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g-Functions of bore fields with series- and parallel-connected

boreholes

MASSIMO CIMMINO'

'Department of Mechanical Engineering, Polytechnique Montréal, Montréal, QC, Canada

A semi-analytical method for the calculation of g-functions of bore fields with mixed arrangements of
series- and parallel-connected boreholes is presented. Borehole wall temperature variations are obtained
from the temporal and spatial superposition of the finite line source (FLS) solution. The FLS solution is
coupled to a quasi-steady-state solution of the fluid temperature profiles in the boreholes, considering the
piping connections between the boreholes. The dimensionless borehole wall temperatures in the bore field
and the inlet fluid temperature are obtained from the simultaneous solution of the heat transfer inside and
outside the boreholes. The effective borehole wall temperature, i.e. the g-function, is defined based on the
dimensionless inlet fluid temperature and a newly introduced effective bore field thermal resistance. The
g-function evaluation method is validated against the DST model and its use is demonstrated in a sample

simulation of a seasonal thermal energy storage system.

Introduction

The design of geothermal bore fields is facilitated by the accurate prediction of fluid and ground
temperatures during their operation. The simulation of geothermal bore fields can be achieved by temporally
superimposing thermal response factors, or g-functions, to obtain the fluid and ground temperature variations
over the design period, e.g. 20 years or more. g-Functions are also employed in direct design methods, such
as the ASHRAE method (ASHRAE 2015).

By definition, g-functions are step-response functions that give the relation between the heat extraction
rate in the bore field and the effective temperature variation at the borehole walls. The g-function of a
particular bore field may then be superimposed in time to obtain the effective borehole wall temperature

variation due to a variable heat extraction rate in the bore field:
* _ _ 1 EAarre o Ag oy ’
Ty () = To = 5 Jy Q' (6 = t) 5 (t)de (1)

Massimo Cimmino is an assistant professor.
*Corresponding author e-mail: massimo.cimmino@polymtl.ca



where T} is the effective borehole wall temperature, T, is the undisturbed ground temperature, Q' is the
average heat extraction rate per unit borehole length and g is the g-function of the bore field. The effective
borehole wall temperature is related to the mean fluid temperature in the bore field through the bore field

thermal resistance:

T (6) = Ty () = RfieraQ' () @)

where 7_} = O.S(Tf,in + Tf,out) is the arithmetic mean of the inlet and outlet fluid temperature in the bore
field and R;iezd is the effective bore field thermal resistance.

In fields of boreholes of equal dimensions (length and radius) with the same U-tube pipe configurations,
connected in parallel and receiving evenly distributed fluid mass flow rates, the effective borehole wall
temperature is typically equal to the overall average borehole wall temperature and the effective bore field
thermal resistance is equal to the effective borehole thermal resistance R;, (equal for all boreholes). Bore
fields with series connections between boreholes may feature important differences in temperature at the
borehole walls and the overall average borehole wall temperature is then not representative of heat transfer
between the fluid and the ground. The effective bore field thermal resistance also needs to be adjusted to
account for the variation of fluid temperatures in series-connected boreholes.

The concept of g-functions was introduced by Eskilson (1987). The original g-functions were obtained
numerically using a finite difference method by simulating the temperature variations at the borehole walls
caused by a constant total heat extraction rate from the bore field. A condition of uniform temperature at the
borehole walls, equal for all boreholes, was imposed. This condition stems from the assumptions that (i) the
borehole thermal resistance is sufficiently small that the borehole wall temperature is close to the fluid
temperature, and (ii) that the fluid mass flow rate is sufficiently large that the fluid temperature variations
inside the boreholes are small. From these assumptions, for bore fields of parallel-connected boreholes, the
borehole wall temperature is close to uniform and equal for all boreholes. For large bore fields with large
amounts of boreholes, the generation of g-functions becomes computationally intensive.

Since then, analytical methods have been employed to approximate g-functions. Eskilson (1987)
proposed using the finite line source (FLS) solution to approximate the thermal response of a single borehole.

Zeng et al. (2002) later proposed the spatial superposition of the FLS to obtain g-functions of bore fields with



multiple boreholes. Lamarche and Beauchamp (2007a) and Claesson and Javed (2011) developed simplified
formulations of the FLS solution to compute the average (over the length) borehole wall temperature. The
limitation of the FLS solution is that it considers uniform heat extraction rate along the boreholes, which does
not correspond to the uniform borehole wall temperature condition of Eskilson (1987) and leads to an
overestimation of the g-function (Fossa 2011). The variation of heat extraction rates along the boreholes can
be represented by vertically dividing the borehole into segments and modelling each of the segments with
the FLS solution (Cimmino and Bernier 2014; Cimmino, Bernier, and Adams 2013; Lamarche 2017b;
Cimmino 2018c), thereby respecting the condition of uniform borehole wall temperature in the calculation
of g-functions. The calculation of g-functions can be accelerated by the joint use of Chebyshev polynomials
or by the simultaneous evaluation of the g-functions at all times using a block matrix formulation (Dusseault,
Pasquier, and Marcotte 2018). g-Functions were also evaluated numerically using the finite element method
by Monz6 et al. (2015) and by Naldi and Zanchini (2019). The validity of the condition of uniform borehole
wall temperature was investigated by Cimmino (2015) using an FLS-based method and by Monz6 et al.
(2018) using a finite element method. It was found that, as the borehole thermal resistance is reduced, the
borehole wall temperatures tend to uniformity.

Analytical and semi-analytical extensions of the g-functions have been proposed to extend their validity
outside of pure conduction in uniform isotropic ground, and to consider short-term dynamics of the boreholes.
Short-term one-dimensional radial analytical solutions that model the fluid flowing inside U-tubes as a single
equivalent diameter pipe have been proposed in the works of Beier and Smith (2003), Lamarche and
Beauchamp (2007b), Bandyopadhyay et al. (2008), Javed and Claesson (2011), Lamarche (2015). Line
sources in composite media have been proposed by Li and Lai (2013; 2012a) to model the effect of the
thermal properties of the grout material. A moving finite line source to model boreholes under the influence
of groundwater flow was proposed by Molina-Giraldo et al. (2011). A finite line source solution applicable
to anisotropic ground was proposed by Li and Lai (2012b). Layered subsurface properties were considered
in the works of Abdelaziz et al. (2014), Hu (2017) and Erol and Frangois (2018). Finite line source solutions
for inclined boreholes were proposed in the works of Cui et al. (2006), Marcotte and Pasquier (2009) and
Lamarche (2011), and were used by Lazzarotto (2016) to obtain g-functions with uniform borehole wall

temperature.



The aforementioned models are only applicable to parallel-connected boreholes. Series connections
between boreholes are common in borehole thermal energy storage (BTES) systems, where a temperature
gradient is established in the ground for efficient charging and discharging of the storage, typically in a
cylindrical volume. The most commonly used model for the simulation of BTES is the duct ground heat
storage (DST) model (Pahud and Hellstrom 1996), which assumes that the boreholes are uniformly
distributed in a cylindrical volume. The storage and fluid temperatures are obtained by the numerical solution
of local and global problems. A limitation of the DST model is that the position and piping arrangement of
the boreholes cannot be prescribed. A finite line source method to evaluate g-functions of fields of borehole
with a mix of series and parallel connections was proposed by Marcotte and Pasquier (2014). However, their
method does not consider the axial variations of heat transfer rates along the boreholes and may thus
overestimate the long-term variations of borehole wall temperatures.

The objective of this paper is to obtain g-functions for fields of boreholes with a mixed arrangement of
series and parallel connections between the boreholes. The heat transfer process in the bore field is divided
into two regions: (1) unsteady heat conduction between the borehole wall and the surrounding ground, and
(2) quasi-steady-state heat transfer between the heat carrier fluid and the borehole walls. The two regions are
joined by a condition of continuity of temperature and heat transfer rate at the borehole walls. The paper
expands on earlier work (Cimmino 2018b), and includes expressions to evaluate fluid temperatures and heat
extraction rates in boreholes with axially varying borehole wall temperature as well as a sample simulation
of a borehole thermal energy storage consisting of 144 boreholes.

The proposed method provides a contribution to the works of Marcotte and Pasquier (2014) who
obtained thermal response factors of fields of series- and parallel-connected boreholes, and to the works of
Cimmino (2015) and Monzé (2018) who showed the effect of the borehole thermal resistance on the long-
term temperature changes in geothermal bore fields. An extension of the method of Cimmino (2016) is
presented, providing simplified expressions to obtain fluid temperature and heat extraction rate profiles along
geothermal boreholes. The simplified expressions, applied to series- and parallel-connected boreholes,
provide a contribution to the network-based simulation methods of Lazzarotto (2014), Lamarche (2017a) and
Cimmino (2018a) by reducing the size of the system of equations to be solved for the fluid and borehole wall

temperatures.



Methodology

A field of N}, = 3 vertical boreholes is shown on Figure 1. Each borehole i has a length L;, is buried at a
distance D; from the ground surface, and is located at coordinates (x;, ¥;). All boreholes have the same radius
1,. Heat carrier fluid enters the bore field at a temperature Tf ;;, and leaves the bore field at a temperature
T¢ oue With a total mass flow rate m. The ground has a thermal conductivity kg, a thermal diffusivity as and
is initially at an undisturbed temperature T,. In the context of this paper, boreholes may be connected in a
mixed arrangement of parallel and series connections between the boreholes. Each borehole may have one
or multiple U-tube pipes connected in series or in parallel. In Figure 1, boreholes 1 and 3 each receive the
fluid at a temperature Ty, 1 = Tf in3 = Ty in corresponding to the inlet field temperature and at mass flow
rates 1My and m; (with 7, + 3 = m), respectively. Borehole 2 receives the fluid at a temperature Tf ;,, , =
Tf out,1 corresponding to the outlet of borehole 1 and at a mass flow rate m, = m; The outlet field
temperature Tf 5, = (Ti’lz Tt out2 + M3 Tf‘out_3) /1 is the result of mixing of the fluid leaving boreholes 2 and

3.
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Figure 1. Field of 3 vertical geothermal boreholes



Unsteady heat conduction in the ground region

Ground temperatures in the bore field are evaluated considering heat extraction over line sources located
along the axis of all of the boreholes in the field. Assuming pure conduction in semi-infinite ground with
homogeneous and constant thermal properties initially at a uniform temperature T;, with the ground surface
maintained at the initial temperature T}, the borehole wall temperature along a borehole i is obtained by the

integration of the point-source solution:

No ot oDitL: Ql(zjt") a2+ (zi-z;)’ %+ (zi+z)° ,
Tos(zt) = To =2t Jy Jy) —(exp<ﬁ = LG

pscslamas(t—t)’/2
where d;; = [(xi - xj)z + (yi - yj)2]1/2 is the radial (horizontal) distance between boreholes i and j,
with d;; = 1y, z; € [D;, D; + L;] is the depth along the axis of borehole i, p; and ¢y are density and specific
heat capacity of the ground, T}, ; is the borehole wall temperature of borehole i and Q; is the heat extraction
rate per unit borehole length of borehole ;.

Following the method of Cimmino and Bernier (2014) and Cimmino (2018c), each borehole i is divided
into n,; segments of equal lengths. The heat extraction rate is uniform along each of the segments and is
considered constant during every time step of the simulation. The average borehole wall temperature over
any borehole segment is given by spatial and temporal superpositions of the finite line source solution

(Cimmino and Bernier 2014):

— 1 N n J =,
Toiute = To = 21k X2 2, 2p=1Qjup (hi,j,u,,,(tk = tp-1) = hijup(te = tp)) 4)
_ 1 o) i 422
hijuw () = i fﬁsz exp( djjs )IFLS(s)ds ©)

Ips(s) = erfint ((Di,u —Dj, + Li,u)s) — erfint ((Di,u - Dj,v)s) + erfint ((Di,u —Dj, —
Lj’v)s) — erfint ((Di,u —Djy,+Liy— Lj,v)s) + erfint ((Di,u + Dj, + Li,u)s) — erfint ((Di,u +

Dj’v)S) + erfint ((Di,u + Dj,v + Lj,v)S) — erfint ((Di,u + Dj,v + Li,u + lev)S) (6)

erfint(X) = fX

erf(x') dx’ = X erf(X) — %(1 — exp(—X2)) (7)



where T, . i is the average borehole wall temperature along segment u of borehole i at time ty, Q]",U,p
is the average heat extraction rate per unit borehole length over segment v of borehole j from time t,_; to
tp, hi juv is the segment-to-segment thermal response factors for the borehole wall temperature change over
segment u of borehole i caused by heat extraction from segment v of borehole j, L;,, = L;/n,; is the length
of segment u of borehole i, D;,, = D; + (u — 1) L;/ng; is the buried depth of segment u of borehole i, erf(x)

is the error function and erfint(x) is the integral of the error function.

It is useful at this stage to introduce the dimensionless form of Equation 1:
* Ly dg
0;(0) = i ' (e~ )L (v ®)

where 0}, = (Ty — Ty)/(— Qnom/2mks) is the dimensionless effective borehole wall temperature in the
bore field, with QJ,,,, an arbitrary nominal heat extraction rate per unit borehole length, ¢’ = Q'/Qom is
the normalized average heat extraction rate per unit borehole length and T = 9a,t/L? is the dimensionless
time, with L the average borehole length. All temperatures (e.g. fluid temperatures) may be
nondimensionalized in the same manner.

The dimensionless form of Equation 4 is then:

_ Ny e ok x
Ok = Lj21 Xy Lp=1Pjvyp (hi,j,u,v (7 = Tp-1) = hijun(Te = Tp)) ©)

where 0, ;,, , is the average dimensionless borehole wall temperature along segment u of borehole i at
time 7, and ¢_)]'-'v,p is the average normalized heat extraction rate per borehole length over segment v of
borehole j from time 7,_; to T,,.

Equation 9 may then be simplified by introducing matrix notation:

O, = T (H(z — pt) — H(1i = 7)) B (10)

— _ — T, . .
where O = [@i,l,k Gg,\,b_k] is a vector of average dimensionless borehole wall temperature
. = q 2 T .
along all segments of all boreholes at time 7, @p;) = [Hb,i,l,k eb,i_nq'i,k] is a vector of average

. — ~ ~ T.
borehole wall temperatures along all segments of borehole i at time 7, ®,, = [<I>i_Tp e pF ] is a vector

bP

of average normalized heat extraction rates per unit borehole length along all segments of all boreholes at



- - - T
time 7,,, and ®;,, = [¢],',1,p ¢,",nq_ j,p] is a vector of average normalized heat extraction rates per unit
borehole length along all segments of borehole j at time 7,,. H is a matrix of segment-to-segment thermal

response factors between all pairs of segments in the bore field, given by:

HI,I(T) Hl,Nb (T) hi,j,l,l (T) hi,j,l,nq‘j (T)
HNb,l (T) HNb,Nb (T) hl',]',nq,irl (T) hirjvnq,irnq,j (T)

Equation 10 is further simplified by separating the contribution of heat extraction at times preceding

time 1, from the present time ty,:

Op i = O] 4 + H(1y — T4_1) D}, (12)
0p, =Xk (H(‘ck —1p-1) — H(t) — Tp)) @, (13)

Quasi-steady-state heat transfer in the borehole region

Quasi-steady-state heat transfer inside the boreholes can be represented as a circuit of thermal
resistances, as shown on Figure 2 for a double (n,; = 2) U-tube borehole. Heat transfer between the fluid

flowing inside the pipes and the borehole wall is strictly two-dimensional (over the borehole cross-section);

axial heat conduction in the pipes and the grout is neglected. Each borehole i has n,,; U-tubes (2n,,; pipes).

Each pipe m is connected to pipe m + n,,; at the bottom of the borehole.

Tb,z(z)

Figure 2. Delta-circuit of thermal resistances of a double U-tube borehole



Assuming steady-state heat transfer in the borehole (i.e. the thermal capacities of the fluid, pipes and
grout are neglected), the fluid temperature variation along the boreholes are obtained from the following
energy balance on the fluid over a borehole cross-section:

OTfim (2) = Tfim(2)—Tp,i(2) n an,i Trim(@)—Tfin(2)

- A n=1 A
0z Ri,m,m nzm Ri,m,n

mi'me , 05z Li! m< Tlp’l' (14)

OTfim (2) = Tr,im(2)—Tp,i(2) + an,i Tr,im(Z)—Tfin(2)

A n=1 A
0z Rimm nEm Rimn

—MMy 1 Cr ,0<z<L,ny; +1<m<2ny,; (15)

where 1; ,, is the fluid mass flow rate in pipes m and m + ny,;, and Ty ; ,,, is the fluid temperature in
pipe m of borehole i. Rém,n is the delta-circuit thermal resistance between pipes m and n of borehole i and
RiA'm'm is the delta-circuit thermal resistance between pipe m and the wall of borehole i. These delta-circuit
thermal resistances can be evaluated from the multipole solution (Claesson and Hellstrom 2011). In this work,
the multipole solution of order 3 was used to evaluate delta-circuit thermal resistances.

It is again useful to introduce dimensionless parameters by considering the dimensionless form of

Equation 2:

8r () = 3 (85, + .0t (D)) = 05(0) + Vie1a®' () (16)

where H_f is the dimensionless mean fluid temperature, 0 ;,, and 6 o, are the dimensionless inlet and
outlet fluid temperatures of the bore field, Qf;e1q = 2Tk R q is the dimensionless effective bore field

thermal resistance.

The dimensionless forms of Equations 14 and 15 are then:

96y, O5,im(M)—0p,i(m) npi OfimM—0rin(m)
fim _Yfim b,i i fiim fin

— ) =+ a o, 0SS, msny, (17)
n Yidimm n+m *4immn

59f,i,m( ) = Or,im@—0p () n an,i 05 imM—0fin()

.0A n=1 _1.040
an _ylﬂi,m,m nm ylﬂi,m,n

,0<n<1n,;+1<m<2n,; (18)

where 60, is the dimensionless fluid temperature in pipe m of borehole i, QiA‘m_n and QiA’m,m are
dimensionless delta-circuit thermal resistances, y; = m;cs/2mk;L; is the dimensionless fluid mass flow rate
in borehole i, and 7 is the normalized depth along the length of the borehole.

Equations 17 and 18 may then be simplified by introducing matrix notation:



00, ;
S M) =T (07m — 10,,(n), 0 <1 (19)
where O¢;(n) = [9f,i,1 9f,i,2np,i]T is a vector of dimensionless fluid temperatures in each pipe of
borehole i, I; = [G'm'n]Zn o is a dimensionless thermal conductance matrix, given by:
pi D
-1
m i form=nandm <n,;
-1
—(yiQiA,m,n form #nandm < n,;
Iimn = A -1 (20)
-y (i form=nandn,; +1<m<2n,;
-1
(yiﬂﬁm,n form#nandn,; +1<m<2n,;
The solution to Equation 19 is given by the matrix exponential (Cimmino 2016):
n
0;;(n) = exp(lyn) O£,;(0) — |, exp(Ti(n —n")) Ti16,,;(n")dn’ (21)

This solution gives the fluid temperature variation along the borehole for an arbitrary borehole wall
temperature. From this solution, it is possible, considering piping connections within the borehole (series or
parallel), to obtain linear relations between the inlet and outlet fluid temperatures of the borehole and between
the inlet fluid temperature into the borehole and the heat extraction rate per unit length along the borehole.

For a borehole i divided into n,; segments of equal lengths with uniform temperature along the wall of each

segment, these relations are given by:

0 Oout
Ofoutik = Eint Ofinik + Epi“Opik (22)
®,=E® 0. .. +E?0O,; (23)

ik in,i”f.in,i,k b,i - bik

where Of i, ;  and 0 o x are the dimensionless inlet and outlet fluid temperatures of borehole i at time

Ty, and Eign"'}”, Ez,"iut, Eld:” and EZ”i are coefficients with values developed in appendices 1 and 2.

Piping connections in the network of boreholes

In bore fields with mixed parallel and series connections between the boreholes, the inlet fluid
temperature into a borehole i may be different from the inlet fluid temperature into the bore field and is

determined by the arrangement of the borehole network. The inlet fluid temperature into borehole i is either



equal to the inlet fluid temperature into the field or to the outlet fluid temperature of another borehole. The

arrangement of the borehole network is represented by a borehole connectivity vector:

9f,in,i,k = 9f,out,cin‘i,k (24)

where Cj, = [Cin1 " Cinn,] is the borehole connectivity vector, with ¢, ; the index of the borehole
connected to the inlet of borehole i (e.g. ¢inp, =1 in Figure 1); and 6f qyrox = Ofink is the inlet fluid
temperature into the bore field (e.g. cjp1 = 0 in Figure 1). For example, for the bore field represented in
Figure 1, the borehole connectivity vector is Cj, = [0 1  0]. For convenience, the sequence Py, ; denotes
the path starting from borehole i leading to the bore field inlet. With regards to the bore field of Figure 1:

Pin1 = {1}, Pinz = {2,1} and Py, 3 = {3}.

From Equation 22 and with knowledge of the borehole connectivity, the outlet fluid temperature at any

borehole can be expressed in terms of the inlet fluid temperature of the field and the borehole wall

temperatures of all boreholes in its path to the inlet:

—_ Bout Oout
ef,out,i,k = (HjePim nfz )Qf ink T Z]EP,M Hj'epim. Eirf,]j" E o Ob]k (25)
j'&Pinj
O outin = A%%0 . + ¥ p A%l 26
fouti,k — Sin,i Yf,ink J€Pini “'b,ij b,jk ( )

where A"‘I”f‘ and Af ‘"‘t are scalar and vector coefficients, with A}’ "”’ = 0if j € Py, ;, I1 is the product

operator, with [Tje( 2.3 gl = E{ U E{ % EL°4 and [];¢( 1 Ef; = 1.

From Equations 23 and 25, and considering the borehole connectivity, the heat extraction rate per unit
borehole length of any borehole may also be expressed in terms of the inlet fluid temperature of the field and

the borehole wall temperatures of all boreholes in its path to the inlet:

H’ Oou

q)l,k <H}EP"‘l i n,j > Hf 1n, k + Z]EPlni Hj,EPin,i E]n ]t E¢ @b] k (27)
J#t j'&Pinj
q_)l{,k = Aqil;,ief,in,k + ZjePim- Aqll:,i,j@b,j,k (28)

where A?m and A¢ ; are vector and matrix coefficients, with A(g ij=0 ifj & Py ;.



The heat extraction rates per unit borehole length of all borehole segments are then given by assembling

Equation 28 for all boreholes in the field:

®;, =AY 0/ in i + A2D,, (29)
I\
in,
¢ _ .
M= (30)
Ain,Nb
¢ ¢
& Ab,1,1 Ab,l,Nb
A? = ¢5 , ; (31)
Ab,Nb,l Ab,Nb,Nb

The outlet fluid temperature of the bore field is obtained by an energy balance:

O outk = Ofink — Np % (32)

0 = (1—1EA"’)9 . —2Lla%g (33)
f,outk vL in ) Yf,ink vL bVYbk

0 = pourg 4 pAfou 34

£ outk in OFink b Opk (34)

where y = mcy/2mk L is the dimensionless total fluid mass flow rate, ¢; = L®;/N,L is the
normalized average heat extraction rate per unit borehole length in the bore field, L=[L1 -+ Ly,]isa

vector of the lengths of all borehole segments in the bore field, with L; = [Li,l Li.nq,i].

g-Function of the bore field

Dimensionless borehole wall and inlet fluid temperatures

Per the definition of the g-function (Equations 1 and 8), the g-function is obtained from the
dimensionless borehole wall temperature response to a constant unit normalized heat extraction rate per
borehole length:

b = L®;/NyL =1 (35)

The dimensionless borehole wall and inlet fluid temperature responses are obtained by the simultaneous

solution of Equations 12, 29 and 35:



- — 0 —
H(zy _I‘Ek—1) Aq'l> A(;) g)k _ —0p 56
b in bk 0
L/N,L 0 0 [%nk 1
where I is the identity matrix.
Effective borehole and bore field thermal resistances
To evaluate the effective dimensionless borehole wall temperature — and thus the g-function — the
effective bore field thermal resistance (defined by Equations 2 and 16) must first be evaluated. The concept
of effective borehole thermal resistance was first introduced by Hellstrom (1991), who considered a uniform
borehole wall temperature and obtained the effective borehole thermal resistance based on the arithmetic

mean fluid temperature:

1
QO = Z(0finik+Ofoutik)=0p, ik
b,l ¢;,k

(37)

where ¢, = L;®;,/L; is the average normalized heat extraction rate per unit length of borehole i, 65 ;
is the effective uniform dimensionless borehole wall temperature of borehole i, and Qj, ; = 2wk Ry ; is the
effective dimensionless borehole thermal resistance of borehole i.

From Equations 22 and 23 and assuming a zero dimensionless borehole wall temperature, 8}, ; , = 0:

1 BER -
T2 LE? /L (38)
Uin,i/ ™1

*
b,i
Similarly, the bore field thermal resistance is defined as the ratio of the temperature difference between
the arithmetic mean fluid temperature in the bore field and the effective borehole wall temperature, and the
average heat extraction rate per unit borehole length in the bore field, considering a uniform effective borehole

wall temperature across the bore field:

1 *
_9.'k+9, k -0
Q]*’ield = 2( L _f,out ) = (39)
b

From Equations 29 and 34 and assuming a zero dimensionless borehole wall temperature, 8 ;;, = 0:

Oout
1+Ain

LA? /NyL (40)

1
* —
ineld 9



Effective dimensionless borehole wall temperature
The solution of Equation 36 gives the variation of the dimensionless inlet fluid temperature into the bore

field. From Equations 16 and 32, the effective dimensionless borehole wall temperature is given by:

* N *
Op(ti) = O ink — 2—:,7 — Qfiela (41)

where 0} is the effective dimensionless borehole wall temperature, equal to the g-function of the bore
field. In combination with the effective bore field thermal resistance, the g-function permits the simulation
of fluid temperatures in geothermal bore fields with series- and parallel-connected boreholes. An example of
the complete calculation process for the evaluation of the g-function of a field of 2 series-connected boreholes

is detailed in Appendix 3.

Results

A field of 144 boreholes is shown on Figure 3. The field consists of 24 parallel branches of 6 series-
connected single U-tube boreholes of equal dimensions. The dimensional and physical parameters of the bore
field are presented in Table 1. Fluid enters the 24 parallel branches from the center of the field and exits from
its perimeter. The fluid mass flow rate is evenly distributed across all branches. The effective borehole
thermal resistance is R, = 0.1460 m-K/W, corresponding to a dimensionless effective borehole thermal
resistance of (j, = 1.835. The effective bore field thermal resistance is Rfieq = 0.1700 m-K/W,

corresponding to a dimensionless effective borehole thermal resistance of Qf;.;q = 2.136. The dimensionless

total fluid mass flow rate is y = 54.25. With regards to the number of boreholes, the number of parallel
branches, the length of the boreholes and the average spacing between the boreholes, the bore field in Figure 3
is similar to the borehole thermal energy storage of Drake Landing Solar Community (Sibbitt et al. 2012). In
this section, the presented g-function calculation method is compared to the results of simulations obtained
using the duct ground heat storage (DST) model (Pahud and Hellstrom 1996). The effect of fluid mass flow

rate on the g-function and on the effective bore field thermal resistance is then studied.
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Figure 3. Bore field of 144 boreholes in 24 parallel branches of 6 series-connected boreholes

Table 1. Parameters of the bore field

Parameter Value Units
Bore field
Number of boreholes, Nj, 144 -
Number of parallel branches 24 -
Boreholes per branch 6 -
Nominal borehole spacing 2.25 m
Total fluid mass flow rate, m 6 kg/s
Boreholes
Borehole length, L 35 m
Borehole radius, 13, 0.075 m
Borehole buried depth, D 0.5 m
Piping
Number of U-tubes per borehole, n,, 1 -
Pipe outer diameter 0.0422 m
Pipe inner diameter 0.0294 m
Shank spacing 0.052 m
Pipe surface roughness 106 m
Physical properties
Undisturbed ground temperature, Ty 10 °C
Ground thermal conductivity, kg 2 W/m-K
Ground thermal diffusivity, a 106 m?/s
Grout thermal conductivity 1 W/m-K
Pipe thermal conductivity 0.4 W/m-K
Fluid thermal conductivity 0.492 W/m-K
Fluid density 1015 kg/m?
Fluid specific heat capacity, c¢ 3977 J/kg-K
Fluid dynamic viscosity 0.00203 kg/m-s




g-Function of the bore field

The effective dimensionless borehole wall temperature (i.e. the g-function) and the dimensionless inlet
fluid temperature obtained from the presented methodology are shown on Figure 4, using n, = 12 segments
per borehole. The dimensionless temperatures are compared to the average storage temperature and the inlet
fluid temperature obtained from a constant heat injection simulation using the DST model. As the DST model
does not consider the positions of the boreholes in the bore field, but rather assumes evenly distributed
boreholes in a specified storage volume, a storage volume of 25,270 m® given by the cylindrical volume
delimited by the boreholes furthest from the center of the field was used for this simulation. The simulation
was performed with a time step of 1 hour over a simulation period of 100 years and a constant heat injection
rate Q' = 2mks. The effective borehole wall temperature is not directly comparable to the average storage
temperature, as the former is representative of the temperature in the immediate vicinity of the boreholes
while the latter is representative of the average temperature in the volume. For this reason, the inlet fluid
temperatures are better suited for comparison between the g-function and the DST model (Pahud and
Hellstrom 1996). The results are close, with a maximum absolute difference of 1.46 at In(t) = 1.8 when the
dimensionless inlet fluid temperature is 54.02, and a maximum relative difference of 4.2 % at In(t) = -9.9
corresponding to the second time step of the DST simulation. Differences are expected since the DST model
does not consider the actual positions of the boreholes.

The calculation time for the evaluation of the g-function of the field of 144 boreholes over 100 time steps
using n, = 12 segments per borehole is 447 seconds on a computer equipped with a 4.2 GHz quad core
(8 threads) processor. Comparatively, the calculation time for the evaluation of the g-function of the same
bore field using a uniform borehole wall temperature condition as per the method of Cimmino and Bernier
(2014) and Cimmino (2018c) (i.e. without consideration for the fluid temperature variations and the
connections between boreholes) is 412 seconds. The time difference is caused by the increased size of the
system of equations solved in Equation 36, as the time required for the evaluation of the matrix of segment-

to-segment thermal response factors, H, is 220 seconds in both cases.
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Figure 4. Comparison of the dimensionless effective borehole wall and inlet fluid temperatures

with the DST model

Simulation of a seasonal storage system

The g-function of the bore field presented in Figure 4 is used in a sample simulation of a seasonal thermal
energy storage system. Simplified relations are used for the total heat extraction from the bore field, given as
the sum of heat extraction due to building heating loads and solar thermal collectors (heat injection
corresponds to negative heat extraction). The building heating loads, Qpyiigings, are represented by a linear

relation with ambient temperature:

Qbuildings = max(0, —7500[W /K] - Tomp + 75000[W]) (42)

where T,,,;, s the ambient temperature (in °C), averaged over the 6 preceding hours, obtained from a

typical meteorological year for the city of Montreal, Canada (Numerical Logics 1999). In the simulation,



solar heat injection started at the beginning of the system’s operation, on January 1%, while building heating
loads were only applied at the beginning of the following heating season, in September of the first year.

The heat extraction rate from solar collectors is given by:

Qsotar = —AcoinG (43)

where A.,; = 750 m? is the total solar collector area, 7 = 0.6 is a constant solar collector efficiency and
G is the total solar radiation on solar collectors facing due south with a slope of 45°, obtained for the same
typical meteorological year.

A 5 year simulation of the seasonal thermal storage system was conducted with the DST model with a
time step of 1 hour. Using the same ground heat extraction rates, the effective borehole wall temperature
were obtained from the temporal superposition of the g-function, using the FFT technique proposed by
Marcotte and Pasquier (2008). The inlet fluid temperatures were then obtained from Equation 2. The inlet
fluid temperatures during the 5 simulation year predicted from the temporal superposition of the g-function
are presented on Figure 5, along with the average heat extraction rate per unit borehole length. Predicted inlet
fluid temperatures are in good agreement with the DST model, as shown on Figure 6 for a 5 day period of
the 5™ simulation year, starting on June 30%. This 5 day period coincides with the maximum difference of

1.85 °C between the inlet temperatures predicted by the two models.
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Figure 5. Inlet fluid temperature during the 5 simulation year (above), and average heat

extraction rate per unit borehole length (below)
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Figure 6. Comparison of the inlet fluid temperatures predicted by the g-function and the DST
model (above), difference between the two models (center), and average heat extraction rate per unit

borehole length (below)

Fluid mass flow rate

The influence of the fluid mass flow rate on the g-function is presented on Figure 7. It is shown that the
difference between the inlet fluid temperature and the effective borehole wall temperature increases when
the mass flow rate is reduced, as predicted by Equation 41. It is also shown that, for sufficiently large mass

flow rates, the effective dimensionless borehole wall temperature does not show significant variations. At



In(t) = 5, the values of the effective dimensionless borehole wall temperature are 51.5 and 52.0 for
dimensionless fluid mass flow rates of y = 25 and 125, respectively. These results imply that, for sufficiently
large mass flow rates, the same g-function can be used for simulation. The effect of the fluid mass flow rate
is further demonstrated on Figure 8, comparing the steady-state dimensionless inlet fluid temperature and
effective dimensionless borehole wall temperature at varying mass flow rates. For the bore field of Figure 3,
the steady-state effective borehole wall temperature only varies by 1 % for y > 21.8. The sharp variation
around In(t) = 3 is due to the transition from laminar to turbulent flow within the boreholes. The variations
of the effective dimensionless borehole wall temperature are explained by the variations of the effective bore
field thermal resistance, as shown on Figure 9. In the same range y > 21.8, the effective bore field thermal
resistance varies from 4.07 to 1.76. These results are in agreement to that of Cimmino (2015) who found that,
for parallel-connected boreholes, the values of the g-function depend on the effective borehole thermal
resistance. It should be noted that, for infinite mass flow rate (i.e. y = ), the effective bore field thermal

resistance (defined in Equation 2) tends to the same value as the effective borehole thermal resistance.
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Figure 7. Influence of the dimensionless fluid mass flow rate on the dimensionless inlet fluid

temperature and on the effective dimensionless borehole wall temperature
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Conclusion

A semi-analytical method for the calculation of g-functions of bore fields with mixed arrangements of
series- and parallel-connected boreholes is presented. Borehole wall temperature variations are obtained from
the temporal and spatial superposition of the finite line source solution. Heat transfer between the fluid and
the borehole wall is obtained from an analytical solution based on an energy balance on a thermal resistance
network representing a borehole cross-section. The concept of effective bore field thermal resistances is
introduced and is used in the definition of the effective borehole wall temperature. This yields a linear relation
between the arithmetic mean fluid temperature, the heat extraction rate per unit borehole length and the
effective bore field thermal resistance, as is typically encountered in simulations of parallel-connected
borehole fields.

The g-function calculation method is validated against the DST model on a bore field consisting of 24
parallel branches of 6 series-connected boreholes, totalling 144 boreholes. Some small differences in
predicted inlet fluid temperatures are observed but can be explained by the fundamental differences between
the two methods, i.e. the positions of the boreholes are not explicitly prescribed in the DST model. The
g-function is shown to be dependent on the fluid mass flow rate, although variations in g-function values are
not significant at sufficiently high fluid mass flow rates. An important limitation of the proposed method is
that it is not possible to account for changes in flow direction within the bore field, which can be expected in

seasonal storage systems. This limitation will be addressed in future work.

Nomenclature

A, A : Coefficient, vector of coefficients or matrix of coefficients
Ciy, : Borehole connectivity vector

¢r : Fluid specific heat capacity, J/kg-K

D : Buried depth, m

d : Distance, m

E, E : Coefficient, vector of coefficients or matrix of coefficients
G : Total incident solar radiation

g : g-function

H : Matrix of segment-to-segment thermal response factors

h : Segment-to-segment thermal response factor

Irs : Axial portion of the integrand function of the finite line source solution
k : Thermal conductivity, W/m-K

L : Length, m



m : Mass flow rate, kg/s

N, : Number of boreholes

n, : Number of U-tubes

: Number of borehole segments

D
n

q
P;, : Path sequence to bore field inlet

Q : Heat extraction rate, W

Q' : Heat extraction rate per unit length, W/m

R : Thermal resistance, m-K/W

r : Radius, m

T : Temperature, °C

t : Time, s

(x,y) : Borehole horizontal coordinates, m

Y : Vector of dimensionless fluid mass flow rates

z : Vertical coordinate, m

Greek symbols

: Thermal diffusivity, m?/s

: Dimensionless thermal conductance matrix
: Dimensionless fluid mass flow rate

: Dimensionless vertical coordinate

a
r
14
n
0 : Vector of dimensionless temperatures
6 : Dimensionless temperature

p : Density, kg/m?

7 : Dimensionless time

@' : Vector of dimensionless heat extraction rates per unit length
¢’ : Dimensionless heat extraction rate per unit length

Q) : Dimensionless thermal resistance

Subscripts

0 : Initial

b : Borehole, or borehole wall (temperature)
f : Fluid

field : Bore field

i,j : Borehole indices

in : Inlet

k,p : Time step indices

m, n : Pipe indices

nom : Nominal value

out : Outlet

s : Soil

storage : Storage (DST model)
u, v : Borehole segment indices



Superscripts

(' )*: Effective value
(' )? : Delta-circuit
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Appendix 1 : Coefficients for the evaluation of fluid temperatures

The solution to Equation 19 gives the fluid temperature variation in each of the pipes inside a borehole:

O (1) = exp(Tn) O7,(0) — [ exp(T;(n — 1)) [;16,;(n")dn’ (44)

where @;(0) is a vector of fluid temperature in each of the pipes at the top of borehole i.
For a borehole i divided into n,; segments of equal lengths with uniform borehole wall temperature

along each of the segments:
0,:(1) = exp(Tyn) O7,;(0) + X' ;™ [exp(T; max(0, 7 — 1y41)) — exp(T; max(0, 7 —

N6 5, (45)

wheren;,, = (Di,u — Di) /L; is the normalized depth of segment u along borehole i and Ming+1 = 1.

A relation between the inlet and outlet fluid temperature is obtained by first considering the connection

between the pipes at the bottom of the borehole:

0rqi(1) = Of,y,;: (1) (46)

where Oq;(n) = [lnp,i On,,,i]@f_i(n) is a vector of fluid temperatures in downward flowing pipes,

Of,i(M) = [onp,i ln,,,i]Gf,,-(n) is a vector of fluid temperatures in upward flowing pipes, I,, . is the

Mp,i

Ny, X Ny; identity matrix and Onw. is the n, ; X n, ; null matrix.



The dimensionless fluid temperature vector may be reconstructed by the vectors of fluid temperatures in

downward and upward flowing pipes:
T T T
Or:M =050 M Opyi M| =Wy Onyi] Opai) + [Onyi ] ©pi(m)(47)

From Equations 45, 46 and 47:

Ep (1)07,,,(0) = Ef% ,(1)074(0) + Ep (1), (48)
EZL D) = [y —Tup] exp@m) [Onpe o]’ (49)
Efs ) = [“lupe T, ] exp@m) [T, O] (50)

Eps(n) = [Epi @) - B, ()] (51)

Ept () = [~In,; Ty JT [exp(T; max (0,7 — my41)) — exp(Ty max(0,n — p,DILL  (52)

Expressions for outlet fluid temperatures and fluid temperature profiles based on the inlet fluid

temperature are then developed by considering the piping connections within the borehole.

U-tubes in series
For U-tubes connected in series, the inlet of each pipe m + 1 (m < n,; — 1) is connected to the outlet
of pipe m + 1y i, Of i man,,; (0) = 6f;m+1(0), the inlet fluid temperature into pipe 1 is equal to the inlet fluid

temperature into the borehole, 65 ; 1 (0) = 6y i, ;, and the outlet fluid temperature of pipe 2n,,; is equal to the

outlet fluid temperature from the borehole, Gf‘i‘an ;(0) = 6 out,i- In matrix notation:

T —_
07ai(0) = [1 Ovxm,-1] Opin; + 15y V07,4(0) (53)

Qf,out,i = [lenp.i_l 1]@fu,i(0) (54)

)

where I( is an,; X n,; matrix with ones along the first diagonal below the main diagonal.

The dimensionless outlet fluid temperature is given by introducing Equations 53 and 54 into

Equation 48:



0, T [ PN
(Efu (1) — Egs (DI ) 07,(0) = E% (O[T Otemy-1] O in s + Ept(1)8p, (55)

Oou Oout
Of.0uti = Eing Ofini T Ep7Op,i (56)

-1
Eert = [Onam, -1 1] (Efe, (1) —Efs,(DISY) TER (D[ Ovam,a]' (57)

Mp,i

-1
Ezout_[OIanl_l ]( ful(1)— fdl(l)l( 1)) g_‘;(l) (58)

The fluid temperatures at the top of the boreholes are obtained by introducing Equations 53 and 55 into

Equation 47:

@f,i(o) m lgf in,i + Eb l@b i (59)
ES = [1 Ovanpema] 4 [y, 157] (EC, D) — E%,DICY) T B2 D[L Onnyi-1]” (60)

0 - -0\! Oy
Ebg:[lnp_i iy ( fu (D) - Eps (DISY)  Ep(1) (61)

Fluid temperature profiles are then obtained by introducing Equation 59 into Equation 45:

Ori(n) = Efy :(M)6fin; + Ep; (MO (62)

ES, :(n) = exp(T;m) ES; (63)

Ep;(n) = exp(Ti) Ep% + [Ep ;1 (D) - Ep i, (1)] (64)

EJ,.(n) = T7 '[exp(T;max(0,n —n,,,)) — exp(T; max(0,n —n,))|T;1 (65)

U-tubes in parallel

For U-tubes connected in parallel, the inlet fluid temperature into each pipe m (m < n,,;) is equal to the
inlet fluid temperature into the borehole, 6 ;1(0) = 8¢y ;, and the outlet fluid temperature of the borehole

is the result of mixing of the outlets of all pipes m (m = n,; + 1). In matrix notation:

0rq,i(0) = 165 in; (66)



Yi
9f,out,i = Z@fu,i(o) (67)

where 1isavectorofonesandY; = [Vi1 " Yin,] is a vector of dimensionless fluid mass flow rates
in each U-tube, with y; , = mM; Cp/2mkL;.

The dimensionless outlet fluid temperature is given by introducing Equations 66 and 67 into

Equation 48:

07,,:(0) = E®  (DE® (116, + E% . (1)E®(1)® 68
fui ~ Sfui fd,i fini fu,i b,i b,i (68)
gf,out,i = nfl gf in,i + Ebl tebl (69)

9 Y; 0, 1 0,
Eimi* = B (DEgg, (D1 (70)

aau l ou
Eyi' = Efu, b,i(l) (71)

The fluid temperatures at the top of the boreholes are obtained by introducing Equations 66 and 68 into

Equation 47:
@f,i(o) - m lgf in,i + Eb lebl (72)
E? T_ o, 1 0,
Ep; = [In, On,,,] 1+[On,; In,,] Ept, (DEq4,(D1 (73)
(4 0,
E;" = [On,,; n,,l] ful (1)Eb’i(1) (74)

Appendix 2 : Coefficients for the evaluation of heat extraction rates

The average heat extraction rate per unit borehole length of a segment u of a borehole i is obtained from

an energy balance on the fluid flowing in each of the pipes:

bin=1[Yi —Yil (Gf,i(ﬂi,u) — 9f,i(77i,u—1)) (75)

wheren;,, = (Di'u - DL-) /L; is the normalized depth of segment u along borehole i.

Introducing Equation 62 into Equation 75:



b=V —Yi (Eien,i(ni,u) - Eien,i(ni,u—l)) Opini +[Yi —Yi] (Eﬁ,,-(ni,u) - Eg,i(’?i,u—1)) 0,,(76)

The heat extraction rates per unit borehole length of all segments of borehole i are then given by

assembling Equation 76 for all segments of the borehole:

®; = Eid:l,ief,in,i + Eﬁi@b,i (77)
¢ ¢ ¢ T

Ein,i = [Ein,i,l Ein,i,nq,i] (78)

Eidr)'l,i,u =[Yi —Yi (Eign,i (ni,u) - Eion,i(ni,u—l)) (79)
¢ ¢ o 7

Ep; = [Eb,i,l Eb,i,nq,i] (80)

Epiu = [Yi —Yil (Eg,i(ni,u) - Ez,i(ni,u—l)) (81)

Appendix 3 : Sample calculation of the g-function of a field of 2 boreholes

The evaluation of the g-function is carried out by the following process: (1) Identification of borehole
and bore field parameters, (2) evaluation of the segment-to-segment thermal response matrix, (3) evaluation
of coefficients for fluid temperatures and heat extraction rates in the boreholes, (4) evaluation of coefficients
for fluid temperatures and heat extraction rates in the bore field, (5) evaluation of the dimensionless fluid and
borehole wall temperatures, (6) evaluation of the effective bore field thermal resistance, and (7) evaluation
of the effective dimensionless borehole wall temperature (i.e. the g-function). This appendix outlines this

process for the evaluation of the g-function of a field of 2 series-connected boreholes.

Borehole and bore field parameters

The positions and dimensions of boreholes in a field of 2 series-connected boreholes are illustrated on
Figure 10. Parameters relevant to the evaluation of the g-function are presented in Table 2. For the purpose
of the sample calculation, the g-function is calculated using only n,; = n,, = 1 segment per borehole and
at only two time steps t; = 10000 h and t, = 20000 h. The bore field connectivity vector and path sequences

are obtained from the bore field layout presented in Figure 10:
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Figure 10. Field of 2 series-connected geothermal boreholes

(82)

(83)

Table 2. Parameters of the field of 2 boreholes

Parameter Value Units
Bore field
Number of boreholes, Nj, 2 -
Total fluid mass flow rate, m 0.25 kg/s
Boreholes
Borehole lengths, L, / L, 150/100 m
Borehole radius, 13, 0.075 m
Borehole buried depths, D; / D, 3/2 m
Piping
Number of U-tubes per borehole, n,, 1 -
Pipe outer diameter 0.0422 m
Pipe inner diameter 0.0294 m
Shank spacing 0.052 m
Pipe surface roughness 106 m
Physical properties
Ground thermal conductivity, kg 2 W/m-K
Ground thermal diffusivity, a 106 m?/s
Grout thermal conductivity 1 W/m-K
Pipe thermal conductivity 0.4 W/m-K
Fluid thermal conductivity 0.492 W/m-K
Fluid density 1015 kg/m?
Fluid specific heat capacity, c¢ 3977 J/kg-K
Fluid dynamic viscosity 0.00203 kg/m-s




Segment-to-segment thermal response matrix

The segment-to-segment thermal response matrices, H, are obtained from the evaluation of the finite line
source solution (Equation 5) for each pair of borehole segments in the bore field and at each time step. The
segment-to-segment thermal response factors, h; ;,, ,,, are then assembled according to Equation 11:

47392 0.2568

H(t) = |53852 47119 (84)
_ [5.0630 0.4250
H(tZ)_[0.6374 5.0222 (85)

Coefficients for fluid temperatures and heat extraction rates in the boreholes

The multipole solution of order 3 is used to evaluate delta-circuit thermal resistances (Claesson and

Hellstrom 2011) :

R%y, =RP,, =RS11 =R5,, =0.2908 m-K/W (86)
RY , =R{,1 =RS1, =RS,, = —3.2774 m-K/W (87)

Following the evaluation of the dimensionless delta-circuit thermal resistances, QiAjm,n = 2nkSR€m‘n,
and the dimensionless fluid mass flow rates, y; = m;cf/2mk;L;, the dimensionless thermal conductance

matrices are evaluated from Equation 20 :

_ [—-0.4728 —0.0460

l“1—[0.0460 0.4728 (88)
_ [-0.3152 —0.0307

FZ_[0.0307 0.3152 (89)

As the two boreholes are single U-tube boreholes, the coefficients for the evaluation of the dimensionless
outlet fluid temperatures of the boreholes (Equation 22) can be obtained by either of Equations 57 and 58, or

Equations 70 and 71 :

Edout = 03481 (90)

in,1

E,5 = [0.6519] 91)



2}

Ege4t = 0.4981 (92)
E,5¢ =[0.5018] (93)

The coefficients for the evaluation of the normalized heat extraction rates of the boreholes (Equation 23)

are obtained from Equation 78 and 80 :

EY | =[0.3439] (94)

E? =[-0.3439] (95)
b,1 .

E? . =1[0.3970] (96)
in,2 '

EJ, = [-0.3970] (97)

Coefficients for fluid temperatures and heat extraction rates in the bore field

The coefficients for the evaluation of the normalized heat extraction rates of the bore field (Equation 29)

are obtained from Equation 27 and assembled according to Equations 30 and 31 :

A? =[0.3439 0.1382]" (98)
o _[-03439 0
A3 =[ors88 03970 ©9)

The coefficients for the evaluation of the dimensionless outlet fluid temperature of the bore field

(Equation 34) are then obtained from Equation 33 :

Gou —
Alout = 0.1734 (100)
A% =[0.3248 0.5018] (101)

Dimensionless fluid and borehole wall temperatures

The system of equations of Equation 36 is assembled and solved sequentially for each time step. Note

that the zero-extraction dimensionless borehole wall temperatures, ﬁg_k, change every time step. The



segment-to-segment thermal response matrix, H, only changes if the time step changes. At the first time step

tztl:
47392 0.2568 -1 0 0 ¢_’}'1'1 0
0.3852 4.7119 0 -1 0 |[P211] |0
-1 0 —0.3439 0 0.3439(|6,111|= |0 (102)

0 -1 0.2588 —0.3970 0.1382||3 0

b,2,1,1
0.6 0.4 0 0 0 0. 1

f,in,1

The solution of the system of equations gives normalized heat extractions rates, dimensionless borehole

wall temperatures and inlet fluid temperature at time ¢; :

®; =[1.1016 0.8476]T (103)
051 =[5.4383 4.4183]T (104)
Ofin1 = 8.6416 (105)

Starting from the second time step t = t,, the zero-extraction dimensionless borehole wall temperatures

are evaluated from Equation 13 (with t, = 0) :

09, = (H(ty — to) — H(t, — t,))®; = [0.4993 0.5409]" (106)

The solution of the updated system of equations gives normalized heat extractions rates, dimensionless

borehole wall temperatures and inlet fluid temperature at time ¢, :

®) =[1.1042 0.8437]" (107)
0p2 = [5.9490 4.9416]" (108)
Of in2 = 9.1600 (109)

Effective dimensionless bore field thermal resistances

The effective dimensionless bore field thermal resistance is evaluated from Equation 40 :

Qfjerq = 2.2427 (110)



Effective dimensionless borehole wall temperature

The effective dimensionless borehole wall temperature is finally evaluated from Equation 41 :

0;(t,) = 4.8191 (111)

0;(t,) = 5.3374 (112)
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