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RÉSUMÉ 

Les particules fines suspendues dans l’air (aussi nommées aérosols) sont nocives pour la 

santé humaine et pour l’environnement. La filtration des aérosols (ou la séparation de ces particules 

de l’air) est donc un procédé d’une importance cruciale. Les filtres fibreux sont généralement 

choisis pour leur haute performance et leur compacité. L’ajout de nanofibres (<1 µm) déposées sur 

une couche de microfibres ou mélangées à des microfibres a été proposé pour améliorer ces filtres. 

La théorie de la fibre unique est souvent utilisée pour prédire la performance des filtres à aérosols. 

Cependant, cette théorie prend pour acquis que les fibres d’un filtre sont toutes du même diamètre 

et ignore donc les impacts potentiels de la structure multicouche. La simulation numérique directe 

des écoulements gazeux au travers de milieux fibreux doit être utilisée pour tenir compte des 

interactions entre les fibres. Or, les effets de raréfaction qui apparaissent autour des nanofibres 

doivent être considérés pour prédire quantitativement la performance des milieux filtrants.  

 Dans cette thèse, une méthode de Boltzmann sur réseau (MBR) est développée afin de 

calculer les écoulements de gaz raréfiés au sein des filtres fibreux. La MBR est une discrétisation 

de l’équation de Boltzmann, une description statistique des écoulements de gaz. Cependant, la 

MBR était à l’origine un solveur pour les équations de Navier-Stokes en régime du continuum. La 

MBR a donc été modifiée pour incorporer les phénomènes physiques suivants: a) le glissement, 

c’est-à-dire une vitesse d’écoulement non-nulle à la surface des fibres, et b), l’apparition de la 

couche de Knudsen, soit une zone de l’ordre du libre parcours moyen des molécules de gaz où la 

relation newtonienne entre la contrainte et le cisaillement est invalide. Pour ce faire, une condition 

frontière (CF) cinétique de diffusive bounce-back (DBB) a été étendue pour prendre en compte 

l’impact de la variation de la viscosité effective sur le glissement au sein de la MBR. De plus, cette 

CF cinétique est totalement locale, évite les références à une longueur caractéristique et définit sans 

ambiguïtés les populations autour des coins. Pour résoudre le problème de crénelage causé par les 

déviations hors de l’équilibre thermodynamique, caractéristiques des écoulements raréfiés, une 

procédure de régularisation a été incorporée dans la MBR. De nouvelles valeurs pour les 

paramètres cinétiques de la DBB au sein de la MBR ont également été calculées. Finalement, un 

algorithme de traçage des rayons a été développé pour évaluer le champ de libre parcours moyen 

effectif au sein d’un milieu poreux complexe au moyen d’une intégrale numérique. Sous hypothèse 

de proportionnalité entre le libre parcours moyen effectif et la viscosité effective, cette dernière 

peut être introduite dans la MBR pour représenter la relation entre la contrainte et le cisaillement 
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au sein de la couche de Knudsen de milieux poreux complexes. Le potentiel de parallélisation 

massive de la MBR et de l’algorithme de traçage des rayons rend ce modèle particulièrement 

approprié pour le calcul haute performance. 

 Il a été prévu d’utiliser cette nouvelle MBR pour évaluer la performance des filtres fibreux 

au moyen d’une méthodologie en trois étapes. D’abord, un milieu filtrant est généré 

numériquement par un algorithme de déposition séquentielle. La MBR est ensuite utilisée pour 

calculer le champ d’écoulement au sein du milieu filtrant et pour évaluer sa perméabilité. 

Finalement, les trajectoires de particules fines générées en amont du filtre sont calculées, 

permettant d’évaluer l’efficacité de capture du milieu. Cette méthodologie peut être utilisée comme 

outil de conception afin d’optimiser la performance des filtres fibreux. Dans la première partie de 

ce travail, cette méthodologie en trois étapes a été vérifiée, validée, et appliquée à l’étude des 

impacts de la structure multicouche sur la performance de milieux filtrants microfibreux. Lors de 

la deuxième partie de ce travail, la nouvelle MBR a été vérifiée et validée pour des écoulements au 

travers d’une fente, alors qu’elle a été vérifiée pour des écoulements au travers d’arrangements de 

cylindres et de sphères lors de la troisième partie de ce travail. L’algorithme de traçage des rayons 

a été vérifié lors de la quatrième et dernière partie de ce travail. De nouvelles pistes d’investigations 

fondamentales sont apparues lors des tentatives de validation du modèle combiné de la MBR et de 

l’algorithme de traçage des rayons. La thèse conclut sur une évaluation du modèle proposé et sur 

une suite de tâches à effectuer pour prédire quantitativement la performance des milieux filtrants 

en régime raréfié. 
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ABSTRACT 

Suspensions of fine particles (also called aerosols) are harmful to human health and the 

environment. The filtration of airborne particles (or the separation of these particles from the air) 

is therefore a process of crucial importance. Fibrous filters are generally chosen for their high 

performance and compactness. The addition of nanofibers (<1 µm) deposited on a layer of 

microfibers or mixed with microfibers has been proposed to improve these filters. The single fiber 

theory is often used to predict the performance of aerosol filters. However, this theory assumes that 

the fibers of a filter are all the same diameter and therefore ignores the potential impacts of the 

multilayer structure. Direct numerical simulation of gas flows through fibrous media must be used 

to account for the interactions between the fibers. However, the rarefaction effects that occur 

around nanofibers must be considered to quantitatively predict the performance of the filter media. 

In this thesis, a Lattice Boltzmann method (LBM) is developed to compute rarefied gas 

flows within fibrous filters. The LBM is a discretization of the Boltzmann equation, a statistical 

description of gas flows. However, the LBM was originally a solver for the Navier-Stokes 

equations in the continuum regime. The LBM was thus modified to incorporate the following 

physical phenomena: a) slip, i.e. a non-zero flow velocity at the surface of the fibers, and b) the 

appearance of the Knudsen layer, a zone of the order of the mean free path of gas molecules where 

the Newtonian relationship between stress and shear is invalid. To do so, a kinetic diffusive bounce-

back (DBB) boundary condition (BC) was extended to take into account the impact of the variation 

of the effective viscosity on the slip within the LBM. Moreover, this kinetic BC is totally local, 

avoids references to a characteristic length and unambiguously defines the populations around 

corners. To avoid the phenomenon of aliasing caused by deviations out of thermodynamic 

equilibrium, characteristic of rarefied flows, a regularization procedure has been incorporated in 

the LBM. New values for the kinetic parameters of the DBB within the LBM were also calculated. 

Finally, a ray-tracing algorithm was developed to evaluate the effective mean free path field in a 

complex porous medium by means of a numerical integral. Under the assumption of proportionality 

between the effective mean free path and the effective viscosity, the latter is introduced within the 

LBM to represent the relationship between stress and shear in the Knudsen layer of complex porous 

media. The massive parallelization potential of the LBM and of the ray-tracing algorithm makes 

this model particularly suitable for high-performance computing. 
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 It was planned to use this new LBM to evaluate the performance of fibrous filters using a 

three-step methodology. First, a filter medium is numerically generated by a sequential deposition 

algorithm. The LBM is then used to calculate the flow field within the filter medium and to evaluate 

its permeability. Finally, the trajectories of fine particles generated upstream of the filter are 

computed, allowing the capture efficiency of the medium to be evaluated. This methodology can 

be used as a design tool to optimize the performance of fibrous filters. In the first part of this work, 

this three-step methodology has been verified, validated, and applied to the study of the impact of 

multilayering on the performance of microfibrous filter media. In the second part of this work, the 

new LBM was verified and validated for flows through a slit, while it was verified for flows through 

cylinder and sphere arrays in the third part of this work. The ray-tracing algorithm was verified in 

the fourth and last part of this work. New venues of fundamental investigation have emerged during 

the validation attempts of the combined model of the LBM and the ray-tracing algorithm. The 

thesis concludes with an evaluation of the proposed model and a series of tasks to be performed to 

quantitively predict the performance of filter media in the rarefied regime. 
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CHAPITRE 1 INTRODUCTION 

1.1 Importance de la filtration 

La filtration est un procédé utilisé dans un vaste nombre d’applications dans la vie 

quotidienne et en milieu industriel. Parmi les exemples de la vie quotidienne figurent : a) les filtres 

à café, qui servent à filtrer les graines du café, b) les masques faciaux, qui servent à filtrer les 

particules fines de l’air, et c) les filtres à osmose inverse, qui servent à capter des ions de l’eau [2]. 

Comme procédé industriel, l’opération de filtration peut remplir deux objectifs : retirer un 

contaminant d’un fluide afin de rendre ce dernier plus pur, ou retirer un produit d’intérêt d’un fluide 

dans le but d’en extraire le plus possible [3]. D’après une définition librement traduite de l’anglais 

du Handbook of Filter Media, l’équipement employé pour ce procédé, un milieu filtrant est :  

« […] tout matériau qui, sous les conditions d’opérations du filtre, est perméable à 

un ou plusieurs composants d’un mélange, d’une solution ou d’une suspension, et 

est imperméable au reste des composants. » [3] 

Pour ce travail de recherche en particulier, nous nous intéresserons à la filtration des 

particules fines suspendues dans l’air, aussi nommées aérosols. Ces particules sont nocives pour la 

santé humaine et pour l’environnement. Le smog, partiellement composé de particules fines, 

engendre des problèmes de santé majeurs dans la population [4, 5]. Des bactéries et des virus 

peuvent être absorbées par la voie respiratoire et causer des irritations et des maladies [6]. Plus de 

patients avec des maladies cardiovasculaires fréquentent les hôpitaux lorsque la concentration en 

particules fines présentes dans l’air est élevée [7]. Des poussières peuvent également être inhalées 

en milieu de travail. Les gouvernements, les industries et la population en général sont davantage 

conscients des impacts sur la santé et investissent pour s’attaquer à ce fléau de notre société 

contemporaine [6, 8]. 

1.2 Historique 

Le problème de la poussière industrielle a été mentionné il y a presque 2000 ans par Pline 

l’Ancien dans sa célèbre encyclopédie Histoire naturelle [9]. Historiquement, la protection des 

travailleurs qui œuvrent dans les milieux où il y a des poussières dangereuses et la protection contre 

les armes chimiques ont motivé le développement de la technologie de filtration des aérosols [9].  
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L’utilisation de chiffons humides contre la fumée aurait également été décrite par Léonard de 

Vinci. Agricola (1494-1555) discute des problèmes respiratoires causés par la poussière dans les 

mines et a proposé des respirateurs pour les mineurs [10]. Paracelsus (1493-1541), fondateur de la 

toxicologie [11], aurait également décrit des maladies causées par les poussières [12, 13]. Le 

premier respirateur comme tel aurait été fabriqué par Brisé Faden en 1814, qui consistait en une 

boîte remplie de coton avec un tube pour y respirer au travers [13]. 

Au XXème siècle, maintes innovations portant sur la filtration des aérosols ont vu le jour. 

Diverses conceptions comportant des polymères, des fibres cellulosiques et des résines 

solidifiantes ont permis de mélanger des fibres de tailles différentes et de concevoir des filtres 

multicouches [6, 14]. Certains matériaux comme les céramiques et les métaux ont été utilisés pour 

opérer à des températures plus élevées au sein de procédés chimiques [6, 14]. L’utilisation de fibres 

avec des diamètres de l’ordre du micromètre [9], puis à l’échelle nanométrique (de 300 nm [15] 

jusqu’à 10 nm [16]) a été proposée pour améliorer les filtres à haute efficacité.  

Le port des masques chirurgicaux s’est normalisé au sein des blocs opératoires vers les 

années 1920 [17]. Les masques jetables à usage unique ont été introduits au milieu des années 1960 

afin de réduire les coûts et d’assurer la stérilité des environnements [18]. La lutte contre la 

pandémie de COVID-19 a provoqué une hausse vertigineuse de l’utilisation des masques jetables 

[19]. L’approvisionnement en masques faciaux est devenu un moyen de pression diplomatique peu 

après le début de la pandémie [20-22]. Pour sécuriser ses chaînes logistiques, le gouvernement du 

Québec a versé des fonds pour une production nationale de masques faciaux [23]. À plus long 

terme, la viabilité de ces nouvelles industries dépendra des innovations visant à améliorer la 

performance des masques et à réduire leur coût. Des initiatives de masques biodégradables ont 

aussi été avancées afin de limiter la production de déchets [24]. 

1.3 Types de particules 

Les particules fines sont catégorisées selon leur forme et leur taille, qui peut aller de 2 nm à 

100 μm [9, 25]. Par exemple, les fumées, générées par les condensations de produits de 

combustions, sont distinguées des poussières, produites par la désintégration d’un matériau originel 

(ex. : une machine, un textile ou une roche), qui sont elles-mêmes distinguées d’un brouillard, l’eau 

condensée sous forme de particules liquides [25]. Le smog, dont le terme est dérivé de smoke 
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(fumée) et fog (brouillard), peut désigner les particules fines créées par les oxydes d’azote, de 

soufre ou d’ammoniac relâché dans l’atmosphère, mais inclut également les particules provenant 

de pots d’échappement ou de cheminées [25, 26]. Cependant, le smog comprend aussi l’ozone 

troposphérique, qui reste sous forme gazeuse et n’est donc pas composé de particules. Le tableau 

1.1 résume bien les différentes catégorisations des aérosols.  

Tableau 1.1   Classifications des aérosols présents dans l'environnement - reproduit avec 

permission de [25] 

 

1.4 Caractérisation des filtres 

Les écoulements au sein des filtres à aérosols sont généralement mués par une différence de 

pression entre l’entrée et la sortie du filtre [3, 6]. La conception du filtre employé dépend 

principalement de quatre paramètres : le débit d’air à filtrer, les dimensions maximales du filtre, 

l’efficacité de capture acceptable et la perte de charge acceptable [3, 6, 9, 14, 25]. Par exemple, un 

masque facial doit rester compact, occasionner une perte de charge inférieure à 50 Pa [27] et avoir 
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une efficacité de capture conséquente avec les types de particules auxquelles la personne sera 

exposée. 

Maintes catégories de filtres à aérosols peuvent être distinguées selon le type de médium 

poreux ou la forme du filtre. Les filtres en céramiques et en métal, quant à eux, sont plus rigides et 

résistent à des températures plus élevées [16]. Les matières fibreuses sont les plus économiques 

pour des concentrations faibles de particules fines [3, 6, 28].  

La forme extérieure des filtres dépend principalement des contraintes de dimension posées 

par le système. On distingue les coussinets, qui sont très plats, des sacs, des poches et des panneaux 

[3, 6]. Ces derniers sont plus volumineux, mais plus appropriés pour de grands débits d’air [29]. 

Les capsules, quant à elles, sont des filtres de petite dimension utilisés principalement dans 

l’industrie pharmaceutique. Mentionnons également les dévésiculeurs, qui ont pour objectif 

d’enlever les gouttelettes d’eau d’un courant d’air [30]. Ces derniers sont utilisés autant en contexte 

industriel que dans des contextes domestiques (ex. un système d’air climatisé) [3, 31]. 

En ce qui a trait à la forme intérieure, les filtres présentant le plus de variabilité sont les filtres 

constitués de matière fibreuse. Ces derniers peuvent être plats, ou plissés (pleated filters) pour 

agrandir la surface de capture [31, 32]. Ils peuvent être monocouches comme multicouches afin 

d’améliorer les propriétés mécaniques des filtres, telle que la résistance à des contraintes [29, 33]. 

En pratique, les systèmes de filtration pour les bâtiments sont souvent composés de plusieurs sous-

systèmes. Les filtres peuvent s’encrasser rapidement avec de grosses particules : or, celles-ci sont 

généralement capturées en amont par des filtres grossiers peu dispendieux. En aval, un sous-

système composé de microfibres ou même de nanofibres peut être employé. L’ajout d’une couche 

de nanofibres améliore la performance des filtres, mais beaucoup de travaux de recherche doivent 

encore être effectués pour mieux comprendre l’impact de la structure multicouche. Ce projet de 

doctorat s’inscrit dans cette démarche plus large d’optimisation des filtres fibreux.  

Pour mieux comprendre le fonctionnement des filtres fibreux, les termes permettant leur 

caractérisation quantitative seront énoncés. Le tableau 1.2 résume les définitions de la porosité, 

l’efficacité de capture, la perte de charge et du facteur de qualité.  

 



5 

 

Tableau 1.2   Spécifications des filtres 

Caractéristique Définition Unité SI 

Porosité 𝜖 =
𝑉𝑜𝑙𝑢𝑚𝑒 𝑑ᇱ𝑎𝑖𝑟

𝑉𝑜𝑙𝑢𝑚𝑒 𝑡𝑜𝑡𝑎𝑙
 Adimensionnel 

Efficacité de capture 𝐸 =
 # 𝑃𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑒𝑠 𝑐𝑎𝑝𝑡𝑢𝑟é𝑒𝑠

# 𝑃𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑒𝑠 𝑒𝑛 𝑎𝑚𝑜𝑛𝑡
 Adimensionnel 

Perte de charge Δ𝑃 = 𝑃௘௡௧௥é௘ − 𝑃௦௢௥௧௜௘ 𝑃𝑎 

Facteur de qualité 𝑞ி =
− ln(1 − 𝐸)

Δ𝑃
 𝑃𝑎ିଵ 

En pratique, le choix des filtres pour une application donnée se base surtout sur leur 

certification. Le tableau 1.3 résume par exemple les standards du Comité européen de 

normalisation (CEN) pour les équipements de filtration d’air, qui classifie les filtres selon 

l’utilisation prévue et l’efficacité de capture [31]. 

Tableau 1.3   Standards du CEN – reproduit avec permission de [30] 
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1.5 Mécanismes de capture 

Les particules suspendues dans l’air peuvent être capturées de quatre manières différentes [3, 

6]. Quand le diamètre d’une particule est plus grand que le pore d’un filtre, la particule est capturée 

par une barrière de surface. Quand la particule parvient initialement à pénétrer le filtre, mais 

rencontre un pore trop petit, la particule est capturée par une barrière de profondeur. Quand des 

particules accumulées en amont empêchent les particules subséquentes de passer, on parle de 

filtration avec un gâteau. Quand une particule adhère au filtre dépendamment de sa trajectoire au 

sein du filtre, on parle de filtration en profondeur. 

Pour les aérosols, les deux derniers mécanismes sont prépondérants en raison de la faible 

taille des particules à capturer [3, 28]. En pratique, les gâteaux se forment surtout lorsque la 

concentration en particules fines est élevée. Pour beaucoup d’applications, la concentration en 

particules fines est faible et c’est la filtration en profondeur qui domine [3]. La filtration en 

profondeur peut s’expliquer par cinq mécanismes de capture [1, 32] : l’impaction inertielle, 

l’interception, la diffusion brownienne, les forces électrostatiques et la force gravitationnelle. Ces 

cinq mécanismes sont représentées à la Figure 1.1 [1].  

 L’impaction inertielle se 

produit lorsqu’une particule, en raison 

de son inertie, percute une fibre et est 

capturée [1]. Ce mécanisme est 

prépondérant lorsque la vitesse de 

l’air est grande et que les particules 

sont relativement grosses [6, 32, 34]. 

Les particules capturées grâce à ce 

mécanisme s’accumulent 

généralement en amont de la fibre 

[35]. L’interception résulte du patron 

d’écoulement autour des fibres. Si 

une particule est située dans une ligne 

de courant passant à moins d’un rayon 

de particule de la fibre, elle peut être 

Figure 1.1   Mécanisme de captures des particules fines 

dans l'air – reproduit avec permission de [1]. 
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capturée [1]. Ce mécanisme est prépondérant pour des particules relativement grosses lorsque la 

vitesse de l’écoulement est faible [32, 34]. La diffusion brownienne est causée par le mouvement 

aléatoire des molécules d’air autour d’une particule, qui peut approcher une particule d’une fibre 

[1]. Ce mécanisme est prépondérant pour de petites particules [3, 6, 32, 34]. Les forces 

électrostatiques sont causées par l’attraction entre des charges de signes opposés situées sur la 

particule et sur le filtre. Ces forces peuvent améliorer grandement l’efficacité d’un filtre : 

cependant, elles impliquent que le filtre soit chargé électriquement, du moins localement [6]. Pour 

certaines applications, comme les masques faciaux et les machines à air climatisé, l’humidité 

relative élevée tend à neutraliser les charges présentes au sein du filtre [32]. Pour terminer, le 

mécanisme de gravité se produit lorsque les particules finissent par tomber sur les fibres d’un filtre. 

Ce mécanisme est seulement notable pour de très grosses particules (>10 μm) et est souvent faible 

comparé au mécanisme inertiel [32]. Les forces électrostatiques et gravitationnelles seront 

négligées au cours de ce travail. 

1.6 Loi de Darcy 

Un des facteurs les plus déterminants dans la conception d’un filtre est sa perte de charge, c.-

à-d. la chute de pression causée par la résistance à l’écoulement. En négligeant la gravité, la loi de 

Darcy prédit une relation linéaire entre la vitesse d’un fluide 𝐮଴ et le gradient de pression dans le 

milieu ∇𝑃 [36] : 

 𝐮଴ =
𝐪

A
= −

𝛋

𝜇
∙ ∇𝑃 (1.1) 

où 𝐪 est le débit moyen du fluide, 𝛋 est le tenseur de perméabilité du milieu poreux, 𝐴 est la surface 

normale à l’écoulement et 𝜇 est la viscosité du fluide considéré. Lorsque le milieu est isotrope, la 

perméabilité est un scalaire multiplié par un tenseur identité. En supposant une perte de charge est 

unidirectionnelle au sein d’un milieu isotrope, la relation suivante est retrouvée : 

 
𝑢଴ =

𝜅Δ𝑃

𝜇ℎ
 (1.2) 
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où Δ𝑃 est la perte de charge dans la direction du milieu et ℎ est l’épaisseur du milieu poreux. En 

supposant que les fibres ont un diamètre uniforme 𝑑௙, l’analyse dimensionnelle des filtres fibreux 

donne une expression pour la perte de charge [37]: 

 
𝜅 =

𝑑௙
ଶ

𝑓(𝛼)
 (1.3) 

où 𝑓(𝛼) est une fonction qui dépend de la géométrie et de la fraction de solide 𝛼 = 1 − 𝜖. En 

mécanique des milieux continus, la perméabilité est donc une caractéristique intrinsèque d’un 

milieu poreux, qui dépend purement de sa structure et non de l’écoulement du fluide au travers 

[36]. La valeur de la perméabilité peut varier fortement entre filtres de différentes constitutions, 

d’au moins un ordre de grandeur [38]. Cependant, pour des milieux nanoporeux, où la mécanique 

des milieux continus ne tient plus, la valeur de la perméabilité peut augmenter de plusieurs ordres 

de grandeur [39, 40]. La loi de Darcy n’est également valide qu’en régime laminaire. L’équation 

de Forcheimer est préférée en régime turbulent, où une composante quadratique à la relation de la 

perte de charge avec le débit est rajoutée [41].  

1.7 La théorie de la fibre unique et ses limites 

La théorie de la fibre unique tente de prédire l’efficacité d’un filtre fibreux à l’aide d’un 

modèle simplifié : les fibres forment un arrangement parallèle, régulier, et ont toutes de même 

diamètre. Ces hypothèses sont défendables dans la mesure où les fibres ont typiquement peu de 

contact entre elles en raison de leur grande porosité [1, 28]. Le mouvement macroscopique des 

particules doit aussi suivre celui de l’air. Finalement, une particule est considérée comme capturée 

lorsqu’elle se situe à moins d’un rayon de particule de la surface d’une fibre. L’efficacité de capture 

d’une seule fibre est développée en reliant l’efficacité de capture aux autres caractéristiques 

mesurables du filtre : diamètre des fibres, porosité, vitesse de l’écoulement, etc. À l’aide d’un bilan 

de matière sur les particules d’un filtre, l’efficacité du filtre complet prend la forme suivante [1, 

28, 34, 42, 43] : 

 
𝐸 = 1 − exp ቆ−

4𝛼ℎ

𝜋𝑑௙(1 − 𝛼)
𝜂ఀቇ (1.4) 

où 𝜂ఀ est l’efficacité de capture de fibre unique causée par l’ensemble des mécanismes. 
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L’efficacité d’un filtre croît donc avec son épaisseur. Or, selon la loi de Darcy, la perte de 

charge augmente linéairement avec l’épaisseur du filtre. Pour comparer des filtres d’épaisseurs 

différentes, on utilise le facteur de qualité 𝑞ி  :   

 
𝑞ி =

− ln(1 − 𝐸)

Δ𝑃
 (1.5) 

En insérant la loi de Darcy (équation (1.2)) et la théorie de la fibre unique (équation (1.4) dans la 

définition du facteur de qualité (équation (1.5)), l’expression résultante est indépendante de 

l’épaisseur du filtre. 

Typiquement, pour calculer l’efficacité de capture de fibre unique, chaque mécanisme est 

considéré séparément [28, 32, 42]. En première approximation, il est supposé que les mécanismes 

s’additionnent : 

 𝜂ஊ = 𝜂ூ + 𝜂ோ + 𝜂஽ (1.6) 

où 𝜂ூ, 𝜂ோ et 𝜂஽ sont respectivement les efficacités de fibre unique causées par l’impaction inertielle, 

l’interception et la diffusion. A priori, il n’y a aucune raison de penser que c’est le cas [12, 28, 44]. 

Certains modèles incluent donc des termes mixtes, qui sont des efficacités de capture causées par 

l’interaction entre certaines. 

Avec la théorie de la fibre unique, la prédiction du facteur de qualité se réduit donc à des 

expressions empiriques, semi-empiriques ou analytiques. Une compilation extensive de ces 

expressions peut se trouver dans cette revue [42], où le facteur de qualité dépend de la géométrie 

choisie, du régime d’écoulement et des interactions entre fibres. Par conséquent, les hypothèses 

sous-jacentes à la théorie de la fibre unique ne permettent pas une modélisation universelle du 

facteur de qualité. Pire encore, certains phénomènes se produisant dans les filtres réels ne peuvent 

pas être pris en compte.  

D’abord, la théorie de la fibre unique ne permet pas de comprendre l’impact de distributions 

polydispersées de diamètres de fibres. Les fibres organiques comportent un relativement haut degré 

de polydispersité, mais même les fibres synthétiques sont polydispersées [37]. De plus, pour le 

mécanisme brownien, l’efficacité de capture peut diminuer au travers du filtre [45, 46]. La théorie 



10 

 

de la fibre unique ne permet donc pas de savoir a priori l’impact d’une géométrie multicouche 

réelle. 

  La théorie de la fibre unique est d’une validité encore plus douteuse lorsque l’incorporation 

de nanofibres dans les filtres est considérée. Les nanofibres ont une taille caractéristique 𝐿௖ qui est 

de l’ordre du libre parcours moyen de l’air 𝜆 = 66 𝑛𝑚 à température et pression normale. Dans un 

milieu fibreux, le nombre de Knudsen (défini comme 𝐾𝑛 = 𝜆/𝐿஼ = 2𝜆/𝑑௙) n’est donc plus 

négligeable. L’hypothèse du continuum ne s’applique plus et les écoulements d’air autour de 

nanofibres sont dits raréfiés. Le tableau 1.4 montre la classification des régimes raréfiés la plus 

utilisée pour les filtres fibreux [42, 47-54] : 

Tableau 1.4   Classification du régime de raréfaction des écoulements gazeux 

Régime de raréfaction Plage de nombres de Knudsen 

Continuum (sans glissement) 𝐾𝑛 < 0,001 

Continuum (avec glissement) 0,001 < 𝐾𝑛 < 0,25 

Knudsen (ou transition) 0.25 < 𝐾𝑛 < 10 

Moléculaire libre 𝐾𝑛 > 10 

Le régime du continuum sans glissement est l’hypothèse classique en mécanique des fluides. 

L’équation de Navier-Stokes, ou une de ses approximations peut être résolue en posant une 

condition frontière (CF) de vitesse nulle aux parois. En régime du continuum avec glissement, 

l’équation de Navier-Stokes est valide si une condition de glissement aux parois est imposée. Les 

écoulements moléculaires libres représentent la limite à 𝐾𝑛 → ∞ où les molécules de gaz ont plus 

de contacts avec les fibres qu’entre elles-mêmes. Le régime de Knudsen est situé entre celui du 

continuum avec glissement et le régime moléculaire libre. En régime de Knudsen, les interactions 

entre les molécules de gaz ne peuvent être négligées, mais les hypothèses du continu sont également 

invalides. En fait, c’est la loi de Newton de la viscosité, ou la relation linéaire entre la contrainte et 

le cisaillement, qui est brisée [55].  

Pour modéliser le facteur de qualité au sein d’un filtre, le régime d’écoulement pour chaque 

partie du filtre doit être connu. Or, à l’interface entre un substrat de fibres grossières et une couche 
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de nanofibres dans un filtre multicouche, la transition entre le régime raréfié et continu n’est pas 

toujours nette. Pire encore, lorsqu’un mélange fibreux est considéré, l’interface entre les nanofibres 

et les fibres grossières est potentiellement partout au sein du milieu filtrant. Pour mieux prédire le 

facteur de qualité des filtres à aérosols, l’aspect tridimensionnel et la position des fibres au sein du 

milieu filtrant doivent être considérés. Il faut donc sortir du cadre de la théorie de la fibre unique. 

La simulation numérique directe des écoulements au sein de milieux filtrants est la voie 

privilégiée pour s’affranchir des limitations de la théorie de la fibre unique. Quel que soit le 

phénomène à modéliser, les méthodes numériques ont plusieurs avantages sur les méthodes 

expérimentales. Quand le modèle numérique est vérifié et validé, les simulations numériques sont 

moins coûteuses en temps et en argent que les méthodes expérimentales. De plus, il est 

généralement plus facile de faire des études paramétriques. Même quand ces modèles ne 

reproduisent pas tous les phénomènes, il est possible d’identifier les éléments manquants à notre 

compréhension. Un modèle plus raffiné peut ensuite être proposé pour mieux prédire le 

comportement des phénomènes d’intérêt.  

1.8 Objectif général 

L’objectif général de cette thèse doctorale est de développer un modèle numérique pour 

calculer les champs d’écoulements de gaz raréfiés au travers des filtres fibreux, du régime continu 

au régime de Knudsen. Il sera alors possible de prédire le facteur de qualité de milieux filtrants 

constitués de microfibres et de nanofibres. 
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CHAPITRE 2 REVUE DE LITTÉRATURE 

Pour mieux cerner les défis posés par la modélisation numérique des écoulements raréfiés au 

sein des milieux fibreux, il faudra s’y pencher plus en détail. Cette problématique se divise en trois 

parties, qu’il convient de placer en ordre logique. D’abord, dans la section 2.1, certains enjeux non 

résolus dans la littérature quant à la structure multicouche des milieux filtrants microfibreux et 

nanofibreux seront résumés. Les limites des approches décrites dans cette section motiveront de 

prendre en compte la physique des écoulements de gaz raréfiés : ce sujet sera abordé dans la section 

2.2. Dans la section 2.3, il sera établi que la méthode de Boltzmann sur réseau (MBR) est la 

meilleure approche pour la simulation directe des écoulements raréfiés, et les limites des MBR 

actuelles seront explicitées. Finalement, la revue de la littérature sera résumée et les objectifs 

spécifiques de ce projet seront présentés à la section 2.4. 

2.1 Filtres fibreux multicouches 

L’incorporation de nanofibres, avec une gamme de diamètres de 40 à 1000 nm a reçu intérêt 

marqué en raison de leur performance au sein de filtres fibreux, qui a été attribuée en partie à leur 

plus grand ratio surface-volume [54, 56, 57]. Les nanofibres sont déposées en couche sur des 

microfibres principalement pour quatre raisons : a) des propriétés mécaniques accrues, b) 

l’évitement des effets tunnel, c) de plus grandes durées de vie, et d) certains procédés qui 

nécessitent la fabrication en couche tels que la fonte soufflée (melt-blown fibers) et l’électrofilage 

(electrospinning) [51, 58-66]. La fonte soufflée consiste en la fusion d’un polymère (typiquement 

le polypropylène) à travers des orifices et en leur refroidissement à l’air sur un collecteur [28]. Lors 

du processus d’électrofilage une solution de polymères (typiquement le polyacrylonitrile) passe au 

travers d’une très grande différence de potentiel pour déposer des fibres sur un collecteur [66-69]. 

L’électrofilage a été identifié comme très prometteur en raison du contrôle plus serré des 

paramètres de conception des filtres [58, 70-74]. Cependant, certains procédés produisent 

naturellement des mélanges de fibre avec des tailles différentes, notamment : le procédé des «îles 

dans la mer» (islands-in-the-sea) [75], l’assemblage supramoléculaire [76-83] et l’électrofilage 

avec emploi de deux solutions polymériques [81-84].  

La question de savoir s'il est préférable d'incorporer les nanofibres au travers d’un support 

microfibreux ou de créer une structure multicouche est d'un grand intérêt pratique. Dans un filtre 
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multicouche, la morphologie, la fraction solide et le diamètre des fibres changent au travers des 

filtres. Les hypothèses sous-tendant la loi de Darcy et la théorie de la fibre unique ne sont donc pas 

remplies au sein de filtres multicouches [85]. Les mélanges de fibres avec des diamètres différents, 

quant à eux, ne respectent évidemment pas la théorie de la fibre unique.  

Des tentatives d’extension de la théorie de la fibre unique ont été proposées dans la 

littérature pour prédire la performance de distributions fibreuses polydispersées. L’incorporation 

d’un indice de polydispersité dans l’équation de Darcy et l’équation de la simple fibre, par exemple, 

prédit un effet de la structure multicouche [86-88] : 

 
𝐸 = 1 − exp ൬−

𝜂ஊ𝛼ℎ

𝜋(1 − 𝛼)𝑑̅(1 + 𝛿)
൰ (2.1) 

 
Δ𝑃 =

𝜇𝑈଴𝛼ℎ𝑓(𝛼)

𝑑̅ଶ(1 + 𝛿)
 (2.2) 

 
𝛿 =

𝑑ଶതതത − 𝑑̅ଶ

𝑑̅ଶ
  (2.3) 

où 𝛿 est l’indice de polydispersité, qui est vraiment un coefficient de variation. La forme de cette 

modification ne serait cependant valide que pour des polydispersités «modérées», donc invalide 

pour des mélanges de microfibres et de nanofibres.  

Cependant, il a été également proposé de prendre en compte l’effet d’un mélange de fibres 

en supposant que la structure multicouche n’a aucun impact sur la performance des filtres. Par 

exemple, dans le modèle sériel, les fibres de chaque diamètre sont considérées comme des couches 

superposées, où les pertes de charge sont additionnées, et les perméances sont multipliées [89-91] : 

 Δ𝑃 = ෍ Δ𝑃௜

௜

 (2.4) 

 𝐸 = 1 − ෑ(1 − 𝐸௜)

௜

 (2.5) 

où 𝑖 représente chaque diamètre de fibre. Cette approche néglige les interactions non linéaires 

potentiellement causées par le positionnement des fibres, et prend donc pour acquis qu’il n’y a pas 
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de différence entre un filtre bien mélangé ou multicouche [92]. L’utilisation d’un diamètre 

caractéristique a été proposée pour pondérer les effets de la polydispersité. Plusieurs exemples de 

diamètres caractéristiques ont été proposés dans la littérature et sont énoncés dans l’annexe A [92-

98]. Pour toutes ces pondérations, des distributions polydispersées avec des coefficients de 

variation différents peuvent toutes avoir le même diamètre équivalent. Il est donc clair que cette 

méthode entre en conflit avec la méthode de l’indice de polydispersité. Tous ces modèles ayant été 

« validés » expérimentalement, la littérature sur la prédiction de l’impact d’une distribution 

polydispersée semble donc contradictoire et insatisfaisante, et ce, même pour les mélanges 

microfibreux. 

D’après la classification des régimes de raréfaction présentée au tableau 1.4, les 

écoulements au sein de milieux faits de nanofibres sont en régime de glissement ou en régime de 

Knudsen. Le diamètre de fibre n’est cependant pas le seul paramètre ayant un impact sur les 

écoulements de gaz. La fraction solide [99-102], sa fluctuation [89, 103-112], ainsi que les 

dimensions [70, 113] et la géométrie [114, 115] des pores sont aussi déterminantes, en régime du 

continuum comme dans les régimes raréfiés. Ces paramètres peuvent difficilement être isolés 

expérimentalement, ce qui en complique l’étude théorique. La simulation directe d’écoulements au 

sein de milieux fibreux tridimensionnels est donc la méthodologie requise pour étudier l’impact de 

la structure multicouche sur la performance des filtres fibreux.  

 Les simulations numériques directes des écoulements dans les filtres fibreux se basent 

généralement sur une méthodologie séquentielle en trois étapes [94, 96, 97, 116-120] : 

1. Une structure fibreuse est générée; 

2. Les équations de Navier-Stokes ou une version simplifiée sont résolues directement au sein 

de la structure fibreuse au moyen d’un solveur numérique de mécanique des fluides. La 

perméabilité est déduite du champ de vitesse. 

3. Les trajectoires des particules sont calculées à l’aide du champ de vitesse obtenu. 

L’efficacité de capture est déduite des trajectoires des particules. 

Avec cette méthodologie séquentielle en trois étapes, l’écoulement d’air est donc découplé du 

mouvement des particules. La validité de cette hypothèse sera discutée plus en détail au chapitre 

2.2.4. À la connaissance de l’auteur, aucun solveur numérique n’a été employé pour étudier des 

milieux fibreux complexes en régime de Knudsen. À l’heure actuelle, la simulation des 
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écoulements se limite soit à imposer une condition de glissement [63, 102, 121-127] ou à négliger 

l’impact de la couche de nanofibres sur l’écoulement [115, 128-134]. Ces deux hypothèses sont 

logiquement contradictoires : pour une géométrie donnée, soit les nanofibres doivent être 

considérées, soit elles peuvent ne pas l’être. Malgré le fort intérêt de la simulation numérique 

directe des écoulements de Knudsen dans les filtres fibreux, aucun modèle suffisant n’a été présenté 

dans la littérature pour arriver à cet objectif. 

2.2 Mécanique des fluides en régime raréfié 

Pour produire un modèle qui compte des écoulements de Knudsen, certains principes 

fondamentaux de la mécanique des fluides en régime raréfié devront être bien compris. D’abord, 

les éléments de la théorie cinétique des gaz à l’introduction de l’équation de Boltzmann seront 

présentés à la section 2.2.1. Deux phénomènes apparaissant en régime raréfié, le glissement aux 

parois et la couche de Knudsen, seront présentés respectivement à la section 2.2.2 et 2.2.3. Les 

enjeux concernant le mouvement des particules fines seront examinés à la section 2.2.4. 

2.2.1 Théorie cinétique des gaz 

La théorie cinétique des gaz s’appuie sur une description statistique de la matière, où un 

gaz est considéré comme un grand nombre de molécules régies par la mécanique classique. En 

utilisant le théorème de Liouville [135, 136], il est possible de définir de manière rigoureuse 

l’existence d’une population 𝑓(𝐱, 𝐜), soit le nombre de molécules à la position 𝐱 avec une vitesse 

située entre 𝛏 et 𝛏 + d𝛏. En supposant que les molécules de gaz n’interagissent que lors de collisions 

binaires et élastiques, l’équation de Boltzmann décrit l’évolution de ces populations au sein d’un 

écoulement gazeux [135-138]: 

 
𝜕𝑓

𝜕𝑡
+ 𝛏

𝜕𝑓

𝜕𝐱
= න(𝑓ଵ

ᇱ𝑓ଶ
ᇱ − 𝑓ଵ𝑓ଶ) 𝐠 𝑏 d𝑏 d𝜖 d𝛏ଵ + 𝓕

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
𝛀

 (2.6) 

où l’indice ′ réfère à des populations post-collision, l’indice 1 et 2 sur les populations réfère, sans 

perte de généralité, à des collisions entre deux populations, 𝛏ଵ est la vitesse des populations 

précollision, 𝐠 = 𝛏ଶ − 𝛏ଵ est la vitesse relative entre les deux populations, 𝑏 ∈ [0, ∞[ est un 

paramètre d’impact, 𝜖 est l’angle azimutal d’impact et 𝓕 est un terme de force sur les populations 
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(par exemple, la gravité). Le côté gauche et droit de l’équation de Boltzmann sont respectivement 

nommés termes de propagation et de collision.  

Sous cette forme, l’équation de Boltzmann est une équation intégro-différentielle assez 

difficile à manipuler, d’autant plus qu’il est difficile de définir 𝑏 et 𝜖. En pratique, un modèle de 

collision est généralement employé pour simplifier le terme de droite. Le modèle Bhatnagar-Gross-

Krook (BGK), où la déviation par rapport à l’équilibre évolue à l’aide d’un seul temps de relaxation 

𝜏, est le plus simple [137, 139]: 

 𝛀 = −
1

𝜏
(𝑓 − 𝑓(௘௤)) (2.7) 

où 𝑓(௘௤) est la distribution maxwellienne d’une population à l’équilibre dans un espace 

tridimensionnel [140] : 

 𝑓௘௤(𝛏)d𝛏 = ቀ
𝑚

2𝜋𝑘𝑇
ቁ

ଷ/ଶ

exp ቆ−
𝑚𝛏ଶ

2𝑘𝑇
ቇ d𝛏  (2.8) 

où 𝑚 est la masse d’une molécule de gaz, 𝑘 est la constante de Boltzmann et 𝑇 est la température. 

L’équation de Boltzmann-BGK résulte de l’incorporation de l’opérateur BGK au sein de l’équation 

de Boltzmann.  

 Ultimement, les descriptions microscopiques de la matière ont pour but de comprendre des 

phénomènes macroscopiques. Dans ce travail de doctorat, les deux propriétés macroscopiques 

d’intérêt sont la densité 𝜌 et la quantité de mouvement 𝜌𝐯, qui sont récupérées de la manière 

suivante : 

 𝜌(𝐱, 𝑡) = න 𝑚𝑓(𝐱, 𝛏, 𝑡)d𝛏 (2.9) 

 𝜌𝐯(𝐱, 𝑡) = න 𝑚𝛏𝑓(𝐱, 𝛏, 𝑡)d𝛏 (2.10) 

Les quantités récupérées grâce à des intégrales sur les populations sont aussi appelées «moments». 

Sous les hypothèses mentionnées plus haut, l’équation de Boltzmann est valide, quel que 

soit le nombre de Knudsen. Avec l’hypothèse additionnelle de faibles nombres de Knudsen et de 

Mach, l’équation de Navier-Stokes peut être récupérée au moyen d’une expansion de Chapman-

Enskog [137, 138] ou de la méthode des moments de Grad [141] : 
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𝜌 ൬

𝜕𝐮

𝜕𝑡
+ 𝐮 × ∇𝐮൰ = −∇P − 𝜇Δଶ𝐮 + ρ𝐠 (2.11) 

où ∇P est le gradient de la pression 𝑃, et 𝐠 est une accélération volumique imposée de l’extérieur. 

Bien qu’il soit possible de s’affranchir de l’hypothèse de faible nombre de Knudsen avec des 

équations constitutives d’ordre plus élevé (citons notamment Burnett, Super-Burnett, les 13 ou 26 

moments de Grad, etc.), ces équations requièrent la définition de CFs d’ordre plus élevé [142-151]. 

Elles sont généralement aussi incapables de récupérer les bons champs de vitesse à 𝐾𝑛 > 1 [138, 

149-152]. Si l’existence d’une solution unique et régulière à l’équation de Navier-Stokes est 

toujours un problème irrésolu (c’est d’ailleurs un des sept problèmes du millénaire), il est bien 

connu que la solution à l’équation de Boltzmann-BGK donne parfois lieu à des singularités, même 

pour des écoulements simples comme un plan semi-infini [138]. De toute façon, il serait impossible 

de résoudre directement l’équation de Boltzmann pour un milieu fibreux complexe, puisque cette 

équation est à six dimensions, dont trois dimensions dans l’espace des vitesses qui peut être non 

borné (aller de l’infini négatif à l’infini positif) et qui peut avoir des solutions discontinues [153]. 

Il serait donc préférable, dans le cadre de ce projet, de se limiter à une description 

phénoménologique des profils d’écoulements gazeux en régime raréfié. Certains résultats 

élémentaires sur les gaz à l’état d’équilibre seront mentionnés en guise de conclusion de cette sous-

section. D’abord, pour un gaz à l’équilibre thermodynamique qui respecte les hypothèses 

nécessaires à la dérivation de l’équation de Boltzmann, la loi des gaz parfaits peut être dérivée 

[154] : 

 
𝑃 =

𝜌ℛ𝑇

𝑀
 (2.12) 

𝑀 est la masse moléculaire du gaz, ℛ = 𝑘/𝑁஺, est la constante des gaz parfaits, et où 𝑁஺ est le 

nombre d’Avogadro. Avec l’hypothèse additionnelle de faible taille des molécules en comparaison 

avec le libre parcours moyen, l’expression suivante peut être développée pour le libre parcours 

moyen en fonction de la pression et de la viscosité [155] : 

 

𝜆 =
𝜇

𝑃
ඨ

𝜋ℛ𝑇

2
 (2.13) 
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2.2.2 Le glissement aux parois 

Macroscopiquement, le glissement apparaît comme 

une discontinuité dans le champ de vitesse d’un 

écoulement. Plutôt que d’adhérer à la surface solide, le gaz 

situé à la surface solide s’écoule à une vitesse finie donnée 

(voir Figure 2.1). L’origine de ce phénomène est explicable 

d’un point de vue microscopique lorsque le nombre de 

Knudsen augmente : des molécules en provenance d’une 

région où la vitesse macroscopique est non nulle 

contribuent à la vitesse macroscopique du gaz à une paroi 

solide [156].  Maxwell est le premier à avoir relié le 

glissement à la force de cisaillement appliqué par le gaz pour une surface plane [137, 138, 157] :  

 
𝐮௦ = 𝐴ଵ𝜆

𝜕𝐮

𝜕𝐱
 (2.14) 

où 𝐴ଵ = (2 − 𝜎)/𝜎 est un coefficient qui dépend d’un modèle phénoménologique proposé par 

Maxwell, où les populations en interaction avec la surface d’un gaz sont divisées en deux 

composantes : une fraction 𝜎 diffusée qui prend la valeur de la fonction d’équilibre 𝑓௘௤, et une 

fraction (1 − 𝜎) qui est réfléchie spéculairement, c.-à-d. où la seule composante modifiée de la 

vitesse est celle normale à la surface solide. La fraction 0 ≤ 𝜎 ≤ 1 est aussi nommée « coefficient 

d’accommodation ». Une extension du modèle pour des nombres de Knudsen plus élevée a 

également été proposée [158] : 

 
𝐮௦ = 𝐴ଵ𝜆

𝜕𝐮

𝜕𝐱
− 𝐴ଶ𝜆ଶ

𝜕ଶ𝐮

𝜕𝐱ଶ
 (2.15) 

où 𝐴ଵ et 𝐴ଶ sont des coefficients phénoménologiques déterminés expérimentalement ou à l’aide de 

modèles théoriques. Des modèles d’ordre plus élevé ont été proposés, mais l’interprétation 

théorique de dérivées d’ordre supérieur à 1 reste incomplète [158].  

Des conséquences contre-intuitives peuvent surgir en raison des conditions de glissement 

lorsque des surfaces curvilignes sont considérées. Par exemple, dans un écoulement de Couette 

cylindrique où le cylindre intérieur est en rotation et le cylindre extérieur est statique, la vitesse 

Figure 2.1   Représentation du 

glissement aux parois dans une fente 
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maximale peut être située à une certaine distance du cylindre intérieur si le coefficient 

d’accommodation est suffisamment bas [159-166]. Des résultats analytiques pour un écoulement 

autour d’une sphère ont également montré que la force centrifuge jouait un rôle important dans 

l’apparition du glissement sur une surface courbe. Si la force centrifuge était omise, la force de 

traînée visqueuse serait négative, ce qui est clairement non-physique [160, 167]. Pour cette raison, 

la condition de glissement suivante a été proposée [159, 160, 163] : 

 
𝐮௦ = 𝐴ଵ𝜆

𝜕𝐮

𝜕𝐧
− 𝐴ଶ𝜆ଶ

𝜕ଶ𝐮

𝜕𝐧ଶ
 (2.16) 

où 𝐧 est la normale par rapport à la surface solide. Notons finalement que les écoulements raréfiés 

ont une plus grande propension à glisser sur une surface convexe que sur une surface concave [159, 

168, 169].  

2.2.3 La couche de 

Knudsen 

La couche de Knudsen est définie 

comme la région de l’écoulement 

d’une grandeur de l’ordre de ≈ 2𝜆 

où la relation entre la contrainte et 

le cisaillement dévie de manière 

notable avec la loi de Newton [158, 

159, 168]. Une illustration de la 

couche de Knudsen est fournie à la 

Figure 2.2. Lorsque cette région 

devient prépondérante au sein 

d’une géométrie, l’équation de 

Navier-Stokes ne peut être utilisée 

pour récupérer un champ de vitesse 

adéquat [170]. La condition de 

glissement doit également être modifiée pour éviter une surprédiction de la vitesse de glissement 

(aussi illustrée à la Figure 2.2). 

Figure 2.2   Illustration du profil d'écoulement au sein 

de la couche de Knudsen, où 𝐮௦ est la véritable vitesse 

de glissement et 𝐮௦
(௡௦) est la vitesse de glissement 

extrapolée à partir du champ de vitesse à l’extérieur de 

la couche de Knudsen  
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La couche de Knudsen peut avoir des conséquences dramatiques sur la prédiction du débit 

massique dans une fente. Le paradoxe de Knudsen (illustré à la Figure 2.3) montre que le débit 

massique atteint un minimum en fonction du nombre de Knudsen [171]. Alors que les équations 

de Navier-Stokes sans glissement et avec 

glissement prédisent un débit massique 

décroissant monotone, la couche de Knudsen 

tend à faire augmenter le débit passé une zone 

appelée le minimum de Knudsen [172]. 

Il a été établi que la résolution de 

l’équation de Boltzmann ou des 

approximations de celle-ci était impossible 

pour des milieux fibreux complexes. Une 

approche alternative serait de modifier 

l’expression de la viscosité newtonienne à 

l’aide d’une viscosité effective 𝜇௘(𝐱) qui serait 

fonction de la position 𝐱 au sein du domaine. La 

relation entre la contrainte 𝛕 et le cisaillement 𝛄̇ s’exprimerait donc ainsi : 

 𝛕 = −𝜇௘(𝐱)𝛄̇ (2.17) 

L’insertion de cette viscosité effective dans l’équation de Navier-Stokes porte le nom d’« équation 

de Navier-Stokes étendue » (ou généralisée). 

 Les premiers modèles de viscosité effective ne dépendaient à l’origine que du nombre de 

Knudsen, et étaient basés sur des régressions de résultats sur des écoulements de Couette planaire 

[173-179] et des écoulements mués par une différence de pression [179-182]. Cependant, telle que 

mentionnée dans l’introduction, la définition d’un nombre de Knudsen est ambiguë dans un milieu 

poreux complexe. Ces modèles avaient aussi pour défaut d’être indépendants de la position 𝐱 au 

sein du domaine: or, le but d’une fonction de viscosité est justement de prédire la diminution de la 

viscosité effective au sein de la couche de Knudsen. Néanmoins, un grand nombre d’articles ont 

utilisé ce modèle de viscosité effective pour modéliser des écoulements poreux, à la fois sur des 

géométries planaires [183-193] comme sur des géométries non-planaires [194-216]. 

Figure 2.3   Débit massique adimensionnalisé 

𝑀௣ en fonction de 𝑘 = 𝐾𝑛ඥ2/𝜋 – reproduit 

avec permission de [171] 
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En étudiant des solutions à l’équation de Boltzmann pour une géométrie planaire semi-

infinie, certaines équipes de recherche ont proposé des fonctions de mur [217-224]. La viscosité 

effective est donc calculée à l’aide de la distance du gaz au mur solide. L’avantage de cette 

approche est sa prise en compte de variation spatiale de la viscosité effective, du moins dans le cas 

d’un mur semi-infini. Cependant, il est difficile a priori de savoir si cette approche permet de 

modéliser des milieux poreux complexes. 

 La dernière approche proposée dans la littérature est le calcul de la viscosité effective au 

moyen du libre parcours moyen effectif [225]. L’équation (2.12) montre un libre parcours moyen 

pour un système où les molécules se propagent librement et n’entrent en collision qu’avec une autre 

molécule de gaz. Cependant, dans la couche de Knudsen, les molécules de gaz sont entravées par 

la présence de murs solides. En supposant que la relation de proportionnalité entre le libre parcours 

moyen et la viscosité tient dans la couche de Knudsen, une fonction de viscosité notée Ψ(𝜆, 𝐱)  

pourrait être dérivée: 

 
Ψ(𝐱, 𝜆) =

𝜆௘(𝐱)

𝜆
=

𝜇௘(𝐱)

𝜇
 (2.18) 

où 𝜆௘(𝐱) est le libre parcours moyen effectif, qui varie dans l’espace. Puisque le libre parcours 

moyen effectif est toujours inférieur au libre parcours moyen, 0 < Ψ(𝐱, 𝜆) < 1. L’hypothèse de 

proportionnalité entre le libre parcours moyen effectif et la viscosité effective aurait été validée 

avec la méthode de simulations directes Monte-Carlo [226, 227] et de dynamique moléculaire [228-

230]. Des formules analytiques ont été proposées pour des géométries planaires [170, 225, 226, 

231-234] et des géométries cylindriques concentriques [161, 162, 235]. À la connaissance de 

l’auteur, il n’existe cependant toujours pas de méthode permettant de calculer un libre parcours 

moyen effectif au sein d’une géométrie poreuse complexe.  

Pour inclure l’effet de la couche de Knudsen sur la valeur de la vitesse de glissement, la 

condition de glissement suivante a été proposée par Guo et al. [225]: 

 
𝐮௦ = 𝐴ଵ𝜆௘

𝜕𝐮

𝜕𝐧
− 𝐴ଶ𝜆௘ ൭

𝜕

𝜕𝐧
൬𝜆௘

𝜕𝐮

𝜕𝐧
൰൱ (2.19) 
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À l’aide de ce modèle, les profils de vitesses auraient été correctement récupérés dans plusieurs 

études sur des écoulements planaires et cylindriques concentriques, du régime du continuum à la 

limite supérieure du régime de Knudsen [161, 170, 236, 237]. 

2.2.4 Mouvement des particules fines dans l’air 

Pour calculer la trajectoire de particules fines, un bilan des forces peut être établi sur 

chacune des particules fines qui voyage au sein d’un filtre fibreux. Considérons une particule fine 

sphérique de diamètre 𝑑௣ se déplaçant dans l’air avec une vitesse 𝐕 constante. Dans la mécanique 

des milieux continus, en supposant un régime laminaire, établi et en régime permanent, l’équation 

de Stokes est valide et donne le résultat suivant pour la force de traînée 𝐅஽ [154]: 

 𝐅஽ = 3𝜋𝜇𝐕𝑑௣ (2.20) 

Cette équation devient invalide lorsque le diamètre des particules est trop faible pour deux raisons. 

D’abord, le diamètre de la particule peut être de l’ordre du libre parcours moyen, et les effets de 

raréfaction doivent être considérés. Ensuite, le mouvement brownien donne une composante 

stochastique au déplacement d’une particule en raison des collisions aléatoires des molécules de 

gaz avec la particule. 

Typiquement, les effets de raréfaction sont pris en compte grâce au facteur de Cunningham 

𝐶஼ [238]: 

 
𝐅஽ =

3𝜋𝜇𝐕𝑑௣

𝐶஼
 (2.21) 

Des corrélations en fonction du nombre de Knudsen 𝐾𝑛௣ = 2𝜆/𝑑௣, sont présentées à l’annexe B. 

La plupart de ces corrélations ont été obtenues à l’aide de régressions sur des données 

expérimentales. 

 Le mouvement brownien est décrit mathématiquement par des accumulations de 

déplacements infinitésimaux. Dans le cas d’une particule fine dans l’air, ces déplacements sont 

occasionnés par le transfert de quantité de mouvement lors des collisions avec des molécules d’air. 

Pour un mouvement brownien, les accumulations de déplacements sont indépendantes, 

stationnaires, et peuvent être décrites par une loi normale [239, 240]. Bien que la dérivée de la 
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position d’une particule en mouvement brownien n’existe pas au sens classique, il est possible de 

définir la force brownienne avec la fonction d’autocorrélation 𝚪(𝑡) suivante [241] : 

 
〈Γ௜(𝑡)Γ௝(𝑡ᇱ)〉 =

2𝑘𝑇

𝑚௣
𝛿௜௝𝛿(𝑡 − 𝑡ᇱ) (2.22) 

où 𝑖 et 𝑗 représentent des directions spatiales, 𝛿௜௝ est le delta de Kronecker et 𝛿(𝑡 − 𝑡ᇱ) est la 

distribution de Dirac. L’équation de Langevin permet finalement de donner la position 𝐫(𝑡) d’une 

particule brownienne : 

 𝑑

𝑑𝑡
𝐫(𝑡) = 𝐕(𝑡) (2.23) 

 𝑑

𝑑𝑡
𝐕(𝑡) =

3𝜋𝑑௣𝜇

𝑚௣𝐶஼
൫𝐮(𝐫, 𝑡) − 𝐕(𝑡)൯ + 𝚪(𝑡) (2.24) 

où 𝑚௣ est la masse d’une particule. Lors de la formulation de l’équation de Langevin, il est pris 

pour acquis qu’il n’y a aucun couplage entre les particules et le fluide et que les interactions entre 

les particules fines sont négligeables. Pour des fractions volumiques suffisamment faibles (<

10ି଺), cette hypothèse est valide [242]. Si les aérosols ont une densité de 1000 𝑘𝑔/𝑚ଷ, ce qui est 

standard [25], une fraction volumique de 10ି଺ est supérieure de plusieurs ordres de grandeur aux 

pires concentrations en particules fines observées jusqu’à présent dans le monde (~1000 𝜇𝑔 𝑚ଷ⁄ ) 

[243]. 

Lorsqu’une particule fine est en contact avec une fibre, les forces de Van der Waals ainsi 

que les forces de tension pour des liquides sont responsables de son adhésion [244]. Deux 

phénomènes peuvent retirer une particule fine d’une fibre : le rebond et le réentraînement.  

 Un rebond pourrait se produire si une particule possède une énergie cinétique suffisante au 

contact avec une fibre. Cela pourrait arriver pour des particules relativement denses avec une 

vitesse conséquente. Cependant, la probabilité de rebondissement serait très faible pour des 

particules possédant moins de 10ିଵ  J, ce qui est généralement le cas pour des particules plus 

petites que 10 μm et d’une vitesse inférieure à 1 m/s [245]. Un rebond thermique pourrait également 

être observé en raison du mouvement brownien, mais cet effet n’a été rapporté que pour des 

particules avec un diamètre inférieur à 4,5 nm [57, 246]. 



24 

 

 Un réentraînement pourrait également se produire si le courant d’air est suffisamment fort 

pour détacher la particule d’une fibre. Les écoulements avec une vitesse inférieure à 1 m/s 

n’occasionnent pas de réentraînement [12], tandis que les particules individuelles d’un diamètre 

inférieur à 10 μm sont peu susceptibles d’être réentraînées [244]. Ces conclusions ne sont pas 

forcément valides pour un filtre encrassé : cependant, dans cette thèse de doctorat, seuls les filtres 

propres seront considérés.  

 Jusqu’à présent, seules des particules individuelles ont été considérées. Il peut arriver, en 

raison de l’humidité, que des particules fines s’agglomèrent [244, 247]. Généralement, cela en 

facilite la capture [247-249]. L’absence d’agglomérations est donc une hypothèse conservatrice 

lors de la formulation d’un modèle prédictif de la capture des particules fines. 

2.3 Méthode de Boltzmann sur réseau (MBR) 

Dans cette section, une revue de la méthode de Boltzmann sur réseau (MBR) sera effectuée 

dans le but de connaître l’état de l’art sur la simulation des écoulements de Knudsen avec cette 

méthode. La section 2.3.1 servira à expliquer les principes de la méthode, à élucider ses forces et à 

argumenter pourquoi la MBR est la méthode la plus appropriée pour réussir l’objectif général de 

cette thèse. Ensuite, l’état de l’art quant à la modélisation du glissement avec la MBR sera exposé 

à la section 2.3.2. Finalement, la procédure de régularisation, parfois employée pour la 

modélisation de gaz raréfiés avec la MBR, sera expliquée à la section 2.3.3.  

2.3.1 Introduction à la MBR 

La MBR est une discrétisation en espace, en temps et en vitesses de l’équation de 

Boltzmann sur une grille cartésienne. Contrairement à l’équation de Boltzmann, un nombre fini de 

populations est employé pour représenter l’écoulement, et l’ensemble de vitesses discrètes coïncide 

avec un réseau cartésien structuré lors du déplacement des populations. L’évolution des 

populations dans la MBR s’effectue donc, comme l’équation de Boltzmann, à l’aide d’un schéma 

de collision-propagation. L’opérateur de propagation est discrétisé au moyen d’un schéma de type 

différences finies [250-253]: 

 𝑓௜(𝐱 + 𝐜௜Δ𝑡, 𝑡 + Δ𝑡) − 𝑓௜(𝐱, 𝑡) = Ω௜ + 𝐹௜Δ𝑡 (2.25) 
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où 𝑓௜ est une population avec un indice 𝑖 associé à une vitesse 𝐜௜, Δ𝑡 est le pas de temps, Ω௜ est un 

opérateur de collision et 𝐹௜ est un terme de force appliqué à chaque population. Comme pour 

l’équation de Boltzmann, l’opérateur de collision le plus simple est également le modèle BGK : 

 
Ω௜ = − ൭

𝑓௜ − 𝑓௜
(௘௤)

(𝜌, 𝐮)

𝜏
൱ (2.26) 

où 𝜏 est le temps de relaxation unique et 𝑓௜
௘௤

(𝜌, 𝐮) est une distribution à l’équilibre calculé à partir 

de la densité 𝜌 et de la vitesse 𝐮. Pour les réseaux D2Q9 et D3Q15 (le nom de réseau est défini 

comme DaQb, où a est le nombre de dimensions et b est le nombre de populations) qui seront 

employés dans cette thèse (présentés à l’annexe C), 𝑓௜
(௘௤) prend la forme suivante : 

 
𝑓(௘௤) = 𝑤௜𝜌 ቆ1 +

𝐜௜ ∙ 𝐮

𝑐௦
ଶ

+
(𝐜௜ ∙ 𝐮)ଶ

2𝑐௦
ସ

−
𝐮 ∙ 𝐮

2cୱ
𝟐

ቇ  (2.27) 

où 𝑤௜ sont les poids des différentes populations du réseau définis à l’annexe C et 𝑐௦ = √3𝑅𝑇 est la 

«vitesse du son» du réseau. Cette vitesse ne correspond pas forcément à la vitesse du son physique : 

elle est plutôt liée à la vitesse maximale de transmission de l’information imposée par le schéma 

de propagation du réseau. Comme pour l’équation de Boltzmann continue, les paramètres 

macroscopiques sont récupérés à l’aide d’une somme sur les populations [250] : 

 
𝜌 = ෍ 𝑓௜

ொିଵ

௜ୀ଴

 (2.28) 

 
𝜌𝐮 = ෍ 𝑓௜𝐜௜

ொିଵ

௜ୀ଴

 (2.29) 

où 𝑄 est le nombre de populations. La viscosité est reliée au temps de relaxation en MBR de la 

manière suivante [250]: 

 
𝜇 = 𝜌𝑐௦

ଶ ൬𝜏 −
1

2
൰ Δ𝑡 (2.30) 
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Avec la MBR, la couche de Knudsen peut être prise en compte en remplaçant la viscosité par une 

viscosité effective. L’équation de Navier-Stokes étendue est ainsi naturellement récupérée. Le 

temps de relaxation avec la MBR prend ainsi la forme suivante : 

 
𝜏 =

1

2
+ ඨ

6

𝜋

𝜆

Δ𝑥
Ψ(𝜆, 𝐱) (2.31) 

où Δ𝑥 est le pas d’espace et où Ψ(𝜆, 𝐱) est la fonction de viscosité définie à l’équation (2.18). 

À l’aide d’une expansion de Chapman-Enskog ou des moments de Grad, l’équation de 

Navier-Stokes est aussi récupérée à partir des réseaux D2Q9 et D3Q15 sous l’hypothèse de faibles 

nombres de Mach et de Knudsen [250-252]. La propagation à l’aide du schéma de différences finies 

facilite grandement la discrétisation du domaine du gaz au sein du milieu fibreux [254]. De plus, 

puisque les calculs de l’opérateur de collision s’effectuent totalement localement pour chaque 

maille du réseau, la parallélisation en mémoire distribuée de la MBR est particulièrement efficace 

même pour un milieu poreux complexe [255, 256].  

En régime raréfié, plusieurs méthodes numériques ont été proposées pour résoudre 

l’équation de Boltzmann. La simulation directe Monte-Carlo procède à cette fin également à l’aide 

d’un schéma de collision-propagation : cependant, le gaz est représenté sous forme d’un grand 

nombre de particules lagrangiennes [257, 258]. Le caractère lagrangien et probabiliste de cette 

méthode rend difficile l’emploi de cette méthode pour des écoulements à faible vitesse en 

comparaison avec la vitesse du son (c.-à-d. quand 𝑀𝑎 ≪ 1). De plus, le nombre de particules requis 

augmente en régime continu [257, 258]. Des schémas hybrides avec décomposition du domaine 

avec une partie du domaine résolue avec une méthode de milieu continu hors de la couche de 

Knudsen ont également été proposés [259-266]. La performance computationnelle reste limitée par 

la fraction où la simulation directe Monte-Carlo doit être utilisée. Cette décomposition ne serait 

également pas triviale pour un milieu fibreux. 

La méthode Discrete Unified gas kinetic scheme (DUGKS) a été proposée relativement 

récemment pour résoudre l’équation de Boltzmann pour tous les régimes de raréfaction à l’aide 

d’un schéma de type volumes finis [267]. La discrétisation en volumes finis permet d’utiliser des 

maillages non structurés, ce qui aurait pu être un avantage en milieu fibreux complexe. DUGKS 

peut également être utilisé pour résoudre des écoulements turbulents [268, 269], thermiques et 
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compressibles [270, 271]. Cependant, pour de hauts nombres de Knudsen, un nombre élevé de 

populations est requis pour capturer correctement la physique des écoulements raréfiés, et ce 

nombre n’est pas connu pour une géométrie donnée a priori.  

Dans le même ordre d’idée, il a été proposé d’utiliser des réseaux d’ordre plus élevé que les 

schémas D2Q9 ou D3Q15 avec la MBR pour récupérer des équations différentielles d’ordre plus 

élevé que les équations de Navier-Stokes. Mentionnons, par exemple, pour des écoulements 

bidimensionnels, les schémas D2Q16, D2Q25, D2Q4624 et D2Q4761 [272-276]. Le défaut 

fondamental de ces méthodes, tout comme la méthode DUGKS, est leur utilisation accrue en 

mémoire et en ressources computationnelles [273, 275-281]. Le réseau cartésien deviendrait même 

un défaut pour un grand ensemble de populations, puisque la décomposition du domaine requiert 

la communication de populations provenant de mailles plus éloignées [277]. L’efficacité parallèle 

de la MBR serait ainsi grandement diminuée, ce qui enlèverait le principal attrait de la MBR [255, 

256]. Pour le restant de cette thèse, la résolution d’écoulements raréfiés sera donc effectuée à l’aide 

d’un réseau d’ordre peu élevé comme le D2Q9 et le D3Q15. 
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2.3.2 Modélisation des écoulements raréfiés avec la MBR 

L’imposition de CFs adéquates est d’une 

importance primordiale en simulation de la 

mécanique des fluides. Plutôt que d’imposer des 

conditions frontières (CFs) sur des variables 

macroscopiques comme la densité ou la vitesse, la 

MBR impose des relations sur les populations au 

moyen de CFs cinétiques. Pour des écoulements en 

régime du continuum sans glissement, la condition 

cinétique de rebond à mi-chemin (telle que présentée 

à la Figure 2.4 a) est typiquement employée [282]. 

Cette CF permet une convergence d’ordre 2 en 

temps et en espace [283]. Pour modéliser le 

glissement, les CFs cinétiques de réflexion 

spéculaire et de diffusion proposées par Maxwell ont 

également été discrétisées, telles que présentées à la 

Figure 2.4 b) et c). Notons que la condition de 

réflexion spéculaire est non locale. Une CF cinétique 

de Langmuir aurait également été proposée, mais cette CF fait explicitement référence à une 

longueur caractéristique de l’écoulement, qui est difficile à définir pour un milieu poreux [284]. 

Des dérivations analytiques pour la CF cinétique de Maxwell sous sa forme discrétisée ont 

montré que les valeurs des coefficients phénoménologiques de glissement obtenus à partir de la 

forme continue de l’équation de Boltzmann ne sont pas récupérées correctement avec la version 

discrétisée de la CF de Maxwell pour la MBR [285]. Toutes les combinaisons possibles des CFs 

cinétiques définies à la Figure 2.4 ont été proposées pour mieux récupérer le glissement [250]. Par 

exemple, la combinaison de rebond à mi-chemin et de réflexion spéculaire (notée CBBSR) est 

représentée ainsi [286]: 

 𝑓௜ = (1 − 𝛼)𝑓௜
(ௌோ)

+ 𝛼𝑓௜
(஻஻) (2.32) 

Figure 2.4   Conditions frontières 

cinétiques pour la MBR de: a) rebond à 

mi-chemin, b) réflexion spéculaire, c) 

diffusion 
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où 0 ≤ 𝛼 ≤ 1 est le coefficient d’accomodation pour la CF cinétique de CBBSR, qui représente 

l’importance relative du rebond à mi-chemin dans la CF cinétique. 

D’autres analyses théoriques ont montré que le modèle de collision BGK était incapable de 

reproduire la CF de deuxième ordre définie à l’équation (2.15) [287]. Il a donc été proposé d’utiliser 

un opérateur à temps de relaxation multiples (TRM) pour effectuer les calculs sur des moments 

définis par les populations plutôt que directement sur les populations [288] : 

 
Ω௜ = − ෍(𝐌ିଵ𝐒𝐌)௜௝ ቀ𝑓௝(𝐱, 𝑡) − 𝑓௝

(௘௤)
(𝜌, 𝐮)ቁ

ொିଵ

௝ୀ଴

 (2.33) 

𝐌 est une matrice de transformation vers les moments 𝐦 = 𝐌𝐟 (tels que la densité, la quantité de 

mouvement, l’énergie et la contrainte), et 𝐒 est une matrice diagonale qui contient les temps de 

relaxations 𝜏௜ = 1/𝑠௜ reliés à ces moments. Les matrices 𝐌 et 𝐒 ainsi que le vecteur 𝐦 = 𝐌𝐟 sont 

présentées à l’annexe D pour les réseaux D2Q9 et D3Q15. Le temps de relaxation relié à la 

contrainte 𝜏௦ prend la valeur suivante [250] : 

 
𝜏௦ =

1

2
+ ඨ

6

𝜋

𝜆

Δ𝑥
Ψ(𝜆, 𝐱) (2.34) 

Pour représenter la CF de Guo et al. [225] présentée à l’équation (2.18), qui tient compte 

de la couche de Knudsen, une relation pour le coefficient d’accomodation de la CBBSR a été 

développé à l’aide d’un bilan sur les populations et les moments : 

 
𝛼 =

1

1 + 𝜒𝐴ଵ +
𝜏௦௪

ᇱ Δ𝑥

8 ቀ𝜏௦௪ −
1
2

ቁ
ଶ

 
(2.35) 

où 𝜏௦௪
ᇱ  est la dérivée dans la direction normale au mur du temps de relaxation lié à la contrainte au 

mur 𝜏௦௪. Cette dérivée est nécessaire pour prendre en compte la variation spatiale de la fonction de 

viscosité effective sur la condition de glissement (voir l’équation (2.34)). Le temps de relaxation 

relié au flux de chaleur, 𝜏௤, a également été modifié par Guo et al. [236]: 
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𝜏௤ =

1

2
+

𝜋𝐴ଶ(2𝜏௦௪ − 1)ଶ + 3

8(2𝜏௦௪ − 1)

𝜏௦௪
ᇱ Δ𝑥(12 + 30 ቀ𝜏௦௪ −

1
2

ቁ 𝜒𝐴ଵ

16 ቀ𝜏௦௪ −
1
2

ቁ
ଶ  (2.36) 

La CF cinétique de CBBSR a cependant deux défauts 

cruciaux. D’abord, tel que mentionné précédemment, la 

réflexion spéculaire est une CF cinétique non-locale. 

Ensuite, dans les coins tels que représentés à la Figure 2.5, 

la direction dans laquelle la population doit être réfléchie est 

ambigue. Une combinaison de CFs de rebond à mi-chemin 

et de diffusion, notée DBB, n’aurait pas ce problème [289]. 

Cependant, la DBB proposée actuellement ne prend pas en 

compte la variation spatiale de la fonction de viscosité au 

sein de la couche de Knudsen. La DBB mériterait d’être 

étendue pour pouvoir récupérer la CF de l’équation (2.19). 

2.3.3 Régularisation 

L’équation de Navier-Stokes étendue est récupérée avec la MBR en se bornant à résoudre 

des moments d’ordres égaux ou inférieurs à 2 avec les réseaux D2Q9 et D3Q15 [290]. Or, d’après 

les vecteurs des moments 𝐦 présentés à l’annexe D, il est évident que certains moments des réseaux 

D2Q9 et D3Q15 sont d’ordres supérieurs à 2 : en particulier, le moment relié au flux d’énergie est 

d’ordre 3. Certaines études ont rapporté l’apparition de jets non physiques alignés sur le réseau 

pour des écoulements non-planaires [195, 291-297]. Ce phénomène nommé crénelage (ou aliasing) 

en anglais serait causé par les moments d’ordres égaux ou supérieurs à 3.  

La procédure de régularisation a été proposée  afin de retirer les composantes hors de 

l’équilibre des moments d’ordres supérieurs à 2 [290, 298, 299]. D’abord, les populations sont 

divisées en leurs composantes à l’équilibre 𝑓௜
(௘௤) et hors de l’équilibre 𝑓௜

(௡௘௤)
 : 

 𝑓௜
(௡௘௤)

= 𝑓௜ − 𝑓௜
(௘௤) (2.37) 

Les composantes hors de l’équilibre sont alors reprojetées sur la base polynômiale d’Hermite 

associée au réseau pour obtenir des populations hors de l’équilibre régularisées 𝑓௜
(௡௘௤௥): 

Figure 2.5   CF cinétique de 

réflexion spéculaire dans un coin. 
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𝑓௜

(௡௘௤௥)
=

𝑤௜

2𝑐௦
ଶ 𝐻௜ఈఉ

(ଶ)
൬

𝐜௜

𝑐௦
൰ : ෍ 𝑓௜

(௡௘௤)
𝐜௜ఈ𝐜௜ఉ

ொିଵ

௜ୀ଴

 (2.38) 

où 𝐻௜ఈఉ
(ଶ)

ቀ
𝐜೔

௖ೞ
ቁ = 𝐜௜ఈ𝐜௜ఉ/𝑐௦

ଶ est le polynôme d’Hermite de deuxième ordre, 𝐜௜ఈ𝐜௜ఉ  est le produit 

dyadique (ou extérieur), et : représente le double-produit de deux tenseurs. La population post-

régularisation 𝑓௜
(௥) s’écrit donc : 

 𝑓௜
(௥)

= 𝑓௜
(௘௤)

+ 𝑓௜
(௡௘௤௥) (2.39) 

Les populations post-régularisations sont ensuite réinsérées dans l’équation de la MBR-TRM, et la 

nouvelle équation dite de MBR-TRM régularisée s’écrit maintenant ainsi : 

 𝑓௜(𝐱 + 𝐜௜𝛿௧ , 𝑡 + 𝛿௧) = 𝑓௜
(௘௤)

+ 𝐌ି𝟏(𝐈 − 𝐒)𝐌 𝑓௜
(௡௘௤௥)

+ 𝐹௜𝛿௧ (2.40) 

La procédure de régularisation ne pose pas de problème supplémentaire en matière de 

parallélisation : toutes les opérations sont locales au sein d’une maille du réseau. Cependant, malgré 

le grand nombre d’articles ([195, 198, 203, 207, 208, 210, 211, 215, 291-297, 300-304]) ayant 

utilisé la procédure de régularisation couplée avec les CFs de glissement proposées à la sous-

section 2.3.2, il n’a jamais été prouvé que les valeurs développées pour les coefficients 

d’accommodation, qui prenaient en compte le moment relié au flux d’énergie d’ordre 3, étaient en 

mesure de récupérer convenablement la CF de glissement.  

2.4 Résumé et objectifs spécifiques 

Au cours de cette revue de littérature, il a été constaté qu’un problème pratique tel que 

l’impact de la structure multicouche au sein des filtres nanofibreux et microfibreux requérait une 

méthode de simulation directe des écoulements gazeux en régime raréfié. Une méthodologie en 

trois étapes avait déjà été proposée pour s’attaquer à ce problème. La génération numérique de 

milieux filtrants (première étape) et le calcul des trajectoires de particules au sein d’un écoulement 

d’air à l’aide de l’équation de Langevin (troisième étape) ne posent pas de problèmes particuliers 

pour un milieu filtrant constitué de nanofibres. Cependant, il n’existait pas auparavant de méthode 

numérique permettant de récupérer le profil de vitesse d’un écoulement en régime de Knudsen.  
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Bien que l’équation de Boltzmann soit valide a priori pour tous les régimes de raréfaction, 

la résolution de cette équation (ou même des approximations directes des équations différentielles 

d’ordre plus élevé que Navier-Stokes) est loin d’être aisée pour un écoulement au sein d’un milieu 

poreux complexe. Il serait beaucoup plus pratique de s’en tenir à une description 

phénoménologique des effets de raréfaction, soient le glissement aux parois des fibres et la 

modification de la relation entre la contrainte et le cisaillement au sein de la couche de Knudsen. 

Le modèle de Guo et al. ne réfère pas à des longueurs caractéristiques et prend en compte 

l’influence de la couche de Knudsen sur la condition de glissement. Ce sont des qualités essentielles 

pour modéliser le glissement dans un milieu poreux complexe en régime de Knudsen. Il est 

également possible de prendre en compte la relation modifiée entre la contrainte et le cisaillement 

au sein de la couche de Knudsen avec la définition d’une viscosité effective dans une équation de 

Navier-Stokes étendue. Des fonctions de viscosité ont été définies dans la littérature sous la forme 

de fonctions de mur, mais celles-ci sont inapplicables pour un milieu poreux complexe. Certaines 

de ces fonctions de mur ont été dérivées en supposant que le libre parcours moyen effectif et la 

viscosité effective soient proportionnelles. Cette hypothèse aurait été validée pour des écoulements 

planaires et des écoulements au sein de cylindres concentriques. Cependant, il n’existait pas dans 

la littérature de procédure permettant de calculer un libre parcours moyen effectif dans un milieu 

poreux complexe. 

La MBR est vue comme la méthode de choix pour simuler des écoulements au sein de 

milieux poreux en raison de son caractère local et explicite, qui en facilite sa distribution sur des 

nœuds de calcul parallèle. Un cadre était déjà établi dans la littérature pour la simulation des 

écoulements raréfiés avec la MBR, notamment avec une combinaison de discrétisation des 

conditions de glissements de Maxwell et de la CF classique de rebond à mi-chemin. Cependant, 

les conditions de glissement actuelles ne permettent pas de prendre en compte à la fois la présence 

de coins et la variation spatiale de la viscosité effective. De plus, l’impact de la procédure de 

régularisation sur l’imposition de la condition frontière n’a pas du tout été étudié dans la littérature. 

Ces problèmes devront être résolus un à un. 

Ainsi, pour développer un modèle fiable de prédiction de la performance des milieux 

filtrants en régime raréfié, les meilleures descriptions phénoménologiques du glissement et de la 

couche de Knudsen devront être implémentées dans la MBR. Les objectifs spécifiques de ce travail 

seront de : 
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1. Vérifier et valider un modèle prédictif de la performance des milieux filtrants en régime du 

continuum basé sur la méthodologie en trois étapes en régime du continuum. Une fois le 

modèle vérifié et validé, il sera possible, en toute confiance, d’appliquer la méthodologie 

en trois étapes à l’étude de l’impact de la structure multicouche d’un milieu filtrant sur sa 

performance.  

2. Développer une CF cinétique de DBB à la résolution de l’équation de Navier-Stokes 

étendue, avec une prise en compte de la procédure de régularisation sur la formulation de 

cette CF cinétique. Cette CF cinétique devra être vérifiée et validée sur des écoulements 

planaires, et vérifié sur des écoulements non-planaires simplifiés pour lesquels il existe des 

solutions analytiques. 

3. Développer un algorithme de traçage des rayons pour calculer le libre parcours moyen 

effectif au sein d’un milieu poreux complexe, et le vérifier à l’aide des fonctions de mur 

existants dans la littérature pour un écoulement planaire. Ces fonctions de viscosité 

résultant de l’algorithme de traçage des rayons seront par la suite introduites dans la MBR. 

Le modèle de simulation des gaz raréfiés sera par la suite vérifié et validé pour des 

écoulements non-planaires simplifiés pour lesquels il existe des solutions numériques à 

l’équation de Boltzmann. 

 

Les travaux reliés au premier objectif spécifique ont déjà été publiés sous la forme d’un article 

scientifique, qui sera présenté au Chapitre 3. Les travaux reliés au deuxième objectif spécifique ont 

été divisés en deux parties : un article scientifique publié portant sur les écoulements planaires au 

Chapitre 4, puis un article scientifique soumis sur les écoulements non-planaires au Chapitre 5. 

Finalement, pour ce qui est du troisième objectif, les travaux d’un autre article scientifique soumis 

sont présentés au chapitre 6. 
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CHAPITRE 3 ARTICLE 1: IMPACT OF MULTILAYERING ON THE 

FILTRATION PERFORMANCE OF CLEAN AIR FILTER MEDIA 

Jean-Michel Tucny, David Vidal, François Drolet, François Bertrand – publié le 25 mai 2020 dans 

The Canadian Journal of Chemical Engineering – p. 1-16 

Abstract. Fibrous filter media are commonly used to remove airborne particles that are 

harmful to human health and the environment. Although filter media are often multilayered 

for various reasons, no systematic study of the impact of multilayering on filter media 

performance has been reported. In this paper, direct numerical simulations with the lattice 

Boltzmann method are used in order to shed light on the impact of multilayering on the 

performance of clean bimodal fibrous filter media in a Stokes flow regime. Virtual model 

clean filter media with up to eight layers and various fibre formulations are compared in 

terms of permeability or pressure drop, capture efficiency, and quality factor. A careful 

analysis of the results revealed that multilayering had no statistically significant impact on 

the performance of the clean filter media. At best, the impact of multilayering was similar to 

that of the inherent variability of such random structures. Fibre formulation was found to be 

a more efficient way of improving the performance of the filter media. Placing interlayered 

air gaps between fibrous layers also slightly improved the quality factor by facilitating the 

flow at the interfaces of the fibrous layers. These findings will guide future studies on the 

performance of multilayered filters with more complex flow conditions, such as those 

encountered with inertial or nanofibre-made filter media and with the fouling of filter media. 

KEYWORDS: air filtration, lattice Boltzmann method, multilayering, fibrous media, aerosol 

filtration 

 

3.1 Introduction 

Airborne particles are hazardous to human health and the environment. As human activities 

become increasingly concentrated indoors, the filtration of airborne particles in buildings has 

become a greater concern as the particles tend to accumulate in confined spaces. [5] This has 

reinforced the need for proper ventilation and filtration systems. The air filter market has grown at 
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a 6.7% annual rate from 2011 to 2018, and totaled US$12.3 billion in 2018. [305] Fibrous filters 

are the preferred means for capturing airborne particles because they are economical and the most 

efficient filters for moderate temperature air flows and relatively low aerosol concentrations. These 

advantages derive from the high porosity inherently associated with fibrous filters. [3, 6, 16, 28] 

Two important characteristics of air filter media are the aerosol capture efficiency and 

pressure drop required to achieve the desired flow rate. Aerosol capture efficiency refers to the 

ratio of particles captured by filter media to the particles in the incoming stream, while pressure 

drop is related to the resistance of the filter media to air flow. Although life duration is also an 

important characteristic of air filter media, only clean filter media without electrostatic effects will 

be considered. The performance of clean filters is a topic of its own for understanding how to 

improve filters as they represent the worst-case scenario in terms of aerosol capture. In the rest of 

the text, filter media will refer to clean filter media. The single-fibre theory is commonly used to 

predict the capture efficiency of a clean filter media. [28, 154] It assumes that an air filter medium 

can be approximated by a regular and parallel array of fibres in which the fibres have no influence 

on each other. The capture efficiency of a whole clean filter, 𝐸 is given by: 

 
𝐸 = 1 − exp ቆ−

4𝛼ℎ

𝜋(1 − 𝛼)𝑑௙
𝜂ቇ (3.1) 

where 𝛼 is the fibre volume fraction; ℎ is the filter media thickness; 𝜂 is the single fibre efficiency; 

and 𝑑௙ is the fibre diameter. Several capture mechanisms (mainly inertial impaction, interception, 

and Brownian diffusion) contribute to single-fibre efficiency, and numerous analytical, 

semiempirical, or empirical models exist in the literature to account for them and are reported 

elsewhere. [28, 154, 306] 

Knowing the permeability, the pressure drop through a filter media can be found in the 

laminar flow regime using Darcy’s law, and is given by: 

 
𝑣଴ =

𝐾Δ𝑃

𝜇ℎ
 (3.2) 

where 𝑣଴ is the superficial flow velocity in the direction of the pressure drop Δ𝑃; and 𝜇 is the 

viscosity of the fluid. To compare filter media on a basis independent of their thickness, the quality 

factor 𝑄௙, also sometimes called the figure of merit, has been defined as [28]: 
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𝑄௙ = −

ln(1 − 𝐸)

Δ𝑃
 (3.3) 

Three promising design strategies have been identified and involve the use of inertial filter 

media, filter media incorporating nanofibres, and multilayered filter media, respectively.[57] 

Inertial filter media are specifically designed structures meant to promote inertial impaction 

as the main capture mechanism by forcing particles to depart from the streamlines and collide with 

the fibres and/or by forcing the flow to become inertial and thus nonlaminar. 

Filter media incorporating nanofibres take advantage of the slip flow caused by an apparent 

gas rarefaction resulting from a smaller structural characteristic length induced by the presence of 

nano-scale fibres. The importance of slip on the flow around a fibre is characterized by the Knudsen 

number 𝐾𝑛 = 𝜆/𝑑௙, where 𝜆 is the mean free path of air that, at standard pressure and temperature, 

is ~66 nm. A direct consequence of slip flow is a decrease in the pressure drop across the filter 

media. [48] The flow pattern around fibres also changes, which may increase the capture efficiency 

of filter media. [49] 

Lastly, filter media may have a multilayered structure in some applications for various 

reasons. Nanofibres are often deposited onto layers of coarser fibres to overcome poor mechanical 

properties such as the low stiffness of filter media made of such nanofibres. [33] Also, multilayered 

filter media for which a specific layer has been functionalized [307] or coated [308] to take 

advantage of the electrostatic properties of airborne particles are commonly used. The limiting 

factor for the service life of filters made of nanofibres is often their lower clogging capacity. [59, 

62] The costs associated with the regular replacement of fouled or damaged ultrafine filters can be 

offset by adding a layer of coarser fibres in order to capture the biggest particles first. [60, 61] In 

the same vein, electret filters, in which a layer of fibres is electrically charged to enhance capture, 

lose efficiency as the filter clogs or the effect of the charges diminishes, for instance when the filter 

moisture increases. [309] Coarser fibres delay the clogging of the filter by capturing some of the 

particles before they reach the functionalized layer. In other filters such as medical masks, the 

fibres are purposely distributed throughout the thickness of the filter media so that layers with 

fibres of different diameters are formed. [310] 
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The formation of a wake can have a major impact on flow interactions between the fibre 

layers, as evidenced using the numerical flow simulations reported by Liu and Wang. [311] They 

found that, even at low Reynolds numbers close to 0.02, interactions between fibres can 

dramatically change the streamlines in the void space between two fibres. Such effects can only be 

accounted for by solving the full Navier-Stokes equations. It can thus be postulated that interfacial 

effects between layers may have an impact on the quality factor of multilayered filter media. 

When multiple fibre sizes or polydisperse fibre distributions are used to fabricate filters, a 

theoretical question that has been puzzling filter manufacturers for a long time is whether it is 

preferable, in terms of the quality factor, to distribute fibres uniformly throughout the thickness of 

the filter media or to segregate fibres of different sizes into a multilayered structure. To predict the 

impact of a polydisperse fibre distribution, serial models have been proposed both for pressure drop 

and capture efficiency in which the whole filter medium is regarded as a superposition of thinner 

filter media of a single size 𝑖: 

 Δ𝑃 = ෍ Δ𝑃௜

௜

 (3.4) 

 𝐸 = 1 − ෑ(1 − 𝐸௜)

௜

 (3.5) 

Furthermore, based on Darcy’s law (Equation (3.2)) and the pressure drop serial model (Equation 

(3.4)), a resistance model for the permeability of a filter media can be written such that: 

 
𝐾 = 𝑡 ෍

𝑡୧

𝐾௜
௜

ൗ  (3.6) 

By definition, these serial and resistance models in fact consider well-mixed filter media as 

segregated multilayered structures and are thus unable to make a distinction between these two 

types of filter media. These models have been reported to be accurate in experimental 

investigations [312, 313] but inaccurate in others [89, 111] that suggested that they can be improved 

by considering interactions between fibres in a well-mixed filter medium. Further experimental 

reports on bilayered (Bałazy and Podgórski [112] according to Hasolli et al [314]) and tri-layered 

media[314] suggested that such additive models are inaccurate. To study the impact of 
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multilayering in isolation, a limited number of filters made of layers of various monodisperse fibres 

were prepared, and their permeability and capture efficiency were studied experimentally. [91] The 

authors reported that the differences between the various formulations tested were within the limits 

of experimental error and that a clear impact of multilayering could not be deduced from the 

laboratory results. Furthermore, these authors assumed that the order of the various layers within 

the filter had no impact on performance and thus did not study this aspect despite earlier 

contradictory results. [308] However, the goal of this later reference relates to the fluid imbibition 

process. The predominance of capillary forces may thus explain these results. The contradictory 

findings reported in the literature highlight the need for further work on the impact of multilayering 

on filter media performance. 

To the best of our knowledge, there have been no comprehensive and systematic 

investigations of the impact of the formulation and the order of layers in a multilayered filter 

medium in a continuous laminar flow regime. Such studies are needed and should aim at unveiling 

the impact of layer compositions and possible interfacial effects between layers, which is a difficult 

experimental task. Assessing the impact of multilayering in such a regime is a prerequisite for 

understanding the impact of multilayers in more challenging and interesting situations such as in 

nanofilter media involving slip flows. Direct numerical simulation is the most appropriate method 

for answering these questions. For instance, it was used to study polydisperse fibre diameter 

distributions, [94, 116, 118, 315] and dust loading. [316, 317] It was also used to study the 

performance of layers of nanofibres. However, it was assumed in those simulations that nanofibres 

had no impact on the flow field. [129-132] Such a hypothesis should be verified. In this paper, flow 

through microfibrous layers will be considered to serve as a basis of comparison for an upcoming 

study in slip flow regime. Section 3.2 presents the numerical methodology used to determine the 

impact of multilayering on filter media performance in the laminar flow regime. Then, in Section 

3.3, the accuracy of flows computed using the lattice Boltzmann method through several single 

layers of monodisperse fibres is assessed. Section 3.4 details the three numerical studies carried 

out to determine the impact of multilayering and interfacial flow phenomena on filter media 

performance. Section 3.5 analyzes the impact of the number of layers and voids of increasing 

thicknesses between layers to quantify the impact of multilayering and interfacial effects. Lastly, 

Section 3.6 presents a discussion of the practical industrial implications that can be deduced from 

the present study and proposes avenues of investigation for improving filter medium performance.  
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3.2 Methodology 

This section describes the numerical procedure used to verify the impact of multilayering on 

the performance of air filter media. This methodology was based on the numerical procedure 

detailed in Rebai et al. [120] Three successive steps were carried out: (1) the numerical generation 

of a representative filter medium structure using a fibre deposition algorithm, (2) the simulation of 

the flow through the filter medium using the lattice Boltzmann method (LBM), and (3) the 

calculation of airborne particle trajectories by solving a Langevin equation. Steps 2 and 3 allowed 

us to determine the permeability and capture efficiency of the filter media, respectively. Based on 

these two properties, the quality factor (defined in Equation (3.3)) could then be obtained at a given 

flow rate using Darcy’s law (Equation (3.2)). As the air particle concentrations considered were 

lower than 0.001 mL/L, the airborne particle trajectories could be calculated using one-way 

coupling, meaning that the air flow affects particle trajectories but that the presence of the airborne 

particles is neglected when computing the flow field. [242] This three-step methodology is 

illustrated in Figure 3.1, and the different steps are detailed in the following subsections. 

 

Figure 3.1   Illustration of the three-step numerical procedure used: A, a representative elementary 

volume of a bimodal filter medium; B, the computed flow field through the corresponding filter 

media; and C, the calculated particle trajectories through the same filter medium (the green and red 

trajectories correspond to the trajectories of the particles being intercepted by the filter medium or 

flowing through it, respectively) 
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3.2.1 Multilayered filter medium generation 

In the first step of our methodology, representative sections of fibre mats were virtually 

constructed using a stochastic algorithm that sequentially deposits fibres. This algorithm was 

previously developed to study the structure of paper and its response to compressive forces. [318] 

It was also generalized to describe wood-fibre composites such as oriented strand-boards. [319] In 

our study, fibres, approximated as straight cylinders, were deposited sequentially over the X-Y 

plane. Fibre position and orientation were chosen based on a random uniform distribution, while 

the sequence of fibre diameters to be deposited was chosen either to create a multilayered or a 

uniformly distributed filter media (the latter hereinafter referred to as a well-mixed filter medium). 

The domain was periodic in the X-Y plane so that when only part of a fibre fell inside the domain, 

the remainder of the fibre was added to the opposite side of the domain. The fibre length used (𝐿௙) 

and the total number of fibres depended on the fibre diameter chosen and thus varied with the case 

investigated (see Section 3.4). 

To make sure that the domain was large enough in the normal direction to the flow such 

that this domain consisted of a representative elementary volume of a given fibre formulation, the 

Brinkman’s screening length criterion defined by Clague and Phillips[94] was used. This required 

that the lateral size of the domain L (ie, the dimension in the direction normal to the flow) should 

satisfy 𝐿 > ~14√𝐾, where 𝐾 is Darcy’s permeability.  

Each solid structure resulting from the deposition of the fibres within the computational 

domain was then mapped onto a Cartesian structured grid, often referred to as a lattice, which was 

used as a spatial discretization of the domain for computing the flow field with LBM. The lattice 

spacing used for all structures analyzed was Δ𝑥 = 0.1 µ𝑚, which was small enough to limit the 

discretization error to less than 0.2% for permeability and 2% for capture efficiency, with 

convergence orders of 2.8 and 1.3, respectively, as evaluated by a grid independence study and 

using Richardson extrapolation. [320] In this lattice, solid and pore phase cells were encoded in a 

Boolean manner. In addition to the filter medium structure itself, a 20-cell-thick buffer zone was 

added both upstream and downstream from the filter medium structures in the flow direction (ie, 

the Z direction). The size of the buffer was chosen to limit computational costs as much as possible. 

Comparisons with a 300-voxel-thick buffer zone showed only 0.06% and 1% relative differences 

in pressure drop and capture efficiency, respectively. The resulting structures were then 
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characterized and compared in terms of porosity profiles, which were straightforwardly obtained 

from the determination of phase fractions across 5-µm slices of the Boolean cell map throughout 

the thickness of the filter medium (ie, the Z direction).  

3.2.2 Air flow computation 

In the second step, LBM was used to compute the flow field in the pore space using the 

structured grid previously generated. LBM is a discretization of the Boltzmann equation in the 

velocity, space, and time domains on a Cartesian structured grid. Rather than directly solving the 

Navier-Stokes equations, LBM evolves probability distribution functions (also called populations) 

according to a collision-propagation scheme that mimics the statistical microdynamic interactions 

of molecules.   

Within the limits of low Mach and Knudsen numbers, it has been proven through a 

multiscale Chapman-Enskog expansion procedure that LBM recovers the Navier-Stokes equations 

at the second order in space. [250] The parallelization of LBM is straightforward and efficient due 

to its local explicit scheme. [255, 256] Furthermore, the use of a Cartesian structured grid renders 

the meshing process trivial, which is particularly useful for the simulation of complex porous 

media. The reader is referred to Krüger et al. [251] for additional information about LBM. Once 

the flow field is obtained, the permeability in the thickness direction can be calculated from Darcy’s 

law (Equation (3.2)). For more details on the implementation of the LBM code used for the 

computations, the reader is referred to previous studies on air filtration. [120, 321] All the 

computations reported here were performed on parallel computer clusters from Calcul Québec. The 

computational times for the 126 structures investigated varied from 24 hours (for a lattice size of 

1802 × 380 × 380 voxels) to 120 hours (for a lattice size of 3782 × 2140 × 260 voxels) on three 

nodes of an 8-core Dual Intel Sandy Bridge EP E5-2670. 

3.2.3 Particle trajectory computation 

In the third and last step, the capture efficiency of the filter media was predicted by 

calculating the trajectories of particles of various sizes regularly distributed on the domain entry 

plane upstream from the filter media (ie,, in the buffer zone) using the previously calculated 

velocity field. As already mentioned, it was assumed that the concentration of particles is 

sufficiently low that interactions between the particles and between the particles and the fluid can 
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be neglected, resulting in a one-way coupling between the fluid and the particles. Because of this 

simplification and the range of Reynolds numbers involved, the flow could be considered as being 

at steady state. Newton’s second law of motion was thus solved independently for each particle 

considering both the drag force and Brownian motion. Electrostatic and gravitational forces were 

neglected, as uncharged particles of size smaller than 1 µm were considered. [154] The problem 

thus takes the form of a stochastic differential Langevin equation [322]: 

 d

dt
𝐯 =

dଶ𝐫

d𝑡ଶ
= 𝛾(𝐮(𝐫) − 𝐯) + 𝚪(𝑡) (3.7) 

where 𝐫 is the position of the particle; 𝐯 is the velocity of the particle; 𝐮 is the fluid velocity; 𝛾 =

ଷగௗ೛ఓ

௠஼಴
 is the drag coefficient; 𝑑௣ is the particle diameter; 𝑚 is the particle mass; and 𝐶஼ is the 

Cunningham slip correction factor. 

Particle trajectories for each of the 20 diameter classes considered in this work (see Section 

3.3) and regularly distributed within the 30 nm-900 nm range were computed. The capture 

efficiency reported in Section 3.5 corresponds to the efficiency of the most penetrating particle size 

(MPPS) (ie, the lowest capture efficiency obtained for all the diameter classes considered). The 

spacing of the particle launching sites in the domain entry plan was taken as 200 nm. This number 

of trajectories was sufficient to render statistically significant values.  

A particle was assumed captured when its centre of mass was located at a distance of one 

particle radius or less from a fibre surface. Re-entrainment, thermal and inertial rebounds, as well 

as clogging of the filter were neglected. According to Davies, [12] it is unlikely that a particle may 

be re-entrained if the air velocity is lower than 1 m/s, which was the case in our simulations as the 

superficial air velocity was much lower than this limit (0.05 m/s). Also, according to Ellenbecker 

et al, [245] there is a low probability that particles with diameters smaller than 10 µm and velocities 

smaller than 1 m/s rebound because of their low inertia. Additional parameters used for the 

simulations are presented in Table 3.1. 
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Table 3.1   Flow simulation parameters 

Particle density 1000 𝑘𝑔/𝑚ଷ  

Air temperature 300 𝐾 

Air density 1.225 𝑘𝑔/𝑚ଷ 

Air viscosity 1.8 × 10ିହ 𝑃𝑎 ∙ 𝑠 

Superficial velocity 0.05 𝑚/𝑠 

Reynolds number < 1 

3.3 Model Accuracy Assessment and Validation 

To assess the proposed model, the accuracy of the LBM flow computation and the resulting 

capture efficiency calculation is examined for single layers of monodisperse fibres for which 

existing literature correlations exist. The model is also validated by comparing experimental data 

for capture efficiency and results obtained from our numerical model. 

3.3.1 Air flow computation assessment 

The air flow model is assessed by comparing Darcy’s permeabilities, obtained by 

computing the flow field using the LBM, with Davies’ correlation (Equation (3.2)). Unconsolidated 

filters of various thicknesses (from 30 µm-602 µm) made of a single layer of a given number of 

monodisperse fibres (varying from 20 fibres-980 fibres) with diameters ranging from 3 µm-21 µm 

were created. Their porosity was varied from 76%-96% by changing the aspect ratio of the fibres. 

Three different structures for each filter medium were created to account for the inherent variability 

of such structures. The dimensionless permeability predictions as a function of porosity are 

compared in Figure 3.2. A good agreement between permeabilities computed by the LBM and the 

ones predicted by Davies’ correlation is found, particularly above ~85% porosity. Below ~85%, 

more variability within the triplicate structures is observed as the number of fibres involved in these 

calculations is smaller (20 fibres) than for the other cases (80 fibres-980 fibres), but the numerical 

data follow Davies’ correlation well on average. 
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Figure 3.2   Comparison between dimensionless Darcy permeabilities computed with the lattice 

Boltzmann method and Davies' correlation. The error bars represent standard deviations obtained 

for triplicate numerical computations 

3.3.2 Capture efficiency assessment 

To assess the capture efficiency predictions, the LBM-based model calculations are compared with 

analytical and empirical correlations from the literature. Unconsolidated structures of filters of 

various thicknesses (from 46 µm-106 µm) and porosities (from 75.9%-78.4%) made of a single 

layer of monodisperse fibres (from 3 µm-7 µm in diameter) were generated for this purpose. In 

addition, a program to generate predictions from 40 analytical and empirical correlations for the 

single fibre efficiency due to interception, diffusion, and inertial mechanisms reported in the 

literature was built. [28, 306] Considering the range of validity of each correlation, a total of ~7000 

predictions from the various combinations of these correlations were accounted for. Figure 3.3a)-

c) presents the range of predictions from these literature correlations (continuous and dashed lines) 

for the three fibre diameters in terms of capture efficiency as a function of particle diameter. Our 

LBM-based model predictions fall within the spread of the correlation-based predictions and most 

of time are relatively close to the median of these predictions, particularly if one considers that the 

uncertainty associated with the LBM results are the three structures used for each data point. 

Finally, for all the filter media considered here, the capture efficiencies at the MPPS (ie, the most 
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penetrating airborne particle size usually around 0.2 µm-0.4 µm) are plotted against the correlation-

based predictions in Figure 3.4. As can be seen, all data points fall close to the bisector line, which 

confirms the soundness of the proposed approach and justifies its use to assess the impact of 

multilayering. 
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Figure 3.3   Comparison between the capture efficiencies computed with the lattice Boltzmann 

method-based model and literature correlation-based predictions for filter media made of: a) 3 

µm; b), 5µm; and c); 7 µm fibres. The error bars represent standard deviations obtained from 

triplicate numerical computations 



47 

 

 

 

Figure 3.4   Comparison between the capture efficiencies at the most penetrating particle size for 

filter media made of monodisperse fibres (with diameters ranging between 3 µm-7 µm) predicted 

with the lattice Boltzmann method-based model and the median of the correlation-based 

predictions. The x-axis error bars represent standard deviations obtained from triplicate numerical 

computations, whereas the y-axis error bars reflect the 50th percentile interval around the median 

from all these correlation-based predictions 

3.3.3 Capture efficiency validation 

To validate the capture efficiency predictions, the LBM-based model is compared to 

experimental results from Steffens and Coury, [323] which measured the single-fibre efficiency 

obtained from polyester fibre mats made of nearly monodisperse fibres for various NaCl particle 

sizes. Table 3.2 summarizes the experimental conditions used. 
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Table 3.2   Experimental conditions used by Steffens and Coury [326] for particle diameters 

greater than 30 nm. The reported intervals represent the SDs around the mean values 

Fibre diameter (µm) Mat porosity (%) Face velocities (m/s) Particle diameter (nm) 

16.0 ± 1.0 88.2 ± 0.3 

0.030 37.2 ± 3.1 

0.064 46.8 ± 2.2 

0.128 85.2 ± 3.2 

0.250 94.8 ± 4.5 

As the capture efficiency algorithm used is known to provide an imprecise prediction of Brownian 

diffusion for particle sizes below 30 nm, [322] only the larger particle diameters from Steffens and 

Coury were retained. Three virtual mats of 221 ± 10 µm in thickness containing 20 straight fibres 

each were created and their capture efficiency evaluated using the procedure explained in Section 

3.2. The long-range curvature of the polyester fibres used for fabricating the filter were neglected. 

Indeed, fibre kinks only slightly affect the long-range variability of permeability and capture 

efficiency, which are both determined at a smaller scale (the so-called Brinkman’s screening 

length) closely related to the fibre diameter, as evidenced by Davies correlation and the single-fibre 

theory expressions. [94] As a matter of fact, the effect of fibre curvature was investigated and found 

to be negligible. [324] Figure 3.5 reports a parity plot comparing the capture efficiency values 

obtained numerically to the experimental data in terms of single-fibre efficiency. The model does 

not take into account the electrostatic capture mechanism, which may have played a role although 

no discussion was made by Steffens and Coury. [323] As can be seen, the agreement is good in 

general, thus suggesting a negligible impact of electrostatic charges. Only results from the smallest 

particle size with the slowest face velocities (ie, blue circles in the upper right corner of the graph) 

slightly depart from the bisecting line. This can be explained by the inaccurate predictions of 

Brownian diffusion for small particles as the 37.2 nm size is close to the 30 nm threshold mentioned 

above. From these results and the accuracy assessment presented in Section 3.3.2, one can conclude 

the adequacy of the proposed particle capture model. 
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Figure 3.5   Comparison between single-fibre efficiencies obtained from our code to from 

experimental data from Steffens and Coury. [326] The x-axis error bars represent standard 

deviations on the single-fibre efficiency calculated from the reported data. The y-axis error bars 

represent standard deviations obtained from triplicate numerical computations 

 

3.4 Numerical Investigation Plan 

To determine the impact of multilayering on filter medium performance (in terms of pressure 

drop/permeability, capture efficiency, and the overall filter medium quality factor), three sets of 

numerical computations were carried out, all performed on multilayered structures made of fine 

and coarse fibre blends (ie, bimodal fibre distributions). The first set of computations consisted of 

evaluating the impact of multilayering on filter media with moderate coarse-to-fine fibre diameter 

ratios (hereinafter referred to as 𝑅஼ி =
ௗ಴

ௗಷ
, where 𝑑஼  and 𝑑ி are, respectively, the diameters of the 
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coarse and fine fibres). Given that the impact of multilayering might be triggered by flow 

phenomena occurring at the interface between successive layers, a second set of computations was 

carried out to investigate the impact of changing the interface behaviour by adding empty transition 

zones between the layers (hereinafter referred to as air gaps) of increasing thickness. To verify 

whether the conclusions obtained at moderate 𝑅஼ி were still valid at much higher 𝑅஼ி, several 

multilayered configurations at a large 𝑅஼ி were also investigated in a third set of computations. 

The exact motivations for the second and third sets of computations will become clear in Section 

3.5, which addresses questions raised after the analysis of the results of the first set of computations 

experiments. These three studies will altogether be described more in detail in the next subsections. 

Note that, to evaluate the inherent variability of the performance of the various filter medium 

structures due to the random nature of the fibre layers involved, all random structures in the first 

and third studies were done in triplicate. 

 

3.4.1 Impact of multilayering at moderate coarse-to-fine diameter ratios 

To study the effects of the layering order in a filter medium, several two-, four-, six-, and 

eight-layered structures of bimodal fibre formulations were compared to structures made of the 

same fibre formulations but for which the fibres were randomly deposited (ie, a well-mixed 

structure). Each of the multilayered structures was thus made of either fine or coarse fibres, and 

the fibre size was varied in alternating fashion from one layer to the next. Six different bimodal 

fibre formulations were considered and differed in terms of the fine fibre volume fraction (𝑥ி =

10%, 20%, or 30%) and coarse fibre diameter (𝑑஼ = 9 µ𝑚 or 𝑑஼ = 12 µ𝑚). In all cases, the fine 

fibre size was kept constant at 𝑑ி = 3 µ𝑚. Furthermore, to ensure that all layers with coarse fibres 

contained at least three of them, a fixed amount of 24 coarse fibres was chosen for all the structures 

generated. Note, however, that fixing the total number of coarse fibres had the detrimental effect 

of limiting the range of 𝑅஼ி that could be investigated due to the prohibitive computational power 

requirements associated with large fibres when the lattice spacing is kept constant. For the same 

reason, the volume fraction of fine fibres was restricted to 𝑥ி ≤ 30% to limit the domain 

dimensions determined by the number of fine fibres and the resulting filter medium thicknesses to 

manageable sizes that could fit on the computational resources available. Figure 3.6 summarizes 

the filter medium structures investigated in this first study.  
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Figure 3.6   Summary of the structures and the range of the various parameters investigated in the 

first study 

 

Lastly, the length for both the fine (𝐿ி) and coarse (𝐿஼) fibres was taken such that 𝐿ி =

𝐿஼ = 4 × 𝑑஼. In addition, the lateral sizes of the domain (ie, 𝐿௑ and 𝐿௒) were chosen as 𝐿௑ = 𝐿௒ =

𝐿஼ + 2 µ𝑚 to avoid self-penetration of fibres due to the periodic boundary conditions used.  

Particles were sequentially released at the inlet of the domain from a regular array with a 

0.2-µm spacing. As the domains for the filter media with 9-µm and 12-µm coarse fibre diameters 

were, respectively, 38 µm and 50 µm in size, 36 100 and 62 500 particles were launched for each 

particle diameter. This was sufficient to ensure statistical significance. 

 

3.4.2 Impact of interfacial flow phenomena between layers at moderate coarse-

to-fine diameter ratios 

 

To evaluate the impact of flow phenomena on filter medium performance at the interfaces 

between layers, individual layers were constructed and were then merged, with identical air gaps 

of varying thicknesses inserted between the layers. The intent was to decrease the magnitude of the 

interfacial flow phenomena as the air gaps increased in thickness and, consequently, isolate their 

impact from the inherent performance variability resulting from the random positioning and 
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orientation of the fibres within the layers. While it must be noted that this filter configuration may 

sound unrealistic, the purpose of this set of computations is not to reproduce filter media as they 

are usually produced in practice, but rather to reveal the possible existence of interfacial effects 

between layers. To maximize the potential impact of the air gaps on pressure drop and capture 

efficiency, filter media with eight layers, and thus seven identical gaps, were created. Nine different 

air gaps ranging in size from 0 µm-30 µm were tested. The volume fraction of fine fibres was kept 

constant at 10%, meaning that the first, third, fifth, and seventh layers were each composed of ten 

3-µm fibres, while the other layers were each composed of six 12-µm fibres. Figure 3.7 summarizes 

the structures considered in this second study. The same fibre aspect ratios, lateral domain 

dimensions, and buffer sizes as in the first study were also considered here. A constant number of 

62 500 particle trajectories were computed to determine the capture efficiency of the various filter 

media structures. 

 

Figure 3.7   Summary of the structures and the range of the various parameters investigated in the 

air gap study 
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3.4.3 Impact of interfacial flow phenomena between layers at a high coarse-to-

fine ratio 

The first two studies were carried out using moderate coarse-to-fine diameter ratios, mainly 

because of limitations in computational power and the constraints set by the number of coarse 

fibres and layers in the filter media. To verify whether the conclusions drawn still held at higher 

𝑅஼ி, some of these constraints were relaxed in this third study to reach 𝑅஼ி = 10. Here, a three-

layered filter medium base configuration was used, with a single coarse fibre layer composed of a 

single 30-µm diameter large fibre layer sandwiched between two layers of 3-µm diameter fine 

fibres. While the 𝑅஼ி is higher than what is commonly encountered in multilayered filters (𝑅஼ி ~2-

4), the goal of this study is to use an extreme 𝑅஼ி to possibly unveil interfacial effects between 

layers that would not be apparent at lower values. In addition, note that fibre diameters of 30 µm 

are not so uncommon in the literature (eg, they have been blended with 7 µm fibres by Balazy et 

al [309]). 

Two additional choices were made to better determine the impact, if any, of multilayering 

on the filter media. First, the porosity of each layer was chosen to be equal to 𝜖 = 89% in order to 

reduce the impact of porosity fluctuations on the permeability of the filter media. Second, the 

volume fraction of fine fibres was set to 91% in order to maximize the coefficient of variation 

(COV) of the fibre size distribution. As a result of these two additional choices, the degrees of 

freedom of the fibre system were reduced as the fibre length, domain dimensions, porosity, and 

volume fraction of fine fibres of the whole filter medium were interdependent. In addition, to limit 

the required computational resources, the domain dimension in the direction of the axis of the large 

fibre (X direction) was set to 𝐿௑ = 𝐿஼ = 𝐿ி + 2 µ𝑚, where the length of the fine and coarse fibres 

were taken, respectively, as 𝐿ி = 8 × 𝐷ி = 24 µ𝑚 and 𝐿஼ = 26 µ𝑚 (note that because 𝐿௑ = 𝐿஼  

and the boundary condition is periodic, this choice made the coarse fibre infinite). To satisfy all 

these choices, the domain dimensions in the Y and Z directions were taken, respectively, as 𝐿௒ =

214 µ𝑚 and 𝐿௓ = 350 µ𝑚 (the latter dimension included two 12-µ𝑚-thick buffers). 

As the number of layers was here limited to three, this sandwiched base filter medium 

(hereinafter referred to as the sandwiched configuration) was compared to four alternate layered 

configurations in which the presence or the order of some layers was modified. These 

configurations are illustrated in Figure 3.8. The main intent was to verify the impact of interfaces 
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between layers on the performance of multilayered filter media. First, the coarse fibre was simply 

removed from the base sandwiched configuration to isolate its impact on filter medium 

performance (hereinafter referred to as the gap configuration). Second, the gap left from the 

removal of the coarse fibre was also removed with all the fine fibres from the original layers 

keeping the same X-Y position (hereinafter referred to as the no gap configuration). The impact of 

the gap itself was scrutinized here. Third, the impact of an isolated coarse fibre alone on filter 

media performance was evaluated (hereinafter referred to as the alone configuration). The intent 

here was to quantify the importance of interface phenomena on the performance of the multilayered 

filter media by determining whether the addition of the respective performances of the alone and 

gap configurations was exactly the same as that of the sandwiched configuration, which would 

imply that interface phenomena had no impact. Lastly, a configuration in which the coarse fibre 

was positioned upstream from the two fine fibre layers was evaluated to further study the impact 

of interfaces (hereinafter referred to as the upstream configuration). 

 

Figure 3.8   Summary of the five configurations and parameters used to test the impact of interfaces 

between layers on three-layered filter media made of fibres with a high coarse-to-fine diameter 

ratio  

3.5 Results and Discussion 

In this section, the performances predicted by numerical simulations of the multilayered filter 

medium structures made of bimodal fibre distributions involved in each of the three studies 

described in Section 3.4 are presented and discussed. The intent was to quantify the impact on filter 

medium performance of multilayering in the laminar flow regime, ie, in terms of pressure drop or 
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permeability (one being the inverse of the other within a constant following Darcy’s law (Equation  

(3.2)), particle capture efficiency, and overall quality factor, the latter of which is the intrinsic 

performance of the filter medium combining filtration efficiency and pressure drop in a single 

measure independent of its thickness. First, filter media at moderate 𝑅஼ி are examined. Second, 

the impact of air gaps in between layers for filter media at moderate 𝑅஼ி is scrutinized in detail to 

characterize the importance of interfacial effects between layers to the overall impact of 

multilayering. Lastly, filter media structures at a high 𝑅஼ி are examined to verify whether the 

conclusions drawn at lower 𝑅஼ி still held. 

3.5.1 Impact of multilayering at moderate coarse-to-fine diameter ratios 

If multilayering does affect filter medium performance, it might be related to the variation 

in porosity that it induces throughout the structure, as porosity impacts both permeability and 

capture efficiency (through the fibre volume fraction in Equation (3.1)). Figures 3.9a)-c) and 10 

present, respectively, typical random structures and the corresponding porosity profiles for the two-

layered, eight-layered, and well-mixed configurations. Fibres with higher aspect ratios naturally 

tend to create more porous structures due to the non-compressive sequential fibre deposition used. 

As can be seen in Figure 3.10, and despite some natural local fluctuations, layers of finer fibres in 

the two- and eight-layered structures tend to be more porous, whereas porosity varies around a 

constant value throughout the thickness of the well-mixed structure. Nevertheless, for a given fibre 

formulation, the mean porosities of the various structures are similar, as can be seen in Figure 3.11. 

Therefore, if any impact of multilayering on the performance of filter media can be measured, two 

effects can be foreseen: (a) the first effect results from the difference in porosities between the 

various layers and a well-mixed structure and (b) the second effect results from the sudden 

variations in porosity at the interfaces between layers. 
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Figure 3.9  Examples of representative elementary volumes of filter media created by the fibre 

deposition algorithm to study the impact of multilayering for the: a), two-layered; b), eight-layered; 

and c), well-mixed cases, with 𝑑஼ = 12 µ𝑚 and 𝑥ி = 30% 
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Figure 3.10   Porosity profiles of the filter medium structures shown in Figure 3.9. Data are 

averaged values over 5-µm-thick slices of the filter media 

 

Figure 3.11   Mean porosities of the various multilayered and well-mixed filter media for six fibre 

formulations. The error bars represent standard deviations obtained from triplicate computations 
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A typical flow field resulting from the LBM is shown at Figure 12. The macroscopic 

properties that determine filter medium performance (i.e., permeability, capture efficiency, and 

quality factor) obtained from the numerical simulations are presented in Figure 13a-c for the six 

fiber formulations, in the case of the 2-,4-,6-, 8-layered and well-mixed structures. 

 

Figure 3.12   A two-dimensional cross section of a typical flow field through a well-mixed filter 

medium computed with the lattice Boltzmann method. Black arrows represent the three-

dimensional velocity vectors passing through the cross-sectional plane in the x direction 

    



59 

 

 

 



60 

 

 

Figure 3.13   Effects of the multilayered filter medium structure and fibre formulation on: A, 

permeability; B, capture efficiency; and C, the quality factor at the most penetrating particle size 

(~ 300 nm). The error bars represent standard deviations obtained from triplicate computations. 

Note that the impact of 𝑅஼ி on the various properties cannot be readily assessed because of the 

variations in porosity and thickness 

 

For all the properties measured, it can readily be seen that the number of layers does not 

seem to have a clear impact, or, in other words, that the differences observed between the different 

multilayered structures for a same formulation are not statistically significant. In addition, the same 

can be said for the differences between the multilayered structures and the well-mixed structures. 

Indeed, because of the inherent variability of the random structures generated and the direct impact 

of this variability on the various filter media properties (ie, permeability, capture efficiency and 

quality factor) from triplicate computations, it is not statistically possible to attribute any variations 

observed when the number of layers is changed to the sole impact of multilayering. If there is an 

impact, it is smaller than the impact that can be attributed to the inherent variability of these random 

structures. In fact, a statistical test was unable to rule out the null hypothesis, ie, that there is no 

relationship between the various filter media properties investigated and the number of layers for 

the multilayered structures investigated. The p-values for permeability (0.42), capture efficiency 
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(0.50), and quality factor (0.85) calculated using Statistica are all higher than the threshold value 

of 0.05 below which statistical significance can be assigned. [325] The best that can be concluded 

is that, for the structures investigated at moderate 𝑅஼ி, there is no strong evidence in a laminar flow 

regime of any impact of multilayering that is greater than the impact of the intrinsic variability of 

such random multilayered or well-mixed structures.  

Based on the simulations performed and the results in Figure 3.13a)-c), it appears that the 

best way to improve filter media performance is to investigate a range of fibre formulations, which 

in this case, indicates that filter medium performance improves with higher 𝑅஼ி and fibre content. 

More precisely, larger coarse fibres (ie, higher 𝑅஼ி) tends to open up the structure and create 

preferential pathways for the flow, which results in higher permeability, while adding a larger fine 

fibre content improves capture efficiency. Overall, the formulation at 𝑅஼ி = 4 and 𝑥ி = 30% leads 

to a filter medium with the highest quality factor, indicating that the effect of 𝑅஼ி is the most 

influential variable among all the cases investigated.  

 

3.5.2 Impact of interfacial flow phenomena between layers at a high coarse-to-

fine diameter ratio 

To test the potential impact of interfacial phenomena between layers on filter medium 

performance, a new set of computations involving the insertion of air gaps between fibre layers 

was devised as described in Section 3.4.2. Eight layers, four fine fibre layers (with a resulting 

average thickness of 17 µm) and four coarse fibre layers (with a resulting average thickness of 55 

µm), were separately generated and were interlayered with increasingly large air gaps inserted 

between them (from 0 µm-30 µm). The effective thickness of the filter media remained constant. 

It should be recalled that larger air gaps should result in a smaller impact of the interfacial 

phenomena between the layers on filter media performance. 

Figure 3.14a)-c) shows the impact of the insertion of the seven air gaps between the eight 

layers. The pressure drop (normalized here by the pressure drop obtained for a filter with no air 

gaps) decreases monotonously with an increase of the size of the air gaps and reaches a plateau at 

~12 µm. Inserting such air gaps reduces the overall pressure drop by ~8%. This can be explained 

by the increase in local porosity that occurs near the fibres in the vicinity of an air gap, which helps 
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redistribute the pressure field. In other words, interfacial phenomena that occur when no air gaps 

are present are detrimental as they increase the pressure drop, ie, they reduce permeability. On the 

other hand, capture efficiency is increased by ~5% in the absence of air gaps. Overall, the quality 

factor of the filter media decreases by ~3% in the absence of air gaps. This result shows that 

interfacial flow phenomena are, as a whole, detrimental and that inserting air gaps between layers 

can be used to cancel the negative impact, although the gain is relatively small.  
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Figure 3.14   Impact of the insertion of seven air gaps in an eight-layered filter media on the: A, 

pressure drop; B, capture efficiency; and C, quality factor at the most penetrating particle size 

(~300 nm). The pressure drop was normalized to the pressure drop in the case with no air gaps. 

The error bars represent a 95% binomial confidence interval, assuming the capture process follows 

a Bernoulli process [326] 

3.5.3  Impact of interfacial flow phenomena between layers at a high coarse-to-

fine diameter ratio 

At moderate 𝑅஼ி, the impact of multilayering on filter medium performance, if any, is weak 

to the point that it cannot be distinguished from the effect of the inherent variability of the structures 

formed due to the random deposition of fibres. Furthermore, the overall impact of flow phenomena 

at the interfaces between the layers is detrimental to the performance of the filter media if no air 

gaps are inserted between the layers. It is, however, legitimate to ask whether these conclusions 

would hold at higher 𝑅஼ி values. This was the rationale for performing a new set of computations 

at 𝑅஼ி = 10, for which the methodology was adapted to three-layered structures given that larger 

multilayered structures would be too demanding in terms of computational power.  

Figure 3.15 illustrates two of the three-layered structures studied, namely the sandwiched 

and gap configurations.  
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Figure 3.15   Examples of representative elementary volumes of filter media created by the fibre 

deposition algorithm to study the impact of multilayering at 𝑅஼ி = 10, namely the: A, gap; and 

B, sandwiched configurations 

 

Figure 3.16 shows the pressure drop for the four three-layered configurations described in 

Section 3.4.3 that contain two layers of fine fibres. The four configurations display small 

differences (at most in the order of 1.2%) that are systematic throughout the triplicate repeats 

performed for each configuration. Despite the limited number of repeats, and like the results 

obtained at moderate 𝑅஼ி, the magnitude of the differences seemed to be lower than the inherent 

variability observed among the repeats. Furthermore, the gap filter media have smaller pressure 

drops than the no gap ones, which is in agreement with the results presented in Section 3.5.2. There 

is no noticeable difference between the sandwiched and upstream configurations, indicating that 

the order of the layers does not have much impact on filter media performance, as suggested by 
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Clague and Phillips. [31] On the other hand, as expected, both configurations have somewhat 

higher pressure drops than the gap filter media as the coarse fibres create additional resistance to 

the air flow.  

 

Figure 3.16   Pressure drop through the different three-layered configurations for three randomly 

generated sets of filter media. Note the truncated scale 

 

If no interfacial flow phenomena were present, subtracting the pressure drop for the 

sandwiched configuration from the pressure drop for the gap configuration should recover the 

pressure drop around a single coarse fibre (the alone configuration). Similarly, subtracting the 

pressure drop for the upstream configuration from the pressure drop for the no gap configuration 

should also recover the pressure drop around a single coarse fibre. Figure 3.17 shows the results of 

these calculations for each repeat. The coarse fibre layer alone has a significantly smaller pressure 

drop than when it is interacting with the fine fibre layers. Despite this confirmation of the presence 

of flow phenomena at the interface between the layers, the magnitude of the impact of these 

phenomena remains small overall (~0.5 Pa) compared to the overall pressure drop through the filter 

media (~80 Pa).  
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Figure 3.17   Comparison of the contribution of a single coarse fibre to the pressure drop when it 

is between two layers of fine fibres (sandwiched minus gap configurations), next to one layer of 

fine fibres (upstream minus no gap configurations), or isolated (alone configuration) 

 

A similar analysis was attempted for capture efficiency, but as was seen in Section 3.5.2, the impact 

of interfacial flow phenomena on capture efficiency was lower than on pressure drop and, as such, 

was difficult to characterize. Furthermore, the capture efficiency of the coarse fibre alone was so 

low that an unpractical large number of particles would have to be launched to provide a 

statistically significant result. The stochastic nature of the algorithm creates a statistical variance 

that is too large in proportion of the capture efficiency. The analysis performed for the pressure 

drop could thus not be carried out for capture efficiency. 

 

3.6 Conclusion and Perspectives 

While multilayered filter media are ubiquitous in industry for various reasons, the impact of 

multilayering on the performance of bimodal fibrous clean filter media in a Stokes regime has 

never been systematically investigated. As the effect of multilayering could be attributed both to 
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the succession of layers with varying structural properties (porosity and specific surface area) and 

interfacial flow phenomena between layers, three sets of numerical computations were conducted 

using a three-step numerical procedure to quantify the relative importance of these mechanisms. 

In the first study for the six bimodal fibre formulations chosen, the number of layers 

(ranging from 2-8) was shown to have no statistically significant impact on either the permeability, 

capture efficiency, or quality factor of the clean filter media. In addition, there were no statistically 

significant differences between the well-mixed clean filter media and the various multilayered 

clean filter media. This does not mean that multilayering has no effect on the filter medium quality 

factor, but rather that the impact of multilayering is at best limited for the filter medium 

configurations investigated, ie, of the same order of magnitude as the effect resulting from the 

inherent variability due to the random nature of the fibre structures. This is somewhat in agreement 

with experimental results from Payen et al, [111] who reported that differences between the various 

multilayered structures tested were within the experimental error and that a clear impact could not 

be inferred. 

For the second study, the impact of flow phenomena at interfaces between layers was 

investigated by artificially inserting air gaps and by varying their sizes. The interfacial effects when 

no air gaps between the layers were present increased the pressure drop by ~8% and the capture 

efficiency by 5%, resulting in a decrease of ~3% in the quality factor of the clean filter media. This 

result suggested that adding air gaps between layers to help redistribute the flow and reduce local 

pressure surges has a positive albeit limited impact on filter medium performance and that this 

occurs at the expense of the overall thickness of the clean filter media. 

In the third study, the impacts of multilayering and flow phenomena at interfaces between 

layers were evaluated at a much higher coarse-to-fine fibre diameter ratio (𝑅௖௙ = 10) than the two 

previous studies. Similar conclusions were drawn, ie, multilayering has, at best, a limited impact. 

Despite the relatively limited scope of the present study, it can still be concluded that 

multilayering has little or no impact on filter medium performance. The findings presented here 

also suggest that controlling the microstructure through fibre formulation is a more promising 

avenue for improving performance than multilayering per se, at least in the Stokes regime for clean 

filter media. However, studying fouling processes within filter media might reveal impacts not 

brought to light in the present study. Furthermore, in contexts where filter media are designed to 
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take advantage of non-linear slip and inertial flow regimes, different results can be foreseen. 

Studies on the performance of nanofilter media in conjunction with multilayering would thus be a 

logical follow-up to the present study. 
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Abstract. Accurate imposition of boundary conditions (BCs) is of critical importance in fluid flow 

computation. This is especially true for the Lattice Boltzmann method (LBM) where BC imposition 

is done through operations on populations rather than directly on macroscopic variables. While the 

regular Cartesian structure of the lattices is an advantage for flow simulation through complex 

geometries such as porous media, imposition of correct BCs remains a topic of investigation for 

rarefied flows, where slip BCs need to be imposed. In this work, current kinetic BCs from the 

literature are reviewed for rarefied flows and an extended version of a technique that combines 

bounce-back and diffusive reflection (DBB BC) is proposed to solve such flows that exhibit 

effective viscosity gradients. The extended DBB BC is completely local and addresses ambiguities 

as regards to the definition of boundary populations in complex geometries. Numerical tests of a 

rarefied flow through a slit were performed confirming the intrinsic second-order convergence of 

the proposed extended DBB BC. It settles a long-standing debate regarding the convergence of 

BCs in rarefied flows. Good agreement was also found with existing numerical schemes and 

experimental data.   

Keywords: Rarefied flow; Lattice Boltzmann method; boundary condition; Knudsen regime; 

Extended Navier-Stokes equation 

4.1 Introduction 

The lattice Boltzmann method (LBM) has received considerable attention for its ability to 

simulate gas flows through porous media [250-252]. LBM has been used to conduct studies in 

various fields such as shale gas [253] and microelectromechanical systems (MEMS) [327]. Porous 

media for these applications often involve micro/nanoflows, for which the mean free path of the 

gas molecules (𝜆) may be comparable to the characteristic length of the flow (𝐿஼). The ratio of 
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these two quantities, i.e., the Knudsen number 𝐾𝑛 = 𝜆/𝐿஼ , thus takes a value in the order of unity, 

which undermines the continuum hypothesis underlying the Navier-Stokes equations. Gas 

molecule interactions with the wall become more important, which leads to two consequences: (1) 

the no-slip boundary condition (BC) breaks down, and (2) the Knudsen layer, a region where the 

length varies as 𝑂(𝜆) and where the stress-strain relationship is modified, becomes preponderant 

throughout the flow. The Navier-Stokes equations can thus not be used for high Knudsen flows. 

Instead of solving the Navier-Stokes equations, LBM simulates the evolution of probability 

distribution functions of gas molecules (hereinafter referred to as populations) according to a 

collision-propagation scheme. The main advantages of LBM for the simulation of porous media 

are: (1) its explicit and local nature, which makes it easily parallelizable, and (2) its simple Boolean 

representation for encoding fluid and solid phases using a simple Cartesian grid. 

LBM is a particular case of the discrete velocity method (also called the discrete ordinate 

method) [328] and is a discretization in time, space and velocity of the Boltzmann equation. Despite 

its statistical mechanics origin, LBM was initially developed to solve the weakly compressible and 

isothermal Navier-Stokes equations [250-252]. Based on the assumption of a low Knudsen number, 

the Navier-Stokes equations can be recovered by applying a Chapman-Enskog expansion 

procedure to the LBM collision-propagation scheme. Following this procedure, perturbations 

around the local equilibrium of the lattice Boltzmann equation are analyzed using a multiscale 

analysis, with the Knudsen number as the perturbation parameter. The chosen population set should 

have sufficient isotropy to evaluate exactly the moments involved in the constitutive equations 

[231, 275]. For a two-dimensional flow for instance, a nine-velocity set (a so-called D2Q9 lattice) 

can only solve the flow at the Navier-Stokes equations level. In principle, by using a richer 

population set, constitutive equations of a higher-order (Burnett, Super-Burnett, Grad’s moment 

method, etc.) can be modeled using LBM [231, 275, 294], and high Knudsen flows can thus be 

solved. While some improvements in planar flows have been obtained compared to the Navier-

Stokes equations [273, 294, 329], it has also been reported [138, 150, 151, 272, 330, 331] that 

solving higher-order constitutive equations cannot accurately represent the dynamics inside the 

Knudsen layer for high Knudsen flows. Furthermore, complex geometry flows with a twenty-one-

velocity set (D2Q21) have not shown improvement compared to the D2Q9 model [291, 293]. It 

should also be noted that higher memory and computation costs are associated with the use of a 

richer velocity set. Hybrids of LBM and Direct Simulation Monte-Carlo (DSMC) have also been 
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proposed to speed-up computations relative to pure DSMC, however the computational efficiency 

is still limited by the fraction of the domain in which the DSMC is solved [265, 266]. 

Rather than trying to model high Knudsen flows by directly expanding perturbations around 

local equilibrium, it has been proposed that a local viscosity by means of a wall function within a 

continuum mechanics framework be used to solve rarefied gas flows [217, 225, 231, 332]. It is 

well known from kinetic theory that the viscosity of a gas is related to its mean free path [137, 

138]. Gas molecule paths are restricted close to a solid wall, which diminishes the mean free path 

locally, inducing a local effective viscosity. Provided the distribution of paths is known locally, it 

is possible to determine the effective viscosity of a gas. The resulting modified momentum equation 

has been called the extended or generalized Navier-Stokes equations. This approach has been 

favored to simulate high Knudsen flows with LBM [236, 287, 291, 293, 333, 334].  

The imposition of slip BCs is key to simulating rarefied gas flows. Slip BCs are usually 

formulated as discontinuities in the velocity field at the surface. However, in LBM, BCs are 

imposed on populations, not directly on velocity. For the continuous form of the Boltzmann 

equation, Maxwell [157] proposed two mechanisms of gas-wall interactions: diffusive reflection, 

by which gas molecules are reemitted in random directions, and specular reflection, by which 

molecules bounce in a mirror fashion from the wall. In its discrete form for LBM, diffusive 

reflection was first proposed separately [335, 336] and was then combined with specular reflection 

[337, 338] to represent surfaces that are not completely diffusive, which leads to so-called diffusive 

specular reflection (DSR) BC. A combination of bounce-back (typically used for no-slip flows) 

and specular reflection BCs (so-called CBBSR) [286] and a combination of bounce-back and 

diffusive reflection (diffusive bounce-back hereinafter referred to as DBB) have also been proposed 

[339]. These three combinations (DSR, CBBSR, and DBB) were tested for the D2Q9 scheme and 

were found to be equivalent for a rectilinear slip flow [339]. 

Effective viscosity functions have an impact on BCs. A lengthy development for the 

CBBSR BC [236] found that the ratio of bounce-back associated with slip of CBBSR BC and two 

of the relaxation times had to be modified to take effective viscosity variations throughout the 

domain into consideration. To the best of our knowledge, such an extension has never been reported 

in the literature for the DBB BC. It remains to be proven whether the extension for DBB BC will 

produce the same results as the CBBSR BC. A definite advantage of the DBB BC would be to 
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resolve the indetermination for some populations reflecting from non-planar BCs (particularly in 

corners) and associated with the specular reflection part of DSR and CBBSR BCs. Indeed, there is 

a certain confusion in the literature regarding how to treat corners when specular reflection is 

involved [114, 289, 340]. The issue is even more pronounced for three-dimensional BCs as a 

greater number of populations are ill-defined. In fact, to the best of our knowledge, there are no 

reports in the literature that explicitly explain how to stream specularly reflected populations in 

corners. 

 The choice of the LBM collision operator is key to the validity of BCs. A theoretical 

analysis [285] of the three BCs with the Bhatnagar-Gross-Krook (BGK) operator [139] showed 

that slip velocity had three contributions: a first-order contribution (in terms of the Knudsen 

number), a second-order contribution, and an unphysical grid-dependent contribution. 

Furthermore, the second-order contribution is not tunable with respect to the parameters of the 

kinetic BC. Further theoretical analyses [236, 334, 339, 341] of discrete BCs with a multiple 

relaxation time (MRT) collision operator showed that slip velocity depends on higher-order 

moments of LBM, which must thus be relaxed with their corresponding relaxation time to properly 

impose the slip BC. A comprehensive study of the whole scheme is thus essential for simulating 

rarefied gas flows with LBM. 

In a different line of thought, an alternative method was proposed [342-344] to explicitly 

impose Maxwell’s slip BC on populations rather than by adjusting kinetic ratios. Using the known 

populations at the wall in the case of a D2Q9 lattice, moments of these populations were expressed 

explicitly in the case of planar flow to calculate the slip velocity. Unknown populations at the wall 

were reconstructed using the slip flow. This procedure allowed for a decoupling of the relaxation 

rate from the slip magnitude. While this method is independent of the collision operator, it cannot 

be straightforwardly generalized to complex BCs because the underlying explicit formulation of 

moments is geometry-dependent by nature and anisotropic. Note that a formulation proposed by 

Guo et al. [38] proposed a formulation for the DBB that proved efficient for slip flows. 

With suitable BCs, LBM is a second-order accurate scheme for solving the incompressible 

Navier-Stokes equations in the continuous limit [250-252]. As shown by [345] for flows in the 

continuous regime, LBM has a quadratic relationship between the time step and the grid size 

൫𝛿௧ ~ 𝑂(𝛿௫
ଶ)൯. However, the simulation of rarefied flows with LBM induces convective scaling 
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൫𝛿௧ ~ 𝑂(𝛿௫)൯ through the relationship between the relaxation rate and the Knudsen number [231, 

287, 338]. As reported in [339], this necessarily implies a Mach number (𝑀𝑎) equal to a finite 

grid-independent constant rather than 𝑀𝑎 going asymptotically to zero as the grid is refined.  In 

this context, for an incompressible slit flow problem, one study reported a second-order 

convergence [236] while another reported a first-order convergence [334]. Another study using the 

explicit imposition of slip velocity reported a second-order convergence on a compressible slit flow 

[342], while another study on a compressible slit flow reported a first-order convergence but 

attributed it to the compressibility of the problem [339]. There is thus a controversy in the literature 

regarding the convergence order of rarefied gas schemes with LBM. To solve this controversy, the 

compressibility of the physical problem must be decoupled from the compressibility of the scheme 

by choosing test cases with no compressibility effects.  

The objectives of the present article are thus: (1) to resolve the controversy regarding the 

convergence order of the rarefied gas scheme for LBM, and (2) to develop an extended DBB BC 

that takes into consideration spatial variations of viscosity near the walls by using an effective 

viscosity function for the numerical simulation of rarefied gas flows in porous media. The 

remainder of the article will be organized as follows. In Section 4.2, MRT-LBM will first be 

revisited, the DSR, CBBSR, and DBB BCs will be reviewed in detail, and an extension of DBB 

BC will be developed. In Section 4.3, a convergence analysis of the numerical scheme as well as a 

numerical verification will be described for a slit flow. In Section 4.4, some concluding remarks 

will be made. 

4.2 The Lattice Boltzmann method for Rarefied Flows 

This section is divided into five sub-sections. First, as LBM slip BCs require the use of 

multiple relaxation times, the principle of MRT-LBM will be recalled. Second, the relationship 

between mean free path and relaxation times will be described. Third, the wall viscosity functions 

used in the literature will be briefly reviewed. Fourth, details about the various kinetic BCs in the 

context of the simulation of rarefied flows will be given. Lastly, an extension of DBB BC will be 

proposed.  

4.2.1 Propagation-collision scheme with multiple relaxation times 

The propagation-collision scheme of LBM is expressed as follows: 
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 𝑓௜(𝐱 + 𝐜௜𝛿௧, 𝑡 + 𝛿௧) − 𝑓௜(𝐱, 𝑡) = Ω௜ + 𝐹௜𝛿௧ (4.1) 

where 𝑓௜(𝐱, 𝑡) is the population at position 𝐱 and time 𝑡 in the 𝑖 direction, and 𝐜௜ is its associated 

discrete velocity, 𝐹௜ is the forcing term, Ω௜ is the collision operator and 𝛿௧ is the time step. The left-

hand side of the equation is called the propagation step while the right-hand side is called the 

collision step. In the MRT scheme, the collision operator transforms populations into moments 

(such as density, momentum, kinetic energy, etc.) [288]: 

 
Ω௜ = − ෍(𝐌ିଵ𝐒𝐌)௜௝ ቀ𝑓௝(𝐱, 𝑡) − 𝑓௝

(௘௤)
(𝜌, 𝐮)ቁ

ே

௝ୀଵ

 (4.2) 

where 𝑁 is the number of populations, 𝐌 is the transformation matrix between populations and 

moments, 𝐒 is the relaxation rate diagonal matrix and 𝑓௝
(௘௤)

(𝜌, 𝐮) is the equilibrium distribution 

calculated from the macroscopic fluid density 𝜌 and velocity 𝐮. For the present study, the D2Q9 

discrete velocity set is used (also illustrated in Figure 4.1):  

 

𝐜௜ =

⎩
⎪⎪
⎨

⎪⎪
⎧ (0,0)

𝛿௫

𝛿௧
 for 𝑖 = 0

ቀcos ቀ𝑖 ∗
𝜋

2
ቁ , sin ቀ𝑖 ∗

𝜋

2
ቁቁ

𝛿௫

𝛿௧
 for 𝑖 = 1, … , 4

√2 ቆcos ቆ
(2𝑖 + 1)𝜋

4
ቇ , sin ቆ

(2𝑖 + 1)𝜋

4
ቇቇ

𝛿௫

𝛿௧
  for 𝑖 = 5, … , 8

 (4.3) 

with its associated weights 𝑤௜: 

 
𝑤௜ = ൝

4 9⁄  for 𝑖 = 0
1 9⁄ for 𝑖 = 1, … , 4

1/36 for 𝑖 = 5, … , 8
 (4.4) 
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Figure 4.1   D2Q9 velocity set used for LBM where 𝐜௜ is the velocity vector in direction 𝑖 

The equilibrium distribution functions following a linearized Maxwell-Boltzmann distribution up 

to second-order terms are given for the D2Q9 lattice as follows:  

 
𝑓௜

(௘௤)
= 𝑤௜𝜌 ቆ1 +

𝐜௜ ∙ 𝐮

𝑐௦
ଶ

+
(𝐜௜ ∙ 𝐮)ଶ

𝑐௦
ସ

−
𝑢ଶ

2𝑐௦
ଶ

ቇ (4.5) 

with the so-called lattice sound velocity 𝑐௦: 

 
𝑐௦ = ඨ

𝛿௫ 

3𝛿௧
 (4.6) 

where 𝛿௫ is the lattice grid spacing. The associated transformation (𝐌) and relaxation rate (𝐒) 

matrices are [288]:  

 

𝐌 =

⎝

⎜
⎜
⎜
⎜
⎜
⎛

1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1⎠

⎟
⎟
⎟
⎟
⎟
⎞

 (4.7) 
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 𝐒 = diag(𝑠ఘ, 𝑠௘ , 𝑠ఢ , 𝑠௝ , 𝑠௤ , 𝑠௝ , 𝑠௤ , 𝑠௦, 𝑠௦) (4.8) 

where 𝑠ఘ, 𝑠௘, 𝑠ఢ, 𝑠௝, 𝑠௤, and 𝑠௦ are, respectively, the relaxation rates related to density, kinetic 

energy, kinetic energy squared, momentum, energy flux, and stress. Typically, relaxation rates 𝑠௜ 

are expressed as relaxation times 𝜏௜: 

 
𝜏௜ =

1

𝑠௜
 (4.9) 

When relaxation times are all equal, the MRT model reduces to the BGK model, for which there 

is a single relaxation time.  

The dynamic viscosity 𝜇 can be related to the stress relaxation time  𝜏௦ = 1/𝑠௦ [250]: 

 
𝜇 = 𝑝 ൬𝜏௦ −

1

2
൰ 𝛿௧ (4.10) 

where 𝑝 = 𝜌𝑐௦
ଶ is the pressure of the fluid. The force term in Eq. (4.1) was generalized from the 

BGK to the MRT collision operator [287]: 

 
𝐹௜ = 𝐌ିଵ ൬𝐈 −

𝐒

2
൰ 𝐌𝐹ത௜ (4.11) 

with: 

 
𝐹ത௜ = 𝑤௜ ቆ

𝐜௜ ∙ 𝐅

𝑐௦
ଶ

+
𝐮𝐅: (𝐜௜𝐜௜ − 𝑐௦

ଶ𝐈)

𝑐௦
ସ

ቇ (4.12) 

where 𝐅 is a given body force.  

4.2.2 Relationship between relaxation times and the mean free path 

The Knudsen number is a fundamental dimensionless parameter that determines flow 

behavior. When continuum flows are modeled using LBM, it is considered that 𝐾𝑛 → 0. However, 

with rarefied flows, the Knudsen number has a non-negligible value, which removes the degree of 

freedom on the relaxation time 𝜏௦ linked to stress.  
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Based on the kinetic theory of gases, the mean free path is related to the physical and 

thermodynamic properties of the gas [138]: 

 

𝜆 =
𝜇

𝑝
ඨ

𝜋𝑅𝑇

2
 (4.13) 

where 𝑅 is the ideal gas constant and 𝑇 is the absolute temperature of the gas. In the D2Q9 velocity 

set, the temperature is related to the lattice velocity 𝑐௦: 

 𝑐௦ = √𝑅𝑇 (4.14) 

Combining Eq. (4.13) with the definition of the lattice sound velocity 𝑐௦ (Eq. (4.14)) and the 

definition of bulk viscosity (Eq. (4.10)), the following relationship can be derived for MRT-LBM 

[231]: 

 

𝜏௦ =
1

2
+ ඨ

6

𝜋

𝜆

𝛿௫
Ψ(𝜆, 𝐱) =

1

2
+ ඨ

6

𝜋
𝐾𝑛 ∙ 𝑁 ∙ Ψ(𝜆, 𝐱) (4.15) 

where Ψ is a viscosity function purposely introduced to account for local variations of the mean 

free path, which will be explained in more detail in Section 4.2.3, and 𝑁 =
௅಴

ఋೣ
 is the grid cell number 

along the characteristic length.  

An immediate consequence of the latter relationship is that as the numerical grid spacing 

gets finer (𝛿௫ → 0), the relaxation time grows without bounds 𝜏௦ → ∞. Inserting 𝜏௦ from Eq. (4.15) 

into Eq. (4.10) also shows that a convective scaling ൫𝛿௧ ~ 𝑂(𝛿௫)൯ is imposed and, consequently, 

the conditions of the convergence analysis usually considered for the LBM scheme are changed. 

4.2.3 Viscosity functions 

Within the Knudsen layer, a region of length varying as 𝑂(𝜆) near the solid boundaries of 

the system, gas molecule paths are restricted in the vicinity of the solid walls. The mean free path 

in this region will thus be shorter than the bulk mean free path. In the extended Navier-Stokes 

equations, it is assumed that Eq. (4.13) which relates the effective mean free path and the effective 

viscosity, holds in the Knudsen layer. In other words, the mean free path remains proportional to 
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the viscosity defined by the local stress-strain relationship of the fluid. A viscosity function Ψ(𝜆, 𝐱) 

can thus be defined as: 

 
Ψ(𝜆, 𝐱) =

𝜆௘

𝜆
=

𝜇௘

𝜇
 (4.16) 

where the subscript 𝑒 in this context indicates a local effective quantity. As the mean free path is 

always shorter than the unrestricted bulk mean free path, 0 < Ψ(𝜆, 𝐱) < 1. 

 The expression of the viscosity function is geometry dependent, which can be difficult to 

evaluate for a complex geometry [287]. Analytical solutions have been developed for a slit flow 

bounded by two parallel planes located at 𝑥 = −
ு

ଶ
 and 𝑥 =

ு

ଶ
. Assuming free paths follow an 

exponential distribution, Guo et al. [225] derived the following viscosity function: 

 

Ψ(λ, 𝐱) =
1

2
൮𝜓 ቌ

𝑥 −
𝐻
2

𝜆
ቍ + 𝜓 ቌ

𝑥 +
𝐻
2

𝜆
ቍ൲ (4.17) 

where the function 𝜓 is defined [346] as: 

 𝜓(𝑥) = 1 + (𝑥 − 1) exp(−𝑥) − 𝑥ଶ𝐸௜(𝑥) (4.18) 

and where 𝐸௜(𝑥) is the exponential integral function: 

 
𝐸௜(𝑥) = න 𝑡ିଵ exp(−𝑥𝑡) d𝑡

ஶ

ଵ

 (4.19) 

According to Stops [346], an exponential distribution of molecular free paths is valid for gas 

systems under the assumption of thermodynamic equilibrium. However, in the Knudsen layer, 

assuming thermodynamic equilibrium is not valid because of insufficient collisions between gas 

molecules. An alternative proposed by Dongari et al. [228] is to change the exponential distribution 

function for a power-law function. It was argued that a fat-tailed distribution would be more 

appropriate to represent the non-equilibrium effects in the Knudsen layer. The following viscosity 

function was later proposed for a planar wall [233]: 
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Ψ(λ, 𝐱) = 1 −
1
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ଵି௡
଻

௜ୀଵ
⎠
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(4.20) 

where 𝑎 = 𝜆(𝑛 − 2) and 𝑛 is the exponent of the power-law distribution. When 𝑛 → ∞, the 

exponential distribution is recovered. 𝑛 was chosen here to be equal to 3 as in [162, 170, 235]. 

4.2.4 Kinetic boundary conditions 

Slip BCs in the context of rarefied flows are generally imposed with the LBM by a 

combination of weighted individual kinetic schemes. Three individual kinetic boundary conditions 

are presented here: bounce-back, specular reflection, and diffusive reflection or scattering. Solid 

walls are taken as static, i.e., 𝐮௪ = 0. Figure 4.2 illustrates these three BCs. The bounce-back BC 

is used on its own to impose no-slip BCs: 

 𝑓௜
(஻஻)

= 𝑓௢௣௣ௗ௜௥(௜) (4.21) 

where the subscript 𝑜𝑝𝑝𝑑𝑖𝑟(𝑖) indicates the population coming from the opposite direction 

𝐜௢௣௣ௗ௜௥(௜) = −𝐜௜ and superscript (𝐵𝐵) stands for bounce-back. Specular reflection may be used to 

impose slip BCs: 

 𝑓௜
(ௌோ)

= 𝑓௜ᇱ (4.22) 
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where the subscript 𝑖′ indicates the velocity reflected from the wall with 𝐜௜ᇱ = 𝐜௜ − 2(𝐜௜ ∙ 𝐧)𝐧, 𝐧 is 

the normal unit vector pointing to the exterior of the surface and superscript (𝑆𝑅) stands for 

specular reflection. By imposing an equilibrium distribution at the wall on boundary populations, 

the diffusive BC can also be used to impose slip BCs [335]: 

 𝑓௜
(஽)

= 𝐾𝑓௜
(௘௤)

(𝜌௪, 𝟎) (4.23) 

where 𝜌௪ is the density at the wall, superscript (𝐷) stands for diffusive and factor 𝐾 ensures that 

the gas does not penetrate through the solid boundary through the following definition: 

 
𝐾 =

∑ |𝐜௜ ∙ 𝐧|𝑓௜𝐜೔∙𝐧ழ଴

∑ |𝐜௜ ∙ 𝐧|𝑓௜𝐜೔∙𝐧ழ଴
(௘௤)

(𝜌௪, 𝟎)
 (4.24) 

 

Figure 4.2   Kinetic BC schemes for LBM: (a) the bounce-back BC, (b) the specular reflection 

BC, and (c) the diffusive scattering BC. The parameter Δ sets the position of the wall at the 

frontier node. As half-way BCs are used here, Δ =
ଵ

ଶ
. 
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In some versions of diffusive BC [347, 348], population 2 was actually bounce-backed, while the 

diffusive BC was used for populations 5 and 6. In another version of diffusive BC [289], the 𝐾 

factor was omitted. In those articles, only flows perpendicular to solid walls were investigated. 

Most articles in the literature use the diffusive reflection defined with Eqs. (4.23) and (4.24). 

Several combinations of these BCs reported in the literature have been used to simulate 

rarefied flows. Maxwell’s original diffusive specular reflection in its discretized form (DSR) is 

formulated as [337, 338]: 

 𝑓௜ = (1 − 𝜎௩)𝑓௜
(ௌோ)

+ 𝜎௩𝑓௜
(஽) (4.25) 

where 0 ≤ 𝜎௩ ≤ 1 is the discrete accommodation coefficient for DSR BC, which represents the 

relative importance of diffusive scattering with respect to the overall BC response. The combined 

bounce-back and specular reflection (CBBSR) is formulated as [286]: 

 𝑓௜ = (1 − 𝛼)𝑓௜
(ௌோ)

+ 𝛼𝑓௜
(஻஻) (4.26) 

where 0 ≤ 𝛼 ≤ 1 is the accommodation coefficient for CBBSR, which represents the relative 

importance of the bounce-back with respect to the overall BC response. DBB BC is formulated as 

[339]: 

 𝑓௜ = (1 − 𝑟)𝑓௜
(஽)

+ 𝑟𝑓௜
(஻஻) (4.27) 

where 0 ≤ 𝑟 ≤ 1 is the accommodation coefficient for DBB, which represents the relative 

importance of the bounce-back with respect to the overall BC response. 

 In the continuum mechanics framework, slip BCs are formulated through relationships to 

velocity, not populations. The Maxwell second-order BC is often used in engineering applications 

for its simplicity. A version including effective viscosity (𝜇௘) effects via the local mean free path 

𝜆௘ and relation (4.16) has been proposed in Ref. [236]: 

 
𝐮௦ = 𝐴ଵ𝜆௘

𝜕𝐮

𝜕𝐧
− 𝐴ଶ𝜆௘ ൭

𝜕

𝜕𝐧
൬𝜆௘

𝜕𝐮

𝜕𝐧
൰൱ (4.28) 
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where 𝑢௦ is the velocity of the fluid at the wall and 𝐴ଵ and 𝐴ଶ are coefficients that depend on gas-

solid interactions obtained from theoretical models or experimental results [158].  

Although it was initially thought that LBM was able to simulate slip flows by discretizing 

DSR BC with kinetic accommodation coefficients obtained experimentally without resorting to an 

explicit velocity BC, a theoretical analysis of the D2Q9 scheme [285] showed discrepancies 

between continuous Boltzmann equation solutions and LBM solutions. Any discrete velocity 

model collapses molecular velocities to finite solid angles. Equation (4.15) shows that as the 

Knudsen number increases, populations are less relaxed. In a Poiseuille flow, this results in discrete 

populations never being streamed toward a wall and thus unrealistically out of equilibrium, which 

almost surely never happens in the continuous Boltzmann equation. In Ref. [349], it was proposed 

to add a partial diffusion to all fluid lattice sites weighted by a certain probability of molecules 

interacting with the wall. An explicit characteristic length must be defined, which would be difficult 

to determine for complex geometries. Rather than relying on a characteristic length, expressions 

between accommodation coefficients (i.e., 𝜎௩, 𝛼, and 𝑟 in Eqs. (4.25)-(4.27)) and macroscopic 

velocity coefficients (𝐴ଵ and 𝐴ଶ) have thus been derived for the DSR, CBBSR [285], and DBB 

[289] schemes by studying flows on a planar geometry. For the CBBSR scheme, for instance: 

 
𝛼 =

1

1 + 𝜒𝐴ଵ
 (4.29) 

where 𝜒 = ඥ𝜋 6⁄ . Further theoretical analysis of a rectilinear slip flow (without Knudsen layer 

effects) [339] showed that the DSR, CBBSR, and DBB schemes all produce the expected parabolic 

flow. The following simple relationship relates all the aforementioned BCs: 

 
𝛼 =

𝜎௩

2
=

1 + 𝑟

2
 (4.30) 

It must be noted that the validity of Eq. (4.30) is restricted by the condition that the accommodation 

coefficients 𝛼, 𝜎ఔ, and 𝑟 must be positive and inferior or equal to unity when used. This is not an 

issue for the CBBSR BC, but it is for DSR and DBB BCs. For example, DSR BC cannot be used 

when 𝐴ଵ < 1/𝜒 ≈ 1.382. However, all macroscopic velocity BCs compiled in a review paper on 

slip models [158] lead to 𝐴ଵ < 1/𝜒. It is thus difficult to apply DSR BC in practice to a real 

physical system. This is why this BC will not be considered any further. Based on the same 
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argument, DBB BC cannot be applied if 𝐴ଵ > 1/𝜒. However, this is not the case for any of the 

models mentioned in the aforementioned compilation. It can thus be concluded that DBB BC is 

applicable to real physical systems and should thus be favored on this basis. 

The development of relationships between kinetic and macroscopic velocity BCs also 

showed [287] that the energy flux relaxation time 𝜏௤ must be modified to recover the exact slip 

velocity at the boundary. For the D2Q9 population set, the expression for the relaxation time 𝜏௤ is 

given by: 

 
𝜏௤ =

1

2
+

𝜋𝐴ଶ(2𝜏௦ − 1)ଶ + 3

8(2𝜏௦ − 1)
 (4.31) 

These relationships were derived without considering effects of the Knudsen layer. Recalling Eq. 

(4.15), the relaxation time 𝜏௦ should be a function of position. For the CBBSR scheme, a more 

general expression for the relaxation time 𝜏௤ as well as a new accommodation coefficient were 

developed for a spatially varying relaxation time [236]: 

 
𝛼 =

1

1 + 𝜒𝐴ଵ +
𝜏௦௪

ᇱ 𝛿௫

8 ቀ𝜏௦௪ −
1
2

ቁ
ଶ

 
(4.32) 

 

𝜏௤ =
1

2
+

𝜋𝐴ଶ(2𝜏௦௪ − 1)ଶ + 3

8(2𝜏௦௪ − 1)

𝜏௦௪
ᇱ 𝛿௫(12 + 30 ቀ𝜏௦௪ −

1
2

ቁ 𝜒𝐴ଵ

16 ቀ𝜏௦௪ −
1
2

ቁ
ଶ  (4.33) 

where the subscript 𝑤 represents a value at the wall and 𝜏௦௪
ᇱ  is the derivative of 𝜏௦௪ in the direction 

normal to the wall. When Knudsen layer effects are not considered, Ψ equals 1 everywhere, 𝜏௦௪
ᇱ =

0, and Eqs. (4.32) and (4.33) reduce to Eqs. (4.29) and (4.31). 

4.2.5 Extended diffusive bounce-back boundary condition 

In this section, an extension of DBB BC, including effective viscosity gradients throughout 

the geometry, is presented given that such an extension has never been addressed before in the 

literature. Relationships for 𝛼 and 𝜏௤ expressed in Eqs. (4.32) and (4.33) for CBBSR BC have been 

demonstrated through a lengthy development [236] for a rectilinear flow for which a variable 
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effective viscosity is considered. Although relatively straightforward, this development has not 

been reported out in the literature for DBB BC. To obtain the corresponding parameters (i.e. 𝑟 and 

𝜏௤) for DBB BC, one of the premises of the development related to the definition of BC needs to 

be changed. Equation (43) in [236] gives a relationship between incoming and outcoming 

populations (the latter populations being marked with a tilde) at the wall located at the bottom of a 

flow such that: 𝑓ହ − 𝑓଺ = (1 − 2𝛼)൫𝑓ሚ଼ − 𝑓ሚ଻൯ (with directions corresponding to those illustrated in 

Figure 4.1). For DBB, the outcoming populations at the boundary are given by: 

 𝑓ଶ = 𝑟𝑓ሚସ + (1 − 𝑟)𝐾𝑓ଶ
(௘௤)

(𝜌௪, 𝟎) 

𝑓ହ = 𝑟𝑓ሚ଻ + (1 − 𝑟)𝐾𝑓ହ
(௘௤)

(𝜌௪, 𝟎) 

𝑓଺ = 𝑟𝑓ሚ଼ + (1 − 𝑟)𝐾𝑓଺
(௘௤)

(𝜌௪, 𝟎) 

(4.34) 

As 𝑓ହ
(௘௤)

(𝜌௪, 𝟎) = 𝑓଺
(௘௤)

(𝜌௪, 𝟎), it follows from the DBB scheme that: 

 𝑓ହ − 𝑓଺ = −𝑟൫𝑓ሚ଼ − 𝑓ሚ଻൯ (4.35) 

Eq. (4.35) stays true for variable effective viscosities, as this equation relates populations locally 

in the boundary lattice and is thus independent of viscosity gradients. The following relationship 

is thus straightforwardly derived from Eq. (4.30) for the DBB: 

 

𝑟 =

1 − 𝜒𝐴ଵ −
𝜏௦௪

ᇱ 𝛿௫

8 ቀ𝜏௦௪ −
1
2

ቁ
ଶ

1 + 𝜒𝐴ଵ +
𝜏௦௪

ᇱ 𝛿௫

8 ቀ𝜏௦௪ −
1
2

ቁ
ଶ

 (4.36) 

Eq. (4.33), initially developed for the CBBSR BC scheme, continues to hold true for 𝜏௤ as this part 

of the derivation is not modified. 

An advantage of this extended DBB BC is its locality. According to Eq. (4.34), populations 

from a solid wall are calculated from populations from the same lattice and macroscopic variables 

from the wall. For CBBSR BC, as can be seen in Figure 4.2b, in the half-way bounce back case, 

reflected populations should be reflected on the next lattice. Specular reflection is thus non-local. 
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At steady state, for flows considered to be incompressible through rectilinear geometries such as a 

semi-infinite plane or a rectilinear channel, the velocity only varies in the direction normal to the 

surface. In these cases, the issue of streaming the reflected population to the next lattice in the 

specular reflection scheme is hidden. Furthermore, in corners such as the one represented in Figure 

4.3, the direction in which the population should be reflected is ambiguous [114, 289, 340]. Any 

attempt to solve this ambiguity would be difficult in a three-dimensional complex geometry as a 

great number of exceptions would need to be considered for corners. The extended DBB BC 

presented in this section would in principle get around all these issues and would thus offer an 

unambiguous and relatively simple scheme.  

 

Figure 4.3   Schematic of specular reflection at a corner. The destination of the population at 

location 𝐱௙ is not well defined: both destinations 𝐱௙
∗ and 𝐱௙

∗∗ should be considered. 

 Another extension of the DBB BC was proposed previously [184], where the bounce-back 

ratio is explicitly related to the Knudsen number for a planar flow. While satisfactory results were 

obtained for a slit flow, it requires an explicit definition of the characteristic length, which would 

be difficult to define for a complex geometry. This problem can be avoided with the DBB BC 

proposed in this paper.  

One potential caveat that must however be mentioned is mass conservation at the boundary 

for the diffusive part of the BC. As populations outgoing from a wall are calculated from 

macroscopic variables, mass conservation is not a priori guaranteed. However, in practice, no such 

problems were found in papers [114, 195, 289, 291, 292, 295, 300, 339, 340, 350, 351].  
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4.3 Accuracy Assessment of the Extended Diffusive Bounce-Back 

Boundary Condition 

Most LBM schemes for rarefied gas flows impose a dependence between the grid spacing, 

the relaxation time, the Knudsen number and the viscosity through Eq. (4.15). This imposes a 

reduction in the degrees of freedom, which may impact the convergence order of the scheme, and 

a finite grid-independent constant Mach number. In Sec. 4.3.1, the impact of this dependence will 

be analyzed via different cases for a slip flow through a slit, for which it will be ensured that both 

the Mach number and pressure gradients have a negligible effect on the flow. The extended DBB 

BC will be assessed in this section. In Sec. 4.3.2, a numerical example of a rarefied flow through a 

slit will be conducted to assess the performance of this extended DBB BC. Figure 4.4 represents 

the slit flow test case. The lattice unit system [251] has been used here with 𝛿௫ = 𝛿௧ = 1. To 

enforce a pressure drop through the slit, a body force term of 𝐹௬ = 10ିହ in lattice units was used, 

which guaranteed 𝑀𝑎 < 0.01 for all the simulations. DBB BC was used to impose slip boundary 

conditions on the 𝑥-boundaries, while periodic conditions were used for the 𝑦-boundaries. The 

number of lattices in the 𝑦-direction was always equal to 2 as the invariability of the flow made it 

possible to reduce the number of lattices in that direction. Unless stated otherwise, relaxation times 

were chosen in the following way: 𝜏௦ with Eq. (4.15), 𝜏௤ with Eq. (4.33), 𝜏ఘ = 𝜏௝ = 1, 𝜏௘ = 1.1 

and 𝜏ఢ = 1.2. Note that the last four relaxation times had very little impact on the results. The 

density of the gas at the wall used in Eq. (4.24) for the diffusive part of the BC was taken to be 

equal to the density at the center of the boundary fluid node. It was verified that for all simulations 

carried out in this article, mass was always conserved and that there were no density gradients. 

4.3.1 Convergence analysis 

The convergence of DBB BC was verified using simulations of a slit flow between two 

planes in 𝑥 = ±𝐵, where 𝐵 is half the distance between the two planes. The analytical solution of 

a two-dimensional slit flow for constant viscosity is [340]: 

 
𝑣௬,௔௡௔௟ =

𝜌𝑎𝐵ଶ

2𝜇
ቆ1 −

𝑥ଶ

𝐵ଶ
+ 4𝐴ଵ𝐾𝑛 + 8𝐴ଶ𝐾𝑛ଶቇ (4.37) 
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where 𝐾𝑛 =
ఒ

ଶ஻
 and 𝑥 is the position in the 𝑥-direction as shown in Figure 4.4. The relative error 

is defined by the Euclidian 𝐿ଶ-norm as: 

 
𝐸(𝑣) =

ฮ𝑣௬,௅஻ெ − 𝑣௬,௔௡௔௟ฮ
ଶ

ฮ𝑣௬,௔௡௔௟ฮ
ଶ

 (4.38) 

 

 

Figure 4.4   Schematic representation of the slit flow test case. 

 

Three cases were considered for the convergence analysis. In the first case, a no-slip BC 

(i.e. 𝐴ଵ = 𝐴ଶ = 0) was simulated, with all relaxation times equal to one. MRT-LBM thus reduced 

to the BGK-LBM formulation. All considerations of slip phenomena were thus removed in this 

case. The results reported in Figure 4.5 show a second-order convergence, as expected [250-252]. 

While this case did not give any information on the convergence of the scheme for slip flows, the 

implementation of the code was verified for standard continuous no-slip flows. 
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Figure 4.5   𝐿ଶ relative error for the BGK-LBM scheme without slip for the slit flow test case. 

 

In the second case, a slit flow with slippage at the wall was simulated with 𝐴ଵ = 1 and 𝐴ଶ =

0.5 as in [225]. The Knudsen number was kept constant at 𝐾𝑛 = 1 and the relaxation rate 𝜏௦  thus 

increased with the refinement of the grid. Figure 4.6 shows that a first-order convergence for this 

scheme was recovered in this case. Although a body force term was used as a driving force, the 

order of convergence obtained was similar to the one obtained for a compressible flow with 

pressure boundary conditions in 𝑥 as in [339].  
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Figure 4.6   𝐿ଶ relative error of the MRT-LBM scheme with slip for a fixed Knudsen number 

𝐾𝑛 = 1 and a 𝜏௦ defined by Eq. (4.15) for the slit flow test case. 

 

In the third case, the constants were kept at 𝐴ଵ = 1 and 𝐴ଶ = 0.5. However, the Knudsen 

number was modified according to Eq. (4.15) to keep 𝜏௦ = 1 for each individual grid size. Various 

degrees of slippage were thus used to carry out the convergence test, with 0.001 < 𝐾𝑛 < 0.05. It 

can be seen from Figure 4.7 that a second-order convergence was obtained in this case. 

There were no compressibility effects for all three cases as the Mach number was lower 

than 10ିଷ for all the tests and as the planar channel flows were driven by a constant body force for 

all the tests considered. Given this, the cause of the degradation of the convergence order of the 

MRT-LBM scheme for rarefied flows cannot be attributed to compressibility effects or pressure 

gradients. When a constant relaxation time was used to carry out the convergence test, a second-

order convergence was recovered. It was therefore the increase in 𝜏௦ with grid refinement that was 

responsible for the apparent degradation of the convergence order. This would explain the apparent 

contradictory results reported in the literature for slip velocity BCs adjusted through combinations 
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of kinetic BCs [236, 334, 339], while the approach proposed in [342] explicitly setting the slip 

velocity through the moments cannot be used as a basis of comparison. These results showed that, 

when a convergence analysis is performed in this context, the choice as to whether to keep 

relaxation times or the Knudsen number constant has a fundamental impact on the convergence 

order of MRT-LBM that can be recovered due to the reduced degree of freedom resulting from the 

dependence between the grid spacing, the relaxation time, the Knudsen number, and the viscosity. 

 

Figure 4.7   𝐿ଶ relative error of the MRT-LBM scheme with slip for a fixed 𝜏௦ = 1 and a 

corresponding Knudsen number defined by Eq. (4.15) for the slit flow test case. 

4.3.2 Verification of the proposed DBB BC scheme 

The extended DBB BC was applied to a slit rarefied flow driven by a body force on a wide 

range of Knudsen numbers (from 0.05 < 𝐾𝑛 < 10). Several combinations of coefficients 𝐴ଵ and 

𝐴ଶ from the Maxwell second-order macroscopic velocity BC and viscosity functions were tested, 

as shown in Table 4.1. These results were compared to those of a numerical solution of the 

linearized Boltzmann equation [171], those from the Virtual Wall Collision LBM (VWC-LBM) 
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combined with pure diffusive BC [349], and experimental results [352] reported by Guo et al. 

[236]. 

Table 4.1   Velocity BCs and viscosity functions tested to verify of the extended DBB scheme. 

Solving method Case 𝐴ଵ 𝐴ଶ Ψ Ref. 

Analytical solution of the 

Navier-Stokes equations 

with no-slip BCs 

NS 0 0 1 - 

Virtual Wall Collision LBM VWC-

LBM 

N/A N/A 1 [349] 

DBB BC with Cercignani’s 

slip velocity coefficients 

LBM-1 1.146 0.9796 1 [138] 

Extended DBB BC LBM-2 0.8183 0.6531 Eq. (4.17) [236] 

Extended DBB BC LBM-3 1 0.31 Eq. (4.20) [233] 

Predictions of the normalized mass flow 𝑀 are shown in Figure 4.8 for the LBM simulations 

combined with the aforementioned BCs. It can be seen that, on the one hand, the Navier-Stokes 

equations are unable to recover experimental measurements and solutions of the Boltzmann 

equation over the range of the 𝐾𝑛 values tested, while LBM combined with DBB BC but without 

a viscosity function (LBM-1) is only valid for 𝐾𝑛 < 0.1. In addition, it can be seen that the VWC-

LBM provides, without the explicit use of a viscosity function, good agreement with the 

experimental data up to 𝐾𝑛~1, but diverges rapidly beyond this point. On the other hand, the LBM 

simulations for the extended DBB BC combined with Guo et al.’s slip coefficients (i.e. 𝐴ଵand 𝐴ଶ) 

and Stops’ viscosity function (LBM-2), and for the extended DBB BC combined with Dongari et 

al.’s slip coefficients and a viscosity function (LBM-3) both reproduce well the flow for the whole 

range of Knudsen numbers investigated, with the latter being more accurate than the former, 

especially for 0.5 < 𝐾𝑛 < 10. 
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Figure 4.8   Predictions of the normalized mass flow for a rarefied slit flow for LBM with the 

extended DBB BC compared with experimental data and other methods. Acronyms refer to the 

cases presented in Table 4.1. 

It must also be noted that while the LBM-2 results presented in Figure 8 were obtained with 

the extended DBB BC, identical results were reported with CBBSR BC in Ref. [236]. The degree 

of agreement between the two BCs is so good that the two curves would have been 

undistinguishable if plotted together. This is why only one curve is given in Figure 8. This also 

shows that the extended DBB BC is able to recover results obtained with previous BCs with a very 

high precision. 

4.4 Conclusions 

In this article, the three kinetic boundary conditions (DSR, CBBSR and DBB BCs) found 

in the literature for the simulation of rarefied gas flows with LBM have been reviewed. DBB BC 

was extended to include Knudsen layer effects and the associated local effective viscosity as 
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previously reported for CBBSR BC. A new relationship was derived for the accommodation 

coefficient representing the relative importance of the bounce-back with respect to the overall BC 

response. The generalized Navier-Stokes equations were thus recovered with the extended DBB 

BC. A few additional advantages of the present method are the absence of ambiguities in the 

treatment of corners on non-planar solid boundaries, space locality, and the relative ease of 

implementation in a three-dimensional lattice system, unlike methods involving specular 

reflection, namely DSR and CBBSR.  

Contradictory findings in the literature regarding the convergence order of the rarefied 

scheme for the LBM have been examined. Test cases decoupling the compressibility of the scheme 

from the compressibility of the physical flow were carried out in this work to solve this controversy. 

It is shown here that fixing the relaxation time and varying the Knudsen number produces a second-

order convergence, while a first-order convergence is recovered with a fixed Knudsen number. For 

a fixed Knudsen number, refining the grid increased the relaxation time. This proves that the 

scaling of the problem results in a reduction from second- to first-order convergence, regardless of 

the compressibility effect of the physical problems considered.  

The extended DBB BC was tested using a rarefied slit flow driven by a body force term and 

then compared to experimental data and solutions to the Boltzmann equation. The extended DBB 

BC, with two combinations of macroscopic velocity BCs and viscosity functions, was able to 

recover the volumetric flow rate over a wide range of Knudsen numbers, as previously reported for 

CBBSR BC [236].  

It must be mentioned that, although the extended DBB BC is intended to simplify 

simulations in complex geometries, all the tests reported in the present article were carried out on 

planar BCs. Several articles [195, 292-295, 300-302] have specifically discussed the phenomena 

of velocity aliasing in complex geometries caused by the presence of numerical artefacts in the 

higher-order moments of the flow. A regularization procedure (presented in [290]) was used to 

ensure the isotropy of the LBM scheme. To the best of our knowledge, the influence of this 

regularization procedure on kinetic slip boundary conditions for the LBM has not yet been studied 

in the literature. This will be the focus of our future work.  

 

 



94 

 

Acknowledgements 

Financial support from the Simulation-based Engineering Science (Génie Par la Simulation) 

program funded through the CREATE program from the Natural Sciences and Engineering 

Research Council of Canada is gratefully acknowledged. 

Declaration of Interest 

The authors declare no conflicts of interest.  

 

 

 

 

 

 

  



95 

 

CHAPITRE 5 ARTICLE  3: DEVELOPMENT OF A KINETIC SLIP 

BOUNDARY CONDITION FOR RAREFIED GAS FLOWS THROUGH 

NON-PLANAR GEOMETRIES BASED ON THE REGULARIZED 

LATTICE-BOLTZMANN METHOD 

Jean-Michel Tucny, David Vidal, Sébastien Leclaire et François Bertrand – soumis le 19 octobre 

2020 à la revue Physical Review E – p. XXX – XXX (Note : le texte présenté ici peut ne pas 

correspondre à la version finale) 

Abstract. The simulation of rarefied gas flows through complex porous media is challenging due 

to the tortuous flow pathways inherent to such structures. The Lattice Boltzmann method (LBM) 

has been identified as a promising avenue to solve flows through complex geometries due to the 

simplicity of its scheme and its high parallel computational efficiency. It has been proposed to 

model the stress-strain relationship with the extended Navier-Stokes equations rather than 

attempting to directly solve the Boltzmann equation through a high-order velocity scheme. 

However, a regularization technique is required to filter out non-resolved higher-order components 

with a low-order velocity scheme. Although accurate imposition of boundary conditions (BCs) is 

of critical importance in the LBM and has been used for the non-regularized multiple relaxation 

time LBM (MRT-LBM) for planar geometries, previous slip BCs have never been verified 

extensively on non-planar or complex geometries. In this work, following an extensive literature 

review on the imposition of slip boundary conditions for rarefied flows with the LBM, it is proven 

that earlier values for kinetic parameters developed to impose slip BCs with the non-regularized 

MRT-LBM are inaccurate for the regularized MRT-LBM and differ between the D2Q9 and D3Q15 

schemes. The error was eliminated for planar flows and good agreement between analytical 

solutions for arrays of cylinders and spheres was found with a wide range of Knudsen numbers.  

Keywords: lattice Boltzmann method (LBM), boundary condition (BC), rarefied flow, non-planar 

geometry  
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5.1 Introduction 

Porous media are among the most complex geometries found in nature and industry. The 

macroscopic transport properties of porous media, such as permeability, are determined by their 

microscopic structure. Detailed knowledge of flow fields inside porous media can thus provide a 

better understanding of this structure, allowing the systems or processes involving porous media 

to be optimized. Numerical simulations have attracted interest for their potential to determine 

porous media transport properties. Despite the increase in computational power in recent years, 

traditional CFD methods are still limited with respect to the direct simulation of gas flows through 

realistic three-dimensional porous media for two reasons: (1) the presence of multiple scales of 

characteristic length in the same porous medium, and (2) the solid-fluid boundaries with convoluted 

topologies often found inside porous media [353]. 

The presence of several magnitudes of characteristic length implies that regions where the 

molecular mean free path 𝜆 is comparable to the characteristic length of the flow 𝐿஼ can occur 

throughout the domain. The Knudsen number 𝐾𝑛 = 𝜆/𝐿஼ gives a measure of flow rarefaction by 

indicating the extent to which gas molecules propagate before collisions exchange momentum and 

energy between gas molecules. In the Knudsen layer, a ~2𝜆 region near solid surfaces, local 

thermodynamic equilibrium is not reached, the continuum hypothesis no longer applies, and the 

Navier-Stokes equations (NSEs) no longer represent gas flow dynamics. Four regimes of 

rarefaction can be considered based on Devienne’s original classification: (1) continuous flow 

(𝐾𝑛 < 0.001), (2) slip flow (0.001 < 𝐾𝑛 < 0.1), (3) transition (or Knudsen) flow (0.1 < 𝐾𝑛 <

10), and (4) free molecular flow (𝐾𝑛 > 10) [52]. In the continuous flow regime, the NSEs can be 

used with no-slip boundary conditions (BCs). In the slip flow regime, gas molecules incoming from 

a region with a finite flow velocity contribute to a non-zero slip velocity at the boundary. However, 

the NSEs are still considered to be valid in the bulk of the flow. In the transition or Knudsen flow 

regime, the Knudsen layer becomes large compared to the bulk of the flow, and the NSEs become 

invalid. In the free molecular flow regime, collisions between gas molecules are negligible. Limits 

between those regimes may vary depending on the authors [55, 149, 158, 354-357] and should 

depend on the physics involved [355-357] and the geometry [55]. 

 Although the Boltzmann equation is generally accepted as valid for all Knudsen numbers, 

analytical solutions have been developed only for a few simple geometries [137, 138, 257]. Most 
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numerical methods currently used in the literature are not adapted for both continuum and rarefied 

flow regimes. The expansion of hydrodynamical equations from the Boltzmann equation, such as 

the Chapman-Enskog expansion [137, 138] or Grad’s moment method [141], requires the 

specification of higher-order BCs [142-151] and is unable to recover proper flow fields at high 

Knudsen numbers (𝐾𝑛 > 1) [138, 149-152]. Lagrangian methods such as molecular dynamics 

(MD) and direct-simulation Monte-Carlo (DSMC) involve the simulation of a very large number 

of molecules and are thus unsuitable for continuum flows, especially in the low Mach number limit 

[257, 258]. Although hybrid continuum-DSMC schemes based on domain decomposition have 

been proposed [259-266], computational performance is still limited by the fraction of the domain 

in which the DSMC must be used. Furthermore, in complex porous media, this decomposition 

would be more difficult than for planar flows. Another discretization of the Boltzmann equation, 

called the unified gas kinetic scheme (UGKS), has been proposed [258, 358, 359] and has been 

improved in the discrete unified gas kinetic scheme (DUGKS) [267]. Accurate results have been 

reported for the DUGKS scheme for all rarefaction regimes [267] as well as in combination with 

turbulent [268, 269], thermal, and compressible flows [270, 271]. However, for high Knudsen 

numbers, a large number of discrete velocity populations are required, and the number of discrete 

populations necessary to obtain an acceptable error is generally unknown a priori. The drawbacks 

of all the aforementioned methods are exacerbated when considering a flow inside a complex 

porous medium.  

The Lattice Boltzmann method (LBM) is an alternative and well-proven approach for 

solving gas flows through porous media [250-253]. It is based on a discretization of the Boltzmann 

equation in which populations with a finite velocity set evolve according to a propagation-collision 

scheme on a regular Cartesian grid with a finite-difference scheme in time. It is possible to show 

that the LBM recovers the Navier-Stokes equations (NSEs) under continuum and weak 

compressibility assumptions through a Chapman-Enskog expansion [250-252]. The local and 

explicit nature of the LBM enables its massive parallelization and thus the simulation of multiple 

scales of characteristic length in porous media. The representation of solid and fluid lattices with a 

simple Boolean geometry facilitates BC discretization. Given all these advantages, studies have 

been conducted using the LBM on gas flows through porous media in various research fields such 

as shale gas [185, 186, 188, 192, 193, 195-197, 201, 203, 204, 207-215, 295, 296, 360-373], 
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microelectromechanical systems (MEMS) [183, 187, 189, 199, 200, 206, 297, 304, 334, 337, 340, 

348, 374-390], catalytic reactions [301, 302, 391], and air filtration [120, 121, 123, 317, 392-399]. 

Alternatively, the NSEs can be recovered with the LBM through a Hermite polynomial 

expansion, as has been done for the continuous version of the Boltzmann equation with Grad’s 

moment method [275, 400]. This approach better illustrates the relationship between the number 

of populations used to discretize the velocity space and rarefied flow behavior recovery. The size 

of the velocity set is determined by the quadrature of the Gauss-Hermite polynomial [275]. For 

example, it is well established that, in two dimensions, the D2Q9 model with its 9-velocity set is 

sufficient to capture the NSEs [250-252, 275, 400, 401]. Higher-order Gauss-Hermite quadratures 

containing larger velocity sets have been used to attempt to capture rarefied flow behavior. 

Theoretical derivations showed that such higher-order quadratures are able to recover the Burnett 

and Super-Burnett equations and that they can potentially recover even higher-level 

approximations [275]. Although these equations have been described as numerically unstable, no 

numerical instabilities have been found when using well-posed higher-order LBMs to solve 

equations at the Burnett, Super-Burnett, or arbitrarily higher level, [272, 273, 276, 277, 291, 293, 

294, 303, 329, 350, 402]. Tests involving higher-order Gauss-Hermite quadratures on domains 

without boundaries [273] and with planar boundaries [272, 274, 276-281, 403, 404] have shown 

an improvement relative to the D2Q9 scheme compared to solutions of the linearized Boltzmann 

equation. One study [294] claimed agreement between the empirical correlations of Klinkenberg 

[39] and Beskok and Karniadakis [180] for rarefied flows through porous media. However, studies 

on the influence of the number of velocities showed that lattices with an odd number of velocities 

(D2Q25) could perform worse than lattices with an even number of velocities (D2Q16) [272-274] 

despite the larger size [275]. The same conclusion was reached for very high-order quadratures 

(D2Q4761 and D2Q4624) [276]. Insufficient discretization at the boundary has been suggested as 

one source of the discrepancy between DSMC simulations and linearized Boltzmann equation 

solutions. Given that higher-order moments (in particular, the energy flux, a third-order moment) 

are not recovered accurately at the boundary [279-281, 403], a solution has been proposed to avoid 

velocity schemes with zero velocity [274, 276, 278, 279, 281, 403], thus also avoiding the free-

streamers described in [349]. Averaging two lattices of even and odd Gauss-Hermite expansion 

order may improve the computation of the stress-strain relationship for a planar flow [278]. Further 

improvements have been made by creating anisotropic velocity sets, either through increased 
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refinement in specific directions [281] or half-range polynomials [403, 405-409]. Despite these 

advances, it remains difficult to know a priori the required Hermite polynomial expansion order 

required to simulate rarefied gas flows, especially for complex solid-fluid boundaries. 

A more permanent drawback of the use of higher-order Gauss-Hermite quadratures is their 

larger velocity sets, which require more memory and computational resources [273, 275-281]. 

Large velocity sets also include velocities that are propagated further in the domain, which in 

parallel computing would require significantly larger ghost layers [277]. Communication times 

would thus increase relative to local computations, which would reduce their parallel efficiency 

[255, 256]. This would negate one of the main advantages of the LBM for simulating gas flows 

through porous media. 

A proposed alternative to the direct approximation of the Boltzmann equation with the LBM 

is to represent the modification of the stress-strain relationship in rarefied flows with a local 

viscosity function. This approach has been referred to as the extended or generalized NSE. Its main 

advantage is its low computational cost. It has been used to simulate intermediate to high Knudsen 

flows with low-order LBM solvers [184, 187-189, 193, 198, 201, 204, 207, 208, 210-212, 214-

216, 223, 225, 231, 236, 287, 291, 293, 295, 296, 332-334, 350, 364, 369, 380, 381, 384, 386, 391, 

410-413]. Despite these potential advantages, simulating slip flows through complex porous media 

with a small velocity set poses intrinsic challenges that need to be understood both separately and 

as a whole, namely, avoiding an explicit characteristic length definition, managing BCs in corners, 

analyzing relationships between higher-order moments and populations, avoiding references to 

multiple populations, and incorporating the regularization procedure to filter out unresolved 

higher-order non-equilibrium components of populations.  

Slip BCs with the LBM are imposed on populations as for the continuous Boltzmann 

equation. Unknown populations incoming from the wall at boundary nodes need to be specified. It 

has been proposed to explicitly impose macroscopic velocity slip BCs from the Maxwell BC [157] 

on populations through the moments generated on planar walls [342, 343], but such a method is 

intrinsically geometry dependent and difficult to generalize to complex domains. It has also been 

proposed to use the Langmuir slip model [284], in which molecule interactions with solid 

boundaries are assumed to absorb and desorb with a lag. This model requires an explicit definition 

of the characteristic length of the flow. However, the characteristic length of a complex geometry 
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is difficult to define without ambiguities for all geometries. For example, taking the pore size 

cannot work in open geometries such as that in the Kremer’s problem, or in the case of flows 

around isolated objects such as cylinders and spheres. Also, the Langmuir slip model has to be 

modified artificially to include a second-order slip velocity [193]. Despite these shortcomings, the 

Langmuir slip model has been implemented in the LBM successfully for closed geometries [188, 

211, 360, 370, 377, 385, 414-416].  

For the reasons given above, the preferred approach in the literature has been to directly 

discretize slip BCs based on Maxwell’s diffusive and specular reflections [157] with the LBM 

[286, 335-338, 417]. Maxwell slip BCs have also been combined with the bounce-back BCs 

previously used for non-slip flows [339]. However, theoretical developments in the slip regime 

have revealed divergences between the diffusive BCs expressed for the continuous Boltzmann 

equation and its direct discretization for the D2Q9 scheme [285]. Algebraic relationships between 

macroscopic velocity BCs and kinetic BCs had to be developed and imposed explicitly. It was 

found that combinations of these three schemes all produce the same result for a planar flow 

through an equivalence relationship on their kinetic ratios [237, 339]. For complex BCs, however, 

it has been argued that specular reflection BCs should be avoided as they are more difficult to 

define in complex boundaries and that a combination of bounce-back and diffusive reflection BCs, 

also called diffusive bounce-back (DBB BC), would be simpler to manage [194, 204, 210, 237, 

289, 296, 340, 378].  

A theoretical analysis with these kinetic BCs has shown that the classical Bhatnagar-Gross-

Krook (BGK) collision operator [139] typically used to solve the continuous Boltzmann equation 

introduces unphysical grid-dependent contributions to the D2Q9 scheme [285]. An analysis 

conducted with a multiple relaxation time (MRT) collision operator has shown that the relaxation 

rate related to the energy flux has an impact on slip flow behavior as it is not solved in the D2Q9 

scheme for extended NSEs [418, 419]. The energy flux relaxation rate has thus been adjusted for 

the D2Q9 scheme to recover the proper magnitude of the slip velocity on the wall [114, 236, 339, 

341]. Values derived for the energy flux relaxation rate have been implemented as is the case for 

the D3Q15 and D3Q19 models [197, 212, 214, 291, 292, 364, 420]. However, to the authors’ 

knowledge, no theoretical analysis has been carried out to determine whether the value of the 

energy flux relaxation rate developed for the D2Q9 lattice is accurate for any three-dimensional 

lattice. 
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To avoid the calibration of the energy flux relaxation rate, multireflection BCs have also 

been proposed [421] to model slip BCs. In these models, a closure relationship is developed to find 

the missing populations incoming from a wall by interpolating several populations interacting with 

it [418, 422]. The closure relationship has been calibrated for slip flows on both planar walls [421] 

and a cylindrical Couette geometry [423]. This approach requires extrapolation from lattices 

located further from the wall, which makes it less generalizable to complex geometries [420]. For 

example, one may consider a case where the multireflection BC requires information from a solid 

lattice, which is a possibility if the solid domain is not convex. This would also increase the size of 

the ghost layers during parallelization, which would decrease the parallel efficiency of the LBM. 

Furthermore, only flows in the slip regime were considered in these studies. For all these reasons 

only DBB BCs will be considered for the remainder of this paper.  

 As the Knudsen number increases, non-equilibrium components of higher-order moments 

become preponderant. However, the velocity set becomes too small to solve the higher-order 

moments, which creates a directional grid-dependent error in the flow (also called an aliasing 

error). For this reason, a regularization procedure (presented in [290, 298, 299]) has been proposed 

to filter out these non-equilibrium components of moments of order higher than second-order [195, 

198, 203, 207, 208, 210, 211, 215, 291-297, 300-304]. Although comparisons between non-

regularized and regularized LBMs have shown that, for planar flows, the regularization procedure 

might be unnecessary when the extended NSEs are solved [293, 350], rarefied flows modeled with 

the D2Q9 lattice show significant degradation of the flow field, with unphysical jets appearing 

from the solid corners [195, 291-297]. The regularization technique is thus vital for simulating 

rarefied gas flows through porous media with the LBM. As the energy flux is a third-order moment, 

this necessarily changes the value of the energy flux relaxation rate required to recover the proper 

slip velocity [421]. However, to the authors’ knowledge, this has never been taken into account for 

an LBM model, including the adequate treatment of kinetic BCs, the regularization technique and 

local effective viscosity functions. This may explain the losses in accuracy reported in the literature 

[198, 202, 210] for the regularized MRT-LBM in the slip and transition flow regimes through 

complex geometries. 

 In this paper, a new DBB BC will be introduced and fully described for solving the extended 

NSEs with the regularized LBM for the D2Q9 and D3Q15 lattices. The remainder of this paper 

will be organized as follows. In Section 5.2, the generalized Navier-Stokes constitutive model and 
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the slip flow model used to simulate rarefied flows will be recalled. In Section 5.3, the basic 

principles of the MRT-LBM, the relationship between mean free path and relaxation time, the DBB 

BC, and the regularization technique will be exposed, and new relationships for the kinetic ratio 

and for energy flux relaxation discussed. In Section 5.4, the accuracy of the proposed model, will 

be assessed with a convergence analysis for a slit flow as well as a numerical verification for slip 

flows around arrays of cylinders and spheres. In Section 5.5, the development of the new DBB BC 

will be discussed further. Lastly, in Section 5.6, conclusions with respect to the main findings and 

contributions of this work will be drawn.  

5.2 Rarefied flow modeling 

The generalized Navier-Stokes constitutive model and the slip models used for rarefied 

flow modeling in this paper are presented in Sections 5.2.1 and 5.2.2, respectively.  

5.2.1 The generalized Navier-Stokes constitutive model 

The NSEs rely upon the hypothesis of local thermodynamic equilibrium. In the region of a 

thickness of the order of the mean free path 𝜆 of a solid surface (also called the Knudsen layer), 

gas molecules do not collide sufficiently between themselves and thus do not satisfy this 

hypothesis. Therefore, the NSEs break down in this region. In classical NSEs, the stress-strain 

relationship is linear, and there is a constant of proportionality between stress and strain called 

viscosity 𝜇. Guo et al. [225] proposed a generalized NSE, which models the non-linearity of the 

stress-strain relationship using a spatially dependent effective viscosity 𝜇௘(𝐱): 

 𝛕 = −𝜇௘(𝐱)𝛄̇ (5.1) 

where 𝛕 and 𝛄̇ are, respectively, the shear stress and shear rate. 

The kinetic theory of gases predicts that the viscosity of an unbounded gas 𝜇 in local 

thermodynamic equilibrium is proportional to the mean free path of the gas molecules [138]: 

 

𝜆 =
𝜇

𝑝
ඨ

𝜋𝑅𝑇

2
 (5.2) 
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where 𝑇 is the gas temperature, 𝑅 is the perfect gas constant associated with the gas, and 𝑝 is the 

pressure of the gas, which gives: 

 𝑝 = 𝜌𝑅𝑇 (5.3) 

where 𝜌 is the density of the gas. 

In a bounded gas, however, the paths of the gas molecules are obstructed, which diminishes 

the mean free path locally near solid boundaries. Assuming relationship (5.2) holds inside the 

Knudsen layer and knowing the probability distribution function for the free path of gas molecules, 

it is possible to find an effective mean free path 𝜆௘ at each point and a spatially dependent viscosity 

function Ψ(𝐱), which can be defined as: 

 
Ψ(𝐱) =

𝜆௘

𝜆
=

𝜇௘

𝜇
 (5.4) 

As the effective mean free path is always smaller than the mean free path for an unbounded gas, 

0 ≤ Ψ(𝐱) ≤ 1.  

5.2.2 Slip flow boundary conditions 

Macroscopically, a slip flow appears as a gas velocity discontinuity on a solid surface. 

Based on the condition that changes to the properties of a gas are negligible over the distance of a 

mean free path (in other words, small deviations from thermodynamic equilibrium and thus low 

Knudsen number), Maxwell [157] derived a relationship for the slip velocity in the case of a planar 

wall, which was later extended to curved surfaces [163] as follows: 

 
𝐮௦ = ൬

2 − 𝜎

𝜎
൰ 𝜆 ∙

𝛿𝐮

𝛿𝐧
 (5.5) 

where 𝐮௦ is the velocity of the gas at the wall relative to the wall (also called slip velocity), 𝐮 is the 

velocity vector, 𝐧 is the normal vector to the wall, and 𝝈 is the tangential momentum 

accommodation coefficient (TMAC). Maxwell introduced TMAC to describe the probability that 

gas molecules are diffusively reflected (𝜎 = 1) or specularly reflected (𝜎 = 0) when interacting 

with solid surfaces. For a diffusively reflected gas, a finite slip velocity would be recovered, 

whereas for a completely specularly reflected gas, no momentum would be transferred tangentially 
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to the fluid and thus an infinite slip velocity would be recovered. To take into account higher 

Knudsen number flows, Maxwell’s relationship has been extended to a second-order shear rate 
ఋ𝐮

ఋ𝐧
, 

and even higher-orders according to several approaches compiled in review [158].  

The main issue with the Maxwell slip BC comes from its hypothesis of thermodynamic 

equilibrium. As fluid macroscopic properties should vary little in a region of approximately one 

mean free path of a given location, it does not take into account the variation in effective viscosity 

inside the Knudsen layer. Consequently, the slip velocity is overpredicted when the velocity is 

extrapolated from outside the Knudsen layer, as shown in Figure 5.1. A proper slip velocity 

relationship should thus consider the variation in the effective viscosity near solid boundaries. A 

good slip velocity relationship should also be robust, stable numerically and, for complex 

geometries, should avoid relying on an explicit definition of the Knudsen number that requires 

defining a local characteristic length. One slip velocity relationship that fulfills all these criteria 

was proposed by Guo et al. [225]: 

 
𝐮௦ = 𝐴ଵ𝜆௘

𝜕𝐮

𝜕𝐧
− 𝐴ଶ𝜆௘ ൭

𝜕

𝜕𝐧
൬𝜆௘

𝜕𝐮

𝜕𝐧
൰൱ (5.6) 

where 𝐴ଵ and 𝐴ଶ are phenomenological constants derived from theoretical models or experimental 

values. This model was successfully used in several studies [161, 170, 236, 237] for planar and 

curvilinear flows over a broad range of Knudsen numbers, from the continuum limit to the higher 

end of transition flows. 
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Figure 5.1   Illustration of the velocity in the Knudsen layer. The true slip velocity 𝑢௦ is smaller 

than the Navier-Stokes fictitious velocity 𝑢௦
(௡௦) that would be recovered if the Navier-Stokes 

equations were used inside the Knudsen layer. 

5.3 The regularized Lattice Boltzmann method 

In this section, the regularized LBM is presented. First, as multiple relaxation times are 

required to accurately impose the DBB BC in rarefied flows, the MRT-LBM is recalled. Second, 

the principle of regularization to manage non-planar solid-fluid boundaries is explained. Third, the 

DBB BC recently proposed in [237] for the classical MRT-LBM is described and the limitations 

of the approach highlighted. Lastly, new expressions for the DBB BC that accurately impose the 

slip BC introduced in Eq. (5.6) with the regularized MRT-LBM are presented.  

5.3.1 MRT-LBM 

The LBM is a discretized form of the Boltzmann equation, where a discretized set of gas 

molecule populations 𝑓௜ evolve according to a propagation-collision scheme: 

 𝑓௜(𝐱 + 𝐜௜𝛿௧, 𝑡 + 𝛿௧) − 𝑓௜(𝐱, 𝑡) = Ω௜ + 𝐹௜𝛿௧ (5.7) 

where 𝐜௜ is the velocity of the population set 𝑓௜, Ω௜ is the collision operator, 𝐹௜ is a forcing term 

applied to each population, and 𝛿௧ is the time step. The density and the momentum of the gas are 

recovered from the populations as follows: 
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𝜌 = ෍ 𝑓௜

ொିଵ

௜ୀ଴

 (5.8) 

 
𝜌𝐮 = ෍ 𝑓௜𝐜௜

ொିଵ

௜ୀ଴

+ 𝐅
𝛿௧

2
 (5.9) 

where 𝐅 is the force vector and 𝑄 is the number of velocities in the lattice. 

In the MRT scheme, populations are transformed into moments (such as density, 

momentum, energy, stress, etc.) so as to relax each moment with a different relaxation time. The 

post-collision moments are then transformed back into populations. The MRT collision operator is 

thus given by: 

 
Ω௜ = − ෍(𝐌ିଵ𝐒𝐌)௜௝ ቀ𝑓௝ − 𝑓௝

(௘௤)
ቁ

ொିଵ

௝ୀ଴

 (5.10) 

where 𝐌 is a transformation matrix from the populations to the moments and 𝐒 is a diagonal matrix 

containing the relaxation rates. The MRT-LBM equation is thus traditionally written as: 

 
𝑓௜(𝐱 + 𝐜௜𝛿௧ , 𝑡 + 𝛿௧) − 𝑓௜(𝐱, 𝑡) = − ෍(𝐌ିଵ𝐒𝐌)௜௝ ቀ𝑓௝ − 𝑓௝

(௘௤)
ቁ

ொିଵ

௝ୀ଴

+ 𝐹௜𝛿௧ (5.11) 

Each lattice is associated with a transformation matrix and a relaxation rate diagonal matrix. The 

superscript (𝑒𝑞) stands for the equilibrium distribution functions, which are calculated with the 

macroscopic variables. To recover the extended NSEs, the equilibrium distribution functions must 

have the following form [236]: 

 
𝑓௜

(௘௤)
= 𝑤௜𝜌 ቆ1 +

𝐜௜ ∙ 𝐮

𝑐௦
ଶ

+
(𝐜௜ ∙ 𝐮)ଶ

𝑐௦
ସ

−
𝐮ଶ

2𝑐௦
ଶ

ቇ (5.12) 

where 𝑤௜ are the weights associated with each population, which are dependent on the lattice used, 

and 𝑐௦ is the lattice sound speed, which may depend on the lattice model. The forcing term 𝐹௜ 
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applied to each population in the MRT-LBE (Eq. (5.7)) has been generalized from BGK to MRT 

[287]: 

 
𝐹௜ = 𝐌ିଵ ൬𝐈 −

𝐒

2
൰ 𝐌𝐹ത௜ (5.13) 

with: 

 
𝐹ത௜ = 𝑤௜ ቆ

𝐜௜ ∙ 𝐮

𝑐௦
ଶ

+
𝐮𝐅: (𝐜௜𝐜௜ − 𝑐௦

ଶ𝐈)

𝑐௦
ସ

ቇ (5.14) 

 

In this paper, two lattices are considered: the D2Q9, which is a bidimensional scheme with 

a discretized set of 9 velocities (see Figure 5.2), and the D3Q15 lattice, which is a tridimensional 

scheme with a discretized set of 15 velocities (see Figure 5.3). The D3Q15 lattice is fully presented 

in Appendix 5.A. For the D2Q9 lattice, the velocity set is given as [288]: 

 𝑐଴ = (0,0)𝑐 

𝑐ଵ = −𝑐ଷ = (1,0)𝑐 

𝑐ଶ = −𝑐ସ = (0,1)𝑐 

𝑐ହ = −𝑐଻ = (1,1)𝑐 

𝑐଺ = −𝑐଼ = (−1,1)𝑐 

(5.15) 

where the lattice velocity 𝑐 = 𝛿௫/𝛿௧ is the ratio of the grid size 𝛿௫ and the time step 𝛿௧. The weights 

associated with each population are: 

 𝑤଴ = 4/9 

𝑤ଵିସ = 1/9 

𝑤ହି଼ = 1/36 

(5.16) 

The moment set associated with the D2Q9 lattice is: 

 𝑚௞ = 𝐌𝑓௜ = ൫𝜌, 𝑒, 𝜖, 𝑗௫ , 𝑞௫ , 𝑗௬ , 𝑞௬ , 𝑝௫௫ , 𝑝௫௬൯
்

 (5.17) 

where 𝑚଴ = 𝜌 is the density, 𝑚ଵ = 𝑒 is the energy, 𝑚ଶ = 𝜖 is the energy squared, (𝑚ଷ, 𝑚ହ) =

(𝑗௫ , 𝑗௬) is the momentum, (𝑚ସ, 𝑚଺) = (𝑞௫ , 𝑞௬) is the energy flux, 𝑚଻ = 𝑝௫௫ is the diagonal 
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component of the stress tensor, and 𝑚଼ = 𝑝௫௬ is the non-diagonal component of the stress tensor. 

Moment space equilibria for the D2Q9 scheme are: 

 𝑚௞
(௘௤)

= 𝐌𝑓௜ = 𝜌൫1, −2 + 3𝑢ଶ, 1 − 3𝑢ଶ, 𝑢௫, −𝑢௫ , 𝑢௬ , −𝑢௬ , 𝑢௫
ଶ − 𝑢௬

ଶ , 𝑢௫𝑢௬൯
்
 (5.18) 

The corresponding transformation matrix 𝐌 is: 

 

⎝

⎜
⎜
⎜
⎜
⎜
⎛

1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1⎠

⎟
⎟
⎟
⎟
⎟
⎞

 (5.19) 

while the relaxation rates diagonal matrix 𝐒 are: 

 𝐒 = diag(𝑠ఘ, 𝑠௘ , 𝑠ఢ , 𝑠௝ , 𝑠௤ , 𝑠௝ , 𝑠௤ , 𝑠௦, 𝑠௦) (5.20) 

Each relaxation rate corresponds to the moment set described in Eq. (5.17). 

In the LBM, it is sometimes mathematically simpler to discuss relaxation times 𝜏௜ rather 

than relaxation rates 𝑠௜, which are by definition: 

 
𝜏௜ =

1

𝑠௜
 (5.21) 
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Figure 5.2   D2Q9 velocity set used for the LBM where 𝐜௜ is the velocity in direction 𝑖. The wall 

is located half-way from the node. 

 

Figure 5.3   D3Q15 velocity set used for the LBM where 𝐜௜ is the velocity in direction 𝑖. The wall 

was omitted here for the sake of clarity. It is located half-way from the node to the destination of 

populations 6, 11, 12, 13, and 14.   
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A relationship between the relaxation time and the effective mean free path is derived 

below. First, it must be noted that, for both the D2Q9 and the D3Q15 lattices, the speed of sound 

is related to temperature as follows [250]: 

 𝑐௦ =
𝑐

√3
= √𝑅𝑇 (5.22) 

Also, in the MRT-LBM, the relaxation time associated with stress 𝜏௦ is traditionally related to the 

viscosity as follows [250]: 

 
𝜇 = 𝜌𝑐௦

ଶ ൬𝜏௦ −
1

2
൰ 𝛿௧ (5.23) 

In this work, however, non-constant effective viscosities were considered. To do so, an expression 

was derived for an effective viscosity relaxation time, noted 𝜏௦ throughout the paper. Eqs. (5.2), 

(5.3), (5.4), and (5.22) were introduced into Eq. (5.23) to give: 

 

𝜏௦ =
1

2
+ ඨ

6

𝜋

𝜆

𝛿௫
Ψ(𝜆, 𝐱) =

1

2
+ ඨ

6

𝜋
𝐾𝑛 ∙ 𝑁 ∙ Ψ(𝜆, 𝐱) (5.24) 

where 𝑁 = 𝐿஼/𝛿௫ is the number of grid cells along the characteristic length 𝐿஼. The middle term 

of Eq. (5.24) is the preferred way of expressing the scheme in complex geometries as the 

characteristic length is not involved and thus does not have to be explicitly defined. 

In the MRT-LBM scheme, it is common practice to use lattice-units, with 𝛿௫ = 𝛿௧ = 1. 

This induces both a lattice velocity 𝑐 =
ఋೣ

ఋ೟
= 1 for the D2Q9 and D3Q15 schemes and thus the 

following lattice speed of sound: 

 
𝑐௦ =

1

√3
 (5.25) 

5.3.2 Regularization technique 

While the D2Q9 and D3Q15 lattices have sufficient isotropy to recover the extended NSEs, 

attempts to simulate high Knudsen flows solely using the method presented in Section 5.3.1 have 

shown that grid-dependent spurious jets strongly degrade the solution for non-planar cases [195, 
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291-297]. The introduction of the regularization technique can be explained by the passage from 

kinetic equations to hydrodynamic equations. 

First, in the LBM, regardless of the size of the lattice velocity set, there are more populations 

than moments that can be accurately represented through the solution of the full Boltzmann 

equation [290]. For example, the D2Q9 and D3Q15 lattices include third- and fourth-order energy 

flux and energy squared moments, respectively. These higher-order moments, despite not being 

accurately resolved, still exist in these lattices, as shown in Section 5.3.1 and Appendix A. 

Second, regardless of whether the Chapman-Enskog or the Hermite polynomial expansion 

approach is used [252], the NSEs are recovered from the LBM under the assumption that deviations 

from equilibrium for higher-order moments are negligible. For high Knudsen flows, the non-

equilibrium component of the population distribution becomes more important. It can be readily 

seen in Eq. (5.24) that the relaxation time related to stress 𝜏௦ becomes larger. However, in the 

traditional LBM, 𝜏௦ ~𝑂(1). 

Lastly, in the LBM, the evolution of the system is split between a collision and a 

propagation phase. While moment equilibrium components can be accurately represented by the 

lattice before propagation, they are generally not well represented after propagation [298, 299, 

424]. Although this error, which is introduced at the propagation step, can be neglected in the 

continuum regime, it cannot be neglected for high Knudsen flows. When non-planar boundary 

conditions are considered, unphysical patterns emerge and are propagated from the boundaries.  

For all these reasons, the regularization technique [290] has been proposed in the context 

of high Knudsen flows to remove non-equilibrium high-order moments [303]. In this work, all 

contributions of order higher than 2 were filtered from the population distributions, resulting in 

new regularized non-equilibrium population distributions. Before the collision takes place, 

populations 𝑓௜ are split between their non-equilibrium 𝑓௜
(௡௘௤) and equilibrium 𝑓௜

(௘௤) parts: 

 𝑓௜
(௡௘௤)

= 𝑓௜ − 𝑓௜
(௘௤) (5.26) 

The non-equilibrium components of the populations are then reprojected on the polynomial basis 

of the lattice: 
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𝑓௜

(௡௘௤௥)
=

𝑤௜

2𝑐௦
ଶ

𝐻௜ఈఉ
(ଶ)

൬
𝐜௜

𝑐௦
൰ : ෍ 𝑓௜

(௡௘௤)
𝐜௜ఈ𝐜௜ఉ

ொିଵ

௜ୀ଴

 (5.27) 

where 𝐻௜ఈఉ
(ଶ)

ቀ
𝐜೔

௖ೞ
ቁ = 𝐜௜ఈ𝐜௜ఉ/𝑐௦

ଶ is the Hermite polynomial of second order, 𝐜௜ఈ𝐜௜ఉ  is a dyadic or outer 

product and : represents the double dot product of two tensors. The post-regularization population 

𝑓௜
(௥) is thus written as: 

 𝑓௜
(௥)

= 𝑓௜
(௘௤)

+ 𝑓௜
(௡௘௤௥) (5.28) 

The post-regularization populations defined in Eq. (5.28) are next inserted in Eq. (5.11), and the 

regularized MRT-LBM equation is thus written as: 

 𝑓௜(𝐱 + 𝐜௜𝛿௧, 𝑡 + 𝛿௧) = 𝑓௜
(௘௤)

+ 𝐌ି𝟏(𝐈 − 𝐒)𝐌 𝑓௜
(௡௘௤௥)

+ 𝐹௜𝛿௧ (5.29) 

5.3.3 Diffusive bounce-back boundary condition 

As discussed in the Introduction, the DBB BC is the most suitable approach for modeling 

slip BCs on complex geometries [194, 204, 210, 237, 289, 296, 340, 378]. In this work, solid 

boundaries were assumed to be static. The bounce-back BC generally used to impose no-slip BCs 

sets the population outcoming from the wall with direction 𝐜௜ as equal to the population incoming 

from the opposite direction 𝐜௢௣௣ௗ௜௥(௜) = −𝐜௜: 

 𝑓௜
(஻஻)

= 𝑓௢௣௣ௗ௜௥(௜) (5.30) 

where the superscript (𝐵𝐵) stands for bounce-back and the subscript 𝑜𝑝𝑝𝑑𝑖𝑟(𝑖) indicates the index 

of the population opposite in direction from 𝑖. Diffusive reflection imposes an equilibrium 

distribution on the population outcoming from the wall [335]: 

 𝑓௜
(஽)

= 𝐾𝑓௜
(௘௤)

(𝜌௪, 𝟎) (5.31) 

where the superscript (𝐷) stands for diffusive, 𝜌௪ is the density at the wall, and the factor 𝐾 

imposes a non-penetration condition on the solid boundary through the following definition: 
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𝐾 =

∑ |𝐜௜ ∙ 𝐧|𝑓௜𝐜೔∙𝐧ழ଴

∑ |𝐜௜ ∙ 𝐧|𝑓௜𝐜೔∙𝐧ழ଴
(௘௤)

(𝜌௪, 𝟎)
 (5.32) 

The first such slip BC, which includes the effect of a non-constant effective viscosity 

function, was not proposed for the DBB BC but rather for a combination of bounce-back and 

specular reflection (CBBSR BC) conditions [236]. Specular reflection has the disadvantage of 

being non-local and is thus unsuitable for non-planar geometries [237]. A combination of bounce-

back and diffusive reflection conditions, called the diffusive bounce-back boundary condition 

(DBB BC) has been proposed to overcome these issues [289]: 

 𝑓௜ = 𝑟𝑓௜
(஻஻)

+ (1 − 𝑟)𝑓௜
(஽) (5.33) 

where 0 ≤ 𝑟 ≤ 1 is the kinetic ratio for the DBB BC, which represents the proportion of bounce-

back in the outcoming population relative to the diffusive reflection part. For the D2Q9 scheme, 

the proper relationships for 𝑟 and the relaxation time related to energy flux 𝜏௤ required to recover 

Eqs. (5.5) and (5.6) are [237]: 

 

𝑟 =

1 − 𝜒𝐴ଵ −
𝜏௦௪

ᇱ 𝛿௫

8 ቀ𝜏௦௪ −
1
2

ቁ
ଶ

1 + 𝜒𝐴ଵ +
𝜏௦௪

ᇱ 𝛿௫

8 ቀ𝜏௦௪ −
1
2

ቁ
ଶ

 (5.34) 

 

𝜏௤ =
1

2
+

𝜋𝐴ଶ(2𝜏௦௪ − 1)ଶ + 3

8(2𝜏௦௪ − 1)

𝜏௦௪
ᇱ 𝛿௫(12 + 30 ቀ𝜏௦௪ −

1
2

ቁ 𝜒𝐴ଵ

16 ቀ𝜏௦௪ −
1
2

ቁ
ଶ  (5.35) 

where 𝜒 = ඥ𝜋/6, 𝜏௦௪ is the so-called viscosity relaxation rate at the wall given by Eq. (5.24) and 

𝜏௦௪
ᇱ  is the derivative of 𝜏௦௪ in the direction normal to the wall. 

While the convergence of the DBB BC with Eqs. (5.34) and (5.35) for the traditional MRT-

LBM (Eq. (5.11)) has been shown in [237], preliminary results carried out here have indicated that 

the slip velocity is not well captured when the same DBB BC is used in combination with the 

regularized MRT-LBM (Eq. (5.29)). To the authors’ knowledge, none of the kinetic BCs presented 

in this section have ever been analyzed in combination with the regularized MRT-LBM. In 
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addition, it has never been proven that the application of kinetic BCs developed for 2D lattices 

works for 3D lattices. 

5.3.4 A new diffusive bounce-back boundary condition  

As discussed in Section 5.3.2, the goal of the regularization technique is to remove the non-

equilibrium components of higher than second order moments presented in Section 5.3.1 from the 

model. The energy flux, a third-order moment, was involved in the recovery of Eqs. (5.34) and 

(5.35) in Guo et al.’s development [236]. Values for 𝑟 and 𝜏௤ must therefore be redeveloped for 

the DBB BC with the regularized MRT-LBM to solve the extended NSEs and recover the accurate 

slip velocity presented in Eq. (5.6). 

In Section 5.2, the extended NSEs and the slip BCs were formulated in terms of the 

macroscopic velocity. However, as explained in Section 5.3.1, in the LBM, the flow evolves 

according to a population balance. It would be difficult to find such relationships between 

populations and all the moments involved in the imposition of slip velocity for a complex porous 

medium in the general case. To simplify the problem, a force-driven, steady-state, incompressible 

laminar flow in the 𝑥-direction through a planar geometry was considered. The flow was thus 

assumed to be at steady-state, well-developed, and unidimensional. This simplification has 

produced successful results when applied to complex geometries [289, 340, 418, 420]. Under the 

same assumptions, the inertial terms of the extended NSEs are neglected and using Eqs. (5.1), 

(5.23) and (5.24), the following equation is solved: 

 𝜕௬൫𝜈௘𝜕௬𝑢൯ = −𝑎 (5.36) 

where 𝜈௘ = 𝑐௦
ଶ(𝜏௦ − 0.5)𝛿௧ and 𝑎 = 𝐅/𝜌. 

The treatment of the force term requires special care so that the method used in Guo et al.’s 

original paper [236] can be applied and successfully extended from the CBBSR BC to the DBB 

BC. In the case of CBBSR BC, both components of an outcoming population from the solid wall, 

the bounce-back part and the specular reflection part, originate from a population already present 

in the flow. However, in the DBB BC, the diffusive reflection contribution outcoming from the 

solid wall is simply the equilibrium distribution calculated using the density and velocity at the 

wall. On an outcoming population from a wall, the force term must be applied regardless of the 
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form of the BC on every fraction 𝑟௜ of every population 𝑓௜. Equation (5.29), which relates post-

collision populations to pre-collision populations, must thus be rewritten as follows: 

 𝑓ሚ௜ = 𝑟௜ ቀ𝑓௜
(௘௤)

+ 𝐌ି𝟏(𝐈 − 𝐒)𝐌 𝑓௜
(௡௘௤௥)

ቁ + (1 − 𝑟௜)𝐾𝑓௜
(௘௤)

(𝜌, 𝟎)

+ 𝐹௜𝛿𝑡 
(5.37) 

where the tilde ~ represents the post-collision variable, and: 

 
𝑟௜ = ቊ

𝑟           if the population 𝑖 leads to a solid boundary

1          otherwise                                                              
 (5.38) 

The redevelopment of expressions for the kinetic ratio 𝑟 and the energy flux relaxation time 

𝜏௤ requires a population balance on the boundary node and the neighboring fluid node, which 

depends on the lattice. Only the final results are presented in this section. For the sake of 

completeness, the detailed development for the D2Q9 and D3Q15 lattices are provided in 

Appendices B and C, respectively. For both D2Q9 and D3Q15 lattices, the expression for 𝑟 is: 

 

𝑟 =

𝜏̃௦௪
ଶ (1 − 𝐴ଵ𝜒) + 𝛿௫𝜏̃௦௪

ᇱ ቆ−
1
8

+ 𝜏̃௦௪(1 − 𝐴ଵ𝜒)ቇ

𝜏̃௦௪
ଶ (1 + 𝐴ଵ𝜒) + 𝛿௫𝜏̃௦௪

ᇱ ቆ
1
8

+ 𝜏̃௦௪(1 + 𝐴ଵ𝜒)ቇ

 (5.39) 

Only the expression for 𝜏௤ depends on the lattice type, where for the D2Q9: 

 
𝜏௤ =

−(8𝜏̃௦௪
ଶ (1 + 𝐴ଵ𝜒) + 𝛿௫ 𝜏̃௦௪

ᇱ ൫1 + 8𝜏̃௦௪(1 + 𝐴ଵ𝜒)൯

6(𝜏̃௦௪ − 4𝜏̃௦௪
ଶ + 8𝐴ଶ𝜒ଶ𝜏̃௦௪

ଷ + 𝛿௫ 𝜏̃௦௪
ᇱ (5 − 4𝜏̃௦௪ + 10𝐴ଵ𝜒𝜏̃௦௪ + 8𝐴ଶ𝜒ଶ𝜏̃௦௪

ଶ )
 (5.40) 

while for the D3Q15 lattice: 

𝜏௤ =
−7 ቀ8𝜏̃௦௪

ଶ (1 + 𝐴ଵ𝜒) + 𝛿௫𝜏̃௦௪
ᇱ ൫1 + 8𝜏̃௦௪(1 + 𝐴ଵ𝜒)൯ቁ

30𝜏̃௦௪ − 136𝜏̃௦௪
ଶ − 16𝐴ଵ𝜒𝜏̃௦௪

ଶ + 240𝐴ଶ𝜒ଶ𝜏̃௦௪
ଷ + 𝛿௫𝜏̃௦௪

ᇱ (148 − 136𝜏̃௦௪ + 284𝐴ଵ𝜒𝜏̃௦௪ + 240𝐴ଶ𝜒ଶ𝜏̃௦௪
ଶ )

 (5.41) 

The resulting Eqs. (5.39) and (5.40) obtained with the regularized MRT-LBM are different from 

Eqs. (5.34) and (5.35) obtained with the traditional MRT-LBM for the D2Q9 scheme. Hence, if 

Eqs. (5.34) and (5.35) are used with the regularization technique, an incorrect analytical expression 

of the slip velocity, proving the necessity of the current development. The same can be said if the 
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value for 𝜏௤ obtained from Eq. (5.40) developed for the D2Q9 lattice is used for the D3Q15 lattice 

instead of Eq. (5.41). 

 All previous reports in the literature about regularized MRT-LBM schemes driven by a 

force term have used the momentum relaxation rate 𝑠௝ = 1 without justification [203, 210, 291, 

292, 295-297]. In Appendices 5.B and 5.C, it is proven that, to recover the correct coefficient in 

front of the force term in Eq. (5.9) for the regularized MRT-LBM, the value of 𝑠௝ must necessarily 

be set to 1. 

5.4 Numerical results 

In this section, the accuracy of the new DBB BC for the regularized MRT-LBM is assessed 

using four different test cases. In Section 5.4.1, an example of dealiasing the MRT-LBM solution 

of the flow through complex geometries is discussed. In Section 5.4.2, the error of the schemes 

with the new bounce-back 𝑟 and energy flux relaxation time 𝜏௤ are compared with the error of the 

scheme with previously used values. Next, slip flows through complex geometries are compared 

with analytical solutions for arrays of cylinders and spheres in Sections 5.4.3 and 5.4.4, 

respectively. All the test cases are presented in Figure 5.4. For all the simulations reported 

hereafter, the lattice-unit system was used, with 𝛿௫ = 𝛿௧ = 1. The body force term was chosen to 

be small enough to ensure an incompressible flow (𝑀𝑎 < 0.01) and large enough to prevent 

subtraction round-off errors. Equations were developed symbolically in terms of populations to 

remove all redundant operations. Unless otherwise stated, relaxation times were chosen as follows: 

𝜏௦ with Eq. (5.24), 𝜏௤ with Eqs. (5.40) and (5.41) for the D2Q9 and D3Q15 schemes, respectively, 

with 𝜏௝ = 1, 𝜏௘ = 1.1, and 𝜏ఢ = 1.2. Note that 𝜏ఘ and 𝜏௧ do not appear in any part of the collision 

term and the force term, and that the last two relaxation times had very little impact on the results. 

Although the diffusive part of the DBB BC was computed using the density at the center of the 

boundary node instead of at the wall, the total mass in the system was always conserved up to 

machine precision for planar flows and 10ି଻ for non-planar flows, with the deviation from mass 

conservation growing with the Mach number in both cases.  
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Figure 5.4   Schematic representation of (a) the square-cylinder flow case, (b) the slit flow case, 

(c) the cylinder array case, and (d) the sphere array case. Except for the slit flow case for which 

there are walls at the x-boundaries, periodic BCs were imposed along every outer boundary, 

which repeats the structure infinitely in every direction. 

5.4.1 Dealiasing verification 

To emphasize the importance of the regularization technique in complex geometries, a gas flow 

was simulated with the D2Q9 scheme around a square section cylinder that was one-fifth of the 

domain length, both without the regularization technique (solving the traditional MRT-LBM in Eq. 

(5.11) and using Eqs. (5.34) and (5.35)) and with the regularization technique (solving the 
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regularized MRT-LBM in Eq. (5.37) and using Eqs. (5.39) and (5.40)). The Knudsen number, 

defined as the ratio between the mean free path and the lateral size of the square-section cylinder, 

was set at 𝐾𝑛 = 1. The resulting flow fields are presented in Figure 5.5. Significant differences in 

the flow fields between the two methods clearly appear, with the generation of fluid jets originating 

from sharp corners in the lattice structure dominating the flow field for the non-regularized MRT-

LBM. These unphysical fluid jets disappear with the regularization technique, thus demonstrating 

its necessity for LBMs with small velocity sets. 

 

Figure 5.5   Norm of the y-component of the velocity for the flow around a square-section 

cylinder obtained with (a) the non-regularized MRT-LBM and (b) the regularized MRT-LBM. 
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5.4.2 Error analysis of a slit flow in the slip regime 

The accuracy of the new DBB BC with the regularized MRT-LBM was first verified using 

a convergence analysis of a slit flow in the slip regime. The new DBB BC was applied on the 𝑥 -

boundaries, while periodic BCs were applied on the 𝑦-boundaries for the D2Q9 scheme and the 𝑦- 

and 𝑧-boundaries for the D3Q15 scheme. Assuming a constant viscosity, the analytical solution of 

a slit flow with boundaries located at 𝑥 = ±𝐵 writes as [194]: 

 
𝑣௬,௔௡௔௟ =

𝜌𝑎𝐵ଶ

2𝜇
ቆ1 −

𝑥ଶ

𝐵ଶ
+ 4𝐴ଵ𝐾𝑛 + 8𝐴ଶ𝐾𝑛ଶቇ (5.42) 

where 𝐵 is the half-distance between the two planes, 𝐾𝑛 = 𝜆 2𝐵⁄ , and 𝑥 is the 𝑥-direction position, 

as shown in Figure 5.4b). The relative error was defined by the Euclidian 𝐿ଶ-norm: 

 
𝐸(𝑣) =

ฮ𝑣௬,௅஻ெ − 𝑣௬,௔௡௔௟ฮ
ଶ

ฮ𝑣௬,௔௡௔௟ฮ
ଶ

 (5.43) 

where 𝑣௬,௅஻ெ and 𝑣௬,௔௡௔௟  are, respectively, the numerical and analytical solutions.  

To show the inaccuracy of the expressions of 𝑟 and 𝜏௤ developed for the non-regularized 

MRT-LBM when using the regularized MRT-LBM and how these expressions are lattice- 

dependent, the regularized MRT-LBM scheme was tested with all the values of 𝑟 and 𝜏௤ shown in 

Sections 5.3.3 and 5.3.4. The results for the D2Q9 and D3Q15 lattices are shown in Figures 5.6 

and 5.7, respectively. One may observe that using Eqs. (5.39) and (5.40), which were developed 

for the D2Q9 lattice, and Eqs. (5.39) and (5.41), which were developed for the D3Q15 scheme, 

produce a negligible error (in the order of 10-5-10-7). However, using the values (Eqs. (5.34) and 

(5.35)) developed for the non-regularized MRT-LBM with the D2Q9 lattice and interchanging the 

values of 𝑟 and 𝜏௤ between the D2Q9 and D3Q15 lattices both create a huge error in the slip 

velocity. This can be explained by the form of the new relationships obtained in Eqs. (5.39) and 

(5.40) for the D2Q9 scheme and Eqs. (5.39) and (5.41) for the D3Q15 scheme, where 𝜏௤ does not 

approach the same value as 𝛿௫ → 0 (as 𝜏̃௦௪ → ∞). This result is far from trivial or even intuitive, as 

numerous researchers have used values determined for the non-regularized D2Q9 MRT-LBM 

scheme without considering the impact of regularization or the lattice [197, 212, 214, 291, 292, 
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364, 420]. The development of the scheme with the relaxation rate 𝑠௝ related to velocity as a free 

parameter also created huge error in the slip velocity (not shown here) for reasons explained in 

Appendices B and C. The condition 𝑠௝ = 1 is thus necessary.  

 

Figure 5.6   𝐿ଶ relative error (𝐸(𝑣)) of the velocity computed using the regularized MRT-LBM 

scheme and the D2Q9 lattice with slip and Ψ(𝐱) = 1 at 𝐾𝑛 = 1 as a function of lattice spacing 

𝛿௫ for the slit flow test case. 

Figures 5.6 and 5.7 also show a very small L2 error (in the order of 10ି଻ and 10ିହ for the D2Q9 

and D3Q15 lattices, respectively) at Kn=1 as a function of lattice resolution. They also show that 

this error does not diminish with refinement. This rather constant error is caused by the 

adimensionalization process, where all operations on populations are computed with 𝜌 = 1. 

Because of the low Mach number requirement, the truncation of non-equilibrium population 

components occurs during the regularization process and the transformation into the moment space. 

Higher values in the transformation matrix 𝐌 along with lower weights for the D3Q15 lattice vs. 

the D2Q9 lattice explain why the error is higher for the D3Q15 lattice than for the D2Q9 lattice. 
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Figure 5.7   𝐿ଶ relative error (𝐸(𝑣)) of the velocity computed using the regularized MRT-LBM 

scheme and the D3Q15 lattice with slip and Ψ(𝐱) = 1 at 𝐾𝑛 = 1 as a function of lattice spacing 

𝛿௫ for the slit flow test case. 

Results from a previous paper (Fig. 8 of Ref. [237]) for a rarefied regime slit flow with non-

constant effective viscosity functions were reproduced with a difference only in the 4th digit of the 

volumetric flow rate. This validated the regularized MRT-LBM scheme in the rarefied regime for 

planar flows. The graph is not shown in this paper as the results are visually identical. 

5.4.3 Slip flow through a cylinder array 

The regularized MRT-LBM with the new DBB BC was applied to a slip flow through a 

cylinder array. The use of periodic BCs can reduce the computational domain to a square (in 2D) 

or parallepididic (in 3D) domain of side 𝐿 with a cylinder of diameter 𝑑 at its center (see Figure 

5.8) A ratio of 𝑑 𝐿⁄ = 0.2 was chosen for all the simulations and the solid-fluid boundary at the 

cylinder surface was treated with the new DBB BC.  
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Figure 5.8   Schematic representation of Pich's original analytical hypothesis 

 

Under the assumption of an irrotational laminar flow around a cylindrical closed surface 

with the same diameter as the domain size, a constant Newtonian viscosity 𝜇, and a first-order 

Maxwell slip velcotiy BC 𝐮௦ at the solid boundary (𝐴ଵ = 0.998), Pich [425] developed an 

analytical solution for the drag force 𝐹஽ per unit length in the 𝑋 direction exerted on a cylinder 

given by: 

 
𝐹஽ =

4𝜋𝜇𝑈௙(1 + 2𝐴ଵ𝐾𝑛)

−
3
4

−
1
2

ln 𝛽 + 𝛽 −
1
4

𝛽ଶ + 𝐴ଵ𝐾𝑛 ቀ−
1
2

− ln 𝛽 +
1
2

𝛽ଶቁ
 (5.44) 

where 𝛽 is the solid fraction volume, 𝐾𝑛 = 2𝜆/𝑑, and 𝑈௙ is the face velocity far from the cylinder. 

A schematic representation of this problem with the underlying hypothesis is presented in Figure 

5.8. 
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Pich’s solution was derived using the vorticity equation, and the volumetric force term (or 

an equivalent pressure gradient term) was thus not explicitly stated. To compare the face velocity 

with the proposed force-driven LBM, a force balance must be carried out. At steady state, based 

on Newton’s second and third laws, the force exerted on the cylinder is equal to the integral of the 

body force exerted on the fluid domain to displace it. As the body force is constant throughout the 

fluid domain, the following relationship is derived: 

 𝐹஽ = 𝜌𝑎𝐿ଶ(1 − 𝛽) (5.45) 

where the solid fraction 𝛽 is given by: 

 
𝛽 =

𝜋𝑑ଶ

4𝐿ଶ
 (5.46) 

Here, 𝛽 = 𝜋/100. The expression for the analytical face velocity as a function of a body force is 

thus, using Eq. (5.45): 

 

𝑈௙ =

𝜌𝑎(1 − 𝛽)𝑑ଶ ቆ−
3
4

−
1
2

ln 𝛽 + 𝛽 −
1
4

𝛽ଶ + 𝐴ଵ𝐾𝑛 ቀ−
1
2

− ln 𝛽 +
1
2

𝛽ଶቁቇ

4𝛽𝜇(1 + 2𝐴ଵ𝐾𝑛)
 

(5.47) 

Numerical predictions of face velocities at various lattice resolutions are presented in 

Figures 5.9 and 5.10, for the D2Q9 and D3Q15 lattices, respectively, for a slip flow around a 

cylinder where Ψ(𝐱) = 1 (without a reduction in effective viscosity) for 0.05 ≤ 𝐾𝑛 ≤ 5. Most of 

the points lie clearly in the transition regime, where effective viscosity reduction was not negligible 

in physical reality. However, the goal of this section is not to find the physical solution to a 

transition regime flow, but rather to verify the precision of the slip BC imposed through the DBB 

BC with the new relationships for 𝑟 and 𝜏௤ compared to an analytical hypothetical solution.  
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Figure 5.9   Predictions of the normalized face velocity for a slip flow through a cylinder array 

for the new D2Q9 regularized MRT-LBM scheme at different 2D lattice resolutions compared to 

the modified Pich analytical solution (Eq. (5.47)). 

 

At 𝐾𝑛 = 0.05, the results for the coarsest grid (50x50) were indistinguishable from the 

results for the finest grid (1350x1350) for both the D2Q9 and the D3Q15 lattices. As the Knudsen 

number increased, the lattice resolution had a greater impact on the result. An order of convergence 

of ≈ 0.99 was obtained at 𝐾𝑛 = 5. This first-order convergence is explained in [237] as the result 

of the convective scaling implied with Eq. (5.24) when the 𝐾𝑛 number is fixed. Even for the finest 

grid, however, there was a small discrepancy between the face velocity predicted by Pich’s 

correlation and the finest grid MRT-LBM simulations. Part of the discrepancy can be explained by 

differences between the hypothesis of an irrotational flow over a cylindrical envelope for the 

analytical solution and the force-driven flow. 
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Figure 5.10   Predictions of the normalized face velocity for a flow around a cylinder for the new 

D3Q15 regularized MRT-LBM scheme at different 3D lattice resolutions compared to the 

modified Pich analytical solution (Eq. (5.47)) for a slip flow around a cylinder. 

 

Slight differences occurred between the D2Q9 and D3Q15 results at high Knudsen 

numbers. It has already been observed that the type of solid-fluid boundary topology (planar or 

stair-case) can have an impact on the value of the energy flux relaxation time 𝜏௤ required to recover 

the correct velocity at the boundary [419]. As the correct value of 𝜏௤ depends on the lattice, the 

slight differences between the D2Q9 and D3Q15 results can be explained by this. 

5.4.4 Slip flow around a sphere array 

The regularized MRT-LBM with the DBB BC was then applied to a slip flow around a 

cubic-centered sphere array with diameter 𝑑௦ within a cubic domain of side 𝐿, as illustrated in 

Figure 5.11. A ratio of 𝑑௦ 𝐿⁄ = 0.2 was chosen for all the simulations. Flows around spheres are 
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intrinsically tridimensional, therefore only the D3Q15 scheme was studied. Periodic BCs were 

imposed on all 𝑥-, 𝑦-, and 𝑧-boundaries, while the solid-fluid boundary at the sphere was treated 

with the new DBB BC. 

Under the assumption of an irrotational laminar flow around a spherical envelope closed 

surface with the same diameter as the domain size, a constant Newtonian viscosity 𝜇, and a first-

order Maxwell slip BC at the solid boundary (𝐴ଵ = 1), Datta and Deo [426] developed an analytical 

solution for the drag force 𝐹஽ exerted on a sphere: 

 𝐹஽ = 4𝜋𝜇𝑈௙𝐷 (5.48) 

 
𝐷 =

15𝑑௦

2𝛾
൬2𝐴ଵ𝜆 +

𝑑௦

2
൰ 𝑙଺ (5.49) 

 
𝛾 = 2 ൭3𝐴ଵ𝜆(5𝑙଺ − 6𝑙ହ + 1) +

𝑑௦

2
(5𝑙଺ − 9𝑙ହ + 5𝑙ଷ − 1)൱ (5.50) 

where 𝑙 = 1/ඥ𝛽
య  and 𝛽 is the solid volume fraction expressed as: 

 
𝛽 =

𝜋𝑑௦
ଷ

6𝐿ଷ
 (5.51) 

In the geometry tested in the numerical simulation, 𝛽 = 𝜋/750.  

Datta and Deo’s solution was derived using the vorticity equation, and the volumetric force 

term (or an equivalent pressure gradient term) was thus not explicitly stated. To compare the face 

velocity with the proposed force-driven LBM, a force balance must be carried out. At steady state, 

based on Newton’s second and third laws, the force exerted on the sphere is equal to the integral 

of the body force exerted on the fluid domain to displace it. As the body force is constant throughout 

the fluid domain, the following relationship is derived: 

 𝐹஽ = 𝜌𝑎𝐿ଷ(1 − 𝛽) (5.52) 

The expression for the analytical face velocity as a function of the body force is thus, using Eq. 

(5.52): 
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𝑈௙ =

𝜌𝑎𝐿ଷ(1 − 𝛽)

4𝜋𝜇𝐷
 (5.53) 

Face velocities are presented in Figure 5.11 for a slip flow around a cylinder with Ψ(𝐱) =

1 (without a reduction in effective viscosity) for 0.05 ≤ 𝐾𝑛 ≤ 5, with the Knudsen number defined 

as 𝐾𝑛 = 2𝜆/𝑑௦. As in Section 5.4.3, the goal here was to verify the precision of the velocity slip 

BC and not to find a physical solution to a transition regime flow but rather to verify the precision 

of the slip BC imposed through the DBB BC with the new relationships for 𝑟 and 𝜏௤ compared to 

an analytical hypothetical solution. The trend of discrepancies as the Knudsen number increased 

was similar to that of the cylinder array in Section 5.4.3. One can, however, see that the discrepancy 

at 𝐾𝑛 = 0.05 for the spherical array is smaller than for the cylinder array. This could be caused by 

the higher porosity of the spherical array at a similar diameter to domain size ratio. One can also 

see that the discrepancy at 𝐾𝑛 = 5 is higher than for the cylinder array. This effect could be caused 

by the larger proportion of lattices at the solid-fluid boundary with a stair-case configuration 

compared to the cylinder array geometry. 

 

Figure 5.11   Predictions of the normalized face velocity for a flow through a sphere array for the 

new D3Q15 regularized MRT-LBM scheme compared with the modified Datta and Deo’s 

analytical solution (Eq. (5.53)) for a slip flow around a sphere. 
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5.5 Further remarks on the new boundary condition 

The low-order lattice schemes reviewed in this paper were proposed as alternatives to high-

order schemes approximating the Boltzmann equation. Although low-order LBMs exhibit 

undeniable lower memory and computational costs per lattice and should have better parallelization 

efficiencies, it must be noted that the results from Figures 5.9-5.11 for high Knudsen numbers show 

that gains in performance per lattice come at the cost of a finer lattice resolution required to satisfy 

a given accuracy. However, convergence time is inversely proportional to the Knudsen number 

because of the expression of the time step in Eq. (5.24). The longest simulation was the 

450x450x450 lattice sphere at 𝐾𝑛 = 0.05, which used ~27 GB and took ~296 hours on 48 Intel 

E5-2683 v4 Broadwell processors on the Cedar cluster from Compute Canada. 

Alternatives have been proposed in the literature to improve the precision of slip BCs, 

including the interpolated DBB BC [291, 292, 340] and multi-reflective BCs [421, 423]. The 

interpolated DBB BC attempted to generalize the half-way DBB BC by admitting an arbitrary 

distance ratio between the fluid and solid nodes. However, it can be readily seen from one of these 

reports that, for some distance ratio and Knudsen number values, the bounce-back ratio will have 

a negative value [340]. The application of the distance ratio is also ambiguous with respect to the 

energy flux relaxation rate, as bounce-back ratios are defined for each population, while relaxation 

rates are defined for the whole lattice. Exploratory attempts by the authors to apply the interpolated 

DBB BC to the regularized MRT-LBM for the D2Q9 lattice have not solved this problem, and its 

implementation for complex geometries has shown instabilities, especially when bounce-back 

ratios are negative. Such instabilities in complex geometries have also been reported in [291, 292]. 

Similar criticisms have been expressed in [421, 423, 427]. Multi-reflective BCs for slip flow were 

shown to exactly reproduce flows around planar [421] and circular [423] surfaces. However, it 

requires knowledge of populations located further away from the wall, which makes it difficult to 

generalize in non-convex geometries such as porous media and to parallelize efficiently. Also, 

effective viscosity was not taken into consideration in these developments.  

 It may be possible to diminish the error caused by the solid-fluid boundary topology by 

using the D3Q27 scheme introduced in [428]. The lattice structure for the D3Q27 scheme creates 

a smaller high-order moment anisotropy error than for the D3Q15 and the D3Q19 schemes in the 

continuous regime [429]. In the D2Q9 and D3Q15 schemes—the only high-order moment involved 
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in the development of the BCs was energy flux—ghost moments of order 5 are present in the 

D3Q27 lattice as well as in other independent third-order moments. As it is well known [251, 252] 

that the D3Q27 lattice presents the degeneracy 𝑐௜ఈ
ହ = 𝑐௜ఈ

ଷ = 𝑐௜ఈ, these additional moments could, 

in principle, be tuned to influence the slip velocity for stair-case configurations and improve the 

imposition of slip flows through the DBB BC.  

The regularization technique involves numerical operations on non-equilibrium population 

components and thus increases computational costs. A summary comparison, using a single 

processor, a non-regularized MRT-LBM, and the regularized MRT-LBM implemented in this work 

for the D2Q9 lattice, showed a ~40% increase in computation time for domain sizes from 50x50 

to 1350x1350, compared to a ~20% increase from BGK to the MRT-LBM. A discussion about 

parallel LBM implementations would require not only the analysis of data structure and memory 

access analysis but knowledge of the workload balance and communication strategy [255, 256]. It 

is clear, however, that a push algorithm (implemented for this work) would improve the regularized 

scheme more than a pull algorithm as the regularization operation would only have to be carried 

out once per population, rather than Q times per lattice node (where Q is the number of 

populations).  

For some of the simulations described in Section 5.4 with the new regularized MRT-LBM 

DBB BC, the energy flux relaxation rate was negative. This can be easily seen by inspecting Eqs. 

(5.40) and (5.41), by recalling that 𝐴ଵ, 𝐴ଶ, and 𝜏̃௦௪ are all positive values with 𝐴ଵ~𝑂(1) and 

𝐴ଶ~𝑂(1), and by noting that 𝐴ଵ and 𝐴ଶ have 𝜏̃௦଴ polynomial coefficients of a different order and 

different sign. A negative relaxation rate for any property of the system signifies that, as the system 

evolves, the property gets further away from equilibrium. A priori, this contradicts the second law 

of thermodynamics. Despite this, the simulations showed no convergence problems. As non-

equilibrium moments of order higher than 2 were filtered before every collision step, the energy 

flux was set to its equilibrium value. The energy flux was then tuned only to set the slip velocity at 

the boundary, not to solve an energy balance. In other words, the scheme proposed in this paper 

cannot be expected to respect the second law of thermodynamics as it was not intended to solve 

the first law of thermodynamics in the first place.  

It was assumed, as a hypothesis, that the energy flux relaxation rate 𝑠௤ was constant 

throughout the domain. Given that the coefficient in front of 𝑠௤ is the same in Eqs. (5.96)-(5.103), 
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it can be seen that 𝑠௤ appears only in Eq. (5.86) and not in Eqs. (5.82), (5.84), and (5.85). This is 

of capital importance for complex geometry flow simulations where the mean free path may vary 

throughout the domain. Eqs. (5.40) and (5.41) for 𝜏௤, in the case of the D2Q9 and D3Q15 lattices, 

respectively, all require knowledge of the viscosity relaxation rate at the wall, 𝜏̃௦଴. To compute 𝜏௤ 

for a fluid node, it would be necessary to know which part of the solid wall should be considered 

to find 𝜏̃௦଴. Fortunately, following a careful inspection of the regularized MRT-LBM scheme, the 

value of the energy flux relaxation rate 𝑠௤ is relevant only on boundary nodes and can thus be 

computed locally according to the derivative of the relaxation time, 𝜏̃௦௪
ᇱ . 

5.6 Conclusions 

In this paper, the impact of the regularization procedure on the accurate imposition of slip 

BCs with the MRT-LBM scheme for rarefied gas flows was analyzed. It was found that by 

removing higher-order non-equilibrium components of populations, the regularization procedure 

changed the relationships between post-collision moments and populations when higher-order non-

equilibrium components of populations were removed. New relationships were thus derived for the 

kinetic ratio 𝑟 and the relaxation rate related to energy flux 𝜏௤ for the regularized MRT-LBM, in 

the case of the D2Q9 and D3Q15 schemes.  

To the authors’ knowledge, this is the first time that results for the regularized MRT-LBM  

have been compared to analytical results for non-planar slip flows in the rarefied regime. From the 

test cases simulated for flows around a square cylinder, through a slit, and around cylinder and 

sphere arrays, the following conclusions can be drawn: 

1. Previously derived relationships for 𝑟 and 𝜏௤ for the non-regularized MRT-LBM scheme 
are inadequate for the regularized MRT-LBM scheme. 

2. Relationships for 𝑟 and 𝜏௤ are lattice dependent. 

3. For the regularization technique, the condition for the momentum relaxation rate 𝑠௝ = 1 
must be respected. 

4. For a given grid size, the error increases with the Knudsen number.  
5. For a given Knudsen number, a first-order convergence approximation of the solution with 

respect to lattice size is found for high Knudsen flows (𝐾𝑛~𝑂(1)). 

These conclusions can explain the discrepancies between the high-order Boltzmann equation 

solvers, experimental data, and regularized MRT-LBM used in other work [198, 202, 210]. In this 

paper, the magnitude of the discrepancy was decreased by more than one order of magnitude. It is 
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unlikely that this error can be eliminated. However, the method we propose is simple, robust, and 

accurate enough to be suitable for engineering calculations of rarefied flows through complex 

porous media in the slip and transition regimes. 

In this paper, the DBB BC for slip flows has been used for relatively simple non-planar 

geometries, but it has the intrinsic capability to be used with more complex geometries such as 

porous media. The only remaining obstacle for the use of the proposed method for the simulation 

of slip flows in complex geometries is the addition of an effective viscosity function for which a 

local Knudsen number must be determined at each lattice node. Although analytical solutions for 

the local mean free path have been proposed in the literature for simplified geometries, these 

analytical solutions cannot be generally used for complex porous media. The computation of local 

effective viscosity functions in complex porous media can be carried out through a numerical 

integration procedure using a ray-tracing technique. This problem will be tackled in a separate 

paper. 
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Appendix A – The D3Q15 lattice 

For the D3Q15 lattice, the velocity set (presented in Figure 5.3) is given as [430]: 

 𝑐଴ = (0,0,0)𝑐 

𝑐ଵ = −𝑐ଶ = (1,0,0)𝑐 

𝑐ଷ = −𝑐ସ = (0,1,0)𝑐 

𝑐ହ = −𝑐଺ = (0,0,1)𝑐 

𝑐଻ = −𝑐ଵସ = (1,1,1)𝑐 

𝑐଼ = −𝑐ଵଷ = (−1,1,1)𝑐 

𝑐ଽ = −𝑐ଵଶ = (1, −1,1)𝑐 

𝑐ଵ଴ = −𝑐ଵଵ = (−1, −1,1)𝑐 

(5.54) 

The weights associated with each population are: 
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 𝑤଴ = 2/9 

𝑤ଵି଺ = 1/9 

𝑤଻ିଵସ = 1/72 

(5.55) 

The moment set associated with the D3Q15 lattice is: 

 𝑚௞ = 𝐌𝑓௜ = ൫𝜌, 𝑒, 𝜖, 𝑗௫ , 𝑞௫ , 𝑗௬ , 𝑞௬ , 𝑗௭ , 𝑞௭ , 3𝑝௫௫ , 𝑝௪௪, 𝑝௫௬ , 𝑝௬௭ , 𝑝௭௫, 𝑡௫௬௭൯
்
 (5.56) 

where 𝑚଴ is the density, 𝑚ଵ = 𝑒 is the energy, 𝑚ଶ = 𝜖 is the energy squared, (𝑚ଷ, 𝑚ହ, 𝑚଻) =

(𝑗௫ , 𝑗௬ , 𝑗௭) are the components of the momentum, (𝑚ସ, 𝑚଺, 𝑚଼) = (𝑞௫ , 𝑞௬ , 𝑞௭) are the components 

of the energy flux, (𝑚ଽ, 𝑚ଵ଴) = (3𝑝௫௫ , 𝑝௪௪) is the normal stress tensor, (𝑚ଵଵ, 𝑚ଵଶ, 𝑚ଵଷ) =

(𝑝௫௬ , 𝑝௬௭ , 𝑝௭௫) is the viscous stress tensor, and 𝑚ଵସ = 𝑡௫௬௭ is an antisymmetric third-order moment. 

Moment space equilibria for the D3Q15 scheme are: 

 
𝑚௞

(௘௤)
= 𝐌𝑓௜ = 𝜌 ൬1, 𝑢ଶ − 1, −1, 𝑢௫ , −

7

3
𝑢௫ , 𝑢௬ , −

7

3
𝑢௬ , 𝑢௭ , −

7

3
𝑢௭ , −3𝑢௫

ଶ

− 𝑢ଶ, 𝑢௬
ଶ − 𝑢௭

ଶ, 𝑢௫𝑢௬ , 𝑢௬𝑢௭ , 𝑢௭𝑢௫ , 0൰
்

 

(5.57) 

The corresponding transformation matrix 𝐌 is: 

 

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
−2 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1
16 −4 −4 −4 −4 −4 −4 1 1 1 1 1 1 1 1
0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 1 −1
0 −4 4 0 0 0 0 1 −1 1 −1 1 −1 1 −1
0 0 0 1 −1 0 0 1 1 −1 −1 1 1 −1 −1
0 0 0 −4 4 0 0 1 1 −1 −1 1 1 −1 −1
0 0 0 0 0 1 −1 1 1 1 1 −1 −1 −1 −1
0 0 0 0 0 −4 4 1 1 1 1 −1 −1 −1 −1
0 2 2 −1 −1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 1 1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 −1 −1 1 1 −1 −1 1
0 0 0 0 0 0 0 1 1 −1 −1 −1 −1 1 1
0 0 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1
0 0 0 0 0 0 0 1 −1 −1 1 −1 1 1 −1⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 (5.58) 

while the relaxation rate diagonal matrix are: 

 𝐒 = diag(𝑠ఘ, 𝑠௘ , 𝑠ఢ , 𝑠௝, 𝑠௤ , 𝑠௝ , 𝑠௤ , 𝑠௝, 𝑠௤ , 𝑠௦, 𝑠௦ , 𝑠௦ , 𝑠௦ , 𝑠௦ , 𝑠௧) (5.59) 

Each relaxation rate corresponds to the element of the moment set described in Eq. (5.56). 
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Appendix B – Details of the development of the diffusive bounce back boundary 

condition for the D2Q9 lattice 

Application of the force-driven, steady-state, incompressible laminar flow in the 𝑥-direction 

through a planar geometry hypothesis yield: 

 డథ

డ௧
=

డథ

డ௫
= 0, 𝑑𝜌 = 0, 𝑢௬ = 0, 𝑢௫ = 𝑢, 𝑎௬ = 0, 𝑎௫ = 𝑎 (5.60) 

where 𝜙 is an arbitrary flow variable and 𝑎 = 𝐅/𝜌. 

The following plan is adopted to develop the relationships for the D2Q9 scheme: 

a. Simplification and development of pre-collision and post-collision moments 
b. Development of population and moment relationships 
c. Assembly of the regularized LBM-MRT equation 
d. Expression of the stress tensor as function of force and velocity terms for boundary and 

fluid nodes 
e. Relationship between the boundary and fluid node velocities 
f. Taylor expansions of velocities and viscosity relaxation times around the wall 
g. Combination of relationships and final result. 

 

a. Simplification and development of pre-collision and post-collision moments 

With the assumptions defined in Eq. (5.60), some of the moments defined in Eq. (5.17) and 

their equilibrium components detailed in Eq. (5.18) can be neglected. Density 𝜌 is constant, and as 

𝑢௬ = 0 for an incompressible planar laminar flow, moments 𝑗௬ and 𝑞௬ never deviate from 

equilibrium. Moments 𝑒, 𝜖 and 𝑝௫௫ deviate from equilibrium as a second-order function of velocity. 

However, those deviations are neglected here as only a planar incompressible flow in the laminar 

regime is considered. Only moments 𝑗௫, 𝑞௫ and 𝑝௫௬ remain of interest. Their equilibrium 

components 𝑚௞
(௘௤) are thus:  

 𝑗௫
(௘௤)

= 𝜌𝑢௫ = 𝜌𝑢 (5.61) 

 𝑞௫
(௘௤)

= −𝜌𝑢௫ = −𝜌𝑢 (5.62) 

 𝑝௫௬
(௘௤)

= 𝜌𝑢௫𝑢௬ = 0 (5.63) 
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For Eq. (5.63) it is recalled that 𝑢௬ = 0. However, even for an arbitrary geometry flow, the laminar 

incompressible flow hypothesis would make this term negligible. Applying the regularization 

procedure detailed in Eq. (5.27) and transforming non-equilibrium population components defined 

in Eq. (5.26) to their moments, regularized non-equilibrium components of the moments noted 

𝑚௞
(௡௘௤௥) are thus: 

 𝑗௫
(௡௘௤௥)

= 0 (5.64) 

 𝑞௫
(௡௘௤௥)

= 0 (5.65) 

 𝑝௫௬
(௡௘௤௥)

= 𝑓ହ
(௡௘௤)

− 𝑓଺
(௡௘௤)

+ 𝑓଻
(௡௘௤)

− 𝑓
(௡௘௤) (5.66) 

Each population of Eq. (5.66) can be decomposed with the definition in Eq. (5.26): 

 𝑝௫௬
(௡௘௤௥)

= (𝑓ହ − 𝑓଺ + 𝑓଻ − 𝑓 ) − ቀ𝑓ହ
(௘௤)

− 𝑓଺
(௘௤)

+ 𝑓଻
(௘௤)

− 𝑓
(௘௤)

ቁ (5.67) 

From the moments’ definitions: 

 𝑓ହ − 𝑓଺ + 𝑓଻ − 𝑓 = 𝑝௫௬ (5.68) 

 𝑓ହ
(௘௤)

− 𝑓଺
(௘௤)

+ 𝑓଻
(௘௤)

− 𝑓
(௘௤)

= 𝑝௫௬
(௘௤)

= 0 (5.69) 

The final result in Eq. (5.69) is obtained with Eq. (5.63). Therefore Eq. (5.67) becomes: 

 𝑝௫௬
(௡௘௤௥)

= 𝑝௫௬ (5.70) 

By a similar reasoning: 

 𝑝௫௬
(௡௘௤)

= 𝑝௫௬ (5.71) 

Multiplying each side of Eq. (5.13) by 𝐌 and neglecting second-order velocity terms in Eq. 

(5.14) with the laminar flow hypothesis, the following force terms are recovered: 
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 𝐹෠௝ೣ
= 𝜌𝑎 ቀ1 −

𝑠௝

2
ቁ (5.72) 

 𝐹෠௤ೣ
= −𝜌𝑎 ቀ1 −

𝑠௤

2
ቁ (5.73) 

 𝐹෠௣ೣ೤
= ൫𝑢௫𝜌𝑎௬ + 𝑢௬𝜌𝑎௫൯ ቀ1 −

𝑠௦

2
ቁ = 0 (5.74) 

where 𝐹෠௞ = 𝐌𝐹௜. Eq. (5.74) is developed with the hypothesis that 𝑢௬ = 0 and 𝑎௬ = 0. However, 

even for an arbitrary geometry flow, as the force term is proportional to velocity with the laminar 

incompressible flow hypothesis, this term remains negligible. 

 Some differences can be seen between moment non-equilibrium components developed in 

this section and those from Guo et al.’s development [236]. First, it should be noted that in Eq. 

(5.65), the non-equilibrium component of the heat flux 𝑞௫
(௡௘௤௥) is now 0. This is an intended 

consequence of regularization. Secondly, the energy flux relaxation rate is now only present in the 

force term in Eq. (5.73). The regularization technique is not used on the force term and the energy 

flux relaxation rate is kept as a tunable parameter. After populations are propagated, the 

regularization technique will be applied at the beginning of the new time step, which will filter out 

the non-equilibrium component of heat flux imposed by the force term. However, before the 

beginning of the new time step, as the local momentum is conserved through the regularization 

process, the correct slip velocity will be imposed.  

b. Development of population and moment relationships 

First, relationships valid both for the boundary node and the neighboring fluid node will be 

developed. The following relationships between pre-collision populations and moments are found 

by substracting populations found after multiplying each side of Eq. (5.17) by 𝐌ିଵ: 

 
𝑓ଵ − 𝑓ଷ =

1

3
𝑗௫ −

1

3
𝑞௫ (5.75) 

 
𝑓ହ − 𝑓଺ =

1

3
𝑗௫ +

1

6
𝑞௫ +

1

2
𝑝௫௬ (5.76) 
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𝑓 − 𝑓଻ =

1

3
𝑗௫ +

1

6
𝑞௫ −

1

2
𝑝௫௬ (5.77) 

Similar relationships hold true for post-collision populations and moments: 

 
𝑓ሚଵ − 𝑓ሚଷ =

1

3
𝚥௫̃ −

1

3
𝑞෤௫ (5.78) 

 
𝑓ሚହ − 𝑓ሚ଺ =

1

3
𝚥௫̃ +

1

6
𝑞෤௫ +

1

2
𝑝෤௫௬ (5.79) 

 
𝑓ሚ଼ − 𝑓ሚ଻ =

1

3
𝚥௫̃ +

1

6
𝑞෤௫ −

1

2
𝑝෤௫௬ (5.80) 

where the tilde ~ represents the post-collision variable. Eq. (5.9) along with Eqs. (5.75)-(5.77) 

gives: 

 
𝑗௫ = 𝜌𝑢 −

𝜌𝑎𝛿௧

2
 (5.81) 

Now the propagation scheme for the D2Q9 lattice is examined. As 
డథ

డ௫
= 0, populations are 

invariant in the 𝑥-direction. Populations 1 and 3 are thus related as follows: 

 𝑓ଵ − 𝑓ଷ = 𝑓ሚଵ − 𝑓ሚଷ (5.82) 

Using Eqs. (5.75), (5.78) and (5.82), energy flux and momentum are related this way: 

 𝑞௫ = 𝑗௫ − 𝚥௫̃ + 𝑞෤௫ (5.83) 

Similar relationships are derived for populations on the diagonal directions (𝑖 = 5, 6, 7, 8). 

However, populations on diagonal directions also have a component in the 𝑦-direction, populations 

from the boundary and fluid nodes are related as follows:  

 𝑓ହ
(ଶ)

− 𝑓଺
(ଶ)

= 𝑓ሚହ
(ଵ)

− 𝑓ሚ଺
(ଵ) (5.84) 

 𝑓
(ଵ)

− 𝑓଻
(ଵ)

= 𝑓ሚ଼
(ଶ)

− 𝑓ሚ଻
(ଶ) (5.85) 
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where superscript (1) represents the boundary node and (2) represents the neighboring fluid node 

in the 𝑦-direction. The remaining relationship to be determined is between populations interacting 

with the wall. In the DBB BC scheme, pre-collision populations 5 and 6 come from post-collision 

populations 7 and 8, respectively. As 𝑢௬ = 0 and 𝐹௬ = 0, by Eq. (5.9)  𝑓ଶ − 𝑓ସ + 𝑓ହ + 𝑓଺ − 𝑓଻ −

𝑓 = 0. Furthermore, remarking that 𝑓଻
(௘௤)

(𝜌௪, 𝟎) = 𝑓
(௘௤)

(𝜌௪, 𝟎), that 𝑓ଶ = 𝑓ସ = 𝑓ଶ
(௘௤)

(𝜌௪, 𝟎) =

𝑓ସ
(௘௤)

(𝜌௪, 𝟎) and that 𝐹തହ = 𝐹ത଼  and 𝐹ത଺ = 𝐹ത଻, it can be concluded that 𝐾 defined in Eq. (5.32) is equal 

to 1 and the following relationship is thus derived: 

 𝑓ହ
(ଵ)

− 𝑓଺
(ଵ)

= − ቀ𝑓ሚ଼
(ଵ)

− 𝑓ሚ଻
(ଵ)

ቁ (5.86) 

 

c. Assembly of the regularized MRT-LBM equation 

The regularized MRT-LBM defined in Eq. (5.37) is used to find relationships between the 

post-collision and pre-collision populations for each of the two nodes.  

For the boundary node (1), populations 4, 7 and 8 enter into collision with the solid wall. 

Multiplying each side of Eq. (5.37) by 𝐌, using Eqs. (5.61)-(5.65), (5.70) and (5.72)-(5.77), 

recalling 𝐮௪ = 0, and after tedious algebraical manipulations, the post-collision moments are 

related to pre-collision moments the following way for the boundary node: 

𝚥௫̃
(ଵ)

= 𝜌𝑢(ଵ) − ൬
1 − 𝑟

6
൰ 𝜌𝑢(ଵ) + ቌ

(1 − 𝑟)ቀ1 − 𝑠௦
(ଵ)

ቁ

2
ቍ 𝑝௫௬

(ଵ)
+ 𝜌𝑎𝛿௧ ቀ1 −

𝑠௝

2
ቁ (5.87) 

𝑞෤௫
(ଵ)

= −𝜌𝑢(ଵ) − ൬
1 − 𝑟

6
൰ 𝜌𝑢(ଵ) + ቌ

(1 − 𝑟)ቀ1 − 𝑠௦
(ଵ)

ቁ

2
ቍ 𝑝௫௬

(ଵ)
− 𝜌𝑎𝛿௧ ቀ1 −

𝑠௤

2
ቁ (5.88) 

𝑝෤௫௬
(ଵ)

=
(1 − 𝑟)

6
𝜌𝑢(ଵ) + ቌ

(1 + 𝑟)ቀ1 − 𝑠௦
(ଵ)

ቁ

2
ቍ 𝑝௫௬

(ଵ) (5.89) 

Using Eqs. (5.81), (5.83), (5.87) and (5.88), the energy flux at the boundary node is found: 
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 𝑞௫
(ଵ)

= −𝜌𝑢(ଵ) − 𝜌𝑎𝛿௧ ቀ2 −
𝑠௤

2
ቁ (5.90) 

 

For the fluid node (2), Eq. (5.38) makes 𝑟௜ = 1 for all 𝑖. By multiplying each side of Eq. 

(5.37) by 𝐌 on each side: 

 𝑚෥௞ = 𝑚௞
(௘௤)

+ (1 − 𝑠௞)𝑚௞
(௡௘௤௥)

+ 𝐹෠௞𝛿௧ (5.91) 

where 𝐹෠௞ = 𝐌𝐹௜. Post-collision moments are found from Eqs. (5.61)-(5.65), (5.70), (5.72)-(5.74) 

and (5.78)-(5.80): 

 𝚥௫̃
(ଶ)

= 𝜌𝑢(ଶ) + 𝜌𝑎𝛿௧ ቀ1 −
𝑠௝

2
ቁ (5.92) 

 𝑞෤௫
(ଶ)

= −𝜌𝑢(ଶ) − 𝜌𝑎𝛿௧ ቀ1 −
𝑠௤

2
ቁ (5.93) 

 𝑝෤௫௬
(ଶ)

= ቀ1 − 𝑠௦
(ଶ)

ቁ𝑝௫௬
(ଶ) (5.94) 

When 𝑟 = 1, expressions for the post-collision moments from Eqs. (5.87)-(5.89) are equal to those 

from Eqs. (5.92)-(5.94). Using Eqs. (5.81), (5.83), (5.92) and (5.93), the energy flux for the fluid 

node is found: 

 𝑞௫
(ଶ)

= −𝜌𝑢(ଶ) − 𝜌𝑎𝛿௧ ቀ2 −
𝑠௤

2
ቁ (5.95) 

As Eqs. (5.90) and (5.95) are expressions for a pre-collision moment, their similarity is not 

surprising. 

In Guo et al.’s development, it was reported that the value of 𝑠௝ had no impact on the flow 

[236]. The traditional MRT-LBM defined in Eq. (5.11) have been used and while all 𝑠௝ terms have 

been kept through the development, they cancelled out each other afterwards. It can be seen from 

Eqs. (5.64), (5.70), (5.71) of the present paper and from Eq. (38a) from [236] that the momentum 

𝑗௫
(௡௘௤௥) and the non-diagonal component of the stress tensor 𝑝௫௬

(௡௘௤௥) are unmodified by the 

regularization technique. However, the post-collision momentum is affected by the momentum 
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relaxation rate 𝑠௝ both in Eqs. (5.87) and (5.92) through the force term and 𝑠௝ must necessarily be 

equal to 1 to recover the correct coefficient in front of the force term in Eq. (5.9) for the regularized 

MRT-LBM. To the authors’ knowledge, the necessity of setting 𝑠௝ = 1 was unexplained before in 

the literature.  

d. Expression of the stress tensor as function of force and velocity terms for boundary 

and fluid nodes 

The stress tensor non-diagonal component 𝑝௫௬ is now expressed in function of the velocity 𝑢 and 

the body force 𝜌𝑎. The following relationships between the pre-collision populations and the pre-

collision stress tensor non-diagonal component are found after substituting Eqs. (5.90) and (5.95) 

into Eqs. (5.76) and (5.77): 

 
𝑓ହ

(ଵ)
− 𝑓଺

(ଵ)
=

𝜌𝑢(ଵ)

6
+

1

2
𝑝௫௬

(ଵ)
+ 𝜌𝑎𝛿௧ ൬−

1

2
+

𝑠௤

12
൰ (5.96) 

 
𝑓

(ଵ)
− 𝑓଻

(ଵ)
=

𝜌𝑢(ଵ)

6
−

1

2
𝑝௫௬

(ଵ)
+ 𝜌𝑎𝛿௧ ൬−

1

2
+

𝑠௤

12
൰ (5.97) 

 
𝑓ହ

(ଶ)
− 𝑓଺

(ଶ)
=

𝜌𝑢(ଶ)

6
+

1

2
𝑝௫௬

(ଶ)
+ 𝜌𝑎𝛿௧ ൬−

1

2
+

𝑠௤

12
൰ (5.98) 

 
𝑓

(ଶ)
− 𝑓଻

(ଶ)
=

𝜌𝑢(ଶ)

6
−

1

2
𝑝௫௬

(ଶ)
+ 𝜌𝑎𝛿௧ ൬−

1

2
+

𝑠௤

12
൰ (5.99) 

The following relationships between post-collision populations and the pre-collision stress tensor 

non-diagonal component are found after substituting Eqs. (5.87)-(5.89) and (5.92)-(5.94) into Eqs. 

(5.79) and (5.80): 

 
𝑓ሚହ

(ଵ)
− 𝑓ሚ଺

(ଵ)
=

𝜌𝑢(ଵ)

6
+

𝑝௫௬
(ଵ)

ቀ1 − 𝑠௦
(ଵ)

ቁ

2
+ 𝜌𝑎𝛿௧

𝑠௤

12
 (5.100) 

 
𝑓ሚ଼

(ଵ)
− 𝑓ሚ଻

(ଵ)
= 𝑟 ቌ

𝜌𝑢(ଵ)

6
+

𝑝௫௬
(ଵ)

ቀ1 − 𝑠௦
(ଵ)

ቁ

2
ቍ + 𝜌𝑎𝛿௧

𝑠௤

12
 (5.101) 
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𝑓ሚହ

(ଶ)
− 𝑓ሚ଺

(ଶ)
=

𝜌𝑢(ଶ)

6
+

𝑝௫௬
(ଶ)

ቀ1 − 𝑠௦
(ଶ)

ቁ

2
+ 𝜌𝑎𝛿௧

𝑠௤

12
 (5.102) 

 
𝑓ሚ଼

(ଶ)
− 𝑓ሚ଻

(ଶ)
=

𝜌𝑢(ଶ)

6
−

𝑝௫௬
(ଶ)

ቀ1 − 𝑠௦
(ଶ)

ቁ

2
+ 𝜌𝑎𝛿௧

𝑠௤

12
 (5.103) 

Here it is assumed, as did Guo et al. [236], that 𝑠௤ is constant throughout the domain. 

Developing Eqs. (5.84) and (5.85), macroscopic velocities and the stress tensor non-diagonal 

component are now related in this way: 

 
𝜌𝑢(ଶ)

6
+ 𝜌𝑎𝛿௧ ൬−

1

2
+

𝑠௤

12
൰ +

1

2
𝑝௫௬

(ଶ)
=

𝜌𝑢(ଵ)

6
+ 𝜌𝑎𝛿௧

𝑠௤

12
+

𝑝௫௬
(ଵ)

ቀ1 − 𝑠௦
(ଵ)

ቁ

2
 (5.104) 

 
𝜌𝑢(ଵ)

6
+ 𝜌𝑎𝛿௧ ൬−

1

2
+

𝑠௤

12
൰ −

1

2
𝑝௫௬

(ଵ)
=

𝜌𝑢(ଶ)

6
+ 𝜌𝑎𝛿௧

𝑠௤

12
−

𝑝௫௬
(ଶ)

ቀ1 − 𝑠௦
(ଶ)

ቁ

2
 (5.105) 

Isolating 𝑝௫௬
(ଶ) in Eq. (5.104) and then isolating 𝑝௫௬

(ଵ) in Eq. (5.105), the stress tensor non-diagonal 

components for each node are now expressed as a set of two equations with two unknowns: 

 
𝑝௫௬

(ଶ)
=

𝜌൫𝑢(ଵ) − 𝑢(ଶ)൯

3
+ 𝜌𝑎𝛿௧ + 𝑝௫௬

(ଵ)
ቀ1 − 𝑠௦

(ଵ)
ቁ (5.106) 

 
𝑝௫௬

(ଵ)
=

𝜌൫𝑢(ଵ) − 𝑢(ଶ)൯

3
− 𝜌𝑎𝛿௧ + 𝑝௫௬

(ଶ)
ቀ1 − 𝑠௦

(ଶ)
ቁ (5.107) 

Inserting Eq. (5.106) in Eq. (5.107) and then isolating 𝑝௫௬
(ଵ): 

 

𝑝௫௬
(ଵ)

= 𝜌
൬൫𝑢(ଵ) − 𝑢(ଶ)൯ቀ2 − 𝑠௦

(ଵ)
ቁ − 3𝑎𝛿௧𝑠௦

(ଶ)
൰

3(𝑠௦
(ଵ)

+ 𝑠௦
(ଶ)

− 𝑠௦
(ଵ)

𝑠௦
(ଶ)

)
 (5.108) 

 

e. Relationship between the boundary and fluid node velocities 

Finding a relationship between the boundary and the fluid node velocities implies a direct 

relationship between 𝑢(ଵ) and 𝑢(ଶ), which may take the form:  
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 𝑢(ଶ) = 𝐴𝑢(ଵ) + 𝐵𝑎𝛿௧ (5.109) 

such that 𝐴 and 𝐵 are expressed only as functions of MRT-LBM kinetic variables. 

Inserting Eq. (5.96) in the left-hand side of Eq. (5.86) and inserting Eq. (5.101) in the right-hand 

side of Eq. (5.86) and using Eq. (5.108), expressions for 𝐴 and 𝐵 are found: 

 
𝐴 = −

ቀ2 − 2𝑟 + 𝑠௦
(ଵ)

+ 3𝑟𝑠௦
(ଵ)

+ 2𝑟𝑠௦
(ଶ)

− 𝑠௦
(ଵ)

𝑠௦
(ଶ)

− 2𝑟𝑠௦
(ଵ)

𝑠௦
(ଶ)

ቁ

൬ቀ𝑠௦
(ଶ)

− 2ቁቀ𝑟𝑠௦
(ଵ)

− 𝑟 + 1ቁ൰
 (5.110) 

 

𝐵 = ൮
3𝑠௦

(ଵ)
+ 6𝑠௦

(ଶ)
− 3𝑟𝑠௦

(ଶ)
− 𝑠௤𝑠௦

(ଵ)
− 𝑠௤𝑠௦

(ଶ)

൬ቀ𝑠௦
(ଶ)

− 2ቁቀ𝑟𝑠௦
(ଵ)

− 𝑟 + 1ቁ൰

+
−3𝑠௦

(ଵ)
𝑠௦

(ଶ)
+ 3𝑟𝑠௦

(ଵ)
𝑠௦

(ଶ)
+ 𝑠௤𝑠௦

(ଵ)
𝑠௦

(ଶ)

൬ቀ𝑠௦
(ଶ)

− 2ቁቀ𝑟𝑠௦
(ଵ)

− 𝑟 + 1ቁ൰
൲ 

(5.111) 

As the relation between the effective mean free path 𝜆௘ and the relaxation rate ቀ𝜏௦ −
ଵ

ଶ
ቁ is linear, it 

is easier to treat Eqs. (5.110) and (5.111) by shifting 𝜏௦ = 𝜏̃௦ + 1/2 and by substituting 𝑠௦ =

1/ ቀ𝜏̃௦ +
ଵ

ଶ
ቁ and 𝑠௤ = 1/𝜏௤: 

 
𝐴 =

𝜏̃௦
(ଵ)

+ 2𝜏̃௦
(ଶ)

+ 𝑟𝜏̃௦
(ଵ)

+ 2𝑟𝜏̃௦
(ଶ)

+ 2𝜏̃௦
(ଵ)

𝜏̃௦
(ଶ)

− 2𝑟𝜏̃௦
(ଵ)

𝜏̃௦
(ଶ)

𝜏̃௦
(ଶ)

ቀ𝑟 + 2𝜏̃௦
(ଵ)

− 2𝑟𝜏̃௦
(ଵ)

+ 1ቁ
 (5.12) 

 
𝐵 = −

ቀ3𝜏௤ − 2𝜏̃௦
(ଵ)

− 2𝜏̃௦
(ଶ)

+ 3𝑟𝜏௤ + 12𝜏௤𝜏̃௦
(ଵ)

+ 6𝜏௤𝜏̃௦
(ଶ)

− 6𝑟𝜏௤𝜏̃௦
(ଵ)

ቁ

൬2𝜏௤𝜏̃௦
(ଶ)

ቀ𝑟 + 2𝜏̃௦
(ଵ)

− 2𝑟𝜏̃௦
(ଵ)

+ 1ቁ൰
 (5.13) 

While developing this relationship in this article, it was found that Eq. (45) in Guo et al.’s article 

[236] featured as well 𝜏̃௤ = 𝜏௤ − 1/2 as a shifted relaxation time. However, said Eq. (45) is valid 

only if the shifted relaxation time is replaced by the original non-shifted relaxation time. The rest 

of development from the original article is valid. Furthermore, it should be remarked that despite 

all the variations caused by the regularization technique and the passage from the CBBSR to the 
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DBB BC, Eq. (5.112) from this article is exactly the same as the corresponding formula from Guo 

et al.’s article [236]. 

f. Taylor expansions of velocities and viscosity relaxation times around the wall 

This section aims at finding a direct relationship between effective viscosity, effective 

viscosity relaxation times and derivatives of the velocity. This development is exactly the same as 

the one proposed by Guo et al.’s article [236] and will be the same for the D3Q15 lattice 

development. To avoid confusion, the subscript 0 will be used from now on to describe a property 

of the gas at the wall. By definition, the slip velocity 𝑢௦ is the velocity of the gas 𝑢଴ at the wall 

relative to the wall velocity. Using the relationship between the mean free path and the shifted 

shear viscosity relaxation time of Eq. (5.24), the mean free path is rewritten as: 

 𝜆௘ = χτ෤ୱ𝛿௫ (5.114) 

where 𝜒 = ඥ𝜋 6⁄ . Inserting Eq. (5.114) in the BC presented in Eq. (5.6): 

 𝑢଴ = 𝐿ଵ𝛿௫𝑢௪
ᇱ − 𝐿ଶ𝛿௫

ଶ𝑢௪
ᇱᇱ  (5.115) 

where 𝑢௪
ᇱ  and 𝑢௪

ᇱᇱ  are respectively the first and second derivatives of the slip velocity at the wall 

and: 

 𝐿ଵ = (𝐴ଵ − 𝐴ଶχτ෤ୱ୵
ᇱ 𝛿௫)𝜒𝜏̃௦௪ (5.116) 

 𝐿ଶ = 𝐴ଶ𝜒ଶτ෤ୱ୵
ଶ  (5.117) 

A relationship between the velocity of the gas at the wall 𝑢଴ and 𝐴 and 𝐵 developed in 

Appendix Be will now be found. Recalling that a half-way bounce-back BC is used in this article, 

the velocities 𝑢(ଵ) and 𝑢(ଶ) for each lattice will be developed as a Taylor series expansion around 

𝑢௦ and truncated at the second-order: 

 
𝑢(ଵ) ≈ 𝑢௪ +

𝛿௫

2
𝑢௪

ᇱ +
𝛿௫

ଶ

8
𝑢௪

ᇱᇱ  (5.118) 

 
𝑢(ଶ) ≈ 𝑢௪ +

3𝛿௫

2
𝑢௪

ᇱ +
9𝛿௫

ଶ

8
𝑢௪

ᇱᇱ  (5.119) 
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Inserting Eq. (5.118) and Eq. (5.119) in Eq. (5.109) and using Eqs. (5.36) and (5.118), the following 

relationships are found between 𝐿ଵ, 𝐿ଶ, 𝐴 and 𝐵: 

 
𝐿ଵ =

3𝐴 − 9 − 2𝐵𝜏̃௦௪
ᇱ 𝛿௫

6(1 − 𝐴)
 (5.120) 

 
𝐿ଶ =

27 − 3𝐴 + 8𝐵𝜏̃௦௪

24(1 − 𝐴)
 (5.121) 

Local effective viscosity relaxation rates 𝜏̃௦
(ଵ) and 𝜏̃௦

(ଶ) in Eqs. (5.112) and (5.113) need to be 

expressed as functions of the shifted effective viscosity relaxation rate at the wall 𝜏̃௦௪. Expanding 

the relaxation times around the wall for each lattice and truncating the Taylor series at the first-

order: 

 
𝜏̃௦

(ଵ)
≈ 𝜏̃௦௪ +

𝛿௫

2
𝜏̃௦௪

ᇱ  (5.122) 

 
𝜏̃௦

(ଶ)
≈ 𝜏̃௦௪ +

3𝛿௫

2
𝜏̃௦௪

ᇱ  (5.123) 

 

g. Combination of relationships and final result 

Combining Eqs. (5.112), (5.113), (5.116), (5.117) and (5.120)-(5.123), after some tedious algebra 

and neglecting all remaining terms in 𝛿௫
ଶ and of higher order, Eqs. (5.39) and (5.40) for 𝑟 and 𝜏௤ 

are finally obtained for the D2Q9 scheme. 

 

Appendix C – Details of the development of the diffusive bounce-back boundary 

condition for the D3Q15 lattice 

Application of the force driven, steady-state, incompressible laminar flow in the 𝑥-direction 

through a planar geometry hypothesis yield: 

 డథ

డ௧
=

డథ

డ௫
=

డథ

డ௬
= 0, 𝑑𝜌 = 0, 𝑢௬ = 𝑢௭ = 0, 𝑢௫ = 𝑢, 𝑎௬ = 𝑎௭ = 0, 𝑎௫ = 𝑎 (5.124) 
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where 𝜙 is an arbitrary flow variable and 𝑎 = 𝐅/𝜌. 

The following plan is adopted to develop the relationships for the D3Q15 scheme: 

a. Simplification and development of pre-collision and post-collision moments 
b. Development of population and moment relationships 
c. Assembly of the regularized LBM-MRT equation 
d. Expression of the stress tensor as function of force and velocity terms for boundary and 

fluid nodes 
e. Relationship between the boundary and fluid node velocities 
f. Taylor expansions of velocities and viscosity relaxation times around the wall 
g. Combination of relationships and final result. 

 

a. Application of the problem hypothesis to pre-collision and post-collision moments 

With the assumptions defined in Eq. (5.124), some of the moments defined in Eq. (5.56) 

and their equilibrium components detailed in Eq. (5.57) can be neglected. Density 𝜌 is constant, 

and as 𝑢௬ = 𝑢௭ = 0 for an incompressible planar laminar flow, moments 𝑗௬, 𝑗௭, 𝑞௬ and 𝑞௭ never 

deviate from equilibrium. Moments 𝑒, 𝜖 and 𝑝௫௫, 𝑝௪௪ deviate from equilibrium as a second-order 

function of velocity. However, those deviations are neglected here as only a planar incompressible 

flow in the laminar regime is considered. Finally, as 𝑢௬ = 𝑢௭ = 0, stress tensor non-diagonal 

components are 𝑝௫௬ = 𝑝௬௭ = 0 and their equilibrium counterparts are 𝑝௫௬
(௘௤)

= 𝑝௬௭
(௘௤)

= 0. Only 

moments 𝑗௫, 𝑞௫ and 𝑝௭௫ remain of interest. Their equilibrium components 𝑚௞
(௘௤) are thus: 

 𝑗௫
(௘௤)

= 𝜌𝑢௫ = 𝜌𝑢 (5.125) 

 
𝑞௫

(௘௤)
= −

7

3
𝜌𝑢௫ = −

7

3
𝜌𝑢 (5.126) 

 𝑝௭௫
(௘௤)

= 𝜌𝑢௭𝑢௫ = 0 (5.127) 

In Eq. (5.127), it is recalled that 𝑢௭ = 0. However, even for an arbitrary geometry flow, the laminar 

incompressible flow hypothesis would make this term negligible. Applying the regularization 

procedure detailed in Eq. (5.27) and transforming non-equilibrium population components defined 

in Eq. (5.26) to their moments, regularized non-equilibrium components of the moments noted 

𝑚௞
(௡௘௤௥) are thus: 
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𝑗௫
(௡௘௤௥)

= 0 (5.128) 

𝑞௫
(௡௘௤௥)

= 0 (5.129) 

𝑝௭௫
(௡௘௤௥)

= 𝑓଻
(௡௘௤)

− 𝑓
(௡௘௤)

+ 𝑓ଽ
(௡௘௤)

− 𝑓ଵ଴
(௡௘௤)

− 𝑓ଵଵ
(௡௘௤)

+ 𝑓ଵଶ
(௡௘௤)

− 𝑓ଵଷ
(௡௘௤)

+ 𝑓ଵସ
(௡௘௤)

  
(5.130) 

Each population of Eq. (5.130) can be decomposed with the definition in Eq. (5.26): 

 𝑝௭௫
(௡௘௤௥)

= (𝑓଻ − 𝑓 + 𝑓ଽ − 𝑓ଵ଴ − 𝑓ଵଵ + 𝑓ଵଶ − 𝑓ଵଷ + 𝑓ଵସ)

− ቀ𝑓଻
(௘௤)

− 𝑓
(௘௤)

+ 𝑓ଽ
(௘௤)

− 𝑓ଵ଴
(௘௤)

− 𝑓ଵଵ
(௘௤)

+ 𝑓ଵଶ
(௘௤)

− 𝑓ଵଷ
(௘௤)

+ 𝑓ଵସ
(௘௤)

ቁ  
(5.131) 

From the moments’ definitions: 

 𝑝௭௫ = 𝑓଻ − 𝑓 + 𝑓ଽ − 𝑓ଵ଴ − 𝑓ଵଵ + 𝑓ଵଶ − 𝑓ଵଷ + 𝑓ଵସ (5.132) 

 𝑝௭௫
(௘௤)

= 𝑓଻
(௘௤)

− 𝑓
(௘௤)

+ 𝑓ଽ
(௘௤)

− 𝑓ଵ଴
(௘௤)

− 𝑓ଵଵ
(௘௤)

+ 𝑓ଵଶ
(௘௤)

− 𝑓ଵଷ
(௘௤)

+ 𝑓ଵସ
(௘௤)

= 0 (5.133) 

The final result in Eq. (5.133) is obtained with Eq. (5.127). Therefore Eq. (5.131) becomes: 

 𝑝௭௫
(௡௘௤௥)

= 𝑝௭௫ (5.134) 

By a similar reasoning: 

 𝑝௭௫
(௡௘௤)

= 𝑝௭௫ (5.135) 

Multiplying each side of Eq. (5.13) by 𝐌 and neglecting second-order velocity terms in Eq. 

(5.14) with the laminar flow hypothesis, the following force terms are recovered: 

 𝐹෠௝ೣ
= 𝜌𝑎 ቀ1 −

𝑠௝

2
ቁ (5.136) 

 
𝐹෠௤ೣ

= −
7

3
𝜌𝑎 ቀ1 −

𝑠௤

2
ቁ (5.137) 
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 𝐹෠௣೥ೣ
= (𝑢௭𝜌𝑎௫ + 𝑢௫𝜌𝑎௭) ቀ1 −

𝑠௦

2
ቁ = 0 (5.138) 

where 𝐹෠௞ = 𝐌𝐹௜. Eq. (5.138) is developed with the hypothesis that 𝑢௭ = 0 and 𝑎௭ = 0. However, 

even for an arbitrary geometry flow, as the force term is proportional to velocity with the laminar 

incompressible flow hypothesis, this term remains negligible.  

A difference appears between the D2Q9 scheme and the D3Q15 lattice is the 7/3 term in 

front of every energy flux term. This will have repercussions throughout most of the development 

for the D3Q15 lattice. Further remarks written in Appendix Ba. for the D2Q9 lattice about the 

differences between  Guo et al.’s development [236] and the current one still hold for the D3Q15 

lattice development.  

 

b. Development of population and moment relationships 

First, relationships valid both for the boundary and neighboring fluid nodes will be developed. The 

following relationships between pre-collision populations and moments are found by substracting 

populations found after multiplying each side of Eq. (5.117) by 𝐌ିଵ: 

 
𝑓ଵ − 𝑓ଶ =

𝑗௫

5
−

𝑞௫

5
 (5.139) 

 
𝑓଻ − 𝑓 + 𝑓ଽ − 𝑓ଵ଴ =

2𝑗௫

5
+

𝑞௫

10
+

𝑝௭௫

2
 (5.140) 

 
𝑓ଵଵ − 𝑓ଵଶ + 𝑓ଵଷ − 𝑓ଵସ =

2𝑗௫

5
+

𝑞௫

10
−

𝑝௭௫

2
 (5.141) 

Similar relationships hold true for post-collision populations and moments: 

 
𝑓ሚଵ − 𝑓ሚଶ =

𝚥௫̃

5
−

𝑞෤௫

5
 (5.142) 

 
𝑓ሚ଻ − 𝑓ሚ଼ + 𝑓ሚଽ − 𝑓ሚଵ଴ =

2𝚥௫̃

5
+

𝑞෤௫

10
+

𝑝෤௭௫

2
 (5.143) 
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𝑓ሚଵଵ − 𝑓ሚଵଶ + 𝑓ሚଵଷ − 𝑓ሚଵସ =

2𝚥௫̃

5
+

𝑞෤௫

10
−

𝑝෤௭௫

2
 (5.144) 

where the tilde ~ represents the post-collision variable. Eq. (5.9) along with Eqs. (5.139)-(5.141) 

recovers exactly Eq. (5.81).  

Now the propagation scheme for the D3Q15 lattice is examined. As 
డథ

డ௫
= 0, populations 

are invariant in the 𝑥-direction. Populations 1 and 2 are thus related as follows: 

 𝑓ଵ − 𝑓ଶ = 𝑓ሚଵ − 𝑓ሚଶ (5.145) 

Similar relationships are derived for populations on the diagonal directions (𝑖 = 7,8, … ,14). 

However, populations on diagonal directions have also a component in the 𝑦- and 𝑧-directions, 

populations from the boundary and fluid nodes are related as follows:  

 𝑓଻
(ଶ)

− 𝑓
(ଶ)

+ 𝑓ଽ
(ଶ)

− 𝑓ଵ଴
(ଶ)

= 𝑓ሚ଻
(ଵ)

− 𝑓ሚ଼
(ଵ)

+ 𝑓ሚଽ
(ଵ)

− 𝑓ሚଵ଴
(ଵ) (5.146) 

 𝑓ଵଵ
(ଵ)

− 𝑓ଵଶ
(ଵ)

+ 𝑓ଵଷ
(ଵ)

− 𝑓ଵସ
(ଵ)

= 𝑓ሚଵଵ
(ଶ)

− 𝑓ሚଵଶ
(ଶ)

+ 𝑓ሚଵଷ
(ଶ)

− 𝑓ሚଵସ
(ଶ) (5.147) 

where superscript (1) represents the boundary node and (2) represents the neighboring fluid node  

in the 𝑦-direction. The remaining relationship to be determined is between populations interacting 

with the wall. In the DBB scheme, pre-collision populations 7, 8, 9 and 10 come from post-

collision populations 11, 12, 13 and 14 respectively. As 𝑢௬ = 𝑢௭ = 0 and 𝐹௬ = 𝐹௭ = 0, by Eq. 

(5.9),  𝑓ହ − 𝑓଺ + 𝑓଻ + 𝑓 + 𝑓ଽ + 𝑓ଵ଴ − 𝑓ଵଵ − 𝑓ଵଶ − 𝑓ଵଷ − 𝑓ଵସ = 0 and 𝑓ଷ − 𝑓ସ + 𝑓଻ + 𝑓 + 𝑓ଽ +

𝑓ଵ଴ − 𝑓ଵଵ − 𝑓ଵଶ − 𝑓ଵଷ − 𝑓ଵସ = 0. Furthermore, remarking that 𝑓ଵଵ
(௘௤)

(𝜌௪, 𝟎) = 𝑓ଵଶ
(௘௤)

(𝜌௪, 𝟎) =

𝑓ଵଷ
(௘௤)

(𝜌௪, 𝟎) = 𝑓ଵସ
(௘௤)

(𝜌௪, 𝟎), that 𝑓ଷ = 𝑓ସ = 𝑓ହ = 𝑓଺ = 𝑓ଷ
(௘௤)

(𝜌௪, 𝟎) = 𝑓ସ
(௘௤)

(𝜌௪, 𝟎) =

𝑓ହ
(௘௤)

(𝜌௪, 𝟎) = 𝑓଺
(௘௤)

(𝜌௪, 𝟎) and that 𝐹ത଻ = 𝐹തଽ = 𝐹തଵଵ = 𝐹തଵଷ and 𝐹ത଼ = 𝐹തଵ଴ = 𝐹തଵଶ = 𝐹തଵସ, it can be 

concluded that 𝐾 defined in Eq. (5.32) is equal to 1 and the following relationship is thus derived: 

 𝑓଻
(ଵ)

− 𝑓
(ଵ)

+ 𝑓ଽ
(ଵ)

− 𝑓ଵ଴
(ଵ)

= −(𝑓ሚଵଵ
(ଵ)

− 𝑓ሚଵଶ
(ଵ)

+ 𝑓ሚଵଷ
(ଵ)

− 𝑓ሚଵସ
(ଵ)

) (5.148) 
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c. Assembly of the MRT-LBM equation 

The regularized MRT-LBM defined in Eq. (5.37) is used to find relationships between the 

post-collision and pre-collision populations for each of the two nodes.  

For the boundary node (1), populations 6, 11, 12, 13 and 14 enter into collision with the 

solid wall. Multiplying each side of Eq. (5.37) by 𝐌, using Eqs. (5.38), (5.125)-(5.129), (5.134) 

and (5.136)-(5.141), recalling 𝐮௪ = 0, and after tedious algebraical manipulations, the post-

collision moments are related to pre-collision moments the following way for the boundary node: 

 
𝚥௫̃

(ଵ)
= 𝜌𝑢(ଵ) − ൬

1 − 𝑟

6
൰ 𝜌𝑢(ଵ) + ቆ

(1 − 𝑟)(1 − 𝑠௦)

2
ቇ 𝑝௭௫

(ଵ)
+ 𝜌𝑎 ቀ1 −

𝑠௝

2
ቁ 𝛿௧ (5.149) 

 
𝑞෤௫

(ଵ)
= −

7

3
𝜌𝑢(ଵ) − ൬

1 − 𝑟

6
൰ 𝜌𝑢(ଵ) + ൭

(1 − 𝑟)൫1 − 𝑠௦
(ଵ)

൯

2
൱ 𝑝௭௫

(ଵ)
−

7

3
𝜌𝑎 ቀ1 −

𝑠௤

2
ቁ 𝛿௧ (5.150) 

 
𝑝෤௭௫

(ଵ)
=

(1 − 𝑟)

6
𝜌𝑢(ଵ) + ൭

(1 + 𝑟)൫1 − 𝑠௦
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Using Eqs. (5.81), (5.83), (5.149) and (5.150), the energy flux at the boundary node is found: 

 
𝑞௫

(ଵ)
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7

3
𝜌𝑢(ଵ) − 𝜌𝑎𝛿௧ ൬
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3
−

7𝑠௤

6
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For the fluid node (2), Eq. (5.38) makes 𝑟௜ = 1 for all 𝑖. Using Eq. (5.91), post-collision 

moments are easily found from Eqs. (5.125)-(5.129), (5.134), (5.136)-(5.138) and (5.142)-(5.144): 

 𝚥௫̃
(ଶ)

= 𝜌𝑢(ଶ) + 𝜌𝑎 ቀ1 −
𝑠௝

2
ቁ 𝛿௧ (5.153) 
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(ଶ)
= −

7

3
𝜌𝑢(ଶ) −

7

3
𝜌𝑎 ቀ1 −

𝑠௤

2
ቁ 𝛿௧ (5.154) 

 𝑝෤௭௫
(ଶ)

= ቀ1 − 𝑠௦
(ଶ)

ቁ 𝑝௭௫
(ଶ) (5.155) 

When 𝑟 = 1, expressions for the post-collision moments from Eqs. (5.149)-(5.151) are equal to 

those from Eqs. (5.153)-(5.155). Using Eqs. (5.81), (5.83), (5.153) and (5.154), the energy flux for 

the fluid node is found: 
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As Eqs. (5.152) and (5.156) are expressions for a pre-collision moment, their similarity is not 

surprising. 

 Further remarks held at the end of Appendix Bc. regarding the necessity of setting 𝑠௝ = 1 

remain true for the D3Q15 lattice. 

 

d. Expression of the stress tensor as function of force and velocity terms for boundary 

and fluid nodes 

The stress tensor non-diagonal component 𝑝௭௫ is now expressed in function of the velocity 𝑢 and 

the body force 𝜌𝑎. The following relationships between the pre-collision populations and the pre-

collision stress tensor non-diagonal component are found after substituting Eqs. (5.152) and (5.156) 

into Eqs. (5.140) and (5.141): 
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The following relationships between post-collision populations and the pre-collision stress tensor 

non-diagonal component are found after substituting Eqs. (5.149)-(5.151) and (5.153)-(5.155) into 

Eqs. (5.143) and (5.144): 
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Here it is assumed, as did Guo et al. [236], that 𝑠௤ is constant throughout the domain. 

Developing Eqs. (5.146) and (5.147), macroscopic velocities and the stress tensor non-diagonal 

component are now related in this way: 
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Isolating 𝑝௭௫
(ଶ) in Eq. (5.165) and then isolating 𝑝௭௫

(ଵ) in Eq. (5.166), the stress tensor non-diagonal 

components for each node are now expressed as a set of two equations with two unknowns: 
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Inserting Eq. (5.167) in Eq. (5.168) and then isolating 𝑝௭௫
(ଵ): 
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)
 (5.169) 

This result is strikingly similar to the result obtained for the D2Q9 lattice. 
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e. Relationship between the boundary and fluid node velocities 

It is also desired to find a relationship of the form presented in Eq. (5.109). Inserting Eq. (5.157) 

in the left-hand side of Eq. (5.148) and inserting Eq. (5.162) in the right-hand side of Eq. (5.148) 

and using Eq. (5.169), expressions for 𝐴 and 𝐵 are found: 

 
𝐴 = −

ቀ2 − 2𝑟 + 𝑠௦
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(5.171) 

As the relation between the effective mean free path 𝜆௘ and the relaxation rate ቀ𝜏௦ −
ଵ

ଶ
ቁ is linear, it 

is easier to treat Eqs. (5.170) and (5.171) by shifting 𝜏௦ = 𝜏̃௦ + 1/2 and by substituting 𝑠௦ =

1/ ቀ𝜏̃௦ +
ଵ

ଶ
ቁ and 𝑠௤ = 1/𝜏௤: 
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Eq. (5.112) is found to be the same as Eq. (5.172) 

 

f. Taylor expansions of velocities and viscosity relaxation times around the wall 

See developments from Appendix Bf which remain fully valid here. 
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g. Combination of relationships and final result. 

Using Eqs. (5.116), (5.117), (5.120)-(5.123), (5.172) and (5.173), after some tedious 

algebra and neglecting all remaining terms in 𝛿௫
ଶ and of higher order, Eqs. (5.39) and (5.40) for 𝑟 

and 𝜏௤ are finally found for the D3Q15 scheme. 
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CHAPITRE 6 ARTICLE 4: SIMULATION OF RAREFIED GAS FLOWS 

THROUGH NON-PLANAR GEOMETRIES USING AN EFFECTIVE 

VISCOSITY FUNCTION CALCULATED FROM A RAY-TRACING 

ALGORITHM 

Jean-Michel Tucny, Sébastien Leclaire, David Vidal et François Bertrand – soumis le 9 novembre 

2020 au Journal of Computational Physics, p. XXX-XXX. (Note : le texte présenté ici peut ne pas 

correspondre à la version finale) 

Abstract. The computation of rarefied gas flow fields is a significant challenge as the no-slip 

condition and continuum hypothesis break down in the rarefied regime. This problem is 

exacerbated in complex porous media, where approximations of the Boltzmann equation are too 

computationally expensive to be used for concrete industrial applications. Extensions of the 

Navier-Stokes equations through effective viscosity functions have been proposed to model the 

stress-strain relationship in rarefied flows. However, earlier effective viscosity functions were 

computed accurately only for a few simple geometries. In this article, rarefied flows through non-

planar geometries are computed using an effective viscosity functions calculated from a ray-tracing 

algorithm. The lattice Boltzmann method (LBM) is used as an extended Navier-Stokes equation 

solver. Good agreement was found with experimental data for the flow field through a slit. 

Questions remain regarding the use of the LBM as an extended Navier-Stokes equation solver 

through complex porous media.  

Keywords: Complex porous media, Effective viscosity functions, Knudsen flow, Rarefied flow, 

Effective mean free path, Lattice Boltzmann method (LBM) 

6.1 Introduction 

Rarefied gas flows through porous media have received considerable attention in various 

fields such as shale gas extraction [431], spatial re-entry [432], air filtration [153], catalysis [433], 

and micro/nanoelectromechanical systems (MEMS/NEMS) [53]. Gas flows are said to be rarefied 

when the mean free path of gas molecules 𝜆 is comparable to the characteristic length of the flow 

𝐿஼ , i.e., when the Knudsen number 𝐾𝑛 = 𝜆/𝐿஼  is not negligible. As the Knudsen number increases, 

two deviations from continuum flow behavior occur successively: first a flow slip at the wall and 



154 

 

then the appearance of the Knudsen layer [137, 138, 434]. Flow slip manifests as a macroscopic 

velocity discontinuity at a solid boundary. Gas molecules incoming from a region with a finite flow 

velocity contribute to the velocity of the gas in the neighborhood of the solid, creating a finite flow 

velocity at the solid surface. The Knudsen layer is a region of a thickness 𝑂(𝜆) in the neighborhood 

of a solid boundary where insufficient collisions happen between gas molecules. As a consequence, 

the assumption of local thermodynamic equilibrium is no longer valid, and the linear stress-strain 

relationship in the Navier-Stokes equations (NSEs) breaks down.  

Devienne’s original classification [52] distinguished four rarefaction regimes: (1) 

continuous flow (𝐾𝑛 < 0.001), (2) slip flow (0.001 < 𝐾𝑛 < 0.01), (3) transition or Knudsen 

flow (0.01 < 𝐾𝑛 < 10), and (4) free molecular flow (𝐾𝑛 > 10). In the continuous flow regime, 

the NSEs with no-slip boundary conditions (BCs) are valid. In the slip flow regime, the NSEs are 

considered valid in the bulk of the flow. However, slip BCs should be used at solid-fluid 

boundaries. In the transition flow regime, the Knudsen layer becomes predominant in the flow. In 

the free molecular flow regime, collisions between gas molecules are negligible. Thresholds 

between these regimes vary from author to author [55, 149, 158, 354-357], and should be geometry- 

[55, 182, 435] and physics-dependent [355-357]. Defining these thresholds becomes even more 

difficult in porous media, where the characteristic length 𝐿஼ may vary throughout the domain [353].  

 Of the four regimes mentioned above, the transition or Knudsen flow regime is the most 

difficult to solve given that non-equilibrium effects are dominant while collisions between gas 

molecules are not negligible. Transition flows can be studied by considering statistical ensembles 

of molecular momentum transfers with a collision term, the simplest one being the Boltzmann 

equation (BE). However, closed-form solutions of the BE are known only for a few simple 

geometries [137, 138, 257]. Numerical methods devoted to approximations of the BE can be 

divided into three categories: (1) macroscopic, such as Chapman-Enskog expansions and Grad’s 

moment method [137, 434], (2) microscopic, such as the Direct Simulation Monte-Carlo (DSMC) 

method and the molecular dynamics (MD) simulation method [257], and (3) mesoscopic, such as 

the discrete ordinate method (DOM), the discrete velocity method (DVM) [417], the lattice 

Boltzmann method (LBM) [275], and the discrete unified gas kinetic scheme (DUGKS) [267]. 

Macroscopic methods find solutions to higher-order truncatures of the BE. As these solutions 

analyze distributions and moments that depart from equilibrium, they are generally adapted to the 

low end of the transition flow (𝐾𝑛 < 1). Microscopic methods attempt to solve the BE by 
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averaging the behaviors of sample populations or molecules. The computational needs of 

microscopic methods increase in the continuum limit and so are generally adapted to the high end 

of transition flows (𝐾𝑛 > 1). Mesoscopic methods discretize space domains and velocity sets to 

solve the BE, which makes them, in principle, valid across the entire range of Knudsen numbers. 

However, high Knudsen flows require large velocity sets that increase computation times and the 

memory footprint dramatically as well as communication overhead for distributed memory 

systems. This problem is exacerbated in porous media where solid-gas boundaries are often 

complex. The DUGKS and the LBM try to alleviate this problem by evaluating population fluxes 

on adaptive meshes and by using a regular Cartesian grid, respectively. Nonetheless, it remains 

difficult to determine the required size of the set before computing the solution. Hybrid schemes 

where microscopic sub-schemes are used in the Knudsen layer and mesoscopic or macroscopic 

sub-schemes outside the Knudsen layer have been proposed, but their computational efficiency is 

limited by the domain fraction where such microscopic sub-schemes must be used [259-266, 436, 

437]. In addition, in complex porous media, domain decomposition is not straightforward.  

 The computational cost of solving the NSEs is very low compared to that of the BE 

approximations. For this reason, it has been proposed to recover rarefied flow fields by 

incorporating an effective viscosity function in the NSEs to recover the stress-strain relationship in 

the Knudsen layer together with a slip BC to recover the finite slip velocity at the boundary. This 

would reduce the complexity of solving the Boltzmann equation through a complex porous medium 

to a single scalar field (effective viscosity) that is evaluated once. Originally, empirical and 

analytical fittings depending solely on the Knudsen number were proposed to recover the 

relationship between pressure drop and mass flow for plane Couette [173-179] and pressure-driven 

[179-182] flows. However, for a complex geometry, the definition of a Knudsen number is 

ambiguous because it is explicit based on a characteristic length, which may vary throughout a 

complex geometry. Another problem is that, in the aforementioned studies, the viscosity functions 

used were position-independent. However, effective viscosity should have a lower value only 

inside the Knudsen layer. Constant viscosity models thus accurately predict mass flows only 

because of fitting, and the velocity field is generally not well predicted even in planar flows [217, 

438]. Nevertheless, constant viscosity functions have been used to solve rarefied gas flows through 

porous media in many studies, some by solving flows on a planar domain [183-193], others by 

applying the constant viscosity model directly to complex geometries [194-216]. 
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A more sophisticated approach has been proposed in the form of a wall function giving the 

relationship between shear stress and strain in the Knudsen layer. Although wall functions have 

been derived by analyzing flow fields obtained from approximations of the BE [217-224], this 

approach raises the question as to whether the flow field for a given shape of a solid-fluid boundary 

is required to find the stress-strain relationship.  

In this work, it is aimed to find an effective viscosity function that can be calculated a priori 

solely from the geometry and the gas properties. According to the kinetic theory of gases, the 

viscosity of a gas is proportional to its molecular mean free path. Solid walls restrict molecular 

paths and thus reduce the effective mean free path near a solid boundary. If the distribution of free 

paths is known a priori and the distance to the nearest solid boundary is known in every angle from 

every point, it would be possible to derive an effective viscosity function through integration, 

assuming as a hypothesis that the proportionality between viscosity and the mean free path holds 

true in the Knudsen layer. This hypothesis has been confirmed for simple geometries by MD [228-

230] and DSMC studies [226, 227] for which gas thermodynamic properties did not vary at the 

scale of a mean free path. However, these articles were criticized for allegedly using insufficient 

space and time bins [439]. Recent studies with MD have responded to these criticisms by using 

different techniques for the computation of viscosity [224, 440]. 

Several wall functions have been derived in simple cases such as planar [170, 225, 226, 

231-234] and concentric cylindrical flows [161, 162, 235]. Analytical functions derived for planar 

flows have also been implemented for complex geometries [202, 334, 351, 361, 369, 380, 381, 

441]. However, these articles do not provide details about wall-distance calculations and there 

remains some ambiguity on how to proceed. A wall-distance calculation algorithm has been 

proposed for complex geometries [442], but to the authors’ knowledge, has not been used for 

viscosity function calculations. A systematic method for computing viscosity functions for 

complex geometries is thus still lacking. 

Another problem to be considered is the choice of the numerical method used to solve the 

extended NSEs through complex porous media. The LBM is a finite-difference discretization of 

the Boltzmann equation where populations evolve according to a propagation-collision scheme. 

The LBM is particularly suited for massive parallel computations because of its local and explicit 

formulation. Fluid and solid nodes are represented on a regular Cartesian scheme with a simple 
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Boolean geometry. With a small velocity set, such as the D2Q9 or D3Q15 lattice, it is possible to 

recover the regular NSEs through porous media with a Chapman-Enskog expansion within the 

limit of low Mach and Knudsen numbers [250-253].  

A further advantage of the LBM with respect to the computation of the effective mean free 

path in complex porous media is its simple Boolean representation of the phases on a regular 

Cartesian grid. Two separate studies used with the LBM to compute the mean free path in a 

complex porous medium by averaging the distances to a wall according to rays traced in four 

directions from each fluid node in a 2D domain [295] and in 18 directions in a 3D domain [364]. 

The number of rays originating from each node can coincide with the lattice, and computations of 

distance to the nearest solid were performed only with integer operations. However, there is no 

indication that these numbers of directions are sufficient. The number of directions required to 

precisely calculate effective mean free paths has never been investigated systematically. 

Papers already published by our group revealed several additional problems with previous 

BC implementations for the simulation of rarefied gas flows through porous media. Some of these 

problems were remedied by: (1) developing a new diffusive bounce-back (DBB) BC that 

unambiguously defines kinetic BCs in corners and that accounts for the variation of effective 

viscosity [237], (2) filtering non-hydrodynamical moments with a regularization procedure, and 

(3) tuning the DBB BC to include the impact of the regularization procedure on the BC [443]. 

However, the impact of the Knudsen layer was not taken into account for non-planar geometries 

as a systematic procedure had not been developed to compute the effective viscosity function. 

In this article, it is proposed to compute effective viscosity functions by the numerical 

integration of free path distribution functions bounded by the distance to the nearest wall computed 

in all directions according to a ray-tracing algorithm. The effective viscosity functions were then 

used as an input to an in-house LBM code with a D3Q15 lattice to solve flows in the rarefied 

regimes. In Section 6.2, derivations of effective viscosity functions are described. In Section 6.3, 

numerical comparisons are made with wall functions derived using a simple wall geometry. In 

Section 6.4, the ray-tracing algorithm is presented as a pseudo-code, and information about its 

implementation for a Cartesian grid is given. In Section 6.5, a description of the implementation of 

ray-tracing through a convergence analysis of the required propagation and angle steps for a planar 

geometry and an array of spheres is provided. In Section 6.6, the results for rarefied flows are 
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compared to the analytical and experimental results, respectively, for planar and cylinder array 

geometries. In Section 6.7, some concluding remarks are presented. 

6.2 Effective viscosity functions 

In this section, effective viscosity functions will be constructed from elements of kinetic 

theory and phenomenological models. First, the relationships between viscosity and the mean free 

path are recalled and the general formula for effective viscosity functions is explained. Second, the 

free path distribution functions presented in the literature are summarized. Third, angular 

distribution functions found in the literature are summarized. Lastly, analytical solutions for simple 

geometries are discussed. 

6.2.1 General formula of the effective viscosity function 

In the kinetic theory of gases, systems with a large number of particles are assumed to obey 

the laws of classical mechanics. The mean free path is defined as the average distance traveled by 

gas molecules between collisions. According to the rigid sphere model, gas molecules are treated 

as mass points travelling a distance 𝑟 without a force term (thus called a free path), before 

interacting with discrete impulses when collisions occur [138]. For an unbounded system in 

thermodynamic equilibrium, a proportionality relationship can be derived between the mean free 

path 𝜆 and viscosity 𝜇 via the temperature 𝑇 and the pressure 𝑃 [138]: 

 
𝜆 =

𝜇

𝑃
ඨ

𝜋𝓡𝑇

2
 (6.1) 

where 𝓡 is the ideal gas constant for the given molecular species.  

In bounded systems, however, free paths are obstructed in the vicinity of solid walls, thus 

creating the Knudsen layer. Assuming relationship (6.1) holds in the Knudsen layer, an effective 

viscosity can be derived for each point 𝐱 in a given geometry by computing the effective mean free 

path 𝜆௘(𝐱): 
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 𝜆௘(𝐱)

𝜆
=

𝜇௘(𝐱)

𝜇
= Ψ(𝐱, 𝜆) (6.2) 

where 0 ≤ Ψ(𝐱, 𝜆) ≤ 1 is the effective viscosity function. The calculation of the effective viscosity 

in the Knudsen layer is thus reduced to the calculation of an effective mean free path. 

To compute the effective mean free path, the distance 𝑟 between two collisions is treated as 

a random variable with a free path distribution function 𝜓(𝑟), where each path is treated as a 

separate and independent event. The probability 𝑝 that a gas molecule travels a distance greater 

than 𝑅 between two collisions is by definition: 

 
𝑝(𝑅) = න 𝜓(𝑟)𝑑𝑟

ஶ

ோ

 (6.3) 

Explicit forms for the free path distribution function 𝜓(𝑟) are given in Subsection 6.2.2. The 

unbounded mean free path of a molecule is recovered by calculating the expected (or mean) value 

of the distribution 𝜓: 

 
𝜆 = න 𝑟𝜓(𝑟)𝑑𝑟

ஶ

଴

 (6.4) 

Considering a gas molecule at position 𝐱 travelling along a given direction, it is possible to calculate 

the distance 𝑅 at which a molecule might hit a solid wall by tracing a line segment from the position 

𝐱 to the intersection of the line with a solid boundary in that direction. The line segments will 

henceforth be labeled “rays.” This mathematical problem is best treated using a spherical 

coordinate system (𝑟, 𝜃, 𝜙), where 𝑟 is the distance to the center, 𝜃 is the longitude, and 𝜙 is the 

latitude. Along this free path of length 𝑟, two possibilities arise: either the gas molecule collides 

with a solid wall (𝑟 > 𝑅(𝜃, 𝜙)) or the gas molecule collides with another gas molecule before it 

reaches a solid wall (𝑟 < 𝑅(𝜃, 𝜙)). The directional mean free path 𝜆൫𝑅(𝜃, 𝜙)൯ is thus: 

 
𝜆൫𝑅(𝜃, 𝜙)൯ = න 𝑟𝜓(𝑟)d𝑟

ோ(ఏ,థ)

଴

+ න 𝑅(𝜃, 𝜙)𝜓(𝑟)d𝑟
ஶ

ோ(ఏ,థ)

 (6.5) 

As 𝑅(𝜃, 𝜙) is a constant with respect to 𝑟, Eq. (6.5) can be simplified by using the definition of the 

probability 𝑝 presented in Eq. (6.3): 
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𝜆൫𝑅(𝜃, 𝜙)൯ = න 𝑟𝜓(𝑟)d𝑟

ோ(ఏ,థ)

଴

+ 𝑅(𝜃, 𝜙) ∙ 𝑝൫𝑅(𝜃, 𝜙)൯ (6.6) 

Depending on the geometry and the given direction (𝜃, 𝜙), the ray may not cross any solid object. 

In this case, 𝑅(𝜃, 𝜙) = ∞ and 𝜆൫𝑅(𝜃, 𝜙)൯ = 𝜆 per Eq. (6.4). By calculating the integral through 

all the angles and recalling the Jacobian 𝑑Ω = sinϕ𝑑𝜙𝑑𝜃, the effective mean free path evaluated 

at point 𝐱 for a complex geometry in its most general form is: 

 
𝜆௘(𝐱) = න න 𝜆൫𝑅(𝜃, 𝜙)൯𝑔(𝜃, 𝜙)𝑠𝑖𝑛𝜙d𝜙d𝜃

గ

଴

ଶగ

଴

. (6.7) 

where 𝑔(𝜃, 𝜙) is the angular ray distribution function described in detail in Subsection 6.2.3.  

6.2.2 Free path distribution functions 

To compute an effective viscosity function in rarefied flows, Stops [346] proposed an 

exponential free path distribution: 

 
𝜓(𝑟) =

1

𝜆
exp ቀ−

𝑟

𝜆
ቁ (6.8) 

Using Eq. (6.8) in Eq. (6.6), the directional mean free path for the exponential free path distribution 

is thus given by: 

 
𝜆ா௑௉൫𝑅(𝜃, 𝜙)൯ = 𝜆 ቆ1 − exp ቆ−

𝑅(𝜃, 𝜙)

𝜆
ቇቇ (6.9) 

The exponential free path distribution can be derived from two assumptions: (1) that collision 

frequency is independent of molecular velocity (the so-called Maxwellian molecular model) and 

(2) that the gas is in thermodynamic equilibrium throughout the Knudsen layer [228]. Assumption 

1 generally breaks down as the collision frequency increases with molecular velocity. However, 

for the hard-sphere model, assuming the macroscopic density and temperature remain constant 

throughout the domain, departure from the exponential model is weak and the evaluation of a more 

accurate free path distribution would require a cumbersome integration [444-447]. Assumption 2 

has been criticized based on DSMC tests by Dongari et al. [228], who proposed a power-law free 

path distribution to capture the impact of deviation from equilibrium: 
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 𝜓(𝑟) = 𝐶(𝑎 + 𝑟)ି௡ (6.10) 

where 𝐶 = (𝑛 − 1)𝑎௡ିଵ, 𝑎 = 𝜆(𝑛 − 2), and 𝑛 > 2 is a parameter representing the deviation from 

equilibrium. When 𝑛 → ∞, the power-law distribution converges to the exponential distribution. 

However, 𝑛 = 3 will be chosen as was the case for most articles using the power-law free path 

distribution [161, 162, 170, 235, 237, 295, 448]. Using Eq. (6.10) in Eq. (6.6), the expression of 

the directional mean free path becomes cumbersome when 𝑛 is unspecified in the power-law free 

path distribution. Given this, only the case with 𝑛 = 3 will be shown in the remainder of the 

development: 

 
𝜆௉௅൫𝑅(𝜃, 𝜙)൯ =

𝑅(𝜃, 𝜙) ∙ 𝜆

𝑅(𝜃, 𝜙) + 𝜆
 (6.11) 

Arlemark et al. [232] used a different formalism where the bulk mean free path is directly 

multiplied by an integrated form of the probability distribution function and derived Eq. (6.9) as 

the integrand to be used in Eq. (6.7) from the exponential free path distribution (i.e., Eq. (6.8)). 

Following Arlemark et al.’s formalism, however, Dongari et al. [170, 233] developed a different 

integrand for Eq. (6.7), namely: 

 
𝜆௉௅

∗ ൫𝑅(𝜃, 𝜙)൯ = 𝜆 ൭1 − ቆ1 +
𝑅(𝜃, 𝜙)

𝑎
ቇ

ଵି௡

൱ (6.12) 

where the superscript ∗ indicates that it was not derived with Eq. (6.6). The similitude between 

Arlemark et al.’s integrand and Eq. (6.9) is a consequence of the mathematical properties of the 

exponential function. Discrepancies between Eqs. (6.11) and (6.12) are thus expected.  

Figure 6.1 shows the directional mean free paths corresponding to Eqs. (6.9), (6.11), and 

(6.12). The directional mean free path derived from the exponential law (Eq. (6.9)) reaches the 

bulk mean free path at a relatively smaller 𝑅 compared to derivations from the power-law (Eq. 

(6.11)), as intended. However, the directional mean free path derived in the article by Dongari et 

al. (Eq. (6.11)) reaches the bulk mean free path at an even smaller 𝑅 than the directional mean free 

path derived from Eq. (6.12) for the power law distribution function. At 𝑅 = 10𝜆, Eq. (6.11) 

predicts 𝜆௘ ≈ 0.909, while Eq. (6.12) predicts 𝜆௘ ≈ 0.992. The power-law distribution with 𝑛 =
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3 is thus impractical for a ray-tracing algorithm such as the one presented in Section 6.4, as the 

effective mean free path increases too slowly as a function of 𝑅. 

 

Figure 6.1   Directional mean free path expressions derived in Subsection 6.2.2 and from the 

literature 

6.2.3 Angular distribution functions 

The angular distribution function 𝑔(𝜃, 𝜙) defines the ray distribution leaving a point 

according to the angle (𝜃, 𝜙). The following normalization property must be true for 𝑔(𝜃, 𝜙): 

 
න න 𝑔(𝜃, 𝜙)𝑠𝑖𝑛𝜙d𝜙d𝜃

గ

଴

ଶగ

଴

= 1 (6.13) 

Assuming molecules have no angular preference, the following uniform angular 

distribution function is derived [226]: 
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𝑔௎ேூ(𝜃, 𝜙) =

1

4𝜋
 (6.14) 

This assumption implies a uniform macroscopic velocity throughout the flow, which strictly 

speaking is not true for any shear flow. However, as pointed out by Abramov [226], if the 

macroscopic velocity is small compared to the mean molecular speed, deviations from uniform 

behavior should remain small. This is also equivalent to assuming a small Mach number as the 

speed of sound is proportional to the mean molecular speed with a constant factor 𝑂(1). 

In Stops’ development for the viscosity function in the case of a slit flow [346], molecules 

leaving a solid surface are considered first, by analogy to the radiation phenomenon, to follow 

Lambert’s cosine law [226]: 

 
𝑔஼ைௌ(𝜃, 𝜙) =

1

2𝜋
cos 𝜙 (6.15) 

where 𝜙 is the angle between the line normal to the plane and a molecule trajectory. Note that 

Stops introduced this angular distribution function for gas molecules leaving the wall, not coming 

from the bulk. The direct application of Eq. (6.15) in Eq. (6.7) would thus induce an anisotropic 

angular distribution function throughout the domain, in contradiction with the equipartition 

principle in the continuous limit. It should be noted that Abramov [226], with other DSMC tests, 

found that the uniform distribution was more accurate than the cosine distribution. The uniform 

distribution was thus used in this work. 

6.2.4 Analytical solutions 

Analytical solutions from the literature for effective mean free paths in simple geometries 

are reviewed here. The earliest mention of an effective mean free path comes from Stops [346], 

with a development for a flow through a slit of opening width 𝐷. Using the exponential free path 

distribution from Eq. (6.8) and the cosine angular distribution from Eq. (6.15), the ratio of the mean 

free path of molecules leaving a solid wall (𝜆௪) and that from the bulk 𝜆, which is labeled 𝐹(𝛽), is 

written as: 

 𝜆௪

𝜆
= 𝐹(𝛽) = 1 + (𝛽 − 1) exp(−𝛽) − 𝛽ଶ𝐸௜(𝛽) (6.16) 
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where 𝛽 = 𝐷/𝜆 and the exponential integral function 𝐸௜(𝛽) is defined as: 

 
𝐸௜(𝛽) = න 𝑡ିଵ exp(−𝛽𝑡) d𝑡

ஶ

ଵ

 (6.17) 

As 𝐸௜(𝛽) is difficult to evaluate, the following simplification has been proposed for 𝐹(𝛽) [231]: 

 
𝐹(𝛽) ≈

2

𝜋
arctan(𝛽ି

ଷ
ସ) (6.18) 

It must be noted that Eq. (6.16) developed by Stops, as such, reveals nothing about the effective 

mean free path through the domain. Guo et al. [225] considered a flow through a slit with molecules 

originating from a plane at position −
஽

ଶ
≤ 𝑥 ≤

஽

ଶ
. Assuming that molecules have no preference 

going to one wall or the other, the following viscosity function was derived by taking an average 

of the contributions to the two planes: 

 

Ψ(λ, 𝑥) =
1

2
൮𝐹 ቌ

𝐷
2

− 𝑥

𝜆
ቍ + 𝐹 ቌ

𝐷
2

+ 𝑥

𝜆
ቍ൲ (6.19) 

Introducing Eqs. (6.9) and (6.15) into the definition of the effective mean free path from Eq. (6.7) 

with the appropriate form for 𝑅(𝜃, 𝜙) yields exactly Eq. (6.19). It should be noted that the 

combination of an anisotropic angular distribution function with the assumption that molecules 

have no preference going to one wall or the other seems difficult to generalize to complex 

geometries and appears logically inconsistent.  

Arlemark et al. [232] proposed an alternative viscosity function for the exponential 

distribution function (Eq. (6.9)) using the uniform angular distribution function (Eq. (6.14)) and a 

Simpson 1/3 numerical approximation of Eq. (6.7) with 14 subintervals: 
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Ψ(𝜆, 𝑥) = 1 −

1

82
(exp ቌ−

ቀ
𝐷
2

+ 𝑥ቁ

𝜆
ቍ + exp ቌ−

ቀ
𝐷
2

− 𝑥ቁ

𝜆
ቍ

+ 4 ෍ exp ቌ−
ቀ

𝐷
2

+ 𝑥ቁ

𝜆 ∙ cos
(2 ∙ 𝑖 − 1)𝜋

28

ቍ

଻

௜ୀଵ

+ 4 ෍ exp ቌ−
ቀ

𝐷
2

− 𝑥ቁ

𝜆 ∙ cos
(2 ∙ 𝑖 − 1)𝜋

28

ቍ

଻

௜ୀଵ

+ 2 ෍ exp ቌ−
ቀ

𝐷
2

+ 𝑥ቁ

𝜆 ∙ cos
𝑖𝜋
14

ቍ

଺

௜ୀଵ

+ 2 ෍ exp ቌ−
ቀ

𝐷
2

− 𝑥ቁ

𝜆 ∙ cos
𝑖𝜋
14

ቍ

଺

௜ୀଵ

 

(6.20) 

 

Abramov [226], using the same formalism as presented in this paper, recently proposed to 

combine the exponential distribution in Eq. (6.8) with the uniform angular distribution in Eq. (6.14) 

to derive a solution for a semi-infinite flow. For a slit flow, the solution is developed as follows: 

 

Ψ(𝜆, 𝑥) =
1

2
൮𝐺 ቌ

𝐷
2

− 𝑥

𝜆
ቍ + 𝐺 ቌ

𝐷
2

+ 𝑥

𝜆
ቍ൲ (6.21) 

with function 𝐺(𝛼) defined as: 

 𝐺(𝛼) = 1 − exp(−𝛼) + 𝛼𝐸௜(𝛼) (6.22) 

Assuming a uniform angular distribution function (Eq. (6.14)) and using the integrand of 

Eq. (6.12), Dongari et al. derived an alternative viscosity function from the power-law function 

(Eq. (6.10)) for a slit geometry by using a Simpson 1/3 numerical approximation with 16 

subintervals [170, 233]:  
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Ψ(𝜆, 𝑥) = 1 −
1

96

⎝

⎛ቌ1 +

𝐷
2

+ 𝑥

𝑎
ቍ

ଵି௡

+ ቌ1 +

𝐷
2

− 𝑥

𝑎
ቍ

ଵି௡

+ 4 ෍ ൮1 +

𝐷
2

+ 𝑥

a ∙ cos ൬
(2𝑖 − 1)𝜋

32
൰

൲

ଵି௡
଼

௜ୀଵ

+ 4 ෍ ൮1 +
𝐷 2⁄ − 𝑥

a ∙ cos ൬
(2𝑖 − 1)𝜋

32
൰

൲

ଵି௡
଼

௜ୀଵ

+ 2 ෍ ቌ1 +

𝐷
2

+ 𝑥

a ∙ cos ቀ
𝑖𝜋
16

ቁ
ቍ

ଵି௡
଻

௜ୀଵ

+ 2 ෍ ቌ1 +

𝐷
2

− 𝑥

a ∙ cos ቀ
𝑖𝜋
16

ቁ
ቍ

ଵି௡
଻

௜ୀଵ
⎠

⎞ 

(6.23) 

However, plugging in the power-law defined in Eq. (6.11) and the uniform angular distribution 

from Eq. (6.14) for a slit flow yields an analytical solution that does not correspond to Eq. (6.23), 

but rather: 

 
Ψ(𝜆, 𝑥) = ൬

𝐷

2
+ 𝑥൰ ∙ ln

ቀ
𝐷
2

+ 𝑥 + 𝜆ቁ

ቀ
𝐷
2

+ 𝑥ቁ
+ ൬

𝐷

2
− 𝑥൰ ∙ ln

ቀ
𝐷
2

− 𝑥 + 𝜆ቁ

ቀ
𝐷
2

− 𝑥ቁ
 (6.24) 

Analytical solutions for a concentric cylindrical section were developed by Dongari et al. [161, 

162, 235], but are not presentable in closed form and are thus omitted in this paper. A fitting for 

slit flows was proposed by Lopez and Bayazitoglu [234] by reanalyzing the original data from 

Dongari et al. [228] in order to improve the convergence of the data. However, the expression is 

not generalizable to complex geometries. 

 The expressions presented in this section are cumbersome and are not generalizable to 

complex porous media. However, the integral in Eq. (6.7) is generalizable and can be evaluated 

numerically if 𝑅(𝜃, 𝜙) is known. This is the main motivation for the development of the ray-tracing 

algorithm.  
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6.3 Theoretical comparison between planar wall functions and 

results from Eq. (6.7) 

In this section, analytical solutions of Eq. (6.7) for the effective mean free path are 

compared with results that would be obtained from wall functions initially derived from planar 

geometries. The objective is to show that the combination of (1) mathematical expressions 

developed from the effective mean free path in planar domains and (2) a single distance function 

computed solely through the distance to the nearest solid boundary, can create a significant error 

for complex domains in the general case. This demonstrates the relevance of computing the mean 

free path from Eq. (6.7) in complex geometries with a distance 𝑅(𝜃, 𝜙) evaluated for each angle 

(𝜃, 𝜙) by a ray-tracing algorithm. 

Four theoretical geometries, presented in Figure 6.2, are considered here: (a) an 

infinitesimal point, (b) the interior of an infinitely long cylinder, (c) the interior of a sphere, and 

(d) a planar slit. To compare geometries on the same basis, the coordinate in the domain to calculate 

𝜆௘(𝐱) was chosen such that the distance to the nearest solid element was equal to the bulk mean 

free path 𝜆. For geometries (a-c), the combination of a viscosity function developed in the case of 

a planar wall with a single distance function would thus return the result obtained for geometry (d). 

The closed-form expressions used for distances to the wall 𝑅(𝜃, 𝜙) and the results for 𝜆௘ obtained 

with Eq. (6.7) are summarized in Table 6.1. It can be inferred from Table 6.1 that the more the 

solid structure is open, the less it will be impacted by its distance to the nearest solid element, which 

is in agreement with earlier comparisons in the literature between convex and concave cylinders 

[161, 162]. Viscosity functions derived from planar walls cannot predict this effect. This warrants 

the use of a ray-tracing algorithm to evaluate 𝑅(𝜃, 𝜙) at each point 𝐱 of the gas domain. 
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Figure 6.2   Comparison of four effective mean free paths calculated with a wall-function in the 

case of (a) a point, (b) the interior of a cylinder, (c) the interior of a sphere, and (d) a slit. The 

chosen point is always located one bulk mean free path 𝜆 away from the solid object. 

Table 6.1   Effective mean free paths obtained from Eq. (6.7) for four different geometrical 

configurations. 

Domain shape (a) 

Infinitesimal 

point 

(b) Interior of 

an infinite 

cylinder 

(c) Interior 

of a sphere 

(d) Planar slit 

𝑅(𝜃, 𝜙) ∞ almost 

everywhere 

ఒ

ୱ୧୬ థ
, with 𝜙 

the angle with 

the cylinder 

axis 

𝜆 ఒ

| ୡ୭ୱ(థ)|
, with 𝜙 the 

angle to the normal 

vector of the plane  

𝜆௘ using Eqs. 

(6.9) and (6.14) 

𝜆 ≈ 0.7264𝜆 ≈ 0.6321𝜆 ≈ 0.8515𝜆 

𝜆௘ using Eqs. 

(6.9) and (6.15) 

𝜆 ≈ 0.7806𝜆 ≈ 0.6321𝜆 ≈ 0.7806𝜆 

𝜆௘ using Eqs. 

(6.11) and 

(6.14) 

𝜆 ≈ 0.5708𝜆 𝜆

2
 

≈ 0.6931𝜆 
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6.4 Ray-tracing algorithm 

In this section, a ray-tracing algorithm to find the distance to the nearest solid 𝑅(𝜃, 𝜙) for 

each point 𝐱 is presented. To apply Eq. (6.7), it is necessary to know the distance to the nearest 

wall, 𝑅(𝜃, 𝜙), for each point. As discussed in the previous section, the formulation of a closed-

form solution for 𝑅(𝜃, 𝜙) may be too complicated or unavailable for a complex geometry. 

Consequently, a ray-tracing algorithm is required to evaluate 𝑅 in each direction and to evaluate 

Eq. (6.7). The following pseudo-code was used to evaluate the effective mean free path through a 

complex geometry: 

PSEUDO-CODE START 

Define ray step size Δ𝑟 

Define angle step size Δ𝜃, Δ𝜙 

FOR 𝐱, a point in the mesh, 

FOR 𝜃௜ ∈ [0,2𝜋] with step size Δ𝜃 

FOR 𝜙௝ ∈ [0, 𝜋] with step size Δ𝜙 

Calculate 𝐯, the directional components of the ray in 𝑥, 𝑦, and 𝑧 

Initialize a collision flag 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 = 𝑓𝑎𝑙𝑠𝑒 between the ray and the wall 

Initialize 𝐱ᇱ = 𝐱, the actual position of the ray 

Initialize 𝑅൫𝜃௜ , 𝜙௝൯ = 0, the distance travelled by the ray 

WHERE 𝑅(𝜃, 𝜙) < 10𝜆 OR 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 = 𝑓𝑎𝑙𝑠𝑒 

𝑅(𝜃, 𝜙) = 𝑅(𝜃, 𝜙) + Δ𝑟  

𝐱ᇱ = 𝐱ᇱ + 𝐯Δ𝑟  

IF 𝐱ᇱ is inside a solid 

 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 = 𝑡𝑟𝑢𝑒 

Evaluate 𝜆൫𝑅(𝜃, 𝜙)൯ from Eq. (6.6) 

  END IF 
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END WHILE 

IF 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 = 𝑓𝑎𝑙𝑠𝑒, 𝜆൫𝑅(𝜃, 𝜙)൯ = 𝜆 

END FOR 

END FOR 

Evaluate 𝜆௘(𝐱) from Eq. (6.7) with mid-point rule 

END FOR 

PSEUDO-CODE END. 

The sin 𝜙 term in Eq. (6.7) implies that rays with angles 𝜙 = 0 and 𝜙 = 𝜋 make no 

contribution to the integral given that sin 0 = sin 𝜋 = 0. Evaluations of 𝑅(𝜃, 𝜙) are thus useless at 

the bounds. Newton-Cotes numerical integration approaches like the trapezoid rule and the 

Simpson 1/3 method, which evaluate functions at interval bounds, should thus be avoided. As the 

integrand is only piecewise-continuous, a Gaussian quadrature with one point (also called the mid-

point rule) is thus used here to compute the integral in Eq. (6.7), with the angle space defined as 

𝜃௜ = 2𝜋(𝑖 − 1 2⁄ ) 𝑁ఏ⁄  and 𝜙௝ = 𝜋(𝑗 − 1 2⁄ ) 𝑁థ⁄ , unless specified otherwise, with 𝑁ఏ and 𝑁థ 

being, respectively, the number of subdivisions used for 𝜃 and 𝜙.  

This pseudo-code is general enough to enable the ray-by-ray computation for any mesh 

type. In this article, it was only implemented on domains represented by a Boolean Cartesian grid 

(i.e., voxelization), where solid cells are encoded as 1’s and fluid lattices as 0’s. To detect a 

collision, the actual position of the ray is thus converted into a voxel position, as shown in Figure 

6.3. The algorithm was further modified by computing the ray positions on block subdivisions of 

the domain where vector operations for each 𝜃௜ and 𝜙௝ were carried out on an entire block. Graphics 

processing units (GPUs) are best suited for this type of computation and were used in this work. 

To save computational costs and to be hardware-independent (on both CPU- and GPU- computers) 

as much as possible, this algorithm was implemented using the ArrayFire library [449]. All 

computations performed with this ray-tracing algorithm were carried out with single precision 

floating numbers. For the largest simulations, the computational time was around 32 hours on one 

Nvidia Tesla M2070. 
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Figure 6.3   Illustration of the ray-tracing procedure on a regular Cartesian grid containing solid 

objects (in black). 

6.5 Ray-tracing algorithm verification 

As the extended Navier-Stokes equations need a local definition of the viscosity function, 

an error in this viscosity function can produce an error in the flow field. In this section, the accuracy 

of the ray-tracing algorithm is assessed by analyzing the impact of parameters such as the number 

of rays, the influence of the step size, grid refinement, and angle orientation. Two different 

geometries are analyzed. In Subsection 6.5.1, the effective mean free path is computed inside a 

planar slit and is compared to an analytical solution. In Subsection 6.5.2, the effective mean free 

path is computed inside an array of cylinders, where the computation of the effective viscosity is 

more challenging due to the local convexity of the geometry. As computations with power-law 

distributions (Eq. (6.11)) are impractical and as the cosine law (Eq. (6.15)) is inconsistent, only the 

exponential directional mean free path (Eq. (6.9)) with the uniform angular distribution function 

(Eq. (6.14)) is verified.  

6.5.1 Planar flows 

The accuracy of the ray-tracing algorithm is first verified for a planar slit of opening width 

𝐷 by comparing viscosity functions computed with the ray-tracing algorithm introduced in the 

previous section with the analytical solution derived in Eq. (6.21). For all simulations in the planar 
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slit, the Knudsen number 𝐾𝑛 = 𝜆 𝐷⁄  equals 1, which is well into in the transition regime. The slit 

opening width was discretized with 10 nodes of size Δ𝑥 = 𝐷/10. As the solution to a planar flow 

is known exactly for each point of the domain, the accuracy of the local effective mean free path 

does not depend on grid refinement. The Euclidian 𝐿ଶ-norm was used to define the relative error 

using the available analytical solution: 

 
𝐸(Ψ) =

‖Ψ௥௧ − Ψ௔௡‖ଶ

‖Ψ௔௡‖ଶ
 (6.25) 

where Ψ௥௧ is the numerical solution computed with the ray-tracing algorithm and Ψ௔௡ is the 

solution given by Eq. (6.21). The ray-tracing algorithm accuracy is evaluated for three different 

combinations of parameters: (1) a rotated ray direction base with a fine ray step of Δ𝑟 = Δ𝑥/100, 

(2) a rotated ray direction base with a coarse step of Δ𝑟 = Δ𝑥/3, and (3) a non-rotated ray direction 

base with a fine step of Δ𝑟 = Δ𝑥/100. A representation of the ray direction base rotation is shown 

in Figure 6.4. The smallest number of angles used was 𝑁ఏ = 4, with each refinement doubling the 

number of angles up to 𝑁ఏ = 256. 

 

Figure 6.4   Illustration of the ray-tracing procedure with: (a) a non-rotated ray direction base and 

(b) a rotated ray direction base. 

 

The results for the relative error as a function of the angular step Δ𝜃 = Δ𝜙 = 2𝜋/𝑁ఏ for 

the effective viscosity function are shown in Figure 6.5. An approximately second-order 

convergence was obtained for the planar slit, which was the clearest for the non-rotated ray 

direction base. This was expected, as the order of convergence is 2 for a function twice 
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differentiable such as the directional mean free path through a slit in Eq. (6.21). When a small 

number of rays was used, the angle orientation created a large error as rays parallel to planar 

surfaces were over-represented when the rays were not rotated. This source of error diminished as 

more rays were traced and was eliminated altogether when the set of selected ray directions was 

rotated by a half angular step. It can also be seen that the size of the ray step had a relatively low 

impact on the error of the scheme, except for the smallest angular steps. The magnitude of the error 

stayed small (< 0.05%) even with the relatively coarse ray step of Δ𝑟 = Δ𝑥/3. 

 

Figure 6.5   𝐿ଶ relative error ൫𝐸(Ψ)൯ of the effective viscosity function Ψ using the ray-tracing 

algorithm for a slit geometry with (full symbols) and without (empty symbols) ray direction base 

rotation and for two different ray steps (Δr). 

 

It can be seen that evaluating viscosity functions using a small sample of rays aligned with 

Cartesian grid lattices produces a large error. Using a total number of 4 rays [295] for a 2D grid or 

18 rays [364] for a 3D grid can thus generate a significant error, even for the simple planar slit 
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geometry. The proposed ray-tracing algorithm can decrease this error by orders of magnitude if the 

proper number of rays is used. 

6.5.2 Array of cylinders 

The accuracy of the ray-tracing algorithm is now verified for a periodic array of cylinders 

of diameter 𝐷 in a square domain size of side 𝐿 = 2𝐷. For all simulations in the array of cylinders, 

𝐾𝑛 = 2𝜆 𝐷⁄ = 1, which means a bulk mean free path of 𝜆 = 𝐿/4. The porosity of the structure 

was 1 − 𝜋 16⁄ ≈ 0.804. For this geometry, both angle refinement and grid refinement tests were 

performed.  

The angle refinement test was performed by increasing the number of rays used to evaluate 

the local effective mean free path. The smallest number of angles used was 𝑁ఏ = 4, with each 

refinement doubling the number of angles up to 𝑁ఏ = 256. As there are no analytical solutions for 

the effective mean free path through a periodic array of cylinders, the computation of the error was 

performed by assuming the solution recovered with 𝑁ఏ = 256 in place of the exact solution. 

The impact of angle refinement can be observed visually in Figure 6.6a-c, where the 

effective mean free path 𝜆௘ scalar field is presented in the case of a 180 × 180 × 1 grid. In Figure 

6.6a, with 𝑁ఏ = 4, for some node positions, no rays reached any solid surface and huge 

discontinuities in the effective free path field forming aliasing-type patterns were created by the 

large weight each ray had in the integration. As the number of rays increased, these discontinuities 

decreased in magnitude, as can be seen in Figure 6.6b with 𝑁ఏ = 32, and disappeared as can be 

seen in Figure 6.6c with 𝑁ఏ = 64.  
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Figure 6.6   Effective mean free path (𝜆௘(𝐱)) fields around an element of a periodic array of 

cylinders, as a function of the number of angles used: (a) 𝑁ఏ = 4, (b) 𝑁ఏ = 32, (c) 𝑁ఏ = 64. 

 

The 𝐿ଶ relative errors as a function of the angle step Δ𝜃 for the effective viscosity function 

Ψ are shown in Figure 6.7. As expected, the error decreased as the angular step decreased. 

However, the error in Figure 6.7 is one magnitude larger than for the planar flow in Figure 6.5. The 

convergence order decreased as more rays were used, and a sublinear convergence order (~0.86) 

was recovered for the two results with the smallest angular step. In the case of an array of cylinders, 

the directional mean free path is a piece-wise discontinuous function. The convergence order for a 

piece-wise discontinuous function with the mid-point integration scheme has an upper limit of 1. 

The high number of discontinuities in 𝑅(𝜃, 𝜙) for each point in this periodic geometry was 

responsible for the high magnitude of the error as a function of the angular step. 
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Figure 6.7   𝐿ଶ relative error ൫𝐸(Ψ)൯ of the effective viscosity function Ψ for a cylinder array 

geometry using the ray-tracing algorithm, as a function of the angular step. 

 

The grid refinement test was performed by increasing the number of nodes in the geometry. 

The coarsest grid investigated was 20 × 20 × 1, with each grid resolution increment tripling the 

number of grid nodes in each direction. The parameter 𝑁ఏ = 64 was kept constant as the error 

𝐸(Ψ) was both quantitatively lower than 0.5% and was visually continuous. The computation of 

the error was performed by approximating the exact solution using the finest grid solution (i.e., that 

of the 1620 × 1620 × 1 grid) as the reference solution and by projecting the results of the coarse 

grid on the fine grid without interpolation, with the error only being computed if a fluid node was 

present both on the coarse and fine grids. The 𝐿ଶ relative errors as a function of the grid size d𝑥 for 

the effective viscosity function Ψ are shown in Figure 6.8. A convergence order of 0.66 was 

recovered, with an estimated 𝐿ଶ error of 0.3% for the 540 × 540 × 1 grid. An evaluation of the 

viscosity function at a discrete set of nodes thus had a measurable impact on the local effective 
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viscosity error for non-planar geometries. This can have repercussions on the accuracy of the flow 

field computed with the proposed extended Navier-Stokes solver.  

 

Figure 6.8   𝐿ଶ relative error ൫𝐸(Ψ)൯ of the effective viscosity function Ψ for a cylinder array 

geometry using the ray-tracing algorithm, as a function of grid size. 

6.6 Rarefied flow verification and validation 

In this section, viscosity functions derived from the ray-tracing (RT) algorithm are 

introduced into our in-house LBM code. This methodology will be subsequently called LBM 

w/RT. It is presented in the Appendix and applies the following phenomenological model for slip 

velocity at a solid-fluid boundary [236]: 

 
𝐮௦ = 𝐴ଵ𝜆௘

𝜕𝐮

𝜕𝐧
− 𝐴ଶ𝜆௘ ൭

𝜕

𝜕𝐧
൬𝜆௘

𝜕𝐮

𝜕𝐧
൰൱ (6.26) 

where 𝐮௦ is the velocity of the fluid at the wall relative to the wall velocity (or slip velocity), 𝐮 is 

the velocity vector, 𝐧 is the normal vector to a solid surface, and 𝐴ଵ and 𝐴ଶ are constants derived 
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from theoretical models or experimental values. Unless stated otherwise, the slip coefficients are 

set at 𝐴ଵ = 1 and 𝐴ଶ = 0.31.  

Two geometries are presented in Subsections 6.6.1-6.6.2: a slit and an array of cylinders. 

Both geometries are represented in Figure 6.9. A convergence analysis and a comparison with data 

from the literature will be performed for the two cases. 

 

Figure 6.9   Schematic representations of the flow simulated through: (a) a slit and (b) an array of 

cylinders. 

6.6.1 Flow through a slit in the rarefied regime 

Convergence analysis of the LBM w/RT was carried out for a slit flow driven by a body 

force for 𝐾𝑛 = 𝜆/𝐷 = 1, where 𝐷 is the width of the slit. The number of nodes in 𝑥 and 𝑦 was 

always set equal to 10, while the coarsest discretization in 𝑧 used 10 nodes, with each refinement 

step doubling the number of nodes in 𝑧 up to 320. The relative error was computed by comparing 

the volumetric flow rate for each grid size to the Richardson extrapolation from a series of results 

obtained with different grids. This convergence analysis is presented in Figure 6.10. An 

approximate first-order (≈ 1.1) convergence was recovered. Two explanations can be given for 

this behavior. The LBM, in and of itself, has a first-order convergence for a fixed Knudsen number 

[237]. However, for a constant viscosity case, the regularized MRT-LBM implementation 

described in the Appendix has a much lower error magnitude, even for the coarsest grid (≈ 10ିହ) 
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[443]. The more likely explanation is that the error in the case of a flow where a non-constant 

viscosity is approximated as piecewise constants is approximately proportional to the grid size 

Δ𝑥 used to evaluate the viscosity. 

 

Figure 6.10   Relative error of the volumetric flow rate for a slit geometry using the LBM code as 

an extended Navier-Stokes solver with the viscosity function computed using the ray-tracing 

algorithm. 

The LBM w/RT was then applied to the rarefied slit flow over a wide range of Knudsen 

numbers (0.05 < 𝐾𝑛 < 10). Four combinations of coefficients 𝐴ଵ, 𝐴ଶ, and viscosity functions 

were tested, as summarized in Table 6.2, where LBM-1 to LBM-3 bring into play combinations of 

analytical solutions for the viscosity functions and slip coefficients from the literature. Results for 

these combinations have already been published by our group [237]. LBM-4 relies on a 

combination of the slip coefficients used by Dongari et al. (also used in LBM-3) and a viscosity 

function given by the viscosity function with uniform angle and exponential path distributions. Slip 

velocity prediction has not been tested with such a combination in the work of Abramov [226]. 

LBM-4 is thus here tested for the first time. However, these combinations have been compared to 
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a numerical solution of the linearized Boltzmann equation [171] and to the experimental results 

from  [352] as reported by Guo et al. [236]. 

Table 6.2   Viscosity functions and slip coefficients for the velocity BC tested in a rarefied 

regime. 

Case Ψ 𝐴ଵ 𝐴ଶ Ref. 

Navier-Stokes 

w/o slip 

1 0 0 - 

LBM-1 1 1.146 0.9796 Cercignani [138] 

LBM-2 Eq. (6.19) 0.8183 0.6531 Guo et al. [236] 

LBM-3 Eq. (6.23) 1 0.31 Dongari et al. [233] 

LBM-4 RT (Eqs. (6.7), 

(6.9) and (6.14)) 

1 0.31 Abramov [226] and Dongari 

et al. [233] 

 

Predictions of the normalized mass flow 𝑀 are shown in Figure 6.11. Slip flows that do not 

account for the lower effective viscosity in the Knudsen layers (NS and LBM-1) are clearly unable 

to recover solutions to the Boltzmann equation and experimental measurements in the transition 

regime 𝐾𝑛 > 0.1. However, LBM-2, LBM-3, and LBM-4 reproduced the normalized mass flow 

on the whole range of Knudsen numbers very well, with the new LBM-4 exhibiting improved 

agreement with respect to the experimental data, compared to the former methods, mainly in the 

higher range of Knudsen numbers (2 < 𝐾𝑛 < 10). 
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Figure 6.11   Prediction of the normalized mass flow for a rarefied slit flow using the LBM w/RT 

code as an extended Navier-Stokes solver compared with numerical solution of the linearized 

Boltzmann equation [171] and experimental results [352] reported by Guo et al. [236]. Acronyms 

refer to the methods presented in Table 6.2. 

6.6.2 Flow through a cylinder array in the rarefied regime 

A convergence analysis of the LBM w/RT is now discussed in the case of a flow through a 

cylinder array driven by a body force for 𝐾𝑛 = 2𝜆 𝐷⁄ = 1, with the same dimensions as in Section 

6.5.2. The number of nodes in 𝑧 was always equal to 10, while the coarsest discretization in 𝑥 and 

𝑦 used 20 nodes, with each refinement step tripling the number of nodes in 𝑥 and 𝑦 up to 540. The 

relative error was computed by comparing the volumetric flow rate for each simulation to the 

Richardson extrapolation of the series of results obtained. The convergence analysis is presented 

in Figure 6.12. Compared to the slit, there was an increase in the error of approximately one order 

of magnitude for the finest simulations. For the second finest grid (i.e., 540 × 540 × 1), a 

discrepancy of ≈ 3% was reached, which is rather significant. An order of convergence of 
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approximately one-half was recovered (≈ 0.52), indicating a small degradation of the error 

compared to the evaluation of the viscosity function in Section 6.5.2, where the order of 

convergence was ≈ 0.66. Nevertheless, Figure 6.12 shows clearly that simulations were in the 

asymptotic regime, which shows the Richardson extrapolation can be safely used [320].  

 

Figure 6.12   Relative error of the volumetric flow rate for a periodic array of cylinders using the 

LBM w/RT code as an extended Navier-Stokes solver with the viscosity function computed using 

the ray-tracing algorithm. 

The results from the LBM w/RT were applied to the rarefied flow through a cylinder array 

in the range 0.1 < 𝐾𝑛 < 1 and then compared the Richardson extrapolations of these results were 

then compared to a no-slip Navier-Stokes solution, a numerical solution of the linearized 

Boltzmann equation, and a solution from a second-order approximation of the Boltzmann equation, 

all three of which were proposed by Taguchi et al. [450]. Results for the LBM w/o RT (i.e., with 

Ψ = 1) were also added for comparison purposes. Predictions of the normalized mass flow 𝑀 are 

shown in Figure 6.13. As can be seen, the LBM w/RT predictions are slightly better than those of 

the LBM w/o RT. However, the flow was underpredicted by the LBM w/RT results, compared to 
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the solutions proposed by Taguchi et al. [450], with the discrepancy increasing with the Knudsen 

number. Three sources of error may explain this finding: (1) the use of a D3Q15 lattice, (2) the 

phenomenological model of Eq. (6.26), and (3) the absence of proportionality between the effective 

mean free path and the effective viscosity (Eq. (6.2)) in the case of a cylinder array, which is 

fundamental to the extended Navier-Stokes equation framework. 

 

Figure 6.13   Predictions of the normalized mass flow for a cylinder array using the LBM w/RT 

code as an extended Navier-Stokes solver with the viscosity function computed with the ray-tracing 

algorithm. 

Sources of error for the D3Q15 lattice were investigated in [443] for a flow in the slip 

regime. While it is known that the error increases with the Knudsen number for a given grid, the 

LBM w/RT results shown in Figure 6.13 are Richardson extrapolations. For the finest resolutions 

with the LBM solver in [443], correlations for slip flows were relatively well recovered for all 

Knudsen numbers. In Section 6.6.1, the comparison between the linearized Boltzmann equation 

and the experimental results was excellent in the planar case. There may be a specific issue with 
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the D3Q15 lattice when a non-unitary viscosity function is used for non-planar geometries. A 

lattice with more isotropy such as the D3Q27 lattice might fix this issue [428]. 

The slip flow phenomenological model of Eq. (6.26) was validated on a semi-infinite plane 

flow (the co-called Kramer’s problem), a slit flow (Poiseuille flow), a solid plane moving relative 

to a stationary solid plane (plane Couette flow,) and a concentric cylinder geometry where one 

cylinder moves relative to the other (cylindrical Couette flow) [161, 162, 235, 236]. These 

geometries were either very simple in the case of Kramer’s problem, or relatively close like for the 

Poiseuille and Couette flows. To the authors’ knowledge, this is the first time Eq. (6.26) has been 

applied for a non-constant viscosity function in a relatively open geometry like a cylinder array. 

Taguchi et al. [450] did not calculate any coefficients for 𝐴ଶ. A review paper for slip BCs [158] 

mentioned that the physics behind coefficient 𝐴ଶ is not as well understood as for 𝐴ଵ. More 

comparisons with results from other Boltzmann equation solvers such as DUGKS or the DSMC 

could be carried out to elucidate the role of geometry on 𝐴ଶ and to investigate a more universal 

form for a slip BC than Eq. (6.26). 

In addition, it remains to be determined whether there is a proportional relation between the 

effective mean free path and the effective viscosity as assumed in Eq. (6.2). This is an important 

question that could undermine the validity of the extended Navier-Stokes framework. In [439], this 

hypothesis was criticized for the use of an insufficient space and time bin in the MD method. This 

criticism was answered for a slit [224, 440]. However, to our knowledge, there has been no 

validation of this hypothesis for relatively open geometries such as a cylinder array. It should be 

remembered that the Knudsen layer appears as a gas flow that deviates from local thermodynamic 

equilibrium in the rarefied regime. Non-equilibrium components of high-order moments that 

cancel each other in planar geometries may not do so for open non-planar geometries. The 

expression of the stress tensor field would then need to be modified in the case of such open non-

planar geometries. In other words, a deviation from linearity between the effective viscosity and 

the effective mean free path could thus arise in open non-planar geometries.  

The three sources of error identified in this section each merit their own investigation. 

Nevertheless, the convergence analysis showed empirically that the proposed LBM w/RT is 

asymptotically convergent even for non-planar flows. 
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6.7 Conclusion 

In this paper, a new approach to model the decrease in viscosity in the Knudsen layer caused 

by rarefied flows by means of an effective viscosity function introduced in the extended Navier-

Stokes equations is proposed. A literature review of existing effective viscosity functions showed 

that the combination of uniform ray distribution and exponential free path distribution is the most 

conceptually sound approach. Theoretical comparisons have shown that wall functions do not 

predict the difference between the effective viscosity functions in concave and convex geometries 

reported in the literature, which warrants the use of an effective viscosity function computed for 

each geometry.  

To compute the effective mean free path, a new ray-tracing algorithm is proposed to 

generate effective viscosity functions in order to be able to tackle complex porous media. The 

effective mean free path is computed using a numerical integral, by which the distance from each 

fluid cell to the nearest solid cell is computed. Although there may be more efficient ways to sample 

the space and to perform the ray-tracing, the proposed algorithm is straightforward and easily 

portable across GPU architectures. However, at the time this article was being written, new GPUs 

with hardware-accelerated ray-tracing were being released, which could decrease the 

computational time required by ray-tracing. The pseudo-code of the ray-tracing algorithm 

presented in this paper can be used in combination with any numerical solver.  

The accuracy of the ray-tracing algorithm was verified for a slit and a periodic array of 

cylinders. A quadratic convergence order was recovered for a slit, while a sublinear ~0.86 

convergence order was recovered for a periodic array of cylinders. It was shown that a low number 

of rays creates large discontinuities in the effective viscosity field. The number of rays required to 

achieve an error lower than 0.01% depended on the geometry (2048 for a slit, 8192 for a cylinder). 

This proves that using only 4 rays in a 2D domain [295] and 18 directions in a 3D domain [364] 

create large errors. It was also shown that the ray direction base should be rotated to diminish 

further the error. 

 The ray-tracing algorithm was then used in combination with an LBM solver and a D3Q15 

lattice to simulate flows in the rarefied regime. A new combination of a set of slip coefficients, ray 

distribution, and free path distribution showed better results for a wide range of Knudsen numbers 

(0.05 < 𝐾𝑛 < 10) than for any other previous combination of slip BCs and viscosity functions 
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proposed in the literature. Although the method was effective for the slit flow case in this range of 

Knudsen numbers, the proposed methodology resulted in an increasing underprediction of the 

volumetric flow rate for a periodic array of cylinders in the Knudsen number range 0.2 < 𝐾𝑛 < 1. 

Three potential sources of error were proposed to explain this discrepancy: (1) the use of a D3Q15 

lattice, (2) the slip model proposed by Guo et al. [236], and (3) the absence of a proportionality 

relation between the effective mean free path and the effective viscosity in complex geometries, as 

opposed to the classical hypothesis. Future studies will investigate these three fundamental aspects 

of the simulation of rarefied flows through complex porous media. 

 

Acknowledgements 

Financial support from the Simulation-based Engineering Science (Génie Par la Simulation) 

program funded through the CREATE program from the Natural Sciences and Engineering 

Research Council of Canada is gratefully acknowledged. 

 

Appendix – The Lattice-Boltzmann method 

The LBM used to solve rarefied flows is presented in this section. The flow in the LBM is 

represented by populations evolving according to a propagation-collision scheme as follows: 

 𝑓௜(𝐱 + 𝐜௜𝛿௧, 𝑡 + 𝛿௧) − 𝑓௜(𝐱, 𝑡) = Ω௜ + 𝐹௜𝛿௧ (6.27) 

where 𝐜௜ is the velocity of the population 𝑓௜, Ω௜ is the collision operator, 𝐹௜ is a force term applied 

to each population, and 𝛿௧ is the time step. Conserved macroscopic quantities such as density and 

momentum are recovered from populations as follows: 

 
𝜌 = ෍ 𝑓௜

ொିଵ

௜ୀ଴

 (6.28) 

 
𝜌𝐮 = ෍ 𝑓௜𝐜௜

ொିଵ

௜ୀ଴

+ 𝐅
𝛿௧

2
 (6.29) 
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where 𝐅 is the body force and 𝑄 is the number of velocities in the lattice. In this article, the D3Q15 

lattice is used, which has 𝑄 = 15 velocities.  

A multiple relaxation time (MRT) collision operator has been reported in several papers as 

having contributed to the correct imposition of slip BCs [114, 236, 237, 339, 341, 418, 419, 443]. 

An MRT-LBM was thus used in this paper. The MRT collision operator transforms populations 

into moments (such as density, momentum, energy, stress, etc.) and relaxes each moment with a 

different relaxation rate as follows: 

 
Ω௜ = − ෍(𝐌ିଵ𝐒𝐌)௜௝ ቀ𝑓௝ − 𝑓௝

(௘௤)
ቁ

ொିଵ

௝ୀ଴

 (6.30) 

where 𝐌 is a transformation matrix from the populations to the moments that, for the D3Q15 

lattice, corresponds to: 

 

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
−2 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1
16 −4 −4 −4 −4 −4 −4 1 1 1 1 1 1 1 1
0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 1 −1
0 −4 4 0 0 0 0 1 −1 1 −1 1 −1 1 −1
0 0 0 1 −1 0 0 1 1 −1 −1 1 1 −1 −1
0 0 0 −4 4 0 0 1 1 −1 −1 1 1 −1 −1
0 0 0 0 0 1 −1 1 1 1 1 −1 −1 −1 −1
0 0 0 0 0 −4 4 1 1 1 1 −1 −1 −1 −1
0 2 2 −1 −1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 1 1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 −1 −1 1 1 −1 −1 1
0 0 0 0 0 0 0 1 1 −1 −1 −1 −1 1 1
0 0 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1
0 0 0 0 0 0 0 1 −1 −1 1 −1 1 1 −1⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 (6.31) 

𝐒 is a diagonal matrix containing the relaxation rates, which for the D3Q15 lattice corresponds to: 

 𝐒 = diag(𝑠ఘ, 𝑠௘ , 𝑠ఢ , 𝑠௝ , 𝑠௤ , 𝑠௝ , 𝑠௤ , 𝑠௝ , 𝑠௤ , 𝑠௦, 𝑠௦, 𝑠௦, 𝑠௦, 𝑠௦, 𝑠௧) (6.32) 

where 𝑠ఘ, 𝑠௘, 𝑠ఢ, 𝑠௝, 𝑠௤, 𝑠௦, and 𝑠௧ are, respectively, the relaxation rates related to density, energy, 

energy squared, momentum, energy flux, stress, and an antisymmetric third-order moment. In 

particular, for a rarefied flow, the relaxation time related to stress 𝜏௦ = 1/𝑠௦ must take the value: 
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𝜏௦ =
1

2
+ ඨ

6

𝜋

𝜆

𝛿௫
Ψ(𝜆, 𝐱) (6.33) 

The equilibrium distribution populations 𝑓௜
(௘௤) for the D3Q15 lattice correspond to: 

 
𝑓௜

(௘௤)
= 𝑤௜𝜌 ቆ1 +

𝐜௜ ∙ 𝐮

𝑐௦
ଶ

+
(𝐜௜ ∙ 𝐮)ଶ

𝑐௦
ସ

−
𝐮ଶ

2𝑐௦
ଶ

ቇ (6.34) 

where 𝑤௜ are weights associated with each population: 

 𝑤଴ = 2/9 

𝑤ଵି଺ = 1/9 

𝑤଻ିଵସ = 1/72 

(6.35) 

where 𝐜௜ corresponds to the following velocity set: 

 𝑐଴ = (0,0,0) 

𝑐ଵ = −𝑐ଶ = (1,0,0) 

𝑐ଷ = −𝑐ସ = (0,1,0) 

𝑐ହ = −𝑐଺ = (0,0,1) 

𝑐଻ = −𝑐ଵସ = (1,1,1) 

𝑐଼ = −𝑐ଵଷ = (−1,1,1) 

𝑐ଽ = −𝑐ଵଶ = (1, −1,1) 

𝑐ଵ଴ = −𝑐ଵଵ = (−1, −1,1) 

(6.36) 

and where 𝑐௦ = 1/3 is the so-called velocity speed of the lattice. In this implementation, the lattice 

unit system was used, where 𝛿௫ = 𝛿௧ = 1 and all the dimensional units are adimensionalized 

accordingly. 

 Although the NSEs were recovered with the MRT-LBM described above, deviations from 

equilibrium became non-negligible as the Knudsen number increased. Moments of order higher 

than 2 must be filtered out, as they create grid-dependent spurious jets for rarefied flows with non-

planar solid boundaries [195, 291-297, 443]. To solve this problem, the regularization technique 

needs to be applied by first considering the non-equilibrium parts of each population 𝑓௜
(௡௘௤): 
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 𝑓௜
(௡௘௤)

= 𝑓௜ − 𝑓௜
(௘௤) (6.37) 

Non-equilibrium components are then reprojected on the Hermite polynomial basis of the lattice: 

 
𝑓௜

(௡௘௤௥)
=

𝑤௜

2𝑐௦
ଶ

𝐻௜ఈఉ
(ଶ)

൬
𝐜௜

𝑐௦
൰ : ෍ 𝑓௜

(௡௘௤)
𝐜௜ఈ𝐜௜ఉ

ொିଵ

௜ୀ଴

 (6.38) 

where 𝐻௜ఈఉ
(ଶ)

ቀ
𝐜೔

௖ೞ
ቁ = 𝐜௜ఈ𝐜௜ఉ/𝑐௦

ଶ is the Hermite polynomial of the second order, 𝐜௜ఈ𝐜௜ఉ  is a dyadic or 

outer product and : represents the double dot product of two tensors. The new post-regularized 

populations are thus recomputed as: 

 𝑓௜
(௥)

= 𝑓௜
(௘௤)

+ 𝑓௜
(௡௘௤௥) (6.39) 

Introducing Eq. (6.39) into the collision operator in Eq. (6.30) and the LBM scheme of Eq. (6.27) 

leads to: 

 𝑓௜(𝐱 + 𝐜௜𝛿௧, 𝑡 + 𝛿௧) = 𝑓௜
(௘௤)

+ 𝐌ି𝟏(𝐈 − 𝐒)𝐌 𝑓௜
(௡௘௤௥)

+ 𝐹௜𝛿௧ (6.40) 

For the MRT-LBM, the force term 𝐹௜ is written as: 

 
𝐹௜ = 𝐌ିଵ ൬𝐈 −

𝐒

2
൰ 𝐌𝐹ത௜ (6.41) 

with: 

 
𝐹ത௜ = 𝑤௜ ቆ

𝐜௜ ∙ 𝐮

𝑐௦
ଶ

+
𝐮𝐅: (𝐜௜𝐜௜ − 𝑐௦

ଶ𝐈)

𝑐௦
ସ

ቇ (6.42) 

and where 𝐅 is the body force. 

In a recent publication by the authors [237], an extension of the DBB BC was presented as 

a non-ambiguous and straightforward way to specify kinetic BCs for populations leaving a solid-

surface as follows: 

 𝑓௜ = 𝑟𝑓௜
(஻஻)

+ (1 − 𝑟)𝑓௜
(஽) (6.43) 
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where 𝑓௜
(஻஻) is the bounce-back term: 

 𝑓௜
(஻஻)

= 𝑓௢௣௣ௗ௜௥(௜) (6.44) 

where the subscript 𝑜𝑝𝑝𝑑𝑖𝑟(𝑖) indicates the index of the population in the opposite direction to 𝑖, 

where 𝑓௜
(஽) is the diffusive term: 

 𝑓௜
(஽)

= 𝐾𝑓௜
(௘௤)

(𝜌௪, 𝟎) (6.45) 

where the subscript 𝑤 represents a quantity at the wall, with the factor 𝐾 ensuring a non-penetration 

BC on the solid boundary with: 

 
𝐾 =

∑ |𝐜௜ ∙ 𝐧|𝑓௜𝐜೔∙𝐧ழ଴

∑ |𝐜௜ ∙ 𝐧|𝑓௜𝐜೔∙𝐧ழ଴
(௘௤)

(𝜌௪, 𝟎)
 (6.46) 

and where 0 ≤ 𝑟 ≤ 1 is the kinetic ratio for the DBB BC. The value of the kinetic ratio developed 

for the regularized MRT-LBM in recent work by the authors [443] is given as:  

 

𝑟 =

𝜏̃௦௪
ଶ (1 − 𝐴ଵ𝜒) + 𝛿௫𝜏̃௦௪

ᇱ ቆ−
1
8

+ 𝜏̃௦௪(1 − 𝐴ଵ𝜒)ቇ

𝜏̃௦௪
ଶ (1 + 𝐴ଵ𝜒) + 𝛿௫𝜏̃௦௪

ᇱ ቆ
1
8

+ 𝜏̃௦௪(1 + 𝐴ଵ𝜒)ቇ

 (6.47) 

where 𝜏̃௦௪ = 𝜏௦௪ − 1/2, 𝜏௦௪ is the value of 𝜏௦ at the wall and 𝜏̃௦௪
ᇱ  is the derivative of 𝜏̃௦௪ in the 

direction perpendicular to the wall. Furthermore, the relaxation time 𝜏௤ = 1/𝑠௤ for the D3Q15 

lattice must be set to: 

𝜏௤ =
−7 ቀ8𝜏̃௦௪

ଶ (1 + 𝐴ଵ𝜒) + 𝛿௫𝜏̃௦௪
ᇱ ൫1 + 8𝜏̃௦௪(1 + 𝐴ଵ𝜒)൯ቁ

30𝜏̃௦௪ − 136𝜏̃௦௪
ଶ − 16𝐴ଵ𝜒𝜏̃௦௪

ଶ + 240𝐴ଶ𝜒ଶ𝜏̃௦௪
ଷ + 𝛿௫𝜏̃௦௪

ᇱ (148 − 136𝜏̃௦௪ + 284𝐴ଵ𝜒𝜏̃௦௪ + 240𝐴ଶ𝜒ଶ𝜏̃௦௪
ଶ )

 (6.48) 

and the relaxation time 𝜏௝ = 1 𝑠௝⁄ = 1. For complex geometries, the normal vector 𝐧 and the 

directional gradient of the mean free path 𝜆௘ along direction 𝐧 (noted as ∇𝜆௘ ∙ 𝐧) must also be 

specified as an input for our regularized MRT-LBM as the computation of 𝜏̃௦௪
ᇱ  requires this 

information. We used the analytical solution for all surfaces. The gradient of a binary image can 

be easily computed [451, 452] and is required for any complex porous medium such as those 
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reconstructed from tomographic images. The quality of the evaluation of this gradient has a non-

negligible impact on the overall scheme solution.  
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CHAPITRE 7 DISCUSSION GÉNÉRALE 

L’objectif de cette thèse doctorale peut être reformulé d’une manière plus générale :  

Développer, vérifier et valider une MBR capable de simuler des écoulements du 

régime continu au régime de Knudsen, en prenant compte des phénomènes du 

glissement aux parois solides-fluides et de la couche de Knudsen au sein d’un milieu 

poreux complexe tel qu’un filtre à particules fines dans l’air composé à la fois de 

microfibres et de nanofibres.  

Cette reformulation permet de mieux saisir les contributions originales de cette thèse. Au 

début de ce travail, l’objectif était de trouver la recette et la structure optimale pour minimiser 

l’emploi de nanofibres, plus dispendieuses que les microfibres, dans la fabrication de filtres à 

particules fines dans l’air. Le problème de la simulation des écoulements dans un milieu filtrant 

constitué en partie de nanofibres a nécessité de se pencher davantage sur la physique fondamentale 

des écoulements raréfiés. Des détails techniques de l’implémentation de la MBR se sont avérés 

cruciaux. Ce chapitre retrace le chemin parcouru pour résoudre tous les écueils apparus lors de 

cette thèse afin de vérifier et valider le modèle proposé de simulation directe d’écoulements au sein 

d’un milieu filtrant, du régime continu au régime de Knudsen. 

La méthodologie de prédiction de la performance des milieux filtrants a été vérifiée et 

validée pour le cas des écoulements continus à l’Article 1 (Chapitre 3). L’ordre de convergence 

pour la perméabilité et l’efficacité de capture a été évalué respectivement à 2.8 et 1.3, tandis que 

l’erreur pour une taille de maille de Δ𝑥 = 0.1m a été évaluée respectivement à 0.2% et 2%. Les 

résultats se comparaient bien entre la perméabilité prédite et l’équation de Davies [37], ainsi 

qu’entre l’efficacité de capture prédite et un total de 7000 combinaisons de corrélations de la 

littérature. Les valeurs prédites pour l’efficacité se comparaient également bien à celle de Steffens 

et Coury [323]. La méthodologie en trois étapes, comprenant les hypothèses : 1) des fibres 

représentées sous forme de cylindres déposés séquentiellement, 2) son couplage unidirectionnel de 

l’écoulement et 3) des particules fines sphériques capturées dès un contact avec une fibre, peut 

donc bénéficier d’un degré élevé de confiance pour représenter la réalité au sein des milieux 

filtrants propres en régime du continuum laminaire où les charges électrostatiques et la gravité 

jouent un rôle négligeable. Pour tenir compte des phénomènes propres aux écoulements raréfiés 
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avec la méthodologie en trois étapes, il suffirait en principe d’incorporer la nouvelle MBR 

développée dans cette thèse. 

Par la suite, il a été démontré à l’Article 1, par trois études numériques, que le caractère 

multicouche du diamètre des fibres avait un impact très limité sur la performance des filtres fibreux, 

du moins en régime du continuum laminaire. Lors de la première étude sur la comparaison entre 

des filtres multicouches et des filtres où les fibres de différents diamètres étaient bien mélangées, 

l’impact de la structure était statistiquement non-significatif. Pour une proportion de fibres fines et 

grossières de taille donnée, le caractère aléatoire de la microstructure était davantage responsable 

de la variation entre les milieux filtrants par le caractère aléatoire de la microstructure. D’un point 

de vue industriel, il y a donc un intérêt pratique dans le contrôle de la microstructure aux fins 

d’optimisation de la performance des filtres fibreux. La deuxième et la troisième étude, bien que 

ne cherchant pas à représenter la réalité, ont confirmé la valeur très faible de l’impact des interstices 

sur la performance des milieux filtrants multicouches. La MBR a été en mesure de simuler des 

domaines poreux tridimensionnels à plus de deux milliards de mailles. Une précision équivalente 

pour une autre méthode numérique aurait été prohibitive d’un point de vue computationnel et 

espace mémoire. 

Bien que des CFs de glissement avaient déjà été proposées pour la MBR, il n’existait pas 

de CF précise pour résoudre les équations de Navier-Stokes étendues dans une géométrie non-

planaire. La DBB BC a été proposée à l’Article 2 (Chapitre 4) comme solution aux ambiguïtés du 

calcul de la valeur des populations provenant de coins solides lors de l’imposition de conditions de 

glissement avec la MBR-TRM. La DBB BC est une CF cinétique purement locale plus facile à 

paralléliser que les CFs cinétiques incorporant de la réflexion spéculaire. Elle enlève le fardeau de 

la définition d’une longueur caractéristique pour un milieu poreux. La DBB BC a été généralisée 

aux équations de NS étendues grâce à une inspection relativement simple de la procédure de Guo 

et al. pour la CBBSR BC [236]. Il s’est avéré au départ que si le ratio cinétique 𝑟 était modifié entre 

la DBB BC et la CBBSR BC, le temps de relaxation relié au flux d’énergie restait inchangé. Une 

controverse de la littérature sur l’ordre de convergence de la DBB BC a également été résolue en 

étudiant un écoulement planaire incompressible en régime de glissement. Il a été démontré que 

l’ordre de convergence est relié à la mise à l’échelle du pas de temps par rapport au pas d’espace. 

Quand le temps de relaxation relié à la contrainte 𝜏௦ est fixé comme dans une simulation typique 

en régime du continuum, l’ordre de convergence est quadratique. Lorsque le nombre de Knudsen 
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est fixé dans un écoulement raréfié, 𝜏௦ augmente en conséquence et l’ordre de convergence est 

linéaire. 

Cependant, lors de l’implémentation de la MBR en régime de Knudsen pour des géométries 

complexes, le phénomène de jets numériques en provenance de coins solides sur la grille de 

populations a été reproduit. L’alignement de ces jets numériques sur la grille de populations montre 

que ce phénomène est aberrant. L’incorporation d’une procédure de régularisation pour filtrer les 

composantes non à l’équilibre des moments d’ordre supérieur à 2 s’est avérée essentielle à l’Article 

3 (Chapitre 5) pour la simulation d’écoulements raréfiés avec la MBR. Si la procédure de 

régularisation peut être ignorée pour des écoulements planaires, elle ne peut l’être pour des 

écoulements non-planaires. 

Lors de la vérification au moyen d’une solution analytique pour un écoulement dans une 

fente, il est apparu que les anciennes valeurs du ratio cinétique 𝑟 et du temps de relaxation lié au 

flux d’énergie 𝜏௤ ne récupéraient plus la bonne vitesse de glissement après l’implémentation de la 

procédure de régularisation au sein de la MBR-TRM. Une erreur numérique du même ordre de 

grandeur que l’écoulement est commise par l’utilisation de ces anciennes valeurs. La filtration des 

composantes non à l’équilibre des moments supérieurs d’ordre 2 modifie le lien entre les moments, 

les populations et les paramètres cinétiques de la MBR-TRM proposée par Guo et al. [236] Afin 

de retrouver la CF de glissement proposée par Guo et al., un développement détaillé à l’Article 3 a 

permis de déterminer des nouvelles valeurs des paramètres cinétiques 𝑟, 𝜏௤ et 𝜏௝ pour les réseaux 

D2Q9 et D3Q15. 

Avant d’implémenter la représentation de la couche de Knudsen, il valait la peine de vérifier 

la CF de glissement en elle-même pour des nombres de Knudsen élevés. Pour la première fois à la 

connaissance de l’auteur, il a été vérifié à l’Article 3 que la CF de glissement d’une MBR-TRM 

régularisée récupère bien la condition de glissement de Maxwell pour des géométries non-

planaires. Les résultats pour le débit ont été comparés sur une grande gamme de nombres de 

Knudsen (0.05 < 𝐾𝑛 < 5) avec les solutions analytiques pour un écoulement au travers d’un 

arrangement de cylindres [425] et de sphères [426]. Un ordre de convergence linéaire a été rapporté, 

avec une erreur de discrétisation numérique croissante en fonction du nombre de Knudsen.  

L’hypothèse du rotationnel nul à la frontière d’une enveloppe cylindrique et sphérique sous-tendant 

les solutions analytiques diffère d’un écoulement entraîné par une force volumique. Une faible 

différence a donc pu être constatée entre les solutions aux maillages les plus fins de la MBR-TRM 
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et les solutions analytiques. Néanmoins, considérant toutes les hypothèses utilisées dans le 

développement de la CF pour la MBR-TRM régularisée, la comparaison est somme toute assez 

bonne.  

La prise en compte de la couche de Knudsen posait un défi majeur précédemment irrésolu 

dans la littérature lors de la résolution des équations de Navier-Stokes étendues. Un algorithme de 

traçage des rayons a été proposé à l’Article 4 (Chapitre 6) pour évaluer le libre parcours moyen 

effectif pour des milieux poreux complexes. Il a d’abord été démontré analytiquement que 

l’utilisation d’une fonction de mur au moyen d’une évaluation de la distance au mur le plus proche 

menait à des inconsistances sérieuses, même sur des géométries non-planaires simples. 

L’algorithme de traçage des rayons proposé est une procédure systématique qui reste cohérente 

pour des géométries complexes. L’algorithme de traçage des rayons présentait un ordre de 

convergence plus faible au sein d’un arrangement de cylindres (~0.66) que dans une fente (~2) en 

raison des discontinuités du libre parcours directionnel. Néanmoins, avec un nombre suffisant de 

rayons, l’erreur numérique causée par la discrétisation des angles solides peut être suffisamment 

diminuée pour des calculs d’ingénierie. 

La méthodologie numérique présentée dans cette thèse présente un bon potentiel pour le 

calcul de haute performance. La nouvelle DBB BC ainsi que la procédure de régularisation ne 

posent aucun problème au sein de la MBR-TRM en matière de communications entre les 

processeurs. Malgré les difficultés conceptuelles que présente la simulation des écoulements 

raréfiés, le temps de calcul requis par la MBR-TRM diminue en fonction du nombre de Knudsen. 

Ce résultat contre-intuitif apparaît en raison de la mise à l’échelle linéaire du pas d’espace et du 

pas de temps de la MBR-TRM. L’algorithme de traçage de rayons a pu être porté sur des cartes 

graphiques à l’aide de la librairie ArrayFire. Le temps de calcul augmente en fonction du nombre 

de Knudsen, mais il est toujours possible de distribuer les calculs sur plus de cartes graphiques 

pour des géométries d’une taille raisonnable. Puisque l’algorithme de traçage des rayons n’a qu’à 

être exécuté une fois, la résolution des équations de Navier-Stokes étendues avec la MBR-TRM 

offre un potentiel considérable en matière de performance sur les méthodes numériques alternatives 

de résolution de l’équation de Boltzmann, comme les réseaux d’ordre élevés, DUGKS ou la 

DSMC. 

Les contributions de cette thèse, en particulier les articles 2, 3 et 4, sont donc plus 

fondamentales que pratiques. Cependant, en gagnant en abstraction, les contributions futures 
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potentielles de cette thèse ont également gagné en pluridisciplinarité. La nouvelle MBR-TRM avec 

l’algorithme de traçage de rayons pourrait être utilisé pour étudier des écoulements au sein de 

formations géologiques où le gaz de schiste est extrait [453]. Elle pourrait aussi avoir des 

applications dans la catalyse hétérogène, où la vitesse de réaction peut dépendre des phénomènes 

d’échange se produisant aux pores nanométriques des particules de catalyseurs [301]. La 

conception de systèmes microélectromécaniques et nanoélectromécaniques pourrait également 

bénéficier d’un tel modèle d’écoulement [158, 454].  

 Cependant, le modèle proposé repose sur un grand nombre d’hypothèses : l’approximation 

de la couche de Knudsen à l’aide des équations de Navier-Stokes étendues, le modèle 

phénoménologique de glissement aux parois et le développement de la MBR permettant leur 

discrétisation. Même lorsqu’une viscosité constante était considérée à l’Article 3, l’erreur de 

discrétisation de la MRT-TRM régularisée était relativement élevée pour les arrangements de 

cylindres et de sphères. Puisque l’erreur était plus grande pour l’arrangement de sphères que pour 

l’arrangement de cylindres, ce phénomène est probablement causé par la plus grande proportion de 

mailles représentées sous forme d’escalier à la frontière entre le fluide et le solide. Il faut trouver 

une façon de mieux représenter le glissement pour des cas de figure en escalier. 

Bien que le modèle proposé converge, une erreur de discrétisation numérique relativement 

grande est commise sur le débit à 𝐾𝑛 = 1. À l’Article 4, il a été démontré que l’ordre de 

convergence est approximativement linéaire pour un écoulement au sein d’une fente, tandis qu’il 

était sous-linéaire (~ 0.5) pour un écoulement au sein d’un arrangement de cylindres. L’erreur 

peut facilement être réduite à 10ିଷ pour l’écoulement au sein d’une fente, mais l’erreur de 3% 

commise pour un arrangement de cylindres sur la simulation la plus raffinée (540 × 540 × 10) 

reste grande. Une extrapolation de Richardson a pu être réalisée sur le débit, mais il serait hasardeux 

de prendre le champ de vitesse comme donnée intermédiaire, par exemple pour calculer l’efficacité 

de capture des particules fines d’un milieu filtrant. 

Tel que formulé présentement, la validité du modèle proposé est questionnable en régime 

de Knudsen pour des géométries non-planaires malgré les excellents résultats obtenus pour 

l’écoulement au travers d’une fente. D’une part, dans l’Article 2, sur une grande plage de nombres 

de Knudsen (0.05 < 𝐾𝑛 < 10), le débit prédit par le modèle proposé au travers d’une fente se 

comparait bien à une solution à l’équation de Boltzmann linéarisée [171] et à des données 

expérimentales [352]. Une nouvelle combinaison de fonctions de viscosité et de coefficients de 
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glissement proposée dans l’Article 4 a même légèrement amélioré le résultat pour le débit pour les 

nombres de Knudsen les plus élevés (2 < 𝐾𝑛 < 10). D’autre part, pour un écoulement au travers 

d’un arrangement de cylindres, un écart significatif a été rapporté entre le débit prédit par le modèle 

proposé et le débit rapporté par Taguchi et al. [450] en résolvant l’équation de Boltzmann 

linéarisée. Bien que le nouveau modèle soit une nette amélioration par rapport à la résolution des 

équations de Navier-Stokes sans glissement, l’ajout de la fonction de viscosité a très peu modifié 

le résultat de la MBR-TRM régularisée avec la nouvelle CF de glissement. 

Bien que la MBR-TRM régularisée produisait des erreurs non négligeables à 𝐾𝑛 = 1 pour 

une simulation d’écoulements à viscosité constante au travers d’un arrangement de cylindres et 

d’un arrangement de sphères à l’Article 3, l’erreur était plus grande lorsque des fonctions de 

viscosité non constante étaient incorporées à l’Article 4. Il pourrait y avoir un problème dans la 

formulation actuelle de la MBR-TRM régularisée lorsque des fonctions de viscosité non constantes 

sont utilisées pour des géométries non-planaires. Ce problème devrait être investigué plus en détail. 

À la connaissance de l’auteur, la description phénoménologique de la vitesse de glissement 

[225] n’a jamais été validée rigoureusement pour des géométries non-planaires ouvertes comme 

un arrangement de cylindres. Dans la littérature, seuls des écoulements au sein de géométries très 

simples, comme un plan semi-infini, ou des géométries fermées comme une fente et des 

cylindriques concentriques ont été simulés. De plus, certains éléments de théorie autour du 

paramètre 𝐴ଶ sont encore manquants. Si l’expression de la vitesse de glissement était invalidé, une 

partie des écarts pourrait être expliquée entre les résultats du modèle proposé et de l’équation de 

Boltzmann linéarisée [450] pour un écoulement au travers d’un arrangement de cylindres. Dans ce 

cas, il faudrait produire une expression plus universelle et redévelopper la CF de la MBR-TRM 

régularisée en conséquence. 

Finalement, l’hypothèse de proportionnalité entre le libre parcours moyen effectif et la 

viscosité effective au sein de la couche de Knudsen n’a jamais été validée pour des géométries non-

planaires ouvertes comme un arrangement de cylindres. Si cette hypothèse fondamentale était 

infirmée, cela démontrerait que les équations de Navier-Stokes étendues ne peuvent être utilisées 

pour représenter la couche de Knudsen pour des structures fibreuses. Avec les autres sources 

d’erreurs identifiées dans le modèle comme dans l’imposition des CFs de glissement, on ne peut 

cependant pour l’instant infirmer cette hypothèse à l’aide des résultats présentés à l’Article 4. 
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Il est de l’expérience de l’auteur que les étudiants conçoivent souvent (à tort) la 

modélisation comme un processus linéaire où le modèle est établi, vérifié, validé, puis des résultats 

immédiats, nouveaux et pertinents sont obtenus. Néanmoins, il faut se rappeler que la modélisation 

est un cycle, et qu’il faut parfois plusieurs itérations pour arriver à un modèle satisfaisant. En 

rétrospective, dans ce projet, il aurait fallu valider davantage les hypothèses sous-tendant le modèle 

proposé et leur mathématisation. Malgré tous les efforts que la modélisation numérique requiert, il 

est de l’opinion de l’auteur que rien n’est plus pratique qu’une bonne théorie, et qu’il vaut la peine 

de critiquer et de rectifier les modèles lorsqu’ils sont limités. 
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CHAPITRE 8 CONCLUSION ET RECOMMANDATIONS 

Pour conclure, les contributions de cette thèse par rapport à l’état de l’art seront d’abord 

synthétisées. Plusieurs pistes pour des travaux futurs seront aussi proposées dans le but d’améliorer 

le modèle de simulation des écoulements raréfiés au sein de filtres fibreux. 

8.1 Synthèse des travaux 

Les travaux effectués au cours de cette thèse avaient pour objectif de mieux comprendre 

l’impact de la structure multicouche d’un milieu filtrant constitué de nanofibres et de microfibres 

sur la performance des filtres fibreux. Pour mieux calquer le glissement aux parois et la couche de 

Knudsen des nanofibres, un nouveau modèle de simulation des écoulements gazeux raréfiés basé 

sur la MBR a été développé. Cette MBR est la deuxième étape d’une méthodologie de simulation 

directe en trois étapes, où le milieu filtrant est d’abord généré, et où le champ de vitesse de la MBR 

est utilisé pour calculer les trajectoires d’un grand échantillon de particules fines. Cette 

méthodologie en trois étapes a donc d’abord été vérifiée, validée, et appliquée à l’étude de l’impact 

de la structure multicouche pour des microfibres. Il a été démontré que l’impact de la structure 

multicouche sur la performance, en régime du continuum laminaire, est très faible en comparaison 

à la microstructure des milieux filtrants. C’est la principale contribution d’ordre pratique de cette 

thèse. 

 Le développement d’un modèle de simulation des écoulements raréfiés au sein d’un milieu 

fibreux complexe a demandé de nombreuses innovations en mécanique des fluides numérique, en 

particulier pour la MBR. Une extension de la DBB BC a été proposée pour mieux simuler les 

écoulements raréfiés autour des coins solides avec la MBR. L’implémentation des équations de 

Navier-Stokes étendues a requis l’examen de multiples détails sur le lien entre les moments, les 

populations et les paramètres cinétiques de la MBR-TRM régularisée. Une procédure systématique 

d’évaluation de la viscosité effective pour tout milieu poreux complexe a été établie avec 

l’algorithme de traçage des rayons. Le nouveau modèle évite totalement les ambiguïtés autour de 

la définition d’une longueur caractéristique. De plus, le nouveau modèle ne contient que deux 

relations phénoménologiques qui s’écartent des premiers principes de la mécanique statistique: 

l’expression du glissement et l’hypothèse de proportionnalité entre le libre parcours moyen effectif 

et la viscosité effective. Finalement, le nouveau modèle ne comporte aucun défi en matière de 
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parallélisation et donc un candidat idéal pour la simulation de gros domaines en calcul haute 

performance. 

La nouvelle CF a été vérifiée pour des écoulements au sein de fentes, d’arrangements de 

cylindres et d’arrangements de sphères. Le calcul du libre parcours moyen effectif au moyen de 

l’algorithme de traçage des rayons a également été vérifié pour des fentes et des arrangements de 

cylindres. Le modèle dans son ensemble a été validé pour des écoulements raréfiés au sein d’une 

fente, où une nouvelle combinaison de fonction de viscosité et de coefficients de glissement a 

légèrement amélioré les résultats par rapport à la littérature antérieure.  

Pour la première fois, un modèle du paradigme des milieux continus a été comparé à une 

solution numérique de l’équation de Boltzmann linéarisée pour une géométrie non-planaire ouverte 

comme un arrangement de cylindres. Des questionnements sont apparus quant à la validité du 

modèle en régime de Knudsen pour des écoulements au sein de l’arrangement de cylindres. Ceci 

ouvre la voie vers une étude plus approfondie de la théorie des écoulements raréfiés dans les 

milieux poreux. 

 

8.2 Recommandations 

Le potentiel du modèle proposé est loin d’être épuisé. L’auteur de cette thèse recommande de 

poursuivre les efforts en vue de la simulation d’écoulements raréfiés dans les milieux poreux 

complexes en général. Un programme de recherche est suggéré pour répondre aux questionnements 

formulés à la fin de cette thèse. Ces objectifs ont été placés en ordre de difficulté conceptuelle : 

1. En régime de glissement, la MBR-TRM régularisée pourrait être vérifiée de manière plus 

précise en créant de nouvelles solutions analytiques pour l’écoulement au travers d’un 

arrangement de cylindres. La section cylindrique où la CF de rotationnel nul pourrait être 

modifiée pour une section carrée (voir [455]), ce qui serait une hypothèse plus proche d’un 

écoulement mué par une force volumique tel qu’implémenté dans la MBR-TRM 

régularisée. Il serait également possible d’ajouter le second ordre de la condition de 

glissement qui manquait dans la solution de Pich pour un arrangement de cylindres [425] 

et la solution de Datta et Deo pour un arrangement de sphères [426]. Si cette solution 
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échouait, il serait recommandé d’utiliser un logiciel d’éléments finis ou de volumes finis 

pour produire des solutions numériques approchées. 

 

2. Il est recommandé d’utiliser la méthodologie en trois étapes afin d’étudier l’impact de la 

structure multicouche en régime de glissement. La limite habituelle de 𝐾𝑛 = 0.25 pour un 

cylindre impliquerait un diamètre minimum (à TPN) d’environ 500 nm. L’impact de la 

structure multicouche sur la performance serait alors compris sur une plus large gamme de 

nombres de Knudsen. La MBR-TRM régularisée est potentiellement la méthode la plus 

performante d’un point de vue computationnel pour arriver à cet objectif à l’heure actuelle. 

 

3. Une méthode alternative comme DUGKS ou DSMC pourrait servir de référence pour 

valider l’expression du glissement en régime de Knudsen et les équations de Navier-Stokes 

étendues pour des géométries ouvertes non-planaires. Il serait intéressant de tester plusieurs 

géométries pour vérifier l’universalité de ce modèle. De nouvelles valeurs de coefficients, 

ou une nouvelle forme pour la vitesse de glissement pourront être proposées.  

 

4. La MBR-TRM régularisée pourrait être développée pour le réseau D3Q27, qui possède une 

meilleure isotropie que le réseau D3Q15. En étudiant des cas en marches d’escalier de type 

(1,1,0) et (1,1,1), le nombre accru de degrés de libertés dans l’espace des moments serait 

mis à profit dans le calcul de paramètres cinétiques adéquats. L’erreur commise pour un 

maillage donné pourrait alors diminuer. 

 

Si des résultats satisfaisants étaient obtenus à la suite de ces recommandations, le modèle 

serait alors validé en régime de Knudsen. Les contradictions identifiées dans la revue de littérature 

sur l’impact des nanofibres, difficilement solubles expérimentalement, pourraient être résolues 

numériquement. Une équipe complète de chercheurs et de chercheuses pourrait être dédiée à 

l’optimisation des filtres fibreux à l’aide de la simulation numérique. Les générations futures 

d’êtres humains pourront alors être bien équipées pour respirer librement, à l’abri de la peur des 

aérosols.  
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ANNEXE A   EXPRESSIONS POUR LE DIAMÈTRE ÉQUIVALENT 

Les expressions du diamètre équivalent sont résumées au tableau A.1. Les expressions de 

Miyushev et Adler ont été omises en raison de leur formulation trop complexe [98].  

Tableau A.1   Expressions du diamètre équivalent pour des distributions fibreuses polydispersées 

Auteurs Diamètre équivalent 𝒅𝒎𝒂𝒙

𝒅𝒎𝒊𝒏
 

Commentaires 

Sauter [93] 
𝑑௘௤ = 4 ∗

∑ 𝑛௜𝑑௜
ଶ𝐿௜

∑ 𝑛௜ ൬𝑑௜𝐿 +
𝑑௜

ଶ

2
൰௜

 
- Rapport du volume sur la surface. Si on 

néglige les effets de bouts, par exemple 

pour des fibres très longues, le modèle se 

réduit à la pondération par la surface de 

Brown et Thorpe [96].   

Clague et 

Phillips [94] 𝑑௘௤ = ඩ෍ 𝑛௜𝑑௜
ଶ

௡

௜ୀଵ

 

3 Calcul de la résistivité pondérée par le 

volume. Une méthode de singularité a été 

utilisée. Le modèle n’était initialement 

présenté que pour les distributions 

bimodales pour la perméabilité. Tafreshi 

et al. ont isolé une expression pour le 

diamètre équivalent [97].  

Werner et 

Clarenburg 

[95] 

𝑑௘௤ = න 𝑑𝜙௜(𝑙𝑛𝑑)𝛿 ln 𝑑
ஶ

ିஶ

 

Avec 𝜙௜(𝑙𝑛𝑑) =

ଵ

√ଶగ ୪୬ ఙ೒೔

exp ቆ−
ቀ௟௡ ௗି௟ ೒೔

ቁ
మ

ଶ ௟௡మ ఙ೒೔

ቇ

- Pour une distribution log-normale. Ici 𝑑௚௜
 

est le diamètre moyen géométrique, et 𝜎௚௜
 

est l’écart-type géométrique. 



249 

 

Brown et 

Thorpe [96] 
𝑑௘௤ =

∑ 𝑛௜𝑑௜
௞ାଵ

௜

∑ 𝑛௜𝑑௜
௞

௜

 
3 Utilisation d’une méthode variationnelle 

[456] pour des arrangements réguliers 

parallèles bi-dimensionnels avec : 

𝑘 = 1 : pondération par le nombre 

𝑘 = 2: pondération par la surface 

𝑘 = 3 : pondération par le volume 

Ils citent la pondération par la surface 

comme la plus efficace. Wheat [457] a 

auparavant également proposé ce modèle 

comme étant le meilleur. C’est un résultat 

corroboré par vanOsdell et al. [458]. Le 

modèle n’était initialement présenté que 

pour les distributions bimodales. 

Mattern et 

Deen [92] 
𝑑௘௤ = 𝑟ଵ𝑟ଶ/ට𝑐ଵ𝑟ଶ

ଶ + 𝑐ଶ𝑟ଵ
ଶ 

Avec 𝑐௜ = 𝑋(𝛼)/𝑋(𝛼௜) 

3 Résistivité non pondérée. Vérifiée avec la 

méthode des pertubations pour des 

arrangements parallèles bi-

dimensionnels. Initialement, l’expression 

a été définie seulement pour la 

perméabilité. Tafreshi et al. a isolé cette 

équation uniquement valide pour des 

distributions bimodales [97]. 

Mattern et 

Deen [92] 𝑑௘௤ = ඨ
𝑛ଵ𝑑ଵ

ସ + 𝑛ଶ𝑑ଶ
ସ

𝑛ଵ𝑑ଵ
ଶ + 𝑛ଶ𝑑ଶ

ଶ 
3 Perméabilité non-pondérée. Initialement, 

Initialement, l’expression a été définie 

seulement pour la perméabilité. Tafreshi 

et al. a isolé cette équation uniquement 

valide pour des distributions bimodales 

[97]. 
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Mattern et 

Deen [92] 
𝑑௘௤ =

𝑑ଵ𝑑ଶ

ඥ𝑛ଵ𝑑ଶ
ଶ + 𝑛ଶ𝑑ଵ

ଶ
 

3 Résistivité pondérée par la longueur. 

Initialement, l’expression a été définie 

seulement pour la perméabilité. Tafreshi 

et al. a isolé cette équation uniquement 

valide pour des distributions bimodales 

[97]. 

Tafreshi et 

al. [97] 
𝑑௘௤ = ඨ෍ 𝑛௜𝑑௜

ଷ

௜

య  
7 Relation de racine cubique. Développé 

par analogie avec la relation de Clague et 

Phillips [94]. 
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ANNEXE B   MODÈLES POUR LE FACTEUR DE CUNNINGHAM 

Une brève liste non-exhaustive pour le facteur de Cunningham est présenté au tableau B.1. La 

variable 𝐾𝑛௣ = 2𝜆/𝑑௣ représente le nombre de Knudsen d’une particule de diamètre 𝑑௣. 

Tableau B.1   Modèles pour le facteur de Cunningham 

Auteurs 𝑪𝑪 Commentaires 

Knudsen et 

Weber [459] tel 

que cité par 

[460] 

1 + 𝐾𝑛௣ ቆ1.034 + 0.536 exp ቆ−
1.219

𝐾𝑛௣
ቇቇ 

Résultats empiriques avec 

du verre. 

Millikan [461] 
1 + 𝐾𝑛௣ ቆ1.209 + 0.406 exp ቆ−

0.893

𝐾𝑛௣
ቇቇ 

Résultats empiriques avec 

de l’huile.  

Davies [462] 
1 + 𝐾𝑛௣ ቆ1.257 + 0.400 exp ቆ−

1.100

𝐾𝑛௣
ቇቇ 

Manipulations avec les 

corrélations de Knudsen et 

Weber [459] et Millikan 

[461] 

Allen et Raabe 

[463] tel que 

cité par [464] 

1 + 𝐾𝑛௣ ቆ1.155 + 0.471 exp ቆ−
0.596

𝐾𝑛௣
ቇቇ 

Ajustement des résultats 

empiriques de Millikan 

[461]. 

Allen et Raabe 

[464] 
1 + 𝐾𝑛௣ ቆ1,142 + 0,558 exp ቆ−

0.999

𝐾𝑛௣
ቇቇ 

Résultats empiriques avec 

du latex de polystyrène. 

Rader [465] 
1 + 𝐾𝑛௣ ቆ1,209 + 0,441 exp ቆ−

0.779

𝐾𝑛௣
ቇቇ 

Résultats empiriques avec 

de l’huile.  
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Beresnev et al. 

[466] 

8 + 𝜋

18

𝐾𝑛௣

𝐾𝑛௣ + 0.619
ቆ1

+
0.310𝐾𝑛௣

𝐾𝑛௣
ଶ + 1.152𝐾𝑛௣ + 0.785

ቇ 

Résolution de l’équation de 

Boltzmann-BGK pour 𝜎 =

1. 

Hutchins et al. 

[467] 
1 + 𝐾𝑛௣ ቆ1,231 + 0,469 exp ቆ−

1.178

𝐾𝑛௣
ቇቇ 

Résultats empiriques avec 

du latex de polystyrène. 

Kim et al. [468] 
1 + 𝐾𝑛௣ ቆ1,165 + 0,483 exp ቆ−

0,997

𝐾𝑛௣
ቇቇ 

Résultats empiriques avec 

du latex de polystyrène. 
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ANNEXE C    RÉSEAUX D2Q9 ET D3Q15 

Le tableau C.1 présente les réseaux D2Q9 et D3Q15 de la MBR [250]. Ces réseaux sont aussi 

représentés aux Figures C.1 et C.2. 

Tableau C.1   Réseaux D2Q9 et D3Q15 

Discrétisation Vecteurs vitesses 𝐜௜ Poids 𝑤௜ 

D2Q9 𝑐଴ = (0,0)𝑐 

𝑐ଵ = −𝑐ଷ = (1,0)𝑐 

𝑐ଶ = −𝑐ସ = (0,1)𝑐 

𝑐ହ = −𝑐଻ = (1,1)𝑐 

𝑐଺ = −𝑐଼ = (−1,1)𝑐 

𝑤଴ = 4/9 

𝑤ଵିସ = 1/9 

𝑤ହି଼ = 1/36 

D3Q15 𝑐଴ = (0,0,0)𝑐 

𝑐ଵ = −𝑐ଶ = (1,0,0)𝑐 

𝑐ଷ = −𝑐ସ = (0,1,0)𝑐 

𝑐ହ = −𝑐଺ = (0,0,1)𝑐 

𝑐଻ = −𝑐ଵସ = (1,1,1)𝑐 

𝑐଼ = −𝑐ଵଷ = (−1,1,1)𝑐 

𝑐ଽ = −𝑐ଵଶ = (1, −1,1)𝑐 

𝑐ଵ଴ = −𝑐ଵଵ = (−1, −1,1)𝑐 

𝑤଴ = 2/9 

𝑤ଵି଺ = 1/9 

𝑤଻ିଵସ = 1/72 
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Figure C.1   Représentation du réseau D2Q9 

 

Figure C.2   Représentation du réseau D3Q15 
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ANNEXE D   TEMPS DE RELAXATIONS MULTIPLES AVEC LA MBR 

POUR LES RÉSEAUX D2Q9 ET D3Q15 

L’espace des moments associés au réseau D2Q9 est [430]: 

 𝑚௞ = 𝐌𝑓௜ = ൫𝜌, 𝑒, 𝜖, 𝑗௫ , 𝑞௫, 𝑗௬ , 𝑞௬ , 𝑝௫௫ , 𝑝௫௬൯
்

 (D.1) 

où 𝑚଴ = 𝜌 est la densité, 𝑚ଵ = 𝑒 est l’énergie, 𝑚ଶ = 𝜖 est l’énergie au carré, (𝑚ଷ, 𝑚ହ) = (𝑗௫ , 𝑗௬) 

est la quantité de mouvement, (𝑚ସ, 𝑚଺) = (𝑞௫ , 𝑞௬) est le flux d’énergie, 𝑚଻ = 𝑝௫௫ est la 

composante diagonale du tenseur des contraintes, et 𝑚଼ = 𝑝௫௬ est la composante non-diagonale du 

tenseur des contraintes. Les moments à l’équilibre pour le réseau D2Q9 sont : 

 𝑚௞
(௘௤)

= 𝐌𝑓௜
(௘௤)

= 𝜌൫1, −2 + 3𝑢ଶ, 1 − 3𝑢ଶ, 𝑢௫ , −𝑢௫, 𝑢௬ , −𝑢௬ , 𝑢௫
ଶ − 𝑢௬

ଶ , 𝑢௫𝑢௬൯
்

 (D.2) 

La matrice de transition 𝐌 correspondante est : 

 

⎝

⎜
⎜
⎜
⎜
⎜
⎛

1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1⎠

⎟
⎟
⎟
⎟
⎟
⎞

 (D.3) 

alors que la matrice diagonale des taux de relaxations 𝐒 est : 

 𝐒 = diag(𝑠ఘ, 𝑠௘ , 𝑠ఢ , 𝑠௝, 𝑠௤ , 𝑠௝, 𝑠௤ , 𝑠௦ , 𝑠௦) (D.4) 

 

L’espace des moments associé au réseau D3Q15 est [430] : 

 𝑚௞ = 𝐌𝑓௜ = ൫𝜌, 𝑒, 𝜖, 𝑗௫, 𝑞௫ , 𝑗௬ , 𝑞௬ , 𝑗௭, 𝑞௭, 3𝑝௫௫ , 𝑝௪௪ , 𝑝௫௬, 𝑝௬௭, 𝑝௭௫ , 𝑡௫௬௭൯
்

 (D.5) 

où 𝑚଴ = 𝜌 est la densité, 𝑚ଵ = 𝑒 est l’énergie, 𝑚ଶ = 𝜖 est l’énergie au carré, (𝑚ଷ, 𝑚ହ, 𝑚଻) =

(𝑗௫ , 𝑗௬ , 𝑗௭) sont les composantes de la quantité de mouvement, (𝑚ସ, 𝑚଺, 𝑚଼) = (𝑞௫ , 𝑞௬ , 𝑞௭) sont les 

composantes du flux d’énergie, (𝑚ଽ, 𝑚ଵ଴) = (3𝑝௫௫ , 𝑝௪௪) représente le tenseur des contraintes 
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normales, (𝑚ଵଵ, 𝑚ଵଶ, 𝑚ଵଷ) = (𝑝௫௬ , 𝑝௬௭ , 𝑝௭௫) représente le tenseur des contraintes visqueuses, et 

𝑚ଵସ = 𝑡௫௬௭ est un moment antisymétrique de troisième ordre. Les moments à l’équilibre pour le 

réseau D3Q15 sont : 

 𝑚௞
(௘௤)

= 𝐌𝑓௜
(௘௤)

= 𝜌 ൬1, 𝑢ଶ − 1, −1, 𝑢௫, −
7

3
𝑢௫ , 𝑢௬, −

7

3
𝑢௬, 𝑢௭ , −

7

3
𝑢௭, −3𝑢௫

ଶ − 𝑢ଶ, 𝑢௬
ଶ

− 𝑢௭
ଶ, 𝑢௫𝑢௬, 𝑢௬𝑢௭, 𝑢௭𝑢௫, 0൰

்

 
(D.6) 

La matrice de transition 𝐌 correspondante est : 

 

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
−2 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1
16 −4 −4 −4 −4 −4 −4 1 1 1 1 1 1 1 1
0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 1 −1
0 −4 4 0 0 0 0 1 −1 1 −1 1 −1 1 −1
0 0 0 1 −1 0 0 1 1 −1 −1 1 1 −1 −1
0 0 0 −4 4 0 0 1 1 −1 −1 1 1 −1 −1
0 0 0 0 0 1 −1 1 1 1 1 −1 −1 −1 −1
0 0 0 0 0 −4 4 1 1 1 1 −1 −1 −1 −1
0 2 2 −1 −1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 1 1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 −1 −1 1 1 −1 −1 1
0 0 0 0 0 0 0 1 1 −1 −1 −1 −1 1 1
0 0 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1
0 0 0 0 0 0 0 1 −1 −1 1 −1 1 1 −1⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 (D.7) 

alors que la matrice diagonale des taux de relaxations 𝐒 est : 

 𝐒 = diag(𝑠ఘ, 𝑠௘ , 𝑠ఢ , 𝑠௝, 𝑠௤ , 𝑠௝, 𝑠௤ , 𝑠௝, 𝑠௤ , 𝑠௦, 𝑠௦ , 𝑠௦ , 𝑠௦ , 𝑠௦ , 𝑠௧) (D.8) 

 

 

 

 


