S> 1 + e—B(s—(si—e1))
1
f _
O (S> 1 + eB(s—(siv1te2))
il (6.8)
€1 =
0, otherwise
6 i=ny—1
€y =

0, otherwise

where ¢ > 0 and the superscripts r and f denote rising and falling edges. The introduction of

€1 and €, to the first and last segments in the previous relations is to emphasize that o, (0) = 1

and 0,,,1(1) = 1, thus ensuring that p(0) = w; and p(1) = w,,,, otherwise p(0) = p(1) = 0

which is against the definition of p(s). This idea is illustrated in Figure 6.4. We also note that in

any transition region around s = s; there are two double sigmoid functions involving s;, namely

0;_1(s) and o;(s). Furthermore, the summation of these functions in the local neighbourhood of

s = s, is equal to one, which follows directly from adding o/ ,(s) and o7 (s)

f r_
Oio1T0; =

2+ 65(8—51') + e—ﬁ(s—si)

2+ eﬁ(s—si) + Q_B(S_Si) =1

(6.9)



96

This idea is highlighted in Figure 6.4. The derivative % 1s

op el Wiy — W;
(o (222

i=1 Si+1 — Si

+B0i(s) (0] () — o7 (s))wi(s))

(6.10)

We note that the larger the value of J in (6.8) is the more closely the smooth path described by

0.8+

0.2

L R B BN BN _§F &N &N _ ¥y &y BN [}
N NN NN NN BN NN BN BN BN BN BN NN SN BN BN SN BN S e e e s

-

[l et e

OF--———— e

2 0.4 0.6 0.8
S

0 1+ e

‘61

Figure 6.4 Example of double sigmoid functions oy(s) for the set of five waypoints shown in
Figure 6.3. The use of ¢; and ¢, the way described in (6.8) leads to o7 (—¢;) = 0.5and 0 (1+€) =
0.5, thus ensuring that 01(0) = 1 and 0, _1(1) = 1. The red rectangle highlights a transition
region, and it can be shown that the sum of the two sigmoids involved in this transition is equal to
one.

(6.6) follows the piecewise linear path between waypoints in VY. Figure 6.5 shows examples of

paths at different values of 3 for the same path depicted in Figure 6.3.

Lemma 11. For a path described by p(s) in (6.6), with the double sigmoid functions as described
in (6.8) and provided that > 1 then the following statement holds

Nw—1
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Figure 6.5 Demonstration of the effect of changing the value of 3 in (6.8) on how closely (6.6)
follows the original piecewise linear path.

where %;(s) = Boi(s)(0f (s) — a7(s))

(2

Proof. At a waypoint w; we consider the two functions ¥;_;(s) and 3;(s) (both involve s = s; in
their definition) and we note that the values of other . are equal to zero by definition. We want to

evaluate D = %, 1(s)w;_1 + 2;(s)w; but we do so within a band Js around s;, i.e. at 8’ = s + 0,

D = Boi1(si +0:) (01 (s') — o1 (s)) i1 (5)

6.11)
+ Boi(si +6,)(01(s") — o7 (")) wi(s")

then substituting 8 >> 1 in the last equation we get the following

Boe Wi—1 Wi+1
D= 6.12
(1+ 6_558)2 S; — Si—1 * Siy1 — Si 6.12)
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If 6, = 0in (6.12) then D = 0, and otherwise the quotient (56[;5;)2 can be made arbitrarily small

B3 —B6s
B ¢ = B > meaning the same result follows for

eﬁfss) o (1+5 Bés
0s > 0 and 65 < 0. The statement of the lemma follows by applying the same summation for all

by choosing large 3. We also note that
values of 7. 0

6.4.2 Energy sufficiency

We consider the case in which the robot lies at the beginning of the smooth path (6.6) and moves
along this path back to the station (at the other end of the path). We assume the path is static, i.e.
not changing.

We define a reference point along the path as in (6.6)

Nw—1

z.(s) =p(s) = > oi(s) (;;:_*SSZ_ wi + wiH)
i=1
axr nﬁjl - 6.13)
— oi(s

SH—I — S

noting that the derivative expression follows from Lemma 11. We want to control the value of s in
a way that makes the reference point approach the end of path in a manner commensurate to the

robot’s energy content. For this purpose, we introduce the following dynamics for s
§=mn (6.14)

with n € R and s(0) = 0. The outline of our strategy is as follows: we introduce constraints that
manipulate the value of s in a way that makes the reference point z,. approach the end of path as the
total energy content decreases, and use an additional constraint to make the robot follow x,.. The
candidate CBF for energy sufficiency is

he = Epom — E — P (L(1 — 5) — 6) (6.15)

Vr

where v, is the desired velocity with which the robot moves along the path, ¢ is the distance of the
boundary of charging region away from its center, noting that the center of the charging region is
wy,,- We note that the expression L(1 — s) expresses the length along the path from point z,.(s) till
its end. The constraint i, > —a(he) associated with this candidate CBF is

—P(u) + 2L Ly > —yeh, 6.16)
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In (6.15) the value of s needs to be maintained above zero (otherwise the value of A, can be still
positive without having the reference point z, moving back towards the end of the path). For this

end we introduce a constraint that lower bounds s with the following candidate CBF
hy = s (6.17)

with the associated constraint
n > —vhy (6.18)

We complement (6.15) and (6.17) with another candidate CBF that aims at making the robot follow

x,.(s) as it changes, and is defined as follows
hg = 3(d* — ||z — z.(s)|]?) (6.19)
with 0 < d < §. The constraint associated with this candidate CBF is
= = ()" (u = #0(5)) = —Yaha (6.20)

where z, = 85“; 7.

In the following lemmas we show that the proposed CBFs lead the robot back to the charging
station with F,,,,,, — 2 > (. We note that we are not controlling u in (6.16) but rather give this task
to (6.20), thus partially decoupling the reference point’s movement from the robot’s control action.
In other words, we deliberately make the system respond to changing energy levels by moving
the reference point along the path without directly changing the robot’s velocity. This interplay

between energy sufficiency and tracking constraints is highlighted in the next lemma.

Lemma 12. For a robot with dynamics described in (6.4) and power consumption as in (6.5), and
has a maximum magnitude of control action U,,,, the control barrier functions defined in (6.15)

and (6.19) are zeroing control barrier functions (ZCBF) provided that

[T

*

v, = S Umax
mao

where ||u|| < Upae. Moreover, provided that L(s) > 6, then E = E,,, only at L(1 — s) = 0.

Proof. The idea of the proof is to show that there is always a value of n that satisfies (6.16) with
its P(u) term, and there is always u to satisfy (6.20) at the same time. Since 7 € R means there
is always a value of 7 that satisfies (6.16), thus (6.15) is a ZCBF. However, the reference point z,
could be moving with a speed too fast for the robot to track depending on the value of P(u).
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We consider the critical case of approaching the boundary of the safe set for both h, and h., i.e.
he =~ 0 and hy =~ 0, in which case we can consider the equality condition of the constraints (6.16)
and (6.20) (i.e. near the boundary of the safe set the safe actions should at least satisfy h = —ah
for both (6.16) and (6.20)). The aforementioned constraints become

(6.21a)

Oz, Oz, P(u) vr
Y705 1T TBs P(v,) L (6:210)

noting that z — x,. # 0 when h,; ~ 0. We also note that

| P(u) v, || Oz,
ul| = — :
P(v.) L || Os
Assuming 3 > 1, the derivative 85’{; is as described in (6.6). Moreover,
Yo b = Yt b [wie —wi|
i+1 — Si = — = 6.22
Sit1— S 7 7 (6.22)
where ¢}, = ||wy.4+1 — wy|| and consequently 9% can be expressed as

Ny —1

Gr=LY 0is)é (6.23)

i=1
where é; = ﬁ is a unit vector. To estimate % | it suffices to mention that in the range
Si+ €m <5< 841 —€p(fore=1,...,n, —land e, = %) all the double sigmoid functions in
(6.23) will be almost equal to zero except for one (by definition) and thus B;S’“ = L. Moreover,

if $; — €, < 5 < 8; + €, 1.€. s is transitioning from one segment to the next, the sum of the two

sigmoid functions locally around s = s; is equal to one as show in (6.9), meaning that (6.23) will be

a convex sum of two unit vectors which will have at most a magnitude equal to one so % < L.
Therefore ||u|| becomes
P(u)
ul| = v 6.24
| | | | P(Ur) T ( )

which is a root finding problem for a polynomial of the second degree, since P(u) is a second order

polynomial (6.5). Solving for the roots we get

A o= v, Ay = 0 (6.25)

moUy
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and these roots are equal when v = \/zjg . Since we consider a case where the robot is stationary
and the path is fixed, the robot starts from this stationary state and converges to ||u|| = min(A, A\2)
for a given value of v,. This means that the maximum achievable return velocity is at v, = v}
where Ay = Ao, If v7 < w4, then there is always a control action u available to satisfy (6.20),
rendering (6.19) a ZCBE. If h, = 0 then from (6.15) E = E,,,,, can only happen if L(1 — s) = 0,
meaning the remaining length along the path is equal to delta, which only happens at the boundary

of the charging region. 0

Remark 13. The previous proof assumes the presence of a-priori known model for power con-
sumption. However, a mismatch between the power model P(u) in (6.5) and the actual power
consumption P(u) will lead to a different solution of (6.24). We are interested in the case where
P(u) = P(u) + A, with A, € R. The root finding problem in (6.24) becomes

[ul| = v, (6.26)

and the roots will be
5\ mo + mgvf +D
12 =

6.27
2mov, ( )

where D = \/(mo — mav?2)? — dmov2A,. When A, = 0, 5\1,2 = A1 as described in (6.25). If
mo
movy

A, > 0, then D < (mg — mav?) and as a result A > v and Ay < . In other words, the robot
will converge to a faster speed in case the actual power consumption is more than expected, and

the converse is true for A, < 0. When

A, > A = (o (6.28)

D becomes undefined and there will be no roots for (6.26), indicating a point of instability in

velocity for power disturbances beyond A;. This idea is illustrated in Figure 6.6.

Lemma 13. For a robot with dynamics (6.4), the candidate CBF (6.17) is a ZCBF.

Proof. Since 17 € R then there exist a value of 7 that satisfies (6.18). We need to show that this
constraint does not conflict with (6.16) when both constraints are on the boundary of their respective
safe sets, i.e. h, = hy = 0. From (6.16)
P(u) v,
> L - 6.29
while (6.18) becomes 1 > 0. Since the right hand side of (6.29) is always positive, it means there
is always a value of 7 that satisfies both (6.29) and (6.18), thus (6.17) is a ZCBF. ]
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[Jull

Figure 6.6 Graphical representation for the roots of (6.26) for different values of disturbance power
A,. The roots are intersections of the straight line fi(u) = [|u|| in black and the parabolas f5(u) =

77; ((;j)) v, (representing RHS and LHS of (6.26) respectively).

Although from Lemma 12 we show that F(t) = E,,,,, on the boundary of the charging region, this
is a result that concerns the reference point’s position x, while the robot’s actual position tracks
x, through enforcing the constraint (6.19). This situation implies the possibility of z, reaching a
point where L(s) = ¢ (boundary of charging region) while the robot’s position is lagging behind.
In other words, we need the instant where E(t) = E,,,,, to happen inside of the charging region or

at least on its boundary.

Proposition 2. Consider a robot with dynamics (6.4) and applying the constraints pertaining to
the CBFs (6.15), (6.17) and (6.19). We define a modified distance threshold ,, as

O <0 —d (6.30)
then using 0, in (6.15) ensures that E(t) will be at most equal to Eyop,.

Proof. From Lemma 12 F = E,,,,, only at L(1 — s) = §,,, which is equal to the length of (x, x,.)
segment in Figure 6.7, i.e. the remaining length along the path from z, to x.. This implies that

||z — x.|| < d as demonstrated in Figure 6.7.
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Figure 6.7 Demonstration of x, pursuing d,, as the boundary of the charging region in (6.15) while
having a robot following the reference point x,. at a distance d away. Here z,. is the reference point
position, z. is the charging station center position, ¢ is the charging region’s radius, and 9,, is a
reduced radius to track as described in (6.30).

O]

Theorem 6. For a robot with dynamics described by (6.4) and maximum magnitude of control
action Uy, applying the QP in (6.3) with constraints (6.16) (with 6 = 0,, from (6.30)), (6.20)
and (6.18), and with a static piecewise linear path with waypoints VV, then energy sufficiency is
maintained , i.e. E < E,,n, if ||x — x.|| > 0.

Proof. If we substitute ¢,, from (6.30) in (6.15) and (6.16), then from lemma 12 £ = E,,,,, iff
L(1 — s) = 0y, and from proposition 2 this implies that ||z — z.|| < 6 when E = E,,,, and
since F is strictly increasing (due to P(u) > 0 by definition), we conclude that £ < E,,, in
||z — x|| > 4. O

6.5 Energy sufficiency over a dynamic path

We extend the results from the previous section to consider the case in which the path is changing

with time due to robot’s movement and replanning actions.

6.5.1 Effect of robot’s movement

Assuming that the path is fixed (i.e., there is no replanning), the main difference from the static
case is that the first waypoint w; € WV is the robot’s position, leading to a change in the total path
length L as the robot moves. Additionally, the values of s; at the different waypoints will change

as a result. We therefore consider the following simple proportional control dynamics for ws:

iy = € = —ky(w) — ) 6.31)
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where k,, > 0 and £ € R. The change in total path length is:

. d Nyw—1
L= ('S Mo = il + o —
=2

(6.32)
_ (wy — wy)
[|wa — w7
noting that all the waypoints other than w, are fixed. The change in s; is
dL; d L Li ;
= ——=—(1-2) =22L 6.33
AL dt< L) L2 (635
where L; is the length along the path from waypoint w; to the end of the path and is constant for
i=2,...,n, — 1. The derivative %= is:

dt

dr, O, ox,

= 6.34
dt 9s ! * ot (6.34)
where % follows from differentiating (6.6) with respect to time:
ox, "zl o R S
= 2 0ils) (wipy — wy) et e, (6.35)
i=1
Consequently, the energy sufficiency constraint (6.16) becomes
— Pu) + 2O (Ly — L(1 = 5)) > —ehe (6.36)

Uy

and the tracking constraint (6.20) now uses ;. as in (6.34).

The results from Theorem 6 rely on the fact that the path is static. To use the same result in the
dynamic case we “freeze” the path when the robot needs to go back to recharge, i.e. we stop w;

from tracking robot’s position when it needs to go back to recharge:

Proposition 3. Consider a robot with dynamics (6.4) applying the proposed energy sufficiency
framework described by the CBF's (6.15) and (6.17). Consider the following dynamics for w

iy =& = —kw(wr — ) (1 =((s)) (6.37)
where ( is an activation function defined as

0 s<e¢
((s) = (6.38)

1 otherwise
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with 0 < €, < €, < 1 and ||w; — z,.(€,)|| = d, then (6.15) and (6.19) are ZCBF.

Proof. We start by noting that (6.37) achieves tracking of the robot’s position in case s = 0, with

an error inversely proportional to k., according to the candidate Lyapunov function
V=1z—w)"(z—w) (6.39)

which has the derivative

V= (x —wl)Tu— k’wa—lez

and this means that V' < 0 under high value of k,, (which is feasible since ¢ is an imaginary point
with no physical characteristics). Moreover, since 7 € R then there is a value of 7 capable of

satisfying the following inequality

1 P(u)_’Yehe 7
N> (BYten, + L(1 - 5)) . (6.40)
We need to show that if 0 < s < ¢, (when the reference point starts moving but the path freezing
has not been activated yet, according to (6.38)), tracking and energy sufficiency constraints are not
violated as well as that s increases so that s > ¢,,.

To prove the latter, we need to show that the right hand side of (6.40) is positive when A, ~ 0, i.e.

P(u)
P(vr)

the right hand side of (6.40) depends on sign of L. It can be shown that the sign of L(l — ) depends

near the boundary of energy sufficiency safe set. The term v, > 0 by definition, so the sign of
on the sign of 4||w; — ws|], therefore even if < ||w; — w»|| < 0, it will be so until ||w; — ws|| & 0,
when the right hand side of (6.40) will be positive. Therefore, when A, ~ 0, n > 0, meaning s will

increase even when 0 < s < ¢,.

As a result, the reference point =, moves along the path and h, in (6.19) approaches zero (in the
limit case ||w; — z,|| = d at s = €,). The fact that s(¢) is continuous and ¢, < €, implies that
wy = 0 before s(t) = €,, i.e. the path freezes while hy; > 0, so the path freezing condition (6.38)
does not violate the tracking CBF hg4, nor the energy sufficiency CBF h., and consequently the
result of lemma 12 follows (since h, ~ 0 and > 0 implying s > 0 leading to hy4 ~ 0).

]

The full QP problem with the constraints discussed so far can be expressed as

*

u* = min ||u—un0m||2
u (6.41)
st. Au>B
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where
i Pq(f:T’)L O1x2
A = 1 O1x2
_(ZE — xr)Tag; —(z —x,)T
—Yehe + P(u) + L(1 — s) (6.42)
B = —Mhy
I —Ydha

o = [0 tnon

Theorem 7. For a robot described by (6.4) with a set of ordered waypoints W € R™*2 (6.41)

ensures energy sufficiency.

Proof. Since (6.15) and (6.19) are valid ZCBFs from Proposition 3 and (6.17) is a valid ZCBF then
from Lemma 13, then from Proposition 2 and Lemma 12 (augmented by Proposition 3) E(t) =
Ernom at ||z — x.|| < J (inside the charging region), and since F/(t) is strictly increasing it means

E(t) < Epom for ||z — x.|| > 0, as shown by Theorem 6, i.e. energy sufficiency is maintained. [

6.5.2 Effect of path planning

During the course of a mission, the path planner keeps updating the waypoints back to the charging
station every 7 seconds, meaning that there are discrete changes in the number of waypoints and
their locations, which can lead to violating the energy sufficiency constraint. To account for these
changes, we impose some conditions on the output of the path planner so as not to violate other

constraints.

Definition 8. Assuming there is a path W7 = {F 7 ,wEDTY at time (k — 1)T be-

T and the charging station, Sequential Path Construction

tween a robot at position v(kT) = w{"
(SPC) is the process of creating a new set of waypoints WK = {wtT ... ,wﬁz 41} at time kT

provided that ((s) = 0, where ((s) is defined in (6.38), such that

wtT = 2(kT)
wh” = kT + (1 — k)wh™ (6.43)
wfﬂ = wl(k*l)T, 1=2,...,Ny

where 0 < k < 1.
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Lemma 14. Sequential Path Construction is path length and path angle invariant, meaning the

following two equations are satisfied

Ny —1

Z w7 —wiy! H—lew’”—wmll

(6.44)
k—1)T
Ty = 3
i—2 i=2
where , 1
Aw!_ Aw;
Wy = cos™! (6.45)
| Aw]_y |].||Aw ]
and Awi™ = wiy — w;
Proof. The path length at time k7 is
T =3 lwf” —wil
i=1
= [Jwy” — wyT || + [Jwy” —w” || + Z w7 —wi]
=3
A (k)T k—1)T 6.46
= [t = wfTl|+ 3 flel* 07 = w7 (640
=2
= (i VT — VT +Z|| ST =V
:L(kfl) .

By definition we have: ¢* V7 le fori = 2,.. . Since wi" — w7 = (1 — k) (WhT —
wi”) and wh” — whT = Kk(wET — wtT), then cos ¢§T = 1 therefore ¢¥7 = 0. In conclusion
s (kDT | g

] = gy 8T, O

Proposition 4. Sequential Path Construction does not violate energy sufficiency, provided 0,,,,, is

Lipschitz.

Proof. We need to show that changing the path with SPC does not affect the following two inequal-
ities if they are satisfied for the original path:

he = Enom — E — 2O (L(1 — 5) = 6,,) >0 (6.47a)

Ur -

~P(ttnom) + 28 (Lijpom — L(1 = 5)) > —7che (6.47b)
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Since 7,0, and wy,,, are continuous, then P (o, ), £ and s are all continuous with no jumps (i.e.,
discrete changes). Since path length is invariant under SPC by virtue of Lemma 14, then L in (6.47)
does not change as well as L, meaning that (6.47) is not violated under SPC. [

Based on the proposition above, we introduce the Algorithm 2 that admits new paths produced by

the path planner as long as they do not violate (6.47), and otherwise switches to SPC.

Algorithm 2 Admission of new path at time k7

. k—1 k
Require: W*F—DT WET 2 Wnom

1: L,h, + EVALUATE_PATHOW"7 . . Wnom)
2: if ((s) == 0 then

3: if (6.47a) == False OR (6.47b) == False then
4: WHET « SPC_PATH (x(kT ), Wk—DT)

5: else

6 WkT — Wégaadidate

7 end if

8: end if

9: return W7

In Algorithm 2, EVALUATE_PATHW*7  u,,,,) is a function that takes the candidate path points
from the path planner and evaluates the path length, as well as the value of h., and SPC_PATH(z, W)

is a function that updates a path using SPC, given a robot’s position x and a current path W.

Theorem 8. For a robot described by (6.4) that applies the control strategy in (6.41) for an already

F=UT at time (k — 1)T, k € N. Suppose a path planner produces a

existing set of waypoints W!
candidate set of waypoints W*T at time kT that satisfies the conditions in (6.47) and provided that

C(s) = 0 from (6.38), then Algorithm 2 ensures energy sufficiency is maintained.

Proof. If the new set of augmented waypoints satisfies (6.47a), then switching from W®*=D7 to

WHT does not violate the energy sufficiency constraint encoded by h,.. Moreover, if said switching
satisfies (6.47b), then h, > 0 is satisfied with 7,,.,, at s = 0, meaning that w, tracks z as outlined
in Proposition 3 and consequently x,. tracks the robot’s position (since s = 0 and w, tracks robot’s
position), thus hy > 0 is not violated as well, which means the sufficiency and tracking constraints

are not violated by the path update.

When s > 0, i.e. {(s) # 0, the path is frozen and energy sufficiency is maintained by virtue of
Theorem 7. If either condition in (6.47) is violated, the path is updated using SPC which maintains
energy sufficiency as discussed in Proposition 4. Therefore Algorithm 2 ensures energy sufficiency

and tracking constraints are not violated.

]
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6.6 Application to unicycle-type robots

The method described so far uses a single integrator model to describe robot dynamics. Although
such model choice is widely used in robotics and has the advantage of versatility [189], applying it
directly to more specific robot models needs proper adaptation, especially considering the effects of
unmodelled modes of motion on power consumption. In this section we describe a method to apply
the proposed framework on a non-holonomic wheeled robot, which has the added characteristic
of being able to spin. More specifically we are interested in robots with the following unicycle

kinematic model

T1 =vcosH
L9 = vsind (6.48)
0=uw
T
where © = [ml xQ} € R? is robot’s position, € R is its orientation, v € R and w € R are the

linear and angular speeds respectively which act as inputs. The speed of a single integrator model

u from (6.4) can be transformed to linear and angular speeds for a unicycle through the following

relation [150]:
vl 1 (1) cosf) sinf " (6.49)
w 0 7| |—sin 6 cos6

where ¢ > 0 is a distance from the robot’s center to an imaginary handle point. We also choose to

be able to move backward when the value of v becomes negative by doing the following
. v (6.50)

A robot described by (6.49) consumes additional power due to its angular speed w in addition to

what is consumed by its linear speed v, which calls for augmenting (6.5) with additional terms
Pu(v,w) = myy 4+ My, [v] + my, [o]* + ml, |w| + m!,_|w|” (6.51)

We note that in this power model we assume no direct coupling effects between linear and angular

speeds on power consumption.

Remark 14. The power model in (6.51) is an extension of (6.5), except that it adds the viscous
damping and higher order drag effects due to the rotation speed input w (linear and parabolic

terms in w respectively). Since the power model in (6.51) is different from that in (6.5), we seek to
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establish a relation between the two. When a robot is moving in a straight line, then P,(v,0) =
P(u). From (6.49) ||u|| = /v + (wl)? so when w # 0, v decreases for the same ||u||, meaning
Pu(v,0) < Py(v,w). In this case we either have P(u) > P,(v,w) meaning that turning has
no contribution to power consumption, or P(u) < P,(v,w) which means turning has significant

contribution in power consumption. We are interested in the latter case and we consider that
Pu(v,w) < P(u) + A, (6.52)
where A, € R is the change in power due to rotation.

Using a power model that only accounts for linear speed is akin to having the power consumption
due to w as a disturbance power A,,, which may lead to instability as discussed in Remark 13. A
solution to this issue is choosing a fairly slow return speed value v, so as to increase the stability

margin A7 in (6.28), however this may impose undesirable limitations on performance.

Since the path we are using is essentially a piecewise linear path with waypoints w;,2 = 1, ..., Ny,
robot spinning will be mostly near these waypoints when it is changing its direction of motion. The
idea behind our proposed adaptation is to add a certain amount of power d to P(v,) in (6.26) near
the path’s waypoints so that roots of (6.26) always exist. In other words, if we define 75(11,.) =

P(v,.) + o, we ensure that roots for the following equation always exist

Rl

F (u) o P(u) + Aﬁ”v
Pv,)  Plv,)+6

[lul| = . (6.53)

We note that choosing § > A,, has the effect of slowing down the robot (since P(u) — P(u) < 0,
we have a similar effect of having a negative disturbance power A, in (6.26), which slows down
the robot as discussed in Remark 13). Therefore, choosing a constant value for 5 such that 6 > A,

is equivalent to choosing a lower value of v,.

Instead of using a constant value for 5, our approach is to use double sigmoid functions to make the
value of & > 0 only near waypoints w; and zero otherwise, meaning that §is only activated near
waypoints, which can be described as:

Nw—1

8(s) = 3 Piti(s) (6.54)
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where P; > 0 is a conservative estimate of power consumption due to rotation near waypoint w;

and 7;(s) is defined as

Gi(s) = 67a]
- 1
Uz (S) = ~ 1
1 _|_ 676(57(51 2¢))
1 (6.55)
55(3) = . 1
4+ Pl (si+59))

where 5 > 0, and is d a distance on the path from the start of slowing down till its end and L being
the path length. The expression (6.54) aims to start activating 5(3) a distance g before waypoint w;
along the path, and end this activation a distance g after the waypoint along the path. Figure 6.8 il-
lustrates this idea for the path example from Figure 6.5. We update the energy sufficiency candidate
CBF in (6.15) to be

he = Enom — E — PO (L(1 — 5) — §,,) — /1 §(r)dr (6.56)

Ur

and applying Leibniz rule to the last term the constraint associated with this candidate CBF is

—P(u) — A, + P(vr) (Ln — L(l —s))+ 5(5)77 > —~.he (6.57)

Up

We note that the integrand in (6.56) can be carried out numerically. Before showing that (6.56) is a
CBF, we need to choose appropriate values for P; in (6.54) and d, both calling for an estimate for a

bound on rotation speed of a robot near a waypoint.

Lemma 15. For a unicycle type robot with kinematics described in (6.48), applying the transfor-
mation (6.49) and (6.50) to follow a single integrator control input of a point moving with a speed

v, along the path, the rotation speed at a waypoint w; is
UT‘ .
w; < ~ sin Y; (6.58)
where 1 is defined in (6.45).

Proof. We start by considering 0 < ¢» < 7. Without loss of generality, suppose there is a robot at

T
origin with 6 = 0 (aligned with x-axis), and u = v, [cos Y sin w] . From (6.49) we have

w= % (cos@sinty — sinf cost)) = % sin(y) — 6) (6.59)
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Figure 6.8 An example showing activation regions of ) (s). The path is similar to that illustrated in
Figure 6.5. The red segments are segments where §(s) is activated. The red dots indicate the points
where s = s; — %gb and the green ones are points where s = s; + %qf). In this example we choose

d = 15m.

Consider the Lyapunov function V = o2 where v = 1) — 0, then V = —2af = —2%asina <0
and since V = 0 only at &« = 0 then « converges to o« = 0 by virtue of Lasalle’s invariance
principle, meaning that «, and hence w, monotonically decrease for ¢» < 7. We are interested in

finding the maximum value of w, so by differentiating (6.59)

dw Uy . ™
@:—7COS(¢—0)—O:>0 =1 5 (6.60)

Since we are considering 1 < 7, it follows that 0* < 0. However, since we consider that the
robot starts at § = 0 and that w monotonically decreases, then we can take 6* = (0, meaning w is
maximum at 6§ = 0. Thus

w<w' = Fsiny (6.61)

If the robot is at waypoint w; pointed to the direction of vector Aw! , = w; — w;_1, there is always
a rotation of axes from the global axes to new ones where ¢ = 0 and translation of axes to place

w; at the origin, and we reach the same result in (6.61). The lemma follows by choosing ¥ = ;.
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We note that the same result holds for —7 < ¢ < 0, but w changes sign by virtue of (6.50). For
5 < ¢ < m, from (6.49) v < 0 and therefore w’ = —% sin(¢ — ) = % sin((y) — 7) — ¢). Using

the same procedure but for angle (¢ — 7) < 0 we get the same result. [

We can use the upper bound estimate of rotation speed near a waypoint w; to estimate an upper

bound for the power consumed during a rotation A,
A, = Py(0, % sin) (6.62)

In the following we estimate the activation distance d near a waypoint w;.

Proposition 5. For a robot with model (6.48) and applying (6.49) and (6.50) to follow a single
integrator control input for a point moving with speed v, along the path, the distance needed till
attenuation of angular speed, i.e. w < “Fe, with €, being an arbitrarily small number, is

d, < 8— log % (6.63)

Proof. We use the candidate Lyapunov function V = a? = (1; — 0)?, so V = 2%asina. One
result of (6.50) is that o € [—7, 7] as discussed in proof of Lemma 15. We can prove exponential
stability for the candidate Lyapunov function if we can find &y, k5, k3 > 0 such that [74]

]{ZlOZQ S \%4 S k2a2

) (6.64)
%4 S —k?3042

Since V' = o?, then k; = ko = 1. We can estimate k3 by letting the parabola f(a) = ksza? and

g(a) = Z=asin a intersect at v = 5, which gives k3 = 3. By virtue of V' being exponentially
stable on a € [—7, 7], then )
a < e 2 (6.65)

then at time ¢ the right hand side of the last inequality is equal to €,
i [ = 2]og 6.66
% €w=1= ks 0g €w ( . )
and we note that o < €, at t > ¢. The attenuation distance then is

log —* (6.67)
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We note that at ¢ = ¢ the angular speed will be

v v
w< —sine, &~ —e, (6.68)

14 14
H

Theorem 9. For a robot with unicycle kinematics, applying (6.49) and (6.50), and provided that &
in (6.54) is formed such that

Uy

Nw—1
o> L ( > Pu(0, % sineyy)a(s) + A€> (6.69)
=1

and d = 2max{d~a, d}, where d is the tracking distance from (6.19) and A, is robot’s power
consumption when w = ¢,, and if v} = %2 < Upax, WIth Upe, > 0 being maximum robot
speed, then h, in (6.56) is a ZCBF. Moreover, if (6.57) is applied in (6.41) instead of (6.16), energy

sufficiency is guaranteed.

Proof. We start by considering when the robot moves on a straight line and away from waypoints,

%, in which case the proof is similar to proof of lemma 12 since

P(u) = Py(v,0) as pointed out in remark 14.

1.€. 81;1—'—% < s < s —

We note that when 4 ~ 0, the robot is following the reference point x, along a straight line and it
starts rotating after x, passes waypoint w;, i.e. s > s;, and since ||x — z,|| &= d it means that the
robot will start rotation a distance d away from w;, but since d=2 max{cia, d}, 5 will be activated
at a distance greater than or equal d before w; along the path, i.e. before the robot starts spinning.
Also when s; < s < s; + % and due to choice of d, s =s8; + % happens at least a distance Ja after

w; along the path and at this point w < ‘¢, i.e. o will be deactivated after w has been attenuated.

When ¢ is activated, i.e. s; — % < s < s+ % and considering the critical case where h, ~ 0 and
hq ~ 0, similar to what we did in the proof of Lemma 12, we consider the equality of (6.20) and
(6.57), so from (6.57) (and noting that L = 0 when the robot is moving along the path by virtue of

proposition 3)

P(u)+ A, vy
= w2 L 6.70
T P,y +ou L (070
and doing the same steps to obtain (6.24)
Pu) + A,
o = 2020, 671)
P(vy) + 6%

which is a similar root finding problem to (6.24). Since o> P, (0, % sin zbi)%, then & T > A,
which ensures roots for (6.71) exist and that ||u|| will converge to a slower speed than v, as dis-
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cussed in Remark 13 (since having 5% — A, < 0 has a similar effect as having A, < 0 in

Remark 13). Moreover, when w < ¢, , (6.71) will become

Pu) + A,

= T2y, 6.72
lull = ooy - 75 ©72)

which is guaranteed to have roots since 5 ”f > A.. Thus provided that %‘; < umax there is always
a value of u that satisfies (6.57). Since (6.19) and (6.56) are ZCBFs and if ¢ in (6.56) is equal to ¢,,
from (6.30) then the robot’s energy satisfies £(t) = FE,,,, only when ||x — x.|| < ¢ as discussed in

the proof of Theorem 7, thus ensuring energy sufficiency. 0

We can apply the same quadratic program in (6.41), but with replacing the definition of energy
sufficiency CBF, and for that the A and B matrices in (6.41) will be

[ %L +4 O1x2
A= 1 0142

_(QZ . x»T%z; —(:L’ _ xT)T

e + P(u) + Ay, + L(1 — s) (6.73)
B = =Yl

i —Yaha

Upom = [O unom}

We can follow the same steps as in Theorem 7 to show that energy sufficiency is maintained solving

this QP problem over a fixed path, with the same path freezing idea as in Proposition 3.

The treatment thus far concerns a unicycle robot moving around, with a fixed path back to charging
station. A path planner could be used to update the path in the same manner discussed in Sec-
tion 6.5. We can use a similar sequence as in Algorithm 1, but we need to show that the SPC

method is a valid backup for the proposed unicycle adaptation.

Proposition 6. Sequential Path Construction does not violate energy sufficiency for a robot de-
scribed by (6.48) when applying (6.41) with transformation (6.49), (6.50), and with A and B ma-
trices described in (6.73).

Proof. Similar to proposition 4, provided that there exists a value of u = Upom and 1 = Muom
satisfying following inequalities

1
he = Epom — E — 2W(L(1 — ) — §) — / §(r)dr (6.74a)

Uy
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“P) — Ay + P (Lo — E(1 = 8)) + (5)Tnom > —ehe (6.74b)

Ur

we need to show that (6.74) is not violated at a path update. Similar to proof of Proposition 4,
provided that nominal control inputs are continuous and satisfying (6.74), then there are no jumps
(i.e. instantaneous changes) for £, P(u), A, and v,. Moreover since SPC is path length invariant,
L does not change. Also since SPC is path angle invariant from Lemma 14, then the increase in
power due to the addition of the new waypoint is equal to zero (because 15 for the new path is equal
to zero) and no change occurs for the power consumption along the path, therefore & does not jump

as well, meaning (6.74) is not violated under SPC. ]

We can apply Algorithm 1 and the same logic in Theorem 8 to show that energy sufficiency is

maintained under discrete path updates.

Remark 15. The adaptation we are using for the method based on single integrator dynamics
(in Section 6.5) to unicycle dynamics is versatile and can go beyond accounting for excess power
consumption near waypoints. This is due to the fact that the estimated excess power, e.g. (6.54),
is modelled as a summation of double sigmoid functions, activated along different segments of
the path. Moreover, this excess in the estimated power consumption is incorporated in the energy
sufficiency CBF (6.56) through numerical integration, making it easier to account for different
types of “resistance” along the path. For example, effects like surface inclinations, variability in
friction and increased processing power, among many others, could be modelled in a similar way
to (6.54) through identifying ranges of the path parameter s corresponding to different segments
on the path, each associated with a double sigmoid function multiplied by the estimated power

consumption related to the effect being modelled.

Remark 16. The adaptation proposed so far can be applied to different types of robot models. The
core idea behind this adaptation is to apply the single integrator model input to the actual robot,
that could be modelled more accurately with another model, i.e. map the single integrator control
action to the control action pertaining to a specific robot. This mapping can be achieved through a
transformation as in (6.49), or through a cascaded control that tracks the single integrator velocity
as an input. We then study the effect of this mapping on the additional disturbance power, e.g. the
0, term in (6.53) that models the effect the angular speed w on power consumption, and conse-
quently we choose a "correction” function, e.g. the 6 function in (6.53), such that system stability

is maintained, i.e. the root finding problem (6.53) has a solution.
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6.7.1 Simulation Setup

117

We present the simulation results that highlight the ability of our proposed framework to ensure

energy sufficiency during an exploration mission. The considered experimental scenario allows the

robots to perform the exploration mission while ensuring robot’s energy consumption is within the

dedicated energy budget E,,,.

We evaluate the approach using a physics-based simulator [117]. We use a simulated KheperalV

robot equipped with a 2D lidar with a field of view of 210 degrees and a 4m range as the pri-

mary perception sensor. The architecture of the autonomy software used in simulations is shown in

Figure 6.9A. The autonomy software allows the robot to explore and map the environment. Each

robot is equipped with a volumetric mapping system [190, Voxblox] using Truncated Signed Dis-

tance Fields to map the environment. A graph-based exploration planner [GBPlanner, 168] uses the

mapping system to plan both the exploration and homing trajectories. We carry out a path short-

ening procedure as described in [183, Algorithm 1] to eliminate redundant and unnecessary points

from the original path planner output, making the final path straighter and shorter. Our proposed

framework is implemented as a Buzz [118] script that periodically queries the exploration planner

for a path and applies the required control commands to the robot.
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simulation study (A) and on the experimental

We use the maze map benchmarks from [1] as a blueprint for obstacles in the environment, and

each map is scaled so that it fits a square area of 30 x 30 meters. In each simulation one robot maps

the unexplored portions of the map to maximize its volumetric gain [168]. We run four groups of

experiments for three different maps from the benchmarking dataset [1], and for each case we run

50 simulations with randomized configurations to obtain a statistically valid dataset.
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Figure 6.10 A sample result for the trajectories generated by the robot (A) and the map constructed
in the same simulation run (B) for an exploration task in a maze environment (maze-4 from [1]),
while using our proposed approach to maintain energy sufficiency.

We use a polynomial power model to describe power consumption of the robots in simulation.
We derive this model by collecting power consumption readings from a physical AgileX Scout
Mini [124] robot at different values of linear and angular speed, then we fit a surface through these
readings to obtain out power model. Figure 6.11 shows the fitted power model, along with the
actual collected power readings from the robot. We interface the single integrator output u* of
(6.41) to the unicycle model of the robots using the transformation (6.49) and the modification
(6.50). We use the robot’s linear and angular speeds to estimate the robot’s power according to the

following polynomial

P (v, w) = 27.8126||v||* — 107.7343|w|?

(6.75)
+ 31.4578v]| 4+ 179.9095|w]| + 1.234

and the power model is depicted in Figure 6.11. We also add to this model an additional power of

Pprayioad = 20W to account for payload power consumption.

6.7.2 Simulation Results

Figure 6.10 shows an example of the robots’ trajectory during exploration and returning to the
charging station for one simulation run in one of the maze environments (maze-4). Figure 6.10 also

shows the map built by the robot during this simulation run. As observed in the trajectory plot, any
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Figure 6.11 Surface plot of the power model used in simulation. The red dots are the actual mea-
sured power values at different values of linear and angular speeds (v and w) and is fitted by a 3
dimensional surface to minimize the mean least square error between the model and the real data
points.

given robot’s exploration trajectory is always accompanied by a homing trajectory to the charging

station satisfying the energy constraints.

For all simulation runs we measure the estimated Total Area Covered (TAC) and the Energy On
Arrival (EOA), which is the amount of energy consumed by the robot by the time it arrives back
to the station, and we use these values as metrics for performance. The TAC serves as a measure
of the mission execution quality, and the EOA is a measure of the extent the available energy
budget has been used. We run all test cases at two desired values of return speed: a slow speed
of v, = 0.1m/s and a faster speed of v, = 0.5m/s. We highlight the efficacy of our approach by
comparing the aforementioned metrics to the results of a baseline method in which a robot returns
back on the path when the available energy reaches a certain fixed threshold percentage of the total
nominal energy (as it is a standard procedure with commercial robots). For the baseline we use
only the tracking CBF (6.19) in a QP problem similar to (6.41) and we change the path parameter

s according to the following relation

wooif >
s={" Brom =7 (6.76)
0, otherwise
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where 0 < 7 < 1 1is a threshold return energy ratio, and L is the total path length at the point when
the robot starts moving back towards the charging station. We show the results of our comparison
for the aggregated values of TAC for different simulation scenarios in Figure 6.12a. To highlight
the relation between TAC and EOA we use red dots in Figure 6.12a to indicate TAC values corre-
sponding to simulation runs during which the energy budget is violated, i.e. EOA is less than zero
at least once, indicating the robot’s failure to recharge before its energy budget is fully consumed.
Figure 6.12b and 6.12c show histograms of EOA values distribution for our method as well as
baseline at different values of 7 for v, = 0.5m/s and v, = 0.1m/s respectively. In all simulation

runs the total energy budget is set to be 12kJ.

We note that in Figure 6.12a for v,, = 0.1m/s the area covered consistently increases with decreasing
return energy threshold percentages, i.e. when a robot starts returning to recharge at 7 = 0.3 it
typically covers more area than when it needs to return at 7 = 0.5 as it uses more of its energy to
carry out its mission. Although for this case the area covered using our proposed method is less
than baseline (box plot median value of 268m? for 7 = 0.3 and 204m? for ES-CBF, meaning a 24%
reduction in TAC in the worst case), baseline results have significantly more red dots than ES-CBF,
indicating significantly more violations of energy budget than ES-CBF, so although TAC is more

for baseline the energy budget is violated for most test runs.

For v, = 0.5m/s, Figure 6.12a shows an overall increase in TAC for both baseline and ES-CBF
compared to the case where v, = 0.1m/s. Moreover, we notice an increase in TAC in case of
ES-CBF over baseline with 7 = 0.5 and 7 = 0.6 (5% and 20% increase in TAC respectively),
while there is a decrease of 10% in TAC between baseline with 7 = 0.3 and ES-CBF. For baseline
cases with 7 = 0.5 and 7 = 0.6 there are no red dots at v,,=0.5m/s in Figure 6.12a, but there are
numerous violations of energy sufficiency for baseline with 7 = 0.3. Overall, choosing a threshold
value to return to the charging station depends on the map and task at hand, and does not provide
guarantees for either optimal mission success or return or respecting the energy budget. On the
contrary, our method guarantees that the energy budget is fully exploited, without affecting mission

performance.

It is also worth noting from Figure 6.12b and 6.12c that the distribution of EOA values is very
tight around zero, meaning that robots applying ES-CBF framework arrive to the station without
violating the energy budget allocated and without wasting energy, i.e. robots do not arrive too late
or too early, which means full utilization of the energy allocated. On the other hand for the baseline
method we can see in Figure 6.12c¢ for v, = 0.1 that EOA values are more widely dispersed around
zero, with a significant portion of the values being positive or negative, indicating robots arriving
to station either too early or too late, which is a direct result of not considering needed energy to

return back to station (e.g. a robot could reach the return threshold 7 when it is relatively close to
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Figure 6.12 Comparison between baseline method for three different threshold percentages 7 and
our CBF-based approach for energy sufficiency, denoted ES-CBF. Simulation data for total area
covered and energy values upon arrival to charging station is collected for three test environments
and two different desired return speeds (v, = 0.5m/s and v, = 0.1m/s), each run for 50 instances
with different random seeds. The red dots in Figure 6.12a indicate area values corresponding to
simulation instances where the energy budget is violated at least once, while green dots indicate
no violation of energy budget. Histograms 6.12b and 6.12c show distribution of energy on arrival
(EOA) values for v, = 0.5m/s and v,, = 0.1m/s respectively.



122

the station so it will eventually arrive back with a significant amount of energy, and it may reach 7
when it is far away so that the energy budget is fully depleted on the way back). We also note that for
v, = 0.5m/s the values of EOA are mostly positive for baseline with 7 = 0.5 and 7 = 0.6 indicating
significant non-utilized energy when the robot returns back to recharge. Therefore for these two
baseline cases the robots utilize less energy for exploration and this explains the advantage that
ES-CBF has in TAC over these two baseline cases at v, = 0.5m/s.

6.7.3 Hardware setup

We study the performance of the energy-sufficiency approach using an AgileX Scout Mini rover
equipped with a mission payload to perform exploration and mapping missions, shown in Fig-
ure 6.13. The robot has an Ouster OS0-64 lidar as the primary perception sensor and a high-
performance Inertial Measurement Unit (IMU) from VectorNav. A mesh communication router
implements IEEE802.11s to communicate with the base station.

Ouster Lidar 0S0-64
Nvidia Jetson AGX Xavier

Mesh Communication

Vectornav IMU

Figure 6.13 Experimental setup we use to perform the exploration mission while maintaining en-
ergy sufficiency. It consists of an AgileX Scout Mini rover with a mission payload mounted on top
as demonstrated above.

Figure 6.9B shows the software architecture deployed on the Nvidia Jetson AGX Xavier of the
rover. We implement a full stack Simultaneous Localization And Mapping (SLAM) system, mesh
communication system, and a local planner for collision avoidance. Unlike the simulation, the

rover performs a full-stack 3D localization and mapping using a variant of LVI_SAM [191] with a
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front-end generating pose graphs and a back-end performing map optimization. The mapping [190,
Voxblox] and planning (Gbplanner modules and controller were the same for both simulation and
hardware. We apply the path-shortening procedure in [183, Algorithm 1] on the output of the path

planner, as we do in the simulation setup.

We estimate the robot’s power consumption using voltage and electric current values. Upon arrival
to charging region the robot executes a simple docking manoeuvre to enter the charging region
and carries out a simulated battery swap operation to replenish the robot’s energy. We point out
that such setup does not affect the validity of the experiment and could be justified by the fact that
the energy consumed by the robot is consistent, meaning that the power needed to move the robot
at a certain speed does not depend on the battery, but rather depends on the robot’s mechanical

properties and the environment which are both static.

6.7.4 Hardware results

We apply the proposed method on our experimental setup and we show the results in Figure 6.14,
as well as the point cloud map for the experimental run in Figure 6.1. In this experiment the robot
is tasked with exploring and mapping a set of corridors and hallways while returning back to a
charging spot. The map generated by the robot and the trajectories taken by the robot during an

experimental run are shown in Figure 6.1.

For this experiment the allocated energy budget is 7kJ and the desired return speed was set to
v, = 0.2m/s. We note from Figure 6.14b that the robot consumes the energy budget fully by the
time it arrives back to recharge, which shows the ability of our proposed approach to maintain
energy sufficiency in cluttered environments. From Figure 6.14c the path parameter value is equal
to zero as long as the energy sufficiency constraint (6.16) is not violated, then when h, ~ 0 (in
Figure 6.14a, indicating energy sufficiency being close to the boundary of its safe set) it starts to
increase and drive the robot back towards the station along the path. Figure 6.1 shows examples of

paths taken by the robot while exploring its environment.

6.8 Conclusions

In this work we present a CBF based method that provides guarantees on energy sufficiency of a
ground robot in an unknown and unstructured environment. Our approach is to augment a sampling
based path planner [like GBplanner, 168] by a CBF layer, extending our work [157] to endow a
robot with the ability to move along a path in an energy aware manner such that the total energy
consumed does not exceed a predefined threshold. We described a continuous representation for

piecewise continuous paths produced by a path planner. We define a reference point that slides
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Figure 6.14 Results from the robot experiment. The robot returns back to station with the expected
battery level to recharge, achieving energy sufficiency.

along this continuous path depending on robot’s energy. We show the relationship between the
constraints for controlling both the reference point and robot’s position and show conditions for
these constraints to complement each other. We demonstrate how these ideas are valid for dynamic
cases in which the path planner updates the path frequently and the robot is carrying out a mission.
Finally we demonstrate a method for adapting our framework, based on a single integrator model,
to a unicycle model. We highlight through simulation and experimental results the ability of our

method to deal with unknown and unstructured environments while maintaining energy sufficiency.

Our proposed framework has the advantage of flexibility and adaptability to different types of
robot models and environments. Such framework can be useful in many application where long
term autonomy is needed, e.g. underground and cave exploration, robot reinforcement learning,

self driving cars in urban environments, and many others.
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As a future work we plan to extend our framework to be able to handle coordination between
multiple robots to share a charging station in the same spirit as [157], while being able to deal
with unstructured and complex environments. Another direction could be using online estimation
and learning techniques to handle power models that are variable by nature and need constant

adaptation, such as wind fields, snowy conditions, etc.
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CHAPTER 7 GENERAL DISCUSSION

In this chapter, we examine the impact of the results presented so far on the field. In Section 7.1 we
review the general properties of the main body of our work presented in previous chapters. Then in
Section 7.2 we describe briefly some of the technical issues we faced during developing the results

in this thesis, as well as some of the ideas that we tried for tackling these issues.

7.1 General discussion: features and advantages

7.1.1 Energy sufficiency for multi-robot systems
Energy sufficiency framework

The first key contribution of this thesis is the development of an energy sufficiency (ES) frame-
work for multi-robot systems sharing a charghing station (CS, FW1), developed and presented in
Chapters 4 and 5. We can summarize the core idea as: CBF constraints for ES are formulated in
terms of the voltage needed by a robot to return to a CS, and coordination CBF constraints between
robots are formulated in terms of differences in arrival times of each two robots to the CS, and
these constraints are used in a quadratic problem (QP) that produces a control action that drives the
robot. The constraints are constructed in a manner that ensures the feasibility of the QP. Adopting

this approach, gives FW1 the following advantages:

* Performance guarantees: Using CBFs gives theoretical guarantees on ES and mutually ex-

clusive use of CS for robots in a multi-robot system.

* Mission-agnostic and decentralized: FW1 can be applied on a wide range of multi-robot
missions, as we demonstrated through simulations of various types of missions (coverage

and random walks). Moreover, it has no need for central agents to coordinate among robots.

Capacity of a charging station

Throughout the development of FW1, we focused our attention on the scenario where multiple
robots share one charging station due to its relevance to the field of MRS and its potential for
being used as a building block for more general scenarios with multiple stations. This directly
calls for the need to be able to size such a system, namely, to understand how many robots can
be serviced using one charging station. From our observation in the literature, this question has

not been clearly addressed [39]. We manage throughout Chapters 4 and 5 to find expressions
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describing CS capacity. We find that the two most important aspects affecting this capacity are the
robot discharge rate (mostly dependent on the robot, its mission, and the environment, but we use
a worst-case estimate for it) and the desired difference in arrival times. We also show the effect of

having heterogeneity in robots’ discharging characteristics and how this can affect station capacity.

7.1.2 Energy sufficiency in unknown environments

One of the main limitations of FW1 is that robots are capable of traversing only straight lines in
a non-cluttered environment. Extending the ES guarantees to scenarios where robots operate in
cluttered and unknown environments greatly expands the venues where such framework could be
applied. Moreover, demonstrating the ability to extend FW1 to different and more sophisticated
(and common) robot models gives more practical value to our framework. We discussed the con-
struction of the modified ES framework (FW2) in Chapter 6, and we focus on achieving ES for

individual robots and leave the extension of the coordination capability for future work.

Path smoothing using sigmoid functions

The FW1 developed in Chapters 4 and 5 uses the distance between a robot and the CS directly in
the formulation of ES barrier functions. Extending this framework to more generic environments
calls for some way of injecting information about the environment into the CBF formulation. We
do this through using a path planner, that indirectly injects the CBF formulation with information
about viable paths in the environment. The issue is that most common planners give piecewise
linear paths in the form of waypoints, but we need a continuous representation of the path with a
parameterized expression to make it easy to integrate path information into the CBF formulation.
To this end, we develop a sigmoid-based path smoothing method, and demonstrate its ability to

produce parameterized smooth paths that are arbitrarily close to the original piecewise linear path.

We note that the requirement of the path smoothing method being arbitrarily close to the original
path is motivated by the idea that paths produced by the path planner are safe by default, and if
we stick to these paths with the added advantage of being continuous and parametric, it makes the

development of ES CBFs easier, while knowing that the paths are not hitting obstacles.

We also note that the sigmoid-based path-smoothing method we use has a slight similarity with the

definition of B-splines. The basis functions for creating a B-spline are recursively defined as

S —8; S; — S
B;y(s) = ————B;x-1(s) + LBz‘—kl,k—l(S) (7.1)

Si+1 — Si Si+1 — Si
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where s; € R are knot values. The need for using recursion to construct these basis functions makes
the use of B-spline less convenient for our application. Our path-smoothing method essentially
replaces these basis functions with sigmoid functions, so the outcome is not a polynomial as in the
case of Bezier curves or B-splines. Moreover, we use the length along the path between each of the

waypoints and the beginning of the path as the knot value.

Another point that is worth mentioning is that we attempted another method for path smooth-
ing based on Bezier curves. The idea is to create cubic interpolation splines between every pair
of consecutive waypoints, then merge these segments following the method in [192] to produce
one Bezier curve that has one parameter and resembles the piecewise linear path described by the
waypoints. The main issue with this technique is that it does not scale well to paths with many
waypoints. For this method to perform well, the order of the final merging Bezier curve has to be
increased in a manner proportional to the complexity of the piecewise linear path, but the merging
works relatively well for Bezier curves of orders 20 and less, which limits the complexity of paths
that could be smoothed.

Energy sufficiency in unknown environments

In FW2 we leverage the parameterized nature of the smoothed path to create a reference point along
the path, the position of which depends on the energy content of the robot. The CBF formulation
for ES is then modified to manipulate this reference point in a manner that ensures it arrives at the

station by the time the robot’s energy budget is up.

We manage to show one key result regarding the stability of FW2 in relation to the power model
and the desired return speed along the path, and we show that there is a cap on the return speed
with which a robot can follow the reference point and that the margin of stability decreases with

higher desired return speeds.

FW2 has several key advantages:

* Modularity and mission-agnosticism: FW2 can work alongside any path planner that pro-
duces a list of waypoints from the robot’s position to a target position. In Chapter 6 we
utilized FW2 alongside an exploration path planner that incrementally builds a map for the
environment while the robot carries out frontier exploration. Using CBFs makes FW2 valid

regardless of the mission being carried out, in the same manner as in FW1.

* Flexibility of robot model extension: FW2 is constructed using a single integrator robot
model, but we demonstrate the possibility to extend the same framework to more complex

robot models (e.g. unicycle robot model as presented in Chapter 6).
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Adaptability to different robot models

One key idea we demonstrate in Chapter 6 is the ability to adapt FW2 to robots described by a
unicycle model. The core idea behind this adaptation is to study the effects of the added states
(from the new model) on power consumption, then modify the framework to ensure the stability
of the framework. For instance, using a unicycle model implies the robot’s ability to spin near
waypoints, which adds more power consumption that can destabilize FW2, and to fix this issue we

adjust the framework to slow the robot down near waypoints to ensure framework stability.

We believe that the adaptation we demonstrated in Chapter 6 could be slightly modified for other
types of non-holonomic robot models like robots with Ackerman steering. Moreover, in our discus-
sion of Chapter 6 we note that the unicycle model adaptation treated therein could also be extended
to take into consideration the variability of power consumption along the path due to different

factors like ground friction, surface roughness, and slope changes.

Using voltage vs. energy

Throughout the development of Chapters 4 and 5 we used voltage as the main quantity to be
tracked and maintained, while in Chapter 6 we opted for using energy. One main property of the
energy metric used in formulating the energy sufficiency CBF is that it has to be non-increasing.
If the non-increasing property is not fulfilled, then one viable strategy for a robot to maintain ES
constraints is to solely slow down or stop in place, but we want the robot to maintain ES constraints

by moving closer to the CS.

In Chapters 4 and 5 we are concerned with using drones in an indoor test environment, so the power
consumption is almost constant since the majority of power is used for hovering the drone, and as
a result the voltage monotonically decreases and can be used as the main metric in formulating
ES CBFs. However, in Chapter 6 we are interested in using a ground robot that can arbitrarily
stop or move during its mission, which means that the power consumption is not fixed anymore.
With that in mind, using energy is a better fit for ES CBF formulations, and since there is always
nonzero payload power consumption we know that the energy will be monotonically decreasing,
which makes it more suitable in ES constraints formulation. Moreover, the use of energy facilitates
taking into account other forms of energy loss or gain due to friction, changing robot heights on

sloped grounds, etc.



130

7.2 Issues and ideas to explore

In this section we provide a brief discussion of some of the relevant technical issues that we came
across during the development of the results in this thesis, as well as some insights and suggestions

for tackling these issues.

7.2.1 Communication requirements for multi-agent coordination

In the development of FW1 for coordination among multiple robots to access a common charging
station, presented in Chapters 4 and 5, one key assumption we use is having a complete com-
munication graph among robots is a complete graph, and we leverage this assumption to provide
guarantees on the ability of multiple robots to coordinate access to a common charging station in a
decentralized manner. This may appear as a strong assumption with high demand on communica-
tion bandwidth. In this section, we present the argument that having a complete graph is necessary

to provide guarantees on coordination performance.

The degree of situational awareness needed by robots in a multi-robot system varies depending on
the task they carry out. To further elaborate on this idea we give an example of two different types

of missions with different information demands and communication graph density needs.

The first example is a consensus task carried out by a group of robots. Consensus is the ability
of a group of robots to reach a common value, only using information available locally to each
robot from its neighbours [193]. The common value agreed upon may differ in its nature from
one task to another, which enables a multi-robot system to carry out a wide range of tasks like
rendezvous [194], distributed state estimation [195], flocking [196] and formation control [197]. In
this example, it is sufficient to use relative state differences to reach a consensus among robots.

The other example is a task allocation mission. In this type of mission, a group of robots reaches
an agreement in which some tasks or resources are allocated to robots. Several methods exist in
the literature to deal with this problem like consensus-based methods [198, 199], market-based
methods and bidding [200, 201], or a blend of both methods [202]. In these methods, one common
theme is the need for complete communication among robots in a multi-robot system, and that
relative state information is not enough. This usually takes the form of needing to broadcast and

receive processed information from all other robots.

One useful idea that is relevant to this discussion is situational awareness[202], i.e. the knowledge
of the current state of the system in a manner relevant to the task at hand. We can argue that one
fundamental difference between the two examples discussed so far is the idea that the situational
awareness required for consensus tasks is of intrinsic nature (local), while that required for task

allocation tasks is of an extrinsic nature (global). What we mean by intrinsic situational awareness
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is that robots exchange relative information about their states or measurements. On the other hand,
extrinsic situational awareness means that robots exchange information about their states relative
to external factors. For example, a robot carrying out a rendezvous task need to only exchange
information about their relative positions w.r.t. their neighbors (i.e. robots exchange information
pertaining to relative states with neighbors). However, in a task allocation scenario using auction-
based methods, robots exchange their bids for different tasks based on metrics signifying how
capable they are of carrying out these tasks (i.e. robots exchange information of their states relative

to external factors that are not part of the multi-robot system).

It is worth noting that we can notice the idea of extrinsic and intrinsic situational awareness being
present in other fields besides robotics. Some examples of the need for complete communication
graphs to provide extrinsic situational awareness include ledgers in blockchains, and decentralized

estimation of Gaussian processes [203].

We present an example problem that highlights the need for a complete graph to achieve successful

coordination.

Space coordination in 1-D (SpC) Consider a set of n agents, each described by its state z; €

R, i=1,...,n;and each agent changes its state according to the following dynamics

T = Uy (7.2)

where u; € R is the control action for robot 7. It is required to find control actions u; for all
agents such that starting from any set of initial states, the robots will converge to a configuration
where the difference between any two consecutive agents’ states is to be at least equal to A, i.e.
|z, —x;| > A, Vi,je{l,...,n}i#j.

The main reason we are interested in the SpC problem is that it can be used to model the separation
in arrival times of robots to a charging station. Briefly, if a group of robots can agree on what time
instances each robot should arrive (the state becomes the arrival time which is a 1-D quantity), they

can do it in a way that makes them avoid arriving at the station while other robots are there.

We consider a scenario with three agents connected in two different ways: a complete graph and a
minimally rigid graph, and we follow a simplified version of the treatment in [204]. We consider a
graph G = (V, £), where V is the set of nodes and £ is the set of edges and |V| = n, £ = m, where
|.| is the cardinality. The two types of graphs we examine are depicted in Figure 7.1. We define a

local potential function for each edge to be

Gij = %(|517z — )| - A)? (7.3)
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(a) Complete graph (b) Minimally rigid graph

Figure 7.1 Two example graphs for a set of four agents: a complete graph in 7.1a and a minimally
rigid graph in 7.1b. We note that this graph models the communications only among agents and
not the actual manifestation of the graph in 2-D, as we are only considering only agents that have
1-D states.

where A is the desired inter-agent separation. Each agent follows a gradient descent control law as

follows

Bi=—> i) (7.4)

where V) are the neighbours of agent i. A measure of the collective deviation of all edge lengths

from A can be captured by the following function

V= > ¢ (7.5)

(Vi,Vj)Gg
The idea is to let all agents change their states in a manner that minimizes V' through gradient
descent [204]. In this treatment, we assume without loss of generality that one of the robots has to
have a fixed known state value, and we pick it to be agent #1 and to have a state value equal to zero.

Complete graph

In light of the previous assumption we redefine ¢;;

— 1 2 a¢12 o )

¢12 - 5 (|I‘2’ A) = 6172 - (|l’2’ A) |.ZU2|
1 o Od13 A T3

P13 = 3 (|22 = A)" = 0 (|3 A)7|163\ (7.6)
1 o Opas Ty —x3 _ Odas

¢23 ~ 9 (|C(72 l‘3| A) = O (|.I‘2 ZL’3| A) |:L‘2 — $3| = amg
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For the graph depicted in Figure 7.1a we show the convergence of (7.4), so we calculate V/

8¢ Oepo: 2
V — 87‘/3; — {( 8¢12 _'_ 8¢23) (8¢13 + 8¢)23 >:|T 837122 ‘l_ 8;32‘23— _ al (7 7)
6$ 0z 0z oxs3 Oxs %@513 + %¢23 al’ :
3 T3

which means the system is stable in the sense of Lyapunov. According to LaSalle invariance prin-
ciple [74], the system will converge to the largest invariant set in the set of states satisfying V = 0,

thus we need to study states at which ‘?)—Z = 0, and doing so gives the following set of equations

X To — X
(|x2|—A)|x—;+(|x2—$3|—A)ﬁ:0
(] — A)- 24 (] —A) BTy "
T3 — A)— Tog— X3 —A)———— =
’ |x3’ ? ’ |x3—$2\

which are two equations in two unknowns (x; and x3). We need to do further simplifying assump-

tions to be able to solve them. Without loss of generality, we consider the following two scenarios

Case 1: I S ) S XT3 in this case |ZL’2 — ZL‘3| = (lL’g — 172), ZL‘2| = T9, |fL’3| = I3, and (78)
becomes
2 -1 0
- (7.9)
-1 2] |x3 2A
T T
which has a unique solution at {xQ .I'3:| = [%A %A}
Case 2: x5 < x; < x3: inthis case |zg — x3| = (23 — x2), |22] = —x9, |23] = 23, and (7.8)
becomes
2 -1 —2A
] - (7.10)
-1 2| |x3 2A

which has a unique solution at [xQ I3:|T = [—%A %A} T. From the results of the previous two
cases, we notice that the spacing between any two states in equilibrium will be separated by the
same value, regardless of the initial values of these states. We note that the assumption we made by
fixing the state of one of the robots is key in solving (7.8) and without this assumption, the system

is not anchored and it will have no unique solution [205].

As a quick remark, in the previous results we notice that the final separation is %A < A, so to

achieve the requirement for solving SpC, we can substitute A in (7.3) by %A.
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Minimally rigid graph

Here we omit one of the edges and we choose it to be the edge between nodes v, and v3, as shown

in Figure 7.1b. Therefore (7.8) becomes
(7.11)

similar to what we did earlier, we study the following two cases without loss of generality

. . . . T T
Case 1: z; < 2o < x3: In this case we have a unique solution which is |:{L'2 [L‘3} = [A A]

T T
Case 2: x5 < x; < z3: In this case we have a unique solution which is [:cg .]}'3} = {—A A}

so we can notice from the solution of case 1 that robots # 2 and 3 could have the same state value,
and still solve (7.11), meaning that taking out one edge of the complete graph could lead to states
of different agents coinciding while carrying out the gradient decent control law (7.4) depending
on initial conditions of the states. This does not happen when the graph is complete, regardless of
the initial values of the states. The same result also holds for larger graphs with more nodes and
edges. We note that the treatment adopted so far to find the equilibrium point resembles finding
the equilibrium point of a system of masses and springs, for which a solution exists if the system is

anchored, i.e. connected to a wall.

From the previous discussion, we observe that for a group of robots to be able to acquire the
necessary situational awareness to coordinate their behaviors in a global manner, there is a need
for a full communication graph among them. This graph completeness may not need to be direct,
as it could be indirect as well (intermittent communication, gossip-based communication, etc),
where the agents aggregate information from other agents with time. This could potentially lead to
performance deterioration due to sampling speed, thus there is a need to study the boundaries of
such delay to maintain acceptable performance when it comes to coordination among robots with

time.

We conjecture that we can use some tools from sampled control theory and attempt to relate min-
imal graph structures (e.g. spanning trees in a network) with the maximum delay allowable for a
network for coordination (e.g. temporal coordination) to work. Another possibility could also be
finding ways with which agents can locally change their initial conditions, so that when (7.4) is

applied, no multiple states claim the same value simultaneously.
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7.2.2 Multiple charging stations

One important aspect of the wide-scale deployment of multiple robots in any environment is to cater
to the energy needs of robots in a scalable manner by using multiple charging stations. Supposing
that each charging station has one available charging slot at a time, the requirement of mutually

exclusive use of charging stations has to be extended to multiple charging stations.

To this end, FW1 should be able to handle spatial, as well as temporal, coordination. In other
words, the robots should decide where, as well as when, to go to recharge to satisfy the mutually
exclusive station use constraint. Moreover, this should be carried out in a decentralized fashion

without the need for a central agent for decision-making.

In this section, we describe some ideas we attempted to achieve this goal and give some insights
into tackling this problem. some work exists in the literature that deals with coordinating the use of
multiple resources in an environment. One common way to deal with this issue is through the use of
discrete optimization techniques [49] where the desired behavior is modeled as integer constraint
in a mixed integer program, or through the use of market-based methods [48] where each robot

picks a CS based on some preset rules, but provides no guarantees.

One approach we tried to extend FW1 to achieve spatiotemporal coordination was to pursue the
spatial and temporal aspects of coordination separately, with the hope of putting things together at a
later stage. This calls for the need to extend the ES framework in FW1 to help robots decide which
station to go to, noting that the coordination framework in FW1 already handles the temporal
aspect of coordination. In the next section, we describe one idea we attempted that we call ES

vector separation method.

ES vector separation

The goal of this method is to come up with a set of constraints that if satisfied, they seamlessly lead

to robots choosing different stations, thus achieving spatial coordination.

Suppose we have two robots, each is described by single integrator dynamics 4 = u, where x € R?
is the robot’s position, and u € R? is the control action. Moreover, consider we have two stations,

and the energy sufficiency CBF for robot ¢ towards station j is described as

ke
where V' > 0 is the robot’s voltage, V,,,;, > 0 is the desired minimum voltage threshold, k. > 0
is the battery discharge rate, v, is the desired return speed of a robot towards the station, and .,

is the position of the charging station j. The variables d,; € R are design variables that could
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be manipulated to affect the decision of a robot i of which station it picks. With this setup, each

robot has a vector of different /;; values towards each station (i.e. in this example we can say
T . . .

h;, = [hﬂ hi2:| ). Here we assume that robots have a constant linear discharge rate for their

batteries.

Each robot picks the station with the higher h;; value to go to (picks station corresponding to the
dominant component in the h; vector), this means that for these two robots to pick different stations,
the goal is to make the dominant components for h; and h, different. Provided that the two vectors
hy and hs start at the first quadrant (i.e. both robots can pick either station), if we can enforce a
certain angle between these two vectors, then this goal can be achieved. We claim that there is a
minimum value of inter-vector angle separation, we call it o, € [—, 7], that if satisfied, we can
ensure that the dominant component in each vector will be different. The value of s depends on
the size of the dimension we operate in, i.e. how many robots and stations we have. For the toy
example of having two stations and two robots, the value of oy = 7. This idea is demonstrated in

Figure 7.2.

hioA

| s

A
Y

Figure 7.2 A vector parallel to the blue dotted-dashed line has both components equal, so no com-
ponent dominates the other. The solid vectors are vectors for robot 7 = 1, and the dashed vectors
are for robot ¢« = 2. We compare angles of vectors of same color.

From Figure 7.2 we notice that if a vector lies on the blue dotted-dashed lines, it will have both
components equal, thus no component dominating the other (i.e. the robot will be indecisive as of
which station to pick). Therefore if a vector lies on either side of this blue line, it will have one
dominating component over the other. Thus what we seek is to keep the two vectors pertaining to
two robots on different sides of this blue line (for example like the black solid and dashed vectors

in Figure 7.2).
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If a vector starts aligned with the vertical axis (i.e. a robot starts knowing that it only chooses
station 2), then the other vector has to be separated by an angle of at least 7 to ensure it falls on the

other side of the blue line (a vector aligned with the blue line has no dominant component), which

justifies our choice of a, = 7.
Therefore, a constraint could be constructed in the form of a CBF to ensure the angle between two

vectors is greater than o
_1 hi.h;

[1Ball- Il

where € > 0 is a small number. The main problem we faced with this method is the difficulty of

hg = cos (e + €) (7.13)

generalizing the inter-vector separation conditions in higher dimensions. Moreover, the integration

with the temporal coordination was not so straightforward.

Provided that we find a solution for the proper separation condition in higher dimensions, this
method (separation of decision-related vectors in higher dimensional spaces) can serve as a new
method to tackle task/resource allocation problems, while providing guarantees on solution con-

vergence.

We conclude by giving some suggestions of ways to extend FW1 to handle multiple CS:

* Figure out proper conditions for separating vectors in higher dimensional spaces in a manner
similar to what we described earlier for 2d space, then understand how this can be integrated

with the temporal coordination framework in FW1.

* Incorporate some rule-based methodology, like robots picking the nearest station, and letting
robots assigned to this station coordinate temporally (e.g. Voronoi diagram with stations as

seeds, and robots falling in same tessellation do temporal coordination).

* Use a blend of market-based methods and control barrier functions, by defining some form
of price to pick a station. This price increases with less availability (i.e. more robots picking
a particular station) and then use CBFs to manipulate these prices to ensure robots pick the
right stations and do proper temporal coordination. Such an approach could incorporate

methods from mechanism design in game theory, as well as CBFs.

7.2.3 Effect of CBF on mission execution

One central advantage of using CBFs with QP formulation during the development of the results in
this thesis is achieving minimal intervention with the original mission’s control action. Indeed, the
QP cost function we adopt minimizes the difference between the final control action and that of the

mission. However, there are some aspects related to the CBF constraint formulation that can affect
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the quality of mission execution. In this section, we discuss briefly and qualitatively the relation
between the CBF formulation and the mission quality. The main metric we adopt to judge mission
execution quality is how long (or how far) a system can execute its mission control action before

the safety-inducing control action is activated by the QP.

The value of the «/(.) function in (2.7) can control how gracefully or aggressively a CBF maintains
safety [47], which means that the choice of this function can affect how far the state of the system
will be from the boundary of the safe set when the safety inducing control action will be activated
by the QP. As a result, depending on the choice of this function, the system could abandon the
mission earlier or later in a manner that can affect how long the mission control action is adopted,

and thus the mission execution quality.

Another relevant aspect is the construction of the CBF itself. One clear example is the results
we have shown in Chapter 6, especially Figure 6.12 which shows that choosing a higher return
speed during the construction of the energy sufficiency CBF enances the overall quality of mission
execution, as evident in the increase of the total explored area. This motivates the question of how
to construct a CBF with the biggest safe set possible. Some methods that came out recently deal
with this issue in various ways like using Hamilton Jacoobi reachability methods [90], supervised

learning methods [97, 106], and reinforcement learning [99].

One interesting idea to investigate is to adopt a similar method of manipulating the «(.) functions in
[84] using penalty functions, but instead of only doing this manipulation to ensure QP feasibility,
we can link the «(.) functions to a mission performance related metric, and essentially manipulate
them to give the system as much leeway to carry its mission as possible, and at the same time ensure
the feasibility of the QP with different CBF constraints and input limits.
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CHAPTER 8 CONCLUSION

8.1 Summary of Works

In this thesis, we present ES frameworks based on CBFs which provide guarantees that robots will

be sufficiently energized during their missions. We developed two main frameworks:

* ES framework for multi-robot systems (FW1): developed in Chapters 4 and 5, and provides
ES guarantees for robots in a multi-robot system carrying out a general mission, while coordi-
nating the use of a common CS. We demonstrated that this framework has several favourable

properties like flexibility and energy agnosticism.

* ES framework for robots in unknown environments (FW2): developed in Chapter 6 and
provides guarantees on energy sufficiency for a robot carrying out a generic mission in a
complex environment by adapting ES constraints to safe paths produced by path planners,
and throughout our treatment we highlighted its various favourable properties like energy
agnosticism, modularity and ability to operate with any path planner, and adaptability of the

framework to different robot models.

Through the development of FW1 we address the research objectives O1 and O2. We first introduce
FW1 in Chapter 4 using a simpler battery discharge model and providing rudimentary results on CS
capacity, and we extend the treatment in Chapter 5 with a more accurate battery discharge model
and more developed results about CS capacity. We manage to show the efficacy of FW1 through

an experimental demonstration using Cognifly drones, along with various simulation results.

We tackle the research objective O3 during our development of FW2 in Chapter 6, where we extend
ES guarantees over paths produced by path planners with the help of a simple sigmoid based path
smoothing method, and apply the results on a unicycle type robot. We show the validity of FW2
with results from an experimental run using an AgileX Scout Mini rover, as well as numerous

simulation results.

8.2 Limitations

Herein we discuss some limitations of the current deliverables demonstrated in this thesis.
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Energy sufficiency for multi-robot systems

Although our treatment for the ES framework for multi-robot systems presented in Chapters 4 and 5
showed that the framework offers a working solution for the problem of providing guarantees for
energy sufficiency for a multi-robot systems sharing a CS, the treatment only considers robots
operating in an environment without resistance, i.e. no wind fields affecting the drones. Although
this could be taken into account by considering the worst discharge rate in case of an adverse wind,
the result is often very conservative, and severely affects the station capacity while maintaining

coordination constraints.

Another important limitation with FW1 is that it is designed with having only one station in ac-
count. This can be very limiting in case of having an actual real life deployment in a real envi-
ronment which may call for more than one station. Although in our treatment we can describe
the capacity of a station, which is a useful sizing tool, we need to extend our framework to not
only consider temporal coordination (who goes to station first) but also consider the spatial aspect
(which station to go to). In section 7.2.2 we provide further remarks and insights of possible ways

to achieve this goal.

The framework FW1 is based on the assumption of a known discharge rate a-priori. Although such
assumption is plausible, but highly dependent on prior experience with the robot system at hand or
extensive empirical trials, which limits the applicability of our approach to a wider range of robots
and can even threaten the robustness of FW1 (otherwise a too pessimistic discharge rate needs to

be adopted, which can compromise system performance).

We note that although the ES framework for multi-robot systems was developed with a simple
non-cluttered environment in place, which can be perceived as a limitation, the application of our
extended ES framework presented in Chapter 6 can solve this problem, moreover, the coordination
framework from Chapters 4 and 5 could be used as is, with the use of voltage instead of energy in

the formulation of CBF constraints.

Energy sufficiency in unknown environments

The treatment presented in Chapter 6 offers an extension to tackle to one central issue of FW1, via
coupling ES constraint with path planning abilities to handle more complex environments (clut-
tered, unstructured, unknown, ...etc.). However, there are still some limitations in this work that
could be mitigated in future work. The power model used in said framework is mostly empirical,
and this means that it can change from one environment to another. One way this could be miti-
gated in the current setup of FW2 is by adopting a more pessimistic power model, which can affect

the quality of mission execution.
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Another limitation is the fact that the performance of the framework is somewhat sensitive when a
robot is returning back on a path. In other words, if a robot is returning back to station in compliance
to the method outlined in Chapter 6 and got perturbed, the speed-power relationship can become

unstable, especially at high desired return speeds.

8.3 Future work

In the light of our discussion of the current limitations for the frameworks presented in Chapters

4,5 and 6, we herein present some ideas and directions for further development.

* We plan to extend FW2 to accommodate scenarios in which multiple robots coordinate the
use of one charging station. This can be more challenging than the current coordination
framework in FW1 owing to the fact that robots’ discharge is not uniform anymore (each
robot can stop or move with arbitrary speeds during the mission) which makes it more chal-

lenging to estimate arrival times to a station.

* We plan to adopt adaptive and learning techniques in which a robot can infer the power
model online during the mission to overcome the issue of inaccurate power models. Such
power model should also be map dependent, in the sense of describing power consumption

for every part of the map for more accurate representation of power consumption.

* The ES framework FW2 needs to be modified to add extra robustness to the framework and
to protect the system from getting to instability in case of disturbance along the path. This
could be done by adopting a modified formulation that allows for having an extra amount of
energy, we can call it buffer energy, that can compensate for disturbances when the robot is
moving along the path. Moreover, learning techniques could be employed to estimate such
energy quantity in a manner that does not affect the mission execution quality, but at the same

time guarantees ES even in presence of occasional disturbances.

* Another interesting direction would be extending FW1 and FW2 to situations with multiple

charging stations, with providing guarantees on spatiotemporal coordination.
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APPENDIX A SOME NOTES ON SINGLE INTEGRATOR TO UNICYCLE
TRANSFORMATION

In this appendix we tackle some issues related to applying our proposed framework on differential
drive robots modelled using a unicycle model as (5.43). The main difference with a unicycle
model, as will be shown in the next section, is the fact that input directly affects the rate of voltage
consumption. Although the voltage model used in (5.6) assumes a constant discharge rate, we show

that our proposed methods can nonetheless on a full unicycle model.

We start by mathematically describing the dependence of voltage discharge rate on unicycle dy-
namics and the relationship between the single integrator to unicycle transformation (5.44) and
voltage discharge. We then present in the section that follows a case study of applying energy suffi-
ciency constraint on a unicycle model to serve as an example of how to adapt the energy sufficiency

method encoded by the CBF in (5.7) to unicycle dynamics.

We leave the full extension of our proposed framework to a multi-robot system with unicycle model
(including energy sufficiency and multi-robot coordination) as a future work, while presenting the

energy augmented unicycle model and the case study as motivating points for such future work.

Effect of single integrator to unicycle transformation on power consumption

As we mentioned in remark 11, changing the value of [ in the transformation (5.44) may affect
the rate of power consumption. In this section we demonstrate this effect using a modified version
of the energy augmented dynamic model of a differential drive robot in [152], then we apply the
output of transformation (5.44) to this model for some nominal mission control action u,,,,, and
we use the electric current value from the model to show the voltage change of a battery modelled
as in [206].

In [152] the motor dynamics were neglected to produce a simpler model. However, this undermines
the effect of some motor properties on overall performance. We modify the model in [152] by
taking the motor dynamics into consideration. We start by stating the main result in [152] after the

modification. The robot model can be described as
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q S1)
x=[n| =|—(STMS)1ST(C+ FSn+ MSn—TI)| +
I — By — 21 (A.1)

_0 )
16 2 Vv
_fI2><2

T . .
where ¢ = [ml Ty 1 ng} is the state vector, (21, x9) are the robot’s coordinates, ¢; are the

. 4T T
wheels’ angles, n = [qﬁl (/52] is the vector of wheels’ angular speeds, [ = [Il [2} are the
motors’ currents, I, is an identity matrix, C' = 0,,;, and V € R? is the vector containing

motors’ armature voltage values. The matrices S, M, F,T" are defined as follows:
02x2 O2x2 K= v 0
02y K 0 v

00K 0]
T = !
00 0 K,

cbcos@ cbeosb

F=

cbsinf c¢bsind

S =
1 0
0 1
m 0 —an Qaq
M(q) = 0 m Qo —0uy
—a;  ay I+ I, + —1I?
a1 —Qo —1I? ]3+Iw+ls

with a; = mecdsin® , as = m.cdcos. Table A.1 contains definitions of different variables and

their values.

To understand the effect of [ in (5.44), we need to generate voltages that lead the wheels to spin
with speeds that achieve a desired single integrator point speed. Suppose we have a desired velocity
u € R? for a single integrator robot, then the desired linear and angular velocities for the unicycle

robot can be obtained from (5.44), from which the desired speeds for both motors can be expressed



161

Table A.1 Definitions of different parameters used in (A.1)

definition value
variable
R motor armature resistance 2082
K, motor torque constant 0.88 N.m/A
Ky motor voltage constant 0.88%
I, motor armature inertia 0.0713 %
distance from wheel to center line 0.165m
c= % r being wheel radius 0.8684m
me mass of robot without wheels or motors 6.04K g
My mass of each wheel and its motor 1.48Kg
1. robot’s moment of inertia around its 0.537%
vertical axis'
I, moment of inertia of a wheel and its 0.0023%
motor around motor’s axis
as .
N = Fm] _ 1 {1 b ] {1 (1)} [ co.s 0 sin 9] u (A2)
Gdy r |11 —=bl |0 ;| |—sinf cos6
B R(0)

the error between the desired and actual wheel speed is

e =114 (A.3)

which can be used as an input for a controller to generate the voltage required for each motor to
achieve the desired rotational speed. For example, we can use a proportional controller, thus the
voltage V' in (A.1) is

V =—-Kpe (A4)

plugging this voltage into (A.1) leads to driving the unicycle robot according to u. The closed loop

system now becomes

S
x = |—(STMS)~'ST(C + FSn+ MSn —TI)| +
Rty BT (A.5)

06><2
S2BR(0)
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This result describes a unicycle robot model that takes single integrator velocity as input. The total

current needed to cater for the desired motors’ rotational speed is
I, =171| (A.6)

with 1 € R? is a vector of all ones and |.| is the element-wise absolute value of a vector. This
current value can be used as an input for a simple battery voltage model, as in [206] for example,

to compute the voltage change of the battery. From [206], the battery voltage can be modelled as

‘:/Cb 1 & o | |V
VCC fletfie C% _C% VCC
7Rc
+ | GlerR) ] I (A7)
0. T CRet o)

Vo= iw [Re R[S

+ Ry — ] 1,

Ce

which we can represent as V, = A, V,+ B,1;,V, = C,Vy+ D, 1;, with V, being the output voltage
of the battery. Values of different battery parameters are presented in Table A.2.

Table A.2 Values of battery internal resistance and capacitance values used in the battery model.

CC Cb Rc Re Rt
40.74 | 820.00 | .0004 | .0011 | .0012

For demonstration purpose, we consider the case in which a robot moves along a square with

rounded corners for which u = u,,,,,,, where u,,,, is defined as
Upom = -de(:)j - Id) (A.8)

with
L |cos(wt
zq(t) = « (Cosﬁ(wt) + COS’B(wt)) o (wt)
sin(wt)
where 2 € R? is the robot’s position, x4 € R? is a desired position along the nominal trajectory,
a > 0,5 > 0. For our demonstration we choose w = —0.2rad/sec, « = 4m and § = 100.
Figure A.la shows the trajectory and voltage change for a robot tracking the nominal trajectory, for
three different values of [ in (A.2).

From Figure A.1b above we notice that the smaller the value of [ gets, the less oscillatory and more

responsive the robot becomes, and the higher the voltage decline rate is due to the more aggressive
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nature of its response. The dotted lines in A.1b represent the lower bound of the voltage change,

which can be used in our proposed framework.

We note that using a full unicycle model like (A.5) with our proposed framework gives rise to an
additional aspect which is the direct effect of the input on voltage change and power consumption.
One strategy to tackle this issue is to use the framework as proposed and add extra constraints on
the electric current values to make sure that the change in voltage is always bounded from below.

In what follows we present an example of applying this idea to the full unicycle model.

Case study

One idea to use the full unicycle model is to set a constraint on the maximum electric current being
used, thus limiting the rate of voltage decrease. This constraint is set by establishing an upper

bound on the velocity that corresponds to the electric current limit we impose.

Effect of limiting electric current on speed

Suppose that the robot is moving along a straight line such that the electric current is at the set limit
and that it is moving in a steady state manner, we then can set all time varying terms in the equation

for 7 in (A.5) to be equal to zero, thus

FShn=TI
—1 _
n=((FS)'FS) (FS)'TI (A.9)
=17 = Beg
14

with I and 7 being the steady state values of electric currents and wheels’ angular speeds. To

produce the constraint on electric current, we can use the following candidate CBF
hr = Imax — [[1]] (A.10)

which gives the constraint

T

T
— 1 > —prh;s
|1]] (A.11)

= — i (%ot en — E1 4 B2 BR(O)u) > —phy
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with p; > 0. Suppose that robot is moving in steady state with ||I|| = I,ax (i.e. hy = 0) we can

substitute (A.9) in the last inequality and we get

(Kp + Ku)K; | R ) I (A.12)

BR(f)u < [ Lp T Bw)fe LU
RU“-( Ky K,

T

and since we consider the robot moving in a straight line, R(#) is actually an identity matrix and
the last equation can be further simplified to

r |b b| -
<I'— I A.13
U=t L _z] (A13)

we can use the last relation to estimate the maximum magnitude of velocity attainable while re-

specting the electric current constraint. Supposing the robot is moving in a straight line and that the
- T

robot is symmetric with motors having same properties, then / = I“ﬁ [1 1} , and the last relation

becomes

< I'r 7 [1]

U S —=1max

vz o (A.14)
I'r

]max
V2

= [[u]| <

Effect of limiting electric current on voltage change

The other aspect that is affected by limiting maximum current consumption is the voltage decrease
rate, noting that the primary purpose of constraining the current is to have a known worst-case rate
of voltage decrease. One step in this direction is to understand the effect of a generic current input

on the battery discharge rate.

We note that the system matrix in (A.7) is not full rank and it has an eigenvalue that is equal to zero,
which is the dominant mode of the system, associated with an all-ones eigenvector. We focus on
estimating the effect of electric current on this dominant mode by doing a similarity transformation
V, = Tz, where V, is the battery voltages vector in (A.7), z is a set of new states and 7 is a

transformation matrix comprised of the eigenvectors of the system matrix in (A.7) to obtain the
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modal canonical form. The new transformed system is

T 1A, T
—_—

0 0
0 A

Vo= CUTZ + D, 1,

z =

+T B, I (A.15)

where A = — Re}r 7 (C%, + %) and the 7 matrix can be easily calculated to be
1 Ce
_ V2 C
T 1
V2 v
2
where v = /1 + (%b) . The dynamics of the state associated with zero eigenvalue is

s V290G (1 Ce
1= Tty WBUI + ~Ch By, ) I

and supposing that the robot is moving in steady state along a straight line while maintaining the

electric current constraint (A.11), we observe that the effect of the input current is that it changes

the slope of z;. Since we take [; = 1T\] , the maximum current for the aforementioned scenario
(i.e. moving in steady state with both motors drawing the same current) is [; = Z“ﬁ = V2I ax

and thus the previous relation becomes

. 27C;
21 = b (%Bvl_'_

ol Ce Bu, ) Tnax (A.16)

7C%

and the battery output becomes (taking only the dominant mode)

Vo= (T3 + %) 21+ V2Dulnax = V221 + V2D, e (A17)

2

Example of energy sufficiency with the unicycle model

Here we use the previous two results, i.e. the effect of limiting electric current on speed and voltage
change, to add an energy sufficiency layer to the perimeter patrol task shown in Figure A.1. We

use the following zeroing CBF

h :‘/O_Vmin_%(Dcs_(s) (A.18)



166

where D s = ||x — x.|| > 0 is the distance from the charging station, 6 > 0 is a threshold distance
away from the center of the charging region and k. is the rate of voltage change from (A.16) and is

represented as

_ 2V29C, (1 Ce
ke = Cc+Cy ('val + 7Cy BW

In (A.18) v, represents the speed by which the robot returns back to the charging region and we
pick its value such that it satisfies (A.14).

Remark 17. We can also use a CBF of the form

ke

he = Vy = Vimevr P

(A.19)
which is a versatile form that can be adapted to different types of battery discharge types (linear or
exponential). Since the voltage change in (A.17) is predominantly linear with a known slope, say
k., and starting at V,,(0) we can propose an exponential discharge with the form

V) = V,(0)e !

o

such that it intersects with the linear discharge of V,, = V,(0) — kyt att = 0 and t = t* such that
Vo(t*) = Vinin + € for € > 0. Equating the two discharge expressions gives an estimate for k.,

! i 0(0) — ke VO(O)
ke - t* 1Og vain“l’€ o Va(o)f(‘/}rlirl+5) Og ‘/;Ilirl+6
this estimate will make V(t) < V,(t) for t < t* (thus giving a more conservative or pessimistic
value of voltage). The higher the value of € is, the more conservative the estimate of voltage change
will be.

Remark 18. We note that the velocity limit relation in (A.14) is an optimistic estimate of the
maximum velocity achievable at a given electric current limit (since we considered the simplistic
case of the robot moving in a straight line at maximum current, the effect of | is not taken into
consideration). Choosing a lower value for v, in (A.18) leads to a reduced chance of violating the

constraint on the electric current when the robot is returning back to the charging station.

The constraint equation associated with (A.18) is

————"u > —p.h, A.20
vp De H=r ( )

where p, > 0, 7, 2. € R? are the robot’s position and the position of the charging region center re-

spectively. We can use a quadratic program of the form (6.3) with (A.11) and (A.20) as constraints.
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Figure A.2 shows the result of applying the aforementioned quadratic program with the proposed
constraints for a task where the robot carries out a perimeter patrol task and then returns to the
charging station, considering V,,;, = 7.6 volts, 6 = 0.3m, [ = 0.1m, and we present results for
two values of return velocity: v, = 0.8m/s and v, = 1.5 m/s. In Figure A.la the robot is trying to
minimally deviate from the task, thus falling back to the station (marked with a red dashed circle)
in a spiral trajectory. We note that when the return speed decreases, the electric current requirement
on the robot’s way back decreases as well, which explains the decrease in the slope of the voltage

change from the case of higher return speed as shown in Figure A.2b.

We note that the results presented here serve as a simple example of how to use the full unicycle
model to achieve energy sufficiency, but further treatment is in order. One possible direction of
development is to consider the full unicycle nonlinear model in the constraint design without the
need of simplifying intermediate models (such as single integrator), aiming not to use extra con-
straints (like constraining the current consumption) thus leading to better utilization of the system.
Another direction could be attempting to reduce the unicycle model using feedback linearization to

a simpler model, on which the constraints are designed.
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5 Trajectory
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Figure A.1 Trajectory and voltage change of a robot modelled as in (A.5) and battery described by
(A.7) for different values of [ in (A.2). The dotted lines in Figure A.1b represent lower bounds of
voltage change.
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Figure A.2 Trajectory and voltage change of a robot for two values of return speed: v, = 0.8m/s
and v, = 1.5m/s. The robot moves on the perimeter and falls back to the charging region, denoted
by the red dashed circle.
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