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An Extensive Study of Shear Thinning Flow Around a
Spherical Particle for Power-Law and Carreau Fluids

Carole-Anne Daunaisa, Lucka Barbeaua, Bruno Blaisa,∗

aResearch Unit for Industrial Flows Processes (URPEI), Department of Chemical
Engineering, Polytechique Montréal, PO Box 6079, Stn Centre-Ville, Montréal, QC,

Canada H3C 3A7

Abstract

We develop and implement a high-order finite element formulation to solve in-
compressible shear thinning flows using power-law and Carreau rheology mod-
els. We verify the implementation using the Method of Manufactured Solutions
(MMS) and demonstrate that the implementation preserves the order of accu-
racy of the FEM scheme. We run high-order flow-past-a-sphere simulations for
Re ∈ [0.1, 100] for Newtonian and shear thinning flows. Power-law simulations
cover n ∈ [0.3, 0.9], Carreau simulations cover the same range of n and dimen-
sionless relaxation times Λ ∈ [0.1, 100]. We use 3D Cartesian grids, adopting
a high-order sharp-interface immersed boundary method (IBM) to impose the
no-slip boundary condition on the surface of the sphere. We use dynamic mesh
adaptation with a Kelly error estimator to adaptively refine the grid. Newtonian
drag coefficients are compared to Clift et al.’s model. Using the power-law model
for shear thinning flow, results show that when decreasing n : the drag coeffi-
cient increases for Re ⪅ 5, it decreases for Re ⪆ 5, and that for higher Reynolds
the wake region is longer and the separation point is moved upstream. These
drag coefficient results are in adequation with previously established simulation
results. We provide a new drag coefficient correlation for power-law fluids that
is valid for a wide range of n and for Re ∈ [0.1, 100], with R2 = 0.998. The
power-law model is singular in the zero-shear limit, and this limit is bound to
occur in a flow-past-a-sphere geometry. For that matter, the Carreau model is
well-posed. As the Carreau-modeled results show, the drag force on the sphere
is considerably affected by the initial Newtonian plateau of the fluid. Drag
coefficient results in the creeping flow regime are compared to experimental re-
sults, allowing validation of the numerical model. This work provides a better
understanding of shear thinning flow past a sphere, for which the relationship
between drag and flow regimes are highly nonlinear.
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1. Introduction

Understanding the behavior of diluted particle suspensions in shear thin-
ning flows is fundamental to the chemical processing industry. While water is
a Newtonian fluid, many water-based cosmetic, pharmaceutical, and agrifood
products will experience shear thinning behaviors, meaning that their viscos-5

ity will decrease when shear is applied [1]. Molten plastics also play a massive
part in the shear thinning fluid industry. Various unit operations treat shear
thinning fluids using spherical particles such as packed and fluidized beds, or
mechanical/chemical separation [2].

An effective way to understand the behavior of shear thinning flow through10

particle suspensions is to develop models that predict the flow pattern around
the particles, and the forces that the fluid applies on them. To do so, it is
appropriate first to study shear thinning flow past a single sphere.

The drag force on a single sphere in non-Newtonian fluids has been studied
for over half a century. This section draws a brief overview of this study. On15

power-law modeled flow past a sphere [3], Adachi et al. (1973) studied the im-
pact for n ∈ [0.8, 1.0] at Re = 60 as well as for creeping flow using a statistical
method (method of moments) [4]. They concluded that the drag force increases
when decreasing n notwithstanding the flow regime. They also determined that
the wake region is longer for shear thinning flows. Acharya et al. (1976) are20

seemingly the first to experimentally study the case of a falling sphere in in-
elastic and elastic shear thinning fluids for Re ∈ [0.001, 1000] with n ∈ [0.45, 1]
[5]. They developed an expression for the drag coefficient as a function of n
and Re. With a finite difference scheme, Lockyer et al. (1980) extended the n
range to [0.4, 1.0], without specifying the Reynolds number range [6]. To our25

best knowledge, they were the first to capture that the drag force on spheres
in shear thinning flow increases for what they define as low Reynolds numbers
and decreases for what they define as high Reynolds numbers when compared
to Newtonian flow, which does not necessarily contradict the previous authors.
They proposed an expression for the drag coefficient as a function of n for creep-30

ing flow. The article, however, omits to report a grid convergence analysis and a
domain size analysis. Dahzi & Tanner (1985) introduced a finite element solver
for power-law Stokes flow with n ∈ [0.1, 1.0], and they also proposed an expres-
sion for the drag coefficient as a function of n [7]. Grid convergence results were
not reported, but we assume the authors performed their simulations with due35

diligence. Still considering a creeping flow regime, Kawase & Moo-Young (1986)
employed a perturbation approximation using an expression for the stream func-
tion to quantify the drag force for n ∈ [0.6, 1.1], also concluding that the drag
force increases as n decreases [8]. Tripathi et al. (1994) enlarged their flow
regime range to Re ∈ [0.01, 100] with n ∈ [0.4, 1.0] around spheroids, numeri-40

cally solving using a finite element method [9]. They performed a domain size
convergence analysis in conjunction with a mesh size analysis (using cylindrical
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coordinates in 2D). However, the analyses results are not portrayed in the arti-
cle, and the Re and n values used for these analyses are not specified. Tripathi
et al. again observed that, as n decreases, the drag force is higher for low Re45

and lower for high Re, and they additionally found that this switch in the shear
thinning effect happens between Re = 2 and Re = 5. They established that the
wake length decreases for high Reynolds as n decreases, which thus contradicts
Adachi et al. Renaud et al. (2004) gathered experimental drag coefficients from
other authors for Re ∈ [0.1, 1000] and developed a correlation for CD a function50

of Re and n for n ∈ [0.2, 1.0]. Their correlation for CD has an average error
of 21% for Re ≤ 1 and 16% for Re ≥ 1. This error is mainly attributable to
viscoelastic and wall effects. They also acknowledge the switch in drag at Re =
5 [10]. Dhole et al. (2006) adopted a finite volume method approach to simulate
power-law modeled flow for Re ∈ [5, 500] and n ∈ [0.5, 2.0] [11]. They performed55

a domain size analysis along with a grid size analysis. They observed that the
drag force decreases in shear thinning fluids, which meets with Tripathi et al.’s
conclusions. Like Adachi et al. predicted, they noticed that the wake is larger
as n decreases. Song et al. (2009, 2011) simulated a falling sphere in power-law
fluids for Re ∈ [1, 100] and n ∈ [0.2, 1.0] using a FEM commercial software while60

comparing with experimental data [12, 13]. They performed a thorough study
on the impact of the domain size, characterized by the ratio of the diameter of
the sphere to the diameter of the cylindrical domain, on the simulation results.
They must have carried out a mesh independence analysis but it is not shown
in their work. They study the impact of n and of the domain size on the drag65

coefficient, the recirculation (wake) length and the separation angle. They pro-
vide an expression for CD for a sphere over cylinder diameter ratio of over 0.21,
that is out of scope of this present study. They also concluded that the wake
region is larger as n decreases.

Regarding Carreau model studies, Chhabra & Uhlherr (1980) were seem-70

ingly the first to analytically derive an expression for the drag force consid-
ering a Carreau-modeled fluid for n ∈ [0.2, 1.0] and dimensionless relaxation
times Λ ∈ [10−1, 103] for creeping flow, that they experimentally validated [14].
They extended this study to intermediate flow regime (1980) for n ∈ [0.52, 1],
Re ∈ [0.032, 394] and dimensionless relaxation times Λ ∈ [0.032, 630] [15]. They75

developed an expression of CD with a maximal deviation of 14% when com-
pared to experimental data they gathered. They concluded that the variation
in the drag force is a function of n and Λ, but is independent of Re. Bush &
Phan-Thien (1984) took Chhabra & Uhlherr’s work and extended their research
to n ∈ [0.1, 1.0] using a boundary element method [16]. They concluded that80

the drag force increases in shear thinning creeping flow up until n = 0.3 and
started to decrease after that. Bush & Phan-Thien conducted a grid conver-
gence analysis only considering Newtonian creeping flow. Hsu et al. (2008)
numerically studied the drag on a sphere in a particle suspension in Carreau
fluids for n ∈ [0.3, 1], for Re ∈ [0.1, 100] with Λ ∈ [0, 10] [17]. They simulated85

the flow around a single sphere for an artificial void fraction ϵ ∈ [0.27, 0.999].
They perform a domain size analysis, while the choice of mesh (FEM) is not
discussed. They developed an expression for CD for ϵ < 0.7, which is highly ap-

3



propriate for the study of particle suspensions but slightly out of scope for this
paper since we are interested in the flow around a single sphere. They concluded90

that the drag decreases when increasing Λ; this agrees with the observations of
Chhabra & Uhlherr in the creeping flow regime.

What emerges from this overview is that most of the studies center on creep-
ing flow around the sphere, and the numerical analyses often lack in depicting
a thorough investigation of the grid refinement convergence as well as a domain95

size independence with regards to the calculated drag force. Most articles do
not detail the procedure they underwent to obtain an expression for the drag
coefficient using numerical and experimental data. Additionally, there were few
Carreau fluid studies in the past due to the complexity of the model, although
shear thinning fluids will inevitably experience a Newtonian plateau (η0) in the100

limit of zero shear rate where the power law model is ill-posed.
This work centers on describing the effect of inelastic shear thinning behav-

iors on the drag force of a single spherical particle in non-restricted motion.
We propose a new stabilized high-order finite element formulation for shear
thinning flow, we perform a code verification of the formulation, we present105

a domain size analysis on the limit cases for the flow-past-a-sphere simulation
ranges and a thorough grid convergence analysis, we illustrate the drag coef-
ficients and present a new correlation for the drag coefficient as a function of
n and Re for power-law modeled simulations, and we finally discuss Carreau
simulation results. Power-law results are compared to numerical results in the110

literature, and Carreau results are compared to experimental measurements in
the creeping flow regime.

The developed framework for shear thinning flows can eventually be ex-
tended to more complex geometries, namely for shear thinning flow through
packed beds, or for dynamic mixers that treat shear thinning flow.115

2. Governing equations and numerical implementation

We consider an incompressible 3D flow inside a domain Ω. In Einstein’s
notation, the incompressible Navier-Stokes equations are:

∂lul = 0 (1)

and

∂tuk + ul∂luk = −1

ρ

(
∂kp+ ∂lτlk

)
+ fk (2)

where the viscous stress term τlk is defined by

τlk = −η
(
∂luk + ∂kul

)
(3)

with uk the k velocity component, ρ the fluid’s constant density, p the fluid’s
pressure, η the fluid’s dynamic viscosity and fk a source term.120

For non-Newtonian fluids, η is a function of the shear rate magnitude that
needs to be characterized.
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2.1. Shear thinning flow

A shear thinning flow is a flow for which the viscosity locally decreases when
high shear stresses are applied [3]. At low shear rates, the fluid’s viscosity will be125

constant at η0 (see region 1 in Fig. 1). This is the initial Newtonian plateau. For
very high shear rates, the viscosity of some fluids will reach a second Newtonian
plateau at η∞ ≪ η0 (region 4). A viscosity drop occurs after a critical shear
rate (region 3) intrinsic to the fluid. The slope in region 2 characterizes the level
of this shear thinning behavior.130

The two models used in this work are the power-law model and the four-
parameter Carreau model.

Figure 1: Viscosity regions for shear thinning flows, in log-log scale, with two Newtonian
plateaus (1 & 4), a transition (3) to the descending section (2) (adapted from [18]).

2.1.1. Power-law model

This model only requires two parameters and its parameters may easily be
found from rheological measurements by linear regression [3]. The viscosity is
given by:

η(γ̇) = Kγ̇n−1 (4)

where K is the viscosity for a shear rate magnitude of 1.0 s−1, n − 1 is the
slope of log(η) = f(log(γ̇)) and γ̇ is the shear rate magnitude. It adequately135

captures region 2 (Fig. 1) but fails to represent the η0 and η∞ plateaus. It is
ill-posed in regions of low to no shear, as the viscosity reaches infinity. This
is highly problematic from a computational fluid dynamics (CFD) perspective,
since regions of no shear are bound to happen at a point during the solution
process.140

Since the viscosity is no longer constant, there is an obvious need to redefine
the Reynolds number that takes the shear thinning effect around the sphere into
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account. As demonstrated in [18], an a priori Reynolds number for power-law
flow past a sphere is given by:

Re =
ρ|u|2−nDn

K
(5)

for which a presumptive apparent shear rate magnitude around the sphere is:145

γ̇app =
|u|
D

[=] s−1 (6)

with u = uk.
We note that the given Re in equation (5) represents an a priori estimate of

the effective Reynolds number. In reality, the shear rate and the viscosity vary
abruptly in space. The a priori Re is widely used in the literature and helps to
compare results.150

2.1.2. Carreau model

The four-parameter Carreau model is a generalization of the power-law
model that enables to capture both Newtonian regions and the smooth transi-
tions between them and the power-law modeled section. Viscosity as a function
of the shear rate is given by:155

η(γ̇) = η∞ + (η0 − η∞)[1 + (λγ̇)2]
n−1
2 (7)

where η0 and η∞ are respectively the viscosity at rest and the viscosity at high
shear rates, λ is the relaxation time, and n is the slope parameter, comparable to
that of the power-law model. For the sake of reducing the number of parameters
to investigate, and since we know that the shear rates inside Ω will stay in regions
1 and 2 (see Fig. 1), we set η∞ = 0. Introducing (6) and (7) into the Reynolds160

number equation, we get:

Re =
ρ|u|D

η0

(
1 +

(
λ |u|

D

)2
)n−1

2

(8)

2.2. Finite element formulation

The non-Newtonian solver is implemented in the open-source CFD software
Lethe, based on the deal.II framework [19], that uses a Galerkin SUPG/PSPG
stabilized finite element formulation approach (see [20] for further details). In165

this case, the viscosity will vary inside Ω and can no longer be considered a
constant. Hence, the finite element weak formulation for steady-state flow be-
comes:
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∫
Ω

q∂luldΩ +
∑
k

∫
Ωk

Js · (τPSPG∂lq) dΩk = 0∫
Ω

vk (ul∂luk − fk) dΩ−
∫
Ω

∂kvk(p)dΩ +

∫
Ω

η (∂lvk) (∂luk) dΩ

+
∑
k

∫
Ωk

Js · (τSUPGuk∂lvk) dΩk = 0

(9)

with (vk, q) ∈ H1
0 the test functions for velocity in the k direction and for

pressure, respectively, and Js the strong form of the residual for the momentum170

equation being:

τPSPG = τSUPG =

[(
2|u|
hconv

)2

+ 9

(
4ν

h2
diff

)2
]−1/2

(10)

with hconv = hdiff = h the characteristic size of the cell [21]. The viscosity
gradient ∂lη is evaluated using the chain derivative rule:

∂lη =
∂η

∂γ̇
∂lγ̇ (11)

where ∂η
∂γ̇ is model-dependent, and

∂lγ̇ = 2 · 1
γ̇
· ∂muk (∂l∂muk + ∂l∂kum) (12)

2.2.1. Implementation challenges175

Upon initiation of solving the nonlinear system, the velocity solution vector
is often unknown and may be constant (e.g. zero). Thus, the shear throughout
the domain is initially zero. Since (12) is undefined for γ̇ = 0, a minimal
shear rate magnitude is forced to 10−12, which is small enough to not alter the
solution.180

A similar problem is encountered when calculating η using equation (4) and
when calculating ∂η

∂γ̇ for power-law fluids. Indeed, neither η nor ∂η
∂γ̇ are defined

for γ̇ = 0 for the power-law model (unlike the Carreau model). Additionally, for
low shear rates, since the viscosity is not capped, it can reach excessively high
values that are not physical, and that greatly affects the stability of the solver.185

When using the power-law model, a minimal shear rate γ̇min is required. This
technique is recurrent in commercial CFD software, namely in Ansys Fluent
[22]. The equivalent maximal viscosity will depend on the chosen K and n
parameters (see (4)).

2.3. Drag force190

The total drag force felt on a arbitrary object is:

FD = −
(∫

A

(
σ · n

)
dA

)
· u

||u||
(13)
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with A the total surface of the object in contact with the fluid, σ the total stress
tensor on the surface, n a unit vector normal to the surface of the object, and u
the velocity of the fluid far from the object [23]. The negative sign indicates that
we are considering the force of the fluid applied on the particle, in the opposite
direction of n, and the u

||u|| term allows to only consider the drag component195

to be in the same direction as u. The total stress tensor has a viscous stress
component and a pressure component (14) [3]. The τ is significantly affected by
the shear thinning behavior on the surface of the object and this changes the
resulting viscous drag force (or friction drag force).

σ = τ + pI (14)

For flow past a spherical object, the drag force is:

FD =

(
1

2
Aeffρ|u|2CD

)
u

||u||
(15)

where Aeff is the effective area of the particle seen from the fluid moving towards200

it in the u direction, hence πD2/4 for a sphere, and CD is the drag coefficient
[24].

3. Verification of the model using the Method of Manufactured So-
lutions

We perform a code verification using the Method of Manufactured Solu-
tions (MMS) [25]. This method consists in manufacturing an exact solution
for u(x, t) and p(x, t) on a given calculation domain, regardless of its physical
plausibility, that is sufficiently complex to ensure a thorough code verification
[26]. This means that u(x, t) and p(x, t) should be elements of C(m+p), where
m is larger than the number of times either u(x, t) or p(x, t) is derived in the
differential equation and p is the order of the FEM scheme. We then integrate
these manufactured solutions in the Navier-Stokes continuity (1) and momen-
tum (2) equations to calculate a source term for the differential equation. We
consider the following 2D exact solution in a calculation domain defined by
Ω = [−1, 1]× [−1, 1]:

u = sin (πx)
2
cos(πy) sin(πy) (16)

v = − cos (πx) sin(πx) sin(πy)2 (17)

p = sin (πx) + sin(πy) (18)

where u = [u, v]T and x = [x, y]T . The velocity and pressure fields are both
infinitely differentiable (in C∞) because they are built from trigonometric func-
tions. The velocity field is solenoidal, there is therefore no source term in the
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continuity equation. Since we consider a steady state problem without any ex-
ternal force, the source term on the momentum equation will take the following
form:

S =

[
u∂xu+ v∂yu+ 1

ρ

(
∂xp+ ∂xτxx + ∂yτyx

)
u∂xv + v∂yv +

1
ρ

(
∂yp+ ∂xτyx + ∂yτyy

)] (19)

We use both implemented rheological models for code verification, but we only205

present the results for Carreau model verification in this article for brevity.
Deriving an expression for the shear rate magnitude throughout the domain
from (16) and (17), we get that γ̇ ∈ [0, π]. To get an exhaustive verification of
the Carreau model by simulating the transition between the initial Newtonian
plateau and the descending section of the viscosity (see Fig. 1), we set the210

following Carreau parameters : η0 = 1, η∞ = 0, a = 2, λ = 1 and n = 0.5,
which give us the subsequent expression for viscosity :

η = (1 + γ̇2)−0.25 (20)

Hence, the range of viscosity is between 0.551 and 1.000 m2/s.
Fig. 2 illustrates the L2 norm of the error for the velocity, as the grid is

globally refined, obtained using the stabilized SUPG/PSPG formulation. For215

Q1 through Q3 elements, the right order of convergence is obtained.

10 2 10 1

x

10 8

10 7

10 6

10 5

10 4

10 3

10 2

10 1

||e
u||

2

log eu

log x = 2.00

log eu

log x = 3.00

log eu

log x = 4.00

Q1 elements
Q2 elements
Q3 elements

Figure 2: Evolution of the L2 norm of the error on the velocity profile of a Carreau fluid for
different scheme orders when operating a global mesh refinement. The order of convergence
is consistent with the order of the underlying FEM interpolation.
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4. Non-Newtonian flow past a spherical particle : Results

We present the methodology, including the adopted Re and n ranges and
the λ range for simulations using the Carreau model. We discuss the required
calculation domain size along with the selected discretization. Subsequently,220

the results are portrayed and discussed, including a new correlation for the
drag coefficients for power-law fluids. We also discuss results using the Carreau
model.

4.1. Methodology

The Reynolds number range covered in this work is from 0.1 to 100. A set
of 20 Re are used, all log-spaced. For both power-law and Carreau models, a
set of eight values of n ∈ [0.3, 1.0], each linearly-spaced, will be simulated. For
Carreau-modeled simulations, for the sake of analyzing dimensionless param-
eters, dimensionless relaxation times Λ ∈ [0.1, 0.4, 1, 4, 10, 100] will be studied
such that:

Λ = λγ̇app (21)

with γ̇app developed in (6).225

The geometry for the simulations is given in Fig. 3, where u∞ = u(x) =
1 m/s, the particle’s diameter D is 1 m, and the height H is determined in sec-
tion 4.1.1. Thus, for all simulations, γ̇app is 1.0 s−1, and the Reynolds numbers
are set by changing K for power-law simulations, and η0 for Carreau simula-
tions (see equations (5) and (8) respectively). All lateral walls are given a slip230

boundary condition [20].

𝑢∞

𝐻

𝐻

2𝐻

(0,0,0)
𝐷

0.6𝐻

Figure 3: Geometry of the calculation domain and position of the particle for all simulations,
with D the diameter of the spherical particle. The dimension H will be determined in section
4.1.1.

We launch all simulations using second-order elements for the velocity inter-
polation and first-order elements for pressure (Q2Q1). We initially tried Q1Q1
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interpolation elements, but these would have required overly fine meshes (and
consequently, high number of degree of freedoms) to reach the same level of235

spatial accuracy. A second order interpolation allows for spatial variation of the
shear rate and viscosity within cells. This has a direct impact on the drag force
accuracy, and the high-order isoparametric coordinates capture the curvature
of the surface of the spherical particles more adequately.

The particle is represented using a high-order sharp-interface immersed bound-240

ary method (see [27] for further information on the method). The grid is strate-
gically refined around the particle using a 2-step adaptive refinement technique
based on the Kelly error estimator on the velocity [28]. At each refinement step,
the convergence criterion on the absolute norm of the solution residual is set to
10−5, and a relative residual of 10−7 is obtained with respect to the initial resid-245

ual. We use a Cartesian 3D grid and choose to simulate on a domain that totally
surrounds the particle. If we had chosen to only consider a half or a quarter
of the domain cutting through the particle at (0, 0, 0) along the z−axis, mesh
adaptation would have been hazardous along the axis of symmetry. Moreover,
using a domain that encloses the spherical particle greatly helps the iterative250

solver.
A complete mesh analysis is presented in section 4.1.2. The domain size

and mesh-sensitivity analyses are carried out using the power-law model, as
power-law fluids simulations are more mesh-sensitive and difficult to simulate.

4.1.1. Domain size255

Considering laminar flow past a sphere, at Re = 100, the thickness of the
boundary layer is small compared to the sphere diameter [29]. This means that
the velocity close to the sphere rapidly reaches u∞. As the Reynolds number
lowers down to 0.1, this boundary layer gradually thickens. The domain size
H should be large enough to ensure that the resulting drag coefficient does not260

vary as the domain is further enlarged for low Re. We carry out the domain
size study at Re = 0.1 for Newtonian fluids, as the conclusions can be extended
to shear thinning flow (see section 4.2 along with Fig. 11 for validation of this
hypothesis). Notice that all studied domains keep the same proportions (see
Fig. 3).265

Four H/D ratios were analyzed. For each ratio, we use the same D
∆x factor

close to the surface of the sphere, and we operate a 2-step adaptive mesh refine-
ment targeting 20 % of the cells at each step (further details are given in section
4.1.2). In Fig. 4, we notice that, as the domain becomes larger, the error on the
drag coefficient decreases compared to the largest domain. We consider that,270

for H/D = 60, a relative error of less than 0.5% is optimal to simultaneously
minimize computational costs and error. The size of the particle is D = 1, hence
H = 60. This domain size will be used for all simulations.

4.1.2. Discretization

Because we are using an immersed boundary method to take the no-slip275

condition on the surface of the sphere into account, we will not use a conformal
grid but rather mesh the entire calculation domain using a structured Cartesian
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30 45 60 75
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1.000
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D
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=

75

Figure 4: Evolution of the drag coefficient CD as H/D is increased at Re = 0.1 for Newtonian
flow, considering CD,H/D=75 = 244.7. With an error of less than 1%, the H/D ratio of 60 is
chosen.

mesh. This mesh should be fine close to the particle surface to properly capture
the flow pattern around it. The mesh should however be coarser farther from
the particle, since the flow pattern will not vary as much. We are therefore using280

a homogeneous grid of 16× 8× 8 cells, all of size 7.53, that will later be refined
around the particle. We then define a refinement zone close to the particle
inside which the cells are refined six times. We choose a cubic refinement zone
for low Reynolds simulations as the flow is nearly symmetrical on all three axes
centering in (0, 0, 0), and we narrow the refinement zone in the x−direction for285

higher Reynolds simulations. For example, at Re = 0.1, the refinement zone
is defined by the cube inside [−2,−2,−2] × [2, 2, 2], and at Re = 100, all cells
inside [−1.5,−1,−1]× [4, 1, 1] are refined six times. The refined cells inside this
zone will be of size 0.1173. For all simulations, this grid is the initial grid, or
initial level of refinement, where the smallest cells are of size 0.1173, and the290

biggest cells far from the particle are of size 7.53. Hence, the initial grids used
for the simulations have a characteristic mesh size of ∆x

D = 0.117 around the
particle’s virtual boundaries (the rightmost points in Fig. 5a and Fig. 5b).

The idea is to keep refining until the simulated drag coefficient does not
change any further. At each subsequent refinement step in the simulation (each295

subsequent points in Fig. 5), we systematically refine each cell inside a hyper-

shell zone located inside 0.5D
2 ≤

√
x2 + y2 + z2 ≤ 1.5D

2 . Simultaneously, we
adaptively refine the grid targeting the cells with the greatest error based on
the Kelly error estimator applied to the velocity field [28]. Hence, each point in
figures Fig. 5a and Fig. 5b within a curve represent a level of refinement in the300
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same launched simulation. We operate the analysis covering the n range for Re
= 0.1 and Re = 100.

For each simulation, the mesh is refined four times for a total of five levels
of refinement, from ∆x

D = 0.117
(

D
∆x = 8.5

)
to D

∆x = 7.3 × 10−3
(
∆x
D = 136

)
(the leftmost points in Fig. 5a and Fig. 5b). We can observe in Fig. 5 that for305

Re = 0.1 and for Re = 100, the Newtonian solution (n = 1) is rapidly mesh-
independent. There is a relative error between the calculated drag coefficient for
the median refinement at ∆x

D = 2.93×10−2 and the finest mesh of 0.6% for Re =
0.1 and 0.2% for Re = 100. We also notice that the solution does not converge
as rapidly for shear thinning cases. Indeed, in Fig. 5a, the drag coefficient310

convergence is delayed as n decreases. For Re = 100 (Fig. 5b), reaching a
converged solution seems hazardous for shear thinning flow as the evolution of
the drag force is not monotonic. This is due to the needed convergence on the
viscosity profile, which is not the case for Newtonian simulations. The viscosity
range throughout the domain becomes exponentially larger as n decreases; hence315

the nonlinear component of equation (9) becomes greater and results in a much
stiffer problem. For this reason, a thorough mesh-independence study is needed
and its importance is even more relevant as n decreases. Conclusions on mesh-
independence cannot be drawn from Newtonian simulations only.
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n = 0.3

(a) Re = 0.1
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C D

(b) Re = 100

Figure 5: Evolution of the drag coefficient (CD) as the cells near the particle are refined, for
different n values for (a) Re = 0.1 and (b) Re = 100, using the power-law model. The chosen
mesh size (∆x

D
= 2.93× 10−2) is in grey.

For all n, the average error calculated between the drag coefficient at ∆x
D =320

2.93×10−2 and the most refined mesh (∆x
D = 7.32×10−3) is below 2%, and the

maximal error is encountered at (Re, n) = (100, 0.5) (6.8%). Accessing the next
level of refinement (∆x

D = 1.46× 10−2) adds up to 2.4 times the computational

costs of reaching the previous level at ∆x
D = 2.93× 10−2, and exceptionally 11.1

times for the (Re, n) = (100, 0.3) case. A level of refinement of ∆x
D = 2.93×10−2

325

is chosen to minimize the error while maintaining reasonable computational
costs.

Fig. 6 presents two examples of meshes used for simulations at Re = 0.1 and
Re = 100. The meshes present eight levels of cell refinement, with the coarsest

13



cells of size 7.5 and the finest cells of size 2.93×10−2. We notice in Fig. 6a, for330

Re = 0.1, that cells far from the particle are refined due to velocity diffusion
captured by the Kelly error estimator and that the refinement is relatively sym-
metrical. In Fig. 6b, at Re = 100, with a thin boundary layer and a long wake
downstream, the refinement focuses on the particle region and the wake region.
We can also acknowledge that all cells inside 0.5D

2 ≤
√

x2 + y2 + z2 ≤ 1.5D
2335

have reached the maximal level of refinement.

(a) Re = 0.1

(b) Re = 100

Figure 6: Examples of xy−plane mesh slices used for (a) Re = 0.1 and (b) Re = 100, with
H/D = 60 around the spherical particle (in turquoise).

4.1.3. On choosing a minimal shear rate for power-law simulations

As mentioned in section 2.2.1, the power-law model is ill-posed for problems
that encounter very low shear rates, which is the case for this problem. For
Re = 0.1, a thorough resolution of the velocity profile further from the particle340

is important to achieve a drag coefficient convergence. As pictured in Fig. 7,
using a γ̇min = 10−2 significantly alters the calculated velocity and viscosity
profiles, it therefore alters the drag force. For each Re, it is crucial to perform a
sensitivity analysis on the minimal shear rate. We choose a value that assures
an accurate estimation of the drag force, while again minimizing computational345

costs and providing converged solutions.
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Figure 7: Evolution of the drag coefficient (CD) for n = {0.5, 0.7, 0.9} for a series of minimal
shear rate (γ̇min) values used for power-law simulations, at Re = 0.1. A γ̇min < 10−4 is ideal
for Re = 0.1, for all n.

4.2. Results and discussion

We perform all simulations using Lethe. We first run Newtonian flow simu-
lations, and from the vast literature on the single-sphere case, we find the best
drag coefficient model to fit our data. We then simulate shear thinning fluids350

with both power-law and Carreau models.

4.2.1. Model fitting for Newtonian flow

Many models in the literature that cover our simulations Re range (from 0.1
to 100) were compared to our results (see Fig. 8) [30, 31, 32, 33, 11, 34, 35, 36, 37].
Most models are, in general, in excellent agreement with our results (less than
4% error). Dhole et al.’s model is a drag correlation developed for shear thinning
flows in which we have set n to 1. This model was initially developed to fit a
wide range of n, leading to a more significant error (up to 5%) compared to the
present work’s results than other correlations restricted to Newtonian fluids. On
the basis of a least squares method, the model given by Clift et al. (see (22)) is
easily the most adequate for the range of Reynolds number investigated [38, 30].

CD,0 =

{
24
Re

[
1 + 0.1315Re0.82−0.05 log10 Re

]
, if Re ≤ 20

24
Re

[
1 + 0.1935Re0.6305

]
, if Re ≥ 20

(22)

CD,0 represents an estimate of CD|n=1 for Re ∈ [0.1, 100] using Clift et al.’s
correlation, and CD,0/CD|n=1 is pictured in Fig. 8 in a thick yellow curve. All
other models are shown in ascending order of L2 norm of the error.355
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Figure 8: Comparison between drag coefficient models given in the literature and our results
for Re ∈ [0.1, 100] at n = 1 (the ideal ratio is CD/CD,Lethe = 1, in black) [30, 31, 32, 33, 11, 35].
The chosen model is Clift et al.’s, in yellow. The abrupt slope change in the yellow curve at
Re ≈ 23 is due to the shift in the formulation at Re = 20 (see equation (22)).

4.2.2. Power-law simulation results

We first carry out power-law-modeled simulations for n ∈ [0.3, 0.9]. The
drag coefficients for all n values through the Re range are compared to CD,0

(22), in order to quantify the effect of shear thinning behaviors on the drag.
As many researchers observed, we notice in Fig. 9 that there is a switch in the360

shear thinning effect close to a Re of 5 or 6 [9, 39, 10, 11]. This phenomena is
essentially due to the cessation of the viscosity dominated regime. It looks as
though the switch is not at a constant Re for all n. On the right part (Re ⪆ 5),
we notice that when decreasing n, the drag is commensurately lower than for
Newtonian fluids as Re increases. The change of slope for n ≥ 0.6 at Re ≈ 23365

is due to the adjustment of the model for CD,0 at Re = 20 (see (22)). On the
left part (Re ⪅ 5), as n decreases, the drag seems to be larger as Re decreases
up until n = 0.4, after which the shear thinning effect decreases. On both sides,
the slopes are monotonic for the given Re extent, although they do not seem
to diverge : the CD/CD,0 values tend to plateau. We design a correlation that370

reproduces this pattern.
The chosen form for CD/CD,0 (23) is a hyperbolic tangent centering in

Rei(n), where α(n) is the amplitude, β(n) defines the speed at which CD/CD,0

reaches α(n) on both sides of Rei and the vertical displacement is set to 1. All
three expressions are shown in equation (24). α(n) is a quadratic function due375
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Figure 9: Simulation drag coefficient ratios (CD/CD,0), with CD,0 defined in (22), for Re
from 0.1 to 100 for all simulated n values using the power-law model. The subtle slope change
at Re ≈ 23 is due to the formulation change in (22).

to the nonlinearity of CD/CD,0|Re=0.1. On that matter, other researchers also
observed a quadratic pattern in the correction factor for the drag coefficient for
creeping flow; indeed, it is found that CD/CD,0 decreases for n < 0.4, as seen
at the leftmost of Fig. 9 [16, 40]. β(n) seems to increase as 1− n increases, and
Rei seems to linearly decrease as 1− n increases. The L2 norm of the error on380

CD/CD,0 is minimized when splitting the Re extent in two, as the curve pattern
is slightly different on both sides. We choose a Re of 6 to split the domain.

CD

CD,0
(n,Re) = α(n) tanh

(
β(n) log10

(
Re

Rei(n)

))
+ 1 (23)

α(n) = α1(1− n)2 + α2(1− n)

β(n) = β1(1− n) + β2

Rei(n) = Rei,1(1− n) + Rei,2

(24)

Values in Tab. 1 minimize the L2 norm of the error for n ∈ [0.3, 0.9] while
keeping a maximal error of 0.7% at the junction of each equation for Re = 6.

Fig. 10 portrays the numerical results of the drag coefficients along with385

the correlation given in equation (23). The average coefficient of determination
for the suggested correlation on all n is R2 = 0.998. The drag coefficients are
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Table 1: Values for correlation equation (24).

Parameter Re ≤ 6 Re ≥ 6
α1 1.56444 0.50762
α2 -1.67640 -1.34469
β1 0.97094 0.25949
β2 0.45533 0.57677

Rei,1 -3.14987
Rei,2 6.93023

compared to other numerical results in the literature [9, 11, 12, 13, 41]. We
observe a very satisfying agreement with the previous article’s results.

Fig. 11a, 11b and 11c show flow patterns and streamlines close to the particle390

for Newtonian flow at Re = 0.1, 5.5 and 100, respectively. The subsequent figures
show shear thinning flow patterns for n values of 0.7, 0.5 and 0.3.

We notice that, at Re = 0.1, there is no notable difference in the stream-
lines patterns between n values, but the velocity profile is narrower for lower
n, meaning that the velocity around the particle will reach u∞ more rapidly395

for lower n. For shear thinning flow, since there is a decrease in viscosity in
high shear regions, namely close to the particle in this case, we observe a thin-
ning of the boundary layer. The hypothesis made in section 4.1.1 in which we
stated that the domain size analysis could be conducted for n = 1 and extended
to shear thinning flow is validated, as it seems that the most diffusion of mo-400

mentum occurs for Newtonian fluids. Although the viscosity is lower close to
the spherical particle for lower n values, results show that shear rates observed
are greater (see Tab. 2), and that the viscous contribution to the drag does
not noticeably change for Re ⪅ 5. We rather notice that, as n decreases, the
upstream-downstream dimensionless pressure difference expands for Re = 0.1405

(see Tab. 3), and conclude that the increase of the pressure difference drives the
increase on the drag. Indeed, Fig. 12 shows that the pressure drag contribution
is proportionally larger as n decreases, and that is the case for the entire Re
extent.

Table 2: Dimensionless maximal shear rate on the surface of the sphere for Re = {0.1, 5.5,
100} and n = {1, 0.7, 0.5, 0.3} using the power-law model.

Maximal shear rate

n Re = 0.1 Re = 5.5 Re = 100

1 10.6 16.6 49.3
0.7 20.8 24.6 77.5
0.5 36.2 38.5 93.6
0.3 88.2 67.0 106.5

At Re = 5.5, all CD/CD,0 drag coefficient results are similar regardless of410

n (see Fig. 9), but the velocity profiles are fairly different. It could mean that
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Figure 10: Calculated drag coefficients for power-law fluids from the Lethe simulations and
the suggested correlation compared to results from Tripathi et al. [9], Dhole et al. [11] and
Song et al. [12, 13]. Newtonian results (n = 1 in (a)) are also compared to Johnson & Patel’s
[41].
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(a) n = 1, Re = 0.1 (b) n = 1, Re = 5.5 (c) n = 1, Re = 100

(d) n = 0.7, Re = 0.1 (e) n = 0.7, Re = 5.5 (f) n = 0.7, Re = 100

(g) n = 0.5, Re = 0.1 (h) n = 0.5, Re = 5.5 (i) n = 0.5, Re = 100

(j) n = 0.3, Re = 0.1 (k) n = 0.3, Re = 5.5 (l) n = 0.3, Re = 100

Figure 11: xy−plane velocity profiles with streamlines (in white) around the spherical particle
(in turquoise) for Re = {0.1, 5.5, 100} and n = {1,0.7,0.5,0.3} using the power-law model.
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Table 3: Dimensionless upstream-downstream pressure difference on the surface of the sphere
for Re = {0.1, 5.5, 100} and n = {1, 0.7, 0.5, 0.3} using the power-law model.

Upstream-downstream ∆P

n Re = 0.1 Re = 5.5 Re = 100

1 6.4e+01 1.9e+00 8.5e−01
0.7 84e+01 2.1e+00 8.5e−01
0.5 1.1e+02 2.3e+00 8.5e−01
0.3 1.2e+02 2.6e+00 8.9e−01

the slight gain in pressure drag (due to the increase of pressure difference (Tab.
3)) is counterbalanced by a drop in viscous drag. From the velocity profiles, no
circumstance would explain the switch at Re = 5.5, in addition to the fact that
all Reynolds numbers are a priori calculated, and hence are not necessarily the415

effective Re.
At Re = 100, the velocity profile upstream barely changes with n, whereas

downstream, the tail seems to be narrower and longer when n lowers (see Tab.
4). As n decreases, the separation point is slightly moved upstream, and the
wake is elongated. The enhancement of the tail results in more backflow towards420

the particle, which reduces the drag. In addition, we notice that the upstream-
downstream pressure difference does not vary as n decreases, hence the pressure
drag contribution does not vary. This can explain why, at Re ⪆ 5, drag forces
are lower as n decreases. To summarize, for Re ⪅ 5, the pressure drag increases
as n decreases, and for Re ⪆ 5, the viscous drag decreases as n decreases, but425

the pressure drag does not.
Wake lengths at Re = 100 match those of Dhole et al. and Song et al., as

can be seen in Tab. 4 [11, 12]. These results, along with comparisons shown
in Fig. 10, lend credibility to the developed framework and the results in the
present work for the power-law model.430

Table 4: Comparison of the dimensionless wake length (L/D) between present work values
and values from the literature [11, 12] for power-law fluids.

Wake length (L/D)

n Present work Dhole et al. (2006) Song et al. (2009)

1 0.867 0.88 0.869
0.8 0.872 0.87 0.871
0.6 0.908 0.93 0.898
0.5 0.950 0.96 0.924

4.2.3. Carreau simulation results

As mentioned above, power-law fluids are ill-posed in the zero-shear limit.
Carreau fluids have a Newtonian plateau and have a well-defined viscosity at
zero shear. For a low dimensionless relaxation time (Λ) fluid, the transition
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Figure 12: Evolution of the ratio between the pressure drag (CD,p) and the friction drag
(CD,f ) for n = {1, 0.9, 0.7, 0.5} when increasing the Reynolds number using the power-law
model.

from the plateau to the descending region (see Fig. 1) is delayed to high shear435

rates. Its behavior will resemble the Newtonian behavior. Higher Λ will result
in a more power-law-like pattern while never fully reaching it since the shear
rate becomes asymptotically zero as the distance from the sphere increases.

Carreau fluids drag coefficient results are shown in Fig. 13 for n values of
0.9, 0.7, 0.5 and 0.3, in which numerous relaxation times are portrayed and440

compared to power-law and Newtonian results.
For Λ = 0.1, the drag coefficients are relatively close to those for a Newtonian

fluid for all n, as expected. As shown in Tab. 2, the maximal shear rate on the
surface of the sphere essentially increases when Re increases. For Re ⪅ 5,
the shear rate at the surface of the particle is relatively low, and for Λ ⪅ 1,445

the maximal shear rate is still smaller than the transitioning point in Fig. 1
(region 3). As Re increases, the shear rate close to the particle becomes larger,
reaching the critical shear rate, at which point the viscosity decreases. This loss
of viscosity, in higher shear rate regions, reduces the drag. Hence, for Λ ⪅ 1,
a notable difference between the drag given by a Newtonian simulation and a450

Carreau simulation will only occur at high Reynolds (Re ⪆ 5). There is therefore
no significant change in the drag coefficient for (Re ⪅ 5) up until Λ = 1.

Considering the given a priori Re definition (8), the a priori shear rate on
the sphere is 1 s−1. This would coincide with the order of magnitude of Λ at
which the shear rate on the surface of the sphere is larger than the critical shear455
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Figure 13: Simulation drag coefficient ratios (CD/CD,0), with CD,0 defined in (22) for Re
from 0.1 to 100 comparing Newtonian flow, power-law modeled flow and all Carreau modeled
simulations for (a) n = 0.9, (b) n = 0.7, (c) n = 0.5 and (d) n = 0.3.
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rate, even for Re ⪅ 5. For Λ > 1, as the critical shear rate is lowered (see Fig.
1), the viscosity power-law region takes a more predominant scope, and the drag
coefficient is more affected by its shear thinning behavior. We notice that for
the highest value of Λ, the drag coefficient profile is very close to that of the
power-law curve.460

Surprisingly, the calculated drag coefficients for all Carreau fluids do not
meet at CD/CD,0 = 1 close to Re = 5.5 (see Fig. 13). In fact, regardless of n, the
drag coefficients for Carreau fluids never exceed either the power-law prediction
or the Newtonian prediction. Using a Carreau model does not greatly change the
viscosity on the surface of the particle, but at a great distance from the surface,465

since the viscosity is capped, the flow pattern will inevitably change. When
using the power-law model, the drop in viscosity close to the particle reduces
the drag, but the very high viscosity far from the particle has an important
effect on the drag. With the Carreau model, the upper limit on the viscosity
reduces the drag. This may explain why, at Re ≈ 5.5, the Carreau calculated470

drag coefficients are systematically lower. Indeed, Carreau fluids benefit from a
viscosity reduction on the surface of the particle, without having the very high
viscosity far from the particle that the power-law model generates.

Flow patterns and streamlines for n = 0.3 with Λ = {0.4, 4} are shown in
Fig. 14. In essence, for all pictured Reynolds numbers, the velocity profile has a475

pattern between the Newtonian flow and the power-law model flow for n = 0.3,
respectively to their Reynolds number. The Λ = 0.4 velocity pattern looks
closer to the Newtonian one, and the Λ = 4 resembles the power-law pattern.
For Re = 0.1 and Re = 5.5, we appreciate the forming of a thinner boundary
layer for Λ = 4. For Re = 100, a much longer wake region for Λ = 4 explains480

the large drop in the drag force observed in Fig. 13d.
As mentioned in the previous section, it is nearly impossible to draw further

conclusions comparing the drag coefficients between Λ values at a consistent
Re; since all given Re are a priori estimations, they are inevitably not effective
Re. In fact, many other researchers used a slightly different definition of Re,485

omitting the n and Λ values [14, 15, 17, 42].
Carreau results at Re = 0.1 are compared to experimental drag coefficients

presented by Chhabra & Uhlherr in the creeping flow regime [14]. The fluids
used in Chhabra & Uhlherr’s work are chosen to have the least elastic properties,
to best suit the Carreau model that treats inelastic fluids. The article presents490

results in the fashion of a correction factor to the drag coefficient predicted for
Newtonian flow, where CD,0 = 24/Re and the shear-thinning drag coefficient, in
creeping flow, being CD = XCD,0. Chhabra & Uhlherr defined their Reynolds as
Re = ρu∞D/η0, that is slightly different from equation (8). The present work’s
Reynolds numbers are adapted to their definition to compare the correction495

factors appropriately. Since ((1 + Λ)2)
n−1
2 of equation (8) is lesser than 1 for

shear thinning flow, the newly calculated Re numbers for Lethe simulations
are all less than 0.1. We are, therefore, well into the creeping flow regime.
Their dimensionless relaxation times are also corrected, as they used a different
definition (2λu∞D−1). Therefore, their Λ are divided by 2 to match equation500
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(a) n = 0.3, Re = 0.1, Λ = 0.4 (b) n = 0.3, Re = 5.5, Λ = 0.4 (c) n = 0.3, Re = 100, Λ = 0.4

(d) n = 0.3, Re = 0.1, Λ = 4 (e) n = 0.3, Re = 5.5, Λ = 4 (f) n = 0.3, Re = 100, Λ = 4

Figure 14: xy−plane velocity profile with streamlines (in white) around spherical particle (in
turquoise) for Re = {0.1, 5.5, 100} and n = 0.3 using the Carreau model with Λ = {0.4, 4}.

(21).
The correction factors as a function of the dimensionless relaxation time

are presented in Fig. 15. As expected, upon decreasing Λ, X reaches 1 as the
behavior of the fluid approaches the Newtonian behavior. The drag coefficient
decreases as Λ increases; this was also observed by Hsu et al. [17]. Experimental505

results are shown for n = {0.75, 0.53}, indicating excellent agreement with the
numerical results. This validation case lends further credibility to the proposed
non-Newtonian framework.

Drag coefficients for Newtonian, power-law and Carreau simulations are
available [43].510

5. Conclusion

This work presents a stabilized finite element solver extension of Lethe that
enables high-order simulations of power-law and Carreau fluids. The imple-
mentation is verified using the Method of Manufactured Solutions. We perform
an extensive study of shear thinning flow past a sphere. Results for an a pri-515

ori Reynolds range of 0.1 to 100 and n ∈ [0.3, 1.0] are shown, using both the
power-law model and the Carreau model. For the Carreau model, dimensionless
relaxation times of Λ ∈ {0.1, 0.4, 1, 4, 10, 100} are studied. All calculated drag
coefficients are available in a public repository. For shear thinning flow past a
sphere a reduction in n has the following effects:520

• The total drag increases for Re < 5 to 6;

• The total drag decreases for Re > 5 to 6;
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Figure 15: Drag coefficient correction factors (X in CD = 24
Re

X) at Re = 0.1 simulated in
Lethe using the Carreau model as a function of the dimensionless relaxation time Λ, compared
to experimental data provided by Chhabra and Uhlherr [14] in the creeping flow regime.

• The wake is longer for high Re;

• The separation point is moved upstream for high Re; and

• There is the development of a thinner boundary layer, regardless of Re.525

Additionally, as Re increases, CD/CD,0 systematically decreases for Re ∈
[0.1, 100], regardless of the relaxation time. Drag coefficient results using the
power-law model are compared to numerical results in the literature and show
good agreement. We propose a correlation for the drag coefficient of power-law
fluids compared to Newtonian fluids. The correlation is particularly well-posed,530

we obtain a coefficient of determination R2 = 0.998. It is observed that a loga-
rithmic spacing between the Reynolds numbers used for the simulations greatly
helped in generating a formulation that evenly minimized the error over the Re
extent, as the behavior of CD is log(Re)-dependent. The authors believe this
correlation can be further extended to lower n values because of the hyperbolic535

tangent behavior of the correction.
For flow-past-a-sphere cases, using a Carreau model with an appropriate

maximal viscosity will significantly impact the velocity profile and the calculated
drag force. Considering an a priori Reynolds number, power-law and Newtonian
simulations predictions will not necessarily bound the drag coefficient of a shear540

thinning fluid past a sphere. This non-intuitive behavior is explained by the
significant decrease of the viscosity far away from the sphere which greatly
increases the viscosity of power-law fluids.
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