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A parallel and adaptative Nitsche immersed boundary
method to simulate viscous mixing

Jeanne Joachima, Carole-Anne Daunaisa, Valérie Bibeaua, Luca Heltaib,
Bruno Blaisa,∗

aResearch Unit for Industrial Flows Processes (URPEI), Department of Chemical
Engineering, Polytechnique Montréal, PO Box 6079, Stn Centre-Ville, Montréal, QC,

Canada, H3C 3A7
bSISSA, International School for Advanced Studies, Via Bonomea 265, 34136, Trieste, Italy

Abstract

In this study, we present a parallel immersed boundary strategy that uses
Nitsche’s method (noted NIB) to weakly impose on a given fluid the boundary
conditions associated with a solid of arbitrary shape and motion. Specific details
of the software implementation, as done in the software Lethe, are discussed.
We verify the NIB method and compare it with other methods in the literature
on the well-established test cases of Taylor-Couette flow and von Karman vortex
street. Then, we validate the NIB method through simulations of the mixing
of fluid in a stirred tank, which is a process central to industries as diverse as
polymer manufacturing, food processing, pharmaceutical or chemicals. Simula-
tion results show excellent agreement with experimental data available in the
literature for a large range of Reynolds numbers (Re ∈

[
1 , 2× 103

]
), for baffled

and unbaffled tanks with a pitched-blade turbine (PBT) impeller. Lastly, the
versatility of the NIB method is demonstrated with simulations of a mixing rig
with two off-centered impellers with overlapping swept volumes, a case that is
either unpractical or impossible to simulate with other largely used techniques.
The Software as well as all the files that we used for the simulations are available
in the public domain for ease of reproducibility.

Keywords: Computational fluid dynamics ; Immersed boundary method ;
Finite Element methods ; Mixing

1. Introduction

Mixing of fluids in stirred tanks is central to many industries, with applica-
tions as diverse as polymer manufacturing [1], food processing [2], pharmaceuti-
cal or chemicals [3]. In particular, turbulent mixing is used in a wide variety of
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processes, such as blending, chemical reactions, and dispersing immiscible liq-5

uids [4]. To improve these processes, one needs access to flow information, which
is very challenging to obtain experimentally via non-intrusive methods [3, 5].
Computational fluid dynamics (CFD) has then proven to be an inexpensive,
fast and efficient tool to gain insight into the flow patterns [6]. CFD can be
used to predict the residence time distribution, the mixing time, the occurrence10

of dead zones and the power consumption, among many other relevant quanti-
ties [7, 8]. The challenge in simulating stirred tanks resides in the presence of
a single or multiple rotating impellers within the tank, and the possible pres-
ence of static baffles [9]. Indeed, multi-shaft mixers and mono-shaft mixers with
stacked impellers are widely used for the mixing of non-Newtonian fluids [10].15

Moreover, impellers can have complex geometries depending on the process for
which they are designed, such as curved or tilted blades for turbine impellers,
and helix or gate for paddle impeller [10].

Mainly two approaches that rely on conformal mesh techniques are used
nowadays to simulate the flow generated by a rotating impeller in a baffled20

tank [8, 11]: Multiple Reference Frame (MRF) method and Sliding-Mesh (SM)
(or sliding-grid, SG) strategies. In the MRF method, the fluid domain is di-
vided in multiple mesh blocks: in the inner region that contains the impeller,
considered in a rotating reference frame, which provide boundary conditions for
the outer region that contains the baffles, considered in a stationary reference25

frame [12]. The MRF method is used to gain information on the steady state of
the flow [8], and has been successfully applied even for multiphase flows [13, 14].
However, the MRF method requires that the flow variables does not change
significantly with time or space at the surface between the inner and outer re-
gions [7], so it cannot be used to model multiple impellers with different rotation30

axes or velocities. In SM strategies, the impeller and baffles are considered on
two non-overlapping sub-domains, meshed as separate blocks [15, 7]. The mesh
in the block containing the impeller is assumed to rotate with the impeller speed,
and the two sub-domains are coupled at the interface, thus providing informa-
tion on the transient state of the flow [8]. SM strategies are reliable and available35

in multiple commercial and open source software (such as Open∇FOAM [16]),
which explains their wide use in the literature [17, 18, 19]. SM algorithms are
an active field of research, with recent updates and improvements displaying ex-
cellent results for industrial applications such as stator-rotor-stator turbine [20]
or wind turbine [20, 21] flow simulations. However, such algorithms require40

good quality meshes that can take substantial effort to generate, particularly
for configurations in which the impeller have a complex geometry.

To discretize complex immersed boundaries, researchers have developed ap-
proaches that rely on non-conformal mesh techniques, such as extensions of SM
algorithms [22] or the use of overset grids [23, 24, 25, 26]. Though such tech-45

niques enable to use complex geometries and have been used in a wide variety
of applications, the handling of the interface between the subdomains is chal-
lenging and has an adverse impact on the overall accuracy and cost-efficiency of
the method [27]. This is particularly true for configurations in which there are
multiple moving subdomains, each rotating with their own velocities, as needed50
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to simulate common multi-shaft mixers. Furthermore, and like conformal mesh
techniques, they do not allow for any overlap between the swept volumes of the
subdomains.

To overcome the limitation of the conformal and overset mesh techniques,
researchers use immersed boundary (IB) methods to model the moving im-55

pellers without generating a conformal mesh of its geometry. The impeller can
be represented by discrete or continuous forcing terms that are applied on the
fluid at the impeller location in forcing methods [28, 29, 30, 31, 32] and fictious
domain method [33]. Alternative approach impose the immersed boundary us-
ing interface reconstruction [34] or sharp-edge boundary strategies [35]. These60

approaches give much more flexibility regarding the impeller geometry and lo-
calization in the tank, and allow for the use of dynamic mesh refinement strate-
gies [36]. However, most of them are either only available in closed-source CFD
code or in commercial software. Additionnaly, they generally lack the capability
to carry out 3D simulations on high-performance computing environment while65

taking in to account dynamic mesh adaptation and load balancing mechanisms.
In this work, we present a parallel IB strategy that uses Nitsche’s method

to weakly impose the boundary conditions associated with the impeller [37,
38, 39]. This approach uses the Nitsche formulation to weakly impose Dirichlet
boundary condition on rigid bodies. This work builds upon previous work which70

uses the Nitsche method for interface problems (cut-meshes, chimera meshes)
[40], embedded domains [41] and deformable structures [42]. This Nitsche IB
(NIB) method is implemented in a high-performance open-source FEM software:
Lethe [43, 44]. Lethe has the capacity to carry out parallel simulations with
dynamic mesh adaptation and load balancing, enabling the simulation of large75

systems.
We present our model formulation in Section 2. Then, we discuss the spe-

cific details of the software implementation of the NIB method in Section 3.
In Section 4, we verify the accuracy of the NIB method using well-established
test cases that generate sufficiently complex flows and that possess either ana-80

lytical or well-documented solutions in the literature. In Section 5, we validate
the method on a single impeller tank, with and without baffles, for which ex-
perimental and simulation results are available on the literature. Lastly, we
showcase the versatility of the NIB method in Section 6 through the simula-
tion of a mixing rig with two impellers, off-centered and with overlapping swept85

volumes.

2. Model formulation

The open-source CFD software Lethe [44, 43] solves the incompressible
Navier-Stokes equations in a domain Ω:

∇ · u = 0 (1)
∂u

∂t
+ (u · ∇)u = ∇p∗ +∇ · τ + f (2)

3
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Figure 1: Illustration of a domain Ω within which there is an immersed solid Γ on which a
Dirichlet boundary condition is applied.

with90

τ = ν
(
(∇u) + (∇u)

T
)

(3)

with u the fluid velocity, p∗ = p
ρ is the pressure p divided by the density ρ, τ

the deviatoric stress tensor, f a source term and ν = µ
ρ the kinematic viscosity

(with µ the dynamic viscosity).
We are interested in solving Equations (1) and (2) in Ω where a subset Γ

of the domain (Γ ∈ Ω) is subjected to a Dirichlet boundary condition (u =95

uΓ(x, t) ∀ x ∈ Γ). This configuration is illustrated in 2D in Figure 1. First, we
discuss the stabilized FEM solver used to solve this problem before discussing
the specific details of the software implementation of the Nitsche immersed
boundary (NIB) in Section 3.

Lethe uses an SUPG/PSPG (streamline-upwind/Petrov-Galerkin and pressure-100

stabilizing/Petrov-Galerkin) stabilized formulation to solve the incompressible
Navier-Stokes equations [43]. This is essentially a Petrov-Galerkin formulation,
stabilized by adding two terms to the regular Galerkin formulation of the in-
compressible Navier-Stokes problem.

To ensure that the no-slip boundary condition is respected on the immersed105

domain Γ, an additional restriction is added to the Navier-Stokes equations
following Nitsche’s method. This restriction takes the form of a forcing term
which imposes, weakly, that the velocity of the fluid within Γ adheres to the
velocity of the rigid body in motion. This restriction is weakly imposed, meaning
that the velocity of the rigid body is only satisfied in the L2 norm.110
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The resulting weak form is:

∫
Ω

∇ · uqdΩ +
∑
K

∫
Ωk

(Ru · τu∇q) dΩk︸ ︷︷ ︸
PSPG

+

∫
Γ

β (uΓ − u) · τu∇qdΓ︸ ︷︷ ︸
NIB

= 0 (4)

∫
Ω

(
∂u

∂t
+ u · ∇u− f

)
· vdΩ +

∫
Ω

τ : ∇vdΩ−
∫
Ω

p∗∇ · vdΩ +

∫
Γ

β (uΓ − u) · vdΓ︸ ︷︷ ︸
NIB

+
∑
K

∫
Ωk

(Ru) · (τuu · ∇v) dΩk︸ ︷︷ ︸
SUPG

+

∫
Γ

β (uΓ − u) · (τuu · ∇v)︸ ︷︷ ︸
NIB

= 0 (5)

where (q,v) are the test function for pressure and velocity, respectively, β the Nitsche
restriction parameter, and

Ru =
∂u

∂t
+ u · ∇u+∇p∗ −∇ · τ − f (6)

is the strong residual associated with the incompressible Navier-Stokes equations.
In the case of transient problems the stabilization parameters τu is defined as [43,115

45]:

τu =

[(
1

∆t

)2

+

(
2 ∥u∥
hconv

)2

+

(
4ν

3h2
diff

)2
]−1/2

(7)

whereas for stationary problems, τu is defined as [45]:

τu =

[(
2 ∥u∥
hconv

)2

+

(
4ν

3h2
diff

)2
]−1/2

(8)

where ∆t is the time step, hconv and hdiff are the size of the element related to the
convection transport and diffusion mechanism, respectively [46, 47]. In Lethe, both
element sizes (hconv and hdiff) are set to h, which is equal to the diameter of a sphere120

with a volume equivalent to that of the cell [48, 49].
This stabilized method adds three terms to the regular weak form of the Navier-

Stokes equations. The first term added is the PSPG stabilization, that appears in
Equation (4). This term allows the use of equal-order elements by adding an addi-
tional term to the continuity equation which depends on the residual of the strong form125

of momentum conservation [47]. Essentially, the aim is to relax the Ladyzhenskaya-
Babuška-Brezzi (inf-sup) condition [50]. The second term added is the SUPG, that
appears in Equation (5). It prevents oscillations in the velocity field by adding an
additional term which depends on the residual of the strong form of the momentum
conservation [51, 47]. This term is relevant in convection dominated flows, for which130

there are boundary layers where the velocity solution and its gradient exhibit rapid
variation over short length scales [52]. Finally, the third term added is the NIB restric-
tion on the immersed solid domain Γ, that appears in both Equations (4) and (5). The
integrals in Equations (4) and (5) occur on a domain Γ for which the mesh does not
coincide with the mesh of Ω. Furthermore, Γ may be translated, rotated or deformed135
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in time. Consequently, a special procedure discussed in Section 3 will be required to
carry out the integrals over the immersed domain Γ.

The parameter β in Equations (4) and (5) controls the stiffness of the Nitsche
restriction:

β =
β0

h2
(9)

where β0 is a constant. In essence, this scales the Nitsche restriction with the cell in140

which it lies. Smaller cells receive a stronger restriction. We have found that this ap-
proach couples well with adaptative mesh refinement based on the fluid velocity. This
generally leads to a stronger Nitsche restriction on the surface of immersed objects,
leaving coarser cells and weaker restriction within the immersed body. Although β0

can take any value, we have found in practice that taking β0 ∈ [10 , 100] leads to145

accurate results for all flows configurations, except for creeping flows.
Equations (4) and (5) are solved implicitely using Newton-Raphson’s method [53].

3. Software implementation

Lethe is based on the deal.II framework [54], a well-established framework for fi-
nite element simulations. In particular, our implementation of the NIB uses the notion150

of particles to impose the Nitsche restriction. This leverages a lot of the particle-related
features introduced in deal.II 9.2 [55] and optimized in 9.3 [56], and 9.4 [54]. Some
of these features are illustrated in the step-68 and step-70 tutorials of deal.II [57].

The addition of the Nitsche restriction due to the immersed boundary in Equa-
tions (4) and (5) leads to integral over the domain Γ. In general, Γ does not coincide155

with the triangulation of Ω. In particular, Γ may also be moving in an arbitrary fash-
ion. Thus, to apply the restriction, it is necessary to know the fluid velocity u inside
the non-matching solid Γ. The implementation presented in this work is generic: it
supports any arbitrary solid geometry described by a triangulation (a mesh) in a fluid
triangulation that may be unstructured, thus with irregular connectivity. To minimize160

the memory footprint, both the fluid and the solid triangulation are distributed among
the computer cores using MPI. Indeed, for complex geometries, the solid triangulation
may be a large object and keeping it on every core would severely increase the memory
footprint of the solver. Additionally, mesh displacement of such large objects would
become prohibitively expensive.165

We need an efficient mechanism to carry out integrals over Γ, that requires infor-
mation interpolated from Ω when both Γ and Ω are distributed over an arbitrarily
large number of cores (np). Recalling that integrals over Γ are calculated using a
discrete number of quadrature points, we treat the quadrature points in Γ as particles
using the ParticleHandler class of deal.II [58]. This class manages particles on top170

of an existing grid by keeping track of the cells in which the particles reside. Thus, the
particles represent the solid domain Γ. These particles can be advected using a defined
velocity field, to simulate an arbitrary motion of the geometry. Using the underlying
deal.II particle framework, the cell of the fluid triangulation in which the particles
lie can be readily identified and thus, particles can freely migrate between processes175

as they switch cell. This approach follows in spirit the ideas presented by Becker et
al. [59], by associating Lagrangian particles to quadrature points.

The following steps synthesize this approach, which is also illustrated in Figure 2:
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1. Discretize Γ using a triangulation which is partitioned and distributed over np

processes used to carry out the simulation. This generates a solid triangulation.180

Note that the partitioning of the solid triangulation can be arbitrary. A process
may own cells in a solid triangulation that do not intersect the locally owned
fluid cells.

2. Compute the locations associated with the quadrature points of the cells of
the solid triangulation, and calculate the jacobian of the transformation and185

the quadrature weights (JxW). At this point, the solid triangulation could be
discarded and is only kept for visualization purposes. This operation is local to
each processor.

3. Locate the cells in which the points reside and insert particles at these location,
and attach the JxW values to the particles.This step requires communication190

from some processors to others to ensure the localization of the particles.

Using the ParticleHandler functionalities, particles belonging to a cell can be
readily accessed when iterating over the cell and the fluid velocity or other properties
can be interpolated to the particle location easily. Consequently, the application of the
Nitsche restriction is fully parallel. The cost of assembling the Nitsche restriction is195

proportional to the number of particles which is, in turn, proportional to the number
of cells in the solid triangulation. For large solid meshes, the assembly of the Nitsche’s
restriction can be a significant portion of the total assembly time. As such, it can
be necessary to take into account the number of particles per cell as a load-balancing
criterion when adapting the mesh and redistributing the cells.200

This method provides many features which are available in various immersed
boundary methods under the umbrella of a single unifying framework. The method
allows for arbitary motion of the solid domain Γ (space and time-dependent) while
ensuring mass conservation for the fluid phase since the Navier-Stokes equations are
solved over the entire domain. It also has dynamic mesh adaptation and dynamic load205

balancing, ensuring that the computational load of the simulation is kept constant
even if the geometry is significantly displaced. Finally, it preserves the order of con-
vergence of the underlying FEM scheme, except in the cells which are at the solid-fluid
interface.

4. Verification210

We verify the accuracy of the Nitsche immersed boundary method implementation
using test cases that generate sufficiently complex flows and with well-documented
solutions in the literature. The first case, the Taylor-Couette flow, is used to establish
the order of convergence of our immersed boundary method for both the velocity
profiles and the torque in the case where the immersed solid is rigid. The Taylor-Green215

decaying vortex, assess the order of convergence of the scheme for a time-dependent
flow. The third case, the von Karman vortex street behind a cylinder, is used to assess
the capacity of the immersed boundary to predict the dynamic of transient flow.

For all cases which contain mesh adaptation, a Kelly error estimator [60] is used on
the velocity field to identify cells which must be refined. Then, a fraction (ϵ ∈ ]0 , 1])220

of the cells in which this error estimator is the largest are refined. Although this error
estimator is not optimal for the combination of the Nitsche immersed boundary and
the incompressible Navier-Stokes equations, we have found that a relatively robust
and fast way to estimate the cells which should be refined.
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(a) Immersed geometry Γ in a domain Ω
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(b) Generation of a solid triangulation
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(c) Insertion of quadrature points
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(d) Solid triangulation is discarded

Figure 2: Process for the generation of the NIB. The immersed geometry Γ is first discretized
to form a triangulation. The Gauss points of the elements of this triangulation are used to
generate particles. The triangulation associated with Γ is discarded and the calculation is
made with the particles associated with the Gauss points of the immersed triangulation.
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4.1. Laminar Taylor-Couette Flow225

The Taylor-Couette flow is the 2D flow that occurs between two-concentric cylin-
ders when the inner, outer or both cylinders are rotating. Assuming that the flow is
laminar, the azimuthal velocity profile between the two cylinders is [61]:

uθ (r) = ΩiκRo

(
Ro

r
− r

Ro

)
(
1

κ
− κ

) (10)

where Ωi is the angular velocity of the inner cylinder and κ (κ = Ri
Ro

) the ratio of
the radius of the inner cylinder (Ri) to the outer cylinder (Ro). From this velocity230

profile, the z-component of the torque acting on the inner cylinder can be directly
calculated [61]:

Tz = 4πµΩiR
2
iL

(
κ2

1− κ2

)
(11)

with µ the dynamic viscosity and L the length of the cylinder, which we consider to
be unitary since this case is simulated in 2D. At steady-state, the reciprocal of this
torque is applied on the outer cylinder, ensuring conservation of angular momentum235

for the global system.
This test is highly relevant to verify an immersed boundary, because:

• the geometry is not aligned with the background mesh;

• the analytical solution cannot be represented exactly by the shape functions of
the underlying FEM scheme;240

• the velocity profile is fully two-dimensional;

• an analytical solution is known not only for the azimuthal velocity, but also for
the torque acting on the cylinder.

We consider the Taylor-Couette problem in 2D with two co-axial cylinders of radii
Ri = 0.25m and Ro = 1m, with the inner cylinder rotating. The background mesh245

is a circular domain of radius 1m and centered at the point (0, 0), which is also the
center of rotation. Only the inner cylinder is discretized using the immersed boundary
method.

We carry an order of convergence analysis by monitoring the decrease of the L2

norm of the error on the velocity with the mesh size. The L2 norm of the error on the250

velocity is defined as :

∥eu∥ =

√∫
Ω

∥uh − ua∥2 dΩ (12)

where uh is the numerical solution and ua the analytical solution.
The graph in Figure 3 shows the variation of ∥eu∥ with respect to the square

root of the number of cells (N1/2
cells). It shows that, for a uniform mesh (black dots),

the Nitsche IB reduces the order of the underlying GLS scheme to one instead of255

the expected two. This is due to the poor representation of the curved domain by
the Nitsche IB. Similar results were noted in continuous forcing methods by Blais et
al. [36]. Using adaptative mesh refinement on the same initial refinement than the

9
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1/2
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∥e
u
∥

Uniform
∥eu∥ = 0.46∆x−1.00

Adaptative - ϵ = 0.5

∥eu∥ = 2.14∆x−1.54

Adaptative - ϵ = 0.3

∥eu∥ = 9.48∆x−2.06

Figure 3: L2 norm of the error on the velocity u as a function of the number of cells (N1/2
cells ∝

∆x). Regressions show the apparent order of convergence. With uniform mesh refinement,
the scheme degrades to first order. With adaptative mesh refinement, an apparent second
order of convergence is recovered for a sufficiently low fraction of adaptated cell (ϵ = 0.3).

uniform mesh, the apparent order of convergence becomes dependent on the fraction
of cells refined by the adaptative mesh refinement (ϵ), as shown on the graph for260

ϵ = 0.5 (gray squares) and ϵ = 0.3 (green triangles). A sufficiently low fraction of
adaptated cell (ϵ = 0.3) can allow the scheme to recover an apparent second order of
convergence.

Likewise, the L2 norm of the error on the torque is defined as :

∥eTz∥ =

√∫
Ω

∥Tzh − Tza∥2 dΩ (13)

where Tzh is the numerical solution and Tza the analytical solution.265

The graph in Figure 4 shows the variation of ∥eTz∥ with respect to the square root
of the number of cells (N1/2

cells). Results obtained on the outer cylinder (black dots) and
on the inner cylinder (square gray) are displayed for a uniform mesh refinement. It
shows that first-order convergence is recovered on the torque for both cylinders, even
if it is quantity-derived from the velocity field.270
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102 103
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Figure 4: L2 norm of the error on the torque Tz induced by the flow on the inner and outer
cylinder as a function of the number of cells with uniform mesh refinement (N1/2

cells ∝ ∆x).
Regressions show the apparent order of convergence. First-order convergence is recovered on
the torque for both cylinders.
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4.2. Taylor-Green decaying vortex
An alternative verification test-case, the Taylor-Green decaying vortex, was pro-

posed by Kang and Hassan [62] to assess the order of convergence for immersed bound-
ary methods on a more complex transient flow. In this simulation, a rigid circle with
a radius of L/2 is embedded at the center of a square domain [−L,−L]× [L,L]. The275

velocity u = [u, v]T and pressure p follow the given analytical solution:

u = −u0 cos
(π

L
x
)
sin

(π

L
y
)
exp

(
−2ν

(π

L

)2

t

)
(14)

v = u0 sin
(π

L
x
)
cos

(π

L
y
)
exp

(
−2ν

(π

L

)2

t

)
(15)

p = p0 −
u2
0

4

[
cos

(
2π

L
x

)
+ cos

(
2π

L
y

)]
exp

(
−4

(π

L

)2

νt

)
(16)

with L the dimension of the domain, ν the kinematic viscosity, and u0 and p0 constant
values, here set to u0 = 1 and p0 = 0 without loss of generality for the verification.

The initial condition is obtained by setting t = 0 in (14), (15) and (16). Within
the rigid circle, the analytical solution for the velocity is imposed using the Nitsche280

immersed boundary. Simulations are carried out using a BDF2 time-stepping scheme
with a sufficiently low-time step value to ensure that the results are time-step inde-
pendent. Figure 5 shows the evolution of the L2 norm of the error for the case without
the immersed boundary (β = 0) and for two values of β which are consistent with
common usage of the method. In this case, the mesh refinement applied is uniform.285

It can clearly be seen that, for this test case, the Nitsche immersed boundary
does not affect the underlying order of convergence of the scheme compared to the
results obtained for the Taylor-Couette flow. This is because the analytical solution
for this case has a continuous velocity gradient at the interface between the rigid
disk and the fluid zone, contrarily to the Taylor-Couette case in which this gradient290

is discontinuous. Consequently, this exhibits the fact that the reduction in order of
convergence observed for the Taylor-Couette case is caused by the incapacity of the
NIB to model a discontinuous velocity gradient at the interface between solid and
fluid.
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Figure 5: L2 norm of the error on the velocity u as a function of the number of cells
(N1/2

cells ∝ ∆x). Regressions show that for the verification test case proposed by Kang et al.,
the proposed Nitsche immersed boundary preserves the underlying second-order of the scheme
with uniform mesh refinement. This is because the case defined by Kang has a continuous
velocity gradient at the interface between solid and fluid.
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4.3. Von Karman Vortex Street295

The unsteady flow past a cylinder has been the topic of many experimental and
numerical investigations due to the complexity of the hydrodynamics in its unsteady
oscillating wake [63]. This flow is an interesting test case because of the intrinsically
periodic and complex phenomenological behavior within its vortex street. It has been
used by numerous authors [33, 29, 28, 64, 30, 31, 65, 66, 36] to verify the accuracy300

and the robustness of their implementation of various kind of immersed boundaries.
By measuring the perpendicular (lift) and parallel (drag) forces acting on a cylinder,
as well as the shedding frequency, an immersed boundary model can be validated on
a complex time-dependent flow.

This case can be studied with two strategies. The first is to simulate the flow305

around a static cylinder. This problem can be simulated with a conformal grid, since
the cylinder remains static. The static setup considered in the present work is illus-
trated in Figure 6. In this setup, the fluid inlet velocity is constant (u = [u∞, 0]T ),
slip boundary conditions are applied at the top and the bottom and a zero traction
boundary condition is imposed at the right.310

The second approach is to simulate the flow around the cylinder moving at a
constant velocity (in this case, u∞). This approach is a better assessment of the
accuracy and the robustness of an immersed boundary method, even if both approaches
should lead to the same forces acting on the cylinder, and the same shedding frequency.
Indeed, when the rigid object is moving, computational cells transition from fluid to315

rigid solid throughout the simulation, which is a more realistic usage of the immersed
boundary. The setup for the moving problem is identical to the static one (in Figure 6),
except that the length of the domain is multiplied by 8 (L = 256), in order to allow
sufficient time for the von Karman instability to develop.

The Reynolds number is defined as :320

Re =
ρu∞D

µ
(17)

With ρ the density of the fluid, u∞ the upstream velocity (or the velocity of the
cylinder in the moving case) and D the diameter of the cylinder. In this dimensionless
problem, we set ρ = 1, u∞ = 1 and D = 1. To assess the precision of the proposed
immersed boundary method, the static and moving cylinder cases were considered at
Re = 200 (µ = 5 × 10−3), which is sufficiently high to allow for vortex shedding at a325

constant frequency h. This frequency can be related to u∞ and D, via the Strouhal
number:

St =
hD

u∞
(18)

Using the x and y component of the force acting on the cylinder (Fc,x and Fc,y re-
spectively), both the drag (CD) and lift (CL) coefficients can be calculated :

CD =
2Fc,x

ρu2
∞D

(19)

CL =
2Fc,y

ρu2
∞D

(20)

The Strouhal number was calculated by obtaining the frequency of the shedding330

via a fast Fourier transform (FFT) of the lift coefficient. The time interval chosen for
the FFT analysis was a subset of the simulation, within which the shedding frequency
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Figure 6: Von Karman vortex past a static cylinder: geometrical characteristics, adapted
from Blais et al. [36].

was constant. The simulation was carried out using a time-step of ∆t = 0.005 s
and a second-order BDF scheme (BDF2) [67]. This combination lead to time-step
independent results. Dynamic mesh adaptation was used to control the mesh resolu-335

tion. Results are presented for simulations in which the finest cell size allowed was
∆xc = D

64
. To allow for a full comparison, simulations were also carried out using a

very fine conformal mesh for which the results were found to be fully independent of
the mesh.

The evolution of CD and CL is plotted for the static cylinder and with a converged340

conformal grid in Figure 7, and for the moving cylinder with dynamic mesh adaptation
in Figure 8. For comparison purposes, Figure 8 also shows the envelope (range of
variation) for CD and CL in the case of a static cylinder (extracted from Figure 7), for
t > 125 s. The drag coefficient initially decreases until the onset of the von Karman
instability. Then, the drag coefficient increases and the lift coefficient value is no longer345

zero. Once the flow becomes fully periodic, the drag and the lift coefficient oscillate
around an average value, which is 0 for the lift coefficient. A comparison between
Figure 7 and 8 also shows that the IB method introduces artificial oscillations on the
drag and lift forces, though not clearly noticeable in this figure.

Figure 9 presents the amplitude of the FFT spectrum of the lift coefficient for the350

moving cylinder case and compares it to the results obtained with a conformal mesh.
Here, we clearly see that the Nitsche immersed boundary (NIB) method introduces
high-frequency noise in the lift coefficient. This is a consequence of the motion of the
immersed solid which changes dynamically the cells in which the Nitsche restriction is
applied.355

Table 1 compares the drag coefficient (CD) and its fluctuation, the lift coefficient
(CL) and the Strouhal number for the NIB method (static and moving cylinder),
with results obtained with a conformal mesh and extracted from the literature. We
note that a very good agreement between the NIB method and the other methods,
both in the static and moving cylinder cases. The variability of the data gathered in360

the literature highlights the sensitivity of this test case to mesh resolution, temporal
accuracy and the accuracy of the representation of the boundary. In particular, we
note that the NIB method significantly outperforms the continuous forcing method
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time [s]
Figure 7: Drag and lift coefficients for the flow past a static cylinder simulated using a
conformal mesh.
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time [s]

static case ranges

Figure 8: Drag and lift coefficients for the flow past a moving cylinder using dynamic mesh
adaptation. The green area gives the envelope (range of variation) for CD and CL in the case
of a static cylinder (extracted from Figure 7), for t > 125 s.
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Figure 9: Amplitude of the FFT spectrum of the lift coefficient for the moving cylinder and
the static conformal mesh cases once the instabilities were fully developed.
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introduced by Blais et al. for the moving cylinder case [36]. This is largely due to the
fully implicit formulation used in the NIB method for the velocity, the pressure and365

the Nitsche restriction. Thus, the no-slip boundary condition are better imposed on
the cylinder as it moves from cell to cell and captures accurately the lift force on the
cylinder.

From these results, it can be concluded that the proposed NIB method reproduces
with very high accuracy the von Karman vortex street and is therefore a valid approach370

for unsteady flow in which the rigid body modeled by the NIB is moving.

Study CD CL St
NIB (Lethe) - Static cylinder 1.42± 0.05 ±0.74 0.200
NIB (Lethe) - Moving cylinder 1.42± 0.07 ±0.74 0.200
Conformal mesh (Lethe) 1.40± 0.05 ±0.72 0.200
Blais et al. [36] - Moving cylinder 1.35± 0.1 ±0.51 0.200
Braza et al. [63] 1.40± 0.05 ±0.75 -
Choi et al. [28] 1.36± 0.048 ±0.64 0.191
Wright et al. [64] 1.33± 0.04 ±0.68 0.196
Bergmann et al. [30] 1.35 - 0.198
Russel and Wang et al. [31] 1.29± 0.022 ±0.50 0.195
Henderson et al. [65] 1.341 - 0.197
He et al. [66] 1.3560 - 0.198
Bhalla et al. [29] 1.39 - 0.200

Table 1: Comparison of the NIB (Nitsche Immersed Boundary) method results with conformal
mesh results and literature data, for CD, CL and St

5. Validation

In this section, we will use the NIB method to simulate a mixing rig with a simple
impeller, with and without baffles in the tank. Both of these cases are particularly
appropriate to validate the model, as experimental and numerical (using a sliding mesh375

modeling technique) results are available in Blais et al. article [36].
Firstly, we present the methodology, with the problem geometry and dimensionless

numbers of interest. Then, the sensitivity of the Nitsche immersed boundary method
with regards to spacial and temporal discretization is assessed on the unbaffled tank
case. Lastly, results for varying Re on both cases are compared with experimental and380

numerical data available in the literature.

5.1. Methodology
The mixing rig is identical to the one used in previous experiments and simula-

tions [36]. The impeller is a Pitched-Blade Turbine (PBT45) axial impeller, which
generates a flow pattern that amplifies axial circulation within the vessel [9, 8]. The385

tank is a simple cylinder, with its revolution axis matching the impeller rotation axis.
Four baffles can be installed, distributed evenly near the edge of outer cylinder of the
rig. The baffles are larger in the direction of the tank diameter, and they are closer to
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the flat tank flat-bottom than the impeller. All dimensions are indicated explicitly in
Figure 10, and their values and relationships with one another are given in Table 2.390

Symbol Description Value
Dt Tank diameter 0.365m
H Height of the fluid domain (liquid level) Dt
Ci Impeller off-bottom clearance Dt/4
Di Impeller diameter Dt/3
Wi Impeller blade width Di/5
Ti Impeller blade thickness Wi/10
θ Tilt angle of the impeller blades 45◦

Ds Shaft diameter Wi × cos(θ)
Dh Hub diameter 1.4×Ds
Hh Hub height Wi × sin(θ)
Cb Baffle off-bottom clearance Ci/3
Sb Baffle minimal spacing with the outer cylinder 19/20×Dt
Wb Baffle width Dt/10
Tb Baffle thickness Wb/3

Table 2: Relationships between the different dimensions of the fluid domain and the immersed
solids (impeller and baffles), as shown in Figure 10

We compare simulation results with the experimental results obtained in [36] by
establishing the dependency of the power number Np on the Reynolds number Re
through the power curve. The dimensionless numbers of interest on the context of
mixing are [9]:

Np =
2πT

ρN2D5
i

(21)

395

Re =
D2

i N

ν
(22)

with T the torque on the impeller at steady state (in Nm), ρ the volumetric mass
density (in kgm−1), N the impeller angular velocity (in Hz, or s−1), Di the impeller
diameter (in m) and ν the fluid kinematic viscosity (in m2/s).

In the simulations, we use a Newtonian fluid with a unitary volumetric mass density
(ρ = 1kgm−1). We vary its kinematic viscosity ν to study different Re values, using400

Equation 22. The impeller speed is constant, at N = 16 rad s−1, so that the tangential
velocity at the blade’s tip Vt ≈ 1m s−1. The boundary conditions on the tank are
set to no-slip on the hull and bottom wall, and slip on the upper wall to mimic the
liquid’s free surface. A zero traction boundary condition on the surface could be used
since free surfaces have constant pressure, but the slip boundary condition is generally405

significantly more numerically robust. The no-slip condition on the Nitsche solids
(impeller and baffles) is imposed through the Nitsche restriction (see Equation 5).

We simulate the mixing rig for 0.2 s, corresponding to 3.28 revolutions of the im-
peller. This simulation time ensures that the torque value reaches a pseudo-steady
state while keeping the computational cost reasonable. The stabilized torque value T ,410

as used in Equation (21), is computed as the mean of the instantaneous torque from
0.1 s to 0.2 s (that is plotted for the final simulation parameters at the end of the next
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Figure 10: Dimensions necessary to define the fluid domain (liquid inside the tank) and the
immersed solids (impeller and baffles) of the mixing rig.

section, in Figure 16).

5.2. Simulation parameters
In order to set up the simulations, we carry out a sensitivity analysis of the NIB415

method to the spatial (fluid and solid mesh) and temporal discretizations, for the
unbaffled mixing rig. This sensitivity analysis is crucial to properly choose the param-
eters for the upcoming simulations over a large Re range. The influence of parameters
specific to the NIB method (namely the number of particles used to represent the solid
mesh, and the restriction parameters) is discussed in this section.420

5.2.1. Fluid and solid mesh parameters
We characterize the level of refinement of the fluid mesh by a parameter noted

pfluid. The fluid domain is a simple cylinder, generated through the deal.II grid
generator cylinder [68], with hexahedral elements. Figure 11 shows an example of
the mesh obtained at the beginning (Figure 11a) and at the end (Figure 11b) of the425

simulation, on the plane that passes through the middle of the impeller blades. For
a uniform mesh, pfluid corresponds directly to the initial refinement, and is constant
throughout the simulation. For an adaptative mesh, the refinement of the cell is
determined through a Kelly error estimator on the velocity: every 5 iterations, the
mesh can be locally coarsened or refined depending on the velocity variation in the430

cell (Figure 11b). The initial refinement is set to 4 (Figure 11a) and a minimum
refinement is set to 3. Then, pfluid corresponds to the maximum refinement level
allowed. Table 3 indicates the evolution of the number of cells (Ncells) with pfluid for
a uniform and an adaptative fluid mesh at the end of the simulation. In the case of
adaptative mesh, Ncells at the beginning of the simulation corresponds to Ncells for a435
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(a) t = 0 s, initial coarse mesh (b) t = 0.2 s, refined mesh

Figure 11: Slice of the fluid mesh at the beginning and at the end of the simulation, when
mesh adaptation is used (pfluid = 7), for Re ≈ 1200 (ν = 2 × 10−4 m2/s).

uniform mesh when pfluid = 4 (Figure 11a). With a uniform mesh, pfluid = 8 was not
considered to limit the memory usage. It is then emphasized that adaptative mesh
enables to have a finer fluid mesh close to the impeller while limiting Ncells, and thus
decreasing the computational costs.

pfluid 4 5 6 7 8
O (Ncells) uniform mesh 5× 104 3× 105 3× 106 2× 107 -
O (Ncells) adaptative mesh 3× 104 1× 105 3× 105 2× 106 2× 107

Table 3: Orders of the number of cells (O (Ncells)) obtained for different fluid mesh parameter
(pfluid) values.

We characterize the level of refinement of the solid mesh by a parameter noted440

psolid, directly linked to the minimal number of elements on the blade thickness. The
blade thickness is the smallest dimension of the impeller (see Table 2). The same pa-
rameter is used for the baffles mesh. Tetrahedral elements are used to better discretize
the geometry, with the open source mesh generator Gmsh [69]. The files used to gen-
erate the mesh are available at the Lethe utilities repository [70]. Table 4 indicates the445

number of Nitsche particles used to represent each solid mesh (as defined in Section 3
and illustrated in Figure 2), and associated with the different values of psolid studied,
both for the impeller and the four baffles.

psolid 0.5 1 2 3
O (npart) impeller 4× 103 2× 104 1× 105 3× 105

O (npart) four baffles 2× 104 1× 105 8× 106 -

Table 4: Orders of the number of Nitsche particles (O (npart)) obtained for different solid
mesh parameter (psolid) values.
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Loss of Nitsche particles can occur when the solid moves through multiple fluid
cells during an iteration. The time step (∆t) should be taken to ensure that the450

magnitude of the particle displacement is not larger than a cell. To avoid unnecessary
fluid iterations and thus to maintain a reasonable computational cost, we define sub-
iterations for the Nitsche solid only. For all the simulations of this mixing rig, the
Nitsche solid undergoes 20 sub-iterations per time step (∆t).

5.2.2. Sensitivity analysis for the unbaffled mixing rig simulations455

We carry out sensitivity analyses on the simulation of the unbaffled mixing rig
for the following parameters: fluid mesh parameter (pfluid), solid mesh parameter
(psolid) for the impeller and time step (∆t). For all simulations, the Nitsche restriction
parameter (β0 in Equation (9)) is set to β0 = 10. We indicate computation times
for comparison purposes between different parameter values. However, note that the460

effective computation times are highly dependent on the computational setup available.
We use 3 to 4 nodes on two Digital Alliance of Canada clusters (Niagara and Narval)
for this study.

Fluid mesh. The power number (Np) evolution with a fluid mesh parameter pfluid is
displayed in Figure 12, for Re = 200 and ∆t = 1 × 10−3 s. For pfluid ≤ 7, Np de-465

creases as pfluid increases. Then, Np varies by less than 0.03% between pfluid = 7 and
pfluid = 8, which indicated that a convergence plateau is reached. When compared
to the experimental values for Re = 200 [36], the computed Np value is inside the
experimental uncertainty range for pfluid ≥ 6. Lastly, results obtained with an adapta-
tive fluid mesh follow closely those obtained for a uniform mesh. This highlights that470

adaptative mesh is a valid strategy to lower the computational cost (Table 3), without
loss in accuracy.

Reaching convergence on the fluid mesh is more demanding in the case of turbulent
flow. Figure 13 presents simulation results for Re = 2000, with ∆t = 1 × 10−3 s and
psolid = 2. Though there is no experimental results for the unbaffled mixing rig to475

validate Np values obtained, the Np curve shows an inflection at pfluid ≥ 7. This
corresponds to the beginning of a convergence with regards to pfluid, though it should
be noted that the plateau value is not reached yet. The computational time is displayed
on the secondary axis for comparison purposes. It appears that pfluid = 7 is the best
compromise between convergence at high Re and computational costs, as this last480

increases exponentially with ndof (Table 3).

Impeller mesh. Figure 14 displays Np results for different psolid of the impeller mesh,
obtained for Re = 200, pfluid = 7 and ∆t = 1 × 10−3 s. First, we can confirm the
closeness of results previously shown in Figure 12 for psolid = 1 and psolid = 2. Indeed,
Np appears less sensitive to psolid than to pfluid, and results are within the experimental485

uncertainty range for psolid ≤ 0.5. We reach numerical convergence for psolid ≤ 1.
Computational times are displayed on the secondary axis. The high computational
time associated with psolid = 0.5 is due to convergence issue of the linear iterative
solver in the generalized minimal residual method (GMRES), which then requires a
higher incomplete LU (ILU) preconditioning fill level. This indicated that the linear490

system is poorly conditioned when there are fluid cells within the solid object without
Nitsche restriction. From psolid = 1, the computational time increases with the number
of particles (Table 4), and thus psolid = 1 is the best compromise between convergence
and computational costs.
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Figure 12: Power number (Np) computed values for different fluid mesh parameter (pfluid),
for Re = 200 and ∆t = 1 × 10−3 s, with uniform and adaptive mesh. Results are inside the
experimental uncertainty range for pfluid ≥ 6.
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Figure 13: Power number (Np) computed values for different fluid mesh parameter (pfluid),
for Re = 2000, with adaptive mesh. pfluid = 7 appear to be the best compromise between
convergence and computational time.
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Figure 14: Power number (Np) computed values for different solid mesh parameter (psolid)
of the impeller, with a fluid mesh parameter pfluid = 7.

Time step. Time integration is achieved through an implicit second order backward495

differentiation formula (BDF2). Figure 15 shows the evolution of Np for different time
steps ∆t, on a semi-log scale, for Re = 200, pfluid = 7 and psolid = 1. It appears that
although the value obtained for ∆t = 1 × 10−3 s is closer to the experimental value,
the value of Np reaches a plateau only for ∆t ≤ 2 × 10−4 s. All values computed are
within the experimental uncertainty range. The computational time, displayed on the500

secondary axis, are almost inversely proportional with ∆t for ∆t ≤ 4× 10−4 s. Hence,
we chose the lowest ∆t that guarantees that the results are independent from the time
step: ∆t = 2× 10−4 s.

5.2.3. Parameters specific to the baffled mixing rig simulations
We use NIB method to model the four baffles added in the mixing rig, see Figure 10.505

Most of the parameters found with the sensitivity analysis of the unbaffled mixing rig
simulations can be used also for baffled mixing rig simulations. We present in this
subsection the parameters that must be set differently.

Fluid mesh. Modeling the baffles with NIB method simplifies the meshing procedure
greatly, compared to creating a fluid mesh with the area corresponding to the baffles510

removed, and make the simulations much more adaptable. Indeed, the fluid mesh
topology is not impacted by the baffle geometry, number and positioning, which is
very advantageous for engineering applications.

However, the previous fluid mesh adaptation strategy, with an initial refinement of
4 and a minimum refinement of 3, is not fit anymore. Indeed, as adaptation is based515

on the fluid velocity gradient, it coarsens the cells near the hull of the tank and near
the baffles. In our study, we found that the results obtained for a baffled tank with an
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Figure 15: Power number (Np) computed values for different time step (∆t), for Re = 200
and 2000, for adaptive mesh with pfluid = 7 and 8, and psolid = 1. Results at t = 0.2 s are
inside the experimental uncertainty range for all ∆t values considered.

adaptative mesh differs greatly from results obtained with a uniform mesh (contrary
to the unbaffled mixing rig simulations where both procedures give very close results,
see Figure 12). In fact, results obtained for the baffled mixing rig with our previous520

adaptative mesh strategy are similar to the results obtained for an unbaffled maxing
rig, indicating that a coarse mesh in the vicinity of the baffles, which are quite thin,
results in them not being correctly accounted for in the flow. This has been observed
both for laminar and turbulent flows.

Then, we found that using a uniform mesh with pfluid = 6 offers a good compro-525

mise between convergence of the results and computational costs for the baffled tank
simulations.

Baffles mesh. The number of Nitsche particles for the baffles grows rapidly with psolid,
as given in Table 4, because of the large volume occupied by the four baffles (repre-
sented in Figure 10). To lower the memory consumption and computational costs, we530

use psolid = 0.5 for the baffles (we still use psolid = 1 for the impeller).
Moreover, because the baffles are static, the Nitsche restriction parameter (β0 in

Equation (9)) should be increased. For the impeller, we still use β0 = 10, and for the
baffles, we set β0 = 1000. We choose this value of β0 for the baffles among several
value tested (10, 100, 1000 and 10 000), for various Re, as the best compromise between535

convergence of the results and a low computation time.

5.2.4. Summary
Table 5 summarizes the parameters for both the unbaffled and the baffled mixing

rig, that we use to plot the power curve. As an indication, computational times that
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we experienced on 3 nodes of the ComputeCanada cluster Narval range from 3.25 h540

to 6 h for the unbaffled mixing rig simulations, and from 7.5 h to 12.5 h for the baffled
mixing rig. The computational time tends to increase with Re.

mixing rig unbaffled baffled
fluid mesh type adaptative constant
pfluid 7 6
psolid impeller 1 1
psolid baffles - 0.5
β0 impeller 10 10
β0 baffles - 1000
∆t 2× 10−4 s 2× 10−4 s

Table 5: Parameters used in the simulations to plot the power curve, for both the unbaffled
and baffled mixing rig simulations.

Figure 16 presents the time evolution of the torque on the impeller, T in Equa-
tion 21, obtained with these parameters, for the baffled and unbaffled mixing rig
simulations at Re = 200. The torque T is on average stable starting from t = 0.06 s.545

We can then use the mean of the torque from t = 0.1 s to compute Np. Moreover,
the increase of T when baffles are added to the mixing rig is consistent with previous
experimental observations [36].
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Figure 16: Torque (T ) evolution in time (t), for baffled and unbaffled mixing rig simulations
at Re = 200, showing the signal used to calculate the stabilized torque value (t ≥ 0.1 s).
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5.3. Results for varying Re

We carry out simulations of the mixing rig with the NIB method for 40 different Re550

values, with Re ∈
[
1 , 2× 103

]
, with the parameters determined from the sensitivity

analysis (Table 5). Figure 17 and Figure 18 show the power curve (Np = f(Re)) in
a log scale, for the unbaffled mixing rig and the baffled mixing rig respectively. We
compare simulation results with experimental results from [36]. Note that we were
able to run simulations with Re ≥ 200, which was the upper limit for the previous555

numerical study associated with the experimental results we use here [36].
For both cases, simulation results stay inside the experimental errors for the whole

Re range tested. At low Re, simulation results for the baffled and unbaffled mixing
rig are similar, and show a clear divergence from Re = 200 in Figure 18. At high
Re, results show an excellent fit with the available experimental results for the baffled560

mixing rig. In particular, the plateau obtained on the experimental data for Re ≥ 500
is well visible on the simulation results.

These results are consistent with the literature on baffled tanks: at low Re, Np is
independent of the presence of baffles, and at high Re, at which most mixing operations
are performed, the Np becomes independent of Re [71].565
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Figure 17: Power curve for unbaffled mixing rig. Experimental results, with error bars, come
from [36]. Simulation results show a good agreement with experimental results.

From these results, obtained with one (impeller only) or five (impeller and baffles)
solids simulated with the NIB method, rotating or static, we can conclude that the
NIB method is suitable for the simulation of mixing rigs for a large range of Re.

28



100 101 102 103

100

101

102

Re [ { ]

N
p

[{
]

32 Pa � s
8:5 Pa � s
4 Pa � s
1:2 Pa � s
0:2 Pa � s
simulation (ba�ed)
simulation (unba�ed)

Figure 18: Power curve for a baffled mixing rig. Experimental results, with error bars, come
from [36]. Simulation results show a good agreement with experimental results, particularly
for Re > 100 where it differs from results obtained for the unbaffled mixing rig.
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6. Simulation of a two-impeller mixing rig

With the NIB method, it is then possible to simulate cases that are not accessible to570

classical conformal mesh techniques. In this last section, we will showcase simulations
of mixing rig with two impellers, with an overlap in the swept area of the impeller’s
blades.

We set the simulations with the same methodology and use the same parameters
as for the unbaffled mixing rig (see Table 5). Both impellers have the geometry given575

in Figure 1 and Table 2. The files used to generate the mesh with the OpenSource
mesh generator GMSH [69] are available at the Lethe utilities repository [70]. The
impellers’ axes of rotation are parallel to the tank revolution axis, with an offset of
± 3D

8
, on the same diameter line. The impeller’s speed is still set to N = 16Hz, with

one impeller turning clockwise and the other turning counter-clockwise.580

Figure 19 shows the time-evolution of the torque on one of the impeller, for a
kinematic viscosity ν = 1.2 × 10−3 m2/s. For comparison purposes, we superimpose
the torque signal previously obtained for a single impeller in an unbaffled mixing
rig, for the same viscosity (Re = 200). Similarly to the one-impeller simulation, the
signal for the two-impeller simulation presents small oscillations after the first impeller585

revolution (t ≥ 0.0625 s). The amplitude of these oscillations are greater during the
revolution 2, and though they dampen during the revolution 3 they are still greater
than the oscillations during revolution 1 of the one-impeller simulation. This indicates
that to draw the evolution of Np with ν, a longer simulation time would be needed
to reach the pseudo-permanent regime. Also, the frequency of the oscillations of T is590

affected by the presence of the second impeller, and is more closely correlated with
the number of blades on each impeller than in the one-impeller simulation.

revolution 1 revolution 2 revolution 3
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Figure 19: Torque (T ) evolution with time (t) on one of the impeller, for the two-impeller
mixing rig, compared to previous results obtained for the unbaffled mixing rig.
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(a) ν = 1.2 × 10−3 m2/s (Re ≈ 200) (b) ν = 2 × 10−4 m2/s (Re ≈ 1000)

Figure 20: Fluid velocity magnitude profile, range from 0, in dark blue, to 7.4m s−1 (tip-
speed ratio of 1.25), in dark red, at t = 0.2 s, for the two-impeller mixing rig simulation. Flow
patterns discernible through the velocity changes are indicated with black dashed shapes:
oscillations (in the frame), rolls (in the ellipse) and eddies (in the circles) .

Figure 20 shows the fluid velocity magnitude profile on the plane that passes
through the middle of the blades. It is clearly visible that the blades rotation pushes
the fluid to the left, thus the velocity of the fluid is greater in the wake of the blades.595

For ν = 1.2× 10−3 m2/s (which corresponds to Re = 200 for a single impeller mixing
rig), the fluid oscillates in the wake of the overlapping region between the two impellers
(black dashed frame in Figure 20a), which is expected. Then, the flow is slowed down in
the vicinity of the tank and follows it (black curved arrow in Figure 20a) before entering
the blades vicinity again. Even at this intermediate Re, the flow is 3-dimensional and600

moves in large rolls near the tank, as hinted by a low fluid velocity area between two
higher velocity areas (black dashed ellipse in Figure 20a). For ν = 2 × 10−4 m2/s
(which corresponds to Re = 1000 for a single impeller mixing rig), the flow is much
more turbulent. The multiple regions of rapid velocity change, see black dashed circles
in Figure 20b as examples, correspond to eddies that propagate throughout the vessel,605

which is expected for Re = 1000.
Thus, the Nitsche IB method is suitable to simulate a mixing rig with two impellers,

with an overlap in the swept area of the impeller’s blades, and provide physical results
in a large range of Re.

7. Conclusion610

In this work, we have introduced a restriction method to treat immersed bound-
ary conditions, called the Nitsche immersed boundary (NIB) method. It has been
implemented in the open-source CFD Software Lethe [44].

We have verified the NIB method using canonical test cases: the Taylor-Couette
flow and the von Karman vortex street behind a cylinder. The Taylor-Couette flow615

shows that NIB intrinsically reduces the order of the underlying GLS scheme, but
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this can be countered by an appropriate adaptative mesh refinement strategy. For the
von Karman vortex street, we found a very good agreement between the NIB method
results and conformal mesh results on the values of the lift and drag coefficient on
the cylinder, which validates the capacity of the immersed boundary to predict the620

dynamic of transient flow.
We have then confronted simulation results with the NIB method on the case of a

stirred tank, with and without baffles, for which we have experimental data available
in the literature [36]. Both the rotating impeller and the four static baffles were
modeled using the NIB method. We detailed the sensitivity analysis performed to set625

the various simulation parameters needed, such as the refinement of the fluid mesh, the
refinement of the solid mesh and the time step. The power curves obtained for a large
range of Reynolds numbers showed that simulation results match the experimental
data very well. Therefore, the NIB method is suitable for the simulation of mixing
rigs, from fully laminar to fully turbulent flows.630

Finally, to showcase the versatility of the NIB method, we simulated a mixing rig
with two impellers, with an overlap in the swept area of the impeller’s blades. Though
we do not have available experimental data for this case, simulation results (torque on
one impeller and flow patterns) were realistic.

Thus, the NIB method offers a robust and flexible mesh generation technique for635

the solid immersed body, with no change in the topology of the fluid mesh. With this
method, multiple solids with arbitrary geometry and moving in an arbitrary fashion
can easily be modeled.

The Software as well as all the files that we used for the simulations are available
in the public domain, under the LGPL version 2.1 [44, 70, 72].640
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