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RESEARCH ARTICLE WILEY

Approximate Gaussian variance inference for
state-space models

Bhargob Deka® | James-A. Goulet

Department of Civil, Geologic and Mining

Engineering, Polytechnique Montréal, Summary

Montréal, Québec, Canada State-space models require an accurate knowledge of the process error (Q) and
measurement error (R) covariance matrices for exact state estimation. Even

Correspondence

Bhargob Deka, Department of Civil, though the matrix R can be, in many situations, considered to be known from the

Geologic and Mining Engineering, measuring instrument specifications, it is still a challenge to infer the Q matrix

Polytechnique Montréal, Montréal,

Québee, Canada online while providing reliable estimates along with a low computational cost.

Email: bhargob.deka@polymtl.ca In this article, we propose an analytically tractable online Bayesian inference
method for inferring the Q matrix in state-space models. We refer to this method
Funding information . G . . . AGVI : e bl
Hydro-Québec; Institut de Valorisation as approximate Gaussian variance inference ( ) using which we are able to
des Données; Natural Sciences and treat the error variance and covariance terms in the full Q matrix as Gaussian

Engineering Research Council of Canada hidden states and infer them simultaneously with the other hidden states in a

closed-form manner. The two case studies show that the method is able to pro-
vide statistically consistent estimates for the mean and uncertainties of the error
variance terms for univariate and multivariate cases. The method also exceeds
the performance of the existing adaptive Kalman filter methods both in terms of
accuracy and computational efficiency.

KEYWORDS

Bayesian inference, closed-form inference, Gaussian multiplicative approximation,
online parameter estimation, process error covariance matrix, state-space models

1 | INTRODUCTION

For linear dynamic systems, the Kalman filter is an exact state estimator if the process error (Q) and the measurement
error (R) covariance matrices are known.! In most practical situations, the deterministic part of the model which includes
the transition and the observation models is formulated based on known system dynamics. In contrast, the stochastic part
representing the Q and R matrices is either unknown or only approximately known.!* Previous studies have also shown
that using incorrect error covariance matrices may result in large estimation errors or even cause divergence.l*> Even
though in many situations, the matrix R can be considered to be known from measuring instrument specification, the
Q matrix is often unknown. Hence, an accurate estimation of the matrix Q is necessary for the exact state estimation.*®
This article provides an analytical Bayesian inference method called the approximate Gaussian variance inference
(AGVI) for performing closed-form online estimation of the error variance and covariance terms in the full Q matrix.
By definition, the expected value of the square of the univariate process error W2 is equal to the error variance param-
eter, that is, E[W?] = G%V, given that W has a zero mean. With the approximation that W2 is Gaussian such that
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W2 ~ N (w?; E[W?], var(W?)), the error variance parameter is the same as the mean parameter for the probability density
function (PDF) of W2. Subsequently, considering that this mean parameter E[W?2] is a random variable itself, inferring
its posterior becomes analogous to computing the posterior for the error variance term. The AGVI method utilizes this
definition and formulates the relationship between the process error W, the square of process error W2, and E[W?] by
leveraging the Gaussian multiplicative approximation (GMA)”® that provides the exact moments for W?2. Thereafter, the
Gaussian conjugate prior®!? is used to analytically infer the unknown mean parameter for W2, that is, E[W?] = aé‘,, using
closed-form equations. The methodology is also extended to the multivariate observation model case where one error
variance term O-IZ/V is inferred for each observation equation along with the covariance between each pair of process error
terms. The article also provides a closed-form square-root filtering technique using the Cholesky decomposition such that
the estimated Q matrix is always positive semi-definite (PSD).

The layout of this article is as follows: Section 2 presents related works; Section 3 provides the AGVI method for
estimating the univariate process error variance, and Section 4 extends the methodology to the multivariate case for
inferring the full Q matrix. Section 5 presents two case studies showing the application of the method; Section 5.1 presents
the online estimation for the univariate error variance term and Section 5.2 shows the applicability of AGVI in inferring
the full Q matrix for multiple time series.

1.1 | Notations

The following notations are used throughout the manuscript; x: lowercase denotes a variable, X: slanted uppercase
denotes a random variable, X: bold upright uppercase denotes a deterministic matrix, x: bold lowercase denotes a vec-
tor, X: bold slanted uppercase denotes vector of random variables, y; .,: denote observations from 1 to ¢, u: mean vector,
X: covariance matrix, W: random process error, W?: square of process error W, W2: random variable representing the

expected value for W2, WiW7: product of any ith and jth _process error, WiWJ: random variable for the expected value of
WiWi, WP: random vector of all the product terms W'W7, WP: random vector of all expected values of W?, >XW. covariance

matrix between X and W, LY: upper triangular random matrix, ITV : random vector of all elements in LY.

Throughout the article, consistency is maintained in the notations as we transition from the univariate to the multi-
variate case study. For instance, we use W? to represent the random variable denoting the square of the univariate random
process error W. Similarly, W/W7 represents the random variable for the product of W' and W7, where the superscripts
indicate the ith and jth error terms. To denote the random expected value for W!W7, we use a bar on top, denoted by

WiWi. In the case of the univariate scenario, this becomes W, while for any ith process error, it is expressed as (W#)2. The
WiWIy2

expected value and variance for WiWi are denoted as "'’ and (¢
variable provided in the superscript.

respectively, with the corresponding random

2 | RELATED WORKS

The adaptive Kalman filters (AKF) were developed to estimate both the states and the error covariance matrices together
by adaptively adjusting the Kalman filter to the measured data such that the estimation errors can be either bounded
or reduced.* The AKFs are broadly grouped as follows: (1) correlation methods,“'*1® (2) covariance-matching methods
(CMM),'71® (3) maximum likelihood methods,?*?! and (4) Bayesian methods.>**2°> One such AKF is the innovation cor-
relation method (ICM)™1® that uses the auto-correlation function of the innovations to form a system of linear equations
involving the unknown covariance matrices. A least-square method is then used to solve these equations simultane-
ously to obtain the estimates for the Q and R matrices. The correlation methods provide unbiased estimates for linear
time-invariant (LTI) systems and only asymtotically unbiased estimates for linear time-varying (LTV) systems.?® A recent
correlation approach called the measurement difference method (MDM)>1426-28 wwas proposed that is capable of providing
unbiased and weakly consistent estimates for LTV systems, even for datasets with small number of measurements.?%28
MDM does not require any prior knowledge on the error covariance matrices and can also be performed online using
recursive least-square methods.?®?° On the other hand, there are CMM methods such as the adaptive limited memory filter
(ALMF)Y that computes sample covariance matrices at each time step for both the state prediction error and the innova-
tion sequence using either the entire past data or over a moving window. However, such methods have shown to produce
biased estimates for the covariance matrices and often fail to ensure the positive-definiteness of matrices when the sam-
ple size of the data is small.!**° Shumway and Stoffer®® provided a framework that uses the expectation-maximization
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(EM) algorithm3! to obtain both the states and the error covariance matrices even when the data is irregularly spaced,
but this can only be applied offline.>° An extensive amount of literature exists for the AKF methods under the Bayesian
category. The Bayesian methods include state augmentation methods primarily relying on nonlinear estimation techniques
such as the extended Kalman filter (EKF),*° the unscented Kalman filter (UKF),3? or the particle filters’>** for the joint
estimation of both the states and the error covariance matrices (ECM). While most methods in this category identify the
error variances offline, Kontoroupi and Smyth3? provided an online estimation method by employing an approximation
of the inverse gamma conjugacy. Online Bayesian inference methods also exists that relies on Markov chain Monte Carlo
moves within a particle filter but they suffer from the particle degeneracy problem.?*3335 Another Bayesian method is
the interactive multiple models (IMM)3® that defines multiple models each having a separate dynamic model with its own
ECM as well as the transitional probabilities between one model i and another model j at any given time step ¢. A set of
several Kalman filters are run on parallel to evaluate the state estimates for each model simultaneously. However, exact
estimates using IMM can be obtained only when an infinitely large numbers of models are considered.??

The variational Bayes (VB) methods have been proposed to approximate the intractable joint posterior PDF of the
states and the covariance matrices at a comparatively lower computational cost than using the particle filters or the mul-
tiple model methods.>?? Sarkaa and Hartikainen®’ proposed the VB-AKF method to obtain the full R matrix using an
inverse Wishart conjugate prior. However, the same methodology could not be applied to obtain the Q matrix, since it
does not appear in simple conjugate prior form, as opposed to the R matrix.3”-3® Ardeshiri et al.>® proposed a VB based RTS
smoother to obtain both the Q and R matrices, but it can only evaluate the error covariance matrices offline.*®*° Huang
et al.** proposed an online VB-AKF method, referred to as VBAKF-PR, to directly estimate the joint distribution of the
states, the state prediction error covariance matrix, and the R matrix by using the conjugacy of the inverse Wishart prior for
the covariance matrices. However, the method requires an accurate nominal Q matrix based on problem-specific expertise
without which the performance degrades drastically. Moreover, the method has additional parameters such as the tuning
parameter, the forgetting factor, and the number of fixed-point iterations per time step that needs to be tuned. The sliding
window variational adaptive Kalman filter (SWVAKF) method overcomes the limitation of VBAKF-PR as it is robust to the
initialization of the nominal Q matrix and proved to be computationally more efficient by avoiding the fixed-point itera-
tion step. Hence, there are several methods that have been proposed to estimate the error covariance matrices. However,
most methods are either offline in nature,'?° restricted to linear dynamic systems***° or are computationally demand-
ing.31:3336 Furthermore, there is no closed-form method to obtain these matrices and none of the available methods have
demonstrated the capacity to estimate a high-dimensional full Q matrix. Hence, there is still the challenge to develop a
method that performs closed-form online estimation of the matrix Q and that is scalable to high-dimensional domains.

3 | UNIVARIATE PROCESS ERROR

This section presents the mathematical formulation of the AGVI method for inferring the variance parameter o3,
associated with the univariate process error W ~ A (w; 0, aﬁ,) in the context of state-space models.

3.1 | Problem formulation

Let us consider an N-dimensional hidden state vector at time t — 1, x,_; = [x; X5 - - -xN][T_l, having a Gaussian PDF such
that X;_1-1 ~ N (%13 He_1ji-1> Ze-1)e-1) Where py_q,_1 = E[X;_1|y;.,;] is the prior mean and X, ;1 = var(X;—1|y;.,_;) is
the prior covariance matrix. Note that for brevity, the notation X;_;,_; is used as a shorthand for X;_, [y, .,_,. The transition
and the observation equations for the linear Gaussian state-space models,*! are given by

xi=Ax_, +w;, w:W~NWO0,Q),
yi=Cx;+v, v:V~N®©OR), €Y

where A is the transition matrix, w, = [w; wy - - -wN]; is a vector of process error terms for which Q is the process
error covariance matrix, y; is the observation, C is the observation matrix, and v; is the observation error for which the
observation error varianceisR = 0‘2,. The A and Q matrices are constructed by assembling S specific components given by

A = blkdiag(A;, A,, ... ,As),
Q = blkdiag(Q,, Q,, ... , Q), )
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where blkdiag(-, -) refers to block diagonal assembly of the individual components. The Q matrix in Equation (2) can be
further described by

Q = blkdiag(Q, (03, At), Qs (03, Al), ... , Qs (03, AL)), 3)

where each component Qi(afy‘, At) can be represented as a function of the error variance parameter afV and the
i L

time difference between two successive observations At. For example, consider that the model comprises two generic
components, namely the local trend (LT) and the autoregressive (AR), for which the global Q matrix is

adae
o2 . 4 2 0
Q=| " [A{ AP : €
0 aiR

where the Q matrices associated with the local trend Q; and the autoregressive component Q, are

At ap
_ 2 2
Q, = Onr* A4t3 A2t2 , Q= OxR>
2

where o2, and o2, are the process error variance terms associated with the LT and the AR components, respectively.*!
Both matrices Q; and Q, are assembled in a block diagonal arrangement to get the Q matrix as shown by Equation (4).
Moreover, for a time series consisting of a single observation variable y;, it is only possible to infer G%V for one component
Q;, while all other should be either known or 0. This is because only a single unknown variable can be uniquely solved
per equation. Hence, for each time series there is one unique process error variance that can be inferred. The next section
describes the various steps for performing AGVIin order to obtain the posterior PDF for a single error variance parameter.

3.2 | Methodology
The proposed method considers the expected value of W? as a Gaussian random variable represented by W2 such that
W2 ~ ./\/‘(vl?, yﬁ, (o'ﬁ)2>, (5)

where yﬁ and (aﬁ)z are the hyperprior mean and variance for w2, Using Equation (5), the PDF of W can be
re-written as

W~ N (w;0,u?). (6)

Hence, the first objective is to obtain the marginal PDF of W such that the random variance W2 can be marginalized
out. The following lemmas are invoked to show that the marginal PDF of W can be obtained using the marginal PDF
of W2. The subsequent proposition uses these lemmas to provide the prior predictive PDF for W at a time ¢t such that

Wiie-1 ~ N (w3 0, ”Ki|r—1)'

Lemma 1. Given that W is Gaussian with a zero mean and W? is approximated as a Gaussian random variable
given by W2 ~ N (w?; u™*, (6V° )2) for which the exact moments are provided by GMA (see Appendix A), it can
be shown that the PDF of W2 is dependent only on the mean parameter u"’ so that

W2 ~ N(WZ;MWJ(MWZ)Z),

where the variance term (O'WZ)Z is equal to 2(/4WZ)2. As a result, the PDFf(wzlywz, (aWZ)Z) can be shown by
F(w? ).

Proof. See Appendix B.1. [
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Lemma 2. Given that the parameter 4" in f (wzlywz) is considered as a Gaussian random variable W2 ~

N (v? MW, (am) ) the mean and variance of the prior predictive PDF of W= _ are given by

tlt 1

”m 1 ”z 1|z g

T2
( zvﬁzl) _3( tllt 1) +2</‘Zi|t—1) ’

where ;4[ llt L and ( are the prior moments for W2;_q);_1.

0 1|t 1)

Proof. See Appendix B.2. u

Proposition 1. Considering that the mean parameter u"" is itself a random variable W2 so that
w2 N (w2 W2 TZI
W2 ~ N (W =1 B q)e-1 (O-t—1|t—1) ) ’

where ,Ll " 1| 1 and ( are the hyperprior mean and variance for W2,_y,_1 , the error variance aﬁ, can be

0y 1|z 1)
made equal to
2 _ w2
Ow = Heqje-1- (7)

Proof. Using Lemmas 1 and 2, and considering the one-to-one relationship between the moments of W and
W2, the prior predictive PDF of W;;_; can be formulated as

FOw) = N (wi 0,477, ).

where by Lemma 2, the variance of Wj,_; is cr = E[W :|r d= Mt“_’ilt_l.

The next objective is to perform the prediction step in the filtering procedure using the model matrices A, C, Q, and
R defined in Section 3.1 and the prior knowledge of a . The transition model for w? is w2 = WZ, 1, where the hidden

state w? is assumed to be constant from ¢ — 1 to ¢. Using the prior knowledge for W, the augmented state vector h,_; at
any time ¢ — 1 is given by

hiy=[xw]] . ®)
The prior predictive PDF of the hidden states H;;_; is given by
Htlt—l ~ N.(h[;l[tl-ll[_lazflft 1)

where, using Equations (1) and (7), the mean vector and the covariance matrix are given by

[lH _ lA”t—llt—I]
tle-1 ’
0 t|e-1

s lAEHU_lAT +Q EXW] ©
tlt-1 — XWA\T w2 .
(Z ) H tlt-1
The covariance term let , between X;j;_; and Wj;,_; in Equation (9) is formulated as
Em 1 = COV(AX; 1)1 + Wye—1, Wiye-1),
= COV(W’ W)t|l—15 (10)
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6 Wl LEY DEKA and GOULET

where W;;_; is a vector of random variables representing the process error terms in the state vector h. Moreover the
hidden states X;_;;—; and the process error Wy,_; are assumed to be independent of each other. The mean and variance
of Y1 ~ N'(yi; uy, 62) are given by

0
Hy = Cpy g + py7
Uf, =CXy;1CT + 6‘2/,

given that X and V are assumed to be independent of each other. The covariance term Zyy between Hyj;—; and Yy, is

_yH g
Zpy = Et|t—1Ft’
where the observation matrix is F; = [C 0].
The inference for the parameter 0-12/{/ requires two update steps; In the first step, the posterior PDF f(h;|y; .,) is estimated
using the observation model defined in Equation (1) so that

fhe, yelyy 1) .
fly,.) = W;_;; N N(ht’/‘ﬁwzgz)’ D

which we approximate by a Gaussian distribution with a posterior mean vector ufﬁ and a covariance matrix Efﬁ that are

obtained using the predicted moments provided in Equation (9) and the Gaussian conditional equations®!? such that

XHy
/‘;It = ﬂfﬁq + — O —uy),
Oy
gy - X!
H _ vH HY
Etlt - Ztlt—l - :

2
Oy

Now that we have the posterior PDF f(w;|y;.,) from Equation (11), we move to the second update step where we use this
new information of W at time ¢ to update our current knowledge of w2 Figure 1 shows a graphical model representing the
relationship between the random variables Y;j;—1, Xiji-1, Wiji-1, Wtzlt—l’ and W”l_l. Note that while considering uy = 0,
the first moment of W2 is equal to the second moment of W (under Lemma 1). In this case, the knowledge of W is fully
defined by the knowledge of W2, which is denoted in Figure 1 by an undirected solid line between the nodes W? and W.
Following the structure depicted in Figure 1, the subsequent lemmas are provided for obtaining the posterior knowledge
of W2t|[.

Lemma 3. Considering the joint PDF of the random variables Yy;_1, Wt2|:—1’ and ﬁm_l, and marginalizing

out W2 from the joint PDF, the posterior PDF of W? can be obtained by the following integral
f(W2t|J’1:t) = /f(wflyl:t) ‘f(W2t|W%’y1:t—1)dW?~

Proof. See Appendix B.3. [

o

FIGURE 1 [Illustration showing the graphical model for the online inference of the error variance parameter. The hidden and observed
state variables are denoted by green and violet nodes. The double arrows on the nodes X and W? represent that these variables are learnt
recursively over time. For brevity, the subscript ¢|t — 1 is dropped from each of the variables.
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Lemma 4. The posterior mean and variance of Wtz| ,are

2 2
i = ()" + (oy)",

2\2 4 2 2
(o )" =2(og)" +4(oy) " (myr)™

Proof. See Appendix B.4. u

The Lemmas 3 and 4 are used for proving the following proposition.
Proposition 2. The posterior mean and variance of Wy, ~ N' ( ,u:ff;m, (afl"?)z) are given by
= W k(= ),
(o) = () + I (ol ) = (oli))?).
("Enq)z
(o)

Proof. See Appendix B.5. u

Both the update steps 1 and 2 are employed recursively as observations are collected in order to first estimate the
posterior knowledge of W and then use this to update our knowledge of the expected value of W2, that is, W2, which
is a variable that is equal to af‘,, the parameter we seek to infer. All the steps performed in a particular time step ¢ are
summarized in Algorithm 1 as provided in Appendix D.

4 | MULTIVARIATE PROCESS ERROR

This section extends the mathematical formulation of the AGVI method for inferring error variance and covariance terms
comprising a full Q matrix.

41 | Problem formulation

Let us consider D observed time series for which the global state vector isx; = [xt1 xf e xP]T,Where x; Vje {12, ...,D}
refers to the concatenation of all S; generic components for the jth time series. Similarly, the vector of correlated process
errors is assembled following w;, = [wl1 sz .- ow[D]T. The global transition, observation, process error covariance, and
observation error covariance matrices are assembled block diagonally as

A = blkdiag[A,, A,, ... ,Ap],
C = blkdiag[C,, C, ... ,Cp],
Q = blkdiag[Q;, Q. ..., Qpl.
R = blkdiag[R;, Ry, ... ,Rp].

Covariance matrices cov(W*, W") exists between the process errors W* and W" of the kth and nth time series respectively,
where k,n € {1,2, ... ,D}. The process error covariance matrix Q can be reformulated as follows

Ql Q1,2 U Ql,D

Q= Q. Q.Z,D ’ (12)

sym. QD
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8 Wl LEY DEKA and GOULET

where the covariance term cov(W*, W") is represented by Q.- The sub-matrices within the matrix Qy , in Equation (12)
are themselves represented by cov(W", wmy = Qi mn> where j € {1,2, ... ,S;} and m € {1,2, ... , S} are the jth and
mth component of the kth and nth time series, respectively. As described in Section 3.1, each of the sub-matrices

ij,mn(gi’ a,z,m, At) can be represented as a function of the error variance parameters ajz s ofnn, and At. Moreover, each of

J
the elements within the sub-matrix Qj , is given by cov(W¥k, Wwimn) which provides the covariance between the ith pro-

cess error term of the jth component in the kth time series, W¥*, and the Ith process error term of the mth component in
the nth time series, W™, For example, let us consider two time series each modeled using a local trend (L.T) component
as described in Section 3.1. The global Q matrix is assembled block diagonally such that

Q Qi
Q = 9

Q: Q
where Q; and Q, are the process error covariance matrices associated with their individual local trend components and
Q,, is the cross-covariance matrix between the process errors of the two time series. Each of these covariance matrices

: . — 2 — 2 — 2 2 :

are defined as follows: Q, = o7, -J, Q; = 07, -J, and Q,, = ovr,, - J, where o , and oy, are the two error variance
terms for each of the LT component, orr,, is the covariance term between the two process error random variables W™
and W'T:, For a constant acceleration kinematic model,**>*} the matrix J is defined such that

At ar
J = 43 2 .
A_t A
2

Hence, for this case the terms to be inferred are: ale s aﬁTz, and oyr,,. Similarly, for multiple time series, the goal is to infer
one error variance term per time series along with the covariance terms for each pair of process error terms.

4.2 | Methodology
Let us consider the multivariate process error term w = [wl w2 ooowho wD]T,where w!, Vi€ {1, 2, ... ,D} represents

the process error term for the ith time series for which the variance term has to be inferred. Given that the expected value
of W is zero, the covariance term between the ith and jth process error is

S o 0 .0 _
cov(W', W) = E[W'W] - ERV TEBVT= E[W'W/],

the covariance matrix X" is given by

E[(WH?] E[W'W?] ... E[W'WP]
: 2)2 . 2D

goo| P BIOVPL e EWIWRL )
sym. . ... IE[(WD)Z]

where var(W?) = E[(W)?] is the error variance for the ith time series, and cov(W?, W/) = E[W!W7] is the covariance term
between the two process errors for the ith and jth time series. Similarly to the univariate process error, let us consider the
approximation that each of the product terms WW7 is a Gaussian random variable such that

WWI ~ Nw'w; 7 (" W)2), (14)
where E[WWJ] = u"'" is the mean parameter and var(WW?) = (¢"'"’)? is the variance. For D time series, there are
a total of 22*Y product terms which are represented by the random vector w? = [(W')?> W?)? --- wiwl - wPwP-1]T

such that

WP ~ N(wP; g™, =W"), (15)
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where using Equation (14), the mean vector of WP is given by

W _ [M(Wl)z M(Wz)z B 'M(WD)Z MWlWZ o MWDJWD]T

% (16)

kx1 ’

Similarly to Lemma 1, the covariance matrix £%" can be obtained in terms of the mean parameters in "’ such that

132\ 2 12\ 2 - 1
Z(M(W)) Z(ﬂWW 2/4W1WD ll/lWWD

2(/4(W2)2)2 . 2Hw2wD—lﬂwle

. (WP-1)2 (WD) WD-1ppD \ 2
| Sym H H + (,u ) Jkexke
where the variance var(W'W7) and the covariance cov(W:W/, WW™) terms for the product of the errors Vi,j, k,m €
{1, 2, ... ,D} are obtained using the GMA equations presented in Appendix A. The mean vector " defined in
Equation (16) is considered to be random and denoted by W? having a Gaussian PDF given by

WN.N.(W;/JWP,EWP), 17)
_ T
where the vector wP = [(wl)2 w?)2 ... (wP)?2 ww?2 ... WD'le] . The mean vector and the covariance matrix of
WP are
wP 12 2\2 b1 | T
W = [M(W) R W] ,
kx1
(G(Wl)z)2 0 e 0
(o077
W =
WD 2
| sym. (o ) ok

where the random variables in WP are assumed to be independent from each other as shown by the covariance matrix
=" where the off-diagonal terms are zero.
Using the hyperprior WP defined in Equation (17), the first objective is to obtain the covariance matrix % defined in

Equation (13) by obtaining the prior predictive PDF of W?,;_; as provided by the following lemma and proposition.

Lemma 5. Using the transition model wP, = wP,_,, the prior predictive PDF of WP,;_, is given by
WP WP
WPy1 ~ N(Mtll—l’ztlt—l)’

wP

where the mean terms in ﬂ[l"f:l, and the variance and covariance terms in Et|t—1

are given by
E[W'W/] = ",
var(Wh?) = 3(aW)? 4 2(u™7)?,

var(W'wi) = (6"")?

(47 W)?

. (Gwiwj)Z

(wiy

tu H

COV(Win, WIW’”) — MWinMWJWm + MW"W'"MWJ'WZ.

W (HW)Z’
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=L wiLey
Proof. See Appendix C.1. [
Proposition 3. The prior predictive PDF of W has a zero mean vector and covariance matrix Etl ', defined by
#W ﬂW L ﬂW
. W22 W2WwP
W _ : /l ... /4
Etlt_ : R . : ' (18)
sym. uwer

t)t-1

Proof. Using Lemma 5, the covariance matrix " for the prior predictive PDF of W is obtained by substituting
the terms E[W!W7] in Equation (13) by the mean parameters of W?, that is, u"'"'.

In order to maintain positive semi-definiteness of £ . shown by Equation (18), the prior information is built from a

te-1

random vector LW using Cholesky decomposition as shown by the following lemma.

Lemma 6. Any ijth element of £V is obtained such that

WlWJ lZijLkL] ’

—_—
where all elements of LW are assumed to be Gaussian, Lj~N (e, o-i__), and the expectation of the product terms
ij

—_—> _—
are obtained using the GMA equations. Moreover, any covariance term between the random vectors LY and WP

given by E can be shown as

tlt 1 ’
. D
cov(Ly, WiWi) = cov(Lij, ZijLki)
k=1
Proof. See Appendix C.2. u

Using the prior predictive PDF of W, the next objective is to perform the prediction step Let us consider the augmented
vector of hidden states h;,_; = [x]_, w] |7 such that the PDF of Hy;_; ~ N (h,, ﬂfllt_l, Em ,) has a mean vector ”m , and

a covariance matrix £ __ defined by

t|t—1

T
H _ T
””[_1 - [”tlt—l 0] s (19)

EH

t-1 —

AZ,_ AT+ Q XXV
[ —1)t-1 Q ] , 20)
-1

(EXW)T EW

—
where the covariance matrix £ defined in Equation (18) is obtained using the prior knowledge of LY defined in the
Cholesky space as stated in Lemma 6. Similarly to Equation (10), the covariance matrix between X and W is given by

Eﬁgl = cov(X, W)y,
= cov(X, [W' W2 ... WD]T)W_I,
= coV(AX;_yj-1 + Wi, [WH W2 - WYL ),
ov(W,[W! W2 ... WP]T)

fe-1°
where Wy;_; = [W! W2 ... WP|!

jr_1 18 @ vector of random variables that includes one process error term W from each
of the D time series.

85U80|7 SUOWWIOD @A ea.0 (e (dde au Aq peusenob afe sejonie VO @sn Jo sajnJ Jo Akeiq8uljuO 8|1 UO (SUOTIPUD-pUe-SWLRIAL0D A8 |1 AeJq U1 UO//:SANY) SUORIPUOD pUe swie 1 8y 89S *[£202/60/ET] Uo AriqiTaulluo A8|iM ‘Eeuo N a anbiuyosiA|od 81003 Aq 299€'SIe/Z00T 0T/I0p/A0D A8 |IM Aeiq iUl Uo//:Sd1y WOy papeojumoq ‘0 ‘STTTE60T



DEKA and GOULET W] LEY 11

The inference for the covariance matrix % requires two update steps. Similarly to the univariate case shown in
Section 3, the Gaussian conditional equations are used to perform the first update step to obtain the posterior PDF of H
shown by

H[|[ ~ N(h[, I.l;{[, Eflll) (21)

We now move to the second update step where we use the posterior PDF f(w|y;.,) obtained from Equation (21), and the
GMA equations to obtain the posterior PDF f(w?,|y,.,) such that

fP ly) = N (wPy; u¥ E:’l‘t/p)

fe

The posterior PDF of WP is defined using the following lemma.

Lemma 7. The posterior mean, variance and covariance terms of WP are

we _ WP wrP wrp
Hye = By + Kt(”m - ”t|t—1)’

WP WP WP WP
2t|t = Et|t—1 + Kl(zm - Et|t—1)KtT’
WPWP (WP \—1
K= 2“t|t—1 (Et|t—1) ’
wPwP WP
2“t|t—1 = 2“t|t—1'
Proof. See Appendix C.3. [

—_— —
Using the updated knowledge of WP in Lemma 7, the posterior moments for LY in the Cholesky space is defined
using the following proposition.

—
Proposition 4. The posterior moments of LY are

v _ v L, W _ WP
Hye = Hyea +K; (I'ltlt - ”tlt—l)’

W W
LY _ L
Zm - 2z|t—1

WP WP
+ K?(zm - 2:t|t—1)(KbT’

L _ L"WP (WP -1
Kt _Ellt—l (Etlt—l)

Proof. Proposition 4 is derived using the Lemmas 5-7. L]

Both steps are employed recursively in order to estimate the elements of the covariance matrix =% and then use this
to update our knowledge of the mean vector of WP, that is, WP. All the steps performed in a particular time step ¢ are
summarized in Algorithm 2 as provided in Appendix D.

5 | APPLIED EXAMPLES

In this section, two case studies are presented to demonstrate the use of AGVI for online inference of error variance terms.
Case study 1 focuses on the online estimation of error variance for a linear time-varying (LTV) model. The study includes
statistical consistency tests to showcase the filter’s optimality, t-tests to prove that the estimates are unbiased, empirical
validation of uncertainty associated with error variance estimates, and analysis of the impact of % ratio on the posterior
mean estimate uq|r of the error variance term. The AGVI method is also compared to two adaptive Kalman filtering (AKF)
approaches: the sliding window variational adaptive Kalman filter (SWVAKF)?** and the measurement difference method
(MDM).>1427.28 These AKF methods fall under different categories, with MDM being a correlation method and SWVAKF
being a Bayesian method. Case study 2 presents a simulated multivariate random walk model with a full process error
covariance matrix Q and a comparison of the AGVI method to the AKF methods.
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5.1 | Case Study 1: Univariate linear time-varying

For this case study, a linear time-varying (LTV) dynamic model is considered given by
X =Axi1+w w: W~ J\/(W, 0, G%V)’
Ve=Coxi+v v:V~N(100p), (22)

where the transition (A;) and observation (C;) equations at a time ¢ are

A;=08-0. 1sm(7§t)
100th>
T 9

C;=1-0.99 sin(

in which T represents the total number of time steps. The process error (w) and observation error (v) are Gaussian and
are assumed to be independent at any time t. The process error variance aév is unknown and needs to be inferred. The
observation error variance 0"2/ is assumed to be known and is equal to the true ‘75[/ which is randomly selected from the

prior PDF of ﬁow such that e o
2 2
W20 ~ N(Wzo,ﬂgﬁ), (o (‘)TO) )

Three different true values for 02 are generated by considering different prior initialization for the pair of { /43‘"0 ( gv ) }
w2

such that the three cases are (a) {”Olo =0.2, (o, 0|o) =0.01}, (b) {,qu =2(o 0|o) =1}, and (¢) {MWZ =20, ( 00)2

0/0 ojo
100}.

5.1.1 | Online estimation of error variance

Data was simulated using the model specified in Equation (22) with a total of T = 1000 observations. Figure 2 shows the
online state estimation of the error variance term for each of the three cases. These results confirm that the method is
able to perform online inference for different magnitudes of the error variance starting from arbitrary initial estimates.

Two-tailed ¢-tests were carried out to test the null hypothesis that the error variance estimates obtained using AGVI
are equal to the true values. This empirical test, if accepted, proves that the estimates are unbiased. A 95% significance
level is chosen for which the critical ¢-value is 1.96, given that the degrees of freedom are T — 1 = 999. The ¢-test is carried
out five times for each three cases. Table 1 shows the t-values where five different runs were carried out for each case.
The results show that the computed t-values are within the bounds of the critical t-value, that is, —1.96 < t-value < 1.96,
proving that the estimates are unbiased.

5.1.2 | Statistical consistency

The optimality of the filter is evaluated using two chi-square (y?) tests that rely on the normalised estimation error
squared (NEES) and the normalised innovation error squared (NIS) values.*? These tests are conducted using 50 random

—p =pto

0 1000 0 1000
t ¢

5 w2 72
W) ks =02l =001 (B) iy =2, () =1

FIGURE 2  Online estimation of the error variance term for each of the three cases for which the different prior initializations are (A)

“0|o 0.2, (o, o|0) =0.01, (B) ;40|0 =2, (UOIO) =1, and (C) ”(?(02 =20, (o 0‘0) = 100. The true o3, value in each case is shown in red dashed

line, while the estimated values and their +1¢ uncertainty bound are shown in black and green shaded area.
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TABLE 1 t-values computed in all three cases, that s, (a) {;4(‘;"/02 =02, (o) %l ) =0.01}, (b) {/4(‘)’“’; =2, ( o|o =1}, and (c)

{,4(‘;'“5 =20, (o, o|o) =100}.
t-values
case (a) case (b) case (c)
-1.67 0.46 1.53
—-1.29 —-0.94 1.51
—0.87 1.26 -1.19
-0.79 1.21 1.03
—1.88 —0.64 -1.87

1.428

NEES

(A) NEES (B) NIS

FIGURE 3 [Illustration showing the average normalized state estimation error squared (NEES) and the average normalized innovation
squared (NIS) for the case study (A), that is, {y(‘)‘l’; =0.2, (ol % ) =0.01}, with its 95% probability region given by [0.647, 1.428] is marked by
the green and red lines.

TABLE 2 Average number of points outside the 95% probability region for the NEES and NIS values in all the three cases, that is, (a)
{”(‘)A\/o =02, ( ) ) =0. 01} (b) {”(‘)To =2, (0'0|0 ) = 1} and (c) {”om =20, ( %00 ) = 100}'

Average number of points

Criteria Case (a) Case (b) Case (c)
NEES 51 50.8 51.2
NIS 53 51.2 49.8

simulations. Considering a 95% confidence interval (C.I.) and the degrees of freedom v = X = Y = 1, that is, the size of the
state and observation vector, the two-sided probability region is given by [ ;(520(0.025) ;(520(0.97 5)] = [32.3 71.4]. By dividing
the range by 50, we obtain the probability region for the average NEES and NIS values [0.647 1.428]. Figure 3 illustrates
an example of the 95% region marked by the green and red lines for both the average NEES and NIS values in case (a).
From the definition of the test, there should be approximately 5% of the total number of points outside the 95% region.
The length of the time series for the case study is 1000 and hence, approximately 50 points should be outside the region.
Table 2 presents the average number of points outside the probability region for both the NEES and NIS tests in all three
cases where each of the 50 runs are carried out five times in order to compute the average value. The results verify that
the filter is optimal and provide consistent estimates for the error variance term, given that the number of points outside
the 95% probability region are in accordance to the theoretical results.

5.1.3 | Statistical consistency for the variance of the error variance

In order to check the statistical consistency for the variance of the error variance term, we created 1000 simulate(ﬂme
series where the true values of the error variance in each time series is generated from the prior knowledge of W?2,.
Figure 4 presents, for each time step, the percentage of realizations (y) where the true value lies within the confidence
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wto —p+t2¢ —p+3o

95 95 e 95 ==
X 53 53
o 68 prrsiransantonnn = 68 Pt o 68 prsemsze e
- - -

25 w 25 w 25 w

0 1000 0 1000 0 1000
t t t
(A) case (a) (B) case (b) (C) case (c)

FIGURE 4 Empirical consistency check for the variance of the error variance estimate, where y is the percentage of realizations where

the true value lies within the three C.I. for the cases (A) {/48“’7; =0.2, (ag‘l’T;)Z =0.01},(B) {M(‘;IT(JZ =2, (crg“’oz )2 =1},and (C)
{ulle =20, (k)" = 100}

0.3 301 —prr =piqr + o7)1
~E (.9 s Q)
1 10 s ‘ ‘
1071 1071 10 100 102
Q/R Q/R
(A) case (a) (B) case (b) (C) case (c)

FIGURE 5 The posterior mean estimate and C.I of the error variance for different values of % for the cases (A)

{/43‘7; =0.2, (ag}’?)z =0.01},(B) {,u(‘)‘l’T)z =2, (o-(‘)’?oz)2 =1},and (C) {yé"l’? =20, (cé‘?é)z =100}. Note that the x-axis is in log-scale.

interval (C.I.) for 1, 2, and 3 standard deviations from the mean estimate in each of the three case studies. The results in
Figure 4 show that the y values match the theoretical C.I. quantities, that is, {68, 95,99} %, for the Gaussian distribution
supporting the hypothesis that the Gaussian PDF for the error variance is adequate at each time step.

5.1.4 | Impactofthe % ratio

2
Also, we noticed the effect of the % = Z—‘f ratio on the estimation accuracy. Figure 5 shows the posterior mean estimate
v

upir and the confidence interval prr + op|r for the error variance after T time steps with respect to different % values for
the three cases, where T = 1000 is the total length of the time series. The results validate that the AGVI method is accurate
for % >10. For 1 < % < 10, the estimates are accurate with negligible biases in comparison to the true values, whereas

for % < 1, the estimates are inaccurate with large biases. This phenomenon is explained by the fact that, given that the
system is observable,*** the Kalman gain has a higher value with an increase in the % ratio. As a result, the Kalman filter
puts more weight on the measurements. Hence, we obtain a better mean and variance estimate of W by learning from
each measurement which in turn provide better estimates for w2.

5.1.5 | Comparison of AGVI with adaptive Kalman filters

The AGVI method is compared with two existing adaptive Kalman filter (AKF) methods, namely SWVAKF* and
MDM.2"?8 Three cases are created for comparison, where the true values for the process error variances are (a) afV =042,
(b) 6‘2)[, = 1.35, and (c) G%V = 18.75, using the same dynamic model shown in Equation (22). In this case study, we use
the publicly available codes for MDM*6 and SWVAKF* that only provides point estimates of Q and R matrices. As the
codes are not available for obtaining the uncertainty associated with the error variance estimates, our study is restricted
to analyzing the mean estimates, as made available by the authors. The MDM method involves no prior knowledge of the
hidden states or the error variances, and the user-defined lag parameter is set to 1. For SWVAKF, the same values are used
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TABLE 3 Comparison of the average RMSE values and the computational time (s) obtained from each method in all three cases where
the true values are (a) 6%, =0.42, (b) O-IZ/V =1.35,and (c) U%V = 18.75. The results are averaged over five independent runs. Both the methods
are picked from different AKF categories where AGVI and SWVAKF are Bayesian methods, MDM is a correlation method.

RMSE
2 2 2 2.
Category Methods o, =042 o, =135 c,, =18.75 Time (s)
Bayesian AGVI 0.043 0.083 2.06 0.004
Bayesian SWVAKF 0.067 0.138 3.18 2.638
Correlation MDM 0.053 0.094 2.65 0.069

for filtering parameters as provided in the method’s implementation code.?* The prior knowledge for the hidden states in
both AGVI and SWVAKF are set to oo = 0 and Gglo = 100.

Table 3 compares the average root mean square error (RMSE) values and computational time obtained using all three
methods for the three cases, where the true values are (a) oﬁv =0.42, (b) a%v = 1.35,and (c) a%v = 18.75. The results show
that AGVI outperforms all methods in terms of predictive capacity. In comparison to SWVAKEF, which is a Bayesian
method, AGVI is more than two orders of magnitude faster, and compared to MDM, which is a correlation method, it is
an order of magnitude faster. Thus, we conclude that AGVI provides unbiased and consistent estimates for the process
error variance given that the observation error variance is known. The comparative study shows that AGVI provides better

predictive capacity and computational speed than both AKF methods.

5.2 | Case Study 2: Multivariate random walk model

This case study is conducted using five simulated datasets of 1000 time steps with a transition process error having a full
covariance matrix Q. The vector of hidden states x; associated with the five time series is given by

_ [JLL, _LL, _LLy _LL, LLs]T
xo=[x 7 X g )

The state transition matrix A and the observation matrix C are defined as A = Is, and C = Is, The Q and R matrices are
defined as

1 03 —02 —01 025
-03 3 035 04 045
Q=|-02 035 4 0.5 0.55],
-01 04 05 08 06
025 045 055 06 2

R=0.1-1Is,

where the off-diagonal covariance terms in the Q matrix are selected arbitrarily such that it is symmetric and semi
positive-definite.

5.2.1 | Online estimation of full Q matrix
For AGVI, the prior knowledge for the augmented hidden states fig = [Hojo; yglvg] and g0 = blkdiag(Emo,EI(;lZ) are
initialized by

Hop =[0] 2-11 0.8-1]1T,

Zopo = diag([1] 0.5-11 0.5-11 D), (23)

where 0 and 1 represent vector of zeros and ones, respectively. The mean vector and the covariance matrix for

—

L% =1[Ly1 Ly, -+ -Lss Lyz - 'L45](T]|0,
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are given by

&
yglo =[2-1] 08-1] ",

xLo = diag([0.5-1] 0.5-1])). (24)

Note that the matrix R is assumed to be known and only the matrix Q is inferred. Figure 6 shows the estimates obtained
using AGVI for four elements of the Q matrix, namely afl, 052, 012, and o713, chosen arbitrarily. The plots for the remaining
elements are provided in Figure E1 (Appendix E).

The two-tailed t-test was carried out to test the null hypothesis that the error variance estimates obtained using AGVI
are equal to the true values and hence, unbiased. A 95% significance level was chosen for which the critical ¢t-value is 1.96,
given that the degree of freedom is T — 1 = 999. Table 4 shows the average t-values for all the variance terms. The results
show that the computed t-values are within the bounds of the critical t-value, that is, —1.96 < t-value < 1.96, proving that
the estimates are unbiased.

5.2.2 | Statistical consistency

The normalized innovation square (NIS) metric is used to check the consistency of the estimator. The two-sided proba-
bility region for a 95% C.I. having five degrees of freedom, that is, the size of the observation vector Y, is [0.831 12.833].
Considering that the total length of the training set is 1000, the theoretical 5% value for the number of acceptable

points outside the 95% C.I. is 50. The different prior initialization are chosen such that y’(;lvg =[a- 1; b IIO]T, where
a=1{15:0.1:2}and p={0.5:0.1: 1} while considering the same covariance matrix as defined in Equation (24).
Table 5 presents the average number of points outside the probability region for the different prior initialization

of FV ojo Where the average value is computed using five simulated datasets for each combination of {a, #}. The results
show that, on average, there are =~ 54 points that lie outside the 95% probability region, which is comparable to
the theoretical value of 50. This verifies that the filter is optimal and provides consistent estimates for the error variance
and covariance terms of the full Q matrix.

Q

5] —t =puEo 5

% 1000 Ly 1000

t t t t
(A) o3 (B) o3, ©) o (D) 713

FIGURE 6 Online estimation of the error variance terms (A) ‘7121 and (B) (7;2 and the covariance terms (C) 61, and (D) 6,3 from the full
Q matrix compared to their true values marked by the dashed red line. The estimated values are shown by the black solid line and their +1¢
uncertainty bound is shown using the green shaded region.

TABLE 4 Average t-values for all the variance terms in the full Q matrix. Five independent runs were carried out. The variance terms
and the covariance terms are represented by aizi and oy, Vi,j € 1, ... , D, respectively.

Variance terms

2 2 2
L C12 013 014 015 %0 023 024 O35 O3 O34 035 Oy O4s Oss

t-values 0.6002 —0.0736 0.1006 0.1380 —0.2828 0.3387 0.2157 0.2527 —0.1177 —0.0423 —0.0981 —0.2424 0.0692 —0.0855 —0.0287

—
TABLE 5 Average number of points outside the 95% probability region for the different prior initialization of LW0|0. Each column
presents the average value computed using the five simulated datasets for one combination of {a, f}.

{1.5,0.5} {1.6,0.6} {1.7,0.7} {1.8,0.8} {1.9,0.9} {2,1} Mean
NIS 54.8 54.6 53.8 53.8 53.6 53.6 54.03
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5.2.3 | Comparison with adaptive Kalman filters

For this case study, the AGVI method is compared to SWVAKF and MDM. For the SWVAKF method, the hidden states are
initialized similarly to Equation (23), where the mean vector is Moo = 05 and the covariance matrix is oo = Is. The same
values are used for filtering parameters as provided in the method’s implementation code.?* The MDM method involves
no prior knowledge of the hidden states or error variances, and the user-defined lag parameter is set to 1. Table 6 shows
the average RMSE values for estimating some of the elements chosen arbitrarily from the Q matrix as well as the average
computational time for each method. The results show that AGVI outperforms other methods in terms of predictive
capacity for most of the variance and covariance terms. In comparison to SWVAKF which is a Bayesian method, it is more
than an order of magnitude faster. The MDM is an order of magnitude faster than AGVI but the current implementation
code only provides point estimates, whereas AGVI estimates the mean as well as the variance of the error variance terms.
The results for both case studies were obtained using the AGVI MATLARB library.*’

6 | CONCLUSION

The approximate Gaussian variance inference (AGVI) method proposed in this article is an analytically tractable Bayesian
inference method that provides many advantages. First, it allows for online inference of the process error variance and
covariance terms in the full Q matrix as Gaussian random variables. Second, it provides accurate, unbiased, and statisti-
cally consistent estimates of the mean and uncertainties associated with the error variance terms at each time step. Third,
it employs a closed-form square-root filtering technique using the Cholesky decomposition to maintain the estimated Q
matrix as positive semi-definite.

The case study 1 shows the application of the AGVI method for a linear time-varying model where the univari-
ate process error variance was inferred starting from different prior initializations. The ¢-test proves that the estimates
are unbiased. The statistical consistency tests verify that the filter is optimal and that the AGVI method provide
consistent estimates for the mean as well as the uncertainties associated with the error variance term. In compar-
ison to the existing adaptive Kalman filter (AKF) methods, the AGVI method provides a better predictive capacity
in all cases. In comparison to SWVAKF, which is a Bayesian method, AGVI is more than two orders of magnitude
faster, and compared to MDM, which is a correlation method, it is an order of magnitude faster. The case study 2
shows the application of AGVI for a multivariate random walk model with a full Q matrix and compares its per-
formance with the two AKF methods. The results show that AGVI outperforms all methods in terms of predictive
capacity for most of the variance and covariance terms, and yields statistically consistent estimates. Hence, the pro-
posed method is capable of online estimation of error variances in regard to state-space models involving multiple
time series.
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APPENDIX A. GAUSSIAN MULTIPLICATION APPROXIMATION (GMA)

Consider X = [X;X,X3X,]T, a vector of Gaussian random variables such that X ~ N (u, X), with mean vector u and covari-
ance matrix X. Using the Gaussian moment generating function or 2™ order Taylor series expansion, the following
equations hold for the product of any two Gaussian random variables such that

EXiX,] = upz + cov(Xy, X5), (A1)

var(X1Xz) = o702 + cov(X1, X»)>
+ 2cov(Xy, Xo) 1 2
+ 0'12;4§ + o-%yf, (A2)

cov(X3, X1.X3) = cov(Xy, X3)uz + cov(Xy, X3)u1, (A3)

cov(X1.X5, X3X4) = cov(Xy, X3)cov(Xz, Xy)
+ cov(X7, Xy)cov(Xp, X3)
+ cov(X1, X3) uapuy
+ cov( Xy, Xa) o pi3 + Cov(Xo, X3) 11 s
+ cov(Xa, Xy) 1 3. (A4)

These equations can be obtained either using moment generating functions’ or second-order Taylor series expansion.®
APPENDIX B. PROOFS FOR UNIVARIATE PROCESS ERROR

B.1 Proof for Lemma 1

Proof. Given that W is Gaussian and has a zero mean, the moments of W can be derived using a Gaussian
moment generating function so that

uw =E[W] =0,
6124, = E[(W — uw)*] = E[W?] - E[W]?,
=E[w?], (B1)
E[W*] = 3E[W?]?, (B2)

where using Equations (B1) and (B2), we can define the variance of W? such that

var(W?) = E[(WH] — E[W?]? = 2E[W?]2. (B3)
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If we make the approximation that W2 ~ N'(w?; 4", (¢")?) is a Gaussian random variable, then the PDF
can be fully defined by its mean and variance,

W =E[w?,
(6"*)? = var(W?) = 2E[W?T,

where by using Equation (B3), the variance var(W?) can also be expressed in terms of the expected value
E[W?2]. Hence, the PDF of W2 only depends on the unknown hyper parameter ;" such that

Fa™ . (a™)7) = F(w1u™),
=N (w1 2(u")). (B4)

B.2 Proof for Lemma 2

Proof. Let us consider that the mean parameter ;" is described by the random variable W2 :w?e (0, o0) for
which

FaR) ~ N (w2 17, (677)?). (BS)
Using (B4) and (B5), we can rewrite the PDF of W2 as

F(w?w?) = N (w3 w2, 2w2)?). (B6)

Using the acyclic graph in Figure 1, the joint PDF of Yyj;—1, Xji-1, W2  and W”,_l is shown by

t|t-1’

f(Yz,xt, Wf,M?tLVl:z—l) Zf(Yt|xt, W?) ’f(xtlyl:t—l)
f(W?hﬁt) 'f(ﬁtlylzt—l)' (B7)

Using Equation (B6) and marginalizing Y;—1, X1, and Wﬂl_l from the joint PDF defined in Equation (B7),
the prior predictive PDF of W2 __is

t|t=1
f(W?|J’1:t—1) = /f(Wﬂﬁt) 'f(ﬁtlyl:t—l>d]ﬁl’
= [ N 2R N (R (o) (B8)
The integration in Equation (B8) can be solved in closed-form. The equivalent formulation to obtain this is

to represent the Gaussian random variables W? and W2 in terms of the standard Gaussian variable ¢ and ¢
shown by

W2 = W2 +V2W2e, e~ N(©,1) (B9)
W2 = " 46V, ¢~ N, D). (B10)
Using Equations (B9) and (B10), the mean and variance of the prior predictive PDF of Wtz| ,_, are given by

_ . 0
EWi | =E[W2 | + 2%

_ w2
= M- (B11)

var(W;,_ ) = Var(ﬁm_l ) +2 var(ﬁm_l €),

-1
w2 ) 1
= (0',‘1/;[_1)2 +2(var(W2,, ) - varte)”
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— 2
+W:]E[W2I|t—l ] ),
LW 2 W \2
= 3(6t—1|t—1) + 2<Mt—1|t—l) ’
where the term Var(ﬁm_le) in Equation (B12) is obtained using the GMA equations,
Var(mm_le) = var(mm_l) - var(e) + var(e) - E[ﬁm_l]z.

Using Equations (B1) and (B11), the error variance term is given by

2 _ W
Ow = ”t—1|t—1'

B.3 Proof for Lemma 3

Proof. Let us consider the joint PDF of Yy, Wt2| .10 and ﬁ” ¢—1 as shown by Figure 1,

fOr, Wf,ﬁtlyl:t—l) =f@z|Wf) 'f(Wfl]/l?t) 'f(“7t [¥1:-1)-
SO W) - fw2lyy ()
Wy
Fw w2y, )
f(WfD’l:t—l)
= FOulw?) - FW2 W2 Y1) - FOWP LYy ).

'f(Wf|J’1:t—1)7

=f0"t|W?

=f0%|Wf : 'f(W12|J’1:t—1)’

By dividing both sides in Equation (B14) by f(3¢|y;.,_;) We obtain

f(yt,Wtz,V‘?tD’l:t—l) _ f(yt|Wt2) 'f(wtzlyl:t—l)
JOely1:e-1) JOelyr:e-1)
F7 wlyy.) = fFWPlyr.) - fW2 W], 3y o0)s

'f(ﬁﬁwgsym—l),

(B12)

(B13)

(B14)

(B15)

By marginalizing out W2 from the joint PDF defined in Equation (B15), the posterior PDF of Wﬂ ¢ is obtained

such that

FOyy0) = / FORIY1.0) - FOWE, 1.y,

B.4 Proof for Lemma 4
Proof. Using the GMA equations in Section A, the posterior PDF of W2 can be shown by
FORIyr) ~ N (Wi (o))
where the mean and variance of W2 are

t|t
2 2
uiy = () + (o)™

2\2 4 2 2
(o )" = 2(on) " +4(oy) " (kyr)™

(B16)

(B17)
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B.5 Proof for Proposition 2

Proof. Given that the prior predictive PDF of both W2 and W2 are Gaussian, the joint multivariate Gaussian
PDF f(w?, w?|y,.,_,) is shown by

—_ Vl?[ W2 W2 W2 W2
fo2 wilyyy) = N((WZ >§Ilf|[:_'fv ,Efﬁ_’f{/ >, (B18)

t

. W2, W2 . . «W2W? .
having a mean vector y}ﬁ_‘}v and a covariance matrix Etvl‘;_’fv defined as

wew? _ [ w2 owe |T
-1 = M1t o
— w22 2 172
W2w? _ (6 )t|t—1 COV(W W )t|t—1
2“t|t—1 - w2 m w2\ 2 ’ (B19)
cov(W?, )tlt—l (o )tlt—l
and where using the transition model w? =w? |, the mean and the variance of W12|t—1 = Wtz—llt—l are

given by Equations (B11) and (B12). The covariance term cov(Wz,W)m_l between Wr2|:—1 and Wm_l in

Equation (B19) is obtained using Equations (B5) and (B9), and the GMA equations from Section A so that
cov(W; ﬁm_l) = cov WZ,W)

t|e=1° tt-1°

W2 + V2 W W)

tt-1’

Z)tlt—l + \/Ecov(ﬁe, w2)

t)t-1°

W)m_l + \/E(cov(ﬁ, W)M
0

+ covfe W2 E[W?]),

= (Gtvﬁn—l)z'

0

Given that the joint Gaussian PDF is defined as shown by Equation (B18), the Gaussian conditional prop-
erties are used to obtain the conditional PDF f (wztlwf, Y1 t—l) which is part of the integrand shown in
Equation (B16),

FOwepr) = N (WP 3 (o)), (B20)

for which the conditional mean and variance are

M:Itz—llw = MZVT; +ke (W] — Mﬁf_l), (B21)
(om ) = (af)) =K (al)), (B22)
. cov(Wtzlt_l,ﬁm_l)
t — s
(o)
WE A2
(03
- o) f‘;'j‘lz : (B23)
(6t|t—1)

Using Equations (B20) and (B17), Equation (B16) is rewritten as
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PR ) = [N R (ol )) - N ()t 520

w2 w?

Equation (B24) can be solved in closed-form having a Gaussian PDF with a random mean, that is, My o

and a constant variance, that is, (a:l‘ﬁ'lw ’ )2, shown by Equations (B21) and (B22). Hence, the PDF f (w?[y,.,)
is also Gaussian such that

f(ﬁtb’m) = N(‘ﬁﬁﬂtﬁv?’ (O'XV?)Z)’

for which the posterior mean and the variance can be computed using the Kalman gain defined in
Equation (B23) as

uly =Bl + (W2, - ult )],
= lutvﬁ'il + kt(,l’l[vr;2 - M:ﬁil)’
W2\ 2 W2 \2 2
(o )" = (ogea)” = ki (ofy)” + Kpvar (W),

= (ons) + R (o) = (ol2,)?). (B25)

tlt-1 t|t tlt—1
APPENDIX C. PROOFS FOR MULTIVARIATE PROCESS ERROR
C.1 Proof for Lemma 5
As described by Lemma B.2 for the univariate process error, the expected value E[(W!)?] and the variance terms
var(Wh?),Vi € {1,2, ... ,D} for the prior predictive PDF of W? are given by

E[(Wh] = (W),

var(Wh?) = 3(6™7)? 4 2(u 7).

Using the GMA equations, the mean and variance term of WW7 are
E[WW/] = cov(W, W) = wiw, (C1)
var(W'W/) = var(W')var(W?) + cov(W', W/ )2,
= 47 4 (wind), (C2)
where using Equation (B13) from Proof B.2, var(W') = MW. Using Equations (C1) and (C2), the Gaussian ran-

dom variable W'WJ ~ N (wiw/; wiwi, y™* y¥D* 4 (wini)?) can be represented in terms of its standard Gaussian
variable € by

ww = wiwi + \/,u(W")2 D 4 (wiwi)2 - e, e ~ N(0,1).
The moments of the prior predictive PDF of W!W/ are given by

0

/
E[W'Wi] = E[WiWi]+E [\/MW (Wi (Wiwiz . e],

= VW (C3)
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var(W'W?) = var(WiWJ) + var <\/;4(W")2/4(W’)2 + (Wiwi)2 . €> ,

= var(WiWJ) + var <\/M(Wi>2y(Wj)2 + (Win)2> )
——— —— 2
+E [\/#w")zﬂ(mz + (Win)Z] , (C4)

where using GMA equations the term var <\/ u W WY L (WiWi2 . €> is obtained by

2
Va'( N 6) B Va‘( VU (WiW"V) e [\//”WWW"V + (WfW“ZJ :

In order to simplify the notation in Equation (C4), let us consider u = wiw/ and t(u) = \/ U WP 4 (wind)2, so that
using 1% order Taylor series expansion we get

E[tw)]? = (E[U])? = 4™ ™7 4 (uW)Z (C5)

var(t(w)) = (' (E[U]))* - var(U),

(7 W)?

_ (WY, (C6)
M(Wi)z,u(wj)z + (MWin)Z
Hence, combining Equations (C4), (C5), and (C6) we get
- _, (472 —
var(W'wh) = (a"™')" + (™)

R Wi, (W2
+ 17y g (V)

Using the GMA equations, and Equation (C3), the covariance between the product terms WW/ and W'W™, i.j,I, mV €
{1,2, ... D}, is given by

cov(W W/, WW'™) = cov(W!, Whcov(W?, W™) + cov(W!, W™)cov(W/, W,
= E[W'WHE[W/W™] + E[W'W™E[W/ W],

_ . Wiwl Wiwm wiwm  Wiw!
=u" " u +u u

C.2 Proof for Lemma 6

Proof. The covariance matrix =% in Equation (13) can be reformulated in terms of the random variables in

WP given by
(WhH2 Wiw?2 ... WIWP
EW _ (W2)2 Ce WZ.WD ’ (C7)
g e .. (R

t)t-1
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where using Equation (C1), E[W'W/] = WiW/,Vi,j € {1,2, ... ,D}. Let us consider L% isan upper triangular
random matrix such that

Ly Ly -+ Lp
0 Ly --- L
=" =, (C8)
0 -~ 0 Ly

where each of the term is assumed to be a Gaussian random variable given by L ~ N ( HL;» o7 ). The elements
ij

of LY can be arranged in a random vector,
W
L™ = [Ly1LyLpplyy - - 'Lij v 'LD—lD]Ta
—
such that LY is a Gaussian random vector given by

- < T
LW~J\/<;4L Xt > (C9)

— — —

where u” and ¥ are the mean vector and the covariance matrix of LY. Let us reproduce % using
Equation (C8) such that

ZW — (LW)TLW,

where each element WiWi of % defined in Equation (C7) is obtained using matrix multiplication so that

D
WiWi =Y LyLg, Vije€ {1, ...D},
k=1

where using Equation (C9) and the GMA equations we can determine the expected value, the variance, and
the covariance terms of any element WiWJ as follows,

D D
E[WiWi] =E lZijLki] ., var(Wiwi) = va ZijLki). (C10)
k=1 k=1
Using Equation (C10), the elements of the prior predictive PDF of W defined in Proposition 3 can be
computed as

D
) lzijLki] ,

k=1

Similarly, the covariance between the random matrices, sWand LY, is equivalent to finding the covariance
_‘{/_
sLYw?

fi—1 » where any covariance term is obtained by

— R
between the random vectors L" and W? given by

D
cov(Ly, WiWwi) = cov(Lij, ZijLk,).

k=1
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C.3 Proof for Lemma 7

Proof. The prior knowledge of WP is updated by employing the prior predictive W?,;_; and the posterior PDF
WP, such that

FaP Ly, ) = N (e w7 1),

t|t
where using Equations (B23)—(B25), the posterior mean, variance and covariance terms of WP are

we _ WP WP WP
Hye = KBy + Kf(”tu - ”t|t—1)’

WP _ WP
2t|t = 2t|t—1

W -1
K, = Em‘fm (Etvril) ’

+K (= -z

t|t tlt-1

K},

WPWP _ WP
Et|t—1 _Etlt—l'

APPENDIX D. ALGORITHMS FOR UNIVARIATE AND MULTIVARIATE PROCESS ERRORS

Algorithm 1. One-time step of the proposed AGVI method for univariate process error

w2 w2
Input: p, 1, Zi1j-15 4y N1’ (a -5V A, C,Q and o},

Prior knowledge for the error variance parameter:

L2 W2
Loy = '“t—1|t—1

Prediction Step:
> il = [Ayt_llt_l] - [Azt_w}_(%\r +Q 2’;_”: ’
tlt-1 &) H tt—1
py =Cpyy, o3 =CZy1C' +op, Tmy = F|
1% Update Step: T
s pfl = W - ), B =X - T

Posterior Moments for W2:
CW? _ W2 W2
4 Hyy = (Hg)" +(0y,)%

2

(o) = 20 8)* + 4ol

2md Update Step:
L oWE _ w2 w: _ W2 W2\2 _ (W2 N2 200 ~W2N2 _ (W? N2
= Mtlt _ﬁtlt—l + k‘('“m Mtlt—l)’ (tht )y = (6t|t—1) +kt ((6t|t ) (tht—l) );

_ @)

k= @7 2

W)Z

wr
6: return p,, Xy, Hiy , and (6t|t
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Algorithm 2. One-time step of the AGVI method for multivariate process errors

v
Input ”[—1|t—17 2[—l|[—19 ”{J—Ht—l’ EZL—1|I—1’ yta A9 Ca Qs and R

Prior Predictive PDF of W;_; ~ N (w;; 0y_1, Zfl‘: Bk
1: Any ijth element of Em | is obtained using """ = E [¥,_; LicL]
Prediction Step:
ol = [Aﬂt01|t 1] - [Azt‘(lz“ih‘f; +Q zz::Xul:/ |
f]t-1 t]t—1
Hy = Cllz|z—1» Yy =CX;-1C"+R, Zpy= Etlt 1F[, where F = [C 0]
1% Update Step:

3 pf = i+ EayEIy' O - py) Tgo= T EHyz;z},Y
4: Obtain the posterior PDF, f(wP,|y;.,) = N (wP,; ”t| | ,E[vl‘fp)
2nd Update Step:
WP wp
5 ”t|t = ”t|t 1 +Kt(”t|t _”m 1) 2:tlt 2:tlt 1 +Kf(zt|t 2"z|t 1)KT’

WPWP — wPWP _ 3
Zm 1 (Zm 1) > Et|t 1 zm 1

Posterlor moments of LW

. — L WP v _ v
6 ”t|t ﬂtlt 1t +K (”tn My 1) z"t|t Em 1

+KLEY - =W KLy,

t|t tlt—1

L _ LWWP 1
Kt tlt 1 (th 1)

v
7. return p,, it ”tlt ,and Em
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APPENDIX E. ADDITIONAL RESULTS FOR CASE STUDY 2

E.1 Online inference of the variance and covariance terms in the full Q matrix

0 1000 0 1000 0 1000 0 1000

013

0 1()‘()() 0 1000 0 1000 0 1000

025

0 1000 OO 1000 0 1000

0 1000 0 1000 0 1000
¢ t ¢
(M) 734 (N) o (0)ass

FIGURE E1 Online estimation of the error variance term and the covariance terms from the full Q matrix compared to their true
values marked by the dashed red line. The estimated values are shown by the black solid line and their +16 uncertainty bound is shown
using the green shaded region.
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