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RÉSUMÉ

Les phénomènes périodiques dans le temps sont couramment observés tant dans le monde

naturel que dans les applications techniques. Cette périodicité inhérente joue un rôle fonda-

mental dans diverses disciplines, notamment la physique, l'électrodynamique, l'acoustique,

la thermodynamique et la mécanique quantique. Grâce aux progrès des ordinateurs et des

techniques de calcul, il est désormais possible de décrire et de comprendre facilement les

dynamiques naturelles et techniques, telles que la propagation des ondes, à travers des

séquences temporelles-spatiales utilisant des décompositions ou compositions de Fourier.

Cette réalisation nous incite à explorer des séquences périodiques spéci�ques pour développer

des théories physiques, notamment pour les équations d'ondes soumises à des conditions aux

limites périodiques dans le temps.

Traditionnellement, les théories électromagnétiques basées sur les équations de Maxwell

ont été formulées à l'aide d'ondes sinusoïdales dans le domaine fréquentiel ou d'impulsions

transitoires dans le domaine temporel. Ces représentations correspondent à des spectres

mono-tonaux (harmoniques temporelles) ou continus en termes de fréquence. Cependant,

une part importante des séquences d'ondes périodiques dans le temps, qui possèdent un

spectre �niment dénombrable dans le domaine fréquentiel, reste peu étudiée. Ces séquences

transportent des informations précieuses sur les formes d'onde et les signaux modulés, et

o�rent des caractéristiques parallèles qui peuvent être exploitées pour créer une plate-forme

de calcul électromagnétique ultra-rapide.

Cette recherche commence par la première publication ouverte et le développement d'une

théorie de séquence périodique (TPS), qui peut être formulée comme une théorie fon-

damentale pour les sciences computationnelles et l'ingénierie, a�n de transformer les

problèmes électromagnétiques périodiques arbitraires en un espace computationnel avec

des événements discrets cartographiés, qui se caractérise ni par le domaine de fréquence

ni par le domaine temporel. Dans le cadre du TPS, les équations de curl de Maxwell

périodiquesséquentielles sont décomposées et découplées en instances indépendantes et par-

allèles via des mappages désignés. Les solutions fondamentales et les réponses cartographiées

des séquences périodiques électromagnétiques sont élucidées et corroborées par des mesures

RF/microondes. La nature exceptionnelle du parallélisme computationnel et la propriété

unique d'indépendance par rapport à la fréquence font du TPS une méthodologie prometteuse

pour l'électromagnétisme computationnel, tel que l'analyse de l'intégrité du signal à haute

vitesse (SI) et la transmission RF à large bande.
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Une application avancée du TPS, connue sous le nom de Diagramme Oculaire Périodique

(PED), est introduite et explorée en profondeur dans le domaine de l'IS. Le PED sert

de modèle de diagramme oculaire très e�cace pour évaluer et analyser les performances

de l'IS des interconnexions à haute vitesse. Le modèle PED est basé sur le TPS, une

approche novatrice pour représenter la propagation des ondes électromagnétiques périodiques

temporelles. En exploitant la nature parallèle des séquences périodiques électromagnétiques,

la réponse en ondes complète des canaux à haute vitesse peut être rapidement obtenue en

utilisant un traitement parallèle en une seule fois. L'échelle computationnelle reste petite

grâce à la propriété inhérente d'indépendance par rapport à la fréquence des séquences

périodiques. Par conséquent, le PED et ses paramètres oculaires correspondants peuvent

être dérivés à la fois avec une grande rapidité et précision. Cette méthode proposée présente

un potentiel signi�catif pour améliorer l'analyse et la conception des interconnexions à haute

vitesse.

L'application plus approfondie du TPS vise à fournir une analyse exceptionnelle de diaphonie

pour les EM ultra-rapides et ultra-large bande, ce qui joue un rôle crucial dans l'avancement

rapide des circuits à haute vitesse et de l'électronique ultra-rapide. Les méthodes existantes

dans le domaine o�rent un soutien limité pour une modélisation et une analyse satisfaisantes

de l'IS, étant souvent soit longues à exécuter, soit peu précises. En introduisant une

méthodologie électromagnétique basée sur une séquence périodique à spectre clairsemé

(SSPS), qui permet une modélisation et une analyse sans précédent de l'IS pour les signaux

à large bande de base. En tirant parti de l'indépendance par rapport à la fréquence et

du traitement parallèle en une seule fois du SSPS, cette méthode atteint une e�cacité

computationnelle et une précision remarquables dans la génération de diagrammes oculaires

et de paramètres oculaires. Pour accélérer davantage le temps de traitement, nous incorporons

un réseau de neurones à valeurs complexes (CVNN) en tant que soutien d'intelligence

arti�cielle (IA). À titre de preuve de concept, nous validons la méthode par une mesure

en temps réel d'un diagramme oculaire PNRZ à large bande passante (45 Gb/s).

Cette recherche met en évidence les nombreux avantages supérieurs du TPS, tels que sa

scalabilité computationnelle indépendante de la fréquence et son parallélisme inhérent, ce

qui le rend très prometteur pour les applications dans les communications �laires et sans

�l. Les résultats présentés dans ce travail ouvrent de nouvelles possibilités pour l'analyse

et la conception de connexions dans le contexte de signaux ultra-larges ultra-rapides. De

plus, cela jette les bases pour explorer le potentiel des lignes de transmission ultra-larges

bande, conduisant à des systèmes hautes performances, haute vitesse et à faible latence.

La théorie et l'algorithme développés ont le potentiel de devenir la pierre angulaire des
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futur circuits électriques ultra-rapides, des interconnexions et des systèmes. Ils ouvrent

la voie à des avancées signi�catives dans la recherche sur les ondes électromagnétiques

périodiquestemporelles et leurs applications dans le domaine de l'IS et des communications

�laires/sans �l. Dans l'ensemble, cette recherche a des implications de grande envergure

et devrait susciter une quantité considérable de recherches dans le domaine, stimulant

l'innovation et le progrès dans l'étude des ondes électromagnétiques périodiques.
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ABSTRACT

Time-periodic phenomena are commonly observed in both the natural world and engineering

applications. This inherent periodicity plays a fundamental role in various disciplines

and �elds, including physics, electrodynamics, acoustics, thermodynamics, and quantum

mechanics. With the advancement of modern computers and computing techniques, we can

easily describe and understand natural and engineered dynamics, such as wave propagation,

through temporal-spatial sequences using Fourier decompositions or compositions. This

functional expansion motivates us to explore speci�c periodic sequences for developing

theories of physics and others, particularly for wave equations under time-periodic boundary

conditions (TPBC). Traditionally, electromagnetic (EM) theories based on Maxwell's

equations have been formulated using either sinusoidal waves in the frequency domain or

transient pulses in the time domain. These representations correspond to single-tone (time-

harmonic) or continuous spectrum in terms of frequency. However, a signi�cant portion

of temporal-periodic wave sequences, which possess a �nitely-countable spectrum in the

frequency domain, remains understudied. These sequences involve valuable waveform and

modulated signal information and o�er parallel features that can be harnessed to create an

ultra-fast computational EM platform.

This research begins with the �rst open publication and development on a theory of periodic

sequence (TPS), which can be regarded as a foundational theory for computational sciences

and engineering, to transform arbitrary time-periodic electromagnetic (EM) problems into a

computational space with mapped discrete events, which is characterized in neither frequency

domain nor time domain. Within the TPS framework, periodic-sequential Maxwell's curl

equations are decomposed and decoupled to independent and paralleled instances via

designated mappings. The fundamental solutions and mapped responses of EM periodic

sequences are elucidated, and corroborated by RF/microwave measurements. The nature

of outstanding computational parallelism and the unique frequency-independent property

make TPS a promising methodology for computational electromagnetics such as the analysis

of high-speed signal integrity (SI) and broadband RF transmission, which will be illustrated

and described in this thesis research.

An advanced application of TPS, known as the Periodic Eye Diagram (PED), is introduced

and thoroughly explored within the realm of SI. The PED serves as a highly e�cient eye

diagram model for evaluating and analyzing the SI performance of high-speed interconnects.

The PED model is based on the TPS, a novel approach to representing the propagation
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of time-periodic EM waves. Leveraging the parallel nature of EM periodic sequences,

the full-wave response of high-speed channels can be rapidly obtained using one-batch

multiprocessing. The computational scale remains rather small due to the inherent frequency-

independent property of periodic sequences. Consequently, the PED and its corresponding

eye parameters can be derived with both high speed and accuracy. This proposed method

holds signi�cant potential for enhancing the analysis and design of high-speed interconnects.

The further in-depth application of TPS aims to provide exceptional crosstalk analysis for

ultrafast and ultra-broadband EMs, which plays a crucial role in the rapid advancement of

high-speed circuits and ultra-fast electronics. Existing methods in the �eld o�er limited

support for satisfactory SI modeling and analysis, often being either time-consuming

or inaccurate. We introduce an electromagnetic methodology based on sparse-spectrum

periodic sequence (SSPS), which enables unprecedented modeling and analysis of SI for

ultrawide baseband signals. Leveraging the frequency independence and one-batch parallel

multiprocessing of SSPS, this method achieves remarkable computational e�ciency and

accuracy in generating eye diagrams and eye parameters. To further expedite the processing

time, we incorporate complex-valued neural network (CVNN) as an arti�cial intelligence (AI)

boost. As a proof of concept, we validate the method through real-time measurement of a

broadband (45Gb/s) PNRZ eye diagram.

This research highlights numerous superior advantages of TPS, such as its frequency-

independent computational scalability and inherent parallelism, which make it highly

promising for applications in both wire and wireless circuits and systems or applied

electromagnetics in general. The �ndings presented in this work open up new possibilities

for analyzing and designing interconnects in the context of ultra-broadband ultrafast signals.

Moreover, it lays the foundation for exploring the potential of ultra-broadband transmission

lines, leading to high-performance, high-speed, and low-latency systems. The developed

theory and algorithm present an excitement as they would become the cornerstone of future

ultrafast electric circuits, interconnects, and systems. They pave the way for signi�cant

advancements in time-periodic EM wave research and its applications in the SI �eld and

wire/wireless circuits and systems. Overall, this research has far-reaching implications and is

expected to stimulate a considerable amount of research in the �eld, driving innovation and

progress in the study of time-periodic EM waves and their applications in SI and wire/wireless

circuits and systems.
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CHAPTER 1 INTRODUCTION

1.1 Research background

Electromagnetic (EM) theories and related numerical algorithms have always been based

on either time-harmonic signals or transient impulses. Frequency-domain algorithms

such as Finite Element Methods (FEM) and Method of Moments (MoM) use sinusoidal

electromagnetic waves as the exciting signal. These algorithms are advantageous for resonant

problems with narrow bandwidths, but only single-point spectrum can be obtained at a time.

For broadband information, massive point calculations are necessary. On the other hand,

formulating Maxwell's Equations in the time domain has become prevalent thanks to the

development of digital computers, such as Finite-Di�erence Time-Domain (FDTD) and Time-

Domain Finite Element Method (TD-FEM). These time-domain algorithms are e�cient and

require fewer arithmetic operations for broadband problems. Indeed, they provide a transient

response whose bandwidth is limited only by the frequency content of the excitation and

the scale of time and spatial partition in the problem space. However, an ideal impulse

function cannot be implemented due to limited computer resources, so a Gaussian temporal

variation impulse is used instead. This type of pulse is a good approximation for the ideal

impulse, which is well suited to numerical computation. The frequency band information of

interest can be obtained through time domain responses, but a tedious iteration with many

temporal evolutions is required. Another type of EM wave is a periodic time signal with

arbitrary waveform, which contains a wealthy frequency spectrum information. However,

this category of EM waves has been scarcely studied. In the discrete-time domain, the

counterpart is a periodic sequence, which is more attractive in practical computation. For

linear time-invariable (LTI) systems, when the exciting source is a periodic sequence, the

responses of EM �eld components also exhibit periodic sequences in the time domain. Based

on this fact, a novel EM transformation domain algorithm is proposed and derived, where

all EM �eld components can be mapped into a new transform domain. Within this domain,

Maxwell's Equations and wave equations can be introduced and reformulated, and all spatial

parts of the new variables can be resolved using present frequency-domain algorithms. The

periodic time responses can be obtained through inverse transformation after the responses

of new variables have been solved. The frequency responses of interest can be obtained using

Fourier transformation. The new algorithm can make use of current frequency methods

and generate frequency responses of interest rapidly. Therefore, it presents an attractive

alternative to the state-of-the-art computational electromagnetics (CEM) theories.
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1.2 Research objectives

This thesis research aims to develop and explore the theory of periodic sequence (TPS) for

computational electromagnetics - a fundamental theory based on the excitation of arbitrary

periodic impulses for the solution of Maxwell's equations. The objective is to formulate

Maxwell's equations in a �nite quantized spectrum de�ned in a transform domain, enabling

the modeling and simulation of any electromagnetic problems over any prede�ned real

frequency range or speci�c pulse shape. We anticipate that this research work may set

up a signi�cant milestone for future high-e�ciency electromagnetic modeling and analysis

such as the analysis of ultra-broadband signal integrity (SI) and the development of ultrafast

electronic circuits. This research explores new formulations using numerical techniques and

investigates time-domain dispersion concepts and impulse responses. Experimental studies

are conducted on pulse-based microwave circuits, including high-speed interconnects. The

research concludes with numerical and experimental results for selected practical structures.

1.3 Thesis outline

This Ph.D. thesis presents original research that is dedicated to a unique and powerful

computational methodology called the TPS (Theory of Periodic Sequence), which is used

to analyze the state-steady process of time-periodic EM �elds and waves. With this theory,

several SI tools have been developed, including the periodic eye diagram (PED) model and its

crosstalk generalization to analyze broad-bandwidth signals e�ciently and accurately. This

thesis is organized in an article-based format, in which three submitted/published papers

from the main content (Chapter 3-5), as outlined below.

Chapter 1 provides a comprehensive introduction to our research work on TPS and its

practical signi�cances. We �rst present the background and context of our study, followed

by our research objectives. Finally, we give a brief outline of the thesis.

Chapter 2 presents a comprehensive review of CEM, covering both time-domain and

frequency-domain algorithms. The advantages and disadvantages of these presented

algorithms are discussed in detail, with the aim of revealing our unique theory�TPS.

Chapter 3 introduces the fundamentals of TPS. As a highly innovative research method-

ology, it e�ectively depicts the propagation process of time-periodic electromagnetics. TPS

serves as a bridge between the time-domain and the frequency-domain for CEM and �lls a

crucial research gap. The Maxwell's curl equations are completely sequentialized and further

decoupled in a transform domain by designated mappings. The corresponding parametric

representations and fundamentals of periodic sequence-based electromagnetic dynamics,
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including lossless/lossy scenario, energy conservation, numerical dispersion, and accuracy

consideration, are elaborated and validated by experiments. We will reveal and elucidate

the interesting and inherent properties of TPS. For example, the computational scale is

independent of frequency, which provides a unprecedented �exibility of creating paralleled

computational algorithms. We will demonstrate the promising potential of TPS by analyzing

a broadband EM coupling problem, providing a glimpse into its superior computational

e�ciency and high accuracy.

Chapter 4 describes a highly e�cient SI tool for analyzing (ultra)high-speed transmission

lines. The tool is based on the TPS principle and includes a novel eye diagram model called

PED. PED o�ers accuracy, e�ciency, and robustness in SI analysis. Our proposed method

is successfully validated in two cases: the substrate integrated coaxial line (SICL) array with

PNRZ code (30 Gbps) and the mode-selective transmission line (MSTL) with PAM4 code

(132 Gbps). The computational scale of the PEDs in these cases con�rms the frequency-

independent property of the method.

Chapter 5 proposes a generalized PED model capable of analyzing both transmission-

only scenarios and far-end crosstalk (FEXT) scenarios. This model utilizes a full-wave EM

methodology of sparse-spectrum periodic sequences (SSPS) to enable the SI analysis of (ultra-

)wide-bandwidth signals. The SSPS's frequency independence and one-batch multiprocessing

are set to facilitate highly e�cient and accurate analysis, enabling the rapid generation of eye

diagrams and eye parameters. Additionally, we introduce a complex-valued neural network

as an arti�cial intelligence enhancement to further reduce processing time. The PEDs exhibit

a good consistency with both simulated and real-time measured eye diagrams for the broad-

bandwidth (45Gbps) PNRZ scheme in the case of high-speed interconnects with crosstalk.

Chapter 6 provides a comprehensive analysis of the key issues involved in this research. This

discussion aims to provide a clarity on the TPS, its practical applications, and its potential

impact.

Chapter 7 summarizes the entire research work, and the promising outlook of the research

is described as well. This description aims to highlight research areas where it may be

worthwhile for us to pursue in the future.
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CHAPTER 2 LITERATURE REVIEW

Maxwell's equations are a set of coupled partial di�erential equations which provide a

mathematical model for depicting fundamental physical phenomena of electromagnetic (EM)

�elds. The well-known di�erential form is given by

8
>>>>>>>><

>>>>>>>>:

r � E = � @B
@t

r � H = @D
@t + J

r � D = �

r � B = 0

(2.1)

(2.1) is formulated in the space-time domain, so the resultant solutions are functions of space

and time as well. By the Riesz representation theorem [1], Hilbert spaces are isomorphic

to their own dual spaces. Hence, besides the original domains, EM problems can also be

casted and solved in di�erent domains through the Fourier theory, such as frequency domain

and spectral domain. Furthermore, based on (2.1), the corresponding wave equations can be

easily derived: 8
>>>><

>>>>:

r 2E �
1
c2

@2E
@t2

=
r �
�

+ �
@J
@t

r 2H �
1
c2

@2H
@t2

= � � r � J

(2.2)

Thanks to the fast development of computers, it is convenient to depict the propagation of

EM waves by solving Maxwell's equations numerically. Their solutions correspond to the

projective representation of the exact solutions over a function space (as Hilbert space),

which is spanned by known bases (usually orthogonal sets) with unknown coe�cients. In

another word, a computational EM model is a projective approximation in Hilbert space

of the solution of an operator equation. The solution strategy is to �nd the values of

unknown coe�cients so that their linear combination approximates the exact solution as

close as possible, referred to as the method of weighted residuals (MWR) [2].

With respect to the temporal dimension, the solving methodology can be mainly attributed

to two categories, namely time-domain method and frequency-domain method.
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2.1 Frequency-domain method

2.1.1 Method of moments (MoM)

The MOM, as one of Galerkin techniques, is used to solve EM boundary or volume integral

equations in the frequency domain. As an e�cient, robust, and accurate method, the MoM

is capable of solving a wide variety of EM problems especially in scattering and radiation

problems, which has widely been used in the academia and industry for antenna research

and engineering applications.

The MoM process begins by dividing the region of interest into a set of small sub-regions,

called elements. The �elds are then expanded in terms of a set of basis functions, which

are functions of choice that satisfy the boundary conditions of the problem. The expansion

coe�cients are then determined by solving a system of linear equations in consideration of

physical boundary conditions, which are derived from the integral equations that govern

the behavior of �elds in each element. Once the expansion coe�cients are determined, an

approximate solution for the �elds can be formed by summing the basis functions multiplied

by the coe�cients. The detailed process is listed below:

First, we introduce magnetic vector potentialA for a homogeneous and source-free region.

Then, the magnetic �eld H can be expressed as

H =
1
�

r � A (2.3)

By introducing electric scalar potential	 , the electric �eld can be expressed as

E = � j! A � r 	 (2.4)

Correspondingly, the Helmholtz equation with respect toA is

r 2A + k2A = � � J + r (r � A + j!�� 	 ) (2.5)

Imposing Lorenz gauge condition:

r � A = � j!�� 	 (2.6)

Inserting (2.6) to (2.5), we have

r 2A + k2A = � � J (2.7)
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whereA can be deemed as the spatial convolution ofJ and free-space Green functionG:

A (r ) = �
ZZZ

V
G(r ; r 0)J (r 0)dr 0 = �

ZZZ

V
J (r 0)

e� jk jr � r 0j

jr � r 0j
dr 0 (2.8)

In turn, electric and magnetic �elds can be expressed as

E (r ) = � j!�
ZZZ

V
G(r ; r 0)

�

Jr 0) +
1
k2

r 0r 0 � J (r 0)
�

dr 0 (2.9)

and

H (r ) =
ZZZ

V
r G(r ; r 0) � J (r 0) dr 0; (2.10)

respectively. By utilizing duality, it is easily to derive the corresponding expressions with

respect to magnetic current sourcesM :

E (r ) = �
ZZZ

V
r G(r ; r 0) � M (r 0) dr 0 (2.11)

and

H (r ) = � j!�
ZZZ

V
G(r ; r 0)

�

M (r 0) +
1
k2

r 0r 0 � M (r 0)
�

dr 0; (2.12)

respectively.

Depending on di�erent boundary conditions, we will have di�erent electric/magnetic �eld

integral equations (EFIE/MFIE). However, when applied to a closed surface, using EFIE

or MFIE alone can not yield a unique solution for all frequency. Hence, a combination of

EFIE and MFIE, known as the combined �eld integral equation (CFIE), imposes boundary

conditions on both electric and magnetic �elds simultaneously and is free of spurious

solutions, since the null spaces of the EFIE and MFIE are di�erent. The expression for

the CFIE is given by [3]

CFIE = � EFIE +
j
k

(1 � � ) MFIE (2.13)

where the coe�cient � 2 [0; 1] is used to decide the trade-o� between numerical accuracy

and computational e�ciency, and it is usually chosen to be in the range of[0:2; 0:5].

For a numerical computation, we need to partition problem surfaces using geometric mesh�

usually planar triangle is chosen as basic element. The corresponding basis functions, referred

to as the Rao-Wilton-Glisson (RWG), are used to represent the surface currents, as illustrated
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in Fig.2.1. The RWG basis functions are de�ned as

f n (r ) =

8
><

>:

L n

2A �
n

� �
n (r ); r 2 T �

n

0; r =2 T �
n

(2.14)

where T �
n represent the triangles that share the edgen, Ln is the length of the edge and

� �
n (r ) are given by

� �
n (r ) = � (v � � r ); r 2 T �

n (2.15)

Moreover, � �
n (r ) points toward/away from the opposite vertex v � . In turn, the surface

currents can be represented by a sum of weighted basis functions:

J (r ) =
NX

n=1

an f n (r ) (2.16)

whereN is the total number of triangular elements andan denotes the weighted coe�cient.

Figure 2.1 RWG basis function

RWG Basis function [4].

(2.13) is equivalent to an inhomogeneous functional equation and can be expressed as

L(S) = g (2.17)

whereL denotes the integral functional with respect to unknownS, which can be either the

electric surface currentJ or the magnetic surface currentM , and g is an known forcing

function. Inserting (2.16) to (2.17) and making an inner product with RWG basis function
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(as testing function), it yields

NX

n=1

an < f m ; L(f n ) > = < f m ; g > (2.18)

wherem = 1; 2; � � � ; N . Equivalently, (2.18) can be rewritten in matrix form:

Za = b (2.19)

where

zmn = < f m ; L(f n ) > =
ZZ

S
f m (r )

ZZ

S0
L(f n (r 0)) dr 0dr (2.20)

and

bm = < f m ; g >=
ZZ

S0
f m (r 0) g(r 0) dr 0; (2.21)

respectively.

In MoM, each basis function interacts with all others via Green's function, resulting in a full

matrix which is usually solved by an iterative approach, rather than matrix decomposition,

which is adopted when solving sparse matrices. Hence, MoM is free of numerical dispersion,

as the output of observation element is directly determined by the input of source element.

2.1.2 Finite element method (FEM)

The FEM is a numerical technique for solving boundary-value problems characterized by

a partial di�erential equation and a set of boundary conditions. It allows for the accurate

calculation of electromagnetic �elds within complex structures or spaces. The geometrical

domain of a boundary-value problem is divided into sub-domains, called �nite elements.

The di�erential equation is then applied to each individual element after it is brought to

a �weak� integrodi�erential form. A set of vector basis functions is used to represent the

primary unknown variable in the element domain, and linear equations are thus obtained for

each element. After the assembly of all elements, a global matrix system is formed.

Similar to MoM, FEM is also one of the weighted residual methods�(2.18) still holds when

the integral operator is replaced with di�erence scheme. The unknown coe�cients in this case

correspond to the unknown �eld vectors such as electric �eld, magnetic �eld, and magnetic

vectors. Compared to MoM, two main di�erences are present. First, the coe�cient matrix in

(2.19) is usually sparse and solved by direct methods such as concurrent multi-front methods

[5]. Second, the basis function used in FEM is generally of a tangential type rather than a

normal one. Without loss of generality, the 3D problem space is partitioned by (�rst-order)



9

tetrahedral elements, of which the basis function can be de�ned as

N e
i = le

i (L
e
i 1

r Le
i 2

� Le
i 2

r Le
i 1

) ( i = 1; 2; � � � ; 6) (2.22)

where the superscripte is the global index of the tetrahedral element,le
i represents the length

of the i th edge,Le
i 1

and Le
i 2

denote the corresponding simplex coordinates, respectively. As

shown in Fig.2.2, it is clear to see that the direction of thei th basis function along thei th

edge is exactly tangential to this edge.

Figure 2.2 Tetrahedral basis function

Tetrahedral basis function [6].

Note that in FEM, a wave propagating through a mesh of �nite elements will experience

numerical dispersion. Without loss of generality, we only consider the time-harmonic plane

wave scenario so boundary conditions are ignored, and the spatial grid is made of equilateral

triangles. Consistent with the aforementioned tangential basis function, we adopt the

Nedelec's �rst type edge elements [7] for the electric �eld and piecewise constant elements for

the magnetic �eld, as shown in Fig.2.3. The corresponding dispersion relation is given by [8]

(!h )2 = � 2
1 + � 2

2 �
� 6

1

3840
�

� 4
1� 2

1

256
+

� 2
1� 4

2

768
�

7� 6
2

11520
+ higher order terms (2.23)

where � = kh, k = ( k1; k2) is the 2D wave vector and h denotes the edge length. Note that

the discrete dispersion relation possesses an order of convergence depending on the mesh

con�gurations�the accuracy will degenerate to a second order level in the right-triangle grid

case.
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Figure 2.3 Nedelec's �rst type edge elements

Position and numbering of the degrees of freedom for the space consisting of Nedelec's �rst
type edge elements for the electric �eld and piecewise constant elements for the magnetic
�eld. The degrees of freedom for the electric �eld are the tangential component of the �eld
at the midpoint of each edge in the mesh [8].

2.2 Time-domain method

2.2.1 Finite-di�erence time-domain (FDTD)

The FDTD algorithm is a numerical technique used to solve Maxwell's equations in order to

simulate the propagation of EM waves. It is one of the most widely used numerical methods

in CEM. The FDTD algorithm is based on the �nite-di�erence approximation of the partial

di�erential equations of EMs, which are then solved in discrete time steps. This allows for

the simulation of a wide range of EM phenomena in a relatively simple and e�cient manner.

Usually, Yee's method algorithm [9] is adopted, and the curl equations of (2.1) can be
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expressed in rectangular coordinate system:

8
>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>:

�
@Bx
@t

=
@Ez
@y

�
@Ey
@z

�
@By
@t
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�
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@t

=
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�
@Ex
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@Dx

@t
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@Hz

@y
�

@Hy

@z
� Jx

+
@Dy

@t
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@Hx

@z
�

@Hz

@y
� Jy

+
@Dz

@t
=

@Hy

@x
�

@Hx

@y
� Jz

(2.24)

After equidistantly partition in both space and time, any function F (E=H=J) in (2.24) can

be denoted by

F (i � x; j � y; k� z; n� t) = F n (i; j; k ) (2.25)

where cell(i; j; k ) and n are the spatial grid point and index of time-step, respectively.

Correspondingly, the �nite-di�erence equations (2.24) can be constructed as

8
>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>:
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2 ; k

�

� b

(2.26)

where(a; b; c) 2 f (x; y; z); (y; z; x); (z; x; y)g. Fig.2.4 illustrates the corresponding spatial grid

for E and H �eld components.

The di�erence schemes, as an approximation of partial derivatives, brings about inevitable

numerical dispersion. Hence, it is necessary to satisfy a relation between the time increment
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Figure 2.4 A canonical electric and magnetic �eld components in a cubic Yee cell

A canonical electric and magnetic �eld components in a cubic Yee cell [10].

and the space increment:

� t �
1
c

q
(� x)2 + (� y)2 + (� z)2 (2.27)

where c denotes the velocity of light under constant� and � . Eqn.2.27 is referred to as

Courant�Friedrichs�Lewy (CFL) stability condition, which expresses that the distance that

EM waves propagate during the time-step length within the mesh should not exceed the

distance between mesh elements. In other words, information from a given cell must travel

only to its adjacent neighbors.

2.2.2 Discontinuous Galerkin time domain methods (DGTD)

The DGTD [11�15] s a numerical technique that belongs to the family of time-domain FEM.

DGTD stands out due to its ability to handle discontinuities in the solution across element

boundaries, a feature not found in other FEM methods that enforce solution continuity.

It achieves this by enforcing the continuity of numerical �uxes which introduce additional

degrees of freedom at the interfaces between elements, e�ectively capturing the jump or

change in solution values, as illustrated in Fig.2.5. To solve time-dependent PDEs, DGTD

employs a time-stepping scheme that iteratively updates the values at each time step based

on the discretized spatial domain. The discretization leads to a system of equations, solved

using the Galerkin's approach. DGTD o�ers remarkable accuracy and �exibility in dealing

with complex geometries, irregular meshes, and material interfaces.
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Figure 2.5 Notation for the de�nition of the numerical �uxes

Notation for the de�nition of the numerical �uxes [16].

In a concise manner, we examine the Maxwell's curl equations governing lossless isotropic

linear media in the absence of sources. This is achieved by substitutingD = � E, B = � H ,

and J = 0 into the curl equations speci�ed in Equation (2.1). We assume a tessellation of the

entire problem region intoK non-overlapping elements denoted asVk . Within each element,

the �elds E and H are approximated through a projection onto a set ofN vector-basis

functions [16]:

� = f 	 1 (r ); 	 2 (r ); � � � ; 	 N (r )g (2.28)

Without loss of generality, we consider the case where� = � = 1. By inserting these values

into the aforementioned curl equations and incorporating the corresponding vector bases, we

obtain: 8
>>>>>><

>>>>>>:

M
@H
@t

= �S E � � E

N fX

f =1

F � E
f � � H

N fX

f =1

F � H
f

M
@E
@t

= SH + � H

N fX

f =1

F � H
f � � E

N fX

f =1

F � E
f

(2.29)

where coe�cient matrices M , S F � E
f , F � H

f , F � H
f and F � E

f are respectively given by
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M =
Z

Vk

� � � T dV

M =
Z

Vk

� � r � � T dV

F � E
f =

Z

@V( f;k )

� �
�
n̂f � [[Eh]]f

�
d(@V)

F � H
f =

Z

@V( f;k )

� �
�
n̂f � n̂f � [[H h]]f

�
d(@V)

F � H
f =

Z

@V( f;k )

� �
�
n̂f � [[H h]]f

�
d(@V)

F � E
f =

Z

@V( f;k )

� �
�
n̂f � n̂f � [[Eh]]f

�
d(@V)

(2.30)

Therein, [[Eh]]f = Eh;+
f � Eh

f and [[H h]]f = H h;+
f � H h

f are the coordinates of the projection

of electric �eld and magnetic �eld onto the vector bases, respectively.f denotes the face

index of the target element (NF ) and the superscript+ represents its adjacent element.

(2.29) can be further rewritten as a single equation:

@tq(t) = � (M q)� 1

0

@Sqq(t) �
N fX

f =1

F q
f

�
�" f q(t) � �"+

f q+
f (t)

�
1

A (2.31)

The state vector is denoted asq = [ E; H ]T , whereE and H represent the electric �eld and

magnetic �eld, respectively. The operatorsM q and Sq correspond to the mass operators and

sti�ness, respectively. The �ux operators acting on facef are grouped inF q
f . The operator

�" f serves the purpose of reordering the terms inq to reproduce the algebraic system stated

in Equation (2.29).

Note that the matrices in Equation (2.31) are real and symmetric. This property implies

that their linear combination is also real and symmetric. Therefore, it can be expressed as

@tp(t) = Wp(t) +
N fX

f =1

Vf p+
f (t) (2.32)

where numerical frequency matrixW and �ux contributor Vf are respectively given by

W = �P � 1(M q)� 1

0

@Sqq(t) �
N fX

f =1

F q
f �" f

1

A P (2.33)

and

Vf = �P � 1(M q)� 1F q
f �"+

f P: (2.34)
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Here,p = P � 1q. P is the invertible operator for diagonalization. It indicates that the system

can be deemed as a system of2N independent �rst-order ordinary di�erential equations with

eigen-frequencies corresponding to eigenvalues.

The eigenvalues ofW are denoted by the numerical frequencies! j (k) 2 C. These eigenvalues

represent the oscillating frequency (imaginary part) and numerical dissipation (real part)

associated with the eigenmodepj . It should be noted that Galerkin methods always satisfy

the necessary condition for convergence, which isRf !j g � 0. Additionally, the scheme

supports numerical phase velocities given bycj (k) = ! j =k. Among these phase velocities, we

label cfs as the one closest to the analytical phase velocity. Hence, we obtain the following

relation:

lim
k! 0

c(fs )(k) =
1

p
��

(2.35)

Alternatively, the numerical solution tends to converge to the analytical solution as the

resolution is increased. This implies that the numerical �ux signi�cantly impacts the

dispersion and dissipation characteristics of the numerical scheme.

Furthermore, as a time-domain numerical algorithm, we need to incorporate time integration.

In this analysis, the leapfrog scheme [17] is utilized, which involves the alternating evolution

of the En and H n+1 =2 �elds. These �elds are de�ned at timestn and tn + � t=2, respectively.

Consequently, for a given timet, we do not have a fully de�ned state vector as described in

Equation (2.31). To obtain future values from the current state, the following algorithm is

applied: 8
><

>:

En+1 = En + � tL h
E

�
H n+1 =2; En

�

H n+3 =2 = H n+1 =2 + � tL h
H

�
En+1 ; H n+1 =2

� (2.36)

Here, L h
E and L h

H refer to the expressions given in Equation (2.31) for the electric �eld and

magnetic �eld, respectively. When centered �uxes are employed,L h
E only depends onH n+1 =2,

while L h
H only depends onEn+1 . This characteristic ensures that the scheme is reversible in

time and maintains energy conservation, as long as the time-step� t is chosen to satisfy a

maximum value � tmax determined by a CFL-like condition [17,18].

Correspondingly, the stability condition can be depicted as [19,20]

� tmax � 1=I f ! k;j g (2.37)

(2.37) indicates that the maximum time step is limited by the largest imaginary part among

all eigenvalues of (2.33). As a result, the leapfrog scheme exhibits a semi-in�nite stability

region that may not be bounded along the real axis, depending on the initialization of the
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method. Furthermore, the implementation of higher-order leapfrog schemes can lead to

higher-order convergence in time without the need for larger stencils. However, it is important

to consider that these schemes require additional memory storage and computational cost,

which can impose limitations on their practical usage.

2.3 Bridging time-domain and frequency-domain

As aforementioned, existing EM theories are typically based on sinusoids or transient pulses,

representing single-tone or continuous spectrum signals. These can be considered as speci�c

instances of temporal-periodic waves. However, there is a lack of comprehensive research

on a signi�cant portion of these waves, namely those with a �nitely-countable spectrum.

These waves carry and contain valuable waveform information and o�er parallel potential for

e�cient computation.

In the rest of this dissertation, we present a powerful research methodology known as

the theory of periodic sequences (TPS) to describe the propagation of time-periodic

electromagnetic waves. The Maxwell's curl equations are fully transformed into a sequential

form and can be further decoupled in the new transform domain through carefully designed

mappings, which are an inherent transformation. The fundamental aspects of EM periodic

sequences are thoroughly discussed, including scenarios with and without loss, energy

conservation, numerical dispersion, and accuracy improvement. These aspects are solidly

validated through experimental analysis.

One remarkable property of TPS is its computational scalability, which is independent of

frequency. Through parallel computation, TPS o�ers a rapid and accurate tool for analyzing

the signal integrity (SI) of ultrafast and ultra-broadband electromagnetic waves. This

methodology is particularly bene�cial for the analysis and design of high-speed circuits and

ultra-fast electronics.
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CHAPTER 3 ARTICLE 1: THEORY OF PERIODIC SEQUENCE:

BRIDGING TIME-DOMAIN AND FREQUENCY-DOMAIN FOR

COMPUTATIONAL ELECTROMAGNETICS

Ben You and Ke Wu
(Submitted to Engineering, 18 May 2023)

Abstract

Time-periodic form or expression is a ubiquitous natural and man-made phenomenon

observable in all the scienti�c and engineering disciplines. In this article, we propose a theory

of periodic sequence (TPS), which can be formulated as a foundational theory for computa-

tional sciences and engineering, to transform arbitrary time-periodic electromagnetic (EM)

problems into a computational space with mapped discrete events, which is characterized in

neither frequency domain nor time domain. Within the TPS framework, periodic-sequential

Maxwell's curl equations are decomposed and decoupled to independent and paralleled

instances via designated mappings. The fundamental solutions and mapped responses of

EM periodic sequences are elucidated, and corroborated by RF/microwave measurements.

The nature of outstanding computational parallelism and the unique frequency-independent

property make TPS a promising methodology for computational electromagnetics such as

analysis of high-speed signal integrity and broadband RF transmission.

3.1 Introduction

Time-periodic phenomena can be observed ubiquitously in the natural world and the

engineering �eld. In fact, such a time-scale periodicity or periodic sequence that inherently

characterizes parametric motions, dynamics, and evolutions, presents fundamental features

and phenomena in the disciplines of physics and others including electrodynamics [21, 22],

acoustics [23�25], thermodynamics [26�28], and quantum mechanics [29�31], etc.. With the

fast development of modern computers and computing techniques, any natural and engineered

dynamics such as the propagation of waves can be easily described and explained by temporal-

spatial sequences in terms of Fourier decompositions or compositions. In this connection,

it inspires and guides us to utilize speci�c periodic sequences of choice for developing

theories of physics, especially for wave equations under time-periodic boundary conditions

(TPBC). The Maxwell equations-based electromagnetic (EM) theories [32�36] have always

been formulated on either sinusoids (frequency domain) or transient pulses (time domain),
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corresponding to single tone (time-harmonic) or continuous spectrum in terms of frequency

representations. In fact, they can be regarded as the special cases of temporal-periodic wave

sequences, the majority of which are barely studied�those have a �nitely-countable spectrum

in the frequency domain, carrying valuable waveform and modulated signal information and

possessing parallel features for creating a ultra-fast computational EM platform.

In this manuscript, we report a unique and powerful computational methodology, referred

to as theory of periodic sequence (TPS), to depict a state-steady process of time-periodic

electromagnetic (EM) �elds and waves. The Maxwell's curl equations are completely

sequentialized and further decoupled in a transform domain by designated mappings.

The corresponding parametric representations and fundamentals of periodic sequence-based

electromagnetic dynamics, including lossless/lossy scenario, energy conservation, numerical

dispersion, and accuracy consideration, are elaborated and validated by experiments. We

will reveal and elucidate the interesting and inherent properties of TPS. For example, the

computational scale is independent of frequency, which provides a unprecedented �exibility of

creating paralleled computational algorithms. We will demonstrate the promising potential

of TPS by analyzing a broadband EM coupling problem, providing a glimpse into its superior

computational e�ciency and high accuracy.

3.2 Fundamental theory

In simple and Ohm-lossless media, the Maxwell's curl equations under TPBCs are written

as follows, 8
>>>><

>>>>:

r �
�!
E (t) = � �

@
�!
H (t)
@t

r �
�!
H (t) = + �

@
�!
E (t)
@t

(3.1)

where
�!
E (t) =

�!
E (t + T) and

�!
H (t) =

�!
H (t + T). For simplicity, all the spatial variables are

dropped out of (3.1). To achieve a full discretization of the temporal components in (3.1),

all �eld variables are sampled equidistantly in the time domain by a leapfrog scheme with

time step � t, as depicted in Fig.3.1a; while their time-partial derivatives are approximated

by the �rst-order di�erence scheme:

[D t ] =

2

6
6
6
6
6
6
6
6
6
4

� 1 0 0 � � � 1

1 � 1 0 � � � 0

0 1 � 1 � � � 0
...

...
. . . . . .

...

0 0 � � � 1 � 1

3

7
7
7
7
7
7
7
7
7
5

N � N

(3.2)
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Figure 3.1 Basic theory of EM periodic sequences

Basic theory of EM periodic sequences. a Full time-discretization of Maxwell' curl
equations under TPBCs. To simulate discrete EM events, the sampling instant of magnetic
�eld is time-shifted with respect to that of electric �eld with half-step delay (� t=2). b
Normalized quantized spectrumwk

(q)=! k as a function of NBW for di�erent orders of
recurrent di�erence schemes.c Generational process of periodic sequential excitation.d
Waveform parameter and cut-o� criterion of commonly used periodic sequences corresponding
to the Supplementary Eqn.(3.50)-(3.52). Raised cosine (�rst row): � represents the
roll-o� coe�cient. Trapezoid (second row): r denotes the rise-time ratio. Gaussian
(third row): tp and fp are the truncation percentage of time waveform and frequency
spectrum, respectively. e-g Relative error of propagation constant corresponding to the
main mode of WR-284 (72.14mmÖ34.04mm): 0-2 recurrence. 'Analysis' curve is derived by
Supplementary Eqn.(3.61) while 'Numerical' curve is based on 2D �nite element method
(FEM). 'Approximation' corresponds to Supplementary Eqn.(3.62)-(3.64). h Numerical
dispersion vs recurrent order of di�erence scheme.

where sequential period is denoted byN = T=� t. [D t ] is a circulant matrix, of which the

fringe elements are set to characterize the TPBCs. Subsequently, the periodic-sequential curl
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equations can be expressed as

8
>><

>>:

r �
�!
E [n] = �

� t [D t ]
�!
H [n]

r �
�!
H [n] = �

� t [D t ]+
�!
E [n]

(3.3)

In which superscript+ represents the conjugate transpose. According to the leapfrog scheme

of EM �elds, we can introduce two unitary matrices (see Supplementary Note 1):

[Te;h] =

 
SGNne;h (k)

p
N

W
� (k� 1)(n�

n e;h
2 )

N

!

nk

(3.4)

wherene;h = 2; 1, WN = exp(i 2�=N ) and SGN(k) is given by

SGN(k) =

8
><

>:

+1; k = 1; 2; � � � ; dN +1
2 e

� 1; k = dN +1
2 e+ 1; � � � ; N

(3.5)

d�e denotes the ceiling truncation. (3.4) implies that there exists a new transform domain,

which is neither frequency domain nor time domain, for representing any EM �elds based on

the periodic sequences in (3.3). To distinguish it from the canonical frequency domain, we

de�ne it as 'w domain', in which the �elds conserves the property of conjugate symmetry and

(3.3) can then be transformed and decoupled to a group of independent equations, referred

to as w-domain curl equations (see Supplementary Note 2 for detailed derivation):

8
><

>:

r � �! e k = + iwk �
�!
h k

r �
�!
h k = � iwk � �! e k

(3.6)

where

wk =
2

� t
sin

� �
N

(k � 1)
�

SGN(k) (3.7)

wk possesses the conjugate anti-symmetric property, i.e.,wk = � wN +2 � k . This anti-symmetry

leads to real sequential response after inversely mapping the solutions of (3.6) to the original

discrete-time domain. For the Ohm-lossy scenario, the derivations can be obtained in a similar

way (see Supplementary Note 3 for details). We must stress that the EM periodic sequences

still and always obey the law of energy conservation in the w domain (see Supplementary

Note 4 for details).

To avoid aliasing, we stipulate that the sampling rate should satisfyf s = � 2(kmax � 1)=T

wherekmax is the maximum index of the nonzero w-domain components corresponding to the
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Figure 3.2 Propagation of modulated-Gaussian periodic sequence in RWG

Propagation of modulated-Gaussian periodic sequence in RWG. a Input modulated-
Gaussian periodic sequence vs recurrent orders of di�erence scheme. The bandwidth of
the baseband Gaussian equals to 17.5GHz and the carrier frequency is set to 97.5GHz.
(tp; fp ), Ns and K are set to(0:01; 0:01), 50 and 5, respectively.b Corresponding quantized
spectrum. c Periodic sequential responses of RWG WR-10 (2.54mmÖ1.27mmÖ50mm).
d. The experimental system for veri�cation and validation. It is composed of an
AWG Keysight M8190A (maximum sampling rate is 12 Ga/s), the under-tested WR-
284 (2.14mm� 34.04mm� 420mm) and a real-time Oscilloscope (OSC) Agilent In�niium
DSO81204B (maximum sampling rate is 40Ga/s). e-f The input modulated-Gaussian
periodic sequence and its quantized spectrum.(tp; fp ) = (0 :01; 0:1), Ns = 729 and K = 3.
The corresponding data rate and carrier frequency equal to 1.5GHz and 2.5GHz, respectively.
g Output periodic response of WR-284: theoretical prediction vs OSC measurement. The
time delay caused by cables and �xtures has been removed.

given periodic excitation. For the sake of comparison, we de�ne the normalized bandwidth

(NBW) as NBW = 2( kmax � 1)=N. Note that the approximation scheme of time-partial

derivative directly decides the numerical accuracy. Although the �rst-order di�erence scheme

(3.2) provides a concise analysis for developing the fundamentals of TPS, it is associated

with collateral numerical losses. Therefore, for practical applications, we adopt a recurrent

di�erence scheme that o�ers higher accuracy. To be more speci�c, the recurrent form of (3.7)
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Figure 3.3 Coupling between EM periodic sequences according to broadband pulse

Coupling between EM periodic sequences according to 45GHz-broadband pulse.
a Measurement set-up. The system is composed of an AWG Keysight M8196A (maximum
sampling rate of 92GSa/s), the under-tested crosstalk boards, a real-time OSC UXR0702AP
(maximum sampling rate of 256GSa/s) and four V-band cables. The outputs of AWG are
controlled by the panel of Keysight IQtools. To avoid aliasing, the sampling rate of AWG
is set to 90GSa/s. After the in-system calibration, the AWG channels are synchronized (the
skew is less than 0.2ps), and the attenuation is considerably alleviated. The loss, delay
and inter-channel skew of the V-band cables are removed by the common procedure of the
in-system calibration and the Keysight D9020ASIA advanced SI software. The under-tested
microstrip boards are made of Rogers RO3003 substrate (5mil thickness), operating from DC
to 50GHz. Both routines (width 0.3mm) are terminated by V-band end launchers. To provide
signi�cant crosstalk e�ects, the coupling length and gap spacing are set to 10mm and 0.2mm,
respectively. The di�erence of length between routine port1-port2 ('long') and routine port3-
port4 ('short') is equal to 1/3/5/7mm. b, c Input periodic raised-cosine sequences and the
corresponding spectrum�ideal (gray dashed), the outputs of AWG channel 1 (golden solid)
and channel 2 (green solid), as the average results of consecutive 4096 waveforms.d-g
Average periodic responses of the under-tested circuits (case 1-4): algorithm predictions vs
measured results.
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can be expressed by (see Supplementary Note 5 for derivation process)

wk
(q) =

wk
(0)

Sa(wk
(q� 1)=2)

(3.8)

where wk
(0) = ! k = 2�f k = 2� (k � 1)=T. Given q ! 1 , wk

(q) ! ! k . Fig.3.1b shows the

normalized wk
(q) as functions of di�erent recurrent orders. Obviously, the numerical error

would rapidly decrease with the rising of order.

Unlike traditional harmonic analysis, the periodic sequential excitation plays an important

role in TPS since it carries waveform and signal information. Fig.3.1c depicts a general

building process of the EM periodic sequence, which origins from transient pulses with

arbitrary waveform. Note that transient pulses with di�erent time span but identical

waveform are corresponding to the same periodic sequence. We stipulate thatN can be

equidistantly partitioned to K segments, i.e.,N = KN s whereNs denotes the code duration

or unit interval (UI). The maximum index of non-zero components can be expressed as (see

Supplementary Note 6 for detailed derivations)

kmax = bg(� 1; � 2; � � � ; � S) K c (3.9)

Here, b�c represents the �oor truncation, function g(�) is irrelevant to frequency and only

decided by waveform parameters and cut-o� criterion of the original transient pulse, as

illustrated by Fig.3.1d. Given a �xed UI-measured periodK , we can arbitrarily compress

the original transient pulse while still preserving the same computational scale in the w

domain.

From the perspective of numerical dispersion, Fig.3.1e-g illustrate the relative error of

a propagation constant (Supplementary Eqn.(3.56)) of a rectangular waveguide (RWG),

corresponding to di�erent recurrent orders. The relative error of the main modeTE10k

is proportional to NBW to the power 2, 4 and 6, respectively (see Supplementary Note 7 for

details). Fig.3.1h indicates that the numerical dispersion can be suppressed to a satisfactory

level after a few recurrences of (3.8).

3.3 Validation Experiments

Furthermore, we have investigated the propagation of a modulated-Gaussian periodic

sequence in standard RWGs. As excitation, those periodic sequences possess an identical

waveform but di�erent quantized spectrum, as illustrated in Fig.3.2a-b. The deviation of

quantized spectrum re�ects the numerical error caused by di�erence schemes and will be
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enlarged with the increase of indexk. Fig.3.2c shows the corresponding output response of

RWG. It is clear to see that in the case of a large NBW, the �rst-order di�erence scheme

results in a signi�cant numerical dispersion. Hence, to ensure a good numerical accuracy,

we adopt the second order recurrent di�erence scheme in practical applications. To validate

our proposed theory, we have conducted an experiment of validation as shown in Fig.3.2d.

Subject to the maximum sampling rate of our arbitrary waveform generator (AWG), a

standard RWG (WR-284) is taken as the testing device, which is excited by a modulated-

Gaussian periodic sequence, as depicted in Fig.3.2e-f. Fig.3.2g illustrates the output periodic

responses of the RWG corresponding to the proposed method and the oscilloscope (OSC)

display, respectively. It is clearly to see that the theoretical curve is matching well with

the experimental counterpart. A slight distortion observed here is mainly attributed to the

non-ideal performance of the AWG. Nevertheless, the measured results have substantiated

and validated the correctness of our proposed theory.

Moreover, we extend the concept of scattering parameters [37] to the w domain so as to derive

a periodic response in a closed region scenario (See Supplementary Note 8 for details). To

investigate the coupling e�ect between two synchronized EM periodic sequences (generated

by broadband pulses), we have simulated and fabricated four cross-talk boards with di�erent

routine delays (denoted by case 1-4), as illustrated in Fig.3.3d-g. The experimental system is

shown in Fig.3.3a. To provide a reasonable comparison between simulation and measurement,

we send a raised-cosine (� = 1) broadband pulse (up to 45GHz) to AWG, and take the average

of output (4096 waveforms) as the excitation. The discrepancy between the two synchronized

AWG outputs and the ideal reference can be easily observed from Fig.3.3b-c. Sincekmax = 10

corresponds to a small computational scale, we implement one-batch multiprocessing to solve

those components simultaneously. To provide a quantitative comparison, we introduce the

Kullback-Leibler (KL) divergence as the �gure of merit. In mathematics, the KL divergence

is a measure of deviation between two nonnegative vectors [38]:

DKL (u; v) =
NX

n=1

�

un ln
un

vn
� un + vn

�

(3.10)

where un = j eq1[n]j=jj eq2[n]jj 2 + ", vn = j eq2[n]j=jj eq2[n]jj 2 + " and " = 10� 12. Note that the

KL divergence is non-negative and equal to zero if and only if two sequences are identical,

i.e. u = v. Fig.3.3d-g illustrate the periodic responses of the under-tested circuits (case 1-4)

according to the prediction and the measurement, respectively. In each case, the predicted

curves are �tting well with the measured ones, and this observation is further corroborated

by the corresponding small KL divergences.
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3.4 Conclusion

In conclusion, we have presented, to our best knowledge, the �rst open publication and

development on TPS and its applications in connection with time-periodic EM waves. TPS

can successfully depict the propagation process of EM periodic sequences with arbitrary

waveform. The validation experiments indicate a good consistency between theoretical

predictions and measured results. The frequency-independent property of periodic sequences

and the parallel nature of the w-domain curl equations makes TPS a promising tool in analysis

of high-speed signal integrity (SI) systems and modelling of (ultra-)wideband wired/wireless

channels.

3.5 Supplementary Note

3.5.1 Supplementary Note 1: Selection of Transform Operators

As mentioned in our manuscript, the periodic sequential Maxwell's equations can be expressed

as 8
>><

>>:

r �
�!
E [n] = �

� t [D t ]
�!
H [n]

r �
�!
H [n] = �

� t [D t ]+
�!
E [n]

(3.11)

where

[D t ] =

2

6
6
6
6
6
6
6
6
6
4

� 1 0 0 � � � 1

1 � 1 0 � � � 0

0 1 � 1 � � � 0
...

...
. . . . . .

...

0 0 � � � 1 � 1

3

7
7
7
7
7
7
7
7
7
5

N � N

(3.12)

Based on (3.11), the wave equation can be easily derived as

r � r �
�!
E [n] �

��
� t2

[D tt ]
�!
E [n] = 0 (3.13)

where

[D tt ] = [ D t ][D t ]+ =

2

6
6
6
6
6
6
6
6
6
4

2 � 1 0 � � � 1

� 1 2 � 1 � � � 0

0 � 1 2 � � � 0
...

...
. . . . . .

...

1 0 � � � � 1 2

3

7
7
7
7
7
7
7
7
7
5

N � N

(3.14)

[D tt ] denotes the second-order di�erence scheme and also possesses circulant elements. In

mathematics, circulant matrices are categorized to be of 'normal' type�they can always be
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diagonalized by unitary matrices. Note that those transform operators should be subject to

the following rules:

ˆ The transform operators are able to diagonalize both the �rst-order (3.12) and second-

order (3.14) di�erence schemes.

ˆ After applying inverse mapping, the solution of wave equation (3.13) should yield a

real number at any observation point.

Consequentially, for electric �eld, we de�ne the bilateral mapping as

[Te] =

 
1

p
N

W � (k� 1)(n� 1)
N

!

nk

(3.15)

Accordingly, for magnetic �eld, we have

[Th] =

 
1

p
N

SGN(k)W
� (k� 1)(n� 1

2 )
N

!

nk

(3.16)

Where WN = exp(i 2�=N ) and SGN(k) is given by

SGN(k) =

8
><

>:

+1; k = 1; 2; � � � ; dN +1
2 e

� 1; k = dN +1
2 e+ 1; � � � ; N

(3.17)

d�estands for the ceiling truncation.

The w-domain electric �eld and magnetic �elds can be written as

�! e [k] = [ Te]+
�!
E [n] =

1
p

N

NX

n=1

�!
E [n]W (k� 1)(n� 1)

N (3.18)

and
�!
h [k] = [ Th]+

�!
H [n] =

1
p

N

NX

n=1

�!
H [n]SGN(k)W

(k� 1)(n� 1
2 )

N (3.19)

, respectively. (3.18)/(3.19) is conjugate symmetric if
�!
E [n]/

�!
H [n] is real. To be more speci�c,

for each indexk, we have 8
><

>:

�! e N +2 � k = �! e k
�

�!
h N +2 � k =

�!
h k

� (3.20)

(3.17) imposes the identical symmetry on both electric �eld and magnetic �eld, and it is

a compulsory condition, otherwise, the w-domain magnetic �eld will be conjugate anti-
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symmetric (due to the shift or delay � t=2) and incur non-physical e�ect which violates

the law of energy conservation.

3.5.2 Supplementary Note 2: w-domain Maxwell's Curl Equations

Based on (3.18) and (3.19), the �rst- and second-order di�erence matrices can be diagonalized

as

[� k ] = [ Te]+ [D t ][Th] = 2i sin[
�
N

(k � 1)]SGN(k) (3.21)

and

[� k ]2 = [ Te]+ [D tt ][Te] = � 4 sin2
� �
N

(k � 1)
�

(3.22)

, respectively. (3.22) implies that[D tt ] hasd(N + 1) =2e non-repetitive eigenvalues due to the

symmetric property:

� k = � N +2 � k ; k = 1; 2; � � � ; dN +1
2 e (3.23)

In turn, the w-domain curl equations can be formulated by

8
><

>:

r � �! e k = + iwk �
�!
h k

r �
�!
h k = � iwk � �! e k

(3.24)

where

wk =
2

� t
sin

� �
N

(k � 1)
�

SGN(k) (3.25)

Note that wk preserves the conjugate anti-symmetric property, i.e.,wk = � wN +2 � k .

Substituting k = N + 2 � k to (3.24), we have

8
><

>:

r � �! e N +2 � k = + iwN +2 � k �
�!
h N +2 � k

r �
�!
h N +2 � k = � iwN +2 � k � �! e N +2 � k

+
8
><

>:

r � �! e �
N +2 � k = + iwk �

�!
h �

N +2 � k

r �
�!
h �

N +2 � k = � iwk � �! e �
N +2 � k

(3.26)

Comparing (3.26) with (3.24), it is obvious to see that the anti-symmetric property ofwk

ensures the conjugate symmetry of the solution of w-domain curl equations. Once mapping

the �elds back to the original domain, they stay real as required.
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3.5.3 Supplementary Note 3: Ohm-Loss Scenario

In Ohm-loss scenario, the periodic-sequential curl equations can be written as

8
>><

>>:

r � [
�!
En ] = �

� t [D t ][
�!
Hn ]

r � [
�!
Hn ] =

�
� [O] + �

� t [D t ]
� +

[
�!
En ]

(3.27)

where the averaging operator[O] is given by

[O] =
1
2

2

6
6
6
6
6
6
6
6
6
4

1 0 0 � � � 1

1 1 0 � � � 0

0 1 1 � � � 0
...

...
. . . . . .

...

0 0 � � � 1 1

3

7
7
7
7
7
7
7
7
7
5

N � N

(3.28)

Note that the sample timing of electric �eld is identical to that of magnetic �eld in the second

equation of (3.27). In the w domain, we have

8
><

>:

r � �! e k = + iwk �
�!
h k

r �
�!
h k = ( ok � iwk � ) �! e k

(3.29)

where

ok = � cos[�N (k � 1)]SGN(k) (3.30)

ok is symmetric with respect tok (i.e., ok = oN +2 � k) and keeps positive over the range of

index k. Otherwise, a negativeok will bring about gain rather than loss�obviously it is in

con�ict with the lossy presumption.

3.5.4 Supplementary Note 4: w-domain Energy Conservation

We de�ne the averaging Poynting vector of EM periodic sequence as

�!
S av =

1
N

NX

n=1

�!
E [n] �

0

@
�!
H [n � 1] +

�!
H [n]

2

1

A (3.31)

Substituting the inverse transforms of (3.18) and (3.19) to (3.31) under the conjugate

symmetric condition, we have

�!
S av =

1
N

dN +1
2 eX

k=1

� kRe
� �! e k �

�!
h �

k

�
cos

� �
N

(k � 1)
�

(3.32)
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For odd N ,

� k =

8
><

>:

1; k = 1

2; k = 2; 3; :::; N +1
2

(3.33)

For evenN ,

� k =

8
><

>:

1; k = 1 & N
2 + 1

2; k = 2; 3; :::; N
2

(3.34)

Subsequently, the w-domain complex Poynting vector can be represented as

�! s =
1
N

dN +1
2 eX

k=1

� k

� �! e k �
�!
h �

k

�
cos

� �
N

(k � 1)
�

(3.35)

Inserting (3.29) to (3.35), we have

�r � �! s = i [pe � pm ] + pj (3.36)

where

pe =
1
N

dN +1
2 eX

k=1

� kwk � j�! e k j2 cos
� �
N

(k � 1)
�

(3.37)

ph =
1
N

dN +1
2 eX

k=1

� kwk �
�
�
�
�!
h k

�
�
�
2

cos
� �
N

(k � 1)
�

(3.38)

pj =
1
N

dN +1
2 eX

k=1

� kok j�! e k j2 cos
� �
N

(k � 1)
�

(3.39)

pe, ph and pj denote the complex power density of electric �eld, magnetic �eld and Ohm loss,

respectively. (3.36) describes and substantiates the conservation of energy in the w domain.

3.5.5 Supplementary Note 5: Recurrent Higher-Order Di�erence Operator

Di�erence scheme plays the pivotal role in developing TPS. However, it incurs numerical

error due to the approximation of time-partial derivatives. Consequently, it is necessary to

analyze this deviation so as to improve the corresponding numerical accuracy.

First, we rewrite (3.25) as

wk = ! k Sa[ �
N (k � 1)]; k = 1; � � � ; N +1

2
(3.40)
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where

! k = 2�f k =
2� (k � 1)

T
(3.41)

! k denotes the circular frequency that corresponds to thekth index, and factorSa[� (k� 1)=N]

depicts the numerical approximation which is related to not only the periodic lengthN but

also the spectrum indexk. For the sake of comparison, we de�ne the normalized bandwidth

(NBW) as

NBW =
2(kmax � 1)

N
(3.42)

As N tends towards in�nity and with a �xed value of k, the quantized spectrumwk approaches

the circular frequency! k . The discrepancy between the two is due to the approximation

of the time-partial derivative through di�erence schemes. Therefore, it is important to

carefully select a di�erence scheme as it directly impacts the numerical accuracy. Fortunately,

by introducing the recurrent di�erence scheme [39], we can improve the accuracy without

changing the transform operator (3.15) and (3.16).

According to Taylor series expansion, the �rst-order di�erence scheme can be expressed as

 i +1 �  i

2
=

2

4
� t
2

1!
@
@t

+
( � t

2 )
3

3!
@3

@t3
+

( � t
2 )

5

5!
@5

@t5
+ � � �

3

5  (3.43)

Based on (3.43), we can build up the recurrent di�erence scheme:

@
@t

=
D
� t

(

1 +
( � t

2 )2

3!
@2

@t2

"

1 +
3!( � t

2 )2

5!
@2

@t2
(1 + � � � )

#) � 1

(3.44)

where D represents the �rst-order di�erence schemef� 1; 1g. Note that the �rst-order

di�erence scheme is explicit whereas the expression of recurrent di�erence operator is implicit.

Subsequently, we use the former one to establish our theoretical model and take the later

one for practical computation. Inserting (3.14) to (3.44), we have

wk
(1) =

wk

Sa(wk=2)
(3.45)

If we denotewk as wk
(0) , the quantized spectrum afterq times of recurrent process can be

expressed as

wk
(q) =

wk
(0)

Sa(wk
(q� 1)=2)

(3.46)

Obviously, givenq ! 1 , ! k is the limitation of wk
(q) .
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3.5.6 Supplementary Note 6: De�nition of Periodic Excitation

In the w domain, the computational scale depends on the maximum indexkmax of a given

excitation. The general process of obtainingkmax is listed as follows:

1. Setting waveshape parameters of a speci�c waveform in the continuous-time domain,

such as (root) raised-cosine, trapezoidal and Gaussian waveform.

2. Cutting o� the corresponding spectrum in the continuous-frequency domain, denoted

by f c.

3. Deriving kmax numerically by solving the optimization problem arg min
k

(

wk
(q) �

2�f c; wk
(q) � 2�f c

)

.

For the sake of analysis, we equidistantly divide periodT to K segments, i.e.,T = KT s,

whereTs = Ns� t. As a result, we haveN = KN s. In turn, the above optimization problem

is equivalent to

arg min
k

8
>><

>>:

Ns sin[� (k� 1)
N ]

�Sa
�

w( q� 1)
k

2

� �
f c

Fs
;

Ns sin[ �
N (k � 1)]

�Sa
�

w( q� 1)
k

2

� �
f c

Fs

9
>>=

>>;
(3.47)

whereFs = 1=Ts. Note that item f c=Fs in (3.47) are dimensionless, sokmax is not related to

the bandwidth of original signals. This means that time-periodic electromagnetic waves with

di�erent bandwidths correspond to the same periodic sequence as long as they have identical

waveshape parameters.

Furthermore, considering the ideal scenario thatq ! 1 , then kmax can be explicitly expressed

as

kmax =

$ 
f c

Fs

!

K

%

(3.48)

where b�c denotes the �oor-integer operator. Sincef c=Fs is only decided by time-domain

waveshape parameters and transform-domain cut-o� criterion, we rewrite (3.48) to

kmax = bg(� 1; � 2; � � � ; � S) K c (3.49)

Here,g(�) is the function of waveshape and cut-o� parametersf � sgS
s=1 . A di�erent waveform

will result in a di�erent scale of computation. As illustration, g(�) that correspond to raised-
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cosine, trapezoidal and Gaussian periodic sequences are written as

g(� ) =
1 + �

2
(3.50)

g(r ) =
1
r

(3.51)

and

g(tp; fp ) =
2
�

q
ln (tp) ln (fp ) (3.52)

, respectively. For raised-cosine case (3.50),� denotes the roll-o� coe�cient, within the

range [0; 1]. For trapezoidal case (3.51),r represents the rise-time ratio. For Gaussian case

(3.52), tp and fp depict the truncation positions in time and frequency domain, respectively.

Alternatively, we can use time�bandwidth product BT instead oftp to depict the waveshape

parameter, i.e.,

tp = exp
�

�
�
�BT=

p
2ln2

� 2
�

(3.53)

3.5.7 Supplementary Note 7: Analysis of Numerical Dispersion

The numerical dispersion is related to both temporal and spatial discretization. To analyze

their e�ects to the dispersion, we investigate the dispersion relation in a 2D-problem space.

Assuming that an in�nite plane is �lled with lossless, isotropic and homogeneous media, then

a w-domain plane wave can be de�ned as

�! ek = exp[i (� xx + � yy)] (3.54)

Partitioning the plane by triangular mesh, we insert (3.54) to (3.24) and replacing the

in�nite boundary condition with Floquet periodic boundary condition [8], we can derive

the dispersion relation as

� kmax
2 = � x

2 + � y
2 + � 4 ��

12� t2 NBW 4+

(�� 1
4 + �� x

3� y + 
� x
2� y

2 + �� x � y
3 + �� y

4) + O(� 4)
(3.55)

where� k = � � N +2 � k = wk
p

�� . �; �; 
; � and � represent the geometric coe�cients which are

decided by a given type of edge element. (3.55) indicates that the4th -order numerical error

corresponds to both temporal and spatial discretization. Generally speaking, the spatial

discretization can be deemed as a minor contributor given an appropriate mesh (not too

coarse). Note that the contribution of spatial discretization will reduce to6th -order if the

grid is constituted by equilateral triangles. To assess the dispersion level, we de�ne the
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relative error of propagation constant as

p =
j� kmax � ! kmax

p
�� j

! kmax

p
��

� 100% (3.56)

For illustration, we test the relative error of rectangular waveguide (RWG), which also has

analytical solution in w domain. Assuming that waveguide is in�nitely long inẑ direction

(lateral dimensiona � b), the wave equation can be expressed as

8
><

>:

r 2�! ek + � 2
k
�! ek = 0

r 2�!
hk + � 2

k
�!
hk = 0

(3.57)

where the w-domain wavenumber is given by

� k = � � N +2 � k = wk
p

�� ; k = 1; :::; dN +1
2 e (3.58)

In turn, it allows us to use the sign ahead of� k to discriminate the propagating direction.

Similar to frequency domain, the �eld components in Cartesian coordinate are subjective to

2

6
6
6
6
6
6
4

exk

eyk

hxk

hyk

3

7
7
7
7
7
7
5

=
1

� c
2

2

6
6
6
6
6
6
4

@
@z 0 0 iwk �

0 @
@z � iwk � 0

0 � iwk � @
@z 0

iwk � 0 0 @
@z

3

7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
4

@ezk

@x
@ezk

@y
@hzk

@x
@hzk

@y

3

7
7
7
7
7
7
7
7
5

(3.59)

Correspondingly, the TEmlk mode of RWG can be expressed as

hzk = hk
ml � 1 �cos

�
� m

x x) cos(� l
yy)exp(i� zk z

�

exk = hk
ml �

� i�� l
y wk

� c 2 �cos
�
� m

x x) sin(� l
yy)exp(i� zk z

�

eyk = hk
ml �

i�� m
x wk

� c 2 �sin
�
� m

x x) cos(� l
yy)exp(i� zk z

�

hxk = hk
ml �

� i� zk
� c 2 �sin

�
� m

x x) cos(� l
yy)exp(i� zk z

�

hyk = hk
ml �

� i� zk
� c 2 �cos

�
� m

x x) sin(� l
yy)exp(i� zk z

�

(3.60)

Where hk
ml represents the magnetic �eld intensity of the input periodic sequence,m and

l denote the modal indices of̂x and ŷ directions, respectively;� m
x = m�

a , � l
y = l�

b , � c =
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q
(� m

x )2 + ( � l
y)2 and � zk denotes the w-domain dispersion of RWG:

� zk =

vu
u
t � k

2 �
� m�

a

� 2

�

 
l�
b

! 2

(3.61)

Here a and b represent the width and height of RWG respectively, and(m; l ) stands for

the spatial-modal index pair. Since (3.61) is related to the indexk, we stipulate that the

complete set off TE10kg (k = 1; � � � ; kmax ) represents the 'TE10 mode' of RWG.

If the magnitude of � zk greatly exceeds that of the third item on the right hand side of (3.55),

then (3.56) can be approximated as follows:

p =
� 2

24
NBW 2 (3.62)

(3.62) preserves a good consistency with the theoretical result within a considerable span of

NBW. Similarly, the approximation of (3.56) corresponding to the �rst- and second-order

recurrence can be expressed by

p =
� 4

288
NBW 4 (3.63)

and

p =
� 6

3456
NBW 6 (3.64)

, respectively. Given a �xed accuracy level, the quali�ed span of NBW is extended with the

increase of recurrent order, leading to a well-restrained dispersion level.

3.5.8 Supplementary Note 8: w-domain S-Parameters

Note that the aforementioned theory only involves the temporal part of Maxwell's curl

equations�we should introduce the spatial-part process in the w domain so as to solve general

EM problems. Without loss of generality, a �nite element method (FEM) is chosen as the

w-domain solver, in which EM �elds are represented by �rst-type Nédélec edge elements [7].

In this manuscript, we focus on closed region scenario.

Assuming that the close-region problem only involves two types of boundary conditions,

namely 'PEC' and 'wave port'. For each index k, the matrices equation can be expressed

as [6]
f [Pe] � � 2

k [Qe] + iwk � 0
P P

p=1
P 1

m=1 [bp
mk ] [bp

mk ]T g[ek ]

= 2 iwk � 0
P P

p=1
P 1

m=1 [bp
mk ]

(3.65)



35

where[Pe], [Qe] and [bp
mk ] are given by

(Pe) ij =
ZZZ

Ve

�
r �

�!
N e

i � �� � 1 � r �
�!
N e

j

�
dV (3.66)

(Qe) ij =
ZZZ

Ve

� �!
N e

i � �� �
�!
N e

j

�
dV (3.67)

(bp
mk ) i =

ZZ

Sp
e

� �!
N e

i �
�!
h p

mk

�
� n̂ dS (3.68)

, respectively;�� ( �� ) is the tensor form of relative permittivity (permeability), subscript i (j )

denote the global index of the vector basis,
�!
N e

i;j represents the vector �nite element basis

of the tetrahedral (triangular) elementVe (Sp
e),

�!
h p

mk is the normalized magnetic modal �eld,

the superscriptp denotes thepth port (P ports total) and the superscript m represents the

spatial index of the modal �eld.

Once (3.65) is solved, the w-domain scattering parameters can be de�ned as

spp0
mk = [ bp

mk ]T � [ek ] � � pp0 (3.69)

Here, the periodic excitation is only assigned to thepth
0 port. If p = p0, � pp0 equals to

one otherwise zero. In addition, the eigenvalue problem on each port surface is solved by

modifying the equation (27) [40].

After obtaining the w-domain S-parameters, it is easily to derive the output response for

arbitrary port. The overall process can be summarized as

eq[n] = ep[n] } eh[n] (3.70)

where ep[n], eh[n] and eq[n] represent the input excitation, the impulse response of the close-

region and the corresponding output response, respectively; the tilde sign indicates that the

sequence is periodic type and} represents theN -points circular convolution. Note that the

response is only related to the sequence�all spatial variables have been eliminated by the

surface integration on port.
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CHAPTER 4 ARTICLE 2: THEORY OF PERIODIC SEQUENCE:

HIGHLY-EFFICIENT SIGNAL INTEGRITY ANALYSIS OF HIGH-SPEED

INTERCONNECTS

Ben You and Ke Wu
(Submitted to IEEE Transactions on Microwave Theory and

Techniques, 13 May 2023)

Abstract

This work introduces and investigates a highly e�cient eye diagram model, called the Periodic

Eye Diagram (PED), for investigating and assessing the signal integrity (SI) performance of

high-speed interconnects. The PED model is based on the Theory of Periodic Sequences

(TPS), a novel approach for representing the propagation of time-periodic Electromagnetic

(EM) waves. Leveraging the parallel nature of EM periodic sequences, the full-wave response

of high-speed channels can be rapidly obtained using one-batch multiprocessing. The

computational scale remains small due to the inherent frequency-independent property of

periodic sequences. Consequently, the PED and its corresponding eye parameters can be

derived with both high speed and accuracy. This proposed method holds signi�cant potential

for enhancing the analysis and design of high-speed interconnects.

Keywords: Theory of periodic sequence (TPS), periodic eye diagram (PED), broadband

transmission line, signal integrity (SI), full-wave simulation, multiprocessing.

4.1 Introduction

High operating speed and sharp excitation are the highly desired imperative characteristics

of cutting-edge electronic systems for fast computation, communication, and sensing. High-

speed interconnects serve as electronic bridges between various modules and systems,

encompassing printed circuit boards (PCBs), integrated circuits (ICs), chipsets, system

modules, and cables [41], among others. As integration levels increase and data rates become

faster, the impact on signal integrity (SI) becomes more profound, encompassing challenges

such as re�ection, attenuation, crosstalk, jitter, and electromagnetic (EM) interference. As

system clock frequencies rise rapidly and rise/fall times decrease steadily, addressing SI

issues in high-speed channels has emerged as a key bottleneck in the modeling, analysis,

and validation of high-performance electronic devices.
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Eye diagrams serve as a vital tool for analyzing SI by assessing the quality of high-

speed digital signals, taking into account the interference between consecutive time-domain

symbols [42]. In the testing of high-speed interconnects, which often involves bit streams at

speci�c data rates, parameters derived from eye diagrams are preferred over S-parameters as

superior metrics for evaluating design quality. It is important to note that the generation

of an eye pattern relies on speci�c types of time-domain responses, such as rise/fall edge

response [43], multiple-edge response [44], and bit pattern response [45]. In the design stage,

these responses are typically derived using full-wave and/or equivalent-circuit models [3].

However, traditional frequency-domain methods face challenges when solving EM problems

for high-speed interconnects through broadband signal sweeps, as they often incur signi�cant

computational burdens and lengthy processing cycles. Furthermore, time-domain algorithms

have limited capability to fully exploit the potential of multiprocessing due to the inherently

serial nature of time evolution. Moreover, if the performance of the eye diagram is

unsatisfactory, design iterations must be carried out, leading to a highly vulnerable situation.

Furthermore, e�orts have been focused on generating eye parameters using machine learning

techniques, eliminating the need for full-wave or equivalent-circuit simulations [46�48].

However, these methods struggle to achieve a balance between accuracy, e�ciency, and

robustness. If the topology of an interconnect is modi�ed, the entire learning network

must be retrained. To address these limitations, traditional full-wave/circuit simulations

still play a crucial role in arti�cial intelligence (AI)-based optimizations [49�51]. The

forward optimization process or the generation of a training dataset remains time-consuming,

particularly when a circuit model is unavailable.

Our novel modeling approach, known as the theory of periodic sequence (TPS) (see Chapter

3 for details), aims to depict the propagation of time-periodic EM waves using a transform

domain that di�ers from the conventional time domain or frequency domain utilized by

the computational electromagnetic community. Instead of employing harmonic waves or

transient pulses, we employ a periodic sequence as the excitation signal. Through a

speci�c mapping process, the periodic-sequential Maxwell's equations are transformed into a

numerical transform domain known as the w domain, wherein the quantized spectrum of the

excitation is derived analytically. Each component within this spectrum corresponds to an

independent wave equation. By taking advantage of the parallel nature of these equations, we

can solve them e�ciently using one-batch multiprocessing. Subsequently, through an inverse

mapping, we can easily obtain the periodic sequential response of any arbitrary periodic

excitation.

This work focuses on the baseband signal integrity (SI) analysis of high-speed channels,
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Figure 4.1 Schematic of TPS algorithm for high-speed interconnect problems

Schematic of TPS algorithm for high-speed interconnect problems. At the input port, the
periodic sequential excitation is transformed to a numerical transform domain�w domain,
yielding a quantized spectrum corresponding to the input sequence. A copy of the under-
tested interconnects is created for each w-domain component, and the propagation of w-
domain Maxwell's equations is computed using a �nite element method (FEM) solver.
To harness the multiprocessing capabilities of multi-core CPUs, a parallel computation
framework is employed. By analyzing the spatial distribution of EM �elds, the quantized
spectrum of the response can be derived at the output port. It is important to note that
each port of the interconnect is terminated with matched impedance. Finally, by performing
an inverse mapping and synthesizing the output components, the periodic response of the
interconnects can be easily obtained.

speci�cally addressing the recent advancements in computational electromagnetics. We

assume that all interconnects are passive, linear time-invariant (LTI), and terminated in

matched loads. The primary objective of this study is to propose and investigate TPS-based

eye-diagram models. These models utilize w-domain full-wave simulations and employ small-

scale multiprocessing to generate the eye diagrams. This approach highlights the exceptional

advantages o�ered by TPS, particularly in terms of speed and accuracy. Notably, the scale

of multiprocessing is completely independent of the data rate, making it highly bene�cial

for the design process of high-speed interconnects, especially in the context of broadband

transmission line systems.
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4.2 Theory

Fig.4.1 shows the general process of deriving the output response of a high-speed interconnect

under test, given a periodic excitation with arbitrary waveshape (sequential periodN ). The

overall process is summarized as

eq[n] = ep[n] } eh[n] (4.1)

where } denotesN -points circular convolution, ep[n], eh[n] and eq[n] are the input periodic

excitation, the periodic impulse response and the periodic transmission response, respectively.

It is important to note that all sequences are de�ned with respect to discrete time only. For

limited quantized spectrum, it is promising to implement one-batch multiprocessing so as to

achieve best computational e�ciency.

In this work, we will analyze the symbol response of high-speed interconnects, as it plays

a critical role in generating eye diagrams. Fig.4.2 a)-c) illustrate the schematics of the

input symbol, impulse response, and output response of a typical high-speed interconnect,

respectively. Typically, the support set [52] of the input symbol sequence spans only a few

symbol periods. Similarly, assuming a high-speed interconnect terminated in a matched

load, the impulse response also has a narrow support set. Consequently, the output response

exhibits a compact feature in terms of support set. For convenience, we consider the highest

frequency of the input symbol to be equal to its data rate. Unless stated otherwise, all

sequential lengths are measured in sequential unit intervals (UI), denoted asNs. Once the

transmission delayD is determined, the length of the impulse responseH is also established.

To ensure completeness, we set the UI-measured periodK to be no less thanP + H , where

P represents the sequential length of the input symbol. By doing so, the linear convolution

can be fully recovered usingN -points circular convolution, as illustrated in Fig.4.2 c).

Reducing the length of circular convolution could lead to a decrease in parallel scale, resulting

in improved computational e�ciency. However, decreasingK could also lead to aliasing

distortion in the symbol-response recovery. Fortunately, due to the compact support set

of the output response, introducing a certain level of aliasing will have a minimal e�ect

on the waveform inside the support set. In other words, we can partially recover the linear

convolution through circular convolution while preserving the complete information to further

depict possible inter-symbol interference (ISI).

According to causality, the interconnect has zero response within the range[0; b(P=2+ D)=K c

�K ], whereb�crepresents �oor truncation (as integer). We denote the region[b(P=2+ D)=K c�
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K; b(P=2+ D)=K c�K + K ] as the basis segment of linear convolution. Therefore, the support-

set recovery condition is given by

K � max

 
P=2 + D

1 + b(P=2 + D)=K 0c
; K 0

!

(4.2)

Figure 4.2 Transmission response of a typical high-speed interconnect

Transmission response of a typical high-speed interconnect. a) Input symbol waveform. b)
Transmission impulse response of interconnect. c) Output response: circular convolution
vs linear convolution (full recovery). d) Output response: circular convolution vs linear
convolution (support-set recovery). P, H , D, H supp and P supp represent the UI-measured
lengths of input symbol, impulse response, transmission delay, support set of input symbol
and support set of impulse response, respectively. The shadow areas in a)� d) indicate the
support set of each sequence.
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where

K 0 =
P + P supp

2
+ H supp (4.3)

P supp and H supp denote the span of the support set for the input symbol and impulse response,

respectively. While H supp is rigorously in�nite, truncating it to a few symbol durations is

su�cient for practical applications. For simplicity, we assume P supp = P throughout the

remainder of this work. In (4.2), the �rst term on the right-hand side ensures that the

symbol peak always falls within the basis segment, while the denominator automatically

o�sets the large delays (D � K 0) in the nominator. The second term is independent of the

transmission delayD and prevents overlap between the support-set segments 1 and 2 of the

linear convolution, as depicted in Fig.4.2 c) and d).

Once the symbol response or its support set has been fully recovered, valuable SI information

on high-speed interconnects can be derived through the generation of corresponding eye

patterns and parameters.

4.2.1 Lebesgue-Type Eye Diagram

Real-time eye diagram (RTED) is commonly employed in oscilloscopes (OSC) to assess the

signal quality of digital serial data. In this subsection, we propose a TPS-based surrogate

model for RTED. In practical applications, a pseudo-random X-system sequence (PRXS) is

typically used to generate PAM-L RTED, where L represents the total number of voltage

levels in a speci�c encoding scheme. For instance, a pseudo-random binary sequence (PRBS)

[53] and a pseudo-random quaternary sequence (PRQS) [54] can generate PNRZ (PAM-2)

and PAM-4, respectively. These pseudo-random sequences are generated by deterministic

algorithms and possess a periodic nature (with a period ofLF � 1), exhibiting statistical

behavior similar to random sequences.

To simplify the writing of expressions, we de�ne a moving sequential window as

GSpan
Shif t [n] = rectSpan N s [n � Shif t N s] (4.4)

whererectf�g represents the rectangular window with unity magnitude.

Once shaped by symbol edge, the input PRXS (lengthLF � 1) waveform can be de�ned as

X [n] =
� X L F � 1

v=1
bv xv� 1� P=2[n]

�

G2Z
Z [n] (4.5)

wheref bvgL F � 1
v=1 denotes the voltage coe�cients according to the voltage-level spacef 2l � L +

1)gL � 1
l=0 , x[n] represents the input symbol waveform, the subscriptv � 1 � P=2 denotes the



42

shift value (measured byNs) for the vth copy of x[n], and Z = LF =2 � 1 is the total number

of 2-UIs segments.

Upon an excitation depicted by (4.5), the transmission response of under-tested interconnect

can be formulated as

Y[n] =
� X L F � 1

v=1
bv yv� 1� P=2[n]

�

G2Z
Z [n] (4.6)

whereh[n] is the impulse response of interconnect andy[n] is the result of linear convolution

x[n] � h[n]. For the sake of analysis, the time delay of interconnect has been removed from

(4.6). By folding Y[n] to 2-UIs span forZ times, we have

RTED [n] = hist f bYz[n] j 1; z = 1; 2; � � � ; Zg (4.7)

wherehist f�g denotes the abbreviation of histogram andbYz[n] = Y[n] G2
z[n] (z = 1; � � � ; Z ).

The e�ective span of ISI is usually limited in the interconnects scenario. Hence, we assume

that each 2-UIs segment in (4.6) is only a�ected byR (odd integer) centrally-located symbols,

then (4.6) can be approximated by

Y[n] �
ZX

z=1

0

B
@

R � 1
2X

j = 1� R
2

bz+ j � y2(z� 1)+ j � P
2
[n]

1

C
A G2

2z� 1[n] (4.8)

where R � P since the span of ISI will not exceed that of input symbol. Note thatbv is

supposed to be zero in PRXS oncev is out of the region[1; LF � 1]. Instead, we stipulate

that bv in (4.8) is subject to the circular condition bv = bv+2 F � 1, which is achieved by

adding circular pre�x/su�x at the beginning/ending of the given PRXS by using its own

ending/beginning elements. Note that this will not change the statistical properties of PRXS.

Moreover, the total length of those pre�x and su�x equals to (R � 3), and it is relatively

short compared to the original length of PRXS. From the overall perspective, the e�ect of

this approximation is considerably trivial onceF is su�ciently large.

Furthermore, f am;r jr = 1; � � � ; RgL R

m=1 is constructed as a complete set of coe�cients. For

any given symbol indexr , the elements off am;r gL R

m=1 are uniformly distributed acrossL

voltage levels, as illustrated in Table 4.6. Thus, there is always a correspondence between

the coe�cients f bz+ j g
(R� 1)=2
j =(1 � R)=2 and themz

th row basisf am;1; � � � ; am;R g. This implies that the

entire PRXS waveform can be represented by theseLR independent traces. Consequently,

(4.8) can be rewritten as

Y[n] �
ZX

z=1

Smz

�

n �
�

2z �
P + R � 1

2

��

G2
2z� 1[n] (4.9)
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where

Sm [n] =
RX

r =1

am;r yr � 1[n] (4.10)

Based on (4.10), we de�ne the induction graph of eye diagram as

IG S[n] � hist f Sm [n] j Zm ; m = 1; 2; � � � ; LRg (4.11)

where
P

m Zm = Z and Zm represents the frequency of themth trace basisSm [n].

Figure 4.3 ASRE vs length of PRBSF

ASRE vs length of PRBSF . R = 5 (black circle), R = 7 (green square) andR = 9 (red
triangle). The statistic of trace bases can be deemed as a uniform distribution onceR and
F are approaching to in�nity.

In order to depict the characteristic of the distribution f Zmg, the averaging sum of relative

error (ASRE) is given by

ASRE =
P L R

m=1 j1 � Zm=Z0j
LR

� 100% (4.12)

whereZ0 = ( Z +1) =LR represents the baseline which corresponds to the uniform distribution

hist f Sm [n] j Zm = Z0; m = 1; 2; � � � ; LRg. If a random sequence is used instead of PRXS to

generate (4.11), it will follow this uniform distribution. Fig. 4.3 illustrates the relationship

between ASRE and the length of PRBS. It is evident that the error is inversely proportional

to the length of PRBS and the ISI factorR. In other words, (4.11) generated by a random

sequence represents the limiting scenario compared to that generated by a PRXS.
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Let bSm [n] = Sm [n] G2
P + R � 1

2
[n], the surrogate of RTED is de�ned as

LTED [n] = hist f bSm [n] j Zm ; m = 1; 2; � � � ; LRg (4.13)

Since (4.13) is inspired by Lebesgue integral (see Appendix B for details), we de�ne it as

Lebesgue-type eye diagram (LTED) so as to distinguish it from RTED model (4.7).

4.2.2 TPS-Based LTED

By introducing zero padding, the input periodic sequence (within one period) is given by

ep[n] =

8
><

>:

x[n]; n 2 [0; PNs]

0; n 2 [(P + 1) Ns; KN s]
(4.14)

where x[n] represents baseband symbol waveform, such as trapezoid, Gaussian and raised

cosine, etc. Once injecting (4.14) to under-tested interconnect, the periodic system response

(4.1) can be rapidly derived via TPS algorithm. Replacingy[n] by q[n] = eq[n] GK
K= 2[n], (4.10)

can be approximated by

Tm [n] =
RX

r =1

am;r qr � 1[n] (4.15)

Substituting Tm [n] for Sm [n] in (4.11) and (4.13), the TPS-based induction graph and the

corresponding eye diagram can be de�ned as

IG T [n] = hist f Tm [n] j Zm ; m = 1; 2; � � � ; LRg (4.16)

and

PS-LTED[n] = hist f bTm [n] j Zm ; m = 1; 2; � � � ; LRg (4.17)

, respectively. HerebTm [n] = Tm [n] G2
(P + R� 1)=2[n]. Note that trace basisTm [n] is the linear

combination of the shifted copies of one-period truncation of (4.14). Hence, the period should

be su�ciently long so as to yield a quali�ed PS-LTED and the corresponding eye parameters.

When K > (P + R)=2 + D, there exists enough space between the peak of response (green

dashed) and the right-side boundary, as shown in Fig.4.4 a). Consequentially, the eye diagram

(green shadow) corresponding to the induction graph (4.16) meets the continuous condition,

as illustrated in Fig.4.4 b). More speci�cally, the span ofq0[n] should be able to cover the peak

center of q(r +1) =2[n]. When K � (P + R)=2 + D, the periodic response (within one period)

does not have enough space on its right side, and it will incur discontinuity in induction

graph (4.16) and bring about fault in the vertical direction, as demonstrated in Fig.4.4 c)
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Figure 4.4 Generation of PS-LTED with di�erent K values

Generation of PS-LTED with di�erent K values (P = R = 5 and D = 4). a) CaseK >
(P + R)=2 + D: input/output periodic sequence (K = 10). The one-period truncation of the
periodic sequential response has been linearly shifted(R � 1) times to form an eye trace. b)
Induction graph of PS-LTED. The sub�gure shows a zoomed-in view of the upper-quarter
part of the PS-LTED, corresponding to the shaded region in the induction graph. c) Case
K � (P + R)=2 + D: input/output periodic sequence (K = 7). d) Corresponding induction
graph. A fault appears at the center of the eye pattern, which can lead to errors when
extracting eye parameters.

and d). Note that PS-LTED also su�ers the similar problem in the horizontal direction. To

correctly extract eye parameters from PS-LTED, we have to obey the following condition:

K > (P + R)=2 + D (4.18)
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For a PS-LTED, this condition imposes an integer-in�mum on the UI-measured periodK .

preventing us from further reducing the computational scale.

4.2.3 Periodic Eye Diagram

To overcome the defect of PS-LTED, we build up an eye-diagram model directly on periodic

sequences. First, the input periodic eye trace (PET) is given by

ePm [n] =
X R

r =1
am;r ep[((n � (r � 1)Ns))N ] (4.19)

wherem 2 [1; LR ].

Figure 4.5 Illustration of PET under PNRZ scheme

Illustration of PET under PNRZ scheme (R = 5 and K = 6). The dashed lines (blue) denote
the periodic trace basisep[n]. The sold line (green) represents the synthesized PET.

Fig.4.5 illustrates a PNRZ-encoded PET (within one period) which is constituted by

trapezoidal symbol edges. It is clear to see that a PET is the linear combination ofR

circularly-shifted copies of periodic symbol basisep[n].

Substituting (4.19) for (4.10) in (4.11) and (4.17), the new induction graph and the eye

diagram can, respectively, be expressed as

IG eP [n] = hist f ePm [n] j Zm ; m = 1; 2; � � � ; LRg (4.20)

and

PED eP [n] = hist f bPm [n] j Zm ; m = 1; 2; � � � ; LRg (4.21)

where bPm [n] = ePm [n] � eG2
(P + R� 1)=2[n], with eG representing the periodic version of (4.4) and

its subscript denoting the circular shift. As (4.20) exhibits periodicity as well, we refer to

the resulting eye model as the Periodic Eye Diagram (PED).
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Fig.4.6 illustrates the induction graphs (4.20) of PNRZ, PAM-4 and Manchester (phase

encoding) code with trapezoidal, raised cosine and Gaussian waveshape, respectively. The

input PEDs are denoted by shadow regions in those induction graphs. Inserting (4.19) to

(4.1), the system response of themth PET basis is written as

eQm [n] =
RX

r =1

am;r eq[((n � (r � 1)Ns))N ] (4.22)

Consequently, the output induction graph and PED can, respectively, be de�ned as

IG eQ[n] = hist f eQm [n] j Zm ; m = 1; 2; � � � ; LRg (4.23)

Figure 4.6 Illustration of excitation induction graphs of PED

Illustration of excitation induction graphs of PED. (a) PNRZ Gaussian with a rise time of 20
ps: P = R = 5 and K = 9. Generated by PRBS29 � 1 at a rate of 30 Gb/s. (b) PAM-4 raised
cosine with� = 1: P = 3, R = 5, and K = 7. Generated by PRQS45 � 1 at a rate of 60 Gb/s.
(c) Manchester trapezoid with a rise time of 20 ps:P = 5, R = 7, and K = 11. Generated
by PRBS27 � 1 at a rate of 30 Gb/s. The shadow region in each sub�gure represents the
corresponding input PED.



48

and

PED [n] = hist f bQm [n] j Zm ; m = 1; 2; � � � ; LRg (4.24)

in which bQm [n] = eQm [n] eG2
(P + R� 1)=2+ D [n]. Note that PS-LTED is preferred over PED when

K > (P + R)=2 + D. In other words, the inequality K � (P + R)=2 + D serves as an upper

limit that determines whether PED should be activated.

Figure 4.7 Assembling the PED based on periodic response in the case of PED

Assembling the PED based on periodic response in the case ofmax
�

P=2+ D
1+ b(P=2+ D )=K 0c; K 0

�
<

K � P + R
2 + D (P = R = 5; D = 4 & K = 8). a) Input periodic sequence of the interconnect

and its corresponding periodic system response. b) The induction graph (4.20) depicting the
system response of the interconnect. The sub�gure shows a zoomed-in view of the shadow
region, speci�cally focusing on the upper-quarter part of the PED.

Furthermore, usingR to replaceP supp in (4.3), we have

K 0 =
P + R

2
+ H supp (4.25)

(4.25) ensures the accuracy of PED by recovering the support-set region of the linear

convolution. Consequently, we can determine a minimum value ofK that allows us to

utilize the TPS algorithm for parallel computation on a small scale, facilitating e�cient

multiprocessing in a single batch or with only a few batches.

Fig.4.7 presents a valid PED constructed from periodic sequential response. By incorporating
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a circular shift in (4.22), the PED model overcomes the discontinuity issue encountered by

PS-LTED when (4.18) is not met. It is important to note that PED is subject to additional

ISI due to the circular nature of (4.22), as demonstrated in Fig.4.8. The symbol represented

by '1' ('5') is a�ected by symbols from the previous (subsequent) period. Therefore, the

extent of zero-padding in (4.14) should be su�ciently large to mitigate the impact of ISI.

Figure 4.8 Illustration of circular ISI of PET

Illustration of circular ISI of PET: PNRZ scheme with K = P = R = 5.

4.2.4 Trade-o� Art between Accuracy and E�ciency

The PED model is governed by two parameters�ISI factorR and UI-measured periodK .

Parameter R decides the leakage of (circular) ISI. Accuracy can be improved by increasing

R due to more ISI e�ects that has been taken into account. However, a rise ofR will also

increase computational cost in the clustering process of an eye-parameter extraction.

The parameter K quanti�es the discrepancy between linear convolution and circular

convolution. Its value depends on the parametersP, R, D, and H supp. When the data

rate is �xed, the transmission delayD of the impulse response can be estimated based on

the interconnect length. Although the impulse response spanH supp is theoretically in�nite,

truncating it to a few symbol durations (typically 2 to 4) is su�cient for practical purposes.

By considering the values ofP and R, we can determine the appropriate value ofK using

(4.2) and ensuring it satis�es (4.25) for PED. A larger value ofK enables better recovery of

the symbol response by reducing the aliasing e�ect caused by the truncated impulse response,

thus enhancing the accuracy of the PED model. However, increasing the value ofK also

intensi�es the computational load in multiprocessing.
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Brie�y, the error of the PED model is related to the following factors:

1. The aliasing caused by circular convolution.

2. The severity of (circular) ISI.

3. The approximation of PRXS coe�cients.

4. Other miscellaneous numerical errors.

4.3 Veri�cation

In this section, we will validate the proposed eye models using two distinct types of high-

speed interconnects: one for PNRZ and the other for PAM-4. Additionally, we will examine

the performance of the eye parameters in terms of accuracy. For both cases, the number of

samples,Ns, is set to 400 points. All voltage-related variables are normalized with respect

to a maximum voltage of 250mV. The algorithm is implemented in Python, and we utilize

the 'Multiprocessing Pathos' library for parallel computation.

4.3.1 Substrate Integrated Coaxial Line Array

Figure 4.9 Schematic of the SICL array

Schematic of the SICL array [55]. a) Top view. The routine between port 1/3/5 and port
2/4/6 is denoted as channel 1/2/3. b) Side view. The substrate is made of Ferro A6M
(� r = 5:84). c) Quasi-coaxial transition: da = 460�m , dc = 1000�m , dp = 200�m and
dq = 1116�m . d) structure of SICL channel: a = 1170�m , b = 130�m , d = 150�m ,
h = 192�m and s = 375�m .

Substrate integrated coaxial line array (SICL) is a type of planar transmission line that can

support a wide-band propagation of transverse electromagnetic mode (TEM) and an excellent

electromagnetic compatibility (EMC) [56]. A 15Ö 3 channel SICL array was proposed for
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high-speed parallel data transmission [55]. It was fabricated in low-temperature co-�red

ceramic (LTCC) technology and a data rate of 30 Gb/s (a total of 1.35 Tb/s) was measured

for each channel with good eye diagrams. In this subsection, we evaluate the transmission

Figure 4.10 Periodic excitation and response of SICL array (PED case)

Periodic excitation and response of SICL array (PED case).P = 5; R = 5 and K = 8. a)
Periodic sequences (within one UI-measured period). b)� e) Normalized w-domain spectrum.
Total number of parallel computations reduces to 7.

performance of an SICL array reported in [55], as shown in Fig. 4.9. Consistent with [55],

we generate a 30 Gb/s PNRZ serial data input using PRBS210 � 1 and shape it with a

raised-cosine �lter with a roll-o� coe�cient of � = 1. We denote the channels between port

1/3/5 and port 2/4/6 as channels 1/2/3, respectively, with lengths of 7.61/9.95/12.29 mm

and estimated delays of 2/3/4, respectively. Since these channels can be considered as quasi-

TEM transmission lines, a moderate ISI factor ofR = P = 5 is su�cient. Additionally,

we assume that the support-set spanH supp is 2. Since the scale of parallel computation is

determined by the value ofK , we focus on the minimum-K case of the output PED (as the

most promising scenario). In the case of PED, the minimum value ofK is set to 8 to satisfy

the support-set recovery condition (4.2). Fig.4.10 illustrates the corresponding input/output

periodic sequences and their w-domain spectra. For the one-batch multiprocessing, only 7

independent instances are involved. Fig.4.11 displays the output RTEDs, LTEDs, PS-LTEDs,

and PEDs corresponding to the three SICL channels. The eye patterns in the third and fourth
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Figure 4.11 PNRZ (upper-quarter) eye patterns of SICL channel 1/2/3

PNRZ (upper-quarter) eye patterns of SICL channel 1/2/3. First row: RTEDs. Second row:
LTEDs (R = 5). Third row: PS-LTEDs ( P = R = 5 & K = 10). Fourth row: PEDs
(P = R = 5 & K = 8). The input PRBS210 � 1 has a 30 Gb/s bit rate, and shaped by
raised-cosine (� = 1) waveform. The RTEDs and LTEDs are based on the S-parameters
from CST Studio Suiter , which is derived by the broadband sweep from 0.1GHz to 30GHz
(300 points in total).

rows represent the minimum-K cases of PS-LTEDs and PEDs, respectively. Each pattern

consists of 511 periodic eye traces, which can be represented by 32 periodic trace bases. It is

evident that LTED preserves the main characteristics of RTED while mitigating the e�ects

of high-order ISI. Both PS-LTED and PED serve as good approximations of LTED. However,

it should be noted that the discrepancy between PED (or PS-LTED) and RTED is primarily

attributed to the aliasing e�ect caused by circular convolution, as aforementioned. Table 4.1

presents the quantitative analysis of the eye parameters corresponding to Fig.4.11. For the

PNRZ scheme, we focus on the eye height (EH) and eye width (EW) parameters. The results

are consistent with the qualitative conclusion drawn earlier, showing that the eye parameters

of LTEDs are similar to those of RTEDs. Due to less consideration of ISI e�ect, the opening

of LTED is larger than that of RTED. Moreover, the eye parameters of PED/PS-LTED

also approximate well with those of RTED (with slight degradation). The eye parameters
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Table 4.1 SICL ARRAY: COMPARISON of EYE PATTERNS

Channel 1 Channel 2 Channel 3

EH EW EH EW EH EW
(mV) (ps) (mV) (ps) (mV) (ps)

RTED 404.2 32.32 390.4 32.06 374.6 31.72

LTED 404.4 32.41 390.7 32.12 375.1 31.84

PS-LTED
403.6 32.25 389.3 32.04 372.9 31.75

K = 10
PED

403.0 32.25 388.5 31.93 372.0 31.67
K = 8
RTED

402.5 32.52 387.0 32.52 371.4 32.08
ADS

obtained from Keysight ADSr further validate the accuracy of our algorithm.

Table 4.2 presents the relative errors of the eye parameters for PEDs and PS-LTEDs compared

to the RTED benchmarks. When satisfying the condition (4.2) (for PED) or (4.18) (for PS-

LTED), the relative errors of EH and EW are below 0.7% and 0.5%, respectively. Even in

the case ofK = 7, the maximum errors remain around 1% for EH and 0.6% for EW. As K

increases, the absolute error of EH/EW consistently decreases/increases. It is worth noting

that by continuously increasing the value ofK , the EW and EH of PS-LTED will eventually

converge to those of LTED.

Table 4.2 SICL ARRAY: ACCURACY OF PNRZ PED/PS-LTED

Ch.

K
7 8 9 10 11

EH 1 -0.40 -0.30 -0.22 -0.22 -0.18

err. 2 -0.72 -0.48 -0.36 -0.32 -0.25

(%) 3 -1.13 -0.69 -0.60 -0.50 -0.40

EW 1 -0.27 -0.23 -0.23 -0.16 -0.01

err. 2 -0.48 -0.41 -0.36 0.02 0.13

(%) 3 -0.61 -0.14 0.02 0.19 0.21
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4.3.2 Mode-Selective Transmission Line

Mode selective transmission line (MSTL) is an innovative approach aimed at addressing the

longstanding challenges of high attenuation, strong dispersion, and low mode con�nement

in guided-wave signal transmission across a wide frequency range, from DC to terahertz

(THz) [57]. By connecting the quasi-TEM mode of a microstrip line (ML) to the TE10

mode of a rectangular waveguide, the MSTL enables the attainment of a relatively low-

loss characteristic within the desired operating band. However, dispersion is an inevitable

Figure 4.12 Proposed MSTLs

Proposed MSTLs [58]. a) The view of cross section. b) The fabricated samples with di�erent
length. Tapered transitions are introduced to match MSTL with end launchers. The e�ect
of transitions and �xtures have been removed by TRL calibration.

byproduct of signal transmission. As a result, designers face the challenge of striking a balance

between loss and dispersion to ensure high transmission quality. a plethora of e�orts have

been devoted to addressing this challenge from the perspective of frequency response in the

frequency domain [59�62]. However, the investigation of signal SI perspective, particularly

from the viewpoint of eye patterns, has been barely investigated. It is important to note that

the eye parameters of the input serial data provide a comprehensive re�ection of the combined

impact of both loss and dispersion. Therefore, when dealing with a given MSTL, analyzing

eye diagrams and their parameters holds greater promise compared to traditional frequency

domain analysis. Recently, our research group proposed a novel MSTL that is designed for

millimeter-wave-frequency (DC to 67 GHz) application [58]. Fig.4.12 a) shows the structure

of this MSTL, which is made of a relatively thick substrate with low permittivity. The

low-loss design of the substrate incurs a collateral dispersion, so the MSTL is covered by

a thin superstrate so as to reduce the dispersion e�ect. This type of MSTL with di�erent

lengths have been fabricated, as shown in Fig.4.12 b). Correspondingly, the S-parameters

of those lines have been measured as benchmarks. Note that the e�ect of transitions has

been removed via through-re�ect-line (TRL) calibration. In this subsection, we will employ

the TPS algorithm to analyze the SI performance of a speci�c type of MSTL. The MSTL

is evaluated with three di�erent lengths: 10 mm, 16 mm, and 26 mm, respectively. For
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Figure 4.13 Periodic excitation and response of MSTL

Periodic excitation and response of MSTL (P = R = 7 & K = 10) with di�erent lengths. a)
The periodic sequences (within one UI-measured period) in the UI-measured discrete-time
domain. b)� e) The quantized spectrum in w domain. f) The periodic impulse response of
the MSTL�magnitude. g) The periodic impulse response of the MSTL�phase. The total
number of parallel computations equals to 9.

encoding, we choose PAM-4 with a data rate of 132 Gb/s. The input stream follows the

PRQS47 � 1 sequence and is shaped using a raised-cosine (� = 1) waveform with a bandwidth

of 66 GHz. The transmission delayD and the support-set spanH supp are estimated and set

to 4/8/10 and 2, respectively. To accommodate the characteristics of the MSTL, we set

R = P = 7, considering that the primary mode of the MSTL is not purely TEM. Fig.4.13

a) showcases the periodic sequential excitation and responses of the MSTLs with the same

K = 10. In the case of the longest line (26 mm), the response peak is observed on the left

side of the excitation symbol, but this does not imply a violation of causality. Instead, the

periodic response can be considered as a wrapping of the causal linear convolution, achieved

by stacking the zero-response part alongside the support-set part. Consequently, the �oor
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Figure 4.14 PAM-4 eye patterns of thin superstrate-covered MSTLs

PAM-4 eye patterns of thin superstrate-covered MSTLs with respective length 10/16/26
mm. a)� c) RTEDs are generated by simulated S parameters from CST (discrete sweep
from 0.1 GHz to 66 GHz with total 660 points). d)� f) PEDs. The minimum K case
(R = P = 7 & K = 10). g)� i) RTEDs are derived by the measured S-parameters (discrete
sweep from 0.1GHz to 66GHz with total 660 points). The input PRQS47 � 1 has a 132 Gb/s
data rate and shaped by raised-cosine (� = 1) waveform.

operator b�c in the denominator of (4.2) is activated, leading to an adaptive compression of

the scale ofK . For this particular MSTL, the minimum K values for PED and PS-LTED are

10 and 18, respectively. Therefore, PED is the more preferable choice in the long-line scenario.

Fig.4.13 b)-g) display the quantized spectrums of the excitation, transmission response, and

impulse response. It is evident that the proposed MSTLs e�ectively mitigate the loss of

magnitude for components with large indices while maintaining satisfactory linearity in phase.

Since a PAM-4 eye contains three pupils, we focus on the average of eye parameters�

eye amplitude (EA), vertical eye opening (VEO) and horizontal eye opening (HEO). Here,

VEO/HEO are subject to EH6/EW6 de�ned in section 16.3.10.2 of the OIF-CEI56G-VSR

standard [48]. EH6/EW6 represents the EH/EW at a symbol error rate (SER) of10� 6.

Fig.4.14 displays the PAM-4 output eye diagrams of the MSTL with lengths of 10/16/26

mm. Speci�cally, Fig.4.14 a)� c) and Fig.4.14 g)� i) show the RTEDs generated by simulated
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and measured S-parameters, respectively. Fig.4.14 d)� f) represent the PEDs forK = 10.

Each eye diagram consists of 8191 PETs. As the length of the MSTL increases, the tilt

of the eye becomes more pronounced, gradually closing the eye. The thermal map and

the corresponding color bar indicate that the proposed PEDs align well with the RTED

benchmarks, and this consistency is con�rmed by the measured results. Table 4.3 presents

the average eye parameters corresponding to Fig.4.14. As expected, the eye parameters of

PEDs exhibit good agreement with the RTEDs obtained from simulation and measurement.

Additionally, Table 4.4 includes the eye parameters of PS-LTED (K = 18). In the cases of 10

mm and 16 mm, the parameters of PED are very close (in some instances even equivalent) to

those of PS-LTED; while a slightly larger discrepancy can be observed in the case of 26mm.

Table 4.3 MSTL: COMPARISON of PAM-4 (AVG.) EYE DIAGRAMS

10 mm 16 mm 26 mm

EA VEO HEO EA VEO HEO EA VEO HEO
(mV) (mV) (ps) (mV) (mV) (ps) (mV) (mV) (ps)

RTED (Simulation) 489.2 397.1 7.70 481.7 349.5 7.50 467.5 266.1 6.86

PED (K = 10) 489.3 399.2 7.70 482.1 350.4 7.53 468.1 265.5 6.87

RTED (Measurement) 488.4 391.4 7.61 480.1 341.9 7.35 463.0 261.0 6.59

PS-LTED (K = 18) 489.2 398.6 7.70 482.0 351.0 7.53 467.9 268.2 6.91

For the purpose of comparison, we use RTED as the reference for PED/PS-LTED and

calculate the relative error of the average values of EA, VEO, and HEO. Table 4.4 illustrates

the accuracy of PED/PS-LTED with respect to the UI-measured periodK . Firstly, as

K increases, the error of EA consistently decreases regardless of the length. It is worth

noting that EA remains positive for any length and value ofK , making it a reliable

indicator for evaluating the accuracy of PED/PS-LTED. Secondly, VEO decreases (increases)

monotonically with increasingK for the 10 mm (16 mm and 26 mm) case. In the minimum

case ofK = 10, the maximum error of VEO is below 0.55%, and even forK = 9, it remains

below 0.65%. Thirdly, HEO has zero error for the 10 mm case and maintains a 0.4% level

for the 16 mm case. As PED and PS-LTED are approximations of LTED, the consistent

error suggests that the HEO of PED/PS-LTED is very close to that of LTED in both cases.

Moreover, the error of HEO increases monotonically for the 26 mm case, indicating a slight

discrepancy between the HEO of LTED and that of RTED. Nonetheless, the maximum error

of HEO remains below 0.40% for K = 9 and K = 10. Overall, PED performs admirably in

measuring the eye parameters of PAM-4 and has demonstrated itself as a robust eye model

that strikes a good balance between speed and precision.
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Table 4.4 MSTL: ACCURACY OF PAM-4 (AVG.) PED/PS-LTED

L

K
9 10 11 12 18

EA 10 mm 0.02 0.02 0.01 0.01 0

err. 16 mm 0.09 0.08 0.07 0.07 0.05

(%) 26 mm 0.15 0.14 0.13 0.12 0.09

VEO 10 mm 0.61 0.53 0.48 0.45 0.39

err. 16 mm 0.17 0.28 0.33 0.38 0.46

(%) 26 mm -0.63 -0.19 -0.14 0.36 0.81

HEO 10 mm 0 0 0 0 0

err. 16 mm 0.40 0.40 0.40 0.40 0.40

(%) 26 mm 0.15 0.15 0.29 0.44 0.73

4.3.3 Discussion of Computational E�ciency

Deploying a multiprocessing on di�erent machines will lead to di�erent time consumption.

Hence, a time elapse derived from a speci�c platform will result in loss of generality. Instead,

we compare the total basis points of di�erent algorithms for the aforementioned instances,

respectively, as illustrated in Table 4.5. Here, we denote the frequency of calling FEM solvers

as basis points.

Table 4.5 FREQUENCY OF CALLING FEM SOLVERS

Discrete Interpolation TPS

SICL
300 21 7Array

MSTL
660 57/65/89 910/16/26 mm

The operating bandwidth of the SICL array studied in Subsection 4.3.1 spans from DC to

30 GHz. In the case of discrete-mode sweep, 300 basis points are required to generate a

standard RTED, resulting in a time-consuming solving process. With the interpolation-

mode sweep, 21 points are still necessary to obtain the RTEDs. However, in the minimum

K case of PED, only 7 basis points are involved. It should be noted that the total number of

basis points for the interpolation mode is uncertain until the sweep is executed. Therefore,

multiprocessing needs to be performed in batches. On the other hand, the TPS algorithm

allows for a deterministic scale of basis points, enabling multiprocessing to be completed in

a single batch, provided a capable platform is available.
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In comparison to the previous case, the MSTLs examined in Subsection 4.3.2 exhibit a wider

operating bandwidth, spanning from DC to 66 GHz. To generate standard RTEDs using

the discrete-sweep mode, 660 basis points are required. Employing an interpolation sweep

can alleviate the computational load, but the scale remains relatively large. However, due

to the frequency-independent nature of periodic sequences, the total number of basis points

is independent of the excitation bandwidth. As a result, we only need to compute 9 basis

points to obtain the PEDs.

4.4 Conclusion

In this work, a novel eye diagram model�PED is proposed and demonstrated, providing both

accuracy and e�ciency in the SI analysis of high-speed interconnects. Numerical results

are generated to validate the correctness and e�ectiveness of our proposed method. The

frequency-independent property and parallel nature of TPS contribute to the signi�cant

advantages of the PED model, making it highly valuable for modeling and analyzing ultra-

broadband EM signals and designing ultra-high-speed interconnects.

The parameters of PED serve as crucial metrics for optimizing the design of broadband

transmission lines. Furthermore, the integration of the PED model into AI-based design

approaches for high-speed interconnects shows promise. This integration can facilitate the

rapid generation of training datasets for deep learning networks and enable fast environmental

interaction in reinforcement learning.

4.5 APPENDIX

4.5.1 Local pattern of voltage levels

Table 4.6 State Space off am;r g (L = 2 & R = 3)

m am;1 am;2 am;3

1 -1 -1 -1
2 -1 -1 1
3 -1 1 -1
4 -1 1 1
5 1 -1 -1
6 1 -1 1
7 1 1 -1
8 1 1 1

Table 4.6 showcases the complete set ofam;r coe�cients for the binary system, speci�cally

when L = 2 and R = 3, corresponding to three-digit numbers. It is evident that within each
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column, every voltage level is repeatedLR� 1 times. Notably, each vectorf am;1; � � � ; am;R g is

distinct and can be regarded as a row basis for the entire coe�cient space.

4.5.2 Relationship between Integrals and eye diagrams

The relationship between the RTED (4.7) and LTED (4.11) can be likened to that between

the Riemann integral and the Lebesgue integral. In the Riemann integral, the domain of

a non-negative measurable function is vertically partitioned intoZ sub-intervals, and the

integral is de�ned as the limit of the sum of piecewise functions (PWF) over these sub-

intervals. Conversely, in the Lebesgue integral, the measurable domain (with measureZ) is

horizontally partitioned into LR sub-domains, and the integral is de�ned as the supremum

of the sum of measures in each sub-domain. The correspondence between the eye diagrams

and integrals is summarized in Table 4.7.

Table 4.7 ANALOGY BETWEEN EYE DIAGRAM AND INTEGRAL

RTED Integral
induction Graph Riemann / Lebesgue Integral

Y [n] assigned function on measurable domain
Yz[n] PWF in zth sub-interval
Sm [n] PWF of mth measurable sub-domain
Z=Zm measurement of domain/mth sub-domain
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CHAPTER 5 ARTICLE 3: PARALLELED SIGNAL INTEGRITY

MODELING OF ULTRA-FAST AND ULTRA-BROADBAND

ELECTROMAGNETICS BASED ON SPARSE-SPECTRUM PERIODIC

SEQUENCE

Ben You and Ke Wu
(Submitted to Nature Electronics, 23 May 2023)

Abstract

Signal integrity (SI) of ultrafast and ultra-broadband electromagnetics (EM) is a critical

concern in the rapid development of high-speed circuits and ultra-fast electronics. Existing

methods in the �eld o�er limited support for satisfactory SI modeling and analysis,

often being either time-consuming or inaccurate. In this research, we introduce an

electromagnetic methodology based on sparse-spectrum periodic sequence (SSPS), which

enables unprecedented modeling and analysis of SI for ultrawide baseband signals. Leveraging

the frequency independence and one-batch parallel multiprocessing of SSPS, this method

achieves remarkable computational e�ciency and accuracy in generating eye diagrams and

eye parameters. To further expedite the processing time, we incorporate complex-valued

neural network (CVNN) as an arti�cial intelligence (AI) boost. As a proof of concept, we

validate the method through real-time measurement of a broadband (45Gb/s) PNRZ eye

diagram.

5.1 Introduction

High-speed connectivity plays a crucial role in ensuring low latency and high-quality signal

integrity for next-generation wireless and wireline communication and sensing systems [63].

To achieve this, on-board/chip interconnects must e�ectively handle the transmission of

ultrawideband signals. Numerous e�orts [56, 64�68] have been dedicated to proposing new

schemes or improving existing transmission line structures to meet the growing demands for

high-speed signal performance. As the operating bands continue to expand, the boundaries

between electronic and photonic interconnects have become increasingly blurred. Researchers

are actively pursuing the development of electronics-to-optics interconnects [69�73] for down-

converting signals from the photonic to the terahertz band. Consequently, the rapid

increase in operating speeds poses signi�cant challenges for the modeling, analysis, and

design of high-speed interconnects. On-board/chip communications are susceptible to various
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Figure 5.1 General propagation process of EM periodic sequence

General propagation process of EM periodic sequence involves generating a frequency-
independent periodic excitation using a given transient pulse with an arbitrary waveshape.
To describe the EM �elds and their time-partial derivatives in Maxwell's curl equations
under time-periodic boundary conditions, we adopt the leapfrog time scheme. The resulting
algebraic equations are compatible with the input periodic sequence. After applying speci�c
operators, the excitation and equations are transformed into the same domain, where each
component corresponds to a di�erent wave equation based on spectral indices. The parallel
nature of the transform domain allows us to solve these equations independently using full-
wave multiprocessing. By reverse-mapping the synthesized output components, we can easily
obtain the periodic sequential response.

signal integrity (SI) issues, including propagation attenuation, inter-channel crosstalk, and

electromagnetic (EM) interference.

Traditional SI analysis tools are typically based on either canonical frequency-domain or

time-domain approaches [32�36]. Frequency-domain methods often involve solving EM

problems through broadband sweeps, which can lead to signi�cant computational burdens

and cumbersome data processing. On the other hand, time-domain methods do not fully

exploit the potential of multiprocessing or processing parallelism due to the inherent serial

nature of time evolution. To improve the computational e�ciency of various algorithms,

circuit models are often favored over EM models. However, this choice inevitably leads to a

loss of accuracy.



63

In this work, we propose and demonstrate a highly e�cient full-wave EM methodology for

conducting SI analysis on ultrawide baseband signals. Our methodology is founded on the

theory of EM periodic sequences. Leveraging its unique frequency-independent property

and small-scale multiprocessing feature, we achieve an exceptionally rapid and accurate

generation of corresponding eye patterns. Moreover, the extraction of eye parameters is

signi�cantly enhanced through the utilization of a complex-valued arti�cial intelligence (AI)

network. Simulated validation with further measurement-based veri�cation, are implemented

to prove both e�ectiveness and robustness of our proposed method.

5.2 EM Sparse-Spectrum Periodic Sequence

For better utilizing EM periodic sequences, we developed a theory which depicts the

propagation behavior of time-periodic waves, referred to as theory of periodic sequence (TPS)

(see Supplementary Note 1 for details). In the frame of TPS, Maxwell's curl equations

are subject to time-periodic boundary conditions (with periodT). Fig.5.1 describes the

general propagating process of EM periodic sequences. The periodic excitation origins from

a transient pulse of arbitrary waveshape. In both the excitation and equations of EM �eld

systems, all �eld variables are sampled equidistantly by time step� t while their time-

partial derivatives are discretized and approximated by di�erence schemes. The sequential

period N is composed ofK segments, i.e.,N = KN s where N (Ns) = T(Ts)=� t and Ns

denotes the sequential unit interval (UI). Via speci�c transform operators, the periodic-

sequential Maxwell's equations are mapped to a numerical transform domain, in which the

propagation of all �eld components can be calculated independently, thereby enabling a

complete computational parallelism. The computational scale is decided by the maximum

index of nonzero components, denoted by (see Supplementary Note 2 for detailed derivation)

kmax = bg(� 1; � 2; � � � ; � S) K c (5.1)

Here, b�c represents the �oor truncation (as integer). g(�) is the function of waveshape

parameters and cut-o� criterion of the original transient pulse, irrelevant to frequency (see

Supplementary Note 2 for frequently-used examples). The frequency-independent property of

(5.1) implies that transient pulses with identical waveshape but di�erent time span correspond

to the same periodic sequence. Hence, given a �xedK , we can arbitrarily compress the

original transient pulse whereas the computational scale remains constant.

Based on equation (5.1), we de�ne sparse-spectrum periodic sequence (SSPS) as discrete

periodic electromagnetic (EM) wave. The propagation of its transform-domain components

allows for e�cient implementation through parallel computation in a single batch or a few
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small batches. For SSPS, its deterministic and sparse spectrum makes it highly promising

to develop and employ parallelized full-wave multiprocessing. This approach o�ers the

potential to achieve both computational e�ciency and accuracy. To be more speci�c, each

computational task associated with individual components can be simultaneously solved

by dedicated CPUs, enabling e�cient processing. In the end, the spectral outcomes are

synthesized and inversely mapped within a congregate group, yielding an output response.

In practice, the input waveshape is typically predetermined, which means that the

computational scale is solely determined by the UI-measured periodK . This implies that we

can leverage the bene�ts of SSPS in EM problems where the value ofK is small, particularly

for performing SI analysis of on-board or chip-level ultra-high-speed signals.

5.3 SSPS-based SI Analysis of High-Speed Interconnects

To streamline our modeling and analysis, we speci�cally concentrate on analyzing the

signal integrity (SI) of an elementary topology rather than the entire system layout, which

encompassesC signal paths and can be composed of various types of interconnects, as

shown in Fig.5.2a. The elementary circuit is composed of two routines with di�erent path

length�one victim (denoted by i ) and one aggressor (denoted byj ). This model involves

not only directional transmission but also interference from adjacent channels.

Without loss of generality, we consider the scenario where two synchronized serial-data

streams are sent to the victim-aggressor pair. These streams are encoded using the Polar

Non-Return-to-Zero (PNRZ) scheme, as depicted in Fig. 5.2b. Both inputs are generated

using a PRBS2F � 1 with a length of 2F � 1. These inputs have the same data rate of

1=Ts and identical edge shapes. By folding the input/output waveforms around a 2-UIs, the

input/output RTEDs can be obtained as a stack of eye traces. In our assumption, each 2-UIs

trace is a�ected by R adjacent symbols positioned at the center. These symbols correspond

to the mth local pattern of voltage levelsf ai;j
m;r gR

r =1 (m = 1; � � � ; 2R). Consequently, these

traces (a total of Z ) can be classi�ed into2R classes, with each class containingZm elements

(See Supplementary Note 3 for details). Next, we approximate each kind of eye traces using

periodic sequence, referred to as periodic eye trace (PET):

eQi;j
m [n] =

X R

r =1
ai;j

m;r ep[((n � (r � 1)Ns))N ] } ehi;j [n] (5.2)

where } represents theN -points circular convolution, superscript indices(i; j ) denote

directional transmission if and only if i = j otherwise channel crosstalk from routinej

to routine i , ehi;j is the corresponding periodic impulse response andep[((n � (r � 1)Ns))N ] is
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the r th circular-shift copy of periodic symbol basis, which is generated by the same symbol

edge for shaping the serial data. To achieve an accurate approximation, the UI-measured

Figure 5.2 SI analysis of ultra-high-speed interconnects

SI analysis of ultra-high-speed interconnects. a. Schematic diagram of high-speed
interconnects.b. Surrogate representation of digital serial data. The 2-UIs segment (green) is
the linear combination of the adjacentR symbol waveforms (gray). It can be approximated by
the corresponding PET, possessing the same local pattern but consisting of periodic symbol
bases (cyan). c. Illustration of pairing rules for digital streams with varying normalized
path delays between the victim and aggressor. Paired members are denoted by identical
geometric markers (circle to circle, square to square, and hexagon to hexagon). Dashed
segments represent zero padding applied to the aggressor's digital series.d. Input PED &
its induction graph. e. induction graph of directional transmission and FEXT.f. Output
PED & the corresponding induction graph.

period K must satisfy (see Supplementary Note 4 for detailed derivations)

K � max
i;j 2f 1;��� ;Cg

(
P=2 + D i;j

1 + b(P=2 + D i;j )=K 0c
; K 0

)

(5.3)
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whereP represents the span of symbol waveshape,D i;j denotes the delay andK 0 is given by

K 0 = ( P + R)=2 + H supp
i;j (5.4)

in which H supp
i;j is the support-set span of transfer function. Note thatP, D i;j and H supp

i;j are

all measured byNs. The �rst item of maxf�g in (5.3) exhibits an self-contraction property.

This means that a large delay (D � K 0) will be automatically o�set by its denominator. For

directional transmission/far-end crosstalk (FEXT), the corresponding support set is compact,

leading to a small scale ofH supp
i;j (usually several UIs). Consequently, the minimumK that

satis�es (5.3) will be considerably small. As a result, we can utilize the general process of

EM SSPS to rapidly derive the output of periodic symbol basis.

In order to correctly depict the path delay between two routines, we need to shift the

aggressor's periodic response to the appropriate position. For the sake of analysis, we de�ne

the normalized path delay as

� i;j = mod
h
(D i;i � D i;j )=2Ns

i
(5.5)

where 'mod' is the modulo operator. Fig.5.2c illustrates the alignment process based on

various cases of� i;j . Depending on the sign of delay, it results in either the leading case

(� i;j > 0) or lagging case (� i;j < 0), each comprising four sub-cases. The aligned code pair

is marked by the same geometric shape. In turn, the circular shift of crosstalk response can

be expressed as

D i;j
a =

�
2

j
jD i;i � D i;j j=2Ns

k
+

j
2� i;j + 1=2

k�
sgn(� i;j ) (5.6)

According to (5.6), (5.2) can be rewritten as

eQi;j
m [n] = eP i;j

m [n] } ehi;j
h��

n � D i;j
a

��

N

i
(5.7)

where the input PET eP i;j
m [n] is given by

eP i;j
m [n] =

X R

r =1
ai;j

m;r ep[((n � (r � 1)))N ] (5.8)

To derive the �nal eye-diagram model, we introduce the induction graph of eye pattern as

IG i;j
eQ

[n] = hist
n

eQi;j
m [n] j Z i;j

m ; m = 1; � � � LR
o

(5.9)
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Figure 5.3 Proposed CVNN

Proposed CVNN. a. Network structure for predicting the centroid of the voltage cluster,
given SSA as input. b. F1-score corresponding to the high voltage level task of PED. The
classi�er consists of a total of 15 classes.c. F1-score corresponding to the low voltage
level task of PED. Fine-tuning technique is adopted to accelerate the training process.d.
Prediction deviation under training (testing) modes. The training (testing) samples are
obtained through circuit (full-wave) simulations. The index 'x' denotes the absolute class
deviation (x = 0; 1; 3; 4). The percentages correspond to cases of indices '3' and '4' are both
less than 0.05.e. Distribution of iteration times of the K-Means algorithm. This distribution
is derived from the same testing dataset.

where 'hist' denotes the abbreviation of histogram which is derived by stacking all PETs

together. Fig.5.2d-e illustrate the cases of excitation (eQ = eP), directional transmission

(i = j ) and FEXT ( i 6= j ), respectively.

By pairing the directional and FEXT PETs, the victim's output induction graph can be

written as

IG i
eQ[n] = hist

� X C

j =1
eQi;j

z [n] j 1; z = 1; � � � Z
�

(5.10)



68

After truncating (5.10) by a speci�c 2-UIs window, it yields the �nal eye diagram model,

denoted by periodic eye diagram (PED):

PED i [n] = IG i
eQ[n] eG2

(P + R� 1)=2+ D i;i
[n] (5.11)

where the window function eG is given by

eGSpan
Shif t [n] = rectSpan N s [((n � Shif t N s))N ] (5.12)

The output PED and its induction graph are displayed in Fig.5.2f. Similar to traditional eye

patterns, eye parameters can be extracted from PEDs, enabling us to quantitatively evaluate

the SI of interconnects.

5.4 CVNN-based initialization of K-Means Clustering

Clustering of voltage levels is often the most time-consuming process of eye-parameters

extraction. K-means method [74] is one of the most popular clustering algorithm due to

its robustness and simple-to-implement property. Given a su�cient number of iterations, the

K-means algorithm is guaranteed to converge to at least one local minima. However, it is

sensitive to initial starting conditions [75] (initial clusters). Hence, a good guess of initial

centroids will greatly reduce the number of iterations.

Note that regardless of the original data rate, once the SSPS excitation is predetermined,

the PED (5.11) is solely determined by the sparse-spectrum array (SSA), where each

row represents a directional/crosstalk channel with complex-valued elements that are

interdependent. In other words, there exists a complex mapping between the SSA and the

PED. Thanks to the rapid development of modern GPUs, it is now feasible to model this

nonlinear relationship using an arti�cial neural network. Speci�cally, by taking the SSA as

input, a complex-valued neural network (CVNN) [76] (see Methods) can accurately predict

initial values for K-means clustering.

The elementary topology shown in Fig.5.2a consists of two SSAs, each comprising a

transmission row, a FEXT row, and a zero-padding row (to implement a square kernel).

Without loss of generality, we implement the elemental topology using microstrip lines

(MSL) [77]. The high-speed interconnect is constructed using Rogers 3003 substrate with

a dielectric constant of 2.94 and a thickness of 5mil, operating from DC to 50GHz. Both

routines (width 0.3mm) are terminated with V-band end launchers as ports. To introduce

signi�cant crosstalk e�ects, we set the coupling length to 10mm and the gap spacing to
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0.2mm. The path di�erence between the two routines varies from 0 to 8.66mm. The original

PRBS with a length of 210 � 1 and PNRZ encoding is shaped using a raised cosine �lter

with a roll-o� coe�cient of � = 1. The data rate of the PRBS series varies from 40GHz

to 50GHz. Correspondingly, we set the periodic sequential parametersP, R, and K to 7,

7, and 10, respectively. The column dimension of the SSA is set to 10 based onkmax = K

given � = 1 (refer to Supplementary Note 2 for details). SSAs can be e�ciently obtained

using an equivalent circuit model and are labeled based on the voltage centroid of the PED.

The training dataset consists of 12,000 samples, divided into a 7:3 ratio for training and

evaluation sets, respectively. The testing SSAs, randomly sampled from the training SSAs,

are re-computed using a full-wave EM method. The testing dataset includes 200 samples,

also labeled based on the voltage centroid of the PED.

Figure 5.3a illustrates the structure of our proposed CVNN. The features of the SSA are �rst

mapped to a higher dimension space by the complexed-valued convolution network (CV-

CNN) module, which comprises six identical blocks. Each block consists of a complex-valued

convolution layer (CV-CONV), a complex-valued 2D batch normalization layer (CV-BN2D)

and a complex ReLU (CReLU) activation. After �attening, the output features from the last

CV-CNN block undergo further processing by the complex-valued fully-connected (CV-FC)

module, which includes a feature-extension CV-FC layer, a CV-BN1D layer and a CReLU

activation. The output layer of the CV-FC module serves as a classi�er with a total of 15

classes, predicting the voltage centroid of the PED. The boundary distance between adjacent

classes is kept within 2% (measured by normalized amplitude), ensuring accurate voltage

estimation. Moreover, the F1-score is used as the performance metric instead of accuracy,

considering the unbalanced label distribution (See Supplementary Fig.5.11).

Fig.5.3b depicts the accuracy progression during the training process of the CVNN for

predicting the centroid of level '1' in the PED. After training the initial CVNN, we applied

transfer learning to expedite the training process for predicting the centroid of level '0'.

Speci�cally, we froze the weights of the �rst three CV-CNN blocks and �ne-tuned the

remaining part by adjusting the learning rate. As shown in Fig.5.3c, this procedure required

only half the number of epochs compared to the �rst task. Fig.5.3d demonstrates the

classi�er's deviation under both training and testing modes. The trained CVNN achieves

accurate predictions for the training set, with only a small subset of samples exhibiting class

deviations. The majority of deviations involve a single class divergence from the label, while

the remaining deviations are negligible. Since the CVNN is trained using an equivalent-circuit

model, there is a slight decline in accuracy during testing mode. However, the deviation does

not exceed one class. Furthermore, we utilize the same testing dataset to assess the boosting
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Figure 5.4 Comparison of PNRZ eye pattern: RTEDs vs PEDs

Comparison of PNRZ eye diagrams and eye parameters: RTEDs vs PEDs.a-d. Eye patterns
corresponding to cases 1-4 (UI: 22.22ps). Chl.1(3)-2(4) denotes the signal path between port
1(3) and port 2(4). e. Accuracy comparison. The relative errors of the eye parameters.f.
Computational e�ciency performance. The actual number of times the FEM solver is called
in the case of RTED and PED, respectively.

performance of the proposed CVNN. Fig.5.3e illustrates the distribution of iteration times

for K-means clustering, both before and after employing the CVNN. It is evident that for the

majority of samples, the CVNN o�ers an accurate estimation of the initial centroid, resulting

in convergence with just a single iteration. This signi�cant acceleration of voltage clustering

demonstrates the e�ectiveness of the CVNN in providing e�cient and precise predictions.
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5.5 Proof-of-Concept Validation

To validate our theory and model, we designed four high-speed microstrip circuits as test

boards, each representing a di�erent scenario of absolute path delay, i.e.,j� j 2 [0; 0:25),

[0:25; 0:5), [0:5; 0:75) and [0:75; 1) respectively. Fig.5.5a shows the corresponding fabricated

layouts denoted by case 1/2/3/4, with routine di�erence of 1/3/5/7mm. The remaining

settings remain consistent with those used in the previous section.

The traditional RTED model is used as a benchmark to evaluate the accuracy and e�ciency

of the PED model. The eye parameters of both RTEDs and PEDs are extracted using the

same algorithm [78]. Throughout the rest of this work, the data rate of the input serial data

is consistently set at 45Gb/s unless stated otherwise.

Figure 5.5 Validation designs, periodic excitation, and experimental system

Validation designs, periodic excitation, and experimental system.a. Fabricated test boards
for proof-of-concept validation. The absolute path delays between chl.1-2 and chl.3-4 are
0.105, 0.345, 0.575, and 0.81, respectively.b, c. Input periodic raised-cosine sequences and
their corresponding spectra�ideal (gray dashed line), outputs of AWG channel 1 (golden
solid line), and channel 2 (green solid line), averaged over consecutive 4096 waveforms.d.
Experimental setup. The AWG channel 1(2) is connected to end launcher 3(1), while the
OSC channel 1(2) is linked to end launcher 4(2).
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The referenced RTEDs are generated using the system response of PRBS210 � 1 PNRZ, which

is shaped by a raised-cosine �lter with a roll-o� coe�cient of � = 1 and a voltage level of

167mV. To ensure a fair comparison, we employ the frequency-domain FEM broadband-sweep

method to calculate the S-parameters of the interconnects. This method utilizes 450 points

spanning from 0.1GHz to 45GHz. Regarding PEDs, the input periodic sequence is generated

using the same symbol edge as applied to RTEDs. Based on the support-set span of the

raised cosine waveshape, bothP and R are set to 7. In all circuits, K is set to 10, which

represents the minimum value of (5.3) and provides optimal e�ciency. Each code duration

Ts is uniformly sampled at 400 points, denoted asNs = 400. Fig.5.5b-c show the periodic

excitation (dashed line) and its sparse spectrum (dashed stems), respectively.

Fig.5.4a-d display the eye diagrams of the four test circuits, represented by eye amplitude

(EA), eye height (EH), and eye width (EW). It is evident that the PED �gures align closely

with their RTED benchmarks. The proposed alignment (5.6) accurately captures the path

delay between the directional transmission and the crosstalk interference. From a quantitative

standpoint, the eye parameters of PEDs exhibit only minor deviations from those of RTEDs.

In Fig.5.4e, the maximum error for EA, EH, and EW is less than 0.4%, 1.0%, and 0.9%

respectively (see Supplementary Table 5.2). These results a�rm that our proposed PED

model serves as an accurate surrogate for the canonical RTED model.

The computational cost primarily depends on the frequency at which FEM solvers are called.

Fig.5.4f illustrates the actual number of calls required to derive the PEDs and RTEDs. The

predetermined spectrum of PEDs allows us to utilize one-batch multiprocessing, enabling the

simultaneous solution of the nine individual instances. In contrast, the RTEDs demand over

60 basis points to complete the broadband sweep, imposing limitations on parallel scaling

due to hardware bottlenecks and spectral interpolation. As a result, the solving process

becomes tedious. Furthermore, the computational burden worsens as the data rate increases.

Fortunately, our proposed PED model overcomes this drawback by virtue of the frequency-

independent property of the periodic sequence. Consequently, our algorithm signi�cantly

outperforms traditional frequency-domain methods in terms of computational e�ciency,

especially for ultra-high-speed baseband signals.

To further validate the above conclusions, we conducted an experiment comparing the mea-

sured RTEDs and practical-source-based PEDs, as depicted in Fig.5.5d. The experimental

setup comprised an arbitrary waveform generator (AWG) M8196A (maximum sampling rate

92GSa/s), controlled by the Keysight IQtools panel, the crosstalk boards under test, and a

real-time oscilloscope (OSC) UXR0702AP (maximum sampling rate 256GSa/s). In order to

prevent aliasing, the sampling rate of the AWG was set to 90GSa/s, which closely approached
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the upper limitation of the AWG. Consequently, the outputs of the AWG were subject

to both high-frequency attenuation and inter-channel skew. To address this, an in-system

calibration was performed to enhance the quality of the practical excitation. Following the

Figure 5.6 Comparison of eye diagrams & parameters: measurement vs PED

Comparison of eye diagrams & parameters: real-time measurement vs practical-source-based
PED. a-d. Eye patterns correspond to case 1-4. The 2UIs window spans 44.44ps. Each
real-time eye diagram is generated by at least 100 waveforms so as to ensure the statistical
stability. The input PEDs are generated by the practical AWG excitation waveforms, as
depicted in Fig.5.5b.
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calibration, the AWG channels were synchronized (skew less than 0.2ps), and the attenuation

was signi�cantly reduced. It is important to note that the aforementioned distortion could

not be entirely eliminated since the AWG cannot fully compensate for attenuation across

the entire operating band. Additionally, the loss, delay, and inter-channel skew of the V-

band cables were mitigated through the combined e�orts of the in-system calibration and

the Keysight D9020ASIA advanced SI software.

For RTEDs, the input settings for the serial data remain the same as those discussed in

the previous subsection, with the only di�erence being the input sequential length. In this

case, the original PRBS has been replicated eight times to match the memory depth of

the AWG. Regarding PEDs, to better capture the e�ect of a practical source, we applied a

raised-cosine periodic pulse to the AWG (with a sampling rate of 90GSa/s and a sequential

period of N = 4000). We recorded 900 waveforms from both AWG channel 1 and 2. From

these recordings, we randomly selected 511 samples as the PET bases for each channel (See

Supplementary Fig.5.12). Fig.5.5b-c illustrates the average waveform and sparse spectrum

of the dual channels, respectively. It is evident that the two channels are synchronized but

not identical, with both deviating from the ideal excitation. Hence, it is more appropriate

to generate PEDs using practical excitation, enabling a fair comparison between PEDs and

the measured RTEDs.

Fig.5.6 displays the measured RTEDs alongside the AWG-based PEDs, represented by their

respective eye parameters. It is evident that the AWG-based PED predictions exhibit strong

consistency with the real-time measurements. Any discrepancies can be primarily attributed

to the distinct operating modes of the AWG, namely sequential-output mode and eye-pattern

mode, as well as variations between the simulation and actual performance of the test

boards. Nonetheless, considering the overall perspective, the observed deviation is within

an acceptable range. Therefore, based on the experimental results, we con�dently a�rm

that our proposed theory and model are well supported.

5.6 Conclusion

In summary, we have introduced a highly e�cient SI-analysis tool based on SSPS. The

computational scale of this tool is independent of frequency and solely relies on waveshape

parameters and the cut-o� criterion related to the original broadband transient pulse. To

facilitate rapid SI analysis for high-speed (crosstalk) interconnects, we propose PED as

a surrogate for the RTED model, enabling one-batch multiprocessing. Additionally, the

integration of CVNNs signi�cantly accelerates the voltage clustering process for extracting eye

parameters. Both simulation-based validation and measurement-based veri�cation provide
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substantial evidence supporting the e�ectiveness and robustness of our proposed theory and

models.

Note that the encoding scheme used in PED does not have to be limited to PNRZ. In fact,

it can be extended to any PAM-L scheme, where L represents the number of voltage levels.

Furthermore, in addition to the MSL case, the e�ectiveness of the PED model has also been

validated for substrate-integrated coaxial lines (SICL) arrays [79] and generalized grounded

co-planar waveguides (GCPW) [58] (See Supplementary Note 7 for details).

Our method holds great promise for its integration into AI-based designs of (ultra-)high-speed

transmission lines. It enables the rapid generation of training datasets for constructing deep

learning networks and facilitates e�cient interactions with the environment in reinforcement

learning applications. Moreover, we plan to extend our theory to evaluate modulated signals

in broadband wireless communication as part of our future investigations.

5.7 Methods

5.7.1 Complex Convolution.

A convolution of a complex feature vectorW with a complex kernelh is denoted byW � h,

and its matrix notation can be expressed as

2

4
Ref W � hg

Im f W � hg

3

5 =

2

4
Ref Wg � Im f Wg

Im f Wg Ref Wg

3

5

2

4
Ref hg

Im f hg

3

5 (5.13)

It indicates that one complex convolution needs four real multiplications and two additions.

Note that there is no bias parameters in the convolution layer if it is connected to a batch

normalization layer.

5.7.2 Complex Batch Normalization.

Batch normalization of a complex-valued input feature z (deemed as a random vector), is

calculated as

BN (z) = 
 ez + � (5.14)

where


 =

2

4

 rr 
 ri


 ri 
 ii

3

5 & � =

2

4
� r

� i

3

5 (5.15)
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ez denotes the normalization ofz, subject to a standard complex distribution with zero mean,

unity covariance and zero pseudo-covariance, i.e.,

ez = ( V)� 1
2 (z � E[z]) (5.16)

where the positive-de�niteness covariance matrixV is

2

4Vrr Vri

Vir Vii

3

5 =

2

4 COV(Ref zg; Ref zg) COV(Ref zg; Im f zg)

COV(Im f zg; Ref zg) COV(Im f zg; Im f zg)

3

5 (5.17)

During the global training process, we utilize exponential moving average (EMA) with a

momentum of 0.9 to continuously update and maintain an estimate of the complex batch

normalization statistics. Additionally, the initial values for the EMAs of Vrr (Vii ), Vri , 
 rr

(
 ii ), 
 ri , and � are set to1=
p

2, 0, 1, 0, and 0, respectively.

5.7.3 Complex ReLU Activation.

Complex recti�ed linear unit (CReLU) applies separate ReLUs on both of the real and the

imaginary part of a neuron, i.e.,

CReLU(z) = ReLU(Ref zg) + i ReLU (Im f zg) (5.18)

CReLU satis�es the Cauchy-Riemann equations when both the real and imaginary parts are

at the same time either strictly positive or strictly negative.

5.7.4 Back-propagation of Complex Gradients.

In complex-valued layers, the gradients of the loss at the layer(j + 1) th can be expressed via
chain rules:

r C (l j ) = Refr C (l j +1 )g

 
@Ref l j +1 g
@Ref l j g

+ i
@Ref l j +1 g
@Imf l j g

!

+ Im fr C (l j +1 )g

 
@Imf l j +1 g

@Ref l j g
+ i

@Imf l j +1 g
@Imf l j g

! (5.19)

We utilize the AdamW method [80] as our adaptive gradient algorithm for computing the

backward propagation. In addition, we employ an exponential learning rate with an initial

value of 0:002and a batch size of8400.
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Figure 5.7 Time-Leapfrog sampling of Maxwell's equations under TPBCs

Time-Leapfrog sampling scheme of Maxwell' curl equations under TPBCs. The time period
T is equidistantly partitioned to N segments, i.e.,� t = T=N, where� t is subjective to the
sampling theorem so as to avoid aliasing. To simulate discrete EM propagation, the sampling
instant of magnetic �eld is located at that of electric �eld with a half-step delay (� t=2).

5.8 Supplementary Note 1: Theory of Periodic Sequence

5.8.1 Basic Theory

In simple and Ohm-lossless media, the Maxwell's curl equations under time periodic boundary

conditions (TPBC) can be expressed as

8
>>><

>>>:

r �
�!
E (t) = � � @

�!
H (t)
@t

r �
�!
H (t) = + � @

�!
E (t)
@t

;

8
>><

>>:

�!
E (t) =

�!
E (t + T)

�!
H (t) =

�!
H (t + T)

(5.20)

To simplify our notation, the spatial variables are dropped out in (5.20). Our goal is to

completely discretize the temporal parts of (5.20) so that we can derive the periodic-sequential

form of Maxwell's equations.

To achieve a full discretization of the temporal components in (5.20), all �eld variables are
sampled equidistantly by leapfrog scheme with time step� t, as shown in Fig.5.7; while their
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time-partial derivatives are approximated by the �rst-order di�erence scheme:

[D t ] =

2

6
6
6
6
6
6
6
6
4

� 1 0 0 � � � 1

1 � 1 0 � � � 0

0 1 � 1 � � � 0
...

...
. . . . . .

...

0 0 � � � 1 � 1

3

7
7
7
7
7
7
7
7
5

N � N

(5.21)

where sequential period is denoted byN = T=� t. [D t ] is a circulant matrix, of which the

fringe elements depict the TPBCs. Subsequently, the periodic-sequential curl equations can

be expressed as 8
>><

>>:

r �
�!
E [n] = �

� t [D t ]
�!
H [n]

r �
�!
H [n] = �

� t [D t ]+
�!
E [n]

(5.22)

where the subscript '+' represents the operator of conjugate transpose. In turn, the wave

equation can be expressed as

r � r �
�!
E [n] �

��
� t2

[D tt ]
�!
E [n] = 0 (5.23)

where

[D tt ] = [ D t ][D t ]+ =

2

6
6
6
6
6
6
6
6
6
4

2 � 1 0 � � � 1

� 1 2 � 1 � � � 0

0 � 1 2 � � � 0
...

...
. . . . . .

...

� 1 0 � � � � 1 2

3

7
7
7
7
7
7
7
7
7
5

N � N

(5.24)

[D tt ] denotes the2rd di�erence scheme and possesses circulant entities. In mathematics,

normal matrices are diagonalisable with respect to some othonormal basis for standard inner

product of Cn . As one of them, circulant matrices can be diagonalized by unitary matrices.

which should keep consistency with the following rules:

ˆ The transform operators are able to diagonalize both the �rst-order (5.21) and second-

order (5.24) di�erence schemes.

ˆ After inverse mapping, solution of wave equation (5.23) should stay real at arbitrary

observation point.
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Consequentially, for electric �eld, we de�ne the bilateral mapping as

[Te] =

 
1

p
N

W � (k� 1)(n� 1)
N

!

nk

(5.25)

Accordingly, for magnetic �eld, we have

[Th] =

 
1

p
N

SGN(k)W
� (k� 1)(n� 1

2 )
N

!

nk

(5.26)

Where WN = exp(i 2�=N ) and SGN(k) is given by

SGN(k) =

8
><

>:

+1; k = 1; 2; � � � ; dN +1
2 e

� 1; k = dN +1
2 e+ 1; � � � ; N

(5.27)

d�edenotes the ceiling truncation. (5.25) and (5.26) imply that there exists a new transform

domain for the EM periodic sequences in (5.22). To distinguish from the canonical frequency

domain, we de�ne it as 'w domain', in which we will see that EM �elds preserve conjugate

symmetric property and (5.22) can be decoupled to a group of independent equations. In

the w domain, the expression of electric and magnetic �elds are

�! e [k] = [ Te]+
�!
E [n] =

1
p

N

NX

n=1

�!
E [n]W (k� 1)(n� 1)

N (5.28)

and
�!
h [k] = [ Th]+

�!
H [n] =

1
p

N

NX

n=1

�!
H [n]SGN(k)W

(k� 1)(n� 1
2 )

N (5.29)

, respectively. (5.28) ((5.29)) is conjugate symmetric if
�!
E [n] (

�!
H [n]) is real. To be more

speci�c, for each indexk we have

8
><

>:

�! e N +2 � k = �! e k
�

�!
h N +2 � k =

�!
h k

� (5.30)

The introduction of (5.27) is set to make both electric and magnetic �elds possessing the same

type of symmetry. In fact, it is a compulsory condition otherwise the w-domain magnetic

�eld will be conjugate anti-symmetric (due to the delay� t=2) and incur non-physical e�ect

that violates the law of energy conservation.

Based on (5.28) and (5.29), the �rst- and second-order di�erence matrices can be diagonalized
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as

[� k ] = [ Te]+ [D t ][Th] = 2i sin[
�
N

(k � 1)]SGN(k) (5.31)

and

[� k ]2 = [ Te]+ [D tt ][Te] = � 4 sin2
� �
N

(k � 1)
�

(5.32)

, respectively. (5.32) implies that[D tt ] hasd(N + 1) =2e non-repetitive eigenvalues due to the

symmetric property:

� k = � N +2 � k ; k = 1; 2; � � � ; dN +1
2 e (5.33)

In turn, the w-domain curl equations can be expressed as

8
><

>:

r � �! e k = + iwk �
�!
h k

r �
�!
h k = � iwk � �! e k

(5.34)

where

wk =
2

� t
sin

� �
N

(k � 1)
�

SGN(k) (5.35)

Note that wk keeps the conjugate anti-symmetric property, i.e.,wk = � wN +2 � k .

Substituting k = N + 2 � k to (3.6), we have

8
><

>:

r � �! e N +2 � k = + iwN +2 � k �
�!
h N +2 � k

r �
�!
h N +2 � k = � iwN +2 � k � �! e N +2 � k

+
8
><

>:

r � �! e �
N +2 � k = + iwk �

�!
h �

N +2 � k

r �
�!
h �

N +2 � k = � iwk � �! e �
N +2 � k

(5.36)

Comparing (5.36) with (5.34), it is obvious to see that the anti-symmetric property ofwk

ensures the conjugate symmetry of the solution of w-domain curl equations. Once mapping

the �elds back to the original domain, they hold real as required.

To avoid w-domain aliasing, we stipulate that the sampling rate satis�es

f s =
1

� t
=

N
T

�
2(kmax � 1)

T
(5.37)

where kmax denotes the maximum index of the nonzero components of arbitrary periodic

sequence. In fact, (5.37) can be deemed as the w-domain form of Nyquist sampling theorem.
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Moreover, in Ohm-loss scenario, the periodic-sequential curl equations can be expressed as

8
>><

>>:

r � [
�!
En ] = �

� t [D t ][
�!
Hn ]

r � [
�!
Hn ] =

�
� [O] + �

� t [D t ]
� +

[
�!
En ]

(5.38)

where the averaging operator[O] is given by

[O] =
1
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N � N

(5.39)

Note that the sample timing of electric �eld is identical to that of magnetic �eld in the second

equation of (5.38). In w domain, we have

8
><

>:

r � �! e k = + iwk �
�!
h k

r �
�!
h k = ( ok � iwk � ) �! e k

(5.40)

where

ok = � cos[�N (k � 1)]SGN(k) (5.41)

ok is symmetric with respect tok (i.e., ok = oN +2 � k) and holds positive over the range of

index k. Otherwise, a negativeok will bring about gain rather than loss�obviously it is in

con�ict with the Ohm-loss presumption.

In turn, we can de�ne the averaging Poynting vector of EM periodic sequence as

�!
S av =

1
N

NX

n=1

�!
E [n] �

0

@
�!
H [n � 1] +

�!
H [n]

2

1

A (5.42)

Substituting the inverse transforms of (5.28) and (5.29) to (5.42) under the conjugate

symmetric condition, we have

�!
S av =

1
N

dN +1
2 eX

k=1

� k Re
� �! e k �

�!
h �

k

�
cos

� �
N

(k � 1)
�

(5.43)
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For odd N ,

� k =

8
><

>:

1; k = 1

2; k = 2; 3; :::; N +1
2

(5.44)

For evenN ,

� k =

8
><

>:

1; k = 1 & N
2 + 1

2; k = 2; 3; :::; N
2

(5.45)

In turn, the w-domain complex Poynting vector can be represented as

�! s =
1
N

dN +1
2 eX

k=1

� k

� �! e k �
�!
h �

k

�
cos

� �
N

(k � 1)
�

(5.46)

Inserting (5.40) to (5.46), we have

�r � �! s = i [pe � pm ] + pj (5.47)

where

pe =
1
N

dN +1
2 eX

k=1

� kwk � j�! e k j2 cos
� �
N

(k � 1)
�

(5.48)

ph =
1
N

dN +1
2 eX

k=1

� kwk �
�
�
�
�!
h k

�
�
�
2

cos
� �
N

(k � 1)
�

(5.49)

pj =
1
N

dN +1
2 eX

k=1

� kok j�! e k j2 cos
� �
N

(k � 1)
�

(5.50)

pe, ph and pj denote the complex power density of electric �eld, magnetic �eld and Ohm loss,

respectively. (5.47) describes and substantiates the conservation of energy in the w domain.

5.8.2 Recurrent Higher-Order Di�erence Operator

Di�erence scheme plays the pivotal role in developing TPS. However, it also incurs numerical

error due to the approximation of time-partial derivatives. Consequently, it is necessary to

observe and analyze this deviation so as to improve the corresponding numerical accuracy.

First, we rewrite (5.35) as

wk = ! k Sa[ �
N (k � 1)]; k = 1; � � � ; N +1

2
(5.51)
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where

! k = 2�f k =
2� (k � 1)

T
(5.52)

! k denotes the circular frequency that corresponds to thekth index, and factorSa[� (k� 1)=N]

depicts the numerical approximation which is related to not only the periodic lengthN but

also the spectrum indexk. For the sake of comparison, we de�ne the normalized bandwidth

(NBW) as

NBW =
2(kmax � 1)

N
(5.53)

As N tends towards in�nity and with a �xed value of k, the quantized spectrumwk approaches

the circular frequency! k . The discrepancy between the two is due to the approximation

of the time-partial derivative through di�erence schemes. Therefore, it is important to

carefully select a di�erence scheme as it directly impacts the numerical accuracy. Fortunately,

by introducing the recurrent di�erence scheme [39], we can improve the accuracy without

changing the transform operator (5.25) and (5.26).

According to Taylor series expansion, the �rst-order di�erence scheme can be expressed as

 i +1 �  i

2
=

2

4
� t
2

1!
@
@t

+
( � t

2 )
3

3!
@3

@t3
+

( � t
2 )

5

5!
@5

@t5
+ � � �

3

5  (5.54)

Based on (5.54), we can build up the recurrent di�erence scheme:

@
@t

=
D
� t

(

1 +
( � t

2 )2

3!
@2

@t2

"

1 +
3!( � t

2 )2

5!
@2

@t2
(1 + � � � )

#) � 1

(5.55)

where D represents the �rst-order di�erence schemef� 1; 1g. Note that the �rst-order

di�erence scheme is explicit whereas the expression of recurrent di�erence operator is implicit.

Subsequently, we use the former one to establish our theoretical model and take the later

one for practical computation. Inserting (5.24) to (5.55), we have

wk
(1) =

wk

Sa(wk=2)
(5.56)

If we denotewk as wk
(0) , the quantized spectrum afterq times of recurrent process can be

expressed as

wk
(q) =

wk
(0)

Sa(wk
(q� 1)=2)

(5.57)

Obviously, givenq ! 1 , ! k is the limitation of wk
(q) .
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Figure 5.8 Normalized quantized spectrum as a function of NBW

Normalized quantized spectrumwk
(q)=! k as a function of NBW for di�erent orders of

recurrent di�erence schemes.

Fig.5.8 shows the normalized magnitude ofwk (referred to ! k) as a function of NBW,

corresponding to di�erent orders of recurrence.

5.9 Supplementary Note 2: De�nition of Periodic Excitation

In the w domain, the computational scale depends on the maximum indexkmax of a given

excitation. The general process of obtainingkmax is listed as follows:

1. Setting waveshape parameters of a speci�c waveform in the continuous-time domain,

such as (root) raised-cosine, trapezoidal and Gaussian waveform.

2. Cutting o� the corresponding spectrum in the continuous-frequency domain, denoted

by f c.

3. Deriving kmax numerically by solving the optimization problem arg min
k

(

wk
(q) �

2�f c; wk
(q) � 2�f c

)

.

For the sake of analysis, we equidistantly divide periodT to K segments, i.e.,T = KT s,

whereTs = Ns� t. As a result, we haveN = KN s. In turn, the above optimization problem

is equivalent to

arg min
k

8
>><

>>:

Ns sin[� (k� 1)
N ]

�Sa
�

w( q� 1)
k

2

� �
f c

Fs
;

Ns sin[ �
N (k � 1)]

�Sa
�

w( q� 1)
k

2

� �
f c

Fs

9
>>=

>>;
(5.58)

where Fs = 1=Ts. Note that item f c=Fs in (5.58) are dimensionless, sokmax , the metric
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of computational scale, is irrelevant to the bandwidth of original signals. In another word,

time-periodic EM waves with di�erent bandwidth correspond to the same periodic sequence

once they have the identical waveshape parameters.

Furthermore, considering the ideal scenario thatq ! 1 , then kmax can be explicitly expressed

as

kmax =

$ 
f c

Fs

!

K

%

(5.59)

where b�c denotes the �oor-integer operator. Sincef c=Fs is only decided by time-domain

waveshape parameters and transform-domain cut-o� criterion, we rewrite (5.59) to

kmax = bg(� 1; � 2; � � � ; � S) K c (5.60)

Here,g(�) is the function of waveshape and cut-o� parametersf � sgS
s=1 . A di�erent waveform

will result in di�erent scale of computation.

As illustration, g(�) that correspond to raised-cosine, trapezoidal and Gaussian periodic

sequences are written as

g(� ) =
1 + �

2
(5.61)

g(r ) =
1
r

(5.62)

and

g(tp; fp ) =
2
�

q
ln (tp) ln (fp ) (5.63)

, respectively. For raised-cosine case (5.61),� denotes the roll-o� coe�cient, within the

range [0; 1]. For trapezoidal case (5.62),r represents the rise-time ratio. For Gaussian case

(5.63), tp and fp depict the truncation positions in time and frequency domain, respectively.

Alternatively, we can use time�bandwidth product BT instead oftp to depict the waveshape

parameter, i.e.,

tp = exp
�

�
�
�BT=

p
2ln2

� 2
�

(5.64)

5.10 Supplementary Note 3: Surrogate Model of PRXS�Adapting to Periodic

Sequence

In practice, PAM-L RTED is usually generated by pseudo-random X-system sequence

(PRXS), where L is the total number of voltage levels of a given coding scheme. For

example, pseudo-random binary sequence (PRBS) [53] and pseudo-random quaternary

sequence (PRQS) [54] can generate PNRZ (PAM-2) and PAM-4, respectively. These pseudo-
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random sequences are generated by deterministic algorithm and essentially periodic (with

duration LF � 1). But they exhibit a statistical behavior similar to truly random sequences.

To simplify writing of expressions, we de�ne a moving sequential window as

GSpan
Shif t [n] = rectSpan�N s [n � Shif t � Ns] (5.65)

whererectf�g represents the rectangular window with unity magnitude.

Once shaped by symbol edge, the input PRXS (lengthLF � 1) waveform can be de�ned as

X [n] =
� X L F � 1

v=1
bv xv� 1� P=2[n]

�

G2Z
Z [n] (5.66)

wheref bvgL F � 1
v=1 are the voltage coe�cients according to the value spacef 2l � L +1) gL � 1

l=0 , x[n]

Figure 5.9 Waveshape parameter and cut-o� criterion of periodic sequences

Waveshape parameter and cut-o� criterion of frequently-used periodic sequences.a Raised
cosine: � represents the roll-o� coe�cient. b Trapezoid: r denotes the rise-time ratio. c
Gaussian:tp and fp are the truncation percentage of time waveform and frequency spectrum,
respectively.
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represents the input symbol waveform,Z = LF =2 � 1 is the total number of 2-UIs segments

and the subscriptv � 1 � P=2 denotes the shift value (measured byNs) for the vth copy of

x[n].

Excited by (5.66), the system response of under-tested interconnect can be expressed as

Y[n] =
� X L F � 1

v=1
bv yv� 1� P=2[n]

�

G2Z
Z [n] (5.67)

whereh[n] is the impulse response of interconnect andy[n] is the result of linear convolution

x[n] � h[n]. For the sake of analysis, the time delay of interconnect has been removed from

(4.6). By folding Y[n] to 2-UIs span forZ times, RTED can be de�ned as

RTED [n] = hist f bYz[n] j 1; z = 1; 2; � � � ; Zg (5.68)

where 'hist' denotes the abbreviation of histogram andbYz[n] = Y[n] G2
z[n] (z = 1; � � � ; Z ).

Now, let's assume that each 2-UIs segment in (5.67) is only a�ected byR (odd integer)

symbols located around its center, then (5.67) can be approximated by

Y[n] �
ZX

z=1

0

B
@

R � 1
2X

j = 1� R
2

bz+ j � y2(z� 1)+ j � P
2
[n]

1

C
A G2

2z� 1[n] (5.69)

whereR � P since span of ISI will not exceed that of input symbol. Note thatbv is supposed

to be zero in PRXS oncev is out of the region [1; LF � 1]. Instead, we stipulate that bv

in (5.69) satis�es the circular condition bv = bv+2 F � 1, which is achieved by adding circular

pre�x/su�x at the beginning/end of the given PRXS by using its own elements. Note that

this will not change the statistical properties of PRXS. Moreover, the total length of those

pre�x and su�x equals to (R � 3), and it is relatively short compared to the original length of

PRXS. From the overall perspective, the e�ect of this approximation is considerably trivial

onceF is su�ciently large.

Furthermore, f am;r jr = 1; � � � ; RgL R

m=1 is designed as a complete space of coe�cients. Given

arbitrary symbol index r , the elements inf am;r gL R

m=1 can be equally attributed toL categories.

Table 5.1 demonstrates the entire space ofam;r in the case ofL = 2 and R = 3, i.e., three-

digit binary numbers. It is clear to see that each voltage level repeatLR� 1 times in the same

column. In fact, each vectorf am;1; � � � ; am;R g is unique and can be deemed as a row basis

of the entire space. Therefore, we can always �nd a correspondence between the coe�cients

f bz+ j g
(R� 1)=2
j =(1 � R)=2 and the mz

th row basis f am;1; � � � ; am;R g. It implies that the entire PRXS
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Table 5.1 State Space off am;r g (L = 2 & R = 3)

m am;1 am;2 am;3

1 -1 -1 -1
2 -1 -1 1
3 -1 1 -1
4 -1 1 1
5 1 -1 -1
6 1 -1 1
7 1 1 -1
8 1 1 1

waveform can be represented by thoseLR independent traces. Consequently, (5.69) can be

equivalently expressed as

Y[n] �
ZX

z=1

Smz

�

n �
�

2z �
P + R � 1

2

��

G2
2z� 1[n] (5.70)

where

Sm [n] =
RX

r =1

am;r yr � 1[n] (5.71)

Each Sm [n] can be deemed as a trace basis which repeatsZm times in (5.70), and the sum of

bases
P

Zm equals toZ . In turn, we can replace each trace basisSm [n] by the corresponding

PET so as to approximate PRXS waveform.

5.11 Supplementary Note 4: Setting of K for Recovery of Linear Convolution

We assume that all high-speed interconnects are terminated in match impedance. Fig.5.10a-c

illustrate the schematics of input symbol, impulse response and output response of a typical

high-speed interconnect, respectively. The routine indices are drop for simplicity. Once we

have obtained the transmission delayD, we can determine the total length of the impulse

responseH . Let the UI-measured periodK be no less thanP + H , whereP represents the

entire sequential length of input symbol. Then, the linear convolution can be fully recovered

by N -points circular convolution, as illustrated in Fig.5.10c. According to causality, the

interconnect has zero response within the range[0; b(P=2 + D)=K c �K ], whereb�c represents

integer-�oor operator. We denote the region[b(P=2 + D)=K c � K; b(P=2 + D)=K c � K + K ]

as the basis segment of linear convolution. Then, the support-set recovery condition can be

expressed as

K � max

 
P=2 + D

1 + b(P=2 + D)=K 0c
; K 0

!

(5.72)
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where

K 0 =
P + R

2
+ H supp (5.73)

H supp and R represent the support-set span of the impulse response and the level of ISI,

respectively. Without loss of generality, we stipulate thatP = P supp, whereP supp represents

the support-set span of the input symbol waveform. In general, the support set of input

Figure 5.10 Symbol response of a typical high-speed interconnect

Symbol response of a typical high-speed interconnect.a Input symbol waveform. b
Transmission impulse response of interconnect.c Output response: circular convolution
vs linear convolution (full recovery). d Output response: circular convolution vs linear
convolution (support-set recovery). P, H , D, H supp and P supp represent the UI-measured
lengths of input symbol, impulse response, transmission delay, support set of input symbol
and support set of impulse response, respectively.
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symbol sequence only spans severalNs. Rigorously speaking,H supp is in�nitely long, but

in the cases of directional transmission and far-end crosstalk (FEXT), the support set of

impulse response has a compact feature�a truncation (several UIs) of their support set is

considerably enough for practical application.

On the right hand side of (5.72), the �rst item ensures that the symbol peak will be set in the

basis segment, and the denominator will signi�cantly o�set the large delay whenD � K 0;

the second item is irrelevant to the peak delayD and prevents the overlap between the

support-set part 1 and part 2 of the linear convolution, as shown in Fig.5.10c-d.

DecreasingK results in reducing the parallel scale, and in turn improves the computational

e�ciency. However, it will also incur aliasing distortion when recovering the symbol response.

Fortunately, due to the compact support set of output response, introducing a certain level

of aliasing will barely a�ect the waveform inside the support set. In another word, we can

partially recover the linear convolution via circular convolution, and still keeps the complete

information to further depict inter-symbol interference (ISI).
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5.12 Supplementary Note 5: Label Distribution of CVNN

Figure 5.11 Label distribution of cluster centroids of PED

Label distribution of cluster centroids corresponding to the high-voltage level of PED.a
Training set. b Evaluation set.
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5.13 Supplementary Note 6: Xtalk Validation: PEDs vs RTEDs

Table 5.2 COMPARISON OF EYE PARAMETERS: PED VS RTED

Case 1 Case 2 Case 3 Case 4

EA EH HW EA EH EW EA EH EW EA EH EW
(mV) (mV) (ps) (mV) (mV) (ps) (mV) (mV) (ps) (mV) (mV) (ps)

PED (Chl.1-2) 329.1296.621.44333.4253.919.78303.9204.916.76300.0123.918.47

RTED (Chl.1-2) 329.1295.821.52333.0253.719.72303.2205.316.73299.2125.118.51

error (%) 0.03 0.34 0.27 0.09 0.85 0.19 0.07 0.30 0.63 0.25 0.96 0.17

PED (Chl.3-4) 283.8195.221.61276.7150.717.81301.9216.017.40304.6164.018.49

RTED (Chl.3-4) 283.8195.921.67276.4152.017.84301.7216.617.51304.2164.818.64

error (%) 0.04 0.25 0.34 0.11 0.06 0.29 0.24 0.20 0.19 0.12 0.47 0.85

Figure 5.12 AWG-based input PETs & PEDs

AWG-based input PETs & PEDs. a,b 900 consecutive waveforms recorded from AWG
channel 1 and channel 2, respectively.c Input PEDs: real-time measurements vs AWG-
based Predictions.
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5.14 Supplementary Note 7: Validation of PED Model: SICL Array & MSTL

5.14.1 SICL Array

Figure 5.13 Schematic of the SICL array

Schematic of the SICL array [55].a Top view. The routine between port 1/3/5 and port
2/4/6 is denoted as channel 1/2/3. b Side view. The substrate is made of Ferro A6M
(� r = 5:84). c Quasi-coaxial transition: da = 460 �m , dc = 1000 �m , dp = 200 �m and
dq = 1116 �m . d structure of SICL channel: a = 1170 �m , b = 130 �m , d = 150 �m ,
h = 192 �m and s = 375 �m .

Substrate integrated coaxial line array (SICL) is a type of planar transmission line which

supports a wide-band propagation of transverse electromagnetic mode (TEM) and good

electromagnetic compatibility (EMC) [56]. A 15 Ö 3 channel SICL array was proposed

for high-speed parallel data transmission [55], as shown in Fig.5.13. It was fabricated in

low-temperature co-�red ceramic (LTCC) and a data rate of 30 Gb/s (total 1.35-Tb/s) is

measured for each channel with good eye diagrams.

Based on Supplementary Fig.5.14 and Supplementary Table 5.3, it is clear to see that the

PED model �tting well with their RTED benchmarks.

Table 5.3 SICL: COMPARISON OF EYE PARAMETERS

Channel 1 Channel 2 Channel 3

EH EW EH EW EH EW
(mV) (ps) (mV) (ps) (mV) (ps)

RTED 404.2 32.32 390.4 32.06 374.6 31.72

PED (K = 8) 403.0 32.25 388.5 31.93 372.0 31.67
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Figure 5.14 PNRZ (upper-quarter) eye patterns of SICL channel 1/2/3

PNRZ (upper-quarter) eye patterns of SICL channel 1/2/3. First row: RTEDs. Second row:
PEDs (P = R = 5 & K = 8). The input PRBS210 � 1 has a 30Gbps data rate, and shaped
by raised-cosine (� = 1) waveform. The RTEDs are based on the S-parameters from CST
Studio Suiter , which is derived by the broadband sweep from 0.1GHz to 30GHz (300 points
total).

5.14.2 MSTL

Mode selective transmission line (MSTL) is an emerging attempt to overcome the long-

standing bottleneck problems of high attenuation, strong dispersion, and low mode con�ne-

ment in the guided-wave signal transmission from dc to terahertz (THz) [57]. By bridging the

quasi-TEM mode of microstrip line (ML) to TE10 mode of rectangular waveguide, relatively

low-loss property can be achieved within the target operating band.

Figure 5.15 Schematic of the proposed MSTLs

Proposed MSTLs [58].a The view of cross section.b The fabricated samples with di�erent
length. Tapered transitions are introduced to match MSTL with end launchers. The e�ect
of transitions and �xtures have been removed by TRL calibration.

However, dispersion is also brought in as byproduct. Thus, designers must make a trade-o�

between loss and dispersion to secure the transmission quality. To achieve this balance, a

plethora of e�orts has been made from the perspective of frequency domain [59�62]. However,

the SI perspective has been barely investigated, especially from the view of eye patterns. It

should be noted that the eye parameters derived from the input serial data can reveal the
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Figure 5.16 PAM-4 eye patterns of thin superstrate-covered MSTLs

PAM-4 eye patterns of thin superstrate-covered MSTLs with length 10/16/26mm. a-c
RTEDs are generated by simulated S parameters from CST (discrete sweep from 0.1GHz
to 66GHz with total 660 points). d-f PEDs. The minimum K case (R = P = 7 & K = 10).
g-i The RTEDs were obtained using the measured S-parameters, which were collected across
a frequency range of 0.1 GHz to 66 GHz, consisting of a total of 660 data points. The input
PRQS47 � 1 signal utilized a raised-cosine (� = 1) waveform and operated at a data rate of
132 Gbps.

combined impact of loss and dispersion. Therefore, when assessing the performance of a

given MSTL, analyzing the characteristics of eye diagrams and their associated parameters

is a more promising approach than relying solely on the traditional frequency domain analysis.

Recently, our research group proposed a novel MSTL which is designed for mmW-frequency

(DC to 67 GHz) application [58]. Supplementary Fig.5.15a shows the structure of this

MSTL, which is made of a relatively thick substrate with low permittivity. The low-loss

Table 5.4 MSTL: COMPARISON of EYE PARAMETERS (AVG.)

10 mm 16 mm 26 mm

EA VEO HEO EA VEO HEO EA VEO HEO
(mV) (mV) (ps) (mV) (mV) (ps) (mV) (mV) (ps)

RTED (Simulation) 489.2 397.1 7.70 481.7 349.5 7.50 467.5 266.1 6.86

PED (K = 10) 489.3 399.2 7.70 482.1 350.4 7.53 468.1 265.5 6.87

RTED (Measurement) 488.4 391.4 7.61 480.1 341.9 7.35 463.0 261.0 6.59
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design of the substrate incurs collateral dispersion, so the MSTL is covered by a thin

superstrate so as to relieve the dispersion. This type of MSTL with di�erent lengths have

been fabricated, as shown in Supplementary Fig.5.15b. Regarding the PAM-4 scenario, the

PEDs exhibit excellent consistency with both simulated and measurement-based RTEDs,

which is illustrated in Supplementary Figure 5.16 and Supplementary Table 5.4.



97

CHAPTER 6 GENERAL DISCUSSION

The aim of this Ph.D. research is to investigate the ubiquitous periodic forms of electromag-

netic (EM) waves using our proposed TPS, methods, models, and algorithms. To achieve

this goal, we have developed a thorough understanding of EM periodic sequences, which has

been supported by practical measurements. By leveraging the computational advantages of

TPS, we have developed and investigated fast SI analysis tools and techniques, which o�er

signi�cant bene�ts for analyzing (ultra-)broadband EM signals and designing (ultra-)high-

speed circuits. This chapter is set to provide a more comprehensive understanding of our

proposed theory and its potential applications through a detailed discussion.

Research strategy: Starting with an exhaustive development of TPS, this Ph.D. research

explores the potential of EM periodic sequences in accelerating the analysis of broadband

signals and facilitating the design of ultrafast electronics. Since the proposed model o�ers

superior advantages such as frequency-independent computational scalability and fast parallel

computations, we have adopted it to develop rapid and robust SI analysis tools for broadband

EM signals. To achieve the research objectives outlined in Chapter 1, we conducted

theoretical modeling, simulation validation, and experimental veri�cation. The results of

this research pave the way for the future integration of circuits and SI analysis tools in a

uni�ed manner. TPS will play a critical role in analyzing broadband SI issues and designing

ultrafast EM wired/wireless circuits and systems.

Research resources: During our research, we utilized several EM simulation tools,

such as High Frequency Structure Simulator (HFSS), CST Microwave Studio, Advanced

Design System (ADS), and COMSOL. Additionally, we leveraged MATLAB and Python to

implement algorithms, to analyze the simulated results, and to process the experimental

data. The measurement platforms include arbitrary waveform generator M8190A (maximum

sampling rate 16GSa/s), arbitrary waveform generator M8196A (maximum sampling rate

92GSa/s), real-time oscilloscope (OSC) UXR0702AP (maximum sampling rate 256GSa/s),

vector network analyzer (10MHz to 67GHz) and other cables and �xtures. Moreover,

academic discussions and collaborations together with a scienti�c research mindset are all

essential components throughout the research process. In addition, the parallel computation

was achieved via the 'Multiprocessing Pathos' library on Python3.9 platform.

Problems and solutions: An extensive investigation into the TPS was conducted, which

unveiled its unique and superior characteristics. During this extensive investigation, multiple
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challenges emerged, such as the requirement to meticulously select appropriate transform

operators, to fairly compare the eye parameters of our proposed model with those of the

traditional method, and to conduct a meticulous experimental veri�cation process, etc. More

speci�cally, they can be described as follows:

1. 1. The choice of transform operator for magnetic �elds is crucial when mapping EM

periodic sequences to the w domain (see Chapter 3). An inappropriate selection can

violate the law of energy conservation. We utilized the fact that multiplying a constant

phase to the columns of a unitary matrix does not change its orthonormalization

property. By using this trick, we were able to modify the original DFT matrix and

obtain an operator that satis�es all the necessary conditions. The introduction of this

H-�eld operator enables TPS to handle lossy scenarios while still complying with the

law of energy conservation.

2. 2. Based on the characteristics of TPS, we developed a new eye diagram model called

PED (see Chapter 4). Like the normal eye diagrams, PEDs can also be quantitatively

depicted by eye parameters. However, existing commercial software cannot measure

these parameters since there is no corresponding interface for PEDs. Therefore, we

developed two programs for extracting eye parameters: one for PED on the Python

platform and the other for traditional eye models on the Matlab platform. We used

the same extraction algorithm for both models to compare their results. This allowed

us to compare the performance of our proposed model with traditional benchmarks.

3. When conducting veri�cation experiments of PEDs, we encounter signi�cant challenges

concerning the broad baseband signals (see Chapter 5). The non-ideal AWG excitation

caused inter-channel skew between the two channels, while signi�cant attenuation in the

high-frequency part of the operating band was also present. To address this, in-system

calibration and the use of Keysight D9020ASIA advanced SI software were employed

to remove the loss, delay, and inter-channel skew of the V-band cables and AWG

inner channels, respectively. After calibration, the AWG channels were successfully

synchronized, and attenuation was considerably reduced. However, some distortion

remained as the AWG could not fully compensate for attenuation across the entire

operating band. To create the PET bases for our proposed algorithm, we randomly

selected a subset of 900 waveforms from AWG channel 1 and channel 2, respectively.

Speci�c contributions: After overcoming the aforementioned challenges and obstacles,

the research project has been successfully completed, resulting in several signi�cant scienti�c

contributions, as outlined below:
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1. A novel theory, called TPS, has been proposed to explain the propagation of time-

periodic EM waves. In the TPS framework, the periodic-sequential Maxwell's curl

equations can be decomposed into independent instances using carefully designed

mappings. The fundamentals of EM periodic sequences have been thoroughly

developed, and TPS exhibits outstanding parallelism and frequency-independent

properties, making it a promising methodology for analyzing high-speed signal integrity

and broadband RF transmission, not to mention its endless applications to other

electromagnetic problems.

2. A novel eye diagram model, called PED, has been proposed as a byproduct of TPS. PED

provides both accuracy and e�ciency, as well as robustness in SI analysis. Leveraging

the frequency-independent property and parallel nature of TPS, the PED model is

expected to signi�cantly bene�t the analysis of (ultra-)broadband EM signals and the

design of (ultra-)high-speed interconnects.

3. In the crosstalk scenario, we proposed and developed a generalized version of PED that

combines directional transmission with FEXT e�ects. This model provides a rapid and

accurate prediction for SI analysis of high-speed crosstalk interconnects.

4. Last but not least, we leveraged arti�cial intelligence to facilitate the development of

TPS. Speci�cally, we used the CVCNN to predict the initial cluster center of eye voltage

level by taking the sparse-spectrum crosstalk array as input '�gure'. This signi�cantly

boosts the process of eye-parameter extraction for PEDs.

Impacts and bene�ts: The current EM theories and algorithms are based on either

sinusoids or transient pulses, which correspond to a single tone or continuous spectrum,

respectively (see Chapter 2). The former possesses the property of spontaneous parallelism

in the frequency domain, whereas the latter contains waveform information in the time

domain. However, from a more generalized perspective, they can all be considered as special

cases of temporal-periodic waves that have not been systematically studied. Therefore, we

conducted this fundamental research to develop a more comprehensive EM theory of periodic

sequences that could leverage the advantages of both types. More speci�cally, in the frame of

TPS, the research target possesses a �nitely-countable spectrum meanwhile carrying valuable

information in its waveform, o�ering the following bene�ts:

1. Short-term bene�t: The proposed TPS is expected to provide researchers and

engineers with a deeper understanding of periodic EM waves, enabling them to develop

corresponding devices and circuits with greater precision and insight.
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2. Middle-term bene�t: TPS is poised to become a valuable tool for analyz-

ing (ultra)high-speed signal integrity and designing (ultra-)high-speed interconnects,

thanks to the frequency-independent property of periodic sequences and the parallel

nature of w-domain curl equations.

3. Long-term bene�t: The parameters of PED model can be taken as the key metrics

to optimize the design of broadband transmission lines. Also, it is promising to

integrate PED model to AI-based design of high-speed interconnects, such as providing

a rapid generation of training data set for deep learning network and achieving fast

environmental interaction in reinforcement learning.
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CHAPTER 7 CONCLUSION AND RECOMMENDATIONS

7.1 Conclusion

This research work presents and develops the theory of periodic sequence (TPS) for

computational electromagnetics. In addition to the fundamental theory (Chapter 3), this

study proposes TPS-based eye diagram models (Chapter 4) and a generalized version for

the crosstalk scenario (Chapter 5), providing a fast and accurate analysis approach for

high-speed interconnects/transmission lines. We anticipate that this research work may

become a signi�cant milestone for the analysis of future ultra-broadband SI systems and

the development of ultrafast electronic circuits.

Chapter 3 described TPS as a powerful research methodology for depicting the propaga-

tion process of time-periodic electromagnetics. TPS e�ectively bridges time-domain and

frequency-domain for computational electromagnetics. The methodology fully sequentializes

the Maxwell's curl equations and decouples them in a new transform domain through

carefully-designed mappings. The fundamentals of EM periodic sequences, including

lossless/lossy scenarios, energy conservation, numerical dispersion, and accuracy remedies,

are thoroughly discussed and solidly validated through experiments. The most amazing

property of TPS, which is its computational scale being independent of frequency, is

successfully revealed. With parallel computation, TPS allows for a rapid analysis of the

coupling between EM periodic sequences originating from broadband transient pulses.

Chapter 4 proposed a highly-e�cient SI analysis tool for high-speed interconnects. Based on

the frame of TPS, a novel eye diagram model�PED was proposed, providing both accuracy,

e�ciency, and robustness in the SI analysis. We successfully validated the correctness and

e�ectiveness of our proposed method in the cases of the SICL array with PNRZ code (30

Gbps) and the MSTL with PAM4 code (132 Gbps), respectively. Moreover, we also observed

that the corresponding computational scale of PED is irrelevant to the operating frequency,

hence the frequency-independent property was corroborated.

Chapter 5 introduced a generalized PED model that is capable of analyzing both the

transmission-only scenario and the far-end crosstalk scenario. This model is based on

the full-wave EM methodology of SSPS, enabling it to analyze the SI of (ultra-)wide-

baseband signals. Our method was proved to be highly e�cient and accurate thanks to the

frequency independence and one-batch multiprocessing of SSPS, which allow us to generate

the corresponding eye diagram and eye parameters quickly. To further improve the processing
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time, we have incorporated a complex-valued neural network as an arti�cial intelligence

boost. Our proposed model has been validated through real-time measurements of high-

speed interconnects, and the algorithm-based PEDs have demonstrated a good consistency

with the measured eye diagrams for the broad-baseband (45Gbps) PNRZ scheme.

7.2 Recommendation

This research opens up new horizons for the future development of broad-band signal trans-

mission and the design of high-speed interconnects. The TPS is undoubtedly an important

and promising theoretical framework for all types of computational electromagnetic problems.

However, despite the aforementioned works, further e�orts are needed to fully exploit and

realize the theoretical bene�ts and potential applications in the following aspects:

Figure 7.1 Demonstration of modulated case

Demonstration of modulated case. We can derive the equivalent PEDs for both the
I and Q channels of complex-valued baseband signals, similar to the real-valued baseband
scenario. Alternatively, we can use the EVM to evaluate complex-valued baseband signals
under the frame of TPS.

1. The aforementioned PED models can be easily extended to dealing with the modulated

scenario, as demonstrated in Fig.7.1. The input signal is a complex-valued broad-

baseband signal modulated by a carrier. As a result, the corresponding scale of its

w-domain spectrum roughly doubles. It is important to note that since the bit rate
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also doubles, we can halve the periodT. This almost reduces the computational scale

to the baseband case while maintaining the same bit rate. This method can help

analyze and design the RF interconnects [81�83], referred to the transmission of radio

frequency signals between components in an electronic system, are typically used in

high-frequency applications such as telecommunications, wireless networking, radar,

and satellite communication systems.

Similar to the baseband case, the PED model can be used to assess the performance

of equivalent baseband signals for both the I and Q channels. Alternatively, we can

use the error vector magnitude (EVM) to evaluate the performance of complex-valued

baseband signals. However, it is important to note that the accuracy of the algorithm is

highly dependent on the demodulation process or decoder scheme used. Speci�cally, the

same carrier frequency and appropriate phase or delay must be used to ensure accurate

demodulation. In comparison to the baseband-only scenario, it is more challenging to

conduct an experimental validation of the algorithm for the modulated case, as it is

di�cult to distinguish between errors originating from the demodulation process and

those from the algorithm itself. Additionally, it is important to carefully address the

issue of frequency-selective attenuation during the demodulation process. Failing to do

so could lead to a considerable distortion in the equivalent baseband eye diagram or

EVM. Going forward, e�orts should be made to develop an appropriate approach for

experimental validation.

Figure 7.2 Demonstration of PED-based optimization for high-speed interconnects

Demonstration of PED-based optimization process for analyzing/designing high-
speed interconnects. By utilizing the eye parameters of PEDs instead of traditional
S-parameters as design metrics, we can achieve the same process much faster while also
improving both computational e�ciency and accuracy.

2. Thanks to its remarkable computational e�ciency, the PED model o�ers a promising al-

ternative to traditional S-parameters when it comes to parameter-sweeping/optimizing
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the analysis/design of broadband transmission lines, using eye parameters. While the

TPS parallelism enhances the analysis and design process of high-speed interconnects,

w-domain full-wave simulation o�ers greater accuracy in comparison to the equivalent-

circuit model.

Moreover, the fast computational property of TPS o�ers a promising application in the

aspect of AI training. Our suggestion for future work is to integrate the PED model

into AI-based high-speed interconnects design. This integration has the potential to

generate a substantial dataset for training deep neural networks, while also maintaining

reasonable time and computational requirements. Furthermore, the PED model's

ability to interact rapidly with the environment can be advantageous in reinforcement

learning, thereby leading to more accurate predictions and faster optimization of

interconnect designs.
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