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RÉSUMÉ

En optimisation convexe en temps réel (OCT), des décisions séquentielles sont prises par un
agent, qui cherche à minimiser une fonction de coût déterminée par l’environnement. L’agent
ne considère que de l’information passée du problème. La performance des algorithmes
d’OCT est mesurée en comparant les coûts engendrés par la séquence de décisions choisie
par l’algorithme et une séquence de référence. La métrique qui définit cette comparaison se
nomme le regret. Si la séquence de référence employée est la séquence de décisions optimales
pour chaque ronde et que le regret de l’algorithme est sous-linéaire, la moyenne temporelle
du regret tend vers zéro lorsque l’horizon temporel tend vers l’infini. Ce faisant, la séquence
de décisions de l’algorithme devient optimale en moyenne. Cette garantie de performance
justifie l’utilisation d’algorithmes d’OCT dans des environnements variables, incertains ou
antagonistes.

Si plusieurs procédés décisionnels peuvent être modélisés dans ce contexte, plusieurs applica-
tions réelles nécessitent que la séquence décisionnelle respecte des contraintes. Ces contraintes
surviennent dans des problèmes tel que l’écoulement de puissance optimal dans les réseaux
électriques; réseaux qui possèdent des limites physiques et de sécurité inhérentes. Violer ces
contraintes de sécurité peut entraîner des conséquences désastreuses sur le réseau, dont des
dommages sévères à l’infrastructure électrique. Pour de telles applications, des algorithmes
d’OCT possédant à la fois un regret et une violation des contraintes (la distance minimale à
l’ensemble réalisable d’une décision) sous-linéaires est l’objectif de conception.

Dans ce mémoire, plusieurs algorithmes d’OCT utilisant de l’information sur la dérivée sec-
onde qui admettent des contraintes linéaires d’égalité variant dans le temps sont présentés.
Tous ces algorithmes possèdent des bornes supérieures sous-linéaires sur leur regret et leur
violation des contraintes. Les deux algorithmes principaux de ce mémoire, la méthode de
Newton en temps-réel projetée et la méthode des points intérieurs en temps réel pour les
contraintes d’égalité variant dans le temps, admettent une fonction objectif variant dans le
temps et des inégalités généralisées, respectivement. Finalement, la performance supérieure
de ces algorithmes par rapport à des algorithmes existants lorsqu’appliqués à des problèmes
d’optimisation en temps réel pour l’allocation de ressources sur réseau et pour l’écoulement
de puissance optimal, est illustrée en simulation.

Le but visé par ce mémoire est de faire un pas vers le développement d’algorithmes d’OCT
pouvant simultanément traiter des fonctions objectif, des contraintes d’égalité, et des con-
traintes généralisées variant toutes dans le temps. Ce faisant, une telle approche permettrait
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d’élargir énormément le champ d’application des algorithmes d’OCT.
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ABSTRACT

In online convex optimization (OCO), an agent makes sequential decisions using only prior
information with the goal of minimizing an environment-determined loss function. The per-
formance of OCO algorithms is measured by comparing the loss suffered by the decision
sequence made by the algorithm and a benchmark decision sequence which is captured by
a performance indicator called regret. If the benchmark used is the round-optimal solution
and the regret of the OCO algorithm is sublinear, the time-averaged difference between the
algorithm’s suffered loss and that of the round-optimal decisions goes to zero as the time
horizon goes to infinity. This makes the algorithm’s decision sequence optimal, on average.
This performance guarantee motivates the use of OCO algorithms in changing, uncertain, or
adversarial environments.

While many sequential decision-making processes can be modelled within this context, many
real-world problems also require decisions to satisfy constraints. These constraints arise
in problems such as the optimal power flow in electric power systems where the grid has
inherent physical and safety limits. Violating these safety constraints can be catastrophic for
the grid operator, potentially damaging electrical infrastructure. For such applications, OCO
algorithms possessing simultaneous sublinear regret and constraint violation – a decision’s
distance from feasibility – are the design objective.

In this work, multiple OCO algorithms leveraging second-order information and admitting
time-varying linear equality constraints are presented. These algorithms all possess sublinear
dynamic regret and constraint violation bounds. The differences between these algorithms
reside in the types of constraints they consider. The two main algorithms of this Master’s
thesis, the online projected Newton’s method (OPEN-M) and the online interior-point method
for time-varying equality constraints (OIPM-TEC) admit a time-varying loss function and
generalized inequalities, respectively. These algorithms are shown to outperform previous
OCO algorithms from the literature in online network resource allocation and online optimal
power flow problems.

The hope for this Master’s thesis is for it to become a building-block towards the develop-
ment of online optimization algorithms capable of simultaneously tackling time-varying loss
functions, time-varying equality constraints and time-varying generalized inequalities; in the
process, immensely expanding the real-world applicability of OCO approaches.
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CHAPTER 1 INTRODUCTION

Online convex optimization (OCO) is an emerging research field that lies at the intersection
between optimization, game theory, and machine learning. In the OCO framework, an agent
interacts with the environment by making sequential decisions [1–3]. At every round, after the
agent has committed to a decision, an environment-determined loss (or objective) function
is revealed. The agent then suffers the loss determined by the loss function evaluated at the
set decision. The agent seeks to minimize his cumulative losses but only has access to past
information. The loss function can be chosen randomly or even adversarially [2].

Although this problem may appear daunting or even impossible, OCO algorithms possess
theoretical performance guarantees under mild assumptions [2–4]. Specifically, the sequence
of decisions chosen by OCO algorithms are guaranteed to be indiscernible, on average, from
the optimal sequence of decisions given a sufficiently long time-horizon. OCO algorithms
are, therefore, highly adaptable and resilient even under uncertain, changing, or adversarial
conditions. This can be captured by a sublinear cumulative difference between the sequence
of losses suffered by the algorithm and a benchmark. This cumulative difference is referred
to as regret and will be discussed extensively in this Master’s thesis.

The assumption that the agent has access to only past information is one of the defining as-
pects of OCO. Instead of relying on a model, the nature and evolution of the environment are
assumed to be unknown. The agent must, therefore, learn about the environment through
experimentation. The ability to maintain provable performance in this context is the distin-
guishing feature of OCO approaches. Indeed, OCO presents a robust approach to interacting
and learning from unpredictable or complex environments. Rather than purely seeking the
optimal solution to a given loss function as in offline optimization, OCO uses optimization
as a process [2]. Not only are OCO agents learning and improving their decision-making in
unknown environments, they do so in such a way that their learning sequence never suffers
an arbitrarily high loss. This advantage opens up the possibility of applying such methods
in safety-critical dynamic environments.

1.1 OCO Applications

Many real-world scenarios can be modelled as OCO problems. A classic example is that of
online portfolio selection [2, 5, 6]. In this context, the agent is an investor seeking to deter-
mine the best portfolio of assets to own at every moment with the objective of maximizing
their profits – or, equivalently, minimizing their losses [5]. Given a finite set of assets, the
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decision vector is the proportion of the investor’s wealth invested in each asset. The loss
function represents the increase or decrease of wealth associated with holding the chosen as-
sets over a certain period of time. The investor only has access to prior information on asset
prices. Because asset prices are random or even directly affected by the investor’s decisions,
the assumption of a randomly or adversarially selected loss function is well-suited to the
problem [7].

However, not all decision-making scenarios can be so easily modelled in this manner. The
online optimal power flow (OPF) problem is one such example. In the online OPF, the oper-
ator of the electric power grid must determine the optimal generation profile that minimizes
costs while serving all loads in the network, which will inevitably vary with time. Because
of the nature of such power systems, however, certain physical and safety limits must be
respected. These can be modelled as constraints and need to be integrated into the classical
OCO framework. Moreover, much like the loss function, these constraints are revealed after
decisions are made. In applications such as the online OPF, the performance of the algorithm
cannot be solely based on obtaining limited cumulative losses. In this setting, algorithms
must also yield feasible solutions – which can be measured by the cumulative distance from
feasibility: constraint violation.

1.2 Objective of the Presented Work

Simultaneously achieving sublinear regret and constraint violation bounds is a difficult chal-
lenge in OCO [8–10]. In fact, in the general case, it is proven that it is impossible to have
both sublinear regret and constraint violation bounds [11, 12]. However, if certain mild as-
sumptions are met, this goal becomes possible [12, 13]. Tackling this important challenge is
the objective of this work. In this Master’s thesis, OCO algorithms capable of efficiently han-
dling time-varying equality constraints are presented. Specifically, OCO algorithms achieving
sublinear regret and constraint violation bounds are presented when subject to time-varying
linear equality constraints. Such algorithms have many possible applications to constrained
dynamic problems such as the online OPF and the online network resource allocation prob-
lem.

1.3 Structure of the Thesis

The remainder of this Master’s thesis consists of six chapters. First, a review of the rele-
vant literature is presented in Chapter 2. A general framework of the research forming the
backbone of this thesis is presented in Chapter 3. Next, a published article pertaining to an
online Newton’s method with time-varying equality constraints is presented in Chapter 4.
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An article submitted for publication on an online interior-point method with time-varying
equality constraints is presented in Chapter 5. This method builds on the previously pro-
posed second-order methods, adding the properties of being projection-free and admitting
generalized inequalities. A general discussion on the impact of these two articles is then pre-
sented in Chapter 6. Finally, concluding remarks and future research avenues are explored
in Chapter 7.
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CHAPTER 2 LITERATURE REVIEW

In this chapter, a review of the OCO literature is presented. The types of problems typically
considered in OCO are explained along with their corresponding solution concepts.

2.1 First Steps in OCO

The field of online convex optimization is relatively new in the literature. The foundational
paper was published in 2003 by Zinkevich in which the author introduces the concept of
iterative convex optimization and proposes the first online optimization algorithm [3]. Let
xt ∈ RN , N ∈ N be the decision vector at every timestep t = 1, 2, 3, ...T . Let ft : RN 7→ R
be the loss function and X ⊆ RN be a compact, convex set. The canonical OCO problem at
every time t, can then be expressed as:

min
xt∈X

ft(xt).

Because [3] is interested mostly in time-invariant functions, the assumption that one does
not have access to ft(x) before implementing the decision xt is not explicitly stated. How-
ever, the modern understanding and formulation of OCO is such that ft is revealed only
after committing to a decision, i.e., any current-round information is only revealed at the
subsequent round [1, 2]. This one-step delay in information is what enables modelling of
stochastic, dynamic or adversarial environments and distinguishes OCO from time-varying
optimization.

The static regret Rs(T ) is most often used in this context, which can be defined as:

Rs(T ) =
T∑

t=1
ft(xt) − min

x∗∈X

T∑
t=1

ft(x∗).

The algorithm outlined by [3], based on a gradient descent approach, obtains sublinear static
regret bounds. From this influential paper have stemmed multiple online optimization ap-
proaches to solving discrete-time iterative problems. More mature approaches leading to
tighter regret bounds were subsequently developed in [14, 15]. Algorithms have also been
proposed for distributed OCO extensions including in [16] and [17].

Another important extension of the OCO framework incorporates the additional challenge
that the agent receives only limited feedback from the environment. So-called bandit OCO
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is also an active area of research in which fall the works of [18–20]. These approaches can
be more representative of the real-world behaviour of electric grid sensors because reporting
can be intermittent, noisy, or even erroneous in certain cases [21,22].

2.2 From Static Regret to Dynamic Regret

An issue arising with the use of static regret is that it fails to capture dynamic changes in
optima. An alternative performance metric to the static regret is the dynamic regret. Let
x∗

t ∈ argmin
x∈X

ft(x) be the round-optimal decision. The dynamic regret Rd(t) can then be
expressed as:

Rd(T ) =
T∑

t=1
ft(xt) − ft(x∗

t ). (2.1)

Comparing an algorithm’s decision sequence to the round-optimal decisions rather than the
best fixed decision in hindsight changes the fundamental design objective. Instead of seeking
to converge towards a fixed solution, tracking a changing optima through time becomes the
goal. Sublinear dynamic regret implies an algorithm will, on average, track the optimal
solution exactly as the time horizon increases. Such algorithms have a much larger sphere
of application as they are much better-suited to dynamic environments. Interestingly, the
seminal paper [3] is also the first to introduce the dynamic regret as a measure of performance.
More refined methods are presented in [4, 23, 24] that present improved sublinear dynamic
regret bounds. The first online algorithm to achieve sublinear regret bounds predicated only
on the accumulated variation of optima (also referred to as path-length) is presented in [25].
This regret bound is the tightest known to date in the OCO literature. Subsequently, an
algorithm was presented in [26], the online Newton’s method, that has matched these bounds
and even provided an explicit bound on optima variation under which dynamic regret is O(1)
where O denotes the asymptotic order.

2.3 Integrating Time-varying Constraints

The integration of time-varying constraints into the OCO setting, which is referred to as
constrained OCO in the sequel, is another extension of the OCO framework. Let gi,t(x)
be convex functions for all i = 1, 2, 3...I, I ∈ N+ at every round t. The most common
formulation of constrained OCO can be written as:

min
xt∈X

ft(xt)

s.t. gi,t(xt) ≤ 0 ∀i
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The constraint violation metric used for this problem, Vio(T ), is defined as:

Vio(T ) =
T∑

t=1

I∑
i=1

[gi,t(xt)]+ ,

where the operator [x]+ denotes max{x, 0}.

Similarly to the loss function, the constraint functions gi,t are only revealed once the agent
has committed to the decision xt. In the most general case, the number of constraints I

at every round can even be time-varying. This is what constitutes the primary challenge
in constrained OCO. There is, therefore, no way to guarantee satisfaction of all constraints
at any time step. However, just as for regret, under certain assumptions, constrained OCO
algorithms can achieve sublinear regret; obtaining feasible decisions on average over long time
horizons.

The first step taken in constrained OCO was to consider long-term or slowly varying con-
straints. This is done in [11, 12, 27], where sublinear constraint violation was obtained but
only under static regret analysis. Another common method in constrained OCO is to em-
ploy virtual queues. This entails solving a Lagrangian system. Approaches that fall into
this category include [11, 13, 18] that possess sublinear static regret and constraint violation
bounds. A stronger performance guarantee is obtained when designing a constrained OCO al-
gorithm posessing sublinear dynamic regret bounds. This has been done in [10] and [8] using
Lagrangian approaches and [9] by using Polyak-lojasiewicz regions. However, the dynamic
regret bounds presented are not as tight as those established for the algorithms presented in
this work.

2.4 Second-order Optimization methods

One of the simplest optimization algorithms is the gradient descent algorithm. The idea
behind this algorithm is seeking to decrease the loss by moving in the direction opposite that
of the steepest slope [28]. Only first-order information (the gradient) is used to compute
the update. The idea behind second-order methods is to use the information contained
in the Hessian matrix (∇2ft(x)) to obtain a better approximation of the function, and,
therefore, to converge more rapidly towards the optimal solution [28, 29]. Such approaches
have many inherent advantages such as not being sensitive to stepsize selection the same
way first-order approaches are [29,30]. Another advantage of such methods is the superlinear
convergence displayed by Newton’s method, a second-order algorithm [30, 31]. Moreover, if
the objective functions possess a bounded third derivative (see self-concordance [32, Section
2.3]), there exists an explicit formulation for the number of iterations required to obtain a
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solution given a certain tolerance [29,30]. Additionally, interior-point methods – second order
methods for constrained optimization – have been developed to conserve this bound on the
number of iterations for convex constrained optimization [30]. Interior-point methods have
the advantage of only yielding feasible (interior) points at every iteration [29,31,32].

Online second-order methods have been developed which benefit from these properties. These
include the aforementioned online Newton’s step from [26]. In [33], the feasibility guarantee of
offline interior-point methods is used to develop a projection-free constrained OCO algorithm
with sublinear static regret bounds. A quasi-Newton approach was extended to the online
setting and used to solve a simplified version of the online OPF in [34]. The algorithms
presented in this Master’s thesis build on these results and make full-use of the advantageous
properties of second-order methods.

2.5 The Optimal Power Flow Problem

The online optimal power flow problem (OPF) is a promising application of OCO algo-
rithms [35]. The OPF consists in determining the most efficient operational settings for
generation, voltage, and power flows across transmission lines whilst ensuring all loads are
adequately supplied. This problem is of paramount importance for operators of the electric
grid. Indeed, finding the optimal solution to this problem enables the operator to minimize
losses – resistive and monetary – while respecting the physical and safety limits imposed on
the transmission network. The ability to quickly and efficiently solve this problem ensures
reliability and stability in the electric grid, hence, reducing the likelihood of disruptions or
outages.

The AC-OPF problem, so-called because no relaxations are employed in its definition, was
first presented in [36]. The power flow equations, active and reactive generation limits,
maximum apparent power limits in power lines, and voltage limits are all considered in
this formulation. The objective of the AC-OPF is usually minimizing the generation costs,
assumed to be convex quadratic in the quantity of active power generated. Consider the set
of buses in the network B ⊆ Nb, b ∈ N. Consider the set of generators G ⊆ B connected to
a set of loads D ⊆ B through a network of power lines L ⊆ B × B. Let γij ∈ C denote the
admittance of the line ij ∈ L. Let pi ∈ R and qi ∈ R indicate the active and reactive power
balance at node i ∈ B. Let pg

i ∈ R and qg
i ∈ R denote active and reactive power generation at

bus i and pd
i ∈ R and qd

i ∈ R denote active and reactive power demand at bus i. Let pij ∈ R
and qij ∈ R represent active and reactive power flow from bus i to bus j. Let p, q, p, q ∈ R
denote the minimum and maximum active and reactive power generation, kij > 0 denote the
apparent power limits in the power line ij, and v, v ≥ 0 denote the voltage magnitude limits.
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Finally, let vi ∈ C denote the voltage phasor at bus i. The physical and safety limits of the
generators and power lines can be written as:

pi ≤ pg
i ≤ pi, ∀i ∈ G

qi ≤ qg
i ≤ qi, ∀i ∈ G

p2
ij + q2

ij ≤ k
2
ij, ∀ij ∈ L.

The safety limits on voltage can be expressed as:

v ≤ |vi| ≤ v,

where |x| denotes the magnitude of the complex number x.

The nodal power balance can be expressed as:

pi = pg
i − pd

i =
∑

i

pij, ∀i ∈ B

qi = qg
i − qd

i =
∑

i

qij, ∀i ∈ B.

The power flow equation can be expressed as:

pij + ȷqij = vi(v∗
i − v∗

j)γ∗
ij, ∀ij ∈ L, (2.2)

where ∗ denotes the complex conjugate.

The objective function (for cost minimization) is written as:

∑
i∈G

ai(pg
i )2 + bip

g
i + ci.

A useful reformulation of the constraint (2.2) employs the matrix W ∈ CcardB2 defined so that
Wij = viv∗

j . The constraint (2.2) can then be equivalently re-expressed with the following
three constraints:

pij + ȷqij = (Wii − Wij)γ∗
ij, ∀ij ∈ L

W ⪰ 0

rank W = 1.
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The first constraint is simply a linear constraint which is convex. The second constraint is a
positive semidefinite constraint. Although more difficult to address than a linear constraint,
a semidefinite constraint is in fact a proper cone which can be treated using commercial
solvers. The formal definition of a proper cone and its relevance to convex problems will be
discussed in the next chapter.

The issue with this formulation is that it is a non-convex quadratically constrainted quadratic
program (QCQP). As such, solving the AC-OPF problem is NP-hard [37,38]. Because of the
scale of power grids and the dynamic nature of loads, this makes the AC-OPF impractical
in many cases. To alleviate this obstacle, convex relaxations of the AC-OPF problem have
been proposed [39]. Being convex problems, they can be solved in polynomial time. Because
they are relaxations, they can often yield exact solutions, i.e., solutions that are feasible and
optimal with respect to the original AC-OPF.

The tightest convex relaxation of the OPF involves removing the rank 1 condition on the
matrix W. This transforms the problem into a semi-definite program. This relaxation was
first proposed in [40]. Another convex relaxation of the OPF is a second-order cone relaxation.
This was first done in [41] and remains one of the fastest relaxations to solve numerically due
to the maturity of the associated commercial solvers. To obtain this relaxation, we remove
the positive semidefinite constraint W ⪰ 0 and instead impose a non-negativity condition
on all 2 × 2 principal minors of the matrix W. The resulting constraint can be expressed as:

WiiWjj ≥ |Wij|2, ∀ij ∈ L.

This can also be expressed as a canonical second-order cone constraint which takes the
following form: ∥∥∥∥∥∥ 2Wij

Wii − Wjj

∥∥∥∥∥∥ ≤ Wii + Wjj, ∀ij ∈ L.

Convex relaxations of the OPF, especially the second-order cone relaxation, play a vital role
in the numerical application of the OCO algorithms presented in Chapter 5. Other convex
relaxations of the OPF have been proposed. A survey of such relaxations is provided in [42].
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CHAPTER 3 DISCUSSION OF THE RESEARCH PROJECT AS A
WHOLE AND GENERAL ORGANIZATION OF THE THESIS OR

DISSERTATION INDICATING THE COHERENCE OF THE ARTICLES IN
RELATION TO THE RESEARCH GOALS

In this thesis, OCO algorithms capable of efficiently tackling time-varying equality constraints
are presented. Specifically, OCO algorithms achieving provable performance with respect to
regret and constraint violation are developed. Two main categories of online optimization
problems are considered in this work. Let xt ∈ RN , N ∈ N be the decision vector at every
timestep t = 1, 2, 3, ...T . Let At ∈ RP ×N , P ∈ N be a full row-rank matrix and bt ∈ RP be
a vector. In Chapter 4, a problem in which an agent seeks to play the best decision xt with
respect to a time-varying loss function ft(xt) : RN 7→ R while satisfying the time-varying
linear equality constraints: Atxt = bt is considered. Formally, at every round t, the following
problem is being resolved:

min
xt

ft(xt)

s.t. Atxt = bt.
(3.1)

Notice in this formulation that ft, At and bt are time-varying. Because the problem is viewed
in the constrained OCO framework, all three of these time-varying parameters are revealed
after having committed to the decision xt.

The problem written in (3.1) is capable of representing many real-world engineering scenarios
such as network flows, portfolio management under constraints, or resource allocation [7,13].
To illustrate the performance of the proposed algorithms, a network flow problem modelling
electric grid distribution is presented. Specifically, the problem can be seen as a branch flow
relaxation of the OPF problem [37]. A commodity, in this case electricity, is transmitted
through a network composed of edges (power lines) and nodes (buses). Transporting a
commodity through an edge incurs a cost, in this case resistive losses. Only real power is
considered.

The problem presented in (3.1) does not integrate inequality constraints. In Chapter 5, gen-
eralized inequality constraints are considered. To understand these generalized inequalities,
we must first define the concept of a proper cone. From [29, Section 2.4], we have that
K ⊆ RN is a proper cone if it is convex, closed, has a nonempty interior, and contains no
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line. Proper cones permit the definition of a partial ordering such that:

x ⪯K y ⇐⇒ y − x ∈ K.

From [29, Section 3.6.2], a function f : RN 7→ RM , N, M ∈ N is said to be convex with
respect to the proper cone K if for all x, y ∈ RN and 0 ≤ α ≤ 1:

f(αx + (1 − α)y) ⪯K αf(x) + (1 + α)f(y).

If K is one-dimensional, we retrieve the standard definition of a convexity. These concepts
can now be utilized to integrate generalized inequalities into our framework.

Let Ki ∈ Rki , ki ∈ N, i = 1, 2, 3, ..., I be proper cones. Let gi : RN 7→ Rki , i = 1, 2, 3, ..., I be
convex functions with respect to the cone Ki. We add the generalized constraints gi(xt) ⪯Ki

0
to the problem considered in the previous chapter. However, because of the complexity of
simultaneously considering equality and inequality constraints, the inequality constraints and
the objective function are assumed to be time-invariant. This gives us the following problem
to solve at every round t:

min
xt

f(xt)

s.t. Axt = bt

gi(xt) ⪯Ki
0 ∀i.

(3.2)

This problem can be reformulated so that the objective function becomes linear by introduc-
ing a slack variable s ∈ R. The problem is then expressed as:

min
s,xt

s

s.t. f(xt) ≤ s

Axt = bt

gi(xt) ⪯Ki
0 ∀i.

Notice here the only time-varying parameter is bt. This will be the only parameter revealed
after the decision xt is implemented, all others being known before the start of the algorithm.
Although this limits the scenarios that can be represented, this can be considered the first
step towards more general approaches. Moreover, this formulation still remains useful notably
because it is possible to express the online OPF in this way. Indeed, the only time-varying
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parameter are the loads because the network configuration is generally time-invariant as
are the characteristics of the lines and generators. For the online OPF, the generalized
inequalities take the form of either a PSD constraint or a second-order cone constraint, two
different types of proper cones. Because of this, the algorithms in Chapter 5 are applied to
an online OPF problem.

Both constrained OCO problems described in (3.1) and (3.2) require dedicated approaches
to be solved efficiently. Such approaches are presented in the two chapters that follow.
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CHAPTER 4 ARTICLE 1 : AN ONLINE NEWTON’S METHOD FOR
TIME-VARYING EQUALITY CONSTRAINTS

Jean-Luc Lupien • Antoine Lesage-Landry

Published in: IEEE Control Systems Letters, 22 February 2023 [43].

Abstract

We consider online optimization problems with time-varying linear
equality constraints. In this framework, an agent makes sequential
decisions using only prior information. At every round, the agent
suffers an environment-determined loss and must satisfy time-varying
constraints. Both the loss functions and the constraints can be chosen
adversarially. We propose the Online Projected Equality-constrained
Newton Method (OPEN-M) to tackle this family of problems. We
obtain sublinear dynamic regret and constraint violation bounds for
OPEN-M under mild conditions. Namely, smoothness of the loss
function and boundedness of the inverse Hessian at the optimum are
required, but not convexity. Finally, we show OPEN-M outperforms
state-of-the-art online constrained optimization algorithms in a nu-
merical network flow application.

Keywords. Optimization algorithms, Time-varying systems, Ma-
chine learning.

4.1 Introduction

In online convex optimization (OCO), an agent aims to sequentially play the best decision
with respect to a potentially adversarial loss function using only prior information [1, 3].
In other words, decisions must be made before observing the loss function and constraints.
OCO algorithms have many applications including portfolio selection, artificial intelligence,
and real-time control of power systems [2, 22,44].

The preponderant performance metric for OCO algorithms is regret [1], the cumulative dif-
ference between the loss incurred by the agent and that of a comparator sequence. Two
main types of regret exist: static and dynamic. For static regret, the comparator sequence
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is defined as the best fixed decision in hindsight [3]. For dynamic regret, the comparator
sequence is the round-optimal decision in hindsight [2,3]. In OCO, one intends to design an
algorithm that possesses a sublinear regret bound. Sublinear regret implies that the time-
averaged regret goes to zero as time increases. The OCO algorithm therefore plays the best
decision with respect to the comparator sequence over sufficiently long time horizons [1, 2].

A persistent obstacle in OCO algorithmic design has been the integration of time-varying
constraints. In this context, the decision sequence must also satisfy environment-determined
constraints [10]. The performance of such algorithms is measured both in terms of its regret
but also its constraint violation, the cumulative distance from feasibility of the agent’s de-
cisions. Similarly to the regret, a sublinear constraint violation is desired and implies that,
on average, decisions will be feasible over a large time horizon [11]. When considering time-
varying constraints, an analysis using the dynamic regret is preferable over one based on
the static regret because the best fixed feasible decision can have an arbitrarily large loss or
might not even exist [12].

Most OCO algorithms tackling time-varying constraints are analysed based only on static
regret. In [11,12] and [33], sublinear regret bounds and violation bounds are achieved for long-
term constraints. Sublinear static regret and constraint violation bounds are also achieved
in [27] using virtual queues and in [18] using an online saddle-point algorithm. More recently,
an augmented Lagrangian method [13] has been shown to outperform previous Lagragian-
based methods [10,18,27] in numerical experiments.

Algorithms with dynamic regret bounds have also been developed such as the modified online
saddle-point method (MOSP) [10]. This algorithm has simultaneous sublinear dynamic regret
and constraint violation bounds. However, MOSP’s bounds are dependent on strict conditions
on optimal primal and dual variable variations in addition to time-sensitive step sizes. An
exact-penalty method for dealing with time-varying constraints possessing sublinear regret
and constraint violation bounds was presented in [45] but shares MOSP’s step size limitation.
Virtual queues are used in [8] with time-varying constraints achieving simultaneous sublinear
regret and constraint violation bounds without requiring Slater’s condition to hold. Sublinear
regret and constraint violation are achieved in [9] including for some non-convex functions
but with considerably looser bounds.

The application of an interior-point method to time-varying convex optimization is presented
in [46]. However, this context differs from OCO because current-round information is avail-
able to the decision-maker.

In this work, our main contribution is the design of a novel online optimization algorithm
that can efficiently deal with time-varying linear equality constraints in the OCO setting.
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This method simultaneously possesses the tightest dynamic regret and constraint violation
bounds presented thus far for constrained OCO problems. Additionally, the method does not
require hyperparameters, time-dependent step sizes, or a predefined time horizon making it
easily implementable.

4.2 Background

In recent work, a second-order method for online optimization yielded tighter dynamic regret
bounds compared to first-order approaches [26]. Specifically, [26] proposes an online ex-
tension of Newton’s method, ONM, applicable to non-convex problems that possesses a tight
dynamic regret bound. However, this approach is only applicable to unconstrained problems.
In an offline setting, the unconstrained and linear equality-constrained Newton’s method’s
performance are the same [29, 32]. This result motivates the extension of ONM to a setting
with time-varying linear equality constraints.

4.2.1 Problem definition

We consider online optimization problems of the following form. Let xt ∈ Rn, n ∈ N be the
decision vector at time t. Let ft: Rn 7→ R be a twice-differentiable function. Let At ∈ Rp×n

be a rank p ∈ N full row-rank matrix, and bt ∈ Rp. The problem at round t = 1, 2, ..., T can
then be written as:

min
xt

ft(xt)

s.t. Atxt = bt.
(4.1)

In this work, dynamic regret will be used as the performance metric because it is more
stringent compared to static regret. Indeed, sublinear dynamic regret implies sublinear static
regret [12]. Dynamic regret Rd(T ) is defined as:

Rd(T ) =
T∑

t=1

[
ft(xt) − ft(x∗

t )
]
, (4.2)

where x∗
t is the round-optimal solution and T ∈ N is the time horizon. For (4.1), the round-

optimum x∗
t is the solution to the following system of equations:

∇ft(x∗
t ) + A⊤

t ν∗
t = 0

Atx∗
t − bt = 0,
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where ν∗
t ∈ Rn is the dual variable associated with (4.1)’s equality constraints.

The constraint violation term is defined as:

Vio(T ) =
T∑

t=1
∥Atxt − bt∥ , (4.3)

and quantifies the cumulative distance from feasibility, with respect to the Euclidean norm, of
the decision sequence. All norms, ∥·∥, refer to the Euclidean norm in the sequel. Constraint
violation is zero if decisions are feasible at all rounds. This definition is similar to that used
in [9,10] and is stricter than in [13] and [8] because the constraints must be satisfied at every
timestep and not on average.

In the first part of this work, we investigate the case for which the feasible space is the same
for all rounds, i.e., At = A, bt = b for all t. The second part builds on this result and extends
it to time-varying equality constraints.

4.2.2 Preliminaries

We define the function Dt(x) : Rn 7→ R(n+p)2 as:

Dt(x) =
∇2ft(x) A⊤

t

At 0

 ,

where ∇2ft(x) is the Hessian matrix of ft. We assume that the Hessian is invertible for all
t which implies that Dt(x) is also invertible [29, Section 10.1]. This guarantees that the
Newton update is defined at every round.

Next, we present the online equality-constrained Newton (OEN) update. For any feasible point
xt, the OEN update minimizes the second-order approximation of ft around xt subject to the
equality constraints. An estimate of the optimal dual variable, νt, is also obtained from the
update.

Definition 4.1 (OEN update). The OEN update is:
∆xt

νt

 = −D−1
t (xt)

∇ft(xt)
0


xt+1 = xt + ∆xt.

(4.4)

Let vt ∈ Rn be the difference between subsequent optima: vt = x∗
t+1 − x∗

t . Throughout this
work, we assume: 0 ≤ ∥vt∥ ≤ v for all t. This limits the variation in optima between two
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subsequent rounds. It is a common assumption in dynamic OCO [9,10,26]. This assumption
could be satisfied in real-world applications such as electric grids where the temporal conti-
nuity imposed by the underlying physics limits the variation in optima provided the timestep
is sufficiently small. The total variation VT is defined as:

VT =
T −1∑
t=0

∥∥∥x∗
t+1 − x∗

t

∥∥∥ =
T −1∑
t=0

∥vt∥ ,

and is bounded above by VT ≤ vT .

An important tool for the analysis of the OEN update is the reduced function f̃t(z) : Rn−p 7→ R
which is a representation of ft(x) over the feasible set.

Let Ft ∈ Rn×(n−p) be such that R(Ft) = N (At) where R is the column space of a matrix
and N is its null space. Let x̂ ∈ Rn be such that Atx̂ − bt = 0. Then, f̃t is defined as:

f̃t(z) = ft(Ftz + x̂).

We remark that the reduced function shares minima with ft, i.e., min
z

f̃t(z) = ft(x∗
t ) [29].

This gives rise to an equivalent unconstrained, reduced problem: min
z

f̃t(z), which can be
solved using ONM [26].

Additionally, there exists a semi-unitary matrix Ft ∈ Rn×(n−p) such that R
(
Ft

)
= N (At).

Without loss of generality, we let Ft = Ft in our analysis. It follows that for any zt satisfying
xt = Ftzt + x̂, we have ∥xt − x∗

t ∥ =
∥∥∥Ft(zt − z∗

t )
∥∥∥ = ∥zt − z∗

t ∥. In other words, the norm
of the original problem’s OEN update and the reduced problem’s ONM update coincide when
Ft = Ft.

4.2.3 Assumptions

We now introduce three recurring assumptions that are used throughout this work. These
assumptions are mild and notably do not require the objective function to be convex. These
assumptions must hold for all t = 1, 2, 3, ..., T .

Assumption 4.1. There exists a constant h > 0 such that:

∥∥∥∇2ft(x∗
t )−1

∥∥∥ ≤ 1
h

.

Assumption 4.2. There exists non-negative finite constants β > 0 and 0 < L < +∞ such
that:

∥x − x∗
t ∥ ≤ β ⇒

∥∥∥∇2ft(x) − ∇2ft(x∗
t )
∥∥∥ ≤ L ∥x − x∗

t ∥ .
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Assumption 4.3. There exists 0 < l < +∞ such that:

|ft(x) − ft(x∗
t )| ≤ l ∥x − x∗

t ∥ .

Assumption 4.1 imposes an upper bound on the norm of the inverse Hessian at the optimum.
This implies that the Hessian’s eigenvalues can be positive or negative but must be bounded
away from zero. For convex loss functions, this is equivalent to strong convexity which is a
common assumption in OCO [1, 26, 27]. Assumptions 4.2 and 4.3 define a local Lipschitz
continuity condition on the Hessian and a Lipschitz condition on the objective function
around the optimum, respectively.

4.2.4 Reduced function identities

We now provide two lemmas which characterize the reduced function f̃t.

Lemma 4.1. [29, Section 10.2.3] Suppose

1. ∃Ft such that N (At) = R(Ft);

2. ∃x̂ such that Atx̂ = bt;

3. Atxt − bt = 0.

Consider the Newton step applied to the reduced function f̃t(zt): ∆zt = −∇2f̃t(zt)−1∇f̃t(zt).
Then the following identity holds :

∆xt = Ft∆zt. (4.5)

Lemma 4.1 implies that the Newton step applied to the constrained problem coincides with
the Newton step applied to the reduced problem. By setting Ft = Ft, we obtain ∥∆xt∥ =
∥∆zt∥.

The second lemma characterizes the local strong convexity and Lipschitz continuity of the
reduced function.

Lemma 4.2. Suppose Assumptions 4.1 and 4.2 hold. Then we have:

∥∥∥∇2f̃t(z∗
t )−1

∥∥∥ ≤ 1
σmin(Ft)2h

(4.6)

∥z − z∗
t ∥ ≤ β

∥Ft∥
⇒
∥∥∥∇2f̃t(z) − ∇2f̃t(z∗

t )
∥∥∥ ≤ L ∥Ft∥3 ∥z − z∗

t ∥ , (4.7)
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where σmin(Ft) is the minimum singular value of Ft.

Proof. Differentiating f̃t twice, we obtain,

∇2f̃t(z) = Ft∇2ft(x∗
t )F⊤

t .

The inverse Hessian of f̃t is thus upper bounded by:
∥∥∥∇2f̃t(z∗)−1

∥∥∥ =
∥∥∥Ft(F⊤

t Ft)−1∇2ft(x∗
t )−1(F⊤

t Ft)−1F⊤
t

∥∥∥
≤
∥∥∥(F⊤

t Ft)−1F⊤
t

∥∥∥2 ∥∥∥∇2ft(x∗
t )−1

∥∥∥
≤ 1

σmin(Ft)2h
,

which is (4.6).
For (4.7), we have,

∥∥∥∇2f̃t(z) − ∇2f̃t(z∗
t )
∥∥∥ =

∥∥∥Ft

(
∇2ft(Ftz + x̂) − ∇2ft(Ftz∗

t + x̂)
)
F⊤

t

∥∥∥
≤ ∥Ft∥2

∥∥∥∇2ft(Ftz + x̂) − ∇2ft(Ftz∗
t + x̂)

∥∥∥
≤ ∥Ft∥2 L ∥Ft(z − z∗

t )∥

≤ L ∥Ft∥3 ∥z − z∗
t ∥ ,

where the last inequalities follow from the Lipschitz continuity of ∇2ft and the definition of
zt, respectively.

4.2.5 Feasible Newton update

Using Lemmas 4.1 and 4.2, we derive the following lemma for the original constrained prob-
lem:

Lemma 4.3 (Equality-constrained Newton identities). Suppose Assumptions 4.1, 4.2 hold
and:

1. ∥xt − x∗
t ∥ < min

{
β, h

2L

}
;

2. Atxt − bt = 0.
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Then we have the following two identities for OEN:

∥xt+1 − x∗
t ∥ < ∥xt − x∗

t ∥ ; (4.8)

∥xt+1 − x∗
t ∥ ≤ 2L

h
∥xt − x∗

t ∥2 . (4.9)

The first inequality guarantees the next iterate is strictly closer to the optimum compared
to the current iterate. The second inequality provides an upper bound on this value.

Proof. By the definition of the OEN update and Lemma 4.1 we have:

xt+1 − x∗
t = xt − x∗

t − Ft∇2f̃t(zt)−1∇f̃t(zt).

Rearranging and letting Ft = Ft, we have

xt+1 − x∗
t = xt − x∗

t − Ft∇2f̃t(zt)−1
(
∇f̃t(zt) − ∇f̃t(z∗

t )
)

= xt − x∗
t − Ft∇2f̃t(zt)−1 ·

∫ 1

0
∇2f̃t

(
zt + τ(z∗

t − zt)
)
(z∗

t − zt)dτ.

From the symmetry of the Hessian and its inverse we have,

xt+1 − x∗
t = xt − x∗

t − Ft(z∗
t − zt)∇2f̃t(zt)−1 ·

∫ 1

0
∇2f̃t

(
zt + τ(z∗

t − zt)
)
dτ

= (x∗
t − xt)∇2f̃t(z)−1 ·

∫ 1

0

[
∇2f̃t

(
zt + τ(z∗

t − zt)
)

− ∇2f̃t(zt)
]
dτ.

Taking the norm on both sides and using Lemmas 4.1 and 4.2 yields

∥xt+1 − x∗
t ∥ ≤ ∥x∗

t − xt∥
∥∥∥∇2f̃t(zt)−1

∥∥∥ ·
∫ 1

0

∥∥∥∇2f̃t

(
zt + τ(z∗

t − zt)
)

+ ∇2f̃t(zt)
∥∥∥ dτ

≤ ∥x∗
t − xt∥

∥∥∥∇2f̃t(zt)−1
∥∥∥ ·
∫ 1

0
2L

∥∥∥Ft

∥∥∥2
τ ∥x∗

t − xt∥ dτ

≤
∥∥∥∇2f̃t(zt)−1

∥∥∥L ∥x∗
t − xt∥2 . (4.10)

Using [26, Lemma 2], we can bound the inverse Hessian as:

∥∥∥∇2f̃(zt)−1
∥∥∥ ≤ 1

σmin(Ft)2h − L
∥∥∥Ft

∥∥∥2
∥x∗

t − xt∥

≤ 1
h − L ∥x∗

t − xt∥
, (4.11)
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because σmin(Ft) =
∥∥∥Ft

∥∥∥ = 1. Substituting (4.10) into (4.11) leads to:

∥xt+1 − x∗
t ∥ ≤ L

h − L ∥x∗
t − xt∥

∥x∗
t − xt∥2 (4.12)

Finally, (4.8) and (4.9) follows from (4.12) and [26, Lemma 2]’s proof.

4.3 Online Equality-constrained Newton’s Method

We now present our online optimization methods for problems with time-independent and
time-varying equality constraints.

4.3.1 Online Equality-constrained Newton’s Method

In this section, we propose the Online Equality-constrained Newton’s Method (OEN-M) for
online optimization subject to time-invariant linear equality constraints. This is the first
online, second-order algorithm that admits constraints. OEN-M is presented in Algorithm 1.

Algorithm 1: Online Equality-constrained Newton’s Method
Parameters: A, b
Initialization: Receive x0 ∈ R such that

∥x0 − x∗
0∥ < γ = min

{
β, h

2L

}
and Ax0 − b = 0

for t = 0, 1, 2...T do
Play the decision xt.
Observe the outcome ft(xt).
Update decision:[
xt+1
νt

]
=
[
xt

0

]
− Dt(xt)−1

[
∇ft(xt)

0

]
.

end for

We now show that OEN-M has a dynamic regret bounded above by O(VT + 1) and a null
constraint violation.

Theorem 4.1. If Assumptions 4.1−4.3 hold and the following conditions are respected:

1. ∃x0 such that ∥x0 − x∗
0∥ < γ = min{β, h

2L
};

2. v < γ − 2L
h

γ2.
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Then the regret Rd(T ) and the constraint violation Vio(T ) are bounded above by :

Rd(T ) ≤ lh

h − 2Lγ
(VT + δ); (4.13)

Vio(T ) = 0, (4.14)

where δ = 2L
h

γ(∥x0 − x∗
0∥ − ∥xT − x∗

T ∥).

Remark 4.1. The assumption that the decision-maker has access to x0 such that ∥x0 − x∗
0∥ ≤

γ is standard in OCO [9, 18, 26]. Essentially, this means obtaining a good starting estimate
of the initial optimal solution is required. It is assumed that a good estimate can be obtained
before the start of the online process from, for example, offline calculations or a previously
implemented decision.

Proof. Using Assumption 4.3, the regret is bounded by:

Rd(T ) =
T∑

t=1

∣∣∣ft(xt) − ft(x∗
t )
∣∣∣ ≤ l

T∑
t=1

∥xt − x∗
t ∥ . (4.15)

Rearranging (4.15)’s sum we obtain:

T∑
t=1

∥xt − x∗
t ∥ =

T∑
t=1

∥∥∥xt − x∗
t−1 + x∗

t−1 − x∗
t

∥∥∥
≤

T∑
t=1

∥∥∥xt − x∗
t−1

∥∥∥+
T∑

t=1

∥∥∥x∗
t − x∗

t−1

∥∥∥
≤

T −1∑
t=0

2L

h
∥xt − x∗

t ∥2 + VT

≤
T∑

t=1

2L

h
γ ∥xt − x∗

t ∥ + VT + δ,

where δ = 2L
h

γ(∥x0 − x∗
0∥ − ∥xT − x∗

T ∥). Lemma 4.3 is used to obtain the second inequality.
Solving for ∥xt − x∗

t ∥, we have:

T∑
t=1

∥xt − x∗
t ∥ ≤

(
1 − 2L

h
γ
)−1

(VT + δ). (4.16)

This implies that the dynamic regret is bounded above by:

Rd(T ) ≤ lh

h − 2Lγ
(VT + δ),
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and hence, Rd(T ) ≤ O(VT + 1).

As for the constraint violation, we have that x0 is feasible by assumption. Because every OEN
update is such that A∆x = 0, every subsequent decision will also be feasible. We thus have:

Vio(T ) =
T∑

t=1
∥Axt − b∥ = 0,

which completes the proof.

4.3.2 Online Projected Newton’s Method

We now consider online optimization problems with time-varying equality constraints. OEN
does not apply to this class of problems because the previously played decision might not be
feasible under the new constraints. We propose the Online Projected Equality-constrained
Newton’s Method (OPEN-M) to address this limitation. OPEN-M consists of a projection of the
previous decision onto the new feasible set followed by an OEN step from this point. OPEN-M
is detailed in Algorithm 2. We now analyse the performance of OPEN-M.

Algorithm 2: Online Projected Eq.-const. Newton’s Method
Initialization: Receive x0 ∈ R such that ∥x0 − x∗

0∥ < γ = min
{
β, h

2L

}
for t = 0, 1, 2...T do

Play the decision xt.
Observe the outcome ft(xt) and constraints At, bt.
Project xt onto the feasible set:
x̃t = xt + A⊤

t (AtA⊤
t )−1(bt − Atxt).

Update decision:[
xt+1
νt

]
=
[
x̃t

0

]
− Dt(x̃t)−1

[
∇ft(x̃t)

0

]
.

end for

Theorem 4.2. Suppose Assumptions 4.1−4.3 hold and:

1. ∃x0 such that ∥x0 − x∗
0∥ < γ = min{β, h

2L
};

2. v < γ − 2L
h

γ2;

3. ∃a > 0 such that ∥At∥ ≤ a ∀t.
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Then the regret Rd(T ) and the constraint violation Vio(T ) of OPEN-M is bounded above by :

Rd(T ) ≤ lh

h − 2Lγ
(VT + δ) (4.17)

Vio(T ) ≤ ah

h − 2Lγ
(VT + δ), (4.18)

where δ = 2L
h

γ(∥x0 − x∗
0∥ − ∥xT − x∗

T ∥)

Proof. We first show that the following inequality holds:

∥x̃t − x∗
t ∥ ≤ ∥xt − x∗

t ∥ . (4.19)

Since x̃t is the projection of xt onto the feasible set at time t, xt − x∗
t and x̃t − xt are

orthogonal. It follows that: ∥x̃t − x∗
t ∥2 = ∥xt − x∗

t ∥2 − ∥x̃t − xt∥2 . Because ∥x̃t − xt∥ ≥ 0,
we have ∥x̃t − x∗

t ∥ ≤ ∥xt − x∗
t ∥, which is (4.19).

This means that ∥x̃t − x∗
t ∥ ≤ γ which means the projected decision x̃t satisfies all the re-

quirements for OEN-M. The same analysis as for OEN-M therefore holds for OPEN-M and the
same regret bound is obtained, thus leading to (4.17).

As for the constraint violation, we recall:

Vio(T ) =
T∑

t=1
∥Atxt − bt∥ .

Using the fact that x∗
t is feasible for every timestep,

Vio(T ) =
T∑

t=1
∥Atxt − bt − (Atx∗

t − bt)∥

=
T∑

t=1
∥At(xt − x∗

t )∥ .
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By the Cauchy-Swartz inequality and the bound on At:

Vio(T ) ≤
T∑

t=1
∥At∥ ∥xt − x∗

t ∥

≤ a
T∑

t=1
∥xt − x∗

t ∥

≤ ah

h − 2Lγ
(VT + δ),

where the last inequality follows from (4.16). This yields (4.18) and completes the proof.

Remark 4.2. Because a closed-form projection step is possible for OPEN-M, the algorithmic
time-complexity is the same as for OEN-M. This is because the time-complexity of OEN-M and
OPEN-M are dominated by the matrix inversion step which is O(n5 log(n)) in the general case.
Thus, there is no additional burden to OPEN-M’s projection step which is O(n3) in the worst
case.

Remark 4.3. OPEN-M possesses the tightest dynamic regret bounds of any previously pro-
posed online equality-constrained algorithm in the literature [8–10, 13]. Under the standard
assumption in OCO that the variation of optima VT is sublinear [13], constraint violation
and regret will be sublinear. The method is also parameter-free which eliminates the need
for time-dependent step sizes and hyperparameter tuning, e.g., the step size in gradient-based
methods. The time horizon during which the algorithm is used is also arbitrary and does
not need to be defined before execution. These advantages provide ample justification for the
additional complexity of the inversion step.

4.4 Numerical Experiment

We now illustrate the performance of OPEN-M and use it in an optimal network flow problem.
This type of problem can model electric distribution grids when line losses are considered as
negligible [47, 48]. In this context, a convex, quadratic cost is most commonly used. Note
that, OPEN-M is also applicable to non-convex cost functions.

Consider the network flow problem over a directed graph G = (M, L) with nodes M and
directed edges L. At every timestep t, load (sink) nodes, i ∈ D, require a power supply bi

t

and generator (source) nodes, j ∈ P , can produce a positive quantity of power. The power is
distributed through the edges of the graph. The decision variable is xt and models the power
flowing through each edge. Assuming no active power losses, the power balance at each node
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leads to the constraint: Axt = bt where b
(i)
t is the power demand at each load node and:

A(i,l) =


1, if edge l enters node i

−1, if edge l leaves node i

0, else.

A numerical example is provided next using a fixed, radial network composed of 15 nodes
connected via 30 arcs. A single power source is located at the root of the network. Every
node’s load is chosen independently as: bi

t = ζ√
t

+ 10 where t denotes the round and ζ is
uniformly sampled in [0, 5]. The cost function fi for each arc i is convex and adopts the
following form: fi(x) = αieβi|x|. The parameters αi and βi are chosen following: αi = η√

t
+ 1

and βi = γ√
t

+ 2 where t denotes the round and η and γ are uniformly sampled in [0, 10]
at every round. This loss function is chosen because it is harder to solve than a quadratic
function and yet approximately models electric grid costs. The temporal dependence of the
parameters ensures that the total variation of optima (VT ) is bounded and sublinear. The
time horizon is set to T = 2500. The fixed nature of the network and the diagonal Hessian
matrix means that the inversion step only has to be done once. Note that OPEN-M also admits
time-varying network topologies, i.e., using At instead of A.

We use MOSP from [10] and the model-based augmented Lagrangian method (MALM) from [13]
as benchmarks to establish OPEN-M’s performance. Because these algorithms can only admit
inequality constraints, the equality constraint Axt = bt is relaxed to Axt − bt ≤ 0. This
ensures that there is enough power at every node but lets the operator over-serve loads. This
relaxation is mild because the constraint should be active at the optimum given that costs
are minimized. Dynamic regret, defined in (4.2), and constraint violation, defined in (4.3),
for this problem are presented in Figures 4.1 and 4.2, respectively.

We observe sublinear dynamic regret and constraint violation from all three algorithms il-
lustrating they are well-adapted to this problem. We remark that OPEN-M exhibits a lower
regret than both the MOSP and MALM algorithms. Indeed, the dynamic regret of OPEN-M is
multiple order of magnitude smaller. OPEN-M also has significantly better constraint violation
compared to the other two algorithms.

4.5 Conclusion

In this paper, a second-order approach for online constrained optimization is developed.
Under linear time-varying equality constraints, the resulting algorithm, OPEN-M, achieves
simultaneous O(VT + 1) dynamic regret and constraint violation bounds. These bounds are
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Figure 4.1 Dynamic regret comparison of OPEN-M, MOSP and MALM

Figure 4.2 Constraint violation comparison of OPEN-M, MOSP and MALM
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the tightest yet presented in the literature. A numerical network flow example is presented
to showcase the performance of OPEN-M compared to other methods from the literature.

Considering the prevalence of interior-point methods in the offline optimization literature,
an extension of the equality-constrained Newton’s method which admits inequality con-
straints [32], a similar extension can be envisioned for OPEN-M. A second-order approach to
an online optimization problem with time-varying inequalities has the potential to improve
current dynamic regret and constraint violation bounds.
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Abstract

An important challenge in the online convex optimization (OCO) set-
ting is to incorporate generalized inequalities and time-varying con-
straints. The inclusion of constraints in OCO widens the applicability
of such algorithms to dynamic but safety-critical settings such as the
online optimal power flow (OPF) problem. In this work, we propose
the first projection-free OCO algorithm admitting time-varying linear
constraints and convex generalized inequalities: the online interior-
point method for time-varying equality constraints (OIPM-TEC). We
derive simultaneous sublinear dynamic regret and constraint violation
bounds for OIPM-TEC under standard assumptions. For applications
where a given tolerance around the optima is accepted, we propose
a new OCO performance metric – the epsilon-regret – and a more
computationally efficient algorithm, the epsilon OIPM-TEC, that pos-
sesses sublinear bounds under this metric. Finally, we showcase the
performance of these two algorithms on an online OPF problem and
compare them to another OCO algorithm from the literature.

Keywords. Online convex optimization, Optimization algorithms,
Time-varying systems, Machine learning.

5.1 Introduction

Online convex optimization (OCO) with time-varying constraints, henceforth referred to
as constrained OCO, is an emerging field with many practical applications including net-
work resource allocation [50], portfolio selection [2], and control of electric grids [35] or of
multi-energy systems [45]. In OCO, an agent makes sequential decisions to minimize an
environment-determined loss function [1–3]. Constrained OCO adds the requirement that
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the decision sequence is subject to time-varying constraints. Integrating online or time-
varying constraints is essential to ensure effective implementation of OCO algorithms in
safety-critical applications. The performance of a constrained OCO algorithm is measured
both in terms of its regret and its constraint violation [1,9]. These represent the cumulative
distance from optimality and from feasibility, respectively. Regret can be calculated either
by comparing the decision sequence to the best fixed decision in hindsight (static regret) or
to the round-optimal decision (dynamic regret) [4]. The dynamic regret is a tighter metric
than the static regret as a bounded dynamic regret guarantees a bounded static regret [10].
When designing an OCO algorithm, the objective is to obtain sublinear regret and constraint
violation bounds which imply the time-averaged regret and constraint violation will go to
zero as the time-horizon goes to infinity [1,2,10]. This means implemented decisions will be
optimal and feasible, on average, over a long time horizon.

A promising application of constrained OCO is the online optimal power flow (OPF) problem.
The OPF problem consists of finding the optimal power generation profile that minimizes
costs for the operator of the electric grid while ensuring that all loads are adequately supplied
and that physical and safety limits are respected [38]. This problem is non-convex and thus
NP-hard to solve. For this reason, multiple convex relaxations of the OPF have been for-
mulated to compute an approximated solution in polynomial time [37, 38, 51]. However, the
tightest convex relaxations are conic relaxations that leverage generalized inequalities [37].
This makes solving these problems tedious and time-consuming in large-scale systems. In
modern power grids, the integration of renewable energy sources introduces power fluctua-
tions on a significantly faster timescale when compared to conventional generators [44]. This
makes the traditional approach of solving the OPF every 15-30 minutes [35, 39] unable to
conform to the renewable timescale. The efficiency, adaptability, and resiliency of constrained
OCO algorithms can overcome this limitation.

However, solving a conic relaxation of the OPF problem in an OCO context is challenging for
multiple reasons. First and foremost is the integration of time-varying equality constraints
linked to changes in power demand. Addressing the generalized inequalities associated with
the conic constraints is also an obstacle. Many OCO algorithms use a projection step [8,10,13]
onto the feasible space defined by these constraints. This is problematic because when the
feasible space is the cone of positive semi-definite (PSD) matrices or a second-order cone –
as is the case in the relaxed OPF – the projection can be as costly as solving the offline
problem. Additionally, the less stringent static regret is ill-adapted to an online OPF setting.
A fixed solution satisfying the constraints at all timesteps may incur arbitrarily large losses or
might not exist at all [10]. Therefore, a candidate OCO algorithm for the online OPF is one
admitting time-varying equality constraints, being projection-free, and possessing a sublinear
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dynamic regret and constraint violation. We propose an online optimization approach based
on a primal interior-point method that possesses these three qualities.

Related work Although many constrained OCO approaches can be found in the liter-
ature, none possesses all three required properties necessary to effectively solve the online
OPF. The majority of OCO algorithms that admit time-varying constraints use static re-
gret as a performance metric. This metric uses the best fixed decision in hindsight as the
comparator sequence. A common approach in this setting is to use a virtual queue to en-
sure a bounded static regret while satisfying long-term or slowly varying constraints. This
approach is equivalent to solving a modified Lagrangian system. Virtual queues are used
in [11, 12, 18, 27] to achieve sublinear static regret and constraint violation bounds. The
model-based augmented Lagrangian method (MALM) presented in [13], which possesses sub-
linear regret and constraint violation bounds, has been shown to experimentally outperform
many of these previous methods. A projection-free OCO algorithm utilising barrier functions
as regularizers is presented in [33] which achieves sublinear static regret. This approach does
not admit time-varying equality constraints or a dynamic regret bound.

Algorithms with dynamic regret bounds have also been developed to handle time-varying
constraints. An online saddle-point method (MOSP) proposed in [10] and an approach using
virtual queues presented in [8] possess sublinear dynamic regret and constraint violation
bounds. These bounds are, however, predicated on strict limits on objective and constraint
function variations as well as time-varying stepsizes. Both these algorithms rely on a costly
projection step for conic constraints. Sublinear dynamic regret and constraint violation is
obtained in [9] even for non-convex functions. The bounds are looser than those of [8,10] and
the algorithm requires a projection at every iteration. A primal-dual mirror descent approach
was proposed in [17] for distributed OCO and analyzed using dynamic regret but the authors
only obtained constraint violation bounds that grow linearly with time. A second-order
method was presented in [26] for unconstrained optimization which was extended in [43] to
admit time-varying equality constraints. Both these approaches have tight dynamic regret
bounds but are incompatible with inequality constraints.

Approaches to iteratively solve the OPF have also been presented. An algorithm based
on a quasi-Newton update was used to solve the OPF in real-time in [34]. Although this
algorithm has good tracking performance under strict conditions, the authors did not derive
a bound on constraint violation. A distributed feedback controller is designed in [52] but
uses a linear approximation of the OPF rather than a conic relaxation. A model-free online
feedback optimization algorithm is presented in [53]. This approach is shown to converge to
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optimal solutions of the OPF problem but does not have theoretical guarantees on tracking
or constraint violation.

In this paper, we present the first constrained OCO algorithm capable of satisfying all three
necessary conditions for effective resolution of the online OPF. This is achieved by extending
the OPEN-M algorithm from [43] to integrate generalized inequalities using an interior-point
method-like update. Our contributions can be summarized as follows:

• We present the first projection-free OCO algorithm that admits convex generalized
inequalities and time-varying linear equality constraints while achieving tight sublinear
dynamic regret and constraint violation bounds.

• We introduce the notion of epsilon-regret in which one accepts being in an epsilon-
neighbourhood of the optimal solution and propose an efficient algorithm possessing
tight epsilon-regret and constraint violation bounds.

• We illustrate the performance of our approaches by solving an online OPF based on
the 33-bus Matpower case.

5.2 Preliminaries

In this section, we define useful terms, lay down important assumptions, and introduce the
Newton’s step which will be used in the analysis of our main results.

5.2.1 Definitions

In this work, our goal is to solve time-varying equality constrained OCO problems subject to
generalized inequality constraints described in (5.1). The generalized inequality constraints
can, for example, be defined with respect to the cone of positive semidefinite matrices or a
second-order cone. Formally, let c ∈ RN be our objective vector with N ∈ N the dimension
of the decision variable. Let xt ∈ RN be the decision vector at any time t = 0, 1, 2, ..., T

where T ∈ N is the time horizon. Let Ki, i = 1, 2, ..., I, I ∈ N be a proper cone as defined
in [29, Section 3.6.2]. All functions gi(x) : RN 7→ RKi , i = 1, 2, ..., I, are assumed to be
convex with respect to Ki and self-concordant. Self-concordancy is defined in (5.4) and is a
common assumption in the interior-point literature [29, 32]. Let the matrix A ∈ RP ×N be
a full row-rank matrix with P ∈ N, P < N . Let the vector bt ∈ RP be time-varying. In
the sequel, the norm ∥·∥ denotes the Euclidean norm. In summary, we tackle the following
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online optimization problem:

min
xt

c⊤xt

s.t. gi(xt) ⪯Ki
0, for i = 1, 2, 3, ..., I

Axt − bt = 0.

(5.1)

We remark that the only time-dependent parameter is the vector bt in this formulation.
Although this limits the scope of OCO problems that can be represented, many applications
are adequately modelled in this manner. This is the case for the optimal power flow prob-
lem, for example, where the only time-dependent parameter are the loads that need to be
supplied [37,38]. We define the optimal decision, x∗

t , to (5.1) at every timestep as:

x∗
t ∈ argmin

x
c⊤x

s.t. gi(x) ⪯Ki
0, for i = 1, 2, 3, ..., I

Ax − bt = 0.

To measure the performance of constrained OCO algorithms, two metrics are employed:
regret and constraint violation. These represent the cumulative distance from optimality
and from feasibility, respectively. In this work, dynamic regret is used which uses the round-
optimal solution x∗

t as a comparator. This can be formally defined as:

Rd(T ) =
T∑

t=1
c⊤xt − c⊤x∗

t . (5.2)

Let dKi
(x) = min

x̃
∥x − x̃∥ s.t. gi(x̃) ⪯Ki

0, the closest distance from the point x to a point
in the interior of the proper cone Ki. We can then define constraint violation as:

Vio(T ) =
T∑

t=1

[∑
i

dKi
(xt) + ∥Axt − bt∥

]
. (5.3)

Constraint violation at t is null if decision xt is feasible and positive otherwise. We define
the cumulative variation between optimal decisions VT as:

VT =
T∑

t=1

∥∥∥x∗
t − x∗

t−1

∥∥∥ .

Similarly, we define the cumulative variation in the right-hand term of the time-varying
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equality constraint b as:

Vb =
T∑

t=1
∥bt − bt−1∥ .

Let ∥·∥x denote the Hessian norm as in [32]. For any vector z ∈ RN in the domain of a
function f(x) ∈ RN 7→ R, the Hessian norm is:

∥z∥2
x = z⊤∇2f(x)z.

The Hessian norm will be used extensively in the analysis of our proposed constrained OCO
algorithms.

An important property of functions that guarantees convergence of interior-point methods
is self-concordance [29, 32]. Self-concordance can be defined as all functionals for which any
x1, x2 ∈ RN such that ∥x2 − x1∥x1

< 1, satisfy the following condition:

∥v∥x2

∥v∥x1

≤ 1
1 − ∥x2 − x1∥x1

, (5.4)

for any non-zero vector v ∈ RN . Next, we define the barrier functional ϕ(x) ∈ RN 7→ R as
follows:

ϕ(x) =
I∑

i=1
− log

(
− gi(x)

)
.

Here the logarithm is either the natural logarithm if gi is a scalar function or a generalized log-
arithm as defined in [29, Section 11.6]. This barrier functional is convex and self-concordant
over its domain [29].

Interior-point methods do not attempt to solve (5.1) directly. Instead, a sequence of convex
optimization problems related to the original problem are solved. This is achieved in the
following way. Let η ∈ R+ be a positive barrier parameter. This barrier parameter is useful
in defining the following equality-constrained problem:

min
xt

ηc⊤xt + ϕ(xt)

s.t. Axt − bt = 0.
(5.5)

Problem (5.5) is of interest because when η → ∞, the solutions of (5.1) and (5.5) coincide.
The strategy is, therefore, to incrementally increase η, iteratively solving the original problem.
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In the sequel, we use the following notation:

d(xt, η) def= ηc⊤xt + ϕ(xt). (5.6)

This represents the objective function we seek to minimize at every timestep t given a barrier
parameter η.

Finally, we denote the feasible set by Df
def=
{
x ∈ RN |gi(x) ⪯ 0, ∀i, Ax − bt = 0

}
.

5.2.2 Assumptions

Certain sufficient conditions need to be met to ensure the regret and constraint violation suf-
fered by the algorithms are sublinear. These are standard in the interior-point literature [51]
and will hold for any convex relaxation of the OPF problem [38].

1. The relative interior of the feasible set Df forms a closed and convex set.

2. The feasible set Df is non-empty. This implies there exists at least one feasible point
and that Slater’s condition holds.

3. The barrier functional ϕ(x) is a self-concordant barrier functional of complexity vf ∈
R+. That is,

sup
x

∇ϕ(x)∇2ϕ−1(x)∇ϕ(x) ≤ vf . (5.7)

The complexity of standard barrier functionals can be reasonably bounded by the
dimension of the decision space, i.e., vf = O(N) [29]. For example, the barrier func-
tionals used for the space of positive semi-definite (PSD) matrices, second-order cones,
quadratic functions, and linear functions all satisfy (5.7) [32, Section 2.3].

4. For x ∈ Df we have: ∥∥∥∥∥∥
∇2ϕ(x) A⊤

A 0

∥∥∥∥∥∥ ≤ 1
m

.

This is a similar assumption to [29, Chapter 10].

We assume that Assumptions 1-4 hold hereinafter.
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5.2.3 Newton Step

To define the Newton’s step, we use the following formalism:

yt =
xt

νt


rt(yt, η) =

∇d(xt, η) + A⊤νt

Axt − bt


D(yt) =

∇2d(xt) A⊤

A 0

 =
∇2ϕ(xt) A⊤

A 0

 .

We notice that D is the gradient of r and is independent of both time t and barrier parameter
η.

The infeasible Newton’s step, nt(yt, η), – so-called because it does not require a feasible initial
point – at round t associated to a barrier parameter η is defined as:

nt(yt, η) = ∆yt = −D(yt)−1rt(yt, η),

where t denotes the current round.

We now present a sequence of lemmas that will later be used to to prove our main results in
Section 5.3.

Lemma 5.1. Consider the following functional:

Γ(y) = Γ(x, ν) = dη(x) + ν⊤Ax − ν⊤bt,

where dη(x) = d(x, η) and η is set to a fixed constant. Then Γ is self-concordant and ∇Γ(y) =
r(y) and ∇2Γ(y) = D(y).

Proof. The third derivative of Γ(y) coincides with the third derivative of dη(x) having no
dependency in ν. Because the third derivative of dη(x) is bounded by assumption, this
provides a bound on the third derivative of Γ(y). By [32, Section 2.5], we have that Γ(y) is
self-concordant.

Lemma 5.2. Let Γ(y) = d(x, η)+ν⊤Ax−ν⊤bt be a self-concordant function. The following
holds: ∥∥∥D−1(y1)D(y2)

∥∥∥
y1

≤ 1
(1 − ∥y1 − y2∥y1

)2 .
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Proof. The inequalities follow directly from the definition of self-concordance [32]. We have:

∥∥∥D−1(y1)D(y2)
∥∥∥

y1
= max

v

v⊤D(y1)D−1(y1)D(y2)v
∥v∥2

y1

= max
v

∥v∥2
y2

∥v∥2
y1

≤
(

1
1 − ∥y2 − y1∥y1

)2

,

and we have established the inequality.

The dual-feasible nature of every point on the central path provides an estimation of the
error for each iteration. Defining the next iterate as y+ = y+nt(y, η), Lemma 5.3 formalizes
this concept.

Lemma 5.3. For any pair {y, η} such that ∥nt(y, η)∥y ≤ 1, we have:

∥∥∥nt(y+, η)
∥∥∥

y+
≤

∥nt(y, η)∥2
y

(1 − ∥nt(y, η)∥y)2 . (5.8)

Proof. From the definition of the Newton’s step, we have:

∥nt(y, η)∥2
y = rt(y, η)⊤D(y)−1rt(y, η).

We can now express ∥nt(y+, η)∥y+ as:

∥∥∥nt(y+, η)
∥∥∥2

y+
= rt(y+, η)⊤D(y+)−1rt(y+, η)

= rt(y+, η)⊤D(y)−1D(y)D(y+)−1rt(y+, η)

≤
∥∥∥D(y)D(y+)−1

∥∥∥
y

rt(y+, η)⊤D(y)−1rt(y+, η)

=
∥∥∥D(y)D(y+)−1

∥∥∥
y

∥∥∥D(y)−1rt(y+, η)
∥∥∥2

y
,

where D(y)⊤ = D(y) because D is symmetric. Using Assumption 4, we can bound the first
term by:

∥∥∥D(y)D(y+)−1
∥∥∥

y
≤ 1

(1 − ∥y+ − y∥y)2

= 1
(1 − ∥nt(y, η)∥y)2.
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Therefore, we have that:

∥∥∥nt(y+, η)
∥∥∥

y+
≤

∥D(y)−1rt(y+, η)∥y

1 − ∥nt(y, η)∥y
. (5.9)

We now bound the numerator of (5.9). We have:
∥∥∥D(y)−1rt(y+, η)

∥∥∥
y

=
∥∥∥D(y)−1rt(y+, η) − D(y)−1rt(y, η) − nt(y, η)

∥∥∥
y

≤
∫ 1

0

∥∥∥D(y)−1D
(
y − τnt(y, η)

)∥∥∥
y

∥nt(y, η)∥y dτ +
∫ 1

0
∥nt(y, η)∥y dτ.

Using Lemma 5.2 yields:

∥∥∥D(y)−1rt(y+, η)
∥∥∥

y
≤
∫ 1

0

∥nt(y, η)∥y

(1 − τ ∥nt(y, η)∥y)2 dτ + ∥nt(y, η)∥y

=
[

−1
1 − τ ∥nt(y, η)∥y

]1

0

+ ∥nt(y, η)∥y

=
∥nt(y, η)∥2

y

(1 − ∥nt(y, η)∥y) , (5.10)

Substituting (5.10) into (5.9) completes the proof.

An important consequence of Lemma 5.3 is if we have an initial pair {y, η} such that
∥nt(y, η)∥y ≤ 1

4 , the next iterate satisfies the following inequality:

∥∥∥nt(y+, η)
∥∥∥

y+
≤ 1

9 .

It is possible to determine a point’s proximity to the optimum using the norm of the Newton’s
step computed from this point. This result is presented in Lemma 5.4.

Lemma 5.4. For any pair {y, η} such that ∥nt(y, η)∥y ≤ 1 we have:

∥yη − y∥y ≤ ∥nt(y, η)∥y +
3 ∥nt(y, η)∥2

y

(1 − ∥nt(y, η)∥y)3 ,



39

where yη =
xη

νη

 denotes the optimal primal and dual variables such that:

xη ∈ argmin
x

ηc⊤x − ϕ(x)

s.t. ηc − ∇ϕ(xη) + A⊤νη = 0.

Proof. The proof follows from Lemma 5.3 and the analysis from [32, Section 2.2.5].

In the specific case where ∥nt(y+, η)∥y+ ≤ 1
9 , this implies:

∥∥∥yη − y+
∥∥∥

y+
≤ 1

6 .

Lemma 5.5. If ∥yη − y∥y ≤ 1
6 , where y is a feasible point, then:

∥yη − y∥yη ≤ 1
5 .

Proof. From the definition of self-concordance we have:

∥yη − y∥yη ≤
∥y − yη∥y

1 − ∥y − yη∥y
=

1
6
5
6

= 1
5 .

Lemma 5.6. Consider problem (5.5). Let ∆bt
def= bt+1 − bt be the change in the online

parameter bt between rounds. If ∥nt(y, η)∥ ≤ 1
9 and ∥∆bt∥ ≤

√
3m
160 for all t, then:

∥nt+1(y, η)∥ ≤ 1
4 .

Proof. First, we remark that the only change between rounds is the parameter bt. Therefore,

rt+1(y, η) = rt(y, η) +
 0
∆bt

 .
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Let ∆rt =
 0
∆b

. Thus, ∥∆rt∥ = ∥∆bt∥. The Hessian norm of the Newton’s step becomes:

∥nt+1(y, η)∥2
y = (rt(y, η) + ∆r)⊤D(y)−1(rt(y, η) + ∆rt)

≤ 2rt(y, η)⊤D(y)−1rt(y, η) + 2∆r⊤
t D(y)−1∆rt

= 2
81 + 2 ∥∆bt∥2

∥∥∥D(y)−1
∥∥∥

= 2
81 + 2 ∥∆bt∥2

m
≤ 1

16 ,

where we used Assumption 4 and the bound on ∥∆b∥ to obtain the final inequality.

From [32, Section 2.3.1], we have that the restriction of any barrier functional to a subspace
or translation of a subspace results in a barrier functional whose complexity barrier is smaller
than that of the original functional. This implies that if ∥ϕ(x)∥2

x ≤ vf any feasible pair x, ν

satisfies: ∇ϕ(x) + A⊤ν

0

⊤

D(x)−1

∇ϕ(x) + A⊤ν

0

 ≤ vf .

Defining

h(y) def= D(x)−1

∇ϕ(x) + A⊤ν

0

 ,

we notice that ∥h(y)∥y ≤ √
vf . We will use this result in Lemma 5.7.

Lemma 5.7. For a feasible pair {y, η} where ∥nt(y, η)∥y ≤ 1
9 , there exists a parameter

1 < β ≤ 1 + 1
8√

vf
such that for η+ = βη, we have:

∥∥∥nt(y, η+)
∥∥∥

y
≤ 1

4 .

Proof. We can decompose the Newton’s step taken at any feasible point in the following way:

nt(y, η) = −D(x)−1

ηc + ∇ϕ(x) + A⊤ν

0


= −D(x)−1

ηc
0

+
∇ϕ(x) + A⊤ν

0

 .

This allows us to express nt(y, η+) as a function of nt(y, η):

n(y, η+) = η+

η
nt(y, η) +

(
η+

η
− 1

)
h(y).
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Taking the Hessian norm on both sides leads to:

∥∥∥nt(y, η+)
∥∥∥

y
≤ η+

η
∥nt(y, η)∥y +

∣∣∣∣∣1 − η+

η

∣∣∣∣∣ ∥h(y)∥y

≤ η+

η
∥nt(y, η)∥y +

∣∣∣∣∣1 − η+

η

∣∣∣∣∣√vf .

By assumption, ∥nt(y, η)∥y ≤ 1
9 . Letting η+

η
= β ≤ 1 + 1

8√
vf

we obtain:

∥∥∥nt(y, η+)
∥∥∥

y
≤ 1

9

(
1 + 1

8√
vf

)
+

√
vf

8√
vf

≤ 1
4 ,

where we use the fact that √
vf ≥ 1 [32, Section 2.2] to complete the proof.

Lemma 5.8. Let xη
t ∈ argminx{ηc⊤x +ϕ(x) s.t. Ax −bt = 0}. If x̄ is a feasible point then,

c⊤(x̄ − xη
t ) ≤ vf

ηt

(1 + ∥x̄ − xη
t ∥xη

t
). (5.11)

Proof. The above identity follows from [32, Section 2.4.1] for a linear objective.

Finally, we relate ∥yt − yη
t ∥y to ∥xt − xη

t ∥x in Lemma 5.9.

Lemma 5.9. For any primal-dual feasible point y, we have:

∥yt − yη
t ∥y ≥ ∥xt − xη

t ∥x .

Proof. Recall from the definition of the Hessian norm:

∥yt − yη
t ∥2

y = (yt − yη
t )⊤D(y)(yt − yη

t )

≥

xt − xη
t

0

⊤

D(y)
xt − xη

t

0


= (xt − xη

t )⊤∇2ϕ(xt)(xt − xη
t )

= ∥xt − xη
t ∥2

xt
.

Taking the square root on both sides, we obtain the desired result completing the proof.

5.3 Algorithms

Suppose we have an initial primal-dual point x0, ν0 and an initial barrier parameter η0 such
that ∥n0(y0, η0)∥y0

≤ 1
9 and Ax0 = b0. We propose the online interior-point method for
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time-varying equality constraints (OIPM-TEC) presented in Algorithm 3.

Algorithm 3: OIPM-TEC
Parameters: A, c, β
Initialization: Receive x0 ∈ Rn, ν0 ∈ Rp, η0 ∈ R+ such that ∥n0(y0, η0)∥y0

≤ 1
9 .

for t = 0, 1, 2...T do
Implement the decision xt.
Observe the outcome c⊤xt and the new constraint bt.
Perform t-step:

ỹt+1 = yt −
[
∇2ϕ(xt) A⊤

A 0

]−1 [∇d(xt, ηt) + A⊤νt

Ax − bt

]
.

Perform η-step:
ηt+1 = ηtβ,

yt+1 = ỹt+1 −
[
∇2ϕ(x̃t) A⊤

A 0

]−1 [∇d(x̃t, ηt+1) + A⊤νt

0

]
.

end for

Theorem 5.1. If Assumptions 1-4 hold, maxt ∥bt − bt−1∥ ≤
√

3m
160 , and supposing an initial

point x0, ν0 and an initial barrier parameter η0 such that ∥n0(y0, η0)∥y0
≤ 1

9 , then the regret
and constraint violation of Algorithm 3 are bounded by:

Rd(T ) ≤ 11vfβ

5η0(β − 1) + cVT (5.12)

Vio(T ) ≤ Vb. (5.13)

The dynamic regret and constraint violation are, therefore, O(VT +1) and O(Vb), respectively.

Proof. We first derive some properties of the algorithm. Suppose at some round we have
yt−1 such that ∥nt−1(yt−1, ηt−1)∥yt−1

≤ 1
9 . Then, when observing the new vector bt, Lemma

5.6 yields ∥nt(yt−1, ηt−1)∥yt−1
≤ 1

4 . By Lemma 5.3, this implies that the point ỹ obtained
after the t-step will respect:

∥nt(ỹt, ηt−1)∥ỹt
≤ 1

9 .

After updating η, Lemma 5.7 yields:

∥nt(ỹt, ηt)∥ỹt
≤ 1

4 .

After the η-step from Lemma 5.3 we have:

∥nt(yt, ηt)∥yt
≤ 1

9 .
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Lemma 5.4 leads to:
∥yt − yηt

t−1∥yt
≤ 1

6 .

Now, applying Lemma 5.5, we get:

∥yt − yηt
t−1∥yηt

t−1
≤ 1

5 .

Finally, Lemma 5.9 yields,
∥xt − xηt

t−1∥xηt
t−1

≤ 1
5 . (5.14)

It follows that because we initially have ∥n0(y0, η0)∥y0
≤ 1

9 by assumption, then ∥nt−1(yt−1, ηt−1)∥yt−1
≤

1
9 for all t.

Defining c = ∥c∥, we now re-express the regret as:

Rd(T ) =
T∑

t=1
f(xt) − f(x∗

t )

≤
T∑

t=1
c⊤
(
xt − xηt

t−1 + xηt
t−1 − x∗

t−1 + x∗
t−1 − x∗

t

)

≤
T∑

t=1
c⊤
(
xt − xηt

t−1 + xηt
t−1 − x∗

t−1

)
+ c

∥∥∥x∗
t−1 − x∗

t

∥∥∥
=

T∑
t=1

c⊤
(
xt − xηt

t−1

)
+

T∑
t=1

c⊤
(
xηt

t−1 − x∗
t−1

)
+ cVT . (5.15)

Next, we bound the first terms of (5.15). The first sum represents the estimation error
between the current decision and the optimum at a given η. Using Lemma 5.8,

T∑
t=1

c⊤
(
xt − xηt

t−1

)
≤

T∑
t=1

vf

ηt

(
1 + ∥xt − xηt

t−1∥xηt
t−1

)

≤ vf

T∑
t=1

1
ηt

(
1 + 1

5

)

= 6vf

5η0

T∑
t=1

(
1
β

)t

≤ 6vfβ

5η0(β − 1) ,

where we used (5.14) to obtain the second inequality.

From [29, Chapter 9], we have that any optimizer xη
t of the functional dt(xt, η) for a particular
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η has an optimality gap of at most vf

η
, i.e., c⊤(xη

t − x∗
t ) ≤ vf

η
. Therefore,

T∑
t=1

c⊤(xηt
t−1 − x∗

t−1) ≤
T∑

t=1

vf

ηt

= vf

η0

T∑
t=1

(
1
β

)t

≤ vfβ

η0(β − 1) .

Thus, the regret bound is :
Rd(T ) ≤ cVT + 11vfβ

5η0(β − 1) .

As for constraint violation, we have:

Vio(T ) =
T∑

t=1

[∑
i

dKi
+ ∥Axt − bt∥

]
.

We note that iterates are always in the feasible space defined by the inequality constraints
gi(x). This is because, at each round, a unit-step is taken in the Newton direction which lies
in the feasible space of the self-concordant functional [32]. It follows that, gi(xt) ⪯ 0∀t, i and
dKi

= 0. We also observe that iterates are always feasible with respect to the previous round’s
equality constraints. This is again because of the unit-step taken during the t-step [29]. Using
this fact, we can write:

Vio(T ) =
T∑

t=1

[
0 + ∥Axt − bt∥

]

=
T∑

t=1
∥bt−1 − bt∥ = Vb,

which completes the proof.

When operating power grids, the exact optimal solution is not always required. Indeed
there is a non-zero tolerance-region around the optimum that the electric grid operator can
accept. For example, if the objective is cost-minimization, a solution to the OPF within a
few cost units would fall within the tolerance of the grid operator. To translate this to a
more traditional OCO framework, we can define an epsilon-regret Rϵ(T ) as:

Rϵ(T ) =
T∑

t=1
[ft(xt) − ft(x∗

t ) − ϵ]+ , (5.16)

where 0 ≤ ϵ is the desired tolerance. We remark that the epsilon-regret is null if all decisions
are within our tolerance and positive otherwise. Note that epsilon-regret is a weaker metric
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than dynamic regret. A bounded dynamic regret implies a bounded epsilon-regret.

If instead of requiring sublinear dynamic regret, we are only interested in sublinear epsilon-
regret, an algorithm requiring only a t-step can be used: the epsilon online interior-point
method for time-varying equality constraints (ϵOIPM-TEC). This algorithm is presented in
Algorithm 4.

Algorithm 4: ϵOIPM-TEC
Parameters: A, c
Initialization: Receive x0 ∈ Rn, ν0 ∈ Rp, η ∈ R+ such that ∥n0(y0, η)∥y0

≤ 1
9 .

for t = 0, 1, 2...T do
Implement the decision xt.
Observe the outcome c⊤xt and the new constraint bt.

yt+1 = yt −
[
∇2ϕ(xt) A⊤

A 0

]−1 [∇d(xt, ηt) + A⊤νt

Ax − bt

]
.

end for

Theorem 5.2. Let ϵ ≥ 0 be the tolerance. If Assumptions 1-4 hold, maxt ∥bt − bt−1∥ ≤√
3m
160 , and we have the initial point x0, ν0, and η such that η ≥ 11vf

5ϵ
, ∥n0(y0, η)∥y0

< 1
9 , then

the epsilon-regret and constraint violation of Algorithm 4 are bounded by:

Rϵ(T ) ≤ cVT (5.17)

Vio(T ) ≤ Vb. (5.18)

Proof. The constraint violation is bounded by Vb following the same reasoning as for Algo-
rithm 3.

Similarly to Algorithm 3, the point yt+1 obtained after the Newton’s step will respect:
∥nt(yt, ηt−1)∥ỹt

≤ 1
9 . Applying Lemmas 5.4, 5.5, and 5.9 successively, we have: ∥xt+1 − xη

t ∥xη
t

≤
1
5 . We can therefore re-express the epsilon-regret as:

Rϵ(T ) =
T∑

t=1
[ft(xt) − ft(x∗

t ) − ϵ]+

≤
T∑

t=1

[
vf

η

(
1 + ∥xt+1 − xη

t ∥xη
t

)
+ vf

η
− ϵ

]+

+ cVT

≤
T∑

t=1

[
11vf

5η
− ϵ

]+

+ cVT . (5.19)

Because η ≥ 11vf

5ϵ
by assumption, ϵ ≥ 11vf

5η
. Therefore the leftmost sum of (5.19) is zero. This

implies that Rϵ(T ) ≤ cVT , thus completing the proof.



46

5.4 Numerical Experiment

We now illustrate the performance of our algorithms in an online OPF problem. In the
online OPF, the grid operator seeks to serve time-varying loads within a fixed network while
minimizing the generation costs. Consider a set of buses B on which lies a set of generators
G connected to a set of loads D by power lines L. The admittance of every line ij ∈ L is
given by γij ∈ C.

At time t, this problem’s decision variables are the real and reactive power injections at every
bus given by pi,t and qi,t, respectively. The dependent variables are the voltages, vi,t at each
bus. The parameters are the minimum and maximum power limits on active and reactive
generation (p, q, p, q), the apparent power limits in the power lines (kij) and the voltage
limits (v, v). The active and reactive demand at every bus at time t is given by pd,t and qd,t,
respectively. Finally, in order to obtain a second-order cone relaxation of the problem, the
matrix W ∈ CcardB2 is formed where every element Wij for ij ∈ L represents the product
viv

∗
j , with ∗ denoting the complex conjugate [37]. At time t, the online OPF problem takes

the following form:

min st

s.t.
∑
i∈G

aip
2
i,t + bipi,t − st ≤ 0

pi ≤ pi,t ≤ pi ∀i ∈ G

qi ≤ qi,t ≤ qi ∀i ∈ G (5.20)

v2 ≤ Wii,t ≤ v2 ∀i ∈ B∥∥∥(Wii,t − Wij,t)γ∗
ij

∥∥∥ ≤ kij ∀ij ∈ L∥∥∥∥∥∥ 2Wij,t

Wii,t − Wjj,t

∥∥∥∥∥∥ ≤ Wii,t + Wjj,t ∀ij ∈ L

pi,t + pd,t + ȷqi,t + ȷqd,t =
∑
j∈N

(Wii,t − Wij,t)γ∗
ij ∀ij ∈ L

where ȷ is the imaginary number. We consider a time-varying extension of the second-order
cone relaxation of the Matpower 33-bus case network presented in [54]. To represent demand
fluctuation, a random variation ∆pd,t is added to every load at every timestep. For this
experiment, every variation is independent and taken as: ∆pd,t = 0.01ζ√

t
where ζ is uniformly

sampled in [0, 1] at every round. The load variation diminishes with the square root of t

ensuring that the variation in optima (VT ) and in the online parameter bt (Vb) are sublinear.
If the offline problem, at a given timestep, is unsolvable, new random variables ζ are selected.
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The time horizon is set at T = 2000. For OIPM-TEC, the initial barrier parameter is set to
η0 = 1 and the parameter β is set to 1.02. For ϵOIPM-TEC, the barrier parameter is set to
η = 104. The initial primal-dual point x0, ν0 for both algorithms is determined from the
offline optimal solution of the Matpower 33-bus network. The acceptable tolerance ϵ = 0.015
is selected for the epsilon-regret which represents less than 0.001% of the offline optimal cost.
This value is equivalent to 0.015$/hr in this case. As a comparison, the MOSP algorithm [10]
is also applied to problem (5.20) using the same initial primal point as OIPM-TEC. In the MOSP
implementation, the time-varying equality constraints are relaxed to inequality constraints
such that Axt − bt ≤ 0. This enables the operator to over-serve loads and should be strictly
respected at the optimum. The other linear inequality constraints are implemented directly
while a projection is used to satisfy the second-order cone constraints. The parameters of
the algorithm are set to : α = µ = t− 1

3 , where t denotes the current round.

The resulting regret (dynamic regret and epsilon regret are considered) and constraint vi-
olation suffered by the three algorithms are presented in Figures 5.1 and 5.2. We remark
that all algorithms achieve sublinear epsilon-regret and constraint violation. However, the
epsilon-regret suffered by OIPM-TEC, while higher than that of ϵOIPM-TEC, is much lower than
for MOSP. Both OIPM-TEC and ϵOIPM-TEC exhibit sublinear constraint violation terms that
outperform MOSP.

5.5 Conclusion

In this work, an online optimization algorithm using an interior-point method-like update
capable of solving the online OPF is presented. This algorithm, the OIPM-TEC, admits time-
varying equality constraints and generalized inequalities while possessing a O(VT +1) dynamic
regret bound and a O(Vb) constraint violation bound. Additionally, if there exists an accept-
able tolerance when solving an online optimization problem, the ϵOIPM-TEC algorithm is
capable of ensuring the tightest possible bound with respect to T on regret and constraint
violation. These two algorithms are applied to an online OPF example showcasing their
performance compared to other methods from the literature.

The possibility of using OCO approaches to solve the OPF bridges the gap between tradi-
tional OCO algorithms with performance guarantees and real-time OPF approaches like [34]
and [52] that enjoy good real-world performance. A possible future direction is the develop-
ment of online primal-dual interior-point methods which could increase numerical stability.
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Figure 5.1 Regret comparison of OIPM-TEC, ϵOIPM-TEC, and MOSP

Figure 5.2 Constraint violation comparison of OIPM-TEC, ϵOIPM-TEC, and MOSP
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CHAPTER 6 GENERAL DISCUSSION

The importance of the algorithms presented in this Master’s thesis in regards to the OCO
literature can be decomposed into three main components.

The first aspect is the tight regret bounds with respect to the time horizon T obtained by
these second-order algorithms. All regret bounds obtained for the second-order methods
presented in this thesis are of the order of O(VT + 1) or smaller. This is the same order
as that of the algorithms from [25, 26] which are the tightest proposed for dynamic regret.
Simply put, when the required conditions hold, no other OCO algorithm in the literature
can achieve a better asymptotic tracking behaviour than those presented in this work.

Second, the OPEN-M and ϵOIPM-TEC algorithms presented are free of any time-dependent
parameters. This facilitates initialization but is especially useful for restarting the algorithm
without penalty. These algorithms are also free from hyper-parameters meaning there is
no need for hyper-parameter tuning. As long as the necessary assumptions are met, these
algorithms will perform well. This allows easy implementation of the algorithms.

Finally, the OIPM-TEC algorithm is the first OCO algorithm capable of tracking moving optima
while ensuring implemented decisions are feasible with respect to generalized inequalities at
all rounds without the need for a projection step. Operators can, therefore, employ this
algorithm in safety-critical applications like power systems knowing that the implemented
decisions are guaranteed to respect safety limits. The importance of this achievement cannot
be understated. Safety concerns represent one of the principal barriers to implementation
in real-world applications faced by OCO algorithms. Addressing this issue, thus, opens up
many novel use-cases that would otherwise have been deemed too risky for OCO approaches.

The cost for these three benefits is requiring twice-differentiable loss functions and the com-
putational power to perform a matrix inversion. Although for some extremely short-timescale
problems or for applications with very limited computational resources these requirements
might be prohibitive, online second-order methods present unique characteristics which can-
not be replicated by any other approach in the literature.
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CHAPTER 7 CONCLUSION AND RECOMMENDATIONS

Constrained OCO is an extension of the traditional OCO framework in which decisions must
satisfy time-varying constraints. Although a difficult problem, offline Newton’s methods and
interior-point algorithms present very powerful tools to address the issue.

In this work, four algorithms pertaining to constrained OCO using second-order information
are presented. These algorithms tackle time-varying linear equality constraints in different
OCO problem formulations. Tight regret and constraint violation bounds are obtained for
these algorithms under mild conditions which are common in the OCO literature [26,35]. As
illustrated in numerical applications in online network resource allocation and OPF, these
algorithms are competitive with respect to previously proposed methods in the literature.

Future Work

The next challenge suggested by these results is to design OCO algorithms capable of simul-
taneously handling time-varying loss functions, equality constraints and generalized inequal-
ities. However, the precarious numerical stability of the primal interior-point methods – as
observed by [29, 32] and during the numerical experiments presented in this work – would
indicate a slightly different approach is necessary to achieve this goal. Fortunately, a poten-
tial solution already exists in the offline optimization literature: primal-dual interior-point
methods. Unlike primal methods, these do not require feasibility at every timestep and are
more numerically stable [32, Section 3.7]. In particular, an online potential-reduction method
would appear the most promising.

Another avenue of interest would be the use of online second-order methods for bandit feed-
back OCO or for use in distributed optimization settings. These types of approaches are of
particular interest for applications in power systems where feedback from the sensors dis-
tributed in the grid can be intermittent [22,55]. Distributed optimization is also very useful
in large-scale systems where computational power is decentralized and privacy is a major
consideration [56].
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