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Abstract

The influence of structural complexities of cardiac tissue on the conduction

of action potentials is manifested by the nonuniform anisotropic propagation of

cardiac impulses. This phenomenon may enhance the possibility of unidirectional

block and provide areas of slow conduction facilitating micro-reentry. In this thesis

we study the efFects of microstructure of the electric properties of myocardium using

a model of a bundle of parallel fibers. Our main objectives are to investigate: l)

how factors such as cell size and packing density relate to directional resistivities,

2) how to détermine anisotropic resistivities from measured interstitial potentials,

and 3) how the anisotropic properties affect propagation in a small cardiac bundle.

The work is based on a mathematical computer model, referred to as the boundary

élément model (BEM), which includes the intracellular and interstitial spaces and

additional structural information such as the fiber radius, the fiber spacing, and the

packing arrangement of the bundle.

The efïect of packing density on the conduction velocity and on shape of the

propagating action potential is examined by changing the fiber spacing. In général,

the BEM and bidomain représentation of the bundle yield very similar descriptions

of electrical properties. The curvature of the propagating wavefront increases with

a more restricted interstitial space which, in turn, is a conséquence of tighter pack-

ing. There is then a concomitant decrease in conduction velocity and, in the BEM,

a concomitant increase in the rate of rise of the upstroke {Vmax} at the center of

the bundle. The time constant of the foot of the action potential (ï/oot) is afFected



little by changes in the packing density. The essential différence between the BEM

and bidomain model with the condition of equal anisotropy ratio is the absence, in

the latter, of an increase in Vmax at the center of the bundle as the packing density

increases.

A mathematical method is presented to estimate the bidomain anisotropic

resistivities in the bundle. This method estimâtes the interstitial longitudinal (pex)

and radiai (/?er) resistivities, and the intracellular longitudinal resistivity (pis), with

either direct or alternating current stimulation. When the method is cornbined

with the four-electrode impedance measurement technique and a sinusoïdal current

source, the intracellular radiai resistivity (/?„) can also be estimated. In particular,

we investigate the variations of pexi péri pix aJid /?„ with the packing density. The

predicted values of pex and pis are the same as those obtained with the standard

estimation method used in the bidomain model, but a différent result is predicted

for per- Our simulations indicate that the bidomain model performs well only at

relatively low packing density.

The use of the four-electrode impedance measurement technique in conjunc-

tion with the bidomain model is limited by the assumption of equal anisotropy ratio

between the intracellular and interstitial resistivities. In this thesis, a new method is

présentée! to evaluate the anisotropic resistivities using measured interstitial poten-

tials. With this method, the interstitial resistivities pex and per can be determined

at low frequency (e. g. 10 H z) sinusoïdal stimulation when the électrode spacing is

less than half the real part of the space constant (-ffe(À(/))) of the bundle, while the
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détermination of pis and pir requires higher frequencies (e. g. 500 Hz) oî sinusoïdal

stimulation and a spacing between the source and potential measurement électrodes

about 4.5 to 25-Re(A(/)). This new method does not require any assumption about

the anisotropy ratio and can be applied by changing the sinusoïdal frequency of the

stimulating current.



Résumé

L'influence de Porganisation structurale du tissu cardiaque sur la conduction

du potentiel d'action se manifeste par la propagation anisotrope non-uniforme des

impulsions cardiaques. Ce phénomène peut favoriser l'apparition d'un bloc uni-

directionnel des impulsions et créer des zones de conduction lente favorables à la

micro-réentrée. Dans cette thèse, on étudie les effets de la microstructure sur les

propriétés électriques myocardiques à l'aide d un modèle d'un faisceau de fibres

cardiaques. Le faisceau comprend 169 fibres identiques, disposées de façon par-

allèle pour former une section transverse hexagonale symmétrique. Chaque fibre

est reliée aux fibres voisines immédiates par une résistance transverse, répétée à

tous les 150 fim le long du faisceau. La longueur du faisceau permet d'obtenir des

conditions de propagation stable dans le voisinage de sa partie centrale lorsqu'un

stimulus est appliqué à l'une de ses extrémités.

Nos principaux objectifs sont d'examiuer: l) comment des facteurs comme les

dimensions cellulaires et la densité d'empaquetage des fibres affectent la résistivité

du tissu selon les différentes directions; 2) comment déterminer ces valeurs de

résistivité anisotrope à partir de la mesure des potentiels interstitiels; et 3) com-

ment les propriétés anisotropes affectent la propagation dans un petit faisceau de

fibres cardiaques. Le modèle de fibre cardiaque est un câble homogène et uniforme

de 5 p,m de rayon, avec une membrane excitable de type Beeler-Reuter modifié. La

représentation mathématique, appelée modèle à éléments bornés (BE), qui inclut
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les espaces intracellulaire et interstitiel, ainsi que des informations structurales ad-

ditionnelles comme le rayon des fibres et leur arrangement dans le faisceau.

Les effets de la densité d'empaquetage (variation du facteur /,) sur la vitesse

de conduction et la forme du potentiel d action propagé sont étudiés en changeant

l'espacement entre les fibres. Notre approche consiste à comparer le modèle BE au

modèle bidomaine. Ce dernier est basé sur une représentation globale des milieux

intracellulaire et interstitiel du faisceau, en considérant que les deux milieux sont

réparés par une membrane cellulaire continue. Ainsi le modèle bidomaine ne tient

pas compte de l'organisation microscopique du faisceau et définit les conditions de

propagation au moyen de valeurs moyennes des paramètres.

En général, la description des propriétés électriques démontrées par le modèle

BE et le modèle bidomaine sont très semblables. La courbure du front d onde

d'excitation propagée augmente lorsque l'espace interstitiel diminue, et cette dinainu-

tion résulte à son tour d'un empaquetage plus serré. Il y a alors une diminution

parallèle de la vitesse de conduction et, dans le modèle BE, une augmentation con-

comittante de la vitesse de dépolarisation de la montée du potentiel d'action (Vmax)

au centre du faisceau. La constante de temps du pied du potentiel d'action (r/oot)

est peu modifiée par les changements de densité d'empaquetage. La différence es-

sentielle entre les modèles BE et bidomaine est Pabsence, dans ce dernier, d une

augmentation de Vmax au centre du faisceau lorsque J, augmente.
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Pour un front d onde d excitation convexe, plus la courbure augmente, plus

les cellules situées dans la partie la plus avancée du front sont l'objet d'une fuite

accrue de courant due à l activité des cellules qui sont situées dans la partie la

moins avancée. On devrait alors s'attendre à une augmentation de r/oor et à, une

diminution de Vmax au centre du faisceau, en comparaison avec les valeurs à la sur-

face. Cependant, nos résultats de simulation différent en ce qui a trait à Vmaxi dont

la valeur augmente au centre du faisceau avec une augmentation de la courbure

du front d'onde. Ce comportement particulier de Vmax est attribuable au poten-

tiel interstitiel plus élevé au centre du faisceau, particulièrement à haute densité

d'empaquetage.

Une méthode mathématique est présentée pour estimer les résistivités ani-

sotropes du faisceau. Cette méthode permettent d estimer les résistivités inter-

stitielles longitudinale (pex) et radiale (/?er)i ainsi que la résistivité intracellulaire

longitudinale (pix), avec un courant de stimulation direct ou alternatif. Quand la

méthode est combinée à la technique de mesure d'impédance à quatre électrodes et

à la stimulation à l'aide d'un courant sinusoïdal, la résistivité intracellulaire radiale

(/?,r) peut aussi être estimée. En particulier, nous étudions les variations de pex-, Pen

pix et pir avec la densité d'empaquetage. Les valeurs de pex et p,a. prédites par la

méthode sont les mêmes que celles obtenues avec l approche standard basée sur le

modèle bidomaine, mais un résultat différent est prédit pour per • Nos simulations



indiquent que l'approche basée sur le modèle bidomaine donne de bons résultats

seulement à faible densité d'empaquetage, et qu'elle ne convient pas pour estimer

Pir-

La technique de mesure d impédance à quatre électrodes basée sur le modèle

bidomaine a été introduite par Plonsey et Barr. Elle est restreinte par l'hypothèse

d un rapport égal entre les résistivités anisotropes intracellulaires et interstitielles.

Dans cette thèse, une nouvelle méthode est présentée pour estimer les résistivités

anisotropes à partir du potentiel interstitiel. Avec cette méthode, les résistivités

interstitielles pex et /?er peuvent être déterminées à basse fréquence de stimulation

(e. g., IQHz) sinusoïdale lorsque la distance entre les électrodes de stimulation et

d'enregistrement est moindre que la moitié de la partie réelle de la constante d'espace

(.Re(A(/))) du faisceau. D'autre part, l'estimation de pis et pir exige une fréquence

relativement élevée (e. g., 500 Hz) de stimulation sinusoïdale et une distance entre

les électrodes de 4.5 ~ 25-fi>e(A(/)). Cette nouvelle méthode ne requiert aucune

hypothèse concernant le rapport des résistivités anisotropes et peut être utilisée en

variant la fréquence sinusoïdale du courant de stimulation.

Il est à noter, cependant, qu'en dépit des améliorations apportées par cette

nouvelle méthode d'estimation des résistivités tissulaires, il reste encore des limita-

tiens importantes. D'une part, à cause de la difficulté de mesurer la dérivée spatiale

radiale du potentiel interstitiel dans un faisceau de fibres, la méthode n'est actuelle-
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ment applicable qu'à un mince feuillet du tissu. Pour obvier à ceci, on pourrait

envisager d évaluer la dérivée spatiale radiale à partir des valeurs de dérivées spa-

tiales des potentiels interstitiels longitudinal et transverse. D'autre part, la distance

interélectrode de 15 //m considérée dans la présente analyse est irréaliste au plan des

mesures expérimentales et il faudrait l'augmenter au moins à 30 //m. Ceci amènerait

une augmentation d'environ 15% de l'erreur d'estimation, à moins de diminuer da-

vantage la fréquence de stimulation sinusoïdale (î'.e., en-dessous de 10 H z).
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Chapter l

Introduction

A variety of clinical arrhythmias, from atrial flutter to ventricular tachycar-

dia, are caused by reentry. This hypothesis was first suggested in 1897 by McWilliam

[50] in his article 'Fibrillar contraction of the heart . Since then numerous inves-

tigations of re-entrant activity have been reported [2, 3, 4, 53, 55]. It is currently

believed that slow conduction is associated with the occurrence of reentry. Reentry

is usually initiated by a premature beat which is blocked in the direction of the long

axis of the cells, with sustained propagation occurring in the transverse direction

[49]. There have been substantial efforts devoted to the study of slow conduction

and unidirectional. block in normal and diseased cardiac tissue. Much of this effort

was aimed at understanding how modifications of the active and passive membrane

properties, such as altérations in the inward sodium current, led to slow conduction

[28]. However, more récent work has focused on the rôle of cell-to-cell coupling

in the transmission of electrical impulses and on the importance of abnormal cell

coupling for arrhythmogenesis [7, 43]. Recently, Spach [79, 80, 82] proposed that



the anisotropic structure of the tissue leads to directionally dépendent diiFerences

in action potential (AP) shape: higher upstroke velocity, shorter r/oot and larger

maximum amplitude along wavefronts propagating transversely to the principal

fiber direction. Such considérations suggest that the genesis and maintenance of

re-entrant activity dépend on the complex microscopic structure of the tissue.

1.1 Ultrastructure of cardiac tissue

For many years the heart muscle was considered to be an anatomical syncytium

[20]. It is not a true syncytium, however, and it consists of isolated cells joined

by specialized areas of contact - the intercalated disks [76]; The disks comprise

three junctional complexes: desmosome in which the apposing cell membranes are

separated by a gap of 250-390 A; intermediate junctions and the gap junctions

(nexuses) through which the cell membranes are in intimate contact [20, 78]. The

nexus is a discrète anatomic entity which provides direct difFusive pathways from

one cell to the next. Ft is composed of connexons consisting of transmembrane

proteins with strategically located hydrophilic properties, forming 'low résistance

intercellular channels [9]. The nexus thus introduces a recurrent discontinuity in

the resistivity of cardiac tissue.

Cardiac myocytes are linked to each other at their ends, forming a single

column. Sommer and Johnson [77] described cardiac tissue in terms of a unit

bundle (defined as the smallest assembly of cardiac cells completely surrounded

by interstitial space) consisting of 2-50 cells side by side. The myocytes within a



unit bundle have many interconnections. Thèse bundles, enveloped by extracellular

space, may remain laterally isolated over a distance of two or three cell lengths

before adjoining another bundle [78]. This shape and arrangement of the cells give

rise to the tissue s anisotropic properties, specifically a higher bulk resistivity across

fibers than along their length, thus leading to a higher conduction velocity in the

longitudinal than in the transverse direction [13, 79].

1.2 Modeling and Expérimental studies of car-

diac tissue

Electrical propagation in ventricular muscle results from current flow between

cells at a microscopic level. Disruption of this microscale spread of current might

be expected to cause cardiac arrhythmias 49]. However, there is a very limited

understanding of the underlying mechanism of thèse arrhythmias, because of the

difficulty of measuring microscale voltage and current. This limitation has moti-

vated the development of computer models of electrical propagation. As Spach

points out, 'if a satisfactory quantitative model of propagation can be developed for

cardiac muscle, it will provide an important base for studying the mechanisms and

therapy of cardiac arrhythmias' [81].

The first important modeling studies of propagation in excitable tissue orig-

inated with the pioneering work of Hodgkin and Huxley [36], in which they con-

sidered the spread of electrical activity along an isolated unmyelinated squid axon.

Their model was based on the assumption that a single fiber can be regarded as a



cable-like structure with a core of protoplasm and a thin surface membrane having

a high résistance and a large capacity per unit area. This one-dimensional represen-

tation is referred to as the linear core-conductor model and the associated governing

équations are the câble équations. The formalism introduced by Hodgkin and Hux-

ley was later extended to other types of excitable fibers, including cardiac tissue

[8, 24].

In early investigations of electrophysiological properties of cardiac tissue, Wei-

dmann [87] measured the myoplasmic feslstauœ, membrane résistance, and mem-

brane capacitance of Purkinje fibers of the mammalian heart, assuming that the

core-conduction model was applicable. In later experiments [88], he observed that

the space constant associated with the exponential decay of the transmembrane

potential was significantly longer than the cell length, suggesting cytoplasmic conti-

nuity of neighboring cells. Using câble theory for subthreshold conditions, Fozzard

[26] described a différent membrane capacitance représentation, comprising a ca-

pacitance in parallel with a capacitance and résistance in séries. This result may

be a reflection of the influence of the restricted interstitial space. Hellam and Studt

[30] found that the structural complexities of tissue organization could significantly

afFect the electrical properties of cardiac tissue, and indicated that thèse properties

should be included in a core conduction model.

In a séries of experiments on small tissue préparations, Spach et al. [79, 80, 81]

confirmed the earlier results of Sano et al. [73] and Clerc [13] regarding the faster

conduction velocity along the cell axis, compared to the velocity of transverse prop-



agation. Thèse authors reported also that the shape of the propagated transmem-

brane potential and the extracellular potential waveform were dépendent on the

direction of propagation, and that the safety factor of propagation of premature

impulses was higher in the transverse than in the longitudinal direction. Finally,

based on measurements of conduction velocity, rate of rise, time constant of the foot

of the action potential, and extracellular potentials, they concluded that transverse

propagation was discontinuous.

Suenson [83] bas presented évidence that t.he shape of the wave front across a

strand of cardiac muscle is curved, with the action potential on the surface propa-

gating ahead of that deeper in the strand. Kléber et al. [44, 45 have shown that

the interstitial space can have a dramatic impact on the electrical behavior of car-

diac tissue. Thèse observations cannot be explained by extensions of the continuous

câble theory [13]. Récent theoretical studies in electrical behavior of thick cardiac

bundles [31, 32, 34, 71], based on the anisotropic bidomain model, have reproduced

some of thèse expérimental results [45, 83]. Roth [71] found that the wave front is

curved, with the action potential at the surface of the bundle leading that at the

center, and conduction velocity changing in proportion to the intracellular volume

fraction. Henriquez [32, 34] has shown that the shape of the action potential is influ-

enced by tissue resistivities, in contrast with the predictions of the core-conductor

model.

In général, the bundle model is shown to be significantly better than the

classical core conductor model in describing the behavior of cardiac tissue. In the
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bidomain model, however, the two separate média, the intracellular and intersti-

tial spaces which are homogeneous, anisotropic and juxtaposed everywhere to the

excitable membrane, are averaged over many cells. Although the présence of a sec-

ond demain distinguishes multicellular tissue from a normal electrical conductor or

monodomain , this model only gives a macroscopic view of the electrical behavior

of a cardiac bundle. The important efFects arising from the complex ultrastructure

of the tissue are ignored.

1.3 Objectives and thesis outline

To improve our understanding of propagation and to enhance our modeling ef-

forts, it is imperative to establish a close link between the model and the structural

properties of the tissue. In this thesis, we focus on the rôle of the structural com-

plexities of cardiac tissue played in modulating the conduction of cardiac impulses.

We are particularly interested in the conséquences of replacing the very complex

structure of cardiac tissue with the averaged conductivity properties of the bidomain

model. We will examine how the structural properties relate to the bulk parameters

and attempt to understand how such factors as cell size, density of cell packing, etc.

influence tissue anisotropy, bulk intracellular and interstitial resistivities, and tissue

capacitance. We will use the boundary élément method, a mathematical/computer

model based on Green's theorem [38, 39, 47] which allows us to include detailed

structural information, to make a thorough analysis of the bidomain approach and
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to compare thèse results with previously published data using the bidomain model.

We will combine the four-electrode technique and the boundary élément method to

evaluate the anisotropic bidomain conductivities of the bundle, and the results will

be compared with simulations carried out, nsing the bidomain model.

The theoretical principles of the boundary élément method and the four-

électrode measurement technique are discussed in Chapter 2. In Chapter 3, we

examine the efFects of tissue structure on the conduction velocity and shape of the

propagating wavefront, and compare the results with the predi étions of the bido-

main model. An alternative theoretical method to estimate bidomain conductivities

based on known intracellular and interstitial potentials and membrane current is

presented in Chapter 4. We use this method to investigate the conductivity distri-

butions in a cardiac bundle, and study how thèse conductivities are influenced by

the packing density of the bundle. The results are compared with those obtained

from the standard formulation of the bidomain model. In Chapter 5, we présent

a method to combine the four-electrode measurement technique and the boundary

élément method to evaluate the bidomain anisotropic conductivities from measured

interstitial potentials. In this chapter we will also discuss the criteria for the inter-

électrode spacing of the four-electrode system, as well as the détermination of the

interstitial and intracellular conductivity parameters, and the expected quality of

the estimâtes. Finally, in Chapter 6 the main findings of this thesis are summarized.



Chapter 2

Theory

Propagation in a bundle of cardiac fibers has been studied by several inves-

tigators using models based on one-dimensional continuous câble theory [42]. This

assumes that the transmembrane potential is constant across any cross-section,

which has led us to ask: Can the tissue at the surface of a préparation be repre-

sented by the same one-dimensional câble as the tissue at the center? Expérimental

observations have shown this assumption to be incorrect [13, 83], and raised the

possibility of serious errors in the interprétation of data. Recently Roth [71] and

Henriquez [34] used the anisotropic bidomain model to evaluate thèse eiFects. Both

of thèse studies have predicted that the magnitude of the interstitial potential within

a bundle of cardiac fibers could be high enough to significantly afFect the shape of

the activation wave front and the shape of the action potential.



2.1 The bidomain model

Cardiac muscle is a multicellular tissue and, on a microscopic level, each point

outside the membrane is in either the intracellular or the interstitial space. The

voltage distribution cannot be calculated correctly without taking both spaces into

account. The bidomain model was developed to describe such multicellular syncytial

tissue, first presented by Miller and Geselowitz in relation to the electrocardiogram

[52 , by Tung [84 in référence to ischemic myocardial d.e. potential, and by Eisen-

berg et al. in relation to the lens of the eye [25]. The term 'bidomain' arises because

two separate domains are considered, which represent the intracellular and intersti-

tial spaces averaged over many cells. Current passes from one domain to the other

through the cell membrane. The electrical properties of each domain dépend on the

passive electrical properties of the intracellular and interstitial fluids, the properties

ofjunctions between cells and the geometrical arrangement of the cells. The model

was used successfully to account for the human electrocardiogram and magnetocar-

diogram in the normal and ischemic heart [27, 52], as well as for potentials in a

tissue bath préparation [79].

In the bidomain model, the intracellular and interstitial média are assumed to

be homogeneous and anisotropic, and connected everywhere by an excitable mem-

brane, ignoring the complex ultrastructure of the tissue. In this chapter we describe

an alternative approach which retains more of the structural complexity of the tis-

sue. This approach is based upon the quasi-static model of an excitable cell [60],

using Green's theorem to develop an expression for the intracellular and interstitial
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potentials at the cell membrane. The model results in a three-dimensional electro-

static problem. A Boundary Elément Method is then used to solve for the potential

distributions.

2.2 Boundary élément method

The boundary élément method is an alternative formulation of the câble equa-

tion to model excitation in a cylinder of cardiac fiber. It makes use of Green's

theorem to develop an expression for the intracellular and interstitial potential at

the membrane. This expression includes both the transmembrane current, which is

derived from the Beeler-Reuter model with modified sodium current [23], and com-

plex microstructure. The method has been described in détail previously [40, 47].

We briefly explain it in this section.

2.2.1 Mathematical fundamentals

Cardiac tissue that consists of two volumes, intracellular (i) and interstitial (e)

domains separated by the cell membrane, are assumed to have good conducting

properties. Since the highest harmonie component of significance in bioelectric sys-

tems is on the order of IkHz, the distribution of potentials and currents in cardiac

tissue can be expressed by quasi-static formulations [60]. The basic hypothèses

underlying this model are:

• The individual fibers in a bundle are closed volumes.

• The intracellular and interstitial média are uniform and isotropic.
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• The density of the membrane current is described by the modified Beeler-

Reuter model [23] or Ebihara-Johnson model [24].

• The extracellular medium surrounding the tissue is unbounded and the po-

tential at infinity is zéro.

Assuming that a cell with a volume v and closed surface S is surrounded by the

infinite extracellular space as illustrated in Fig.l a), Green's theorem ([17], p257)

allows us to write down an expression for the potential <p at the observation point

P as follows:

k<f>(P)=- f^dv+ l_^-"-dS- f_^{]-)-ndS (2.1)
>v r J s r J s ~r

where n represents the normal vector of the surface élément dS with the positive

direction from the inside to the outside of surface S, r is the distance between P

and surface élément dS or volume élément av. The constant k takes the following

values according to the location of P :

4?T if P is inside of volume v

k = ^ 27T if P is on surface 5'

0 if P is outside of volume v.

On the membrane surface, there is no static electrical charge, so that both V <^i

and \/24>e are equal to zéro, and k = 27T. Then the intracellular and interstitial

potentials on the membrane surface can be written as:

W = e L^-^ds- e L^b-nds (2-2)
's r ^TT J s ~r



12

a)

b)

Figure 2.1: a) A single cell of conductivity o-, surrounded by a volume conductor of

conductivity o-e. P: observation point, r': distance vector between the observation

site and the source pointing from P to the source, n: the normal unit vector for the

cell surface ds, v and 5': volume and surface of the surrounding volume conductor.

b) N cells separated by the interstitial medium of conductivity a-e and surrounded

by the extracellular volume of conductivity a-o. S1 •• • S11 represent the surface of

cell l • • -n, and 5' is the surface of the surrounding volume conductor.
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w=-^/^ds^L^'nds' <2-3'

In a multicellular System such as in Fig.l b) (surface 5'° represents the envelope

outside the interstitial space), the intracellular and interstitial potentials on jth cell

can be expressed as:

2^'(P,)= f^^-^dS- 1^^^-ndS (2.4)
's'-i r J si ~ ~r

27T^(P,) = f v<^0 " ^ - /_ <^OV(^) • ndS
/5.o r J s" ' ' 'r

-E(/^ds-/^'nds) <2-5)^-"-dS- f é^^-.
k=l \ sk

where <f>° stands for the potential on surface 5'°. In général, the external surface

5'° can be consldered as a sphère of radias Ro. When Ro —> oo, the extracellular

medium occupies the whole space. For the extracellular potential <f)° oc l/r, we have

Jim ^°=0
RO^OO

V<^° -ndS= J-.
>S° ' 0-e

The second équation résulta from the conservation of current if there exists a

current source on the external surface. Substituting it into the first term on the

right side of Eq.(2.5), we obtain

v^-^=—^0. (2.6)
'5'° r 0-e.
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Therefore, Eq.(2.5) is simplifiée! as

2^W)=-E{^^-^dS-^^).nds] . (2.7)

Eqs (2.4) and (2.7) are the général formulas which describe the potential distri-

butions in a multicellular system.

Considering the boundary conditions of intracellular and interstitial potentials

at the cell membrane:

^^.n=-Êi-n=-J^-n=-1^ (2.8)
0-i 0-i

V^e • n = —Ee • n = — • n = —-^ (2.9)
0-e 0-e

where Jm is the membrane current per unit area (^A/cm ), ai and a e are conduc-

tivities of the intracellular and interstitial volumes (siemens/cm). Expressing the

membrane current as

W-^") , r.
'm = ^m—?T;— + -'î'on > ^--

Eqs (2.4) and (2.7) become:

2^(P,) = - J^ (c^i^(f>e) + I^n) dl + <7, ^. ^ ^ (2.11)

MP^^[C:^^-..S^ dSî (2.12)

vyhere d^t = —v(l/r) • ndS represents the solid angle of the surface élément dS

with respect to the observation point Py.
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2.2.2 Numerical solution

For most complicated surface shapes, we have to resort to a numerical solution

for Eqs (2.11) and (2.12). Decomposing each cell surface of 5'-' into m3 éléments,

which are small enough so that potentials ^ and (f)3 can be considered as constants

on each élément, Eqs (2.11) and (2.12) become:

^-^(_r^ f ^_^ 9K( dl^n9ÊL{ dl^^ï^€ = ^ [-1^ j^ ^ - c^ j^ ^ + c^- j^ ^ + ^v j^ d^îj

(2.13)

^ = E E (& L. ^ + ^^ L. ^ - c^ /^ ^ - ^ j^lAku r dt JAku r "~ Ot JAfcu r ~ ' " JAku
'n,—-

d^l

Denoting matrices Ajk and Bjk as:

dS
[Ajk]uv = l . — and [Bjk}uv = /.. c^.,

'Afcu r " " ' JAfcu

(2.14)

(2.15)

where j, k,u and v are cell surface éléments. The above discretized Eqs (2.13) and

(2.14) can be rewritten more concisely in a matrix form. Suppose potentials and

ionic current at cell 'k' can be represented by the following matrices,

^k=

l

<

^̂
fe2
't

(f>f

\

/

>À; =
ï ~K e ~

,'

^ '

€
f,k2
'e

^

^

)

and ï^ =

/ JE \
ton

Ikl
ton

Ikl
i on

k

then, Eqs (2.13) and (2.14) take the matrix form as:

A, -A
cm [ a -e

^
^

+
A, 0

0 C,

ai(B, - 2?rJ) 0

0 0-e(Dc + 27TJ)

IL. ^ _ ( 0
IL. ! ~ \ o

<&î

^

(2.16)
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Wh ère the sign ' stands for time derivatives, matrices Ac and Bc are diagnal ma-

triées, Ce and De are full matrices, which are defined as follows:

Ac=

(An 0 ...

0 Â22 •••

0\
0

0
0 Ann/

Cc==

/ An Ai2 • • • Ai^ \

Â21 Â22 • • • Â2n

\ ^nl ^-n2 ' ' ' -^nn l

B,=

( B,, 0 .

0 ^22 •

V o ...

0\
0

0
U B^)

De =

/ Bïï B\î • • • B\n \

BÎI -022 • • • Bîn

V Bnl Bnî • • • Bnn )

and <&,c, $^ and I^n are combined matrices for all 'n' cells:

<&c =

( ^\
,2

\^ î

/ ^ \

, ^=

\€/

and ïcion

/ J.L \
ion

ton

In.
ton

Using $ to represent combined intracellular and interstitial potentials, matrix

(2.16) can be abbreviated as:

9^ _. ^ .. =-
M^+M^+M3Ïion=0.9t

(2.17)

The intégrais in matrices Mi, Ma and Ma can be computed using standard

analytical methods ([12] p346). Now discretizing Eq.(2.17) in time by setting ^ =

ti--i + A<, the final numerical équation is

(Mi + A^Mî)^) = Mi^,-i) - A^MsI.-o.^-i) (2.18)

or,

^,) = (Mi + AfM2)-l(Mi$(^_i) - A^M3^(^-i)) . (2.19)
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The System can be solved by either direct or iterative methods. Reviewing

the whole procédure developed above, it is noted that there is no limitation on the

structures of the multicellular System. The extent to which the complexity of the

tissue structure can be included in this model dépends only on whether the intégrais

of Eq.(2.15) can be computed numerically.

2.2.3 Point source stimulât ion

A monopolar point source of intensity Is within the interstitial space can be

included in Eq. (2.16). Supposing a small sphère F with radias Rr centered at the

point source, the potential on the surface of this small sphère will be referred to as

4>e and the current density of the surface is

Is

47T^ "

Thus Eq.(2.7) should include the following terms

- f^-^-dS+ f_^^l-ndS . (2.20)
T r Jr ~ r

Considering

T --' r?F .-f t/ ^ -L -Is

V^e • n = -^ • n = — • n == -—
(Te 0'e 47T-fi>|2.

and

V • ndS = —dÇl
r

Eq.(2.20) becomes

l-(f-7^dA--e[^d^ . (2.21)
o-e Vr47T^ r "e7r re ""7 "
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When Rp —f 0, the potential on the surface can be considered as constant, then

/. 'd^î dfl,
T

and

d^î
/r

when T is a, closed surface, the first term of the above équation is

l Is

0-p 4?T

J, [ dS l

TT-R^ Jr r a-e

l /, 47T^ l l s

o-e r^47r^ r,

where rs represents the distance between the observation point Pj and the stimula-

tion point Ps.

We define a vector R3 (Ps) oî order m3 that stands for the reciprocal distance

between each élément on cell j (total m3 éléments on cell j) and the stimulation

point, so that the following vector should be added to the right side of Eq.(2.16)

/ 0 \
0

0
R1(P.)

n
n+1

V Rn(Ps) /

If the stimulation source is located inside cell j, the positions of R3 (Ps) added

to Eq. (2.16) should correspond to the intracellular potential, which is related to the

upper part of the above vector. For multi-monopolar current sources, we simply

need to extend the distance vector R3 (Ps) to a matrix R^(Ps), where k = 1,2,- • -n

represents the number of point sources.
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2.2.4 Intracellular junctions

In this subsection we describ how the intracellular junction résistances are in-

cluded in the boundary élément method. Consider a channel connecting élément v

of cell j to élément u of cell k with résistance Re, P^ and Pfc represent the observa-

tion points on either cell. The connection résistance Re will allow current flowing

from élément v to élément u. In this case the intracellular boundary condition at

the cell membrane représentée! by Eq.(2.8) can be modified to

^n-^-^)
where A<^u = ^f -^". Thus the first intégral of Eq.(2.4) or the first three intégrais

of Eq. (2.13) for élément v becomes

^,_ [ (, Â^U\dS
27T(T,^U = - /_ j Jm - =^— ) —

Jsj" \~lu Re ) r

dS ^ [ l ^^ ^^ d 5'
/m— + L, -rTW -<PD — • ^^lsjv '" r ' Jsiv Re "'' " / r

Using vectors R3(P, ]) and Rk(P^) oî orders m3 and mk to represent the re-

ciprocal distance between jP^, P and junction locations v and u, the efFect of

intracellular connection résistance can be included into matrix Ac by making the

following modification:

AC =

l An

... A,,-jy(^)(^m

RkW(I^)T/Rc

R3{P^lf}TIR.

... A^-Rk{P^(lf}T /Re

0 ^

0

3

k
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where

m3

(4mJ)T = (o,..., o,i,o,. ..,o

T
v

2.2.5 Validation of the model

The boundary élément model (BEM) has been validated by simulating action

potential propagation in a cylindrical bundle of cardiac tissue [39, 47], and compar-

ing the results with data published by Roth [71]. The bundle simulated with the

BEM consists of many parallel fibers and is illustrated in Fig.2.2. The bundle is

a model of uniform anisotropic cardiac tissue. It is assumed that the dimensions

and conductivity are the same for all fibers, and the effects of inhomogeneities in-

troduced by collagen, blood vessie, mitochondria etc. are ignored. A cylindrical

coordinate System is used, with x and r denoting the axial and radiai directions,

respectively. Nominal values of intracellular and interstitial conductivities were cho-

sen as 5.0mS/cm and 66.66 mS/ cm, respectively, to match earlier modeling studies

carried out in our laboratory on excitation in strands of ventricular tissue [10]. The

bundle is surrounded by an unbounded extracellular space of the same conductiv-

ity as the interstitial medium. The radius of each fiber is 5 fim and the length is

3 mm. Resistive connections linking each fiber to its six immédiate neighbors were

introduced at every 150^m. The nominal connection résistance (^n) was 5MÎ2.

Fig.2.3 shows the symmetric hexagonal organization of the bundle. This con-
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Bundle Model

Recording site

Stimulaîion site

— 169parallelfibers

— single fiber radius: 5 p.m

Figure 2.2: The bundle configuration. Individual fibers are oriented in parallel and

arranged symmetrically into an hexagonal bundle. Each individual fiber is a closed

volume. The stimulation site is located at the proximal end. Action potentials are
recorded at mid-length to avoid end-efFects.
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figuration makes it possible to subdivide the bundle into 12 equal triangular seg-

ments, thereby allowing us to simulate only one of thèse segments and to extrapolate

the results to the rest of the bundle through application of symmetry. Simulations

were performed on the SGI-4D 280 IRIS computer server (Silicon Graphics Inc.

Mountain View, California). Programs implementing the model were written in

C. The software package is divided into three separate parts. In the first one, the

surface intégrais (see Eq.(2.15)) are calculated and stored. The second part serves

to construct matrices Ac, Bc, Ce and De (see Eq.(2.16)) using the results frorn the

first step. The third part is the final simulation stage.

2.3 The four-electrode measurement technique

Biological electrical impedance measurements date back to the late 1800s [l]. In

général, the purpose is to investigate the fundamental electrical properties of cardiac

tissue [13] or to correlate thèse properties with the myocardial structure [79, 80, 81].

In earlier studies, current was injected through a bipolar électrode to détermine

the bulk resistivity of the tissue. In this case, the polarization impedance at the

metal-electrolyte interface alters the charge distribution [l] and causes a significant

distortion of measurements [61, 75]. The four-electrode technique was introduced

to avoid this problem [13, 72 . A diagram (Fig.2.4) shows the principle of the

technique. It utilizes a linear array of four equally spaced électrodes, the exterior

pair to carry the applied current, and the interior pair to measure the resulting
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Figure 2.3: Diagram of a cross-section of -the bundle. The symmetric hexagonal

organization of the bundle consists of 12 triangular segments. D, the distance

between fibers, is the factor that controls the packing density of the bundle.
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voltage. Since the potential sensing électrodes are connected to an amplifier with

high input impedance there is no significant current passing through the électrodes,

thus électrode polarization impedance can be eliminated entirely [l].

2.3.1 Combination with the bidomain model

Plonsey and Barr [61] have described a method to estimate tissue conductivities

in the anisotropic bidomain model using the four-electrode measurement technique,

under the condition of equal anisotropy ratio and point source stimulation. Assum-

ing the medium to be anisotropic, uniform, and infinite in extent, they obtained

the following analytical solutions for the intracellular and interstitial potentials of

cardiac tissue:

-^fA^f^À (-)4:7ra\l+kj R ' \î + k) ^aR

k-y^(^^. (-)ve~ 47T(T\l+k) R '\l+k]^aR

with

ffix aiy criz
a = \/0'ixaiy°''iz i R = ~ — = ~— = —— {^-'

ex ^ ey ^ e

and

\=^R^(l~+k)p, R = ^2/<r., +y2/aiy+z2/cn, (2.26)

where 7s is the amplitude of the point current source in interstitial space, <Tg;, with

q = i, e and l = x, y, 2;, is the conductivity along three principal axes for the intra-

cellular and the interstitial spaces, respectively, k represents the equal anisotropy
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gh

L

Figure 2.4: Four-electrode device for impedance measurement. Carrent J is passed

between outer électrodes e and /, and potential is measured between inner électrodes

g and h. Interelectrode spacinga is constant.
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ratio of the tissue, Rm the membrane resistivity (fî • cm2), /3 the surface-to-volume

ratio which links the membrane current Jm and the transmembrane potential Vm

by Jm = /3(Vm/Rm), A the space constant of the tissue, and R normalized distance

between the source and field points.

Let l represent any of the coordinate directions, a the spacing between the

électrodes, Ai^e; the interstitial voltage measured by the inner électrodes along the

/ direction, and A<^; the voltage measured intracellularly, then the following equa-

tions are obtained baseu on Eqs (2.23) and (2.24):

A^? - ^L_^_ Ii ^ î. k.. ^ra^ _ ^. fz2&>
l s 47Ta<7

an d

îAi{l+th'(^)-^(ZHa)]} <2'27'

A<^; _ v^ ^ fi o.„_^-a^ , __^-2a

Is 4'Tao' l + k
[l-2ex^^}+e^)} <2-28)

where A; = \/a~n\. When a <€ A;, the exponential term exp(—a/\i) —>• l, according

to Eq.(2.28), A^,; -^ 0, and Eq.(2.27) becomes

A^ ^ ^^[ ^ ^^^
J, ~ 4?Ta o-

If the électrodes are placed along the x axis, the subscript l in above équation

is replaced by x. Substituting a- and k as defined in Eq.(2.25) and linking ^ex

directly to the interstitial conductivity, this équation becomes

(2.30)
l>ex
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By changing the orientation of the électrodes to the y or z direction, respec-

tively, and making measurements with the same électrode spacing yields

<TexCrez = ,__ ^ _; , and ^/OexO'ey = , __ ^ ^ . (2.31)
4?raA^ey ' """ v----"' 47raA^

Solving Eqs (2.30) and (2.31) simultaneously will give unique values for 0'exi

a-ey and Oez- In summary, the interstitial conductivity in each direction can be de-

terminée! by measuring the voltage between the inner électrodes, provided that the

interelectrode distance is much smaller than the space constant of the tissue in that

direction.

For the intracellular conductivities, considering a > À;, the term exp(—a./\i)

0, so that Eqs (2.27) and (2.28) are equal to

A<^; y^ /' À;
i,=t^[r^k) (2-32)

where q = i, e can represent either the intracellular or the interstitial medium. If

the électrodes are oriented along the x axis, for the intracellular medium, the above

équation becomes:

k
4?raA^ \1 + k

for the interstitial medium, it is

L ( l
47TaÀ<^ \l+k.

Since A^œ = A<^ex, adding the two équations, we have

/cw+va^=^^- (2-33)
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In the same way, we can obtain the following expressions by putting the elec-

trodes along the y and z axes, respectively:

Jo
(2.34)

47raA<^

and

h
(2.35)

47raAi^z

As the interstitial conductivity components have been obtained from mea-

surements under the assumption a <C À;, the intracellular conductivitics can be

determined independently from the above procédures.

The intracellular and interstitial potentials are identical under the last condi-

tion, and either Eq.(2.27) or Eq.(2.28) can be used to characterize the impedance

measurements in this case. Since Eq.(2.28) goes to zéro when a <C A;, only Eq.(2.27)

is needed to represent the bidomain model impedance measureroents with the four-

électrode technique. For the général utilization, the subscript e is eliminated from

the équation so that

^=iêîA.{l^[2-0--(^)]}. <2.36)

This is the formula which is often seen in the literature [62].

2.3.2 Sinusoïdal stimulât ion

The above measurement procédure involves repeating the current injection along

the différent axes, first with small and then with larger interelectrode distances.

In some practical experiments, the space between électrodes is fixed [46] and an
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alternative approach is needed to apply the four-electrode technique. One solution

is to use a. e. carrent stimulation. In this case the space constant of a cardiac

bundle, À, is [33]:

ÀO=V2^+^e] (2'37)

and

À^) = J^-^TT ' (2-38)
2[Pi + ^ Pe\

where uj is the angular frequency, b the radius of fibers in the bundle, pi the intracel-

lular resistivity, /3 the ratio of the intracellular and interstitial cross-sectional areas,

pe the interstitial resistivity, -Rm the membrane résistance, and Zm the membrane

impedance defined by

zm = , , ,^ ^ (2.39)
l + J^PmCm

Substituting Zm into Eq. (2.38):

l - JI^RmCm
A(u)=AOVr+^tït' (2'40)

Considering that the attenuation of the potential différence between mea-

sûrement électrodes is dépendent on \i {e.g. Eq.(2.36)), in the case of sinusoidal

stimulation, only the real part of À(a;) is useful in relation to the four-electrode

impedance measurements. We use Re(\^} to denote the real part of A(a;) in the

following discussion. Theoretically, Re(\^) —»• \o at low frequency and decreases

as the frequency increases. For a fixed interelectrode spacing, a, and as long as

a < AO at low frequency, one has a ^> -Re(À^) if the frequency is high enough. In

this case the interstitial conductivities will be determined by Eqs (2.30) and (2.31)
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at low frequencies (where a <C -Re(Àu)), and the intracellular conductivities can be

obtained from Eqs (2.33) to (2.35) at higher frequencies (where a ~^> Re(\^)).

In other words, because the membrane impedance (Rm\ Cm) is very high at

low frequency due to very high value of 7?m, t.he carrent flow is restricted to the

interstitial space. Then the potential measured by the inner électrode pair dépends

only on the interstitial conductivities. When the signal frequency increases, the

impedance -Rm || Cm decreases and more and more current flow through the mem-

brane lnto Ihe intracellular medium. If the frequency is high enough, the amount of

carrent going into the cells cannot be ignored, and the potential measured by the

two inner électrodes reflects the combined intracellular and interstitial conductivi-

ties. The advantage of this method is that high spatial résolution can be achieved

by keeping the interelectrode spacing as small as possible.



Chapter 3

Action Potential Propagation in a

Tissue Bundle

There are two main factors which afFect the propagation of the action poten-

tial wavefront in cardiac tissue. One is the set of membrane properties governing

the flow of membrane current, including ionic channel kinetics, active transport

processes, and ionic concentration gradients. The other is the tissue conductivity

regulating the flow of axial current, as determined by the microstructural organiza-

tion of the tissue, including the number of cellular interconnections and the packing

density of cells.

There is a great deal of récent évidence to suggest that the characteristics of

propagating cardiac action potentials do not match the predictions of linear câble

theory. The curved wavefronts described in strands of cardiac muscle [83] are be-

lieved to be associated with larger interstitial potentials at the center of the strand

[34, 71]. It bas been shown also [45] that carrent flow into the interstitial space can

modify the conduction velocity, the shape of the action potential and the anisotropic
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conductivities. Thèse factors are governed by the microstructure of the bundle. This

influence on the conduction properties and shape of the propagated action potential

is examined in this chapter.

3.1 Packing density of the bundle

The structure of the cardiac bundle model used in our simulations is shown

in Fig.2.2 and 2.3. The bundle is composed of several identical cylindrical fibers,

hexagonally packed in radiai layers. To investigate the efFects of the bundle organi-

zation on wavefront propagation, we changed the radius of the fibers in the bundle,

the distance between fibers, and the number of fibers. The bundle radius and the

number of fibers are determined by the number of radiai layers. This number was

limited by the storage capacity of the computer used in our simulations (a Silicon

Graphics 4D-280 computer server). The largest bundle we could simulate was com-

posed of 169 fibers arranged into 8 radiai layers.

In the bidomain model, the fiber packing density is represented by /,: the

fraction of the bundle cross-section occupied by the intracellular space. In many

cases, /, is équivalent to the intracellular volume fraction [70]. In our simulations,

the volume fraction fi is controlled by D, the distance between fibers (see Fig.2.3),

through the following équation:

TTNf

lî ~ 6 5m(7T/6) C05(7T/6) [(nr - 1/2) Z5]2

where N f is the number of fibers in the bundle and nr is the number of radiailayers.

The relation between the bundle surface-to-volume ratio (/3) and /, is given by
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Table 3.1

Physical parameters

fiber radius

fiber length
number of radiai layers

number of fibers in the bundle

intracellular volume fraction

Electrical parameters

intracellular conductivity

interstitial conductivity

membrane capacitance

b (/^m)
l (mm)

nr

Nf
Jl

(T,(mU/cm)
o-e(mU/cm)

C^F/cm2)

5
3
8

169
0.75

5.0

66.66

1.0

Table 3.1: Physical and electrical parameters of the bundle

^
where b is the fiber radius.

3.2 Conduction properties of activation wave-

front

3.2.1 Transmembrane potential Vm

The physical and electrical parameters of the bundle model, based on the

previous work [10, 40], are presented in Table 3.1. Although we used various tessel-

lations in the vérification process, for all ofthe simulations described in this Chapter,

each fiber was discretized into 504 patches, 480 identical cylindrical patches and 24
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planar end patches. The discretized cylindrical patch length, Aa;, was 75/^m, each

patch had a 30 degree arc. According to Sommer's observations [78] that the length

of cardiac ventricular working myocytes are between 30 ~ 130 fim and that most of

them make at least one contact with a neighboring cell laterally, we included trans-

verse resistive connections of 2Mfî at every 150/^m on the bundle. The bundle was

stimulated at its proximal end with a pair of extracellular point électrodes applied

near the bundle surface (see Fig.2.2). Représentative action potential wavefronts

are shown in Fig.3.1, we assume that the intraceiïular potential (pi is a constant in-

side a cell. The action potential at the surface of the bundle at the proximal end is

contaminated by the stimulus artifact (large négative deflection). While the wave-

front stabilizes within 2msec, there remains a significant différence in the shape of

the action potential at the center and at the surface of the bundle during stable

propagation.

A map of the transmembrane potential Vm at one instant in time (during

stable propagation) is shown in Fig.3.2. Red corresponds to high values of Vm

(above 25 mV), with the potential close to the resting value (less than —75mV)

représentée! by blue. It was found that the distribution of action potentials in the

bundle is three-dimensional, which means that changes in Vm not only occur in

the longitudinal direction, but also in the transverse direction. The distribution of

transmembrane potential in a cross-section perpendicular to the bundle axis is illus-

trated in Fig.3.3. The variation from red to blue is 10 mV. The cross-section shown

in this figure exhibits a variation of about 7 ~ 8 mV. This supports the previous
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Transmembrane potential
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Figure 3.1: Two pairs of transmembrane potential recordings at two locations on

the bundle. One recording is at the center (broken curve) and the other at the

surface (solid curve) of the bundle.
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assertions [34, 71, 83] that, even in this relatively thin bundle, the propagating wave

front is curved.

3.2.2 Interstitial potential (f>e

The bidomain simulations suggest that changes in Vm from the center to the

surface of the bundle (Fig.3.1 and Fig.3.3) are caused by the interstitial potential

(f)e [34, 71]. This is in agreement with the result of Fig.3.4 a) where (f>e is seen to

vary significantly from the center to the surface of the bundle, while the intracellular

potential ^ remains unchanged (Fig.3.4 b).

The deviation of <^e at the center from that the surface of the bundle is ev-

ident as a function of time and of space. Figs 3.5 and 3.6 show the distribution

of (f>e along the bundle at a spécifie time instant, at various radiai positions with

4 différent intracellular volume fractions. It is important to note that the change

in (f>e with depth (Fig.3.5) is similar to its variation with packing density (Fig.3.6).

That is (f>e at the bundle surface (r = 82.5 /im) is similar to that at low /, values

(loose packing density), and vice versa. This link between (^e, the packing density

and radiai distance can also be seen by comparing Fig.3.6 with the behavior of a

much thicker (radius of 5mm) cardiac strand (Henriquez [34], Fig.3).

Thèse results suggest that one may use a small bundle to study changes in

transmembrane potential occurring in a large bundle. In this case the tight packing

density corresponds to the center of the large bundle, and the loose packing to its
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FigureoJ :, Distributioiï of t^nsmembrane pot.entials along the bundle. The record-

ing was t.aken at a randomly chosen time instant during s'table propagation."
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Figure 0.2: Distribution of transmembrane potentials on a cross-section of the bun-

elle during stable propagation. C'olors from blue to red corresponds to 10 m\

variation. At this cross-section the \'ariation of the membrane potential is about

7 ~ SmV.
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Figure 3.4: Interstitial potential 4'e and intracellular potential ^ as function of time

during stable propagation (at mid-length). The solid and broken curves correspond

to recordings at the surface and the center of the bundle, respectively.
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Figure 3.5: The interstitial potential distribution along the bundle for différent

radiai positions and /, = 0.75 at a spécifie time instant, r = 82.5//m corresponds

to the bundle surface.
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Figure 3.6: The distribution of interstitial potential (çi>e) at the center along the

bundle axis for différent values of the intracellular volume fraction /„ measured at
the same time instant.
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surface, i.e. <f>e increases slmilarly as you move towards the center or as you in-

creases /,.

3.2.3 Conduction Velocity

Fig.3.7 shows the relationships between the propagation velocity and intracel-

lular volume fraction /,. The broken curve corresponds to the bundle and the solid

curve to a single fiber of the same radius. For very low fi values (loosely packed

fibers), the conduction velocity approaches the single fiber limit. As /, increases, the

conduction velocity of the bundle decreases. This behavior agrées with published

results 34, 71] where /, was varied by changing the number of cells in the strand,

while holding the bundle radius constant. To compare our results with those of the

bidomain model, we varied /, by changing the number of fibers in the bundle. The

two simulations yielded almost identical results.

We found that the conduction velocity varied from 63.3cm/5ec at /, = 0.4 to

60.2 cm/sec at /; = 0.9. This variation is smaller than that predicted by Roth [71]

who observed 65 cm f sec ai fi = 0 and 40 cm/sec at /, = l. This discrepancy can be

explained, in part, by the différent parameters used in the two models, such as bun-

die size, the intracellular and interstitial conductivity values, membrane parameters

and so on.
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Figure 3.7: Conducting velocity as function of /,• for bundle (broken curve) and

single fibre (solid curve). The fiber radius is 0.5 fim. The bundle radias varies from

62.5 /im io 82.5 p,rn corresponding to the variation of /,.
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3.3 The action potential upstroke

The action potential upstroke is usually described by two parameters, Vmax and

Tfoot- Vmctx is the maximum rate of rise and r/oot is the time constant of the foot

of the action potential. In our simulations, Vmax was calculated using a diiference

formula with Matlab (The Math Works Inc., South Natick, MA.) and r/oot was

obtained using a numerical curve fitting algorithm [18, 19].

Fig.3.8 shows Tjoot and Vmax as a function of the transverse position in the

bundle during stable propagation. We can see that Tjoot is almost constant in the

radiai direction, even near the bundle surface. Vmax decreases from the center to

the bundle surface. The decrease of Vmax near the surface implies that the high

extracellular conductivity has a significant influence. The estimated r/oot a-nd Vmax

values are comparable to those obtained by Roth [71] at the center of the bundle.

At the bundle surface, thèse values are far from those predicted by the bidomain

model.

Variations of Vmax îïom the center to the surface increase as the packing den-

sity increases, as illustrated in Fig.3.9 b). Meanwhile, r/oot remains constant along

the radiai direction, even at very tight packing density as seen in Fig.3.9 a). This

indicates that the high packing density increases the différence in the rate of rise of

the action potential between the center and the surface of the bundle.

Figure 3.10 shows r/oot a) and Vmaa: b) plotted as a function of the intracel-

lular volume fraction /, at center and at surface, rjoot varies proportionally with

/, at the center and surface of the bundle, and there is a dramatic increase at very
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Figure 3.8: Variations of r/oot a) and Vmax b) with radiai distance. The abscissa

indicates the number of radiai layers of the bundle, from the center (left) to the

surface (right) of the bundle (/, = 0.75).
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Figure 3.9: The efFect of the intracellular volume fraction fi on r/oot a) and Vmax b)

with radiai distance r. The abscissa is the same as in Fig.3.8.
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Figure 3.10: r/oot a) and Vmax b) as function of /, at the center (solid curve) and
surface (broken curve) of the bundle.
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tight packing density. The direction of change of Vmax with the packing density are

opposite at the center and at surface of the bundle. Here we also observe an abrupt

increase or decrease of Vmax as the packing density approaches unity.

To further investigate thèse variations in Vmax, we measured di^e/dtmax (Fig.3.11

a) and d^i/dtmax (Fig.3.11 b) as function of fi at the center and at the surface of

the bundle. The absolute value of d4>i dtmax for most packing densities is much

larger than that of d^e/dtmax, i't yields

d(f>i d(f)e _ d(f)i
•max — ^ — ^ ~ -^

max ut/ max ui/ 'maa?

Thus Vm.a.x is dominated by d^i/dtmax when /, < 0.8 for both surface and center. As

the packing density increases, both values of d(f)i/dtmax and l^e/^maa: decrease.

At the surface, there is only minor increase in \d(f)e/dtmax\, and because it is so

small compared to d(f>i dtmaxi it doesn't afFect Vmax- When /, > 0.8, the change in

\d(f)e dtm,ax\ at the center of the bundle is larger than the change in d(f>i/dtmaa: (see

Fig.3.11), so that d<f>e/dtjnax modifies the behavior of Vmax at the center. In this case

d<f)i d(f>e dcj>i
max — ^ — j^ ~

d(f>e

masmax Ut max UL max

The dramatic increase in \d(f>eldtm,a.x\ at the center of the bundle when the

packing density is high (/, > 0.8) is caused by the large peak-to-peak value of (f>e

(see Fig.3.6). At loose packing (/, = 0.4), the peak-to-peak value of <f>e is about

0.8 mV, whereas it increases approximately 10 times as the packing density increases
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Figure 3.11: d(f>e/dtmax a) a-nd d^i/dtmax b) as function of the intracellular volume

fraction /,.
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to fi = 0.9, meanwhile the time duration of peak-to-peak remains constant, resulting

the dramatic increase in \d(f)e/dtmax\-

3.4 Discussion

We simulated the wavefront propagation and upstroke of the action potential in

a small cardiac bundle using the BEM and examined the efFect of packing density on

propagation and waveshape of the action potential. Our bundle consists of 8 radiai

layers and 169 circular cylindrical fibers. Each has been discretized into 504 pathes

during simulations with Aœ = 75 ^m. To ensure that this discretization adéquate,

we used smaller bundles (6 radiai layers) with finer discretizations of Aa; = 60 //m

and Aa; = 50 fim. We found that the results from thèse simulations were consistent

with those using Aa; = 75 ^m.

Our simulation results reveal that the propagated wavefront in the bundle de-

viates frorn a plane normal to the longitudinal axis because of the restricted inter-

stitial space. Vmax is smaller and Tfoot larger at the surface than at the center of the

bundle (see Fig.3.8). Thèse observations are consistent with bidomain simulation

results published by Henriquez [34], where they simulated a larger cardiac bundle

représentation under the assumption of equal anisotropy ratio of the intracellular

and interstitial conductivities. Our results are also consistent with the expérimental

observations of Suenson 83], who observed thèse phenomena in a study of source-

load interaction during impulse propagation of excited and unexcited cells in the

working myocardium.
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Table 3.2

Packing
density

J =0.60

/, = 0.80

Model

Bidomain

BEM(EJ)
BEM(DR)
Bidomain

BEM(EJ)
BEM(DR)

max

(V/sec)
211.0

200.9

250.6

195.2

199.9

249.1

rfoot

(m sec)
0.32

0.324

0.283

0.48

0.331

0.289

Velocity
(cm/sec)

64.2

63.3

63.3

62.1

62.5

62.5

Ta,ble .3.2: Comparison between the electrical properties at surface of bundle pre-

dicted by the BEM and by the bidomain model

The conduction velocity and upstroke parameters of the action potential at

the surface of the bundle for two différent packing densities /, = 0.6 and /, = 0.8

were compared with their counterparts obtained from the bidomain model simula-

tions published by Henriquez [34], and listed in Table 3.2. We also repeated the

simulations at /, = 0.6 and /, = 0.8 with the Ebihara-Johnson membrane model

used by Henriquez. In this table, BEM denotes the boundary élément method sim-

ulations, (EJ) represents the simulations with the Ebihara-Johnson model [24] and

(DR) corresponds to the Drouhard-Roberge model [23].

The two methods predict similar behavior for the upstroke of the action po-

tential and conduction velocity as the packing density increases. The conduction

velocity values obtained with the boundary élément method and the two différent

membrane models are essentially identical. They are slightly less than those ob-

tained with the bidomain model at /, = 0.6. The values of r/oot predicted by BEM
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at fi = 0.6 are close to those predicted by the bidomain model, but very différent at

fi = 0.8. When the packing density increases from /, = 0.6 to /; = 0.8, our model

predicted that Tfoot would increase slightly for both membrane models, whereas the

bidomain model gives a much greater increase (50 %). This phenomenon also occurs

with Vmax- With either membrane model, the boundary élément method indicates

very small decrease in Vmax (0.5 ~ 0.6 %) as the intracellular volume fraction /,

increases from 0.6 to 0.8, while the bidomain model yields a much larger réduction

(7.5%). In audition, the value of Vmax is affected greatly by the ionic membrane

model (25% lower in the EJ model), while the conduction velocity and Tfoot a're

nearly equal (/, = 0.6).

Possible reasons for différences between BEM and the bidomain model with

respect to the values of Vmax and r/oot may be related to the following factors:

l. Différent boundary conditions at the bundle surface used by the two meth-

ods. In the boundary élément method, no spécifie boundary condition on the

bundle surface is required, since Green's theorem only requires the boundary

conditions at each membrane surface and at the surface of the unbounded

extracellular medium. In the bidomain model, however, there have been long

standing arguments about boundary conditions. Henriquez favored the fol-

lowing boundary conditions [33]:

^{r,x)\-r=s = <f>o{r,x)\T=s (3.1)

0-
9^

er
9r

=s = O'o'
9<f>,

T=S 9r
(3.2)
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and

^ L.. =0 (3.3)

where subscript o refers to the surrounding extracellular medium, s is the

boundary between the bidomain bundle and monodomain 'bathing' space.

Other investigators used alternative boundary conditions [63, 67], which usu-

ally produced diiferent values for Vmax a-nd Tfoot [71].

2. The restriction of equal anisotropy ratio of the intracellular and interstitial

resistivities in the bidomain simulations.

3. The différent values of anisotropic resistivities used in the two methods. Hen-

riquez assumed p^ = 1200 H cm, pis = 4000cm, per = 150 fî cm and pex

50 îî cm for both /, = 0.6 and fi = 0.8 cases. In our simulations (see Chap-

ter 4 and 5), we found pex = 56 îî cm, pe-r = 110 f2 cm, pis = 285îîcm

and pir = 1330 fî cm for fi = 0.6, and pex = 760, cm, per = 227 îî cm,

pi^ = 245 n cm, p,r = 1340 0 cm for /, == 0.8.

4. The efFect of the bundle size, which is much larger in the bidomain than in

BEM simulations, and fiber radius.

It should be emphasized that the bidomain simulation results presented in Table

5.3 were obtained assuming the equal anisotropy ratio condition. In récent work,

Pollard et al. [64] and Henriquez [35] have simulated the propagation behavior of

the cardiac tissue using the bidomain model with the equal anisotropy ratio, the

nominal anisotropy ratio and the reciprocal anisotropy ratio. They found that the
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behavior ahead of the wavefront for the nominal anisotropy simulation was difFer-

ent from the behavior ahead of the wavefront for the equal anisotropy case. The

behavior in the upstroke région was similar in both cases, and the propagation ve-

locities in longitudinal and transverse directions were also essentially same for two

cases. The most striking différences between the potential distributions from the

reciprocal anisotropy simulation and the other two simulations were régions of hy-

perpolarization ahead of isopotential line Im = —80 mV, the propagation velocities

in the two perpendicular directions were the saine, however, there was additional

influence of the interstitial volume conductor on the foot of the action potential dur-

ing depolarization. They concluded that the major waveform shape changes caused

by the interstitial volume conductor with unequal anisotropy ratios were confined

to the foot of the action potential. In général r/oot for unequal anisotropy ratios was

higher than when the equal anisotropy ratio condition was assumed, the upstroke

of the action potential Vmax and the variation of conduction velocities were similar

for both equal and nominal anisotropy ratios.

Remember that the above comparisons were carried out at the surface of the

bundle. Both simulation and expérimental results [71, 83] have shown that the

upstroke of the propagating action potential at the surface difFer from those at the

center of the bundle. There is, however, no expérimental information available on

how the upstroke of an action potential at the center of the bundle varies with the

packing density. In our simulations, we observed that the diiFerence in the upstroke

between the center and the surface of the bundle was very significant at higher pack-
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ing density (see Fig.3.9 and Fig.3.10). This différence is reflected in the parameter

Vmax- Since there is little différence in Tfoot between the center and the surface,

both increase when the packing density increases. However, as the packing density

increases, Vmax at the center of the bundle varies in the direction opposite to that

at the bundle surface (see Fig.3.10 b). This is caused by the interstitial potential,

which is negligible at the bundle surface, but very large at the center of the bundle,

especially when the packing is tight (see Fig.3.11).

The packing density uyed in our simulations varies from /, = 0.4 to /, = 0.9.

In the early 70's, Mobley and Page [54] observed that in Purkinje fibers the intra-

cellular volume fraction ranges between 0.7 and 0.995 , depending on the density of

myofibrils, mitochondria and the number of nexus per cell. The high intracellular

volume fraction, which is directly related to the surface to volume ratio of cells,

can be accounted for by the highly folded surface of the individual cells. They also

found that the external surface appeared to be less folded than the internai sur-

face. Considering the extremely varied geometry of cardiac myocytes [77, 78], our

simulations for /, = 0.6 ~ 0.9 should provide a realistic représentation of electrical

behavior of cardiac tissue.



Chapter 4

Anisotropic Bidomain

Conductivities

Cardiac tissue is made up of interdigitating myocardial fibers. The fibers are

actually strings of cells joined end-to-end by intercalated disks which provide low-

résistance electrical coupling [85]. The geometry of individual cardiac myocytes is

extremely varied, but they have a général cylindrical shape averaging 30 ~ 130 fzm

in length and 8 ~ 20 fJ,m in diameter. Sommer and Scherer [78] have shown that

cardiac myocytes are in général connected to their neighbors through nexus junc-

tions, not only in the longitudinal direction but also in the latéral direction. The

density of cell junctions is substantially larger in the longitudinal direction, thus

giving rise to a larger average intracellular conductivity along the fiber axis. Cell

packing occurs in the form of fiber bundle which also favors a larger longitudinal

interstitial conductivity. As a result, myocardial tissue displays anisotropic elec-

trical conductivity, leading to substantial directionally-dependent efFects on action

potential waveform and propagation [13, 21, 22, 79].
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Considering that the intracellular and interstitial spaces can be regarded as

continuous, there are three conductivities in each domain, corresponding to the

three principal axes of the tissue. In général, it is assumed that the intracellular

conductivities in the two directions perpendicular to the principal fiber axis are equal

[13, 70 . This assumption is also made for the corresponding interstitial conductiv-

ities. Therefore, at the macroscopic level, there are four conductivity parameters:

the intracellular and interstitial longitudinal and transverse conductivities (cr,;, a-it,

(Tel auu o-et). lu thiy chapter, we will investigate whether thèse bidomain conductiv-

ities are homogeneous and how they are afFected by cell packing using a cylindrical

cardiac bundle model with the boundary élément method.

4.1 Basic Theory

The bidomain model assumes that cardiac tissue is composed of uniforrn conduc-

tors. In the tissue, the relationshlp between uniform conductivity (cr), the current

density (J) and potential (^>) is described mathematically by the following équation,

J = -o- v ^ •

In a cylindrical coordinate system, with x and r representing respectively the

axial and radiai directions, the intracellular and extracellular current densities are

9<f>i _ _ Q^i -,
Ji{P) = -Vir-Q-ar -aix-Q^ O-x (4.;

and

Q(f)e _ _ 9^e ^
Je(P) = -CTer— dr - CTex— O-x (4.;
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where a,r and a^ are unit vectors along the radiai and longitudinal directions, e

and i represent the interstitial and intracellular volumes, respectively, and P is an

observation point within the bundle. Since the bundle is symmetric (see Fig.2.2),

there is no angular variation of potential.

Denoting the source current per unit volume as Zyi requiring conservation of

current:

V • Ji = -^ (4.3)

and

V • Je = h (4.4)

In cylindrical coordinates thèse équations become

1^:?) + ^ = -J- (4-5)
r9r^ "" ' ' Qx

and

'ex
-^-(rJer) + -^- = Iv • (4.(
r9rv ~" ' ' 9x

Substituting Eqs (4.1) and (4.2) into (4.5) and (4.6), we obtain the following

équations,

92^ , _ (IQ^ , ff2^
atx^+atr[^+^)=-IV (4-7)

and

92^ , _ ( l ^ , W
aex-^-T + Ver \ -:-^- + -^ ) = Iv • (4.Î

r

Since the only source (except at injecting locations) in the bundle is the membrane

current Jm, Iv in Eqs (4.7) and (4.8) should be replaced by ^Jrm, where /3 is the
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surface-to-volume ratio. In order to relate our simulation results to those of earlier

expérimental and theoretical studies [13, 34, 45, 62], we have chosen to use resis-

tivities instead of conductivities in the rest of this report. Substituting pqi = l/CTqi

(q = i,e and l = x,r) into Eqs (4.7) and (4.8) and assuming Jm to be positive out

of cells, it yields

±^±fl^^^ (4,)
Pix 9x2 ' pir \ r 9r ' 9r2 ]

and

^^(^^}-^. (..10)
pex 9x2 ' per \r 9r ' 9r2

Thèse are the governing équations, which relate the bidomain resistivities to po-

tentials and transmembrane current. For our purpose, Eq.(4.9) and Eq.(4.10) each

define linear équations with the potential derivatives being known coefficients and

the resistivities being the unknown factors to be solved for.

l) Least squares rnethod

We can use two diiferent sets of potential and membrane current to obtain

the resistivities in both volumes by solving the above linear System. In order to

obtain more generalized resistivities, the system will be overdetermined and solved

in the least square sense. There are two possible approaches to overdetermine this

system; one option is to take différent values of <^ and Jm along the axial direction

(a;i, • • • ,a:m) at one spécifie time instant (tp) and for one spécifie radiai layer (r,).

This is expressed by the following équations:

l 92<f>(rj,x,tp)k l fl9(/){r,xi,tp)k , 92(f>{r,x-i,tp)k
|a;l+—( ^ ai,, + a».2 ) l = :^P-fm{rj,X-i,tp^

Pkx pkr \r 9r Qrî

(4.11)
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l 92(f>(rj,x,tp)k

Pkx 9x2

l fl9^(r,Xm,tp)k , 92^(r,Xm,tp)k
Xm

Pkr \r Qr 9r2
•m\rji xrm~['p

(4.12)

where m > 2 is the number of values for <p and 7m to be chosen, k == i,e represent

intracellular and interstitial volumes, respectively, and j = 1,2, ••• indicates the

radiai layer number from the center to the surface of the bundle.

The second possibility is to measure différent values of (f> and Jm at several

time instants (<i, • • • ,tn) at a fixed axial position (a;;) and radiai layer (rj). This

procédure can be represented by the following équations:

l 92<f>(rj,x,tî)k

Pkx 9x2

l fl9(f>(r,xi,tï')k , 92(f)(r,xi,ti)k
xi

Pkr \r 9r 9r2
= ±f3Im(rj,Xi,tï)

(4.13)

l 92(f>(rj,X,tn)l,

Pkx Qxî

l [l94>(r,xi,tn~)k , 92^(r,xi,tn~)k
xi

Pkr \r 9r 9r2
±/3Im{rj,Xl,tn)

(4.14)

where subscripts n, k and j have the same meaning as above.

The potential derivatives as well as the membrane current in the above equa-

tions are computed with the BEM. Since the BEM does include the boundary

efFects, both the matrix coefficients and the right-hand side of the overdetermined

system will be radially dépendent. Consequently, the unknown resistivities will also

dépend on the radiai position in the bundle. It is not contradictory to the original
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Eqs. (4.1) and (4.2) which are based on the assumption that (7^, <7,r, o-ea; and a'er

are constants in space, since it is expected that boundary eifects will only exist in

the outermost layers of muscle fibers. Thus it is plausible that constant, radially

independent resistivity estimâtes can be obtained throughout the deeper layers of

the bundle.

2) Volume fraction approach

Previously, Cole and Curtis [14] have attempted to relate bidomain resistivities

ftix, Pin Pex ailU per l'o ^le bulk intracellular resistivity (/?,) and the bulk intersti-

tial resistivity (/>e) by means of the intracellular volume fraction /;. The proposed

relationships are:

pi. = Pi/fi (4.15)

^=^,(1-,.) (4.16)

Per=\±±Pe. (4.17)
't

It is less clear how the intracellular radiai resistivity pw relates to the micro-

scopic resistivity parameters. According to theoretical [70, 79] and expérimental

[13] considérations, the anisotropy ratio of the intracellular space is about 10, so

that

pir^lOpi.. (4.18)

It is difficult to develop simple expressions like Eqs (4.15) to (4.17) if we

use a more complex model of the tissue structure. We shall demonstrate, using

simulation, that this conventional method to evaluate bidomain resistivities is very

limited.
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4.2 Simulations

Since uniform and stable electrical activity is necessary for good estimâtes of the

bidomain resistivities, a propagating action potential was elicited at the proximal

end of the bundle and (f>i, 4>e and /m computed with the BEM at mid-length were

used to avoid end efFects. The évaluation of resistivity parameters based on Eqs

(4.11) to (4.14) was carried out using Matlab. The estimâtes were separated into two

groups. One group, based on Eqs (4.11) and (4.12), is used to estimate pixipir-ipex

and per at each radiai layer by taking simulated potential and membrane current

values at différent longitudinal positions and at a spécifie time instant. The other

group, based on Eqs (4.13) and (4.14), serves to estimate ptx-ipiripex and per at

each transverse layer by taking simulated potential and membrane current values

at différent time durations and at a fixed axial position. We compared the résulta

of the two methods and noted that there is no significant diiFerence between the

two groups of estimâtes.

To détermine the quality of the numerical estimâtes, the estimated values

of pexiperipix and /?„ were substituted back into Eqs (4.9) and (4.10) to fit the

membrane carrent on limited longitudinal segments. Jm^e and Jm_i will be used to

represent the fit membrane current from pex, per and from pis, pir, respectively. The

results at différent layers show an excellent fit (Fig.4.1).
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Comparison of membrane currents
a^ Im at center of bundle

80.0

b)
80.0

60.0

^lA/cm2 40.0 ^
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0.0

1.6 1.8 2.0

axial position (mm)

Im between center and surface

1.6 1.8 2.0

axial position (mm)

m

lm_i

m_e

2.2

2.2

Figure 4.1: Comparison of membrane currents on a limited longitudinal bundle

segment at the center of the bundle a) and between the center and the surface of

the bundle b). The abscissa corresponds to a part of the bundle axis.
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4.3 Validation of estimated resistivity parame-

ters

Our first concern was to show that the estimâtes were position- and time-

independent. Fig.4.2 shows that the fit of Jm_e and Jm-i to Jm at différent radiai

positions are excellent except at positions close to the stimulation site. This can be

attributed to numerical inaccuracies of the second derivatives of potential near the

singularities (sharp changes in potential and its first derivative), and to the efFects

of carrent injection in the vicinity of the proximal end of the bundle.

To verify that the estimâtes were time-independent, the membrane current

was fitted at several randomly chosen time instants using resistivities estimated at

previous time instants, simulated intracellular and interstitial potentials and their

derivatives. Again the fits are excellent as shown in Fig.4.3 which illustrâtes the

results from two simulations at t = 0.75ms and t = 3.75ms.

Finally we examined the uniqueness of the resistivity estimâtes. We changed

resistivity parameters pgi (ç = i, e and l = x,r) one at a time, by ±5%, ±10%, ±15%

and ±20% respectively and leaving the other parameters at their estimated values.

We then fit to the transmembrane current using Eq. (4.9) or (4.10) at randomly

chosen time instants and positions in the bundle. We found that perturbations of

pex and pis within ±10% and per within ±5%, changed Jm-q (ç = 2, e) by an equal

amount. For pir, however, the perturbation in 7m_i was not as the same amount as

that in pir, suggesting that we failed to obtain a stable unique value of pir using the

least squares method in this case. This was because of the small radiai gradient of
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a)

b)

Comparison of membrane currents
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Figure 4.2: Comparison of membrane currents on the bundle axis. a) taken at the

center of the bundle, b) between the center and the surface of the bundle.
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a)
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b)

|Wcm'

Comparison of membrane currents
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Figure 4.3: Comparison of membrane currents at randomly chosen time instants.

a) at t = 0.76msec and b) at t = 3.75msec. Jm is the membrane current obtained

from BEM. Jm-i is calculated from the estimated intracellular resistivities (/?,ï;, pir}

based on Eq. (4.9). Jm-^ is from the estimated interstitial resistivities (/?ea;, per) using

the same method.



67

intracellular potential during action potential propagation.

4.4 Bidomain resistivities of the bundle

4.4.1 Distribution of resistivities on différent radiai layers

Bidomain resistivities pex, per and pis; oî the bundle were evaluated using the

method described in the previous subsection. Since pir estimated using this method

is not unique, it is not discussed here. In next chapter, we will see that pir can be

determined uniquely using the impedance measurement method. Fig.4.4 shows the

changes in pex along the radiai direction, and its distribution for différent values of

the intracellular volume fraction. For a given packing density, the calculated pex is

almost constant except in the outermost layers where it drops quickly to attain the

low resistivity of the surrounding volume conductor. When the packing density was

increased, the shift became more significant since pes at the center of the bundle

was then substantially larger. per also increases as /, increases but it shows little

change as the bundle boundary is approached (Fig.4.5).

Considering the constant assumption of pexi péri pix and Pir m déduction of

the linear system from Eq.(4.11) to (4.14), the changes in pex and per in the radiai

direction shown in Fig.4.4 and Fig.4.5 are artificial due to the boundary effect and

should not be attributed to cause any efFects.

Fig.4.6 shows the distribution of p^ as a function of depth into the bundle

for différent intracellular volume fractions. As in the case of psxi pix displays a

substantial change with /,, but, as expected, negligible bundle boundary efFects.
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Distribution of Ppy in radiai direction"ex

^ cm

180.0 h

140.0 h

100.0 h
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0.0 2.0 4.0 6.0

radiai layer

j = U.;

— fi =0.75

--- fi =0.85

fi =0.9

Figure 4.4: Distribution of the interstitial axial resistivity pex along the radiai di-

rection with différent values of /,. The abscissa represents différent layers of the

bundle from l to 7, corresponding the center towards the surface of the bundle.
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Distribution of Per in radiai direction
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Figure 4.5: Distribution of the interstitial axial resistivity pex along the radiai di-

rection for différent /, values. Same abscissa as in Fig.4.4.
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Therefore, away from the surface of the bundle, the interstitial resistivities

pex and per are constant for a given packing density. Near the bundle surface,

the abrupt réduction of pex is caused by the boundary efFects, which dominate the

potential distributions 4'i and <^e. As expected, there is little boundary effect on

pis. As the packing density is reduced, the interstitial resistivities in both directions

decrease, whereas pi,: increases. Thèse phenomena are consistent with the fact that

tight packing hinders the local circuit current flow, leading to increased interstitial

resistivities and reduced conuuction velocity (see Fig.3.7).

4.4.2 EfFect of the intracellular volume fraction /, on re-

sistivities

In the previous chapter, we discussed the efFect of the packing density of the

bundle on the propagating action potential. It is interesting to examine the rôle

played by the microstructure in determining the passive properties of the bundle.

In this subsection, the effect of the packing density on the bundle resistivities, esti-

mated using the least squares method based on simulated potentials and membrane

current with the boundary élément method, are investigated and compared to the

predictions of the volume fraction method used in the bidomain model Eqs (4.15)

to (4.17).

Fig.4.7 to 4.9 illustrate the variations of the interstitial resistivities [pex a.nd

per) and intracellular axial resistivity (pix) with the intracellular volume fraction /,

estimated by the least squares method. To compare with their counterparts pre-

dicted by the volume fraction method, thèse estimâtes from the volume fraction
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Distribution of Pjx in radiai direction
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Figure 4.6: Distribution ofthe intracellular axial resistivity p^ along radiai direction

with différent /,. Same abscissa as in Fig.4.4.
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method are shown in thèse figures also. In all cases, the values obtained from the

volume fraction method are lower than those computed by the least squares method,

although the général patterns of change are similar. One main différence between

the results from the volume fraction method and from the least squares method is

reflected in per- The increase in per with the packing density predicted by the least

squares method is much greater than that predicted by the bidomain rnodel (see

Fig.4.8). The higher interstitial resistivities pex and per at tight packing are caused

by r-educeu iuterHtitial ypace, which reduces the amplitude of the local current flow-

ing through the neighbor cells to activate them, resulting in more current entering

the intracellular space.

4.5 Discussion

Unlike our model which considers a detailed description of the microstructure

of the tissue, the bidomain model gives a macroscopic view of the electrical behav-

ior of the cardiac tissue. In this model the discrète structure of tissue in both the

intracellular and interstitial média is replaced by homogeneous, anisotropic, resis-

tive domains occupying the sarne space. Then the tissue is characterized by four

passive electrical parameters pex, péri Pix and pir. In this chapter, thèse parameters

and their relationship with a very simple regular bundle structure were examined.

We developed an approach which used the intracellular and interstitial potentials,

their spatial derivatives and membrane currents simulated by the boundary élément
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Variation of PpyWithfi
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Figure 4.7: Variation of the interstitial axial resistivity p^ with the intracellular

volume fraction /,. LSM is the abbreviation of the least squares method, VFM the

volume fraction method. The radius of the bundle changes from 62.5 {im to 82.5 ^m
corresponding to the variation of /,.
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method, and ionic current stimulation to estimate thèse four passive parameters.

Using this technique, we obtained estimâtes of pex and p^ similar to those

predicted by previous investigators. On the other hand, the classical approach seri-

ously underestimated per for tight packing, although the predictions for per atloose

packing (fi < 0.75) by thèse two différent methods was in agreement.

This différence is caused by the microstructure arrangement. The interstitial

radiai resistivity per dépends on the résistance of the current path from the cen-

ter of thc bundle to the bundle surface in the interstltlal space. In the standard

volume fraction formula, per is proportional to the ratio (l + /t')/(l — fi), which is

determined by a constant width zig-zag path that lies exclusively in the interstitial

space [68, 69]. The résistance of this zig-zag path dépends on the average width of

the space between the fibers. As the packing density increases, the average width

between fibers reduces smoothly, so that per does not increase dramatically. On

the other hand, the résistance of the current pathway in our configuration of the

bundle, which is a suspension of parallel cylinders (see Fig.2.3), is mainly dépendent

on the minimum distance between fibers. At loose packing density, this distance is

relatively large so that the résistance of the pathway does not change significantly

with the packing. At tight packing, however, the minimum distance between fibers

is very small, as a result the pathway résistance at this junction is much greater

than elsewhere, thus dominating resistivity per-

Our simulation results indicate that the standard volume fraction method

(Eqs (4.15) to (4.17)) used in the bidomain model, give good estimâtes of the longi-
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tudinal resistivities in both the intracellular and interstitial média {pia: and pex) for

any packing, and it provides a reasonable estimate of interstitial radiai resistivity

(/?er) for loose packing (/, < 0.75).



Chapter 5

Estimation of Resistivities Using

Extracellular Measurements

The classical approach to measure impedance, the four-electrode technique,

was first described by Bouty in 1884 [11]. Since then it has been widely used for

electrophysiological measurements [29]. The advantage of this approach is that

it créâtes a uniform current density distribution between the potential électrodes,

so that resistivity measurements can be made without introducing errors due to

électrode polarization [l]. A thorough discussion of the approach can be found in

Nyboer [57, 58] and Bagno [6].

In early impedance studies of cardiac muscle, the tissue was assumed to be a

uniform, isotropic, and continuous medium referred to as an isotropic monodomain.

Schwan and Kay used this simple model to interpret their two-electrode measure-

ments [74]. Rush et al. [72] significantly improved on the measurement of cardiac

tissue impedance in two ways: l) instead of a single pair of électrodes, they used

a four-electrode arrangement; 2) they recognized that cardiac tissue resistivity is
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anisotropic. The four-electrode technique was later used to détermine the resistivi-

ties in relation to an isotropic bidomain model [77], and to the anisotropic bidomain

model [61, 62].

As noted in Chapter 2, Eq. (2.36) governs the resistivity measurements in the

anisotropic bidomain model presented by Plonsey and Barr [6l], and is limited by

the assumption of an equal anisotropy ratio, t. e., p^l piy = pex/ pey = k. In this

chapter, we describe and evaluate a method to evaluate the anisotropic resistivity

parameters of a cardlac fiber bundle, which oniy uses the interstitial potential, and

does not rely on the assumption of equal anisotropy ratio.

5.1 Theory

In section (2.3), we discussed two ways of measuring the anisotropic bidomain

resistivities: l) application of direct current with différent interelectrode spacing,

or 2) application of sinusoïdal current with a fixed interelectrode distance. In our

simulation study, we chose the latter approach to estimate the bidomain resistivities.

Considering Eq.(4.10) (see section (4.1)) at the positions where the two potential-

measurement électrodes are located (denoted as x\ and x^, see Fig.5.1,), we can write

l Q^e
Pex 9X2

l 92^

Pex 9x2

l (1Q^ , 92^
xi

per \r 9r Qr2

l ( 19^ , <92^e

=-PUx,), (5.1)
a;i

»2 +—1-—+
per \r 9r 9r2

=-f3Ux,). (5.2)
3:2

Subtracting Eq.(5.2) from Eq.(5.1), we obtain
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a a a
•^—»• -a —»- ^—a»

Xi X2

\1

Figure 5.1: Diagram of the impedance measurement. The two arrows point out the

current source électrode positions, xi and x^ indicate the potential-measurement

électrode positions. The distance between the source électrodes and the measure-

ment électrodes is a.
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l f92^
9x2 |a;l

9^e
9x2

la;2,

'l 9 ( 9^
f-

r 9r \ 9r

l 9 ( Q^
|a;l 9rr Or 9r

=-/?AJ^

la;2J

(5.3)

where we use A to represent the différence measured between the two potential-

measurement électrodes, so that A/m = Im(xi) — ImÇ^î) is the membrane current

différence at the site of the two électrodes. It is proportional to the différence in

membrane voit âge:

AJn,=
Kn(^l) - V^(X,) _ ÀKn

Zm Zm

According to Plonsey and Barr [6l], as long as the interelectrode distance is

chosen small enough, î'.e., a « Ào (a is the distance between source électrodes and

potential-measurement électrodes, \o the resting-state space constant, of the bun-

die), the intracellular voltage diiference (Aç(i,) between the measurement électrodes

is negligible (see section 2.3.1), so that

AVÎn = A^ - A<^e ^ -A^ .

Thus Eq.(5.3) can be written as

l (Q2^
Pex \ 9x2

92^e
X-i Qx2

l

Xî.

l 9 ( 9^
r-

r
a;l

l 9 f 9^
r-

r 9r \ 9r
a:2-l

p A<^e

(5.4)

If the two potential-measurement électrodes are located symmetrically about

the axis of the bundle, the potential (j)e and its derivatives are antisymmetric at x-i
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and x-2. Eq.(5.4) can then be replaced by

l 92.

Pex 9x2

l /l^e , Q^e+—1—+ ,3^', (5.5)
per \r 9r Qrî

where i = l or 2, denotes positions of the measurement électrodes. Thus, the re-

sistivities of the interstitial medium {pex-, per) can be obtained by measuring the

interstitial potentials in many différent positions (to obtain the derivatives) and

overdetermining this linear system using the least squares method (Eqs (4.13) and

(4.14)).

Using a low frequency a.c. source, we have a « l/Re(^{f)) (see next sec-

tion), where 1/7(/) = A(/) is the space constant of the bundle at frequency /.

In this case, Zm = jRm||(7m ^ Rm-, the high membrane résistance -Rm prevents the

current from flowing through the intracellular space.

When the frequency of the injected current is increased, the magnitude of Zm

is reduced, so that more and more current passes through the membrane into the

interior of the cells. Beyond a certain frequency, the intracellular potential, (j)^ has

increased to a level where it cannot be ignored. In this case, 4>e ca-n also be used to

estimate the intracellular resistivities. Substituting values of pex and per estimated

using Eq.(5.4) or (5.5) into Eq.(4.10), the membrane current, Jm, can be calculated

using only the measured (f>e (we use the sign " to represent variables calculated from

estimated parameters). Recalling that Vm = <f>i — <f>e and Im = Zmlmi we have

<^ = <f>e+Vm = <f>e+ Z^Im , (5.6)

where Zm is defined by Eq.(2.39). Assuming that -Rm a-nd Cm are known, the in-
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tracellular potential ^, is available from Eq.(5.6), and pis and p^ can be evaluated

using the same approach (Eqs (4.13) and (4.14)).

Expérimental application of the above procédure requires to measure the in-

terstitial potential and its spatial derivatives. This can be achieved with rnany

measurements along the same axis if using only a single four-electrode system.

LeGuyader [46] utilized a two dimensional square matrix of 8 x 8 électrodes with

equal interelectrode distance for their impedance mapping. It is possible to obtain

two dimensional spatial derivatives of tlie luierstitial potential in a flat tissue us-

ing this multi-electrode System. Since the system can be decomposed into many

conventional four-electrode Systems, the resistivity estimations can still be carried

out according to the four-electrode measurement theory. In order to distinguish our

approach discussed above with the conventional four-electrode technique, we denote

this approach impedance measurement in the rest of the thesis. It is similar to

the conventional four-electrode technique, since the resistivities are estimated at

two fixed positions, the current source and sink électrodes are located at their two

extremities, along the same axis with the distance equal to that between the two

inner measurement positions.

5.2 Space constant of the bundle

The détermination of the optimal distance between électrodes requires knowl-

edge of the resting-state space constant of the bundle. Initially, it can be estimated

from a single fiber of infinite length using linear câble theory [42]. This approach is
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briefly described below (see [42], p29 for détails):

• A prolonged step current change is applied to an infinite câble at t = 0;

• far away from the current source (x —f oo), the transmembrane voltage Vm

0;

® when t —i- oo, the response of the infinite câble to this step current source is

V^X)_^J x~

or

H~=exp^.)'

ln^=-î

where VQ is the maximum membrane voltage.

Equation (5.7) indicates that the membrane potential Vm decays exponentially

towards zéro along the câble axis, falling to e of its initial value in one space

constant. On a semilogarithmic plot, the relationship is a straight line with slope

-1/À..

Once the space constant of this single fiber was determined, the membrane

résistance -Rm can be extracted using the following expression ([42], p27)

R^ = 2^rn\^,

where by is the câble radius and r, is the tissue's intracellular résistance. Based on

this membrane résistance, the resting space constant of the bundle, \o, should be

modified by Eq.(2.37).
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Thèse simulations were carried out with the aid of Matlab. The radius of

the fiber is the same as that of the bundle, but the length was chosen to be three

times longer (9mvz) in order to reduce the boundary effects. The prolonged step

current was injected at the middle of the fiber. The membrane voltage Vm and its

exponential fit as t —>• oo are shown in Fig.5.2. The estimated membrane résistance

Rm is 5.73 KÇlcm and the resting space constant of the bundle is 690^m.

With a sinusoïdal current source, the space constant ofthe bundle, À, varies in

both amplitude and phase as a function of frequeucy (/) (see Eq.(2.38) or (2.40)).

The exponential term in Eq.(2.36), which is the base to détermine the interelectrode

spacing, becomes complex valued. Recognizing that 7(0;) = l/À(i^) is made up real

and imaginary parts:

7(cu) = 7r + j'7, .

The expression

V(x) = Voe-x^

is equalto

V{x} = Voe-x^n-) = Voe-x^e-j^' .

The reciprocal of the real part of 7, (l/7r), represents the voltage decay along

the bundle axis, and the imaginary part of 7, (7»), corresponds to the phase shift

of the voltage. Expressing Eq. (2.40) into real and imaginary parts:

À(^) = \o^/R - jX ,
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Figure 5.2: Transmembrane potential (solid curve) in response to a prolonged step
current as t —+ oo. The length of the câble is 9mm. The stimulating current is

injected at x = 4.5 mm and t = 0. The broken curve shows the exponential fit of

the data. This is used to calculate the space constant of the câble (see section 5.2).
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where

l v <^>RmC'm
5 ^i —l+^n%' "1+^%%;

thus

cos(a/2)
7r = Ao(JÎ2 + X2)3/4

sin(a/2)
7» =

\o{RÎ + X2)3/4

a = arctan— .
R

Fig.5.3 shows 7 as function of / for -Rm = 5.73 K^lcm and Cm = l /^F/cm .

5.3 Simulations

To estimate the anisotropic bidomain resistivities, we used a bundle of 800 fim in

length with 6 radiai layers. The bundle was discretized into 60 longitudinal éléments.

As Plonsey and Barr [61 suggested, the interstitial resistivities can be measured

accurately for a < 0.667 A, and the intracellular parameters can be obtained when

a > 3.33 A. We used a sinusoïdal current source with frequencies varying between

10 Hz and 50kHz. Considering that the resting space constant of the bundle is

approximately 690/Am, the initial interelectrode distance in our simulations was

chosen as 100 {im. At 10 Hz, we have 1/^rÇïO-Hz) ^ ^o (where l/% corresponds to

the real part of À(/)), so that a w O.lSAo. In this case, the intracellular potential

diiference measured by the two potential-measurement électrodes (A^-) should be

negligible, so that the interstitial resistivities can be estimated by measuring cf>e-
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As the frequency increases, l/7r(/) decreases. With / = 300 Hz, Ï/^{300Hz) =

26.1/j.m, a = 4:.5/-yr{300Hz) > 3.333 À, so that the intracellular resistivities can

also be estimated.

5.3.1 Estimation of interstitial resistivities {pexi per)

One of the key factors in the estimation of pex and per using measured inter-

stitial potential is AVm ~ —^(f>e- Now let us examine the behavior of ^,, ^e and

Vm between the two outer électrodes at 10 Hz (Fig.5.4 a). The current électrodes

are located at ±0.22Ao (interelectrode distance a KS 0.15Ào) and the measurement

électrodes at ±0.07Ao- <f>i a-nd Im are shifted upward by 87 m V in this figure. The

voltage différences AVm, A^e and Açii, between the two potential-measurement elec-

trodes for a current of 10 Hz are shown in Fig.5.4 b).

Comparing Fig.5.4 a) with Fig.l of Plonsey and Barr [6l], we see that the two

results are identical, that is, the intracellular potential çi>, is very small in comparison

to (f>e at the potential-measurement électrode positions, and Açi>, :v 0, AFm » —Ai^g.

This phenomenon occurs only at low frequencies (< 100 H. z in our case). A Im smd

Açi>e are very différent in both phase and magnitude at high frequencies (Fig.5.5

and 5.6), because A<^,| is no longer negligible and its phase shifts with frequency.

Thèse simulation results are concordant with expérimental results [46].

If the interelectrode spacing a is increased, the values of the interstitial po-

tentials at potential-measurement électrode positions become smaller (see Fig.5.4).

Once a increases beyond a certain level, very small interstitial potentials at mea-
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Resistivity

pex (ïïcm)
per (îîcm)

Table 5.

'Impedance measurement'

115
626

l

Least squares

128
697

method Bidomain

116
217

Table 5.1: Interstitial resistivities of the bundle (/, = 0.87)

sûrement positions will afFect the measurement quality. In our simulations, we

found that a should be less than 130 fim (less than 0.2Ào) to assure the quality of

measurements.

Using Eq.(5.4) or (5.5) combinée! with the least squares method, the interstitial

resistivities [pexi per} of the bundle were estimated at 10 Hz with the intracellular

volume fraction /;• = 0.87. The estimated values using impedance measurement are

listed in Table 5.1.

To verify the quality of the measurements of pex and péri the values were

substituted back into Eq. (4.10) to calculate the estimated transmembrane current

Im and to compare it with Jm obtained from the original simulation. The results

are displayed in Fig.5.7. The values in Table 5.1 show an 11% différences of pes

and per between predictions from the impedance measurement and the least squares

method. If the interelectrode distance is increased, the error is also increased. This

is caused by reduced (f)e (see Fig.5.4). We also found that the estimated value of pex

from the impedance measurement is identical to what the bidomain model predicts;

there is, however, a large différence for per- This deviation is consistent with our
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earlier estimâtes of per using a d.e. current source (see section 4.4).

1\

5.3.2 Détermination of intracellular potential (^

Once pex a-nd per were obtained, we used Zm and (/>e to détermine the intracellular

potential <^, in two steps.

a The membrane current Jm was calculated with Eq. (4.10) using the estimated

pex and per •

» <f>i was obtained from Eq.(5.6).

Actually, because ^ is very small at low frequency, it cannot always be used to

estimate resistivities. To détermine the frequency région where the intracellular

resistivities can be evaluated, we examined how the ratio of the interelectrode dis-

tance to the parameter 7(/), which is related to the space constant of the bundle

by 1/7(/) = A(/), varies with frequency (Fig.5.8).

According to Plonsey and Barr's [61] prediction, it is possible to estimate in-

tracellular resistivities if a > 3.333 À. From Fig.5.8, it is clear that the intracellular

parameters can be estimated for frequencies greater than 300 Hz (the ratio of a to

l/7r is about 4.5). Fig.5.9 shows the calculated Jm; ^i from Eqs (4.10) and (5.6),

based on estimated pex and per at l kHz, and compares them with those obtained

from the original simulation.

A

After <f)i and Jm are calculated, the intracellular parameters pis and pir can

be estimated using Eqs (4.13) to (4.14), and the least squares method. To improve
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Figure 5.7: Comparison of membrane currents. Jmi: obtained from Eq.(4.10), where

pex and per were estimated from Eq.(5.3), and Jm2: calculated from Eq.(4.10) using

pex and per estimated from Eq.(5.4). 7m: original simulation.
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the quality of the estimation, Jm was smoothed to remove the numerical artifacts

(see Fig.5.9) using a sinusoïdal function (denoted as -/ma)- Then pis; and pir were

estimated using (f>i calculated from Jms.

5.3.3 Estimation of intracellular resistivities pis and pir

The intracellular resistivities were evaluated by means of the least squares method

using the previously determined Jm and (/>i. The frequency range for the simula-

tions was from 300 Hz (where a F» 4.5/'-/r) to l kHz (a ^ 26/7r). Recalling the

condition that Plonsey and Barr [61] suggested for the intracellular parameter mea-

surements (a > 3.333À), we repeated our simulations for / > 300 H z. The problem

at f > 5 kHz is that the magnitude of the membrane impedance Zm becomes very

small (around 300), so that the membrane is almost transparent to current. In

this case the membrane voltage or membrane current cannot be used to estimate

pin; and pir, because of numerical instabilities.

The quality of the estimation was examined by using calculated pis;, pir and

4>i to restore the membrane current l {I is distinct from /m) which is calculated

using the interstitial parameters pex and per}i and was compared with the true Jm.

The results at l kHz are shown in Fig.5.10. The similarity between curves indicates

that the numerical error introduced is negligible. Table 5.2 shows numerical values

for estimated pis and pir, where the interelectrode spacing a is 120 p,m and the gap

junctions connecting parallel fibers is Re = 2M^l/100 fzm.

Table 5.2 shows that the error in estimating p^ and pir using the impedance
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Resistivity

pis (fîcm)
pir (Ocm)

Table

'Impedance measurement'

256
1646

5.2

Least squares

235
1491

method Bidomain

230
unavailable

Table 5.2: Intracellular resistivities of the bundle (/, = 0.87)

measurement technique compared wlth those obtained using the least squares method

was less than 10%. The numerical errors using other stimulation frequencies are on

the same scale, using At <^ 0.003ms and Aa; > lô/^m. Our estimated pis is iden-

tical to the bidomain model prediction. Since pir is a complicated function of the

microscopic parameter pi and the gap junction résistance [70], there is no standard

volume fraction analytical form to calculate the intracellular radiai parameter in the

bidomain model. Instead, some previous studies assumed that the anisotropy ratio

of the intracellular space is about 10 : l (pir = 10 pix) [7l], while others used the

assumption of an equal anisotropy ratio for both the intracellular and interstitial

spaces [34].

In our simulations, we found that, /?„., like péri varies with the packing density

(represented by the intracellular volume fraction /,). Assuming that the anisotropy

ratio of the intracellular space is about 10 in the bidomain model, we compared our

results with it as in Fig.5.11. a) pir as function of /, estimated by the bidomain

model, b) /?„. estimated by the least squares method with Re = 2MH/100/fm. We

see that pir varies in opposite directions in the two cases. The decrease of /?„. at
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Table 5.3

Re 2MH/50^m 2Mn/100^m 2Mn/150^m
pir (fîcm) 1137 1492 1784

Table 5.3: Variation of estimated p^ with Re (fi = 0.87)

tight packing as seen Fig.5.11. a) may not be true prediction according to analytical

forms discussed by Roth [70] and Neu and Krassowska [56], in which pir is rather

related to Re the transverse connection résistance than the packing. The increase in

pir with increased packing density (result of the least squares method, see Fig.5.11

b) is in agreement with the fact that the wavefront propagation velocity decreases

as the packing density increases [34]. As expected, pir also varies with Re, the

transverse coupling résistance. This is shown in Table 5.3.

5.3.4 Membrane impedance Z^

The membrane impedance plays a very important rôle in the détermination

of (f>i. On the other hand, AVm; Açiig a-nd A^, also change when the stimulation

frequency changes (see Fig.5.5) because Zm = -Rm/(l + JwRmCm) is a function of

frequency. At low frequency (/ < 100 Hz), jwCm is much smaller than -Rm (in our

case, Cm = 1/J.F/cm2, -Rm = 5.73/<Hcm2) so that Zm ^ -Rm- As the frequency

increases, jwCm can no longer be ignored, so that the magnitude of Zm changes

and a phase shift is introduced.
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Figure 5.11: The intracellular radiai resistivity p^ as function of the intracellular

volume fraction /,. a) estimated by the bidomain model, b) predicted using the

boundary élément method.



103

In our bundle model, we assume that (7m = l ^F '/ 'cm2 and that R^. can be

measured (see Section 5.2). In expérimental situations, -Rm and Cm are unknown.

Some investigators assume the initial values of Rm and (7m, and use numerical

techniques to détermine their true values [46]. We also tried this approach by

determining Zm iteratively using Eq.(5.6). As expected, Zm determined in this

manner was very close to the values determined by -Rm and Cm using Eq.(2.39) (see

Fig.5.12).

5.4 Discussion

In this chapter, we presented a numerical method, which is similar to the four-

électrode technique to evaluate the bidomain anisotropic resistivities pexi per, pix

and pir using only the interstitial potential and its spatial derivatives. It requires

the use of a sinusoïdal signal as a current source and a multi-electrode system to

obtain the derivatives of the interstitial potential. The distance between the source

and measurement électrodes should be determined by estimations of the interstitial

resistivity parameters, and be less than 0.2 Ào in our bundle (shorter than suggested

by Plonsey and Barr), where Ao represents the resting-state space constant of the

bundle. Basically, two measurements are needed to détermine all four bidomain

resistivities. At low frequencies (where l/Re(^(f)) w \o), the interstitial resistiv-

ities pex and per can be estimated with the least squares method using measured

interstitial potential ^g. The intracellular resistivities pis and pir can be obtained
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in a three step procédure by varying the frequency of the current:

• the membrane current Jm is calculated based on the estimated pex and per at

low frequency (the interstitial potential <^e is always available);

• assuming that the membrane parameters Rm and Cm are known, the intracel-

lular potential (f)i can be determined using the previously calculated Jm and

the membrane impedance -Z'm (see Eq.(2.39)), which is the frequency response

Of^nll^;

a pis and /?,r are obtained using the same method as used to estimate pex and

Per-

In reality, Rm and Cm are not known. They can, however, be estimated using an

iterative procédure.

In principle, this method is similar to that presented by Plonsey and Barr [61].

They suggested measuring the interstitial parameters first at small interelectrode

spacing and then the intracellular parameters at large spacing. One of the main

différences between our method and theirs is that the approach requires multi-

électrode system or numerous measurements with a single four-electrode system

along a unique axis to obtain the spatial derivatives of the interstitial potential.

Another key différence is that they use the interstitial potential (f>e directly in both

cases, while we determined p^ and pir with estimated intracellular potential (j>^

which dépends not only on known <f>e, but also on an estimate of the membrane

parameters -Rm and (7m. This is because the behavior of (f>e at différent radiai posi-
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tions is much différent from that of ^ in the bundle (see section 3.2.2 Figs 3.4 and

3.5) at low frequencies. The frequency range where we evaluate pis and pir is below

the critical frequency at which the cell membrane becomes transparent, so that the

behavior of ^ is still différent from <f>e in this range. Thus we cannot use (^e directly

to estimate the intracellular resistivities.

The advantage of the impedance measurement method is that the assump-

tion of equal anisotropy ratio is not required, improving the four-electrode method

présentée! by Plonsey and Barr [61]. The second weakness of Plonsey and Barr's

method is that a large interelectrode spacing is required to détermine the intracel-

lular resistivities, this could induce large errors into the estimate.

From a measurement point of view, high quality of biological measurements

requires a good signal to noise ratio. In the bidomain model, if the interelectrode

spacing increases, the current begins to split into two portions, one remains in the

interstitial space, the other enters the intracellular medium. According to Plonsey

and Barr, the spacing between the électrodes should be large enough so that the cur-

rent equally divides between the média as if the membrane were a perfect conductor

Ci.e., Im ^ 0)- In this case, if we use the same amplitude of the current as that in

the small spacing, the measured interstitial potential will be reduced considerably,

which would dramatically decrease the signal to noise ratio. On the other hand, if

the current is increased, the ionic current flow will be also induced, this will distort

the current flowing through the interstitial space, creating new measurement error

source.
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The impedance measurement method has been examined by simulating a small

bundle (6 radiai layers and 800 fzm in length). This length is very close to the rest-

ing space constant of the bundle (Ào = 690//m). We have increased the bundle

length to Imm and 1.2mm to examine if there is any end effect on the resistivity

estimâtes. Thèse simulations yielded identical results to those with 800 fJ,m bun-

die, allowing us to conclude that this length is sufficient to examine the impedance

measurement method.

The distance used to estimate the spatial derivatlvey uf the interstitial poten-

tial in the impedance measurement simulations was 15 //m. We also calculated the

spatial derivatives using larger spacing (30 l^m), the errors of the estimated inter-

stitial resistivities (pex and per) by the impedance measurement method increased

to 15% compared with the least squares simulation, there was, however, little ef-

fect on the estimâtes of p^ and pir. The lowest frequency of current used in thèse

simulations was 10 Hz, since this was the lowest frequency used by LeGuyader [46]

in similar measurements. If pex and per could be estimated using lower frequencies

(e.g. l H z), we would expect that the distance required to measure the spatial

derivatives of the interstitial potential could be increased somewhat, because the

space constant at lower frequency is larger, consequently less variation of the inter-

stitial potential between measurement-electrodes would be expected.

The distance between the current source and potential-measurement elec-

trodes used in our simulations is about 120//m, this is less than 200//m as used

by LeGuyader [46]. In our simulations, this spacing was determined from estima-
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tions of the interstitial resistivities at low frequency (10 Hz} by injecting current far

below subthreshold. If the current is increased to the value just subthreshold or by

using the same current but reducing the frequency (e.g. l H z, this is équivalent to

increasing the space constant), the interstitial potential at measurement-electrode

positions will rise (see Fig.5.4), although it may be distorted because of the in-

duction of the ionic current. In this case, the spacing between électrodes could

increase.

Next we compare the impedance measurement simulations with the results

obtained by Neu and Krassowska. In a récent publication, they [56] presented an

alternative theoretical approach to estimate anisotropic bidomain resistivities. It is

based on the periodic structure model of tissue assumed by Hoyt et al. [4l], where

cardiac cells are modeled as hexagonal cylinders of length le and diameter de, packed

into a honeycomb array. In this study, cells are assumed to be electrically connected

predominantly through large gap junction. There are no end-to-end junctions or lat-

eral connections other than those within intercalated dises of the end processes [56].

From thèse assumptions, Neu and Krassowska deduced new analytical formulas to

estimate the bidomain resistivities. They are

Pet = T-^ (5.8)
't

Pet = lp^ (5.9)
rt

Pi, = p.-±fL (5.10)
t

pit=V^lcrj (5.11)
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Table 5.4

Resistivity

Pex

Per

Pix

Pir

IM
(fîcm)

350
1500
270

16330

VFM
(fîcm)

333
623
293

NK
(îîcm)

333
666
1428

333333

Expérimental finding

(Hcm)
159 ~ 833

417 ~ 1250
294 ~ 588

1666 ~ 5263

Table 5.4: Comparison of estimated resistivities of the bundle. IM: the abbrevia-

tion of the impedance measurement method, VFM: the standard volume fraction

method, and NK: Neu and Krassowska's formulas.

where rj is the junction résistance (îî), re the cytoplasmic résistance (Mfï) and ^

the cell length (cm). The new formulas to estimate the interstitial resistivities are

almost the same as the standard volume fraction formulas (Eqs (4.15) and (4.16))

at tight packing density. Neu and Krassowska s estimâtes of interstitial resistivities

include the effects of the transverse junctions. Table 5.4 compares the resistivity

values estimated using the impedance measurement, the standard volume fraction

formulas, and the new analytical formulas, respectively, based on the tissue pararn-

eters in Table 5.5, with the expérimental observations.

The interstitial resistivities obtained from the standard volume fraction

method and from the new formulas are similar. Our estimâtes of pey: and pis are

doser to the results of the standard volume fraction method, however pgr is much

higher than the other two cases because of the différence in the assumed microstruc-

ture, Ci.e. we assume cylindrical fibers, whereas the other two models assume fiber
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Table 5.5

Pc

Pi

r3

re

le

_A_

50
250
20
0.2

100
0.85

0 cm
n cm
MO
Mn
fim

Table 5.5: Tissue parameters of simulations in Table 5.4.

to be hexagonal (see section 4.5)). Neu and Krassowska's formulas predict much

higher intracellular resistivities than those obtained from our model and the exper-

imentally observed values [13, 65]. They [56] argued that the estimâtes of tissue

constants in Table 5.5 may not be sufficiently accurate, in particular, pir dépends

primarily on the junctional résistance rj. Considering that standard expérimental

techniques to measure rj may increase junctional résistance [56, 5l], the true value

of TJ may be somewhat smaller than assumed by Neu and Krassowska, which may

bring estimâtes of p^ and /?,,. into agreement with expérimental observations.

In général, our estimâtes of the anisotropic bidomain resistivities provide a

reasonable fit to expérimental measurements, although the values of radiai resistiv-

ities in both média per and pir are slightly higher. There are two possible sources

of this discrepancy. First, the intracellular volume fraction fi is assumed as high

as 0.85 in the simulations. From the previous study, we learned that per and pir

increase dramatically as the packing density increases. In most bidomain simula-

tions, /, is assumed to be between 0.6 and 0.75 [34, 71]. Secondly, the transverse
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junction résistance rj used in this simulation is quite high. It is assumed that each

fiber is connected to all of its neighbors through 20 Mfî connections every 100 fJ,m.

Although there is still a large variation in measured gap junction résistance, it now

appears that the values of this résistance are between l ~ 4MÏÏ [48, 89, 90], with

a mean spacing of transverse connection of every 80 fJ.m [78]. Taking thèse factors

account, our estimâtes of per and pw are in good agreement with expérimental fin d-

ings [13, 65].

Usiug tiiis inethod, we found that the intraceiïular radiai resistivity /?,y is af-

fected not only by the packing density of the bundle, but also by the transverse

résistance Re connecting the parallel fibers inside the bundle. In the bundle struc-

ture used in our simulations, pir is almost proportional to n Re, (i.e. several -Re in

séries), in one unit length. When the packing density is increased, the transverse

distance between fibers is decreased, consequently the number of resistors in séries

in one unit length is increased, so that /?,,. increases.

The small increase in pir (less than 7% from /, = 0.6 to /, = 0.9) when the

packing density increases is close to the prediction from the analytical form pre-

sented by Neu and Krassowska, in vyhich they assumes that pir does not vary with

the packing density. Comparing pir as function of fi with pir as function of Re as

the impedance measurement simulated (see Fig.5.11), we found that the effect of

the transverse connection résistance plays a more important rôle than the packing.

Then it is reasonable for Neu and Krassowska to ignore the weak effect of the pack-

ing on pir. If we assume pir ^ ÏO pix or assume the equal anisotropy ratio, then pir
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decreases significantly as packing density increases, which does not agrée with either

our impedance measurement simulation or Neu and Krassowska s result, suggesting

that it is not a good estimate of p^.



Chapter 6

Conclusion and Future Prospects

The goal of this thesis was to use a model of a cardiac bundle to examine

the effects of microstructure on the electrical properties of cardiac tissue, and to

analyse the standard technique used to measure thèse properties. We used the

boundary élément method to simulate the active and passive electrical behavior in

an idealized model of uniform cardiac bundle, where each fiber is assumed to be

the same physical size and the same electrical conductivity, we ignored the efFects

of spatial inhomogeneities introduced by collagen, blood muscle, or mitochondria.

The main findings are summarized below.

« Propagated action potential

Our first concern was to examine how structural factors afFect the prop-

agated action potential. In thèse simulations, propagation was initiated by

applying a stimulas to one end of the bundle. The résultant wavefront was

three dimensional, that is the transmembrane potential varied along the ra-

dius of the bundle, with the bundle surface becoming excited before its center.
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There are différences also in the action potential upstroke between the center

and the surface of the bundle. Thèse différences are caused by the intersti-

tial potential which is negligible at the bundle surface, but very large at the

center. Thèse observations are consistent with simulation results published

by Henriquez [34], using a bidomain model of a much larger fiber bundle, and

with the expérimental results of Suenson [83] who observed similar phenom-

ena during impulse propagation between excited and unexcited cells in the

working myocardium.

Our results also demonstrate how the configuration of the early part of the

propagating action potential in a cardiac bundle changes with the packing

density. Increased packing density slows down propagation velocity as a re-

suit of the restricted interstitial space obstructing downstream current flow.

With loose packing (intracellular volume fraction fi < 0.75), the upstroke

is afFected only minimally by changes in the packing density, but it changes

dramatically when packing is tight. This phenomenon contributes to increase

in the curvature of the wavefront.

The two main features of the action potential, rjoot and Vma.xi behave dif-

ferently with the packing density in the BEM. Tfoot does not demonstrate

much diiFerence between the center of the bundle and the bundle surface

when the packing density varies. In both cases it increases (about 15 % from

/, = 0.75 ~ 0.9) with the packing density. At loose packing (/, < 0.75), the

différence of Vmax between the center and the surface is very small (less than



115

3%). When the packing density is increased, Vmax decreases at the bundle

surface, but increases at the center of the bundle (about 20 % différence in

Vmax at /, = 0.9 between the center and the surface). At the center of the

bundle, simulations of changes in the packing density using the BEM and the

bidomain model yielded a similar relationship between conduction velocity

and Tjoot (higher r/got accompanied by lower conduction velocity). Whereas

a diiferent relationship was obtained between conduction velocity and Vmax

(higher Vmax also accompanied by lower conduction velocity).

In général, the more an excitation wavefront deviates from a flat configura-

tion, the more the cells at the leading edge will be loaded electrically by the

lagging neighboring cells [83, 79]. One then expects r/oot to increase and Vma.x

to decrease with a larger load (î.e., with a more pronounced convexity of the

wavefront). Our simulation results diiFer from thèse predictions with respect

to Vmax- At the center of the bundle, both r/oot and Vmaa; increase with a

higher curvature (tighter packing) of the wavefront, in comparison with their

values at the surface. This behavior of Vmax is caused by the interstitial po-

tential which is negligible at the bundle surface, but very large at the center

of the bundle, so that it dominâtes the behavior of the propagating wavefront,

especially when the packing is tight (sèe Fig.3.11).

This behavior of the action potential upstroke at the center of the bundle

may help in understanding results presented by Spach et al [79]. They pro-

posed a theory of discontinuous propagation in dog myocardium in order to
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explain the following findings: fast upstrokes (higher Vmaxi lower r/oot) were

associated with low propagation velocities in the transverse direction, and

slow upstrokes (lower Vmaxi higher r/oot) with high propagation velocities in

the longitudinal direction. Thèse expérimental results were obtained at the

surface of the préparation where the interstitial potential may be expected

to be quite small. It is possible, therefore, that the events within the bulk

of the préparation may be associated with a larger Vmax in the longitudinal

direction, due to the présence of a larger interstitial potential. Une may then

expect a smaller différence between longitudinal and transverse Vmax values

at a certain depth within the tissue.

In the current boundary élément model of a bundle, all fibers in the bundle

are uniform and with the same size, shape and electrical conductivity. In re-

ality, cardiac tissue is far more complicated, with insulating structure such as

blood vessels and collagen. Ta simulate more realistic cardiac tissue, we can

extend our bundle model to include variations in fiber diameter and replace

some fibers with insulating rods to model collagen and/or blood vessels.

a Estimation of bidornain resistivities

The second goal was to examine how the passive resistivities of the bundle

are affected by the packing density. For this purpose, a numerical method

(least squares method) was used to estimate bidomain resistivities based on

simulated intracellular potential, interstitial potential, and membrane current.

The method uses derivatives of potentials (either at individual tirne instants or
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at différent longitudinal positions along the bundle) to overdetermine resistiv-

ity parameters and solve them using the least squares method. The validation

of the method shows that it can provide very good estimâtes, as long as the

spatial and temporal discretizations are adéquate, (î'.e., for the intracellular

parameters Aï < 0.003m5, Aa; > 15 /mz).

We concluded that all four bidomain resistivity parameters are homoge-

neous inside the bundle (away from the bundle surface). The predictions

about the axial resistivities lu both internai and external média (^ and pex),

as a function of the packing density, are concordant with the predictions of

the bidomain model. However, the behaviors of the radiai parameters in both

média (pir and per), as function of the packing density, diiFer from those of

the bidomain model. We found that they decreased when the packing den-

sity was increased. The bidomain model also suggests a similar behavior for

péri but much slower than what we observed. Using a bidornain model of a

large cardiac strand, Henriquez [34] also found that an increase in pir and

per produced more planar wavefront and faster propagation velocity, which

concurs with our observations. Thèse résulta suggest that the estimâtes of the

anisotropic bidomain resistivities by the standard volume fraction formulas

used in the bidomain model may not be accurate at tight packing density.

For the intracellular radiai resistivity p^i the least square simulation shows

that it increases small amount (less than 7% from /, = 0.6 to /, == 0.9) when

the packing density increases. In the bundle structure used in our simulations,
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pir is almost proportional to n Re, (i.e. several Re in séries), in one unit length.

When the packing density is increased, the transverse distance between fibers

is decreased, consequently the number of resistors in séries in one unit length

is increased, so that pir increases. This result is close to the prediction from

the analytical form presented by Neu and Krassowska, in which they assume

that pir does not vary with the packing density. Comparing pir as function

of fi with pir as function of Re as the least squares simulated, we found that

the efFect of the transverse connection résistance un pir plays a more impor-

tant rôle than the packing. Then it is reasonable for Neu and Krassowska to

ignore the weak eiFect of the packing. The assumption of pir KS 10 p^ or the

equal anisotropy ratio predicts that /?;r decreases significantly as packing den-

sity increases, which does not agrée with either our least squares simulation

or Neu and Krassowska s result, suggesting that it is not a good estimate of piy.

« Impedance measurements

The third goal of this thesis was to develop a method to estimate the

anisotropic bidomain resistivities using only the measured interstitial poten-

tial. Based on the previously validated numerical method, we developed an

approach for thèse measurements. In this method, the first and second spa-

tial derivatives of the interstitial potential are needed. This requires that the

potential be measured in numerous positions. It is possible to obtain two

dimensional spatial derivatives of the interstitial potential in a flat tissue us-
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ing a multi-electrode system [46] with this method. The method is similar to

the conventional four-electrode technique, since the resistivities are estimated

at two fixed positions, the current source and sink électrodes are located at

the extremities, along the same axis with the distance equal to that between

the two inner measurement positions. The method uses a sinusoïdal signal as

current source.

The distance between the source and potential measurement électrodes a

is déterminée! by estimations of the interstitial resistivities (lu oui- bundle

a < 0.2Ào, where Ào is the steady-state space constant of the bundle). When

the frequency of the injected current changes, the electrical behavior of the

membrane impedance varies and modifies the space constant of the bundle.

On the other hand, the membrane impedance controls the amount of cur-

rent entering into the intracellular medium. At low frequency, the membrane

impedance is dominated by the membrane résistance Rm, because of its high

value, not much current can flow into the intracellular space. In this case, the

membrane voltage Al^n between the two inner potential measurement elec-

trodes can be replacée! by the measured interstitial voltage A^e- Thus the

resistivities estimated by the theoretical method corresponds to the intersti-

tial medium only. Increasing the frequency allows more and more current to

pass through the membrane and the intracellular potential begins to play a

rôle. In this case the intracellular resistivities can be determined at high fre-

quencies with estimated intracellular potential based on previously obtained
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interstitial resistivities (/?ga; and per) and iterated membrane parameters (J?m

and Cm)- The frequency range to détermine the interstitial resistivities is such

that a < 0.5/-Re(7). In our case (7?m = 5.737<ncm2 and Cm = 1//-F/cm2),

we have / < IQQHz. The range to détermine the intracellular parameters is

such that 4.5/^e(7) < a < 25/Re(-f), that is 300 Hz < f < l fc-H^.

Theoretically, this method is similar to the approach using the bidomain

model, as presented by Plonsey and Barr [61]. The advantage of our method

is that it does not require the assumption of equal anisotropy ratio, as is the

case with the bidomain model, and it is not limited to a spécifie rnodel (as

long as the interstitial potential and its derivatives are available). Ifthe time

and longitudinal discretization steps are properly chosen, the numerical errors

will be within 10%.

The impedance measurement method to estimate the anisotropic bidomain

resistivities established in this thesis is an improvement over the standard

four-electrode method for the bidomain. However in real expérimental mea-

surements it so far can only be used in flat tissue because of the difficulty

of measuring the radiai spatial derivatives of the interstitial potential. In re-

ality we feel we can extend this approach to make it applicable to a strand

of cardiac muscle, by using an approximating function to replace the spatial

derivatives of the interstitial potential.

The spatial derivatives of the interstitial potential are taken at each 15 fJ,m

in our simulations. This distance between électrodes is too small to be ob-
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tained experimentally. We have observed that the numerical error between

the impedance measurement method and the least squares method increased

by 15% if the électrode spacing is increased to 30 //m. We propose to examine

the possibility of increasing this spacing. This would require estimating the

interstitial resistivities at frequencies lower than 10 Hz.
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The main contributions of this thesis are:

l. Examination of the efFects of the packing density on the propagated activation

wavefront, and comparison with results from bidomain model simulations.

2. Investigation of the distribution of anisotropic bidomain resistivities in the

bundle in relation to the eifects of the packing density.

3. Description of a numerical method to analyze the distribution of anisotropic

bidomain resistivities in a cardiac bundle using simulated intracellular poten-

tial, interstitial potential and membrane current.

4. Development of an approach to evaluate the anisotropic bidomain resistivi-

ties. It is applicable to realistic measurements in a two-dimensional fiât tissue.

There is no assumption on the anisotropy of the tissue. Only the interstitial

potential and its first and second spatial derivatives are needed for the esti-

mations.
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