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RÉSUMÉ 

Les erreurs induites thermiquement dans les machines-outils ont fait l'objet d'une attention 

particulière ces dernières années en raison de leur impact considérable sur l'exactitude de l'usinage. 

De nombreux travaux ont modélisé les comportements thermiques des machines-outils en utilisant 

les informations disponibles telles que les puissances des moteurs, les courants, les températures et 

les vitesses. Cette recherche adopte une approche de mesure, de modélisation et de recherche de la 

robustesse des modèles d'apprentissage profond entre les déformations thermiques et l'alimentation 

en énergie des axes, la température ambiante et les températures des positions prédéterminées. Les 

modèles entraînés sont validés dans d'autres processus présentant des activités et des durées 

différentes des axes. 

Des expériences sont menées pour comprendre les comportements thermiques qui varient en 

fonction des routines de chauffage et de refroidissement différentes des axes rotatifs ou des cinq 

axes de la machine-outil. Les erreurs volumétriques brutes de la machine-outil sont collectées 

périodiquement (toutes les 15 minutes) par un ensemble de cinq capteurs capacitifs, ainsi que les 

puissances réelles des moteurs des cinq axes, les températures aux positions prédéterminées et la 

température ambiante, qui sont également collectées pour être utilisées en tant qu'entrées des 

modèles. 

L'application de la méthode Stacked LSTM (SLSTM) pour modéliser la relation entre les 10 

principales erreurs géométriques induites thermiquement, estimées par la méthode SAMBA, et les 

entrées correspondant aux puissances d'alimentation des axes rotatifs B et C constitue la première 

partie de cette thèse. Trois optimiseurs, à savoir SGD, RMSProp et Adam, sont utilisés dans ce 

travail afin d'améliorer l'efficacité du réseau. Les données utilisées pour l'entraînement et les tests 

proviennent de deux expériences d'une durée de 132 heures et 40 heures respectivement, avec des 

activités différentes pour les axes B et C. 

Le deuxième travail se rapproche de la compensation des erreurs thermiques des trajets ∂x, ∂y, ∂z 

afin de déplacer l'outil vers des positions cibles dans l'espace de travail de la machine-outil HU40T. 

Ces erreurs sont induites par les activités des axes B et C, telles que menées dans le premier travail. 

L'optimiseur AdamW est utilisé dans ce travail pour soutenir le réseau SLSTM. Les SGRUs sont 
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également utilisées dans ce travail pour modéliser et prédire les meilleurs et pires cas générés par 

le SLSTM. 

Le dernier travail a étudié le comportement thermique de la machine-outil HU40T en relation avec 

les activités des cinq axes (la broche est verrouillée) lors de deux expériences de plus longue durée 

par rapport aux travaux précédents. Ces expériences ont été menées pendant 264 et 84 heures 

respectivement. SLSTM+Adam est utilisé pour modéliser et prédire les erreurs géométriques 

thermiques, et Monte Carlo Dropout est combiné avec SLSTM pour déterminer la distribution des 

sorties du modèle. Les entrées du modèle sont la température ambiante, les températures aux 

positions prédéterminées et l'alimentation en énergie des cinq axes, et les sorties sont les erreurs 

géométriques induites thermiquement. 

La recherche a apporté des contributions significatives aux modèles des comportements thermiques 

des machines-outils à cinq axes en utilisant les informations disponibles (les puissances des 

moteurs et les températures) comme entrées. 
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ABSTRACT 

Thermally induced errors in machine tool have been paid attention in recent years due to their big 

impacts to the inaccuracy of machining. Many works modelled thermal behaviors of machine tools 

with the available information like motor powers, currents, temperatures, and speeds. This research 

adopts to measure, model and find the robustness of the deep learning models between thermal 

deformations and power supply of axes, ambient temperature, and temperatures of predetermined 

positions. The trained models are validated in other processes with different activities of axes and 

times. 

Experiments are carried out to understand thermal behaviors altering to different heating and 

cooling routines of rotary axes or all five axes of machine tool. Raw volumetric errors of machine 

tool are collected periodically (15 minutes) by a sensor nest of five capacitive sensors, as well as 

the true motor powers of the 5 axes, temperatures at predetermined positions and ambient 

temperature  are also collected to used as inputs of the models.  

Applying Stacked LSTM (SLSTM) for modelling the relationship between 10 main thermal 

induced geometric errors estimated by SAMBA (Scale and master ball artefact) method and inputs 

as supply powers of rotary axes B and C is the first work of this thesis. Three optimizers SGD, 

RMSProp, and Adam are used in this work to improve the efficiency of network. The data for 

training and testing processes are collected from two experiments with different activities of B and 

C-axis in 132 and 40 hours, respectively. 

The second work reaches closer to the compensation of thermal errors of paths 𝜕𝑥, 𝜕𝑦, 𝜕𝑧 to move 

the tool to target positions in the working space of machine tool HU40T. These errors are induced 

by activities of axes B and C as conducted in the first work. Optimizer AdamW is used in this work 

to support SLSTM network. The SGRUs is also used in this work to model and predict the best 

and worst cases generated by SLSTM. 

The last work investigated the thermal behavior of the machine tool HU40T relating to activities 

of five axes (the spindle is locked) in two longer time experiments comparing to the ones in the 

first and second works. These experiments are conducted in 264 and 84 hours, respectively. 

SLSTM+Adam is applied to model and predict thermal geometric errors and Monte Carlo dropout 

is combined with SLSTM to determine the distribution of the model’s outputs. The inputs of the 
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model are the ambient temperature, the temperatures at predetermined positions and the power 

supply of five axes and the outputs are thermally induced geometric errors.  

The research has made significant contributions towards the models of thermal behaviors of five 

axis machine tools with available information (the motor powers and the temperatures) as the 

inputs. 
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 INTRODUCTION 

1.1 Motivation 

Thermally induced deformations in machine tool have been a research topic for years and are the 

main cause of inaccuracy. They are up to 70% of total errors [1-3]. The behaviors of these 

deformations with the inputs such as motor powers and temperatures are nonlinear and the latter 

values are continuous with the preceding values. Modelling these nonlinear deformations with 

other available parameters (power, temperature, current, speed) is necessary because this does not 

interrupt manufacturing process. The model can be used to predict and compensate them in 

advance. Many approaches are used for this purpose such as linear regression methods, machine 

learning. The challenges in modelling the thermal behavior of the machine tools are the complexity 

of the thermal error model due to the large amount heat sources, coupling impacts, the nonlinear 

behavior of thermal errors, the influence of previous states to the current state, and the dependences 

at various levels of individual thermally induced errors on the inputs... These challenges require 

advanced methods for thermal error analysis and modeling the thermal behavior of the five-axis 

machine tools. Recurrent Neural Network (RNN) is one of the most selected artificial neural 

networks for sequential data. The drawback of RNN is the problem of vanishing gradient. Deep 

learning LSTM/ GRU with stochastic techniques are as a method to get over the above problems 

in modelling the thermal errors and have ability to keep prediction in a long period without re-

measuring the outputs to be used as references (targets). The objective of this work is to model the 

relationship between the thermally induced deformations of five-axis machine tool and motor 

powers, temperatures, linear axis positions and rotary axes’ indexations. The trained model does 

prediction in another process without re-measuring the outputs. Robustness of the model, an 

important principle to evaluate the reliability of prediction values, is also presented. 

1.2 Research Objectives 

The work aims at using reliable deep learning models to train and predict thermal errors of machine 

tool based on various inputs such as motor powers, ambient temperature and temperatures at 

predetermined positions. To achieve these main goals, three specific objectives need to be done: 
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 1. The first objective is to model the relationship between thermally induced geometric 

errors with supply powers for B and C axes and predict these errors in another process using 

SLSTM.   

 2. The second is to model the relationship between thermally induced volumetric errors 

(TVEs) with supply powers for B and C axes and test in another process using SLSTMs/SGRUs 

networks. The reason to directly model and predict TVEs in the second work instead of using 

kinematic model to calculate volumetric errors from the predicted geometric errors in the first work 

is the existent of part of volumetric errors which cannot be explained by the kinematic model. For 

this work the inputs need to have more information of linear axis positions and the rotary axes’ 

indexation besides the power consumptions. 

 3. The third work investigates the thermal behavior of machine tool HU40T relating to the 

activities of five axes. SLSTM is used to model the relationship between the thermally induced 

geometric errors and the inputs motor powers, temperatures and Monte Carlo dropout is applied to 

SLSTM model to find the distributions of the predictions. To enhance the robustness of deep 

learning models, a hypothesis test is conducted. Besides, the selection of inputs as temperatures or 

motor powers and the effect of ambient temperature are also investigated.   

1.3 Thesis Outline 

This thesis is organized as follows: Chapter 2 reviews recent works for the models of thermally 

induced deformations in machine tool and presents theories that are using in Chapter 3, 4, and 5, 

respectively. The goal of Chapter 3 is to model the relationship between outputs as thermally 

geometric errors and the inputs as supply powers for rotary axes B and C. The trained model is 

validated in another activity sequence. Chapter 4 goes further than Chapter 3 to reach a practical 

problem, which focuses on the thermally induced volumetric errors of x, y, and z paths to move a 

sensor nest to the positions at four artefact balls. In Chapter 5, the focus is on deep learning model 

between thermal errors caused by activities of five axes and exploring the effects of Dropout 

applying in deep learning model. The dropout causes the output distributions besides their strong 

points to make model efficiency. Chapter 6 gives general discussions, and finally Chapter 7 does 

the conclusion and recommendations for future research. 
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 LITERATURE REVIEW 

This chapter provides a comprehensive review of previous literature relating to algorithms to model 

thermally induced errors in machine tool, deep learning theories, optimizers, techniques that are 

used in Chapter 3, Chapter 4, and Chapter 5. 

2.1 Machine tool thermal errors 

Thermally induced errors affect the accuracy of machine tools up to 70% [1-3] of total errors. Two 

potential methods are typically used to decrease errors in manufacturing: error avoidance and error 

compensation. Error avoidance can be difficult and costly. Error compensation is an efficient way 

to get over the limitations of error avoidance. This way has a big way to go by applying existent 

techniques and theories to model, predict and compensate the machine tool errors (the geometric 

and volumetric errors) in advance with available inputs obtaining from thermal couples, power 

sensors, and encoders…  

2.1.1 Thermally induced geometric errors 

Geometric errors come from the concept of using theory of multi body system (MBS) to build a 

precision model of 5 axis Computer Numerical Control (CNC) machine tool under the dynamic 

behavior of rigid bodies. While, the introduction of Chapter 3provides an in-depth review of 

numerous studies, some additional works not discussed in Chapter 3 are outlined here.   

Gui et al. proposed neuron temporal graph convolutional network (ONT-GCN) to conduct the 

spatial and temporal modelling of tooth surface error and geometric thermal errors with inputs 

temperatures on worm gear machine tools [4]. Besides [5] presented in Chapter 3, which proposed 

a new concept about adaptive learning control (ALC) for thermally geometric error compensation 

of rotary axes of five axis machine tool using a system of differential equations, other works of this 

adaptive approach were continued in [6-8]. In prediction phase, the errors were measured with 

intermittent probing to update parameters to match the present situation. Mayr et al. presented a 

continuous adaptation by applying Weighted Least Squares for parameter updates, on-machine 

probing to process the diverse sample rates. The efficiency of prediction and compensation of 

thermal geometric errors improved up to 95% [6]. Zimmermann et al. applied the thermal adaptive 
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learning control (TALC) to improve the precision and robustness of thermal error models by 

defining the frequency of model updates. TALC used adaptive inputs, which were generated from 

Group-LASSO and the particle swarm optimization. This work compensated the thermal errors of 

a swiveling and a rotary axis of five axis machine tool during 350h and the errors were reduced up 

to 36% and 58% respectively [7]. Blaser et al. presented an extension of the [5] for activating 

motions of five axis machine tool in four different load cases [8].  

2.1.2 Thermally induced volumetric errors 

In this part, the models using different algorithms to model thermally induced volumetric errors 

with possible inputs that are not reviewed in Chapter 4 will be presented.  

Li et al. used an Elman neural network optimized by a sparrow search algorithm to model and 

predict thermal errors in motorized spindles. The positions and number of thermal sensors were 

determined by pedigree and k-means clustering methods with grey correlation degree [3]. Horejš 

et al. improved the approximation of thermal error compensation in z direction by developing three 

separate models for three five axis machining centers of the same type equipped with three different 

spindle units. To verify the ability of compensation, these models were tested with different spindle 

speeds [9]. The inverse heat transfer analysis was proposed in [10] for predicting a time varying 

thermal error of ball screw feed system. A data-driven approach and a dynamic thermal network 

model were used to estimate the heat source of a ball screw feed system under unsteady thermal 

effects. The thermodynamic equilibrium equation also presented these heat sources. The 

optimization was based on Monte Carlo algorithm. Guo et al. presented a static thermal error model 

using a hybrid CNN-LSTM with spatiotemporal correlation (ST-CLSTM). Temperature data 

measured from 10 sensors was sampled with spatiotemporal correlation, then CNN was applied to 

build the relationships between temperature variables and thermally volumetric errors. LSTM was 

used for predict the change of temperature [11]. Chengyang et al. used CNN to build the 

relationship between thermally induced angular position errors of rotary axes and temperature 

images in both heating and cooling conditions [12]. An predictive thermal error model was 

proposed in [13] for CNC machine tool, which applied the adaptive Least Absolute Shrinkage and 

Selection Operator (LASSO) for selecting temperature sensitive variables and eXtreme Gradient 

Boosting (XGBoost) for predictive model. Five-point test method was used in [14] to measure 
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thermal deformations of spindle in x, z directions. The prediction accuracy and robustness of 

thermal error model were proposed in [15], it took year around to collect the data with the change 

of ambient temperature intervals. The established model had a higher accuracy with 20.6% and 

41.7% comparing with the low and high ambient temperature models. Peng et al. studied on the 

spindle axial thermal error and thermal bending angles, caused by the rotation of spindle. A 

physically based model was built to explain thermal bending behaviors in different environmental 

temperature, spindle temperature and column temperature [16]. Marei and Li introduced an 

Autoencoder-Augmented LSTM model for predicting the z-axis offset of machine tools based on 

temperatures, which were selected from input data (52 sensors) the  by applying Autoencoder [17]. 

A new approach based on the principle of heat energy conduction and neural networks for 

forecasting thermal volumetric error in grinding machines was introduced in [18]. This work firstly 

collected the heat energy exchange by measuring the temperature deviations between spindle 

surface and ambient environment. Subsequently, these temperature deviations were employed as 

inputs of a convolutional neural network. A new mist edge fog cloud system (MEFCS) architecture 

was proposed in [19] to control and predict thermal error. To validate this method, a finite element 

method was used to prove the applicability of bidirectional LSTM network. Batch size was 

optimized by a cosine and sine gray wolf optimization (CSGWO) algorithm.  CSGWO-Bi-LSTM 

network was proposed and prediction accuracy was up to 98.92%.  

2.1.3 Uncertainty prediction models 

The model’s distribution of prediction is a crucial aspect that needs to be addressed. In this regard, 

additional models that were not presented in Chapter 5 will be reviewed here.  

Liu et al. applied BNN for modelling thermal error of linear motor feed system. Grey relation 

analysis was used to determine temperature-measuring points and avoid multicollinearity. The 

BNN’s hyper-parameters were random and calculated through Gauss-Newton approximation [20]. 

Ahmadi’s work involved identifying the dominant closed loop poles of the machining system from 

in-process vibration signals. These identified poles were then used to determine probability 

distributions of model parameters and credibility bounds [21]. Yao et al. proposed the application 

of a Bayesian network to model uncertain relationship between thermal deformations of spindle 

and temperatures, spindle speed, feed rate and cooling liquid. The modeling process started with 
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prior knowledge: identifying main factors that contribute to thermal errors, analysing correlation 

between them and determining prior probability of each variable. The probabilistic inference was 

used to obtain the probability of the model [22]. Wan et al. quantified uncertainty by performing 

stochastic temporal finite element method (TFEM) under different conditions with different 

random uncontrollable variables [23]. Some works did uncertainty quantification by using edge 

theorem to predict the stability boundary for both single and multiple degree of freedom milling 

system [24] or MC method to catch the probabilistic characterization of the regenerative chatter in 

turning [25]. [26] captured uncertainty for estimating streamflow quantiles by using MC dropout 

in ANN. [27] found uncertainty estimation of soil moisture by applying MC dropout for LSTM. 

2.2 RNN 

A recurrent neural network (RNN) or Backpropagation through time [28] is a class of neural 

network that is particularly well-suited for processing time series data. Unlike Feedforward Neural 

Networks (FFNNs), RNN can handle sequential data by taking into account the influence of 

previous inputs on the present input and output. To achieve this, RNN incorporate a memory 

concept that allows them to store information of the previous inputs.  

Figure 2.1 provides a detailed illustration of a “rolled” RNN.  The “unrolled” visualization 

represents the time steps of the network. Each layer in the unrolled RNN shows a part of sequence 

information and contributes partly to the prediction of output in sequence.  

 

Figure 2.1. Three time step sequence [29] 
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RNNs uses Back propagation through time (BPTT) to determine the gradients, where the model is 

trained by calculating differences from its output layer to input layer to adjust and fit the weights 

and biases approximately. 

Activation functions: Sigmoid and Tanh 

 

Figure 2.2. Activation function Sigmoid and Tanh [30] 

Although RNNs can process time series any length without changing model structure, RNNs suffer 

from the problem of vanishing gradient, which prevents them from effectively modeling long 

historical data. Vanishing gradient occurs when gradient is too small, rendering weight updates 

insignificant and causing the algorithm to stop learning. 

 Loss function 

L(yො, y)= ෍ L(yො<t>,y<t>)

Ty

t=1

 

(2.1) 

 Backpropagation through time 

∂L(T)

∂W
= ෍

∂L(T)

∂W

T

t=1

อ

(t)

 
(2.2) 
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2.3 Long Short Term Memory (LSTM) 

Multi variate time series (MTS) have gained popularity in recent years, owning to advances in 

sensors and measurement technology that allow collecting data over time [31]. RNNs are often 

used to address forecasting problems of time series due to possessing internal states or short-term 

memory, which is enabled by recurrent feedback connections [31, 32]. However, these networks 

can face vanishing problems when learning long-term dependencies [33]. The long short-term 

memory (LSTM) [33] is proposed to address this problem. Unlike RNNs, LSTMs can retain long-

term memory of previous learning information when processing time series data [34].  

LSTM unit is defined as Figure 2.3 presented in [35]. It has an input vector [H(t-1),x(t)], cell state 

C(t) at time step t. and the output vectors H(t)  

 

Figure 2.3. LSTM unit [35] 

LSTM unit has three gates: the forget gate ft, input gate it, and output gate ot that update and control 

the cell state Ct. The gates use hyperbolic tangent (tanh) and sigmoid activation functions. 

ft=σg(Wfxt+UfHt-1+bf) (2.3) 

Sigmoid function σg determines how much information can pass through forget gate ft  

it=σg(Wixt+UiHt-1+bi) (2.4) 
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C෡ t=tanh(Wcxt+UcHt-1+bc) (2.5) 

After sigmoid function σg let information through the input gate it, tanh function gives weightage 

to these information and regulate their values (-1 to 1). Updating new cell state is: 

Ct=ft⨀Ct-1+it⨀C෡ t (2.6) 

The following equations determine the output  

ot=σg(Woxt+UoHt-1+bo) (2.7) 

Ht=ot⨀tanh(Ct). (2.8) 

Backpropagation through time in LSTMs 

∂E

∂W
= ෍

∂Et

∂W

T

t=1
 

(2.9) 

Preventing the error gradients from vanishing 

The LSTM network can decide which information should be discarded by a sigmoid layer known 

as the “forget gate layer”. This allows the LSTM to control the gradients at each time step, which 

prevents the error gradient from vanishing. 

∂Ek+1

∂W
↛0 

(2.10) 

The shallow LSTM architecture does not represent the complex features of sequential data 

efficiently [31]. A deep LSTM model (DLSTM or Stacked LSTM) [36] has capability of 

overcoming the limitations of the shallow LSTM network. The structure of Stacked LSTM 

(SLSTM) contains LSTM layers and each layer contains multiple units as Figure 2.4. 
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Figure 2.4. A SLSTM model 

2.4 Gated Recurrent Unit (GRU) 

GRU [37] is a variant of the RNN, which has ability to hold on long term dependencies from the 

computations within the GRU unit. GRUs were developed later than LSTM by using two gates 

instead of using three gates and memory cell as LSTM.  

 

Figure 2.5. A GRU unit 

Two gates of GRU are reset gate rt and update gate zt, which are give sigmoid activations to 

transform their values to interval [0, 1] 

rt=σ(xtWxr+Ht-1rhr+br), (2.11) 

zt=σ(xtWxz+Ht-1rhz+bz), (2.12) 

where Wxr, Wxz∈Rd×h and Whr, Whz∈Rh×h are weight matrices and br, bz are biases 
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The reset gate rt is responsible for capturing short-term dependences in sequences, while the update 

gate has ability to capture long-term dependences in sequences. The candidate-hidden state 

H෩ t=tanh(xtWxh+(rt⊙Ht-1)Whh+bh) (2.13) 

The hidden state 

Ht=(zt⊙Ht-1)+(1-zt)⊙H෩ t (2.14) 

2.5 Optimizers  

Optimizers are mathematical functions, which commonly use Gradient descent [38, 39]. They 

minimize an objective function ∇θJ(θ) with respect to model’s parameters (weights and biases) and 

model’s parameters θs are updated during this process.    

2.5.1 Batch gradient descent (BGD) [40] 

In Batch gradient descent, the gradient of the cost function w.r.t. to the parameters θ is computed 

for the entire training dataset: 

θ=θ-η.∇θJ(θ) (2.15) 

 

Figure 2.6. Batch gradient descent 

One disadvantage of using batch gradient descent is that the gradient is calculated for the entire 

dataset before updating the model’s parameters. This approach can be slow and is not suitable for 

updating model’s parameters online with new information. 
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2.5.2 SGD [40] 

Unlike BGD, Stochastic gradient descent (SGD) updates model’s parameters every training 

example x(i) and label y(i): 

θ=θ-η.∇θJ(θ;x(i);y(i)) (2.16) 

SGD is a modification of gradient descent, where gradient is calculated by random selecting a part 

of all observations. This reduces computation cost. SGD can estimate the gradient of the cost 

function for each observation and update decision parameters accordingly.  

 

Figure 2.7. Stochastic gradient descent 

SGD cost function has a severe fluctuation, which is from random observations and updates 

frequently. However, this is capable to fall to new and potentially better local minima. Learning 

rate can be adjusted decrease when overshooting appears. 

Another disadvantage is that it can converge to a local minimum because whole data is considered 

at one time. 

 

Figure 2.8. Local and global minima 
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2.5.3 Mini-batch gradient descent [40] 

Mini-batch gradient descent is a variation of gradient decent algorithm, which splits the training 

dataset into small batches. It performs an update for every mini-batch of n training examples: 

θ=θ-η.∇θJ(θ;x(i:i+n);y(i:i+n)) (2.17) 

 

Figure 2.9. Mini batch gradient descent 

This approach can help to reduce the variance of the parameter updates and make convergence 

more stable.  

2.5.4 RMSprop [40] 

RMSprop is an adaptive learning rate method proposed by Geoff Hinton [41], inspired from Rprop 

[42]. Rprop uses the sign of the gradient and individually adapt learning rate for each weight. Rprop 

has problem with large datasets and need to  perform mini-batch weight updates.   

RMSprop is 

θt+1=θt-
η

ටEൣ∇θJ2൧
t
+ϵ

∇θJt 
(2.18) 

where: Eൣ∇θJ2൧
t
 is moving average of squared gradient. RMSprop divides the gradient by the 

moving average of the squared gradients for each weight. The moving average is done on a 

successive set of n values rather than the whole set of values. The reason for keeping the moving 

average of squared gradient is to balance the step size and prevent exploding gradients for large 

gradient values and vanishing gradients for small gradient values by decreasing and increasing step 
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size, respectively. RMSprop can work with stochastic objectives and can be applied to mini batch 

learning. 

2.5.5 Adam [40]  

Adaptive Moment Estimation (Adam) [43] is a algorithm that computes adaptive learning rates for 

each parameter.  

θt+1=θt-
η

ඥvොt+ϵ
mෝ t 

(2.19) 

where mෝ t, vොt are the bias-corrected first and second moment estimates 

mෝ t=
mt

1-β1
t  (2.20) 

vොt=
vt

1-β2
t  (2.21) 

mෝ t, vොt are from an exponentially decaying average of past squared gradients vt like RMSprop, and 

an exponentially decaying average of past gradients mt, similar to momentum.  

mt=β1mt-1+(1-β1)∇θJt (2.22) 

vt=β2vt-1+(1-β2)∇θJt
2 (2.23) 

β1, β
ଶ

: are the decay rate of the first moment (momentum) and the second moment (sum of gradient 

squares). Normally β1=0.9, β2=0.999. 

Adam has the advantages of the momentum (the first moment or sum of gradients) and RMSprop 

(the second moment or sum of gradient squared) and gives a better quality of optimizing process 

for neural networks. Chapter 3 will provide evidence to support this claim. 
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2.5.6 AdamW [44] 

L2 regularization is added to the loss function as a solution for having the effect of weight shrinking 

during backpropagation. This partly prevents the network from overfitting the training data. 

Loss=Error(y,yො)+λ ෍ θt
2

N

t=1

 
(2.24) 

where  λ ∑ θt
2N

t=1  are L2 terms.  

However, it is not effective for adaptive gradient algorithms as Adam, because the weights do not 

decay multiplicatively as expected. The reason is the gradient of loss function has the L2 norms as 

follows 

∇θJt=∇θJt-1+λθt (2.25) 

Then 𝑚௧ and 𝑣௧ are updated as formulas (2.22) and (2.23), which means the decay averages of 

gradient and its square keep track not only the gradient of the loss function but also the L2 term. 

To improve, [44, 45] proposed a simple and effective way by decoupling weight decay from the 

gradient based update. This means the optimal choice of weight decay factor is independent to 

adaptive learning rate. [46] described the weights θ decay exponentially as 

θt+1=(1-λ)θt-α∇θJt (2.26) 

where λ is the rate of the weight decay per step, ∇θJt is the t-th batch gradient, and α is learning 

rate. 

Only the gradient of loss function is updated, weight decay is kept same rate λ, then mt, vt, mෝ t, vොt 

are calculated as in equations from (2.20) to (2.23) without gradient of L2 norm, then the weight is 

updated with 

θt+1=θt-ηt+1(
αmෝ t+1

ඥvොt+1+ϵ
+λθt) 

(2.27) 



17 

 

 

2.5.7 Bayesian probability modelling [47] 

A Bayesian network is a probabilistic model that provides a mathematic technique for diagnosing 

and making decision in problems that involve inherent uncertainty [48, 49]. Bayesian probability 

theory provides a mathematical structure to implement inference. In Bayesian probability theory, 

posterior distribution follows Bayes’ rule. 

p(θ|x,y)=
p(y|x,θ)p(θ)

p(y|x)
 

(2.28) 

where: p(θ) is the prior distribution which reflects the probability of the hypothesis before having 

observed data.  

 

Figure 2.10. Maximum likelihood 

p(θ|x,y) is the posterior distribution which expresses the probability of the hypothesis after having 

observed data 

p(y|x,θ) is the likelihood function which represents probability of the data under the hypothesis 

p(y|x) is the evidence which represents probability of the data under any hypothesis 

p(θ|x,y)∝p(y|x,θ)p(θ) (2.29) 

This distribution covers most of probable parameters and in the prediction phase with a new input 

point x* we have a new prediction bound 

p൫y*หx*,x,y൯= න p(y*หx*,θ)p(θ|x,y)dθ 
(2.30) 

This procedure is an inference, which is a concept of integration over model parameters involving 

optimisation at training time. 
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2.5.8 Variational inference 

Variational inference is an approximate solution to the inference problem, which can not be 

intractable in probabilistic models [50]. The aim of this approach is to optimize a problem over a 

class of tractable distributions Q with q ∈ Q most close to p. Kullback-Leiber (KL) divergence [51] 

is known as a measure to minimize the difference between two distributions 

DKL(q(θ)‖p(θ|x,y))= න q(θ)(logq(θ)-logp(θ))= න q(θ) .log
q(θ)

p(θ)
 

(2.31) 

Where p(xi) is probability of outcome xi and q(xi) is a replaced probability  

q(θ) is the solution of the minimisation and the predictive distribution is: 

p൫y*หx*,x,y൯= න p(y*หx*,θ)q(θ)dθ 
(2.32) 

This process is considered as the variational inference (VI). 

2.5.9 Dropout 

Deep Neural Networks is a highly effective tool in machine learning due to their ability to leverage 

a large number of parameters and multiple hidden layers to facilitate the learning process. However, 

overfitting is a common challenge that can lead to unexpected prediction outcomes. To address this 

issue, dropout [52] is employed. During training process, random units are dropped to resist 

excessive co-adapting of parameters and improve the quality of predicted results. Figure 2.11 

illustrates the temporarily removing units from the network. The chosen units to drop are random.  
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Figure 2.11. Dropout [52] 

In neural network, dropout can be used in a particular way by sampling two binary ϵ̂1,ϵ̂2. The ϵ̂1, 

ϵ̂2 are the Bernoulli distributions [53] with probability pi. The parameters are: 

W෡ 1≔diag(ϵ̂1)W1 and W෡ 2≔diag(ϵ̂2)W2 

The objective is: 

L෡dropout(W1, W2,b)≔
1

M
෍ EW෡ 1

i
,W෡ 2

i
,b൫xi,yi൯+λ1‖W1‖2

i∈S

+λ2‖W2‖2+λ3‖b‖2 
(2.33) 

The objective’s derivative w.r.t parameters θ={W1,W2,b} 

∂

∂θ
L෡dropout(θ)=-

1

MT
෍

∂

∂θ
logp(yiหf

g(θ,ϵ̂i)(x))+
∂

∂θ
(λଵ‖W1‖2 +λ2‖W2‖2+λ3‖b‖2) 

(2.34) 

2.5.10  Bayesian neural networks 

NNs have illustrated their effectiveness in solving various real world problems. However, they 

cannot provide a probability distribution of their predictions due to pointwise optimization [54]. 

Bayesian NN (BNN) is a solution to train the model parameters as a distribution 

p(θ)=p(Wi)=N (0, I) rather than searching for a optimal value [55-60]. Recent works in BNNs 

focus on variational inference based on techniques to approximate intractable posterior distribution 

p(ω|X,Y). Gal [61] proposed a practical method to do variational inference by applying Monte 
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Carlo (MC) dropout technique, which involves conducting multiple stochastic forward passes (T 

passes) through the network and then averaging the results 

The output average is:  

E෩ൣy*൧≔
1

T
෍ fθ෠t

T

t=1
(x*) 

(2.35) 

The predictive variance is obtained as 

std
qቀy*

ቚx*
ቁ
൫y*൯=ඩ

1

T
෍ (yො*-yොത

*
)
2

T

t=1

 

(2.36) 

2.6 Z-scores and p-values 

A statistical measurement called Z-score can be used to describe how a value is related to the mean 

of a set of values. Z-score is calculated by measuring the number of standard deviations a data 

point is away from the mean. A Z-score of zero indicates that the data point has the same score as 

the mean. If the Z-score is one, it means that the value is one standard deviation away from the 

mean. Z-scores can be either positive or negative. A positive Z-score indicates that the score is 

above the mean, while a negative score indicates that it is below the mean. 

z=
x-mean

σ
 (2.37) 

Where z: z-scores, x the value being evaluated, σ the standard deviation   

The p-value is mathematically computed using integral calculus by calculating the area under the 

probability distribution curve for all statistics values that are equal to or greater than the observed 

value, in comparison to the total area under the probability distribution curve. This process involves 

calculating the probability of obtaining results as extreme as or more extreme than the observed 

results, assuming that the null hypothesis is correct. The p-value is then compared to the level of 

significance to determine whether to reject or fail to reject the null hypothesis. If p-value is small, 

the null hypothesis can be rejected. 
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Formula of p value 

Left tailed test: p-value=cdf(x) 

Right tailed test: p-value=1-cdf(x) 

Two tailed test: p-value=2×min{cdf(x),1-cdf(x)} 

(2.38) 
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Abstract 

Temperature changes within a machine tool, which are partly due to internal heat sources related 

to the power consumption at the machine drives, result in thermally induced geometric errors of 

the machine. Predicting the thermally affected machine geometry facilitates the prediction of 

volumetric errors throughout the 5-axis machine volume. Measuring power instead of temperature 

is easier to implement in practice but causes drift issues. Stacked Long Short Term Memory (LSTM 

) with two hidden LSTM layers is applied to determine the relationship between powers and the 

thermal variation of geometric error parameters by remembering previous states and learning 

complex non-linear relationships through optimized generalized parameters of the predicting 

model. Optimizers Adam, RMSprop, and SGD based on exponential moving average of first order 

and second order moments of gradients are combined with Stacked LSTM for faster learning 

convergence to an optimal solution. Validation trials with various B- and C-axis motion sequences 

demonstrate a capability of predicting multi time steps ahead over a 40 hours period without re-

measuring the geometric error parameters of the model. Stacked LSTM with the Adam optimizer 

has the best capability by predicting up to 93% of the main geometric error compared to the other 

optimizers.   

Keywords: Geometric errors; deep learning LSTM; machine tool; thermal errors 
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3.1 Introduction 

Thermally induced geometric errors cause inaccuracy in machining estimated at 65% of all 

geometric errors [62], [63], and [64]. Predicting them using readily available information in real 

time has been an active subject of research in recent years in order to reduce their effects by finding 

the relationship as physics based or data-driven models [63] between thermal deformation and 

inputs like temperatures, powers etc. 

Physics based models were built based on differential formulas [63]. Uhlmann and Hu presented a 

3D Finite element method (FEM) model to predict the thermal behavior of a high speed motor 

spindle through tool centre point (TCP) displacement in the x, y and z directions [65]. Wu and 

Kung applied FEM to analyze the change in temperature and the deformations of a ball screw feed 

drive system [66]. Dos Santos et al. combined artificial neural network (ANN) and (FEM) on a 

three axes machine. FEM is used to determine the thermal errors while ANN is used to generate 

the relationship between temperature changes and thermal errors. The validation is carried out 

separately in ball screw system, linear guides and spindle [67]. Mayr et al. used a dynamic gray 

box model which consists of a system of differential equations describing the relationship between 

geometric error parameters induced by rotary axes and spindle and inputs: cooling powers and 

spindle speed [62]. Blaser et al. built differential equations with adaptive parameters to predict 

thermal position and orientation errors over the long term for 5-axis machine tools [5]. Zhang et al. 

generated thermal transfer function of machine tool from first order equations of major components 

(spindle, column, table…). The thermal deformations are caused by time varying environmental 

temperature. Validating model is carried out in the Z axis and compared with FEM simulation [68]. 

Kang et al. developed two separate thermal models for ball screw expansion and spindle thermal 

growth based on a heat transfer mechanism and experimental data using as inputs the feed rate and 

spindle speed variations [69]. Liu et al. analyzed the thermal behavior of the machine-workpiece 

system and built a thermal error prediction model based on heat transfer theory [70].  

Data-driven models based on collected data of the system without using physics based modelling 

[63] is an alternative approach. Data-driven models are adaptable to different context but they 

provide no physical insight into the physical mechanisms at work. Huang used multiple regression 

analysis to develop a relationship between thermally induced position error of the feed drive system 
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and temperatures of the front bearing, nut and back bearing  [71]. Yu et al. explained that a first 

order linear model cannot reflect actual thermal errors so additional items from polynomial, 

interaction and cyclical series were proposed to model the relationship between temperatures and 

deformations [72]. Brecher et al. determined the transfer function with the first and second delay 

terms between the output volumetric errors and the input load parameters such as rotational speeds 

and motor currents of spindle and feed drives and environmental temperature [73]. El Ouafi et al. 

proposed an ANN based quasi optimal thermal error model with the selection of the best 

combination of temperature variables [74]. Abdulshahed et al. used ANFIS architecture for model 

correlation between measured temperature changes inside a small CNC milling machine structure 

as well as ambiant temperature and the thermal deformations [75]. Fujishima et al. used Ridge 

regression and Convolutional Neural Network (CNN) to predict the thermal displacement error in 

the X-axis of a turning center from ambiant temperature variation [76]. 

The efficiency of prediction using physics based and data driven models are shown in the above 

works. A limitation of the physics based model is that its accuracy depends highly on mathematical 

descriptions of heat sources (loss of drives through friction, machining heat, heat irradiation etc.). 

These descriptions are not easy to obtain exactly [63] due to the complex effects of machine 

working cycles and environmental conditions. Data driven model using manual analysis is used for 

a specific system. This is not generalized for other systems and is not efficient for complicated 

structures and vast amounts of data [77]. Recently, computers and algorithms have become far 

more powerful to analyze large datasets and adjust model parameters. Thermal geometric errors in 

machine-tool are continuous nonlinear data sequences [78, 79], and previous events are affecting 

current events. A more sophisticated and flexible model with memory mechanisms to handle 

sequential data and updating parameters continuously is desired [80]. Recurrent Neural Network 

(RNN) with cyclic connections are powerful for modeling sequences [81]. However, the vanishing 

gradient limits RNN widespread use for sequential problems. LSTM [33] typically incorporate 

memory mechanisms which improve the problem of vanishing gradient and are successful to learn 

long term dependencies [82]. Liang et al. showed that the LSTM network has better performance 

for thermal error problem compared to RNN and CNN [83]. Recent works continued to 

demonstrate the applicability of LSTM to train models between thermal errors and spindle speed 

[84, 85], spindle thermal displacement in Z direction and key temperature points [86], thermal 
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errors of ball screws and temperature of feed drive system [87]. Although LSTM has the property 

of selectively storing information and can train non-linear data [33, 84, 88, 89], LSTM, in the above 

works, performs efficiently with regular updates of the actual values of the output variables, i.e. 

actual machine thermal errors, obtained from measurements in testing phase. However, access to 

such data in an industrial setting requires stopping production shortly to conduct a calibration 

sequence, which reduces productivity. Finding LSTM networks with multiple layers combined 

with optimizing algorithms is necessary to forecast outputs over longer periods. Although stacking 

multiple layers is known to provide better learning ability for longer term prediction of patterns 

[90, 91] with more flexible parameters to improve the prediction capability, Stacked LSTM 

networks are more complicated and require more computational time. Optimizers are necessary to 

help the network converge faster and update parameters more frequently. Gradient descent with 

momentum-based algorithm is used to strengthen LSTM [83, 92]. 

In this work, three optimizers i.e. Adam, RMSprop, and SGD are used to improve the efficiency 

of predicting multi time steps ahead in time series thermal problems. This article models the change 

in machine geometry under thermal effects caused by rotary axes’ activities in the workpiece 

branch on a 5-axis machine tool (HU40-T). The experimental test sequence is described in Section 

3.2. Section 3.3 introduces Stacked LSTM. Training and validation using Stacked LSTM models 

are shown in Section 3.4. Section 3.5 presents the results and discussions, and is followed by a 

conclusion.  

3.2 Experimental process 

The experimental work is carried out on a Mitsui-Seiki HU40-T horizontal machining centre with 

a wCBXfZY(C1)t topology. Figure 3.1 shows the machine workspace with the metrological 

artefact mounted on the table, the sensor’s nest mounted in the tool holder and the added sensors 

to measure the power to the axes. 

Figure 3.2 (left) shows the training process of activity as power level of the B and C rotary axes 

against time which is aimed at generating heat within the machine and cause thermal errors. The 

motions of rotary axes follow a reciprocating motion between their position limits (from -90° to 

+90° for the B axis and from -180° to +180° for the C-axis, respectively). The training process lasts 
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132 hours (528 cycles). The raw volumetric deviations, induced by the running axes, are measured 

as in [64].  

 

Figure 3.1.  Sensor’s nest measuring one of the metrological artefacts 

An R-test type device with five non-contact precision capacitive proximity sensors form a sensors’ 

nest (Capball) mounted in the tool holder that can detect the position of a precision ball. On the 

machine table, four precision balls with uncalibrated positions and a reference scale bar made of 

two balls separated by a calibrated distance altogether form the scale and master ball artefact 

(SAMBA). In the training process, each power level of heating cycles lasts 12 hours. One 

heating/measurement cycle lasts 15 minutes. The heating activity takes 12 minutes, followed by 

the measuring cycle, which takes only 3 minutes in order to limit changes in the machine’s 

geometric thermal state. The power values are average Power consumptions of axes B and C for 

each 15 minutes activity. They are used as the inputs of the prediction model. So each power level 

will cover 12 hours  4 cycles = 48 cycles. 
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Figure 3.2.  Power B and C in training and testing processes   

Figure 3.2 (right) shows the testing process of activity, which lasts 40 hours (160 cycles), with 

individually and simultaneously operated rotary axes. Speed setpoints and the time at each speed 

setpoints are significantly different from the training data and also include periods when both axes 

are active. 

3.3 Stacked LSTM 

LSTM was proposed by Hochreiter and Schmidhuber [33] to solve the vanishing gradient issue in 

RNN when learning long data sequence through backpropagation in the training process. The 

LSTM cell in Figure 3.3 (left) shows the components of LSTM: the input, output, gates (ft, ot, and 

it), cell state (Ct) and activation functions sigmoid σ and tanh. Each LSTM cell stores information 

over time using three non-linear gate units. The three gates can learn and in turn decide how much 

information passes. By doing that, they can keep relevant information which is used for prediction. 
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(3.1) 

The depth structure of LSTM such as Stacked LSTM can improve the quality of the trained model 

[82, 93] by putting layers of LSTM where the output of one layer becomes the inputs of others. 

Each LSTM layer outputs a sequence of vectors, which will be used as an input to a subsequent 

LSTM layer, as shown in Figure 3.3 (right). 
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Figure 3.3.  LSTM cell (left) and Stacked LSTM with two hidden layers (right) 

Dataset fed to the Stacked LSTM divides into many samples containing f inputs (𝐼௧) with k 

consecutive states. This feature is an improvement to keep previous data longer in order to forecast 

new output more accurately [94]. Stacked LSTM has two parts, the encoder that outputs a context 

vector (encoding) of the input sequence, which is then passed to the second part, the decoder to 

decode and predict the targets.  

3.4 Training and Prediction models 

Each set of collected raw volumetric deviations is used to estimate the geometric error parameters 

of the machine tool by a linearised pseudoinverse kinematic approach [64]. Figure 3.4 shows the 

machine’s nominal kinematic model and Table 3.1 lists the measured geometric errors.  
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Figure 3.4. Machine schematic with thermally induced geometric errors in the work-piece branch 

(green color) 

EPnx1=Jmxn
† EVmx1  (3.2) 

where: EPnx1: geometric error parameters 

EVmx1: measured raw volumetric deviations 

Jmxn
† : pseudoinversed Jacobian sensitivity matrix 
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Table 3.1. Thermally induced geometric error parameters 

Geometric error 

parameters 

Description 

EXX0 Zero degree (constant) term of linear positioning error motion in X-axis 

EXX1 1st degree term of linear positioning error motion in X-axis; equivalent to a 

scale gain error 

EYB0 Zero degree term of axial error of B axis motion in Y-axis; equivalent to a 

translational offset in Y of the B-axis 

EC(0X)B The out-of-squareness of the B-axis relative to the X-axis  

ECX1 1st degree term of angular error of X axis motion around Z-axis; equivalent 

to a pitch error  

EA(0Z)B The out-of-squareness of the B-axis relative to the Z-axis 

EA(0B)C The out-of-squareness of the C-axis relative to the B-axis 

EZX0 Zero degree term of straightness error motion of X axis in Z-axis, equivalent 

to a translational offset in Z of the X-axis 

EB(0X)C The out-of-squareness of the C-axis relative to the X-axis 

EX(0B)C The translational offset in X of the C-axis relative to the B-axis 

In the training phase, each measured geometric error parameter is used as target and the measured 

motor powers of rotary axes, are used as inputs. Stochastic Gradient Descent (SGD), Root Mean 

Square propagation (RMSprop), and Adaptive moment (Adam), are the algorithms used to 

minimize the objective functions. In the testing phase, the optimized weights of LSTM obtained 

from the training phase process combine with the recorded powers to predict the thermal induced 

geometric error parameters as shown in Figure 3.5. Training and testing processes are programmed 
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with Pytorch library in Python using torch.nn.LSTM recurrent layer and torch.optim. (SGD, 

RMSprop, Adam) optimizers.  

 

Figure 3.5. Optimized LSTM in training and testing phases 

Figure 3.6 (left) shows the general diagram of the training process. The data sequences of power B 

or C are fed to the Stacked LSTM as samples. Ht is the predicted individual geometric error 

parameters (outputs)  of the LSTM network. The optimizers consider the differences between Ht 

and Targett (measured error parameters) to update the parameters of the network.  



32 

 

 

 

 

 

 

 

Figure 3.6. Training process with optimizers (left) and fitting of model with different size of 

sample (right) 

The dimension (k, f) of samples are chosen to match with the number of LSTM cells in the two 

layers of the Stacked LSTM, batch size and number of epochs and keep as many previous 

information as possible. In this work, two hidden layers are chosen with m=48 and n=8 LSTM cells 

in layer 1 and 2, respectively. The optimal dimension of sample, obtained by trial and error, is (8, 

2) leading to higher fitting of the model as compared with the other dimensions (Figure 3.6 (right)). 

This means using measured data of eight previous states to predict the output of the ninth state. 

Figure 3.7 and Figure 3.8 present the way to create the features from the data sequence in the 

training and testing processes. 
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Figure 3.7. Multi features with inputs and targets in the training phase 

Because the measured error parameters are not used as targets in the 40 hours (160 measurement 

cycles or time steps) of the testing process while using the same structure, the prediction values of 

previous cycles are used as shown in Figure 3.8. The first sample is set to zero to match the situation 

of the starting state. In the testing phase, the weights are not updated.  
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Figure 3.8.Multi features with inputs and outputs in the testing phase 

For the back propagation, the internal parameters ht, δW, δU, δb are calculated for updating the 

next state. 

The optimizers are SGD, RMSprop and Adam, which update the following exponential moving 

averages of the gradient and squared gradient. The hyper-parameters β1,β2∈(0, 1) control the rates 

of exponential decay of these moving averages.  

ft=f(β,mt-1,vt-1, δ,δ2) (3.3) 

Table 3.2 lists the updating weights and biases based on the SGD and RMSprop 

 



35 

 

 

Table 3.2. Updating weights and biases following algorithms SGD and RMSprop 

 SGD RMSprop 

1 Wnew=Wold-η.δWold Wnew=Wold-
η

ටE[δWold2
]wt+ϵ

δWold 

2 Unew=Uold-η.δUold   Unew=Uold-
η

ටE[δUold2
]ut+ϵ

δUold 

3 bnew=bold-η.δbold   bnew=bold-
η

ටE[δbold2
]bt+ϵ

δbold 

with ϵ:smoothing term=1e-8 and Ewt, Eut,Ebt:exponential moving average of squared gradients 

Accumulating squared gradients in training can decrease the effective learning rate very fast and 

the training will stop at local optimization. Adam uses an exponentially decaying average of past 

squared gradients vt like RMSprop and of past gradients mt, which is same as momentum. Adam 

accumulates squared gradients in a window like RMSprop, instead of from the beginning of 

training. In addition, Adam can find the separate adaptive learning rates for each parameter from 

estimations of first and second moments of gradients.  

The bias-corrected first and second moment estimate are calculated as follows: 

mෝ t=
f(δW,δU,δb,β1)

1-β1
t  

(3.4) 

vොt=
E(δW2,δU2,δb2,β2)

1-β2
t   

(3.5) 

weights and biases are updated 

Wnew=Wold-
ηw

ඥvොwt+ϵ
mෝ wt 

(3.6) 
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Unew=Uold-
ηu

ඥvොut+ϵ
mෝ ut 

(3.7) 

bnew=bold-
ηb

ඥvොbt+ϵ
mෝ bt. 

(3.8) 

The number of LSTM cells, the learning rates, the decay rates and the batch size are chosen after 

many simulations. In addition, Root Mean Square Error (RMSE) is used to determine the optimized 

weights of the networks when the deviations reach the preset values. 

The RMSE is given by 

RMSE=ඨ
∑ (Prediction valuesj-Measured valuesj)

2n
j=1

n
 

(3.9) 

Figure 3.9 shows the 30 RMSEs for the 30 training repetitions.  

  

Figure 3.9. Training repetition RMSEs 

The optimized weights, which are saved from the training network with the smallest RMSE, are 

applied for predicting the error parameters in the testing phase. The experiment for the testing 

process follows different heating and cooling sequential activities as shown in Figure 3.2.  

3.5 Results and discussion 

Figure 3.10, Figure 3.11 and Figure 3.12 show results for error parameter EXX1 in the training and 

testing processes.  
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Figure 3.10. Training (left) and testing (right) processes for EXX1 by Stacked LSTM+SGD (1 

cycle=15 minutes) 

   

Figure 3.11. Training (left) and testing (right) processes for EXX1 by Stacked LSTM+RMSprop 

(1 cycle=15 minutes) 

  

Figure 3.12. Training (left) and testing (right) processes for EXX1 by Stacked LSTM+Adam (1 

cycle=15 minutes) 
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On the left of each figure is the result of the training process in 520 cycles (time steps) from cycle 

9 to cycle 528. The reason the prediction values start from cycle 9 is mentioned in Figure 3.7. The 

result of prediction compared with measured values in the testing process is shown on the right and 

includes 160 time steps (measurement cycles). To compare the results between the Stacked 

LSTM+optimizers, the structure of Stacked LSTM and learning rate are similar. The differences 

between the three combinations of Stacked LSTM+optimizers are apparent. The quality of training 

and testing of LSTM+SGD is the worst. LSTM+RMSprop keeping the same learning rate for 

weights and biases but using past squared gradient improve the results. LSTM+Adam has the best 

capability with RMSE = 8.2*10-6 (fitting 93%). One key advantage is its ability to follow the 

measured values over longer periods without the need for updated measured values in the testing 

phase. The quality of training and predicting improves from the SGD to the RMSprop to the Adam 

optimizer. 

The fitting is calculated as follows:  

fitting (%)= ቆ1-
RMSE

หMeasured valuesjmax-Measured valuesjminห
ቇ *100 

(3.10) 

 

 

Figure 3.13. Training (left) and testing (right) processes for EYB0 by Stacked LSTM+SGD (1 

cycle=15 minutes) 
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Figure 3.14. Training (left) and testing (right) processes for EYB0 by Stacked LSTM+RMSprop 

(1 cycle=15 minutes) 

Figure 3.15. Training (left) and testing (right) processes for EYB0 by Stacked LSTM+Adam (1 

cycle=15 minutes) 

EYB0 was the parameter most affected by rotary axes activities [64]. The training and testing 

processes shown in Figure 3.13, Figure 3.14 and Figure 3.15 have similar initial conditions in 

ambiant temperatures and thermal error values. The model predicts the general trend of the error 

parameter both for separated and simultaneous B and C activities. In the testing phase, the predicted 

values can track the general trend of the measured values with the Adam and RMSprop optimizers. 

However, the drift comes sooner with RMSprop. The RMSE, calculated using Equation (3.9), of 

the testing phase with LSTM+Adam is 2.8*10-3 mm of the measured values (fitting=91%). In the 

following, only the results for the Adam optimizer are shown. The results for the others will be 

succinctly provided in Table 3.3 and Table 3.4. 
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Figure 3.16. Training (left) and testing (right) processes for ECX1 by Stacked LSTM+Adam (1 

cycle=15 minutes) 

 
   

Figure 3.17. Training (left) and testing (right) processes for EA(0Z)B by Stacked LSTM+Adam 

(1 cycle=15 minutes) 

Predicted values of EA(0Z)B in Figure 3.17 (right) tracked the output with RMSE=2.6*10-6 

(fitting=87%) for the testing process. EA(0Z)B is strongly influenced by activity of rotary axis B, 

while motions of axis C have much less effect on this error. This also happens for ECX1 (Figure 

3.16). 
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Figure 3.18. Training (left) and testing (right) processes for EA(0B)C by Stacked LSTM+Adam 

(1 cycle=15 minutes) 

  

Figure 3.19. Training (left) and testing (right) processes for EZX0 by Stacked LSTM+Adam (1 

cycle=15 minutes) 
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Figure 3.20. Training (left) and testing (right) processes for EB(0X)C by Stacked LSTM+Adam 

(1 cycle=15 minutes) 

In the testing phase of EA(0B)C (Figure 3.18), EZX0 (Figure 3.19) and EB(0X)C (Figure 3.20), results 

still show that the model followed the changes of thermal error parameters, which supports the prediction 

capability of Stacked LSTM + Adam.  

Table 3.3.  Root Mean Square Errors (RMSE) for the testing process 

Geometric error 

parameter 

RMSE with 

LSTM+SGD 

RMSE with 

LSTM+RMSprop 

RMSE with 

LSTM+Adam 

EXX0 (mm) 2.6*10-3 2.4*10-3 2.2*10-3 

EXX1(mm/mm) 36.7*10-6 12.6*10-6 8.2*10-6 

EYB0 (mm) 14.1*10-3 3.1*10-3 2.8*10-3 

EC(0X)B (radian) 3.0*10-6 2.7*10-6 2.6*10-6 

ECX1 

(radian/mm) 

15.6*10-9 11.2*10-9 8.8*10-9 

EA(0Z)B (radian) 5.5*10-6 4.8*10-6 2.6*10-6 

EA(0B)C (radian) 8.5*10-6 5.8*10-6 3.0*10-6 

EZX0 (mm) 7.5*10-3 5.5*10-3 4.4*10-3 

EB(0X)C (radian) 5.1*10-6 3.5*10-6 3.1*10-6 

EX(0B)C (mm) 3.3*10-3 3.2*10-3 2.7*10-3 
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Table 3.4.  The fitting values for the testing process 

Geometric error 

parameter 

Fitting with 

Stacked 

LSTM+SGD 

Fitting with Stacked 

LSTM+RMSprop 

Fitting with Stacked 

LSTM+Adam 

EXX0 (%) 78 79 81 

EXX1 (%) 68 89 93 

EYB0 (%) 55 90 91 

EC(0X)B (%) 79 80 81 

ECX1 (%) 81 86 89 

EA(0Z)B (%) 73 76 87 

EA(0B)C (%) 73 82 90 

EZX0 (%) 60 71 77 

EB(0X)C (%) 71 81 83 

EX(0B)C (%) 74 75 79 

The range of model fitting varies from 55% (EYB0) to 81% (ECX1) with the LSTM+SGD, from 

71% (EZX0) to 90% (EYB0) with the LSTM+RMSProp and from 77% (EZX0) to 93% (EXX1) 

for the LSTM+Adam, which has the best performance. The quality of prediction is maintained 

even after 40 hours of the testing process. The drift of prediction in the testing process of the main 

error parameter EYB0 comes later than in [64]. The fitting quality varies significantly between the 

optimizers. Adam has the best fitting performance. However, the training cycles is simpler than 

testing cycles, which may contribute to these differences. Future work will focus on finding other 

optimizers and more combined power training cycles. 
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3.6 Conclusion 

A Stacked LSTM is investigated to model thermally induced geometric errors of a machine tool 

caused by activities on the workpiece side of rotary axes B and C. The input and output variables 

are the drive powers to the rotary axes and the machine geometric error parameters, respectively. 

Drive power is readily available from machine tool controllers whereas temperature sensors within 

the machine structure, which are the preferred input in thermal error prediction, are not so common. 

Three different optimizers, i.e. SGD, RMSprop, and Adam, are used with the Stacked LSTM. The 

trained LSTM is evaluated for their ability to predict the machine errors for a testing process 

significantly different from the training process. The Stacked LSTM+Adam significantly 

outperforms the other combinations to build model in the training process and to forecast error 

parameters in the testing process. The prediction capability without using measured error 

parameters as targets in 40 hours (160 cycles) exceeds 77% for all thermal error parameters, and 

reaches 93% for the dominant error EXX1. One limitation of this method is that there is no general 

rule to determine the optimal structure and parameters for Stacked LSTM except the trial and error 

method. Future works will focus on improving the prediction capability by applying other 

optimizers and training network with more sophisticated heating cycles, including simultaneous 

activity of all considered axes.  
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Abstract: The activities of the rotary axes of a five-axis machine tool generate heat causing tem-

perature changes within the machine that contribute to tool center point (TCP) deviations. Real 

time prediction of these thermally induced volumetric errors (TVEs) at different positions within 

the workspace may be used for their compensation. A Stacked Long Short Term Memories 

(SLSTMs) model is proposed to find the relationship between the TVEs for different axis command 

positions and power consumptions of the rotary axes, machine’s linear and rotary axis positions. 

In addition, a Stacked Gated Recurrent Units (SGRUs) model is also used to predict some cases, 

which are the best and the worst predictions of SLSTMs to know the abilities of their predictions. 

Training data come from a long motion activity experiment lasting 132 h (528 measuring cycles). 

Adaptive moment with decoupled weight decay (AdamW) optimizer is used to strengthen the 

models and increase the quality of prediction. Multistep ahead prediction in the testing phase is 

applied to seven positions not used for training in the long activity sequence and 31 positions in a 

different short activity sequence of the rotary axes lasting a total of 40 h (160 cycles) to test the 

ability of the trained model. The testing phase with SLSTMs yields fittings between the predicted 

values and measured data (without using the measured values as targets) from 69.2% to 98.8%. 

SGRUs show performance similar to SLSTMs with no clear winner. 

Keywords: volumetric errors; deep learning; machine tool; thermal errors 

4.1 Introduction 

Machine tool accuracy may degrade significantly due to thermal effects resulting partly from heat 

generated by the drives and the motions of rotary axes [64]. One way to re-duce these errors is real 

time compensation to cancel TCP deviation at an arbitrary point in the work space by adjusting its 
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command position [95]. Mayr et al. stated that precise pre-dictions of thermal errors through 

models are fundamental for effective real time compensation [2]. The higher the predictability of 

the thermal error models, the more accurate the compensation will be. 

Brecher et al. developed first and second order transfer functions between the thermal volumetric 

errors (TVEs) of a three-axis machine tool as outputs and the internal control data (rotational speeds 

and motor currents) and environment temperature as inputs [73]. Horejs et al. compensated thermal 

displacements in the y and z directions of the TCP through thermal transfer functions that were 

achieved using Matlab’s System Identification Toolbox. The inputs are the temperatures from 

inside the main spindle, ram and base of the horizontal milling machine, ambient temperature and 

spindle speed and the out-puts are the thermal displacements [96]. Liu at al. modelled thermally 

induced volumetric errors based on the 21 geometric error components and nine thermal drift errors 

for milling and boring machine using rigid body kinematics. Only volumetric error in the z 

direction identified as the main error was compensated with Programmable Logic Controller and 

the machine’s computer numerical controller (CNC) [97]. Mayr et al. found compensation values 

for individual thermal errors of rotary axis and main spindle from a gray box model using cooling 

power as input [62]. Yu et al. investigated the dependence of volumetric errors on spindle speed 

and temperature at pre-defined points through polynomial regression model. The model with 

closest predictability to the measured outputs is chosen [72]. Bitar-Nehme and Mayer developed 

first order transfer functions with delay terms to predict individual machine geometric errors as 

output from power consumptions as input. The machine table thermal expansion was also predicted 

[64]. Baum et al. modeled thermally induced volumetric error from the 21 geometric errors 

components for a three-axis machine tool through rigid body kinematics. Error components were 

measured with integral deformation sensors in the training process and the R-test based procedure 

in the testing process [98]. Liu et al. established a mechanism-based error model to identify three 

thermally induced error terms of linear axes X, Y, and Z as functions of time and positions. With 

spindle system, they modelled relationship between two angular thermal errors yaw and pitch, two 

thermally translational errors in x and y directions, and spindle elongation with temperatures of 

critical key locations by multivariate linear regression analysis [99]. 

The above models show their ability to predict the TVEs (data sequence) of the ma-chine tools. 

However, the volume and variety of data become bigger; the model has more clues to predict 
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outputs better, but the calculation cost and internal parameters increase. In some cases are over the 

capability of manual analysis [77, 100]. Elaborate training of the model is expected to be able to 

guarantee reliable results in the long term [101]. Deep learning technique enables learning complex 

relations and is a new approach for these problems. LSTM and GRU networks have attracted 

attention in recent time and Liang et al. proved that they have a better quality than Convolutional 

Neural Network (CNN) and Recurrent Neural Network (RNN) for processing sequence data and 

avoiding overfitting problem [83]. Ngoc et al. [100] applied LSTM to predict multi step ahead data 

of thermally induced geometric errors, which define the errors between and within individual 

machine axes, from activity cycles involving the two rotary axes B and C of a five-axis machine 

tool. Others [84-87] presented the efficiency of LSTM networks for modelling the thermal 

behaviors of a machine tool. [84, 85] modeled the thermal elongation of spindle as a function of 

rotational speed. [86] used thermal elongation of spindle in the z direction as output and 

temperature at key locations as inputs. [87] found the relationship between thermal errors of ball 

screws and temperature of the feed drive system. While in [100] thermally induced geometric errors 

(TGEs) were predicted using SLSTM, the current paper applies SLSTM and SGRU to directly 

predict the TVEs without the use of a rigid body kinematic model. This avoids having to develop 

the machine kinematic model and may be able to model error sources that a kinematic model may 

not consider. Calculating them from predicted TGEs does not consider errors that cannot be 

explained with the estimated geometric errors [64, 102]. TVEs directly relate to compensation 

values of the thermal errors of paths to move the tool to target positions in the working space of 

the machine tool. These predictions are more difficult than doing TGEs because the predictors need 

to realize not only the change of thermal behavior of machine, but also the positions we want to 

move the tool to. Therefore, the input data include not only the power consumptions of axes B and 

C, but also the machine linear and rotary axis positions. Increasing the number of inputs also in-

creases the calculation cost. With a multivariate and multi-layer network, it may be trapped within 

multiple local minima; Sagheer and Kotb suggest having a suitable optimizer to facilitate the 

training of deep learning models [31]. Stochastic optimization is successfully applied in Deep 

learning [103] and Adam [43] is a popular optimizer. Adaptive moment with decoupled weight 

decay (AdamW) optimizer [104] is a modification of Adam with flexible learning rate, decoupling 

the weight decay from the gradient update, is expected to make the networks converge faster and 
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improve accuracy. The proposed scheme is presented in six sections: Section 4.1 reviews previous 

works. Section 4.2 describes the experimental process. Section 4.3 presents the neural network 

configurations of the SLSTMs and SGRUs models. Section 4.4 shows the training and predicting 

processes. The results and discussion are in Section 4.5 and the conclusion follows in Section 4.6. 

4.2 Experimental process 

Motion sequences for machine axes were designed to warm up the machine tool without any 

machining [64, 105], while measuring the TVEs, or TCP displacements between a contactless R-

test device (sensor nest) [106] and ball artefacts on a Mitsui-Seiki HU40T horizontal machining 

center with wCBXfZY(S)t topology as described in [64]. Figure 4.1 illustrates the experimental 

setup. Four separate artefact balls are fixed on stems with different lengths and a scale bar made of 

Invar with two balls separated by a calibrated distance on the work-piece side, while the sensor 

nest is mounted in the spindle on tool side. 

 

Figure 4.1. Experimental setup. 

Heating (rotary axes’ motions at different speeds) and cooling (machine stopped) cycles are shown 

in Figure 4.2 (on the left). Figure 4.2 (on the right) illustrates ambient temperature controlled 

between 22.1 and 23.5 Celsius degrees in 132 h (528 cycles) training process. 
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Figure 4.2. Heating and cooling processes and ambient temperature. 

The activity sequences are implemented using a machine tool G-code. TCP positions are measured 

at 15 min intervals for both training and testing processes. TVEs, estimated by the Scale And 

Master Ball Artefact (SAMBA) method [107] in both processes in the x, y, and z directions, are the 

subtractions of the initial value from all subsequent values to avoid the effect of machine quasi-

static geometric errors as given by Equation (). 

TVE = VE - VE0 (4.1) 

Figure 4.3 on the left shows the long process of activity with different measured powers of the B 

and C rotary axes lasting 132 h. In this process, each axis is exercised separately to capture their 

individual effect on the behavior of the machine tool. Figure 4.3 on the right shows the short process 

lasting 40 h with individual and simultaneous motions of rotary axes, which was run after some 

days and with similar starting condition to the long process. The short process is different from the 

long process and includes individual axis motions as well as combined axis motions as would be 

likely during a machining process. 
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Figure 4.3. Long (left) and short (right) cycling processes [100]. 

4.3 Stacked LSTMs and GRUs 

An LSTM unit has three gates: an input gate (it), an output gate (0t) and a forget gate (ft) as shown 

in Figure 4.4 (on the left). 

  

Figure 4.4. LSTM and GRU unit. 

The function of the LSTM unit is to remove or add information to the cell state Ct that is carefully 

regulated by these three gates. C෡ t represents new information that can be applied to cell state Ct. 

Ht is the hidden state; σ and tanh are sigmoid and tangent activation functions, respectively. 

Gated recurrent unit (GRU) [37] is also working by a gating mechanism. GRU unit contains a reset 

gate rt and an update gate zt. GRU does not have an output gate Ot and long-term memory unit C෡ t 

as the LSTM unit. Both of them have the ability to eliminate the vanishing gradient problem by 

keeping the relevant information and passing it to the next time steps of the network. 

SLSTM/SGRUs in Figure 4.5 consists of stacked layers of LSTMs/GRUs and the output layer 

makes a prediction [31]. The SLSTMs/SGRUs run when the first LSTM/GRU layer takes the input 

sequence and every LSTM/GRU layer feeds hidden states to the next LSTM/GRU in the stack. 

SLSTMs/SGRUs calculates only one error signal at the final output layer, and then back propagates 

it through all previous layers [31]. This structure is programmed with Pytorch library in Python 

using torch.nn.LSTM/GRU. 
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Figure 4.5. Stacked LSTMs and GRUs structure. 

4.4 Training and testing processes 

The machine schematic in Figure 4.6 shows TVEs measured at four artefact balls. The workpiece 

and tool branches are illustrated in green and black colors, respectively. 

 
Figure 4.6. Machine schematic with thermally induced volumetric errors. 

The TVEs have three positioning error components as described in Equation (4.2). These error 

components may change with activities of the B- and C-axis, positions, and indexations. 

TVEi = [TVEix TVEiy TVEiz]T with i = 1:N (4.2)

where N is the number of measured positions. 
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In the training phase, the SLSTMs/SGRUs models are built using long process data, as illustrated 

in Figure 4.7, and TVEs in 24 positions of the artefact balls 1, 2, and 3, shown in Table 4.1, are 

used as targets. The power consumptions of the axes B and C, the 24 linear axis positions used to 

move the sensor nest to the ball artefacts and the nine (B, C) indexations, or rotary axis positions, 

are used as inputs. 

 
Figure 4.7. Flow chart of the training process. 

The testing phase will consider two cases: long test data consisting of TVEs at seven positions of 

artefact ball 4 as well as the short test data of all 31 positions at all four artefact balls. 

Table 4.1. 31 positions with nine different indexations of balls 1, 2, 3, and 4. 

Positions of Artefact Balls 
Indexations A,B,C 

(Degrees) 

P1,1,1
 P1,2,2

 P1,3,3
  0 −90 135 

P2,4,1
 P2,5,4

 P2,6,3
  0 −90 −45 

P3,7,3
 P3,8,4

 P3,9,1
 P3,10,2

 0 −30 −60 

P4,11,1
 P4,12,2

 P4,13,3
 P4,14,4

 0 0 180 

P5,15,2
 P5,16,3

 P5,17,4
 P5,18,1

 0 0 0 

P6,19,3
 P6,20,4

 P6,21,1
 P6,22,2

 0 20 15 

P7,23,2
 P7,24,3

 P7,25,4
  0 90 45 

P8,26,3
 P8,27,2

 P8,28,1
  0 90 −45 
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P9,29,4
 P9,30,1

 P9,31,2
  0 90 −135 

where: Pq,i,k with q = indexation (1 to 9); i = linear axis position (1 to 31); k = artefact (1 to 4). 

The 31 linear axis positions are shown in Figure 4.8. These positions are pre-determined by 

calculations based on the indexations of B and C axes and the artefact’s positions in the machine 

frame. They are used for the G-code to move the sensor nest to the four artefact balls. 

 
Figure 4.8. 31 linear axis positions at four artefact balls in the machine frame. 

SLSTMs/SGRUs [33] are capable of capturing longer patterns in sequential data. AdamW 

optimizer is used to generate the optimized weights and biases based on the outputs of the 

SLSTMs\SGRUs and the measured TVEs at 24 different positions. In Figure 4.7, 

Inputj = ቂPowerBj,PowerCj,xj,yj,zj,bj,cjቃ
T
with j = 1: n; p is the number of inputs in one sample = 

8; n is the number of training data = 528 × 24 = 12,672, corresponding to 24 position measurements 

or observations at each of the 528 measurement cycles; 

Targetj is the desired yj of SLSTMs/SGRUs equal to the measured TVEj; ቂyp,…,ynቃ = trained 

ൣTVEp,…,TVEn൧; U, W and b are weight and bias that need to be updated after each batch (number 

of training samples) in the training process as Equations (4.3) to (4.5) [45] 

Wnew = (1-λw)Wold- 
ηw

ඥvොwt+ϵ
mෝ wt  (4.3)

Unew = (1-λu)Uold - 
ηu

ඥvොut+ϵ
mෝ ut  (4.4)
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bnew = (1-λb)bold - 
ηb

ඥvොbt+ϵ
mෝ bt  (4.5)

where η is the learning rate, ϵ = 10−8, mෝ  and vො are bias-corrected first and second moment estimates 

and λ is the rate of the weight decay per step. 

The diagram in Figure 4.9 shows the testing procedure applying multistep predictions with the 

trained SLSTMs/SGRUs and inputs without using measured TVEs as targets. In this phase, to 

match the initial conditions, eight first states with values of zeros are added to the data sequence, 

as Ngoc et al. conducted this in [100]. 

 
Figure 4.9. Prediction process of thermally induced volumetric errors. 

In Figure 4.9: Inputt = ൣPowerBt,PowerCt,xt,yt,zt,bt,ct൧
T
, t = 1 to m+8, p = 8, m = 528 and 160 

cycles in the long and short processes, respectively; and ቂyp…ym+8ቃ = Predicted ൣTVEp…TVEm+8൧. 

4.5 Results and discussions 

In this section, the prediction ability of the trained SLSTMs for all TVEs are shown before some 

the best and worst cases are chosen to compare with the SGRUs’. In the training phase, three 

Stacked LSTMs are used to build the models for TVEx, TVEy and TVEz separately. Data of the 

thermal behaviors of the machine in 24 positions (31 positions of Table 4.1 less positions 5, 8, 14, 

17, 20, 25, and 29 of ball 4) were put in series. Figure 4.10 shows the measured and predicted 

thermal volumetric errors (TVEs) for each of the 24 balls’ positions where for each position, 528 

measuring and prediction cycles are conducted. The results for each position are concatenated 

horizontally, so the timeline of the abscissa repeats for every position (Pi) for compactness of 

presentation. 
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Figure 4.10. Training TVEx, TVEy, and TVEz from 24 positions in the long training process. For 
example, between P2 and P3 are the 528 cycle measured and predicted thermal volumetric errors 

at position P3 (1 cycle = 15 min). 

The B axis has a greater impact on volumetric errors (TVEs) than the C axis. In fact, B axis activity 

dominates almost all of the TVEx. However, the influence of C axis activity relative to the B axis 

increases for TVEy and TVEz. 

In the testing phase, three sets of volumetric errors were considered to test the ability of the trained 

model: data of seven positions at ball 4 in the long process (different positions in workspace but 

same process with training data), and data of 31 positions in the short process which is divided in 

two sets: the first set with 24 positions at balls 1, 2, 3 (same positions but different process) and the 

second set with seven positions of ball 4 (different positions and process). Due to the limitation of 
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space, some of the best and the worst predictions of the TVEs in each set are presented. Multistep 

predictions (528 steps (cycles)) for positions P14 and P20 in the long process are computed and 

illustrated from Figure 4.11 to Figure 4.13. In the short process, 160 prediction steps are shown 

from Figure 4.11 to Figure 4.19 for positions P4, P5, P9, and P25. 

 

Figure 4.11. Prediction of TVEx14 and TVEy14 in the long process (LP) (1 cycle = 15 min). 

 

Figure 4.12. Prediction of TVEz14 and TVEx20 in the long process (LP) (1 cycle = 15 min). 

  

Figure 4.13. Prediction of TVEy20 and TVEz20 in the long process (LP) (1 cycle = 15 min). 



57 

 

 

The trained model appears to have difficulty predicting TVEz20 from cycles 300 to 450, as its 

parameters tend to rely heavily on the patterns observed in the training data and do not adjust well 

to changes in TVEz20 during the testing process. As a result, the model’s predictions for TVEz20 

during this period are likely to be inaccurate. Conversely, TVEz14 tends to be better predicted 

during this time. The model is able to adapt more easily to changes in TVEz14. 

  

Figure 4.14. Prediction of TVEx6 and TVEy6 in the short process (SP) (1 cycle = 15 min). 

 

Figure 4.15. Prediction of TVEz6 and TVEx9 in the short process (SP) (1 cycle = 15 min). 
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Figure 4.16. Prediction of TVEy9 and TVEz9 in the short process (SP) (1 cycle = 15 min). 

 

Figure 4.17. Prediction of TVEx5 and TVEy5 in the short process (SP) (1 cycle = 15 min). 

  

Figure 4.18. Prediction of TVEz5 and TVEx25 in the short process (SP) (1 cycle = 15 min). 

  

Figure 4.19. Prediction of TVEy25 and TVEz25 in the short process (SP) (1 cycle = 15 min). 

The Root Mean Square Errors (RMSEs) and fittings of predictions compared with measured values 

are calculated by Equations (4.6) and (4.7) are shown from Figure 4.20 to Figure 4.24. 
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RMSE=ට
∑ (Prediction valuesj-Measured valuesj)

2n
j=1

n
  (4.6)

fitting (%)= ൬1-
RMSE

หMeasured valuesjmax-Measured valuesjminห
൰ *100  (4.7)

  
 

Figure 4.20. RMSEs and fittings of seven positions at ball 4 in the long process (LP). 

  

Figure 4.21. RMSEs and fittings of eight positions at ball 1 in the short process (SP). 

 

Figure 4.22. RMSEs and fittings of eight positions at ball 2 in the short process (SP). 
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Figure 4.23. RMSEs and fittings of eight positions at ball 3 in the short process (SP). 

 

Figure 4.24. RMSEs and fittings of seven positions at ball 4 in the short process (SP). 

The changes of TVEs depend on the inputs: powers of rotary axes, durations of activities, positions, 

and indexations. The trained models have capability to predict TVEs, respectively illustrated from 

Figure 4.11 to Figure 4.24 and Figure 4.25 presents a set of TVEs in 33 linear axis positions with 

directional components of TVEx, TVEy, and TVEz at one cycle in the testing process. Predictions 

of TVEs of seven positions at ball 4 in the long process can reach very high fitting with RMSE = 

2.2 μm (fitting = 98.8%) for TVEy14, while the lowest proportion of fitting in this process is for 

TVEz20 with RMSE = 5.6 μm (fitting = 80.3%). 
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Figure 4.25. 31 linear axis positions and an example set of TVEs. 

The trained models gave less quality when they predict TVEs at 7 positions at ball 4 in the short 

testing process as shown by RMSEs from 3.3 μm (86.7% fitting) for TVEx5 to 4.8 μm (75.27% 

fitting) for TVEz5. The predictions are good for positions at ball 1, 2, and 3 in the short testing 

process with the highest fitting 91.6% (1.8 μm) for TVEx9, and the worst case in this process with 

69.2% (7.5 μm) for TVEz6. The results also indicate that the model gives the highest capability of 

prediction for TVEy and the worst for TVEz. These situations happened in [100], with geometric 

errors relating to y and z components. There are some over responses of the trained model in the 

beginning of the short process for all TVEs, but the predictions gradually improve to closely track 

the measured values for the rest of the process. Figure 4.20 to Figure 4.24 reveal an interesting 

finding: for the positions located at the artifact ball four, TVEy tends to have a higher fitting than 

TVEx and TVEz. On the other hand, for the positions located at the artifact balls one, two, and 

three, TVEx tends to dominate the others. 

The SLSTMs model showed its ability to predict thermally induced volumetric errors of the 

machine tool based on the motor powers of the rotary axes. GRU unit was invented after LSTMs 

with a simpler structure for time series application. The question is: which one is better for data 

sequences? To answer this question, this work continues by taking some cases including the best 

and worst predictions of SLSTMs and uses SGRUs to train model and predict these thermally 

induced volumetric errors with similar structure, learning rate, and weight decay. 
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SLSTMs predict TVEy14, TVEx4 better than SGRUs as shown in Figure 4.26 to Figure 4.29 with 

RMSEs = 2.2 μm, 2 μm and 2.4 μm, 4.4 μm, respectively. For TVEz5, 6, SGRUs performs better 

with RMSEs = 3.2 μm and 6.6 μm, while SLSTMs have RMSEs turnoff 4.8 μm and 7.5 μm. Both 

the SLSTMs and SGRUs proved that they have potential to predict the sequence data. The results 

in this section partly prove the ability of SLSTMs and SGRUs to predict TVEs at the 40 h process 

with different activities and inputs. 

  

Figure 4.26. Prediction of TVEy14 by SLSTMs and SGRUs in the long process (LP) (1 cycle = 
15 min). 

 

Figure 4.27. Prediction of TVEz5 by SLSTMs and SGRUs in the short process (SP) (1 cycle = 15 
min). 
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Figure 4.28. Prediction of TVEz6 by SLSTMs and SGRUs in the short process (SP) (1 cycle = 15 
min). 

 

 

Figure 4.29. Prediction of TVEx4 by SLSTMs and SGRUs in the short process (SP) (1 cycle = 15 
min). 

This study has several limitations that should be taken into account. Firstly, the heat sources are 

limited to the rotary axes, which may affect the quality of predictions of TVEz. To improve the 

accuracy of the predictions, it may be beneficial to include more information on the activities of 

the linear axes and temperatures as inputs. Additionally, the ambient temperature should not be 

overlooked as it can directly affect the change in temperature of the axes following a sequence of 

activities. 

4.6 Conclusions 

In this study, an approach using SLSTM/SGRU for directly predicting thermally induced 

volumetric errors without the use of a kinematic model with geometric error parameters was 
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proposed. SLSTMs\SGRUs+AdamW are used for modelling and predicting the sequential data. 

The training and testing data sets used different positions and different B- and C-axis exercise 

cycles. The SLSTMs model’s best prediction in the long process reached RMSE of 2.2 μm (98.8% 

fitting to the experimental measurement), while in a short testing process, it achieved 1.8 μm 

(91.6%). The worst case predicted by the model in pro-cesses is 7.5 μm (69.2% fitting). This work 

gives a potential solution in practice to predict the thermal volumetric errors at different positions 

in the workspace directly over an ex-tended period of 40 h without the need for remeasuring the 

thermal errors, which allows sufficient time for the machining of most workpieces. 

A comparison between two popular deep learning models for sequential data, SLSTMs and 

SGRUs, is carried out for some outstanding TVEs. The purpose is to determine which one is better 

for this application. Their capabilities were similar. 

Future work can focus on exploring the heat sources associated with the activities of five-axis 

machine tools, as well as examining the robustness of deep learning models when faced with 

variations in ambient temperature. 
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Abstract 

Applying Deep learning LSTM (Long Short Term Memory) for thermally induced error problems 

in machine tool has achieved positive outcomes. However, many studies fail to mention the model 

uncertainty, which refers to output distribution or confidence bounds caused by variations in model 

parameters. In manufacturing, the model uncertainty is relevant because it provides operators with 

greater confidence to decide if predicted thermal errors are reliable without needing to re-measure 

the outputs over a long period. This study involves building a deep learning model capable of 

predicting thermally induced kinematic errors (TKEs) of a five-axis machine tool in multistep time 

series while offering confident upper and lower bounds. Dropout technique is employed to prevent 

network overfitting as it causes output variation. Hence, Monte Carlo dropout (MCD) is used to 

establish the prediction distribution during the testing process. Separate training and testing 

experiments are conducted to investigate the thermal effects of a five axis machine tool activities 

over 264 hours and 84 hours, respectively. The confidence of predictions ranges from 50% to 99%. 

Keywords: 

Bayesian SLSTMs, Monte Carlo dropout (MCD), model uncertainty, confident bounds, machine 

tool, thermal errors. 
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5.1 Introduction 

The distribution of a model’s outputs caused by input variance are investigated in [108, 109], but 

less attention has been paid to another potential effect from model’s structure. Although deep 

learning is becoming increasingly popular for modelling thermal behaviors of machine tool, the 

stochasticity of the model’s structure and parameters can lead to unstable outputs. One question 

that arises is: how robust is a deep learning model? Ngoc et al. modelled thermal behavior of 

machine tool, but did not account for the distribution of predictions [100, 110]. [111] demonstrated 

that the model’s output distribution can be determined by calculating a probability distribution over 

the model parameters instead of having the deterministic weights and single point optimization. 

Bayesian method can be applied to do this task. 

[112] used Bayesian network to predict thermal errors in a machine tool under different conditions 

using Support Vector Machine (SVM) model. The SVM builds relationships between temperature 

rise of the X-axis ball screw nut and thermally induced X-axis positioning error of a three axis 

vertical machining center, accounting for variations in axis rates, spindle speeds and loads on the 

X-axis table. In [113] Papananias et al. proposed Bayesian regularized artificial neural networks 

for modelling and predicting the distribution of points’ actual coordinates with inputs: nominal 

coordinates, ambient temperature and temperature of the work-piece. [114] modelled the 

correlation between the temperature field (the set of temperature values at all points in a given 

space at a given instant) rise and position error of the feed drive system across various operating 

conditions by Bayesian Neural Network (BNN). Similarly, [20] applied BNN to model the thermal 

errors of the XY linear motor feed system. [115] generated a probability of stability map with 

Bayesian machine learning in the spindle speed-axial depth of cut domain. These works used the 

basic structure of neural network. 

LSTM is known for processing time series data. Weights and biases are optimized based on global 

minimum of loss function or maximizing likelihood function. Dropout technique is popular to 

prevent the overfitting of the LSTM model [52], but this leads to random outputs at each stage or 

the output distribution of the model (posterior distribution). Like neural networks, LSTM networks 

are deterministic functions that train the models by pointwise optimization for sequential data. It 
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does not have the ability to qualify the posterior distribution, which may not be reliable in decision 

making [50, 54, 116, 117]. 

In [50] it is shown that it is difficult to estimate Bayesian variational inference in deep learning like 

convolutional neural networks and SLSTM (Stacked LSTM) due to the high dimensionality of the 

parameter space. [50, 61] opened new way to use Monte Carlo dropout (MCD) to approximate 

variational inference. Firstly they modified the distribution of the weights by applying a prior 

distribution over them, which is done by using Bernoulli distribution through the dropout 

technique. Repeating the model’s training process in number of epochs could get multiple possible 

outputs, which were then averaged using MC. This is similar to a Bayesian approximation. 

Fujishima et al. [118] applied Monte Carlo dropout to approximate Bayesian inference for 

Convolutional neural network. This work investigated the prediction capability in severe situation 

with unexpected temperature change and sensor failure by generating the prediction range based 

on the mean and variances of prediction values. [100, 110] proved SLSTM is a potential solution 

to predict thermal errors in machine tool in long term without re-measurement of the outputs. This 

work quantifies the posterior distribution of deep learning with SLSTM model with data from 

activities of the two rotary and three linear axes of a five-axis machine tool. This study is presented 

in six sections. Section 5.1 reviews previous works. Section 5.2 describes the experimental process. 

Section 5.3 shows the thermal kinematic errors. Section 5.4 presents MCD for SLSTMs. The results 

and discussion are in Section 5.5 and the conclusion follows in Section 5.6. 

5.2 Experimental process 

Figure 5.1 shows the experimental setup on a five axis machine tool model HU40T made by Mitsui 

Seiki. Two datasets, one for the training and the other for the testing process of the thermal effects 

are generated from activities of all five axes. The spindle is not active as it is not considered in this 

study. 
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Figure 5.1. Experimental setup with four artefact balls, the scale bar, a wireless temperature 

sensor on the work-piece side and the Capball on the spindle side 

Four stem mounted artefact balls are fixed to the work table on the work-piece side. The Capball 

measuring head with five capacitive sensors is installed in a tool holder and mounted on the spindle 

[105] to provide measurements of the ball positions that are analyzed using the SAMBA method 

[107], which yields estimates of the kinematic errors of the five-axis CNC machine tool. Two 

experiments were conducted at different axes’ speeds and combination of activities of the five axes. 

The first experiment lasted 264 hours including 24 hours of machine warming, 24 hours of heating 

through exercising for each axis, and 24 hours of cooling through resting between the heating of 

each axis. The second experiment lasted 84 hours, with 24 hours of warming, 36 hours of the 

simultaneous movements of all five axes at two speed levels, and 24 hours of cooling. Every 15 

minutes, in the first and second experiments, a measuring cycle lasting almost 4 minutes is 

conducted using the Capball at 45 and 46 linear axis positions, respectively. These measured 

positions are at four artefact balls, which are calculated based on the indexations of the B and C 

axes as well as the positions of the artefact balls on the work table, as shown in Figure 5.2. B- and 

C-axis indexations are illustrated in Figure 5.3. 
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Figure 5.2. Linear axis positions in the training and testing processes 

 

Figure 5.3. B- and C-axis indexations in the training (left) and testing (right) processes 

The positions of the four artifact balls and the indexations of the B and C axes in the first experiment 

are different from those in the second experiment. As a result, the measured positions during the 

testing process (the second experiment) are dissimilar to those in the training process. Figure 5.4 

show the activity sequences with the supply powers of axes X, Y, Z, B, and C. 
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Figure 5.4. Training (left) and testing (right) processes 

Only seven temperature sensors are used as these are fairly intrusive. In addition, supply powers 

are also measured and is the preferred data source in this work. The temperature sensors are K-type 

wired and wireless ones, which are mounted on the bearings of axes X, Y and B, Z axis’s ball nut 

and the table (work-piece), near the C-axis. One thermocouple measures the ambient temperature 

inside the machine tool. These temperatures and the five axes’ supply powers are the inputs of the 

model for the training and testing processes. 

 

Figure 5.5: Temperatures in the training (left) and testing (right) processes 

Figure 5.5 shows the temperatures at different times for different temperature sensors. The initial 

conditions to start both training and testing processes are close with ambient temperatures of 21.1 

C and 21.3 C, respectively. 
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5.3 Thermal kinematic errors 

To get the machine tool’s kinematic errors data for the deep learning model, this work uses 

SAMBA method [107] to estimate kinematic error parameters. The thermally induced kinematic 

errors, TKEs, are the subtractions of their initial values, KE0, from all subsequent values, KE. 

TKE = KE – KE0 (5.1) 

A total of 13 kinematic errors are estimated as shown in Figure 5.6 and their descriptions are 

presented in Table 5.1 

   

Figure 5.6: Machine schematic with thermally induced kinematic errors 

Table 5.1. 13 thermally induced kinematic error parameters 

Kinematic error 

parameters 

Description 

EXX1 1st degree term of linear positioning error motion in X-axis (mm/mm) 

EYY1 1st degree term of linear positioning error motion in Y-axis (mm/mm) 

EZZ1 1st degree term of linear positioning error motion in Z-axis (mm/mm) 



72 

 

 

EBB0=EB(0X)C Out of squareness angle of C-axis relative to X-axis (radian) 

EBB1 1st degree term of angular positioning error motion of B-axis 

(radian/radian) 

ECC1 1st degree term of angular positioning error motion of C-axis 

(radian/radian) 

EXB0=EX(0B)C Distance error between C and B-axes (mm) 

EAX0=EA(0Z)B Out of squareness angle of B-axis relative to Z-axis (radian) 

ECX0=EC(0X)B Out of squareness angle of B-axis relative to X-axis (radian) 

EAB0=EA(0B)C Out of squareness angle of C-axis relative to B-axis (radian) 

ECZ0=EC(0X)Y Out of squareness angle of Y-axis relative to X-axis (radian) 

EXZ1=EB(0X)Z 1st degree term of straightness error motion of Z-axis in X-axis = Out of 

squareness angle of Z-axis relative to X-axis (mm/mm or radian) 

EAZ0=EA(0Z)Y Out of squareness angle of Y-axis relative to Z-axis (radian) 

 

5.4 MCD for SLSTMs 

LSTMs are popular for processing time series data. The differences between LSTMs and Recurrent 

neural networks (RNNs) are the gates (forget gate (ft), input gate (it) and output gate (ot)), the 

activation functions sigma σ and tanh, and cell state, which can help prevent the vanishing gradient 

problem commonly encountered in the RNNs.  

The output of each LSTM unit is calculated as follows: 

Ht=σ(ft*ct-1+it*σ(Wcxt+UcHt-1+bc)) (5.2) 

Yt=WhHt (5.3) 

where Ht and Yt are hidden state and output at state t; Wc, Uc and bc are weights and bias of the 

model. 

Dropout [52] is a technique that is used in deep neural networks with a large number of parameters 

to deal with overfitting problem. It regularizes the networks by randomly deactivating neurons. In 
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this work, dropout is applied for SLSTM as shown in Figure 5.7. The dropout rate = 0.5 is chosen 

based on [119]. 

 

Figure 5.7. SLSTM with dropout 

The SLSTMs have two hidden layers, the widths of these two layers are 48 and 8, respectively. 

Dropout is illustrated in Figure 5.7 by rectangles with crosses. The input variables xt are the ambient 

temperature, supply powers and temperatures at predetermined positions, which are selected 

depending on their impacts on the thermal kinematic errors. The outputs Yt are the predicted 

thermally induced kinematic errors. The first value is Yj with j=size of input sample for deep 

learning model. This work uses j = 8.  

Bayes’ theorem offers a mathematically grounded technique for quantifying model uncertainty [48, 

49]. The model uncertainty is estimated by finding posterior distribution p(θ|X,Y): 

p(θ|X,Y)=
p(Y|X,θ)p(θ)

p(Y|X)
 (5.4) 

where p(Y|X,θ) is the likelihood, p(Y|X) is the evidence, and p(θ) is the prior distribution. X, Y 

are the inputs and outputs of the model in the training process and θ = [W,U,b] are the model 

parameters. 

Gal [50] showed that Bayes’ theorem can be incorporated into available neural network without 

modifying the models or the optimization to determine the distribution of output. The posterior 

distribution p(θ|X,Y) is the main part in the predictive output distribution p൫Y*หX,Y,X*൯ with new 
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inputs X*. However, estimating the posterior distribution is still a challenge for multilayer 

networks. Gal proposed a mathematically practical solution that uses MCD to address this problem 

in deep learning networks [50, 61].  

MCD is simply equivalent to performing T stochastic forward passes through the network with 

different dropout configurations, which create a distribution of predictive values. These values are 

recorded and averaged at each stage to find the mean and divergence of prediction that is equal to 

finding model uncertainty [50], [61] as shown in Figure 5.8. 

 

Figure 5.8. MCD diagram 

MC is applied to calculate means and deviations of the predictions: 

yොത
*
≈

1

T
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T

t=1

 (5.5) 

Standard deviation (std) presents normal distribution around a central region of the mean of 

predictions, which illustrate the confidence range of the potential network outputs. Model’s 

predictive std is 

std
qቀy*

ቚx*
ቁ
൫y*൯=ඩ
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T
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*
)
2

T
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(5.6) 

5.5 Results and discussion 
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Five thermal kinematic errors EBB0, EBB1, ECC1, EC(0X)B, EC(0X)Y are excluded in this 

section because they exhibit a weak response to the activities of axes as shown in Figure 5.9, Figure 

5.10 and Figure 5.11.  

 

Figure 5.9. Measured values of TKEBB0 and TKEBB1 in the training process 

   

Figure 5.10. Measured values of TKECC1 and TKEC(0X)B in the training process 
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Figure 5.11. Measured values of TKEC(0X)Y 

Their thermal variations are smaller than 1210-6 (radian or radian/radian) in the training process, 

which corresponds to around 3 microns of volumetric error. The geometric symmetry of the 

machine tool with respect to the YZ plane, coupled to the symmetrical bidirectional heating activity 

of the B- and C-axis, might have limited the thermal variations of the three errors TKEBB0, 

TKEC(0X)B and TKEC(0X)Y. The effect of C-axis activity on TKECC1 can be seen on Figure 

5.10 (left), but it is negligible. The other eight thermal kinematic errors will be investigated to 

illustrate the objectives of this work. 

The training process is carried out in pre-set epochs = 150 (the number of passes of total training 

dataset through the network) using Adam optimizer with the learning rate = 0.001. Typically, 

datasets are divided into batches and after each batch, the model parameters are updated. Before 

presenting the distribution of predictions, several factors are taken into account, such as selection 

of inputs for model and the impact of ambient temperature to accuracy of trained model’s 

predictions. In order to support the objectives outlined in the subsequent parts, some thermal 

kinematic errors are presented by plots, while the remaining ones are summarized in the table under 

their corresponding RMSEs. 

Inputs for training model 

The objective of this part is to select the most suitable inputs, which is important in building the 

model [120]. 
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Figure 5.12 and Figure 5.13 show the predictions of TKEYY1 and TKEA(0B)C with different 

inputs from one side (work-piece (W) or spindle side (S)) or both sides (WS). 

 

Figure 5.12. Predictions of TKEYY1-S with inputs from spindle (S) side (left) and TKEYY1-WS 

with inputs from both spindle and work-piece sides (right)  

TKEYY1-S presents the predictions of TKEYY1 using the supply powers and temperatures on the 

spindle side as inputs. The predictions of TKEYY1-WS uses the supply powers and temperatures 

on both sides (the spindle and work-piece sides) as the inputs. The RMSEs are 2.2510-6 and 

2.7210-6, respectively.  

 

Figure 5.13. Predictions of TKEA(0B)C-W with inputs from work-piece (W) side (left) and 

TKEA(0B)C-WS with inputs from spindle and work-piece sides (right) 
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The RMSEs for TKEA(0B)C-W and TKEA(0B)C-WS are 3.0210-6 and 3.4710-6, respectively, 

with an advantage for TKEA(0B)C-W. It seems advantageous both for TKEYY1 and TKEA(0B)C 

to use inputs only from the corresponding machine side with the ambient temperature. We continue 

considering the inputs of the model from axes whose activities affect the errors in the training 

process.  

 

Figure 5.14. Measured values of TKEXX1 and TKEA(0Z)B in the training process 

Figure 5.14 (left) shows that the TKEXX1 is affected by the activities of axes X, B and C. 

TKEA(0Z)B on the right of Figure 5.14 varied with the activities of the B, Y and Z-axis. The inputs 

used for training model and predicting TKEA(0Z)B are the temperatures, the supply powers of B, 

Y, and Z-axis and the ambient temperature. 
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Figure 5.15. Predictions of TKEA(0Z)B-W with inputs from work-piece side (left) and 

TKEA(0Z)B-A affected (A) by inputs from B, Y and Z-axis (right)  

Figure 5.15 (left) shows the predictions of TKEA(0Z)B-W with the inputs (supply powers and 

temperatures) from the work-piece side and TKEA(0Z)B-A in Figure 5.15 (right) is predicted from 

the inputs of the axes B, Y and Z. The ambient temperature is also used as an input in above cases. 

The predictions are significantly different with RMSEs = 20.8310-6 and 10.4310-6, respectively. 

It can be explained by considering Figure 5.4, Figure 5.5 and Figure 5.14 (right). The trained model 

gives more importance to the inputs from the B, Y and Z-axis than from the X and C-axis. For 

more detail, the activity of the B, Z and Y-axis (from hour 72 (cycle 288) to hour 192 (cycle 768)) 

in the training process has a bigger effect on TKEA(0Z)B than the activity of X (from cycle (96 to 

192) and C axis (from cycle 864 to 960) as shown in Figure 5.14 (right). The others will be listed 

in Table 5.2 and Table 5.3 by considering the same reason. 

Table 5.2. TKEs and axes’ activities affecting these TKEs  

TKEs Axes’ activities affecting TKEs in training process 

TKEXX1 (mm/mm) X, B, C 

TKEYY1 (mm/mm) Y, Z 

TKEZZ1 (mm/mm) Y, Z 

TKEA(0B)C (radian) B, C 

TKEX(0B)C (mm) X, B, C 

TKEA(0Z)B (radian) B, Z, Y 

TKEB(0X)Z (radian) B, X, Z 

TKEA(0Z)Y (radian) Y, Z 
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Table 5.3. RMSEs of the TKEs in cases of using different supply powers and temperatures as inputs 

Thermal kinematic 

errors 

Inputs from one side 

(work-piece or 

spindle side) 

Inputs from both sides 

(work-piece and 

spindle sides) 

Inputs from axes 

affecting thermal 

kinematic errors  

TKEXX1 

(mm/mm) 

7.0910-6 9.2010-6 7.0910-6 

TKEYY1 

(mm/mm) 

2.2510-6 2.7210-6 2.2510-6 

TKEZZ1 (mm/mm) 3.9010-6 8.7810-6 3.9010-6 

TKEA(0B)C 

(radian) 

3.0210-6 3.4710-6 2.7910-6 

TKEX(0B)C (mm) 0.7910-3 0.8510-3 0.7910-3 

TKEA(0Z)B 

(radian) 

20.8310-6 13.1010-6 10.4310-6 

TKEB(0X)Z 

(radian) 

6.6810-6 6.5510-6 6.0310-6 

TKEA(0Z)Y 

(radian) 

11.2410-6 17.1610-6 9.6910-6 

The trained model’s predictions of thermal kinematic errors are more accurate when inputs are 

from one side rather than both sides such as TKEA(0B)C, TKEX(0B)C, TKEA(0Z)Y, TKEXX1, 

TKEYY1, TKEZZ1. However, for the others like TKEA(0Z)B and TKEB(0X)Z, better predictions 

are obtained when the inputs are provided from both sides. Interestingly, the best predictions are 

achieved when the trained model uses the inputs from the axes that affect the thermal kinematic 

errors as shown in Table 5.2. To proceed, we need to determine whether we should use only the 

temperatures, powers or both. 
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Figure 5.16. Predictions of TKEYY1-P with supply powers (P) of Y and Z-axis and ambient 

temperature as inputs (left) and TKEYY1-T with temperatures (T) at Y-bearing and Z-ball nut 

and ambient temperature as inputs (right) 

Figure 5.16 shows the predictions of TKEYY1 in two cases: TKEYY1-P uses only supply powers 

of Y and Z-axis as inputs and TKEYY1-T uses temperatures at Y-bearing and Z-ball nut as inputs. 

The ambient temperature is also an input in both cases. The predictions can track the measured 

values and the quality of predictions using the temperatures is only slightly better than using the 

supply powers for this thermal error with RMSEs = 2.6110-6 and 2.3110-6, respectively.  

 

Figure 5.17. Predictions of TKEA(0Z)B-P with supply powers of B,Y and Z-axis and ambient 

temperature as inputs (left) and again TKEA(0Z)B-T but with temperatures (T) at B, Y-bearing 

and Z-ball nut and ambient temperature as inputs (right) 
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Conversely, it can be observed that TKEA(0Z)B-P is more closely related to the supply powers of 

B, Y and X-axis used as the inputs than the TKEA(0Z)B-T with the temperatures at B, Y-bearing 

and Z-ball nut as shown in Figure 5.17, whose RMSEs are 11.9110-6 and 20.4510-6, respectively. 

The other cases are presented in Table 5.4 under RMSEs.  

Table 5.4. RMSEs of the TKEs in cases of using the temperatures or the supply powers 

 

Thermal kinematic errors 

RMSE 

Using supply powers as 

inputs 

Using temperatures as inputs 

TKEXX1 (mm/mm) 15.7410-6 15.1810-6 

TKEZZ1 (mm/mm) 13.2010-6 12.0510-6 

TKEA(0B)C (radian) 4.9410-6 6.9910-6 

TKEX(0B)C (mm) 0.8910-3 0.8110-3 

TKEB(0X)Z (radian) 6.7810-6 9.9210-6 

TKEA(0Z)Y (radian) 13.4610-6 21.4910-6 

The predictions of the trained model for some errors using the temperatures as the inputs have 

slightly better quality than the ones with the supply powers such as TKEXX1, TKEYY1, TKEZZ1, 

TKEX(0B)C, while the others in Figure 5.17 and Table 5.4 prefer the supply powers to the 

temperatures as the inputs. 

Based on the RMSEs in Table 5.4 and Table 5.3, we propose to use the ambient temperature, the 

supply powers and the temperatures at axes as selected in Table 5.2 as the inputs to train and predict 

TKEs, which lead to better predictions of the TKEs compared to using the supply powers or the 

temperatures separately.  

Ambient temperature  

The ambient temperature always contributes to the thermal errors and the change of machine 

temperatures [121]. The ambient temperatures in the training and testing processes are shown in 
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Figure 5.5, which are between 21 and 22.5 degrees. In this part, the effect of the ambient 

temperatures on the accuracy of the trained model’s predictions will be studied. The other inputs 

from the selected axes are also used as inputs. 

  

Figure 5.18. Predictions of TKEZZ1: using supply powers of Y and Z-axis and temperatures at 

Y-bearing and Z-ball nut with Tambient (left) and without Tambient (right) in the testing process 

   

Figure 5.19. Predictions of TKEXX1: using supply powers of X, B and C-axis and temperatures 

at X, B, and C bearings with Tambient (left) and without Tambient (right) in the testing process  

Both training and testing processes are sensitive to the ambient temperature. Figure 5.18 and Figure 

5.19 show that the predictive accuracy of TKEZZ1 and TKEXX1 using the ambient temperature 

as the input (left) is higher than the ones depicted on the right without using ambient temperature 

with RMSEs of 3.910-6 and 610-6 for TKEZZ1, and 7.0910-6 and 8.5210-6 for TKEXX1, 

respectively. Table 5.5 shows the comparisons for other six thermal errors. 

Table 5.5. RMSEs of the TKEs in cases of using and not using the ambient temperature as input 
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Thermal kinematic errors Using Tambient as input Not using Tambient as input 

TKEYY1 (mm/mm) 2.2510-6 2.6610-6 

TKEA(0B)C (radian) 2.7910-6 3.2610-6 

TKEX(0B)C (mm) 0.7910-3 0.8410-3 

TKEA(0Z)B (radian) 10.4310-6 11.4610-6 

TKEB(0X)Z (radian) 6.0310-6 6.4010-6 

TKEA(0Z)Y (radian) 9.6910-6 10.2210-6 

Including ambient temperature as an input variable increases the accuracy of the predictions. 

Predicted distribution 

After n epochs of training process with the different dropout structures, a set of trained parameters 

are generated. The output distribution is obtained by applying dropout in the testing process and 

by recording the outputs of many forward passes through the network with the performance of the 

MCD on the testing data. The number of forward iterations performed to get the mean and 

distribution of the predictions is 300.  Figure 5.20 and Figure 5.21 show the predicted boundaries 

of predictions, means of predictions and the measured values of fours thermal kinematic errors 

TKEXX1, TKEYY1, TKEZZ1, and TKEA(0B)C. The predicted boundaries are illustrated with +/- 

two stds between the lower bound blue line and the upper bound black line delimiting a yellow 

region. The std is directly proportional to the confident bounds or the range of expected predictions 

of the probabilistic model. 



85 

 

 

  

    Figure 5.20. The predicted boundaries with +/- two stds for TKEXX1 (left) and TKEYY1 

(right) 

   

 Figure 5.21. The predicted boundaries with +/- two stds for TKEZZ1 (left) and TKEA(0B)C 

(right)  

The predicted values of TKEXX1, TKEYY1, TKEZZ1 and TKEA(0B)C at 336 cycles are tracking 

the measured values. The +/- two std boundaries match and cover the measured values of TKEXX1. 

The region is particularly large during the period when all five axes are moving at higher speed 

from cycle 168 to 240. The other TKEs’ measured values in Figure 5.20 and Figure 5.21 regularly 

exceed +/- two std boundaries. Figure 5.22 and Figure 5.23 showed the predicted boundaries of the 

last four TKEs listed in Table 5.3. 
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Figure 5.22. The predicted boundaries with +/- two stds for TKEX(0B)C (left) and TKEA(0Z)B 

(right) 

   

Figure 5.23. The predicted boundaries with +/- two stds for TKEB(0X)Z (left) and TKEA(0Z)Y 

(right) 

Although the trained model’s predictions tracked the measures values of TKEX(0B)C, 

TKEA(0Z)B, TKEB(0X)Z, and TKEA(0Z)Y, the yellow regions with +/- two stds in Figure 5.22 

and Figure 5.23 do not encompass the measured values most of the time. The worst case falls on 

TKEB(0X)Z in Figure 5.23 (left). To evaluate the fitting between the predictions and the measured 

values, the RMSEs are given in Table 5.3 for the case “Inputs from axes affecting the thermal 

kinematic errors”. The reason to select this case (not the mean of predictions (green lines) in Figure 

5.20 to Figure 5.23 is that it is the best prediction of trained model for each thermal kinematic error 

with smallest RMSE in the training process among multiple models with different dropout 

structures. Table 5.6 presents the fittings, which are calculated by equation (5.7). 
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fitting(%)= ൬1 −
𝑅𝑀𝑆𝐸

𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑣𝑎𝑙𝑢𝑒𝑠௠௔௫ − 𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑣𝑎𝑙𝑢𝑒𝑠௠௜௡
൰ × 100 (5.7) 

Table 5.6. Fitting of eight thermal kinematic errors’ predictions 

TKEs Fittings between the predictions and the 

measured values (%) 

TKEXX1 (mm/mm) 95.47 

TKEYY1 (mm/mm) 88.75 

TKEZZ1 (mm/mm) 91.54 

TKEA(0B)C (radian) 90.28 

TKEX(0B)C (mm) 87.55 

TKEA(0Z)B (radian) 77.52 

TKEB(0X)Z (radian) 67.37 

TKEA(0Z)Y (mm/mm) 81.44 

The results presented in Table 5.6 shows that the trained model give the best prediction for the 

biggest error TKEXX1 comparing to the other seven kinematic errors with fitting = 95.47% 

(RMSE=7.09x10-6). The TKEB(0X)Z has the smallest fitting with 67.37% (RMSE=6.03x10-6). 

The linear positioning errors varied more and got better predictions than out of squareness angles.  

To enhance the reliability of the findings, z-scores and p-values are investigated across 336 cycles 

during the testing process for the cases in Table 5.6 as outlined below:  

zscore=
x-mean

std
   (5.8) 

where x: predicted values of thermal kinematic errors, mean and std: presented in equations (5.5) 

and (5.6). 

p-values is calculated by a right-sided tail test: 

p-value=1-фz-score (5.9) 
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where ф is the cumulative distribution function of the standard normal distribution. 

 

Figure 5.24. z-scores and p-values of predictions TKEXX1 (left) and TKEYY1 (right) 

 

Figure 5.25. z-scores and p-values of predictions TKEZZ1 (left) and TKEA(0B)C (right) 

Figure 5.24 and Figure 5.25 demonstrate the distance (number of stds) between the predictions for 

the cases in Table 5.6 and the mean of predictions (green lines) in Figure 5.20 and Figure 5.21 

under the z-scores and probabilities of observing the predictions under p-values for the four thermal 

kinematic errors presented in Figure 5.20 and Figure 5.21, whose predicted boundaries with +/- 

two stds encompass most of the measured values. z-scores are positive if the predicted values are 

greater than the means of the predictions and negative if the predicted values are less than the 

means. The z-scores are around 2 most of the time, but there are some points with z-scores over 2 

and these values are listed in Table 5.7. 
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Table 5.7. z-scores for four thermal kinematic errors 

TKEs z-scoremax z-scoremin 

TKEXX1 (mm/mm) 2.22 -2.73 

TKEYY1 (mm/mm) 2.68 -2.89 

TKEZZ1 (mm/mm) 2.95 -3.22 

TKEA(0B)C (radian) 2.42 -3.1 

p-values present the probability of observing the results or the confidence to accept the prediction 

results. 

Table 5.8. p-values and the probabilities of observing the predictions (confidence) 

p-value  TKEXX1 TKEYY1 TKEZZ1 TKEA(0B)C 

p-value max 0.499 

(50.1%) 

0.497 

(50.3%) 

0.498 

(50.2%) 

0.499 

(50.1%) 

p-value min 0.0031 

(99.69%) 

0.0018 

(99.88%) 

0.0006 

(99.94%) 

0.0009 

(99.91%) 

The p-values and confidences of predictions of the four thermal kinematic errors are listed in Table 

5.8. The probability of observing the predictions (confidence) can reach as high as 99% and the 

lowest confidence is 50%.  

5.6 Conclusion 

The thermal behavior of a five axis machine tool associated with activities of all five axes (the 

spindle is locked) is investigated. The data collected in the two experimental processes are 

temperatures at predetermined positions, supply powers of the five axes’ motors, ambient 

temperature and 13 thermal kinematic errors to understand the thermal behavior of the machine 

tool. The thermal kinematic errors on the work-piece side are larger than the ones on the spindle 

side.  
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Deep learning SLSTM is employed to model and predict eight dominant TKEs in another 

experimental process. The prediction is best for TKEXX1 with a fitting value of 95.47% 

(RMSE=7.09x10-6), and the predicted boundaries with +/- two stds encompassing the measured 

values. In contrast, the other predictions exhibit lower quality compared to TKEXX1, since the 

predicted boundaries with +/- two stds cannot encompass all the measured values. The worst case 

is for TKEB(0X)Z,  with a fitting of 67.37% (RMSE=6.03x10-6). The trained model predicts the 

linear positioning errors better than out of squareness angles. 

To enhance the robustness of the model, certain measures were taken such as: selecting the relevant 

inputs for training and predicting the thermal kinematic errors, and considering the impact of the 

ambient temperature on the accuracy of the deep learning model. Monte Carlo Dropout (MCD) 

gives a practical method to infer the prediction distribution of the probabilistic SLSTM model. 

During the testing phase, the model's prediction distribution is captured by retaining the dropout 

mechanism and running multiple predictions. The prediction’s confidences were calculated and the 

results indicate that the highest confidence for the predictions of the three linear positioning errors 

TKEXX1, TKEYY1 and TKEZZ1 and out of squareness angle TKEA(0B)C can reach as high as 

99%. The confidence range or the probabilities of observing predictions is from 50% to 99%.  
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 GENERAL DISCUSSION 

A methodology of applying deep learning for modeling the thermal variation of geometric errors 

and volumetric errors of the five-axis machine tool with some available inputs such as supply 

powers and temperatures has been proposed and presented in this thesis. 

- The thermal behaviors of the machine tool are investigated and understood by the data. The data 

are collected from a stable and fast measurement device CAPBALL, power sensors, and 

thermocouples. The thermal errors are estimated by the SAMBA method. 

- The effective modeling of thermal errors has been proven in another process with different 

activity sequences of axes. The first and second works investigated the thermal effects from the 

motion of rotary axes. The third work is tested with the simultaneous motions of all five axes. This 

would greatly facilitate the implementation in practice for real-time thermal compensation on 

existing machining centers. For the first work, the deep learning LSTM+Adam can predict the 

thermal error up to 40 hours with fitting 93% (RMSE=8.2.10-6 for EXX1 (mm/mm)) between the 

predicted and measured values of thermally induced geometric errors. The second work reaches to 

a more complicated problem for thermally induced volumetric errors, which depend on not only 

the power consumptions, but also the positions in the workspace, with the highest fitting up to 

91.6% (RMSE=1.8µm). The trained model in the third work can do predictions up to 84 hours 

without re-measuring the outputs and can have the error between predicted and measured values is 

RMSE = 7.09.10-6 (95.47% fitting) for EXX1 (mm/mm). The longer prediction time may be from 

the reason of having more information used as inputs.- The impact of the ambient temperature is 

unavoidable and investigated in this thesis. The work using ambient temperature as input in training 

and testing the model can give lower error RMSE = 7.09.10-6 comparing with the case not using 

ambient temperature as an input RMSE = 8.52.10-6 for EXX1. For other errors, the RMSEs keep 

the lower for the cases using ambient temperature as an input. 

- The effective deep learning models are strengthened with optimizers and the dropout technique 

to keep predictions in all testing processes without re-measuring the outputs. Monte Carlo is also 

applied to determine the prediction distribution with +/- 2 stds (95% confidence). Finally, the 

hypothesis test is also done to see how reliable of the deep learning model by determining the 

probability of predictions falling in 95% confidence (2 stds) through the p-values. 
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- The limitations of this thesis are divided to two technical and theoretical problems 

Technical problems: The spindle is the main heat source which is not investigated in this project. 

The reason is from the way to setup experiments to indirectly measure the errors. To get as more 

as the error parameters in indirect method, we need to set up at least three artefact balls on the 

work-piece side, and the CAPBALL with 5 wired capacitive sensors on the spindle side, where the 

spindle rotation will break the CAPBALL. If we put the CAPBALL on the work-piece side we can 

have one artefact ball on the spindle side. Also, the number of thermocouples are limited due to the 

available positions on the machine tool when the machine’s axes are moving. One more limitation 

is that the cases investigated are only from the activities of axes without load or cooling systems. 

Besides, the outputs of capacitive sensors (CAPBALL) may be affected by unrecognized 

electromagnetic sources.  

Theoretical problems: The deep learning LSTM can understand the thermal behavior of the 

machine tool, but there are some things to be more investigated such as: the best features (randomly 

selected from the total data), initial parameters of the network…to increase the prediction quality.  

For all these achievements, the methodology proposed by this research work constitutes a possible 

solution to compensate thermal errors in advance to increase the precision of manufacturing 

processes. 
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 CONCLUSION AND RECOMMENDATIONS 

The research works presented in this thesis have focused on modelling the variation of thermal 

errors of the five-axis machine tool with the internal heat sources, which relate to the activities of 

five axes. Deep learning models applied in this thesis are SLSTM and SGRU. To evaluate the 

robustness of the models, MCD is applied to infer the distributions of outputs and null hypothesis 

is used to evaluate the reliability of the predictions. The behaviors of the machine tool are 

understood through the data captured by data acquisition system using temperature sensors, power 

sensors, CAPBALL. SAMBA is used to estimate the thermal errors. The effects of ambient 

temperature are also investigated. Optimizers Adam and AdamW are used to improve the 

convergence of the training models. 

The deep learning models predict the thermal errors in another process with different activities of 

the axes without re-measuring the outputs in a long period. The range of the models’ prediction is 

investigated in +/- two stds (95% confidence). 

The first task showed that the combination of SLSTM and Adam could model the relationship 

between TGEs (outputs) and motor powers of rotary axes (inputs) and predict TGEs in another 

shorter experiment based on new inputs. 

The second task involved the use of two deep learning models, namely SLSTM and SGRU, 

combined with AdamW, to model and predict TVEs. TVEs are directly relating to the errors of the 

pathways to move machine tool to the predetermined positions in working space. This facilitate the 

compensation in advance. 

The third task investigated the thermal behavior of five axis machine tool associated with activities 

of five axis machine tool (the spindle is locked). We employed deep learning SLSTM and MCD to 

model, predict and assess the robustness of predictions in another experimental process. 

For all achievements in this thesis, the methodology proposed in this research work contributes a 

possible solution to predict thermal errors in advance for the compensation. 

Although there is the null hypothesis test to evaluate the reliability of the prediction models, another 

experiment test in real part with the compensation in advance is necessary to know how really good 

of the deep learning model is. To do this, a synchronous program must cover many tasks from 
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getting inputs from sensors to supply to the trained deep learning model, connecting to the 

controller of machine tool to provide the compensation values in x, y, z directions.  

Besides the algorithms, the costly experiments should be repeated at least three times to get better-

measured outputs, which may get the less variations of thermally measured errors. This improves 

the quality of predictions. 

One more suggestion is to do prediction of the thermal errors in different starting conditions like 

different ambient temperatures to see how the model respond, which can give us more information 

to adjust the compensation values.
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