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DEDICATION

“Mathematics allows us to go beyond the intuition,

and explore territories that do not fit within our grasp”
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RESUME

La programmation mathématique en nombres entiers (PNE), par son caractére générique,
permet de formuler de nombreux problemes de décision de la vie réelle. Ainsi, les outils de
PNE sont utilisés quotidiennement pour, par exemple, fabriquer des horaires de personnel ou
des itinéraires de véhicules de livraison, opérer des réseaux électriques, gérer des inventaires,
ou encore décider de politiques d’investissement. Ce succes est, en grande partie, rendu
possible par le développement, au cours des dernieres décennies, d’outils logiciels robustes et

performants, capables de résoudre efficacement un grand nombre de problémes pratiques.

Toutefois, 'amélioration de tels outils s’est accompagnée d’'une augmentation de la diversité,
taille et complexité des problemes que les praticiens cherchent a résoudre, dépassant parfois
les capacités des principaux solveurs de PNE. Dans ce contexte, I'objectif de cette these est le
développement d’algorithmes spécialisés, i.e., qui exploitent la structure mathématique d’une
classe de problemes donnée, et leur intégration au sein du cadre algorithmique de la PNE. Ce
travail explore ainsi une voie hybride entre solveurs PNE génériques et spécialisés, et se situe

a 'intersection entre la conception d’algorithmes de PNE, et leur implémentation pratique.

Tout d’abord, nous proposons une formulation PNE pour la gestion d’un réseau électrique
comprenant de multiples ressources énergétiques distribuées. Etant donnés la structure du
réseau et certains enjeux de respect de la vie privée, le probléeme est reformulé par décom-
position de Dantzig-Wolfe, et résolu par un algorithme de génération de colonnes. Cette
approche est générique, i.e., n’importe quel type de ressource peut étre pris en compte, et
efficace. En effet, des tests numériques montrent que des systémes comportant plusieurs

milliers de ressources peuvent étre résolus a l'optimalité.

Ensuite, nous présentons la conception algorithmique et I'implémentation de Tulip, un solveur
de programmation linéaire basé sur un algorithme de points intérieurs. Plus spécifique-
ment, le code de Tulip est structuré de facon a permettre 'utilisation de librairies d’algebre
linéaire spécialisées, qui peuvent étre implémentées directement par 1'utilisateur. Plusieurs
tests numériques démontrent 'efficacité du code, tant pour des instances non-structurées que
présentant une certaine structure. Dans le premier cas, la performance de Tulip est compa-
rable a celle de solveurs en source libre. Dans le second, 1'utilisation de routines spécialisées
améliore la performance d’un facteur 10, et rend Tulip compétitif avec les meilleurs solveurs

commerciaux.

Enfin, nous étudions les aspects pratiques de plans coupants disjonctifs pour I'optimisation

conique en variables mixtes. En nous appuyant sur la dualité conique, nous formulons un
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programme d’optimisation conique pour séparer de tels coupes, et analysons les aspects
théoriques de plusieurs normalisations. De plus, nous mettons en lumiere certaines difficultés
rencontrées dans le cadre d’algorithmes d’approximation polyhédrale, et proposons des ex-
tensions a plusieurs techniques initialement proposées dans le contexte linéaire. L’efficacité
de notre approche est validée a travers plusieurs expériences numériques, et est compétitive

avec la génération de coupes par le solveur CPLEX.
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ABSTRACT

The past 70 years have witnessed tremendous performance improvements of algorithms and
software for mixed-integer programming. These developments have been met by a likewise
increase in the size and complexity of the models that practitioners aim to solve: there
is no shortage of challenging problems. In that context, this thesis investigates the use of
structure-exploiting techniques within generic optimization paradigms, to tackle large-scale
or otherwise intractable instances. In particular, we build on the observation that structure-
exploiting techniques can often be viewed as specialized implementations of one or several

individual components of generic MIP algorithms.

First, we consider the coordination of Distributed Energy Resources in power systems. This
problem is first formulated as a centralized —but intractable— mixed-integer linear program,
then reformulated using Dantzig-Wolfe decomposition and solved by a column-generation
algorithm. The proposed framework is generic, i.e., it can handle resources of arbitrary
nature, and computationally efficient: problems with thousands or resources are solved to
proven optimality in less than an hour. Finally, besides scalability, the decomposition scheme

naturally addresses some privacy concerns regarding the operation of individual resources.

Second, we focus on structure-exploiting interior-point methods for linear programming. To
that end, we develop an open-source interior-point solver, Tulip, whose algorithmic frame-
work is disentangled from linear algebra implementations. This flexible design allows to easily
integrate specialized, user-provided linear algebra routines. Through various numerical ex-

periments, we demonstrate the flexibility, efficiency and robustness of the code.

Finally, we investigate the separation of disjunctive cutting planes in mixed-integer conic
programming, and demonstrate the benefits of exploiting a problem’s conic structure. Lever-
aging conic duality, the separation of disjunctive cuts is formulated in a single cut-generating
conic problem (CGCP); this dual perspective offers a number of insights that were unavailable
to previous approaches. In particular, we study the theoretical and computational merits of
several normalization conditions, including the loss of strong conic duality in the separation
problem, and the separation of conic-infeasible points in the context of outer-approximation
algorithms. Computational experiments demonstrate the efficiency of the proposed approach

on several classes of instances.
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CHAPTER 1 INTRODUCTION

Mixed-Integer Programming (MIP) is routinely used in numerous fields, from routing and
scheduling to power systems, inventory management and financial engineering. Two factors
have contributed to this widespread adoption. First, MIP is a generic paradigm that can
model a breadth of real-life problems, enabling its use in various applications. Second,
the continuous development, for the past 70 years, of robust and ever-faster optimization
software [1-3], combined with advances in computing resources, have made it possible to
solve practical problems at scale. Nevertheless, progress in MIP software has been met by a
likewise increase in the size and diversity of the problems that practitioners aim to solve, at

times exceeding the capabilities of existing MIP technology.

On the one hand, generic solvers, building on decades on development, deliver the best overall
performance across a wide range of problem classes: they are numerically robust and widely
applicable, but sometimes run out of steam on particularly hard instances. On the other hand,
practical needs have fostered the development of specialized solvers, that exploit specific
information about a given class of problems. Such examples include Concorde [4] for the
Traveling Salesman Problem (TSP), or Geosteiner [5] for computing Euclidean Steiner trees
in a plane. Nevertheless, although specialized solvers typically yield enhanced performance,
they are restricted to the class of problems for which they were designed. In most cases, their
usability is further hampered by limited support and interfacing capabilities, as well as less

extensive documentation.

Problem structure refers to intrinsic mathematical properties that are shared among a class
of problems, e.g., problems with a separable objective, or with a block-angular constraint
matrix. Thus, structure can be exploited at various levels, from stronger formulations down
to linear algebra and memory management. Successfully doing so in practice then requires (i)
a structure-exploiting algorithm, (ii) its integration within a solver’s algorithmic and software
environment, and (iii) the ability for the user to convey structural information, or for the

solver to detect it automatically.

The present thesis focuses on (i) and (ii), and builds on the observation that structure-
exploiting techniques can often be cast as specialized implementations of certain MIP algo-
rithmic components. We explore a hybrid route between problem-specific and generic MIP
solvers, wherein users can provide specialized code for each individual component of a generic
MIP solver —beyond existing callback capabilities. Therefore, our work lies at the intersection

of algorithmic aspects of MIP technology, and their implementation in optimization software.



1.1 Background

In its most general form, a MIP problem can be stated as

min  f(z) (1.1a)
st. reX, (1.1b)
r; € LNje T, (1.1¢c)

where X C R" and J C {1, ...,n}. The optimal value of Problem (1.1) is
Z* =inf {f(x) | (1.1b) — (1.1¢)},

and a point z € R” is called a feasible solution if it satisfies the constraints (1.1b)-(1.1c).
Mixed-Integer Linear Programming (MILP) corresponds to the case where f is linear and X
is described by a finite number of linear inequalities, i.e., X = {z | Az > b}. In Mixed-Integer
Convex Programming (MI-CONV), f is a convex function and X is a convex set, typically
described by inequalities of the form g(x) < 0 where g is convex. The broader class of Mixed-
Integer Nonlinear Programming (MINLP) includes cases where X = {z | g(z) < 0}, and f,

g are arbitrary.

Exact methods, which are the focus of this work, try to achieve two goals. On the primal
side, one seeks an optimal solution z*, i.e., a feasible solution with f(z*) = Z*. On the dual
side, one tries to prove that z* is indeed optimal, i.e., that there exist no feasible solution x
with f(z) < f(x*). Typically, this is done by computing a valid dual bound Z < Z*, whose
value is improved until it reaches Z*. Thus, optimality is declared when, up to numerical

tolerances, f(z*) = Z.

The workhorse of exact MIP methods is the branch-and-bound algorithm [6]. In its sim-
plest form, branch-and-bound is an implicit enumeration scheme, wherein one iteratively
partitions the search space into smaller domains (branching), while regions that provably do
not contain any optimal solution are discarded (bounding). All modern MIP solvers employ
(sophisticated) variants of the branch-and-bound algorithm, combined with a clever use of
presolve, cutting planes, and heuristics [2,7]. Presolve techniques [8] reformulate the original
problem into a smaller, equivalent problem, by applying a number of simple rules, e.g., substi-
tuting fixed variables, removing redundant constraints, tightening bounds, etc. Heuristics [9]
help find high-quality feasible solutions quickly. Cutting planes strengthen the continuous
relaxation, thereby improving the quality of the dual bound and reducing the number of

branch-and-bound nodes.



The effectiveness of MIP solvers stems from the combined use of each of these components,
some of which can be specialized through callback functionalities. These are generally re-
stricted to user-provided cuts, heuristic solutions, and possibly branching decisions. Lower-
level changes, e.g., using a different LP algorithm, are impossible at worst, for instance when
using commercial software, and daunting at best when source code can be modified. As
a result, despite improving on one or few algorithmic components, ad-hoc implementations

often lose out on several crucial tools such as powerful branching rules.

1.2 Objective and contributions

The objective of this thesis is to investigate the design and implementation of structure-
exploiting algorithmic strategies within the generic MIP framework. Our motivating example
stems from power systems operations, a field in which MIP formulations and conic relaxations

are routinely employed [10].

Our first contribution focuses on the operation of power systems in the presence of numerous
and heterogeneous Distributed Energy Resources (DERs), which we formulate as a large MIP
problem. Motivated by scalability issues and privacy concerns for individual resources, and
informed by an electricity grid’s spatial structure, we propose a decomposition scheme and
column-generation algorithm. The resulting approach can accommodate any type of resource
whose operation can be formulated as a MIP problem, and is highly scalable, handling

instances with thousands of DERs.

In our second contribution, we introduce the algorithmic design and implementation of Tulip,
an open-source interior-point solver for linear optimization. Tulip’s main feature is that its al-
gorithmic framework is fully disentangled from linear algebra implementations, thus allowing
to seamlessly integrate specialized routines for structured problems. Through computational
experiments, we find that Tulip is competitive with open-source interior-point solvers on
generic LP instances. Furthermore, we illustrate Tulip’s flexibility and implement special-
ized linear algebra routines for structured master problems in the context of Dantzig-Wolfe
decomposition. These routines yield a tenfold speedup on large and dense instances that

arise in power systems operation and two-stage stochastic programming.

Our third and last contribution investigates the separation of disjunctive cuts in mixed-
integer conic programming. Building on conic duality, we state an algebraic characterization
of disjunctive inequalities, and formulate a cut-generating conic problem (CGCP) to separate
them. Then, we compare the theoretical merits and demerits of several normalization condi-

tions for the CGCP, thereby deriving a number of insights on cut separation in a nonlinear



setting. In addition, we propose conic extensions of the classical lifting and strengthening
procedures for disjunctive cuts. Finally, we study the practical behavior of various normal-
ization conditions, and show that our CGCP-based approach is competitive with CPLEX

internal lift-and-project cut generation.

1.3 Thesis outline

The rest of this thesis is organized as follows. In Chapter 2, we present a brief overview of ex-
isting literature on structure-exploiting techniques for MIP. Our three contributions outlined
above are in Chapters 3, 4, 5, respectively; each is self-contained and contains relevant back-
ground material and references. Specifically, Chapter 3 reviews mathematical formulations
and decomposition methods for the coordination of DERs, Chapter 4 presents structure-
exploiting approaches in interior-point methods, and Chapter 5 includes background material
on conic optimization and disjunctive cuts, both in the linear and nonlinear settings. Finally,

Chapter 7 summarizes our work and discusses possible extensions.



CHAPTER 2 CRITICAL LITERATURE REVIEW

In this chapter, we provide background material and references that complement those found
in the subsequent chapters. Given that structure exploitation encompasses a broad array of
specialized algorithms, an exhaustive review of all such techniques is beyond the scope of
this work. We start with a brief overview of existing ways in which generic MIP solvers can
exploit structure. Then, we introduce decomposition techniques, which underlie Chapter 3
and Chapter 4, and available software. Background material and relevant references regarding

conic optimization are presented in Section 5.2.

2.1 Structure exploitation in generic MIP solvers

Unsurprisingly, generic MIP solvers internally perform some (limited) structure detection,
typically at presolve. These include the detection of disconnected components in Gurobi [8],
and the automatic Benders decomposition in CPLEX [11]. Furthermore, major MILP solvers
support certain types of constraints whose formulation do not always fall under the generic
MIP paradigm. Examples include Special-Ordered Set constraints and indicator constraints,
whose explicit knowledge can improve the resolution process as it enables the use of specific

branching strategies.

Callbacks provide the ability to interact with a solver’s resolution process, albeit in a con-
trolled capacity. Supported features are generally limited to providing heuristics solutions
and cutting planes, with a handful of solvers allowing branching decisions as well. Only lim-
ited information can be queried from a callback, e.g., the current fractional or integer solution,
and bound information. Lower-level components are generally not available. Callback APIs
and functionalities vary widely between solvers and, to the best of our knowledge, JuMP [12]
is the only modeling language that offers (limited) support for callbacks, in a solver-agnostic
way. These are restricted to submitting heuristic solutions and cutting planes, provided that

the underlying solver supports such features.

2.2 Decomposition techniques and available software

Two of the most popular decomposition techniques in MIP are the Dantzig-Wolfe (DW)
decomposition [13] and the Benders decomposition [14]. We only present the main principles
behind each method, and refer to [15] and [14, 16] for a thorough overview of Dantzig-Wolfe

decomposition and column generation, and of Benders decomposition, respectively.



2.2.1 Dantzig-Wolfe decomposition

The DW decomposition principle first partitions a problem’s constraints into linking and local
constraints. Then, the original variables are replaced by a combination of extreme points
and extreme rays of the convex hull of the set defined by local constraints alone. This yields
an extended formulation with fewer constraints, but more numerous —exponentially many in
general— variables. The resulting problem is then solved by branch-and-price, a branch-and-

bound algorithm where lower bounds at each node are computed by column generation.

The DW decomposition, and the corresponding branch-and-price scheme, are particularly
advantageous when solving problems that involve the operation of multiple systems, each with
its own constraints, whose operation is coupled by a set of linking constraints. In particular,
the DW reformulation typically yields improved dual bounds and tends to alleviate a number
of symmetry issues. Column-generation algorithms are routinely used in conjunction with
DW decomposition, as well as in a number of routing and scheduling problems, see [15]. In
particular, when local constraints comprise independent components, several opportunities

arise to exploit parallelism within the method.

2.2.2 Benders decomposition

The Benders decomposition is the dual counterpart of the DW decomposition. In fact,
when all variables are continuous, Benders decomposition is equivalent to DW decomposition

applied to the problem’s dual. The two methods differ when integer variables are present.

The Benders decomposition partitions the problem’s variables into linking and local vari-
ables, such that fixing the values of the linking variables yields a somewhat simpler problem.
Then, local variables are projected out, yielding a formulation with fewer variables but more
numerous —typically exponentially many— constraints. The resulting problem can be solved
by branch-and-cut, which makes implementing the Benders decomposition algorithm more
straightforward using MIP solver’s callback functionalities for cutting planes. A detailed

description of the Benders decomposition in CPLEX is given in [11].

The Benders decomposition is often used in stochastic optimization, where it is sometimes
referred to as the “L-shape” method. Similar to DW decomposition and column generation,

parallelism can be exploited when the Benders sub-problem is separable.



2.2.3 Software

Several software packages exist that automate the decomposition process and/or solution
algorithm. Their development is an indicator of the active research being carried out in this

area, as well as of practical needs for such tools.

The commercial solver CPLEX [17] integrates an internal Benders decomposition scheme,
whose implementation is described in [11]. Block structure can be provided by the user
through model annotations, or it can be detected automatically. Substantial speedups are
reported on classes of models that are known to benefit from Benders decomposition, most
notably facility location problems. Another commercial product, SAS/OR, integrates work
by Galati [18] to automate structured detection and the resolution process. The same ideas

underlie the open-source Coin-OR DIP! framework [19].
The MIP solver SCIP [20], through the GCG plugin [21], supports both DW and Benders de-

composition. Similar to CPLEX, the user can annotate the model to convey block structure to
the solver, or structure can be detected automatically. Another academic code, BaPCod [22],
also supports both DW and Benders decomposition through a user-provided structure anno-
tation. This software is currently being translated into the open-source branch-and-price-and-
cut framework Coluna [23]. Coluna is accessible through the modeling language JuMP, and
structure information is conveyed by the JuMP extension BlockDecomposition.jl. Finally,
the open-source DSP software [24], initially developed for the resolution of large stochastic in-
teger programming problems, implements parallel decomposition schemes, including DW and
Benders decomposition. DSP can also be accessed through JuMP, via the StructJuMP. jl

extension, which is intended for block-structured optimization problems.

Although all these software packages employ similar representations and methodological
tools, each comes with its own annotating scheme and interface. Nevertheless, extensions
to algebraic modeling languages such as StructJuMP, BlockDecomposition or SML [25],

may eventually ease the process of conveying block structure to decomposition-aware solvers.

IDIP was formerly known as DECOMP.



CHAPTER 3 ARTICLE 1 - A DECENTRALIZED FRAMEWORK FOR
THE OPTIMAL COORDINATION OF DISTRIBUTED ENERGY
RESOURCES

Authors: Miguel Anjos, Andrea Lodi and Mathieu Tanneau
Published in IEEE Transactions on Power Systems, [26]

Abstract Demand-response aggregators are faced with the challenge of how to best man-
age numerous and heterogeneous Distributed Energy Resources (DERs). This paper proposes
a decentralized methodology for optimal coordination of DERs. The proposed approach is
based on Dantzig-Wolfe decomposition and column generation, thus allowing to integrate any
type of resource whose operation can be formulated within a mixed-integer linear program.
We show that the proposed framework offers the same guarantees of optimality as a central-
ized formulation, with the added benefits of distributed computation, enhanced privacy, and
higher robustness to changes in the problem data. The practical efficiency of the algorithm
is demonstrated through extensive computational experiments, on a set of instances gener-
ated using data from Ontario energy markets. The proposed approach was able to solve all
test instances to proven optimality, while achieving significant speed-ups over a centralized

formulation solved by state-of-the-art optimization software.

3.1 Nomenclature

3.1.1 Parameters

Cth Thermal capacity of thermal load d.

EP¥% ™ Minimum state of charge of battery device d.

EPat maX \[aximum state of charge of battery device d.

Lymi Cycle duration of uninterruptible device d.

]-:’C}ffc Power consumption of uncontrollable load d during time period t.

~C‘i‘t‘r Power consumption of curtailable load d during time period ¢, in the absence of
curtailment.

]-:’C}jl“i Power requirement of uninterruptible load d, during its cycle’s phase (.



P;h’ min ) linimum power consumption of thermal load d, when that device is on.

P;,:’h’ A Maximum power consumption of thermal load d, when that device is on.
Pt ™ N inimum charging power of battery device d.

P& ™2 Maximum charging power of battery device d.

pismin \Gnimum discharging power of battery device d.

pliss max \raximum discharging power of battery device d.

pmin Minimum value of household 7’s net load.

pmax Maximum value of household 7’s net load.

pmin Minimum value of the aggregated residential net load.

pmax Maximum value of the aggregated residential net load.

R Number of resources.

T Length of the time-horizon.

AT Duration of each time period.

nsh Charging efficiency of battery device d, in [0, 1).

ngis Discharging efficiency of battery device d, in [0,1).

neh Thermal efficiency of thermal load d.

@min Minimum temperature requirement of thermal load d.

o5ax Maximum temperature requirement of thermal load d.

@sf;t Outside temperature for thermal load d during time period ¢.
ek Thermal conductivity of thermal load d.

I, Market price of electricity during time period ¢.
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Sets

Set of uncontrollable loads of household r.
Set of curtailable loads of household 7.

Set of uninterruptible loads of household r.
Set of deferrable loads of household r.

Set of thermal loads of household 7.

Set of energy storage devices of household 7.
Set of resources R = {1, ..., R}.

Time horizon T = {0,....,7 — 1}.

Set of feasible operational schedules of resource r.
Set of extreme rays of conv(AX,.).

Set of extreme vertices of conv(X,).

Variables

State of charge of battery device d at the end of time period t.
Net aggregated load during time period t.

Algebraic power consumption of device d during time period ¢.
Charging power of battery device d during time period t.
Discharging power of battery device d during time period ¢.
Net load of household r during time period t.

Binary variable that takes value 1 (resp. 0) if battery device d is charging (resp. not

charging) during time period t.

Binary variable that takes value 1 (resp. 0) if battery device d is discharging (resp.

not discharging) during time period ¢.

Binary variable that takes value 1 (resp. 0) if curtailable load d is on (resp. off)

during time period t.
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uth Binary variable that takes value 1 (resp. 0) if thermal load d is on (resp. off) during
| time period t.

vc‘l"?i Binary variable that takes value 1 if uninterruptible load d’s cycle is started at time

t, and 0 otherwise.

X, Vector of decision variables (operational schedule) of resource 7.

y Vector of decision variables for the aggregator.

922 Temperature of thermal load d during time period t.

A Vector of primal variables in the Master Problem.

T Vector of dual variables (shadow prices).

o Vector of dual variables (shadow marginal costs).

3.2 Introduction

Smart grids hold the promise of more reliable and sustainable power grids, through the
integration of communication technologies, advanced computation and intelligent controls.
Among smart grid-enabled paradigms, Demand Response (DR) programs [27] enable end-
users to dynamically adjust their electricity consumption, in response to price signals or
incentives. The present work focuses on the DR potential of Distributed Energy Resources
(DERs) that include, among others, flexible loads, distributed generation, and distributed
energy storage [28].

Because of their small size, individual resources have a negligible marginal impact at the
grid level. This has motivated the introduction of aggregators [29], that act as intermediaries
between the grid and resources, thus enabling the latters to participate in traditional energy
markets. Therefore, aggregators must address the challenges associated with coordinating
numerous and heterogeneous resources, whose operation may involve discrete decisions. To
that end, various coordination mechanisms have been investigated in the literature [30—
32], and essentially break down into two main categories: price-based and incentive-based

mechanisms.

In price-based mechanisms, price signals are communicated to users, either periodically, e.g.
in Time-of-Use rates, or dynamically as in the case of Real-Time Pricing [32]. Users then
adapt their consumption by optimizing their own individual objective, hopefully reducing

electricity consumption when prices are higher. Therefore, the efficiency of a price-based DR
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mechanism is contingent on how price signals are computed and how users react to them.
In [33-36], the DR problem is formulated as a Stackelberg game between an electricity retailer
(leader) and electricity consumers (followers). This results in a bi-level problem wherein
the retailer sets prices so as to maximize its own payoff, while accounting for consumers’
optimal response to those prices. While authors in [34] and [36] focus on Time-Of-Use rates,
Dynamic pricing is also considered in [33] and [35]. These works perform a reformulation
of the bi-level program as a single-level Mixed-Integer Linear Program, which can then be
solved using standard optimization software. Nevertheless, this approach suffers from poor
scalability, and does not handle the presence of discrete variables in the consumers’ operation.
Another methodology, employed in [37-40], formulates the DR problem as a social welfare
maximization problem. In [37] and [38], the total cost of electricity over a finite time-horizon
is minimized, while authors in [39] and [40] consider individual utility functions for electricity
consumers. All of [37-40] reduce to solving a convex (continuous) optimization problem,
where dual information (i.e., Lagrange multipliers) is used to compute the price signals.
However, this methodology does not apply when discrete variables are present, which is the

setting we consider in this work.

On the other hand, incentive-based mechanisms reward users who are willing to participate
in DR programs, for example by offering discounts on electricity bills [27], or on a per-event
basis [41]. Incentive-based mechanisms include Direct Load Control schemes, which is the
approach considered in this paper. Specifically, we focus on jointly coordinating the operation
of a (large) number of DERs, so as to optimize a global objective. This can be formulated as
a centralized optimization problem, as was explored in [42-45], wherein a central controller
manages each individual resource. Although a centralized formulation offers the strongest
optimality guarantees, it quickly becomes intractable when the number of resources increases,
both due to memory requirements and the presence of discrete variables. Furthermore, the
disclosure of private information by the resources raises privacy concerns, and puts additional

burden on communication requirements.

Decentralized methods, on the other hand, distribute the computational effort among re-
sources by leveraging local computing power. This typically results in better scalability, re-
duced communication overheads, and improved privacy. Several distributed heuristics were
proposed, for example in [46-49], but provide weaker guarantees of optimality, since heuristic
methods converge at best to a local optimum. Nevertheless, classical decomposition tech-
niques allow to solve the centralized problem in a distributed way, thus offering the same
guarantees of optimality, with the added benefit of decentralized computation. Therefore, in

this work, we focus on exact, decomposition-based methods.
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A large body of literature has focused on dual decomposition and Lagrangian-based methods.
Dual decomposition yields a separable structure, which in turn enables distributed implemen-
tations. The related works [50-55] thus differ mainly in which algorithm is used to optimize
the dual Lagrangian. In [50] and [51], the authors consider an augmented Lagrangian-based
relaxation, which is formulated as a consensus problem and solved with the Alternating
Direction Method of Multipliers (ADMM). However, ADMM does not handle discrete vari-
ables, that are used to model on-off constraints. In a similar fashion, standard Lagrangian
relaxation is used in [52-55]. A classical sub-gradient algorithm is investigated in [52] and
cutting-planes methods are studied in [53], but discrete variables were not considered. Al-
though the works in [54] and [55] do consider mixed-integer variables, they rely on recovery
heuristics to obtain feasible solutions. A bundle method is used in [54], while a double
smoothing of the dual Lagrangian is applied in [55], allowing the use of a more efficient
gradient-based algorithm. Overall, the main drawback of Lagrangian-based approaches is
the recovery of feasible solutions when strong duality does not hold, which is generally the

case for mixed-integer problems.

Alternatively, Dantzig-Wolfe (DW) decomposition-based approaches were investigated in [56—
59]. In [56] and [57], DW decomposition is applied to demand-response problems related to
peak-load management and, in [58], to the charging of electric vehicles. However, only a few
types of devices were considered in these works, with no discrete variables involved. Finally,
a column generation-based heuristic is used in [59] to schedule residential heating systems.

Nevertheless, this heuristic approach does not provide a guarantee of optimality.

3.2.1 Contribution and outline

In this paper, we propose a scalable and exact methodology for the coordination of DERs
whose operation involves discrete decisions, i.e., mixed-integer variables. Our proposed frame-
work is based on DW decomposition and Column Generation, and has several advantageous
features compared to existing approaches, which are either heuristic or poorly scalable. First,
DW decomposition provides a systematic and efficient treatment of discrete variables. This
yields a technology-agnostic formulation as shown in Section 3.4.1. Second, our column-
generation algorithm naturally distributes among resources, which makes it highly scalable,
as demonstrated in Section 3.5. Third, this decentralization offers enhanced privacy to the
resources. Fourth, our formulation is robust to numerical changes in the problem data, with

empirical evidence reported in Section 3.5.5.

The rest of the paper is organized as follows. In Section 3.3, we introduce operational models,

and formulate the aggregation problem as a (centralized) Mixed-Integer Linear Program. We
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then present our methodology in Section 3.4, including the Dantzig-Wolfe reformulation in
3.4.1 and our column-generation algorithm in 3.4.2 and 3.4.3. Computational results are

reported in Section 3.5, and Section 3.6 concludes the paper.

Unless specified otherwise, durations are expressed in hours (h), power and energy quantities
in kilowatt (kW) and kilowatt-hour (kWh) respectively, and temperatures in degrees Celsius.
Energy prices are given in dollars per kilowatt-hour ($/kWh).

3.3 Problem formulation

We consider a set of households that interact with an aggregator, in order to minimize the
total cost of purchasing electricity from the grid. The aggregator and households are assumed
to behave rationally, and households do not interact directly with each other. Finally, the
environment is assumed to be deterministic. This last assumption is further discussed in
Section 3.5.

Operational models are presented in 3.3.1 and 3.3.2, and the aggregation problem is formu-
lated in 3.3.3.

3.3.1 Device constraints

Following the classification in [60], devices are grouped into six classes: uncontrollable loads
(unc), curtailable loads (cur), uninterruptible loads (uni), deferrable loads (def), thermal
loads (th), and energy storage (bat). The sequence p; = (pao,--- ,piar—1) is called the
device’s load profile. A negative consumption, i.e., p;; < 0, indicates the device generates

power.

Uncontrollable loads include devices whose operation cannot be altered. The load profile of

such a device d is thus

par = Py VteT (3.1)

Curtailable loads refer to devices whose operation at a given time ¢ can be altered, indepen-

dently of past and future operations. The operation of a curtailable load d is

Pz — ugt Pgy =0, Vie T (3.2)
ust € {0,1}. VieT (3.3)

cur

On-off curtailment is modelled through binary variables ugy. Continuous curtailment is
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modelled by relaxing the integrality constraint on wugy. This model can be extended to

include several operation modes. Finally, a penalty is typically incurred when demand is
curtailed. However, we do not explicitly formulate it here because, as will be detailed in

Section 3.5, we do not consider in our experiments any demand that can be curtailed.

Uninterruptible loads are comprised of devices such as dishwashers and clothes dryers, whose
operation is typically composed of a finite number of cycles. A cycle’s start-up time is flexible
but, once started, it cannot be interrupted. For simplicity, we consider a single cycle. The

device’s operation is then defined by
Z v(‘j‘f ! Cﬁ“ =0, VteT (3.4)
Z o =1, (3.5)
t=
vt € {0,1}, Ve T (3.6)

where constraint (3.5) ensures the cycle is started exactly once, and v}jﬁi = 0,Vt < 0. This

framework naturally extends to several cycles with precedence constraints as proposed in [61].

Deferrable loads include devices such as an electric vehicle’s (EV) charger, whose consumption

may be shifted earlier or later in time. Deferrable loads are modelled as follows:

Edef min < Aszdt < Edef max (37>
teT

dedeef, min < Da < udedeef, max7 Vit € 7— (38)

ugt € {0,1}. vte T (3.9)

On-off constraints are modelled by (3.8)-(3.9).

Thermal loads encompass devices like space heaters and air conditioners, that aim at keeping

a system’s (e.g., a room) temperature within a certain range. Their operation is modelled by

@min < ‘92[1?1‘/ S @max’ Vt c 7— (310)
th 9 eth
Hq ex 77d d,t+1 dit
C’igh( d,tt - 62&) Cthpdt T Ar Vte T (3.11)
udtPth min < Pas < < uth Pth, ma‘x7 4 c T (312>
ugy € {0,1}. Ve T (3.13)

The evolution of the system’s temperature in (3.11) is given by the first-order approximation
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of a thermodynamic model [62]. The device’s on-off constraints are modelled in (3.12)-(3.13).

Energy storage devices can store energy and release it later. For simplicity, we consider the

case of batteries, for which an operational model (adapted from [63]) is

Esat min < bat < E[l;)at, max’ Vit c 7— (314)
Pag — DYy +p31§ =0, VteT (3.15)
C C. 1 1S a a
AT (Udhpdht ﬁdlsp3t> = 62 tt - 62 tt 1 Vte T (3.16)
uSf, PP <y < udf Pyt Vte T (3.17)
utlspc(lhs min < p31§ S uglipdls max’ Vit c ,7. (318)
udy + ugs <1, VteT (3.19)
udy, ugh € {0,1}. vteT (3.20)

The internal dynamics of the battery are captured by (3.16), and on-off constraints (3.17)-
(3.20) ensure that the battery cannot be simultaneously charged and discharged. This model

can be further extended to include constraints on ramping and cycling, see, e.g. [63].

Finally, renewable generation can be modelled as a negative load. Depending on systems’
specifications, it may be either uncontrollable or curtailable.
3.3.2 Household and aggregator constraints

We now consider a given household r € R. Additional constraints at the household level are

formulated as

PN < pry < PP Vte T (3.21)
Drt = Z Dd,t- Vte T (3.22)
deD,

corresponding to that house’s circuit breaker’s operating range.

Similarly, the aggregator must ensure that the aggregated load p,; remains within physical

limitations, i.e.,

Prin < o < PR Vte T (3.23)
Dot = D Dri- Vte T (3.24)
reR

If households were operated independently, i.e., without interacting with the aggregator,
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constraints (3.23) may be violated. In practice, this could result in equipment damage, or

localised blackouts.

3.3.3 Aggregation problem

The aggregation problem consists here in minimizing the total cost of purchasing energy
from the grid, while satisfying all operational constraints. It is formulated as the following
Mixed-Integer Linear Program (MILP):

min Z [T X AT XDy (3.25)
teT
s.t. (3.1), Vr,Vd € D
(3.2) — (3.3), Vr,Vd € D"
(3.4) — (3.6), Vr,vd € D™
(3.7) — (3.9), Vr,Vd € DI/
(3.10) — (3.13), Vr,Vd € D"
(3.14) — (3.20), Vr,vd € D"
(3.21) — (3.22), Vr
(3.23) — (3.24).

We now introduce a more general and compact notation for the aggregation problem (3.25).
For each household r, let x, denote its vector of decision variables, i.e., the vector obtained by
concatenating all decision variables specific to that household. Here, x,. would be composed
of a household’s net load, plus the decision variables of each device in that household. In
what follows, we refer to x, as the operational schedule of household r. Define X, as the set
of all feasible operational schedules for household r, so that operational constraints for that
household are written in the compact form x, € A,... Therefore, X, is defined by a finite
number of linear constraints and integrality requirements, so that conv(X,.) is a polyhedron.
Finally, a household’s operating cost is written ¢z, for a given cost vector c¢,. In the present
case, we have ¢, = 0 for every r, since no household-specific cost is considered. Nevertheless,

we keep the objective term ¢, in the formulation for generalization purposes.

Similarly, let y denote the vector of decision variables that are specific to the aggregator. For
the case at hand, y corresponds to the aggregated load profile p,. The aggregator’s operating
cost is written ¢y, while constraints (3.23)-(3.24) are written My + 3, A,x, = b, without

loss of generality.
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The aggregation problem can therefore be written in the general compact form

min ¢y + > clx, (3.26)
Y,X1,---,XR reR
s.t. My + Z Ax,. =0 (3.27)
reER

X, € X,. vr (3.28)

Constraints (3.27) induce a coupling between the households, and are thus referred to as link-
ing constraints. Conversely, constraints (3.28) are separable by household, and are referred
to as local constraints. We emphasize that this formulation is not restricted to the aforemen-
tioned loads, but allows to integrate any type of DER whose operation can be formulated
within a MILP.

Mixed-integer linear programs such as (3.26)-(3.28) can be solved to proven optimality using
standard optimization software. Although MILPs are NP-hard in general, practical instances
can often be solved efficiently. Indeed, several of our test instances, with up to hundreds of
thousands of variables, were solved to optimality in a few minutes with a state-of-the art
solver. Nevertheless, a centralized formulation obviously becomes intractable when dealing
with large systems, both due to memory requirements and the presence of discrete variables.
Furthermore, as will be demonstrated in Section 3.5.5, the nature of the DERs may have a

significant impact on the formulation’s integrality gap, and therefore on computing time.

3.4 Distributed Column-Generation framework

We now present a decentralized framework for solving the aggregation problem to global
optimality. To underline the generality of the proposed methodology, we use the notation

introduced in Section 3.3.3.

3.4.1 Dantzig-Wolfe decomposition

We begin by introducing a Dantzig-Wolfe reformulation of the aggregation problem (3.26)-
(3.28). First, for each resource r € R, let Q, (resp. I'.) denote the set of extreme vertices
(resp. extreme rays) of conv(X,.). Both sets are well-defined and finite since, as mentioned
in Section 3.3.3, conv(&,) is a polyhedron. For simplicity, we assume that X, is bounded, so
that T, = 0.

We then apply the Dantzig-Wolfe decomposition principle [13] to the aggregation problem
(3.26)-(3.28), which yields the extended formulation
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min 'y + Z CruwArw (3.29)
YA reER,WEN,
s.t. My+ > Auar, =0, (3.30)
reR,weN,
S Aw =1, vr (3.31)
wEeN,
A>0, (3.32)
Z Arw = Xy, Vr (3.33)
WGQ‘I’
x, € &, Vr (3.34)

T

with the notation ¢, = ¢,

w and a,, = A,w. The objective (3.29) and linking constraints
(3.30) are simply re-writing of (3.26) and (3.27), respectively. Thereby, each extreme point
w € (), is associated to a variable \,,, and to a column a,, that corresponds to a load
schedule for resource r. The extended formulation (3.29)-(3.34) is equivalent to the compact
formulation (3.26)-(3.28), and is most typically solved using a branch-and-price algorithm.
In what follows, we focus on the linear relaxation of the extended formulation, which is given

by (3.29)-(3.32) and referred to as the Master Problem (MP).

Unlike the centralized formulation (3.26)-(3.28), the structure of the MP is independent of the
nature of the resources. Indeed, the linking constraints only involve variables corresponding
to a resource’s net load. In particular, the MP is always a (continuous) linear program, even if
a resource’s operation involves discrete variables. Therefore, using DW decomposition yields
a technology-agnostic formulation. This feature is highly advantageous, since it allows to

integrate new types of resources without any major impact on performance.

3.4.2 Distributed column generation

Since the MP contains exponentially many variables, it is solved by a Column-Generation
(CG) algorithm. We refer to [15] for a thorough overview of column generation and branch-
and-price algorithms, as well as the relation between Lagrangian relaxation and Dantzig-

Wolfe decomposition.
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Consider the Restricted Master Problem (RMP)

. T
I;l’l)\n qy+ Z ) CrwArw (3.35)
reR,we,
s.t. My + Z Arwlre = b, (3.36)
reR,wEQT
Z Arw = 1, Vr (3.37)
weﬁr
A0, (3.38)

where, for each resource r, Q, C ©, denotes the subset of columns that are currently con-
sidered. The RMP is initialized with a small number of columns, some of which may be

artificial to ensure feasibility.

At the beginning of each iteration, the RMP is solved to optimality. Let m denote the vector
of dual variables associated to linking constraints (3.36), and o, the dual variable associated
to convexity constraint (3.37) for resource r. For given r and w € (., the reduced cost of
Are is then

Cro = cfw—nl Ayw — 0. (3.39)
Therefore, a variable A, .~ with smallest reduced cost is given by the pricing step

* . T T
w* € arg min (c,, w—1 Aw — a,,) . (3.40)
However, explicitly iterating over all €2, is prohibitively expensive. Nevertheless, since each
w € ), is an extreme point of conv(X, ), performing the pricing step (3.40) is equivalent to

solving

(SF) w® € argmin (ch' — 7T A)x, — o, (3.41)

st x, € X, (3.42)

The pricing sub-problem (3.41)-(3.42) is a small MILP, which we assume can be solved
efficiently. If the identified variable ), .~ has negative reduced cost, i.e., ¢, < 0, it is added
to the RMP. Otherwise, ¢,,- > 0 and all variables A, ,,w € €1, have non-negative reduced
cost. Optimality in the MP is reached when this is the case for all resources, i.e., all variables
in the master problem have non-negative reduced cost. The pseudo-code of our CG algorithm

is given in Algorithm 1.
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Input: Initial RMP
1: while stopping criterion not met do
2:  Solve RMP and obtain optimal dual variables (7, o)
3: // Pricing step (distributed)
4: for all r ¢ R do
5 Solve SP, with the query point (7, 0,), and obtain w* such that A, .+ has most negative
reduced cost

if ¢, .+ <0 then

6
T: Add corresponding column to the RMP
8 end if

9 end for

10:  // Stopping criterion

11:  if no column added to RMP then

12: STOP

13:  end if

14: end while

Algorithm 1 Column-Generation algorithm

All the sub-problems are independent, and therefore can be solved in a decentralized fashion.
This offers greater privacy to the resources. Indeed, each sub-problem SP, is solved locally by
resource 7. Consequently, the aggregator only has limited information about each resource’s
operation, in the form of the columns that are generated. Furthermore, this decentralized
setting is more robust to communication failure. If a resource r fails to communicate with
the aggregator, a locally feasible operation can always be used, e.g. the last column that
was generated. Similarly, the aggregator and other resources can carry on the optimization
process, considering for resource r only the last column it generated. If communication is
later restored, the quality of the final solution will not be affected, although the total number

of iterations may obviously increase.

3.4.3 Branch-and-price

The MP is the root node of the branching tree in a branch-and-price algorithm. Solving the

MP yields a primal optimal solution (y, A) and using it, we define, for each r € R

X, 1= Z Ar . (3.43)

we,
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Since the MP is a relaxation of the extended formulation, the x, are generally fractional.
For example, x,, may represent an operational schedule where a battery is charging and dis-
charging simultaneously, which would violate constraint (3.20). An optimal integer solution

is obtained by branch-and-price.

We implemented a heuristic diving procedure wherein several branching decisions are taken
simultaneously. At each successive branching node, a random subset of resources R is se-
lected. Then, for each r € R, a feasible %, is computed by projecting the current fractional
solution x, onto the feasible set X.. This is done by solving the MILP

X, € argmin 1% — Xr||oo (3.44)

st. X, € X, (3.45)

Branching decisions are taken by fixing all integer variables to their value in X,, and are
enforced in the sub-problem SP, directly. The column corresponding to X, is added to the
RMP, and all conflicting columns, i.e., columns that do not satisfy the branching decisions,
are removed from the formulation. Enforcing branching decisions in the sub-problems results
in no conflicting column being generated afterwards. Finally, the relaxation of the newly
obtained node is solved by column generation, and the procedure is repeated until all integer

variables are fixed. The pseudo-code of this diving procedure is given in Algorithm 2.
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Input: Solution x of the MP, R := R
1: while stopping criterion not met do
2:  // Branching decisions
Select a random subset of resources R C R
for all r € R do
Compute x, and add corresponding column to the RMP
Remove conflicting columns
Enforce branching decisions in S P,

end for

© P T DGR w

Solve node relaxation using Algorithm 1, obtain new x
10: R:=R-R

11:  // Stopping criterion

12 if R =0 then

13: STOP

14:  end if

15: end while

Algorithm 2 Diving heuristic procedure

This heuristic was run right after solving the MP and, in all test instances, it was able to
find what turned out to be an optimal integer solution. More precisely, a feasible integer
solution was always found by the heuristic, and its optimality was proven using the lower
bound provided by the MP. Therefore, no branching was needed, which we emphasize may

not be true in general.

3.5 Computational results

We now report computational results for the proposed column-generation algorithm (CG),
using the centralized formulation (MILP) as a baseline. Tests are carried out on a set of
1120 instances, generated using data from Ontario energy markets. We first describe our test
methodology in 3.5.1 and 3.5.2. Numerical results are analysed in 3.5.3 and 3.5.4, and the

robustness of the formulation is further assessed in 3.5.5.

For reproducibility, we make our code for generating instances and numerical data publicly

available!.

'https://github.com/mtanneau/DER_instances
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3.5.1 Numerical instantiation

For all simulations, the time-horizon begins at 5am Monday, January 18 2016, and one
time-period is always A7 = 1h. We consider four different values for T" and seven for R,
which are indicated in Figure 3.1 and Table 3.2, respectively. Ontario’s provincial load,

production and pricing data are obtained from [64].

The set of considered devices and their ownership rates are given in Table 3.1 (adapted
from [60]). The ownership rate of a device is interpreted as the probability that that device
be present in a given household. Devices that are not explicitly considered in this work
are aggregated into one uncontrollable load for each household. In addition, we consider
correlation among devices. It is assumed that only households with a clothes washer own
a clothes dryer. Because available data regarding the penetration of EVs, batteries and
rooftop solar in Ontario is very scarce, we assumed that households own either none or the
three of them. Several deployment scenarios are considered, corresponding to ownership rates

£der = 0%, 33%, 66% and 100%.

Dishwashers, clothes washers and clothes dryers are modelled as uninterruptible loads. Each
appliance’s operation consists of one cycle per day, with a constant power consumption of
1kW. Cycles’ durations are 2h for dishwashers, 2h for clothes washers, and 3h for clothes
dryers.

For electric heating systems, the outside temperature ©%' is obtained by perturbing a ref-
erence profile ©™! that consists of hourly readings from a weather station in the Toronto
area [65]

O = O+ 0.5 x g4, vte T

Table 3.1 Devices classification and ownership rates

Device Classification Own. rate (%)
Dishwasher Uninterruptible load 65
Clothes washer  Uninterruptible load 90
Clothes dryer Uninterruptible load 75
Electric heating Thermal load 60
Electric vehicle  Deferrable load gdep
Home battery Energy storage gdep
Rooftop solar Curtailable load gdep

Others Uncontrollable load 100
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with e ~ N(0,1). Numerical parameters for the thermodynamics model are identical among
households: n =1, u = 0.2, C = 3, and P min = ( pthmax — 1(), The inside temperature
must be kept in the range [O7™ ©7%] = [18, 22].

The charging of electric vehicles is modelled as a deferrable load with a daily energy require-
ment of EM" FMax = 1() as reported in [60]. Charging must happen between 8pm and 5am,

and charger limitations are Py = 1.1, Px = 7.7.

Battery specifications are based on the Tesla powerwall [66]. Energy capacity is Ey*" ™ =
13.5, with minimum state of charge Esat’ min — (). Charging and discharging limitations are

h, min  pdis, mi h di o - o
Py PSS T = 0 and PyU T PP T = 5. Efficiencies are n$", ng® = 0.95, yielding a

90% round-trip efficiency.

Rooftop solar is modelled as a (negative) curtailable load. The output of a PV system d is
given by

Pf,tvz%xéfvxccl,t, Vie T

where the normalized output Qf Vis Ontario’s hourly PV output QFV, divided by its average
value over the considered time period. The household-specific scaling factor v, is drawn from
a uniform distribution ¢/(0.5,1.5), and ¢ ~ U(0, 1) is a random noise.

For each household r, the corresponding uncontrollable load d has the following load profile:
Pay = x max (0, Q9™ + 0.05 x £q4) , VieT

where Q™ is the normalized Ontario hourly provincial load, and e ~ N(0,1) is a white

noise.

Finally, we set P™® = 0, P™* = 10 for the households’ net load constraints. Similarly, the
total aggregated load is bounded by P™" = ( and P™>* = 7.5 x R. The price of electricity
I1; is the Hourly Ontario Energy Price (HOEP).

In practice, since neither uncontrollable loads, nor outside temperature, nor PV output, are
deterministic, one may use forecasts for these quantities instead. How to obtain such forecasts
is beyond the scope of this paper. To handle forecast errors, a receding horizon scheme can
be employed, wherein forecasts are updated periodically. When forecasts are updated, e.g.
every hour, the aggregation problem is updated accordingly and solved again over the entire
time-horizon, e.g. the next 24h. We emphasize that the performance of our algorithm makes

such an implementation tractable.
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3.5.2 Implementation details

Experiments were performed on a 2xXeon E5-2650V4 2.2Ghz, 256GB RAM computer run-
ning Linux. Our implementation was coded in Python 2.7, with CPLEX 12.7 as the linear
solver. All CPLEX runs used default parameters and a single thread. Accordingly, an in-

stance is considered solved to optimality when the reported optimality gap is smaller than

10~*, which is the default threshold for CPLEX.

In order to smooth out performance variations, we generated ten different instances for
each combination of (R, T,£%P). This resulted in a testbed of (4x7x4)x10=1120 instances,
and we compare the results obtained by the proposed method (CG), and the centralized
formulation (MILP). For the MILP, we used CPLEX with default parameters, a single thread
and a time limit of one hour. All instances were found to be feasible. Due to limited
computing resources, the column-generation sub-problems were solved serially rather than
in parallel. Nevertheless, the duration of each iteration in the distributed setting is given
by the RMP computing time, plus the maximum solving time among sub-problems, plus
computation overheads. We emphasize that, in practice, each sub-problem would indeed be

solved locally by the corresponding household.

Finally, the RMP is initialized by computing, for each resource, a column corresponding to a
minimum-peak load schedule. In order to ensure feasibility in the RMP, artificial slack and
surplus variables are added to the linking constraints. These artificial variables implement an
l; penalty with sufficiently large cost, and are thus automatically set to zero once a feasible
solution is found. Furthermore, we used a partial pricing strategy that consists in adding at
most 0.1 x R columns to the master at each iteration. The 0.1 ratio was found to achieve
good performance across a wide range of instances. Similarly, for the recovery heuristic, a

random 10% of the resources are selected at each step.

3.5.3 Performance analysis

Performance statistics are presented for MILP and CG in Tables 3.2 and 3.3 respectively.
Since both methods behaved consistently across the different values of £4°P, we only report
results for the case €9 = 0.66. For the MILP formulation, Table 3.2 reports the number of
binary and continuous variables (Bin. and Cont. respectively, in millions) of the problem,
the proportion of instances solved to proven optimality, total and root computing times (in
seconds), the number of nodes in the branch-and-bound tree, and the root gap (in %). For
the CG method, Table 3.3 reports the number of columns generated (Col., in thousands), the

total number of CG iterations to reach optimality (Iter.), the proportion of instances solved
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to proven optimality, computing times (in seconds), and the root gap (in %). Root gaps are

given by

2" — 2]

gap =

LA
where z* is the value of the best known integer solution found by either algorithm, and z is

the value of the root relaxation. Finally, all reported averages are geometric means.

As expected, CPLEX solved the MILP formulation for smaller instances, but systematically
reached the time limit for the larger ones. More specifically, CPLEX failed to find a feasible
solution for 162 instances, roughly corresponding to the instances with more than two million
binary variables. Note that the quality of the lower bound for MILP is not an issue here. On
the opposite, the solver’s capability of exploring the branch-and-bound nodes in a reasonable
amount of time, in order to provide good feasible solutions, is affected by the problem’s size.
In comparison, CG was able to solve all 1120 instances to proven optimality. Furthermore,
computing times for both methods are displayed in Figure 3.1. For all values of T, CG
exhibits a more scalable behaviour than MILP, and achieves speed-ups of up to two orders
of magnitude. These results confirm that, even if it may be tractable for small-size systems,

a centralized approach fails to handle large numbers of resources.

To further analyse the scalability of CG, Figure 3.2 shows the number of CG iterations to
reach convergence, corresponding to the number of times the RMP is solved. Here, the
number of iterations is more relevant than raw computation times, since the latter depends
on machine specifications and on the solver’s performance. On one hand, an increase in the
length of the time-horizon T leads, as expected, to an increase in the number of iterations.
On the other hand, as was hinted at in Table 3.3, the number of iterations appears to be
independent of the number of households. This remarkable behaviour is due to similarities
between sub-problems. This explanation is corroborated by the fact that larger values of
€4er which only affects the distribution of households, and thus of sub-problems, resulted in
more iterations. Overall, CG is sensitive to the distribution of resources, rather than their

number.

Finally, the proportions of time spent solving the master problem and sub-problems, re-
spectively, are displayed in Figure 3.3. Computation overheads can be significant, but they
are highly dependent on the implementation. Therefore, we factor them out of the plots.
Clearly, as the number of resources increases, most of the time is spent solving the RMP.
Indeed, since sub-problems are solved in parallel, the number of resources has little influence

on the duration of the pricing step. This is consistent with computing times reported in
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Table 3.2 MILP statistics for T' = 24, £9°P = 0.66

R Variables (M) Solved Time (s) B&B  Root
Bin.  Cont. (%) Root Total nodes % gap

1024 0.13 0.19 100 9.6 40.1 1.5 0.00
1536 0.19 0.29 100 206 1329 11.5 0.00
2048 0.26 0.39 100  30.2  291.0 108.1 0.00
3072 0.39 0.57 100 654 649.8 3944 0.00
4096 0.52 0.77 100 147.3 1263.7 562.8 0.00
6144 0.78 1.15 70 314.8 2907.1 550.1 0.00
8192 1.04 1.54 60 534.6 29374 664.3 0.00

Table 3.3 CG statistics for T' = 24, £ = 0.66

R Col. Tter. Solved Time (s) Root
(k) (%) Master Pricing Total % gap

1024 5.3 45.7 100 0.6 1.7 3.8 0.00
1536 8.0 46.0 100 1.1 1.7 5.1 0.00
2048 10.6 46.1 100 1.8 1.8 6.8 0.00
3072 16.2 46.6 100 3.8 1.9 10.6 0.00
4096 21.6 47.2 100 6.4 2.0 15.0 0.00
6144 31.7 46.3 100 13.5 20 252 0.00
8192 434 47.6 100 25.1 2.1 40.6 0.00

Table 3.3. Conversely, the size of the RMP is given by the number of columns generated.
Therefore, as R increases, so does the size of the RMP and the associated computational
cost. Consequently, solving the RMP is a computation bottleneck for CG, and currently

constitutes the main limitation to the algorithm’s scalability.

3.5.4 Evolution of the aggregated load

The evolution of the aggregated load is displayed in Figure 3.4, together with the market
price of electricity over the considered time horizon. The normalized load takes value 1 (resp.

0) when the aggregated load reaches its upper bound P™® (resp. lower bound P™in).

The initial load profile (Iter. 0) corresponds to each resource computing its minimum peak
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Figure 3.1 Average computing times for CG and MILP formulations, with £4°® = 0.66. The
horizontal dotted line depicts the one-hour time limit for MILP.
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Figure 3.2 Average number of CG iterations, including the diving heuristic. £°P = 0.66.

load schedule. Since the objective is to minimize the cost of purchasing electricity from
the grid, we expect consumption to be shifted to periods when electricity is cheapest, while
periods of high price should result in low demand. The evolution of the load depicted in
Figure 3.4 shows that this is indeed the case. At the optimum (Iter. 46), consumption is
highest at periods t = 0,5,16,17, 18 and 22, which correspond to periods of lower prices.

Finally, the upper bound on the aggregated load is reached, e.g. for t = 16,17,18 at the
optimum, but never violated. This demonstrates that the algorithm is effectively enforcing
the linking constraints during the optimization process. This last feature is desirable, since
a feasible solution will be available if the algorithm is stopped prematurely, e.g. due to time

restrictions.
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Figure 3.3 Time spent solving the master problem and pricing sub-problems, as a fraction of
total computing time. £9°P = 0.66.
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Figure 3.4 Normalized Hourly Ontario Electricity Price (HOEP, lower graph) and normalized
aggregated load (upper graph) over the time horizon. The aggregated load is displayed at
iterations 0,5, 10 and 48 (last iteration) of the CG algorithm. R = 1024, T = 24, 9" = 0.66.

3.5.5 Further discussion

As shown in Tables 3.2 and 3.3, root gaps for CG and MILP were often found to be lower
than 10~*, meaning both formulations have essentially zero integrality gap. This observation
carries over to the rest of the dataset: for MILP, root gaps were always less than 0.02%, and
smaller than 0.01% in 843 instances out of 1120. For CG, the largest recorded root gap was

0.008%. Moreover, root gaps tended to be smaller as the number of resources increased.

We now assess whether low integrality gaps reflect intrinsic properties of the problem at
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hand, or arise from our numerical data. To that end, we increased the batteries’ minimum
power ratios P min / peh, max (pagp, - pdis, min / pdis, max) from () as in our initial tests, to 90%.
This is done by setting the value of P ™t (resp. P4is min) accordingly. Figure 3.5 displays
the resulting evolution of computing time (left axis) and integrality gap (right axis). Results
are reported for R = 1024, T = 24 and £9°? = (.66, and similar behaviour were observed for
other settings. Figure 3.5 shows that the MILP integrality gaps increases considerably, from
0.005% to over 2%. This resulted in an increase in the number of branching nodes, which we
do not report for lack of space, and in computing time. On the other hand, although the CG
gap increased, it remained below 0.01%. Moreover, the increase in computing time for CG
is caused only by longer solving times for sub-problems. The number of CG iterations did
not increase, nor did solving time for the RMP. Overall, CG appears to be more robust than
MILP. This robustness is explained by the fact that changes in the resources’ operation only

affect sub-problems for CG while, for MILP, the entire problem structure may be affected.

3.6 Conclusion

In this paper, we have considered the problem of coordinating the operation of multiple DERs,
and focused on the challenges raised by the presence of discrete decisions in the resources’
operation, such as on-off constraints. We showed that this problem can be formulated as a

centralized MILP, which is however intractable for large systems.

We have proposed an exact methodology for solving this MILP efficiently, based on Dantzig-
Wolfe decomposition and Column Generation. In particular, we have shown that the pro-
posed formulation is technology agnostic and can be implemented in a decentralized fashion,
thus yielding high scalability while providing enhanced privacy to the resources. We have also
reported on extensive computational results, which demonstrate the efficiency and robustness

of our approach.

Future work will focus on integrating demand and price uncertainty in the formulation, as

well as developing acceleration strategies to improve practical performance.
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Figure 3.5 Average computing time (blue, left-hand axis scale) and root gap (black, right-hand
axis scale) with respect to minimum charging power ratio. Dotted horizontal lines denote the
one-hour time limit for MILP (top, in gray), and the 10~* optionality threshold for integrality
gaps (bottom, in black). Results obtained with R = 1024, T' = 24 and £ = 0.66.
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CHAPTER 4 ARTICLE 2 - DESIGN AND IMPLEMENTATION OF A
MODULAR INTERIOR-POINT SOLVER FOR LINEAR OPTIMIZATION

Authors: Miguel Anjos, Andrea Lodi and Mathieu Tanneau
Submitted to Mathematical Programming Computation. Preprint: [67].

Abstract This paper introduces the algorithmic design and implementation of Tulip, an
open-source interior-point solver for linear optimization. It implements a regularized homo-
geneous interior-point algorithm with multiple centrality corrections, and therefore handles
unbounded and infeasible problems. The solver is written in Julia, thus allowing for a flexible
and efficient implementation: Tulip’s algorithmic framework is fully disentangled from linear
algebra implementations and from a model’s arithmetic. In particular, this allows to seam-
lessly integrate specialized routines for structured problems. Extensive computational results
are reported. We find that Tulip is competitive with open-source interior-point solvers on the
H. Mittelmann’s benchmark of barrier linear programming solvers. Furthermore, we design
specialized linear algebra routines for structured master problems in the context of Dantzig-
Wolfe decomposition. These routines yield a tenfold speedup on large and dense instances
that arise in power systems operation and two-stage stochastic programming, thereby out-
performing state-of-the-art commercial interior point method solvers. Finally, we illustrate
Tulip’s ability to use different levels of arithmetic precision by solving problems in extended

precision.

4.1 Introduction

Linear programming (LP) algorithms have been around for over 70 years, and LP remains a
fundamental paradigm in optimization. Indeed, although nowadays most real-life applications
involve discrete decisions or nonlinearities, the methods employed to solve them often rely
on LP as their workhorse. Besides algorithms for mixed-integer linear programming (MILP),
these include cutting-plane and outer-approximation algorithms that substitute a nonlinear
problem with a sequence of iteratively refined LPs [68-70]. Furthermore, LP is at the heart of
classical decomposition methods such as Dantzig-Wolfe and Benders decompositions [13,14].
Therefore, efficient and robust LP technology is instrumental to our ability to solve more

involved optimization problems.

Over the past few decades, interior-point methods (IPMs) have become a standard and

efficient tool for solving LPs [71,72]. While IPMs tend to outperform Dantzig’s simplex algo-
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rithm on large-scale problems, the latter is well-suited to solving sequences of closely related
LPs, by taking advantage of an advanced basis. Nevertheless, beyond sheer performance, it
is now well recognized that a number of LP-based algorithms can further benefit from IPMs,
despite their limited ability to warm start. In cutting plane algorithms, stronger cuts are
often obtained by cutting off an interior point rather than an extreme vertex [70,73,74]. Simi-
larly, IPMs have been successfully employed in the context of decomposition methods [75-79],
wherein well-centered interior solutions typically provide a stabilization effect [80-82], thus

reducing tailing-off and improving convergence.

4.1.1 Exploiting structure in IPMs

The remarkable performance of IPMs stems from both strong algorithmic foundations and
efficient linear algebra. Indeed, the main computational effort of IPMs resides in the solution,
at each iteration, of a system of linear equations. Therefore, the efficiency of the underlying
linear algebra has a direct impact of the method’s overall performance. Remarkably, while
most IPM solvers employ general-purpose sparse linear algebra routines, substantial speedups
can be obtained by exploiting a problem’s specific structure. Nevertheless, successfully doing
so requires (i) identifying a problem’s structure and associated specialized linear algebra, (ii)
integrating these custom routines within an IPM solver, and (iii) having a convenient and
flexible way for the user to convey structural information to the solver. The main contribution

of our work is to simplify the latter two points.

Numerous works have studied structure-exploiting IPMs, e.g., [83-91]. For instance, block-
angular matrices typically arise in stochastic programming when using scenario decomposi-
tion. In [83] and later in [87], the authors thus design specialized factorization techniques
that outperform generic implementations. Schultz et al. [85] design a specialized IPM for
block-angular problems; therein, linking constraints are handled separately, thus allowing
to decompose the rest of the problem. Gondzio [88] observed that the master problem in
Dantzig-Wolfe decomposition possesses a block-angular structure. Similar approaches have
been explored for network flow problems [86], multi-commodity flow problems [89], asset

management problems [90], and for solving facility location problems [84,91].

The aforementioned works focus on devising specialized linear algebra for a particular struc-
ture or application. On the other hand, a handful of IPM codes that accommodate various
linear algebra implementations have been developed. The OOQP software, developed by
Gertz and Wright [92], uses object-oriented design so that data structures and linear algebra
routines can be tailored to specific applications. Motivated by large-scale stochastic pro-

gramming, PIPS [93] incorporates a large share of OOQP’s codebase, alongside specialized
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linear solvers for block-angular matrices. Nevertheless, to the best of the authors’ knowl-
edge, OOQP is no longer actively maintained, while current development on PIPS focuses on
nonlinear programming.’ In a similar fashion, OOPS [89,90,94] implements custom linear
algebra that can exploit arbitrary block matrix structures. We also note that both PIPS
and OOPS are primarily intended for massive parallelism on high-performance computing
infrastructure. Furthermore, the BlockIP software [95] is designed for block-angular convex
optimization problems, and solves linear systems with a combination of Cholesky factor-
ization and preconditioned conjugate gradient. Both OOPS and BlockIP can be accessed
through SML [25] —which requires AMPL, and are distributed under a closed-source propri-

etary license.

Finally, while nowadays most optimization solvers are written in C or C++, users are increas-
ingly turning to higher-level programming languages such as Python, Matlab or Julia, along-
side a variety of modeling tools, e.g, Pyomo [96], CVXPY [97], YALMIP [98], JuMP [12], to
mention a few. Thus, users of high-level languages often have to switch to a low-level language
in order to implement performance-critical tasks such as linear algebra. This situation, com-
monly referred to as the “two-language problem", hinders code development, maintenance,

and usability.

4.1.2 Contributions and outline

In this paper, we describe the design and implementation of a modular interior-point solver,
Tulip. The solver is written in Julia [99], which offers several advantages. First, Julia
combines both high-level syntax and fast performance, thus addressing the two-language
problem. In particular, it offers built-in support for linear algebra, with direct access to dense
and sparse linear algebra libraries such as BLAS, LAPACK and SuiteSparse [100]. Second,
the Julia ecosystem for optimization comprises a broad range of tools, from solvers’ wrappers
to modeling languages, alongside a growing and dynamic community of users. Finally, Julia’s
multiple dispatch feature renders Tulip’s design fully flexible, thus allowing to disentangle
the IPM algorithmic framework from linear algebra implementations, and to solve problems

in arbitrary precision arithmetic.

The remainder of the paper is structured as follows. In Section 4.2, we introduce some

notations and relevant definitions.

In Section 4.3, we describe the homogeneous self-dual embedding, and Tulip’s regularized

homogeneous interior-point algorithm. This feature contrasts with most IPM LP codes,

!Personal communication with PIPS developers.
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namely, those that implement the almost-ubiquitous infeasible primal-dual interior-point
algorithm [101]. The main advantage of the homogeneous algorithm is its ability to re-
turn certificates of primal or dual infeasibility. It is therefore better suited for use within
cutting-plane algorithms or decomposition methods, wherein one may encounter infeasible
or unbounded LPs.

In Section 4.4, we highlight the resolution of linear systems within Tulip, which builds on
black-box linear solvers. This modular design leverages Julia’s multiple dispatch, thereby
facilitating the integration of custom linear algebra with no performance loss due to using

external routines.

The presolve procedure is described in Section 4.5 and, in Section 4.6, we provide further
implementation details of Tulip, such as the treatment of variable bounds, default values of
parameters, and default linear solvers. Tulip is publicly available [102] under an open-source
license. It can be used as a stand-alone package in Julia, and through the solver-independent
interface MathOptInterface [103].

In Section 4.7, we report on three sets of computational experiments. First, we compare Tulip
to several open-source and commercial IPM solvers on a benchmark set of unstructured LP
instances. We observe that, using generic sparse linear algebra, Tulip is competitive with
open-source IPM solvers. Second, we demonstrate Tulip’s flexible design. We consider block-
angular problems with dense linking constraints from two column-generation applications,
for which we design specialized linear algebra routines. This implementation yields a tenfold
speedup, thereby outperforming commercial solvers on large-scale instances. Third, we show
how extended precision can alleviate numerical difficulties, thus illustrating Tulip’s ability to

work in arbitrary precision arithmetic.

Finally, Section 4.8 concludes the paper and highlights future research directions.

4.2 Notations

We consider LPs in primal-dual standard form

(P) min cla (D) max by
s.t. Ar =0, st. ATy+s =c, (4.1)
z >0, s 20

where ¢, x,s € R", b,y € R™ and A € R™" is assumed to have full row rank. We follow

the usual notations from interior-point literature, and write X (resp. S) the diagonal matrix
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whose diagonal is given by = (resp. s), i.e., X := Diag(x) and S := Diag(s).

We denote I the identity matrix and e the vector with all coordinates equal to one; their
respective dimensions are always obvious from context. The norm of a vector is written |||

and, unless specified otherwise, it denotes the £5 norm.

A primal solution z is feasible if Ax = b and z > 0. A strictly feasible (or interior) solution is
a primal feasible solution with z > 0. Similarly, a dual solution (y, s) is feasible if ATy+s = ¢
and s > 0, and strictly feasible if, additionally, s > 0. Finally, a primal-dual solution (z,y, s)
is optimal for (4.1) if x is primal-feasible, (y, s) is dual-feasible, and their objective values are

T

equal, i.e., c'z = bTy.

A solution (z,y,s) with x,s > 0 is strictly complementary if
Vi € {1,...,n},(a:isi:0and ]Ji—|—8i>0). (4.2)

The complementarity gap is defined as z7s. When (z,y, s) is primal-dual feasible, the com-

plementarity gap equals the classical optimality gap, i.e., we have #7s = c¢f'a — bTy.

For ease of reading, we assume, without loss of generality, that all primal variables are
required to be non-negative. The handling of free variables and of variables with finite upper
bound will be detailed in Section 4.6.

4.3 Regularized homogeneous interior-point algorithm

In this section, we describe the homogeneous self-dual formulation and algorithm. Our im-
plementation largely follows the algorithmic framework of [104] and [105], combined with the
primal-dual regularization scheme of [106]. Consequently, we focus on the algorithm’s main
components, and refer to [104-106] for convergence proofs and theoretical results. Specific

implementation details will be further discussed in Section 4.6.
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4.3.1 Homogeneous self-dual embedding

The simplified homogeneous self-dual form was introduced in [104]. It consists in reformu-

lating the primal-dual pair (4.1) as a single, self-dual linear program, which writes

(HSD) anleTl 0 (4.3)
st. — ATy +cr >0, (4.4)

Az —br =0, (4.5)

—clr+ by >0, (4.6)

x, T >0, (4.7)

where 7 is a scalar variable. Let s, k be the non-negative slacks associated to (4.4) and (4.6),

respectively. A solution (x,y, s, 7, k) is strictly complementary if
xis; =0,2;,+5;, >0, and Tk =0, 7+ Kk > 0.

Problem (HSD) is always feasible, has empty interior and, under mild assumptions, possesses

a strictly complementary feasible solution [104].

Let (x*,y*, s*, 7", k*) be a strictly complementary feasible solution for (HSD). If 7 > 0,
then (f—, ﬁ—i, j—) is an optimal solution for the original problem (4.1). Otherwise, we have
k* > 0 and thus ¢’z* — bTy* < 0. In that case, the original problem (P) is infeasible or
unbounded. If ¢fz* < 0, then (P) is unbounded and z* is an unbounded ray. If —b%y* < 0,
then (P) is infeasible and y* is an unbounded dual ray. The latter is also referred to as a
Farkas proof of infeasibility. Finally, if both ¢”2* < 0 and —b"y* < 0, then both (P) and (D)

are infeasible.

4.3.2 Regularized formulation

Friedlander and Orban [106] introduce an exact primal-dual regularization scheme for convex
quadratic programs, which we extend to the HSD form. The benefits of regularizations will
be further detailed in Section 4.4. Importantly, rather than viewing (HSD) as a generic LP
to which the regularization procedure of [106] is applied, we exploit the fact that (HSD) is a
self-dual embedding of (P)—(D), and formulate the regularization in the original primal-dual

space.
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Thus, we consider a single, regularized, self-dual problem

(rHSD)  min  py(z = 2)"w+ pa(y = )"y + po(r = 7)7 (4.8)
st. —Aly+er+p(z—17) >0, (4.9)

Az — b + pa(y —y) =0, (4.10)

— e+ 0"y + py(r—7) >0, (4.11)

x,7,> 0, (4.12)

where py, pq, py are positive scalars, and z € R",y € R™,7 € R are given estimates of an
optimal solution of (HSD). We denote by s, k the non-negative slack variables of constraints
(4.9) and (4.11), respectively. The first-order Karush-Kuhn-Tucker (KKT) conditions for
(rHSD) can then be expressed in the following form:

ppr — Ay — s+ 1 = p, 7, (4.13)
Az + pay — b1 = pay, (4.14)
—clz+ by + pym — K = p,T, (4.15)
xjs; =0, j=1..n (4.16)

Tk =0, ( )

(4.18)

x,s, 7,k > 0.

The correspondence between (rHSD) and [106] follows from the fact that, up to a constant

term, the objective function (4.8) equals

1 — 112 —12 —112 2 2 2
§(pp lo =21 + pally = 31" + o I = 71 + oy 2l + pallyll” + o, I7117) -

Note that, for p, = ps = p, = 0, the regularized problem (rHSD) reduces to (HSD).

Furthermore, Theorem 1 shows that, for positive py, p4, pg, the regularization is exact.

Theorem 1. Assume py, pa, pg > 0. Let (x*,y*,7*) be a complementary optimal solution of
(HSD), and let (z,y,7T) = («*,y*, 7*) in the definition of (rHSD). Then, (z*,y*,7*) is the
unique optimal solution of (rHSD).

Proof. The uniqueness of the optimum is a direct consequence of (rHSD) being a convex

problem with strictly convex objective.

Next, we show that any feasible solution of (r HS D) has non-negative objective. Let (z,y, s, T, k)
be a feasible solution of (rHSD). Substituting Eq. (4.9)-(4.11) into the objective (4.8), one
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obtains

Z = pp(x —2) 'z + paly — 9) y+ py(T — )T
=(ATy+s—cr)la+ (br — Ax) Ty + (T — by + k)T
=a2ls+ 7Kk >0.

Then, (x*,y*, 7*) is trivially feasible for (rHSD), and its objective value is (x*)7s*+7*k* = 0.
Thus, it is optimal for (rHSD), which concludes the proof. ]

4.3.3 Regularized homogeneous algorithm

We now describe the regularized homogeneous interior-point algorithm. Similar to [106], we
apply a single Newton iteration to a sequence of problems of the form (rHSD) where, at

each iteration, x,y, T are chosen to be the current primal-dual iterate.

Let (x,y,s, T, k) denote the current primal-dual iterate, with (x,s, 7, k) > 0, and define the

residuals

r, = br — Az, (4.19)
rq=cr — ATy — s, (4.20)
rg=clz—b'y+r, (4.21)
and the barrier parameter
wT's + 1k
on+1

For given z,y, 7, a search direction (d,, 0y, ds, d-, d,;) is computed by solving a Newton system

of the form

—ppbs + AT, + 65 — ¢, :n(CT—ATy—S—l—pp(i:—x)) : (4.22)
Aby + pady — b0y =1 (b — Az — paly — ¥)) , (4.23)

—cT0, + 678, + pgb, — 6. =1 (CT:C by + K — py(T — )) : (4.24)
SO, + Xos = —X Se + ypue, (4.25)

KOy + T0x = —TK + YL, ( )

where v and 7 are non-negative scalars whose values will be specified in Section 4.3.3. We
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evaluate the Newton system at (z,y,7) = (z,y, 7), which yields

—pp,I AT 1 —c O nrq
A pal 0 —b dy nrp
—cT b 0 p, =1l ]d] = nry : (4.27)
X 01 |- —XSe+ yue
0 0 K T | [0k —TK+ Y

System (4.27) is identical to the Newton system obtained when solving (HSD) (see, e.g.,
[105]), except for the regularization terms that appear in the left-hand side. In particular,
the right-hand side remains unchanged.

Starting point

We choose the following default starting point
('TO? yO’ 807 7_0, KZO) = (6, O, e, 1, 1)

This initial point was proposed in [104]. Besides its simplicity, it has well-balanced comple-

mentarity products, which are all equal to one.

Search direction

At each iteration, a search direction is computed using Mehrotra’s predictor-corrector tech-
nique [101], combined with Gondzio’s multiple centrality corrections [107]. Following [105],

we adapt the original formulas of [101,107] to account for the homogeneous embedding.

First, the affine-scaling direction (62, g2 52 §aff 52) is obtained by solving the Newton

xT ) Y rYYs r YT ) K
system
—pp0aT + ATHT 4 52 — 2T = ry, (4.28)
A8+ pgos™ — 062" =1, (4.29)
—cT2 4 b7 620 4 po 62 — 62T =, (4.30)
S+ X2 = — X Se, (4.31)
kO™ 4o = _7p, (4.32)

which corresponds to (4.27) with n = 1 and v = 0. Taking a full step (o = 1) would thus

reduce both infeasibility and complementarity gap to zero. However, doing so is generally
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not possible, due to the non-negativity requirement on (z, s, 7, k).

Consequently, a corrected search direction is computed, as proposed in [101]. The corrected
direction hopefully enables one to make longer steps, thus reducing the total number of IPM

iterations. Let n =1 — v, where

v = (1 - a)?min (’Ymm, (1-— aaﬁ)) (4.33)
for some ¥, > 0, and
o™ = max {O <a<1|(z,s 1K)+ a6 5 ol 5ol > 0} : (4.34)

The corrected search direction is then given by

—Pplz + AT(Sy + 65 — o = nry, ( )
Aby + paby — b = nryp, ( )

—cT's, + bT(Sy + pgbr; — O = M1y, (4.37)
S6, + X8, = —XSe + yue — AMTAMe, (4.38)

KOy + 76 = —Tk + yp — 02852 (4.39)

where A = Diag(62T) and AT = Diag(6T).

Additional centrality corrections

Additional centrality corrections aim at improving the centrality of the new iterate, i.e., to
keep the complementary products well balanced. Doing so generally allows to make longer
steps, thus reducing the total number of IPM iterations. We implement Gondzio’s original

technique [107], with some modifications introduced in [105].

Let § = (04,04, 05,0+, 0,) be the current search direction, o™** the corresponding maximum

step size, and define

(z,9,5,7,K) == (2,9,8,T, k) + &0y, 0y, ds, 0, 0., (4.40)

maz)

where & := min(1, 2« is a tentative step size.



First, a soft target in the space of complementarity products is computed as

M — .Q_ngj if .fjgj < M

tj: 0 ifi’jng[,U/l,,uu] ) jzla"'ana
Ly, — fi’jgj if i‘jgj > [y

W — TR if Tk < L

to = 0 if TR € [y, o)

o — TR if TR > i,

where 1, = yu3 and p, = yuB~t, for a fixed 0 < 3 < 1. Then, define

et + 1t
v=1-— ,
n+1
, elt +tg
Vo = to — .
0 0 n+1

A correction is obtained by solving the linear system

—ppos + AT5§ + 05 —co; =0,
Ady + pad, — bdy =0,

—c" 65+ 0105 + pyds — 07 =0,
S65 + X5 = v,

KO; + TO, = v,
which yields a corrected search direction

(82,8, 65,67, 0,) + (62,05, 8¢, 8¢, 6¢).

) YyrVsr Yo VK

The corrected direction is accepted if it results in an increased step size.
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(4.41)

(4.42)

(4.43)

Finally, additional centrality corrections are computed only if a sufficient increase in the step

size is observed. Specifically, as suggested in [105], an additional correction is computed only

if the new step size « satisfies

a > 1.10 x o™,

(4.50)
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Regularizations

Following [106], the regularizations are updated as follows. Let p¥, p%, p% denote the regular-

ization terms at iteration k. We set p) = p§ = p) = 1, and use the update rule

k

p’;H = max <\/E, pp) , (4.51)
ok

pitt = max <\/E, d) , (4.52)

k
Pyt = max <\/E, fg) : (4.53)

where e denotes the machine precision, e.g., € ~ 107! for double-precision floating point

arithmetic.

Further details on the role of regularizations in the resolution of the Newton system are given
in Section 4.4. Let us only mention here that p,, p4, p; may become too small to ensure that
the Newton system is properly regularized, e.g., for badly scaled problems. When this is the
case, we increase the regularizations by a factor of 100, and terminate the algorithm if three

consecutive increases fail to resolve the numerical issues.
Step size
Once the final search direction has been computed, the step size « is given by
a =0.9995 x o™, (4.54)
where

o™ — max {O <a<l1 ’ (:L"S,T, KJ) + 06(5357557577&{) > 0}

Stopping criteria

The algorithm stops when, up to numerical tolerances, one of the following three cases holds:
the current iterate is optimal, the primal problem is proven infeasible, the dual problem is

proven infeasible (unbounded primal).
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The problem is declared solved to optimality if

[l
— e (4.55)
T(1+[bll) "
[rall
— X gy, (4.56)
T(1+ [lefl )
|cT:17 — bTy|
_— 4.
P < &g, (4.57)

where €,, €4, €4 are positive parameters. The above criteria are independent of the magnitude

of 7, and correspond to primal feasibility, dual feasibility and optimality, respectively.

Primal or dual infeasibility is detected if

n<e;, (458)
T < é&;, (459)
K

where ¢; is a positive parameter. When this is the case, a complementary solution with small
7 has been found. If ¢’z < —¢;, the problem is declared dual infeasible (primal unbounded),
and z is an unbounded ray. If —bTy < —&;, the problem is declared primal infeasible (dual

unbounded), and y is a Farkas dual ray.

Finally, premature termination criteria such as numerical instability, time limit or iteration

limit are discussed in Section 4.6.

4.4 Solving linear systems

Search directions and centrality corrections are obtained by solving several Newton systems
such as (4.28)-(4.32), all with identical left-hand side matrix but different right-hand side.

Specifically, each Newton system has the form

—ppl AT 1 —c O &q
A pal —b 0y &
—cT b Pg -1 s | =& | (4.60)
S X o7 Eas
I K T 0] | & ]

where &y, &4, &y, Eas, &7 are appropriate right-hand side vectors. The purpose of this section
is to provide further details on the techniques used for the resolution of (4.60), and their

implementation in Tulip.
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4.4.1 Augmented system

First, we eliminate &, and ¢,, as follows:

s = X' (Eas — S92), (4.61)
8 = 7 H&mn — KO,), (4.62)
which yields
_(@71 + ppl) AT —C 5$ gd - Xﬁlgxs
A pd] —b 5y = gp y (463)
_CT bT 7—_1’% + Pyg 57' fg + T_lg‘m

where © = XS 1.

As outlined in [71,105], a solution to (4.63) is obtained by first solving

p|_ |c
o[ »

! } — [ b= X" ] . (4.65)

(07 + ppI) AT
A pd]

and

—(O© 4 p,I) AT

A pal v &p

Linear systems of the form (4.64) and (4.65) are referred to as augmented systems. Then,

0z, 0y, 07 are computed as follows:

&+ 77+ cTu+ b

5, , 4.66

Ttk + pg — cIp+bTgq ( )
0y = U+ 6;p, (4.67)
0y = v+ 0-q. (4.68)

Note that (4.64) does not depend on the right-hand side £. Thus, it is only solved once per

IPM iteration, and its solution is reused when solving subsequent Newton systems.

Finally, as pointed in [106], the augmented system’s structure motivates the following obser-
vations. First, the use of primal-dual regularizations controls the effective condition number
of the augmented system, which, in turn, improves the algorithm’s numerical behavior. Sec-

ond, the augmented system’s matrix is symmetric quasi-definite. This allows the use of
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efficient symmetric indefinite factorization techniques, which only require one symbolic anal-
ysis at the beginning of the optimization. In particular, dual regularizations ensure that
this quasi-definite property is retained even when A does not have full rank. Third, directly
solving the augmented system implicitly handles dense columns in A, which make the system
of normal equations dense [71]. We have also found this approach to be more numerically

stable than a normal equations system-based approach.

4.4.2 Black-box linear solvers

The augmented system may be solved using a number of techniques, with direct methods
—namely, symmetric factorization techniques— being the most popular choice. Importantly,
the algorithm itself is unaffected by how the augmented system is solved, provided that it is
solved accurately. Our implementation leverages Julia’s multiple dispatch feature and built-
in support for linear algebra, thus allowing to disentangle the algorithmic framework from

the linear algebra implementation.

First, the interior-point algorithm is defined over abstract linear algebra structures. Namely,
the constraint matrix A is treated as an AbstractMatrix, whose concrete type is only known
once the model is instantiated. Julia’s standard library includes extensive support for linear

algebra, thus removing the need for a custom abstract linear algebra layer.

Second, while the reduction from the Newton system to the augmented system is per-
formed explicitly, the latter is solved by a black-box linear solver. Specifically, we design
an AbstractKKTSolver type, from which concrete linear solver implementations inherit.
The AbstractKKTSolver interface is deliberately minimal, and consists of three functions:?

setup, update!, and solve!.

A linear solver is instantiated at the beginning of the optimization using the setup function.
Custom options can be passed to setup so that the user can select a linear solver of their
choice. At the beginning of each IPM iteration, the linear solver’s state is updated by calling
the update! function. For instance, if a direct method is used, this step corresponds to
updating the factorization. Following the call to update!, augmented systems can be solved
through the solve! function. Default, generic, linear solvers are described in Section 4.6.3,
and an example of specialized linear solver is given in Section 4.7.2. Specific details are

provided in Tulip’s online documentation.?

Finally, specialized methods are automatically dispatched based on the (dynamic) type of

A. These include matrix-vector and matrix-matrix product, as well as matrix factorization

2In Julia, a ! is appended to functions that mutate their arguments.
3https://ds4dm.github.io/Tulip.jl/dev/


https://ds4dm.github.io/Tulip.jl/dev/

48

routines. We emphasize that the dispatch feature is a core component of the Julia program-
ming language, and is therefore entirely transparent to the user. Consequently, one can easily
define custom routines that exploit certain properties of A, so as to speed-up computation
or reduce memory overheads. Furthermore, this customization is entirely independent of
the interior-point algorithm, thus allowing to properly assess the impact of different linear

algebra implementations.

4.5 Presolve

Tulip’s presolve module performs elementary reductions, all of which are described in [108]
and [109]. Therefore, in this section, we only outline the presolve procedure; further imple-

mentation details are given in Section 4.6.

4.5.1 Presolve

We only perform reductions that do not introduce any additional non-zero coefficients, i.e.,
fill-in, to the problem. The presolve procedure is outlined in Algorithm 3, and proceeds as

follows.

First, we ensure all bounds are consistent, remove all empty rows and columns, and identify
all row singletons, i.e., rows that contain with a single non-zero coefficient. Then, a series
of passes is performed until no further reduction is possible. At each pass, the following
reductions are applied: empty rows and columns, fixed variables, row singletons, free and
implied free column singletons, forcing and dominated rows, and dominated columns. The
presolve terminates if infeasibility or unboundedness is detected, in which case an appropriate
primal or dual ray is constructed. If all rows and columns are eliminated, the problem is

declared solved, and a primal-dual optimal solution is constructed.

Finally, to improve the numerical properties of the problem, rows and columns are re-scaled

as follows:
A=D" x Ax DY, (4.69)

where A is the scaled matrix, A is the constraint matrix of the reduced problem, and D),
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D' are diagonal matrices with coefficients

D§T):m, Vi, (4.70)
1
DY) = ——— Vi (4.71)
VAl

Column and row bounds, as well as the objective, are scaled appropriately.

Input: Initial LP

Remove empty rows
Remove empty columns

repeat

Check for bounds inconsistencies
Remove empty columns

Remove row singletons
Remove fixed variables

Remove row singletons
Remove forcing/dominated rows

Remove row singletons
Remove free columns singletons

Remove row singletons
Remove dominated columns

until No reduction is found

Scale rows and columns

Algorithm 3 Presolve procedure

4.5.2 Postsolve

A primal-dual solution to the presolved problem is computed using the interior-point algo-
rithm described in Section 4.3. A solution to the original problem is then constructed in a
postsolve phase, whose algorithmic details are detailed in [108,109]. Note that, in general,
the postsolve solution is not an interior point with respect to the original problem, e.g., some

variables may be at their upper or lower bound.
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4.6 Implementation details

Tulip is an officially registered Julia package, and is publicly available* under an open-source
license. The entire source code comprises just over 4,000 lines of Julia code, which makes
it easy to read and to modify. The code is single-threaded, however external linear algebra

libraries may exploit multiple threads.

We provide an interface to MathOptInterface [103], a solver-agnostic abstraction layer for
optimization. Thus, Tulip is readily available through both JuMP [12], an open-source alge-
braic modeling language embedded in Julia, and the convex optimization modeling framework
Convex [110].

Finally, Tulip supports arbitrary precision arithmetic, thus allowing, for instance, to solve
problems in quadruple (128 bits) precision. This functionality is available from Tulip’s direct
API and through the MathOptInterface API; it is illustrated in Section 4.7.3.

4.6.1 Bounds on variables

Tulip stores LP problems in the form

(LP) Hlxin ' + ¢o
st I} < 25T < u?, Vi=1,...,m, (4.72)
l7 < Zj <uji, Vj=1,..,n,
where l?,’fa Ui)f € RU{—o00, +o0}, i.e., some bounds may be infinite. Before being passed to the

interior-point optimizer, the problem is transformed into standard form. This transformation
occurs after the presolve phase, and is transparent to the user. In particular, primal-dual

solutions are returned with respect to formulation (4.72).

Free variables are an outstanding issue for interior-point methods, see, e.g. [71,111], and
are not supported explicitly in Tulip. Instead, free variables are automatically split into the
difference of two non-negative variables, with the knowledge that this reformulation may

introduce some numerical instability.

Although finite upper bounds may be treated as arbitrary constraints, it is more efficient

to handle them separately. Let Z denote the set of indices of upper-bounded variables.

4Source code is available at https://github.com/ds4dm/Tulip. j1, and online documentation at https:
//ds4dm.github.io/Tulip.jl/dev/
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Upper-bound constraints then write

which we write in compact form Uz < u, where U € RZI*™ and

Um:{ Lifi=jel

0 otherwise

Therefore, internally, Tulip solves linear programs of the form

(P) min 'z (D) max by —ulz
_ T 7T, _
sit.  Ar =0, st. Aly+s—-U'z=c, (4.74)
Ur+w=u s,z > 0.
r,w >0,

Let us emphasize that handling upper bounds separately only affects the underlying linear

algebra operations, not the interior-point algorithm.

The Newton system (4.60) then writes

—ppl AT I Ut —c Oz &4
A pal —b O &p
U I —u dy &u
—cT bt -t p, -1 6 | =1¢& |, (4.75)
S X 0, §s
Z w Or §uw=
I K T ]| O Ern

and it reduces, after performing diagonal substitutions, to solving two augmented systems of

Pl éd
'1-[¢] 470

~ —1 ~
where © = (X_IS+ UT(W_IZ)U) . Note that © is a diagonal matrix with positive

diagonal. Therefore, system (4.76) has the same size and structure as (4.64). Furthermore,

the form

—(07' +ppI) AT
A pdl

© can be computed efficiently using only vector operations, i.e., without any matrix-matrix

nor matrix-vector product.



52

4.6.2 Solver parameters

The default values for numerical tolerances of Section 4.3.3 are

where € is the machine precision, which depends on the arithmetic. For instance, double
precision (64 bits) floating point arithmetic corresponds to egy ~ 107'% while quadruple

precision (128 bits) corresponds to €198 =~ 10734,

When computing additional centrality corrections, we use the following default values:

Ymin = 10717
p=10""1.

The default maximum number of centrality corrections is set to 5.

Finally, the maximum number of IPM iterations is set to a default of 100. A time limit may

be imposed by the user, in which case it is checked at the beginning of each IPM iteration.

4.6.3 Default linear solvers

Several generic linear algebra implementations are readily available in Tulip, and can be

selected without requiring any additional implementation.

The default settings are as follows. First, A is stored in a SparseMatrixCSC struct, i.e.,
in compressed sparse column format. Elementary linear algebra operations, e.g., matrix-
vector products, employ Julia’s standard library SparseArrays. Augmented systems are then
solved by a direct method, namely, an LDL” factorization of the quasi-definite augmented
system. Sparse factorizations use either the CHOLMOD module of SuiteSparse [100], or the
LDLFactorizations package [112], a Julia translation of SuiteSparse’s LDLT factorization
code that supports arbitrary arithmetic. Tulip uses the former for double precision floating
point arithmetic, and the latter otherwise. Finally, the solver’s log indicates: the model’s
arithmetic, the linear solver’s backend, e.g., CHOLMOD, and the linear system being solved,

i.e., either the augmented system of the normal equations system.

As mentioned in Section 4.4, custom options for linear algebra can be passed to the solver.
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Specifically, the MatrixOptions parameter lets the user select a matrix implementation of
their choice, and the KKTOptions parameter is used to specify a choice of linear solver. Their

usage is depicted in Figure 4.1.

In Figure 4.1a, the default settings are used. The model is instantiated at line 1; the
Model{Float64} syntax indicates that Float64 arithmetic is used. Then, the problem is
read from the problem.mps file at line 2, and the model is solved at line 4. Figures 4.1b,
4.1c, 4.1d are identical, but select different linear algebra implementations by setting the

appropriate MatrixOptions and KKTOptions parameters.

Figure 4.1b illustrates the use of dense linear algebra. Line 5 indicates that A should be
stored as a dense matrix. Then, at line 6, a dense linear solver is selected through the
SolverOptions(Dense_SymPosDef) setting. In this case, the augmented system is reduced
to the (dense) normal equations systems, and a dense Cholesky factorization is applied;
BLAS/LAPACK routines are automatically called when using single and double precision

floating point arithmetic, otherwise Julia’s generic routines are called.

In the example of Figure 4.1c, linear systems are reduced to the normal equations system, and
CHOLMOD’s sparse Cholesky factorization is applied. Note that a single dense column in A
results in a fully dense normal equations systems. Thus, in the absence of a mechanism for
handling dense columns, this approach may be impractical for some large problems. Finally,
in Figure 4.1d, the augmented system is solved using an LDL” factorization, computed by

LDLFactorizations.

4.7 Computational results

In this section, we compare Tulip to several open-source and commercial solvers, focusing on
those that are available to Julia users. Let us emphasize that our goal is not to perform a

comprehensive benchmark of interior-point LP solvers.

We evaluate Tulip’s performance and robustness in the following three settings. First, in
Section 4.7.1, we consider general LP instances from H. Mittelmann’s benchmark,® which
are solved using generic sparse linear algebra. Then, in Section 4.7.2, we consider structured
instances that arise in decomposition methods, for which we develop specialized linear alge-
bra. Finally, in Section 4.7.3, we illustrate Tulip’s ability to use different levels of arithmetic

precision by solving problems in higher precision.

Shttp://plato.asu.edu/ftp/lpbar.html
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model = Tulip.Model{Float64}() # Instantiate model
Tulip.load_problem! (model, "problem.mps") # Read problem

Tulip.optimize! (model) # Solve the problem

(a) Sample code using default linear algebra settings

model = Tulip.Model{Float64}() # Instantiate model
Tulip.load_problem! (model, "problem.mps") # Read problem

# Select dense linear algebra
model .params.MatrixOptions = MatrixOptions(Matrix)

model .params.KKTOptions = SolverOptions(Dense_SymPosDef)

Tulip.optimize! (model) # Solve the problem

(b) Sample code using dense linear algebra

model = Tulip.Model{Float64}() # Instantiate model
Tulip.load_problem! (model, "problem.mps") # Read problem

# Solve the normal equations with CHOLMOD
model.params.KKTOptions = SolverOptions(CholmodSolver, normal_equations=true)

Tulip.optimize! (model) # Solve the problem

(¢) Sample code using CHOLMOD to solve the normal equations system

model = Tulip.Model{Float64}() # Instantiate model
Tulip.load_problem! (model, "problem.mps") # Read problem

# Solve the augmented system with LDLFactorizations
model .params.KKTOptions = SolverOptions(LDLFact_SymQuasDef)

Tulip.optimize! (model) # Solve the problem

(d) Sample code using LDLFactorizations

Figure 4.1 Code examples for reading and solving a problem with various linear algebra
implementations.
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4.7.1 Results on general LP instances

We select all instances from H. Mittelmann’s benchmark of barrier LP solvers, except qap15
and L1_sixm1000obs. The former is identical to nugl5, and the latter could not be solved
by any solvers in the prescribed time limit. This yields a testset of 43 medium to large-scale
instances. We compare the following open-source and commercial solvers: Clp 1.17 [113],
GLPK 4.64 [114], ECOS 2.0 [115], Tulip 0.5.0, CPLEX 12.10 [17], Gurobi 9.0 [116] and Mosek
9.2 [117]. All are accessed through their respective Julia interface. We run the interior-point
algorithm of each solver with a single thread, no crossover, and a 10,000s time limit. For
Tulip, the maximum number of IPM iterations is increased from the default 100 to 500. All

other parameters are left to their default values.

Experiments are carried out on a cluster of machines equipped with dual Intel Xeon 6148-
2.4GHz CPUs, and varying amounts of RAM. Each job is run with a single thread and 16GB
of memory. Scripts for running these experiments are available online,® together with the

logfiles of each solver.

Computational results are displayed in Table 4.1. For each solver, we report the total number
of instances solved, the mean runtime, and individual runtimes for each instance. Segmen-
tation faults are indicated by seg, timeouts by t, other failures by f, and reduced accuracy

solutions by r. The time to read in the data is not included.

Mean runtimes are shifted geometric means

N

ps(ty, .. tn) = (1_[(25Z + 5)) . d = exp [;Zlog(ti + 5)] — 0,

i=1
with é = 10 seconds.

First, the three commercial solvers CPLEX, Gurobi and Mosek display similar performance
and robustness, and outperform open-source alternatives by one to two orders of magnitude.
While CPLEX and Gurobi encountered numerical issues on a few instances, we found that

these were resolved by activating crossover.

Second, Clp displays a worse performance than expected, solving only 25 problems with
an average runtime about two times larger than Tulip’s. In fact, out of 43 instances, we
recorded 5 segmentation faults, 8 unidentified errors, with the 10,000s time limit being
reached on the remaining 10 unsolved instances. A more detailed analysis of the log suggests
that segmentation faults and some unknown errors are caused by memory-related issues, i.e.,

large Cholesky factors that do not fit in memory. We note that those errors do not occur

Shttps://github.com/mtanneau/LPBenchmarks
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Table 4.1 Results on the Mittelmann test set

Problem Clp CPLEX ECOS GLPK Gurobi Mosek  Tulip
Solved 25 39 26 6 41 43 33
Average 1607.5 52.4  2344.7 7092.8 42.5 32.0 604.6
L1_sixm2500bs seg 23.7 f f f 148.8 f
Linf 520c seg 25.9 f seg 30.4 22.7 t
brazil3 2.3 0.2 f f 0.6 0.6 2.3
buildingenergy £ 18.3  362.0 £ 199  16.6  39.1
chrom1024-7 seg 0.3 96.8 f 1.5 3.2 3.6
contl 23224 5.2 138.0 f 5.9 12.6 26.9
contll 626.8 f 174.7 f 14.8 12.7 51.4
dbicl 118.5 9.6 332.9 f 9.2 94 30.2
degme t 235.5 f f 308.3  253.0 t
ds-big 237.1 29.6  331.6r f 31.1 16.5 95.2
ex10 t 6.3 f f 46.8 21.6  5427.5
fomel3 413.3 19.0  1284.0 f 17.8 16.9  538.2
irish-e 363.6 21.1 f f 16.5 20.3 35.4
karted 6509.1 89.1  5801.8 9334.9 115.7 44.4  3786.9
neos 433.4 26.7 1201.0r seg 39.5 33.1  419.5
neosl f 4.9 167.2 f 6.3 4.1 1304
neos2 f 4.0 129.6 f 4.7 3.4 4621
neos3 seg 26.5 12829 f 33.7 17.1  1358.2
neos5052403 2067.9 43.6  3489.4r f 28.1 13.1 4754
ns1644855 t 334.2 f f 437.0  468.0 t
ns1687037 t f f f 19.6 123 3304
ns1688926 t 25.7 f f f 2.0 f
nug08-3rd t 3.4 f f 2.8 55.0 f
nuglh 352.2 12,7 18714 f 0.9 17.8  998.6
pds-100 t 168.2 f f 106.2  152.7 f
pds-40 1303.7 25.6 f f 22.1 32.9 5000.6
psched3-3 t 86.6 f f 1475r 1485 t
rail02 t 208.9 f f 134.3  195.8 t
rail4284 5407.8 72.2 8578.3r f 133.5 81.0 1049.5
s100 1587.5 29.7 f f 38.1 30.2  894.2
s250r10 263.5 17.8 f f 25.4 30.8  257.2
savschedl 183.9 27.1 23554 f 25.9 55.5  138.8
self 21.5 3.2 162.3 45.1 4.0 3.1 13.3
shs1023 286.2 f f f 48.2 74.6  371.6
square41 202.8 3.4 1703.3r f 4.9 32.7 134.0
stat96v1 164.9 f 163.6r f 32.2r 6.3 41.3
stat96v4 14 1.0 314  261.5 1.0 2.2 1.8
stormG2_1000 seg 64.2  9593.0 f 122.6  131.9  216.3
stp3d 1864.1 31.6  1363.3 f 31.9 39.2  529.7
support10 f 171 6210.2 f 19.3 27.2  3553.1
tp-6 7872.1 150.9 f f 203.8  312.3 5543.0
ts-palko 1757.1 35.9  1109.3 2315.7 50.7 31.7 8411
watson_ 2 65.0 24.4 f 111.0 26.6 30.1 f

seg: segmentation fault; r: reduced accuracy solution; t: time limit; £: other failure
All times in seconds.
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when running Clp through its command-line executable: the executable performs additional
checks to decide whether the model should be dualized; this can yield smaller linear systems
and thus avoid memory issues. Nevertheless, given that the dualize option is not available
in Clp’s C interface’, on which Clp’s Julia wrapper is built, the present results best represent

the behavior that Julia users would encounter.

Third, among open-source solvers, Tulip is the top performer with 33 instances solved and
a mean runtime of 604.6s, while GLPK has the worst performance with only 6 instances
reportedly solved. Tulip’s 5 failures include 3 instances that out of memory; for the remaining
2,1i.e.,ns1688926 and watson_2, Tulip fails to reach the prescribed accuracy due to numerical
issues. A possible remedy to the latter will be discussed in Section 4.7.3. Finally, out of
the 26 instances reported as solved by ECOS, 6 were solved to reduced accuracy. This
situation typically corresponds to ECOS encountering numerical issues close to optimality,

but a feasible or close-to-feasible solution is still available.

4.7.2 Results on structured LP instances

We now compare Tulip to state-of-the-art commercial solvers on a collection of structured
problems; for which we design specialized linear algebra routines. Specifically, we consider the
context of Dantzig-Wolfe (DW) decomposition [13] in conjunction with a column-generation
(CG) algorithm; we refer to [15] for a thorough overview of DW decomposition and CG
algorithms. Here, we focus on the resolution of the master problem, i.e., we consider problems

of the form

R n,

(MP)  min SN A+ o (4.77)
r=1j=1
st. Y. A;=1 r=1_.,R, (4.78)
j=1
R n,
D2 A+ Aodo = bo, (4.79)
r=1j=1
A >0, (4.80)

where R is the number of sub-problems, mg is the number of linking constraints, n, is
the number of columns from sub-problem r, A, € R™*™ and VY(r,j),a,; € R™. Let
M = R+ mgand N = ng + n; + --- + nr be the number of constraints and variables in

(M P), respectively. In what follows, we focus on the case where (i) R is large, typically in

"See discussion in https://github.com/coin-or/Clp/issues/151
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the thousands or tens of thousands, (ii) mg is not too large, typically in the hundreds, and

(iii) the vectors a,; € R™ and A, are dense.

Instance collection

We build a collection of master problems from two sources. First, we generate instances
of Distributed Energy Resources (DER) coordination from [26]. We select a renewable
penetration rate & = 0.33, a time horizon T = {24,48,96}, and a number of resources
R = {1024,2048,4096, 8192, 16384, 32768}. Second, we select all two-stage stochastic pro-
gramming (T'SSP) problems from [79] that have at least 1,000 scenarios. This yields 18 DER

instances, and 27 TSSP instances.

Then, each instance is solved by column generation; master problems are solved with Gurobi’s
barrier (with crossover) and sub-problems are solved with Gurobi’s default settings. In the
case of DER instances, which contain mixed-integer variables, only the root node of a branch-
and-price tree is solved. Finally, at every tenth CG iteration and the last, the current master

problem is saved. Thus, we obtain a dataset of 153 master problems of varying sizes.

CG algorithms benefit from sub-optimal, well-centered interior solutions from the master
problem [80], which are typically obtained by simply relaxing an IPM solver’s optimality
tolerance. These provide the double benefit of stabilizing the CG procedure, thus reducing the
number of CG iterations, and speeding-up the resolution of the master problem by stopping
the IPM early. Importantly, this approach requires feasible, but sub-optimal, dual solutions
from the master problem. While in classical primal-dual IPMs, feasibility is generally reached
earlier than optimality, in the homogeneous algorithm, infeasibilities and complementarity
are reduced at the same rate [105]. As a consequence, for IPM solvers that implement the
homogeneous algorithm, such as Mosek, ECOS and Tulip, relaxing optimality tolerances
yields no computational gain. Nevertheless, let us formally restate that our present goal is
not to implement a state-of-the-art column-generation solver, but to quantify the benefits
of specialized linear algebra in that context; in particular, specialized linear algebra would
equally benefit classical primal-dual IPMs, since the approach of [80] does not affect the
master problem’s structure. Therefore, we only implement a vanilla CG procedure, which is
described in Appendix A. In particular, we do not make use of any acceleration technique

beyond the use of partial pricing.

Table 4.2 and Table 4.3 display some statistics for DER and TSSP instances, respectively. For
each instance, we report: the number of sub-problems R, the number of CG iterations (Iter),
total time spent solving the master problem (Master) and pricing sub-problems (Pricing)

during the CG procedure and, for the final (M P): the number of linking constraints (my), the
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number of variables (IV), and the proportion of non-zero coefficients in the linking constraints
(%nz). From the two tables, we see that DER, 4node and 4node-base instances display
relatively dense linking rows, with 35 to 90% coefficients being non-zeros, and a modest
number of linking constraints. Other instances are either sparser, e.g., the env and env-diss
instances whose linking rows are only 13% dense, or have few linking constraints, e..g, phone.
Therefore, we expect that our specialized implementation will yield larger gains for the former

instances.

Specialized linear algebra

We now describe a specialized Cholesky factorization that exploits the block structure of the

master problem. First, the constraint matrix of (M P) is unit block-angular, i.e., it has the

form
el 0
A— s (4.81)
el 0
Ay - Ap Ay
where
| |
Ar =101 ... Qpn, € R™Moxmr, (482>

Let us recall that the normal equations system writes
(A@71 + p, )" AT + pal ) 6, = €, (4.83)

where 0, € RY, and © € RV*V is a diagonal matrix with positive diagonal. Let S denote
the left-hand matrix of (4.83), and define

O=0© 1 4p) " = o , (4.84)

and 0, = ©,e € R™, for r = 0,..., R. Consequently, the normal equations system has the



Table 4.2 Column-generation statistics - DER instances

CG statistics

MP statistics

Instance R TIter Master(s) Pricing(s) mo N %nz
DER-24 1024 43 4.5 16.6 24 6493 89.7
2048 40 9.7 40.8 24 12152 89.0

4096 41 24.0 86.5 24 24559 89.4

8192 40 74.9 155.9 24 48668 89.7

16384 42 195.8 419.9 24 95845 90.1

32768 40 985.7 826.3 24 192039 89.6

DER-48 1024 49 10.8 25.7 48 7440 87.0
2048 49 24.6 50.7 48 14736 88.0

4096 49 60.8 103.2 48 29328 88.3

8192 50 148.1 212.3 48 59536 88.5

16384 48 355.4 418.3 48 114832 88.5

32768 47 853.8 870.2 48 225424 88.4

DER-96 1024 64 49.0 67.9 96 9504 86.7
2048 56 90.8 117.0 96 16672 87.8

4096 53 191.7 220.1 96 31520 8&8.2

8192 60 603.4 529.9 96 69920 88.5

16384 57 1248.7 993.0 96 133408 89.0

32768 54 3657.2 2163.7 96 254240 88.7
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Table 4.3 Column-generation statistics - TSSP instances

CG statistics

MP statistics

Instance R Tter Master(s) Pricing(s) mo N %nz
4node 1024 24 3.4 2.9 60 5997 41.5
2048 24 7.9 7.2 60 11614 38.8

4096 22 14.4 14.0 60 22034 38.0

8192 23 43.8 28.1 60 44691 37.3

16384 23 114.8 58.0 60 87569 37.9

32768 21 248.7 95.8 60 158895 36.5

4node-base 1024 26 4.5 2.8 60 6197 594
2048 27 11.9 5.5 60 12968 60.2

4096 25 35.8 10.5 60 24153 60.3

8192 22 46.6 17.4 60 43399 59.4

16384 25 143.8 45.0 60 95792 60.4

32768 23 321.6 79.8 60 179472 60.2

assets 37500 6 2.1 6.2 13 77928 38.5
env 1200 6 0.1 0.5 85 2860 12.5
1875 6 0.1 0.7 85 4283 12.9

3780 6 0.2 1.5 85 8357 13.3

5292 6 0.2 2.1 85 11541 13.5

8232 6 0.4 3.3 85 17664 13.6

32928 6 2.5 13.2 85 69783 13.8

env-diss 1200 13 0.2 0.7 85 4439 12.3
1875 15 0.4 1.3 85 7435 12.7

3780 15 1.0 2.6 85 15168 12.9

5292 15 1.5 3.6 85 20745 13.0

8232 15 2.5 5.7 85 31752 13.0

32928 14 14.8 21.8 85 123892 13.3

phone 32768 5 1.4 7.6 9 65553 83.3
stormG2 1000 21 7.9 10.9 306 6075 23.9

61
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form
dy (A1§1)T (0y)1 &1
N . ' = |- , (4.85)
dr (ARbr) (0y) R 93
A0 - Agbg o (dy)o o
where
dy=eT0, +pg, r=1,..,R, (4.86)
R
® =3 A,0,A" + pyl. (4.87)
r=0
Then, define
1 .
l, = d—Ar ,eR™, r=1,.. R, (4.88)
T n ) ) )
C=0-) df(A,ner)(A,ﬂer)T € Rmoxmo, (4.89)
r=1 """

Given that both S and its upper-left block are positive definite, so is the Schur complement
C. Therefore, its Cholesky factorization exists, which we denote C' = LcDoLL. Tt then
follows that a Cholesky factorization of S is given by

T
1 dy 1
S = h X h X h . (4.90)
1 dp 1
lbh -+ lgp Le¢ D¢ lh -~ lgp Lc
L D LT

Finally, once the Cholesky factors L and D are computed, the normal equations (4.85) are

solved as follows:

(6,)0 = (LeDeLe)™ <€o - i&«h) , (4.91)

1
O =& =1 (0o, 7=1,.. R (4.92)
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Exploiting the structure of A yields several computational advantages. First, the factors L
and D can be computed directly from A and O, i.e., the matrix S does not need to be explicitly
formed nor stored, thus saving both time and memory. Second, the sparsity structure of L
is known beforehand. Specifically, the lower blocks [y, ...,lr are all dense column vectors,
and the Schur complement C' is a dense mg X my matrix. Therefore, one does not need a
preprocessing phase wherein a sparsity-preserving ordering is computed, thus saving time
and making memory allocation fully known in advance. Third, since most heavy operations
are performed on dense matrices, efficient cache-exploiting kernels for dense linear algebra
can be used, further speeding-up the computations. Finally, note that most operations such
as forming the Cholesky factors and performing the backward substitutions, are amenable to

parallelization.

Experimental setup

8 Specifically, we define a

We implement the specialized routines described above in Julia.
UnitBlockAngularMatrix type, together with specialized matrix-vector product methods,
and a UnitBlockAngularFactor type for computing factorizations and solving linear sys-
tems. Dense linear algebra operations are performed by BLAS/LAPACK routines directly,

and the entire implementation is less than 250 lines of code.

This specialized implementation is passed to the solver by setting the MatrixOptions and
KKTOptions parameters accordingly, as illustrated in Figure 4.2. A Model object is first
created at line 4, and the problem data is imported at line 5. At line 11, we set the
MatrixOptions parameter to specify that the constraint matrix is of the UnitBlockAngularMatrix
type with my = 24 linking constraints, ng = 72 linking variables, n = 6421 non-linking vari-
ables, and R = 1024 unit blocks. Then, at line 16, we select the UnitBlockAngularFactor
type as a linear solver. Finally, the correct matrix and linear solver are instantiated within
the optimize! call at line 20. Importantly, let us emphasize that no modification was made
to Tulip’s source code: the correct methods are automatically selected by Julia’s multiple

dispatch feature, with no performance loss for calling an external function.

Experiments are carried out on an Intel Xeon E5-2637@3.50GHz CPU, 128GB RAM machine
running Linux; scripts and data for running these experiments are available online.® We com-
pare the following IPM solvers: CPLEX 12.10 [17], Gurobi 9.0 [116], Mosek 9.2.5 [117], Tulip
0.5.0 with generic linear algebra, and Tulip 0.5.0 with specialized linear algebra; the latter

Shttps://github.com/mtanneau/UnitBlockAngular. jl
9Code for generating DER. instances is available at https://github.com/mtanneau/DER_experiments
and for TSPP instances at https://github.com/mtanneau/TSSP
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is denoted Tulip*. We run each solver on a single thread, and no crossover. Presolve may
alter the structure of A in several ways by, e.g., reducing the number of linking constraints,
eliminating variables —possibly some entire blocks— or modifying the unit blocks during scal-
ing. Therefore, since we are interested in comparing the per-iteration cost among solvers,
we also deactivate presolve. Finally, none of the selected IPM solvers have any warm-start
capability, i.e., in a CG algorithm, master problems would effectively be solved from scratch
at each CG iteration. Thus, solving master problems independently of one another, as is

done here, does not invalidate our analysis.

Results

Results are reported in Table 4.4 and Table 4.5 for the DER and TSSP instances, respectively;
for conciseness, only the final master problem of each CG instance is included here. Results
for the entire collection can be found in Table B.1, Appendix B. For each instance and solver,
we report total CPU time (T), in seconds, and the number of IPM iterations (Iter). In Table

B.1, the number of CG iterations (at which the instance was obtained) is also displayed.

We begin by comparing Tulip with and without specialized linear algebra. First, the number
of IPM iterations is almost identical between the two, with differences never exceeding 6
IPM iterations. The differences are caused by small numerical discrepancies between the
linear algebra implementations, which remain negligible until close to the optimum. Second,
using specialized linear algebra results in a significant speedup, especially on larger and
denser instances. Indeed, on large DER and 4node instances, we typically observe a tenfold
speedup. For smaller and sparser instances, e.g., the env instances, or with very few linking
constraints such as phone, using specialized linear algebra still brings a moderate performance

improvement.

Next, we compare Tulip with specialized linear algebra, Tulip*, against state-of-the-art com-
mercial solvers. Given CPLEX’s poorer relative performance on this test set, in the following
we mainly discuss the results of Tulip* in comparison with Mosek and Gurobi. First, our
specialized implementation is able to outperform commercial codes on the larger and denser
instances, while remaining within a reasonable factor on smaller and sparse instances. The
largest performance improvement is observed on the DER-48 instance with R = 32,768, for
which Tulip* achieves a 30% speedup over the fastest commercial alternative. This demon-
strates that, when exploiting structure, open-source solvers can compete with state-of-the-art
commercial codes. Second, Tulip’s iteration count is typically 50 to 100% larger than that
of Mosek and Gurobi. When comparing average per-iteration times on the denser instances,

we observe that Tulip is generally 1.5 to 3 times faster than Gurobi and Mosek.
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import Tulip
using UnitBlockAngular

model = Tulip.Model{Float64}()
Tulip.load_problem! (model, "DER 24 1024 43.mps") # read file

# Deactivate presolve
model.params.Presolve = 0

# Select matrix options

model.params.MatrixOptions = Tulip.TLA.MatrixOptions(
UnitBlockAngularMatrix,
m0=24, n0=72, n=6421, R=1024

)

# Select custom linear solver

model .params.KKTOptions = Tulip.KKT.SolverOptions/(
UnitBlockAngularFactor

)

Tulip.optimize! (model) # solve the problem

Figure 4.2 Sample Julia code illustrating the use of a custom UnitBlockAngularMatrix type
and specialized factorization.



Table 4.4 Performance comparison of IPM solvers - DER instances

CPLEX Gurobi Mosek Tulip Tulip*

Problem R T(s) Iter T(s) Iter T(s) Iter T(s) Iter T(s) Iter
DER-24 1024 0.2 33 0.2 27 0.2 21 1.1 33 0.5 33
2048 0.4 48 0.4 36 04 27 2.5 A7 0.6 47

4096 1.0 40 1.0 32 0.8 26 4.7 38 1.0 38

8192 4.3 79 2.7 46 24 38 190 67 2.6 68

16384 10.8 93 5.3 48 5.3 42 498 86 5.3 83

32768 339 148 194 8 12.3 43 1036 91 11.4 86

DER-48 1024 0.5 37 04 19 0.3 21 1.8 28 04 28
2048 1.6 40 1.0 21 0.8 25 5.7 37 09 37

4096 4.1 44 20 25 20 27 141 39 1.7 39

8192 9.7 51 4.2 20 4.5 24 370 46 3.4 47

16384 223 64 99 29 93 28 &89.7 60 7.4 57

32768 571 8 216 32 21.1 33 1788 59 14.2 54

DER-96 1024 3.3 38 1.2 19 09 22 6.6 31 0.9 31
2048 79 45 24 20 1.7 21 182 38 1.7 37

4096 16.3 51 5. 24 5.2 28 426 40 3.2 40

8192 H1.7 75 155 29 11.1 31 1376 60 8.8 57

16384 107.8 8 31.9 31 244 39 260.0 55 17.3 59

32768 291.9 119 1029 54 55.5 47 753.7 89 654 86
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Table 4.5 Performance comparison of IPM solvers - TSSP instances

CPLEX Gurobi Mosek Tulip Tulip*

Problem R T(s) Iter T(s) Iter T(s) Iter T(s) Iter T(s) Iter
4node 1024 157 21 04 43 0.2 25 1.3 30 0.5 32
2048 0.7 38 06 27 0.6 25 2.1 36 0.9 36

4096 1.1 27 1.7 37 0.7 17 4.5 28 1.2 28

8192 27 30 23 29 1.8 24 123 35 2.7 33

16384 58 29 107 53 4.0 22 264 33 4.6 33

32768 17.0 57 187 55 146 41 748 56 14.2 59

4node-base 1024 17.0 17 1.0 60 03 27 1.4 28 0.6 27
2048 10 35 26 72 0.8 33 3.7 32 0.9 33

4096 23 38 53 72 1.5 34 91 34 1.8 34

8192 38 29 37 27 2.6 25 19.7 36 2.8 36

16384 135 53 262 74 80 37 634 53 7.0 47

32768 20.3 37 290 43 149 30 107.7 48 129 50

assets 37500 1.6 21 0.6 12 1.1 20 2.0 13 1.0 13
env 1200 00 21 0.0 12 0.1 16 0.3 16 0.3 16
1875 0.1 22 0.0 12 0.1 13 04 16 04 16

3780 0.1 25 0.1 12 0.1 14 0.7 17 0.5 17

5292 0.2 27 0.1 13 0.1 13 0.7 17 0.7 17

8232 0.3 26 0.2 13 0.3 14 1.1 18 1.2 18

32928 1.7 26 0.9 13 1.3 17 5.1 21 4.4 21

env-diss 1200 0.1 15 0.0 15 0.1 17 04 23 04 23
1875 0.1 17 0.1 18 0.1 18 0.6 22 0.5 22

3780 0.2 20 0.1 18 0.2 18 1.0 22 1.0 22

5292 03 22 03 23 03 22 1.3 25 1.5 25

8232 1.0 31 06 29 0.5 23 3.2 35 26 35

32928 4.8 28 2.1 22 2.5 19 100 27 7.0 27

phone 32768 05 15 04 8§ 0.6 8 1.9 10 0.7 10
stormG2 1000 16 37 08 18 0.5 22 4.0 29 1.7 28

67



68

Recall that the cost of an individual IPM iteration depends not only on problem size and
the efficiency of the underlying linear algebra, but also on algorithmic features such as the
number of corrections, which we cannot measure directly. Nevertheless, the performance
difference is significant enough to suggest that algorithmic improvements aimed at reducing

the number of IPM iterations would substantially improve Tulip’s performance.

4.7.3 Solving problems in extended precision

Almost all optimization solvers perform computations in double precision (64 bits) floating-
point arithmetic, denoted by double and Float64 in C and Julia, respectively. Julia’s
parametric type system and multiple dispatch allow to write generic code: in the present
case, this results in Tulip’s code can be used with arbitrary arithmetic. We now illustrate

this functionality for solving problems in higher precision.

The ability to use extended precision is useful is various contexts. First, while typical numeri-
cal tolerances for most LP solvers range from 107% to 1078, one may require levels of precision
that exceed what double-precision arithmetic can achieve. For instance, in [118], the authors
consider problems where variations of order 107¢ to 1071° are meaningful. One remedy to
this issue is to use, e.g., quadruple-precision arithmetic. Second, even with “standard" toler-
ances, solvers may encounter numerical issues for badly scaled problems, sometimes resulting
in the optimization being aborted. These issues may be alleviated by using higher precision,
thereby allowing to solve a given challenging instance, albeit at a performance cost. Finally,
in the course of developing a new optimization software or algorithmic technique, identifying
whether inconsistencies are due to numerical issues, mathematical errors, or software bugs,
can be a daunting and time-consuming task. In that context, the ability to easily switch
between different arithmetics enables one to factor out rounding errors and related issues,

thereby identifying —or ruling out— other sources of errors.

Let us note that a handful of simplex-based solvers have the capability to compute extended-
precision or exact solutions to LP problems, either by performing computations in exact
arithmetic, solving a sequence of LPs with increasing precision, or using iterative refinement
techniques; the reader is referred to [119] for an overview of such approaches and available
software. We are not aware of any existing interior-point solver with this capability. As
pointed out in [119], performing all computations in the prescribed arithmetic, as is the case
in Tulip, is intractable for large problems. Consequently, Tulip should not be viewed as a
competitive tool for solving LPs in extended precision. Rather, the main advantage of our
implementation is its simplicity and flexibility: it required no modification of the source code,

runs the same algorithm regardless of the arithmetic, and its use is straightforward. Indeed,
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as Figure 4.3 illustrates, besides loading the appropriate packages, the user only needs to
specify the arithmetic when creating a model; the rest of the code is identical. Therefore,
using Tulip with higher-precision arithmetic is best envisioned as a prototyping tool, or to

occasionally solve a numerically challenging problem.

As an example of this use case, we consider the 6 instances from Section 4.7.1 that required
more than 100 IPM iterations; this generally indicates numerical issues. Each instance is
solved with Tulip in quadruple-precision arithmetic. We use the Double64 type from the
DoubleFloats Julia package, which implements the so-called “double-double" arithmetic,
wherein a pair of double-precision numbers is used to approximate one quadruple-precision
number. This implementation allows to exploit fast, hardware-implemented, double-precision
arithmetic, while achieving similar precision as 128 bits floating point arithmetic. Experi-
ments were carried on the same cluster of machines as in Section 4.7.1. Besides the different
arithmetic, we increase the time limit to 40, 000s and set tolerances to 1078, that is, the prob-
lems are solved up to usual double-precision tolerances. All other settings are left identical
to those of Section 4.7.1.

Results are displayed in Table 4.6. For each instance and arithmetic, we report the total
solution time (CPU) in seconds, the number of IPM iterations (Iter), and the solver’s result
status (Status). We first note that, when using Double64 arithmetic, all instances are solved
to optimality. This validates the earlier finding that instances ns1688926 and watson_2
did encounter numerical issues. Second, we observe a drastic reduction in the number of
IPM iterations from Float64 to Double64, with decreases in iteration counts ranging from
40% to over 90% in the case of neos2 and ns1688926. Third, while the per-iteration cost of
Double64 is typically 8x larger than that of Float64, overall computing times do not increase
as much due to the reduction in IPM iterations. In fact, in the extreme cases of ns1688926,
solving the problem in Double64 is significantly faster than solving it in Float64. Finally, the
results of Table 4.6 suggest that Tulip would most benefit from greater numerical stability
on instances such as neos2, ns1688926, stat96vl and watson_2. This may include, for
instance, the use of iterative refinement when solving Newton systems. On the other hand,
similar iterations counts for both arithmetics, would have suggested algorithmic issues, e.g.,

short steps being taken due to the iterates being far from the central path.

4.8 Conclusion

In this paper, we have described a regularized homogeneous interior-point algorithm and its
implementation in Tulip, an open-source linear optimization solver. Our solver is written in

Julia, and leverages some of the language’s features to propose a flexible and easily-customized
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import Tulip

model = Tulip.Model{Float64}() # Float64 arithmetic
Tulip.load_problem! (tlp, "neos2.mps") # read file

Tulip.optimize! (model) # solve the problem

(a) Using Float64 arithmetic.

import Tulip
using DoubleFloats

model = Tulip.Model{Double64}() # Double64 arithmetic
Tulip.load_problem! (tlp, "neos2.mps") # read file

Tulip.optimize! (model) # solve the problem

(b) Using Double64 arithmetic.

Figure 4.3 Sample Julia code illustrating the use of different arithmetics.

Table 4.6 Problematic instances from the Mittelmann benchmark

Float64 Double64
Instance CPU (s) Iter Status CPU(s) Iter  Status
neos?2 462.1 460  Optimal 265.1 37 Optimal
ns1688926 1007.7 500 Iterations 142.8 18 Optimal
s250r10 257.2 169  Optimal 1385.0 93 Optimal
shs1023 371.6 266  Optimal 968.8 105 Optimal
stat96vi 41.3 275  Optimal 30.4 42 Optimal

watson_2 295.7 500 Iterations 243.4 67 Optimal




71

implementation. Most notably, Tulip’s algorithmic framework is fully disentangled from

linear algebra implementations and the choice of arithmetic.

The performance of the code has been evaluated on generic instances from H. Mittelmann’s
benchmark testset, on two sets of structured instances for which we developed specialized lin-
ear algebra routines, and on numerically problematic instances using higher-precision arith-
metic. The computational evaluation has shown three main results. First, when solving
generic LP instances, Tulip is competitive with open-source IPM solvers that have a Ju-
lia interface. Second, when solving structured problems, the use of custom linear algebra
routines yields a tenfold speedup over generic ones, thereby outperforming state-of-the-art
commercial IPM solvers on larger and denser instances. These results demonstrate the ben-
efits of being able to seamlessly integrate specialized linear algebra within an interior-point
algorithm. Third, in a development context, Tulip can be conveniently used in conjunction

with higher-precision arithmetic, so as to alleviate numerical issues.

Finally, future developments will consider the use of iterative methods for solving linear
systems, the development of more general structured linear algebra routines and their multi-
threaded implementation, and more efficient algorithmic techniques for solving problems
in extended precision. Because of the way in which Tulip has been designed, all those

developments do not require any significant rework of the code structure.
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CHAPTER 5 ARTICLE 3 - DISJUNCTIVE CUTS IN MIXED-INTEGER
CONIC OPTIMIZATION

Authors: Andrea Lodi, Mathieu Tanneau and Juan-Pablo Vielma
Submitted to Mathematical Programming. Preprint: [120].

Abstract This paper studies disjunctive cutting planes in Mixed-Integer Conic Program-
ming. Building on conic duality, we formulate a cut-generating conic program for separating
disjunctive cuts, and investigate the impact of the normalization condition on its resolution.
In particular, we show that a careful selection of normalization guarantees its solvability
and conic strong duality. Then, we highlight the shortcomings of separating conic-infeasible
points in an outer-approximation context, and propose conic extensions to the classical lift-
ing and monoidal strengthening procedures. Finally, we assess the computational behavior
of various normalization conditions in terms of gap closed, computing time and cut sparsity.
In the process, we show that our approach is competitive with the internal lift-and-project

cuts of a state-of-the-art solver.

5.1 Introduction

Mixed-Integer Convex Optimization (MI-CONV) is a fundamental class of Mixed-Integer
Nonlinear Optimization problems with applications such as risk management, nonlinear
physics (e.g., power systems and chemical engineering) and logistics, just to mention a
few. Because of such a relevance, classical algorithms for Mixed-Integer Linear Optimiza-
tion (MILP) have been successfully extended to MI-CONV, like Branch and Bound [121] or
Benders decomposition [122]; others like the Outer Approximation scheme [123] have been de-
signed specifically for MI-CONV. In addition, several software tools are available for solving
general MI-CONV problems, see, e.g., the recent comparison in [124]. Finally, some spe-
cific classes of MI-CONYV problems, like Mixed-Integer (Convex) Quadratically Constrained
Quadratic Optimization (MIQCQP) problems are now supported by the major commercial

solvers.

Conic optimization is viewed as a more numerically stable and tractable alternative to gen-
eral convex optimization [125]. Both classes are equivalent: conic optimization problems are
convex, and any convex optimization problem can be written as a conic optimization prob-
lem [126]. Modeling tools such as disciplined convex optimization [127] can provide conic

formulations for most —if not all- convex optimization problems that arise in practice [128].
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In particular, [129] recently showed that all convex instances in MINLPLib can be formulated

as Mixed-Integer Conic Optimization (MI-CONIC) problems using only a handful of cones.

Nevertheless, the intrinsic difference between convex and conic optimization lies in a prob-
lem’s algebraic description: in the former, constraints are formulated as f(z) < 0, where f
is a convex function, whereas, in the latter, they are expressed using conic inequalities of
the form Az — b € K, where A is a matrix, b is a vector and K is a cone (see [125] and
Section 5.2). In particular, conic formulations enable the use of conic duality theory, which
underlies a number of theoretical insights and practical tools. Major commercial solvers have
supported Mixed-Integer Second Order Cone Programming (MISOCP) for some time, and
more general MI-CONIC problems are now supported by a number of solvers, e.g., Mosek
and Pajarito [129-131].

This paper builds on two specific aspects that we consider fundamental for solving MI-CONV
problems. First, given that cutting planes are instrumental to solving MILP, a number of
authors have looked at various approaches to compute cuts for MI-CONV problems and,
nowadays, linear cutting planes are part of the arsenal of some MI-CONYV solvers. Despite
this (partial) success, some fundamental questions in this area are left unanswered. Second,
recent experience has shown that conic formulations of MI-CONYV problems display enviable
properties that make them preferable, from the solving viewpoint, to generic MI-CONV

formulations.

Therefore, building on (i) cutting planes and (i) conic formulations, we answer the (some-
how) natural question of what one can gain in terms of cutting planes by using a problem’s
conic structure. In the process of doing so, we answer several questions left open by previous
works on the topic. Motivated by the success of disjunctive cuts in MILP, the paper focuses
on computational aspects of disjunctive cuts for MI-CONIC problems. In the remainder of

this section, we review the literature on the subject and outline our main contributions.

5.1.1 Disjunctive cuts: the MILP case

Disjunctive cuts in MILP go back to Balas’ seminal work on disjunctive programming [132]
in the 70s, and became widely popular as their integration into branch-and-cut frameworks
[133,134] proved effective. Remarkably, disjunctive cuts, split cuts in particular, encompass
several classes of cutting planes, e.g., Chvatal-Gomory, Gomory Mixed-Integer and Mixed-

Integer Rounding cuts.

A general approach for separating disjunctive cuts in MILP is the so-called Cut-Generating

Linear Program (CGLP) proposed by Balas [132,133]. The CGLP leverages a character-
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ization of valid inequalities for disjunctive sets using Farkas multipliers, see Theorem 3.1
in [132]. Thus, it is formulated in a higher-dimensional space, whose size is proportional to
the number of disjunctive terms: for split cuts, which are two-term disjunctions, the CGLP

is roughly double the size of the original problem.

Computational aspects of the CGLP have been studied extensively, some of which we mention
here. Given a fractional point x to separate, one can project the CGLP onto the support of
z, thereby reducing its size, and recover a valid cut by lifting [133,134]. Split cuts obtained
from solving the CGLP can be improved upon using monoidal strengthening [134,135]. The
normalization condition in the CGLP has been shown to have a major impact on the quality of
the obtained cuts, and on overall performance [136-140]. In particular, Balas and Perregard
[141], and later Bonami [137], show that, in the case of split disjunctions, the CGLP can
in fact be solved in the space of orignal variables only, yielding substantial computational

gains. Recent developments include the efficient separation of cuts from multiple disjunctions

[142,143).

5.1.2 Disjunctive cuts: the MI-CONYV case

The work on disjunctive cutting planes for MI-CONV (re)started already in the late 90s with
two fundamental contributions [144, 145]. More precisely, Ceria and Soares [144] show that
disjunctive convex problems can be formulated as a single convex problem in a higher di-
mensional space, and hint that this could serve to generate cutting planes using sub-gradient
information at the optimum. Around the same time, Stubbs and Mehrotra [145] make the
separation of disjunctive cuts for MI-CONV explicit by (i) solving one Nonlinear Program-
ming (NLP) problem, and (%) identifying a sub-gradient that yields a violated cut. The
latter is done by taking a gradient (under regularity assumptions), or by solving a linear
system (under the assumption that the objective function of the former problem is polyhe-
dral). Those assumptions and the use of perspective functions lead to differentiability issues
that made the results of the computational investigation in [145] numerically disappointing

(according to the authors themselves).

The numerical difficulties encountered in [145] have slowed down the development of the area
for a number of years —to the exception of [146]— until the renewed interest and the practical
approaches of the last decade [147,148]. More precisely, Kilinc et al. [148] note that “A
simple strateqy for generating lift-and-project cuts for a MINLP problem is to solve a CGLP
[...] based on a given polyhedral outer approzimation of the relaxed feasible region [...J. The
key question to be answered [...] is which points to use to define the polyhedral relazation.”
(from [148], Sec. 3).
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The distinction in how to answer the above question is the difference between [146], [147],
and [148]. Namely, Zhu and Kuno [146] build an outer-approximation through the current
fractional solution, and derive a cut by solving the associated CGLP. However, this approach
is not guaranteed to find a violated cut if one exists, see Example 1 in [148]. Bonami [147]
solves one auxiliary NLP, and uses the solution to get an outer approximation that provably
yields a violated cut if any exists. Instead, Kilinc et al. [148] iteratively refine an outer
approximation by solving a sequence of LPs until a violated cut, if any, is separated by
solving the associated CGLP.

The outer approximation approaches in [147,148] are, to the best of our knowledge, the
state of the art for the implementation of disjunctive cuts for MI-CONV and, especially,
for MIQCQPs, see e.g., their implementation in CPLEX starting from version 12.6.2. How-
ever, despite the impressive practical improvements with respect to the early attempts [145],

questions were left on the table, which we answer in the present paper.

5.1.3 Disjunctive cuts: the MI-CONIC case

Following the support of MISOCP problems by commercial MIP solvers in the 2000s (MIS-
OCP support appeared in CPLEX 9.0 and in Gurobi 5.0), the last decade has seen a flour-
ishing literature on cuts for MI-CONIC problems.

A large share of these works focus on cuts for MISOCP, or, equivalently, for MIQCQP
problems. Atamturk and Narayanan [149] introduce conic Mixed-Integer Rounding (MIR)
cuts for MISOCP problems. Modaresi et al later show in [150, 151] that conic MIR cuts
are in fact linear split cuts in an extended space, and compare the strength of families of
conic MIR cuts to that of nonlinear split cuts. In a related work, Andersen and Jensen [152]
study intersection cuts in the MISOCP context, and obtain a closed-form formula for the
conic quadratic intersection cut. Belotti et al. [153] study the intersection of a convex set
and a two-term disjunction. They show that the convex hull is described by a single conic
inequality, for which an explicit formula is derived in the conic quadratic case. In a similar
fashion, two-term disjunctions on the second-order cone are investigated in [154], and this

approach is later extended in [155].

More general approaches, i.e., not restricted to convex quadratic constraints, include [126,
156-159]. In [156], the authors study classes of cutting planes in the MI-CONIC setting,
including Chvatal-Gomory cuts and lift-and-project cuts, and report limited experiments on
mixed 0-1 semi-definite programming instances. A generic lifting procedure for conic cuts is
described in [157]. Dadush et al. [158] show that the split closure of a strictly convex body

is defined by a finite number of disjunction, but is not necessarily polyhedral. Minimal valid
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inequalities are introduced in [126], and are shown to be sufficient to describe the convex
hull of a disjunctive conic set. The lack of tractable algebraic representation for minimal
inequalities then leads the author to consider the broader class of sublinear inequalities,
which are further studied in [160]. Finally, intersection cuts for non-polyhedral sets and

certain classes of disjunctions are studied in [159].

Nevertheless, for the most part, these works remain theoretical contributions. Indeed, to the
exception of [149,151,156], no computational results were reported for any of these techniques
and, to the best of our knowledge, none has been implemented in optimization solvers. In

fact, neither Mosek nor Gurobi! generate cuts from nonlinear information.

5.1.4 Contribution and outline

In this paper, we study linear disjunctive cutting planes for MI-CONIC problems. Our
objective is to derive practical and numerically robust tools for the separation of those cuts,
and we show that conic formulations allow us to achieve that goal. Specifically, we do so by
extended Balas’ CGLP into a Cut-Generating Conic Program (CGCP) (see also [156]). Our

contributions are:

1. We study the role of the normalization condition in the CGCP, and propose conic
normalizations that guarantee strong duality. In doing so, we answer some concerns

that were raised in previous works. Namely,

« With respect to [147,156], we can select the right normalization to overcome issues

associated with potential lack of constraint qualification.

« With respect to [148], since we use conic formulations, we do not need (i) to pay
attention at avoiding generating linearization cuts at points outside the domain
where the nonlinear functions are known to be convex, (i) to deal with non-
differentiable functions, and (74) boundedness assumptions on the value of the

constraints and their gradients.

2. We draw attention to the shortcomings of separating of conic-infeasible points in an

outer-approximation context, and propose algorithmic strategies to alleviate them.

3. We introduce conic extensions of the lifting procedure for disjunctive cuts, and of

monoidal strengthening for split cuts.

IPersonal communication with Gurobi and Mosek developers.
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4. Finally, we provide computational results on the effectiveness of the proposed approach,
thereby showing the benefits of the conic representation, and compare the practical

effectiveness of several normalization conditions.

The remainder of the paper is structured as follows. In Section 5.2, we introduce some
required notation and background material on conic optimization, and state a number of
theoretical results on the characterization of valid inequalities for conic and disjunctive conic
sets. Section 5.3 formalizes the CGCP and its dual, and the theoretical properties of several
normalization conditions for the CGCP are discussed in Section 5.4. The separation of conic-
infeasible points is further investigated in Section 5.5, while classical lifting and strengthening
techniques from MILP are extended to the conic setting in Section 5.6. In Section 5.7, we
analyze the practical behavior of different normalizations, and show that our approach is
competitive with CPLEX internal lift-and-project cuts. Some concluding remarks are in
Section 5.8.

5.2 Background

In this section, we introduce some notations, and recall a number of results that are needed
for our approach. We refer to [161] for a thorough overview of convex analysis, and to [125]

and [132] for results on conic optimization and disjunctive programming, respectively.

For X C R", we denote by int(X), d(&X), cl(X), and conv(X') the interior, boundary, closure,
and convex hull of X, respectively. The Minkowski sum of X', ) C R" is defined by

X+YV={r+y|lreX yecl}.

If || - || is a norm on R™, its dual norm || - ||. is defined by
¥y € R, [yl = sup {y"z | lf| < 1}. (5.1)
In all that follows, || - |2 denotes the Euclidean norm on R". Finally, we denote by e a vector

of all ones, and by e; a vector whose j coordinate is 1 and all others are 0; the dimension

of e and e; is always obvious from context.
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5.2.1 Cones and conic duality

The set £ C R™ is a cone if V(z,\) € K x Ry, Az € K, and it is irreducible if it cannot be

written as a cartesian product of irreducible cones. The dual cone of I C R" is
K ={ueR" | vz >0V ek}, (5.2)

and KC is self-dual if K = K*. A cone K C R"™ is pointed if KN (—K) = {0}, i.e., if it does
not contain a line that passes through the origin. Proper cones are closed, convex, pointed
cones with non-empty interior. If K is a proper cone, then K* is also a proper cone, and any

p € int K induces a norm on K*, denoted by ||, and defined by
ul, = plu, Yu € K" (5.3)
Examples of proper cones include the non-negative orthant
RY ={z e R" |z >0},
the second-order cone (SOC)

En:{xeR”

Ty > T3+ .+ x%} ,
the positive semi-definite (PSD) cone
St = {X e R | X = X7 \in(X) > 0},
where A, (X) is the smallest eigenvalue of X, and the exponential cone
&= cl{(x,y,z) € R? ‘ rexp(tly) < z,y > 0}.

The non-negative orthant, SOC and SDP cone are also self-dual, while the exponential cone

is not.

A proper cone K induces a partial (resp. strict partial) ordering on R™, denoted > (resp.
i) and defined by

V(z,y) ER"XR", z =y x—y €K, (5.4)
V(z,y) e R" xR", z ¢y z—y € int(K). (5.5)
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In all that follows, we refer to Az >, b (resp. Ax >y b) as a conic (resp. strict conic)

inequality. Consider the system
Ax =K b, (56)

where A € R™™ and K = K; x ... x Ky with IC; C R™; correspondingly, for y € R™, we
write y = (y1, ..., yn). We follow the terminology of [162], and say that system (5.6) is feasible
if there exists x € R” such that Az — b € IC, and strongly feasible if there exists x € R™ such
that Az — b € K and (Az —b); € int(K;) for all non-polyhedral cones KC;, i.e., such that all
non-polyhedral conic inequalities are strictly satisfied. Similarly, system (5.6) is infeasible if
it does not admit any feasible solution, and strongly infeasible if, in addition, there exists
y € K* such that ATy = 0 and bTy > 0. Furthermore, we say that system (5.6) is weakly
feasible if it is feasible but not strongly feasible, and weakly infeasible if it is infeasible but not
strongly infeasible. Finally, a system is well-posed if it is either strongly feasible or strongly

infeasible, and ill-posed otherwise.

Let us emphasize that well-posedness is an algebraic property, i.e., it is not associated to
a geometric set but to its algebraic representation through conic inequalities. For instance,
for n > 3, both 0 Zrr T Zgy 0 and 0 =, x >, 0 describe the same set {0}, however,
the former is well-posed and the latter is not. Nevertheless, for brevity, we will refer to the

well-posedness of a set X', only if there no ambiguity in its description with conic inequalities.

A conic optimization problem writes, in standard form,

(P) min 'z (5.7a)
st. Ax =0, (5.7b)
x ek, (5.7¢)

where A € R™" b € R™, and K is a cone. The strong/weak (in)feasibility and well-
posedness of (P) refers to that of the system (Ax = b,z € K). The optimal value of (P)
is opt(P) = inf {CTI ‘ Az =b,z € lC}, and we say that (P) is bounded if opt(P) € R and
solvable if, in addition, there exists a feasible solution z* such that ¢’ z* = opt(P). The dual
of (P) is

(D) max by (5.8a)
st. Aly+s=c, (5.8b)

s e K", (5.8¢)
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and opt(D) = sup {bTy ’ Aly+s=c¢,s¢€ IC*}. In particular, (D) is also a conic optimization

problem.
Theorem 2 (Conic duality theorem). 1. [Weak duality] opt(D) < opt(P).

2. [Strong duality] If (P) (resp. (D)) is strongly feasible and bounded, then (D) (resp.
(P)) is solvable and opt(P) = opt(D).
If both (P) and (D) are strongly feasible, then both are solvable with same optimal value.

Proof. See Theorem 1.4.4 in [125]. O

Conic duality extends the classical duality for linear programming, albeit with a number of
edge cases that lead to practical difficulties. For instance, there may exist a positive duality

gap even though both (P) and (D) are solvable, as illustrated in Example 1.

Example 1 (Example 8.6, [128]). Consider the primal-dual pair

(P) ., o D) gy v
s.t. x9 2> 1y, st (y1,—y1, 1 — o) € L,
r3 > —1, y1,y2 = 0.

($17 T2, 33'3) € £37

Primal-feasible solutions are of the form (xq1,x1,0), while dual-feasible solutions are of the

form (y1,1). Thus, opt(P) =0 and opt(D) = —1 < opt(P).

5.2.2 Valid inequalities

For (o, B) € R™ x R, we say that o’z > 3 is a valid inequality for X C R™ if
XQ{xER"‘aszﬁ},

and a supporting hyperplane if, in addition, 3% € clconvX : a¥% = B. The set of valid
inequalities for X is denoted by X7, i.e.,

x* ={(a,8) eR"xR | Vz € X, "2 > 8}. (5.9)
Note that X# is a closed, convex set, and that

{m eR" ‘ V(a, B) € X%, o'z > B} = clconv(X). (5.10)
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Furthermore, for X',) C R", we have

XCY=Y*Ca*
(X U)* = x#nYy*

We now focus on the case where X is described by conic inequalities, and seek an algebraic
description of X# using a finite number of conic inequalities. Note that, although X7 is
described by an infinite number of linear inequalities, as per Equation (5.9), this semi-infinite

representation is not computationally tractable.

Theorem 3 (Conic theorem on alternatives). Consider the conic system
Az =k b, (5.11)
where A € R™™ has full column rank and K is a proper cone.
1. If there exists y € R™ such that
ATy =0,bTy >0,y € K*, (5.12)

then (5.11) has no solution.

2. If (5.12) has no solution, then (5.11) is almost solvable, i.e., for any € > 0, there exists
b € R™ such that ||b— b||y < € and the system Ax >=x b is solvable.

3. (5.12) is solvable if and only if (5.11) is not almost solvable.

Proof. See Proposition 1.4.2 in [125]. ]

Theorem 4 (Valid inequalities). Let C = {z | Az =, b} with A of full column rank, and
define

F={(a.8)| uek :(a=ATuB<bTu)}.
Then, cl F C C* and, in addition,

1. ifC#0, then cl F = C¥;

2. if C is well-posed, then F = C*.
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Proof. The inclusion F C C7# is immediate from the definition of *, and it follows that
cl(F) C cl(C#) = C#. Case 2 is a direct consequence of conic strong duality.

We now prove 1. Assume C # (), let (o, 8) € C#, and consider the systems

ATu=a, bTu> B, ue K*: (5.13)
Az =i th, o'z < tB, t > 0. (5.14)

By Theorem 3, either (5.13) is almost solvable, or (5.14) is solvable. Let us prove that the
latter does not hold.

Let (x,t) be a solution to (5.14). On the one hand, if ¢ > 0, letting z = t~'z, we have
AT =k b, ie., T € C, but of7 < 3, which contradicts (a, 8) € C#. On the other hand, if
t =0, then we have Az >=x 0 and a’z < 0. Thus, for o € C and 7 > 0, we have

A(zg + 1) =1 b,

i.e., (xg+ 7z) € C. Furthermore, we have o’ (zg + 72) < S for large enough 7, which also
contradicts («, 3) € C#. Therefore, (5.14) is not solvable and (5.13) is almost solvable.

Thus, for any € > 0, there exists a., . and u, € K* such that and
lor = arella <€, (I8 = Bell2 < e,
and
a. = Alu,, p. < blu,,
ie., (a, fB.) € F. Taking € — 0, we obtain that («, 5) € cl F. ]

We will refer to the multiplier u € K* in Theorem 4 as a (conic) Farkas multiplier, and we say

that o’z > (3 is obtained by Farkas aggregation if o = ATu and 8 < bTu for some u € K*.

Theorem 4 highlights a fundamental difference between the linear and nonlinear settings. In
the linear case, F is polyhedral, thus, it is always closed and, if C is non-empty, then all
valid inequalities for C can be obtained by Farkas aggregation. In the conic setting, however,
this property may no longer hold, i.e., there may exist valid inequalities that cannot be

represented through Farkas aggregation.
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Example 2. Let C = {x | Az = 0} where

7’C:£37

BN

I
_ o
o = O

ie., C = {(z,y) € R?* | (z,y,z) € L3}. While A has full column rank and K is proper, the
system Az »i 0 is not well-posed. It then is easy to verify that C = {(z,0) | = > 0}, and
that y > 0 is a valid inequality for C.

However, for any u € K* = L3, we have

U +
ATUI 1 us ’
U2

and uy + uz > 0 unless ug = 0. Therefore, the system ATu = (0,1),u € K* has no solution,

i.e., the valid inequality y > 0 cannot be obtained by Farkas aggregation.

Nevertheless, fort >0, let uy = (V12 + 1, —t, 1), which yields the valid inequality (vt?> + 1 —
t)yx+y > 0. Then, ast — 400, the term (Vt? + 1 —t) becomes negligible and the inequality

becomes, in the limit, y > 0.

5.2.3 Disjunctive inequalities

We now consider disjunctive conic sets, i.e., sets of the form

H
D= {2? e R" \/ Dyx tQh dh} (515)
h=1
H
= U {z eR" | Dyz =g, du}, (5.16)
h=1

where H € Z, and, Vh, D, € R™>*" and Q) is a proper cone. We refer to convD as the
disjunctive hull and, for (o, ) € D#, we say that o’z > 3 is a disjunctive inequality.

We focus on disjunctive conic sets and, again, we seek a tractable algebraic characterization
of valid inequalities for such sets. We begin by stating an extension to the conic setting of

Balas’ representation of the convex hull of a union of polyhedra [132].
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Theorem 5 (Characterization of the convex hull). Let

H
D= J{z eR"| Dyz =0, du},
h=1

Dn

where, Yh, Dy € R™*™ and Qy is a proper cone, and let

>nYn =,

Dyyn 7o, zndn, Vh,
S=zeR" | Y1,y Ym, 21,y 2H) © 25 > 0, Vh,

Shzn =1, Vh,

yn € R”, Vh

Then conv(D) C S and, in addition,

1. if Vh,Dy # 0, then S C clconv(D);

2. if Vh, Dy = &), + W, where X, ..., Xy are non-empty closed convex sets and W is a

closed convex set, then
conv(D) = S = clconv(D).
Proof. See Proposition 2.3.5 in [125]. O

Next, building on Farkas multipliers and the result of Theorem 4, we can extend Balas’

characterization of valid disjunctive inequalities (Theorem 3.1 in [132]) to the conic setting.

Theorem 6 (Disjunctive inequalities). Let

D=

Cx

{ZL‘ e R" | Dhl‘ tQh dh},

Dp

h=1

where, Vh, Dy € R™*"™ and Qy, is a proper cone, and

o=

F= {(a,ﬁ)eR”xR EluheQZ:(a:ATuh,ﬂnguh)}.

Fh

h

1

Then, F C D* and, in addition,

1. ifVh, Dy, # 0, then D¥ =, cl Fy;
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2. if Vh, Dy, is well-posed and Dy, has full column rank, then F = D7¥.
Proof. Immediate from Theorem 4 and the fact that D# = N, D}. O
Example 3. Let
D= {(:c,y) € R? ‘ (x,y,x) € Eg} U {(:E,y) € R? ‘ (—z,y,z) € 53}.

Thus, D = {(z,0)|z € R}, and valid inequalities for D are of the form +y > £+ for 5 < 0.
Building on Example 2, it follows that F = {(0,0)} xR_. Therefore, only the trivial inequality

0 > —1 can be represented using finite Farkas multipliers for each disjunctive term.

5.3 Cut separation

We consider an MI-CONIC problem of the form

(MICP) min 'z (5.17a)
st. Ar =10 (5.17b)

xr ek, (5.17¢)

v € ZP x R"P, (5.17d)

where A € R™*" p < n, and K is a proper cone. The continuous relaxation of (MICP),
denoted by (CP), is given by (5.17a)-(5.17c). The feasible sets of (MICP) and (CP) are
denoted by X and by C, respectively.

Let z € R™ be a point to separate. Since z is typically obtained from solving a relaxation
of (MICP), we will assume that Az = b, i.e., all linear equality constraints are satisfied. In
particular, we will not assume that Z is conic-feasible, i.e., we may have & ¢ I, for instance

when an outer-approximation algorithm is used.

Consider the disjunctive set

(5.18)

D—UDh—U{x

heH heH

Ar =b,x e K
Dpx =g, dy ’

where each Q@ is a proper cone, and D O &. Valid inequalities for D are referred to as
disjunctive inequalities or, equivalently, as disjunctive cuts. For (a, 3) € D¥, the inequality
ofx > B is trivial if (o, ) € C*#, and non-trivial otherwise. Following the terminology

of [130], K* cuts are trivial inequalities of the form u’z > 0 for v € K*. Finally, a cut is
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violated if oT2% < 3.

It is always possible, e.g., through the use of facial reduction techniques [162], to describe
each D, by a well-posed system of conic inequalities. In addition, one may assume, after
manual inspection, that Vh,D; # (. However, in a cutting-plane context, systematically
performing such reductions and verifications can quickly become intractable. Therefore,
unless stated otherwise, we make no assumption regarding the feasibility nor well-posedness
of individual disjunctive terms; we will show in Section 5.4 how to address such shortcomings

in a systematic way.

5.3.1 Separation problem

Consider the cut-generating conic problem (CGCP)

(CGCP) %niri o’z — B (5.19a)
sit. o= ATu, + N\, + Divy, Vh, (5.19b)

B < b up, + dj vy, Vh, (5.19¢)

(uh, )\h,Uh) e R™ x K x QZ, Vh, (519(1)

which naturally extends Balas” CGLP to the conic setting, see also [156]. In particular, it is

a conic programming problem, which can be solved by, e.g., an interior-point algorithm.

First, it follows from Theorem 6 that, if («, 3,u, A\, v) is feasible for (5.19), then o’z > 3
is a disjunctive inequality. Under the stronger assumption of Case 2. in Theorem 6, every
disjunctive inequality corresponds to a feasible solution of the CGCP. In the absence of such
assumptions, however, the exact characterization of D# stated in Theorem 6 may not hold.
For instance, there may exist disjunctive inequalities that do not correspond to any feasible
solution of the CGCP; as illustrated by Example 3, it may even be that all feasible solutions
of the CGCP correspond to trivial inequalities of the form 0 > [ for some 5 < 0.

Second, the feasible set of the CGCP is an unbounded cone, which contains the origin. Thus,
the CGCP is either unbounded or bounded with objective value zero. In the former case, any
unbounded ray yields a violated cut, while in the latter, no violated cut is obtained. Note
that unbounded problems can lead to numerical issues for some interior-point algorithms.
Therefore, it is common practice to add a normalization condition to the CGCP, whose role

is further investigated in Section 5.4.

Third, the CGCP is strongly feasible. Indeed, let u, = 0,9, € int Q;,Vh. Then, since I*
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has non-empty interior, there exists a such that
— T,
a >+ Dy, vy, Yh.

Finally, letting A\, = @ — D¥v), € int K* and § < d} vy, Vh, it follows that (&, 3,1, \, z) is
strongly feasible for the CGCP.

Fourth, let (o, 5,u, A, v) be a feasible solution of the CGCP, and let
(&, 5,1, M\, ) = (a — ATug, B — b ug, u — ug, A, v), (5.20)

where ug € R™. It is immediate to see that (&, [,,\, ) is also feasible for the CGCP,
with identical objective value since Az = b. Therefore, without loss of generality, one of the
uyp can be arbitrarily set to zero in the formulation of the CGCP, thereby reducing its size.
Furthermore, since C C {z | Az = b}, it follows that

Cﬂ{x‘aTmZB}:Cﬂ{x

o'z > B}, (5.21)

i.e., the two inequalities are equivalent in the sense that both cut off the same portion of the

continuous relaxation.

5.3.2 Membership problem

The dual problem of the CGCP is the membership conic problem (MCP)

(MCP)  max 0 (5.22a)
st S yn =17, (5.22b)
h
doam=1, (5.22¢)
h
Ayh = Zhb, Vh, (5.22(21)
Dyyn =9, zndn, Vh, (5.22¢)
(yn, 2n) € K x Ry, Vh, (5.22f)

which extends Bonami’s membership LP [163] to the conic setting.

A geometrical interpretation of the MCP is provided by Theorem 5. If all disjunctive terms
are non-empty and have identical recession cones, then (5.22) is feasible if and only if z €

conv(D). In the general case, however, the exact characterization of conv D given by Theorem
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5 may no longer hold, and we can only state that, if z € conv D, then the MCP is feasible.

By weak duality, if the MCP is feasible, then the objective value of the CGCP is bounded
below. If, in addition, the MCP is strongly feasible, then both the MCP and the CGCP are

solvable with identical objective values.

5.4 The roles of normalization

This section focuses on the roles of the normalization condition in the CGCP. On the one
hand, through the lens of conic duality for the CGCP-MCP pair, we investigate the impact of
the normalization on the solvability of CGCP. On the other hand, by characterizing optimal
solutions of the normalized CGCP, we assess the theoretical properties of the corresponding

cuts.

The following normalization conditions are considered:
(i) the o normalization: || <1,
(ii) the polar normalization: v"a < 1,
(iii) the standard normalization: ), [Asl, + |vnl,, <1,
(iv) the trivial normalization: 3=, [vp|,, <1,
(v) the uniform normalization: 3 [As|, <1,

where v € R", p € int K and o, € int Q.

Throughout this section, the strengths and shortcomings of each normalization are illustrated

in a simple setting, described in Example 4 below.

Example 4. For R > 0, consider the MICP

min - —ry — (5.23)
s.t. xp =R, (5.24)
x € Ls, (5.25)
x1,To € 7, (5.26)

and the split disjunction (1 <0)V (z1 > 1). Thus, we have

Dlz{LEGR?".CEGEg,ZIZ’Q:R,.TlSO},
Dgz{x€R3’xeﬁg,mozR,xlzl}.
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We consider the following three cases:

(a) R > 1: Dy and Dy are both strongly feasible;
(b) R=1: Dy is strongly feasible and Dy is weakly feasible;

(¢) R < 1: Dy is strongly feasible and Dy = ().

FEach of these settings is illustrated in Figure 5.1. Finally, unless specified otherwise, x is the
solution of the continuous relazation, i.e., * = (R, %, %) All CGCPs are solved as conic

problems using Mosek 9.2 with default parameters.

5.4.1 Alpha normalization

A straightforward way of bounding the CGCP is to restrict the magnitude of «. This ap-
proach was considered in previous work on MI-CONV [144, 145, 148], wherein authors con-

sidered restricting the ¢, ¢, or ¢35 norm of a.

For a given norm ||-||, the CGCP then writes

. T-
Jpn a3 5} (5.27a)
sit. o= ATu, + N\, + Divy, Vh, (5.27b)
B < b uy + df oy, Vh, (5.27¢)
(un, A, vn) € R™ x K* x O, Vh, (5.27d)
lall <1, (5.27¢)

T o _

. z 7

(a) R=1.1 (b) R=1.0 (¢) R=0.9

Figure 5.1 The three settings from Example 4, projected onto the xzy = 1 space. The domain
of the continuous relaxation is in gray, the split hull in orange, and the split disjunction is
indicated in black.
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and the corresponding MCP, up to a change of sign in the objective value, is

min |7 — | (5.28a)

st. > yp=u, (5.28b)
h

Yo =1, (5.28¢)
h

Ay, = b, Vh, (5.28d)

Dyyn =g, 2ndn, Vh, (5.28¢)

(yn, zn) € K x Ry, Vh. (5.28f)

Geometrically, the CGCP (5.27) looks for a deepest cut, i.e., one that maximizes the distance
from Z to the hyperplane a”x = 3, as measured by |[-||. Correspondingly, the MCP (5.28)
computes a projection of & onto the set defined by (5.28b)-(5.28f), with respect to ||-||. It
is trivially feasible if at least one of the disjunctive terms is non-empty, which is always the
case if X # (). This ensures that the CGCP (5.27) is never unbounded. If, in addition, each
disjunctive term is strongly feasible, then the MCP (5.28) is strongly feasible and both the
MCP and the CGCP are solvable.

Split cuts obtained with the o normalization in the context of Example 4 are illustrated in
Figure 5.2; these results are obtained with the (self-dual) ¢; norm in (5.27¢). Furthermore,
some statistics regarding the resolution of the CGCP are reported in Table 5.1, namely: the
number of interior-point iterations (Iter), and the magnitude of «,u, A\,v in the obtained
CGCP solution.

In Example 4(a), the MCP is strongly feasible, no numerical trouble is encountered, and the
obtained cut is a supporting hyperplane of the split hull. On the other hand, numerical issues

are encountered in Example 4(b). Indeed, as reported in Table 5.1, Mosek terminates due

LA
® 33
LA

(a) (b) ()

Figure 5.2 Split cuts (in red) obtained with the o normalization.
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Table 5.1 CGCP statistics for Example 4 and « normalization

Tter lafl fluall uall A Pl loall lvall

(a) 8 1.0 08 20 12 29 05 1.3
(b) 67* 1.0 0.7 109588 1.0 15498.0 0.7 10958.1
) 8 1.0 00 13.7 0.0 193 1.0 12.6

*: slow progress

to slow progress after 67 iterations, albeit with a feasible solution, for which the magnitude
of us, A9, v9 is very large. The corresponding cut is displayed in Figure 5.2b. Finally, in
Example 4(c), although Dy = ), the CGCP is solved without issue, thereby showing that it
is not necessary for the MCP to be strongly feasible for the CGCP to be solvable.

Example 4(b) illustrates the numerical challenges that may arise when the MCP is not
strongly feasible. Indeed, in that case, the deepest cut writes x1 + x5 < 1, up to a positive
scaling factor. However, although x; +x5 < 1 is a valid inequality for D, it is straightforward
to see that it cannot be represented using finite Farkas multipliers: this corresponds to case
1 in Theorem 4. Thus, the CGCP has no optimal solution, and there exists a (diverging)
sequence of feasible solutions whose objective value becomes arbitrary close to opt(CGCP),
corresponding to a sequence of valid inequalities that, in the limit, become equivalent to
x1 + o < 1. Hence, the solver eventually runs into slow progress while the magnitude of

Usg, Ag, V2 becomes large, as observed in Table 5.1.

Interestingly, all cuts displayed in Figure 5.2 are supporting hyperplanes of the split hull. A

slightly more general result is stated in Theorem 7.

Theorem 7. Assume that the CGCP (5.27) and the MCP (5.28) are solvable, and let

(e, Byu, A\, v) and (x,y, z) be corresponding optimal solutions. Then,
alz = 8.

Proof. Let ¢ be the optimal value of the CGCP, i.e., § = a’Z— /3. Since the CGCP is strongly
feasible and bounded, by Theorem 2, strong duality holds. Thus, we have § = —||z — z|].

The case § = 0 is trivial, so we assume 0 < 0 and, thus, z # .

Let w = |§| ' (z — ), i.e., v = T+ |6|w and ||w|| = 1; in particular, we have 1 > |||, > o w.
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It follows that

olz —B=a"z+|0la"w -

=6+ |8la’w
= 0(1 — a’w)
<0.

Thus, o’z < B.
Next, we have
ol = > oy,
h
= up Ayn + My yn + v Dpyn
h
> > " up (2pb) 4 vf (zndy)
h
> wp
h
= p,
which concludes the proof. O

Therefore, if all disjunctive terms are non-empty, then, by Theorem 5, z € clconv D, and the

obtained inequality o’z > /3 is indeed a supporting hyperplane of the disjunctive hull.

5.4.2 Polar normalization

In the MILP setting, Balas and Perregard [142,164] first suggest normalizing the CGLP with
a single hyperplane of the form o’y = 1. Doing so ensures that, if the CGLP is feasible
and bounded, then there exists an optimal solution for which (a, ) is an extreme ray of

(clconv D)*. This approach was then followed in [138,139], and more recently in [140].
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For v € R", the CGCP writes

agl&gl})\ o’z — B (5.29a)
st. a=ATu, + N\, + Diwy, Vh, (5.29b)
B < b up + djvn, vh, (5.29¢)
(Un, An,vp) € R™ X K* x O, Vh, (5.29d)
oy <1, (5.29)
and the MCP is given by

min 7 (5.30a)
st. > yn=T+1n, (5.30b)

3
> =1, (5.30¢)

h
Ay, = zpb, Vh, (5.30d)
Dyyn =g, zndn, Vh, (5.30e)
(Yn, 2n) € K x Ry, Vh, (5.30f)
n>0. (5.30g)

It follows from Theorem 5 that, if there exists n > 0 such that (z 4+ 1) € conv D, then the
MCP (5.30) is feasible. This is always the case if v = z* — z, for some z* € convD. If,
in addition, each individual disjunction is strongly feasible and x* is obtained as a convex

combination of strongly feasible points, then the MCP (5.30) is strongly feasible.

Split cuts obtained for Example 4 with the polar normalization are illustrated in Figure
5.3, and the corresponding CGCP statistics are reported in Table 5.2. In each case, we set
v =z* — &, where z* = (R, 0,0).

In all three cases, the obtained cut is identical to the one obtained with the o normalization,
although this is not the case in general. Furthermore, as reported in Table 5.2, numerical
issues are also encountered for Example 4(b), for the same reasons as for the o normalization:
the CGCP is not solvable, and Mosek terminates with slow progress while the magnitude of

Uz, Ag, Vg diverges.

Similar to the a-normalization, if all disjunctive terms are non-empty, then cuts obtained with

the polar normalization are also supporting hyperplanes of the disjunctive hull, as expressed
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°
LA
® 33

(a) (b) (c)

Figure 5.3 Split cuts (in red) obtained with the polar normalization.

Table 5.2 CGCP statistics for Example 4 and polar normalization

Tter lafl fluall luall [ Al lonll flvall

() 8 12 00 1.1 11 27 0.5 1.2
(b) 66* 1.2 0.0 9912.6 1.0 140195 0.7 9912.6
(¢) 8 16 00 205 00 289 1.6 188

*

: slow progress

by Theorem 8.

Theorem 8. Assume that the CGCP (5.29) and the MCP (5.30) are solvable, and let

(e, Byu, A\, v) and (n,y, z) be corresponding optimal solutions. Then,
o' (T +1y) = 5.

Proof. By conic strong duality, we have o’z — 3 = —n. If the optimal value of the CGCP is
0, then the result is trivial. Similarly, if a”~y < 0, then the optimal value of the CGCP must
be 0 and the result is trivial.

We now assume that a’~y > 0 and opt(CGCP) < 0. Since («, 3,u, \,v) is optimal for the
CGCP, we must have a’y = 1. Then,

ie., ol (z+ny) = 0. O
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One of the most common normalizations in the MILP setting is the so-called standard nor-

malization [132,136,141]. Here, we introduce its conic generalization

; |>\h|p + |vh|o—h S 17

(5.31)

where p € int C and 0, € int Q;,. When all cones IC, Qy, ..., Qy are non-negative orthants,

(5.31) indeed generalizes both the standard normalization for MILP and its Fuclidean nor-

malization variant [136], by setting p and o appropriately.

The separation problem then writes

min o'z —p

a,B,u,v,A
st. o= ATUh + >\h + D,{vh, \V/h,
B < b uy + df oy, Vh,
(uh,)\h,vh) cR™ x K* % QZ, \V/h,

Xh: [Anl, + |vnl,, < 1.

(5.32a)

(5.32b
(5.32¢
(5.32d

)
)
)
(5.32e)

Note that (5.32e) consists of a single linear inequality in the A, v space, and that it explicitly

bounds their magnitude.

Up to a change of sign in the objective value, the MCP is

min
y?z7n

st. > yp=1,
h
Zzh = 1,
h

Ay = zpb, Vh,
Dryn +non =9, zndn, Vh,
(yn +np, 2n) € K X Ry, Vh,
n > 0.

(5.33a)
(5.33b)

(5.33¢)

(5.33d)
(5.33e)
(5.33)
(5.33¢)

The dual counterpart of the standard normalization corresponds to penalizing the violation

of the original conic constraints (5.22f) and (5.22¢e), through the artificial slack variable 1 in
(5.33f) and (5.33e). As shown in Theorem 9, this ensures that the MCP is strongly feasible.
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Theorem 9. The CGCP (5.32) and the MCP (5.33) are strongly feasible.

Proof. Tt was shown in Section 5.3.1 that the un-normalized CGCP (5.19) admits a strongly
feasible solution. Scaling this point appropriately yields a strongly feasible solution for the
CGCP (5.32).

We now show that the MCP (5.36d) is strongly feasible. Let y, = £ and z;, =

since IC, @1, ..., Qp are proper cones, there exists n, > 0 and 7, > 0 such that

Vh. Then,

1
H>

Vh, yn + map =x 0,
Vh, Dyyn + Thon =9, dp.

Letting n = max(ny,...,ny, 71, ..., 7g) then yields a strongly feasible point (y, z,7), which

concludes the proof. O

A direct consequence of Theorem 9 is that both the CGCP (5.32) and the MCP (5.33) are
solvable, and that conic strong duality holds. Importantly, aside from the assumption Az = b,

this result does not depend on z, nor on the well-posedness of individual disjunctions.

Split cuts obtained with the standard normalization are illustrated in Figure 5.4, and the cor-
responding CGCP statistics are reported in Table 5.3. On the one hand, Table 5.3 illustrate
the good numerical behavior of the CGCP (5.32), a direct consequence of having enforced
strong feasibility of the MCP. On the other hand, the obtained cuts are not as strong as the
ones obtained with the o or polar normalizations. Indeed, in general, the cut obtained with

the standard normalization may not be a supported hyperplane of the disjunctive hull.

(a) (b) (c)

Figure 5.4 Split cuts (in red) obtained with the standard normalization.
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Table 5.3 CGCP statistics for Example 4 and standard normalization

Tter flofl fluall fuall  [[Mll (X2l (ool oo
() 8 04 00 02 03 06 01 02
() 8 03 00 02 03 06 01 02
(¢ 7 03 00 03 03 06 01 0.2

5.4.4 Trivial normalization

The trivial normalization is obtained by setting p = 0 in the standard normalization. The

separation problem then writes

min o'z -7

o, Byu,v,A

st. a=ATu, + N\, + D,:fvh,
B < bluy, + dfvh,

(uh,)\h,vh) cR™ x K* % QZ,

> lunl,,
h

<1

(5.34a)
Vh, (5.34b)
Vh, (5.34c¢)
Vh, (5.34d)
(5.34¢)

Note that, for a split disjunction (—77z > —m) V(772 > m+1) and o, = 1, (5.34e) reduces

to

v+ v < 1,

(5.35)

which is the so-called trivial normalization [136] in the MILP setting. In particular, Gomory

Mixed-Integer cuts correspond to optimal solutions of the CGLP with trivial normalization.



Up to a change of sign in the objective value, the MCP writes

min
y?Z7n

st. > yp=1,
h
Zzh = 1,
h

Ayn = zpb, Vh,
(Yn, 2n) € K x Ry, Vh,
Dyyn +noy, = o, zndh, Vh,
n > 0.

Theorem 10. The MCP (5.36) is

1. strongly infeasible if and only if & is infeasible for (CP);
2. strongly feasible if and only if T is strongly feasible for (C'P);

3. weakly feasible if and only if T is weakly feasible for (CP).
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(5.36a)
(5.36D)

(5.36¢)

5.36d
5.36e
5.36¢
5.36g

—_—
N ~—  ~—  —

—~

Proof. Since T is either infeasible, strongly feasible or weakly feasible for (C'P), and that

these are mutually exclusive alternatives, it suffices to prove that the above conditions are

sufficient; necessity follows immediately by contraposition. For simplicity, we assume that K

is an irreducible, non-polyhedral cone. The general case is treated similarly.

1. Assume Z ¢ C, ie., T ¢ K since we assumed that Az = b. Consequently, there exists

s € K* such that s’z < 0 and, since K is a proper cone, we can assume without loss of

generality that s € int *. Thus, setting

(o, B) = (s,0)
(uh,)\h,vh) = (0,8,0), Vh,

yields a strongly feasible solution of the CGCP (5.34), which is also an unbounded ray.

Therefore, the MCP is strongly infeasible.
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2, 3. We first show that, if z is feasible for (C'P), then the MCP is feasible. Let

gn = H™'z, Vh,
Z,=H™, Vh.

It is then immediate that Ag, = Zyb, g, € K, and >, Z, = 1. Then, since o}, € int Qp,, there
exists 7, > 0 such that

Dyyn + nnon =g, 2ndh.

Letting 7 = max,{ny}, it follows that (g, Z,7) is feasible for the MCP.

If z € intKC, then we also have g, € int K, and thus (7, Z,7) is strongly feasible for the
MCP, which proves 2. Reciprocally, let (y,z,7) be a strongly feasible solution of MCP. In

particular, we have y, € int IC. Then,
T=Y y,€intk,
h
i.e., Z is strongly feasible for (C'P), thereby proving 3. by contraposition. O

Theorem 10 motivates the following remarks. First, case 1. typically arises in the context of
outer-approximation algorithms, wherein fractional points generally violate nonlinear conic
constraints. Then, the CGCP (5.34) is unbounded, and the normalization (5.34e) imposes
[vn],, = 0,Vh in any unbounded ray, i.e., v, = 0 and the obtained cut is always a trivial
inequality. Thus, the trivial normalization is not suited for use within outer approximation-

based algorithms.

Second, conic-infeasible points are not encountered in nonlinear branch-and-bound algo-
rithms. However, solving (C'P) yields a fractional point £ € 0C that is weakly feasible,
unless all nonlinear conic constraints are inactive at the optimum. Although the current
fractional point £ may become strongly feasible after several rounds of cuts, or deeper in the

branch-and-bound tree, our experience is that case 2. rarely occurs in practice.

Third, case 3. corresponds to the setting of Example 4. Split cuts obtained with the trivial
normalization are displayed in Figure 5.5, and the corresponding CGCP statistics are reported
in Table 5.4. Remarkably, all three cuts appear to be K* cuts, while numerical issues, namely,
slow convergence, are systematically encountered. Here, the MCP (5.36) is weakly feasible
and the CGCP (5.34) is bounded but not solvable. Thus, there exists a diverging sequence
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of close-to-optimal solution, thereby causing slow convergence. In addition, since (5.34e)
bounds the value of vy, vy, the iterates become equivalent to a K* cut as the magnitude of A

increases, which explains the cuts obtained in Figure 5.5.

Note that the CGCP (5.34) may be solvable even though z is weakly feasible. However, our
experience suggests that this rarely happens, and that most cases are similar to Example 4,

leading to numerical issues and weak cuts.

5.4.5 Uniform normalization

The uniform normalization is obtained by setting o, = 0 in the standard normalization.

The CGCP then writes

alﬁnirqu)\ o’z — 3 (5.37a)
st. o= ATu, + N\, + Divy, Vh, (5.37Db)
B < b uy 4 df oy, Vh, (5.37¢)
(ttny Ans 0p) € R™ x K* x QF, Vh, (5.37d)
S, <1, (5.37¢)
h
7 . :

(a) (b) ()

Figure 5.5 Split cuts (in red) obtained with the trivial normalization.
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Table 5.4 CGCP statistics for Example 4 and trivial normalization

Tter — lafl Jluall Mluall Al Wl (lonll vl

(a) 37 6189.7 0.0 0.7 6189.6 6190.6 0.2 0.8
(b) 49* 68142 0.0 0.7 6814.0 68150 0.3 0.7
(¢c) 72 63644 0.0 0.7 6364.2 63652 04 0.6

*

: slow progress

and, up to a change of sign in the objective, the MCP is

im0 (5.38a)

st. Y yn =1, (5.38b)
h

Yo =1, (5.38¢)
h

Ayp, = zpb, Vh, (5.38d)

(yn +1p,2n) € K X Ry, Vh, (5.38¢)

Dryn =y, Zndn, Vh, (5.38f)

n > 0. (5.38g)

As illustrated by Example 5, in general, the MCP (5.38) may not be feasible.

Example 5. Let
C={(vr,22) €RY | oy + 25 = 1],
and consider the disjunction
{r1120,—21 20} V{r; > 1, -2, > —1}.

Constraints (5.38d) and (5.38f) first yield

Y1 = ) Y2 = )
21 1— Z9

which, combined with (5.38¢) and (5.38b), yields * = (1 — 21, 21) for 0 < z; < 1. Therefore,
if ¥ = (—1,2), then the MCP (5.38) is infeasible.

Nevertheless, the following results demonstrate that, for certain classes of disjunctions,
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namely split disjunctions, strong feasibility in the MCP is guaranteed.

Lemma 1. If
T € conv (U {z | Az =b,Dpx =g, dh}> :
h

then the MCP (5.38) is feasible.

Proof. Immediate from Theorem 5. m

Lemma 2. Assume that Yh, Qy, is polyhedral. Then, the MCP (5.38) is strongly feasible if
and only if it is feasible.

Proof. Strong feasibility implies feasibility. Reciprocally, if (z,y, z,7) is feasible for the MCP
(5.38), then (x,y, z,n + €) is strongly feasible for any € > 0. O

Theorem 11. If X # () and D is a split disjunction, i.e.,

{ Ax:b,xGIC} {
D=<z U<z
T < m

then the MCP (5.38) is strongly feasible.

Ax:b,xelC}

le >my+1

Proof. Let

S:conv({x ‘ Ar =b, 7’z gwo}u{x ‘ A$=b,7TT$Z’/T0+1}).

First, assume there exists £ € R" such that A¢ = 0 and 77¢ # 0; without loss of generality,
we can assume that 77'¢ = 1. Then, let t > 0 such that

7 (T — t€) < 7o,

1z +1t&) > m+ 1.

In particular, A(Z +t§) = b and T = $(T + t£) 4+ 5(Z — t€). Thus, T € S, and it follows from
Lemma 1 that the MCP (5.38) is feasible.
Now assume that V¢ € ker(A4),77¢ = 0. On the one hand, if 79 < 71Z < my + 1, then

S = 0 and thus X is empty, which would contradict the X # () assumption. Thus, either
7'z <myornlz >my+1,ie., 2 €S and the MCP is feasible by Lemma 1. Note that this
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latter case would never occur in practice, since one would always consider a split such that

o < mLE < mo+ 1.

The result then follows from Lemma 2. O

Similar to the standard normalization, a consequence of Theorem 11 is that, when considering
split disjunctions, the CGCP (5.37) and the MCP (5.38) are solvable with identical objective
value. This is confirmed by the results of Table 5.2, which reports statistics for the CGCP in
Example 4: no numerical issue is encountered. The corresponding split cuts are displayed in
Figure 5.6, and are similar to the cuts obtained with the standard normalization. Likewise,
cuts obtained with the uniform normalization are not, in general, supporting hyperplanes of

the disjunctive hull.

5.5 Separating conic-infeasible points

When (MICP) (5.17) is solved by outer-approximation, the fractional point & may not satisfy
all conic constraints. In preliminary experiments, wherein lift-and-project cuts were separated
by rounds in a callback, a large proportion —often higher than 90%— of the cuts yielded by
the CGCP turned out to be K* cuts, which is obviously detrimental to performance. To
the best of our knowledge, despite the popularity and performance of outer-approximation
algorithms, this behavior has not been studied in the literature. Therefore, in this section,
we will assume that Az = b, but = ¢ K.

Let (o, 8, u, A\, v) be a solution of the CGCP, and assume that v, = 0 for some h € {1, ..., H}.

Thus, we have

o= Aluy, + M\, (5.39)
B < b up, (5.40)

LA
LA
® 33

(a) (b) (c)

Figure 5.6 Split cuts obtained with the uniform normalization. The continuous relaxation is
in gray, the split hull in orange, and the obtained cut is in red.



104

Table 5.5 CGCP statistics for Example 4 and uniform normalization

Tter lafl fluall Jluall [ A2l ol loal]

() 8 05 00 03 05 09 02 03
() 8 05 00 04 04 1.0 02 04
(¢) 8 04 00 05 03 11 03 05

and o’z > 8 is a trivial inequality. In addition, as noted in Section 5.3.1, the inequality
M’z > 0 has the same violation, and cuts off the same portion of the continuous relaxation
as a’x > . This observation, which does not depend on the normalization condition, allows

the a posteriori detection of K* cuts, by checking the value of the v multipliers.

Once a K* cut is identified, it can be disaggregated. Assume that K = K; X ... X Ky;
correspondingly, for A € K*, we write A = (A, ..., A\x) where each \; € Kf. Then, the £* cut
M2 > 0 is disaggregated as

Mz, >0, i=1,...,N. (5.41)

This yields more numerous, but sparser, K* cuts, and results in tighter polyhedral approxi-

mations which, in turn, improves the performance of outer-approximation algorithms [130].

We now derive sufficient conditions that provide an a priori indication that a K* cut will be

generated. Unless stated otherwise, we only consider the CGCP with standard normalization.
Define

n=mnin{n | z+np € K}, (5.42)
n=0
7_—h = m>1%)1 {T ’ DhQ_Z “+ TOop iQh dh}, Vh, (543)

and let £ =z + np.

Lemma 3. Assume there exists an optimal solution of the CGCP for which v, = 0,Vh.
Then, the optimal value of the CGCP is —H ™'}, and there exist a CGCP-optimal solution
of the form (o, 0,0, \g, 0), with A ¢ = 0.

Proof. Let (a, B,u, A, 0) be such an optimal solution, and denote by § its objective value. In

particular, we have

o = ATuh + )\h, Vh>
B < by, Vh.
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Let & = % >, uj, and A\ = =35 An. It follows that (v, B, @, A, 0) is feasible with objective

value 6, i.e., it is an optimal solution of the CGCP

Next, (a, 8,1, A, 0) is also an optimal solution of

mi/\n 'z -
st. a= ATu, + M, Vh,
5 S bTuha Vh‘7
o1l <1,
h
A € K*.
Eliminating «, 8 yields
min Az
A
1
t pIA< —
st pAS o
A e,

whose dual, up to a change of sign in the objective value, writes
min
g

s.t.

and has optimal value H~'7. Thus, 6 = —H'5 = Az, which concludes the proof
Theorem 12. IfVh,7 > H™'7,, then (X, 0,0,),0) is optimal for CGCP.

Wa
7

Proof. Let y, = %f, Zn = ;17 and n =
We have Ayj, = z,b, Vh. Then, y, + np = £(Z + 7p) € K. Finally,

Dpyn +nop = H ' (DpT + 7oy,
~Q, H™'d,

= Zhdh.

Thus, (y, z,7) is feasible for the MCP and its objective value is H~'7, which concludes the

proof.

]
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Theorem 12 shows that, if z is “sufficiently" conic-infeasible, as measured by the magnitude
of 7, then there exists a K* cut that is an optimal solution of the CGCP. Note that there is
no guarantee that this optimal solution is unique —in general, it is not— nor that all CGCP-
optimal solutions are K* cuts. Nevertheless, we have observed that, whenever the condition

of Theorem 12 was met, the obtained solution was indeed a K* cut.

This suggests several strategies to avoid generating K* cuts when solving the CGCP. First,
one can check the value of 77 and, if large enough as per Theorem 12, avoid solving the
CGCP and add an optimal * cut directly. Nevertheless, our initial experiments suggest
that only a small number of cases are captured by Theorem 12. Second, one can increase
the magnitude of p, thus reducing the value of 7, to the point where the assumptions of
Theorem 12 no longer hold. Note that, as the magnitude of p becomes arbitrarily large, the
standard normalization becomes equivalent to the uniform normalization of Section 5.4.5.
Third, instead of imposing a normalization condition, one could fix the cut violation to a
positive value, e.g., 1, and optimize a different objective; the feasibility of the CGCP is
then guaranteed by the fact that z is conic-infeasible. This approach directly relates to the
reverse-polar CGLP introduced in [139]. Finally, one can simply try to avoid conic-infeasible
points in the first place, for instance by refining the outer-approximation before cuts are

separated.

5.6 Cut lifting and strenghtening

In this section, we present conic extensions of the classical lifting and strengthening proce-
dures in MILP. For simplicity, we will assume that I = K; x Ky where IC; C R™, ¢ = 1,2

and, correspondingly, we write

A=[A; Ao], Dy =Dy Dopl, M= [22] o= [oq] . [%] .

Finally, we assume that o, = 0.

5.6.1 Cut lifting

In MILP, one can formulate the CGLP in a reduced space, by projecting out the null com-
ponents of Z, then recover a valid cut in the original space by a lifting procedure. Here, we

show that a similar technique can be used in the conic setting.
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Recall that o = 0, and consider the reduced CGCP

min  af 7; — 3 (5.44a)
st. o1 = Afup + Ay + DY o, Vh, (5.44b)
ﬁ < bTuh - U;Y;dh, \V/h, (544C>
(Uh, )\17h,2}h) € R™ x ’CT X QZ, Vh. (544d)

All the normalization conditions considered in Section 5.4 can be adapted to the reduced
CGCP, namely by normalizing only the a1, A\;,v components as appropriate. For instance,
the o normalization would write [|as|[. <1, and the uniform normalization 33, [As], <1,

for p; € int ;.
Any solution (o, 8, u, A, v) that is feasible for the CGCP yields a feasible solution (a1, 3, u, A1, v)

for the reduced CGCP. In addition, since r5 = 0, the corresponding objective values are the

same. Reciprocally, a feasible solution for the CGCP can be obtained from a feasible solution
of the reduced CGCP as shown in Lemma 4.

Lemma 4. Let (a1, 3, u, A\1,,v) be feasible for the reduced CGCP (5.44). Let
ay =y AJup + Dy yup, Vh,

and, Yh, let Ay, = oy — AJup, — Dy va. Then, (o, B,u,\,v) is feasible for the CGCP (5.19)

and o’z — =o'z, — 3.

The proof of Lemma 4 is immediate. Note that the choice of as is not unique, especially
it K5 possesses high-dimensional faces. Nevertheless, a reasonable requirement is to impose
that as be minimal with respect to =x«, i.e., that there does not exist a valid qs <+ ao.

Indeed, if oy is not >x«-minimal, then o’z > 3 is trivially dominated by a’z > 8.

A >j--minimal ay is obtained by solving the lifting conic problem (LCP)

(LCP) min e (5.45a)

s.t. (0%)] t;g; Aguh + ngvh, \V/h, (545b)

where py € int K0y, and denote by Ao, € K the (conic) slack associated to (5.45b). First,

since Ky is a proper cone, the LCP is strongly feasible. Second, we have

pyon = py dan + py (AJun + Dipvn) | Vh, (5.46)
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thereby showing that the objective value of the LCP is bounded below. In addition, let
(g, A2.) be a feasible solution for the LCP with objective value Z. It then follows that

VA, ]Xz,h\pz < Z— o} (ASun + Df o) (5.47)

in any feasible solution (072,5\27.) with objective value Z < Z. Equation (5.47) implicitly
bounds the magnitude of Ay , thereby ensuring that the LCP is solvable. Finally, if ay and
Gy are feasible and &y =i o, then plds < pfas and ay cannot be an optimal solution.

Thus, any optimal solution of the LCP is >=j-minimal.

Whenever K is not irreducible, the LCP can be decomposed per conic component, yielding

smaller problems. In the linear case, taking Xy = R, the LCP reduces to
ap = max {AQTuh + DZThvh} :
h b

which is the classical lifting procedure for disjunctive cuts in MILP [136].

Lemma 4 does not account for the normalization constraint in the CGCP. Although the lifting
procedure does not modify the objective value, in general, the lifted solution (a, 8, u, A, v)
is not an optimal solution of the normalized original CGCP. Thus, the reduction in the size
of the CGCP, and the associated computational gains, come at the expense of potentially

weaker cuts.

5.6.2 Cut strengthening

Balas and Jeroslow’s original derivation of monoidal strengthening for disjunctive cuts [135]
exploited the non-negativity and integrality of individual variables to strengthen the corre-
sponding cut coefficients. Since, in general, a conic constraint may involve several variables,
it is not clear whether and how one can extend this approach to the conic setting. Thus, we
restrict our attention to split cuts, and propose a conic extension of monoidal strengthening

that builds on the geometric idea of Wolsey’s proof of Theorem 2.2 in [134].

For simplicity, we consider the pure integer case. Given a split disjunction (772 < ) V
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(rTx > 1o + 1), the CGCP writes
min ofz —p
st. a=ATu; + N\ — v
a=ATuy + Ny + v
B < b"uy — vy
B < bTuy + va(my + 1)
A, Ao € KF 01,09 > 0.

Lemma 5. Let (o, 5,u, A\,v) be feasible for the CGCP, and let &y and 0w € 2 such that

Qo =y Aluy — vy (my + ),

ONég t;c; AgUJQ + U2<7T2 + (57’(’)

Then, ax > B is a valid inequality for the disjunctive set

- { A:v:b,:velC} {
D=<(x Usz
7l < m

where & = (aq, &) and T = (71, T + 7).

Ax:b,xelC}

ﬁ'TlL‘Zﬂ'O—i‘l

In the mixed-integer case, one simply needs to set to zero, in Lemma 5, the components of d7
that correspond to continuous variables. Since dm € Z"2, & € Z" and (71z < m) V (712 >

7o + 1) is a valid disjunction for X'. Thus, the strengthened inequality is valid for X.

Similar to the lifting case, a reasonable requirement is for &, to be minimal with respect
to =x;. Following the same approach as in Section 5.6.1, we obtain the Cut-Strengthening

Problem

(CSP) r%12n pa g (5.48a)
st. Gy =y AJur — vi(m + 07), (5.48b)

ay =iy AJug 4 vy (o + 0m), (5.48¢)

om € 2. (5.48d)

Similar to the LCP, the CSP can be decomposed per conic component, so that its resolution
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remains tractable. Furthermore, in the linear case with Ky = R, the CSP reduces to
- : T T
Gz = max {mln (A2 up — v10, Ay ug + U25>} ,

which is the classical monoidal strengthening of Balas and Jeroslow [135].

5.7 Computational results

In this section, we investigate the practical behavior of the normalization conditions of Section
5.4 along two lines: the progression of the gap closed, and the characteristics of the obtained
cuts. Indeed, the choice of normalization impacts the numerical stability and computational
efficiency of solving the CGCP, thereby affecting the rate at which gap is closed, in terms of

both time and number of rounds.

Several solvers, e.g., CPLEX, Gurobi and Mosek, support classes of MI-CONIC problems.
Nevertheless, to the best of our knowledge, CPLEX is the only one that exploits nonlinear
information when generating lift-and-project cuts. Thus, we use CPLEX as a baseline, and

restrict our comparison to MISOCP instances, which is the only class of nonlinear MI-CONIC
problems supported by CPLEX.

5.7.1 Instances

We select an initial testset of 114 MISOCP instances from the CBLIB [165] collection. Each
instance is first reformulated in the standard form (5.17) and, since the MOI wrapper of
CPLEX does not directly support constraints of the form x € IC where K is a rotated second-

order cone, all such constraints are reformulated as second-order cone constraints.

Each instance is solved using the CPLEX outer-approximation algorithm on a single thread,
and all other parameters left to their default value. Instances with a root gap smaller than 1%
are removed from the testset, as well as those for which no integer-feasible solution was found
by CPLEX after one hour of computing time. This yields a testset of 101 instances, divided
into 7 groups. Table 5.6 reports, for each group, the number of instances (#Inst) in that
group, and the average number of: variables, integer variables, constraints, non-polyhedral

cones, and non-zero coefficients.
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Table 5.6 Instance statistics

Group #Inst Variables Integers Constraints Cones Nz coeff.

clay 12 829 35 659 80 1711
flay 10 535 28 408 4 1121
fmo 39 620 48 479 15 1843
slay 14 1217 92 936 14 2653
sssd 16 694 153 047 18 1414
tls 2 295 61 227 10 817
uflquad 8 37569 23 30203 3750 71341

5.7.2 Implementation details

Our implementation is coded in Julia 1.4.2 All solvers, namely, CPLEX 12.10 [17], Gurobi 9.0
[116] and Mosek 9.2 [117], are accessed through the solver-agnostic interface MathOptInterface
[103]. Experiments are carried out on an Intel Xeon E5-2637@3.50GHz CPU, 128GB RAM

machine running Linux.

Baseline We use CPLEX internal lift-and-project cut generation at the root node as a

baseline.

For each instance, we run CPLEX outer-approximation algorithm on a single thread, no
presolve, no heuristics, and all cuts de-activated to the exception of lift-and-project cuts
which are set to the most aggressive setting. The CutsFactor parameter is set to 10%,
thereby removing any limit on the number of cuts that can be added to the formulation, and
the maximum number of cutting plane passes is set to 200. Finally, the node limit is set to

zero, i.e., only the root node is explored, and we set a time limit of 1 hour.

Cut separation Cuts are separated by rounds in a callback, and submitted to CPLEX as

user cuts. Each round proceeds as follows.

First, T is cleaned, i.e, we set T; = 0 for all j such that |z;| < 1077, and 7 is computed
as per Equations (5.42). If 7 > €k, the current outer-approximation is refined by adding
violated K* cuts. This refinement step is cheap, and it is repeated until z < €x, up to a
maximum of 50 times. Large values for ex increase the likelihood of generating K* cuts from
the CGCP, while small values can lead to an adverse tailing-off effect within the refinement

process; following initial tests, we set ex = 0.05.

Second, for each fractional coordinate of x, the CGCP is formed and solved to generate a

2Code will be publicly released upon publication.
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lift-and-project cut. We do not project the CGCP onto the support of z, i.e., no lifting
is performed. For the standard normalization, the sufficient conditions of Theorem 12 are
checked first and, if met, * cuts are added and no CGCP is solved. If no CGCP solution is
available, or if the objective value of the CGCP is greater than —107%, no cut is generated

and we proceed to the next fractional coordinate.

Third, the values of v; and v, are checked to identify K* cuts, which are disaggregated and
added to the formulation. Otherwise, the cut is strengthened following the procedure of
Section 5.6.2. For stability, strengthening is performed only if |v;] + |vs| > 107%. Then, also
for numerical stability, we set a; to zero for every j such that |a;| < 1077. Similarly, if

|3] < 1078, the cut’s right-hand side is set to zero. Finally, the cut is passed to the solver.

Compact CGCP Lift-and-project cuts are obtained from elementary split disjunctions,

i.e., disjunctions of the form
<7TT33 < ’/To) V (7rTx < 7 + 1) ,

where m = e; for some j € {1,...,p}. When formulating the CGCP, we set u; to zero, and
substitute out o and . This yields the compact CGCP

m/\in T — (772 — mo)vy + 11

s.t. ATUQ + ()\2 — )\1) + (Ul -+ ’U2)7T =0
bTUQ —+ (tl — t2) + (Ul -+ U2)7To + Vo = 0
/\1, Ay € IC*,

v1,v2 >0

t17t2 Z 07

where t1,t, are non-negative slacks associated to constraints (5.19¢). The relation a =

A1 — vy allows to formulate the normalization condition in the A, v space.

In practice, the equality constraints Ax = b are satisfied only up to numerical tolerances.
This can cause the CGCP to be unbounded whenever the u multipliers are not bounded. We
have observed that setting u; to zero, and writing the objective as in the compact CGCP
above, greatly improve the numerical stability of the CGCP, especially when z is obtained

from an interior-point method.
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Other details Cuts that are generated are never added to the CGCP formulation, i.e.,
we only separate rank-1 lift-and-project cuts. All CGCPs are solved with Gurobi, which we
found to be more robust here. We use the barrier algorithm with a single thread, no presolve,

and we disable the computation of dual variables by setting the QCPDual parameter to 0.

We implement a simple procedure to identify implied-integer variables. If a variable y appears
in a constraint of the form a”x 4+ y = b, where b € Z, all coefficients of a are integers, and
x is a vector of integer or implied-integer variables, then y is an implied-integer variable.
This step is repeated until no additional implied-integer variable is detected. Then, when
generating cuts, the coefficients of implied-integer variables can be strengthened using the

technique of Section 5.6.2.

Since we use an outer-approximation algorithm, we do not include the trivial normalization
in our experiments. The a normalization is formulated using /5 norm. For the polar nor-
malization, we take v = x* — T, where x* is the analytic center of C, obtained from solving
(C'P) with zero objective by an interior-point method. Finally, for the standard and uniform

normalization, and the computation of 7 in Equation (5.42), we set p = (p1, ..., pn), Where

(1,0,0) if K; = Ly

and, since we only consider split cuts, we take 0, = 09 = 1.

5.7.3 Gap closed

Tables 5.7 and 5.8 report the performance of each approach after 10 and 200 rounds of cuts,
respectively. For each normalization (Alpha, Polar, Standard, Uniform) and the baseline
(CPLEX), we report the average percent gap closed (Gap), and the average computing time

(CPU), in seconds. The percent gap closed is measured as
Gap = 100 x

where Zcop, Zyrop, Z* are the optimal value of the continuous relaxation, the objective value
of the best known integer solution, and the current lower bound after adding cuts, respec-

tively. All averages are shifted geometric means with a shift of 1.

Importantly, our definition of a “round" of cuts is likely different from a CPLEX “pass" —

which is unknown to us. In addition, total computing times include the time of building
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the CGCP, which typically represent 30 to 40% of total time, and up to 90% for uflquad
instances. These large building times are in part due to limitations of the Gurobi Julia
wrapper, and could be significantly reduced by using a lower-level interface. Thus, direct

comparisons between CGCP-based approaches and the baseline should be cautious.

First, overall, to the exception of the tls and uflquad instances, the polar normalization
performs the worst, with 0.46% and 0.71% gap closed after up to 10 and 200 rounds, re-
spectively. This poor performance is primarily caused by premature termination of the cut
generation procedure: in numerous cases, the CGCP is unbounded, no solution is available,

and no cut is generated.

Second, the o normalization is the slowest on average, with computing times that are typ-
ically 2 to 3 times higher than other approaches. This behavior results from the CGCP
(5.27) being more computationally intensive than for alternative normalizations. Indeed, the
normalization (5.27e) is nonlinear and, as highlighted in Section 5.4.1, the CGCP (5.27) may
not be solvable, then causing slow convergence and more interior-point iterations. The «
normalization also performs second-worst with respect to gap closed, with 1.02% and 2.59%

gap closed after 10 and 200 rounds, respectively.

Third, the standard and uniform normalizations display similar performance, to the exception
of flay instances, for which the uniform normalization closes significantly more gap than all
other approaches. While both normalizations close similar gaps, namely, 17.97% and 17.27%
after 10 rounds, and 32.67% and 39.13% after 200 rounds, the uniform normalization is
slightly faster overall, taking an average 65.5s to complete up to 200 rounds, against 85.0s
for the standard normalization. Furthermore, no numerical issues were recorded for either

normalization, thereby demonstrating the benefits of ensuring strong feasibility of both the

CGCP and the MCP.

Fourth and last, the standard and uniform normalizations are competitive with CPLEX in
terms of gap closed. Both normalizations close more gap that CPLEX after 200 rounds,
mainly on slay and uflquad instances, as well as flay instances for the uniform normaliza-
tion. In particular, they close over three times more gap than CPLEX in the first 10 rounds.
Despite the limited validity of the comparison, this behavior is encouraging, since closing

more gap early is a desirable feature in practice.

Next, Figures 5.7, 5.8 and 5.9 illustrate the progression of the gap closed for instances
flay02m, sssd-weak-15-4 and tls4, respectively. Each figure displays, for each normal-
ization and the baseline, the percent gap closed as a function of the number of rounds, and of
computing time. Again, recall that what constitutes a “round" differs between our approach

and CPLEX, thus, direct comparisons may not be meaningful.



Table 5.7 Gap closed and computing time - 10 rounds

115

CPLEX Alpha Polar Standard Uniform
Group Gap CPU Gap CPU Gap CPU Gap CPU Gap CPU
clay 2.13 1.0 0.00 12.0  0.00 4.4  5.69 6.0 2.92 5.7
flay 0.32 0.3 045 3.7 1.50 2.1 0.88 2.1 2.40 1.7
slay 3.67 24 0.65 23.2  0.15 8.8 15.81 11.2  10.57 8.7
fmo 6.42 0.7 0.00 11.7  0.00 5.2 25.31 5.6 25.59 4.6
sssd 45.07 0.9 36.49 12.3  0.00 6.6 93.44 5.3 96.47 7.9
tls 8.13 0.5 2.56 2.6 20.57 1.9 847 1.4 13.36 1.5
uflquad 0.46 56.8 0.00 1307.9 1250 1568.7 18.61 1769.8 18.98 1721.5
All 5.24 1.5 1.02 16.9  0.46 85 1797 9.2 17.27 8.6
Table 5.8 Gap closed and computing time - 200 rounds
CPLEX Alpha Polar Standard Uniform
Group Gap CPU Gap CPU Gap CPU Gap CPU Gap CPU
clay 2448 323 0.00 2514 0.00 6.2 22.67 1849 22.72 165.7
flay 6.42 1.0 2.62 50.1  8.59 8.6 6.6 23.0 41.25 19.1
slay 24.70 9.7 16.75 490.2  0.20 19.6 83.44 196.2 84.85 87.7
fmo 25.89 10.5 0.00 243.0 0.00 21.7  26.00 68.1 26.01 46.7
sssd 95.88 4.1 9565 2844 0.00 8.3 99.43 14.9 99.46 17.8
tls 41.47 128  3.07 19.9 20.96 7.1 31.90 13.0 34.76 14.5
uflquad 5.39 475.0 0.00 1307.9 16.22 3940.6 23.15 4178.0 23.81 4140.0
All 24.79 119 259 2569 0.71 21.9 32.67 85.0 39.13 65.5
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Figure 5.8 Instance sssd-weak-15-4: gap closed per round (top) and time (bottom). The

polar normalization was terminated after two rounds.
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Overall, Figures 5.7, 5.8 and 5.9 corroborate the previous observations from Tables 5.7 and
5.8: the a normalization is the slowest, while the standard and uniform normalizations display
similar progressions and allow to close more gap than CPLEX in the first few rounds. We
also observe in Figure 5.7 and Figure 5.9 that, when the polar normalization does not run
into numerical issues, it can outperform other approaches for the most gap closed in the first

few rounds of cuts.

Furthermore, when comparing the gap closed with respect to time, we observe that the
CGCP-based separation procedure is competitive with CPLEX. This is most striking for in-
stance flay02m, where all four normalizations outperform CPLEX. For instances sssd-weak-15-4
and tls4, the standard and uniform normalizations are initially on-par with CPLEX, while

the o normalization is the slowest.

5.7.4 Cut sparsity

We now study, for each normalization, the characteristics of the cuts obtained from solving
the CGCP. Relevant statistics are reported after 10 and 200 rounds, in Table 5.9 and Table
5.10, respectively. For each normalization, we report the total number of disaggregated K*
cuts (K*) and of lift-and-project cuts (LaP). We also report the average density of lift-and-
project cuts (%nz), measured as the percentage of non-zero coefficients per cut; the density of
IC* cuts is not reported because they are always disaggregated. Here, K* cuts refer specifically
to cuts obtained from the CGCP that were identified as K* cuts, i.e., we do not consider
those added in the refinement steps. Thus, the first row of Table 5.9 indicates that, for clay
instances and after 10 rounds, the CGCP with standard normalization yielded an average of

352.9 disaggregated K* cuts, and 70.4 lift-and-project cuts with an average density of 2.5%.



Table 5.9 Cut statistics - 10 rounds

Alpha Polar Standard Uniform

Group K* LaP %mnz K* LaP %nz K*  LaP  %nz K*  LaP  %nz

clay 0.0 1356 449 0.0 1.4 47 3529 704 25 599 962 14

flay 0.0 1212 276 0.0 331 43 179 1101 3.6 119 1183 2.3

slay 0.0 2689 271 0.0 326 64 483 184 1.9 157 208.1 1.3

fmo 74.0 2455 355 20.7 25.1 88 998 236.5 1.7 685 2306 1.3

sssd 0.0 2825 165 0.0 51.1 80 1656 128.0 7.4 1323 1479 8.0

tls 363.2 1239 13.3 94.2 113.0 58 914 843 7.2 392 1045 7.0

uflquad 0.0 421 340 0.0 1239 1.3 2133 516 0.5 1548 63.8 0.5

A1l 144 1914 29.7 6.1 30.1 6.2 105.2 146.1 25 575 1599 1.9

Table 5.10 Cut statistics - 200 rounds
Alpha Polar Standard Uniform

Group Kc* LaP  %nz K* LaP  %nz Kc* LaP  %nz Ic* LaP  %nz
clay 0.0 2569.7 44.9 0.0 1.7 4.6 6368.9 1290.5 3.8 3005.0 2884.0 2.1
flay 0.0 1961.0 244 0.0 188.0 5.0 4019 15289 4.1 210.3 1492.7 3.2
slay 2.2 5491.0 21.6 0.0 717 6.5 29419 2311.1 5.6 477.0 1766.1 4.6
fmo 1851.8 5060.3 33.9 1314 133.6 9.1 464.2 2496.6 4.1 311.7 2068.1 3.3
sssd 0.0 5821.6 104 0.0 66.1 82 3445 430.3 14.2 224.7 3634 12.6
tls 2038.8  752.1 13.7 308.2 3639 6.3 574.1 583.1 81 449.7 803.1 8.1
uflquad 0.0 42.1 34.0 0.0 2942 1.2 4126 1358 04 346.1 160.5 0.3
A1l 76.0 2943.1 26.1 198 89.6 6.4 769.7 12774 4.7 403.5 1246.6 3.7

0ct
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First, very few cuts are obtained with the polar normalization, to the exception of tls and
uflquad instances. As mentioned earlier, this is the result of premature termination of the
cut generation due to numerical issues in the CGCP. Nevertheless, the obtained cuts are

relatively sparse, with only 6.2% and 6.4% non-zeros after 10 and 200 rounds, respectively.

Second, to the exception of sssd instances, the o normalization always yields denser cuts
than other normalizations, with an average of 29.7% and 26.1% non-zeros coefficients after
10 and 200 rounds, respectively. Denser cuts have an adverse effect on performance, as they
slow down the resolution of the current linear relaxation, and are more prone to numerical

errors. Overall, few * cuts are obtained, except for fmo and tls instances.

Third, fewer K* cuts are obtained with the uniform normalization than with the standard
normalization, which is not surprising given the remarks in Section 5.5. Furthermore, cuts
obtained with the uniform normalization are slightly sparser, with 1.9% and 3.7% non-zero
coefficients after 10 and 200 rounds for the uniform normalization, compared to 2.5% and
4.7% for the standard normalization. Interestingly, the average cut density after 200 rounds
is almost twice as large as after 10 rounds, indicating that cuts become denser in the later

rounds.

5.8 Conclusion

Motivated by the impact of the disjunctive framework in MILP and the recent success of
conic formulations for MI-CONV, we have investigated the computational aspects of disjunc-
tive cuts in MI-CONIC. Building on conic duality, we have extended Balas’ cut-generating
linear program into a cut-generating conic program, and studied the fundamental role of the
normalization condition in its resolution. In doing so, we have answered several relevant
questions, especially from the numerical standpoint, left open by previous developments in

the area, and have raised new ones.

5.8.1 What we have learned...

From a theoretical standpoint, we have shown that the normalization condition in the CGCP
impacts not only the theoretical properties of the obtained cuts, but also whether the CGCP
is solvable in the first place. The latter has direct consequences for the numerical robustness
of the CGCP’s resolution. In particular, we have introduced conic normalizations that guar-
antee conic strong duality, without any assumptions on the well-posedness of the considered
disjunctions. Furthermore, we have identified the risk of generating K* cuts when separat-

ing conic-infeasible points, and suggested several strategies to alleviate it. Finally, we have
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proposed extensions of lifting and cut strengthening to the conic setting, with the potential

of further computational benefits.

From a computational standpoint, we have investigated the practical behavior of several
normalization conditions, on a diverse set of instances. These experiments indicate that our
CGCP-based cut separation is competitive with a state-of-the-art MI-CONIC solver, being
able to close more gap in the early stages. In particular, the numerical robustness of the
standard and uniform normalization translates in faster separation and more gap closed.
Finally, carefully managing the outer approximation, so as to avoid large violations of conic

constraints, appears critical to the cut generation’s performance.

5.8.2 ... and what lies ahead

Several theoretical questions are left open. First, while we only consider linear cutting planes,
whether conic cuts can be separated efficiently in the general case, and how to best integrate
them within existing MI-CONIC algorithms, remains an open question. Second, dominance
relations between valid inequalities were introduced in, e.g, [126, 160]. Characterizing op-
timal solutions of the normalized CGCP in that perspective may offer further insight on
the importance of normalization. Third, a unifying framework that generalizes monoidal
strengthening to the MI-CONIC setting could further improve the practical effectiveness of
disjunctive cuts. Recent developments in duality theory and cut-generating functions for
MI-CONIC could offer the tools for doing so.

Computational experience with cuts in MI-CONIC remains scarce, and further research in
that direction is needed. Decades of experience in MILP indicate that classes of disjunc-
tive cuts with fast separation rules, e.g., Gmomory Mixed-Integer cuts and Mixed-Integer
Rounding cuts, yield the greatest computational benefits. Similar strategies for MI-CONIC
would undoubtedly be beneficial. In a similar fashion, Fischetti et al. [136] have shown
that scaling impacts the cuts yielded by the CGLP with standard normalization: there is
no indication that MI-CONIC should be any different. Finally, the CGCP form allows to
experiment with a number of algorithmic techniques for separating disjunctive cuts, whose

practical effectiveness will most likely be problem-specific.
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CHAPTER 6 GENERAL DISCUSSION

The three works presented in Chapters 3, 4, and 5 explore various ways of exploiting a
problem’s structure to improve a solver performance. Although each strategy operates at
a different level of the optimization pipeline, from mathematical modeling down to linear
algebra implementations and cut-separation techniques, they share a number of motivations

and insights. This further discussion aims to highlight such connections.

The problems and solution techniques investigated in Chapter 3 lay the groundwork for
Chapters 4 and 5. In Section 3.5.3, we observed that, as the number of DERs increases, a
growing proportion of time is spent solving the Restricted Master Problem. This motivated
us to investigate structured IPMs. Doing so required the development of the relevant linear
algebra routines, their integration within an IPM solver and, finally, interfacing said IPM
solver with a column-generation algorithm. These requirements justified the development of
the modular IPM solver described in Chapter 4, whose performance was demonstrated on
generic LP instances, as well as on the same family of instances as those of Chapter 3 —with

and without specialized linear algebra.

In Chapter 3, we focused on developing a generic decomposition framework, that can inte-
grate resources of heterogeneous nature. Consequently, the mathematical models presented
in Chapter 3 can be enhanced in several ways. For instance, a battery’s operation is more
accurately described by taking into account the interplay between state-of-charge and charg-
ing/discharging rates and efficiencies. Such models have been investigated, for instance,
in [166]. Another direction is to explicitly consider the operational constraints of the power
grid. It is common practice to consider conic relaxations of such constraints, e.g. SOCP or
SDP relaxations. This yields MI-CONIC problems, which are the focus of Chapter 5.

Numerical stability is a core component of Chapters 4 and 5. It relates to the rounding
errors that are intrinsic to finite-precision arithmetic, badly-scaled problems, or poor model-
ing. Early versions of the cut-separation procedure proposed in Chapter 5 displayed erratic
numerical behavior, with numerous instances encountering slow progress or numerical fail-
ures. The hands-on experience of developing an interior-point solver in Chapter 4 was key
to realizing that those numerical failures were not due to rounding errors, but to a lack of
constraint qualification (see, e.g., Theorem 10 in Section 5.4.4). Importantly, the latter can
be alleviated by a careful choice of the normalization condition, as demonstrated by the com-
putational results of Section 5.7. Similarly, the regularized homogeneous algorithm described

in Section 4.3 significantly improved Tulip’s numerical robustness.
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CHAPTER 7 CONCLUSION AND RECOMMENDATIONS

Throughout this thesis, we have investigated the use of structure-exploiting techniques within
generic MIP algorithmic frameworks, and demonstrated the associated computational ben-
efits. In this final chapter, we present a brief summary of our work, then highlight some

limitations and identify several promising avenues for future research on the topic.

7.1 Summary of Works

We have shown in Chapter 3 that the MIP paradigm allows to model the operation of
numerous and heterogeneous Distributed Energy Resources. Then, informed by a power
grid’s structure, we have proposed a decomposition scheme and column-generation algorithm
to solve the resulting MIP problem, thereby addressing a number of scalability and privacy

concerns. Extensive computational experiments confirmed the approach’s effectiveness.

This initial work has led us to consider structure-exploiting techniques within the linear
algebra of an interior-point algorithm. Thus, in Chapter 4, we introduced the design and
implementation of Tulip, a modular open-source interior-point solver for linear optimization.
Tulip’s codebase leverages several features of the Julia programming language, to allow for an
easy customization of data structures and linear algebra implementations, while building on
a robust algorithmic framework. We have demonstrated the flexibility and efficiency of the
code on both generic and structured LP instances. For the former, we achieve competitive
results against open-source interior-point solvers. For the latter, the integration of specialized
routines yield a tenfold speedup over generic ones, thereby outperforming state-of-the-art

commercial solvers on structured master problems that arise in DW decomposition.

Finally, motivated by the popularity of MI-CONIC formulations in power systems, we have
investigated the computational aspects of disjunctive cuts in MI-CONIC. Building on conic
duality, we have proposed a numerically robust and computationally efficient framework for
separating such cuts, through the resolution of a cut-generating conic program. In particu-
lar, we have characterized the theoretical pros and cons of various normalization conditions,
investigated the separation of conic-infeasible points in an outer-approximation context, and
proposed conic extensions of classical lifting and strengthening procedure. Finally, compu-
tational experiments on several classes of instances have demonstrated the effectiveness of
the approach, which compares favorably to CPLEX internal lift-and-project cuts, in terms

of both gap closed and computing times.
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7.2 Limitations and future research

7.2.1 Towards open and modular ecosystems for optimization

The works presented in Chapters 3-5 have focused on the design of structure-exploiting al-
gorithms, and their implementation. However, as mentioned in Chapter 1, the applicability
of these techniques also rests on the ability for users to convey structure information. There
exists a breadth of practical applications for MIP and, in turn, endless forms of structure-
exploiting techniques. Thus, there is little chance that any software managed by a single
entity can integrate them all: the corresponding flexibility requirements, software develop-

ment and additional maintenance would quickly become intractable.

Instead, this need is best addressed by open-source, modular optimization software, from alge-
braic modeling languages to optimization solvers. This allows users to extend and customize
a solver’s functionalities, without relying on a centralized development team for support and
maintenance, as these services can be provided by the users themselves. A successful example
of this paradigm is the academic solver SCIP [20] and corresponding plugins: GCG [21] can
be used for DW and Benders decompositions, and SCIP-SDP [167] enables the resolution of

Mixed-Integer Semi-Definite Programming problems.

Further software development work is needed, to provide convenient structured modeling tools
and interface them with structure-exploiting solvers. Given the relatively young age of open-
source modeling languages, compared to decades-old solvers such as CPLEX, it is not entirely
clear what a good approach for doing so looks like, and several tools will likely co-exist.
In particular, the existing Julia ecosystem for optimization, which includes the algebraic
modeling languages JuMP and Convex. j1, the solver-agnostic interface MathOptInterface,
and a number of open-source optimization solvers, represents a promising environment for

future developments in this area.

7.2.2 Integrating structure-exploiting techniques and Machine Learning

Recently, a number of authors have investigated the use of Machine Learning techniques
within optimization algorithms, see, e.g., [168-171]. Given a distribution of instances, this
line of research leverages statistical patterns to better inform the heuristic nature of MIP
solvers [7], thereby improving the overall performance of MIP algorithms. This approach,

and the one presented in this thesis, complement each other in two ways.

On the one hand, while ML techniques exploit statistical patterns in a given distribution of

instances, our approach makes use of mathematically well-defined structure in a principled
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way. Thus, the additional tools we propose do not require re-training, and can themselves
be enhanced with ML-based tools. For instance, in [172], the authors devise a supervised

learning approach to help automate the decomposition process.

On the other hand, recent experience suggests that exploiting a problem’s structure also
improves the efficiency of ML techniques [169,171,173]. Typically, this comes in the form of
more suitable model priors and meaningful features. For instance, Graph Neural Networks
have proved to be an effective model prior for MIP problems [169], while, in [173], the
authors achieve greater generalization in learned branching strategies, by explicitly taking
into account the structure of a branch-and-bound tree. Reciprocally, ML-based approaches

may help identify new problem structures and specialized algorithms.
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APPENDIX A DANTZIG-WOLFE DECOMPOSITION AND COLUMN
GENERATION

In this section, we present the Dantzig-Wolfe decomposition principle [13] and the basic
column-generation framework. We refer to [15] for a thorough overview of column generation,

and the relation between Dantzig-Wolfe decomposition and Lagrangian decomposition.

A.1 Dantzig-Wolfe decomposition

Consider the problem
R
(P) min > cla,
r=0

R
s.t. Z A,z, = by,
r=0

Zo Z 07
r.€X.,, r=1.,R,

where, for each r = 1,..., R, X, is defined by a finite number of linear inequalities, plus
integrality restrictions on some of the coordinates of x,. Therefore, the convex hull of A,
denoted by conv(X,), is a polyhedron whose set of extreme points (resp. extreme rays)
is denoted by €2, (resp. I'.). Any element of conv(X,) can thus be written as a convex

combination of extreme points {w}ueq,, plus a non-negative combination of extreme rays

{p}per, ie.,

conv(X,) = { S Awt D Ap

WEQT pEFr

Azo,ZAw=1}. (A1)

The Dantzig-Wolfe decomposition principle [13] then consists in substituting z, with such a

combination of extreme points and extreme rays. This change of variable yields the so-called
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Master Problem

R R
(MP) Iill}\n cdwo + Z Z CrwArw + Z Z Cr.pAr.p (A.2)
’ r=1weN, r=1 pel',
st. > Aw=1 r=1.,R (A.3)
OJEQT
R R
A(]mO + Z Z ar,w)\r,w + Z Z ar,pAr,p = b07 (A4)
r=1we, r=1 pel',
Zo, A > 0, (A5)
S A+ Y ApeX, r=1,...R (A.6)
we, pGFr

where ¢, = clw, ¢., = c¢lp, and a,, = Aw, a,, = A,p. Constraints (A.3) and (A.4) are

referred to as converity and linking constraints, respectively.

The linear relaxation of (M P) is given by (A.2)-(A.5); its objective value is greater or equal
to that of the linear relaxation of (P) [15]. Note that if (P) in a linear program, i.e., all
variables are continuous, then constraints (A.6) are redundant, and (A.2)-(A.5) is equivalent
to (P). In the mixed-integer case, problem (A.2)-(A.5) is the root node in a branch-and-price
tree. In this work, we focus on solving this linear relaxation. Thus, in what follows, we make

a slight abuse of notation and use the term “Master Problem" to refer to (A.2)-(A.5) instead.

A.2 Column generation

The Master Problem has exponentially many variables. Therefore, it is typically solved by
column generation, wherein only a small subset of the variables are considered. Additional

variables are generated iteratively by solving an auxiliary sub-problem.

Let Q, (resp. T',) be a small subset of Q, (resp. of T',), and define the Restricted Master
Problem (RMP)

R R
(RMP) mAin ca Ty + Z Z CrwArw + Z Z CrpAr.p (A.7)
r=1 e, =1 pel,
st. > ANw=1 r=1..R (A.8)
wGQr
R R
Z Z a'r‘,w)\r,w + Z Z aT,pA’I‘,p = bo, (AQ)
r=1 wEQr r=1 pEfr

20, A > 0. (A.10)
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In all that follows, we assume that (RM P) is feasible and bounded. Note that feasibility
can be obtained by adding artificial slacks and surplus variables with sufficiently large cost,

effectively implementing an [; penalty. If the RMP is unbounded, then so is the MP.

Let 0 € R and 7 € R™ denote the vector of dual variables associated to convexity con-
straints (A.8) and linking constraints constraints (A.9), respectively. Here, we assume that
(0, m) is dual-optimal for (RM P); the use of interior, sub-optimal dual solutions is explored
in [80]. Then, for given r, w € Q, and p € I',, the reduced cost of variable A, is

T ( CT

= _ _ T
Cr,w - Cr,w -7 ar,w — O0r = r — T Ar)w — Or,

while the reduced cost of variable A, , is

E’f‘,p = C’I”,p - 7TTa/fr7p - (CZ“ - ﬂ-TAT»)p.
Ife,., >0forallr,we ) and ¢, >0 forall r, p € I';, then the current solution is optimal
for the MP. Otherwise, a variable with negative reduced cost is added to the RMP. Finding

such a variable, or proving that none exists, is called the pricing step.

Explicitly iterating through the exponentially large sets €2, and I, is prohibitively expensive.
Nevertheless, the pricing step can be written as the following MILP:
(SP,) min (cF' — 7l Az, — o, (A.11)

st. xz, € X, (A.12)

which we refer to as the r** sub-problem. If SP, is infeasible, then X, is empty, and the
original problem P is infeasible. This case is ruled out in all that follows. Then, since the
objective of SP,. is linear, any optimal solution is either an extreme point w € €2, (bounded
case), or an extreme ray p € I', (unbounded case). The corresponding variable A, or A, ,
is identified by retrieving an optimal point or unbounded ray. Finally, note that all R sub-
problems SPy,...,SPg can be solved independently from one another. Optimality in the
Master Problem is attained when no variable with negative reduced cost can be identified

from all R sub-problems.

We now describe a basic column-generation procedure, which is formally stated in Algorithm
4. The algorithm starts with an initial RMP that contains a small subset of columns, some
of which may be artificial to ensure feasibility. At the beginning of each iteration, the RMP
is solved to optimality, and a dual solution (7, ) is obtained which is used to perform the

pricing step. Each sub-problem is solved to identify a variable with most negative reduced
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cost. If a variable with negative reduced cost is found, it is added to the RMP; if not, the

column-generation procedure stops.

Input: Initial RMP

1: while stopping criterion not met do

2:

10:
11:
12:
13:

Solve RMP and obtain optimal dual variables (, o)

/] Pricing step
for all r € R do
Solve S P, with the query point (7,0, ); obtain w* or p*
if ¢+ <0 or ¢« <0 then
Add corresponding column to the RMP
end if

end for

// Stopping criterion

if no column added to RMP then
STOP

end if

14: end while

Algorithm 4 Column-generation procedure

For large instances with numerous subproblems, full pricing, wherein all subproblems are

solved at each iteration, is often not the most efficient approach. Therefore, we implemented

a partial pricing strategy, in which subproblems are solved in a random order until either all

subproblems have been solved, or a user-specified number of columns with negative reduced

cost have been generated.
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APPENDIX B DETAILED RESULTS ON STRUCTURED LP INSTANCES

Table B.1 Structured instances: performance comparison of
IPM solvers

CPLEX Gurobi Mosek Tulip Tulip*
Instance R CG T(s) Tter T(s) Iter T(s) TIter T(s) Iter T(s) Iter
DER-24 1024 10 0.0 19 0.0 15 0.1 19 0.4 19 0.3 19
DER-24 1024 20 0.1 27 0.1 23 0.1 21 0.5 23 0.3 23
DER-24 1024 30 0.1 28 0.1 22 0.1 24 0.8 26 0.3 26
DER-24 1024 40 0.2 44 0.2 27 0.2 28 1.2 37 0.4 39
DER-24 1024 43 0.2 33 0.2 27 0.2 21 1.1 33 0.5 33
DER-24 2048 10 0.2 31 0.1 21 0.1 20 0.8 23 0.3 23
DER-24 2048 20 0.3 30 0.1 19 0.2 18 1.0 22 0.3 22
DER-24 2048 30 0.3 29 0.3 28 0.3 20 14 30 0.5 30
DER-24 2048 40 04 48 0.4 36 0.4 27 2.5 47 0.6 47
DER-24 4096 10 0.4 35 0.2 20 0.3 19 1.3 28 0.5 28
DER-24 4096 20 0.8 39 0.4 23 0.4 22 2.1 29 0.5 29
DER-24 4096 30 1.3 65 1.0 42 0.7 29 5.4 58 0.9 56
DER-24 4096 40 1.1 38 1.1 32 0.9 26 5.0 38 0.9 38
DER-24 4096 41 1.0 40 1.0 32 0.8 26 4.7 38 1.0 38
DER-24 8192 10 0.9 32 0.5 18 0.6 21 2.6 25 0.7 25
DER-24 8192 20 2.0 39 1.1 26 1.1 21 5.9 34 1.1 34
DER-24 8192 30 2.9 62 1.8 36 2.1 40 12.5 55 1.9 55
DER-24 8192 40 4.3 79 2.7 46 24 38 19.0 67 2.6 68
DER-24 16384 10 2.5 47 1.3 26 1.7 26 9.0 39 1.2 36
DER-24 16384 20 4.1 42 2.1 29 2.5 22 13.8 37 2.0 37
DER-24 16384 30 5.4 55 3.4 36 3.6 26 23.1 48 3.0 48
DER-24 16384 40 124 110 10.2 88 6.0 o1 57.6 100 6.7 100
DER-24 16384 42  10.8 93 5.3 48 5.3 42 49.8 86 5.3 83
DER-24 32768 10 4.6 39 3.3 34 3.5 23 179 36 2.2 34
DER-24 32768 20 11.0 53 8.8 52 8.0 39 474 66 5.5 65
DER-24 32768 30 145 68 12.3 56 8.2 31 96.1 100 11.2 100
DER-24 32768 40 339 148 194 85 12.3 43 103.6 91 114 86
DER-48 1024 10 0.1 24 0.1 13 0.1 21 0.8 24 0.3 24
DER-48 1024 20 0.2 26 0.2 20 0.2 22 1.1 26 0.3 26
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(continued)
CPLEX Gurobi Mosek Tulip Tulip*
Instance R CG T(s) Iter T(s) Iter T(s) Iter T(s) Iter T(s) Iter
DER-48 1024 30 0.3 31 0.2 16 0.2 22 1.5 32 0.5 32
DER-48 1024 40 04 32 04 21 0.3 22 1.6 30 0.4 30
DER-48 1024 49 0.5 37 0.4 19 0.3 21 1.8 28 0.4 28
DER-48 2048 10 0.3 26 0.3 19 0.3 20 1.3 24 0.4 25
DER-48 2048 20 0.7 37 0.5 21 0.5 22 2.2 31 0.4 31
DER-48 2048 30 0.8 37 0.6 19 0.5 21 2.6 27 0.5 27
DER-48 2048 40 1.2 38 0.9 24 0.7 21 4.1 33 0.7 33
DER-48 2048 49 1.6 40 1.0 21 0.8 25 5.7 37 0.9 37
DER-48 4096 10 0.8 34 0.6 19 0.6 21 3.2 28 0.4 28
DER-48 4096 20 1.5 41 1.1 24 1.0 24 5.8 34 0.8 34
DER-48 4096 30 1.7 38 1.4 23 1.4 23 8.2 35 1.0 35
DER-48 4096 40 3.0 40 22 30 19 25 9.9 33 1.4 33
DER-48 4096 49 4.1 44 20 25 20 27 141 39 1.7 39
DER-48 8192 10 2.1 39 1.5 26 1.5 25 8.1 32 1.1 32
DER-48 8192 20 3.9 4 1.9 18 20 23 127 31 1.5 31
DER-48 8192 30 7.2 55 29 26 29 26 204 39 2.2 39
DER-48 8192 40 73 45 4.0 24 3.8 22 2564 38 2.4 38
DER-48 8192 50 9.7 51 4.2 20 45 24 370 46 3.4 47
DER-48 16384 10 5.0 49 2.9 25 3.8 35 224 41 2.3 41
DER-48 16384 20 7.8 45 5.5 28 52 26 315 37 2.8 37
DER-48 16384 30 14.6 59 73 29 6.3 25 536 50 5.0 48
DER-48 16384 40 16.3 53 93 27 85 27 645 50 5.2 45
DER-48 16384 48 223 64 99 29 93 28 89.7 60 7.4 57
DER-48 32768 10  10.8 49 7.4 27 8.1 29 46.9 41 4.1 41
DER-48 32768 20  16.8 47 8.6 24 11.2 32 69.5 42 5.7 41
DER-48 32768 30 305 61 149 26 134 26 1075 51 10.0 51
DER-48 32768 40  36.2 57  21.1 31 16.9 28 133.8 51 10.4 46
DER-48 32768 47  57.1 85 21.6 32 21.1 33 178.8 59  14.2 54
DER-96 1024 10 0.5 27 0.3 18 0.3 20 14 23 0.5 23
DER-96 1024 20 0.8 29 05 18 0.5 25 24 27 04 27
DER-96 1024 30 1.2 32 0.6 17 0.6 23 3.5 30 0.5 30
DER-96 1024 40 1.6 34 1.0 19 0.7 22 4.1 31 0.6 32
DER-96 1024 50 22 34 1.2 19 0.8 22 5.8 30 0.7 30
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(continued)
CPLEX Gurobi Mosek Tulip Tulip*
Instance R CG T(s) Iter T(s) Iter T(s) Iter T(s) Iter T(s) Iter
DER-96 1024 60 26 34 14 19 1.0 23 6.9 31 0.8 31
DER-96 1024 64 3.3 38 1.2 19 0.9 22 6.6 31 0.9 31
DER-96 2048 10 1.2 37 0.8 21 0.7 29 4.0 29 0.5 29
DER-96 2048 20 2.2 33 1.1 19 0.9 23 5.9 26 0.8 26
DER-96 2048 30 2.5 44 1.6 22 1.3 25 9.9 35 1.1 35
DER-96 2048 40 4.8 38 2.3 26 1.5 23 124 33 1.2 33
DER-96 2048 50 6.7 41 2.4 23 1.8 25 152 36 1.6 36
DER-96 2048 56 7.9 45 2.4 20 1.7 21 18.2 38 1.7 37
DER-96 4096 10 3.0 41 1.7 24 1.5 28 9.5 32 1.0 32
DER-96 4096 20 4.4 51 2.9 27 1.9 26  18.2 39 1.6 40
DER-96 4096 30 6.0 53 3.6 24 27 28 211 35 2.0 36
DER-96 4096 40 13.6 53 44 24 3.3 27 312 39 24 39
DER-96 4096 50 142 45 5.7 25 4.2 25 36.1 37 2.7 37
DER-96 4096 53 16.3 51 5.5 24 5.2 28 426 40 3.2 40
DER-96 8192 10 56 53 43 27 3.0 28 230 35 2.6 35
DER-96 8192 20 11.1 62 72 33 49 32 434 40 3.4 40
DER-96 8192 30 135 59 88 31 59 26 544 40 3.8 40
DER-96 8192 40 327 63 126 35 T4 25 T76 45 5.0 45
DER-96 8192 50 393 65 115 25 10.1 33 &89.1 44 6.6 45
DER-96 8192 60 5H1.7 75 155 29 11.1 31 1376 60 8.8 57
DER-96 16384 10 12.6 61 11.0 37 6.9 34  55.0 41 4.4 41
DER-96 16384 20 21.2 62 14.5 31 10.9 31 923 42 6.1 42
DER-96 16384 30  30.1 68 185 32 14.2 34 1479 50 10.1 52
DER-96 16384 40 70.0 69 21.8 28 16.1 30 1965 54 11.5 52
DER-96 16384 50  85.5 73 27729 18.6 32 231.8 57 14.5 54
DER-96 16384 57 107.8 8 31.9 31 244 39 2600 55 17.3 59
DER-96 32768 10 28.1 70 254 45 18.0 39 1525 52 11.8 49
DER-96 32768 20 399 57 338 36 189 28 1804 37 10.7 39
DER-96 32768 30 619 72 466 34 279 31 3376 58 21.3 58
DER-96 32768 40 1746 88 70.8 42 404 39 4832 69 30.0 66
DER-96 32768 50 233.6 102 588 32 468 36 609.0 74 43.1 72
DER-96 32768 54 2919 119 1029 54 55.5 47 753.7 89 654 86
4node 1024 10 0.1 28 03 53 0.1 28 0.9 31 0.5 30
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(continued)
CPLEX Gurobi Mosek Tulip Tulip*
Instance R CG T(s) Iter T(s) Iter T(s) Iter T(s) Iter T(s) Iter
4node 1024 20 0.2 27 0.2 22 0.2 26 1.0 27 0.4 27
4node 1024 24 15.7 21 0.4 43 0.2 25 1.3 30 0.5 32
4node 2048 10 19.6 24 0.7 o1 0.4 32 1.9 44 0.9 37
4node 2048 20 0.7 38 0.8 42 0.5 37 1.9 33 0.9 32
4node 2048 24 0.7 38 0.6 27 0.6 25 2.1 36 0.9 36
4node 4096 10 0.9 36 2.1 63 0.7 28 3.6 40 1.3 40
4node 4096 20 0.9 23 1.0 27 0.6 19 3.7 26 1.3 26
4node 4096 22 1.1 27 1.7 37 0.7 17 4.5 28 1.2 28
4node 8192 10 1.8 33 3.4 62 1.8 33 10.2 44 2.1 43
4node 8192 20 3.2 42 4.3 o1 2.3 36 14.2 43 3.2 44
4node 8192 23 2.7 30 2.3 29 1.8 24 12.3 35 2.7 33
4node 16384 10 6.8 61 114 85 5.7 53 344 62 5.7 67
4node 16384 20 7.0 42  20.8 108 6.4 44 31.6 45 5.5 44
4node 16384 23 5.8 29  10.7 53 4.0 22 264 33 4.6 33
4node 32768 10 9.8 42 118 42 9.1 40 564 52 8.3 53
4node 32768 20 170 58 350 95 13.5 45 819 60 157 65
4node 32768 21 17.0 57  18.7 55 14.6 41 748 56  14.2 59
4node-base 1024 10 0.1 24 0.2 18 0.3 21 0.8 24 0.3 24
4node-base 1024 20 0.3 25 0.3 23 0.2 28 1.3 28 0.5 28
4node-base 1024 26 17.0 17 1.0 60 0.3 27 1.4 28 0.6 27
4node-base 2048 10 15.0 15 0.8 36 0.3 23 1.4 29 0.5 30
4node-base 2048 20 0.8 37 1.0 31 0.7 35 3.1 36 0.8 36
4dnode-base 2048 27 1.0 35 2.6 72 0.8 33 3.7 32 0.9 33
4node-base 4096 10 0.9 35 3.3 92 0.7 24 4.4 38 0.9 42
4node-base 4096 20 1.8 38 44 76 1.1 30 8.8 42 1.6 42
4node-base 4096 25 2.3 38 5.3 72 1.5 34 9.1 34 1.8 34
4node-base 8192 10 1.8 33 20 21 1.5 26 76 29 1.5 29
4dnode-base 8192 20 4.4 39 163 133 3.9 40  18.1 39 2.7 39
4dnode-base 8192 22 3.8 29 3.7 27 2.6 25 19.7 36 2.8 36
4node-base 16384 10 44 38 101 o7 3.6 30 193 39 3.4 39
4dnode-base 16384 20 106 49 17.1 51 6.9 36  46.2 46 5.6 45
4dnode-base 16384 25  13.5 53  26.2 74 8.0 37 634 53 7.0 47
4node-base 32768 10 109 45 76.1 214 10.3 40 443 36 6.0 36
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(continued)
CPLEX Gurobi Mosek Tulip Tulip*
Instance R CG T(s) Iter T(s) Iter T(s) Iter T(s) Iter T(s) Iter
4dnode-base 32768 20 27.8 68 80.1 125 259 72 1193 59 15.6 63
4dnode-base 32768 23  20.3 37 29.0 43 149 30 107.7 48 12.9 50
assets 37500 6 1.6 21 0.6 12 1.1 20 2.0 13 1.0 13
env 1200 6 0.0 21 0.0 12 0.1 16 0.3 16 0.3 16
env 1875 6 0.1 22 0.0 12 0.1 13 0.4 16 0.4 16
env 3780 6 0.1 25 0.1 12 0.1 14 0.7 17 0.5 17
env 5292 6 0.2 27 0.1 13 0.1 13 0.7 17 0.7 17
env 8232 6 0.3 26 0.2 13 0.3 14 1.1 18 1.2 18
env 32928 6 1.7 26 0.9 13 1.3 17 5.1 21 4.4 21
env-diss 1200 10 0.0 17 0.0 19 0.0 16 0.4 22 0.4 22
env-diss 1200 13 0.1 15 0.0 15 0.1 17 0.4 23 0.4 23
env-diss 1875 10 0.1 27 0.1 17 0.1 20 0.6 22 0.5 22
env-diss 1875 15 0.1 17 0.1 18 0.1 18 0.6 22 0.5 22
env-diss 3780 10 0.2 23 0.1 16 0.1 17 0.8 21 0.7 21
env-diss 3780 15 0.2 20 0.1 18 0.2 18 1.0 22 1.0 22
env-diss 5292 10 04 31 0.2 25 02 21 1.0 25 1.3 26
env-diss 5292 15 0.3 22 0.3 23 03 22 1.3 25 1.5 25
env-diss 8232 10 0.6 26 04 22 0.4 18 1.7 22 1.8 22
env-diss 8232 15 1.0 31 0.6 29 0.5 23 3.2 35 2.6 35
env-diss 32928 10 4.6 37 2.8 36 1.9 17 8.0 27 7.2 27
env-diss 32928 14 4.8 28 2.1 22 2.5 19  10.0 27 7.7 27
phone 32768 5) 0.5 15 0.4 8 0.6 8 1.9 10 0.7 10
stormG2 1000 10 0.7 35 0.5 21 0.3 21 20 32 1.5 31
stormG2 1000 20 1.4 33 0.8 18 0.5 19 4.5 29 1.7 29
stormG2 1000 21 1.6 37 0.8 18 0.5 22 4.0 29 1.7 28
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