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ABSTRACT

A transient multipole method for short-term simulations of ground heat exchang-
ers (GHEs) is presented. The two-dimensional unsteady heat equation over a GHE
cross-section is separated into two problems: (i) a transient heat equation with ho-
mogeneous boundary conditions, and (ii) a steady-state heat equation with non-
homogeneous boundary conditions. An eigenfunction expansion is proposed for the
solution of the transient heat equation, where the treatment of boundary conditions
is considered by a multipole expansion of the eigenfunctions. A singular value de-
composition is applied to extract the eigenvalues of the problem. The solution of the
steady-state heat equation is obtained from a multipole expansion. The proposed
method is validated against reference results for the evaluation of the eigenvalues and
for the steady-state temperature field. The complete transient solution is validated
against finite element analysis simulations. The proposed method is meshless, and
its accuracy is only dependent on the evaluation of eigenvalues and on the number
of terms in each of the multipole expansions.

1. Introduction

Ground-coupled heat pump (GCHP) systems consist in one or multiple heat pumps
that supply heating and cooling to a building by extracting or rejecting heat to one
or multiple boreholes, i.e. the bore field or ground heat exchanger (GHE). A GHE
is composed of a drilled hole into which one or several U-tubes are inserted (or al-
ternatively, coaxial pipes) to circulate the heat carrier fluid, and then backfilled with
grouting material. The design of GCHP systems aims at evaluating the required GHE
length to maintain the temperature of the secondary fluid circulating in the GHE
within an acceptable range to ensure safe and efficient operation of the system. The
fluid and ground temperatures evolve during the operation of the system following
the extraction and rejection of heat to the ground through the GHE. The short-term
response of the GHE at time-scales of minutes to a few hours, corresponding to the
time-scales of on/off and daily operation of the system, has been shown to have a
significant impact on the required GHE length and on the energy use of the GCHP
(Bernier & Shirazi, 2013). The short-term response of the GHE is driven by the transit
of the fluid through the U-tube and the thermal capacity of borehole materials (i.e.
the fluid, pipe and grout), and thus their inclusion into simulation models is required
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for accurate temperature predictions at short time-scales.
The classical approach to the heat transfer modelling of the interior of a borehole

is through the thermal resistance analogy, where thermal interaction between pairs of
pipes and between individual pipes and the ground are represented by a network of
thermal resistances. The multipole method, introduced by Bennet et al. (1987) and
further developed by Claesson & Bennet (1987) and Claesson & Hellström (2011),
provides an analytical solution to the two-dimensional steady-state heat conduction
in a borehole cross-section and enables the evaluation of the thermal resistances of a
borehole. The multipole method consists in the construction of the exact solution to the
heat equation by superimposing solutions translated at each pole (i.e. at each pipe) to
apply the boundary conditions of the heat transfer problem. While analytical steady-
state methods, such as the multipole method, provide exact solutions to the heat
transfer inside the borehole, they are not able to accurately simulate the short-term
response of the borehole, before quasi-steady-state conditions (or constant heat-flux
conditions) are attained within the borehole.

Authors have proposed solutions to the transient heat transfer in a GHE by intro-
ducing the equivalent pipe assumption, which consists in representing all pipes by a
single equivalent pipe with appropriately chosen dimensions and thermal properties
to create a one-dimensional geometry with similar thermal characteristics to the real
two-dimensional geometry. The simplified one-dimensional geometry has facilitated
the development of analytical and numerical solutions to the transient heat transfer of
GHEs. Bose et al. (1985) applied a conformal mapping technique to obtain an equiva-
lent pipe model of a borehole. The method was used by Gu & O’Neal (1998) to solve
the steady-state heat conduction equation and calculate fluid temperatures under the
assumption of constant thermal conductivity coefficients. Shonder & Beck (1999) ap-
plied a finite difference scheme to solve the transient heat transfer in the equivalent
geometry. The authors used their numerical model to analyze field monitored data and
estimate the thermal properties of the GHE and the soil using a parameter estimation
technique. Young (2004) adapted the Buried Electrical Cable solution of Carslaw &
Jaeger (1959) to the simulation of boreholes, with the thermal capacitances of the
grout and the fluid inside the equivalent pipes allocated to the sheat and core regions
of the buried electric cable, respectively. Lamarche & Beauchamp (2007) developed
an analytical solution to the transient heat transfer in the equivalent geometry with
an imposed heat flux at the equivalent pipe. Bandyopadhyay et al. (2008) proposed
an analytical solution in the Laplace domain where the thermal capacity of the fluid
is introduced as a virtual solid with a lumped capacitance. In their work, Laplace do-
main solutions were obtained for the equivalent pipe GHE. A time domain solution is
then obtained by means of the Gaver–Stehfest algorithm for inversion of the Laplace
domain solution (Stehfest, 1970). Time-domain solutions were later proposed by Javed
& Claesson (2011) and by Lamarche (2015). The dimensions and thermal character-
istics of the single equivalent pipe geometry are chosen to preserve the total thermal
resistance and the total lumped capacitance of the GHE. The short-term response of
the GHE is thus only approximated due to the centrally located pipe which does not
present the same distribution of heat transfer than multiple off-centered pipes.

Transient heat transfer in geothermal boreholes with a simplified equivalent pipe
geometry was also solved numerically. Xu & Spitler (2006) developed a finite volume
model of a GHE, where the thermal capacity of the fluid is included in an annular re-
gion within the pipe in the equivalent geometry. Brussieux & Bernier (2019) presented
a hybrid variant of this approach, modelling the ground as a semi-infinite media using
the Cylindrical Heat Source (CHS) solution of Carslaw & Jaeger (1959). The authors
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introduced dimensionless parameters to define universal short time-step g∗-functions
which take into account the short-time behavior of GHEs. Short time-step g-functions
were introduced by Yavuzturk (1999) who proposed a two-dimensional finite volume
method in cylindrical coordinates to evaluate the thermal response of GHEs, taking
into account the effects of the thermal capacities of the grout and pipe materials. Short
time-step g-functions (and g∗-functions) provide an extension of Eskilson’s g-functions
(Eskilson, 1987) to short time-step simulations and enable the design of GHEs with
attention to short-time effects.

Li & Lai (2013) proposed to model the short-term response of a GHE using the
infinite composite-medium line source (ICMLS) analytical solution, in which each
pipe is represented as a line source in the grout of the GHE. The model accounts
for the split of heat transfer rate between the pipes, since each pipe is modelled and
may have different external wall temperatures. The model was validated by Yang &
Li (2014) using a finite volume method (FVM). The limitation of this method is that
the pipes are simplified as lines (rather than cylinders), and thus the distribution of
temperatures and heat transfer rate on the perimeter of the pipes is not taken into
account.

Another class of simulation models aimed at the simulation of the short-time re-
sponse of GHEs is composed of so-called thermal resistance and capacitance (TRC)
models. Rather than attempting to solve the transient heat equation, this class of mod-
els introduces thermal capacitance nodes to the network of thermal resistances inferred
from the multipole method or its approximations. Zarella et al. (2011) extended the
capacity resistance model (CaRM) of De Carli et al. (2010) to introduce thermal ca-
pacity nodes at the core and at the sheat of the borehole. Bauer et al. (2011a,b)
developed a TRC model where thermal capacity nodes are introduced to represent
the thermal capacity of half the GHE (for a single U-tube borehole). Pasquier & Mar-
cotte (2012) proposed an extension of the TRC model where each of the fluid, pipe
and grout are represented as a series of thermal resistances and capacitances. The
distribution of fluid temperatures along the GHE can then be obtained by coupling a
series of TRC models each representing a segment of the GHE (Pasquier & Marcotte,
2014). Minaei & Maerefat (2017) observed that negative values of thermal resistances
can be obtained in TRC models. While negative values have no effect on the accu-
racy of steady-state temperatures, they can cause a non-physical thermal response at
short-time scales. The authors proposed a modified thermal resistance network to elim-
inate the negative thermal resistances. Like equivalent pipe geometries, TRC models
preserve the total thermal resistance and the total lumped capacitance of the GHE.
Thermal capacitances are split into core and exterior zones of the GHE, and thus the
short-term response is expected to be more accurate but is still an estimate of the
exact short-term response. The distribution of thermal capacitance nodes are based
on arbitrary geometrical divisions of the GHE cross-sectional area and none of the
surveyed methods are applicable to non-symmetric pipe configurations.

As per the surveyed literature, current analytical methods to solve the transient
heat conduction equation in a cross-section of a GHE are limited to simplified one-
dimensional geometries in cylindrical coordinates. The short-term response of the real
geometry requires the solution of a partial differential equation (i.e. the heat equa-
tion) in a multiply-connected two-dimensional domain (i.e. a domain with multiple
boundaries). Solutions to this type of problem have been obtained in other fields of
application of heat transfer analysis. Commonly applied techniques are finite inte-
gral transforms (often applied to single layer materials), Green functions, orthogonal
expansions, and Laplace transforms (Carslaw & Jaeger, 1959). In Cartesian coordi-
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nates, examples of applications of these techniques are Salt (1983) and Mikhailov &
Özisik (1986) (orthogonal expansion technique in slabs) as well as Haji-Sheikh & Beck
(2002) (Green function). In cylindrical coordinates, example works are Abdul Azeez
& Vakakis (2000) (integral transform) and Milošević & Raynaud (2004) (orthogonal
expansion in cylinders).

Numerical methods, such as finite difference, finite volume, finite element and
boundary element methods, are often used to solve partial differential equations in
multiple dimensions. The accuracy of these methods strongly depends on the quality
of the mesh, and the generation of the mesh is complicated in cases where the geometry
of the problem is highly variable —for instance, the number and position of pipes in a
GHE. These methods also become time-intensive when applied to higher dimensions.
There has been a growing interest in meshless methods over the past decade for heat
transfer applications (Nguyen et al., 2008). A popular class of meshless methods are
Trefftz methods (Trefftz, 1926), which consist in approximating a regular solution to
a partial differential equation problem in variational form. This technique is extended
to use analytical solutions of the governing equations (e.g. Fourier-Bessel series) (Kita
& Kamiya, 1995). These methods are meshless. They can thus be implemented with-
out the complexity of domain meshing and only require matching the boundaries over
specific portions in a domain.

This paper presents a new method to solve the transient heat conduction problem
in R

2 for a circular multiply-connected domain representing a cross-section of a GHE
with multiple pipes. The separation of variables is applied to separate the problem
into two equations, a Helmholtz partial differential equation for space and an ordinary
differential equation for time. The complete solution is obtained by the superposition
of a solution of the steady-state problem with inhomogeneous boundary conditions and
a solution of a transient problem with homogeneous boundary conditions (i.e. a Sturm-
Liouville problem). The transient problem is solved by applying a multipole expansion
technique (Wu & Kishk, 2008; Závǐska, 1913), using an eigenfunction expansion of
the solution. The solution considers constant fluid temperatures within each pipe. A
scheme to update the coefficients of the multipole expansion is proposed to consider
time-dependent fluid temperatures. The proposed method is validated by comparison
with the results of Chen et al. (2001, 2004) for the evaluation of the eigenvalues of
the expansion, with the results of Claesson & Hellström (2011) for the solution of
the steady-state problem, and to finite element analysis (FEA) simulations for the
complete transient solution.

2. Mathematical Model

A mathematical model for 2D transient heat conduction in geothermal boreholes is
presented. The model assumes homogeneous, isotropic and constant physical prop-
erties for the grout and the ground, with uniform temperature at time t = 0. The
thermal capacity of the fluid flowing through the pipes and that of the pipe material
are neglected. Axial heat transfer, through advection of the fluid flowing through the
pipes and conduction in the vertical direction, is neglected and thus only pure con-
duction on the horizontal plane in the grout and ground is considered. The fluid to
outer pipe wall thermal resistances, combining the film thermal resistances and the
conduction thermal resistance through the pipe walls, is constant for each pipe.

Figure 1 shows the horizontal cross-section of a geothermal borehole with N = 2
pipes (i.e. a single U-tube) as well as the computational domain of the mathematical

4



O0

R0

Ω1∂Ωi

∂Ωj

Re

∂Ω0

Ω2

∂Ωe

Ri

Oi

Rj

Oj

y

x

Grout

Borehole Wall

Ground

Pipe i

Figure 1. Ground heat exchanger domain geometry

model. The borehole, centered at O0, has a radius R0 and each pipe i, centered at Oi,
has an external radiusRi. The computational domain Ω(= Ω1∪Ω2) comprises the grout
sub-domain Ω1 and the ground sub-domain Ω2, with ∂Ω0 the interface between the
grout and the ground (i.e. the borehole wall). The interior boundaries ∂Ωi correspond
with the external wall of each pipe i. The domain extends to a radial distance Re from
the borehole center, corresponding with the external boundary ∂Ωe. Re is considered
infinite, and thus the ground domain Ω2 is unbounded. A point x = (ρ, φ) in cylindrical
coordinates could be centered at any pole Ok, with xk = (ρk, φk), as shown on Figure 2.
Throughout the paper, the non-index coordinates x = (ρ, φ) are used when it is not
needed to express the coordinates at any particular pole.

The governing equation for heat transfer for calculating the temperature Ti =
Ti(x, t) is given by the transient heat conduction equation:

1

αi

∂Ti
∂t

= ∇2Ti in Ωi, i = 1, 2 (1)

where T1 is the temperature in the grout domain Ω1, T2 is the temperature in the
ground domain Ω2, and αi is the thermal diffusivity at each domain Ωi.

The fluid temperature Tfk at each pipe k is prescribed. As such, the boundary
condition at the external wall of each pipe is:

− βkRk

∂T1
∂ρk

∣

∣

∣

∣

Rk

+ T1 = Tfk on ∂Ωk, k = 1, . . . , N (2)
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Figure 2. Translation of coordinates

where βk = 2πkbEk is the dimensionless fluid to outer pipe wall thermal resistance
of pipe k; with kb the grout thermal conductivity and Ek the fluid to outer pipe wall
thermal resistance of pipe k.

Continuity is imposed at the borehole wall (∂Ω0):

−kb
∂T1
∂ρ0

∣

∣

∣

∣

R0

= −ks
∂T2
∂ρ0

∣

∣

∣

∣

R0

on ∂Ω0 (3)

and

T1|R0
= T2|R0

on ∂Ω0 (4)

where ks is the thermal conductivity of the ground.
The temperature at the exterior domain boundary ∂Ωe (at Re → ∞) is equal to

the undisturbed ground temperature:

T2(Re, φ, t)|Re→∞= T 0 on ∂Ωe (5)

At time t = 0, the initial grout and ground temperature are uniform and equal to
the undisturbed ground temperature:

Ti(ρ, φ, 0) = T 0 in Ωi, i = 1, 2 (6)

The set of boundary conditions (Eqs. 2-6) is non-homogeneous. To obtain a solution
to the temperature, the problem (Eq. 1) is separated into a transient problem with
homogeneous boundary conditions (i.e. a Sturm-Liouville problem) and a steady-state
problem with non-homogeneous boundary conditions. The complete solution becomes
Ti = Tih + Tiss , where Tih = Tih(ρ, φ, t) is the solution to the homogeneous transient
boundary conditions and Tiss = Tiss(ρ, φ) is the steady state solution of Eq. 1.

The governing equation as well as boundary and initial conditions of the transient
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problem with homogeneous boundary conditions are given by:

1

αi

∂Tih
∂t

= ∇2Tih in Ωi, i = 1, 2 (7a)

− βkRk

∂T1h

∂ρk

∣

∣

∣

∣

Rk

+ T1h
= 0 on ∂Ωk, k = 1, . . . , N (7b)

−kb
∂T1h

∂ρ0

∣

∣

∣

∣

R0

= −ks
∂T2h

∂ρ0

∣

∣

∣

∣

R0

on ∂Ω0 (7c)

T1h
|R0

= T2h
|R0

on ∂Ω0 (7d)

T2h
(Re, φ, t)|Re→∞= 0 on ∂Ωe (7e)

Tih(ρ, φ, 0) = T 0 − Tiss in Ωi, i = 1, 2 (7f)

The governing equation as well as boundary and initial conditions of the steady-state
problem with non-homogeneous boundary conditions are given by:

∇2Tiss = 0 in Ωi, i = 1, 2 (8a)

− βkRk

∂T1ss

∂ρk

∣

∣

∣

∣

Rk

+ T1ss
= Tfk on ∂Ωk, k = 1, . . . , N (8b)

−kb
∂T1ss

∂ρ0

∣

∣

∣

∣

R0

= −ks
∂T2ss

∂ρ0

∣

∣

∣

∣

R0

on ∂Ω0 (8c)

T1ss
|R0

= T2ss
|R0

on ∂Ω0 (8d)

T2ss
(Re, φ)|Re→∞= T 0 on ∂Ωe (8e)

The solutions to both problems are presented in the next sections. Note that even
though the solution to the transient problem (Eq. 7) is presented first, its initial
condition (Eq. 7f) is dependent upon the solution to the steady state problem (Eq. 8).

2.1. Transient Heat Equation with Homogeneous Boundary Conditions

The transient problem with homogeneous boundary conditions (Eq. 7) is solved by
means of spatial-time decomposition using separation of variables. Assuming the so-
lution is Tih = Xi(ρ, φ)τi(t), then the problem becomes:

∇2Xi

Xi
=

τ̇i
αiτi

= −λ2i (9)

where λ is the eigenvalue associated with the homogeneous boundary problem partial
differential equation (PDE). Note that λ > 0 and that λ is not unique (Abdul Azeez
& Vakakis, 2000; Mikhailov & Özisik, 1986).

The solution for τi is straightforward:

τi(t) = e−λ2
iαit (10)

The problem for Xi defined in Eq. 9 takes the form of the Helmholtz equation.
The Helmholtz equation is encountered in many fields, for example in the study of
wave propagation in continuous media (Linton & Evans, 1990), scattering with non-
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obstacles (Martin, 2006), or electrical propagation in integrated circuits (Wu & Kishk,
2008). The complete Helmholtz homogeneous boundary problem is well defined and
has a unique solution.

The governing equation as well as boundary conditions for Xi are given by:

∇2Xi + λ2iXi = 0 in Ωi, i = 1, 2 (11a)

− βkRk

∂X1

∂ρk

∣

∣

∣

∣

Rk

+X1 = 0 on ∂Ωk, k = 1, . . . , N (11b)

−kb
∂X1

∂ρ0

∣

∣

∣

∣

R0

= −ks
∂X2

∂ρ0

∣

∣

∣

∣

R0

on ∂Ω0 (11c)

X1|R0
= X2|R0

on ∂Ω0 (11d)

X2(Re, φ)|Re→∞= 0 on ∂Ωe (11e)

The continuity condition (Eqs. 11c-11d) results in the eigenvalue connection between

the grout and ground domains (Ω1 and Ω2), with λ2 = λ1
√

α1/α2 (Salt, 1983; Tittle,
1965). Eq. 11 was solved to obtain its solution at any point x = (ρ, φ) in Ω by Chen et
al. (2005, 2010) in the context of acoustic analysis of multiply-connected membranes.
Here, the solution is presented for transient homogeneous heat transfer with mixed
boundary conditions.

A complete eigenfunction expansion for the solution in a circular multiply-connected
domain Ω is proposed as follows:

Xi(ρ, φ) =

M
∑

m=−M

γmψ(ρ, φ) (12)

where ψ(x) is the Trefftz basis at pole O and γm are the coefficient matching the
boundaries. The number of terms in the expansion is formally infinite, but is reduced
to 2M + 1 to obtain a finite sum.

For the circular multiply-connected domain Ω, the following Trefftz basis for a point
xp = (ρp, φp) related to a pole Op, is defined for a circular boundary ∂Ωp with radius
Rp (Figure 2):

ψ(ρp, φp) =

{

Jm(λρp)e
imφp if ρp < Rp

H
(1)
m (λρp)e

imφp if ρp > Rp

(13)

where J and H(1) are the Bessel and Hankel functions of the first kind, respectively.
To obtain the solution of Eq. 11 for any N number of pipes, ψ needs to be expressed

at any pole Oj in the domain Ω1. For the translation of coordinates shown in Figure 2,
the Graf-Gegenbauer addition theorem (Graf, 1893) yields:

Jm(λρp)e
imφp =

∞
∑

n=−∞

Jm−n(λlpq)e
i(m−n)θpqJn(λρq)e

inφq (14a)

H(1)
m (λρp)e

imφp =

{

∑∞
n=−∞ Jm−n(λlpq)e

i(m−n)θpqH
(1)
n (λρq)e

inφq if lpq < ρq
∑∞

n=−∞H
(1)
m−n(λlpq)e

i(m−n)θpqJn(λρq)e
inφq if lpq > ρq

(14b)
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Superimposing the contributions of all poles (Oj) and considering only 2M+1 terms
in Eq. 14, Eq. 13 in Ω1 becomes:

X1(x) =

M
∑

m=−M

γ0mJm(λ1ρ0)e
imφ0 +

N
∑

j=1

M
∑

m=−M

γjmH
(1)
m (λ1ρj)e

imφj (15)

The solution in Ω2 follows the same procedure but with only 1 internal pipe at ∂Ω0:

X2(x) =

M
∑

m=−M

δ0mH
(1)
m (λ2ρ0)e

imφ0 (16)

As Ω2 is unbounded, Eq. 16 vanishes if Re → ∞, as shown by the asymptotic expan-
sion expressed in Abramowitz & Stegun (1972). Eq. 11e is thus satisfied. Therefore,
the Trefftz basis for Ω2 defined in Eq. 13 is considered exterior domain and thus only
the Hankel function is required.

The boundary conditions in Eq. 11 require the evaluation of X1 and X2 and their
derivatives at all boundaries (∂Ωj) in Ω1 and Ω2, respectively. At the borehole wall
(∂Ω0):

X1(R0, φ0) =

M
∑

m=−M

γ0mJm(λ1R0)e
imφ0

+

N
∑

j=1

M
∑

m=−M

γjm

M
∑

n=−M

Jm−n(λ1lj0)e
i(m−n)θj0H(1)

n (λ1R0)e
inφ0

(17a)

X2(R0, φ0)=

M
∑

m=−M

δ0mH
(1)
m (λ2R0)e

imφ0 (17b)

∂X1

∂ρ0

∣

∣

∣

∣

R0

= λ1

M
∑

m=−M

γ0mJ
′
m(λ1R0)e

imφ0

+ λ1

N
∑

j=1

M
∑

m=−M

γjm

M
∑

n=−M

Jm−n(λ1lj0)e
i(m−n)θj0H ′(1)

n (λ1 R0)e
inφ0

(17c)

∂X2

∂ρ0

∣

∣

∣

∣

R0

= λ2

M
∑

m=−M

δ0mH
′(1)
m (λ2R0)e

imφ0 (17d)
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At the external wall of each pipe (∂Ωl):

X1(Rl, φl) =

M
∑

m=−M

γ0m

M
∑

n=−M

Jm−n(λ1l0l)e
i(m−n)θ0lJn(λ1Rl)e

inφl

+

M
∑

m=−M

γlmH
(1)
m (λ1Rl)e

imφl

+

N
∑

j=1,j 6=l

M
∑

m=−M

γjm

M
∑

n=−M

gmn

(18a)

∂X1

∂ρl

∣

∣

∣

∣

Rl

= λ1

M
∑

m=−M

γ0m

M
∑

n=−M

Jm−n(λ1l0l)e
i(m−n)θ0lJ ′

n(λ1Rl)e
inφl

+ λ1

M
∑

m=−M

γlmH
′(1)
m (λ1Rl)e

imφl

+ λ1

N
∑

j=1,j 6=l

M
∑

m=−M

γjm

M
∑

n=−M

g′mn

(18b)

where

gmn =

{

Jm−n(λ1ljl)e
i(m−n)θjlH

(1)
n (λ1Rl)e

inφl if ljl < Rl

H
(1)
m−n(λ1ljl)e

i(m−n)θjlJn(λ1Rl)e
inφl if ljl > Rl

(19a)

g′mn =

{

Jm−n(λ1ljl)e
i(m−n)θjlH

′(1)
n (λ1Rl)e

inφl if ljl < Rl

H
(1)
m−n(λ1ljl)e

i(m−n)θjlJ ′
n(λ1Rl)e

inφl if ljl > Rl

(19b)

The substitution of Eqs. 17-19 into 11 yields a linear system Φγ = 0, where the
square matrix Φ is a function of λ. Singular Value Decomposition (SVD) is used in
order to extract the value λ of the square matrix Φ by collecting the minimum singular
value of the decomposition and finding the drop of this singular value. The multiplicity
of λ is obtained, seeking how many singular values are equal to the minimum. The
dimension of the matrix is dimΦ = [(2M+1)(N+2)×(2M+1)(N+2)]. The solution
γ is obtained at each eigenvalue λ by multiplying the eigenvector associated and Φ.

Recalling Eq. 7, the homogeneous solution is then calculated as a Fourier-Bessel
expansion:

Tih(ρ, φ, t) =

∞
∑

j=1

CjXi(ρ, φ;λ
j
i )e

−(λj

i )
2αit (20)

whereXi is a quasi-orthogonal eigenfunction (Tittle, 1965) and λji is the j-th eigenvalue
for the expansion in Ωi.

The calculation of coefficients Cj requires imposing the initial condition and apply-
ing orthogonal conditions:

Cj =
kb

α1

∫

Ω1
(T 0 − T1ss

)X̄1dΩ1 +
ks

α2

∫

Ω2
(T 0 − T2ss

)X̄2dΩ2

kb

α1

∫

Ω1
X1X̄1dΩ1 +

ks

α2

∫

Ω2
X2X̄2dΩ2

(21)
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where X̄i is the conjugate of Xi. It is important to point out that γ, δ and Cj are
complex-valued, and thus Eq. 20 implies that only the real part of the temperature is
considered. However, as long as Eq. 7 has real-valued initial and boundary conditions,
the solution will have real temperature values.

2.2. Steady-State Heat Equation with Nonhomogeneous Boundary

Conditions

A T-complete basis is required to obtain the solution to Eq. 8. Such a basis was
proposed by Liu (2008) for the Laplace equation in a doubly-connected domain. In
the present case, for N + 1 poles, the temperature in Ω1 is given by:

T1ss
=α0 +

h
∑

m=1

[

αm

(

ρ0
Rmax

)m

cos(mφ0) + βm

(

ρ0
Rmax

)m

sin(mφ0)

]

+

N
∑

j=1

{

γj0 ln ρj +

h
∑

m=1

[

γjm

(

ρj
Rmin

)−m

cos(mφj) + δjm

(

ρj
Rmin

)−m

sin(mφj)

]}

(22)

and the temperature in Ω2 (with only one pole shared by ∂Ω0 and ∂Ωe) is given by:

T2ss
=α′

0 +

h
∑

m=1

[

α′
m

(

ρ0
Re

)m

cos(mφ0) + β′m

(

ρ0
Re

)m

sin(mφ0)

]

+ γ′0 ln ρ0 +

h
∑

m=1

[

γ′m

(

ρ0
Rmin

)−m

cos(mφ0) + δ′m

(

ρ0
Rmin

)−m

sin(mφ0)

]
(23)

where Rmin = min
i∈{1,...,N}

Ri is the minimum external radius of the pipes, Rmax ≥ R0 is

an arbitrary radius and is set equal to R0, and h is the number of terms in the complete
expansion (Eqs. 22-23). Note that γjm are different from the preceding expansion in
Eq. 15.

By definition Eqs. 22-23 have infinite terms but it is reduced here to the h first terms
of the expansion. To have a unique solution, the coefficients that match boundaries,
α0, αm, ..., δ

′
m, have to be unique and finite. For Re → ∞, Eq. 23 results in arbitrary

values for α′
m, β

′
m, and they are thus considered equal to 0. Also, γ′0 has to be equal

to 0 for T2ss
to remain finite. Therefore, the solution of this problem results in the

coefficient α′
0 = T2ss

(Re, φ)|Re→∞ = T 0. The presented method for steady-state allows
to successfully allocate the boundary conditions for the unbounded domain Ω2 and
thus compute the coefficients in the T-basis.

For the translation of coordinates shown in Figure 2, an addition theorem was
proposed by Bird & Steele (1992) for the Laplace equation in a multiply-connected
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domain:

ρmp cos(mφp) =

m
∑

n=0

(

m

n

)

(−1)nρm−n
p lnpq cos(mθpq + n(φq − θpq)) (24a)

ρmp sin(mφp) =

m
∑

n=0

(

m

n

)

(−1)nρm−n
p lnpq sin(mθpq + n(φq − θpq)) (24b)

ρ−m
p cos(mφp) =







∑∞
k=−1

(

m+k
k+1

) ρk+1
q

lk+m+1
pq

cos[(k + 1)φq − (k +m+ 1)θpq] if lpq > ρq
∑∞

k=−1(−1)m
(

m+k
k+1

) lk+1
pq

ρk+m+1
p

cos[(k + 1)θpq − (k +m+ 1)φq] if lpq < ρq

(24c)

ρ−m
p sin(mφp) =







∑∞
k=−1

(

m+k
k+1

) ρk+1
q

lk+m+1
pq

sin[(k + 1)φq − (k +m+ 1)θpq] if lpq > ρq
∑∞

k=−1(−1)m
(

m+k
k+1

) lk+1
pq

ρk+m+1
p

sin[(k + 1)θpq − (k +m+ 1)φq] if lpq < ρq

(24d)

ln ρp =







ln(lpq)−
∑∞

m=1

(

1
m

)

(

ρp

lpq

)m

cos[m(θpq − φq)] if lpq > ρq

ln(ρq)−
∑∞

m=1

(

1
m

)

(

lpq
ρp

)m

cos[m(θpq − φq)] if lpq < ρq
(24e)

The boundary conditions in Eq. 8 require the evaluation of T1ss
and T2ss

and their
derivatives at all boundaries (∂Ωj) in Ω1 and Ω2, respectively. At the borehole wall

12



(∂Ω0):

T1ss
= α0 +

h
∑

m=1

[

αm

(

R0

Rmax

)m

cos(mφ0) + βm

(

R0

Rmax

)m

sin(mφ0)

]

+

N
∑

j=1

{

γj0

(

lnR0 −

∞
∑

m=1

(

1

m

)(

lj0
R0

)m

cos[m(θj0 − φ0)]

)

+

h
∑

m=1

h
∑

k=−1

[

γjm(−1)m
(

m+ k

k + 1

)

Rm
min

lk+1
j0

Rk+m+1
0

cos[(k + 1)θj0 − (k +m+ 1)φ0]

+ δjm(−1)m
(

m+ k

k + 1

)

Rm
min

lk+1
j0

Rk+m+1
0

sin[(k + 1)θj0 − (k +m+ 1)φ0]

]}

(25a)

T2ss
=T 0+

h
∑

m=1

[

γ′m

(

R0

Rmin

)−m

cos(mφ0) + δ′m

(

R0

Rmin

)−m

sin(mφ0)

]

(25b)

∂T1ss

∂ρ0

∣

∣

∣

∣

R0

=

h
∑

m=1

m

[

αm

(

1

Rmax

)m

Rm−1
0 cos(mφ0) + βm

(

1

Rmax

)m

Rm−1
0 sin(mφ0)

]

+

N
∑

j=1

{

γj0

(

1

R0
+

∞
∑

m=1

(

1

R0

)m+1

lmj0 cos[m(θj0 − φ0)]

)

−

h
∑

m=1

h
∑

k=−1

[

γjm(−1)m(k +m+ 1)

(

m+ k

k + 1

)

Rm
min

lk+1
j0

Rk+m+2
0

cos[(k + 1)θj0 − (k +m+ 1)φ0]

+ δjm(−1)m(k +m+ 1)

(

m+ k

k + 1

)

Rm
min

lk+1
j0

Rk+m+2
0

sin[(k + 1)θj0 − (k +m+ 1)φ0]

]}

(25c)

∂T2ss

∂ρ0

∣

∣

∣

∣

R0

= −

h
∑

m=1

m

[

α′
m

(

1

Rmin

)−m

R−m−1
0 cos(mφ0) + β′m

(

1

Rmin

)−m

R−m−1
0 sin(mφ0)

]

(25d)

13



At the external wall of each pipe (∂Ωl):

T1ss
= α0 +

h
∑

m=1

1

Rmax
m

[

αm

m
∑

k=0

(

m

k

)

(−1)kRm−k
l lk0l cos[mθ0l + k(φl − θ0l)]

+ βm

m
∑

k=0

(

m

k

)

(−1)kRm−k
l lk0l sin[mθ0l + k(φl − θ0l)]

]

+ γl0 lnRl +

h
∑

m=1

[

γlm

(

Rl

Rmin

)−m

cos(mφl) + δlm

(

Rl

Rmin

)−m

sin(mφl)

]

+

N
∑

j=1,j 6=l

(

γj0gj +

h
∑

m=1

(γjmg
1
jk + δjmg

2
jk)

)

(26a)

∂T1ss

∂ρl

∣

∣

∣

∣

Rl

=

h
∑

m=1

1

Rmax
m

[

αm

m
∑

k=0

(m− k)

(

m

k

)

(−1)kRm−k−1
l lk0l cos[mθ0l + k(φl − θ0l)]

+ βm

m
∑

k=0

(m− k)

(

m

k

)

(−1)kRm−k−1
l lk0l sin[mθ0l + k(φl − θ0l)]

]

+ γl0
1

Rl

−

h
∑

m=1

m

[

γlm

(

1

Rmin

)−m

R−m−1
l cos(mφl) + δlm

(

1

Rmin

)−m

R−m−1
l sin(mφl)

]

+

N
∑

j=1,j 6=l

(

γj0g
′
j +

h
∑

m=1

(γjmg
′1
jk + δjmg

′2
jk)

)

(26b)
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where

gj =







ln(ljl)−
∑h

m=1

(

1
m

)

(

Rl

ljl

)m

cos[m(θjl − φl)] if ljl > Rl

ln(Rl)−
∑h

m=1

(

1
m

)

(

ljl
Rl

)m

cos[m(θjl − φl)] if ljl < Rl

(27a)

g1jk =







∑h
k=−1

(

m+k
k+1

)

Rm
min

Rk+1

l

lk+m+1

jl

cos[(k + 1)φl − (k +m+ 1)θjl] if ljl > Rl

∑h
k=−1(−1)m

(

m+k
k+1

)

Rm
min

lk+1

jl

Rk+m+1

l

cos[(k + 1)θjl − (k +m+ 1)φ0] if ljl < Rl

(27b)

g2jk =







∑h
k=−1

(

m+k
k+1

)

Rm
min

Rk+1

l

lk+m+1

jl

sin[(k + 1)φl − (k +m+ 1)θjl] if ljl > Rl

∑h
k=−1(−1)m

(

m+k
k+1

)

Rm
min

lk+1

jl

Rk+m+1

l

sin[(k + 1)θjl − (k +m+ 1)φl] if ljl < Rl

(27c)

g′j =







−
∑h

m=1

(

1
ljl

)m

Rm−1
l cos[m(θjl − φl)] if ljl > Rl

1
Rl

+
∑h

m=1

(

1
Rl

)m+1
lmjl cos[m(θjl − φl)] if ljl < Rl

(27d)

g
′1
jk =







∑h
k=−1(k + 1)

(

m+k
k+1

)

Rm
min

Rk
l

lk+m+1

jl

cos[(k + 1)φl − (k +m+ 1)θjl] if ljl > Rl

−
∑h

k=−1(−1)m(k +m+ 1)
(

m+k
k+1

)

Rm
min

1
Rk+m+2

l

lk+1
jl cos[(k + 1)θjl − (k +m+ 1)φ0] if ljl < Rl

(27e)

g
′2
jk =







∑h
k=−1(k + 1)

(

m+k
k+1

)

Rm
min

Rk
l

lk+m+1

jl

sin[(k + 1)φl − (k +m+ 1)θjl] if ljl > Rl

−
∑h

k=−1(−1)m(k +m+ 1)
(

m+k
k+1

)

Rm
min

1
Rk+m+2

l

lk+1
jl sin[(k + 1)θjl − (k +m+ 1)φl] if ljl < Rl

(27f)

A linear system of equations, in the form Φγ = F, is obtained by the substitution
of Eqs. 25-27 into Eq. 8. The right-hand side vector F is a function of the fluid tem-
peratures into the pipes. The matrix Φ, of dimension dimΦ = [(2h + 1)(N + 2) ×
(2h+1)(N +2)], is ill-conditioned and requires preconditioning before the system can
be solved for γ:

Φ
T
Φγ = Φ

T
F (28)

2.3. Time-Dependent Fluid Temperatures

The method presented in Sections 2.1 and 2.2 can be adapted to consider time-
dependent fluid temperatures. Step-wise variations of fluid temperatures at each pipe
k are considered at each time step n, i.e. over t(n−1) < t ≤ tn (where tn = t(n−1)+∆t).
In this updating scheme, the initial temperatures in Eqs. 7f and 21 are replaced by
the temperature at the end of the latest time step:

T
(n−1)
1 =

∞
∑

m=1

C(n−1)
m X1(ρ, φ;λ

m
1 )e−(λm

1 )2α1∆t + T
(n−1)
1ss

(29a)

T
(n−1)
2 =

∞
∑

m=1

C(n−1)
m X2(ρ, φ;λ

m
2 )e−(λm

2 )2α2∆t + T
(n−1)
2ss

(29b)
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The Fourier-Bessel coefficients in Eq. 21 become:

Cn
j =

kb

α1
I
(n−1)
1j + ks

α2
I
(n−1)
2j

kb

α1

∫

Ω1
X1(ρ, φ;λ

j
1)X̄1(ρ, φ;λ

j
1)dΩ1 +

ks

α2

∫

Ω2
X2(ρ, φ;λ

j
2)X̄2(ρ, φ;λ

j
2)dΩ2

(30)

where

I
(n−1)
1j =

∫

Ω1

(T
(n−1)
1 − Tn

1ss
)X̄1(ρ, φ;λ

j
1)dΩ1

=

∫

Ω1

(C
(n−1)
j X1(ρ, φ;λ

j
1)e

−(λj
1)

2α1∆t + T
(n−1)
1ss

− Tn
1ss

)X̄1(ρ, φ;λ
j
1)dΩ1

I
(n−1)
2j =

∫

Ω2

(T
(n−1)
2 − Tn

2ss
)X̄2(ρ, φ;λ

j
2)dΩ2

=

∫

Ω2

(C
(n−1)
j X2(ρ, φ;λ

j
2)e

−(λj
2)

2α2∆t + T
(n−1)
2ss

− Tn
2ss

)X̄2(ρ, φ;λ
j
2)dΩ2

(31)

where Tn
iss

is the solution of the steady-state problem considering the fluid tempera-

tures at the n-th time step, and T 0
1 = T 0

2 = T 0.
Eqs. 30 and 31 allow the calculation of the temperature field when fluid temperatures

are variable over time and known. In a simulation of a GHE, fluid temperatures are
typically unknown. It is however possible to build a system of equation to consider
other known values. As an example, assuming the total heat transfer rate, q̇n(= q̇′nH),
into a GHE containing two pipes is known and that Tn

f1
and Tn

f2
are equal to the inlet

and outlet fluid temperatures:

q̇′nk =
1

Ek

(

Tn
fk

− T̄n
1 |Rk

)

(32a)

q̇′n =

N
∑

k=1

q̇nk (32b)

q̇′nH = ṁncp(T
n
f1
− Tn

f2
) (32c)

where q̇′nk is the heat transfer rate per unit length from pipe k, Tn
fk

is the fluid tem-

perature in pipe k, T̄n
1 |Rk

is the average temperature at the outer wall at pipe k, ṁn

is the fluid mass flow rate into the pipes, cp is the fluid specific heat capacity, and H
is the GHE length.

The coefficient updating scheme can also be adapted to consider the fluid temper-
ature variations along the pipes by discretizing the GHE into segments and taking
into account the advection of the fluid into the pipes, as commonly done in resistance-
capacitance models (Bauer et al. , 2011b; De Carli et al., 2010; Pasquier & Marcotte,
2014; Zarella et al., 2011). This will be addressed in future work.

3. Validation

The proposed method is implemented into Python, using numpy’s implementation
of the SVD algorithm (Van Der Walt et al. , 2011) and scipy’s implementation of
Bessel and Hankel functions (Virtanen et al. , 2020) which includes the asymptotic
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expansions for large values of the argument. Integrals are evaluated by a quadrature
domain technique (Crowdy, 2005).

The accuracy of the proposed method is dependent upon the number of terms
considered in the Fourier-Bessel expansion for Tih (Eq. 20), the number of terms M in
the multipole expansion forXi (Eqs. 15-16), and the number of terms h in the multipole
expansion for Tiss (Eqs. 22-23). The number of terms considered in the Fourier-Bessel
expansion was fixed at 100 eigenvalues. The solution for Xi is still dependent on
the eigenvalues of the Helmholtz equation (Eq. 11) and thus their correct evaluation
needs to be validated. The validation of the proposed approach is conducted in three
steps. First, the eigenvalues are computed for the geometries presented by Chen et al.
(2001, 2004). Second, the steady-state temperature field calculated with the proposed
method is compared with the one calculated using the multipole method, as presented
by Claesson & Hellström (2011). Finally, the solution of the transient heat conduction
is validated against Finite Element Analysis (FEA) simulations for constant and time-
dependent fluid temperatures.

3.1. Eigenvalues of the Helmholtz Equation

The calculation of eigenvalues is validated by comparing the results from the presented
method to the results of Chen et al. (2001, 2004) for two geometries, calculated from
a Boundary Element Method (BEM). The first geometry consists in a single pipe of
radius R1 = 0.5 m centered into a circular domain of outer radius R0 = 2 m, as shown
on Figure 3. The second geometry consists in two pipes of radius R1 = R2 = 0.3 m
symmetrically positioned at a distance e = 0.5 m from the center of a circular domain
of outer radius R0 = 1 m, as shown on Figure 4. For both geometries, Dirichlet
boundary conditions (X = 0) are imposed at all domain boundaries (∂Ω1, ∂Ω2 and
∂Ω0). At this stage, M = 5 terms are used in the multipole expansion for X. The
proposed method was modified to accommodate Dirichlet boundary conditions on
the grout domain Ω1 (thereby excluding the soil domain Ω2), which differ from the
convection (Eq. 11b) and continuity (Eqs. 11c-11d) boundary conditions presented
herein. This change is necessary for comparison with the results of Chen et al. (2001,
2004).

The eigenvalues are extracted using SVD by locating the minimums, corresponding
to the eigenvalues λ, of the minimum singular value ofΦ. The extracted eigenvalues are
visualized alongside the geometries in Figures 3 and 4. The four former eigenmodes (i.e.
the function X), corresponding to the first four non-repeated eigenvalues, are shown in
Figures 5 and 6. Table 1 compares the eigenvalues obtained with the proposed method
with the eigenvalues obtained by Chen et al. (2001, 2004) using BEM. As shown, the
computed eigenvalues are in close agreement with the reference.

Table 1. Comparison of the eigenvalues from the proposed method and Chen et al. (2001, 2004)

Single pipe (Figure 3) Two pipes (Figure 4)
BEM in Chen et al. (2001) Multipole Expansion BEM in Chen et al. (2004) Multipole Expansion

λ1 = 2.06 λ1 = 2.05 λ1 = 4.50 λ1 = 4.50
λ2 = 2.23 λ2 = 2.22 λ2 = 4.50 λ2 = 4.56
λ3 = 2.67 λ3 = 2.66 λ3 = 6.37 λ3 = 6.40
λ4 = 3.22 λ4 = 3.21 λ4 = 7.16 λ4 = 7.11
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R0

R1

∂Ω0

∂Ω1

Figure 3. One pipe geometry (Left). Eigenvalues extracted by SVD (Right)

R0

R1 R2

e

∂Ω0

∂Ω1 ∂Ω2

Figure 4. Two pipes geometry (Left). Eigenvalues extracted by SVD (Right)

3.2. Steady-State Temperature Field

The steady-state temperature field is validated by comparing the solution of the
steady-state heat equation with non-homogeneous boundary conditions presented in
Section 2.2 to the multipole method of Claesson & Hellström (2011) for two asymmet-
rically positioned pipes, as shown on Figure 7. The dimensions and physical properties
associated with the geometry are:

kb = 1.5 W/(m ·K), ks = 2.5 W/(m ·K), R0 = 0.07 m

O1 = (−0.03 m, 0.02 m), O2 = (0.03 m, 0 m), R1 = 0.02 m

R2 = 0.02 m,β1 = β2 = 1.2, Tf1 = Tf2 = 1 K

(33)

The values of Tf1 = Tf2 = 1 K correspond to a unit (1 K) temperature difference
between the fluid and borehole wall temperatures, as considered in Claesson & Hell-
ström (2011). The boundary conditions presented by Claesson & Hellström (2011) are
slightly different from the ones considered in Eq. 8. In Claesson & Hellström (2011),
the average borehole wall temperature is imposed on ∂Ω0:

T̄2ss

∣

∣

R0

=
1

2π

∫ π

−π

T2ss
(R0, φ)dφ = α′

0 + γ′0 lnR0 = 0 (34)
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(a) λ=2.05 (b) λ=2.22

(c) λ=2.66 (d) λ=3.21

Figure 5. Eigenmodes of the multipole expansion for one pipe
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(a) λ=4.50 (b) λ=4.56

(c) λ=6.40 (d) λ=7.11

Figure 6. Eigenmodes of the multipole expansion for two pipes

where T̄2ss

∣

∣

Rk
is the perimeter average temperature at a radius Rk and T̄2ss

∣

∣

R0

corre-
sponds to the borehole wall temperature.

With this boundary condition, Eq. 23 for the temperature in Ω2 is modified as
follows:

T2ss
= T̄2ss

∣

∣

R0

+γ′0 ln
ρ0
R0

+

h
∑

m=1

[

γ′m

(

ρ0
Rmin

)−m

cos(mφ0) + δ′m

(

ρ0
Rmin

)−m

sin(mφ0)

]

(35)

The method presented in Section 2.2 is still consistent as a solution to the Laplace
equations (Eqs. 8 and 34) and can thus be applied with the new boundary condition.
Figure 8 shows the steady-state temperature field (left) and a comparison of the tem-
perature profile at y = 0 between the proposed method and (Claesson & Hellström,
2011). h = 15 terms are used in the multipole expansions for Tiss .
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R0

R1

O1
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Figure 7. Two asymmetrically positioned pipes geometry

(a) Steady-State Temperature Field (b) Temperature Profile at T (x, 0)

Figure 8. Validation against the multipole method of Claesson and Hellström

3.3. Transient Multipole Expansion

The complete proposed transient multipole expansion method is validated against FEA
simulations for two geometries, a single centered pipe (shown on Figure 9) and two
symmetrically positioned pipes (shown on Figure 10). FEA simulations are posed with
meshes of 10228 nodes and 20216 triangular elements for the single pipe geometry, and
11572 nodes and 22850 triangular elements for the two pipes geometry with an external
boundary of Re = 100 m. For both simulations, 2nd order Lagrange polynomials are
used to solve the weak formulation. Backward Euler difference for time derivative is
used with a time step ∆t = 100 s.

The dimensions and physical properties of the single pipe geometry are:

kb = 0.73 W/(m ·K), ks = 2.82 W/(m ·K), α1 = 1.921× 10−7 m2/s,

α2 = 1.410× 10−6 m2/s,R1 = 0.035 m,R0 = 0.063 m,

β1 = 0.1985, T 0 = 293.15 K,Tf1 = 295.15 K

(36)
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Figure 9. One pipe geometry (Left). Eigenvalues extracted by SVD (Right)

R0

R1 R2

∂Ω0

∂Ω1 ∂Ω2

Figure 10. Two pipes geometry (Left). Eigenvalues extracted by SVD (Right)

The dimensions and physical properties of the two pipes geometry are:

kb = 0.73 W/(m ·K), ks = 2.82 W/(m ·K), α1 = 1.921× 10−7 m2/s, α2 = 1.410× 10−6 m2/s

O1 = (−0.03 m, 0), O2 = (0.03 m, 0), R0 = 0.063 m,R1 = 0.0167 m

T 0 = 293.15 K,β1 = β2 = 0.4022, Tf1 = Tf2 = 295.15 K

(37)

Figure 11 presents the total heat transfer rate at the pipe and the average borehole
wall temperature for the single pipe geometry and their dependence on the number of
terms in the multipole expansions (M and h). Figure 12 presents the same for the two
pipes geometry. As shown in both figures, proper values for the parameters M and h
are required to ensure convergence of the temperatures and heat transfer rates. For
the single pipe geometry, M = 5 and h = 15 are sufficient to attain convergence, while
M = 7 and h = 15 are needed in the two pipes geometry. The parameter M influences
the early transient phase of the temperature and heat transfer rates, and h has a
stronger impact on the later stages of the simulation. While the heat transfer rates
show good agreement with the FEA simulation, borehole wall temperatures present
some differences at early times.

Figures 13 and 14 show the temperature fields calculated from the FEA simulation
and the temperature profiles at y = 0 calculated from the FEA simulation and the
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(a) Avg. Borehole Wall Temp. (h = 15) (b) Heat Flow Rate (h = 15)

(c) Avg. Borehole Wall Temp. (M = 5) (d) Heat Flow Rate (M = 5)

Figure 11. Borehole wall temperature and pipe heat transfer rate (one pipe geometry)
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(a) Avg. Borehole Wall Temp. (h = 15) (b) Heat Flow Rate (h = 15)

(c) Avg. Borehole Wall Temp. (M = 7) (d) Heat Flow Rate (M = 7)

Figure 12. Borehole wall temperature and pipe heat transfer rate (two pipes geometry)
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proposed method. The temperature fields and temperatures profile are shown at times
t = 1000, 10000 and 100000 seconds for both of the single pipe and the two pipes
geometries. The same temperature differences are observed as were seen in Figures 11
and 12 for the average borehole wall temperatures.

(a)

(b)

(c)

Figure 13. FEA simulation (left) and temperature profile at y = 0 (right) for the one pipe geometry: (a)

t = 1000 s, (b) t = 10000 s, and (c) t = 100000 s

Finally, the coefficient updating scheme presented in Section 2.3 is used to calculate
the fluid temperature variations in the two pipes geometry of Eq. 37. A constant total
heat transfer rate per unit length q̇′ = 58 W/m and a constant temperature difference
between the pipes ∆T = Tf1 − Tf2 = 1.3 K (representative of a constant fluid mass
flow rate) are applied with an initial temperature T 0 = 293.15 K. The simulation time
step is ∆t = 20 s and the maximum simulation time is t = 3100 min, totaling 9300
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(a)

(b)

(c)

Figure 14. FEA simulation (left) and temperature profile at y = 0 (right) for the two pipes geometry: (a)

t = 1000 s, (b) t = 10000 s, and (c) t = 100000 s
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time steps. FEA calculations take 220 seconds to complete and the presented method
takes 80 seconds to complete, including 61 seconds to evaluate the eigenvalues and
integrals and 19 seconds to simulate the heat transfer process over all 9300 time steps.

Figure 15. Inlet and outlet fluid temperature variations

4. Conclusion

This paper introduces a new transient multipole method to solve the short-term heat
transfer in ground heat exchangers. The method does not require any simplification
of the borehole geometry or discretization of the borehole thermal capacitance and
can accommodate any number of arbitrarily positioned pipes within the borehole, as
opposed to equivalent pipe methods and resistance-capacitance methods found in the
literature. The method shows good agreement with reference FEA simulations when
considering the 100 former eigenvalues of the expansion, identified from singular value
decomposition. The method is then only dependent on the number of terms in the
expansions, h and M , without any requirement for mesh generation of the calculation
domain. For the considered cases h = 15 is sufficient for the steady-state expansion,
and M = 5 and M = 7 are sufficient for the transient expansion in the one pipe
and two pipes geometries, respectively. While boundary conditions of imposed fluid
temperatures and undisturbed ground temperature as far field are considered in the
paper with a unbounded domain, the proposed method can be applied to other types
of boundary conditions, as shown in Sections 3.1 and 3.2 for validation against the
literature. A coefficient updating scheme is adopted to consider time-dependent fluid
temperature. Fluid temperatures can be calculated by updating Fourier-Bessel coeffi-
cients and change the boundary conditions at each time step. Further investigation is
required to consider the fluid temperature variation along pipes, coupling the proposed
method to an advection-convective model of the fluid inside the pipes. The number of
considered eigenvalues and the coefficient updating scheme will then be analyzed for
their impact on the accuracy and computational efficiency of GCHP simulations.
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