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RESUME

L’ optimisation informatique est omniprésente dans de nombreuses communautés et a suscité un inté-
rét sans précédent au cours des dernieres décennies en raison de 1’ utilisation croissante des simulations
informatiques pour la résolution de problémes complexes survenant dans une multitude de domaines
et plus particulicrement en ingénierie. “L’optimisation de boites noires”, theme majeur de cette these,
n’émet aucune hypothese sur 1’existence de dérivées des fonctions ciblées et se concentre sur des
problemes ou la fonction objectif ainsi que les contraintes sont données par une boite noire dont les
simulations informatiques constituent un exemple typique. Les valeurs exactes de ces fonctions déter-
ministes au moyen desquelles sont modélisés les problemes couramment rencontrés dans le domaine
de I’apprentissage automatique, du traitement du signal, de la médecine ainsi que la biologie etc., ne
sont en général pas toujours accessibles numériquement. En effet, elles ne peuvent parfois étre ob-
tenues que par le biais d’une boite noire dont les évaluations sont corrompues par un bruit aléatoire,
engendrant ainsi des problemes d’optimisation stochastique de boites noires. Par ailleurs, méme si
la conception d’algorithmes performants d’optimisation stochastique a suscité un regain d’intérét ces
dernieres années, il est a noter que la plupart des méthodes d’optimisation dites sans dérivée utilisent
des approximations de gradient, se limitent a des problémes sans contraintes ou sinon, supposent que
ces dernieres sont déterministes. Ainsi, les méthodes de recherche directe connues pour leur fiabilité
et leur robustesse en pratique s’ averent plus prometteuses pour les problemes d’optimisation de boites
noires. Cependant, force est de constater qu’assez rares sont les travaux portant sur la conception d’al-
gorithmes de recherche directe pour I’optimisation stochastique de boites noires, dotés d’une preuve
de convergence et surtout en présence de contraintes bruitées aléatoirement. Cette these se concentre
alors sur la conception ainsi que 1’analyse de convergence d’algorithmes de recherche directe pour

I’optimisation stochastique de boites noires.

Le premier projet de la présente these introduit une variante stochastique de 1’algorithme de recherche
directe par treillis adaptatif (MADS) initialement cong¢u pour I’optimisation de boites noires détermi-
nistes. La méthode proposée nommée StoMADS considere I’optimisation sans contrainte d’une fonc-
tion objectif dont les valeurs ne peuvent étre obtenues que via une boite noire corrompue par un bruit
aléatoire de distribution inconnue. Etant donné que les valeurs déterministes exactes de ladite fonction
sous-jacente ne sont pas accessibles numériquement, StoMADS fait usage de leurs estimés obtenus
a partir d’observations aléatoires. En supposant ces estimés précis avec une probabilité suffisamment
grande mais fixe, et de variance satisfaisant une certaine condition, un résultat de convergence de
StoMADS a été obtenu grace au calcul non lisse de Clarke et la théorie des martingales. Des études

numériques comparant StoMADS a certains algorithmes disponibles dans le logiciel NOMAD d’op-
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timisation de boites noires, ont révélé la méthode proposée tres prometteuse pour des applications

concretes.

Le second projet généralise le cadre algorithmique de StoMADS en introduisant une large classe d’al-
gorithmes de recherche directe dits de type directionnel, pour 1’optimisation stochastique de boites
noires (SDDS), et qui acceptent de nouveaux itérés en imposant une condition de décroissance suf-
fisante a des estimés satisfaisant les mémes hypotheses du premier projet. Sous une hypothese sup-
plémentaire de différentiabilité de la fonction objectif déterministe numériquement inaccessible, le
taux de convergence de la méthode proposée a été étudié a I’aide des supermartingales. Quoique ne
faisant usage d’aucune information de gradient contrairement a des méthodes existantes telles que
la recherche linéaire stochastique ainsi que les algorithmes de région de confiance stochastiques, le
taux de convergence de SDDS est similaire a celui des deux dernieres méthodes et a celui de la large
classe d’algorithmes de recherche directe déterministes de type directionnel qui acceptent également

de nouveaux itérés en imposant une condition de décroissance suffisante.

Le troisieme projet de cette these introduit StoMADS-PB, un algorithme d’optimisation stochastique
de boites noires sous contraintes. StoMADS-PB est une variante stochastique de 1’algorithme MADS
utilisant une approche de barricre progressive (PB) pour la gestion des contraintes, initialement concu
pour I’optimisation de boites noires déterministes sous contraintes générales. Similairement a Sto-
MADS, les valeurs de la fonction objectif et des contraintes sont accessibles uniquement via une
boite noire bruitée aléatoirement. Ainsi, StoMADS-PB utilise également des estimés et par ailleurs,
traite les contraintes en regroupant leurs violations en une seule fonction de violation de contrainte.
Sous I’hypothese que ces estimés sont précis et fiables avec des probabilités suffisamment grandes
mais fixes, des résultats de convergence de la méthode vers des points stationnaires au sens de la déri-
vée généralisée de Clarke des fonctions objectif et de violation, ont été obtenus grace a la théorie des
martingales. Enfin, des expériences numériques menées sur 126 variantes stochastiques de 42 pro-
bleémes sous contraintes tirés de la littérature ont démontré I’efficacité de StoMADS-PB par rapport a

MADS avec PB pour I’optimisation stochastique de boites noires.
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ABSTRACT

Computational optimization is ubiquitous in many communities and has attracted an unparalleled in-
terest during the last decades due to the growing use of computer simulations when solving complex
problems arising in a plethora of fields, especially in engineering. Blackbox optimization (BBO), a
major theme in the present thesis, does not assume the existence of derivatives and focuses on prob-
lems where the objective and constraint functions are given by a blackbox, typical examples of which
are computer simulations. For many of such problems arising in machine learning, signal processing,
medicine and biology to name a few, the target deterministic objective function and constraints can
only be accessed through a blackbox corrupted by some random noise, thus resulting in stochastic
BBO problems. Even though developing provable algorithms for stochastic optimization has recently
received renewed interest, most of derivative-free optimization (DFO) methods either use estimated
gradient informations, are restricted to unconstrained problems, or assume that the constraints are de-
terministic. Thus, direct-search methods known to be reliable and robust in practice appear to be the
most promising approach for BBO problems. However in stochastic BBO, there is relatively scarce
research on developing direct-search methods with full-supported convergence analysis especially
when constraints function evaluations are also corrupted by some random noise. This thesis therefore

focuses on the development and convergence analysis of direct-search methods for stochastic BBO.

The first project of this thesis introduces a stochastic extension of the mesh adaptive direct-search
(MADS) algorithm originally designed for deterministic BBO. The proposed method called StoM-
ADS considers the unconstrained optimization of an objective function when only having access to
its noisy evaluations available through a blackbox corrupted by some random noise following an un-
known distribution. Thus, since the exact deterministic values of the underlying objective function
are not available, their estimates obtained from stochastic observations are used. By requiring the ac-
curacy of such estimates to hold with a large but fixed probability and by assuming them to satisfy a
variance condition, a Clarke stationarity convergence result of StoMADS is proved by means of mar-
tingale theory. Computational studies comparing StoMADS to algorithms available in the NOMAD
BBO software revealed that the proposed method is very promising for real-life applications.

The second project generalizes the algorithmic framework of StoMADS by introducing a broad class
of stochastic directional direct-search (SDDS) algorithms which accept new iterates by imposing a
sufficient decrease condition on function estimates required to satisfy the same StoMADS assump-
tions. By assuming in addition the objective function to be differentiable, the expected complexity
of SDDS is analyzed making use of an existing supermartingale-based framework. Despite using no

gradient information unlike prior methods such as stochastic line-search and stochastic trust-region
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methods, the convergence rate of SDDS is shown to be similar to that of both latter methods and to
that of the broad class of deterministic directional direct-search methods which accept new iterates

using a sufficient decrease condition.

By introducing the StoMADS-PB algorithm, the third project of the thesis focuses on the constrained
stochastic BBO. The proposed method is a stochastic extension of the MADS method using a progres-
sive barrier (PB) approach for constraints handling, originally developed for deterministic BBO under
general constraints. Similarly to the framework of StoMADS, the objective and constraints function
values can only be computed through a noisy blackbox. Constraints are treated by StoMADS-PB by
aggregating their corresponding violations into a single constraint violation function. Since all the
underlying deterministic functions values are not available, estimates are used and so-called proba-
bilistic bounds are introduced for the violation function. By requiring such estimates and bounds to
be accurate and reliable with sufficiently high but fixed probabilities, Clarke stationarity results for
the objective and the violation function are derived with probability one, making use of the Clarke
nonsmooth calculus and martingale theory. Numerical experiments conducted on 126 stochastic vari-
ants of 42 constrained problems from literature demonstrated StoMADS-PB to outperform MADS
with PB.
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CHAPITRE 1 INTRODUCTION

L’ optimisation est une branche des mathématiques qui étudie la modélisation, 1’analyse ainsi que la
résolution analytique ou numérique de problémes de minimisation ou de maximisation d’une fonction
éventuellement soumise a des contraintes. Apres Euclide qui aurait formulé les premiers problemes
d’optimisation au III¢ siecle avant notre ere, I’optimisation connu plus tard d’importantes avancées.
Méme si ces dernieres ne sauraient étre résumées en quelques lignes, on peut tout de méme évoquer la
mise au point d’une méthode itérative par Newton au X VIIe siecle, faisant intervenir la notion de déri-
vée issue des travaux de Leibnitz ainsi que la création de la théorie de 1’optimisation linéaire en 1939
par les mathématiciens Leonid Kantorovitch et Charles Koopmans. Par ailleurs, des progres notables
ayant émergé pendant la seconde guerre mondiale qui marqua le début de 1’optimisation moderne,
ont donné naissance a de nouvelles méthodes a I’instar de celle du simplexe pour la programmation
linéaire.

Au cours des dernieres décennies, I’optimisation, devenue un pilier des mathématiques, a eu d’im-
portantes applications dans des domaines tres diversifiés, notamment dans la résolution de problemes
complexes survenant en médecine, en biologie, en traitement du signal, en apprentissage automa-
tique et en ingénierie. Pour la plupart de ces applications, la résolution du probleme d’intérét passe
souvent par la construction d’'un modele mathématique identifiant les variables de décision ainsi que
les parametres du probleme. Cependant, ce modele consistant formellement en une fonction objectif
soumise a des contraintes n’a toujours pas une expression analytique mais se présente également sous
la forme d’une simulation informatique appelée boite noire. En aéronautique par exemple, la concep-
tion de forme de profils aérodynamiques ou d’ailes d’avions commerciaux [82] visant a minimiser la
trainée et la consommation en carburant, constitue un probleme d’optimisation complexe modélisé
par de colteuses simulations ou boites noires. La modélisation par boites noires intervient également
en cardiologie pédiatrique lors de I’identification de la forme d’une greffe chirurgicale dans le but de
retarder autant que possible une prochaine opération [98]. Cette modélisation intervient aussi en océa-

nographie lors de I’identification de meilleurs emplacements de bouées de détection de tsunami [16].

Dépendamment de la nature du probleme, plusieurs méthodes d’optimisation peuvent €tre utilisées,
faisant usage ou non d’informations issues des calculs de gradients, de matrices hessiennes, ou si-
non des approximations de ceux-ci. Toutefois, pour la plupart des modeles décrivant des problemes
concrets comme celui résultant du tsunami de 1’océan indien de 2004 [16], il est peu probable que
I’utilisation d’évaluations de fonction pour I’estimation des dérivées soit utile en raison de la com-
plexité de la simulation numérique, ou sinon ces dérivées sont simplement inaccessibles car les fonc-

tions sont bruitées. Ainsi, comme souligné dans [16], les méthodes de recherche directe pour 1’ opti-



misation de boites noires (blackbox optimization, BBO) constituent un choix naturel pour la résolu-
tion du probleme survenant dans des situations comme cette derniere. Plus précisément, en présence
d’un bruit aléatoire et sans aucune information sur 1’existence de dérivées, il faut avoir recours a
des méthodes de recherche directe pour BBO stochastique, dont la conception ainsi que 1’analyse de

convergence font 1’objet de cette these.

1.1 Définitions et concepts de base

1.1.1 Optimisation sans dérivée et optimisation de boite noire

Lorsque I’information du gradient est disponible, fiable et peut étre obtenue a un cofit raisonnable pour
un probléme donné, les méthodes d’optimisation sans dérivée (derivative-free optimization, DFO) et
de BBO ne pourront presque jamais €tre meilleures que les méthodes modernes a base de gradient

qui devront alors étre privilégiées [16].

La DFO est I’étude mathématique des algorithmes d’optimisation n’utilisant pas de dérivées [16]. Elle
traite des problemes pour lesquels les gradients existent mais sont inaccessibles. Elle se distingue de
la BBO qui étudie la conception ainsi que I’analyse d’algorithmes supposant que la fonction objectif
et/ou les contraintes n’admettent pas de dérivées et sont accessibles via une boite noire. En optimi-
sation, une boite noire est un processus dont les mécanismes internes ne sont pas analytiquement
disponibles mais qui renvoie une sortie lorsqu’on lui fournit une entrée [16]. Quoique la forme la
plus courante de boite noire soit une simulation informatique, notons que certaines expériences de

laboratoires en constituent également une autre.

En BBO, lorsque les valeurs de la fonction objectif et/ou des contraintes sont accessibles uniquement
via une boite noire corrompue d’un bruit stochastique, on parle alors d’optimisation stochastique de

boites noires.

1.1.2 Recherche directe en BBO

En raison de leur robustesse et de leur fiabilité, cette these se focalise particulierement sur les mé-
thodes de recherche directe pour I’optimisation stochastique de boites noires. En BBO, les méthodes
de recherche directe constituent une large classe de méthodes de BBO ou, a chaque itération, 1’algo-
rithme de BBO évalue la fonction objectif a un ensemble de points et agit uniquement sur la base des

valeurs obtenues sans aucune construction de modele ni approximation de dérivée [16,42].



1.2 Eléments de la problématique

Etant donné I’utilisation croissante des outils informatiques durant ces derni¢res années, nombreux
sont les problemes d’optimisation comportant une fonction objectif f ainsi que des contraintes (lorsque
ces dernieres existent) de la forme ¢;(x) < 0, ol pour tout j = 1,2, ..., m, les fonctions c; et f sont
toutes issues d’une simulation informatique ou boite noire. Toutefois, pour certains de ces problémes
fréquemment rencontrés par exemple lors de 1I’optimisation d’hyperparametres algorithmiques ou en
biologie structurale lors d’une recherche de I’alignement volumétrique optimal de structures pro-
téiques [34], les valeurs exactes de f et/ou des fonctions c; sont impossibles d’acces et ne peuvent étre
obtenues que via des évaluations bruitées de la boite noire. En d’autres termes, 1’algorithme d’optimi-
sation n’a pas acces aux valeurs de f et des ¢;, mais plutdt a celles de leurs versions bruitées données
par les sorties de la boite noire, et couramment modélisées respectivement par fo,(z) = f(z) + ©q
et co,(7) = c;(x) + ©;, ol pour tout j = 0,1,...,m, ©; est une variable aléatoire de distribution

inconnue.

Les méthodes actuelles d’optimisation sans dérivées de résolution de pareils problemes sont soit sans
contraintes, ou heuristiques (sans preuve rigoureuse de convergence) ou sinon, supposent que la fonc-
tion f ainsi que les contraintes sont différentiables, puis utilisent par conséquent des approxima-
tions de gradients. Ainsi, ces méthodes sont inefficaces en contexte de boites noires en cas de non-
différentiabilité de 1’objectif ou des contraintes. De plus, il n’existe au meilleur de nos connaissances,
aucune méthode de recherche directe d’optimisation stochastique de boites noires avec des contraintes
bruitées aléatoirement disposant de preuve de convergence. De méme, dans le cadre de I’optimisation
sans contrainte, aucune recherche ne s’est jusqu’a présent intéressée a 1’analyse de complexité de pa-
reilles méthodes. Notons enfin que méme le logiciel académique québécois NOMAD ! [69] d’ optimi-
sation de boite noire, présente malheureusement de grandes limitations en optimisation (stochastique)

de pareilles boites noires bruitées.

1.3 Objectifs de recherche

Le but visé par les recherches dans cette these est donc le développement de méthodes de recherche di-
recte justifiées par des analyses de convergence, pour I’optimisation stochastique de boite noire, aussi
bien en optimisation sans contrainte qu’en présence de contraintes bruitées. Plus particulierement, la
théorie de la complexité étant a I’origine d’une grande partie de 1’optimisation moderne, permettant

une comparaison équitable entre des méthodes numériques concurrentes, cette these aborde égale-

1. NOMAD est librement distribué et utilisé par des chercheurs universitaires et des entreprises de toutes tailles dont
Airbus, Boeing, Exxon-Mobil, Rio Tinto et Hydro-Québec; depuis la sortie de la troisieme version en 2008, NOMAD
compte plus de 4000 téléchargements vérifiés dans le monde entier.



ment, pour une premiere fois dans le domaine de la BBO, la question du taux de convergence de
méthodes de recherche directe pour 1’optimisation stochastique sans contrainte de boite noire. Son

objectif principal est traité par les trois sous-objectifs suivants :

1. Développer et analyser un algorithme de recherche directe pour I’optimisation stochastique et

sans contrainte de boites noires.

2. Etudier le taux de convergence des méthodes de recherche directe de type directionnel pour

I’optimisation stochastique sans contrainte de boite noire.

3. Concevoir et analyser un algorithme de recherche directe pour I’optimisation stochastique

sous contraintes bruitées de boites noires.



CHAPITRE 2 REVUE DE LITTERATURE

Ce chapitre résume la revue de littérature nécessaire a la réalisation de ce doctorat. Il est subdivisé en
trois parties :

— Meéthodes d’optimisation de boites noires déterministes

— M¢éthodes d’optimisation de boites noires bruitées

— Processus stochastiques a temps discret et utilité en optimisation stochastique sans dérivée

2.1 Méthodes d’optimisation de boites noires déterministes

On distingue deux grandes familles de méthodes en DFO : les méthodes basées sur des modeles [41]
qui operent par construction d’approximations de la fonction objectif et des contraintes, ainsi que les
méthodes de recherche directe particulierement intéressantes en BBO, qui se basent uniquement sur
la comparaison des valeurs de I’objectif et I’évaluation des contraintes pour rejeter ou retenir un point

courant.

2.1.1 Méthodes de recherche directe en BBO

Dans la grande famille de ces méthodes, on distingue celles basées sur les simplexes comme 1’algo-
rithme classique de Nelder-Mead [80] qui utilise des opérations répétées de réflexions, d’expansions
et de contractions appliquées a un simplexe de n + 1 points dans R", ainsi que les algorithmes de
recherche directe de type directionnel ou une amélioration de la fonction objectif est garantie en
se déplacant le long d’une direction définie par un meilleur point [95]. Dans cette derniere classe
de méthodes, on note la recherche par coordonnées (CS) [16], la recherche généralisée par motifs
(GPS) [16] et I’algorithme de recherche directe par treillis adaptatifs (MADS) [12, 16]. Notons que
MADS est I’algorithme principal dont la conception ainsi que 1’analyse de variantes pour I’optimisa-

tion stochastique de boites noires font objet de cette these.

2.1.2 Algorithme MADS pour la BBO

MADS est un algorithme qui a été développé pour pallier aux difficultés rencontrées dans les pro-
blemes d’optimisation de boites noires non lisses ou qui présentent des contraintes cachées. Les pro-

blémes d’optimisation ciblés par MADS sont de la forme suivante :

min f(x) (2.1)

€D



ou D = {z € X : c¢(xr) < 0} C R” est le domaine réalisable, f : X — R U {+oo} et ¢ :
X — (RU{+oc})™ avec ¢ = (c1,¢a,...,cm) ", sont des fonctions sur lesquelles aucune hypothése
de régularité n’est émise. Les contraintes, lorsqu’elles existent, sont traitées soit par 1’approche de
la barriere extréme (EB) [12] ou celle de la barriere progressive (PB) [13]. Cette dernicre approche
plus sophistiquée, et particulierement d’intérét dans cette these, utilise la fonction de violation de

contraintes [16], également connue sous le nom de fonction d’agrégation, définie par :

Y jes(max{c;(x),0})* size X,

hiz) =
(@) +o0 sinon,

ouJ = {1,2,...,m} représente I’ensemble des indices des contraintes. La fonction de violation des

contraintes est non négative et vaut z€ro si et seulement si x appartient a D.

MADS est un algorithme de recherche itérative dans laquelle chaque itération est constituée de deux
principales étapes : La “recherche globale” ou étape de SEARCH est celle qui peut utiliser des straté-
gies variées incluant I’utilisation de fonctions “surrogates” et des heuristiques pour explorer I’espace
des variables, et la “sonde locale” ou étape de POLL est celle qui suit des regles plus strictes et qui
effectue une exploration locale dans I’espace des variables dans une région délimitée par le “vec-
teur de taille de sonde” 51’5 € R’. En pratique, une étape de SEARCH bien congue peut permettre a
I’algorithme d’échapper a des solutions optimales locales [10] tandis que 1’étape de POLL assure la

convergence théorique et pratique [12].

Ces deux étapes génerent leurs points candidats sur une discrétisation de 1’espace des variables ap-
pelée maillage ou “mesh”. La finesse de cette discrétisation est contrdlée par le “vecteur de taille de

maillage” 5,’; € R’.. Formellement, a I'itération k, le maillage est défini comme suit :
MF =V {diag(o),)z : 2 € 2"}, (2.2)

ol la “cache” V* est I’ensemble des points visités par 1’algorithme au début de I’itération k. Le
premier ensemble YV est I’ensemble d’un ou plusieurs points initiaux fournis par I’utilisateur. Les
vecteurs des tailles de maillage et de sonde sont mis a jour a la fin de chaque itération. Les compo-
santes des deux vecteurs sont réduites lorsque 1’itération n’améliore pas la solution courante, et sinon,
elles sont soit augmentées ou gardent les mémes valeurs. L’algorithme 1 fournit une description de
haut niveau de MADS.

Le résultat fondamental de convergence de MADS stipule que si toutes les suites de points tests
appartiennent a un ensemble borné, et si I’ensemble des soi-disant “directions raffinantes” [16] est
suffisamment riche, alors il existe un point d’accumulation £ également appelé “point raffinant” tel

que la dérivée généralisée f°(2,d) de Clarke [38] est non négative pour toute direction d “hypertan-



Algorithm 1: MADS

Un ensemble de points initiaux étant donné par I’utilisateur : V° € R”",
et un maillage initial ainsi qu’un vecteur de tailles de sonde : typiquement 62, , = 52i = 1 pour
i=1,2,....n. ’ ’
Initialiser le compteur d’itération : k < 0
[1]-SEARCH (optionnel)
Lancer la boite noire sur un ensemble fini S* de points du maillage
Si échec, aller a I’étape [3]
[2]-POLL
Lancer la boite noire sur un sous-ensemble fini de points de sonde
[3]-Mises a jour
Mettre a jour la cache V**! avec le point courant z
et les vecteurs des tailles de maillage et de sonde 07" et o5+,
Augmenter le compteur d’itération : k <— k£ + 1 et aller a [1].

k+1

Figure 2.1 Algorithme MADS

gente” [16] au domaine €2 en & pourvu que Z soit réalisable. On a un résultat similaire pour & dans les
situations ou les itérés ne s’approchent jamais du domaine réalisable : si le point raffinant # est non
réalisable, alors la dérivée généralisée de Clarke h°(Z, d) est non négative dans toutes les directions d
hypertangentes a I’ensemble X en 2.

Ces résultats de convergence ont lieu indépendamment de 1’étape SEARCH de I’algorithme 1, tant

que I’ensemble S* est fini et appartient au maillage M*.

2.2 Méthodes d’optimisation de boites noires bruitées

Diverses méthodes ont été concues pour optimiser les problemes de type boite noire. On distingue :
les méthodes de recherche directe, les méthodes de recherche aléatoire (sample path optimization
methods), les méthodes a gradient, les méthodes utilisant des modeles, les méthodes d’optimisation

Lipschitzienne, etc.

2.2.1 Meéthodes de recherche directe

La recherche directe peut également étre définie comme I’examen séquentiel de solutions expérimen-

tales générées par une certaine stratégie [60].



Méthodes de recherche déterministes

Au cours des dernieres années, beaucoup de recherches se sont de plus en plus intéressées aux mé-
thodes de recherche directe pour I’optimisation sans contrainte. La plupart de ces méthodes ne font
pas d’estimations de gradient et font relativement usage de peu d’évaluations de fonctions a chaque
itération. La méthode NM est 1’'une des plus populaires [4, 25] et couramment utilisées dans cette
classe. Cependant, les méthodes basées sur une approche par simplexe ont I’inconvénient de pos-
siblement ne pas converger pour certains types de problemes. Il existe d’ailleurs des exemples tels
que celui tres célebre di @ McKinnon [16,74] ou NM converge vers un point non stationnaire. Bien
que réussies dans des contextes déterministes, les applications directes de NM a I’optimisation de
fonctions bruitées ont de sérieuses limitations : premicrement, NM manque d’un mécanisme effi-
cace de sélection de taille d’échantillon pour contréler le bruit; Deuxiemement, c’est un algorithme
heuristique [90] dont la qualité de la solution optimale estimée produite ne peut pas étre quantifiée.
Afin d’amener NM a optimiser des fonctions bruitées, [25] en avait considéré des variantes. Cing an-
nées plus tard, [5] a proposé une autre variante de NM utilisant des structures presque similaires aux
simplexes, pour I’optimisation de fonctions bruitées. Tout récemment, [31] a proposé une nouvelle
variante de NM désignée sous le nom de Stochastic Nelder-Mead (SNM) susceptible d’optimiser les
fonctions bruitées en utilisant uniquement leurs évaluations, et en a prouvé la convergence vers des
optima globaux avec probabilité un. Il est cependant tres important de souligner que méme si ces
méthodes sont fiables et robustes en pratique comme toute méthode de recherche directe [9], elles se
limitent a I’optimisation sans contrainte et ne disposent d’aucun résultat de complexité. Par ailleurs,
nulle d’entre elles ne dispose d’une analyse de convergence beaucoup plus adaptée au contexte de la

BBO, i.e., vers des points Clarke-stationnaires.

Méthodes de recherche aléatoire

Elles constituent I’une des classes de méthodes d’optimisation de fonctions bruitées datant d’un demi-
siecle [36]. Contrairement aux méthodes classiques de recherche directe déterministe [1,2,12,72,93,
94], les méthodes de recherche aléatoire ont I’avantage d’accélérer I’ optimisation en utilisant des vec-
teurs aléatoires comme directions de recherche. Elles partagent un cadre de base simple et se sont avé-
rées prometteuses pour résoudre des problémes sans dérivées a grande échelle [54,91]. Par exemple,
en s’inspirant des récents travaux de Nesterov [81], [36] a proposé une approche qui établit des limites
de complexité pour la convergence de méthodes sans dérivées aléatoires pour des fonctions convexes
et non convexes. Par ailleurs, incorporant la technique de lissage gaussien de Nesterov [81], [54] pro-
pose une méthode de recherche aléatoire sans dérivées pour I’ optimisation stochastique et montre que

la complexité de I’itération de 1’algorithme proposé améliore le résultat de Nesterov par un facteur



d’ordre n dans le cas lisse et convexe. En s’inspirant des travaux de Nesterov [81], [36] propose un
nouvel algorithme STARS (S7epsize Approximation in Random Search) ou le choix de la longueur de
pas a été grandement motivé par des travaux récents de Moré et Wild [78,79]. Une analyse du taux
de convergence de STARS pour la résolution de problemes convexes avec des bruits stochastiques
additif et multiplicatif a été effectuée et il a également ét€ démontré que sous des hypotheses non res-
trictives sur le bruit, la méthode admet un taux de convergence pour les fonctions convexes bruitées,
qui est identique a celui de la méthode de recherche aléatoire de Nesterov pour les fonctions convexes
lisses. Malheureusement, contrairement aux méthodes de recherche directe, toutes ces méthodes de
recherche aléatoire ne sont pas parfaitement adaptées au contexte de BBO car faisant usage de direc-
tions de recherche obtenues par des approximations de gradient stochastique (indisponible en BBO),

qui en cas d’imprécision, peut pointer dans de trés mauvaises directions.

2.2.2 Méthodes RSM (Response Surface Methodology)

RSM est typiquement utile dans le contexte de problemes d’optimisation continue et se concentre sur
I’apprentissage des relations input-output pour approximer la boite noire bruitée sous-jacente par une
surface également appelée métamodele ou substitut, pour laquelle I’on définit une forme fonction-
nelle. Cette derniere peut ensuite étre utilisée dans des techniques d’optimisation basées sur I’ utilisa-
tion de dérivées. Les approches RSM peuvent soit construire des modeles surrogates efficaces dans
des régions locales, et les utiliser de facon séquentielle pour guider la recherche, ou sinon construire
des surrogates pour 1I’ensemble de 1’espace de recherche, puis les utiliser dans le but de trouver de
meilleures solutions dans des zones d’intérét. Ces méthodes ont pour inconvénient d’étre fortement
dépendantes de la qualité des surrogates utilisés et dont la construction peut parfois s’avérer difficile
dans le cas de boites noires trés coliteuses en évaluation. Par ailleurs, il n’existe au meilleur de nos
connaissances aucune méthode RSM d’optimisation de boites noires sous contraintes bruitées, dotée

d’une analyse de convergence.

Méthodes de région de confiance

Les méthodes de région de confiance [39,42] peuvent étre utilisées pour implémenter des RSM sé-
quentiels. Les régions de confiance fournissent un moyen de contrdler la région d’approximation,
fournissant des criteres de mise a jour pour les modeles surrogates, et sont utiles dans I’analyse des
propriétés de convergence. Une fois qu’un métamodele ou surface de réponse g est construit autour
d’un centre x; de région de confiance, les algorithmes de région de confiance introduisent le sous-
probleme (ming g(z; +s) : s € B(z;, A)), ou B(x;, A) désigne la boule centrée en x; et de rayon A.

Il existe des criteres bien définis pour mettre a jour le centre et le rayon de la région de confiance [39]
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qui définiront la région d’approximation subséquente. L’ utilisation de régions de confiance dans I’op-
timisation de fonctions issues de simulations est relativement récente et a été étudiée dans une cer-
taine mesure [32,45]. Tout récemment, en s’inspirant de [46], [35] a utilis€¢ une méthode de région de
confiance pour proposer I’ Algorithme 2, STORM (STochastic Optimisation with Random Models),
basée sur la construction de modeles aléatoires dans un cadre d’optimisation sans dérivée et sans
contrainte pour I’optimisation de boites noires bruitées, ou la taille de la région de confiance peut étre
augmentée ou diminuée en fonction de la diminution empirique de la fonction observée et de la taille
des gradients approximatifs observés. Cependant, ces méthodes sont beaucoup plus avantageuses en
contexte de DFO qu’en BBO car faisant usage d’approximations de gradient et parfois méme de ma-
trices hessiennes [35] (non disponibles en BBO) lors de la construction de modeles. Il suffit alors que
ces approximations soient médiocres pour que 1’algorithme de région de confiance pointe dans une

trés mauvaise direction.

2.2.3 Méthodes d’approximation stochastique

Les méthodes d’approximation stochastique ou d’approche par gradients sont celles visant a chercher
une direction de descente en faisant usage d’informations de “gradient estimé”. Les techniques d’ap-
proximation stochastique sont 1’'une des plus anciennes méthodes d’optimisation d’une boite noire
bruitée. Robbins et Monro [85] ainsi que Kiefer et Wolfowitz [62] ont été les premiers a élaborer des
techniques d’approximation stochastique. Dans un contexte d’optimisation sans dérivée, les gradients
sont estimés a 1’aide de schémas de différences finies. Typiquement, une estimation de différence
directe impliquerait I’échantillonnage d’au moins n + 1 points distincts, mais des performances supé-
rieures ont été observées par des estimations de perturbation simultanées nécessitant des échantillons
a deux points seulement [90], une méthode appelée Simultaneous Perturbation Stochastic Approxi-
mation (SPSA). Dans le but de trouver des directions de descente fiables, ces méthodes requierent
en général un grand nombre d’évaluations de la boite noire pour approximer le gradient de la fonc-
tion objectif, et ne sont clairement pas avantageuses en contexte de BBO ou les dérivées ne sont pas

disponibles.

2.2.4 Approximation par moyenne échantillonnale

En raison de I’inaccessibilité de la fonction inconnue sous-jacente f, I’approximation par moyenne
échantillonnale utilise plutdt un estimateur généralement cohérent tel que la moyenne échantillon-

nale d’évaluations indépendantes en un point donné de la fonction objectif bruitée accessible f. A

1 n

titre d’exemple, on peut durant I’optimisation, utiliser F;, = =37 | f (x;m;) au lieu de la fonction

E,[f(z;n)] = f(x) elle-méme, ol 1,72, ..., n, forment un échantillon aléatoire de taille n de 7.
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Certains des premiers travaux utilisant cette technique sont ceux de [58,88]. Plusieurs autres travaux,
comme ceux dans [45, 84], discutent des résultats de convergence des algorithmes dans ce contexte.
Cependant, notons que 1’analyse de ces méthodes reposent fortement sur la fagon dont les estimés
utilisés sont générés (e.g., la taille n de I’échantillon définissant F;,, I’'indépendance des variables
aléatoires 7;,7 = 1,2,...,n), contrairement aux travaux présentés dans la présente theése ou aucune

hypothese de ce genre n’a ét€ émise pour la convergence des diverses méthodes proposées.

2.3 Processus stochastiques a temps discret et utilité en optimisation stochastique sans dérivée

Nombreux sont les domaines utilisant des observations en fonction du temps et qui se traduisent par
une courbe bien définie dans les cas les plus simples. L’interprétation de ces observations se présentant
dans certaines situations de facon plus ou moins erratique, est donc soumise a une certaine incerti-
tude pouvant étre traduite par 1’usage de processus stochastiques ou aléatoires pour les représenter.
Lutilisation de ces processus a suscité un regain d’intérét durant la derniere décennie, notamment
dans la modélisation du comportement ainsi que 1’analyse d’algorithmes de DFO utilisant un cadre
aléatoire [24,29, 35,68, 83]. En effet, I’ Algorithme 2, STORM, fut proposé dans [34,35] dans le but
de résoudre le probleme sans contrainte

min f(x) (2.3)

IERH
ou les valeurs de la fonction f supposée continue ne sont accessibles numériquement que via la

version bruitée

f(z) = f(z,e), 2.4)
¢ étant une variable aléatoire de distribution inconnue. Plus précisément, étant donné que les valeurs
de f en un point courant x; et en un point voisin x; + s sont inconnues, STORM utilise alors des
estimés f) ~ f(xy) et fi ~ f(zy + si) ainsi que des modeles my,, construits & base d’observations
aléatoires de 1’objectif bruité f. Ces estimés et modeles sont en effet des réalisations d’estimés aléa-
toires F, 18 et F}’, et de modeles M, aléatoires, dont les comportements influent sur chaque itération &
de I’algorithme qui résulte par conséquent en un processus stochastique { My, Xy, Sk, Ay, FY, Fi}.
En attendant la présentation de la notion de variable aléatoire a la Section 2.3.1, notons que dans le
processus précédent, Xy, Sy et Ay désignent respectivement des variables aléatoires de réalisations
respectives xy, sy et du rayon de confiance d. Notons enfin que dans I’ Algorithme 2, my(z) désigne
plus précisément un modele servant d’approximation de f(x) dans la boule B(xy, ;). Par ailleurs,
en s’inspirant des travaux de [34, 35], Paquette et Scheinberg ont proposé dans [83] I’ Algorithme 3
dans le but de résoudre des problemes d’optimisation stochastique comme ceux donnés par (2.3). La
méthode proposée est une variante stochastique d’une méthode de recherche linéaire classique due a

Armijo [8], et qui a été analysée au moyen de la théorie des processus stochastiques en s’inspirant
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Algorithm 2: STORM
O-Initialisation
Choisir un point initial x, et un rayon de confiance initial 5y € (0, dpax) OU Opax > 0
Choisir des constantes v > 1,7y € (0,1),12 > 0 et kyeq € (0,1]
k<« 0
1-Construction de modele
Construire un modele my(z* + s) = fi, + g) s + s' Hys qui approxime f(z) sur la boule
B(xy, dg), 0u s = & — xp,
2-Calcul de longueur de pas
Calculer approximativement s, = arg min m(s) de sorte que
silsl<a
mi() = mi(a + s) = 5 | gl min { {2, 5, §
3-Calcul d’estimés
Calculer les estimés respectifs f et f5 de f(xy) et f(xy + si)
4-Acceptation du point test
13
my (Tge) —mp (Tp+5k)
Si pr > 1 et ||grl| = 120k, alors xyy = x4 + Sy,
Sinon Tht1 = Tk
5-Mise a jour du rayon de confiance
Si pr > my et ||gr|| = 120y, alors 911 = min {79k, Omax }
Sinon 041 = v 14, k <k + letalleral

Calculer p, =

Figure 2.2 Algorithme STORM pour I’optimisation stochastique sans dérivée

notamment de I’analyse de convergence de STORM et des travaux présentés dans [24, 29, 30]. En
effet, une étude de complexité de I’ Algorithme 3 a été effectuée apres avoir démontré que ce dernier
génere également un processus stochastique {Gy, Xy, Ag, Ag, Sk, FY, F} ot G}, désigne un estimé
aléatoire de gradient, A, un parametre de contrdle, et A; une longueur de pas. Il est enfin trés impor-
tant d’insister sur le fait que les cadres algorithmiques de toutes les méthodes proposées dans cette
these ainsi que leur analyse de convergence se sont fortement inspirés de ceux de MADS, de STORM,
de I’ Algorithme 3 et des recherches menées dans [24,29, 68]. De plus, toutes les méthodes proposées

n’utilisent ni modele ni information de gradient.

2.3.1 Notions de base de probabilité générale

L étude des propriétés de convergence des processus stochastiques { My, Xy, Sk, Ag, FY, F5} et {Gy,
Xy, Ag, Ay, Sk, F, F¢} par le biais de la théorie des martingales a précisément permis d’obtenir
celles de STORM et de 1’ Algorithme 3. Les différentes notions suivantes sont donc introduites dans

le but de présenter aux prochaines sections les martingales également utilisées pour les analyses de
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Algorithm 3: Méthode de recherche linéaire stochastique
O-Initialisation
Choisir les constantes v > 1, 6 € (0, 1) et ayyay > 0. Choisir un point initial z,
) = Y90 ay pour un certain jo < 0 et dy > 0.
Répéter pour £ = 0,1, ...
1-Calcul d’estimé du gradient
En se basant au point xj, construire un estimé g, du gradient satisfaisant I’Hypothese 1.
Poser s, = —aygx.
2-Calcul d’estimés de fonction
Basé sur 0y, g et xy, obtenir des estimés f? et f; de f(xy,) et f(xy + sp), respectivement,
satisfaisant I’Hypothese 1.
3-Succes
Si ff < f2—anl|lgr 2 alors Tpy1 = Tp + Sk et Qg1 = min {aupax, Yk
Fiabilité du pas : Si ay, ||gx||> > 62, alors 67, = 767,
Non fiabilité du pas : Si oy, [|gx||” < 07, alors 67, , = 7~ '57.

4-Echec
. -1 2 —152
Sinon, Ty41 = Tp, Qg1 =7 o et 0 = 70}

convergence des diverses méthodes proposées dans cette these.

Notons tout d’abord qu’une expérience aléatoire est une épreuve que 1’on peut en principe répéter
autant de fois que 1’on veut et telle que 1’ensemble de tous les résultats possibles est connu, mais telle
qu’on ne peut pas prévoir avec certitude lequel de ces résultats sera obtenu. Il peut par exemple s’agir
de tirages d’urnes, de lancers de pieces de monnaies ou de dés, d’une durée de vie, etc. L’'univers
ou I’espace échantillon ou I’espace des observables (2, est I’ensemble de tous les résultats possibles
d’une expérience aléatoire. Tout sous-ensemble de () est appelé événement. Lorsque ce dernier se

réduit a un singleton {w} C 2, alors il est qualifié d’élémentaire ou simple.

Toutes les recherches menées dans [26,29,30,35,68,83,96] se sont en effet fortement inspirée de [24]
ou quoique utilisant des modeles aléatoires pour la résolution de problémes sans contrainte comme
celui du (2.3), il a été supposé que les valeurs de 1’objectif peuvent €tre calculées exactement, i.e.,
sans bruit aléatoire. L’analyse de la méthode de région de confiance proposée qui génere également
des modeles aléatoires M}, repose cependant sur le fait que méme si la précision de ces derniers peut
dépendre de I’historique, (M, ..., Mj_1), elle est suffisamment bonne avec une certaine probabilité
d’au moins p, indépendamment de cet historique. En d’autres termes, ces modeles ont été supposés
précis avec une probabilité p assez grande mais fixe. Dans [24], ainsi que [26, 29, 30, 35, 68, 83, 96],
un pareil historique des différents algorithmes proposés a une itération k& donnée a été modélisé par
I’introduction d’une tribu qui contient tous les événements antérieurs au début de I’itération k. En

mots simples, cette tribu correspond a tout ce qu’on sait du parcours de 1’algorithme concerné jusqu’a
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I’itération k. La notion de tribu également utile aux diverses analyses proposées dans la présente these

est introduite dans la définition ci-apres tirée de [52].

Définition 1. On dit qu’une famille G de parties de () est une tribu ou c-algebre si elle est stable
par réunion dénombrable et par passage au complémentaire, et contient I’ensemble vide (). Le couple

(2, G) est appelé espace probabilisable (ou mesurable).

Il importe a présent de souligner qu’un calcul de probabilité ne peut avoir lieu que dans le cadre d’un
espace probabilisé plus ou moins bien précisé [52]. Ces notions de probabilité et d’espace probabilisé

peuvent maintenant rigoureusement étre définies comme suit :

Définition 2. Une probabilité sur I’espace probabilisable (2, G) est une fonction P définie de G a

valeurs dans intervalle [0, 1] telle que :
1. P(2) =1
P ( UNBn> = Y P(B,) pour toute suite {B,}, .\ d’événements deux a deux disjoints :
c’eszela propriétzec?’additivité dénombrable.
Le triplet (2, G, P) est appelé espace probabilisé ou espace de probabilité. Les événements de proba-
bilité 1 sont dits presque sirs tandis que ceux de probabilité nulle sont dits négligeables.
Proposition 1. Soir (2, G, P) un espace probabilisé. On a les propriétés suivantes :

1. P est croissante au sens de l'inclusion : A C B = P (A) < P(B), pour tous A, B € G.

2. Toute intersection dénombrable d’événements presque siirs est presque siire.

La notion d’indépendance étant au ceeur des analyses présentées dans ce manuscrit, elle se définit de
la facon suivante [52] dans le cas des événements en attendant le cas général des variables aléatoires

qui seront présentées ensuite.

Définition 3. Soit (2, G, P) un espace probabilisé. Des événements A; € G aveci = 1,2,...,n sont

dits indépendants lorsque

P (ﬂ Ai[> = HIP’(AZ»Z) pourtout 1 < i; < --- < i < n.
=1 =1

Variables aléatoires

La définition suivante d’application mesurable est utile pour 1’introduction de celle d’une variable

aléatoire.
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Définition 4. Soient (2,G) et (E,C) deux espaces mesurables. Une application f de ) a valeurs

dans E est dite C-mesurable (ou mesurable lorsqu’il n’y a pas d’ambigiiité) si
VO eC, fH0) ={weQ: flw)eCteg.

Définition 5. Soit (2, G, P) un espace probabilisé et (E,C) un espace mesurable. Une variable aléa-
toire X est une application mesurable de (2, G,P) vers (E,C). Lorsque (E,C) = (R4 B(R%)) ou
B(R?) désigne la tribu borélienne de RY, i.e., celle engendrée par les ouverts, alors Iapplication X

est qualifiée de vecteur aléatoire multidimensionnel (ou de variable aléatoire réelle lorsque d = 1).

Définition 6. Soit p € [1,+00) un entier et (2, G,P) un espace probabilisé. L’espace 1LP(2, G, P)
de variables aléatoires dites p-intégrables est [’ensemble de toutes les variables aléatoires réelles X

telles que
1
1X]), = (/Q\X(w)]pIP’(dw)> < +o0.

Définition 7. Soit X une variable aléatoire réelle positive ou intégrable définie sur un espace proba-
bilisé (), G, P). L’intégrale
/XdIP - / X(w)P (dw)
Q

est appelée espérance mathématique de X et est notée E (X).

Convergence de suites de variables aléatoires

Bon nombre de résultats de convergence d’algorithmes d’optimisation stochastique sans dérivée ont
été établis au sens presque siir. Par exemple, [31] a démontré la convergence presque siire de 1la mé-
thode de NM stochastique vers des optima globaux. Plusieurs résultats de convergence presque siire
peuvent également €tre trouvés dans [5,24,35,83]. Notons en particulier que I’analyse de convergence
de STORM qui suppose la différentiabilité de 1’objectif f a permis d’établir I’existence d’une suite
d’itérés {X}}, .. pour laquelle la convergence de la suite |V f(X})[,cy a lieu presque sirement.
Avant de présenter cette notion de convergence presque slire qui a été utilisée dans toutes les analyses
du présent manuscrit, précisons qu’il s’agit d’une convergence tres forte en ce sens qu’elle implique

aussi bien la convergence en probabilité que celle en loi.

Définition 8. Soient { X, }, _ une suite de variables aléatoires définies sur un méme espace proba-
bilisé (2, G, P). On dit que la suite { X, }, . converge presque siirement vers la variable aléatoire X

définie sur (2, G,P), et on note lim X, = X p.s., lorsque

n—+00

P <{w €0: lim Xo(w) = X@)}) _1

n—-+o00
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Le théoreme classique suivant, dit de convergence monotone [28, 50], permet d’intervertir la limite
et I’intégrale et a ét€ d’une grande utilité dans ’analyse de convergence de STOMADS-PB. 1l est en
particulier utilis€ pour démontrer le lemme de Fatou [28, 50] ainsi que le théoréme classique de la

convergence dominée de Lebesgue [28, 50].

Theoréme 1. (Convergence monotone)

Soit { X, },,cn une suite presque siirement croissante de variables aléatoires réelles positives. Alors,
lim E(X,)=E( lim X,].
n—+oo ( n) n——+o0o "

2.3.2 Espérance conditionnelle et processus stochastiques a temps discret

Définition 9. Soir X une variable aléatoire intégrable définie sur un espace probabilisé (2, G,P) et
soit F une sous-tribu de G. X n’est a priori pas F-mesurable. On appelle espérance conditionnelle
de X sachant F, 'unique variable aléatoire F-mesurable Z = E (X |F) telle que pour toute variable

aléatoire F-mesurable bornée Y, on a

E(XY)=E(ZY).

L’un des travaux dont s’est fortement inspirée I’analyse du taux de convergence des algorithmes
SDDS de recherche directe de type directionnel présentés au Chapitre 5 est [83], portant sur I’analyse
de taux de convergence de I’ Algorithme 3. L’analyse de ce dernier repose notamment sur “1’hypothese
clé” [83] suivante, sur la nature de I’information stochastique dans la méthode proposée, et dont des

similaires ont été utilisées dans la présente these.

Hypothese 1. On a les propriétés suivantes pour les quantités aléatoires de I’Algorithme 3 :
(i) Il existe des constantes p, € (0, 1] suffisamment grand et r, > 0 telles que la suite {G} oy

de directions aléatoires satisfait

P ({1Gr — VFX0)|| < kg Ar [Gell} IFEE) > py

0

4 max

(ii) 1l existe des constantes py € (0, 1] suffisamment grand et ey <

{FY, F}} .y d’estimés satisfait

telles que la suite

P({|F = fai)| < s B NGilP} N {IFs = flan+ s0)| < e ALNGHIPHFES ) > o

(iii) La suite {F}), i}, .y d’estimés aléatoires satisfait les conditions de variance suivantes pour
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une certaine constante Ky > 0 :

E(1F = fOG+ S0P IFEE) < max {342 VS (X062}
2
et B (|F O[T 1P ) < max {1842 VS (X)) 6%

Les propriétés suivantes tirées de [28] sont tres utiles pour les analyses de convergence proposées.

Proposition 2. Soit (Q, G, P) un espace probabilisé, F et H des sous-tribus de G, et X, Y € L' (Q, G, P).

On a les propriétés suivantes P-presque siirement :
1. E[E(X|F)] =E (X).
2. Si X est F-mesurable, alors E (X|F) = X.
3. E(aX +b0Y|F) = aE (X|F) + bE (Y| F), pour tout a,b € R.
4. Si X <Y ps., alors E(X|F) <E(Y|F).

Proposition 3. (Inégalité de Cauchy-Schwarz conditionnelle)
Soit X etY des variables aléatoires de carrés intégrables définies sur un espace probabilisé (), G, IP),

et F une sous-tribu de G. Alors,
E(XY|F)? <E(X*F)E(V2|F).

Processus stochastiques a temps discret

La théorie des processus stochastiques a temps discret est au coeur des analyses faites dans cette these.
Son utilisation en optimisation stochastique sans dérivée ne date cependant pas d’aujourd’hui. En ef-
fet, Anderson et Ferris avaient utilisé la théorie des Chaines de Markov [50] dans le but d’étudier la
convergence d’un algorithme de recherche directe proposé dans [5], et qui utilise un cadre algorith-
mique similaire a celui de NM. L’analyse de convergence de STORM et de I’ Algorithme 3 repose par
contre sur la théorie des martingales. Des outils introduits dans [29] basés sur les surmartingales ont
particulierement permis d’étudier I’analyse du taux de convergence de STORM, et par la suite celle
de I’ Algorithme 3 dans [83]. Dans ces deux dernieres recherches, les différents taux de complexité ont
précisément été obtenus en majorant les temps d’arréts associé€s aux processus stochastiques générés

par les divers algorithmes.

La théorie élémentaire des martingales, fournissant sans grands efforts des résultats tres profonds
dont les implications sont nombreuses dans toute la théorie de probabilité, est due a J.L.. Doob qui
I’a élaborée vers le milieu du vingtieme siecle. Dans les définitions ci-apres tirées de [52] (voir éga-
lement [50] pour la Définition 11), I’espace probabilisé (€2, G, P) est muni d’une suite croissante (au

sens de Iinclusion) {G, }, _ de sous-tribus de G, appelée filtration.

neN
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Définition 10. Un processus stochastique a temps discret est une famille { X}, } .\ de variables aléa-

toires définies sur le méme espace probabilisé.
Définition 11. Une suite { X}, . de variables aléatoires réelles intégrables est une surmartingale
Si:

1. Elle est adaptée, i.e., X,, est G,-mesurable pour tout n € N.

2. E(Xy+1|Gn) < X, p.s., pour tout n € N.

La suite { X,,}, . est une sousmartingale si la suite {—X,}, . est une surmartingale, i.e. qu’elle est
adaptée et satisfait E (X,,11|G,) > X, p.s., pour toutn € N. {X,,}, _ est une martingale lorsqu’elle
est a la fois une surmartingale et une sousmartingale, i.e. qu’elle est adaptée et E (X, 11|G,) =

X, p-s., pour tout n € N,

Définition 12. Un temps d’arrét T' est une variable aléatoire a valeurs dans N U {400} telle que
{T <n} € G, pourtoutn € N.

Notons enfin que dans les analyses de complexité de STORM présentée dans [29] et de 1’ Algo-

rithme 3 [83], en notant par 7; le temps d’arrét défini par
To=inf{k>0:|VFxh)| <e},

il a été démontré que

1
P X — + 1,

<
E(T) < O() x 5 2 % 5

olle > 0etp € (0,1) désigne une probabilité.
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CHAPITRE 3 ORGANISATION DE LA THESE

Cette these est rédigée par articles. Elle incorpore trois articles qui sont respectivement reportés dans

les chapitres 4, 5 et 6.

La rédaction de la these est organisée comme suit. Apres 1’introduction présentée au Chapitre 1, une
revue critique de littérature situant les contributions de la these a été présentée au Chapitre 2. Le Cha-
pitre 4 présente les premieres contributions de la these, notamment la méthode de recherche directe
d’optimisation stochastique sans contrainte StoMADS ainsi que son analyse de convergence. Ces tra-
vaux ont été acceptés pour publication dans la revue Computational Optimization and Applications
(COAP) [15]. Le cadre algorithmique de StoMADS a été généralisé au Chapitre 5 par I’introduction
d’une large classe de méthodes de recherche directe dites de type directionnel (SDDS) pour I’ optimi-
sation stochastique et sans contrainte de boites noires. Le taux de convergence de SDDS a ensuite été
présenté et les travaux de ce chapitre ont été soumis pour publication dans la revue Computational Op-
timization and Applications (COAP) [51]. Le Chapitre 6 se concentre sur I’optimisation stochastique
sous contraintes bruitées aléatoirement, en introduisant 1’algorithme de recherche directe StoMADS-
PB qui traite les contraintes par I’approche de la barriere progressive. Une analyse de convergence de
StoMADS-PB également été proposée et tous les travaux de ce chapitre ont ét€ soumis pour publi-
cation dans la revue Mathematical Programming. Le Chapitre 7 présente une discussion générale sur

les contributions des trois articles de la these, suivie d’une conclusion générale au Chapitre 8.
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CHAPITRE 4 ARTICLE 1: STOCHASTIC MESH ADAPTIVE DIRECT SEARCH FOR
BLACKBOX OPTIMIZATION USING PROBABILISTIC ESTIMATES

Charles Audet, Kwassi Joseph Dzahini, Michael Kokkolaras and Sébastien Le Digabel. Stochastic
Mesh Adaptive Direct Search for Blackbox Optimization Using Probabilistic Estimates. Accepted
for publication in Computational Optimization and Applications (COAP).

Abstract: We present a stochastic extension of the mesh adaptive direct search (MADS) algorithm
originally developed for deterministic blackbox optimization. The algorithm, called StoMADS, con-
siders the unconstrained optimization of an objective function f whose values can be computed only
through a blackbox corrupted by some random noise following an unknown distribution. The pro-
posed method is based on an algorithmic framework similar to that of MADS and uses random es-
timates of function values obtained from stochastic observations since the exact deterministic com-
putable version of f is not available. Such estimates are required to be accurate with a sufficiently
large but fixed probability and to satisfy a variance condition. The ability of the proposed algorithm
to generate an asymptotically dense set of search directions is then exploited using martingale theory

to prove convergence to a Clarke stationary point of f with probability one.

Keywords: Blackbox optimization, derivative-free optimization, stochastic optimization, mesh adap-

tive direct search, probabilistic estimates.
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4.1 Introduction

Blackbox optimization (BBO) considers the development and analysis of algorithms under the as-
sumption that the objective and/or constraint functions are provided by blackboxes, i.e., “any com-
putational process whose inner workings are analytically unavailable and which returns an output
when provided an input” [16]. Mesh adaptive direct search (MADS) is an algorithm for deterministic
BBO [12].

We consider the unconstrained stochastic blackbox optimization problem

min f(z), with f(z) = Eo [fo() @)

z€R™

where © is a random variable obeying some unknown distribution, Eg denotes the expectation with
respect to ©, and fo(z) ' denotes a stochastic blackbox, i.e., the noisy computable version of a nu-
merically unavailable objective function f: R™ — R. We assume that the deterministic objective
function is locally Lipschitz continuous and bounded from below. Such problems arise in modern
statistical machine learning, where the random variable © represents a data point drawn according to
some unknown distribution and fg(x) measures the fit of some model parameter z to the data point
O [23,44,66].

Developing provable algorithms to solve the problem in Eq. (4.1) has been the goal of intense re-
search efforts. Several methods have been proposed in recent years, most of which are extensions
of existing deterministic derivative-free optimization (DFO) methods [16, 42] to stochastic func-
tions [22,31,35,68,83,89]. Such methods are classified according to Angiin and Kleijnen as whitebox
and blackbox methods [6]. Whitebox methods rely on the ability to compute the gradient of f with
a single simulation [53]. On the contrary, blackbox methods, such as the stochastic approximation
method [5, 62], response surface methodology [4], and many heuristics [4], need several function

evaluations to approximate the gradient of the objective function.

Direct search methods are promising candidates for blackbox optimization as they are considered to
be robust and reliable in practice [9]. It is important to emphasize that their analysis does not assume
the existence of derivatives; consequently, no gradient approximations are attempted. Existing deter-
ministic direct search blackbox optimization methods that have been extended to stochastic functions
include the Nelder-Mead (NM) method [80]. Barton and Ivey were among the first to propose a
variant of the NM algorithm considering noisy function evaluations [25]. Anderson and Ferris also

considered the unconstrained optimization of functions subject to random noise [5]. They used an

1. The notations f(z,&) [29], f(z;€) [83] and f(x;<) [35] are often used for the noisy computable versions of f,
where £ and ¢ are random variables. We use the more compact notation fg(z).
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algorithmic framework similar to that of NM, making use of so-called structures instead of simplices
and proposed an algorithm involving reflection, expansion and contraction steps, which generates a
sequence of iterates converging to a cluster point with probability one based on the theory of Markov
chains [50]. Chang proposed another stochastic variant of the classic NM method which replaces the
shrink step by an adaptive random search and proved convergence to global optima with probability
one [31].

Audet et al. recently proposed Robust-MADS, a kernel smoothing-based variant of the MADS al-
gorithm, designed to approach the minimizer of an objective function when only having access to
noisy function values [18]. At each iteration of Robust-MADS, the incumbent solution is determined
based on values of a smoothed version of the noisy objective function constructed from a list of trial
points. This list is eventually updated with the best iterate found before the next iteration of the
algorithm, which is shown to possess zero-order convergence properties [14]. However, while this
method produces good results when applied to a variety of problems, including problems with granu-
lar and discrete variables [20], problems involving random noise have not been considered. Moreover,
Robust-MADS is a deterministic algorithm in the sense that it uses only deterministic algorithmic pa-

rameters and information (e.g., mesh and frame size parameters and smoothed function values).

[3] considered the optimization of functions that are numerically unavailable and whose values can
only be computed through a blackbox corrupted by Gaussian random noise. Using an algorithmic
framework similar to that of MADS, the algorithm proposed in [3] aims at minimizing such unknown
functions by adaptively driving to zero the standard deviation of the estimators of the unavailable
function values, making use of statistical inference techniques. However, even though this algorithm
is shown to have desirable convergence properties, it needs to be improved since obtaining satisfac-
tory solutions in practice requires a large number of blackbox evaluations, thus making the method

computationally expensive.

In this paper, we present a stochastic extension of MADS using elements from [12,24, 35, 83]. This
algorithm, which we name StoMADS, can guarantee convergence to a Clarke stationary point pro-
vided that certain conditions are satisfied. More precisely, we assume that the function estimates used
to ensure improvement are sufficiently accurate with a fixed probability that does not have to be equal
to one but needs to be larger than a certain constant [35, 83]. While we assume that the estimates
satisfy a condition on the variance [83] that will be specified later, no other assumption is made about

the way they are generated.

The main novelty of the present work is that no model or gradient information is needed to find
descent directions, as opposed to [35, 83], and [96]. We use direct search techniques and exploit

the ability of the proposed algorithm to generate an asymptotically dense set of search directions to
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guarantee convergence. To the best of our knowledge, this research is the first to propose a stochastic

variant of MADS with fully supported convergence results obtained using martingale theory.

This manuscript is organized as follows. Section 4.2 introduces the general framework of the proposed
stochastic algorithm and discusses the requirements on random estimates to guarantee convergence in
addition to how such estimates can be obtained in practice. Section 4.3 presents the main convergence
results. Computational results are reported in Section 4.4, followed by a discussion and suggestions

for future work.

4.2 The StoMADS algorithm and probabilistic estimates

This section presents the general framework of StoMADS, introduces probabilistic estimates, and

shows how to construct these estimates.

4.2.1 The StoMADS algorithm

Similarly to MADS, StoMADS is an iterative algorithm where each iteration comprises two steps: an
optional SEARCH step, which typically consists of a global exploration based on various strategies
including surrogates and heuristics, and a local POLL step, which performs a local exploration in a
subset of the space of variables called the frame. During each of these two steps, a finite number of
trial points is generated on a discretization of the space of variables called the mesh. The discretiza-
tions of the mesh and the frame are controlled by the mesh and frame size parameters 57’2 and 5]’;,
respectively. Note that we are deviating from the notation 6* and A* used in [16] because A¥ and

A’; will be used here to denote random variables.

Let D € R™? be a matrix whose columns form a positive spanning set D. The mesh M* and the

frame F* are defined as
MF =" +65d:d=Dy, ycZP} and F*:.={rec M": Hx - ka < 0rb},

respectively, where b = max{||d'|| : d’ € D}.

At iteration k, given an incumbent solution ¥ € MF, the StoMADS algorithm seeks to find a better
mesh point y = x* 4 6% d whose objective function value is less than the current unknown incumbent
value f(z%),i.e., f(y) < f(z*). We use f¥ and fF to denote the estimates of f(z*) and f(z* + s*)
(with s¥ = 6% d), respectively, obtained using evaluations of the noisy blackbox fe. These estimates
are then compared as specified below to determine whether a trial point z-* + s* is a better mesh point;

therefore, they need to be sufficiently accurate. The following definition is adapted from [35].
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Definition 1. Let ¢ > 0 be a fixed constant and f, be an estimate of f(x). Then f, is said to be an

e p-accurate estimate of f(x) for a given 6%, if
fo = F(@)] < ef(8,)%

Note that, unlike in [35,96], € does not play a crucial role in the convergence analysis but allows to

adjust the initial amplitude of the so-called uncertainty interval Z. (5;;) that will be introduced later.

VHEf
The next result provides information on how to determine the iteration type.

Proposition 1. Let ff and f¥ be ¢ ;-accurate estimates of f(x*) and f(x* + s*), respectively, and let
v € (2,+00) be a fixed constant. Then the followings hold:

if = fo < —vep(05)% then f(a* + %) — f(a¥) <0,
and if f¥— fr> 75f(5]’§)2, then f(z" + s%) — f(2*) > 0.

Proof. The proof is immediate using Definition 1 and observing that

f(a*+5%) = fab) = fab + 85 — 4 (FF = 15) + 15 — ().

The following definition distinguishes three types of iterations.

Definition 2. Let f¥ and fF be ¢ -accurate estimates of f(z*) and f(z* + s*), respectively, and let
v € (2, +00) be a fixed constant. Then the iteration is called:

successful if f¥—f§<—vyep(6))?,
certain unsuccessful if fF—fr>ne f(5§)2,
uncertain unsuccessful if fF— fi eI, . (0F) := (—’yef(d;f)Z, yef(d;f)Q),

where L, ..

iterations.

(55) is the so-called uncertainty interval that is reduced during uncertain unsuccessful

Let 7 € (0,1) N Q be a fixed rational constant and 2 € N be a large fixed integer. Note that for
the needs of the convergence analysis of Section 4.3, unlike MADS, the frame size parameter of
StoMADS is assumed to be bounded above by a positive fixed constant 7~ in order for the random

frame size parameter A’; that will be introduced in the next subsection to be integrable.

During the SEARCH or POLL step, if the sufficient decrease condition f§ — f§ < —~ef(05)? is

satisfied for some direction s* = & d, then the iterate 2* + s* is successful according to Proposition 1.
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Hence, the current iterate and the frame size parameter are updated according to %! = 2% + s*
and 05" = min{r 29", 777}, respectively. A new iteration is then initiated with a new mesh size

parameter 0,7 = min{d}*!, (65+1)?}.

If no better mesh point is found during the SEARCH step, then the POLL step is invoked. If the
condition f¥ — f¥ < —e f((S;f)Q does not hold, then the iterate is unsuccessful according to Proposi-
tion 1. In the case of a certain or uncertain unsuccessful iteration, the current iterate is not updated,

k1 — 2% and the corresponding frame F* is said to be a minimal frame with minimal frame

ie., x
center ¥, also called a mesh local optimizer [18]. However, in the case of a certain unsuccessful
iteration, the frame size parameter is reduced according to (5]’5“ = 7251’; so that the resolution of the
mesh can be increased, thus allowing the evaluation of fg and hence the computation of estimates
at trial mesh points that are closer to the current solution. Note that the use of 72 instead of 7 (used
in [16]) has been motivated by the need to reduce the frame size parameter less aggressively during
uncertain unsuccessful iterations. Indeed, in the case of uncertain unsuccessful iterations, i.e., when
f¥ — f% belongs to the uncertainty interval Zyes (6}’;’ ), the frame size parameter is reduced less aggres-
sively (using (55“ = 7(51’;), so that the uncertainty interval is reduced. A new iteration is then initiated
with a new mesh size parameter §%1. An overview of the algorithm and its details are presented in

Figure 4.1 and Algorithm 4, respectively.

Stochastic blackbox fe

Current iterate x 22 SN Jo()
.~ Hidden true

| 9
« function f
N .
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StoMADS
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of the estimate of
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no

- Re-evaluate =

Update of the SEARCH or the POLL and the iterate x

Figure 4.1 Overview of the StoMADS algorithm
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Algorithm 4: StoMADS
[0] Initialization
Choose 2° € R", 60 = 1,7 = 3,67 > 0, €510p > 0,7 > 2 and 2 € N*,
Set the iteration counter k <— 0.
[1] Parameter Update
Set the mesh size parameter to 4%, < min{d%, (05)*}.
[2] Search
Select a finite subset S* of MF.
Obtain estimates fF and f* of f respectively at 2* and z* + s* € S*, using blackbox
evaluations.
If f¥ — f§ < —~e4(6))? for some ¥ + s* € S”, then
set 251! «— 2% + 5% and 65T < min{77%¢}, 77*} and go to [4].
Go to [3].
[3] Poll
Select a positive spanning set ]D)’; such that z* + 6 d € F* forall d € ]D’;.
Obtain estimates f and f* of f(z*) and f(z* + s¥), respectively, using blackbox
evaluations.
Success
If [ — f§ < —ve4(0%)? for some s* € {4},d : d € D5}, then
set ¥ «— 2% 4+ s* and 65! < min{7 20k, 7%}
Failure
Certain failure: If f¥ — f§ > ye; (o)) forall s* € {6F,d : d € D}, then
set 251! «— 2% and 051! +— 720%.
Uncertain failure: Otherwise, set 2" < 2% and ) ! < 767
[4] Termination
If 5]’3 > €stop» then
set k < k + 1 and go to [1].
Otherwise, stop.

Figure 4.2 The StoMADS algorithm
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4.2.2 Probabilistic estimates

All random variables considered here are defined on the same probability space (92, G, P), with (2
being the sample space, G being a o-algebra, and P being a probability measure. Any single outcome
of the sample space €2 will be denoted by w. In general, random variables will be denoted by uppercase

letters, while their realizations will be denoted by lowercase letters.

The estimates fY and f* of function values are constructed at each iteration of Algorithm 4 using
evaluations of the noisy blackbox fg. Because of the randomness of fg, such estimates can be
respectively considered as realizations of random estimates denoted by F¥ and F*, obtained based
on some random samples of the stochastic function fg(z). The behavior of F¥ and F* influences
the outcome of each iteration of Algorithm 4 (as it is the case in [35, 83,96]) in such a way that the
iterates X*, the polling directions D¥., the mesh size parameter Aﬁl and the frame size parameter

Al are also random quantities. As mentioned above, d* = D¥(w), =, = X"(w), o) = Al(w)
k
p’
Similarly, S* denotes the random variable with realizations s*; f§ = F¥(w) and f* = F¥(w) denote

and 6F = AF (w) denote realizations of the random variables D*, X* A* and AF , respectively.
estimates of f(X*) and f(X* + S*), respectively. In other words, Algorithm 4 results in a stochastic
process {X*, S¥ AF AF F§ FF}. Note that f(X*) is used to denote the random variable with
realizations f(X*(w)).

One of the objectives of this work is to show that the abovementioned stochastic process converges
with probability one under some assumptions on { ¥, F¥}. The probabilistic estimates will be as-
sumed to be accurate with a sufficiently large, but fixed, probability “conditioned on the past” [29,35].
The notion of conditioning on the past is formalized as proposed in [35,83]. Let F/ , denote the o-
algebra generated by FY, FO, F} F! ... Fy~', and F*~'. For completeness, FF| is set to equal
o(x°). Thus, {Ff }1>_1 is a filtration, i.e., an increasing subsequence of o-algebras of G. Close-
ness or sufficient accuracy of function estimates is measured using the current frame size parame-
ter. This notion is formalized using the following definition, which is a modified version of those
in [29, 30, 35, 83] and similar to that in [96].

Definition 3. A sequence of random estimates { F¥, F*} is said to be 3-probabilistically € ;-accurate

with respect to the corresponding sequence { X*, S*. A’;} if the events
Jv = {Fy, F¥, are e j-accurate estimates of f(z") and f(x* + s*), respectively}
satisfy the following submartingale-like condition

P(Ji | Fy) =E (Lo | F) 2 8,
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where 1, denotes the indicator function of the event Jy, thatis 1; = 1ifw € Jyand 1; =0

otherwise.

An iteration k is called “true” and an estimate is called “good” if 1; = 1. Otherwise the iteration

is called “false” and the estimate is called “bad”.

The following definition of p-integrable random variables [28] is useful for the analysis of Algo-
rithm 4.

Definition 4. Let p € [1,400) be an integer and (2, G,P) be a probability space. Then the space
LP(Q, G, P) of so-called p-integrable random variables is the set of all real-valued random variables
X such that

X0, = ([ IX@PP@) = E(XP)} <+

In order for f(X*) to be integrable so that the conditional expectation E ( FX®Y | F ,ffl) can be well
defined [28] for the needs of the analysis of StoMADS, the following is assumed.

Assumption 1. The objective function f is locally Lipschitz continuous everywhere and all iterates

x* generated by Algorithm 4 lie in a compact set X.

The following result shows that f(X*) is integrable if Assumption 1 holds.

Proposition 2. If Assumption 1 holds, then both A and f(X*) € L'(Q, G, P) for all k.

Proof. The function f is bounded on X since f is locally Lipschitz and X" is compact. Consequently,
there exists a finite constant ), such that all the iterates 2* lying in X satisfy ‘ f (a:k)’ < Fhax. In
other words, all realizations f(X*(w)) of the random variable f(X*) satisfy ’ f(X k(w))’ < Fhax
Therefore, E (| f(X*)]) 1= fo, |F(X*(w))| P(dw) < Funax < +00.

Moreover, the integrability of A’; and hence, that of A* follows straightforwardly from the fact that
forallw € Q, A¥(w) < 777 Indeed, E (‘A’;D = Jo ‘A’;(w)‘ P(dw) < 77 < +o0. O

The following key assumption similar to that made in [83] on the nature of the stochastic information

in Algorithm 4 will be useful for the convergence analysis presented in Section 4.3.

Assumption 2. Let € > 0 be the constant of Proposition 1. The following holds for the random
quantities derived from Algorithm 4:
(i) The sequence of estimates { ¥, F*} generated by Algorithm 4 is 3-probabilistically € ;-accurate
for some B € (0,1).
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(ii) There exists kp > 0 such that the sequence of estimates { F¥, F*} generated by Algorithm 4

satisfies the following kp-variance conditions for all k > 0

d

and  E (\Fé“ —FXH[ Efl) < (k)X (A" (4.2)

FE = (0 SO FEL ) < (A1

Remark 1. The role of the frame size parameter A’; in the stochastic framework of this work is
twofold. First, it updates the resolution of the mesh (which, as it will be seen, gets infinitely fine),
and second, it adaptively controls the variance which again, as it will be seen, will be driven to
zero as Algorithm 4 progresses, thus allowing it to reach a desired accuracy. Therefore, no other
“control size” parameter is required for the analysis in order to control the variance as needed
and described for the line search method proposed in [83]. As in [83], note that at point (ii) of
Assumption 2, the integrability of random quantities ’Fé“ — f(X’“)‘2 and |F* — f(X* + Sk)‘2 and
hence straightforwardly that of'FéC — f(Xk)‘ and |F* — f(X* + Sk)‘ is implicitly assumed for all k.

Using this key assumption on the accuracy of function estimates, a lower bound on /3, defined in terms
of 7, kr, and € will be derived, necessary for the convergence property of Algorithm 4. Before delv-
ing into the convergence analysis, we state and prove a useful lemma (slightly modified from [83]),
that demonstrates the relationship between the variance assumption on the function values and the

probability of obtaining bad estimates.

Lemma 1. Let Assumption 2 hold. Suppose that { X*, F¥, F¥, A’;} is a random process generated by
Algorithm 4. Then for every k > 0,

E (1,
and E (ﬂjk

Ff = f(xXF 4 85| | FELL) < (1= 8)2kp(A))?
Ff = f(XM] | FLL) < (1= B)2rp(Af)

Proof. The result is shown for F¥ — f(X*) using ideas derived from [83] (specifically, by making
use of the conditional Cauchy-Schwarz inequality [28], the proof for F* — f(X* + S*) is the same).
However, the proof here is slightly modified to emphasize the integrability of the random variables

that define the conditional expectations.

Since it follows trivially from Assumption 2 that ‘Fé“ - f(X k)’ € L*(Q,G,P) and that 1; €
L*(Q,G,P), then 1 |Fy — f(Xk)‘ € LY(Q, G, P) due to the Cauchy-Schwarz inequality [28]. Thus,
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it follows from the conditional Cauchy-Schwarz inequality that

R 0] 17 < (B 1 FE)] [ (1R - e )]
< (1-5) rp(AR

E(]ljk

where the last inequality follows from (4.2) and the fact that E (]l 7 A ,f_l) =P (jk | F, ,f_l) <1-p
due to point (i) of Assumption 2. ]

4.2.3 Computation of probabilistic estimates

This section demonstrates how random estimates Fiy and F* satisfying Assumption 2 can be con-
structed in a simple random noise framework and hence how deterministic estimates f§ and f* can

be obtained through evaluating the blackbox fg using techniques derived from [35, 83,96].

Recall that fo denotes the noisy available blackbox which is the computable version of the numer-
ically unavailable objective f and consider the following typical noise assumption often used in the

stochastic optimization literature [35], i.e., suppose that the noise O is unbiased for all f:

Eol[fo(x)] = f(x), for all ,
and Varg[fo(z)] < V <400, forallz,

where V' > 0 is a constant. Let ©( and O, be two independent random variables following the same
distribution as ©. Define estimates Fy and F) respectively by Fij = s foo,(z¥) and FF =
I% Zfil fo..,(z* 4 s*), where p* denotes the sample size and O 1,0, ..., O r and Oy 1, O, 5, .. .,
O, are independent random samples of O and O, respectively. By noticing that £ (Fé“) = f(z%)
and that Var(Fy}) < %, it follows from the Chebyshev inequality that

Var(FY) 1%

(51 2(08)1 = ph(ep2(oh)

P(|FF — fa*)| > e5(05)%) <

Thus, choosing p* according to
V
k

P2 R — VAo

4.3)
leads to

P(|FS — f(a")| < ep(09)?) = /B and, similarly, P (| FF — f(2" + %)| < e5(05)?) > /8. 4.4)
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Since F¥ and FF¥ are independent random variables, it follows from (4.4) that

P({|F5 - £ < s} 0]

FF— f(a* + 55| < eg(a8)?}) > 8,

which shows that point (i) of Assumption 2 holds.

Now, in order to prove point (ii), notice that IE (FD"“' — f(a® )) = 0, which implies that
E <\F§ - f(:&)f) —Var (Ff) < & < ()1 - /B)(8H)", @.5)

where the last inequality follows from (4.3). Similarly, since [E (F k— fab + sk)) = 0, then

B (

It follows from (4.5) and (4.6) that the point (ii) of Assumption 2 holds for xz chosen according to

FF— f(a* + s’f)f) < (g4)*(1 - \/B)(aj;)‘*. (4.6)

(ke)? > (£0)*(1 = /B).

By using the fact that the deterministic estimates f§ and f* are realizations of F} and F*, respec-
tively, their values can be estimated by averaging p* realizations of fg obtained from the evaluations

of the stochastic blackbox at 2* and z* + s*.

We propose the following technique to reduce the required number of evaluations, especially for

computationally expensive blackboxes. Recall that zF! = 2% + s* after a successful iteration while

k+1 — 2% after an unsuccessful one. Denote by n* < p* the number of blackbox evaluations at a

x
given point when constructing an estimate at the iteration k& with n® = p°. If iteration % is successful,

then the estimate f¥™ of f(z**!) is computed by

k rk f+1 k
Rt [+ X i o, @ )

! i 4.7)

(using 5 = L5 fo (2% + s¥)), where p*+! = n¥ + nF+1 If iteration k is unsuccessful, then

1 is computed by
k £k kot k+1
E+1 p fO + Zi?:pk—&-l f@o,]‘(‘r * )
kL

e ’ @3)

where p**! = p* + n**1, Indeed, this procedure is used in Section 4.4 to improve the accuracy of the
estimates by making use of available samples at the current iterate, avoiding thus additional blackbox

evaluations. Despite the fact that this computation scheme is inherently biased, it seems to be very
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efficient in practice, especially for computationally expensive blackboxes.

4.3 Convergence analysis

This section presents convergence results for StoMADS using ideas inspired by [35,68,83]. The first
result is a zeroth-order result [14], showing that there exists a subsequence of StoMADS-generated
random iterates with mesh realizations becoming infinitely fine and which converges to a limit with
probability one. More formally, StoMADS generates a convergent subsequence { X*}cx of random

k p—

iterates such that limyc X* = X almost surely, provided that limy_, ;. A},

0 with probability
one. This result is stronger than the liminf-type result in [12] about the convergence of the sequence
of mesh size parameters. Then, under the assumptions of compactness of the set containing all it-
erates and local Lipschitz continuity of f, a stochastic variant of the first-order necessary optimality

condition [12, 16] via the Clarke derivative [38] is proved.

4.3.1 Zeroth-order convergence

In order to prove the existence of an almost surely convergent subsequence of StoMADS random
iterates with mesh realizations becoming infinitely fine, it is first proved that, with probability one,
the sequence of random mesh size parameters converges to zero almost surely. The following lemma,
similar to those derived in [35, 83], guarantees decrease in the objective function f at successful

iterations.

Lemma 2. Let c; > 0 and y > 2 be fixed constants and suppose {f¥, f¥} are ¢ s-accurate estimates.

If the iteration is successful, then the improvement in f is bounded as follows

FE) = fa¥) < —(y = 2)e5(6))%. (4.9)
Proof. Since the iteration is successful and because the estimates are € s-accurate,
fb 465 = fa*) = fl+5") =+ (=) + 15— f(ab)
er(05)? —vep(05)* + €4(05)°
< —(y —2)es(6))*.

IA

]

Before proving the following theorem that provides a result which is similar to that obtained in [35]

and which represents the cornerstone of the convergence results in the present work, the following
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assumption on f is needed.

Assumption 3. The objective function f is bounded from below, i.e., there exists fui, € R such that
—00 < frin < f(2), forall x € R™

The following theorem states that the sequence of mesh size parameters { A* } converges to zero with
probability one.

Theorem 1. Let Assumptions 1 and 3 be satisfied. Letc; > 0, 7 € (0,1) N Q and v > 2. Let
v € (0,1) be chosen so that

v 2(774 = 1)

4.10
l—v ™ g(y=2)" (+10)
and B € (1/2,1) be chosen so that Assumption 2 holds with
ﬁ 4V/€F
> . 4.11
VI3~ =) 7) i
Then the sequence { Ak} of mesh size parameters generated by Algorithm 4 satisfies
+o0
Z Afn < 400 almost surely. (4.12)

k=0

Proof. This theorem is proved, using techniques and ideas derived from [35, 68, 83] and making use

of properties of the random function
O = v(f(X*) = fui) + (1 = v)(AS)*

A similar random function is used in [35,68], where v € (0,1) is a fixed constant specified below.
Recall that A¥ = min{A¥, (AF)?} and note that ®;, € L' (2, G, P) according to Proposition 2, which
implies that the conditional expectation [E <<I)k+1 — ‘Pk!}-;f,l) is well defined for all £.

The overall goal is to show that there exists a constant 17 > 0 such that for all &
E ($rpr — O | FiLy) < —m(Ak)? <0, (4.13)

Let us assume that (4.13) holds at every iteration. Since f is bounded from below by f,.;, and A’; is
positive, we have that @y, is bounded from below for all £. Hence, summing up over k£ € N and taking
the expectation of both sides of (4.13), leads to the conclusion that (4.12) holds with probability one.
We can then prove the theorem by showing that (4.13) holds at each iteration.

The proof of this theorem considers two separate cases: good estimates and bad estimates, each of

which will be broken into three subcases depending on whether an iteration is successful, certain
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unsuccessful, or uncertain unsuccessful. We introduce the following events as suggested in [83]:

S := {The iteration is successful}, S := {The iteration is unsuccessful},

SC .= {The iteration is certain unsuccessful}, S := {The iteration is uncertain unsuccessful}.
Case 1 (Good estimates, 1; = 1). It will be shown that ®; decreases no matter what type of
iteration occurs and that the smallest decrease occurs at uncertain unsuccessful iterations. Thus, this

case dominates the other two, leading to the conclusion that
E (15, (®rer — @) | FLy) < —B(1—w)(1 = 72)(AF)2. (4.14)

(i) Successful iteration (1 = 1). If the iteration is successful and the estimates are good, a

decrease in the objective f occurs; specifically, Lemma 2 applies:
L s v(f(XFT) = F(XM) < =1, 0sv(y — 2)e,(A))2. (4.15)
As the iteration is successful, AR = min{7?A¥ 77}, and consequently,
L Ls(1—v) [(AF™)? = (AF)?] < 1,001 = v) (" = 1)(Af)% (4.16)
Let v be large enough so that the right-hand side of (4.15) dominates that of (4.16), i.e.,
—v(y =2 (AR + (1 —v)(r7* = 1)(A))* < —;y(’y —2)ep(Ak)?, (4.17)
which is equivalent to equation (4.10). The combination of (4.15) and (4.16) leads to
1, 15(Ppe1 — Pp) < —]1Jk]15;u(7 — 2)ep(AF). (4.18)

(ii) Certain unsuccessful iteration (15c = 1). The iteration is unsuccessful; therefore, there is no

change in the function values while A'; decreases. Hence,
115050 (Prir — @) < 1, 05150(1 —v)(1—74) (AL (4.19)

(iii) Uncertain unsuccessful iteration (Lgc = 1). The behavior of Algorithm 4 at uncertain
unsuccessful iterations can be derived from its behavior at certain unsuccessful iterations by
simply replacing 72 with 7. Thus, the bound in the change of ®; follows straightforwardly
from (4.19) by replacing 1 ¢ with 1 gc and 7* with 72:

105150 (Ppr1 — Pp) < =15 150ge (1 —v)(1 = 72)(AF)% (4.20)
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Let v be large enough so that uncertain unsuccessful iterations (4.20) provide the worst case

decrease when compared to (4.18) and (4.19). More precisely, v is chosen according to

1

—iy(v —2)ep(AN)? < —(1=v) A =7H(AE? < —(1 —v)(1 =) (A2 (421)
The inequalities 1 — 72 < 1—7% < 774 — 1 ensure that (4.21) is satisfied whenever v is chosen
according to (4.17).

In the case of accurate estimates, using (4.18), (4.19), (4.20), and (4.21), the change in P is
bounded by

]le(cI)k—i-l — q)k> = ]le(]lS + ]lg]lgc + ]15‘]15‘6_')(@19—5—1 _— CI)k)
< —1;(01-v)(1- 72)(A’;)2. (4.22)

Taking the conditional expectation with respect to F/ ; at both sides of (4.22) and using
assumption 2 leads to (4.14).
Case 2 (Bad estimates, 1 ; = 1). When the estimates are bad, the algorithm may accept an iterate
that leads to an increase in f and A’; , and hence in ®;. To control such an increase in ®;,, the variance
in the function estimates is bounded making use of (4.2). The probability of outcome (Case 2) is then
adjusted to be sufficiently small in order to ensure that the expectation of @ is reduced sufficiently.

More precisely, it will be proved that
E (11 7 (Prt — Py | f,f_l) < 20(1 — B)2kp(AF)2 (4.23)

As before, let us consider three separate cases.
(i) Successful iteration (1s = 1). Whenever bad estimates occur, a successful iteration leads to

the following bound
Ly Ls v(f(X*) = (X))
<1y Lsv |[(FS = Ff) + [f(XM) - FY
<1y Lgv [y (AR + | F(XM) - FY

- SXN] @24
+ | = r(xM]]

where the last inequality is due to the decrease condition I — Fi < —ve;(AF)?, which holds

at every successful iteration. Since the iteration is successful, AF*! = min{772AF 77%}.

Therefore,

1, 0s(1 =) [(AF)? = (AF)?] T, 05(1 - v)(7~" = 1)(A) (4.25)
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Choosing v according to (4.17) implies
—vyep(AR? + (1—v)(r7* = 1)(A))* <0. (4.26)

Combining then (4.24) and (4.25) leads to

15 1g(Bpey — D) < 15 Tg(v \f(X’f“) — ¥

¥ — £(x)). (4.27)

(ii) Certain unsuccessful iteration (1gc = 1). Since Al]j is decreased and there is no change in the
function values, the bound in the change of ®; follows straightforwardly from that obtained

in (4.19) by replacing 1, by 1 . Specifically,

1, 15050(Ppy1 — @) < —1;1glge(l —v)(1—7)(A])?
< —151lge(1—v)(1—77)(AN) (4.28)

(iii) Uncertain unsuccessful iteration (15 = 1). Here again, the bound in the change of @ is

derived from that obtained in (4.20), simply by replacing 15, by 1 ; . Specifically,
1, 05150 (Ppyr — Pp) < —1 5 Dglge(l —v)(1 — 77) (AN (4.29)
By noticing that S ¢yUSC =3 and combining (4.28) and (4.29) leads to
15 15(Pppr — D) < =15 T5(1 — ) (1 — 72)(A))*. (4.30)
Finally, since (4.27) dominates (4.30), then in all three cases

1 (Dpp1 — Bp) < 1 (v | F(XFH) —

|FF = F(xh)). @.31)

Taking the expectation with respect to F/ ; on both sides of (4.31) and applying Lemma 1
leads to (4.23).
Now, combining (4.14) and (4.23) leads to

(L + L7 ) (Prrr — D) | }—1511)
(1 —v)(1 =7 (AN + 20(1 — B)Y2kp(AF)?
(=81 = v)(1 = 7) + 2vkp(1 - B)/?] (A)™. (4.32)

p

E(®ry— Bk | FLy) = E(
-8

IA

IN
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Then, choosing [ in (1/2,1) according to (4.11) ensures that
1
—ﬁu—uxy—#)+mmpu—5ﬂﬁg-iﬂu—ux1—r%. (4.33)

Hence, (4.13) follows from (4.32) and (4.33) with n = %6(1 —v)(1 —7%) > 0, and the proof is
complete by noticing that A? = min{A¥ (AF)?}. O

The following result shows that all the realizations of random iterates X* generated by StoMADS lie

on meshes that become infinitely fine with probability one.

Corollary 1. Let the assumptions made in Theorem 1 hold. Then, almost surely

lim A% =0. (4.34)
k—+o00
Proof. Tt follows from Theorem 1 that 3725 A¥ < +o0o almost surely. As a consequence, the se-

quence {AF 1,y of mesh size parameters converges to zero almost surely. [

Remark 2. We emphasize that the result in (4.34) is stronger than the one obtained in the determinis-
tic framework of the MADS algorithm, where it was shown that liminf,_, 0% = 0. Indeed, unlike
the deterministic framework of the MADS algorithm where available outputs of the objective function
f are directly compared in order to ensure improvement, such behavior of the random sequence of
mesh size parameters in the present stochastic framework is due to the use of a sufficient decrease
condition in the definition of iteration types (see Proposition 1 and Definition 2). A similar remark
about the convergence to zero of a whole sequence of step size parameters is made in [42] when a

sufficient decrease condition had been imposed on the “directional direct search method.”

We now introduce the following definition (similar to that in [16]) to show the existence of convergent

subsequences of StoMADS iterates.

Definition 5. A convergent subsequence {x*}cx of StoMADS iterates (for some subset of indices
K), is said to be a refining subsequence, if and only if {0 }rcxc converges to zero. The limit & of

{2*} ek is called a refined point.

The existence of convergent refining subsequences was first proved in the deterministic framework
of the Generalized Pattern Search (GPS) algorithm under assumptions including that all the iterates
generated by GPS belong to a compact set [11]. This proof was then generalized to the MADS
algorithm in [12], but with the latter assumption replaced by one where all the iterates generated
by MADS belong to the level set Z(f(z°)) := {z € R" : f(z) < f(«")} , which is assumed
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to be bounded. For both algorithms, the refining subsequences were shown to be subsequences of
mesh local optimizers on meshes becoming infinitely fine. Note that it is impossible for the objective
function values to increase in a deterministic framework. The challenge in the present stochastic
framework, as in those of related works [29,35,83,96], lies in the fact that the iterates may lie outside
the initial level set .2 (f(z°)) since the function f values may possibly increase between successive
iterations. In other words, StoMADS “can venture outside the initial level set” [35]. Motivated by
these remarks, the following theorem is proved under Assumption 1 (also used in [11]) to simplify

the analysis.

Theorem 2. Let the assumptions made in Theorem I and Assumption 1 hold. Then, there exists at

least one almost surely convergent refining subsequence { X" }.cx.

Proof. The proof uses ideas derived from [11]. The result is shown by making use of the event

V ={w € N :limy_, o AF (w) = 0} that is almost sure due to Corollary 1.

For all w € V, {X*(w) }xen is a sequence of iterates on meshes becoming infinitely fine. It therefore
follows from the compactness hypothesis of Assumption 1 that there exists a subset of indices K (w)
for which the subsequence {X*(w) }rer () converges. Denote by X (w) the limit of {X*(w)}4e K(w)-
The proof follows by noticing that V C {w € Q : limgep() X" (w) = X (w)}. O

4.3.2 Nonsmooth optimality conditions

The main goal of this section is to show with probability one that any refined point X derived in
Theorem 2 satisfies a stochastic variant of the first-order necessary optimality condition based on the

Clarke derivative stated as Theorem 6.9 in [16].

The Clarke optimality result requires that the polling directions d* are chosen in such a way that
the sequence {5’€1HdkHoo}kEN converges to zero while {5]’§HdkHOO}keN does not converge to zero even
though both sequences of mesh and frame size parameters converge to zero. To meet this requirement,
we require that i) the columns of the matrix D used in the definition of the mesh M¥ are the 2n
positive and negative coordinate directions, ii) the initial frame size parameter 52 equals 1, iii) the
mesh refining parameter 7 equals 1/2, and iv) all search directions used in Algorithm 4 during the
POLL step are generated by Algorithm 5 in [16]. Note that under the previously made assumptions,

the sequence {5,’;HdkHOO}keN is shown in [16] to converge to zero. However, 51’;HdkHOO > 1 for large

o ), where h = (h*, h2,...,h")" is a column of the

values of k. Indeed, consider d* = round <5’“II h’ﬁ
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Householder matrix H. The function round(-) is defined as

sgn(t) ||| +0.5] if [¢] — [|¢]] = 0.5
round(t) = ¢ sgn(¢) ||t]] if [t|—||t|]] <0.5 forallt € R,
—sgn(t) [—[¢l] if [¢] = [}¢]] > 0.5

where |t| denotes the greatest integer less than or equal to ¢ and sgn(t) is the sign of ¢. For example,
round(2.4) = round(2) = 2, round(2.5) = round(2.8) = 3, round(—2.4) = round(—2) = —2,
round(—2.5) = round(—2.8) = —3, and round(0) = 0. Consider the indices j and kq such that
|h7] = ||h|, and 6% < 1 forall k > ko, respectively. Then, for all k& > kq, 5]1;”0[’“”0O > 1 since 1/}

is an integer and
o h 1
e — " round [ — | = 1.
3 ||h||ooD (65)

Algorithm 5: Creating the set ]D)’; of poll directions
Given v* € R" with Hka =landd) >0y, >0

[1] Create Householder matrix

k
6p round <

Use v* to create its associated Householder matrix H¥ = I — 20Fpk T ¢ R7x»
and let H* = [hy ho ... h,)

[2] Create poll set
Define B* = {by,by,...,b,} with b; = round (§ h’;ﬂm) ezZ",7=12,...,n
set Df = B* U (—B")

k%

3=

We will use the following auxiliary result [24,35], which is based on martingale theory [50].

Theorem 3. Let {Gy}ren be a submartingale, i.e, a sequence of random variables which, for every
k € N, satisfy
E (Gk|ka,1) > Gy,

where F& | = 0(Go, Gy, . ..,Gy_1) is the o-algebra generated by Gy, G, . . ., Gy_1, and E(G| FS )

denotes the conditional expectation of Gy, given the past history of events F |.

Assume further that G, — Gi._1 < M < 400, for every k. Then,

P ({ lim G, < oo} U {limsup G = oo}) =
k—o0 k—o0

The properties of the random function W, introduced next will be useful for the proof of the optimality

result based on the Clarke derivative in Theorem 5.
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Theorem 4. Let the assumptions made in Theorem 1 hold. Define the random function V; with

realizations 1y, as
f@@*) — f(a* +o}.d)
ok ’

Ui, =

where d € ]D'; is any direction used by StoMADS and that is generated by Algorithm 5. Then, almost

surely,

llim inf U, <0. (4.35)

—+00

Proof. Using ideas from the liminf-type first-order convergence proof in [35], we will show this
result by contradiction conditioned on the event V' = {limk_>+oo A’; = 0} that is almost sure due to
Corollary 1. All of the following is conditioned on V.  Assume that with non-zero probability, there

exists a random variable £ with realizations € > 0 such that
Uy, >E(y+2), forallkeN. (4.36)
That is, assume that
P({we Q:3E(w) > 0suchthat Vk € N, Uy (w) > E(w)(y+2)}) >0, (4.37)

where v € (2,+00) is the same constant in Algorithm 4 and recall that s* = §% d for all k. Let
{2} ken, {0) }rens {5" }ren, and e be realizations of {X*}ren, {AF}ren, {5 }ren and &, respectively
for which ¢, > €(y + 2), for all £ € N. Since limk%Jrooé}’; = 0 because of the conditioning on V",
there exists kg € N such that

(5]]; < A :=min {6,722} , forall k> ko, (4.38)
gr

where 2 is the same parameter of Algorithm 4 satisfying (5}’5 < 7% for all £ > 0. Define the ran-
dom variable R, with realizations r;, = —%logT (%) Since 7 < 1 then it is obvious that r, < 0
for all £k > ky. The main idea of the proof is to show that such realizations occur only with prob-
ability zero, hence obtaining a contradiction. Note that such a contradiction will be obtained later
by constructing a random variable W, with realizations wy, satisfying r, — 75, > wy, — wy, and for
which {lim SUpy_ 1 Wi = —|—oo} almost surely, thus implying that with probability one, R has to

be positive infinitely often.

In order to show that I, is a submartingale, recall the events Jj, in the Definition 3 for some ¢ > 0

and consider some iteration k > ky for which J; occurs, which happens with probability at least
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£ > 1/2. Now, noticing that (4.36) and (4.38) imply
fa® + %) = f(a%) < —e(y +2)6F < —e4(v+2)(05)?, forall k > ko,
then for all k£ > k),

fE= 15 = [f@"+5) = f@M + [f (@) = 1+ [fF = f(a" + s")]
< —ep(v+2)(6)) + 2e4(05) = —ep(05)°.

Hence, the k-th iteration of Algorithm 4 is successful, so the frame size parameter 5}’; is updated
according to 05! = 7726% since 6} < 7%7*. Consequently, r1 = 4+ 1. Define the o-algebra i/,
by F{ , = o(Jo, J1,...,Jk_1). If 1; = 0, which occurs with probability at most 1 — /3, then the
inequality 05! > 726% always holds, which implies that 7,1 > r, — 1. Thus,

E (]le(Rk—H - Rk)|]:12’—1) =P (Jk|fz;]_1) > f
and E (1, (Ru — Ro)|FL,) > —P(RIFL)>8-1

Hence, E (Rk+1 - Rk|.7:,;]_1) > 25 — 1 > 0, implying that {Ry} is a submartingale.

Now, construct a random walk W on the same probability space as Ry, which will serve as a lower

bound on F?j;, and for which {hm supy,_, Wi = +oo} holds almost surely,

Wy, = f:(z Ay, —1).

1=0

From the submartingale-like property enforced in Definition 3, it easily follows that W, is a sub-

martingale. Indeed,

E(WilFl) = EWialFL) +E(2- 1, - 11F,)
Wi + 2B (15,7, ) — 1

Wior + 2P (Jel FLy) =1

> Wi_1.

Notice that W;, € {£1} for all k, and hence, W}, has bounded increments, whence cannot have a
finite limit. Thus, it follows from Theorem 3 that the event {lim Supy,_ 4 Wi = —1—00} occurs almost

surely.
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Since Ry, and W), are constructed in such a way that

1 or
Th — Thy = —§log7 @ =k — ko > wi, — wg,
with wy, denoting a realization of W, then with probability one, [?;, has to be positive infinitely often.
Consequently, the sequence of realizations rj, such that r;, < 0 for all £ > k&, occurs with probability

zero. Thus, the assumption that (4.37) holds is false. This implies that
P({w e Q:VEw) >0, Ik € Nsuch that ¥y (w) < E(w)(y+2)}) =1, (4.39)

which means that (4.35) holds almost surely. Il

The following definition of refining directions [12, 16] will be useful to our analysis.

Definition 6. Given a convergent refining subsequence {x*}cx and its corresponding refined point
T, a direction d is said to be a refining direction Z if and only if there exists an infinite subset L C K
d* d

. . . k k i d® . d
with poll directions d* € ]D)p such that }clgcl [[a Hoo lldll oo "

Note that for all realizations of StoMADS, the existence of a refining direction d for a given refining
subsequence {z*}cx and its corresponding refined point # is justified by the compactness of the unit
closed ball.

We now state a useful result from [12] that provides a lower bound on the Clarke directional derivative.

Lemma 3. Let f : R” — R be locally Lipschitz near & € R™. Then the Clarke generalized directional

derivative of f at T in the direction d € R" satisfies

fo(i,; d) — hmsupf(y + tci) B f(y) _ hmsupf(x + tUt) B f(ZE)
Yy— T—T,v—d

N0 )

The convergence property of the StoMADS algorithm will be shown using properties of the random
function ¥, defined in Theorem 4; it is a stochastic variant of the result in [12]. It states that the Clarke
generalized derivative of f at a refined point in any corresponding refining direction is nonnegative
with probability one. We would like to mention that while the proof in [12] relies on the fact that the
inequality f(z* + 6k d*) — f(x*) > 0 always holds at every unsuccessful iteration, the idea of the
proof in the present analysis is different since some unsuccessful iterations can be uncertain, in which
case f(z* + 6F d*) — f(2*) belongs to the uncertainty interval Z, 5 . (65).

Theorem 5. (Convergence of StoMADS). Let the assumptions of Theorem 2 hold. Then, there exists
an almost sure event V"' such that for all w € V", for all refined points X (w) € R", and for all
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refining directions D(w) € R™ for X (w), the generalized directional derivative of f at X (w) in the

direction D(w) is nonnegative, i.e.,

A

£ (X(@); Dw)) > 0. (4.40)

Proof. It follows from Corollary 1 and Theorem 4 that the event

V"= {w eqN: kETooAk (w) = O} N {w € N:3IK'(w) C N,keljig%w) Up(w) < O}
is almost sure as countable intersection of almost sure events. Consider some arbitrary outcome
w € V. Denote by K' = K'(w) and recall that 6%, = AF (), 6F = Ak(w), 2% = X*(w), and
U = Vi(w). Since limgexr (57’; = (0, using similar arguments as in the proof of Theorem 2, there
exists a subset X C K’ such that limycx 2% = £. It then follows from the compactness of the closed
unit ball that there exists a subset £ C K such that the normalized subsequence {dk / HdkHoo}keﬁ
of polling directions used by StoMADS converges to a limit d/||d||,, = D(w)/ || D(w)||,, while

limgep 9y, < 0.

Since (5]’,fHdk HOO does not approach zero even though limyc . 65 = 0, the following holds

= > 0. .
e b

e\ _ o (o) — ()
¥

Then, by applying Lemma 3 using the sequences z* — Z, dk/HdkH — d/||d]| ., and 5andkH N\ 0,
the following holds for the generalized derivative of f:

I <X( ) III;D(C(:))h >_fo (iﬁ;HdO|l|oo> - H@,UIE/T]&F ,t\of(xﬂ? =
A G G N Wt
=l S
| f@:+MH&H|ﬁH>—f@ﬂ
o S =004

where the last inequality in (4.42) follows from (4.41).
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4.4 Computational study

The performance of StoMADS is investigated numerically using noisy variants of the objective func-
tions of 22 deterministic unconstrained optimization problems from the CUTESt collection [55]. All
objective functions are given by analytical expressions. Several variants of StoMADS are compared
to Robust-MADS [18], which is currently the only noisy blackbox optimization algorithm available
in the NOMAD [69] software package (version 3.9.1). We will refer to Robust-Mads as NOMAD-
robust in the remainder of the text. We use only the POLL step for all numerical investigations of
StoMADS and NOMAD-robust, i.e., we do not make use of the optional SEARCH step. We use the
OrthoMADS 2n directions [2] option for the POLL, which is ordered by means of an opportunistic
strategy [16] while disabling the quadratic models [40] and the anisotropic mesh [19]. The MADS
algorithm [12] with the SEARCH step disabled is referred to as NOMAD-basic. The default algo-
rithm in NOMAD is referred to as NOMAD-default. The compared algorithms are summarized in
Table 4.1. Note that all proposed variants of StoMADS are implemented in MATLAB.

Table 4.1 Summary of the compared algorithms

Anisotropic  Opportunistic Quadratic

Algorithm Direction option mesh strategy models
StoMADS OrthoMADS 2n No Yes No
NOMAD-robust OrthoMADS 2n No Yes No
NOMAD-basic OrthoMADS 2n No Yes No
NOMAD-default OrthoMADS n + 1 [17] Yes Yes Yes

The stochastic variants of the 22 CUTEst unconstrained optimization problems used in [77] are
solved using three different initial points for a total of 66 problem instances whose size ranges from

n = 2 to n = 12. Their objective functions are sums of squares, i.e.,

m

fla) =2 _(filx))*

=1
with f;(z) being a smooth function for all i € {1,2,...,m}.

The type of noise that is tested is referred to as “additive” noise, i.e., each f; is additively perturbed

by some random variable ©; generated uniformly in the interval I(o, z°, f*) defined by

I(o,a% f*) = [~o | £(2%) = £*], 0 |f(2%) = [}, ke

fole) = 3"(fi(x) + O, “4.43)

=1

where 0 > 0 is a constant used to define different noise levels in the blackbox fg. The random
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variables ©;, i € {1,2,...,m}, are assumed to be independent; z° denotes the initial point and f*
is the best known minimum value of f. Note that although Eeo[fe(z)] = f(z) + X7, E[(©;)?],

optimization results are not affected by this constant bias term since min, Eg|[fo(x)] = min, f(z).

The NOMAD-robust algorithm to which StoMADS is compared is a smoothing-based algorithm
designed to handle noisy blackbox optimization problems. At each iteration of NOMAD-robust, a
best mesh local optimizer is determined based on values of the smoothed version of the noisy available
objective constructed from a list of trial points and making use of a Gaussian kernel [18]. This list
is then updated with the best iterate found before the next iteration of the algorithm in order for the
smoothed function quality to increase [18], since the blackbox is evaluated by NOMAD-robust at
each point only once. Although experiments in [18] have been conducted on deterministically noisy
problems, the smoothing-based technique does not depend on the link between the objective function
f and its noisy available version, which means that NOMAD-robust is supposed to be able to handle

stochastically noisy problems.

To compare the results and the performance of the algorithms, data profiles [77] and performance

profiles [49,77] are presented using the following convergence test:

@) < f@) +7(f(2°) — f(27)), (4.44)

where, for each of the 66 problems, 2"V denotes the best point found by an algorithm after N function

*

calls to the noisy objective fg, z* is the best known solution and 7 € [0, 1] is the convergence

tolerance. Thus, a problem is said to be solved within the convergence tolerance 7 if (4.44) holds.

The horizontal axis of the data profiles shows the number of noisy function evaluations divided by
n + 1 while the vertical axis shows the portion of problems solved within a given convergence tol-
erance 7. The horizontal axis of the performance profiles shows the ratio of the number of function
calls to the noisy blackbox while the vertical axis shows the portion of problems solved within the
tolerance 7. In all the experiments, a budget of 1000(n + 1) noisy function evaluations is set, i.e all

algorithms stop as soon as the number of function calls to fg reaches 1000(n + 1).

For the initialization, the same common parameter values to both methods are used: o9, = 52 = 1 and
the mesh refining parameter 7 = 1/2. The StoMADS parameters y and ¢ ¢ are set equal to 17 and 0.01,
respectively, to satisfy v > 2 and €y > 0. Note that NOMAD-robust is not in line with the theory
presented in this work regarding the choice of the sample size p*, especially in terms of sample sizes.
In fact as mentioned earlier, the blackbox is not evaluated more than once by NOMAD-robust at each
point, while it needs to be evaluated at least p* times by StoMADS at each point in order to construct
the estimates fo = & s foo, (%) = f(a¥) and f§ = o fo,,(a* + s¥) = f(a* + s*), where

6p;and b, 1 € {1,2,..., pk1, are the realizations of the random variables ©y,; and O ;, respectively
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(introduced in Section 4.2.3).

This latter remark and the need for p* to be large in order for the estimates to be sufficiently accurate
present a challenge in obtaining satisfactory solutions within an allocated budget. Recall that n* de-
notes the number of blackbox evaluations at a given point when constructing an estimate at iteration k.
Five variants of StoMADS corresponding to n* = 1, n* = 2, n* = 3, n* = 4, and n* = 5, respec-
tively, for all k are therefore compared to NOMAD-robust, NOMAD-basic, and NOMAD-default.
Despite the fact that the resulting values of p* do not meet the theoretical prescription derived in
Section 4.2.3, they seemed to work well enough compared to many various other choices of n* that
have been tested. However, in order to increase accuracy of function value estimates using limited
blackbox evaluations, the procedure described in Section 4.2.3 is used. Recall that it improves the ac-
curacy of the estimates by making use of previously computed estimates at the current iterate. When

the iteration k is successful, the estimate f;™' of f (x¥*1) is computed according to (4.7), while after

an unsuccessful iteration k, fy ! is given by (4.8).

Three levels of noise are considered in the numerical experiments: 0 = 0.01, ¢ = 0.03, and o = 0.05.
These values were chosen arbitrarily to study if and how the portion of problems solved successfully
by StoMADS varies. Consider, for example, the two-dimensional version of the Rosenbrock function
given by

f(z) =100(zy — 22)* + (1 — 21)? (4.45)

with the initial point 2° = (—1.2,1) and the minimum value f* = (. Then, |f(z°) — f*| = 24.2 and

the corresponding noisy function is given by
2
fo(w) = [10(zy — 23) + ©1] +[(1 — 21) + 6], (4.46)

where ©; and O, are independent random variables uniformly generated in the interval I(o, 2%, f*) =
[—24.20,24.20|. Figure 4.3 depicts f(x) and realizations of fg(x). Figures 4.4, 4.6, and 4.8 and
Figures 4.5, 4.7, and 4.9 present the data and performance profiles, respectively, to compare the five
variants of StoMADS with NOMAD-robust, NOMAD-basic, and NOMAD-default at various noise

levels and convergence tolerances.

These data and performance profiles show that, in general, StoMADS outperforms NOMAD-robust
and both deterministic blackbox optimization algorithms NOMAD-basic and NOMAD-default

(which are obviously not appropriate for stochastic optimization). Varying the value of the tolerance
parameter 7 in the performance profiles does not significantly alter the conclusions drawn from the
data profiles. It can be observed that for a given 7, the higher the noise level, the lower the fraction
of problems solved for most variants of StoMADS (as expected). Since the variance of the blackbox

increases with the noise level, it follows from Section 4.2.3 that the estimates need to be sufficiently
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accurate to generate satisfactory solutions and consequently allow the solution of a larger fraction
of problems. Similarly, for a fixed noise level, the higher the convergence tolerance, the larger the

fraction of problems solved by most algorithms.

Even though the number n* of blackbox evaluations is constant from one iteration to another for a
given variant of StoMADS, this is not the case for the sample size p* involved in the computation of

k+1

the estimates. Indeed, it follows respectively from (4.7) and (4.8) that p**! = 2n* when the itera-

tion k is successful while p*! = p¥ 4+ nk+!

when it is unsuccessful. Thus, even though the efficiency
of each StoMADS variant depends on its corresponding evaluation parameter n*, the quality of the
solutions that are generated is influenced by the sample rate p*, which is not constant. This explains
why varying the blackbox evaluation parameter n* from one to five does not necessarily improve the
performance of the corresponding StoMADS variants. Note that this also explains why the behav-
ior of the StoMADS variant corresponding to n* = 1 is not similar to that of MADS. Indeed, no
computation of estimates is carried out in MADS and moreover, MADS is unable to show how an
improvement in a noisy blackbox can lead to a decrease in an unavailable objective function unlike

StoMADS.

We can conclude, especially based on the profiles corresponding to the tolerance 7 = 1073, that
StoMADS can handle the optimization of stochastically noisy blackboxes that are expensive in term
of blackbox evaluations, since its variants corresponding to n* = 1 and n* = 2 are able to gener-
ate satisfactory solutions with few blackbox evaluations. However, the choice nF = 4 seems to be

preferable for stochastic blackbox optimization problems with higher evaluations budgets.
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Deterministic Stochastic: 0=0.01

Stochastic: 0=0.03 Stochastic: 0=0.05

-05 -05

Figure 4.3 Plots of the deterministic Rosenbrock function (4.45) and corresponding realizations of
fo(x) (4.46) on the box [—0.5,0.5] x [—0.5,0.5]. The random variables defining the noisy functions fg
are uniformly generated in [—24.20, 24.20].
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Figure 4.4 Data profiles for noise level o = 0.01 and Figure 4.5 Performance profiles for noise level o =

convergence tolerances 7 = 10~! and 7 = 1073 on 66
analytical unconstrained test problems additively per-

turbed in the interval I (o, 20, f*).
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4.5 Concluding remarks

While MADS is a valuable blackbox optimization algorithm supported by convergence results, it was
developed for solving deterministic problems. Even though Robust-MADS, the first variant of MADS
modified to solve noisy blackbox optimization, was shown to have zeroth-order convergence proper-
ties, the corresponding work [18] did not show whether an improvement in the smoothed version of
the noisy available blackbox, used to update the iterates, would result in a decrease in the unknown

objective.

Thus, unlike Robust-MADS, the StoMADS algorithm presented in this paper shows how an improve-
ment in the estimates of the unavailable objective function values may cause a decrease in the un-
available objective function. This is achieved by defining new iteration types by means of a sufficient

decrease condition on these estimates that are required to be probabilistically sufficiently accurate.

Although the convergence analysis of StoMADS uses ideas derived from that of MADS, the analysis
itself is different and based on stochastic processes. In addition to the convergence result of the whole
sequence of random mesh size parameters, which is stronger than the lim inf-type result of MADS,
a more general existence proof of refining subsequences consisting of StoMADS iterates that are not
necessarily mesh local optimizers has been proposed, followed by a stochastic variant of the Clarke
optimality result of MADS.

An extensive computational study of several variants of StoMADS on a collection of unconstrained
stochastically noisy problems shows that the proposed method outperforms Robust-MADS and also
highlights the fact that MADS is not appropriate for stochastic blackbox optimization, even though

the accuracy of StoMADS estimates does not meet the prescription derived theoretically.

While all previous works used theoretical principles that are similar to the ones used in this paper,
the present research is, to the best of our knowledge, the first that does not require model or gradient

information to find descent directions.

Future research will focus on extending this approach to blackbox optimization problems involving

stochastically noisy constraints.
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CHAPITRE 5 ARTICLE 2: EXPECTED COMPLEXITY ANALYSIS OF STOCHASTIC
DIRECT-SEARCH

Kwassi Joseph Dzahini. Expected complexity analysis of stochastic direct-search. Submitted for

publication to Computational Optimization and Applications (COAP).

Abstract: This work presents the convergence rate analysis of stochastic variants of the broad class
of direct-search methods of directional type. It introduces an algorithm designed to optimize dif-
ferentiable objective functions f whose values can only be computed through a stochastically noisy
blackbox. The proposed stochastic directional direct-search (SDDS) algorithm accepts new iterates
by imposing a sufficient decrease condition on so called probabilistic estimates of the corresponding
unavailable objective function values. The accuracy of such estimates is required to hold with a suffi-
ciently large but fixed probability 5. The analysis of this method utilizes an existing supermartingale-
based framework proposed for the convergence rates analysis of stochastic optimization methods that
use adaptive step sizes. It aims to show that the expected number of iterations required to drive the
norm of the gradient of f below a given threshold ¢ is bounded in O (euﬁu) /(28 — 1)) with
p > 1. Unlike prior analysis using the same aforementioned framework such as those of stochastic
trust-region methods and stochastic line search methods, SDDS does not use any gradient information
to find descent directions. However, its convergence rate is similar to those of both latter methods with
a dependence on e that also matches that of the broad class of deterministic directional direct-search

methods which accept new iterates by imposing a sufficient decrease condition.

Keywords: Blackbox optimization, Derivative-free optimization, Stochastic optimization, Conver-

gence rate, Direct-search, Stochastic processes.
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5.1 Introduction

Direct-search methods constitute a broad class of derivative-free optimization (DFO) methods where
at each iteration, the DFO algorithm evaluates the objective function at a collection of points and acts
solely based on those function values without any model building or derivative approximation [16,42].
Such methods include as well those based on simplices like the classical Nelder-Mead method and
its numerous variants, as those of directional type where an improvement in the objective function is

guaranteed by moving along a direction defined by a better point [95].

This work focuses on the convergence rate analysis of stochastic variants of the broad class of di-
rectional direct-search methods analyzed in [95], using a supermartingale-based framework proposed
in [29] and elements from [15, 24, 33, 65, 83]. It introduces a stochastic directional direct-search
(SDDS) algorithm designed for stochastic blackbox optimization (BBO) and aims to solve the follow-
ing unconstrained stochastic blackbox optimization problem which often arises in modern statistical

machine learning:
min f(z) with f(z) = Ee[fe(z)] (5.1)

zeR”
where O is a real-valued random variable following some unknown distribution, fg denotes the black-
box, the stochastically noisy computable version of the objective function f : R® — R which is
numerically unavailable and Eg denotes the expectation with respect to ©. Note that O is considered

as a data point for many machine learning problems [83].

Significant theoretical and algorithmic advances have been made in the field of stochastic DFO in
the recent years with the aim of solving Problem (5.1). Thus, numerous algorithms have been devel-
oped, most of which carry out either an estimation of the gradient of f using a single simulation, or a
processing of the simulation model as a blackbox. However, since the simulation model can be inac-
cessible in many real applications, or the gradient can be too expensive to estimate computationally,

direct-search optimization methods “appear to be the most promising option” [15].

Several recent works have proposed directional direct-search algorithms with full supported conver-
gence rates analysis. Vicente [95] proved that to drive the gradient of an objective function below
a threshold ¢ € (0, 1), the number of iterations required by the broad class of directional direct-
search methods that use a sufficient decrease condition when accepting new iterates, is bounded
in O (emi“@pl’l)) with p > 1. Directional direct-search methods based on probabilistic descent,
that incorporate random gradient, was recently proposed and analyzed by Gratton et al. [57] with
worst-case complexity, and global rates results. However, both latter works assume that the objective

function is deterministic, i.e., function values are exactly computed.

Audet et al. [15] recently proposed StoMADS, a stochastic variant of the mesh adaptive direct-search
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(MADS) algorithm [12], with convergence analysis based on Clarke calculus and martingale theory.
Alarie et al. [3] also proposed another variant of MADS capable to optimize noisy blackboxes cor-
rupted with Gaussian noise, and proved convergence results using statistical inference techniques.

Nevertheless, no convergence rates analysis have been carried out for both methods.

The main novelty of the present work is that unlike many prior research on convergence rate analysis
of stochastic DFO methods (see for example [26,29, 83,96] and references therein), especially those
on stochastic trust-region [29] and line search [83] methods, SDDS does not use any first-order infor-
mation to find descent directions. Rather, such directions are provided by a positive spanning set and
are chosen so that they never become close to losing the positive spanning property. However, as em-
phasized in [95], “it is not unreasonable” to expect that SDDS shares a similar worst case complexity
bound of the latter methods in term of the expected number of iterations. Indeed, one of the direc-
tions of any positive spanning set makes an acute angle with the negative gradient, provided that the
objective function is continuously differentiable [65,95]. This latter remark is in fact the cornerstone
of the analysis in the present manuscript. Moreover, unlike the deterministic framework [95], SDDS
accepts new iterates by imposing a sufficient decrease condition on so called probabilistic estimates
of the corresponding unavailable objective function values, which accuracy is required to hold with
a sufficiently large but fixed probability 5 > 1/2. However, even though /3 is not required to equal
one, SDDS is shown to have desirable convergence properties. Specifically, as main theoretical result
of the present work, the expected number of iterations required by SDDS to drive the gradient of f
below a threshold € is shown to be bounded in O (emn(z’ill) /(26 — 1)) using a supermartingale-
based framework proposed in [29]. Moreover, a subsequence of random iterates generated by SDDS
is shown to drive the norm of the gradient of f to zero with probability one. Finally, note that the
analysis in the present manuscript is not limited to p = 2 as is the case for several similar works,
but rather extends to p > 1. To the best of our knowledge, this research is the first to propose a

convergence rate analysis of a stochastic direct-search algorithm of directional type.

This manuscript is organized as follows. Section 5.2 introduces an outline of the proposed stochastic
algorithm and requirements on so-called probabilistic estimates that guarantee convergence at an
appropriate rate. Section 5.3 presents a general framework of a stochastic process that is required for
the convergence rate analysis in Section 5.4. The latter section presents also a lim inf-type first-order

convergence result for SDDS, followed by a discussion and suggestions for future work.

5.2 The SDDS method and probabilistic estimates

This section introduces the general framework of SDDS, probabilistic estimates and then discusses

the requirements on such estimates that guarantee the convergence of the algorithm.



56

5.2.1 The SDDS algorithm

SDDS uses an algorithmic framework similar to that of the broad class of methods analyzed in [95],
i.e., a framework that can describe the main features of generating set search (GSS) [65], pattern

search and generalized pattern search (GPS) [11].

Each iteration of a directional direct-search method is composed of two main steps: the SEARCH
step which is optional and the POLL step on which relies the convergence analysis. For simplicity
of presentation, Algorithm 6 does not show any SEARCH step. During the POLL, trial points are
generated in a subset P¥ = {z* + §%d : d € D*} of the space of variables, where =¥ denotes the
incumbent solution, §* the step size and D is a positive spanning set [16,42]. Thus, the POLL step
which follows stricter rules, consists of a local exploration of the variables space, unlike the SEARCH

step which consists of a global exploration.

In Algorithm 6, since objective function values f(z) are unavailable, f} and f* denote respectively
the estimates of f(z*) and f(z* + s*) (with s* = &§*d), constructed making use of evaluations of
the noisy blackbox fg. In order for the information provided by f# and f* to determine the iteration
type, 1.e., successful or unsuccessful, both estimates are required to be ¢ ,-accurate, with e, > 0,

according to the following definition similar to those in [15,29, 35, 83].

Definition 7. Let p, : (0,+00) — (0,+00) be a continuous and non-decreasing function satisfying
pp(t)/t = 0 whent N\, 0. f* is called € ,-accurate estimate of f(z*) for a given 6" if

5= F@5)] < epppp(3).

Following the terminology in [65], the function p, in Definition 7 represents the “forcing function”.

Sufficient information to determine the iteration type is provided next.

Proposition 3. Let f¥ and f¥ be e ,-accurate estimates of f(x*) and f(z* + s*) respectively, and
let v > 2 be a fixed constant. Then the followings hold:

— (7 = 2)esopp(67) i= uk (5.2)
—(y 4+ 2)esppp(0%) := L5, (5.3)

if ff - féﬂ < _ng,ppp((sk)a then f(xk + Sk) - f(xk)
i fS = fo > —vepprp(0Y), then f(a" + %) — f(z¥)

IN

V

Proof. The proof straightforwardly follows from Definition 7 and the equality

Flah +8%) = fah) = fla® + %) = £+ (7 = fo) + fo — f(a").
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In addition to the results in Proposition 3, the definition of the iteration type in Algorithm 6 is
motivated by the following remarks. First, recall the framework of StoMADS where p,(t) = ¢*
and its so-called frame size parameter (5’;, and the fact that while its sufficient decrease condition
JF— 1§ < —verppp(0)) leads to a decrease in f, the inequality f¥ — f§ > —vyeg,p,(0F) on the
contrary does not necessarily lead to an increase just like in (5.3). Indeed, two situations can be dis-
tinguished: on the one hand, the inequality fF — f§ > ~ves,p,(0F) implies that f(z* + s*) — f () >
(v — 2)e5,Pp(0%) > 0 while on the other hand, the fact that fF — f§ € (—vefp0p(0F), verprp(0)))
leads to — (v + 2)e;,pp(6F) < f(ak + s%) — f(a*) < (v + 2)espp,p(6F). Thus, there are two unsuc-
cessful iterations for StoMADS. In the former situation, the unsuccessful iteration is called certain
while it is called uncertain in the latter. Then, even though updating the frame size parameter accord-
ing to 5;;“ = 751’; on uncertain unsuccessful iterations (where 7 € (0, 1) is a rational number), and
55“ = 72(5]’; whenever the unsuccessful iteration is certain, the corresponding sequence {5}';} keN Was
shown in [15] to converge to zero. Note also that this kind of update is the only one that differentiates
certain iterations from those that are uncertain. In the present work, the step size parameter §* is
updated on unsuccessful iterations according to 6**1 = 7%, where 7 € (0, 1) is a real number. As a
consequence, certain unsuccessful iterations will not be differentiated from uncertain ones. In other

words, every iteration such that f* — f¥ > —~e; ,p,(6") will be called unsuccessful.

However, let put an emphasis on the specific choice of 7 by means of the following additional remarks.
Note that in the general deterministic framework described in [95], the amount of decrease in the

objective function on successful iterations is such that f(z* + s*) — f(z%) < —p,(0%) := ub,, while

unsuccessful iterations are characterized by f(z* + s*) — f(a*) > —p,(0%) := ¢%,. Thus, the
equality /%, = wuk, always holds, which is not the case in stochastic settings where & < uk..
Moreover, since 6**! < §* whenever the iteration & is unsuccessful, then /5 > vk . Likewise,

k+1

since 0**! > &% on successful iterations, then uj[' < ¢% . Given that the equality /% = u*

sto sto can

not hold in the present stochastic settings, then 7 must be chosen in such a way that at least, both

inequalities /X1 > u* and uftt < /%

o "o o oo hold respectively on unsuccessful and successful iterations,

analogously to the deterministic framework. This means using (5.2) and (5.3) that 7 must be chosen
according to
v

-2 B
pp(T6%) < mpp@k) and  p,(77'6"%) > rﬂ (67). (5.4)

It follows from (5.4) that depending on the expression of the forcing function p,, the choice of 7 could
depend on §* and hence should be made at each iteration. Thus, in order to make the present analysis

simpler, the following assumption is made.

Assumption 4. The forcing function p,: (0,+00) — (0, +00) is such that p,(t) = ct?, where ¢ > 0

and p > 1 are fixed constants.
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Under Assumption 4, the choice of 7 does not depend on 6. More precisely, it follows from (5.4)

that 7 must be chosen according to 0 < 77 < 3—;3, for all k£ € N, as specified in Algorithm 6.

Algorithm 6: SDDS
[0]-Initialization
Choose 2% € R™, §° > 0, Erp>0,7v>2,c>0,p>1,0<7< (%)l/p»jmax eN
and O,y = 7 Imax 0,
Set the iteration counter k < 0.
[1]-Poll
Select a positive spanning set DF.
Generate a set P* of Poll points such that P* = {z* + 6*d : d € D*}.
Obtain estimates f¥ and f* of f(z*) and f(z* + s*), respectively at 2* and z* + s* € P*
using objective function evaluations.
Success
If f& — fi < —~eey,(6%)P for some s* € {6%d : d € D*},
Set 251 < o + 5% and 55 < min{7 710", Spnax }.
Failure
Otherwise set 2%! <— 2% and 6**! « 70*.
[2]-Termination
If no termination criterion is met,
Set k <— k + 1 and go to [1].
Otherwise stop.

Figure 5.1 The SDDS algorithm

5.2.2 Probabilistic estimates

Following the notation in [28], all stochastic quantities in the present manuscript live on the same
probability space (€2, F,P), where €2 is a nonempty set referred to as the sample space, F is a col-
lection of events (subsets of {2) called a o-field and P is a finite measure on the measurable space
(2, F) satisfying P (€2) = 1 and referred to as probability measure. The elements w € (2 are referred
to as possible outcomes or sample points. When R" is given its Borel o-field B(R"), i.e., the one
generated by the open sets, a random variable or random map X is a measurable map on the proba-
bility space (£2, F,P) into the measurable space (R™, B(R")). Measurability meaning that each event
{X € B} := X~!(B) belongs to F for all B € B(R") [28].

The estimates f* and f¥ constructed at iteration k of Algorithm 6, based on random information
provided by the noisy objective fo, can be considered as realizations of random estimates F* and F¥
respectively. Thus, because of the randomness stemming from such random estimates whose behavior

influences each iteration k, Algorithm 6 results in a stochastic process {X* S¥ Ak FF Fk}. In
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general, uppercase letters will be used to denote random variables while lowercase letters will be used
for their realizations. For example, 2 = X*(w), s* = S¥(w) and §* = A*(w) denote respectively
realizations of the random variables X*, S* and A*. Similarly, following the notations in [15, 29,
35,83], f¥ = FF(w) and f¥ = F¥(w) where F¥ and F* are respectively estimates of f(X*) and
F(XF+ SF).

The goal of this work is to show that the stochastic process resulting from Algorithm 6 converges at an
appropriate rate with probability one, provided that the sequence {(F}, F¥)} is sufficiently accurate
with sufficiently high but fixed probability, conditioned on the past [29, 35, 83].

To formalize the notion of conditioning on the past, let F/~; denotes the o-field generated by FY), F?,

F},FL ... Fy'and FF!, and set FF| to equal o(2°) for completeness. As a result, {F,f}k>_1 is

a filtration, i.e., an increasing subsequence of o-fields of /. Moreover, one can notice that
E (Aﬂf,ﬁil) = AFand E (X’“|f,£1> = X* for all £ > 0, since the random variables A* and X*
are F}” -measurable by construction in Algorithm 6.

The following definition similar to those in [15,29,35,83,96] is used to measure closeness or sufficient

accuracy.

Definition 8. A sequence of random estimates {(F}, F¥)} is said to be [3-probabilistically & ,-

accurate with respect to the corresponding sequence { X", S®. A*} if the events
Je = {Fy, F¥, are e;-accurate estimates of f(x*) and f(z* + s*), respectively}
satisfy the following submartingale-like condition
P(J | FL) =E (L | FL,) = 6,

where 1, denotes the indicator function of the event Jy, thatis 1;, = 1 ifw € Jyand 1; = 0

otherwise.

An estimate is called “good” if 1 ;= 1. Otherwise it is called “bad” [15].

Global convergence properties of deterministic directional direct-search methods strongly rely on
having the step size parameters approaching zero [95] and the fact that the function f values never
increase between successive iterations. The main challenge of the analysis in the present stochastic
framework lies in the fact that this monotonicity is not always guaranteed. The key to the analysis
of Algorithm 6 therefore relies on the assumption that accuracy in function estimates “improves in
coordination with the perceived progress of the algorithm” [29]. The analysis is based on properties of

supermartingales whose increments have a decreasing tendency and depend on the change in objective
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function values between iterations.

In order to show that the sequence {AF},cx of random step size parameters converges to zero with

probability one, the following key assumption similar to those in [15,83] is made.

Assumption 5. For some fixed € (0,1), and 4, > 0, the following holds for the random quantities
derived from Algorithm 6.
(i) The sequence {(Fy, F¥)} of estimates is B3-probabilistically € ; ,-accurate.

(ii) The sequence {(Fy, F¥)} satisfies the following variance condition

E

(
(s

B SO FE) < 1,20 = Blop( A4

P+ SO FL) et - Bl 69

By means of Assumption 5-(ii), the variance in function estimates is adaptively controlled. Showing
therefore that the sequence of random step size parameters converges to zero with probability one, en-
sures that this variance is driven to zero even though the probability 3 of encountering good estimates

remains fixed, thus allowing Algorithm 6 to behave like an exact deterministic method asymptotically.

Moreover, since the estimates satisfying Assumption 5 can easily be constructed using techniques
proposed in [29, 35, 83], then thorough details about their computations are not provided here again.
Note however that if both © and O are independent random variables following the same distribution
as O definedin (5.1), and if ©p; and O, ;, ¢ = 1,2, ... ,p* are independent random samples of © and

O, respectively, then the estimates

k k
1 12
—ka@OZ k and Ff p Zf@ z* —i—s
=1

Fy =
p =1

satisfy Assumption 5 provided that the sample size p* satisfies
& %
Z 2 k\12?
erp*(1 = V/B)[pp(d¥)]

where the constant V' > 0 is such that the variance of fg(z) satisfies V [fg(z)] < V < +o0, for all
x € R".

Next is stated a useful lemma similar to those in [15, 83], linking the probability of obtaining bad

estimates to the variance assumption on function values.

Lemma 4. Let Assumption 5 holds. Then for all k > 0, the followings hold for the random process



61

{X* E¥ FF AF} generated by Algorithm 6

E(1,,
and K (]l Ji

Fy = fXM]| L) < epp(l = B)[pp(AY)]
FF = f(X* 4+ 85| | FELy) < epp(1 = B)[op(AD)] (5.6)

Proof. The result is proved using ideas derived from [15, 83]. The proof follows straightforwardly

from the conditional Cauchy-Schwarz inequality [28] as follows

FE=pt s < [B (1l A (B (|RE - roxt 4591 7)) v

< (1= 5)"epp(1 = B)[pp(A")],

E(ﬂﬁ

where the last inequality follows from (5.5) and the fact that £ (]l 7 ]-",f_l) =P (J_k| F,f_l) <1-p
thanks to Assumption 5-(i). The proof for F¥ — f(X*) is the same. O

5.3 A renewal-reward martingale process

This section presents a general stochastic process and its associated stopping time 7" introduced in [29]
for the convergence rate analysis of a stochastic trust-region method. It introduces some relevant
definition, assumptions and theorem derived in the analysis of a renewal-reward process in [29], that
will be useful for the convergence rate analysis presented in Section 5.4. Specifically, by considering
the stopping time consisting of the time required by SDDS to reach a desired accuracy, Section 5.4
will aim to show how the properties of this general stochastic process are satisfied for Algorithm 6.
Note that some results derived in analyzing this stochastic process in [29] are also used in [83] for the

convergence rate analysis of a stochastic line search method.

Definition 9. A random variable T is said to be a stopping time with respect to a given discrete
time stochastic process { Xy }ren if, for each k € N, the event {T = k} belongs to the o-field
o(Xy, Xo, ..., Xg) generated by X1, Xa, ..., Xk

Consider a stochastic process {(®y, A¥)} ey satisfying @, € [0, +00) and A* € [0, +00) for all
k € N. Define on the same probability space as {(®;, A¥)},cn, a sequence of biased random walk
process { W} }ren such that Wy = 1,

P(WkJrl =1 ’ fk) =(q and P(Wk+1 =—-1 | fk) =1- q, (57)

where ¢ € (1/2,1) and F}, denotes the o-field generated by {(®g, A°, W), (@1, AL, W), ...,
(q)lm Ak7 Wk)}
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Define the following family {7, }.~¢ of stopping times parameterized by ¢ > 0, with respect to

{F }ren- The following assumptions are made in [29, 83] in order to derive a bound on E (T.,).

Assumption 6. The following hold for the stochastic process {(®y, A¥, Wj) }ren.
(i) There exist constant A € (0, +00) and dyax = §0eNmax for some integer jmax € Z, such that
AF < Gpax forall k € N.
(ii) There exists a constant d. = 6°eN¢, for some jo € 7, jo < 0, such that the following holds
forall k € N,
Lyr, 5k AR > 1,4y min (Ake’\w’““, 56,) : (5.8)

where Wi satisfies (5.7) with ¢ > %
(iii) There exists a nondecreasing function h : [0,4+00) — (0,400) and a constant 1 > 0 such
that

E (i1 — Pr | Fi) Lizony < —nh(AF) (7,50 (5.9)

Note that as highlighted in [29,83], Assumption 6 states that conditioned on the past, the nonnegative
random sequence {®; }ren decreases by at least nh(AF) at each iteration provided that T, > k
and moreover, the sequence {AF},cy has a tendency to increase whenever it is below some fixed
threshold d./.

The following theorem from [29] providing a bound on E (7}/) is proved by observing that the upward
drift in the random walk {WW}}rcn makes the event {A* > 4.} occur sufficiently frequently on
average [29,83]. Hence, E (®;,1 — ®;) can frequently be bounded by some negative fixed constant,
thus leading to a bound on the expected stopping time E (7,/). A proof of this theorem is presented in
the Appendix.

Theorem 6. Let Assumption 6 hold. Then,

q D
<
=20 — 17" yh(6)

E (TG/) +1

5.4 Convergence rate analysis

It follows from Section 5.3 that Theorem 6 holds for any stopping time 7. defined with respect to the
filtration {F} }ren, provided that Assumption 6 hold for the stochastic process {(®x, A%, Wy) bren.
Thus, the goal of the present section is to show how such a stochastic process satisfying Assumption 6
can be constructed in order to bound the expected number of iterations required by Algorithm 6 to
achieve HV f(X k)HOO < ¢, for some arbitrary fixed e € (0,1), where ||-||_ denotes the Euclidean

norm of R™ as in the remainder of the manuscript.
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5.4.1 Analysis of the stochastic process generated by SDDS

In order to show that Assumption 6 holds, let impose the following standard assumption on the ob-

jective function f.

Assumption 7. The function f is bounded from below, i.e., there exists fun, € R such that —oo <
fmin < f(x), forall x € R".

The following result extending that in [15] from p = 2 to any p > 1 provides a bound on the expected

decrease in the random function

v
. i= ——(F(X*) = fonim) + (1= ») (AP, (5.10)
CEfp
Theorem 7. Let Assumption 4, 5 and 7 hold. Let v > 2,p > 1 and 7 € (0,1). Let v € (0,1) and

B € (1/2,1) be chosen so that

2(r7P -1 4
LA g B , (5.11)
1—v v =2 11—~ 1—-v (1—7P)
Then the expected decrease in the random function @, defined in (5.10) satisfies
1
E (Prpr — @ | FL) < —5 AL =)L = )(Ay. (5.12)

Proof. The proof is almost identical to that in [15], using ideas derived in [35, 68, 83] and making
use of properties of the random function ®; defined in (5.10). It considers two separate cases: good
estimates and bad estimates, each of which will be broken into whether an iteration is successful or

unsuccessful. Define the event S by
S := {The iteration is successful},

and let S denote the complement of S.
Case 1 (Good estimates, 1 ;, = 1) The overall goal is to show that ®;, decreases no matter what type

of iteration occurs thus yielding the following bound
E (15, (®rer — @) | Fy) < —B(1—w)(1 = 77)(AFY. (5.13)

(i) Successful iteration (1g = 1). A decrease occurs in f according to (5.2) since estimates are
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good and the iteration is successful. Thus,

14

CEfp

1,15 (F(XF) — F(XF) < =15 Tgv(y — 2)(AF)P. (5.14)

The step size parameter is updated according to A**1 = min{r~1A¥ §,.,}. Hence,
Ly Ls(1—v) [(AM? — (AF)P] <1, 5(1 — ) (777 — 1) (AR (5.15)

Then, choosing v according to (5.11) ensures that the right-hand side term of (5.14) dominates
that of (5.15), i.e.,

—v(y— 2)(Ak)p +(1=v)(r7P - 1)(Ak)p < —;1/(7 — 2)(Ak)p. (5.16)
Thus, combining (5.14), (5.15) and (5.16) yields
1
15, 15(®pq — @) < —njkﬂsiy(y —2)(ARP. (5.17)

(ii) Unsuccessful iteration (1g = 1). The step size parameter is decreased while there is a change

of zero in function values since the iteration is unsuccessful. Thus,
15, 15(Ppe1 — Pp) = —1,,15(1 — v)(1 — 7F)(AF)?. (5.18)

Then, the inequality 1 — 77 < 777 — 1 ensures that unsuccessful iterations, specifically (5.18),
provide the worst case decrease when compared to (5.17), whenever v is chosen according
to (5.11). Specifically, the following holds

1
— §V(7 — 2)(Ak)p <—(1-v)(1- Tp)(Ak)p. (5.19)
Thus, combining (5.17), (5.18), and (5.19), leads to the following bound on the change in ®;,
1y, (P — @) =15 (1g + 15) (P — Op) < —1 5, (1 —v)(1 —7P)(AF)P.  (5.20)

Since Assumption 5 holds, then taking conditional expectations with respect to F; ; in both
sides of (5.20) leads to (5.13).
Case 2 (Bad estimates, 1 ; = 1). Since the estimates are bad, an iterate leading to an increase in
f and AF, and hence in ®;, can be accepted by Algorithm 6. Such an increase in ®;, is controlled

by bounding the variance in function estimates, using (5.5). Then, in order to guarantee that @, is
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sufficiently reduced in expectation, the probability of outcome is adjusted to be sufficiently small.

The overall goal is to show that
E (1, (@re1 — ) | Fy) < 20(1 = B)(AF). (5.21)

(i) Successful iteration (1g = 1). The change in f is bounded as follows

14

L Ts——(f(X*) = f(X5))

< Hf [(FF = F) + | f(X*) = FE| + | FE = £(x")|]

CEfp

(lr(xckety = FE

< 1715 l—v(Ak)p+ + ‘Fé“ - f(X’“)’)%ZZ)

1
CErp

where the last inequality in (5.22) follows from the fact that F¥ — Ff < —~yces,(AF)P for
successful iterations. Moreover, as in Case 1, AF1 = min{77*A* §,..,} since the iteration

is successful. Thus,
1, 15(1 =) [(AF1 = (A4P] <1, 15(1—0)(r 7 = AR, (5.23)
Then, choosing v according to (5.11) yields
—vy(AFYP 4+ (1 —v)(r? = 1)(AF)P < 0. (5.24)

Thus, combining (5.22), (5.23) and (5.24) leads to

14

17 Ls(Ppyr — Pp) < ]ljk]lscef
7p

(|F(xXH) — FF

+|Fg = F(XM)) (5.25)

(ii) Unsuccessful iteration (15 = 1). A* is decreased and the change in function values is zero.
Thus, the bound in the change of ®; follows straightforwardly from (5.18) by replacing 1 j,
by 17 . More precisely, the following holds,

L 15(Prn — ) = —1515(1 —v)(1—7F)(A").
< 1 lscé(\f(Xk“) — Y+ [F - f(xM) 526
P

k

Then, combining (5.25) and (5.26), yields

L (Dppy — B) < ﬂJkC;(\f(Xk“) — F¥ +[F§ - £(x))). (527)
P
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Taking conditional expectations with respect to F/ ; in both sides of (5.27) and applying
Lemma 4 leads to (5.21).

Now, combining (5.13) and (5.21) leads to

E (‘I)kﬂ — Oy | }—1511) = E ((]le + 15 ) (Prr1 — Pp) | »7'—151)
< [=B(1 —v)(1—7P)+2u(1 — B)] (AF)P. (5.28)

Then, choosing (5 according to (5.11) ensures that
1
—pl—-—v)(1=7")+2v(1-p0) < —55(1 —v)(1—17P). (5.29)

Hence, (5.12) follows from (5.28) and (5.29), which achieves the proof. [l

Remark 3. v € (0,1) and 5 € (1/2,1) can always be chosen according to (5.11). Indeed, first

2(r7P -1
observe that T, p and y are fixed, which implies that M is a constant. Since h/Hi =+,
V= oL TV
then v can always be chosen sufficiently close to one, so that
2(r7P -1
v 2 ). (5.30)
1—v v—2
: : v 4.
Now, assume that v is fixed and chosen according to (5.30). Then 7 X i 5 is a constant. By
—v -7
observing that %1/1%16 = 400, then [ can always be chosen sufficiently close to one so that
16 v 4

—3-1=v  =m)

Finally, summing (5.12) over k£ € N and taking expectations on both sides lead to the following result
extending that in [15] from p = 2 to any p > 1, and which shows in particular that the sequence
{A*}en of step size parameters converges to zero with probability one.

Theorem 8. Let all assumptions that were made in Theorem 7 hold. Then for all p > 1, the sequence
{AF} vew of step size parameters generated by Algorithm 6 satisfies
+oo

> (AF)P < +oo  almost surely.
k=0

Consider the stochastic process {(®y, A¥, W}) }ren, where @, is the same random function in Theo-
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rem 7, A¥ is the random step size parameter and W), = 2(1 5, — 1 ). Define p = min(p—1, 1) for some
fixed p > 1. For some arbitrary fixed ¢ € (0, 1), consider the following random time 7, defined by

T, = inf {k: eN: HVf(X’“)HZﬁ < e’} (5.31)

Then, 7. is a stopping time for the stochastic process generated by Algorithm 6 and is consequently
a stopping time for {(®y, A*, W) bren [29,83]. Moreover, T.1/; is the number of iterations required
by Algorithm 6 to drive the norm of the gradient of f below ¢ € (0, 1). This latter remark will help to

derive the main result of the present work in Theorem 9.

In order to apply Theorem 6 to 7./, the remainder of this section is devoted to showing that As-
sumption 6 holds for the previous stochastic process. Let show that Assumption 6-(iii) holds. First,
multiplying both sides of (5.20) by 17, and taking conditional expectation with respect to FI
lead to

E (]l{TE/>k}]le((I)k+1 - ‘Pk)|]:;f_1> =Lz, > E (ﬂJk(‘I’kJrl - q)k)|~7:lf—1)
< —E (Lyr s L (1= v)(1 = 7)(A*P|FL)
= N, snE (1, (1 - »)(1 = )AL
<~z B(L—v)(1 = ) (ALY,

(5.32)

where the equalities in (5.32) follows from the fact that 17,z is FI |-measurable since T, is a
stopping time with respect to the filtration {]—" e }k>0. Similarly, it easily follows from (5.27) that

Lz, o B (L7 (Prr — @) | FE) < Lip o 20(1 — B)(AF)P. (5.33)

Thus, combining (5.32) and (5.33) (just like (5.13) and (5.21) in the proof of Theorem 7) implies that
1
Lr o B (R = 0| FLy) < Lo 51— v)(1 = 7)(AY),

which means that Assumption 6-(iii) holds with = £ 3(1 —v)(1 — 77) and h(z) = 2. Moreover, by
choosing \ such that e* = 77! and noticing that A* < §,,,, = §%*m=x in Algorithm 6 for all k € N,
then Assumption 6-(i) holds.

Now, before showing that Assumption 6-(ii) holds, let emphasize that as in the deterministic frame-
work, polling directions in Algorithm 6 are chosen in such a way that their significant deterioration
can be avoided asymptotically, i.e., in such a way to ensure that they never become close to loosing

the positive spanning property [95]. For this purpose, let recall the following definition of the cosine
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measure [42,65] of a positive spanning set D¥ with non-zero vectors

-
) v'd
#(DF) := min max—————
verr deb 0] . [|df| o
In order to avoid the abovementioned deterioration of polling directions, the positive spanning sets
are required to satisfy the following assumption [65,95] where the size of the directions does not tend

to infinite or approaches zero, and the cosine measure always stays positive.

Assumption 8. The followings hold for all positive spanning sets D¥ used for polling in Algorithm 6.
There exists a constant Ky, > 0 such that H(]D)k> > Kmin for all k. There exist constants d,;, > 0
and dyax > 0 such that dyi, < ||d|| . < dmax for all d € D*.

The following result from [65] will be useful for the remaining of the analysis, and specifically the
proof of the key result in Lemma 5. It shows by means of the cosine measure x(ID*), how far can be
in the worst case, the steepest descent direction from the vector in D¥ which makes the smallest angle

with v = —V f(z*). This means in term of descent that, there exists d* € D* such that

dk

R(D)||V£(R)| ||t < -Vt (5.34)

For the remaining of the analysis, the following standard assumption is also imposed on the gradient
of f.

Assumption 9. The gradient V f of the objective function f is L-Lipschitz continuous everywhere.

Define the constant ., as follows

/

0 = 2 with ¢ > {ﬁ;;iln (Ldmax +(v+ 2)c€f,pdr;iln)r/ﬁ, (5.35)

where without loss of generality, Ld.x > Kmin O that d < 1 for the needs of the analysis and
specifically, the proof of Lemma 5. Then following [29], it can be assumed without any loss of
generality that ., = 77%°, for some integer i < 0. Hence, for any k, A* = 7§, for some integer ij,.
Thus, what remains to be proved in Assumption 6 in order to apply Theorem 6 is the dynamics (5.8).
Note however that the proof of the latter dynamics which will be achieved in Lemma 6, needs the
following intermediate key result. Indeed, in the stochastic trust-region framework of [29], the proof
of a similar dynamics strongly relies on the fact that any iteration k, where |V f(z)|| > € and for
which “good” model and estimates occur, is successful provided that the trust-region radius 6y, is

bellow a threshold A.. Nevertheless, unlike the latter framework where informations can easily be
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derived on the true gradient V f(z*) using those provided by the gradient estimate gy, the algorithmic
framework of the present work does not use any gradient information. Thus, the main challenge in
proving that Assumption 6-(ii) holds, lies in linking the event {HV f(X ’“)HZP > € } to a successful
iteration of Algorithm 6, which is done next.

Lemma 5. Assume that Assumptions 8 and 9 hold, and that 6* < .. Let f¥ and f¥ be ¢ ,-accurate
s
estimates of f(z*) and f(x* + s*) respectively. If HVf(xk)H & > ¢, then

Ji = Jo < —veep,(08)”
In particular, this means that the iteration k of Algorithm 6 is successful.

Proof. The proof uses elements derived in [65]. Suppose that 6* < §., and assume in contradiction
that f* — fF > —~ce;,(6%)P. Since the estimates f¥ and fF are e/ ,-accurate, then it follows from

the following equality
Fla® + %) = f(ah) = fla* + %) = fE+ (fF = fo) + fo — f(2")
that
(@ 4+ 55y — f(2®) + (7 + 2)ess,(6%)P > 0. (5.36)

Recall that s* = 6*d where d € D* denotes any direction used by Algorithm 6 at iteration k. It
follows from the mean value theorem, combined with (5.36), that there exists a constant j, € [0, 1]
such that

0 < SV F(a? 4 po*d®) TdE + (7 + 2)ce s, (6%)P, (5.37)

where d* is the direction satisfying (5.34). Dividing both sides of (5.37) by 6* and subtracting
V f(2*)Td*, yields

— V@) dE < [VF(aF + mdtds) -V f(xk)f d* + (7 4 2)cep, (6%)PL. (5.38)
Putting (5.34) and (5.38) together, yields
dk

ROV 1M < [Vr" + mdtd) = V5] dE 4 (o Deeg (8 (5.39)

Then, dividing both sides of (5.39) by x(DD¥)||d*

and using Assumption 9 and 8, lead to

IN

|VFEN < mdn [Ldmad® + (7 + 2)czpdb (6577

/ir;iln (Ldmax + (7 + 2>C€f»pdr;111n) ((5IC)1rrlin(lFl,1)7 (5.40)

IA
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where the inequality (5.40) follows from the fact that 6* < §. < 1. Now, recall that p = min(p—1,1)
and let L, := ki, <LdmaX + (74 2)ce f7pdr;iln>. Then, it follows from (5.40) that

A R R R /
|vreh| ! < LiPsr < L5, = Li/pz <é, (5.41)
where the last inequality in (5.41) follows from (5.35), which achieves the proof. [l

Finally, the following result shows that the dynamics (5.8) of Assumption 6-(ii) holds.

Lemma 6. Let Assumption 9 and all assumptions that were made in Theorem 7 hold. Then Assump-
tion 6-(ii) is satisfied for the random variable W), = 2(1,;, — 1), A = —In(7) and g = f.

Proof. The result is proved by adapting the proof of a similar Lemma from [29]. First, notice that (5.8)
trivially holds when 17, - = 0. Thus, the remaining of the proof is devoted to showing that
conditioned on the event {7, > k}, i.e., when 17,z = 1, then the following holds

A > min {do, min {77 AR Sa } 1, + 7AFL ) (5.42)

Notice that every realization such that 6* > ¢ also satisfies 6* > 7716, whence L > 16k > 5.
Now, assume that * < .. Since T, > k, then it is the case that HVf(a:k)HZp > ¢. If1; =1, then
the estimates are good and are specifically ¢ ,-accurate. Hence, it follows from Lemma 5 that the kth
iteration is successful. Thus, z*t! = zF + s*¥ and 6**! = min {7_15’“, (5max}. Butif 1; = 0, ie.,
17 =1, then the inequality §k*1 > 76* always holds by the dynamics of Algorithm 6. The proof is
complete by noticing finally that [P (Jk\]-" ,f_l> >q=0. [l

5.4.2 Complexity result and first-order optimality conditions

The following result provides a bound on the expected number of iterations taken by Algorithm 6
before {HV f(X*) H < e} occurs. It is the main result of the present work.

Theorem 9. Let Assumption 9 and all assumptions that were made in Theorem 7 hold with €
(1/2,1) and v € (0,1) satisfying (5.11). Consider Algorithm 6 and the corresponding stochastic
process. For some arbitrary fixed ¢ € (0, 1), consider the random time T* defined by

T =inf {k e N: [VF(XH)| <} (5.43)
Then,

QCI)OLQ
(26 =11 =v)(1 = 77)

E (T*) < GWEIJ) + 17 (544)

€
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where Ly := {1 + Fonin (Ldmax +(v+ 2)C€f7pdr:ﬁln>} mne=bY e, the expected number of iterations
taken by Algorithm 6 to reduce the gradient below € € (0, 1) is bounded in O ((—: (- T1) /(268 — 1))

Proof. As shown previously, since Assumption 6 holds for the stochastic process {(®y, A* W) }ren
generated by Algorithm 6, with ¢ = §, h(z) = 27, n = (1 — v)(1 — 7°) and 6» = €/, then
Theorem 6 applies for the stopping time 7., defined in (5.31). Thus, the following inequality holds
forall ¢ € (0,1)

(I) D
]E(ﬂ/) S 6 % OC
28—1" ne?

+1, (5.45)

where (7 > {ﬁ;}n (LalmX + (v + 2)cgf,pd;ﬁlnﬂp/p due to (5.35), with p = min(p — 1,1). Now, let
¢ € (0,1) be arbitrary fixed. Then, ¢!/? € (0, 1), which means that (5.45) holds in particular for
¢’ = €'/?. By noticing moreover that 7./, = T, then it follows from (5.45) that

B 2P, ¢ /b

E (T < PIP 4], 5.46
T g3 5a=pa=m° (5.46)
Finally, (5.44) results from (5.46) for (” = |1+ kil (Ldmax + (v + 2)ce f,pd;l}n)}”/ " which achieves
the proof. ]

Remark 4. The analysis carried out in the present stochastic directional direct-search framework
and especially the complexity result of Theorem 9, favors discussions about the consequences and
tradeoffs of allowing for more general p in the forcing function. First, observe that m > 2
for all p > 1 where the equality holds only for p = 2, in which case the corresponding expected
complexity bound of O (¢72) is that of standard nonconvex optimization. When p > 2 in which case
the expected complexity bound is a O (e™P), the corresponding convergence rate is slower than that
of standard nonconvex optimization since € P > €2, but in this case, a less decrease from the forcing
function is demanded. At the same time, however, e.g. for p = 3, an € p-accurate solution requires
(@) ((5k)3) accuracy (and O ((5k)6) variance bounds per Assumption 5) which is a steep price to pay.
On the flip side for 1 < p < 2, especially as p “\( 1, a less accuracy in estimates is demanded,
which is nice, but in this case the corresponding convergence rate is very slow unfortunately since
})i{% m = +o0, and a more decrease per iteration (approaching O(6%)) is demanded.

The following lim inf-type first-order necessary optimality condition is a simple consequence of the
complexity result of Theorem 9. It shows the existence of a subsequence of random iterates generated
by Algorithm 6 which drives the norm of the gradient of f to zero with probability one. Note that a

similar corollary has been derived in [83].
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Theorem 10. Let Assumption 9 and all assumptions that were made in Theorem 7 hold. Then the

sequence { X*} e of random iterates generated by Algorithm 6 satisfies

lim ianVf (Xk> Hoo =0 almost surely. (5.47)

k—4o00
5.5 Concluding remarks

This manuscript presents the first convergence rate analysis of a broad class of stochastic directional
direct-search (SDDS) algorithms designed for the unconstrained optimization of noisy blackboxes,
and based on imposing a sufficient decrease condition when accepting new iterates. Using an exist-
ing supermartingale-based framework for the analysis, the methodology for deriving the worst case
complexity of SDDS algorithms heavily relies on bounding an expected stopping time associated to
the stochastic process generated by the algorithms. The analysis demonstrates that SDDS algorithms
have the same worst case complexity as any other first-order optimization method in a nonconvex
setting. In particular, this complexity bound matches in some sense its deterministic counterparts
despite the fact that function estimates are sometimes allowed to be arbitrarily inaccurate. The main
novelty of the present research compared to many others on the worst case complexity analysis of
stochastic DFO methods, lies in the fact that SDDS algorithms do not need any gradient information

to find descent directions.

The analysis in the present manuscript strongly relies on the assumption that function estimates must
satisfy a variance condition. Obtaining worst case complexity results without the latter condition

when such estimates are possibly biased is therefore a topic for future research.
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Appendix

Before presenting the proof of Theorem 6 from [29], which requires the following intermediate results
also from [29], recall the stochastic process { W} }, . introduced in (5.7), the constant j., d./, 7 from
Assumption 6, the o-field F}, generated by {(®g, A%, Wy), (&1, AL, W), ..., (Pr, A%, W})} and the
family {7}~ of stopping times with respect to { F } ken-

Lemma 7. Let {Z}.} .. be a stochastic process defined by Zy = jo and Zy11 = min (Zy, + Wi1, jo).
Define the process { A, }, oy by letting Ag = 0 and setting A, = inf {m > A,_, : Z,, = jo}. For all
n>1,lett, =A, — A,_1. Then, for all n,

p
E(r,) = :
() = 5,77

Proof. Consider the simple random walk defined by Zy = —1, Z,;1 = Zj, + Wyy1 forall k > 1, and
define 7 = inf {n >0:7, = 0}. It is well known from Wald’s identity that

1

E(F) =57

Then, conditioning on 1/} and noticing that the distribution of 7 is the same as that of 7; conditioned

on Z; = jo — 1,lead to

E(rn)=PW,=1)+Q4+E((M)P(Wy=-1)=p+ <1+1> (1 —p).

Lemma 8. Assume that Assumption 6-(iii) holds. Let {N(k)}, .y be a stochastic process defined by
N(k) = max{n: A, < k}. Then

E[N(T, —1)+1] <

Uh(ée/) .
Proof. Consider the stochastic process { Ry}, . defined by Ry = @ and

(k’/\Te/)fl '
Ry = ®par, +1 Z h(A”), where k A T, := min(k, T/).

J=0

In order to see that {12}, is a nonnegative supermartingale with respect to {F} }ren, observe first
that

E (Rpy1|Fr) =E (Rk+1]1{T€/>k}|fk) +E (RkJrl]l{TE/gk}‘-Fk) :
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Then,

E (Rk+11{T€/§k}|fk) =K

T.—1 '
o ) ]

J=0
T, -1

=®p, Dyr,<py +1 Y, W(A) iz, <iy,
=0

(5.48)

where the last equality follows from the fact 7./ is Fj-measurable since it is a stopping time. More-
over, noting that {T., > k + 1} = {T. > k} = {T. < k}° € F}. and using (5.9), lead to

E (Rk+1]l{T€/>k}|fk) = E (Ris1|Fi) Lz, >0y

= E (®pq1|Fr) Lyr, >y + E Tz, >ny

(5.49)

dp — nh(AF) —l—nzh (A7) | Lyr,>hy

i (M)

= (q)k + n Z h(AJ)> ]l{TE/>k}-
=0
Combining finally (5.48) and (5.49) implies that E (Ry1|Fr) < Ry as claimed. Then, because

®, >0forall k > 0,
(k:/\T/ -1

3. HAY| =E(R) B (R) =t

Now, since h(-) > 0, observe that

(k/\Te/)fl Ts/fl

0< ;) h(Aj)/‘;)h(Aj) as k — +o0,

which holds even on the event {7., = +oco}. Therefore, it follows from the monotone convergence
theorem [50] that

(kAT./)—1

> h(A)| <E(Rg) = Do. (5.50)
j=0

By definition of N (-), because {An  Adn > 55/} C{0,1,...,T.} and since h(-) is nondecreasing,

T.,—1 T.,-1

T]ZhAJ >772h ]I{E{A}Z 1}>77[N(TE/—1)+1]}1((561),
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where one was added to N (7., — 1) in the last inequality because Ay = 0. Inserting this in (5.50),

0
77h(56/) ’

ENTo—1)+1] <
which achieves the proof. [

The following well-known theorem concerning expected stopping time, known as Wald’s identity,
typically proved in the literature under the assumption that the stopping time is finite almost surely,
was proved in [29] by dropping the latter assumption since it is equivalent to assuming the optimiza-

tion algorithm generating the stochastic process to converge.

Theorem 11. (Wald’s identity). Let {Y;};", be a sequence of independent random variables such
that P (Y; € [0,+00]) = 1. Define E (Y;) = u; € [0,400] and let N € [0, +00] be a stopping time
with respect to the filtration generated by the Y,s. Define S, = Y1+ Yo +---+Y,, 5, =0,s, =
1+ po + -+ p and sqg = 0. Then

]E(SN> = ]E(SN) .

Now, Theorem 6 is proved by applying Wald’s identity to S,, = A,, = Z Ti-

1=0
Proof of Theorem 6

Proof. Define 9, = Fa, :={A €0 (US_y Fn): AN{A, <k} € F; forall k € N}. Note that ¢,

is well defined since A,, is a stopping time with respect to {F,,},, -

The random variable N (7., — 1) + 1 is a stopping time with respect to {%¢,}, .. Indeed, since
N(k) <k,

{N(T. —1)+1<n} = U3{NKk) <n—-1,T.—1=k}
= U {N(k)+1<n,To=k+1} C Fa,,

where the inclusion follows from the fact that N (k) 4 1 is a stopping time with respect to {F4, },,cy

(A, > nimplies F,, C Fa,), and T is a stopping time with respect to {¥,,} _ by construction.

neN
Now, because of the independence assumption implied by (5.7),

p
2p—1

E (Tn-i-l’gn) =K (Tn+l) =
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N(T. —1)+1
Recalling that Ax(r, 141 = Z Tk, the Wald’s identity from Theorem 11 is invoked to con-
k=1
clude that
p
E|A _ = EIN(T.,—1)+1].
{ N(T,, 1)+1} 1 [N( ) +1]

Finally, since Ay, -1)41 > T — 1, it follows from Lemmas 7 and 8 that

p o
(T ~1) <EmENT ~ D)+ 1] < g (m(@)) ’

which achieves the proof. [
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CHAPITRE 6 ARTICLE 3: CONSTRAINED STOCHASTIC BLACKBOX
OPTIMIZATION USING A PROGRESSIVE BARRIER AND PROBABILISTIC
ESTIMATES

Kwassi Joseph Dzahini, Michael Kokkolaras and Sébastien Le Digabel. Constrained stochastic black-
box optimization using a progressive barrier and probabilistic estimates. Submitted for publication to

Mathematical Programming.

Abstract: This work introduces the StoMADS-PB algorithm for constrained stochastic blackbox
optimization, which is an extension of the mesh adaptive direct-search (MADS) method originally
developed for deterministic blackbox optimization under general constraints. The values of the ob-
jective and constraint functions are provided by a noisy blackbox, i.e., they can only be computed
with random noise whose distribution is unknown. As in MADS, constraint violations are aggregated
into a single constraint violation function. Since all functions values are numerically unavailable,
StoMADS-PB uses estimates and introduces so-called probabilistic bounds for the violation. Such
estimates and bounds obtained from stochastic observations are required to be accurate and reliable
with high but fixed probabilities. The proposed method, which allows intermediate infeasible iterates,
accepts new points using sufficient decrease conditions and imposing a threshold on the probabilistic
bounds. Using Clarke nonsmooth calculus and martingale theory, Clarke stationarity convergence

results for the objective and the violation function are derived with probability one.
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6.1 Introduction

Blackbox optimization (BBO) considers the development and analysis of algorithms designed for
objectives and constraints functions that are given by a process called a blackbox which returns an
output when provided an input but whose inner workings are analytically unavailable [16]. Mesh
adaptive direct-search (MADS) [12,13] with progressive barrier (PB) is an algorithm for deterministic

BBO. This work considers the following constrained stochastic BBO problem

min f(z) (6.1)

z€D
where D = {z € X : ¢(z) < 0} C R" is the feasible region, ¢ = (cy,¢a,...,¢,) ", X is a subset
of R", f(x) = Ee, [fo,(7)] with f: X — R, and ¢;(z) = Ee, [c@j(x)} with ¢;: X — R for all
j€J:={1,2,...,m}. Eg, denotes the expectation with respect to the random variable ©; for all
j € JU{0}, which are supposed to be independent with unknown possibly different distributions.
fo,(+) denotes the noisy computable version of the numerically unavailable objective function f(-),
while for all j € J, ce,(:) denotes the noisy computable version of the numerically unavailable
constraint ¢;(-). Note that the noisy objective function fe, and the constraints ce,, j € J, are typically
the outputs of a blackbox. By means of some useful terminology, constraints that must always be
satisfied, such as those defining /X, are differentiated from those that need only to be satisfied at the
solution, such as ¢(z) < 0. The former will be called unrelaxable non-quantifiable constraints and

the latter, relaxable quantifiable constraints [70].

Solving stochastic blackbox optimization problems such as Problem (6.1), which often arise in signal
processing and machine learning [43], has recently been a topic of intense research. Most methods
for solving such problems borrow ideas from the stochastic gradient method [85]. Several works
have also attempted to transfer ideas from deterministic DFO methods to the stochastic context.
However, most of such proposed methods are restricted to unconstrained optimization. Indeed, af-
ter [25] which is among the first to propose a stochastic variant of the deterministic Nelder-Mead
(NM) method [80], [5] also considered the optimization of functions whose evaluations are subject
to random noise and proposed an algorithm which is shown to have convergence properties, based on
Markov chain theory [S50]. Another stochastic variant of NM was recently proposed in [31] and was
proved to have global convergence properties with probability one. Using elements from [24,68], [35]
proposed STORM, a trust-region algorithm designed for stochastic optimization problems, with al-
most sure global convergence results. Many other researches that extend the traditional deterministic
trust-region method to stochastic setting have been conducted in [44,89,96]. In [83], a classical back-
tracking Armijo line search method [8] has been adapted to the stochastic optimization setting and

was shown to have first-order complexity bounds. Robust-MADS, a kernel smoothing-based vari-
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ant of MADS [12], was proposed in [18] to approach the minimizer of an objective function whose
values can only be computed with a random noise. It was shown to possess zeroth-order [14] conver-
gence properties. Another stochastic variant of MADS was proposed in [3] for BBO, where the noise
corrupting the blackbox was supposed to be Gaussian. Convergence results of the proposed method
have been derived, making use of statistical inference techniques. [15] proposed another stochastic
optimization approach using an algorithmic framework similar to that of MADS. StoMADS uses es-
timates of function values obtained from stochastic observations. By assuming that such estimates
satisfy a variance condition and are sufficiently accurate with a large but fixed probability conditioned
to the past, a Clarke [38] stationarity convergence result of StoMADS has been derived with proba-
bility one, using martingale theory. A general framework for stochastic directional direct-search [42]

methods was introduced in [51] with expected complexity analysis.

All the above stochastic optimization methods are restricted to unconstrained problems and most of
them use estimated gradient information when seeking for an optimal solution. When the gradient
does not exist or is computationally expensive to estimate, heuristics such as simulated annealing
methods, genetic algorithms [67], and tabu/scatter search [64], are also used for problems with noisy
constraints but do not present any convergence theory. Surrogate model based methods for con-
strained stochastic BBO have also been a topic of intense research, including the response surface
methodology with stochastic constraints [7] developed for expensive simulation. In [22], the capa-
bilities of the deterministic constrained trust-region algorithm NOWPAC [21] are generalized for the
optimization of blackboxes with inherently noisy evaluations of the objective and constraint func-
tions. To mitigate the noise in the latter functions evaluations, the resulting gradient-free method
SNOWPAC utilizes Gaussian process surrogate combined with local fully linear surrogate models.
Another surrogate-based approach that has gained in increasing popularity in various research fields
is Kriging, also known as Bayesian optimization [76]. Various Bayesian optimization methods for

constrained stochastic BBO have been demonstrated to be efficient in practice [71,97].

Developing direct-search methods for BBO has received renewed interest since such methods gen-
erally known to be reliable and robust in practice [9], appear to be the most promising approach
in most of real applications where the gradient does not exist or is computationally expensive to
estimate. However, there is relatively scarce research on developing direct-search methods for con-
strained stochastic BBO, especially when noise is present in the constraint functions. A pattern search
and implicit filtering algorithm (PSIFA) [47,48] was recently developed for linearly constrained prob-
lems with a noisy objective function, and was shown to have global convergence properties. A class of
direct-search methods for solving smooth linearly constrained problems was also studied in [56] but
even though using a probabilistic feasible descent based approach, this work assumes the objective

and constraints function values to be exactly computed without noise.
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The present work introduces StoMADS-PB, a stochastic variant of the mesh adaptive direct-search
with progressive barrier [13], using elements from [12, 13, 15,24, 35, 83] and is, to the best of our
knowledge, the first to propose a directional direct-search [42] stochastic BBO algorithm, capable to
handle general noisy constraints without requiring any feasible initial point. Its main contribution is
the analysis of the resulting new framework with fully supported theoretical results. StoMADS-PB
uses no gradient information to find descent directions or improve feasibility compared to prior work.
Rather, it uses so-called probabilistic estimates [35] of the objective and constraint function values
and also introduces probabilistic bounds on a constraint violation function values. The reliability of
such bounds is assumed to hold with a high but fixed probability. Moreover, although no distributions
are assumed for the estimates and no assumption is made about the way they are generated, they
are required to be sufficiently accurate with large but fixed probabilities and satisfy some variance

conditions.

The manuscript is organized as follows. Section 6.2 presents the general framework of the proposed
StoMADS-PB algorithm. Section 6.3 explains how the proposed method results in a stochastic pro-
cess and discusses requirements on random estimates to guarantee convergence. It also shows how
such estimates can be constructed in practice. Section 6.4 presents the main convergence results.
Computational results are reported in Section 6.5 followed by a discussion and suggestions for future

work. Additional results are provided as an annex.

6.2 The StoMADS-PB algorithm

StoMADS-PB is based on an algorithmic framework similar to that of MADS with PB [13]. For the
needs of the convergence analysis of Section 6.4, deterministic constraint violations are aggregated
into a single function A called the constraint violation function, defined using the ¢;-norm for needs
of convergence studies as opposed to [13] where an /5-norm has been favored

ha) e | 2@, 0 e

+00 otherwise.

According to this definition, » : R™ — R U {400} and z € D, i.e., = is feasible with respect to
the relaxable constraints if and only if h(z) = 0. Moreover, if 0 < h(z) < +o0, then z is called

infeasible and satisfies the unrelaxable constraints but not the relaxable ones.

In MADS with PB, feasibility improvement is achieved by decreasing h, specifically by comparing
its function value at a current point z* to that of a trial point ¥ + s*, where s* denotes a direction

around z*. Likewise, to decrease f, MADS with PB uses objective function values since they are
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available in the deterministic setting.

The main challenge here is to guarantee for StoMADS-PB such decreases as well in f as in h whereas
their function values are unavailable numerically, using only information provided by the noisy black-
box outputs fe, and ce,, j € J. This section shows how this can be achieved, making use of so called
e-accurate estimates introduced in [35] and then presents the general framework of the proposed
method.

6.2.1 Feasibility and objective function improvements

At iteration k, let ¥ and 2* + s* be two points of X. Since the constraint function values ¢;(z"*) and
cj(z* + s¥), j € J = {1,2,...,m}, are numerically unavailable, their corresponding estimates are
respectively constructed using evaluations of the noisy blackbox outputs ce;, j € J. In general for
the remainder of the manuscript, unless otherwise stated, given a function g : X — R, an estimate
of g(x*) is denoted by g&(x*) (or simply by g& if there is no ambiguity) while that of g(x* + s*) is
denoted by g¥(z*+5") or g¥. In StoMADS-PB, the violations of the estimates ¢} ((z*) and ¢} ,(z*+5")
of ¢;(z*) and c;(z* + s*), respectively, are aggregated in so-called estimated violations hf(x*) and
h*(z* + s*) defined as follows

o ko k ek
max<c:o(z¥),0r ifz" e X
ho(z*) = ]; o } (6.2)
+00 otherwise
o ko k k ek k
max C; (z7 +57),0p ifx"+s" e X
and hf(z" +sF) = ;1 {"’( ) } (6.3)
+00 otherwise.

In order for such estimated constraint violations to be reliable enough to determine whether h(x* +
s*) < h(z") or not, the estimates c¥(z*) and ¢} (2" 4 s*) need to be sufficiently accurate. The

following definition similar to that of [15] is adapted from [35].

Definition 10. Let ¢ > 0 be a fixed constant and {5;;} ken be a sequence of nonnegative real numbers.
For a given function g: X — R and y* € X, let g* be an estimate of g(y*). Then g* is said to be an

e-accurate estimate of g(y*) for the given &%, if
9" — g(y")| < =(55)

As in [15], the role of 5}’;7 will be played by the so-called poll size parameter introduced later in
Section 6.2.2. The following result provides bounds on h(z*) and h(z* + s*), respectively, which
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will allow, later in Proposition 5, to guarantee a decrease in the constraint violation function h by

means of a sufficient decrease condition on the estimated violations kY and h¥.

Proposition 4. Ler ¢}, and ¢}, be e-accurate estimates of ¢;(x") and c;(x* + s*), respectively, with
2% and 2* + s¥ € X. Then the followings hold:

Zmax{ (5"”) } h(z*) < i_n:max {cﬁio + 5(5’5)2, O} = up(xF) (6.4)

and

m

0F(x = Zmax{ —e(6F)?, 0} < h(z" +s%) Z { o +6(5§)2,0} = uF(2F 4 s*)

Proof. The result is shown for i(z*) but the proof for h(z* 4 s*) is the same. Since ¢} is an e-

accurate estimate of ¢;(z*) for all j € J, then it follows from Definition 10 that
cﬁo —e(6F)* < c;(2%) < o+ 5(5]];)2, forall j € J,
which implies that
max{ o —e(0))?, } < max {cj(xk), O} < max {cf,o +£(68)?, O} : (6.5)

Finally, summing each term of (6.5) from j = 1 to m leads to (6.4). L]

Definition 11. The estimates (5(z*) and uf(x") of Proposition 4, satisfying (5(z*) < h(z¥) < uf(2*),
are said to be c-reliable bounds for h(x*). Similarly, the estimates (*(x* + s*) and u*(z* + s*)
satisfying (% (x* + s¥) < h(z* + s*) < uk(2F + s¥) are said to be e-reliable bounds for h(z" + s*).

The following result provides sufficient information to identify a decrease in h and will be also useful

to determine an iteration type later in Section 6.2.2.

Proposition 5. Let hf and h* be the estimated constraint violations at x* and z* + s* € X, respec-

tively. Let v > 2 be a constant. Then the following holds:
if he—hi < —yme(0r)?, then h(z" + s*) — h(z") < —(v = 2)me(6})* < 0. (6.6)

Proof. It follows from Proposition 4 that

h(xF + s%) — h(aF) < i max {cﬁs +£(68)?, O} — ) max {cf,o —e(68)?, O} : (6.7)

j=1 j=1
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By noticing that

imax{ +e(6F)? } imax{ i o } +me(05)* = hY + me())?

> max {Cé?,o — 5(5]’;)2, 0} > Y max {c;‘-”o, 0} — mz—:(é;f)Q = hb— m5(5§)2,
j=1 j=1
then it follows from (6.7) that
h(xF + s%) — h(z®) < B — hk + 2m€(6§)2 < —(y- 2)m5(5§)2,

where the last inequality follows from the assumption that h* — hf < —7m5(5]§)2. The proof is
complete by noticing that v > 2. ]

The e-reliable upper bound uf(z") previously obtained for h(x*) also allows to determine the fea-
sibility with respect to the relaxable constraints of a given trial point z¥ € X. Indeed, it obviously
follows from (6.4) that h(z*) = 0 if uf(«*) = 0, which is satisfied provided that ¢} ,(z*) < —&(dF)?,
for all j € J. This means that in order for h(z*) = 0 to hold, all the estimates of constraint func-
tion values must be sufficiently negative and not simply zero. By means of the following definition,
StoMADS-PB partitions the trial points into so-called e-feasible and e-infeasible points, making use

of a nonnegative barrier threshold A which is introduced in the present research as in [13].

Definition 12. Let 2% € X be any trial point and uf(z*) be an e-reliable upper bound for h(x*).
Then z* is called e-feasible if uf(z*) = 0, and it is called e-infeasible if 0 < uf(z*) < bk .

Similarly, z* + s* € X is called e-feasible if u*(a* + s*) = 0, and it is called e-infeasible if
0 < uf(ah 4 s*) < hk

max*

StoMADS-PB does not require that the starting point is e-feasible. The algorithm can be applied to

any problem satisfying only the following assumption adapted from [13].

Assumption 10. There exists some point x° € X such that fQ(z°) and u)(z°) are both finite, and
ud(2°) < A

max*

The next result similar to that in [15] provides a sufficient information to identify a decrease in f and

also allows to determine an iteration type in Section 6.2.2.

Proposition 6. Let f¥ and f* be e-accurate estimates of f(x") and f(x* + s*), respectively, for x*
and ¥ + s* € X. Let v > 2 be a constant. Then the following holds:

if o= fo < —ye(d,)? then f(a* + %) — f(a") < —(y = 2)e(5;)* < 0. (6.8)
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Proof. The proof follows from Definition 10 and the next equality
Flab 4 sF) = f@b) = fab 4+ s5) = fE 4 (£ = £5) + f5 — F(ab),
[

The incumbent solutions ¥, and zf__ at the start of a given iteration k are defined by ranking trial

mesh points of X', making use of the following dominance notion inspired from [13].

Definition 13. The c-feasible point x* + s* is said to dominate the e-feasible point z*, denoted
o+ sF <y ok, when fF— fF < —ye(0F)2 with uf(zF 4 s*) = 0.
The c-infeasible point ¥ + s* is said to dominate the s-infeasible point z*, denoted z* + s* <, x¥,

when fF— fi < —ve(6F)? and b — hf < —yme(6F)2, with 0 < uf(a* + s%) < hf

max*

Definition 14. Let & be the set of points where the objective and constraint functions have been
evaluated at a given iteration k. Let t > 0 be the iteration where a first e-feasible point is found.
Then 2! € {at + st € & : vl (2! + s*) = 0} is an e-feasible incumbent solution at iteration t + 1.
Define the set F(y*) = {xk + sF € & ub (2 + sF) = 0 and 2% + s <., yk}for allk > t+1
with F(2%) = 0 if k < t. For all k > 0, define the sets Dy(x*) = {xk + st € & ah 4+ sF <. :L‘k}
and 9,(z%) = {xk + 57 € & hE(xh + sF) — hE(2F) < —7m5(5§)2}. Let 2 € X be a starting

point. For all k > t + 1, an e-feasible incumbent solution at iteration k + 1 is defined as follows:

k+1 y’f(xt]?eas) l:fyk(xﬁeas) 7é @
TLfeas k .
’ {xfeas} otherwise.

For all k > 0, an e-infeasible incumbent solution at iteration k + 1 is defined as follows:

D) if Fi(wfees) = 0 and Dy (afiy) # 0
B o argmin - uf(xf + s%) if F(2F,) £ 0 and Fi(xk,) U Dp(al) =0

x. inf inf
" ah sk € S ()

{xfzf} otherwise.

6.2.2 The StoMADS-PB algorithm and parameter update

Recall first that MADS with PB is an iterative algorithm where every iteration comprises two main
steps: an optional step called the SEARCH, and the POLL. The SEARCH which typically consists
of a global exploration may use a plethora of strategies like those based on interpolatory models,

heuristics and surrogate functions or simplified physics models [13] to explore the variables space.
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Each iteration of StoMADS-PB can also allow a SEARCH step, but it is not shown here for simplicity.
Similarly to MADS with PB, the POLL step of StoMADS-PB is more rigidly defined unlike the
freedom of the SEARCH and consists of a local exploration. During each of these two steps, a
finite number of trial points is generated on an underlying mesh MF*. The mesh is a discretization
of the variables space, whose coarseness or fineness is controlled by a mesh size parameter %, thus
deviating from the notation A}* from [13], since uppercase letters will be used to denote random
variables. For the remainder of the manuscript, s* = 6% d* where d* is a nonzero direction around
a* € MP. The POLL step is governed by the poll size parameter 6} which is linked to d;, by o), =
min{dY, (05)?} [16]. As specified earlier, {0} } en Will play the role of the sequence of nonnegative
real numbers introduced in Definition 10. Let 2 € N be a large fixed integer and 7 € (0,1) N Q be
a fixed rational constant. For the needs of Section 6.4, note also that as in [15], 51’5 is supposed to be
bounded above by the positive and fixed constant 7~ in order for the random poll size parameter A’;
introduced later in Section 6.3.1 to be integrable. The definitions of the mesh MP* and the POLL set
P* inspired from [13] are given next.

Definition 15. Let D € R"*? be a matrix, with columns denoted by the set D which form a positive
spanning set. At the beginning of iteration k, let x¥; and x., denote respectively the c-infeasible and
the e-feasible incumbent solutions (there might be only one), and let V¥ := {xF . 2f 7} be the set of
such incumbents. The mesh M* and the POLL set P* are respectively
MF = {ak 65 d a2 e VE d=Dy, y € ZP} and P* .= PF(ak) UPF(af,,),

where V2 € ME X, PE(ab) = (b + o, d" € MFN X o8| dF| < okb, dF € DE(ab)} is called
a frame around x*, with b = max{||d'|| . d' € D}. Dk(2*) is a positive spanning set which is said
to be a set of frame directions around x*. The set ]D’; of all polling directions at iteration k is defined
by D% := ¥ (b)) UDE(2.,,). When there is no incumbent e-feasible solution xf.,, then the set V* is

inf
reduced to {x};}, in which case P* = P*(x}) and D} = Dk (xf).
After the POLL step is completed, StoMADS-PB computes not only estimates fF, f¥, h% and h? of

f(a®), f(aF+ %), h(x*) and h(z* + s*), respectively at z* € V¥ and 2* + s € PF, but also the upper

bounds u*(x* + s*) and uf(2F;), respectively for h(z* + s*) and h(z£,). The values of such esti-
mates and bounds determine the iteration type of the algorithm and govern also the way 5]’5 is updated.
Adapting the terminologies from [13] and depending on the values of the aforementioned estimates
and bounds, there are four StoMADS-PB iterations types: an iteration can be either f-Dominating,
h-Dominating (the former and the latter are referred to as dominating iterations), Improving, or Un-
successful. During a dominating iteration, either the algorithm has found a first e-feasible iterate or

a trial point that dominates an incumbent is generated. An iteration which is Improving is not domi-
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nating but aims to improve the feasibility of the e-infeasible incumbent. Unsuccessful iterations are
neither dominating nor improving.

— At the beginning of iteration k, if there is no available e-feasible solution, then the iteration is
called f-Dominating if for 2* € V¥, a first trial point 2* + s* € P* satisfying u* (2% + s*) = 0
is found, in which case h(z* + s*¥) = 0 due to Proposition 4, meaning that z* + s" is -
feasible. Otherwise, if an e-feasible point that dominates the incumbent is generated, i.e.,
aF + % <y xf, for some 2F € VF, then the inequality f#(2F + s*) — fF(af,,) < —ve(0F)?
leads to a decrease in f due to Proposition 6. In either case, z{if, = z* + s* and ¢5*! =
min{r 8%, 77*}. The e-infeasible incumbent xf; is not updated since there is no feasibility
improvement.

— Tteration k£ is said to be h-Dominating whenever an c-infeasible point that dominates the in-
cumbent is generated, i.e., ¥ +s* <;.. 2F ., which means that both inequalities f%(xF 4 s*)—
JE(ahe) < —ve(6F)? and R (afi i+ ") —hi(xf;) < —yme(8))? hold. Consequently, it follows

from Propositions 5 and 6 that decreases occur both in f and h. In this case, z-r! =z and

k+1

=41 is set to equal xF; + s* while the poll size parameter is

since feasibility is improved, x;
updated as at f-Dominating iterations.

— Iteration £ is said to be Improving if it is not dominating but there is at least one c-infeasible
point z} -+ 5" satisfying hf (2 +5") —hf (zf;) < —yme(d))?. Indeed, this means that z})+s*
improves the feasibility of the e-infeasible incumbent ¥, since the previous inequality leads
to a decrease in h due to Proposition 5. In this case, (5'“ is updated as in dominating iterations,

ol = 2k while the c-infeasible incumbent is updated according to

Tt € argmin {ub@hs + %) 2 B (e + 5%) = B () < —yme(55)°}.
Ting
— Finally, an iteration is called Unsuccessful if it is neither dominating nor Improving. In this
case, 0p ™! = 7% while neither 2} nor xf,,, are updated.
Now, note that while x¥ . is updated at the end of each iteration of StoMADS-PB, the barrier threshold
is rather computed at the beginning of every iteration according to h* . = uf(zk;) to prevent it from
keeping its possibly inaccurate values from one iteration to another. In fact, estimates in StoMADS-
PB are always computed at the beginning of each iteration and their accuracy is improved compared
to previous iterations as discussed later in Section 6.3.2. Consequently, even though the sequence
{h*_ }ren has a globally decreasing tendency, it is not nonincreasing as in MADS with PB, but can
possibly increase between successive iterations. The goal of StoMADS-PB is to accept only the trial
points satisfying h(z*) < h*

max?

and any trial point z* for which the inequality u%(x*) < h¥__ does

max

not hold is discarded from consideration since such an inequality implies that h(z*) < h*__ due

max
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to (6.4). However, this is a sufficient acceptance condition since uf(z*) > h% __ does not necessarily

max

imply that h(z*) < h%__ does not hold, but rather leads to a situation of uncertainty which is not

max

explicitly distinguished in the present manuscript for the sake of simplicity.

Remark 5. Denote byt > 0 the number of the first f-Dominating iteration of Algorithm 7 and assume
that t < +oc. Then it is easy to notice that xf,, = 2. for all k = 0,1,...,t while it} # 9.
Moreover, even though estimates f§(xf,), f¥(xf, + s¥), hi(xk, ) and hE(zf, + s*) are computed
at zf. and xf + s* € PF respectively for all k < t, they are not used by the algorithm until the
end of iteration t and it can also be noticed that no point in P* that is generated using }D)’;(xfeas) is
evaluated until the end of iteration t. In fact, setting the initial c-feasible guess to equal x2; as it
is in Algorithm 7 and then computing the latter estimates are not necessary in practice. However,
doing so allows simply the aforementioned estimates to be defined for all k > 0 for theoretical needs,

specifically the construction of the o-algebra F%" in Section 6.3.

6.2.3 Frame center selection rule

Before describing the frame center selection rule, recall the set V¥ of incumbent solutions introduced
in Definition 15 and the fact that POLL trial points are generated inside frames around such incum-
bents. At a given iteration, there are either one or two frame centers in VE. When V¥ contains only

one point, then using terminologies from [13], that point is called the primary frame center. In the

k

event that there are two incumbent solutions x;’

center while the other one is the secondary frame center. The primary frame center in [13] is chosen

and k., one of them is chosen as the primary frame

to be the infeasible incumbent solution while the secondary frame center is the feasible incumbent
whenever fI" — p > fI, where the positive scalar p is the so called frame center trigger, f{" and f}
are respectively the incumbent feasible and infeasible f-values at iteration k. Otherwise if the previ-
ous inequality does not hold, the primary and secondary frame centers are the feasible and infeasible
incumbent solutions. Because of the unavailability of f function values for StoMADS-PB, a specific
frame center selection strategy using estimates of such function values is proposed and relies on the

following result.

k

Proposition 7. Let fF(zf,.) and f¥(xk;) be e-accurate estimates of f(zk.,) and f(xk;) respectively.

inf

Let p > 0 be a scalar.
If fo (wheas) — 2 > o (wing) + 26(6)%, then f(fs) — p > f(@ing)- (6.9)

inf

Proof. Assume that f§(zf,) — p > f5(zfy) + 22(6))°. Then, it follows from the e-accuracy of
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f(?(xﬁeas) and fég(xll;f) that
f(xﬁ'lf> - f(Iégeas) = {f(xﬁlf> - f(?(xﬁlf)} + [f(?(xﬁlf) - f(l)f(x?eas)} + {fg(xﬁsas) - f(xllfeas)}
< 2e(68)* — (p+2¢(6))*) = —p. (6.10)

]

Thus motivated by Proposition 7, z%_ is always chosen as the StoMADS-PB primary frame cen-
ter unless the estimates f¥(zf ) and f¥(zf;) satisfy a sufficient decrease condition leading to the
inequality f(zf,) — p > f(zF;), which as in [13] allows the choice of the infeasible incumbent

solution as primary frame center.

Asin [13], StoMADS-PB as implemented for the computational study in Section 6.5 places less effort
in polling around the secondary frame center than the primary one. Specifically, the default strategy
is to use a maximal positive basis [16] for the primary frame center and only two directions with one

being the negative of the first for the secondary frame center.

6.3 Stochastic process generated by StoMADS-PB

The stochastic quantities in the present work are all defined on the same probability space (2, G, P).
The nonempty set €2 is referred to as the sample space and its subsets are called events. The collection
G of such events is called a o-algebra or o-field and P is a finite measure satisfying P(2) = 1,
referred to as probability measure and defined on the measurable space (€2, G). Each element w € ()
is referred to as a sample point or a possible outcome. Let B(R™) be the Borel o-algebra of R™, i.e.,
the one generated by its open sets. A random variable X is a measurable map defined on (2, G, P) into
the measurable space (R, B(R")), where measurability means that each event { X € B} := X !(B)
belongs to G for all B € B(R") [28,51].

The estimates f§ (z*), f¥(z* + %), ¢y (2*) and & (2% + s%), for j = 1,2,... ,m, 2% € {af, 25}
and 2 4+ s € PF*, of function values are computed at every iteration of Algorithm 7 using the
noisy blackbox evaluations. Because of the randomness of the blackbox outputs, such estimates can
respectively be considered as realizations of random estimates Fyy (X*), FFf(X* + S%), CF (X*) and
C'j’i‘iS(X"C + S*), for j = 1,2,...,m. Since each iteration k of Algorithm 7 is influenced by the
randomness stemming from such random estimates, Algorithm 7 results in a stochastic process. For
the remainder of the manuscript, uppercase letters will be used to denote random quantities while their
realizations will be denoted by lowercase letters. Thus, 2% = X*(w), 2F . = Xk (w), 2f, = XE (W),

st = S*(w), 6F = Al(w) and 6}, = AF, (w) denote respectively realizations of X*, X, XF . S* Ak
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Algorithm 7: StoMADS-PB
[0] Initialization
choose z{; € X, ) > 0,7 € (0,1) NQ, e >0, 7>2and2€N*
set the feasibility success flag = FALSE, V° < {29} and 2%, <+ 20,
set the iteration counter k < 0
[1] Parameter Update
set 6y, <= min{d), (67)%}
[2] Poll
generate a finite list P* of candidates usmg the polhng directions Df (fi;) U DE (2.,
obtain estimates f¥, f* h¥ and h* of f(z*), f(z* + s*), h(2*) and h(x + %)
respectively, at 2 € Vk U {:cheas}, z* + s* € P*, then compute bounds u*(z* + s*)
and uf(xF ), using blackbox evaluations
set the barrier threshold h* < uf(xk;)
f-Dominating
if flag = FALSE and u®(2* + s*) = 0 or flag = TRUE and z* + s* <;.. xf
for some z* € V* and s* € {0y,d"* : d* € D} (2")}
set it <= akp, 2l < oF + s and 651 «— min{7r 10k, 7%
reset the feasibility success flag = TRUE, set V1 < {zFI! 25+t11 and go to [4]
h-Domlnatlng
else if ol + s* <, af
set 2711
Improving
else if k¥ (xh + s%) — hi(xk;) < —yme(6F)? for some previously evaluated 5 + s*
set xﬁl—}_l S argminxi’;f—i-sk {us( Ling +s ) : h?( Linf +s ) hk( mf) < 7m5(5k) }
Tt wf, and 65T« min{r 16k 72
Unsuccessful
otherwise, set zjf ' < xfy, 2l < af, and KT < 76k
[3] Feasibility update
if flag = TRUE
set Vk+1 — {xﬁ$17xfea }
otherwise, VF*1 < {zf
[4] Termination
if no termination criterion is met
set k < k + 1 and go to [1]
otherwise stop

¢ for some s* € {0F,d* : d¥ € D} (af)}

koo k+1 k1 15k 2
b+ sF it « af and 0y min{7~ O0ps T }

Figure 6.1 StoMADS-PB algorithm for constrained stochastic optimization.

and Ay, Similarly, g («") =F6“(X’“)(W),f’“( o sh) = FE(XP 4 S%) (), o (2h) = CFp(XH) (),
¢ s(at+s7) = CF (XF+ 5F) (w), h§(2*) = HF(XF)(w), h§(a* + %) = HE(XF+5%)(w ) (5(a*) =
LE(XF)(w), £5(2* + s*) = LYX® + ) (w), uf(2*) = UF(X*)(w) and uf (2" + s*) = UF(X*

+
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S*)(w). When there is no ambiguity, F¥ will be used instead of F{¥(X*), etc. In general, following
the notations in [15,29, 35,51, 83], F¥, F*, H} and H* are respectively the estimates of f(X¥),
f(XF* + S*), h(X*) and h(X* + S*). Moreover, as highlighted in [15], the notation “f(X*)” is used
to denote the random variable with realizations f(X*(w)).

The present research aims to show that the stochastic process {Xi’flf, XE

Ay, AL By FE HE HY,
LEUE LF U f} resulting from Algorithm 7 converges with probability one under some assumptions
on the estimates Iy, Fi¥, C¥,, C¥, H§, H} and on the bounds L§, Uy, LY, U. In particular, the esti-
mates Fy, F¥, C]’fo and Cj’fs will be assumed to be accurate while the bounds will be assumed to be

reliable, with sufficiently high but fixed probabilities, conditioned on the past.

6.3.1 Probabilistic bounds and probabilistic estimates

The previously mentioned notion of conditioning on the past is formalized following [15, 29, 35,51,
83]. Denote by F"/ the o-algebra generated by Fij(X*), F!(X* 4 S*), Cf(X*) and Cf ,(X* + S°),
forj = 1,2,...,m, for X! € {X.e X¢ } and for / = 0,1,...,k — 1. For completeness, F¢;

infs <*feas
is set to equal o(2°) = o(2l;). Thus, {F ¥}, is a filtration, i.e., a subsequence of increasing

o-algebras of G.

Sufficient accuracy of functions estimates is measured using the poll size parameter and is formalized,
following [15,29, 35,51, 83] by means of the definitions bellow.

Definition 16. A sequence of random estimates { FY, F*} is said to be 3-probabilistically c-accurate

with respect to the corresponding sequence { X*, S*. A’;} if the events
Ji, = {Fy, F¥, are e-accurate estimates of f(z") and f(z"* + s*), respectively for AL}
satisfy the following submartingale-like condition
P(J | FL) =E (L | FET) 2 8,

where 1 ;_ denotes the indicator function of the event Ji, ie., 1; = 1lifw € Jyand 1; = 0

otherwise. The estimates are called “good” if 1; = 1. Otherwise they are called “bad”.

Definition 17. A sequence of random estimates {Cj’fo, C’j’fs} is said to be o'/™-probabilistically e-
accurate for some j = 1,2,... m with respect to the corresponding sequence { X%, S*, A’;} if the

events

I}, ={C5,, Cj,, are e-accurate estimates of c;(x") and c;(z" + s"), respectively for A}}



91

satisfy the following submartingale-like condition
P | FEY) =B (1, | FED) = ol
To formalize the sufficient reliability of random bounds in the present work, the following definition

is introduced.

Definition 18. A sequence of random bounds {L%, UY, Lk U*} is said to be a-probabilistically -

accurate with respect to the corresponding sequence { X*, S*, A’;} if the events

I, = {“LIS and U} are e-reliable bounds for h(x*)”, and “ L* and UF are c-reliable bounds

for h(z* + s*)”, respectively for A’;} (6.11)

satisfy the following submartingale-like condition
P | FEE) =E (1, | FOL) > P (ﬂzg | f,?_'f) > a,
j=1

The bounds are called “good” if 1; = 1. Otherwise, 1; = 0 and they are called “bad”.

The p-integrability of random variables [15,28] is defined below and will be useful for the analysis of
Algorithm 7.

Definition 19. Let (2, G,P) be a probability space and p € [1,+00) be an integer. Then the space

LP(Q, G, P) of so-called p-integrable random variables is the set of all real-valued random variables
X such that

10, = ([ IX@PB @) = @(XF) < +oc

As in [15], the following is assumed in order for the random variables f(X*), h(X*) and ¢;(X*),
j € J, to be integrable so that the conditional expectations E ( F(X®)FEE ) E (cj(X MNFEE )
jeJand E (h(Xk)|}',§;f) can be well defined [28].

Assumption 11. The objective function f and the constraints violation function h are locally Lip-
schitz with constants N > 0 and \" > 0, respectively. The constraint functions cj, j € J, are

continuous on X. The set U C X containing all iterates realizations is compact.

Local Lipschitz in the above assumption means, Lipschitz with a finite constant in some nonempty
neighborhood intersected with X" [13].
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max max

forall ¥ € U. Moreover, the random variables f(X"), h(X*), ¢;(X*) and A} belong to L' (Q, G, P),
forall j € J and forall k > 0.

Proposition 8. Under Assumption 11, there exists a finite constant k7., satisfying ‘ f(a¥ )’ < Kl

Proof. The proof is inspired from [15]. Since f is locally Lipschitz on the compact set U/, the it

is bounded on U{. Consequently, there exists a finite constant {__ such that ‘ f (xk)‘ < k!l for

max max
h

Ty satisfying ‘h(mk)‘ < kM __and k¢, such that ‘cj(xk)‘ <

max max

all zF € U. Similarly, there exist x
KS.x forall j € Jand all 2% € U, since h is locally Lipschitz and ¢; is continuous on Y. Thus,
E (| f(X%)]) = fo |F(X(@))| P(dw) < Ky < +oo. Similarly, E (|h(X*)|) < kb, < 400 and

< +o00. Finally, the integrability of A'; follows from the fact that

forall j € J, E (|e;(X")]) < x5 om
AI;D = Jq ’A’;(w)‘IP’(dw) <777 < 4o0. O

max

Al(w) < 77% for all w € Q, which implies that (

Next are stated some key assumptions on the nature of the stochastic information in Algorithm 7,

some of which are made in [15] and which will be useful for the convergence analysis of Section 6.4.

Assumption 12. For fixed o and 3 € (0, 1), the followings hold for the random quantities generated
by Algorithm 7.
(i) The sequence of estimates { F¥, F*} generated by Algorithm 7 is 3-probabilistically e-accurate.
(ii) The sequence of estimates { Fy, F*} generated by Algorithm 7 satisfies the following variance
condition for all k > 0,

=

FE = 00 9| FEE) < 20 - Bay

) (6.12)
and B (| = X[ FET) < 20— mant
(iii) For all j = 1,2,...,m, the sequence of estimates {Ojk,()v C’j’fs} is o™ -probabilistically e-
accurate.

(iv) Forall j = 1,2,...,m, the sequence of estimates {Cj’fo, lefs} satisfies the following variance

condition for all k > 0,
E (‘C]’fs — (X" + s’v)(2 | f,f-f) <&’ (1-a'Pm) (A
(6.13)

and E (\c;fo — (XM FEE ) < 22 (1—atm) (A
(v) The sequence of random bounds { L%, Uk, L* U} is a-probabilistically c-reliable.

An iteration k for which 1, 1; = 1, i.e., for which the events I}, and .J; both occur, will be called

“true”. Otherwise, it will be called “false”. Even though the present algorithmic framework does
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not allow to determine which iterations are true or false, Theorem 12 shows that true iterations occur
infinitely often for convergence to hold, provided that estimates and bounds are sufficiently accu-
rate. Theorem 12 will also be useful for the convergence analysis of Algorithm 7, more precisely in
Subsection 6.4.3.

Theorem 12. Assume that Assumption 12 holds for o € (1/2,1). Then true iterations of Algorithm 7

occur infinitely often.
Proof. Consider the following random walk
k

Wi =3 (2-1,1,, —1). (6.14)

=0

k——+o00
which can be derived from that of Theorem 4.16 in [35] (using F¢ ¥ instead of 7)), where a similar

Then, the result easily follows from the fact that {lim sup Wy = +oo} almost surely, the proof of

random walk was studied. Indeed, the latter result means that
P ({w € Q: 3K (w) C N such that kl%]? )Wk(w) = +oo}> =1,
€ w

which implies that 17,1 ;, = 1 infinitely often. O]

The following lemma will be useful later in the analysis of StoMADS-PB.

Lemma 9. Let Assumption 12-(iv) hold for a fixed o € (0, 1). Then the sequence of random estimated
violations { H}, H*} satisfies
E (|HE = h(X* 4+ 8[| FET) < me(1 - a)2(Af)

k k C-F 1/2( A k)2 (6.15)
and B (|H — h(X*)|| FET) < me(1 - a)'2(A5)2.

Proof. Before proving (6.15), let first notice that

HE = h(X")] = imax{cj’fo, 0} — imax{cj(Xk), 0}

Jj=1

< f: Imax{C,, 0} — max{c;(X*),0}] < f: Chy = c;(XF)|,  (6.16)
j=1 j=1

where the last inequality in (6.16) follows from the inequality |max{z,0} — max{y,0}| < |z — y|,
for all z,y € R. Moreover, it follows from the conditional Cauchy-Schwarz inequality [28] that for
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all j € J,

Eﬂquwwmﬁf)g[E@%—q@ﬂﬁﬁﬁﬂmxmcﬁgﬂm
< e(1—a) " (Ah)? < (1 )2 Ak 6.17)

where the first inequality in (6.17) follows from (6.13). Thus, taking the conditional expectation with
respect to F;” c-r 1 1n (6.16) and then using (6.17) yield

B (|Hf — O 1FCE) < B (|Chy - (X IFEE) < me (1 - ) (a8,
j=1

and similarly E (‘Hf — h(X*+ Sk)‘ |]:,f_f> < me(1—a)'/? (AF)2.

6.3.2 Computation of probabilistically accurate estimates and reliable bounds

This section discusses approaches for computing accurate random estimates and reliable bounds sat-
isfying Assumption 12 in a simple random noise framework, and hence how corresponding determin-
istic estimates can be obtained using evaluations of the stochastic blackbox. Such approaches strongly
rely on the computation of o/'/™

derived in [35].

-probabilistically e-accurate estimates {C¥ J’“s} using techniques

3,00

Consider the following typical noise assumption often made in stochastic optimization literature:

Eo, [fo,(z)] = f(x) and Vg, [fo,(z)] < Voh < 400 forallz € X
Ee, [c@j(x)} = c¢j(r) and Ve, [c@j(:c)} <V; < +oo forall z € X and forall j € J,

where V; > 0 is a constant forall « = 0,1, ..., m. Let V = max{Vy, V4, ..., V. }.

For some fixed 7 € J, let @? and O be two independent random variables following the same
distribution as ©,. Let @ﬂ, C=1,2,... ,pj and ©3

samples of @9- and O respectively, where pj > 1 is an integer denoting the sample size. In order to

3o (=1,2,..., p;? be independent random

satisfy Assumption 12-(i7), define C’ko and Cj’fs respectively by

k k

k 1 & k k &
Cio = kZ (z") and Cj,SZTZ e, (z* + %)

J /=1 ] /=1
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By noticing that E (C]’fo> = ¢;(2*) and that V (C’]’f()) < % for all j, then it follows from the Cheby-
shev inequality that K

V
k k k\2) _ k k k
P (|Cky — cj(a)] > e(85)?) =P (|CFy — B (Cfo)| > e(55)?) < EA (6.18)
Thus, choosing p¥ such that
v

k> 6.19
Pj = 2 (1 —al/2m) (55) (6.19)

ensures that W < 1 — a!'/?™. Then, combining (6.18) and (6.19) yields for all j € J,

P (|CFy — cj(ah)] < 2(65)?) > a/2m (6.20)
and similarly, [P (‘ —cj(z" +s )‘ < 6(55)2) > a'/?™_ 1t follows from the independence of the
random variables @9 and ©7 and both previous inequalities that

P ({|Ch, — ¢i(a")] < e(68)*} n{[Ch, — ¢;(a* + 8M)] < 2(88)?}) > 0¥/, (6.21)

which means that Assumption 12-(iii) holds. Estimates ¢, = C%(w) and ¢}, = C7 (w), obtained
by averaging pf realizations of cg, resulting from the evaluations of the stochastic blackbox, respec-

tively at 2% and 2* 4 s*, are obviously e-accurate.

In order to satisfy Assumption 12-(v), notice that the independence of the random variables ©;, 7 € J

combined with (6.20) implies

(ﬁ {|Ckoy = c;(aM)] < e(é,’f)z}) i (|Cky = ¢jah)] < 2(08)?) > a2 (6.22)

j=1 j=1
and similarly, ( {|ck, = cj(ah+ M) < 5(5,’;)2}> > a2, (6.23)
Define the random bounds L§(z"*), LE(a* + s*), UF(2%) and UF(2* + s*), respectively by

Ih(at) =

L
=]

<
Il
—

ax CFy —e(0%)%,0}, US(x Zmax Clo+e(05)%,0
> p 7

7j=1

LF(aF + %) = max {C]’fs - 5(5;;)2, O} and U (2% + s* Z max {C’;fs + 5(55)2, 0} .

[r

<
I
—
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Define the events EY and E* respectively by

Ef = { L") < h(a*) < US(ah)} and EBF = {5+ 5%) < h(a* + ) < UF@" + 5%}
(6.24)
By noticing that

then combining respectively (6.22) and (6.25), and (6.23) and (6.26), yields

P(E}) > P (ﬁ {|cFo—eitah)| < g<5§)2}) > a2 (6.27)
j=1
P(E) > P ((m] {|ck, = ¢k + 54| < 5(55)2}) > al/?, (6.28)
j=1

It follows from the independence of the random variables @g{é and O3, for all j € J and for all
¢ =1,2,...,p that the events £ and E} are also independent. Hence, both inequalities (6.27)
and (6.28) imply that

o
VAN
=}
~
EDE
-
3
=
QQ
w5
N
A
Buy
<%
e
H—/
~
X
=}
~
IDE
(ot
3
w
|
QQ
w5
>~
+
vy
N
A
20
<%
e
H/_/
N~ —

=1
< P(E)) xP(EY) =P(E;nEL),

which shows that Assumption 12-(v) holds.

In order to show that Assumption 12-(iv) holds, notice that £ (C’j’fo — cj(:pk)) = 0forall j € J,
which implies that for all j € J,

V
pk
j

7 < e (1—a) (55, (6.29)

B (et —ese)") =V (€l —atet) =V (ch) <

where the last inequality in (6.29) follows from (6.19). Similarly, since K (C’j’fs —cj(zF + sk)) =0



97

for all 7 € J, then

p

2
E (’(Jj’fs —¢j(a* + ") ) <e?(1—a') (ah)", (6.30)
which shows that Assumption 12-(iv) holds.
Finally, let compute estimates F¥ and F* that satisfy Assumption 12-(i) and (ii). For that purpose,
let ©) and O} be two independent random variables following the same distribution as ©g. Let

@8’5, ¢ =1,2,...,pf and Obe £ = 1,2,... , P be independent random samples of ©) and O

respectively, where pf > 1 denotes the sample size. Define F}¥ and F* respectively by

1
J

M’E

ox

M’U
ox

Er = fegyg(xk) and FF = fes, (2% + s%).

=
=

/=1 (=1

Then E (Fé“) = f(z%), which implies that V (Fé“) < I%. Thus, it is easy to notice that the proof
0

of Assumption 12-(7) follows that of Assumption 12-(7ii). More precisely, the following inequality

holds:

P ({|8¢ st <=0}

FF = f(a* + M) <e(ap)?}) = 8, (6.31)

provided that
v

e (1= V) ()"

Estimates f = F¥(w) and f* = F¥(w), obtained by averaging p{ realizations of fe,, resulting from

k
Do =

(6.32)

the evaluations of the stochastic blackbox, respectively at 2* and 2* + s*, are obviously e-accurate.
It is also easy to notice that the proof of Assumption 12-(ii) follows that of Assumption 12-(iv).

Specifically,

E (\Fg - f(xk)f) <21—\/B)Eh' and E (

= gt + ) < 20— Byt

provided that plg is chosen according to (6.32).

6.4 Convergence analysis

Using ideas inspired by [13,15,35,68,83] this section presents convergence results of StoMADS-PB,
most of which are stochastic variants of those in [13]. It introduces the random time 7 at which
Algorithm 7 generates a first e-feasible solution. Then assuming that 7" is either almost surely finite
or almost surely infinite, a so-called zeroth-order result [14, 15] is derived showing that there exists
a subsequence of Algorithm 7-generated random iterates with mesh realizations becoming infinitely

fine and which converges with probability one to a limit. This is achieved by showing by means of
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Theorem 13 that the sequence of random poll size parameters converges to zero with probability one.
Section 6.4.2 analyzes the function h and the random e-infeasible iterates generated by Algorithm 7.
In particular, it gives conditions under which an almost sure limit of a subsequence of such iterates is
shown in Theorem 15 to satisfy a first-order necessary optimality condition via the Clarke generalized
derivative of h with probability one. Then, a similar result for f and the sequence of e-feasible iterates
is derived in Theorem 17 of Section 6.4.3. Note finally that the proofs of the main results of this
section are presented in the Appendix.

6.4.1 Zeroth-order convergence

Recall Remark 5 and denote by .78 = {X£, : X£,. # 20, ¢ < k} the set of all random ¢-feasible
iterates generated by Algorithm 7 until the beginning of iteration k. Consider the following random
time 7" defined by

T :=inf{k >0:.7% # 0}. (6.33)

Then it is easy to notice that 7" > 1 and that for all £ > 1, the occurrence of the event {T" < k} is
determined by observing the random quantities generated by Algorithm 7 until the iteration k£ — 1,
which means that 7" is a stopping time [50] for the stochastic process generated by Algorithm 7. The

following is assumed for the remainder of the analysis.

Assumption 13. The stopping time T" associated to the stochastic process generated by Algorithm 7

is either almost surely finite or almost surely infinite.

The next result implies that the sequence {A’;} ren of random poll size parameters converges to zero
with probability one and will be useful for the Clarke stationarity results of Sections 6.4.2 and 6.4.3.

It holds under the assumption below.

Assumption 14. The objective function f is bounded from below, i.e., there exists /i{nm € R such that
—o00 < KLy < f(x), forall z € R™

min

Theorem 13. Let Assumptions 11, 13 and 14 be satisfied. Lety > 2 and T € (0,1)NQ. Letv € (0,1)

be chosen such that
v 2(172 1)

> 6.34
1l—v— =2 ( )
and assume that Assumption 12 holds for o and 3 chosen such that
4
af > v (1= )2 21 - p)2] . (6.35)

(1 —-v)(1—72)
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Then, the sequence { A’;} reN Of frame size parameters generated by Algorithm 7 satisfies
+o0o

Y (AF)? < 400 almost surely. (6.36)
k=0

The following result is a simple consequence of Theorem 13. It shows that the sequences {AF }icn

and {AF} .y converge to zero almost surely respectively.

Corollary 2. The followings hold under all the assumptions made in Theorem 13

lim AF = 0almost surely and  lim A’; = 0 almost surely.
k—4o00 k—+o00

The next result shows that with probability one, the difference between the estimates and their corre-
sponding true function values converge to zero. This means that Algorithm 7 behaves like an exact
deterministic method asymptotically. This result will be also useful in Subsection 6.4.3 for the proof
of Theorem 16.

Corollary 3. Let all assumptions that were made in Theorem 13 hold. Then,

lim ‘Hgf — h(Xk)’ = 0 almost surely and kllgloo ‘FéC — f(Xk)’ = 0 almost surely,  (6.37)

k—+o0

and the same result holds for ’Hf — h(X* + Sk)‘ and

FF — f(X* + Sk)’ respectively.

Definition 20. A convergent subsequence {x*}icxc of Algorithm 7 iterates, for some subset of in-
dices K, is called a refining subsequence if and only if the corresponding subsequence {0F }cx

converges to zero. The limit % is called a refined point.

Combining the results of Corollary 2 and the compactness hypothesis of Assumption 11 was shown
in [15] to be enough to ensure the existence of refining subsequences. Specifically the following
holds.

Theorem 14. Let the assumptions that were made in Corollary 2 hold. Then there exists at least one
refining subsequence { X*} e (where K is a sequence of random variables) which converges almost

surely to a refined point X.

6.4.2 Nonsmooth optimality conditions: Results for /

This subsection aims to show with probability one that Algorithm 7 generates a refining subsequence

{ XE }rex with refined point Xine which satisfies a first-order necessary optimality condition via the
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Clarke generalized derivative of h. As in [15], this optimality result strongly relies on the require-
ment that the polling directions d* € D (xf;) of Algorithm 7 are such that 07 Hdk HOO never approaches
zero for all k. The way such an expectation can be met is discussed in [15]. Indeed, by choosing
the columns of the matrix D used in the definition of the mesh M?* to be the 2n positive and neg-
ative coordinate directions, 52 = 1 and 7 = 1/2, the directions 5£dk were shown in [15] to satisfy
6’;HdkHoo > 1 whenever d* is constructed by means of the so-called Householder matrix [16]. Thus,

the following assumption is made for the remainder of the analysis.

Assumption 15. Let d* € ]D’; be any polling direction used by Algorithm 7 at iteration k. Then there
exists a constant d;, > 0 such that (SSHdkH > dyin forall k > 0.
o

The main result of this subsection relies on the properties of the random function ¥/ introduced next,

a similar of which was used in [15].

Lemma 10. Let the same assumptions that were made in Theorem 13 hold and assume in addition
to (6.35) that a3 € (1/2,1). Consider the random function WU with realizations 1} defined by

h(xﬁlf) - h(ajikr:lf + 551dk)
oy

Yh = forall k > 0,

where d* € ]D’; (zf;) denotes any available polling direction around z¥; at iteration k. Then the
following holds,
llim inf \IJZ < 0 almost surely. (6.38)

—+00

The following definition of refining directions [12, 16] will be useful in the analysis.

Definition 21. Let & be the refined point associated to a convergent refining subsequence {x*}y.cx.
A direction v is said to be a refining direction for ¥ if and only if there exists an infinite subset L C K
with polling directions d* € D%(x*) such that v = gé%ﬁ'

The analysis in this subsection also relies on the following definitions [13]. The Clarke generalized
derivative h°(Z;v) of h at & € X in the direction v € R" is defined by

h°(Z;v) := limsup Iy + tv) - h(y).

Y2, yeX t
t\0, y+tveX

(6.39)

As highlighted in [13], this definition from [61] is a generalization of the original one by Clarke [38]

to the case where the constraints violation function 4 is not defined outside X'.
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The analysis involves a specific cone Tf (Zin) called the hypertangent cone [86] to X at Z;,¢. The

hypertangent cone to a subset O C X at Z is defined by
TH (%) :=={v € R": Je > O such thaty + tw € OVy € O N Be(2),w € Be(v) and 0 < t < €}.

Next is stated a lemma [13] from elementary analysis, that will be useful latter in the present analysis.

Lemma 11. If {a;} is a bounded real sequence and {by} is a convergent real sequence, then

lim sup(ag + by) = limsup a;, + lilzn by..
k k

The next result is a stochastic variant of Theorem 3.5 in [13]. Since the inequality h(z£; + 6% d*) —
h(z£;) > 0 on which relies the latter theorem does not hold in the present stochastic setting, then the

proof of the result below is based on the random function W/ lim inf-type result of Lemma 10.

Theorem 15. Let Assumptions 10, 15 and all the assumptions made in Theorem 13 and Lemma 10
hold. Then Algorithm 7 generates a convergent e-infeasible refining subsequence {XF: ek, for
some sequence K C K' of random variables satisfying limg: W% < 0 almost surely, such that if
Tint € X is a refined point for a realization {xfi}vex of { Xiighrex for which the events Al — 0 and
limg WP < 0 both occur; and if v € TH (Zint) is a refining direction for iy, then h°(Zine;v) > 0. In

particular, this means that

A

P ({w € Q:3K(w) CNand IXips(w) = lim XF(w), Xins(w) € X, such that
keK (w) (640)
WV (w) € TH (Xint(@)), b°(Kins(w); V(w)) > 0}) = 1.

Next is stated a stochastic variant of a result in [13], showing that Clarke stationarity is ensured when

the set of refining directions is dense in a nonempty hypertangent cone to X'.

Corollary 4. Let all assumptions that were made in Theorem 15 hold. Let {X}

m

f}keK be the -
infeasible refining subsequence of Theorem 15, with realizations {x¥ :}rcxc which converges to a re-
fined point Ty, € X. If the set of refining directions for T, is dense in ng] (Zing) # 0, then %yt is a

Clarke stationary point for the problem Hli)r(l h(zx).
xe

Proof. The proof of this result is almost identical to the proof of a similar result (Corollary 3.6) in [13]

and hence will not be presented here again. O]
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6.4.3 Nonsmooth optimality conditions: Results for f

The analysis presented in this subsection assumes that Algorithm 7 generates infinitely many e-
feasible points. It aims to show with probability one that StoMADS-PB generates a refining subse-
quence { X% }rex with refined point X, which satisfies a first-order necessary optimality condition

based on the Clarke derivative of f. The following lemma will be useful latter in the analysis.

Lemma 12. Let the same assumptions that were made in Theorem 13 hold and assume in addition
10 (6.35) that afp € (1/2,1). Assume that the random time T with realizations t is finite almost surely.

Consider the random function ‘I/£’T with realizations wk’t defined by

S (wiad) = f (e + 05,d%)
%

7t .
Wit =

forall k > 0,

kvt

o at iteration k.

where k V t := max{k,t} and d* denotes any available polling direction around x
Then the following holds,
lim inf \IJ£’T < 0 almost surely. (6.41)

k——+oco

Now let prove that the almost sure limit Xfeas of any convergent refining subsequence of e-feasible

iterates which drives the random estimated violations HE (X}

fas) t0 zero almost surely, satisfies

P (Xfeas € D) = 1. First, notice that the existence of such a refining subsequence can be assumed.
Indeed, it is known from Theorem 12 that true iterations occur infinitely often provided that estimates

and bounds are sufficiently accurate. In addition, every e-feasible point zf . newly accepted by

k
feas

Algorithm 7 satisfies uf(xf,) = 0, which implies that hf(zF ) = 0, thus leading to the overall

) = 0 almost surely, which is implicitly assumed next.

conclusion that lim inf HJ(XE,,
k—+o00

Theorem 16. Let all the assumptions of Lemma 12 hold. Let Xfeas be the almost sure limit of a

convergent e-feasible refining subsequence { XEYI }vcx for which lllrln( HE(XEYT) = 0 almost surely.
€

Then

P (Xf c D) - 1. (6.42)

The following result is a stochastic variant of Theorem 3.3 in [13].

Theorem 17. Let Assumptions 10, 15 and all assumptions that were made in Theorem 13 and
Lemma 12 hold. Let {XEYT}vcx be an almost surely convergent e-feasible refining subsequence,

for some sequence K of random variables satisfying lim g \Ili’T < 0andlimg HY(XEYT) = 0 almost

surely. Then, if Zi.s € D is a refined point for a realization {xf\!}1exc of {XEYT Yuex for which the

events Ay — 0, limg Ul < 0 and limg HY(XEYT) = 0 occur, and if v € TH (e is a refining
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direction for Zieas, then f©(Zgeas; v) > 0. In particular, this means that
REK(w) (6.43)

Corollary 5. Let all assumptions that were made in Theorem 17 hold. Let {XE!T}cx be the e-
feasible refining subsequence of Theorem 17, with realizations {xf\!} exc which converges to a refined
point Tge,s € D. If the set of refining directions for ., is dense in Tg (Zfeas) 7# O, then ey is a Clarke

stationary point for (6.1).

Proof. The proof of this result is almost identical to the proof of a similar result (Corollary 3.4) in [13]

and hence will not be presented here again. ]

6.5 Computational study

This section illustrates the performance and the efficiency of StoMADS-PB using noisy variants of
42 continuous analytical computational constrained problems from the optimization literature. The
sources and characteristics of these problems are summarized in Table 6.1. The number of variables
ranges from n = 2 to n = 20, where every problem has at least one constraint (m > () other than
bound constraints. In order to show the capability of StoMADS-PB to cope with noisy constrained
problems compared to MADS with PB [13] referred to as MADS-PB, the latter algorithm is compared
to several variants of StoMADS-PB. For all numerical investigations of both algorithms, only the
POLL step is used, i.e., no SEARCH step is involved. Recall the frame center selection rule of
Section 6.2.3 and that of MADS-PB [13]. The OrthoMADS-2n directions [2] are used for the POLL
which is ordered by means of an opportunistic strategy [16]. Indeed, trial points around the primary
frame center are evaluated first. Then, all the points around a given frame center are sorted relatively
to the successful direction from the last ~A-Dominating iteration in StoMADS-PB, while in MADS-
PB, they are sorted relatively to the last successful direction both in the noisy objective and constraint
violation functions. MADS-PB and all the proposed variants of StoMADS-PB are implemented in
MATLAB.

The stochastic variants of the 42 abovementioned deterministic constrained optimization problems
are solved using three different infeasible initial points for a total of 126 problem instances. Inspired
from [15], such stochastic variants are constructed by additively perturbing the objective f by a ran-

dom variable © and each constraint ¢;, j = 1,2, ..., m by a random variable O; as follows

foo(z) = f(x) +©¢ and co,(z) = cj(x)+ O, forall j € J, (6.44)
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where O is uniformly generated in the interval I (o, z°, ) = [ | f(2°) — f*],0 | f(2°) — f*|] and
©; is uniformly generated in [(o, 2°, ¢;) = [—0|¢;(2")], o |¢;(2)]. The scalar o > 0 is used to de-
fine different noise levels, 2 denotes an initial point and f* is the best known feasible minimum value
of f. The bounds of I(o,z° f) and I(o,2°, ¢;) are respectively expressed in terms of |f(z°) — f*|
and |c;(2°)| in order to take into account the effort of a given algorithm while reducing the value of
the objective function from f(2°) to f*, as well as those of the constraints from ¢;(z°) to zero (when-
ever ¢;(2%) > 0), for a given problem. The random variables O, ©1, ..., ©,, are independent. For
the remainder of the study, the process which returns the vector [ fo, (), co, (), co,(x), ..., co,, ()]
when provided the input = will be referred to as noisy blackbox. Consider for example the SNAKE
problem [13] in Table 6.1 whose objective and constraint functions are given by

flz) = \/(961 —20)2 + (22 — 1)2, c1(v) = sin(zy) — 22 — 110 and cy(x) = 29 — sin(z,).

Consider the initial point 2° = (2,2) and the feasible minimum value f* = 0.08 [13]. Then,
|f(2°) — f*| = 17.95, |1 (2°)] = 1.19 and |co(2°)| = 1.09. Hence, I(o,2°, f) = [-17.950,17.950]
while I(0,2°% ¢;) = [-1.190,1.190], I(0,2° ¢;) = [-1.090,1.090] and the corresponding noisy

functions are given by

foolz) = /(&1 —20)2 + (23 — 1)2 + Oy,
1

co,(x) = sin(zy) —x9 — 0 +©; and ce,(r) =y —sin(zy) + O,

where the independent random variables Oy, ©; and ©, are uniformly generated in the intervals
I(0,2° f), I(0,2° ¢;) and I(c, 2%, cy) respectively. Figures 6.2 and 6.3 depict f(x) and realiza-
tions of fe, (), and illustrate in R? feasible domains with respect to the deterministic constraints

c1(x) < 0and co(x) < 0, and realizations of the noisy constraints ce, () < 0 and ce,(x) < 0.

The MADS-PB algorithm [13] of which StoMADS-PB is a stochastic variant and to which the latter
is compared is an iterative direct-search method originally developed for deterministic constrained
blackbox optimization. In MADS-PB, feasibility is sought by progressively decreasing in an adaptive
manner a threshold imposed on a constraint violation function into which all the constraint violations
are aggregated. Any trial point with a constraint violation value greater than that threshold is rejected
out of hand. Full description of MADS-PB iterations and useful information for better understanding

of the algorithm behavior can also be found in [16].

The relative performance and efficiency of algorithms are assessed by performance profiles [49, 77]
and data profiles [77], which require to define for a given computational problem a convergence test.

For each of the 126 problems, denote by x”V the best feasible iterate found after N evaluations of
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the noisy blackbox and let z* be the best feasible point obtained by all tested algorithms on all run

instances. Then, the convergence test from [20] used for the experiments is defined as follows:

F@N) < f(@) + 7(freas — f(27)), (6.45)

where, 7 € [0,1] is the convergence tolerance and fi.,, is a reference value obtained by taking
the average of the first feasible f function values over all run instances of a given computational
problem for all algorithms. If no feasible point is found, then the convergence test fails. Otherwise, a
problem is said to be successfully solved within the tolerance 7 if (6.45) holds. As highlighted in [20],

freas = (2°) for unconstrained computational problems, where 2 denotes the initial point.

The horizontal axis of the performance profiles shows the ratio of the number of noisy objective
function evaluations while the fraction of computational problems solved within the convergence tol-
erance 7 is shown on the vertical axis. On the horizontal axis of the data profiles is shown the number
of function calls to the noisy blackbox divided by (n+1) ! while the vertical axis shows the proportion
of computational problems solved by all run instances of a given algorithm within a tolerance 7. As
emphasized in [16], performance profiles capture information on speed of convergence (i.e., the qual-
ity of a given algorithm’s output in terms of the objective function evaluations) and robustness (i.e.,
the fraction of computational problems solved) in a compact graphical format, while data profiles also

examine the robustness and efficiency from a different perspective.

Now recall that in StoMADS-PB, according to Section 6.3.2, the noisy blackbox needs to be evaluated
many times at a given point in order to compute function estimates unlike the MADS-PB method
where it is evaluated only once at each point. But since a limited budget of 1000(n+1) noisy blackbox
evaluations is set in all the experiments, that is, since MADS-PB and all variants of StoMADS-PB
stop as soon as the number of noisy blackbox evaluations reaches 1000(n + 1), only few calls to the
blackbox need to be used when computing StoMADS-PB function estimates. However, given that
such estimates are required to be sufficiently accurate in order for the solutions to be satisfactory, a
procedure inspired from [15] aiming at improving the estimates accuracy by making use of available
samples at a given current point is proposed. Note in passing that the proposed computation procedure
is very efficient in practice as highlighted in [15] even though it is inherently biased. The following
computation scheme is described only for f§(z*) but is the same for fF(z*+s"), ¥ (2*) and ¢} , (z*+
sk), forall j € J. First, let mention that during the optimization, all trial points 2* used by StoMADS-
PB and all corresponding values feo,(2") are stored in a cache. When constructing an estimate of

f(a*) at the iteration k& > 1, denote by a*(2*)? the number of sample values of fo,(z*) available in

1. n+1 is the number of evaluations required to construct a linear interpolant or a simplex gradient [16] in R™ [20,77].
2. It is implicitly assumed without any loss of generality that a* (z*) > 1.



106

the cache from previous blackbox evaluations until iteration £ — 1. Since all the values of the noisy
objective function fg, are always computed independently of each other, the aforementioned sample
values can be considered as independent realizations fy, , (z*), fa,,(z%), ..., Joy oy (2%) of fo, ("),
where forall £ = 1,2, ..., a"(z*), 6 is a realization of the random variable O, following the same
distribution as ©,. Now let n* > 1 be the number of blackbox evaluations at z* and consider the
following independent realizations 0 o (zk41, 00 ok (zk)+25 - - - 5 0o.ak(zk)4nk OF Op. Then, an estimate

f¥(2*®) of f(2*) is computed according to,

1 p
p—g 00, (T (6.46)

where p* = n* + a*(2*) is the sample size.

Same values are used to initialize most of the common parameters to StoMADS-PB and MADS-
PB. Specifically, the mesh refining parameter 7 = 1/2, the frame center trigger p = 0.1 and ¢°, =
(50 = 1. Nevertheless in MADS-PB, the initial barrier threshold is set equal its default value, i.e.,
h?nax = +o00 [13] while in StoMADS-PB it equals u(z2,), with u%(x*) defined in (6.4) for all k € N.
The default values of Algorithm 7 parameters v > 2 and € > 02 are borrowed from [15] in which
StoMADS, an unconstrained stochastic variant of MADS [12] is introduced. Specifically, v = 17 and

e = 0.01.

Three variants of StoMADS-PB corresponding to n* = 1,n*¥ = 2 and n* = 3 are compared
to MADS-PB. The data and performance profiles used for the comparisons are depicted on Fig-
ures 6.4, 6.6 and 6.8 and Figures 6.5, 6.7 and 6.9. Three levels of noise are used during the experi-
ments, which correspond to o = 0.01, 0 = 0.03 and o0 = 0.05. For a given algorithm, the estimated
percentages of problems solved after 1000(n + 1) noisy blackbox evaluations for each noise level
within a convergence tolerance 7 are reported in Table 6.2. They are obtained based on the profiles
graphs using MATLAB tools.

The data and performance profiles show that when given the time, StoMADS-PB eventually outper-
forms MADS-PB in general. Moreover as in [15], varying the value of the convergence tolerance 7
in the data profiles does not significantly alter the conclusions drawn from the performance profiles.
Indeed as expected, it can be easily observed from Table 6.2 that the higher the tolerance parameter
T, the larger the percentage of problems solved by all algorithms for a fixed noise level o. Now notice
that while for a given 7, the fraction of problems solved by MADS-PB decreases when the noise level
increases from o = 0.01 to o = 0.05, this seems not to be the case for StoMADS-PB variants. Before

giving an insight as to why, recall that in the present constrained framework, the success or failure

3. The use of £ instead of ¢ is favored in [15].
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Table 6.1 Description of the set of 42 analytical problems.

No Name Source n m Bnds No Name Source n m Bnds
1 ANGUN 971 2 1 Yes 22 MADI [731 2 1 No
2 BARNES [87] 2 3 Yes 23 MAD2 [73] 2 1 No
3 BERTSIMAS [27] 2 2 No 24 MAD6 [73] 7 7 Yes
4 CHENWANG_F2 [37] &8 6 Yes 25 MEZMONTES [75] 2 2 Yes
5 CHENWANG_F3 [37] 108 Yes 26 NEW-BRANIN [97] 2 1 Yes
6 CONSTR-BRANIN [97] 2 1 Yes 27 OPTENG-BENCH4 [63] 2 1 Yes
7 CRESCENT [13] 10 2 No 28 OPTENG-BENCHS5 [63] 2 3 Yes
8 DEMBO5 [73] 8 3 Yes 29 OPTENG-RBF [63] 3 4 Yes
9 DISK [13] 101 No 30 PENTAGON [73] 6 15 No
10 G23 [14] 3 2 Yes 31 PRESSURE-VESSEL [75] 4 4 Yes
11 G210 [14] 10 2 Yes 32 SASENA 971 2 1 Yes
12 G220 [14] 20 2 Yes 33 SNAKE [13] 2 2 No
13 GOMEZ [97] 2 1 Yes 34 SPEED-REDUCER [75] 7 11 Yes
14 HS15 [59] 2 2 Yes 35 SPRING [87] 3 4 Yes
15 HS19 [59] 2 2 Yes 36 TAOWANG_F1 [92] 2 2 Yes
16 HS22 [59] 2 2 No 37 TAOWANG_F2 [92] 7 4 Yes
17 HS23 [59] 2 5 Yes 38 WELDED-BEAM [75] 4 7 Yes
18 HS29 [59] 3 1 No 39 WONG2 [73] 10 3 No
19 HS43 [59] 4 3 No 40 ZHAOWANG_F5 [99] 13 9 Yes
20 HS108 [59] 9 13 Yes 41 ZILONG_G4 [97] 5 1 Yes
21 HS114 [59] 105 Yes 42 ZILONG_G24 971 2 1 Yes

Table 6.2 Percentage of problems solved for each noise level o within a convergence tolerance 7.

T=10" =103
Algorithm 0 =0.01 06=0.03 0 =0.05 0 =0.01 0 =0.03 ¢ =0.05
StoMADS-PB n* =1 74.6% 78.57%  73.02% 44.44%  45.24%  45.24%
StoMADS-PB n* =2 74.6%  76.98%  76.19% 47.62% 47.62%  50.79%

StoMADS-PB n* =3 76.19% 65.08% 66.67% 48.41% 41.27%  38.10%
MADS-PB 69.5%  64.29%  54.76% 41.27% 36.51%  29.37%

of the convergence test (6.45) does not depend only on the values of the objective function f but
also on whether a feasible point is found or not, unlike the framework of [15] where no constraints
are involved. In fact, as highlighted in [15] from which is inspired the computation scheme (6.46),
even though the robustness and efficiency of each StoMADS-PB variants depends on the number n*
of noisy blackbox evaluations which is constant for all £, the quality of the solutions is influenced

by the sample size p* = n* + a*(2*) which is not constant. On one hand, this is the reason why
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for n* = 1, StoMADS-PB does not have the same behavior as MADS-PB. On the other hand, such
computation scheme naturally favors StoMADS-PB by improving the accuracy of the estimates of
its constraints function values, thus allowing it to find more feasible solutions than MADS-PB and
consequently possibly solve larger fraction of problems when the noise level increases for a fixed

tolerance parameter 7.

Finally, based on Table 6.2, it can be noticed that for a given convergence tolerance 7, varying o
seems not to have significant influences on the fractions of problems solved by StoMADS-PB variants
corresponding to n* = 1 and n* = 2. Moreover, even though for the lowest noise level studied
o = 0.01, StoMADS-PB with n* = 3 solved the most problems, the corresponding percentage is not
significantly larger than that of StoMADS-PB with n* = 2. For all these reasons, the latter variant

seems preferable for constrained stochastic blackbox optimization problems.

Deterministic objective function Thin and curved feasible domain: deterministic constraints

05 195

Stochastic objective function: o = 0.01

0.5 195

Figure 6.2 Plots of the deterministic objective function, a corresponding realization of fg, and two dimen-
sional illustrations of feasible domains with respect to the deterministic constraints and corresponding realiza-
tions of the noisy constraints co, (x) < 0 and cg,(z) < 0, for the SNAKE problem. The random variables
©9, O and O defining the noisy functions fg,, ce, and ce, are uniformly generated in [—17.950, 17.950],
[—1.190,1.190] and [—1.090, 1.090], respectively.
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Stochastic objective function: o = 0.03

Feasible domain for noisy constraints: « = 0.03

05 195 4 3 10 12

Figure 6.3 Plots of realizations of the noisy objective function fg, and two dimensional illustrations of feasible
domains with respect to realizations of the noisy constraints ce, (z) < 0 and ce,(z) < 0, for the SNAKE
problem. The random variables ©g, ©; and O defining the noisy functions fg,, ce, and ce, are uniformly
generated in [—17.95¢0,17.950], [-1.190, 1.19¢] and [—1.09¢, 1.090], respectively.
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6.6 Concluding remarks

This research proposes the StoMADS-PB algorithm for constrained stochastic blackbox optimiza-
tion. The proposed method which uses an algorithmic framework similar to that of MADS considers
the optimization of objective and constraints functions whose values can only be accessed through
a stochastically noisy blackbox. It treats constraints using a progressive barrier approach, by aggre-
gating their violations into a single function. It does not use any model or gradient information to
find descent directions or improve feasibility unlike prior works, but instead, uses function estimates
and introduces probabilistic bounds on which sufficient decrease conditions are imposed. By requir-
ing the accuracy of such estimates and bounds to hold with sufficiently high but fixed probabilities,
convergence results of StoMADS-PB are derived, most of which are stochastic variants of those of
MADS.

Computational experiments conducted on several variants of StoMADS-PB on a collection of con-
strained stochastically noisy problems showed the proposed method to eventually outperform MADS,
and also showed some of its variants to be almost robust to random noise despite the use of very in-

accurate estimates.

This research is to the best of our knowledge the first to propose a stochastic directional direct-
search algorithm for BBO, developed to cope with a noisy objective and constraints that are also

stochastically noisy.

Future research could focus on improving the proposed method to handle large-scale machine learning

problems, making use for example of parallel space decomposition.
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Appendix

Now we prove a sequence of convergence results of Section 6.4.

Proof of Theorem 13

Proof. This theorem is proved using ideas from [15, 29, 35,51, 68, 83,96]. According to Assump-
tions 13, the proof considers two different parts: Part 1 assumes that 7" = 400 almost surely, i.e.,
no e-feasible iterate is found by Algorithm 7, while Part 2 considers that 7' < +oo almost surely.
Part 1 considers two separate cases: “good bounds” and “bad bounds”, each of which is broken into
whether an iteration is h-Dominating, Improving or Unsuccessful. Part 2 considers three separates
cases: “good estimates and good bounds”, “bad estimates and good bounds” and “bad bounds”, each
of which is broken into whether an iteration is f-Dominating, h-Dominating, Improving or Unsuc-

cessful.

In order to show (6.36), the goal of Part 1 is to show that there exists a constant 77 > 0 such that
conditioned on the almost sure event {7" = 400}, the following holds for all £ € N

E (Pre1 — O FET) < —n(Af)?, (6.47)
where @, is the random function defined by

Dp = ——h(Xh) + (L= v)(A})%, forallk € N. (6.48)

Indeed, assume that (6.47) holds. Since &, > 0 for all £ € N, then summing (6.47) over k € N and
taking expectations on both sides lead to

+o00 16))
E [Z(A’;)Z < = —, (6.49)

k=0

That is, (6.36) holds. Then, making use of the following random function
feas

o7 = g(f(X’WT) —wh) + %h(xi’;f) +(1—v)(AM? forallkeN,  (6.50)
m

where k V T := max{k, T}, Part 2 aims to show that for the same previous constant » > 0, then
conditioned on the almost sure event {7 < +o00}, the following holds for all £ € N

E (®f,, — OfIFCT) < —n(Ah)”. (6.51)
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Indeed, assume that (6.51) holds. Since <I>£ > ( for all £ > 0, then summing (6.51) over k£ € N and

taking expectations on both sides, yield

= E (®F v ,
E L;](Al;)ﬂ < (7]) = 717 L (]E {f(XffaS)} — /-@f;in) + migh(‘rionf) + (1= 1)(80)? o

(VAN
| —
| R

v
- (ﬁﬁlax — "i{nin) + %h(l‘lonf) + (1 — V) (53)2:| = U,
where the last inequality in (6.52) follows from the inequality f(X£, ) < &/ __forall k > 0, due to

Proposition 8, and the fact that 7" is finite almost surely.

The remainder of the proof is devoted to showing that (6.47) and (6.51) hold. The following events
are introduced for the sake of clarity in the analysis.
Dy := {The iteration is f-Dominating}, D}, := {The iteration is h-Dominating},

Z := {The iteration is Improving}, U := {The iteration is Unsuccessful }.

Part 1 (I' = +oo almost surely). The random function ®; defined in (6.48) will be shown to
satisfy (6.47) with n = $a3(1 — v)(1 — 7%), no matter the change led in the objective function f by
the e-infeasible iterates encountered by Algorithm 7. Moreover, since 7 is infinite almost surely, then
no iteration of Algorithm 7 can be f-Dominating. Two separate cases are distinguished and all that
follows is conditioned on the almost sure event {7" = +00}.

Case 1 (Good bounds, 1;, = 1). No matter the type of iteration which occurs, the random function
®,. is shown to decrease and the smallest decrease is shown to happen on unsuccessful iterations, thus

yielding the following conclusion
E (11, (®r1 — )| FET] < —a(l —v)(1 = ) (A5 (6.53)

(1) The iteration is h-Dominating (1p, = 1). The iteration is ~-Dominating and the bounds are

good, so a decrease occurs in A according to (6.6) as follows

L, 1o, ——(h(XE) = h(XE) < —15, 1, v(y — 2) (A})” (6.54)

inf

The frame size parameter is updated according to A’;“ = min{rA*

o Omax }» Which implies
that

11, 1p, (1= v)[(AFT)? = (AN < 1y 1p, (1 —v)(772 = 1)(AD)%. (6.55)

Then, by choosing v according to (6.34), the right-hand side term of (6.54) dominates that
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of (6.55). Specifically, the following holds
= 2B (1) DA < vy - 2)(AE (656
Then combining (6.54), (6.55) and (6.56) leads to

1
]llk]th((I)k+1 — (I)k) S —]ljk]lph§y(’}/ - 2)(A];>2 (657)

(i) The iteration is Improving (17 = 1). The iteration is Improving and the bounds are good, so
again, a decrease occurs in h according to (6.6). Moreover, A’; is updated as at h-Dominating

iterations. Thus, the change in ®;, follows from (6.57) by replacing 1p, by 17. Specifically,
1
1, 17(®pyy — @) < —]11k]11§y(7 —2)(AF)%. (6.58)

(iii) The iteration is Unsuccessful (1;; = 1). There is a change of zero in h function values while

the frame size parameter is decreased. Consequently,
]llk]lL{((I)kJrl — (I)k> = —]ljk]lu(l - l/)<1 - 7'2>(A];)2 (659)

Then, the choice of v according to (6.34) and the fact that 1 — 72 < 772 — 1 ensures that

unsuccessful iterations, more precisely (6.59), provide the worst case decrease when compared
to (6.57) and (6.58). Specifically, the following holds

= DAL < (1 - 1)1~ ) AR (6.60)

Thus, it follows from (6.57), (6.58), (6.59) and (6.60) that the change in &, is bounded as

follows

17, (P — Pp) = 17, (Ip, + 1z + 1) (Ppy — Pp) < —1p, (1 —v)(1 — 72)(A’;)2. (6.61)

F

Since Assumption 12 holds, then taking conditional expectations with respect to F< £ on both sides
of the inequality in (6.61) leads to (6.53).

Case 2 (Bad bounds, 1; = 1). Since the bounds are bad, Algorithm 7 can accept an iterate which

leads to an increase in A and A';, and hence in ®;. Such an increase in @, is controlled making use
of (6.15). Then, the probability of outcome (Part 1, Case 2) is adjusted to be sufficiently small so that

®,. can be reduced sufficiently in expectation. More precisely, the following will be proved

E[1,(@r1 — ®)|FCY] < 20(1 — ) /2(AF)2 (6.62)
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(1) The iteration is h-Dominating (1p, = 1). The change in / is bounded as follows

inf

v
]lfleh mig(h(XkH) h(Xllflf))

— inf

< Iplp, [(H’“ )+ [h(XE) -

\h - Hy]

1nf

inf

< 1 lpv [—V(A’;) (]h (k) — HE| 4 [h(xh) H§()](6.63)
where (6.63) follows from H} — Hy < —yme(AF)? which is satisfied for every h-Dominating
iteration. Moreover, the change in A’; can be obtained simply by replacing in (6.55) 1;, by
1, as follows

17 1p, (1 - V)[(AE)? = (AL < 1,15, (1-»)(r 2~ (AL (6.64)

Since choosing v according to (6.34) ensures that —y(AF)? 4 (1 — v) (772 — 1)(Af)? <0,
then combining (6.63) and (6.64), yields

inf 1r1f

L1, (P — @) < Iplp, — (\h (XEH) —

+ |h(xko) — HE|). (6.65)

(i) The iteration is Improving (17 = 1). Ak is updated as at h-Dominating iterations and because
of bad bounds, the increase in & is bounded following (6.63). Thus, the bound on the change
in ®;, can be obtained by replacing 1p, by 17 in (6.65) as follows

inf 1nf

1%
L1z (Ppyr — @) < Lplz —— <‘h(Xk+l)

+ |h(xk) — HE)). (6.66)

(iii) The iteration is Unsuccessful (1;;, = 1). The change in A is zero and A’; is decreased. Thus,
the change in ®; follows from (6.59) by replacing 1;, by 1; and is trivially bounded as
follows

inf ‘h mf Hé:’) : (667)

14
]lfk]lu(q)k—kl — (I)k) < ]lfk]lu% (‘h Xk-‘rl)

Finally, it follows from (6.65), (6.66), (6.67) and the inequality 1; < 1, that

inf mf

v
]l[‘k(cbk_’_l - @k) mi (’h Xk+1

+ |P(Xh) — HE

) : (6.68)

Then, taking conditional expectations with respect to < %" on both sides of (6.68) and using
the inequalities (6.15) of Lemma 9, lead to (6.62).
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Now, combining (6.53) and (6.62) yields,

E (®rir — O FCE) = E[(Ly, +15)(@ppr — )| FF]
< |—a(l=v)(1 =7+ 2(1 - )] (AR)2. (6.69)

4u(1 — )l/?
(1—-v)(1—-12)

Then, choosing « according to (6.35) implies that o > , which ensures

—a(l-v) Q=7 +20(1 —a)? < —;a(l )1 -7 < —;Ozﬁ(l —v)(1—7%. (6.70)
Thus, (6.47) follows from (6.69) and (6.70) with nn = %@5(1 —v)(1—7%).

Part 2 (T' < +oo almost surely). In order to show that the random function ® defined by
v v
o) = g(f(XflersT) - H{nin) + %h(Xi];f) + (1 - V)(A';)2

satisfies (6.51) with the same constant 7 derived in Part 1, notice that whenever the event {7 > k}
occurs, then f(X Y)Y = f(XEYTY = 0 since max{k, T} := kVT = (k+1)VT = T. Thus, on the

feas feas

event {T > k}, the random function ®; used in Part 1 has the same increments as ®}. Specifically,
T
k

Lirctoort Lirsuy (@hg — ) = Lz soor Lirsiy (Prp1 — D).

Moreover, it follows from the definition of the stopping time 7" that no iteration can be f-Dominating
as in Part 1 when the event {T" > k} occurs. Consequently, it easily follows from the analysis in

Part 1 and the fact that the random variable 175y is F, “I'_measurable that,

LirsnE (OF,, — F|FET) < —n(A8) Tizany. 6.71)
The remainder of the proof is devoted to showing that the following holds

Lir<pyE (q)g—&-l - (I)g’ficcéf) < —U(A§)21{T§k}, (6.72)

since combining (6.71) and (6.72) leads to (6.51), which is the remaining overall goal. In all that
follows, it is assumed that the event {7 < k} occurs.
Case 1 (Good estimates and good bounds, 1;, 1;, = 1). Regardless of the iteration type, the small-
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est decrease in @7 is shown to happen on unsuccessful iterations, thus implying that
LrenE [Lk]ljk(cbfﬂ —~ c1>£)|f£;ﬂ < —af(1—v)(1 =) (A5 Lirpy. (6.73)

(i) The iteration is f-Dominating (1p, = 1). The iteration is f-Dominating and the estimates are

good, so a decrease occurs in f according to (6.8) as follows

1%
]I{Tﬁk}]llk]le]lDfg(f(Xf(elzjl)VT) — f(Xid))
< —lrenly 1y 1p,v(y — 2)(A%)% (6.74)

Since the e-infeasible iterate is not updated, then there is a change of zero in h. The frame

size parameter is updated according to A’;“ = min{TflA’;, Omax |» thus implying that

Liram Ly 1o, (1= ) [(AF)? = (AD)°] < Tyran L1y 1p, (1 — ) (777 = 1)(A})%
(6.75)
Then, choosing v according to (6.34) ensures that (6.56) holds, which implies that the right-
hand side term of (6.74) dominates that of (6.75), thus leading to the inequality below

1
Lir<mylp 1 1p,(Pf,, — ®F) < —]1{T§k}11,k111,k]1@f§y(7 —2)(AF)%. (6.76)

(i1) The iteration is h-Dominating (1p, = 1). There is a change of zero in f since Xf’“eals is not
updated. Thus, the bound on the change in ®7 follows from multiplying both sides of (6.57)
by Lir<s1,,, and replacing @, by @} as follows

1
]]‘{Tgk}]llk]ljkl]‘ph(q)z-i-l — (I)Z) é —]I{Tgk}]l[k]ljk]lphil/(’y — 2)(AI;)2 (677)

(iii) The iteration is Improving (17 = 1). Again, there is a change of zero in f. Thus, the bound
on the change in @} easily follows from multiplying both sides of (6.58) by 1;r<x1,,, and
replacing ®;, by ®7 as follows

1
Lipamy 1, 12(0L,, — ®F) < —11{T§,€}]1,k]1,]k]12§y(7 — 2)(A’;)2, (6.78)

(iv) The iteration is Unsuccessful (1;, = 1). There is a change of zero in f and in h since no iterate
is updated, while A’; is decreased. Consequently, the bound on the change in ®7 follows from

multiplying both sides of (6.59) by 1<k 1,,, and replacing ®; by @} as follows

]l{TSk}]lIk]le]lU(q)g—l-l - (Pg) = _]l{TSk}]lfk]le]lU(l - V)(l - 72)(A];)2' (6.79)
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Then combining (6.76), (6.77), (6.78), (6.79) and using (6.60), yields

]l{TSk}]llk]le ((I)ngl - CI)%) < _]l{TSk}]lIk]le(l - V)<1 - T2)(A];)2' (6.80)

Now, notice that under Assumption 12, s1mple calculations lead to E (]l 1 | FEE ) > af3. Then,
taking expectations with respect to F¢ 4" on both sides of (6.80) and using the F<£'-measurability of
the random variables 1 7<;; and A’;, lead to (6.73).

Case 2 (Bad estimates and good bounds, 17,17 = 1). An increase in the difference of ®T may
occurs since good bounds might not provide enough decrease to cancel the increase which occurs
in f whenever Algorithm 7 wrongly accepts an iterate because of bad estimates. Specifically, the

f-Dominating case dominates the worst-case increase in the change of ®7, thus leading to
LirenE [T, 15, (Phy, — ®OIFCE] < 20(1 = B)2 (AR ey, (6.81)

(i) The iteration is f-Dominating (1p, = 1). Whenever bad estimates occur and the iteration is

f-Dominating, the change in f is bounded as follows

%
]l{Tgk}]lIk]ljk]lDf*(f(Xfe]:l Ty - f(Xf{ZZST))

< Ugrenly 1y 1p, - = [(FF — B+ | kD —

feds

‘f feas F(;CH (682)

Sﬂ{Tﬁk}ﬂIkﬂJk]lDf[ MA + Qf (Xtea) = Fe| + £ (k) Fé@M

where the last inequality in (6.82) follows from F} — Fj < —ve(AF)? which is satisfied for

every f-Dominating iteration. While the change in / is zero since XF; i

is not updated, that in
A’; follows (6.75) by replacing 1, by 1 as follows

Liramylp 1 1p, (1= v)[(AFT)? = (AR)?] < Lyray 1,15 1p, (1 — v) (772 = 1)(A])*

(6.83)
Then, (6.82), (6.83) and the inequality —y(AF)? + (1 —v) (772 — 1)(AF)? < 0 due to (6.34)
yield
Lr<m 1,1y 1p, (), — ®F)
(6.84)

< Lgranly 1, ()f (XEH) —

+|f(XE) — FE)-

(ii) The iteration is h-Dominating (1p, = 1). The bound on the change in CIDZ which can be
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obtained by replacing 1, by 1 in (6.77) is trivially bounded as follows

Lir<mln 1 1p, (DL, — ®F)

< Lgranlylydo, = ([ - Fi + £ - F]) 689)

(iii) The iteration is Improving (17 = 1). Again, the change in ®} which can be obtained by
replacing 1, by 1 in (6.78) is trivially bounded as follows

Lipapylp 15 17(D4,, — f)
< Lrenlilylo- (\f (XEH) —

+ | F(Xi) = FY]) - (6:86)

(iv) The iteration is Unsuccessful (1;; = 1). Because of the decrease of the frame size parameter

and hence that in ®7, the bound on the change in ®} is obviously as follows

Lr<m 1) 1y (®h,, — Pf)

(6.87)
< Lgranln Lzl (’f (Xfeas') — Fk‘ + ‘f feas ) F(ﬂ) :
Then, combining (6.84), (6.85), (6.86) and 1, 1; < 1, yields
Lirayln 17, (Pf, — ©F)
v
< Lren ([JRED - B+ 70 - F)) - ©88)

Since Assumption 12 holds, it follows from the conditional Cauchy-Schwarz inequality [28]
that

E (|f(xk) -~ B1FCE) < E(1Fe) " B (k) - R 1ECE)]

< g(1-B)2(AF)?, (6.89)

where (6.89) follows from (6.12) and the fact that E (1|FC}') = 1. Similarly, the following
holds
(‘ f Xk+1 Fk

feas

o) <e(1- ) AR (6.90)
Thus, taking expectations with respect to .7-" I on both sides of (6.88) and then using (6.89), (6.90)
and the ]—" I _measurability of the random Varlables 1yr<iy and A , lead to (6.81).

Case 3 (Bad bounds, 17 = 1). The difference in ®T may increase since even though good estimates

of f values occur, they might not provide enough decrease to cancel the increase in h whenever
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Algorithm 7 wrongly accepts an iterate because of bad bounds. The following will be shown
LirenE [17 (@0, — DFEE] <2 [0 - )2+ (1- 8)2] (A5 Lypay. (691

(i) The iteration is f-Dominating (1p, = 1). The change in @7 is bounded, taking into account
the possible aforementioned increase in f. Since the change in & is zero, then it is easy to
notice that the bound on the change in ®; can be derived from (6.84) by replacing 17, 1 7. by
1, as follows

Lir<mllp, (Ph,, — ®F)

(6.92)
< Lgranlylo, (\ FXERD) -

+ | F(Xha) — ) -

(i1) The iteration is h-Dominating (1p, = 1). Since the change in f is zero, the bound on the
change in ®} is obtained by multiplying both sides of (6.65) by 1 yr<) and replacing ®; by
o

Lir<iyly Ip, (Pry1 — Pr) < Typapyly, Ip,— (’h Xt -

]h H{;\).

(6.93)
(ii1) The iteration is Improving (17 = 1). The frame size parameter is updated as at ~-Dominating

1nt

iterations and the change in f is zero. Thus, the bound on the change in ®¥ follows from (6.93)

by replacing 1p, by 17 as follows

1%
Liremp Az(Pppr — Bp) < ]l{TSk}]lI_k]lI% (’h (Xt ") —

+ |h(XE) — HE|) . (6.94)

(iv) The iteration is Unsuccessful (1;; = 1). Because of the decrease of the frame size parameter

and hence that in @7, the bound on the change in ®} is obviously as follows
Lirery s Ly (Phyy — ®F)
< ]1{T<k:}ﬂz Lyv [ (\f (XE = FE| + |r(xk) - F) (6.95)

oz (PO = | [k — )

inf
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Since (6.95) dominates (6.92), (6.93) and (6.94), then combining all four cases lead to

Lir<myly (Ph, — PF)

< Lyrapy v { (’f (X ) —

+|f (X — F) (6.96)

!h Héi)]

inf

+n1€ (]h (X1 —

Now, taking expectations with respect to f,f;f on both sides of (6.96) and using (6.15), (6.89)
and (6.90) lead to (6.91). Then, by combining the main results of Case 1, Case 2 and Case 3 of
Part 2, specifically (6.73), (6.81) and (6.91), the following holds

LirenE [0f,, — OFFC] < [—aB(l —v)(1 = 72) + 20(1 — a)'/?

1o - (6.97)
v (1= B)'2] (AR T rany.
Finally, choosing « and /3 according to (6.35) ensures that
1
—af(1—v)(1 =72 +20(1 —a)? +4v(1 - B)/? < —5(15(1 —v)(1—7%), (6.98)

and (6.72) obviously follows from (6.97) and (6.98) with the same constant ) = %aﬁ (1-v)(1-72)
as Part 1, which achieves the proof. L]
Proof of Corollary 3

Proof. Only (6.37) is proved but the proof also applies for ‘Hf — h(X*+ Sk)) and |FF — f(X* 4 SF) ‘
According to Assumption 12(vi), E (’Hg — h(Xk)’ | ]-"kc_'f) < me(1—a)'/2(Ak)2, which implies that

E(|HE — h(X")|) < me(1— ) 2E [(AF)?]. (6.99)

By summing each side of (6.99) over k from 0 to N, and observing that

0<Sh :z%’H{f—h(X’“)’fio’H(’)“—h(X’“)), and 0 < S5 :_Z (Ak)2 /Z (Aky?
k=0 k=0 k=0
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then, it follows from the monotone convergence theorem [50] that

N—+oc0

E (g HE — h(Xk)D - E ( lim s]’lv) = Jim E(S}) = :;OZE (|1 — h(x®))

< me(l - &)1/2 JFXO:OE [(Ag)ﬂ = me(1l — 04)1/2 lim E (Sﬁ)

=0 N—+o00
+o0o

= me(l—a)’E (NIEEOO S]%) = me(1l — a)'?’E [Z(A’;)ﬂ
k=0

< puxme(l— a)1/2 < +00,

400

where p is the constant of (6.52). This means that » IH(’)“ — h(X k)’ < 400 almost surely, which
k=0

implies the first result of (6.37). The proof for ‘Fé“ — f(X k)) is similar by observing that (see (6.89))

E (|FF — (X5 |FET) <21 - B)V2(Ah)2

Proof of Lemma 10

Proof. The proof uses ideas derived in [15,35]. The result is proved by contradiction conditioned on
the almost sure event £y = {A’I‘j — 0}. All that follows is conditioned on the event F;. Assume that

with nonzero probability, there exists a random variable £ > 0 such that
Uh>¢' forallk € N. (6.100)

Let {2} rens {5" ren {0} }rew and € > 0 be realizations of {XF}ren, {S*}ren, {A) bren and £,
respectively for which (6.100) holds. Let Z be the same parameter of Algorithm 7 satisfying 5}’; <77%
for all £ > 0. Since 55 — 0 because of the conditioning on £, there exists ky € N such that

/
k N € 1-2
0, < A= mm{ﬂwﬁ }, for all £ > k. (6.101)
Consequently and since 7 < 1, the random variable Rj, with realizations r; := — log_ <6§> satisfies

rr < 0 for all £ > ky. The main idea of the proof is to show that such realizations occur only with
probability zero, thus leading to a contradiction. Let first show that { Ry }rcn is a submartingale. Let
k > ko be an iteration for which the events [, and J; both occur, which happens with probability of
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at least a8 > 1/2. Then, it follows from the definition of the event [, (see Definition 18) that

7=1
and  h(zf+s") > (b4 s%) > RE(af + s7) — me(6F)2 (6.103)

s

Hence, hf(wine + %) — ho(xhy) = [Pl + s%) — h(aip)] + [(ah) — he ()]
+ [hg (@i + 8%) — P(alye + 5%))
< 2me(8y)? — €0k < 2me(0h)? — me(y + 2)(65)* = —yme(0y)?
(6.104)

where the first inequality in (6.104) follows from (6.100), (6.102) and (6.103) while the last one
follows from (6.101). Consequently, the iteration % of Algorithm 7 can not be unsuccessful. Thus, the

frame size parameter is updated according to 6, = 77'4% since 6) < 7'~*. Hence, 741 = 1 + 1.

Let 717, = o(lo, I, ..., Iy_1) No(Jy, J1, ..., Jp_1). For all other outcomes of I; and .J;, which
will occur with a total probability of at most 1 — «3, the inequality 55*1 > 7(55 always holds, thus
implying that ., > r, — 1. Hence,

E (]llka(RkH - Rk)!}-,f;‘]l) = P (Ik N Jkl}",f'fl) > af
and  E (7 (Repr — Re)|Fih) > —P(LOJIFY) > af -1

Thus, E (RkH — Rk\]-',f';]l) > 2a8 — 1 > 0, implying that { Ry} is a submartingale. The remainder
of the proof is almost identical to that of the proof of the lim inf-type first-order result in [35].

Now, let construct a random walk ¥}, with realizations wy on the same probability space as Ry, which
will serve as a lower bound on Rj. Define Wy, as in (6.14) by

k
We=> (2-1,1,, —1), (6.105)
i=0
where the indicator random variables 1;, and 1, are such that 1;, = 1 if I; occurs, 1;, = 0 otherwise,
and similarly, 1 ;, = 1if J; occurs while 1 ;, = 0 otherwise. Then following the proof of Theorem 12,

it is easy to notice that {IW, } is a F/ 7, -submartingale (see also [35] for the same result), thus leading
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to the conclusion that {lim sup Wy, = +oo} almost surely. Since by construction
k—4o00

5k
Tk — Tk, = —lOg, <5k> =k — ko > w, — wg,,
then with probability one, R has to be positive infinitely often. Thus, the sequence of realizations
ri such that r, < 0 for all £ > k( occurs with probability zero. Consequently, the assumption that
Wl > & holds for all £ € N with a positive probability is false, which implies that (6.38) holds. [

Proof of Theorem 15

Proof. The theorem is proved using ideas derived in [13, 15]. Define the events E; and F; by
By ={weQ:Akw) =0} and Ep={weQ:IK(w) C Nsuch that limr(,) Vj(w) < 0}.

Then F; and FE5 are almost sure due to Corollary 2 and (6.38) respectively. Let w € E; N Es be
an arbitrary outcome and note that the event £} N Fj is also almost sure as countable intersection of
almost sure events. Then lim g (. A';(w) = 0. It follows from the compactness hypothesis of As-
sumption 11 that there exists K (w) C K’(w) for which the subsequence { X[ :(w) } ve i () converges to
a limit X, (w). Specifically, Xi,¢(w) is a refined point for the refining subsequence { X(w) } ek (w)-
Let v € TH(X,¢(w)) be a refining direction for X;,;(w). Denote by V the random vector with re-

alizations v, i.e., v = V(w), and let @yr = Xipp(w), 2y = Xfp(w), 68 = Ak(w), 6% = Ak (w),
h = ¥M(w) and K = K(w). Since v is a reﬁning direction, then there exists £ C K and polling
directions d* € DF(xf;) such that v = hem || '“|| . For each k € L, define
dk
it = 67];”dkHoo — 0, yk = fEi]qu‘F ty, <“dkH - U> — Zint,
h(y* + tpv) — h(zk h(zk:) — h(y*
ay = (y + kqt)) (‘Tmf> and bk’ — (‘Tmt)t (y )7
k k

where the fact that ¢, — 0 follows from Definition 15, specifically the inequality 5andk < okb.
Since h is A"—locally Lipschitz, then

dk:

)\h k k
ag| < —||(¥" +tev) — iy naxn_

k k
Lint — Y HOO

)\h
= A" and |bk|§—‘
k
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which shows that Lemma 11 applies for both subsequences {ag }res and {by }res. Moreover, com-
bining the inequality lim, ¥} < 0 and Assumption 15 (the fact that (51’;”6[’““ > dpin > 0), yields

: 77/}1? : h(xﬁ’lf émdk) h(xﬁlf) -1 71z h
> — N >

Thus, by adding and subtracting h(xF ) to the numerator of the definition of the Clarke derivative, and

using the fact that 2 . + 6% d* € X for sufficiently large k& € L since v is a hypertangent direction,

h(yk + tv) — h(xi’;f) + h(xiknf) - h(yk)

he(Zing;v) > limsup = lim sup(ay, + by)

keL 2% kel
h(xk .+ 6% d*) — h(xF
= limsup a; + lim b = lim sup (Ting + 0 T") (%inr) >0,
kel kel kel 173

where the last inequality follows from (6.106). Now, notice that it has been showed that every out-
come w arbitrarily chosen in F; N Es, belongs to the event

By = {w e Q:3K(w) C Nand Iype(w) = lim XF

keK (w) 1nf(w)7Xinf(w) € X, such that

A

YV (w) € TH (Xine(w)), h°(Kins(@); V(w)) = 0},

thus implying that F; N Ey C FEs. Then the proof is complete by noticing that P (E; N Ey) = 1. [

Proof of Lemma 12

Proof. The proof is almost identical to those of Lemma 10 and a similar result in [15]. Hence, full
details are not provided here again. Unless otherwise stated, all the sequences, events and constants
considered are defined as in the proof of Lemma 10. The result is proved by contradiction and all
that follows is conditioned on the almost sure event £, N {1" < +o0o}. Assume that with nonzero

probability there exists a random variable £” > 0 such that
olt > ¢&" forall k > 0. (6.107)

Let {25! ken> {5"}ren {0) }ren and € > 0 be realizations of { X[/ bren, {S*bren, {Af} ren

feas

and £”, respectively for which (6.107) holds. Let ky € N* be such that

1 _
8% < X:=min {5(7:2)’71_2} for all k& > k. (6.108)
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The key element of the proof is to show that an iteration k > ko := max{kq, ¢} for which the events

I and Jj, both occur can not be unsuccessful, thus leading to the fact that { R;.} is a submartingale.

It follows from (6.107) and (6.108) that

fzk 4 s%) — flak ) < —6"5}’; < —(v+ 2)&((5}’;)2, for all & > k.

Since Jk occurs, ff(‘rllfeas + Sk) - fég(xégeas) = [f(x?eas + Sk) - f(‘rllfeasﬂ + [f(‘rllfeas> - féf(xfeas)]
+ [fsk(xllfeas + Sk) - f(xﬁeas + Sk)]
< —(7+2)e(08)” + 26(6%)* = —ye(55)?,

which implies that the iteration k£ > ky of Algorithm 7 can not be unsuccessful. O]

Proof of Theorem 16

Proof. The proof results from Corollary 3 by observing that for all outcome w in the almost sure event

E, = {w €N:VK(w) C N,klim ‘H(])“(XkVT)(w) — h(XkVT(w))‘ = O} N{T < 400},

€K (w) feas feas

: k(s kvT _ kvT — kvT — X —
Jim HE G @) = A @)] = Jim AT (@) = h(Kas() = 0,

where the penultimate equality follows from the continuity of A in X. This means that

P (h(Xews) = 0) = P (Xeas € D) = 1.

Proof of Theorem 17

Proof. First, notice that the fact that P (Xfeas € D) = 1 follows from Theorem 16. Then the proof
easily follows from that of Theorem 15, by replacing h by f, Zi,r = Xinf(W) by Tpeas = Xieas (w),
ke = Xfi(w) by afy! = XET (W), ¢ = Wh(w) by ¢ = U7 (w) with t = T(w) and T () by
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TH(.), for w fixed and arbitrarily chosen in the almost sure event £y N E5 N {T < 400}, where

Es = {w € Q: 3K (w) C N such that Xpepe(w) = lim XET (), Xieas(w) € D,

(6.109)

lim Wl7(w) < lim HY(XE ) (w) =07
kellg(lw) A (W)_O and kzellg(lw) 0( feas )(w) 0
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CHAPITRE 7 DISCUSSION GENERALE

7.1 Synthese des travaux

Les contributions de cette these sont multiples. Elles étendent plusieurs résultats existants du contexte
de la BBO déterministe au cadre stochastique via des analyses de convergence ou de complexité
d’algorithmes originaux de recherche directe de type directionnel destinés aussi bien a I’optimisation
stochastique sans contrainte qu’a celle sous contraintes bruitées de boites noires. Il est d’ailleurs tres
utile de souligner que les divers résultats principaux issus de ces analyses susmentionnées, sont au

meilleur de nos connaissances les toutes premieres en BBO stochastique.

Dans le Chapitre 4, I’algorithme StoMADS a été introduit pour 1’ optimisation stochastique de boites
noires bruitées sans contraintes. Il n’utilise ni modele, ni information de gradient pour trouver des
directions de descente. En redéfinissant de nouveaux types d’itérations au moyen d’une condition
de décroissance suffisante sur des estimés, StoMADS a su faire le lien entre cette décroissance et
celle de I’objectif inconnu, démontrant ainsi son efficacité vis-a-vis de Robust-MADS. Notons en
effet que méme si ce dernier dispose d’une propriété de convergence d’ordre zéro, son mécanisme de
mise a jour des itérés au moyen d’une version lisse de 1’objectif inconnu ne montre pas clairement si
une amélioration dans cette version lisse résulterait en une décroissance dans 1’objectif inconnu. La
convergence de StoMADS a été étudiée sous certaines hypotheses incluant le fait que les estimés sont
précis avec une probabilité suffisamment grande mais fixe. Une preuve d’existence plus générale de
soi-disant sous-suites raffinantes d’itérés de la méthode, qui ne sont pas nécessairement des optima
locaux de treillis, a notamment favorisé le résultat principal d’optimalité obtenu. Il importe enfin de
préciser que ces derniers résultats découlent de la convergence de toute la suite de parametres de

treillis vers zéro; un résultat plus fort que celui de MADS au sens de la lim inf.

Les méthodes de recherche directe de type directionnel sont déja dotées d’une analyse de taux de
convergence dans le cas déterministe. Malheureusement, la question n’avait auparavant pas été abor-
dée dans le cas stochastique. Ainsi, en introduisant au Chapitre 5 la large classe de méthodes SDDS
généralisant le cadre algorithmique de StoMADS, une analyse de complexité a ensuite été effectuée,
faisant usage d’un cadre existant de surmartingales. Cette analyse a révélé que les méthodes SDDS,
quoique n’utilisant aucune information de gradient durant 1’optimisation, ont toutefois un taux de
convergence similaire a celui de toutes les méthodes d’optimisation non convexe du premier ordre.
En particulier, le résultat principal obtenu est une extension au cadre stochastique de celui déja exis-
tant dans le contexte déterministe pour les méthodes de recherche directe de type directionnel qui

acceptent de nouveaux itérés en imposant une condition de décroissance suffisante.
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Le Chapitre 6 étend au cadre stochastique 1’algorithme MADS-PB d’optimisation de boites noires
sous contraintes générales concu pour le contexte déterministe, en introduisant StoMADS-PB. La
fonction objectif qu’est supposé optimiser ce dernier ainsi que les contraintes n’étant accessibles
que via une boite noire corrompue d’un bruit aléatoire, StoMADS-PB utilise également des estimés
sur lesquels sont imposées des conditions de décroissance suffisante. Il n’utilise donc ni modele, ni
information de gradient pour trouver des directions de descente. L’introduction de la notion de proba-
bilistically reliable bounds déduite de celle d’existants soi-disant probabilistically accurate estimates,
a notamment favorisé I’amélioration de la réalisabilité des itérés, gérée via la fonction de violation des
contraintes. Une analyse de la méthode a permis d’étendre les résultats de convergence de MADS-
PB au cadre stochastique, faisant usage du calcul non lisse de Clarke et de la théorie des processus

stochastiques.

7.2 Limitations de la solution proposée

Toutes les méthodes proposées dans cette these sont souvent qualifiées d’inexactes en ce sens qu’elles
utilisent des estimés plutot que les vraies valeurs des fonctions qui sont impossibles d’acces. Ainsi,
méme si les résultats issus des analyses numériques ont la particularité d’€tre intéressants malgré la
médiocre qualité des estimés utilisés, il découle toutefois des analyses théoriques qu’il est nécessaire
d’avoir des estimés suffisamment précis pour espérer des résultats de tres grande qualité. Plus précisé-
ment, I’obtention d’un estimé tres précis nécessite un treés grand nombre d’évaluations. Or la plupart
des boites noires souvent rencontrées en ingénierie ayant la réputation d’étre tres coliteuses en terme
de temps par évaluation, les méthodes proposées peuvent donc parfois s’avérer peu efficaces pour

I’obtention de solutions d’une grande précision.

Par ailleurs, telles que présentés sans étape de SEARCH, les algorithmes proposés peuvent €tre peu
performants devant des problemes de treés grande taille, ou simplement converger vers des minima
locaux méme pour des problemes de taille relativement petite. Enfin, il faut noter que méme dans
les situations ou la fonction objectif est différentiable, il n’est pas possible de détecter le nombre
d’itérations au bout duquel le gradient de ce dernier est réduit en dessous d’un seuil donné. En d’autres
termes, les méthodes ne disposent d’aucun critere d’arrét sophistiqué comme c’est d’ailleurs le cas

pour la majorité des algorithmes d’optimisation stochastique sans dérivées.
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CHAPITRE 8 CONCLUSION ET RECOMMANDATIONS

Cette these propose de nouvelles méthodes de recherche directe pour I’optimisation stochastique de
boites noires. Elle a la particularité d’aborder pour une premiere fois en BBO au meilleur de nos
connaissances, les questions d’analyse de taux de convergence de ces méthodes lorsqu’elles sont de
type directionnel, et de s’intéresser a leur analyse de convergence en présence de contraintes géné-
rales également bruitées aléatoirement. En plus des résultats théoriques obtenus, des études numé-
riques portant sur des probleémes tirés de la littérature ont révélé ces méthodes prometteuses pour la

résolution de problemes concrets.

Toutefois, a la lumiere des limitations énumérées au Chapitre 7, les améliorations ci-apres pourraient

s’avérer intéressantes :

1. Proposer aux divers algorithmes une étape de SEARCH utilisant par exemple des modeles
aléatoires précis (les soi-disant probabilistically accurate models existant dans la littérature)
dont la probabilité de précision est controlable, dans le but d’éviter le maximum possible des
convergences prématurés vers des minima locaux. Etendre au cadre stochastique la technique
du NM-Search qui existe en contexte déterministe dans le logiciel NOMAD de BBO.

2. Utiliser une technique de décomposition parallele de 1’espace de recherche afin d’explorer de
maniere plus efficace I’espace des solutions, et ainsi éviter non seulement certaines évalua-
tions inutiles de la boite noire, mais aussi afin de pouvoir gérer des problemes de tres grande

dimension.

3. Utiliser une base positive minimale pour la génération de points tests durant I’étape de POLL

afin d’avoir moins de points a visiter.

4. Envisager 'utilisation d’autres stratégies d’ordonnancement plus sophistiquées que 1I’oppor-

tunisme durant I’étape de POLL.
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