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RESUME

L’objectif principal de ce travail est de proposer des méthodes d’optimisation du premier et
deuxieéme ordre pour le contexte spécifique de I'apprentissage automatique et I'optimisation
a grande échelle. Notre point de départ est le travail de recherche de Tiphaine Bonniot de
Ruisselet, avec Prof. Dominique Orban, a l'intersection de I'optimisation déterministe et

stochastique sans contraintes.

Pour la premiere partie de notre travail, nous exploitons les méthodes de région de confiance
afin de pouvoir définir un pas d’optimisation adaptatif. Nous utilisons aussi une méthode
d’échantillonage adaptatif afin de réduire la variance des estimations du gradient au cours
de l'optimisation. Plus précisément, nous utilisons un test stochastique afin de marquer la

transition entre les deux phases d’optimisation stochastique suivantes :

e La premiere phase est une phase de convergence vers une région d’intérét, ou se trouve
potentiellement un optimum local ou global. Nous souhaitons que cette phase soit
la plus courte possible, mais aussi qu’elle mene a une région de convergence promet-
teuse. Donc, durant cette phase, nous utilisons un pas d’optimisation adaptatif en
nous basant sur une méthode stochastique de région de confiance, tandis que la taille

d’échantillonage reste fixe.

e La deuxieme phase est une phase de convergence vers un optimum local ou global dans
la région d’intérét. Durant cette phase, nous choisissons de réduire la variance des
estimations du gradient pour assurer une convergence rapide, mais nous utilisons un

pas d’optimisation strictement décroissant pour assurer la convergence globale.

Ainsi, nous arrivons non seulement a définir une démarche de passage du cas déterministe
au cas stochastique pour ce type de méthodes, mais nous réussissons également a proposer

un nouvel algorithme adaptatif dont les performances sont prometteuses.

Quant aux méthodes de deuxieme ordre, nous proposons une variante de ’algorithme BFGS
stochastique tronqué a mémoire limitée. Nous développons une heuristique pour controler
les valeurs propres de ’estimation de la matrice hessienne. Cela permet d’avoir une meilleure
performance pour les problémes ou cette approximation devient mal-conditionnée au cours
de 'optimisation. Nous proposons également de combiner cet algorithme avec une méthode

de réduction de variance afin d’améliorer la qualité de I'estimation de courbature obtenue.

Nous prouvons que notre algorithme converge vers un point stationnaire. De plus, nous
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montrons empiriquement que le controle des bornes sur les valeurs propres de ’approximation
de la matrice hessienne rend l'algorithme plus stable et robuste face aux problemes mal-

conditionnés.
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ABSTRACT

In this work, we explore promising research directions to improve upon existing first- and
second-order optimization algorithms in both deterministic and stochastic settings. Our
starting point is the work developed by Tiphaine Bonniot de Ruisselet and Prof. Dominique

Orban at the intersection of unconstrained deterministic and stochastic optimization.

As for first-order optimization methods, we first define a framework to transform a semi-
deterministic trust-region method, that takes exact function values and inexact gradient
estimates, to a fully stochastic optimization algorithm that is adapted to the context of
machine learning. Then, we go a step further to propose a novel first-order optimization

algorithm that exploits the two-phase nature of stochastic optimization.

The first phase is a global convergence phase. We would like to speed up the algorithm
during this phase and converge to a region of interest that contains a good local or global
optimum, while allowing some noise in the estimates which helps to explore the optimization
landscape. Therefore, we propose to use a trust-region method during this phase to define
the step size adaptively, allowing it to grow and shrink as needed. In the second phase, the
objective is to converge to a specific optimum in the region of interest identified in the first
phase. During this phase, we need to reduce the variance of the updates in order to improve
their quality and converge fast. Hence, we propose to use adaptive sampling with a strictly

decreasing step size in order to guarantee the overall convergence.

Our work enables us to define a generic framework for adapting trust-region methods to
the stochastic setting. We also demonstrate that our algorithm is competitive for machine

learning problems.

For second-order methods, we propose a new version of a stochastic damped L-BFGS method
that is more robust on ill-conditioned problems. First, we prove that the eigenvalues of the
Hessian approximation are bounded, using a less restrictive assumption compared to related
works. Then we harness the potential of using these bounds to control the quality of the

Hessian approximation.

We prove that our algorithm has appealing theoretical properties, as it converges almost
surely to a stationary point. We also demonstrate that it is more robust than a previously
proposed stochastic damped L-BFGS algorithm in the highly non-convex case that charac-

terizes problems in deep learning.
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CHAPTER 1 INTRODUCTION

Mathematical optimization contributes in a crucial way to the increasing success of machine
learning-based intelligent systems. It is used to compute the optimal parameters such that
those intelligent systems are able to make good decisions on unseen data. Over the past
few years, considerable interests in designing powerful large-scale optimization methods has
emerged, mainly to make use of access to enormous datasets and powerful computational

capacities and accelerate progress in machine learning.

First-order optimization methods have gained a lot of popularity in optimization for ma-
chine learning, as they have low per-iteration cost and can converge at linear or sublinear
rates, depending on the problem. On the other hand, second-order methods can be more
computationally expensive per-iteration, but they enjoy local superlinear or quadratic con-
vergence rates. Moreover, they can be more suitable for ill-conditioned and highly non-linear

problems.

Therefore, we propose in this thesis different algorithms that leverage the strengths of first-
and second-order methods. In the following sections, we will set the theoretical framework

of our work as well as the kind of problems that we are considering.

1.1 Framework and definitions

We consider general unconstrained stochastic optimization problems of the following form:

min f(z) := Ee[F(z, )], (1.1)

z€R™

where £ € R? denotes a random variable and F : R” x RY — R is a continuously differentiable
function, possibly non-convex. We introduce additional assumptions about F' as needed. We
refer to this problem as an online optimization problem, since we typically sample data
points during the optimization process to have new samples in each iteration, in contrast
with having a fixed dataset that is known up-front. We refer to f as the expected risk or the

expected loss.

In the context of machine learning, a special case of the optimization problem (1.1) is em-

pirical risk minimization, which consists of minimizing a different form of f,

. L&
min f(z) : N; (1.2)

rER™



where f; represents the loss function that corresponds to the i-th element of our dataset
and N is the number of samples that we have, i.e., the size of the dataset. We refer to this

problem as a finite-sum problem and to f as the empirical risk or the empirical loss.

We consider the situation where it is not possible to evaluate the exact values of the gradient
V f(x); rather, we have access to an approximation of this gradient denoted g(xy, ). If we
consider problem (1.2), then a popular choice for g(zy, &) is what we call the mini-batch

gradient

1 &

g<xk7§k) - mikgvfﬁm(xk)v (13)

where &, corresponds to the subset of samples considered in iteration k, from a given set of
realizations of the random variable &, & ; is the i-th sample of & in iteration k and my, is the
batch size used in iteration k, i.e., the number of samples we use in iteration k to evaluate
the gradient approximation. It follows that f, . represents the loss function that corresponds

to the sample & ;.

For both methods that we propose in this thesis, the update rule of parameters x € R" takes

the following form:

LTe+1 = Tk — Oékdk, (14)

where oy is the step size in iteration k and dj is the search direction. dj generally takes the
following form:
B { 9(xk, &), for first order methods (15)

By tg(xk, &), for quasi-newton methods

where By, is an approximation to the Hessian matrix V2 f(zy), and we note Hy, = B, ! such

that H, ' approximates the Hessian matrix V2f(zy).

A common practice in machine learning is to divide the dataset we have into a training
dataset, that is used to train the chosen model, and a test dataset, that is used to evaluate
the performance of the trained model on unseen data. The training and test datasets are
usually divided into batches, which are subsets of these datasets. We use the term epoch
to refer to an optimization cycle over the entire training dataset, which would practically
mean that all batches were used during this cycle. Hence, the number of epochs refers to the

number of passes over the entire training dataset.



We use the expression semi-deterministic approach to refer to an optimization algorithm that

takes exact function values and inexact gradient values.

Notation We use ||.| := ||.||2 to denote the Euclidean norm throughout this thesis. Other
types of norms will be introduced by the notation ||.||,, where the value of p will be specified
as needed. Capital Latin letters such as A, B, and H represent matrices, lowercase Latin
letters such as s, x, and y represent vectors in R", and lowercase Greek letters such as «, 3
and ~y represent scalars. The operators E¢[.] and V¢[.] represent the expectation and variance
over random variable £, respectively. We use the notation A > B to imply that the matrix
A — B is positive definite, and A > B to imply that the matrix A — B is positive semidefinite.
We use [.] to denote the ceiling function that maps a real number y to the least integer

greater than or equal to y.

1.2 Problem characteristics

In this section, we discuss the characteristics of optimization problems that arise in large-
scale optimization and machine learning. In Subsection 1.2.1, we justify the use of stochastic
methods instead of full-gradient methods in large-scale optimization in general and machine
learning in particular. This motivates our work in Chapter 3, which consists of adapting
a semi-deterministic optimization algorithm to the fully stochastic context. Our discussion
draws heavily from Section 3.3 in (Bottou et al., 2018). In Subsection 1.2.2, we motivate
the design of optimization algorithms that allow an adaptive and automatic choice of the
algorithm’s hyperparameters. This discussion is inspired by (Curtis and Scheinberg, 2020),
a paper that not only explored the motivation behind the design of new adaptive stochastic

optimization algorithms, but also summarized recent works on adaptive methods.

1.2.1 Full-gradient vs. stochastic methods: why do we need stochastic algo-

rithms?

The main two optimization approaches used to solve optimization problems (1.1) and (1.2)

in machine learning are:

1. full gradient methods, also known as batch methods or Sample Average Approximation
(SAA) methods (Verweij et al., 2003). In these methods, the full gradient of the
objective function is used to compute the search direction di. The simplest algorithm
in this category is the steepest descent algorithm (Cauchy, 1847), where the update rule

is the following:



Tpy1 = T — a,V f(xp). (1.6)

2. stochastic optimization methods, also known as Stochastic Approximation (SA) meth-
ods (Fu, 2002). They rely on the use of gradient approximations instead of full gradient
values. The reference algorithm in this category is Stochastic Gradient Descent (SGD)
(Robbins and Monro, 1951; Bottou, 2010), where the update takes the following form:

Tpr1 = T — (T, Ek)- (1.7)

There are several advantages to the use of a full-gradient method. First of all, there is a great
number of deterministic optimization algorithms that were developed over the years and
proved to achieve linear, superlinear and quadratic convergence rates for different settings.
The rich literature includes line search, trust-region, conjugate gradient and quasi-Newton
methods (Nocedal and Wright, 2006; Gould et al., 2005). Second, parallelization can be
used when solving finite-sum optimization problems (1.2) in order to compute f;(x;) and its

gradient for each data point.

However, these advantages do not outweigh the benefits of using a stochastic approach.
Let us consider the strongly convex case, then the number of iterations needed to obtain e-
optimality for a full-gradient method, in the worst case, is proportional to nlog(1/¢€), whereas
it is proportional to 1/e for a stochastic method (Bottou et al., 2018). Therefore, if n is
sufficiently large, which is the case in large-scale optimization, then we can conclude that
the stochastic method would converge faster than the full-gradient method. From a practical
point of view, one can argue that many datasets contain redundant data points and that it
would be more efficient not to compute the full gradient in this case, but rather to choose
a subset of the data points to compute gradient estimates. Moreover, splitting the dataset
into training and test datasets is common practice. Let us suppose that we only use half
of the entire dataset as a training set. (Bottou et al., 2018) argue that if half of the data
is judged to be sufficient to train the model, then it would follow that the use of the entire
training dataset to compute the gradient at each iteration is not necessary. This intuition
was confirmed by empirically studying the performance of SGD compared to that of the
full-gradient limited-memory BFGS method, named after Broyden, Fletcher, Goldfarb and
Shanno (Broyden, 1970; Fletcher, 1970; Goldfarb, 1970; Shanno, 1970). Figure 1.1 from
(Bottou et al., 2018, Figure 3.1, page 18) shows the comparative performance of the two
algorithms, used to solve a binary classification problem with a logistic loss objective on a
real dataset: RCV1 (Lewis et al., 2004), with a constant step size. We notice that SGD offers



an accelerated performance because more steps are taken for the same number of accessed
data points. The slower decrease of the empirical risk for SGD within a few epochs can
be explained by the high variance of the updates. In fact, computing gradient estimates
with a high variance in the beginning of the optimization can be effective because it yields
a better exploration of the optimization landscape, resulting in a fast convergence towards
a local or global optimum region. However, this high variance influences negatively the
performance of the algorithm in that region because SGD may oscillate infinitely around
the optimum without converging, especially when a constant step size is used. Moreover,
(Bottou and Bousquet, 2008) showed that even when stochastic algorithms are not better
optimizers, they have a better generalization performance, which means that the prediction
accuracy is higher for stochastic methods. For all these reasons, stochastic optimization
algorithms are considered to be more suitable to the context of machine learning and large-

scale optimization.

Empirical Risk

0 0.5 1 1.5 2 2.5 3 35 4
Accessed Data Points ¥ 10°

Figure 1.1 The evolution of the empirical risk (loss function) for a binary classification prob-
lem using the RCV1 dataset, for SGD and L-BFGS. Figure taken from (Bottou et al., 2018,
Figure 3.1, page 18).

1.2.2 Why are we interested in adaptive optimization algorithms?

As we discussed in the previous subsection, stochastic optimization methods are the default
choice for solving large-scale optimization problems. However, the low per-iteration cost is
just the tip of the iceberg since the search for the most problem-adapted hyperparameters

involves significant computational costs. (Asi and Duchi, 2019) highlighted the alarming



computational and engineering energy used to find the best set of hyperparameters in training
neural networks by citing 3 recent works. The number of computation days needed to tune
the optimization algorithm and find the best neural structure was equivalent to: 31,500
graphics processing unit (GPU) days for (Real et al., 2019), 22,000 GPU days for (Zoph and
Le, 2016) and 750,000 central processing unit (CPU) days for (Collins et al., 2016). This
means that the amount of energy used by the third paper alone (Collins et al., 2016) would be
sufficient to drive 4,000 Toyota Camrys from San Francisco and Los Angeles (~ 380 miles).
These numbers indicate an urgent problem to solve, given the large number of papers that
are published each year in the training of neural networks category, as well as their massive
industrial use. The immediate solution to this issue is to design optimization algorithms
with adaptive parameters, that automatically adjust to the nature of the problem without
the need for a hyperparameter search. Famous algorithms in this category include adaptive
step size and batch size methods. In Chapter 3, we present a novel first order algorithm with

both adaptive step size and batch size.

1.3 Objective

The objectives of our work on first-order optimization methods are:

e Defining a framework of transition from deterministic or semi-deterministic adaptive

regularization algorithms to the fully stochastic setting.

e Designing a first order algorithm with adaptive sampling and adaptive step sizes. As
discussed in the previous subsections, adaptive methods are highly interesting for both

machine learning and optimization research communities.
The objectives of our work on second-order optimization methods are:

e Finding an easy-to-compute expression of the bounds on the eigenvalues of the inverse

Hessian approximation, with less restrictive assumptions than related works.

e Leveraging the expression of the bounds to control the quality of the Hessian approx-
imation all along the optimization, leading to a new stochastic damped version of the

Limited-Memory Broyden—Fletcher—Goldfarb—Shanno (L-BFGS) algorithm.

1.4 Outline

The two main components of this work are Chapters 3 and 4. Although the two chapters

are related under the umbrella of stochastic large-scale optimization, the two approaches are



independent in the sense that we do not seek any sort of combination or intersection between
them.

In Chapter 2, we present a critical literature review of some of the existing first- and second-
order methods to solve optimization problems arising in machine learning. We also dedicate
2 subsections to trust-region methods and variance reduction techniques, as they represent

prominent components of the algorithms that we propose.

In Chapter 3, we start by presenting our reference algorithm. Then, we introduce our work on
adaptive regularization and adaptive sampling, which resulted in 3 novel algorithms. Finally,

we compare the characteristics of these algorithms.

In the same fashion, we start Chapter 4 by presenting the formulation of stochastic damped L-
BFGS. Then, we dive into the technical details of our algorithm as well as the intuition behind
its design. In the subsection that follows, we discuss its theoretical guarantees. Finally, we

discuss the numerical outcomes of our experiments.

In Chapter 5, we offer a general discussion to conclude. We make an assessment of our
contributions, discuss the limits of our propositions and offer recommendations for future

work.



CHAPTER 2 LITERATURE REVIEW

Gradient-based optimization methods have been widely used to solve online optimization

problems of the form
min f(z) := Ee[F(z, )],

z€R™

and finite-sum optimization problems, where f is defined as

i /() = - 3 o).

zeR™

In this chapter, we offer a non-extensive overview of first and second-order methods that were
proposed for this purpose. In Section 2.1, we discuss popular stochastic first-order methods.
In Section 2.2, we present trust-region methods used in the stochastic setting and emphasize
their theoretical and empirical outcomes. In Section 2.3, we discuss two research directions
to reduce the noise in gradient approximations, which are gradient aggregation methods and
adaptive sampling. In Section 2.4, we present stochastic second-order methods for machine

learning that are related to our work.

Due to the similarity in spirit between trust-region methods and regularization methods,
we do not cover the latter in this review. However, cubic regularization methods (Cartis
et al., 2011a,b) enjoy favorable complexity bounds that were later used to modify trust-

region methods.

2.1 Stochastic first-order optimization methods

The stochastic gradient method or stochastic gradient descent (SGD) (Robbins and Monro,
1951; Bottou, 2010) has played a paramount role in large-scale optimization, where determin-
istic optimization algorithms are not very effective. The update rule for SGD is very simple
Tpy1 = T — agg(xg, &), which makes it convenient and not computationally expensive. How-
ever, SGD does not converge to the solution when a constant step size is used throughout

the optimization process (Bottou et al., 2018).

In order to remedy this problem, several works proposed to use a decreasing sequence of
step sizes (Bottou, 1998; Kiwiel, 2001). The convergence rate of SGD becomes sublinear in
this case (Bottou et al., 2018). Momentum gradient descent, or the heavy-ball algorithm,

inspired by the physical interpretation of the optimization procedure, was then introduced



by (Polyak, 1964) in order to accelerate the convergence of SGD. It consists of using the
following update:

Tpi1 = T + vk,  Where vy = Bug_1 — yg(xk, &)

Precisely, (5 is the momentum term, typically g € [0,1], v > 0 is a constant step size and vy,
represents the velocity term, a modified accumulation of past gradient estimates. Nesterov
momentum is a modified version of this method that was presented by (Nesterov, 1983). In
contrast with the heavy-ball method, Nesterov momentum uses an intermediate update of
the parameter vector Zx,1, to which the velocity term is added, that is then used to compute

the gradient estimate. The update scheme is the following:

Tpp1 = o + Pok—1, Tpp1 = T+, where vp = fvg_1 — Y9(Tpt1, &k)-

A different line of research focuses on accelerating SGD by addressing the choice of the
step size sequence. Such methods use past estimates of the moments of the gradient to
compute individual step sizes for each optimization parameter. They have proven to be very
efficient for the training of deep networks tasks and are currently the default choice in deep
learning. The first algorithm of this kind is the Adaptive Gradient Algorithm (ADAGRAD)
(Duchi et al., 2011), which provides adaptive step sizes to all parameters. However, as it
relies on the accumulation of the gradient estimates from the beginning of the optimization
process, the learning becomes slow. (Tieleman and Hinton, 2012) presented the Root Mean
Square Propagation method (RMSPROP), a modified version of ADAGRAD which uses an
exponential moving average instead of the accumulation of the gradient estimates. Finally,
remarkable improved versions of the combination of RMSPROP and momentum, such as
Adaptive Moment Estimation algorithm (ADAM) (Kingma and Ba, 2015), were designed.
ADAM keeps estimates of the first and second moments of the gradient in order to perform
a coordinate-wise tuning of the learning rate. The regret bound on the convergence rate of
ADAM was shown to be competitive with the best results for online optimization problems
in the convex setting. In recent years, ADAM became one of the most popular optimization
algorithms in deep learning, if not the most popular. However, (Reddi et al., 2018) argued
that in many applications, these methods fail to converge to an optimal solution in the
convex case, or to a critical point in the non-convex case. More specifically, the authors
explained than in these cases, the effect of large informative gradients vanishes quickly due
to the exponential moving average. Through a rigorous analysis, they pointed out an incorrect
assumption in the proof of ADAM, and proposed a new variant of ADAM, called AMSGRAD,
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for which the assumption is satisfied.

Although these methods seem to perform better than SGD in the training of neural networks,
(Keskar and Socher, 2017) showed that they do not generalize as well as SGD. This means
that their performance on unseen data is inferior to that of SGD. Therefore, (Keskar and
Socher, 2017) proposed a hybrid algorithm called SWAT'S for SWitches from ADAM To SGD.
As its name indicates, SWATS starts the training procedure using ADAM and switches to
SGD when a certain condition is satisfied. To do so, the authors first determined the step size
for SGD after the transition from ADAM and maintained its exponential moving average.
Then, they obtained the transition condition by comparing the current value of the step size
to its exponential moving average. The switch happens when these two are very close. The
authors demonstrated empirically that their method yields better testing errors than ADAM
and SGD used separately. The results of this work lead to the legitimate question: is it
possible to develop other optimization methods that provably enjoy both fast convergence

rates and good generalization properties?

2.2 Stochastic trust-region methods

Trust-region methods, alongside line search and quasi-Newton methods, represent some of
the most solid, efficient and reliable methods for deterministic optimization. Algorithm 1 is a
basic trust-region algorithm in the deterministic setting for solving the optimization problem

mingcgn f(x), where f is a differentiable real-valued function (Conn et al., 2000).

In Algorithm 1, By, := {z € R", ||z — x||x < o} is the trust region and ||.||x is a norm that
depends on the iteration. oy is called the trust-region radius. We assume that the norms are

uniformly equivalent, i.e., there exist constants ¢; and ¢y such that,

allzll <zl < el Vo e R,

where |[|.||x is the norm at iteration k and ||.|| is the Euclidean norm. In practice however, we
generally choose the same norm for all iterations. At each iteration k, we define the model
lx such that it gives an approximation of the objective function within the trust region. The
purpose of step 4 is to compute the decrease rate p, and decide whether to update the

parameter vector x; or not, based on the amount of decrease that the update would achieve.

In practice, [ is chosen to be a first-order or second-order Taylor series approximation of f,

and s is computed such that it minimizes [ directly.

Motivated by their performance in the deterministic setting, researchers have been interested
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Algorithm 1 Basic trust-region algorithm
Require: 7y € R" and initial trust-region radius og
1: Choose constants 71, 19,71 and 7, such that

0<m<m<l and 0<vy <y <l

Set k= 0.
2: Choose ||.||x and model [ in B.
3: Compute a step s, that sufficiently reduces the model [, such that x; + s € By .
4: Evaluate f(zy + sx) and define

f(@e) — [ + )
lk(xk) — lk({L'k —|— Sk)

Pk =

If px > 11, then define xyy1 = xp + 5. Otherwise, define xy1 = .
5: Set
[0, 00) if pr. > sy,
Ok+1 € ['72Uk; Uk] if PE € [7717 772)’
V10K, Y2or]  if pp <M1

Increment k£ by one and go to step 2.

in developing stochastic versions of trust-region methods for several years. (Chang et al.,
2013) proposed to use a stochastic trust-region to improve a response-surface method in
the context of simulation optimization. Their algorithm uses repeated sampling to obtain
approximate values of the function and gradient. The number of samples used to compute
the estimates is increased during the optimization to ensure the overall convergence of the

algorithm.

To avoid repeated sampling, (Larson and Billups, 2016) presented a novel trust-region al-
gorithm that solves stochastic online derivative-free optimization problems. The authors
focused on the case where independent and identically distributed noise, with mean zero
and finite variance, is added to the function values. Assuming that the function has bounded
level sets and its gradient is Lipschitz continuous, the authors proved that the gradient values

converge in probability to zero.

Similarly, (Chen et al., 2018) introduced a general framework for their stochastic trust-region
method, called STORM for STochastic Optimization with Random Models. The authors
used a probabilistic approach, since their work is based on the use of probabilistic models
in a trust-region derivative free framework for nonlinear functions (Bandeira et al., 2014).
Therefore, they assumed a certain level of accuracy in the function and model approximations

with a fixed probability, in order to prove an almost sure global convergence. Moreover, they
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showed that obtaining accurate estimates is feasible in various settings and that STORM has
a superior performance compared to similar methods. However, STORM was not proven to

enjoy competitive convergence rates with these methods.

In contrast to the method proposed by (Larson and Billups, 2016), STORM’s global conver-
gence does not rely on the assumption that the function estimates are unbiased. Moreover,
(Larson and Billups, 2016) assumed that the probabilities of having accurate function esti-
mates and an accurate model converge to 1, whereas a fixed probability is used in the conver-
gence analysis of STORM. However, STORM restricts the acceptable step sizes whenever the
gradient norm becomes small, whereas the algorithm proposed by (Larson and Billups, 2016)
uses adaptive step sizes based on the quality of the model approximation of the function’s

behaviour.

Although STORM demonstrated a competitive performance for the training of a linear clas-
sifier by minimizing a smooth regularized logistic loss, it is unclear, and even doubtful, that
it would give the same results for deep neural networks. The nature of this latter setting
makes that obtaining sufficiently accurate estimates would most probably require the use of

the entire dataset to compute the estimates within a few epochs.

(Blanchet et al., 2019) proposed a convergence rate analysis for STORM in the first and
second-order settings. In terms of the expected number of iterations to obtain a desired
accuracy level € > 0 for the norm of the exact gradient, they showed a similar upper bound
to that established by recent work on stochastic algorithms for non-convex optimization
(Reddi et al., 2016; Nguyen et al., 2017a). This bound represents an extension of best-known
worst-case complexity results of first-order optimization algorithms in the non-convex setting
(Nesterov, 2013). The authors did not make the assumption that the function, gradient, and
possibly Hessian estimates are unbiased, which is a common assumption in similar works.
However, they did require that these estimates maintain a sufficient accuracy with a suffi-
ciently high probability. Additionally, they left the question of establishing a termination
criterion such that |f(z:)| < ¢, where ¢ € N is the last iteration, to a future work that would

make use of the theoretical analysis they provided.

Note that the previous works required a certain level of accuracy of the function and gra-
dient estimates to be maintained throughout the optimization process. Therefore, the de-
crease rate pr = (f(zr) — f(ar + sk)) / (le(zx) — lp(xk + Sg)) remains a meaningful measure
of the model’s approximation quality. (Curtis et al., 2019) proposed a new Trust-Region-
ish algorithm (TRish) for stochastic optimization that drops this requirement. The au-
thors are interested in solving online and finite-sum minimization problems. At iteration

k, given the gradient estimate g(zy, &) and the step size ay, they considered the following
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trust-region sub-problem that consists of minimizing the first-order approximation model
flax) + glaw, &) sy :

min f(zy) +g(xk,§k)Tsk st skl < ag,
spER™

where s; is the step in iteration k. The closed-form solution to this problem is s, =
—arg(xr, &)/ |lg(zk, & )||. The authors used an example where z; € R to illustrate how
employing this step for all values of the gradient norm may hinder the convergence of the
algorithm in expectation. The solution that they proposed is to employ the step s =
—arg(TE, &)/ |lg(xk, &)|| only when the gradient norm falls in a specific interval. Therefore,

they suggested the following scheme:

Yk 9 (Tk, Ek), if |g(z, &)l €0, ﬁ),
Sk = = Y arg(@e, &) /llg(xr, E)Il, i [lg(zr, &)l € [ﬁ; ﬁ],
V2,609 (T, Ek) s if |g(xr, &)l € (ﬁ,oo),

where v, > Y2 > 0 are constants that have to be chosen carefully alongside the step size
ag. The update rule is similar to that of SGD xy,1 = 1 + si, without any additional steps or
constraints. TRish enjoys similar convergence properties to those of SGD and proved to be
more effective than SGD in training neural networks and solving logistic regression problems
for several datasets. Although the authors mentioned that more numerical experiments
would be needed to explore the full potential of TRish, their simple method can inspire
new stochastic trust-region methods that drop the accuracy requirement, making them more

adapted to the context of deep learning.

2.3 Variance reduction methods

SGD, as well as several optimization methods that are based on it, suffers from the detri-
mental effect of using noisy estimates of the gradient. This implies a non-vanishing variance
of the gradient estimates, i.e., E¢,[||g(z, &) — V f(2x)]|?] can be very large, leading to slow

convergence.

Two of the most promising directions to address this problem are gradient aggregation tech-
niques and adaptive sampling, as both lead to a reduction of the noise of the gradient esti-

martes.
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2.3.1 Gradient Aggregation

(Johnson and Zhang, 2013) proposed the Stochastic Variance Reduced Gradient (SVRG)
algorithm to alleviate the issue of noisy gradients in SGD. For SVRG, the gradient estimate

used is computed as follows:
1 N
9(@k, &) = fin(Tr) — <fz't($l) N vaz'(xl)> : (2.1)
i=1

where 4, € {1,..., N} is chosen randomly and x; is the parameter vector available at the
beginning of the current optimization epoch/cycle. Therefore, % SN Vfi(x;) represents the
full gradient evaluated at the beginning of the epoch. Moreover, g(zy, &) is an unbiased
estimate of the full gradient evaluated at x; that is expected to have a smaller variance than
fi,(zx). In fact, (fzt (z) — + 2N, sz(xl)> can be seen as the bias in the gradient estimate
fi,(z;), and it is used to correct the gradient approximation in iteration k (Bottou et al.,
2018).

SVRG has an edge over other algorithms enjoying similar fast convergence rates, such as
the Stochastic Average Gradient (SAG) method (Roux et al., 2012), the adaptation of the
Stochastic Dual Coordinate Ascent (SDCA) to deep learning (Shalev-Shwartz and Zhang,
2013) and SAGA (Defazio et al., 2014), since it does not require the storage of the gradient
estimates for each data point. While SVRG’s linear convergence rate was only proven for
smooth and strongly convex function, SAGA provides a linear convergence rate for non-
strongly convex problems as well without any modification of the version of SAGA used to
solve convex problems. Other variance reduction algorithms were proposed later on, such as
the StochAstic Recursive grAdient algoritHm (SARAH) and its practical version SARAH+
(Nguyen et al., 2017b) for the strongly convex case, as well as the Stochastic Path-Integrated
Differential EstimatoR (SPIDER) by (Fang et al., 2018; Wang et al., 2019) for the non-convex

case.

Variance reduction methods by gradient aggregation were demonstrated to work well in the
non-convex setting (Reddi et al., 2016; Allen-Zhu and Hazan, 2016). Nevertheless, more
recent works (Defazio and Bottou, 2018; Chavdarova et al., 2019) argued that their naive
application is ineffective in the particular context of non-convex optimization problems, which
characterizes the training of deep learning models. Moreover, (Bottou et al., 2018) pointed
out that the computing times for SVRG, SAGA and SAG grow with the number of samples
N. Therefore, for very large datasets, these algorithms can be less efficient than SGD or its

other popular variants mentioned in Section 2.1.
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2.3.2 Adaptive sampling

The use of an adaptive batch size throughout the optimization process is another promising

variance reduction technique that has been receiving increasing attention in the past years.

(Friedlander and Schmidt, 2012) proved that they can improve their algorithm’s convergence
rate from sublinear to linear if they used adaptive sampling to control the error in the
gradient estimates. Their hybrid method consists of increasing the batch size at a geometric
rate using a preset formula, such that the algorithm resembles SGD in it first iterations and a
deterministic, full-gradient approach towards the end of the optimization process. However,
the adaptive sampling heuristic presented by their work increases the batch size very fast,
which makes it impractical for large-scale optimization. Other works proposed to use the
available information about the gradient estimate in each iteration in order to choose the
new batch size. Let us first explain their theoretical context. We know that g(xg, &) is a

descent direction if, for a given w, € [0, 1), we have

l9(zk, &) = V f ()| < wgllg (e, E6)l- (2.2)

This inequality is similar to what is known as the norm test, which is,

lg(xr, &) — V f (2p)l] < wgl[Vf ()] (2.3)

Inequality (2.2) characterizes the error in the gradient estimate and w, can be seen as an
error threshold. In many algorithms, including trust-region methods described in the previous
section, the error threshold w, at each iteration k needs to be bounded from above. One can
then try to find the batch size my such that (2.2) holds for a given w,. Nevertheless, one
would need first to find a way to evaluate the left-hand side of (2.2), ||g(zg, &) — V f (21|
without computing the full gradient.

(Byrd et al., 2012) used the fact that if g(zy, &) is an unbiased gradient estimate of V f(zy),
which implies that

Ee, [lg(r, &) — VI (@) I”] = Ve lg(@r, &)l (2.4)

where V¢, [g(xk, &)] is a vector of the same length as z;. Let us elaborate on the calculation

resulting in a change of norm in equation (2.4). Using the assumption that g(zx, &) is an
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unbiased estimate of V f(xy), we have

Ee,[llg(ze, &) — VF(@0)|1?] = Be, [llg(ze, &) I* = 2V f (20) 9@, &) + IV f () [17]
Ee, [llg(ze, &0)17] = IV f ()12

il%hmm@mﬂ—mmmmﬁ

I
\E

Ve lgi(zr, &)

~
|

1

= |IVe, [g(xr, &)1,

where g;(xg, &) and Vfi(z)) represent the [-th components of the vectors g(xy, &) and
V f(z), respectively. Hence, the definition of V¢, [g(xk, &)] as a vector of the same length as

Tk -

Then, as in (Freund and Walpole, 1971, page 183), we have

Vieg, (Vfilzr)) (N —my)

2.5

ka [g(xk? gk)] =

Since the computation of the sample variance V;e¢, (V fi(z)) is expensive, (Byrd et al., 2012)

suggested to use the following estimate:

1

Viee,(Vfi(zr)) = i — 1

> (Vilwr) = g(wn, &) (2.6)

€My,
where the square is applied element wise.

It follows from (2.4) and (2.5) that

_ Vieg (Vfilz))lls (N —mu)

Ee, [l (s, &) — V (o)) ! i (27)
In the context of large-scale optimization, we can take the limit N — co. Hence,
[Viee, (V filze)) 1
Ee, [lg(xr, &) — V f (@) |*] m +—= o~ : (2.8)
Therefore, inequality (2.2) implies
|| Eék( f( k’))Hl < w§||g(xk7§k)”2- (29>

my
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This inequality shows the direct link between the batch size mj and the gradient error
threshold w,.

(Byrd et al., 2012) then used the following adaptive sampling heuristic:

e In iteration k, we sample a new batch of size m;, = my_1, then we compute the sample

variance and mini-batch gradient in (2.9).

e If condition (2.9) holds, we use mini-batch my, in iteration k. Otherwise, we define the

new batch size my, as follows:

P | Viee, (V fi(we))|la '
wallg(zr, &2

(2.10)

Note that to be able to define the new batch as in (2.10), (Byrd et al., 2012) assumed that
the change in the batch is gradual and that

IViee, (Vfilzi))ll = Vg, (Vfilae))Il - and  [lg(ze, &)l ~ lg(e, &)1, (2.11)

where &, corresponds to 7. Therefore, (Byrd et al., 2012) defined a heuristic for adapting
the batch size successfully to available information on the gradient estimates. (Pasupathy
et al., 2015) showed that for a linearly (resp. sublinearly) convergent batch optimization
algorithm to be efficient, i.e., have the lowest computational complexity, the sampling rate
should be geometric (resp. slightly faster than geometric). However, the sampling strategy
by (Byrd et al., 2012) does not guarantee that the sampling rate is geometric. Additionally,

one can question the validity of the assumptions in (2.11).

(Hashemi et al., 2014) used a similar norm test to define their sequential procedure for
adaptive sampling. They ensured that the sample size grows geometrically by introducing
a geometric growth factor v that the user needs to choose. However, the authors did not

explore the convergence properties of their adaptive sampling scheme.

In contrast, (Bollapragada et al., 2018a) proposed to replace the norm test with an inner

product test. It consists of satisfying the following condition:

Eice, {(sz(xk)TVf(xk) - va(xk>”2>2]

o < 02|V £ ()1 (2.12)

with @ > 0. This condition ensures that the variance of the inner product V f;(z3) "V f(x4)

is controlled. The authors suggested to approximate the variance in the left-hand side with
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the sample variance, and the full gradient with the mini-batch gradient. Inequality (2.12)

becomes
Vie k \Y% % T )
o [THToe0 8] gy, 213
where
Vieg, [V filan) Tg(an, &)] = mkl_ -2 (Vi) T glan &) lgnel?) . (2.14)

1€&K

Condition (2.13) is the approzimate inner product test. The authors argue that this condition
is less restrictive than the norm test, as it only requires for the gradient estimate to lie within
an infinite band around the full gradient, whereas the norm test requires that it lies within
a ball centered at the full gradient. The approrimate inner product test is then used to
change the batch size adaptively, following the same kind of heuristic used by (Byrd et al.,
2012). They also used similar approximations as (2.11). The authors proved global linear
convergence for strongly convex functions, and global convergence for non-convex functions.
Their empirical results show that the inner product test is more effective and that the batch

size growth is slower than the batch size growth when using the norm test.

(Bahamou and Goldfarb, 2019) demonstrated empirically that both methods,i.e, norm test
and inner product test, result in a fast growth of the used sample size that becomes eventually
very large within a few hundreds of iterations. They introduced a new test, called the acute-

angle test that consists of satisfying the following condition:

(H 9(k, &) 9@k, &) TV f ()
|

el TV Fan) TV fa )

2
) < pv?, (2.15)

where the constant 0 < p < 1 represents the probability of test failure and the constant
0 < v < 1 represents the level of angle acuteness. Condition (2.15) guarantees that the
normalised gradient estimate stays close to its projection on the full normalized gradient.
Figure 2.1 from (Bahamou and Goldfarb, 2019, Figure 2, page 4) shows the difference between
the three tests.

The method developed by (Bahamou and Goldfarb, 2019) adaptively controls the step size
as well. The authors did not provide the convergence rate of their method, but they proved
the global convergence of their algorithm. Moreover, they made the assumption that f is

self-concordant.
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(a) Norm test (b) Inner-product (c) Acute-angle

Figure 2.1 Acceptable values of the gradient estimate should fall in shaded areas: (a) for the
norm test, (b) for the inner product test, (c) for the acute-angle test. VF' represents the full
gradient. Figure taken from (Bahamou and Goldfarb, 2019, Figure 2, page 4).

2.4 Stochastic second-order optimization methods

Using optimization algorithms that incorporate second-order information, such as Newton’s
method (Dennis Jr and Schnabel, 1996), can result in faster convergence rates that can
even be quadratic in some cases. Quasi-Newton methods are widely used because they take
advantage of the information on the gradients gathered along previous iterations to construct

approximations of the Hessian without direct access to it.

The most popular Quasi-Newton method is the BFGS method (Broyden, 1970; Fletcher,
1970; Goldfarb, 1970; Shanno, 1970).

This method was shown to achieve a local superlinear convergence rate (Dennis and Moré,

1974). Its update is in the following form:

Tyl = T — OzkaVf(ZL’k), (216)

where Hy, =: B;' and B, is a symmetric positive definite approximation to the Hessian.

To add the curvature information obtained at each iteration, we define

Sk = Tpp1 — T,  and  yr = Vf(xp1) — Vf(xg). (2.17)

Most importantly, the updated Hessian approximation must verify the secant equation

Bk+18k = Yk, (218)

which means that the second-order Taylor expansion is verified for s, and ;.
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Because By must be positive definite to ensure that di is a descent direction, s, and yy

should satisfy the curvature condition

szyk > 0.

The recursive rule to update Hj is given by

1
Hiw1 = (I — prswyn ) He(I — pryesy,) + prsesi T,  where  py = T (2.19)
k Yk

The initial approximation Hy has to be chosen positive definite. Under these conditions, Hy,
is positive definite (see, for instance, Fletcher, 1970). However, it is not always possible to
compute the complete BFGS update. The limited-memory BFGS is a possible alternative
(Nocedal, 1980; Liu and Nocedal, 1989), because it is more memory-friendly, thus, better

adapted to large-scale optimization.

Considering a positive integer p, the approximation of the Hessian only depends on the last

p iterations and an initial HY, which is chosen positive definite

Hi= Vi, Vi) HY(Viep .. Vi) (2.20)
+ pk_p(Vk_lT Ce ‘/lc—p—f—l—r)Sk—psk—pT(Vk—p-I—l c. Vk—l)
+ ok prr(Ver T oo Ve pa T)skprask—pi1 T (Vipra -+ V1)

+ Pk—15k—18k—1 T,

where Vi, = (I — prpspyr T).

This method was successfully adapted to the stochastic setting by several works. (Schrau-
dolph et al., 2007) proposed the stochastic Online BFGS (0BFGS) and Online Limited stor-
age BFGS (oLBFGS) algorithms for online optimization of convex functions. Inspired by
oLBFG, (Bordes et al., 2009) design SGD-QN, a Quasi-Newton Stochastic Gradient-Descent

algorithm that replaces the inverse Hessian matrix by a diagonal rescaling matrix.

Their algorithm follows the recommendation from (LeCun et al., 1998) to rescale input fea-
tures to improve the condition number of the Hessian matrix in multi-layer neural networks.
However, the convergence analysis of SGD-QN only applies to the linear case of Support Vec-
tor Machines (SVMs) and assumes a positive definite bounded Hessian. ADAGRAD (Duchi
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et al., 2011) also exploits the idea of using a diagonal matrix as an approximation to the
Hessian in the convex setting. However, the results for ADAGRAD are more general SGD-
QN’s since the convergence analysis for ADAGRAD was not based on the assumptions that
the objective is smooth, nor did the authors assume that the Hessian is a positive definite

bounded matrix.

In the stochastic non-convex setting, we lose the guarantee that the curvature condition

holds, thus we cannot claim that the updated inverse Hessian matrices are definite positive.

One way to ensure that the updated inverse Hessian remains sufficiently positive definite in
the non-convex setting is to apply damping, which means replacing the gradient displace-
ment vector y, by a modified expression of it, g, such that the curvature condition holds
for s and 7. In this vein, (Wang et al., 2017) proposed a general framework for stochastic
Quasi-Newton methods for non-convex optimization, with available information on stochas-
tic gradients that is obtained through a Stochastic First-order Oracle (SFO). Within this
framework, they introduced a Stochastic Damped version of L-BFGS (SALBFGS).

Additionally, (Wang et al., 2017) introduced a variance-reduced version of this algorithm
(SALBFGS-VR), that allows for the use of a constant step size, which speeds up the conver-
gence. The authors adapted an SVRG-like variance-reduction technique, which was shown
to be effective when combined with stochastic second-order optimization methods in recent
years. In fact, (Moritz et al., 2016) proved that their variance-reduced stochastic L-BFGS
algorithm achieves a linear convergence rate for strongly convex and smooth functions. This
result is obtained by successfully applying an SVRG-like variance reduction to the stochastic
quasi-Newton method proposed by (Byrd et al., 2016). In the same fashion, (Gower et al.,
2016) combined a stochastic limited-memory block BFGS approach with an SVRG-type of
variance reduction to achieve a linear convergence rate for convex functions. The block BFGS

method consists of solving the following sketched inverse equation:

HyV? f (21, &) Dy = Dy,

instead of solving the inverse equation

H,V? f(xy, &) =1,

to obtain the inverse Hessian approximation Hj. Here V2f(zy, &) represents a sub-sampled
Hessian matrix and Dy € R™? is a randomly generated matrix such that n > ¢, which

means that D, has relatively few columns.
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Although SALBFGS-VR by (Wang et al., 2017) proved to have interesting theoretical and
experimental properties, we cannot verify whether or not the Hessian matrix stays well-
conditioned throughout the optimization. Moreover, the overall convergence may be hindered
if the Hessian approximation becomes singular. (Mokhtari and Ribeiro, 2014) proposed a
REgularized version of Stochastic BFGS (RES) to address the near-singularity issue. More
specifically, they proposed to define the Hessian approximation By, such that it represents

the solution to the following regularization problem:

Byy1 € argmin tr[B; ' (Z — 1)] — log det[ B, '(Z — 61)] — n, (2.21)
ZEeRnxn

where § > 0 is the regularization parameter. Note that the expression

t[B7(2)] — log det] By (2)] — n.

represents the Gaussian differential entropy between the two distributions N (0, By) and
N(0,7). Tt is equal to zero if and only if By = Z. The motivation behind this choice
is that the secant condition Byi1s; = y is not sufficient to characterize By, completely.
Therefore, one can also require for By, and By to have close differential entropy. The
conditions Zs;, = y, and Z > 0 guarantee that By, satisfies the secant condition and that
it is positive semidefinite, respectively. Finally, the regularization as formulated in (2.22)
ensures that the eigenvalues of Bjy,; are superior to the positive regularization constant
0 > 0. Therefore, the singularity of the sequence By is avoided and the authors provided
a closed-form solution Bj.; to problem (2.22). RES achieves a linear convergence rate in
expectation for strongly convex functions. Numerical experiments demonstrated that RES

yields a faster convergence compared to SGD and non-regularized stochastic BFGS.

To solve the singularity problem in the non-convex case, (Chen et al., 2019) introduced their
Stochastic Damped and REGularized L-BFGS (Sd-REG-LBFGS) method. The method is a
careful combination of the stochastic damped L-BFGS proposed by (Wang et al., 2017) and
the regularized BFGS by (Mokhtari and Ribeiro, 2014). The authors defined a new rule to
choose the regularization parameter 0 and proved that this rule is sufficient to guarantee that
the Hessian approximation remains positive definite. Inspired by the work of (Byrd et al.,
2016), the authors did not update the Hessian approximation at each iteration. They rather

computed the average Hessian approximations at regular intervals. This strategy reduces
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the computation costs that would disadvantage SAd-REG-LBFGS in comparison to SGD.
The authors proved the overall convergence of the Sd-REG-LBFGS method and provided
the number of iterations needed to converge. Numerical results showed that the algorithm
outperforms the stochastic damped L-BFGS algorithm by (Wang et al., 2017) in the convex
and non-convex settings for both real and synthetic datasets. SA-REG-LBFGS was also shown
to be less sensitive to the batch size and memory size choices than SALBFGS. Interestingly,
the authors did not apply an SVRG-type of variance reduction, but they implied that the use
of regularization helps reduce the variance, which may explain their algorithm’s robustness
to the choice of the batch size.

An alternative approach to solve the singularity problem consists of monitoring the quality
of the inverse Hessian approximation during the optimization by estimating its maximum

and minimum eigenvalues.

To the best of our knowledge, there has been no work that proposed to use the bounds on
the eigenvalues of the Hessian approximation matrix in order to improve the performance of

stochastic damped limited memory BFGS.
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CHAPTER 3 STOCHASTIC ADAPTIVE REGULARIZATION WITH
DYNAMIC SAMPLING

In this chapter, we present a novel adaptive first-order algorithm to solve convex and non-
convex large-scale unconstrained optimization problems. Our method distinguishes two

phases of the stochastic optimization process, and adapts the step size and batch size accord-

ingly.
3.1 Introduction

In the first part of this chapter, our problems of interest are unconstrained optimization

problems of the form

min f(z), (3.1)

zeR™

where we consider a semi-deterministic context, which means that we have access to exact
function values and inexact estimates of the gradient values. Then, we shift our attention to
optimization problems that arise in machine learning in the second part. Particularly, online

optimization problems

min f(z) = E¢[F(z,€)] (3.2)

xER™

where ¢ € RY denotes a random variable and F : R” x RY — R is a continuously differentiable

function, possibly non-convex; and finite sum optimization problems, where f takes the form

reR™

IMﬂw:;;mm (3.3)

where f; represents the loss function that corresponds to the i-th element of the dataset and
N is the size of the dataset.

In Section 3.2, we assume that the accuracy of gradient estimates can be selected by the user,
but we do not require errors to converge to zero. We then propose our Adaptive Regulariza-
tion with Inexact Gradients (ARIG) algorithm and establish global convergence and optimal
iteration complexity. This algorithm was mainly developed by my colleague Tiphaine Bon-

niot de Ruisselet (Bonniot, 2018). We build upon ARIG to present two stochastic variants
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in Section 3.3, as well as a new stochastic adaptive regularization algorithm with dynamic
sampling that leverages Pflug diagnostic in Section 3.4. Finally, we present a brief conclusion

in Section 3.5.

Our contributions:

e Defining a framework of transition from deterministic or semi-deterministic trust-region

methods to stochastic trust-region methods.

e Proposing a stochastic version of the initial adaptive regularization with inexact gradi-

ents algorithm, offering the same theoretical guarantees.

e Leveraging dynamic sampling to guarantee the accuracy condition on the gradient

estimates in adaptive regularization algorithms.
e Proposing a novel algorithm that combines adaptive regularization and adaptive sam-

pling by exploiting the two-phase nature of stochastic optimization procedures.

3.2 Adaptive Regularization with Inexact Gradients (ARIG)

We consider the optimization problem (3.1) and assume that we can obtain approximations
of V f(x). More specifically, we assume that it is possible to obtain V f(x,w,) ~ V f(x) using

a user-specified relative error threshold w, > 0, i.e.,

IV (2,0g) = V (2, 0)]| < wylIVF(z,wg)ll,  with Vf(z,0) = V[(z). (3-4)

Geometrically speaking, this assumption requires that the full gradient lie within a ball

centered at the gradient estimate.

We define our assumptions as follows:

Assumption 1. The function f is bounded below on R™, i.e., there exists K., such that
f(z) > Kigw for all x € R™.

Assumption 2. The function [ is continuously differentiable over R™.

Assumption 3. The gradient of f is Lipschitz continuous, i.e., there exists L > 0 such that
forallz, y e R", [V f(z) = Vf{y)ll < Lz —yl.
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3.2.1 Formulation for ARIG

Let T'(x, s) be the Taylor series of the function f(xz+ s) at = truncated at the first-order, i.e.,

T(z,s) = f(z) +Vf(z)'s.

We recall the following results implied by Taylor’s theorem (Birgin et al., 2017).

For all x,s € R™,

|[f(z + ) = T(x,5)| < 5L|s|*, (3.5)

IVf(z+s) = VT (x,8)|| < Lf|s]l, (3.6)

where L represents the Lipschitz constant defined in Assumption 3.

At each iteration k, we consider the following approximate Taylor series using the inexact
gradient V f(z,w,) defined in (3.4):

Ti(s) = flax) + V f(zp,wp) s, (3.7)

From inequality (3.5), the Cauchy-Schwarz inequality and the error specification on the

inexact gradient in (3.4), we find that at each iteration k and for all s € R", we have

|2k + 5) = Tu(s)] < [ f(xn +8) = T(aw, s)| + [T (2x, 8) = Ti(s)]
< | fan+8) = Tlaw, )| + [V (r) s = Vf(wg,wy) 5]
sLUsI? + IV f (k) = V f(@w, w0 llsl]
sLIsI + wgllV f (e, wy)ll [1s]]- (3.8)

IN

IN

Similarly, using the inequality (3.6) and the tolerance on the inexact gradient (3.4), we have

IV fxx +5) = ViT(s)| IV f(zi + 5) = VT (g, 8)|| + VT (wn, 5) = ViT(s) |
<V f ke + 5) = VT (g, 8) || + 1V f (@n) = V (@, w) |
<Lls|l + wg IV £ (@, ). (3.9)
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In order to describe our algorithm, we also define the approximate regularized Taylor series

li(s) = Ti(s) + %ak||s||2, (3.10)

whose gradient is

Vli(s) = ViTi(s) + ops = Vf(a:k,w’;) + o%s,

where o}, is the regularization factor updated at each iteration according to the algorithm’s

mechanisms described in Section 3.2.2.

3.2.2 Complete Algorithm

Algorithm 2 summarizes our Adaptive Regularization with Inexact Gradients method. The
technique is called adaptive regularization because oy ||s||* represents a regularization term,
whereas Tj(s) is the main function approximation in the definition of the model (3.10). The
adaptive regularization property is described in step 5 of Algorithm 2, where the regulariza-
tion parameter o, is updated based on the quality of the model ;. Note that this algorithm
is similar to a trust-region algorithm, such as defined in Algorithm 1, Section 2.2. The

regularization parameter o, can be interpreted as the inverse of a trust-region radius.

Let us explain the intuition behind this algorithm. The decrease rate

o = f(ifk) — f(CEk + si) _ Flaw) = flaze+ )
Ty (0) — Tr(sy) i“vf(xk’wg)HQ ;

represents the actual decrease in the function values related to the expected decrease by the
model if the trial step s is used. To accept the trial step si, the decrease rate p, needs to
be positive and superior to the constant 7. The regularization parameter is then updated

using the following scheme:

o If p. > my, then the model’s quality is sufficiently high to decrease the regularization

parameter, i.e., increase the trust-region radius.

o Ifn; < pi. < mo, then the model’s quality is sufficient to take the trial step s, but insuffi-
cient to decrease the regularization parameter. We choose to increase the regularization

parameter.

o If pr < 1y, then the model’s quality is low and not sufficient to take the trial step s.
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Therefore, we increase the model’s regularization parameter more aggressively than we

do in the previous case, which is equivalent to decreasing the trust-region radius.

In the following section, we offer a convergence analysis for ARIG under the assumptions

presented.

Algorithm 2 Adaptive Regularization with Inexact Gradients - ARIG
Require: z5 € R"
1: Choose the accuracy level ¢ > 0, the initial regularization parameter oq > 0, and the
constants 71, n2, V1, V2, v3 and oy, such that

Omin € (0, 00, 0 <m <m <1 and 0<y <1<y <. (3.11)

Set k= 0.

2: Choose w’ such that 0 < w¥ < 1/0; and compute V f(zy,w}) such that (3.4) holds. If
IV f(zr, wh)|] < €/(14w}), terminate with the approximate solution . = .

3: Compute the step s, = —Uika(xk,w;f).

4: Evaluate f(zy + sx) and define

fan) = flog +s1)  flaw) — [+ s)

P = = _ = ) (3.12)
T3:(0) — Tk(sk) IV f (g, )12
If pr. > m1, then define xy 1 = xp + sg. Otherwise, define xy 1 = .
5: Set
[max(omin, Y10k), 0k if px > 12,
Ok+1 € [Uk,%o'k] if pr. € [771;772)7 (3-13)

(Y20, Y30 if pr < my.
Increment k by one and go to step 2 if pp > n; or to step 3 otherwise.

3.2.3 Convergence and Complexity Analysis

The tolerance condition (3.4) is a key condition in the design of ARIG. In fact, this condition

ensures that at each iteration k,

IV i)l S IV fan) = V(e wp) |+ 1V F (e wp) | < 0+ wg) [V f (@, wp)]-
Therefore, when the termination occurs, ||V f(z, w¥)|| < €/(1 + w!), which implies that
IV f(x.)| < e and the first-order critical point . satisfies the desired stopping condition.

The following analysis represents the adaptation of the general properties presented by (Birgin

et al., 2017) to a second-order model with inexact gradients.
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We deduce from (Birgin et al., 2017, Lemma 2.2) an upper bound on the regularization

parameter og.

Lemma 3.2.1. For all k > 0,
(3.14)

Proof. We deduce from (3.12) and (3.8) that

|f(55_k + S) - Tk(‘sk)’ < %L + W;ﬂak'
|T%(0) — Ti(sk)]  — Ok

ok — 1| =

Since we require in step 2 that w;f < 1/0y, we deduce

Now assume that

o.k22 .
1—’[72

We obtain from the two previous inequalities that |pr, — 1| < 1 — 79 and thus py > ny. Thus,
iteration k is very successful in that pp > 10 and o1 < 0j. As a consequence, the mechanism
of the algorithm ensures that (3.14) holds. O

We now bound the number of unsuccessful iterations in terms of the number of successful

iterations.

Lemma 3.2.2 (Birgin et al., 2017, Lemma 2.4). For all k > 0,

1 1 max
k< |S] (1 n Og%l) + log (U ) . (3.15)
log 72 log 72 00

where S, = {0 < j <k |p; >m} denotes the set of “successful” iterations between 0 and k.

Proof. We denote by Uy the complement of Sy in {1, ..., k}, i.e., the index set of unsuccessful
iterations between 0 and k. The regularization parameter update (3.13) gives that, for each
k>0,

10 < Max(110j, Omin) < 0j41, J € Sk, and Y05 <0541, j € U

Thus we deduce inductively that

ISkl Ukl
oY1 Y2 < O
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Therefore, using 3.2.1, we obtain

O-maX
|Sk|logv1 + |Uk|logy2 < log( . ) ;
0

which then implies that

10 1 max
U] < —ISu e+ log (2,
logye  log7e 00

because 2 > 1. The desired result then follows from the equality & = |Sk| + |Ux| and the
inequality 71 < 1 given by (3.11).
[l

Using all the above results, we are now in position to state our main evaluation complexity

result.

Theorem 3.2.3. Let 1, 2 and 3 be satisfied. Assume w;f < 1/oy for all k > 0. Then, given
e > 0, Algorithm 2 needs at most

Psf(l‘o) ~ o J

2
successful iterations (each involving one evaluation of f and its approximate derivative) and

at most

- oW 1 1 max
K;sf(l’o) h " | log 71| N log <<7 )
€2 log 7o log 72 ol

iterations in total to produce an iterate x. such that ||V f(z.)| < €, where omax is given by
3.2.1 and where

(1 + Oumax)?

M Omin

Rg =

Proof. At each successful iteration, we have

flae) = flze+ s1) = nu(Te(0) — Ti(sk))
> LV (o)l

1110 min 2
> -
= (1 F oma)?
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where we used (3.12) and the fact that before termination

1 1 O Omin
||2 kEZ 162 EZ €.
1+wg 1+?k 1+0k 1+0‘max

IV f (x, 00y)

Thus we deduce that as long as termination does not occur,

Flao) — fown) = 3 ) — Fay + 5] = M e (3.16)

JESk
from which the desired bound on the number of successful iterations follows. 3.2.2 is then

invoked to compute the upper bound on the total of iterations.

3.3 Stochastic adaptive regularization with dynamic sampling

Although ARIG enjoys interesting theoretical guarantees, it is not adapted to the context
of machine learning, where we do not have access to the exact values of the function ei-
ther. Therefore, we propose to build upon ARIG in order to design a stochastic first-order

optimization with adaptive regularization.

3.3.1 Adaptive Regularization with Inexact Gradient and Function values (ARI-
GAF)

Let us assume that we do not have access to direct evaluations of f(x), but we can obtain

an approximation of f(z), f(zk,w}), with a user-specified error threshold wf, such that

|f(:1c,w]]f) — f(z,0)] < w’;, with  f(x,0) = f(x). (3.17)

We redefine the approximate Taylor series (3.7) using the inexact gradient and function

values:

Ti(s) = f(z,wf) + V f(zp,wh)'s. (3.18)

If the approximations of f(zy) and f(z) + si) are not sufficiently accurate, then the decrease
rate py defined in (3.12) looses its meaning, since it is supposed to quantify the ratio of the

actual decrease of the function value to the predicted decrease by the model.

Following the same steps as the analysis in (Conn et al., 2000), we suppose two values of the
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error threshold w'j and &)’j, such that,

|f (e, W) = f(x)] < wh, (3.19)

and
|f(zh + Sk,@;ﬁ) — flor + sp)| < &;l]f (3.20)

We also suppose a constant g < %7}1 and we require that

max (W}, &F) < no |T5(0) — Ti(s)] (3.21)

Using (3.19) and (3.21), we deduce that

o, wf) = o) < [flanwf) = fla)] < wf <mo[Te(0) = Tu(si)] . (3:22)

Using (3.20) and (3.21), we have that

Fay + s, OF) = fa 4 s) < |f(wn + s, 0F) = flan +s1)], (3.23)
< & < no[Ti(0) — Ti(si)]- (3.24)

From (3.22) and (3.23), we have that

[f(:ck,w’f“) - f(il?k)} - {f(fb’k + Sk@’;) — flar + 3k>} < w’; + c&’f“

By = = = < = = < 2
‘ Tr(0) — Ti(s) T1(0) — Te(s) ’
(3.25)
Notice that in this case, we have
xg,wh) — f(xp + s, OF -
5 [z, _f) f(on +s5,0F)  flay) — flop + sp) B = pot Be (3.26)

Combining (3.25) and (3.26), we obtain the following implication:
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P> = pr=n1—2n =1 >0, (3.27)

where 7, is by definition equal to 7, — 2.

This result is very strong because it means that whenever condition (3.21) is satisfied, a
sufficient decrease in the stochastic function, i.e., pp > 1y, implies that the achieved decrease
in the exact function value is at least a fraction n; of the decrease predicted by the model.
It also means that, as long as we can guarantee that condition (3.21) is satisfied at each

iteration, our convergence and complexity analysis from the previous section remains valid.

However, incorporating condition (3.21) in our model is not straightforward, because we
cannot obtain the value of T} (s;) before that of f(zy, w’j) Therefore, a backtracking strategy

will be used.

We propose a new version of ARIG that incorporates inexact function values satisfying the
error condition (3.17). We call this algorithm ARIGAF for Adaptive Regularization with
Inexact GrAdient and Function values. In particular, ARIGAF ensures that condition (3.21)
is satisfied, which means that the convergence and complexity results obtained in Section 3.2.3
remain valid for ARIGAF. Therefore, this algorithm represents the successful adaptation of
ARIG to the stochastic setting, while maintaining the convergence guarantees that ARIG
comes with. ARIGAF is described in Algorithm 3.

3.3.2 Stochastic ARIG with adaptive sampling

To use a stochastic version of ARIG in machine learning, we need to compute a gradient

approximation g(xg, &) for mini-batch &,

1 &

gy, &) = o > g(wn, ki), (3.31)
k=1
that satisfies
lg(ar, &) = V (@il < wyllg(an, &), (3.32)

where w;f is the iteration-dependent error-threshold.

Notice that condition (3.32) is similar to the norm test, as defined in Section 2.3.2 of the
literature review. Therefore, we can use the adaptive sampling strategy proposed by (Byrd

et al., 2012) to maintain this condition satisfied during the optimization. Let us recall their
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Algorithm 3 Adaptive Regularization with Inexact Gradient and Function values - ARIGAF
Require: z5 € R
1: Choose the accuracy level € > 0, the initial regularization parameter oy > 0, the initial
function error threshold w?c, and the constants 1y, 11, 12, V1, V2, V3 and oy, such that

1
Omin € (0, 0], 0 <m < <1,0<1m < S and 0<y <1<y <7 (3.28)

Set k = 0.

2: Compute f(zx,w}) such that (3.17) holds.

3: Choose w! such that 0 < wk < 1/0;, and compute V f(zy,w}) such that (3.4) holds. If
IV f (2, wh)|] < €/(14w}), terminate with the approximate solution . = .

4: Compute the step s, = —Uika(xk,w;f).

5. If w’j does not satisfy (3.21), decrease the value of w’j and go back to step 2. Otherwise,
compute &f such that (3.21) holds.

6: Evaluate f(x) + si, &%) and define

f(%wg’}) — flan + 81, 0F)  flaw,wf) — flor + s, OF)

Pk = = = (3.29)
Ti(0) — Ti(s) IV f (g, w2

7. If pr > my, then define x4, 1 = x5 + s, and wljfﬂ = @’Ji Otherwise, define xp,; = x; and
k+1 _ K
wi = wj.

8: Set
[max(amina r)/lo—k)a O_k] if ﬁk 2 12,
Okt1 € 9 [0k, 120%] if pi € [, 7m2), (3.30)

(Y20, Y30%] if pr < my.

Increment k£ by one and go to step 2 if pp > n; or to step 3 otherwise.
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adaptive sampling strategy.

Since w;f should verify 0 < w;‘ < 1/0o%, let us fix it cug = 1/0. This choice is natural since a
lower error-threshold would require the use of more samples to compute the gradient estimate
g(xka §k> :

Since g(xy, &) is obtained as a sample average (3.31), it is an unbiased estimate of V f(xy).

Therefore,

Ee, [lg(x, &) — VF@)I”] = Ve lg(@r, &)l (3.33)

where V¢, [g(x, )] is a vector of the same length as x;. Then, as in (Freund and Walpole,
1971, page 183), we have

View (Vfila)) (N = mi)

34

Ve, [9(2x, &)] =

The direct computation of the sample variance V;ee, (V fi(zx)) is expensive. Hence, (Byrd

et al., 2012) suggested to use the following variance estimate:

1
mk—l

Vieg, (Vfi(ar)) = > (Vfilzi) — glan, &), (3.35)

1€&K
where the square is applied element wise.

It follows from (3.33) and (3.34) that

_ WVieg (Vfize) [l (N —my)
my N -1 ’

Ee, [lg(zs. &) — V£ (z2)I?] (3.36)

In the context of large-scale optimization, we can take the limit N — oco. Thus, inequal-
ity (3.32) implies

Vie L v 7 1
e CHEDD < S lgfanlP (3:37)

Finally, the strategy that we will use to obtain a gradient estimate g(xy, &) that satisfies
condition (3.32), with w¥ = 1/0y, is the following:

e At iteration k, we sample a new batch of size m; = m;_1, then we compute the sample

variance and mini-batch gradient in (3.37).
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e If condition (3.37) holds, we use mini-batch my, in iteration k. Otherwise, we define

the new batch size my, as follows:

oillViee, (V fi(zi)) |1
gk, &)1

(3.38)

It is important to note that this strategy relies on the assumption that the change in the

batch size is gradual. Therefore, we assume that

IVieg, (VSilzi) 1 = IVieg, (VSilzi)lly - and  flg(ax, &)l = llg(ze, &), (3.39)

where & corresponds to my.

We call the resulting algorithm ARIG+. It represents the combination of the stochastic
version of ARIG with adaptive sampling. Algorithm 4 describes ARIG+.

Numerical experiments

We use ARIG+ to solve the logistic regression problem for the MNIST dataset (LeCun et al.,
2010). It is a dataset of handwritten digits. The task consists of predicting the digit given
its black-and-white handwritten version. The training set contains 60,000 examples, and
the test set contains 10,000 examples. We use a grid-search to determine the best set of
hyperparameters for ARIG+ and the best learning rate for SGD. We run the two algorithms
for 10 epochs.

Figure (3.1) shows the evolution of the training loss and validation accuracy for ARIG+
and SGD. We notice that the two algorithms have on par performance for the training loss.
However, ARIG+ has a better validation accuracy than SGD.

Figure 3.2 shows the evolution of the percentage batch size. We notice that the batch size

values stay reasonable throughout the optimization.

Figure 3.3 shows the evolution of the step size. Its value oscillates and does not converge to

Zero.
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Algorithm 4 Stochastic ARIG with adaptive sampling - ARIG+
Require: z5 € R”
1: Choose the initial regularization parameter oy > 0, the initial batch size myg, the total
number of epochs Nepochs, and the constants 71,72, 71, 72, 73 and omin such that

Omin € (0, 0], 0 < <y <1, and 0<vy <1<y <7s. (3.40)

2: Set n=1and k = 0.

3: Sample &. Compute g(w, &) and ||Vieg, (V fi(zx)) -
4: if condition (3.37) holds then

5. Go to step 10.

6: else

7 Set

il Viee, (V filwi)) |11
lg(2k, &)|1?

8:  Sample a new batch &, of new size m;, and compute g(zy, &).
9: end if

10: Compute the step s, = —Uikg(xk,fk).

11: Evaluate f(zg + sk, &) and define

fr, &) = fn sk, &) S lan, &) = o + Skagk)'

br = z = (3.41)
T4(0) — Tu(sn) R PTEAIE
12: If pr > ny, then define xp, 1 = ) + si. Otherwise, define xp, 1 = 4.
13: Set
[max(Omin, 110%), 0] if pr > 12,
Okt1 € 4 [0k, V20%] if pr € [, M), (3.42)

(Y20, Y30 if pr < my.

14: Set Mk41 = M.

15: if the epoch is completed and n = Nepocns then

16:  Terminate with the approximate solution x..

17: else if the epoch is completed and n < Nepocns then

18:  Increment n by one, shuffle the dataset and increment &k by one. Go to step 3 if p. > m;
or to step 10 otherwise.

19: else

20:  Increment k by one and go to step 3 if pr > 1y or to step 10 otherwise.

21: end if
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Figure 3.1 Evolution of the training loss (left) and the validation accuracy (right) for SGD
and ARIG+, solving a logistic regression problem on MNIST.
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Figure 3.2 Evolution of the percentage batch size for ARIG+ on MNIST.
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Step-size evolution for ARIG+
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Figure 3.3 Evolution of the step size for ARIG+ on MNIST.

Theoretically speaking, for our algorithm to converge, either the variance of the gradient
estimates or the step size has to converge to zero (Paquette, 2020). For ARIG+, the step
size does not converge to zero. Moreover, the percentage batch size would need to be close to
100% for the gradient variance to converge to zero. This discussion motivates our work in the
Section 3.4, where we propose a new algorithm that leverages both adaptive regularization
and adaptive sampling, but not simultaneously. The new algorithm is guaranteed to globally
converge because we choose a step size that converges to zero in the second phase of the

optimization.

3.4 Stochastic adaptive regularization with dynamic sampling and convergence

diagnostics

In this section, we present a novel algorithm that incorporates both adaptive regularization
and adaptive sampling by leveraging the two-phase nature of stochastic optimization. This
algorithm is an improved version of ARIG+, since we use a step size sequence that converges
to zero in the second phase of the optimization. This ensures the overall convergence of our

new algorithm.

3.4.1 Statistical testing for stochastic optimization

The two-phase nature of stochastic optimization procedures was explored even before (Mu-
rata, 1998). In fact, stochastic optimization algorithms exhibit two phases: a transient phase

and a stationary one. The transient phase is characterized by the convergence of the algo-
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rithm to a region of interest that contains potentially a good local or global optimum. In the

stationary phase, the algorithm oscillates around that optimum in the region of interest.

Several works aimed at deriving a stationary condition to indicate when stochastic procedures
leave the transient phase and enter the stationary phase. Some of the early works in this line
of research are Pflug’s works (Pflug, 1983, 1990, 1992). In particular, Pflug’s procedure was
introduced in (Pflug, 1990), and it consists of keeping a running average of the inner product
of successive gradients in order to detect the end of the transient phase. Pflug’s idea is simple:
when the running average becomes negative, that suggests that the stochastic gradients are
pointing to different directions. This should signal that the algorithm entered the stationary
phase where it oscillates around a local optimum. More recently, (Chee and Toulis, 2018)
developed a statistical diagnostic test in order to detect when SGD enters the stationary
phase, by combining the statistical test from (Pflug, 1990) with the SGD update. They
presented theoretical arguments and practical experiments to prove that the test activation
occurs in the phase-transition for SGD. Algorithm 5 describes Pflug diagnostic proposed by
(Chee and Toulis, 2018) for convergence of SGD, where g(z}) represents an approximation

of the full gradient V f(z;). Note that in this case, the number of samples in & is exactly 1.

The authors prove that the convergence diagnostic in Algorithm 5 satisfies E(Sy — Sk_1) <0

as k — +oo. This implies that the algorithm terminates almost surely.

Algorithm 5 Pflug diagnostic for convergence of SGD
Require: 25 € R

1: Choose v > 0 and burn-in > 0.
2: Set Sy =0
3: Compute g(zo) and make step x1 = xg — vg(zo).
4: for k=1,2,...do
5. Compute g(z)) and make step xp11 = zr — yg(xk).
6:  Define Sy = Sp_1 + g(zx) " g(zp_1).
7. if k£ > burn-in and S; < 0 then
8: return k
9: end if
10: end for

Figure 3.4 from (Chee and Toulis, 2018, Figure 1, page 12) shows the changes of Pflug diagnos-
tic, E(Sk — Sk_1), within different regions of the optimization space. The red star represents
the true optimum. The blue polygon represents the convergence region of SGD, i.e., the
region where iterates oscillate around the true optimum for 95% of the time, computed over
1000 simulations. The darkest-shaded area represents the area where Pflug diagnostic is de-
creased in expectation. As the figure shows, Pflug diagnostic represents a good approximation

of the convergence region of SGD.
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Figure 3.4 Expected increase or decrease (color legend on the right) of Pflug diagnostic
E(Sk — Sk_1). Red star: the true optimum value. Shaded area in the center: region where
Pflug diagnostic decreases in expectation. Polygon around shaded area: convergence region
of SGD. Figure taken from (Chee and Toulis, 2018, Figure 1, page 12).

3.4.2 Adaptive regularization and sampling using Pflug diagnostic

To harness Pflug diagnostic in our new algorithm, we discuss the bias-variance trade-off in
machine learning. Generally speaking, the bias of a model represents the extent to which it
approximates the true optimum. The variance of a model represents the amount of variation
in the solution if the training set changes. The generalization error in machine learning
represents the sum of the bias and variance. Therefore, there is a trade-off between the two

quantities.

Now notice that

e in the transient phase, we would like to reduce the bias of the model by converging to
a promising region of interest. Therefore, we propose to use adaptive regularization in
order to adapt the step size automatically, taking into account the information on the

decrease rate of the function pr. We use a fixed batch size during this phase.

e in the stationary phase, we would like to reduce the variance of the gradient estimates.
Therefore, we propose a variance reduction technique that consists of adaptive sam-
pling. While the batch size is adjusted automatically during this phase, we choose a
step size sequence that converges to zero. This ensures the global convergence of our

algorithm.

Algorithm 6 summarizes this method.
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Algorithm 6 Adaptive Regularization and Sampling using Pflug diagnostic - ARAS
Require: z5 € R”
1: Choose the initial regularization parameter o, > 0, the initial batch size mg, the
maximum batch size Mpyax, the total number of epochs Nepocns and the constants
burn-in > 0,7, 71, 72, and o, such that

Omin € (0, 0], 0<n <1 and 0<7y <1<. (3.43)

2: Setn=1,k=0,t=2, 5 =0, and Transient = True.
3: if Transient is True then

4:  Sample &, and compute g(xy, & ).
5. Compute s = —ig(xk,ﬁk) and define zy,1 = x + Sg.
6:  Evaluate f(zx41,&) and g(zg41, &), and define
[, &) = foeen, &) f (e, &) — f(Trga, &)
Pk = = = = 1 3 . (344)
Tr(0) — T (s o llg(@r, &)l
7. Set
Op41 € [max(omin, 110%), Ok) %f ék > 1, (3.45)
Okt1 € ok, Y20%] if pr, <.
8:  Compute Sgy1 = S + g(zrs1, &) T g(ar, &) and set my 1 = my.
9:  If (k > burn-in and Sy, < 0), then set Transient = False.

10: else
11:  Sample &. Compute g(zx, &) and ||Vieg, (V fi(zk)) 1
12 if condition (3.37) holds then

13: Go to step 18.
14: else
15: Set ,
—— min(’70-k||v;€§k(vfi<xk))”1—‘ e )
g (k&2 o
16: Sample a new & of new size my and compute g(zy, & ).
17: end if
18:  Compute the step s, = —ig(zk, &) and define xy4 1 = x5 + S

19:  Set my1 = my, Opp1 = akﬁ, and increment t by one.

20: end if

21: if the epoch is completed and 7 = Nepocns then

22:  Terminate with the approximate solution xy, .

23: else if the epoch is completed and 17 < Nepoens then

24:  Increment n by one, shuffle the dataset, increment k£ by one and go to step 3.
25: else

26:  Increment k by one and go to step 3.

27: end if
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We call our algorithm ARAS for Adaptive Regularization and Adaptive Sampling algorithm.
Note that we reduce the number of parameters that were initially introduced in ARIG by
eliminating 3 and 79, which makes the algorithm more practical. Inspired by (Curtis et al.,
2019), we do not require for the decrease rate to be sufficient to make the step. Instead, we
make the step in all cases. We also use a maximum batch size constant, m.,, to ensure that

the batch size values stay reasonable.

3.4.3 Experiments

In this section, we empirically study the performance of ARAS in both the convex and non-
convex settings. First, we compare the performance of ARAS to that of SGD, SGD with
momentum and ARIG+ in the convex setting. The problem of interest is a logistic regression
problem. Then, we compare ARAS to its modified version, as well as SGD in the non-convex
setting. The problem of interest is a non-convex support vector machine problem, with a

sigmoid loss function.

Logistic regression with MNIST

To evaluate the performance of our algorithm in the convex setting, we compare ARAS,
ARIG+, SGD and SGD with momentum for solving a logistic regression problem on the
MNIST dataset. All parameters were set using a grid-search and the algorithms were trained

for 10 epochs each.

Training loss evolution Validation accuracy evolution
12 — 5GD
5GD0 with momentum - —/\/h’\/
—— BRIG+
10 — mRAS

L]

Lioss

90

06
g9 — 5GD

04 5GD with momentum

= ARIG+
88 — ARAS
o 2 4 6 8 o 2 4 3 8
Epoch Epoch

Figure 3.5 Evolution of the training loss (left) and the validation accuracy (right) for ARIG+,
ARAS, SGD and SGD with momentum, solving a logistic regression problem on MNIST.

Figure 3.5 shows the performance of the four algorithms. Our algorithm outperforms all

three other algorithms on both the training and validation sets. It is worth noting that
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the transition from the transient phase to the stationary phase was not detected during the

training.

Non-convex support vector machine with RCV1

In the non-convex setting, we compare the performance of ARAS and SGD for solving the
finite-sum version of a non-convex support vector machine problem, with a sigmoid loss

function, a problem that was considered in (Wang et al., 2017):

min f(z) := E,,[1 — tanh(vz w)] + M|z|?, (3.46)

reR™

where u € R™ represents the feature vector, v € {—1,1} represents the label value, and A

represents the regularization parameter.

The finite-sum version of problem (3.46) can be written as follows:

N

min (o) 1= 3 3 (&) + M. (347

i=1
where f;(z) =1 — tanh(v; x ") fori € {1,...,N}.

As for the dataset, we use a subset ! of the dataset Reuters Corpus Volume I (RCV1) (Lewis
et al., 2004), which is a collection of manually categorized newswire stories. The subset
contains 9625 stories with 29992 distinct words. There are four categories to which the stories
belong: "GCAT", with 2901 stories, "MCAT", with 2638 stories, "C15", with 2022 stories, and
"ECAT", with 2064 stories. We combine the two categories "MCAT" and "ECAT" into one
category, to which we assign the label value 1; and the two categories "C15" and "GCAT"
into one category, to which we assign the label value —1. Our purpose is to solve this binary

classification problem.

We train the algorithms for 10 epochs, each. We compare ARAS to SGD, as well as another
version of ARAS in which we force the transition from the transient state to the stationary

in the fifth epoch. The results obtained are shown in Figure 3.6.

We notice that the forced transition does not improve the performance of ARAS, especially
on the training set. In fact, we tried different values for the epoch in which we force the tran-
sition, and it is the fifth epoch that gave the best results. However, the resulting algorithm
is still outperformed by the vanilla version of ARAS. This means that it is better in this

specific case to trust our statistical diagnostic test in detecting the transition, rather than

We downloaded the used subset from http://www.cad.zju.edu.cn/home/dengcai/Data/TextData.html
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Figure 3.6 Evolution of the training loss (left) and the validation accuracy (right) for SGD,
ARAS, and ARAS with a forced transition in the fifth epoch, solving a non-convex SVM
problem on RCV1.

forcing it. Moreover, we notice that both versions of ARAS largely outperform SGD on both
the training and the test tasks.

3.5 Conclusion

In this chapter, we proposed novel first-order optimization algorithms in the context of ma-
chine learning and large-scale optimization. Table 3.1 summarizes the characteristics of these

algorithms.

Table 3.1 Comparison of the characteristics of our first-order algorithms.

ARIG | ARIGAF | ARIG+ | ARAS

Stochasticity
Theoretical guarantees v
Adaptive step size v
Adaptive batch size X
X
v

Practical for machine learning
Conceivable overall convergence

AN IEIENENEN
EIRNENENEIEN
ANNANANENEVEN

The first algorithm that we proposed, ARIGAF, is an adaptation of ARIG to the stochastic
setting that maintains the same theoretical guarantees. However, this algorithm is not prac-
tical for solving machine learning problems. Therefore, we proposed ARIG+ that leverages
adaptive sampling to satisfy the accuracy condition on the gradient approximation. This
second algorithm is practical for machine learning at the cost of losing ARIG’s theoretical

guarantees. Finally, we proposed ARAS, which solves both the practicality concern that
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comes with ARIGAF and the overall convergence concern that comes with ARIG+. ARAS
was demonstrated empirically to outperform SGD and enjoys a conceivable overall conver-
gence property since the step size converges to zero. Nevertheless, its convergence rate and

iteration complexity remain an open question.
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CHAPTER 4 STOCHASTIC DAMPED L-BFGS WITH CONTROLLED
NORM OF THE HESSIAN APPROXIMATION

In this chapter, we propose a new stochastic damped L-BFGS algorithm (see Section 2.4),
where we make use of the bounds on the largest and smallest eigenvalues of the Hessian
approximation to monitor its quality. Our algorithm draws heavily from the work of (Wang
et al., 2017), who proposed recently a stochastic damped version of L-BFGS for online and

finite-sum problems.

4.1 Introduction and motivation

We consider the online optimization problem introduced previously

min f(x) := Ee[F(z, )] (4.1)

zeR™

where ¢ € R? denotes a random variable and F : R” x R? — R is a continuously differentiable

function, possibly non-convex.

Our algorithm also applies to finite-sum problems, with the alternative definition of f as

reR”™

Imﬂ@:;;mm (4.2)

where f; represents the loss function that corresponds to the i-th element of the dataset and
N is the size of the dataset.

As discussed in the literature review, Chapter 2, SGD and its variants are widely used to
solve optimization problems (4.1) and (4.2) in machine learning. However, they might not
be well-suited for highly non-convex and ill-conditioned problems. An efficient way to solve
these issues is to make use of the second-order information. Second-order algorithms are well
studied in the deterministic case but there are many areas to explore in the stochastic context.
Specifically, the use of damping in L-BFGS is an interesting technique to be leveraged in the
stochastic case. (Wang et al., 2017) proposed a stochastic damped L-BFGS (SALBFGS)
algorithm and proved almost sure convergence to a stationary point. However, as mentioned
by (Chen et al., 2019), the damping does not prevent the Hessian approximation from being
ill-conditioned. Additionally, the overall convergence of SALBFGS may be heavily affected

if the Hessian approximation becomes singular during the optimization process. SALBFGS



48

does not guarantee that it will not be the case. In order to remedy this issue, (Chen et al.,
2019) proposed to combine SALBFGS with regularized BFGS presented by (Mokhtari and
Ribeiro, 2014). We take a different direction to solve this problem.

Our contributions:

e Less restrictive assumptions: we prove that the inverse Hessian approximation is bounded
by requiring for the stochastic gradient to be Lipschitz continuous, which is a less re-
strictive assumption than (Wang et al., 2017), where they require for the stochastic
function to be twice differentiable with respect to the parameter vector, and for the

norm of its Hessian to be bounded for all parameter and random sampling vectors.

e A new damped L-BFGS: we propose a new version of stochastic damped L-BFGS,
that uses an estimation of these bounds to change the update of the inverse Hessian
approximation. Different solutions are proposed when ill-conditioning is detected. The

algorithm is shown to converge almost surely to a stationary point.

e Choice of the initial inverse Hessian approximation: we propose a new formula of the

initial inverse Hessian approximation to make the algorithm more stable.

4.2 Formulation of our method

We assume that we do not have access to full gradients, but we can obtain a stochastic
approximation of the gradient via a Stochastic First-order Oracle (SFO). Let g(x, &) denote
the gradient approximation obtained at iteration k, where & corresponds to the subset of
samples considered in this iteration, taken from a given set of realizations of the random

variable £. In addition, g(zy, &) satisfies

1 &

9(xr, &) = p— Zg(mkafk,i>» (4.3)

where ¢ ; is to the i-th sample of { in iteration k£ and my, is the batch size used in iteration
k. Note that we do not assume here that g(zg, &) = Vfe, , (7r).

The Hessian approximation constructed at iteration k and its inverse are denoted Bj and

Hy, respectively, such that Hy, = B, Land By is positive definite.

The update rule is the following:
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Tyl = Tk + Oékdk7 (44)

where
dp = —Hyg(xg, &),

and oy > 0 is the step size.

Now, let us define the step and gradient displacement vectors at iteration k

Sk = Tpy1 — Tk, and gy, = g($k+17§k) - g(l’k, fk)- (4-5)

Following the BFGS conditions, the updated Hessian approximation should verify the secant

equation:

Bk+18k = Yk- (46)

Then, the following curvature condition allows By, to be positive definite, which ensures

that dj, is a descent direction

spyk > 0. (4.7)
The inverse Hessian update for BFGS is given by

1

—.
Sk Yk

Hy1 = (I = prsiyd ) Hi(I — peysy ) + pesksy,  where  pj, = (4.8)
The initial approximation Hj is chosen to be positive definite. Recursively, Hy; is positive
definite (see, for instance, Fletcher, 1970).

Since it is computationally expensive to store the Hessian approximations and perform
matrix-vector products in the context of large-scale optimization, we use the limited-memory
version of BFGS. Therefore, the approximation of the Hessian only depends on the last p
iterations and an initial HY, chosen to be positive definite. The parameter p is called the

memory of L-BFGS. The inverse Hessian update becomes
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Hi= Vi, Vi) H (Viep ... Vi1) (4.9)
+ Pk—p(VkT—l e thp+1)3k—p5g—p(vk—p+1 - Vi)

+ o1 (Vils - Vil peo)skprasi_pi (Viopra - Vi)

-
+ Pr—1Sk-15k_15

where Vi, = (I — prspyy ).

When the step length a4 in equation (4.4) is not computed from the Wolfe conditions in
the line search (Wolfe, 1969, 1971), there is no guarantee that the curvature condition holds.
Therefore, we use the damping technique, as defined in (Powell, 1978), to ensure that the
inverse Hessian approximation remains sufficiently positive definite during the optimization

process. It consists in defining a modified gradient displacement vector i, as

Jr = Oryr. + (1 — O) Bysy, (4.10)
where
1 if s, yk > nsg Brsk
b = 1 — ) SeBrsk e (T B (4.11)
( )sggksk_sgyk U S Yr < NSy DrSk

with € (0,1). Thus,

Sk Gk > 5% Busk > D win(By)[|si* = )HSkHQ,

_n
)\max (Hk:

and the curvature condition is always verified when using s; and ;. We obtain the damped
BFGS update :

A o R N 1
Hi = (1 — pksky,;r)Hk(I — pkyksg) + pksksg, where  pp = T (4.12)
k Yk

The L-BFGS update is obtained by applying p times the damped BFGS update to H}.

4.3 A new stochastic damped L-BFGS with controlled Hessian norm

Our working assumptions are the same as Assumptions 1-3 from Chapter 3. Namely,

Assumption 4. The function f is bounded below on R", i.e., there exists K, such that
f(x) > Koy for all x € R™.
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Assumption 5. The function f is continuously differentiable over R™.

Assumption 6. The gradient of f is Lipschitz continuous, i.e., there exists L > 0 such that
forallz, y e R, ||V f(x) =V[(y)| < Lz -yl

In Section 4.3.1, we propose a new definition for §. Then, we prove that the maximum and
minimum eigenvalues of the updated inverse Hessian, using the new ¢, are bounded above
and below, respectively. In Section 4.3.2, we present our algorithm, that we call Stochastic
Damped L-BFGS with Controlled Hessian Norm (SALBFGS-CHN). Finally, in Section 4.3.3,
we propose a variance reduced version of SALBFGS-CHN.

4.3.1 Bounded inverse Hessian approximation

Our purpose is not only to prove that the inverse Hessian approximation, Hy, stays bounded
all along the optimization process, but also to obtain bounds that we are able to compute, or
at least compute their approximations. Definition (4.10) of g, would result in an expression
of the bounds over Hj,; that depends on the maximum and minimum eigenvalues of Hy,

which we cannot afford to compute.

Inspired by (Wang et al., 2017), we change the definition of g in (4.10), and use the following

definition instead:

gk = ekyk + (1 — 9k)(H]8+1)_18k, (413>
where
6 t if  spye = s (He) s
T o) e e m G T(HD )Ly (4.14)
skT(H;SH)_lSk*Ska kyk 77 k k+1 k

with 7 € (0, 1).

This new damping strategy ensures that the curvature condition

N - n
sk = 0y (i)™ sk = 0 Awin (i) il = )HSkHQ,

Amax (H}
is always satisfied since H},, is chosen to be definite positive.

In Lemma 4.3.1, we consider two vectors s and y such that s™y > v||s||?, with v > 0. Notice
that

1
Ysl? < s'y < Isllllyll, and thus [|s]| < allyll-
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We also need p = ﬁ, the inverse of their inner product. It is useful to note that

Lo
SpPp> - .
511yl 7 lIsl?

Lemma 4.3.1. Let s and y € R™ such that sy > ~||s||*> with v > 0, and such that ||y|| <
L,||s||, with L, > 0. We denote p, the inverse of the inner product of these two vectors, i.e.
p= ﬁ Let A= uSS" + pss', where >0, and S = (I — psy"). Then,

(4.15)

1 7
Apin(A) > min [ —, —F | >0, 4.16
(4) = min (Ly 1+5L§) (4.16)
and
1 L 7
A (A) < = o, Bz 1) 4.17
( )_7+max( A2V 1+5L§) @17

Proof. Since A is a real symmetric matrix, the spectral theorem states that its eigenvalues
are real and it can be diagonalized by an orthogonal matrix. That means that we can find n

orthogonal eigenvectors and n eigenvalues counted with multiplicity.

Consider first the special case where s and y are collinear, i.e. there exists # > 0 such that
y = 0s. Any vector such that u € st, where st = {z € R" : 275 = 0}, is an eigenvector of
A associated with the eigenvalue p of multiplicity n — 1. Moreover, sy = 0]|s||?> = ||s||||y]],

p= W and we have

As = {u (I — p@ssT)z + pss '

2
s= | (1= o0lsl®)” + sl s = ol

Let us call A = pl|s||?, the eigenvalue associated with the eigenvector s. From (4.15) and
lyll < Ly||s||, we deduce that

<A<

2|

1
Ly
In the more general case, suppose that s and y are linearly independent. Any vector wu

such that u's = 0 = u'y satisfies Au = pu. This provides us with a (n — 2)-dimensional

eigenspace V', associated to the eigenvalue p of multiplicity n — 2. Note that

As = plls||> (1 + ppllyl*)s — plls|I*uy,
Ay =s.

Thus neither s nor y is an eigenvector of A. Now consider an eigenvalue A\ associated with
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an eigenvector u, such that u € V. Since s and y are linearly-independent, we can search

for u of the form v = s + Sy with g > 0. We obtain the following system of equations

pllsl* (L +ppllyll*) + 8 = A,
—plislu = A8.

We eliminate 8 = X — p||s||* (1 + pplly||?) and obtain

where
p(A) =X = Xplls|® (14 pollyll?) + pllsl?p.

The roots of p must be the two remaining eigenvalues A\; < Ay that we are looking for. In
order to obtain (4.16), we need a lower bound on A\; whereas to obtain (4.17), we need an

upper bound on As.

On the one hand, let [ be the tangent to the graph of p at A = 0, defined by

1) = p(0) + ' (0)X = s> = Aplls[I” (1 + pollyl?) -

Its unique root is
1

L+ ppllyll*
From (4.15) and since |ly|| < L,||s||, we deduce that

X:

A > >

Since p is convex, it remains above its tangent, and A < \;.

Finally,
Amin(A) > min(

1 _ g
> 0.
Ly’ 1+%L§>

This proves (4.16).

On the other hand, we note A = p?||s||*(1 + uplly||*)* — 4p||s||*p. The discriminant A must

be nonnegative since A is real symmetric, and its eigenvalues are real. We have

L pllsl(1+ upllyl|?) + /o251 + pplly]2)? — 4pl|s|*n
2 — .
2
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For any positive a and b such that a®> — b > 0, we have va2 — b < a — % Thus,

2 2 H
Ay < pllsF(1 + ppllyll”) — 1T 1olale
From (4.15), we deduce that
Lon ) p
S s T Ty e
And since ||y|| < L,||s]|, it follows
Ay < 1, %Lz - %
v 1+ 2L

Finally,

a

11 W
A (A) < max | =, - 2—).
(7 vt 1+ AL

This proves (4.17).
[l

Let us recall the damped L-BFGS update formula in the stochastic setting. In each iteration,

we compute

Sp = Tpt1 — T and  yp = g<xk+17€k) - 9($k7fk)- (4-18)

Notice that we compute the gradient estimates g(xg11, &) and g(xg, &) using the same mini-
batch &, following the steps of (Schraudolph et al., 2007; Bordes et al., 2009). As mentioned
by (Bottou et al., 2018), the use of different mini-batches, &1 and &, can result in poor
curvature estimates. Alternative strategies include decoupling the computation of the step
and the Hessian approximation (Bottou et al., 2018), or computing the Hessian approximation

using a significant overlap between two consecutive batches (Berahas and Takac, 2020).

Back to the stochastic damped L-BFGS, we choose the damping parameter 6, according
to (4.14) to ensure that

N - Ui
Sgyk > USE(HEH) Ly > m”skw, (4.19)
max k41

where By, = H, ! is the current approximation of the Hessian and 1 € (0,1). Then, we apply
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p times the damped BFGS update (4.12) to H}:

Hivr = (S0 - Si_pe)) Ho o (Sk—pi1 - - Sk) (4.20)
+ fakr—p—&-l(sl;r ce Sl;r—p+2)3k—p+13;——p+1 (Sk—p+2 - - - Sk)

+ ﬁk—p—s-?(slj s S/;r—p+3)8k—]?+28;——p+2(Sk—p+3 s Sk)

N T
+ PrSkSy

where Sy = (I — prsi@y ) and HY is a well chosen positive definite matrix.
To prove that the inverse Hessian approximation is bounded, we use the following assumption:

Assumption 7. The approzimation of the gradient of f, g(x,&), is Lipschitz continuous,
i.e., there exists Ly, > 0 such that for all x, y € R", ||Vg(z,&) — Vg(y,&)| < L, ||z — y]l.

This assumption is required to prove convergence and convergence rates for most recent
stochastic quasi-Newton methods. It is discussed in great detail in (Yousefian et al., 2017).
Assumption 7 is less restrictive than requiring f(x, &) to be twice differentiable with respect
to z, and the norm of the Hessian ||V2,f(z,&)|| to be bounded for any z, £, as required
in (Wang et al., 2017).

The following theorem shows that the eigenvalues of Hy,; are uniformly bounded.

Theorem 4.3.2. Let By, = H,;1 and H,?H be two positive definite matrices andp > 0. If Hp1q
is obtained by applying p times the damped BFGS update formula with inexact gradient (4.20)

to Hy .y, then there exists two positive constants X\ and A such that
/\min<Hk+1> > A and )\max(Hk—H) <A. (421)

Proof. Consider one damped BFGS update (4.12) using s and y defined in (4.18) and gy
defined in (4.13), i.e, p =1,

Hy1 = SkHIS+1SI: + ﬁksksga where  pp = T Se=(— ﬁksk@;)-
We have

)\min(HkJrl) Z )\min(,ulsksl;r + ﬁksksg)a Where H1 = )\min(ng—&-l)?
)\max(HkJrl) S )\max(MZSkSkT + ﬁksksg)u where H2 = )\maX(H]E;)+1)-
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Because Hy,, is positive definite, we have 0 < p; < po. Let us show that we can apply
Lemma 4.3.1 to

Al = mSkS,;r + ﬁksks; and Ay = ,uQSkS,;r + ﬁksks;.
From (4.19), we obtain

" - U
sk = Nin (HR41) ) llsil* = Isll* = jIISkH?-

o
)‘maX(ng+1)

Moreover, using Assumption (7) we have:

5% = Orne + (1 = ) (i) sell < Nyl + 11 ) ™ sell < Lllsill + 1)) ™ sl

then,
Gkl < (Lg + Amax (Hipr) ™ llsll = (Lg + %)HS}«H-
Amin (Hp41)
Therefore, we can apply Lemma (4.3.1) with sg, gk, ¥ = - > 0, Ly = Ly + +—0— > 0
M1 mln(Hk+1)
and p = py > 0 for Ay, respectively u = ps > 0 for As.
_ 1 :
Let us note Ly = Ly + (T ) It follows that:
1 Ammin (H}
)\min(Hk"Fl) Z mln ) Ao (HO ))\( k{[i;lo) ) )
Lk+1 1 + min k+1 'r] max k+1 (Lk+1)2
>\max HO /\max HO 3 /\max HO
)\max(Hk+1) S ( k+1) _|_ max 07 ( 2k+1) Lz+1 o /\ S-_IO k+21)
n n + M[}
" k+1

Now, we consider the case where p > 1 and let us note

Hptl o= Sk nHy Syop + Pr-nsk-nsip, 0<h<p-—1,

where
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1

————— Sp = = Pr—nSr—nGn_p)-
Sp—nYk—h

Hy o= Hypy, pen=
Similarly to the case p = 1, we have

min(HEEL) > Auain (U} SkonSi_p + Pr-nSk—nsp_p),  where pf = Auim(Hp ),

A Am
)‘maX(Hl}clIll) < )‘maX(UgSk—hSlj—h + pAk—hSk—hS;—h% where ,ug = /\maX(Hl?—f—l)'

Recursively, we have that H}' | is positive definite, 0 < p} < pft. We show that we can apply
Lemma (4.3.1) to

h h T 5 T h h T N T
A} = iy Sk-nSy_p + Pr-nSk-nSp—p, and Ay = 1 Sk—nSy_p + Pr—nSk—nSg_p-

From (4.19), we have

U

o skl
Amax (Hi—p+1)

Sknfk—n = Munin(HR_p41) ™) lsi-nl* =

Using Assumption (7) we have

196—h = Ok—nyr—n + (1 = Ok ) (H}_py1) ™" sknll < Lgllsunll + | (Hy_py1) ™ sl

then,

1

1Ok-nll < (Lg + 50—
! )‘min(ngth)

MIsk—nl]-

We apply Lemma (4.3.1) with s = sg_p, ¥ = Gp—p, 7 = m >0, L, = L, +
m >0 and p = p? > 0 for AP, respectively p = u > 0 for Ab.

Let us note Ly_p41 = Ly + and Yg_pi1 = m Then we have

1
Amin(Hg k—h+1

—h+1)

Amin (HJ (1)

k—h+1 7 1+ Amin (H} ) (L

Vk—h+1

Amin(H) > min (4.22)

kfh+1>2

and
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Amax(HP 1) Amax (Hly1)
Ao (I + max | 0, ML max’ " k+1 4.23
a ( k+1 ) Vi—ht1 ryk htl k—=h+1 1 /\maX(HIZL+1) 2 ( )

Vk—h+1 k—h+1

It is clear that we can obtain the lower bound on Ap,(Hgy1) recursively using (4.22). Ob-
taining the upper bound on Ayax(Hgi1) using (4.23) is trickier. However, we notice that

inequality (4.23) implies

1 Amax (H,
Amax (HJ 1) < + (Hiv) 1 Ly pir- (4.24)
Vk—h+1 %; h+1
This upper bound is less tight but it allows us to compute Apax(Hgi1) recursively. O

Now that we obtained the upper (4.24) and lower (4.22) bounds on the maximum and min-
imum eigenvalues of Hji, respectively, we use them to define our algorithm in the next

section.

4.3.2 Description of the algorithm: SALBFGS-CHN

First, we discuss the choice of Hy, ;. A common choice for Hy,, (Nocedal and Wright, 2006)

is

-
Yk

H/S+1 = 7k+1]1 where Y1 = ]—?77

Sk Yk

and g4 is called the scaling parameter. This choice ensures that the search direction is well

scaled, enabling the use of a large step size. To prevent Hj,, from becoming singular or

non-positive definite (since there is no guarantee in the non-convex case that s}y, > 0), we

choose to define Hy,, as follows:

Yn Y

, 4.25
S;—yk ( )

Hy = (max(lkﬂ,min(fykﬂ,f‘ykﬂ))) I, where g1 =

and 0 <7, 1 < Vk41 can be constants or iteration-dependent.

We use the mini-batch gradient approximation
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1 &

9(Tr, &) = p— Z V fe..(xn). (4.26)

The Hessian-gradient product used to compute the search direction dy = —Hyg(x, &) can
be obtained cheaply by exploiting a recursive algorithm (Nocedal and Wright, 2006), as
described in Algorithm 7.

Algorithm 7 Two-loop recursion algorithm for Hessian-gradient product computation

Require: Current iterate @i, g(zx, &), pi = ==, si, G for i € {k —p, ...,k —1}.

s; Ui’
1: Define g = g(, &)
2: fori=k—1,k—2,....k—pdo
3. Compute v; = p;s; g
4. Compute g = g — v;1);
5. end for
6
7
8
9

: Compute ¢ = H} g using (4.25).
cfori=k—pk—p+1,....k—1do
Compute i = pif; q
. Compute ¢ = q+ (v; — p)s;
10: end for
11: Return g = Hy g(zx, &)

Finally, we summarize our complete algorithm, the Stochastic Damped L-BFGS with Con-
trolled Hessian Norm (SALBFGS-CHN), in Algorithm 8. Note that the notations \; and Ay

do not refer to the k-th eigenvalue and that the index k refers to the iteration number only.

In step 5 of the algorithm, we compute an estimate of the upper and lower bounds on
Amax (Hg+1) and Apin (Hgy1), respectively. The only unknown quantity in the expressions of
Ain (4.24) and X in (4.23) is the Lipschitz constant L,. We estimate this Lipschitz constant
at each iteration k by defining L, ~ |lyk||/||sk||. There are several strategies that we can
consider when the bounds are not within the limits that we set as hyperparameters. Two
possible strategies are presented in Algorithms 9 and 10. Again, note that the notations A\
and A, do not refer to the k-th eigenvalue and that the index k refers to the iteration number

only.

4.3.3 Variance reduced SALBFGS-CHN

Motivated by the success of recent methods combining variance reduction with stochastic L-
BFGS (Gower et al., 2016; Moritz et al., 2016; Wang et al., 2017), we propose a new variance
reduced variant of our algorithm. Not only would this accelerate the convergence, since can

choose a constant step size, but it also improves the quality of the curvature approximation.
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Algorithm 8 Stochastic Damped L-BFGS with Controlled Hessian Norm - SALBFGS-CHN
Require: z5 € R”

1: Choose a step size sequence {ay > 0}y>0, batch size sequence {my, > 0}x>¢, upper bound
limit Apax, lower bound limit Ay, memory parameter p, total number of epochs Nepochs,
and the sequences Vi1 and 711, such that 0 < Vir1 < Vet

2: Set t =0, k=0.

3: Sample batch & of size my. Compute g(xy, & ).

4: If k = 0, define dy, = —g(xy, &), otherwise compute dy, = — Hy.g(xy, ) using Algorithm 7.
Then define xp, 1 = xp + agds.

5. Compute g, yx as in (4.18), and compute g as in (4.13).

6: Estimate Ay and A, in (4.21) recursively using (4.24) and (4.23). If Ay > Apax O
Ak < Amin, use strategy 9 or 10.

7: if the epoch is completed and ¢t = Nepochs — 1 then

Terminate with the approximate solution x. .

9: else

10:  if the epoch is completed and ¢ < Nepochs — 1 then
11: Increment ¢ by one and shuffle the dataset.

12:  end if

13:  Increment £ by one and go to step 3.

14: end if

Algorithm 9 Hessian update strategy n.1 when bounds are not acceptable
Require: Ag, i, Anax and Ay,

1: if Ay > Apax or A\ < Apin then

2. delete stored values of s;, y; and §;, i € {k —p+1,...,k}.

3:  in the next iteration, use search direction dyy1 = —g(@py1, Err1)-
4: end if

Algorithm 10 Hessian update strategy n.2 when bounds are not acceptable
Require: Ag, Ap, Anax and A,
1: if Ay > Apax OF A\ < Amin then
2:  delete stored values of s;, y; and §;, i € {k—p+1,...,k —1}.
3: in the next iteration, use search direction dpy; = —Hpy19(pe1,E&41), where
Hi19(xpy1, Ekt1) is computed using the last pair (s, 9k).
4: end if
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We apply an SVRG-like type of variance reduction. The new version of SALBFGS-CHN is
described in Algorithm 11.

Algorithm 11 Variance reduced SALBFGS-CHN - VR-SALBFGS-CHN
Require: 5 € R”
1: Choose a step size sequence {ay > 0}y>0, batch size sequence {my > 0};>¢, upper bound
limit Apax, lower bound limit Ay, memory parameter p, total number of epochs Nepochs,
and the sequences Vit and 41, such that 0 < Vis1 < Ve+1-

2: Set t =0, k=0.

3: Define 2}, = x; and compute the full gradient V f(z%).

4: Sample batch &, of size my, and compute g(xy, &) and g(zt, & ).

5: Define g(y, &) = g(zn, &) — 9(x), &) + Vf(2},).

6: If k = 0, define dy, = —g(xy, &), otherwise compute dy, = — Hy.g(xy, {) using Algorithm 7.
Then define xp,1 = x5 + agdy.

7. Compute si, yx as in (4.18), and J as in (4.13) using g(xk, &).

8: Estimate Ay and A, in (4.21) recursively using (4.24) and (4.23). If Ay > Apax O
Ak < Amin, use strategy 9 or 10.

9: if the epoch is completed and ¢t = Nepochs — 1 then

10:  Terminate with the approximate solution xj.

11: else if the epoch is completed and ¢ < Nepochs — 1 then

12:  Increment t by one, shuffle the dataset, increment k& by one and go to step 3.

13: else

14:  Increment k£ by one and go to step 4.

15: end if

Notice that the full gradient is computed once in every epoch in step 3. As mentioned in
the literature review, Chapter 2, (g(z%, &) — Vf(2%)) can be seen as the bias in the gradient

estimation g(z, &), and it is used here to correct the gradient approximation in step 5.

4.4 Convergence and Complexity Analysis

Since (Wang et al., 2017) presented a general framework for stochastic quasi-Newton methods,
we show that the results of their convergence analysis and iteration complexity apply to
SALBFGS-CHN.

We consider the assumptions 4, 5 and 6. Here are the additional assumptions used by (Wang

et al., 2017) to prove the global convergence:

Assumption 8. The full-gradient V f(xy) and the gradient approzimation g(xy, &) verify,

for every iteration k,

Ee, [9(xx, &) = V f (), (4.27)
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and
Ee, [llg(ax &) — V()] < o?, (4.28)

where o > 0, and for every k, the random variable & is independent of {x1,...,zx}.

Assumption 9. There exists two positive constants, X and A, such that, for every k >0

AL < H,, < AL (4.29)
Assumption 10. H, depends only on {&}51.

Assumption 11. The step size sequence {ay > 0}r>o satisfies

dap=+00 and > aj < +oo. (4.30)
k=0 k=0

First, notice that equation (4.27) of Assumption 8 is satisfied, since we use the mini-batch
gradient (4.26). Theorem 4.3.2 proves that Assumption 9 is satisfied for our algorithm.
Assumption 10 is satisfied by definition of H (4.8). Finally, we choose ay = ¢/(k+ 1), where

¢ > 0 is a constant, to satisfy Assumption 11.

Therefore, we can announce the following convergence theorems of SALBFGS-CHN:

Theorem 4.4.1 (Wang et al., 2017, Theorem 2.1). Assume that we use a fized batch size
my = m and that Assumptions 4-11 hold for {x} generated by SILBFGS-CHN. If the step

size o < ﬁ, for all k >0, then

lilgn inf |V f(z)|| =0, with probability 1. (4.31)
—00

Moreover, there exists a positive constant My, such that

E[f(z)] < My, Yk > 0. (4.32)

Theorem 4.4.2 (Wang et al., 2017, Theorem 2.3). Assume that we use a fized batch size
my, = m and that Assumptions 4-11 hold for {x;} generated by SILBFGS-CHN.

If the step size is chosen as

A
o = W/fﬁ, Vk >0, with, B€(0.51), (4.33)
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then,

1 T 2 2L(Mf—lilow)/\2 -1 0'2
7 LE(IVA@)I]) < S C R A e

where T is the number of iterations.

Moreover, for a given € € (0,1), the number of iterations T needed to guarantee that

T
LY E[IVAI] <e (435)
k=1
is at most (’)(e_ﬁ).

4.5 Experimental results

We compare the performance of our algorithm to that of SALBFGS-VR by (Wang et al.,
2017) and to SGD for solving a multi-class classification problem. For this purpose, we train
a modified version! of the deep neural network model DavidNet? that was proposed by David
C. Page, on CIFAR-10 (Krizhevsky, 2009). The latter is a dataset that contains 60, 000 colour
images with labels in 10 classes (airplane, automobile, bird, cat, deer, dog, frog, horse, ship,
and truck), each containing 6,000 images. We use 50,000 images for the training task and

10,000 images for the validation task.
Note that we also compared the performance of SALBFGS-VR and VR-SALBFGS-CHN in

solving other problems, such as a logistic regression problems using the MNIST dataset (Le-
Cun et al., 2010) and a non-convex support vector machine problem with a sigmoid loss
function using the RCV1 dataset (Lewis et al., 2004). The performance of the two algo-
rithms is on par because these problems are not highly non-convex or ill-conditioned.
By contrast, training DavidNet on CIFAR-10 is a highly non-convex problem, for which
the Hessian approximation becomes ill-conditioned during the training. Therefore, we only

present the results for the latter in this section.

Details of the experiments:

e since the bound on the maximum eigenvalue of Hy, is loose, we apply our Hessian

norm control using the bound on the minimum eigenvalue of Hy,; only. We have

Amin(Hr41) = 5 (1Bk+l) =1 Bk1+1||' Hence, controlling the bound on Ay, (Hgy1) enables

!FastResNet Hyperparameters tuning with Ax on CIFAR10
2https://myrtle.ai/learn /how-to-train-your-resnet-4-architecture,/


https://colab.research.google.com/github/pytorch/ignite/blob/master/examples/notebooks/Cifar10_Ax_hyperparam_tuning.ipynb
https://myrtle.ai/learn/how-to-train-your-resnet-4-architecture/
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us to control the norm of the matrix Bjy; from becoming very large and its inverse

from becoming singular.

e for the definition of H} , in (4.25), we choose Yy a0d Vi1 to be constant, independent

of the iteration.
Numerical values:

e For all algorithms: we train the network for 20 epochs and use a batch size of 256

samples.
e For SGD, we choose a step size equal to 0.001.

e For both SALBFGS-VR and VR-SALBFGS-CHN, the memory parameter p is equal to
10, the minimal scaling parameter v is equal to 0.1, the constant step size « is equal

to 0.1 and 7 is equal to 0.25.

e For VR-SALBFGS-CHN, we use a maximal scaling parameter 7 that is equal to 10°

and a lower bound limit Ay, that is equal to 1075,

Figure 4.1 shows that VR-SALBFGS-CHN outperforms SALBFGS-VR for the training of
the neural network, both outperforming SGD. We see that for the validation accuracy, VR-
SALBFGS-CHN has an edge over SALBFGS-VR, both outperforming SGD again.

More importantly, we see that the performance of VR-SALBFGS-CHN is more stable than
that of SALBFGS-VR. To further investigate this observation, we plot the evolution of the
estimation of lower bound on the smallest eigenvalue for the first 5 epochs (an epoch is
equivalent to 195 iterations). Figure 4.2 shows that during the first epochs, the lower bound
for SALBFGS-VR takes very small values. This might imply an ill-conditioning issue and
explain the instability in the behaviour of SALBFGS-VR. Therefore, we demonstrate that
our technique, which aims to control the quality of the Hessian approximation, provides a

more stable behaviour for highly non-convex and ill-conditioned problems.

4.6 Conclusion

In this chapter, we tackled the problem of using the stochastic damped L-BFGS algorithm
to solve optimization problems in the non-convex setting, where there are no guarantees that
the Hessian matrix approximation remains well-conditioned and non-singular throughout
the optimization procedure. For this purpose, we introduced a new stochastic damped L-

BFGS algorithm that monitors the quality of the inverse Hessian approximation during the
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Figure 4.1 Evolution of the training loss (left) and accuracy (right) for training a modified
DavidNet on CIFAR-10.
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Figure 4.2 Evolution of the lower bound on the smallest eigenvalues of the inverse Hessian
approximation for training a modified DavidNet on CIFAR-10.



66

optimization by estimating the bounds on its largest and smallest eigenvalues. Our work is
the first to address the Hessian singularity problem by approximating and leveraging these
bounds. Moreover, we defined a new formula of the initial inverse Hessian approximation that
makes the algorithm more stable. Additionally, we introduced a variance-reduced version of
our algorithm in order to improve the quality of the curvature approximation and accelerate
the convergence. Our algorithm converges almost-surely to a stationary point, and numerical
experiments show that it is more robust to ill-conditioned problems and more suitable to the

highly non-convex context of deep learning.
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CHAPTER 5 CONCLUSION AND RECOMMENDATIONS

In this thesis, we presented novel first- and second-order algorithms in order to solve convex
and non-convex large-scale optimization problems, especially arising in the context of machine
learning. In this chapter, we discuss our contributions in Section 5.1, the limitations of our
work in Section 5.2, and finally, we offer recommendations for interesting research venues in
Section 5.3.

5.1 Advancement of knowledge

In Chapter 3, we proposed 3 novel first-order optimization algorithms, namely

e ARIGAF: this algorithm is a new version of ARIG (Bonniot, 2018) that is adapted to
the stochastic setting. We show that ARIGAF enjoys the same theoretical guarantees
as ARIG. This new algorithm defines a general transition framework from deterministic

and semi-deterministic trust-region methods to fully-stochastic trust-region methods.

e ARIG+: it is the combination of the stochastic version of ARIG with an adaptive
sampling technique. The latter is used to ensure that the accuracy condition on the
gradient is satisfied. ARIG+ outperforms SGD for solving a logistic regression problem
using the MNIST dataset.

e ARAS: this algorithm leverages the two-phase nature of stochastic optimization proce-
dures in order to incorporate both adaptive regularization and adaptive sampling. In
contrast with ARIG+, the step size in ARAS converges to zero in the second phase of
the optimization, which guarantees the overall convergence of the algorithm. To the
best of our knowledge, no previous work attempted to use Pflug diagnostic (Chee and

Toulis, 2018) in the way we propose.

Recall Table 5.1 that summarizes the properties of the 3 novel algorithms, as well as ARIG.

In Chapter 4, we used a less restrictive assumption, in comparison to related works, to
prove that the L-BFGS inverse Hessian approximation is bounded. We then introduced a
new stochastic damped L-BFGS algorithm, SALBFGS-CHN, and its variance-reduced ver-
sion VR-SALBFGS-CHN. The algorithm incorporates an estimation of the bounds on the
smallest and largest eigenvalues of the Hessian approximation to control its quality. We also

presented a new formula to define the initial inverse Hessian approximation, which makes
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Table 5.1 Comparison of the characteristics of ARIG, ARIGAF, ARIG+ and ARAS.

ARIG | ARIGAF | ARIG+ | ARAS
Stochasticity X v v v
Theoretical guarantees v v X ?
Adaptive step size v v v v
Adaptive batch size X X v v
Practical for machine learning | X X v v
Conceivable overall convergence | v/ v X v

the algorithm more stable. Numerical experiments demonstrate that our algorithm is more
robust to ill-conditioning. To the best of our knowledge, no other work proposed to solve the
ill-conditioning problem via monitoring the quality of the Hessian approximation using the

bounds on its eigenvalues. The proposed algorithm converges almost surely.

5.2 Limits and constraints

Our algorithms in Chapters 3 and 4 are adapted to both convex and non-convex settings.

However, there are some limits and constraints related to our methods, namely

e For our novel first-order methods, we propose to use adaptive sampling to satisfy the
accuracy condition on the gradient estimate. However, we do not propose a practical
method to verify the accuracy of the function approximation. Moreover, our adaptive
sampling technique relies on the assumption that the batch size increase is gradual,

which might not be true for all types of problems.

e For our novel second-order algorithm, we estimate the bounds on the eigenvalues re-
cursively. The recursive approach loosens the bounds and makes the approximation
less reliable. Moreover, we estimate the stochastic gradient’s Lipschitz constant using

an empirical heuristic without guarantees about its quality.

5.3 Recommendations

It is conceivable that very large batches would be needed to maintain the accuracy condition
on the function estimates in stochastic trust-region methods (Paquette, 2020). There are
two possible solutions to this problem. The first solution consists of not taking the approx-
imation’s accuracy into account, the same way we did for ARIG+ and ARAS, inspired by
(Curtis et al., 2019) who also dropped the accuracy condition. In this case, a new conver-

gence analysis would be needed for ARIG+ and ARAS. The second option is to incorporate an
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aggregation-like variance reduction technique that would reduce the variance in the function

approximations without requiring the use of enormous batches.

For our second-order method, one can try to replace the SVRG-like variance reduction tech-
nique with adaptive sampling. Several works proposed to combine adaptive sampling with
stochastic quasi-Newton methods, such as (Jalilzadeh et al., 2018), (Bollapragada et al.,
2018b), and (Bollapragada and Wild, 2019). To weaken the Lipschitz condition on the
stochastic gradients, one can use the smoothing technique proposed by (Yousefian et al.,
2017). The technique only applies to the strongly convex case, whereas our purpose is to
solve highly non-convex problems. Therefore, it needs to be adapted to our case. Finally,
one can incorporate Nesterov’s momentum term in the update in order to accelerate our

algorithm (Ninomiya, 2017), as well as its variance-reduced version (Yasuda et al., 2019).
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