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RESUME

LiFePO, est un matériau attrayant pour les batteries au lithium car il conserve sa structure
cristalline de type olivine et ce, malgré le mouvement réversible des ions lithium. Lorsque les ions
Li* sont tous extraits de la triphylite (LiFePOy), I’heterosite (FePO,) se forme et une coexistence
entre les deux phases, LiFePO,4 et FePOy, conduit a la formation d’un plateau de tension électrique
stable. La compréhension des équilibres de phases au sein du systéme FePO, -LiFePO, est donc
nécessaire pour caractériser et optimiser d’une part les performances des batteries a base de
LiFePO,. Lors de cette étude, nous avons tout d’abord modélisé via une approche de type
CALPHAD (Calculation of PHAse Diagram) le comportement thermodynamique du systeme
FePQO, -LiFePO, afin d’établir une description fine des transformations de phase dans le matériau
de cathode pendant le fonctionnement de la batterie. Pour représenter I’état thermodynamique du
systeme, I'énergie libre de Gibbs de la solution solide LisFePO, a été décrite via le « Compound
Energy Formalism (CEF) ». Les équilibres des phases sont ensuite déterminés par une technique
de la minimisation de I'énergie libre de Gibbs idoine implémentée sur le logiciel Matlab. Un ordre
a longue distance (« LRO ») sur les sous-réseaux du Li et du Fe au sein de la solution solide
LiiFePO, fut introduit afin de reproduire simultanément et de maniére critigue les donnees
expérimentales, disponibles dans la littérature, relatives a (i) la réaction eutectoide, (ii) les trois
lacunes de miscibilité et (iii) ’enthalpie de mélange. Il est montré, qu’aux basses températures (300
K < T <500 K), la lacune de miscibilit¢ du systeme LiFePO,4-FePO, se décompose de deux sous-
lacunes de miscibilité. En se basant sur I'analyse de la décomposition de spinoidale calculée, nous
montrons qu’un transport rapide de charge est possible dans le matériau de cathode et peut

comporter deux étapes dans le processus décomposition spinoidale.

Le consensus actuel veut que la structure d’olivine que conserve la cathode donne a LiFePO,4 une
capacité aux hauts débits. Cependant, le matériau massif LiFePO, n’est utilisé que pour les
applications aux faibles débits. En fait, c¢’est la transformation cohérente du systeme de taille
nanométrique qui confere a LiFePO,4 sa capacité aux hauts débits. Pour comprendre et représenter
les phénoménes de charge /décharge rapides au sein des batteries a LiFePQO,, les équilibres de
phases du systéme cohérent LiFePO4-FePO, a I’échelle nanométrique sont établis dans cette
recherche. Pour cela, dans la deuxieme partie de cette these nous avons étudié les équilibres de

phases du systeme cohérent LiFePO4-FePO, en fonction de la taille de particule jusqu’a 15 nm.
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L’¢énergie libre de Gibbs du systéme cohérent est formulée en tenant compte des contraintes
élastiqgues qui maintiennent la cohérence entre les deux réseaux cristallins LiFePO, et FePO,.
L’effet de taille est quant & lui quantifié via une expression idoine de I’énergie de surface des grains.
Les calculs d’équilibres de phases ainsi réalisés nous ont permis de quantifier I'influence de la
réduction de la taille des particules sur ’'améliorantion des performances électrochimiques du
matériau de la cathode. D’un point de vue théorique, nous avons développé un formalisme original
qui généralise I'approche développée par Cahn pour des matériaux isotropes pour de faibles
incohérences de mailles. Nous avons notamment proposé une expression d’énergie élastique pour
les systémes orthorhombiques telle que I'olivine. Cette approche fut appliquée pour calculer les
énergies élastiqgues mises en jeu aux joints de grains cathode formée de LiFePO4-FePO,. Les
calculs ont montré que le plan cristallographique (100) est le plus énergétiquement favorable tandis
que les plans (110) et (010) conduisent a des transformations de phases cohérentes qui peuvent étre
également possibles. De plus, la transformation cohérente du matériau de cathode pourrait
expliquer I'apparition d’une phase métastable, le plan énergétiquement favorable au processus
lithiation/dé lithiation, et la formation de dislocations ou de fissures par cyclage. Les effets couplées
cohérence-taille sont une originalit¢ de cette thése. Nous montrons que les domaines
d’immiscibilit¢ diminuent avec la taille des particules et conduise a I’existence d’une région de
phase intermédiaire entre les deux lacunes de miscibilité. Finalement nous montrons que la
transformation phase cohérente du matériau de cathode durant les processus électrochimiques est

plus probable avec des particules de petite taille.

Il est connu que le dopage, particulierement le dopage de Mn, contribuerait a enrichir les propriétés
des transports électronique et ionique, et par extension, les propriétés électrochimiques des
matériaux de cathode. Cela les rendrait bien plus efficaces pour les aux hauts débits. Le
comportement thermodynamique de la cathode a base du matériau dopé au manganese Li(MnyFe;.
y)PO4 a éteé étudié sur le joint Li(MnyFe;y)PO,4 - (MnyFey1.,)PO4. L’énergie libre de Gibbs du
systeme Li(MnyFe1y)PO4 - (MnyFe1)PO4 est formulée selon la méthode CALPHAD a I'aide des
nouveaux modéles de sous-réseaux secondaire afin de décrire avec le joint para-équilibré
Li(MnyFe1.,)POs - (MnyFe1,)PO4 et les lacune de miscibilitt qui découlent de réactions
d’oxydoréduction et de lordre a longue distance entre les espéces Fe2*/Fe3*. Etant donné

qu’aucune information sur les enthalpies de formation et les constants élastiques des composés, les
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enthalpies de mélange des sous-systémes binaires sont disponibles dans la littérature, celles-ci
furent prédites a partir de calculs premiers principes a base de la densité fonctionnelle de la densité
(électronique) ou « DFT » via le logiciel VASP. Les caractéristiques électrochimiques du LiFePO,
dopé au Mn, telle que les equilibres de phase induits par des processus électrochimiques, la tension
de circuit ouvert (OCV), de I'asymétric du processus de charge et de décharge ainsi que les
changements de potentiels sont alors décrits grace a ces nouveaux modeles thermodynamiques.

Il est connu qu’LiFePO,4 dopé au Mn posséde une structure d’olivine de méme que la phase
delithiée, (MnyFe;y)PO,. De ce fait, la transformation cohérente de phase dans laquelle Ile
mouvement réversible de Li* au sein du matériau de cathode ne modifie pas sa structure cristalline,
est étudiée en détail dans le but d’optimiser le taux de charge/décharge ainsi que la cyclabilité du
processus. Etant donné que I'incohérence des réseaux cristallins dépasse les 5%, nous avons
développé un modele théorique pour représenter I’énergie libre de Gibbs élastique de systémes
orthorhombiques (et de symétrie inferieur) pour de grandes deformations en considérant le tenseur
des déformations d’Euler et les seconds tenseurs des contraintes de Piola-Kirchoff. Ce modele,
généralise le modele développé pour de faibles déformations en considérant les tenseurs des
contraintes et des déformations de Cauchy. L’énergie libre de Gibbs élastique ainsi formulée fut
appliquée afin de calculer les lacunes cohérentes de miscibilit¢ du joint (MnyFe1y)PO4 - (MnyFe;.
y)PO4 a température ambiante selon le plan (100). Il estalors montré que lorsque LiFePO, est dope
au Mn il est susceptible de subir une transformation de phase cohérente selon le plan

cristallographique (100).
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ABSTRACT

LiFePO, cathode material is attractive since it can remain its olivine crystal structure despite the
reversible movement of lithium ions. As all Li* ions are extracted from olivine-LiFePO,
(triphylite), olivine-FePO, (heterosite) is formed and the two olivine phases, LiFePO,4 and FePOy,
coexisted leads to the formation of the stable voltage plateau. Therefore, the understanding of phase
equilibria within the LiFePO, - FePO, system is necessary to characterize and optimize the
performance of LiFePO, battery. The thermodynamic behavior of the LiFePO, - FePO, system is
modeled via the CALPHAD (Calculation of PHAse Diagram) approach in order to describe
sufficiently the phase transformation in the cathode material during the battery operation. For
representing the thermodynamic state of the system, the Gibbs free energy of the LixFePO, solid
solution is modeled by compound energy formalism (CEF). The phase equilibria consequently are
determined by the Gibbs energy minimization technique implemented on Matlab software. An
extra long-range-order of the LixFePO, solid solution is introduced to reproduce simultaneously
the eutectoid reaction, the three miscibility gaps, and the enthalpy of mixing in accordance with
the reported experimental data. The study shows that at low temperatures (298 K < T < 500 K),
the miscibility gap of the LiFePO, - FePO, system should be stated as the fusion of two sub-
miscibility gaps. According to the analysis of the spinodal decomposition, fast charge transport

within the cathode material is possible and it includes up to two sub-spinodal decomposition steps.

The general belief of unchanged olivine structure of the cathode gives LiFePO, a high-rate
capability. However, bulk LiFePO, is only used for low-rate applications. In fact, the coherent
phase transformation within the nanometric size of LiFePO, makes the material stand out among
battery materials for the high-rate applications. For understanding and representing the rapid
charge/discharge phenomena within LiFePO, cathode, the coherent phase equilibria of the
LiFePO, - FePO,4system at nanometric scale are established in this study. Consequently, the second
contribution of this thesis presents the coherent phase equilibria of the LiFePO, - FePO,4 system as
a function of particle size (> 15nm). The coherent Gibbs energy of the system is formulated by
taking into account the elastic constraints which maintain the coherence between the two crystals,
LiFePO,4 and FePO,. The effect of particle size is quantified by a suitable expression of the surface
energy of the particles. The calculation of phase equilibria allows us to quantify the influence of

the reduction of particle size on improving the electrochemical performance of the cathode



material. From a theoretical point of view, an original formalism, which generalizes the Cahn’s
approach for isotropic materials in the small deformation regime, was developed. Noticeably, an
expression of elastic Gibbs energy was proposed for orthorhombic systems such as olivine LiFePO,
- FePO, cathode join. This approach was applied for calculating the elastic energy involved in the
coherent grain boundaries of LiFePO4and FePO,. The calculation of coherent miscibility gaps
shows that (100) is the most energetically favorable habit plane while (110) and (010) coherent
phase transformations are possible. In addition, the occurrence of a metastable phase, preferred
phase boundaries during lithiation/delithiation, and the creation of dislocations or cracks via
cycling can be explained by the coherent phase transformation. It is the first time that the combined
coherency-size type of calculation is ever performed. The miscibility gaps reduce with the
reduction of the particle size and the intermediate phase region between the two miscibility gaps
occurs. Moreover, at small particle sizes, the coherent phase transformation within the cathode

material during electrochemical processes is more likely.

It is known that doping, especially Mn doping, can enrich the electric and ionic properties hence
the electrochemical properties of battery materials and makes them suitable for high-rate
applications. The thermodynamic behavior of the Li(MnyFe;,)PO4 cathode has been considered
by examining the Li(MnyFe1.,)PO, - (MnyFe1y)PO4 olivine join. The Gibbs free energy of the
Li(MnyFe1y)PO, - (MnyFe1y)PO,4 system is formulated based on CALPHAD method using the
new sublattice models containing secondary sublattices in order to successfully describe the para-
equilibrium Li(MnyFe;y)PO4 - (MnyFe1y)PO4 battery join with the separation of miscibility gaps
by redox reactions and Fe2*/Fe3* long-range-order. Due to no available information of enthalpy of
mixing of the binary sub-systems and the shortage of study on the enthalpy of formation and elastic
constants of the compounds in the literature, they are predicted from first principles calculations
based on the density functional theory (DFT) using the VASP software. The electrochemical
characteristics of the Mn-doped-LiFePO, such as the electrochemically driven phase diagrams,
open-circuit voltage (OCV), asymmetry of charge/discharge processes, and potential shifts can be

described sufficiently by using my thermodynamic models.

As known, like LiFePO,4, the Mn doping cathode material, Li(MnyFe1y)PO4, possesses olivine
structure and so does the delithiated phase, (MnyFe;y)PO4. Therefore, coherent phase

transformation, in which Li* reversible movement within cathode material does not change its



crystal structure, is concerned in order to enhance the charge/discharge rate and cyclability. Since
the maximum lattice mismatch goes beyond 5%, a theoretical model was developed in order to
represent the elastic Gibbs free energy of orthorhombic systems (and systems with low symmetry)
in the large deformation regime by considering the Euler’s strain tensor and the second order Piola -
Kirchoff stress tensor. This model is an extension of the model developed in the small deformation
regime using the Cauchy’s stress and strain tensors. The formulated elastic Gibbs energy is then
applied for calculating the (100) coherent miscibility gaps of the Li(MnyFe1.,)PO, - (MnyFe1)PO4
system at room temperature. The calculation reveals the favourability of the cathode to experience
(100) coherent phase transformation.
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CHAPTER 1 INTRODUCTION

Due to the increasing trend of oil prices in the last decades as a result of the exhaustion of natural
resources and the dramatical increase of the emission of greenhouse gas causing negative impact
on the climate change, several actions are undertaken worldwide, e.g. COP21 agreement of keeping
global warming below 2°C [1] or EU target of reducing CO; level [2]. In order to improve urban
air quality and consequently reduce its impacts on climate change, reducing the consumption of
fossil fuels per kilometre and replacing fossil fuels with renewable fuels are encouraged [3].
Therefore, the market for electric vehicles (EVs) which can substitute fossil-based wvehicles is
accelerating. In 2016, more than 773000 EVs were sold. 41 million EVs are expected on the road
in 2040 which would displace 13 million barrels of crude oil per day [4]. In 2015, the automobile
battery ratio was 28.26% of the worldwide lithium ion batteries (LIB) producing about 100.75GWh
and growing with a rate of 39.45% year-on-year [5]. LIB are widely used today because of their
high-energy density, good performance and no memory effect as found in the ancient Ni-Cd or Ni-
MH batteries [6]. However, pure electric vehicles are still costly in comparison with gasoline cars
mainly because of the battery cost [7]. Although the LIB cost is reducing and it is predicted to
continue decreasing in future, it needs about ten more years for the cost to reach the point of
commercialization of battery electric vehicles (Figure 1.1) [8]. The reduction of LIB can be driven
by improving cell manufacturing, enhancing learning rates for pack integration or scaling of
economies (Gigafactories) [7]. For cell manufacturing, the cost of the cathode material has a
significant contribution on the total cost of common LIB (at least 1/3 of the total cost) [9]. It means
that reducing cathode cost is necessary in commercializing battery electric vehicles. At first, the
name of LIB was given for the high-powered rechargeable cells made by LiCoO, cathode active
material and atailor-made carbonaceous anode announced by SONY Corp. in 1990 [6]. Nowadays,
LiCoO; still dominates the market for hand-held devices since its revolutionary occurrence with
SONY Corp. due to its superior volume energy density. However, it has strong disadvantages for
using as a cathode of an electronic vehicle’s battery because of (1) the limited reversible extraction
of Li from Li;xCoO, (with 0.5 = x > 0) resulting a relative low specific capacity of ~ 140mAh/g
[10]; (2) the safety concerns due to the magnitude of the exothermic reaction between the oxygen
decomposed from LiCoO, with the organic electrolyte of the cell [11-13]; (3) the low Co
abundance in Earth’s crust; and (4) its toxicity [14]. Beside the layered Li;xMO, (M=Co, Ni)



providing 2D Li*-ion transport, the other two useful oxide host structures are the cubic
Lizsx[Mn2]O4 spinels with 3D Li*-ion transport and the ordered olivines Li;-xMPO, supporting only
1D Lit-ion transport [15]. The limited reversibility capacity due to the 1V-step obtained at
Li[Mn,]O,4 and the capacity fade with cycling because of the Mn2+ dissolution from the surface in
the 4V domain make the spinel Li\[Mn;]O, less attractive to battery industry for automobiles [15].
Meanwhile, olivine-LiFePO, appears as an inexpensive, safe cathode with high theoretical
reversible capacity and a good cyclability [15]. Therefore, research on LiFePO,4 with the aim of
reducing the commercial price of nano-LiFePO, as a cathode material for automobile industry to
10%$/kg was performed in APC project. This project was invested by Natural Science, Engineering
Research Council of Canada and the Canadian Foundation for Innovation through the Automotive
Partnership Canada program and our industry partner Johnson-Matthey, who operates a LiFePO,
plant near Montreal. This PhD research is a part of the thermodynamic model section of APC
project in which the thermodynamic behavior of LiFePO,4 during charge/discharge processes is
studied.
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Figure 1.1: Cost of Li-ion battery packs in battery electric vehicles from multiple types of sources
[8]. If costs reach US$150 per kwWh this is commonly considered as the point of commercialization

of battery electric vehicles [8].



After the study of Padhi etal. [16], olivine - LiFePO, drawsa lot of attention as a promising cathode
material. In iron lithium phosphate batteries, LiFePO, serves as the cathode material and the anode
is graphite. The cathode and anode materials are placed in alternative layers and Li* is transferred
through these layers. Even in reality carbon anode is utilized, in the literature and in this thesis,
metallic Li anode is assumed when mentioning the properties of LiFePO, batteries such as redox
potential, reversible capacity, etc. During charging, Li* is extracted from LiFePO, and as all Li* is
removed, the cathode LiFePO, becomes olivine FePO,. On the other hand, FePOy, is lithiated to
form LiFePO, via discharging. Both LiFePO, and FePO,have an olivine structure, orthorhombic
space group Pnma. The framework of LiFePO, consists of FeOg-octahedra and PO,-tetrahedra and
they contact each other by sharing oxygen vertices in b-c plane. Li atoms are situated in the
interstitial voids of the framework (Figure 1.2). Besides the promising properties for
electrochemical applications of LiFePO, such as safety, low toxicity, low cost, high chemical and
structural stability, high theoretical reversible capacity, a flat charge-discharge profile of open
circuit voltage (OCV) at ~ 3.5 V is observed [16-21] (Figure 1.3). The room temperature voltage
plateau is considered as a result of the coexistence of triphylite (LiFePO,) and heterosite (FePOy)
[18, 22-27] which is related to the miscibility gap of the FePO,-LiFePO,4 phase diagram [26, 28,
29] (Figure 1.3, 2.1). Ichitsubo et al. [18] and Xie et al. [25] have shown the dependence of the
OCV on the Gibbs energy of the cathode. It means that the knowledge of the phase transformation
within the LiFePO, cathode during battery operation hence the Gibbs energy of the cathode would

provide us information on the OCV and battery operation and vice versa.

Figure 1.2: Visualization of crystal unit cell of olivine-LiFePO,.
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Figure 1.3: Reported open circuit voltage versus x in LiFePO, at 298 K showing the voltage

plateau corresponding to the room-temperature miscibility gap [30].

Even though LiFePO, possesses some noticeable characteristics of a good cathode material, at
room temperature, the electrical conductivity of LiFePO,4 is 1010 S.cm? - extremely low for a
cathode material [31]. In the olivine crystal structure of the LiFePO, cathode, the lightweight Li*
ions, known as the charge carrier of the battery, are mobile only in the (010) channels [31-33]
(Figure 1.2). It means that once the moving direction of Li* is blocked, it is very difficult to conduct
electricity and the charging or discharging process stops. Hence, LiFePO4nanoparticles are utilized
to reduce the length of Li* movement while elemental doping and carbon coating have been utilized
for improving electronic conductivity and Li* movement in the cathode materials. Particle size of
LiFePO,4 has significant effect on electrochemical (de)lithiation of the cells [23, 27, 34, 35].
Nevertheless, a high fraction of carbon coating can reduce the volumetric energy density of the
cathode materials. While carbon coating enhances electric conductivity on the surface of LiFePQO,
particles, doping can efficiently improve the intrinsic electric and ionic conductivity. Doping on

the Li-, Fe-, or even O-sites can enhance the electrochemical performance of LiFePO,. Supervalent



cations (such as Mg, Zr, Nb, Na, etc.) doping at Li-sites can dramatically increase the electronic
conductivity of the battery materials up to eight orders of magnitude [36]. Anion such as F-, CI-,
etc. also can be doped at O-site to improve the electrochemical performance. Specifically, metal
ion doping can improve effectively the redox potential of Fe2*/Fe3* [37] hence, increase the
relatively low working voltage of LiFePO,. The olivine lattice LiFePO, can accept aliovalent
cations with 2+ to 5+ charges [38]. Bivalent cation doping such as Mn2* [16], Ni2* [39], Co?* [40],
Cu2* [41] is promising as it is easy, low cost, and it is possible to increase the redox potentials, the
electronic conductivity and discharge capacity of doped samples. Among the bivalent doping
elements, Mn doping in Fe-sites has been the most attractive doping element since both LiFePO,
and LiMnPQ, belong to the olivine family and their operating voltages are suitable for ensuring
the energy density without decomposing the organic electrolyte [42]. Mn-doping can significantly
increase the electronic and ionic conductivity of the cathode materials [19, 43-51], consequently
improve the rate capability and energy density of the batteries [52-55]. Moreover, in
electrochemical experiments using Li(MnyFe;y)PO, as the cathode material, two voltage plateaus
were observed in numerous studies [16, 19, 37, 49, 51, 56-62]. The relative widths of the voltage
plateaus are closely related to the Mn/Fe ratio [16, 19, 37, 49, 51, 56-62]. Like LiFePO,, the OCV
of the Mn-doped-LiFePO, should be related to the Li(MnyFe1)POs-(MnyFe1.,)PO, phase diagram.
Therefore, the knowledge of the FePOs-LiFePO, and Li(MnyFes.,)POs-(MnyFeiy)PO4 phase
diagrams is necessary for understanding the phase transformation within the cathode during battery
operations and the electrochemical behavior of LiFePO, and Mn-doped LiFePO,cathode materials.
This thesis presents a consistent thermodynamic model with the input of particle size, coherency
from which the FePO,-LiFePO, and Li(MnyFe;y)POs-(MnyFe,,)PO, phase diagrams can be
computed by using CALPHAD (CAlLculation of PHAse diagrams) approach (details of
CALPHAD can be found in Chapter 2).



CHAPTER 2 LITERATURE REVIEW

In this chapter, the important notions related to this work will be reviewed. This work is focusing
on LiFePO, and Li(MnyFe,,)PO, cathode materials for batteries which are considered as
electrochemical cells that transform chemical energy into electricity. This review section starts
with general concepts of batteries like open-circuit voltage (OCV), overpotential, etc. then the
relation of thermodynamic behaviors of LiFePO, and Li(MnyFe;y)PO, cathodes with battery

operation is presented.

2.1 Opencircuit voltage (OCV) of LiFePOy]|Li electrochemical cell

A battery is a device consisting of one or more electrochemical cells with external connections for
powering electrical devices. An electrochemical cell can generate electrical energy from chemical

reactions or vice versa, use electrical energy to cause chemical reactions. The chemical reaction
related to an electrochemical cell is a redox reaction. The electromotive force of a cell, E..;;, is

expressed by Nernst equation:
RT
Ecey = Egell - n_Fln Q (2-1)

where R, T, F, Q and n are the gas constant, temperature in Kelvin, Faraday’s constant, the reaction

quotient (Q = [j]]c

[
electrons transferred by the cell’s reaction, respectively. The cell electromotive force at standard

d
ag - for the reversible reaction aA+bB<cC+dD) and the number of moles of

0

cerp 1S defined as:

conditions, E

0
E%,, = —:—;an = _Anip (22
where K is equilibrium constant and AG? is standard Gibbs free energy of the redox reaction. The
battery electromotive force or its full voltage as shown in Equation 2.1, 2.2 is represented as open
circuit voltage when the battery is not connected to a circuit or load. When a circuit or load is
connected to a battery, the electrode potential differs from the equilibrium potential and the
difference of the two potentials is called overpotential. In electrochemistry, overpotential is the
potential difference (voltage) between a half-reaction’'s thermodynamically determined reduction



potential and the potential at which the redox event is experimentally observed. Overpotential is
directly related to voltage efficiency of a battery. The fundamental relationship between the
electrical current of an electrode and the applied electrode potential is shown by Butler-Volmer

equation. Butler-Volmer equation is applicable for both anodic and cathodic half-cells.

Specifically, the LiFePOy||Li electrochemical cell is governed by the LiFePO, 2 FePO, + Li
redox reaction. Considering the room temperature open circuit voltage (OCV) of LiFePOy|Li
batteries, the voltage plateau at ~ 3.5 V appears as a noticeable feature of the OCV curves [16-21]
(Figure 1.3). The OCV curve is obtained by considering the change of the cell voltage as a result
of the change of the difference between the chemical potentials of lithium in lithium metallic anode
(Li) and olivine-type lithium phosphate cathode (LixFePO,) during (de)lithiation processes:

leFeP04 (x) anode leFeP04 (x)

Hpi . 23
V(x) = — = - (2.3)

In Equation 2.3, the chemical potential of Li in the LisFePO, cathode, uLl"F ep 04(x) IS dependent
on x while the chemical potential of the metallic Li anode, u%"°?¢ is zero (in this case,n = 1). The
chemical potential of Li in the cathode can be calculated from the molar Gibbs energy, G, of the
LisFePO, cathode:

leFeP04( )= — a%(x) (2.4)
X

Depending on the phase transformation within the cathode during the lithiation (delithiation)
processes and degree of (de)lithiation, G (x) consequently, V (x) and OCV change. The open-circuit
voltage (OCV) at low rates of charging and discharging of LiFePO,||Li batteries depends on the
chemical potential of the cathode via equilibrium phase transformation and consequently on the
FePO4-LiFePO, phase diagram [18, 22, 24-27]. The voltage plateau observed in Figure 1.3 occurs
due to the coexistence of the LiFePOy lithiated phase and FePO, delithiated phases which appears
as the room temperature miscibility gap in the FePO4-LiFePO, phase diagram [26, 28, 29] (Figure
2.1). Therefore, investigation of FePO4-LiFePO, phase diagram and LiFePO, thermodynamic

behavior is helpful for considering battery charging or discharging processes.



2.2 FePO,-LiFePO,phase diagram

As investigation of the FePO,4-LiFePO, phase diagram is necessary for understanding the battery
operation, the phase equilibria of FePO4-LiFePO, olivine join have been described by several
authors. Both FePO, and LiFePO,4 show small solubility limits at room temperature [26, 28, 29].
Through the experimental data [28, 29] and computational simulation [63] of the binary phase
diagram, a high temperature solid solution phase, a eutectoid transition (at ~150-250°C, x,;~0.4-
0.6) separating two miscibility gaps were revealed (Figure 2.1). Although the eutectoid phase
diagram of FePO,4-LiFePO4 was exposed, there are still some discrepancies among experimental
data [28, 29]. Differences in sample preparation and analysis explain these discrepancies. The
samples in Dodd et al. [28] were heat treated over longer periods of time hence the equilibrium

should be more likely to be obtained.
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The calculated phase diagram obtained from first principles simulations performed by Zhou et al.
[63] does not represent well the experimental data [28]. Later, Lee [24] presented a thermodynamic
model of the LiFePO,4-FePO, phase diagram using CALPHAD (CALculation of PHAse diagrams)
approach that reproduced well Dodd et al. [28] experimental data. CALPHAD approach to phase
diagram computation is based on: (i) development of Gibbs energy models to describe the
thermodynamic properties for various phases which allows scientists to predict the thermodynamic
properties of multicomponent phases and systems and calculation of phase equilibria using the
Gibbs minimization technique for the system while respecting the elemental balance; (ii) critical
evaluation of experimental data in order to optimize Gibbs energy model parameters and combine
these parameters into self-consistent databases; (iii) software for optimizing thermodynamic
parameters; and (iv) improvement of databases with the aim of enriching the understanding of
various industrial and technological processes [64]. In Lee’s work [24], the Gibbs energy of
LixFePO, solid solution is effectively described by the Compound Energy Formalism (CEF), a
method to treat the solid based on its crystal structure [65, 66]. In CEF, a solid phase is modelled
by two or more sub-lattices on which different chemical species mix with variations in
composition. The choice of sublattice stoichiometry and the mixing species on each sublattice for
a solid phase defines a specific model within the formalism [65]. The structure of a solid phase is
represented by a formula, for example (A, B)x(D, E, F); where A and B are mixing on the first
sublattice and D, E and F mix on the second sublattice. Note that, the specie like A in asublattice
canrepresent anatom, a molecule, anion or a vacancy. A sublattice can contains only one species.
If a sublattice has more than one species, all the species belong to it must be different (e.g. A # B).
However, a species can occur in several sublattices, for example (A, B)x(A, E, F).. k and | are
stoichiometric coefficients and these stoichiometric coefficients are generally noted as n(s) where

the superscript defines the sublattice. The constitution of the phase is represented by the site

fraction of every specie i in its own sublattice s, yi(s)

6 end-members belong the (A, B)x(D, E, F); sublattice model, including AD,, BkD,, AE;, BkE|,

AyF,, and BgF,. The mole fraction of an end-member in the phase is defined as the product of all

, and in each sublattice, Y; yi(s) = 1. There are

the site fractions of every species forming the end-member in theirs corresponding sublattice. For

instance, the mole fraction of AiD, is y(l) (

N -yDZ). The symbol for molar Gibbs energy of an end-
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member is given by showing the element on each sublattice in the subscripts, €.9. G4.p. The molar
Gibbs energy of the solid phase is then formulated as follow:

AB)k(DEF 0, (2
GABIDER) _ Zzyi v PGy + RTZ Z”(S)yi(s) Iny® + Gex 25)
j s i

i

In Equation 2.5, and the excess term, G, can be described with a Redlich-Kister polynomial [67]:
@_ 0 Q@ w_  @\"
G = Zyi Ya Vp ZLT,B:i(yA ~7;") (2.6)
i m

In Equation 2.6, all the L are the interaction parameters. CEF models have been used widely to
describe thermodynamics of a solid phase. For example, the disordered trigonal-LiCoO, phase
where vacancies and lithium atoms are mixing randomly in the Li planes was modelled as a
substitutional solid solution with four sublattices: (Li,Va)y2(Li, Va)12(Co)1(0), (Va denotes a
vacancy) [68]. Similar to the LiCoO, phase, in Lee’s work [24], the LisFePO, solid solutions is
modeled by a 4-sublattice CEF model (Li+,Va0),(Fe?*,Fe3*),(P>+)1(0%),which allows the Li* ions
and Va® to mix on M1 sites and Fe2* and Fe3* to mix on M2 sites of the olivine crystal structure.
Then, the LiFePO,4-FePO,4 phase diagram was obtained by minimizing the Gibbs energy of the
solid solutions [24] as the global minimum of the Gibbs energy of a multiphase multicompone nt
system is the necessary and sufficient conditions to achieve equilibrium in the system at constant
temperature and pressure [69]. According to the author, the short-range-order (SRO) of mixing
ions on different sublattice is introduced in order to reproduce the eutectoid reaction and the split
of the miscibility gap into two smaller gaps at the eutectoid temperature [24]. However, a year
later, the XRD (X-Ray Diffraction) and SAED (Selected Area Electron Diffraction) examination
of the eutectoid composition (LiysFePO4) sample annealed at 623.15K revealed the existence of a
supercell microstructure which should be corresponding to atleast an extra long-range-order (LRO)
in the crystal [35] in comparison with what was proposed by Lee [24]. Hence, Lee’s model
describing only a simple unit cell of olivine-LikFePO, [24], is insufficient for describing
simultaneously the LiysFeP Oy solid solution with asupercell structure [35] and the FePO,4-LiFePO,

phase diagram. Thermodynamic reassessment of the FePO,-LiFePO, battery join is therefore
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necessary in order to provide a more accurate understanding of the thermodynamic behavior of the

cathode during battery operations.

2.3 Li(MnyFe1.,)PO+(Mn,Fe..,)PO,0livine joins

As mentioned in the previous section, the phase transformation within the Mn-doped-LiFePO4
cathode is related to the Li(MnyFe;y)POs-(MnyFe1,)PO, phase diagram. It is necessary to first
understand its binary sub-systems, FePO,-LiFePO,, LiFePO4-LIMNPO,4, FePO4,-MnPO,4, and
LIMNPO4-MnPQO,. The FePO,4-LiFePO, system was studied more than the other three binary sub-
systems. In the LiFePO4-LIMnPO, system, the olivine Li(MnyFe;,)PO,4 solid solution is very
stable according to several studies [56, 70, 71] due to the small lattice distortion as a result of the
small ionic radius difference between FeZ* and Mn2* [56]. Similarly, in the FePO4-MnPO, system,
the olivine (MnyFe1)PO4solid solution is quite stable in the thermal stability investigation of Kim
et al. [72] and the first principles calculation of Snydacker & Wolverton [71]. The decomposition
temperature of the (MnyFe1.,)PO,4 solid solution decreases generally as the manganese content
increases [72]. (Mng gFeo2)PO,4 was reported to start decomposing at 523 K [73] while another
study showed the thermal stability of (MnyFe;y)PO, at up to 673 K with y < 0.9 [74]. Olivine
MnPO, and (MnyFe,.,)PO, with high manganese contents were claimed to be unstable [56, 75, 76]
due to the induced large anisotropic distortion caused by the electron 3d* of the ion Mn3*-lattice
interaction [56]. Olivine-MnPO, candecompose into Mn,P,07and O, gas ata temperature as low
as 483 K [76]. The product of the decomposition of MnPO,4 can be Mn,P,07 or Mn3(PQy,); in the
temperature range of 473 K to 523 K [77]. Choi et al. [78] reported that MnPO, undergoes
amorphization above 453 K in agreement with the later reported existence of an amorphous phase
above 473 K [72, 79]. Only Aurbach’s group showed that MnPQOy, s as stable as FePO,[80]. Huang
et al. [75] claimed that MnPO, can absorb water easily and change its crystal structure. Carbon
coating plays an important role in the stability of MnPO, since only a small amount of carbon can
prevent the amorphization of the olivine and keep it stable at up to 573 K [75]. So far, according
to our knowledge, the only way to produce metastable olivine-MnPO, under ambient conditions is
to delithiate olivine-LiMnPO, [81]. Like LiFePO,4, LIMNPOy is stable due to its strong P-O covalent
bonding [16, 79, 82-84] and it can be used as a cathode material [81, 84-87]. LIMnPQ,|Li batteries
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have a similar theoretical capacity of 170 mAh/g, a energy density and a higher voltage plateau
due to the higher Mn3*/Mn2* redox potential (~4.1 V versus Li/Li*) [16, 84, 88-90] but a poorer
rate capability [91] because of its low ionic and electrical conductivity [92, 93] in comparison with
LiFePQO, batteries. The poor Li* intercalation/deintercalation kinetics within the olivine cathode is
a result of the severe Jahn-Teller (JT) distortion caused by large Mn3* ions [84, 88, 94] and the
mismatched interface of MnPO,/LIMnPQ, [88, 89, 95, 96]. The two-phase coexistence resulting in
a voltage plateau of ~4.1 V is commonly found in the OCV profiles of LiMnPO, batteries [19, 85,
86, 89, 97] (Figure 2.2). The voltage plateau exists even at high temperatures, e.g. 328 K [89].
Considering the LIMNPO4-MnPO, phase diagram, similar to the case of LiFePO, batteries, the
room temperature voltage plateau appearing in OCV should be corresponding to a miscibility gap
at room temperature. In agreement with the electrochemical work [85, 86, 89, 97], Kim etal. [76]
reported the two-phase stable regions at up to 473 K, the temperature at which MnPQ, starts to
decompose. Chen & Richardson [98] stated that after chemically removing lithium from olivine -
LiMnPO,, the two phases LIMnPO, and LieMnPQO, (a is small and a < 1), not MnPQy,, coexist.

The value of ais dependent on the extent of delithiation and on the crystalline domain size [98].
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Figure 2.2: OCV for Li(MnyFe1.,)POs||Li cells (y = 0, 0.25, 0.45, 0.55, and 1) [58].
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Unlike LiFePO4 and LiMnPO, batteries, not one but two voltage regions corresponding to the two
redox reactions (Mn3*/Mn?*) and (Fe3*/Fe2*) were observed in the batteries with the olivine
Li(MnyFe,,)PO, cathodes (Figure 2.2) [16, 19, 37, 49, 51, 56-62]. Notice that the voltage regions
areslightly change with Mn content (Figure 2.2). The shift of redox potentials is also noted in other
studies [16, 37, 46, 62]. So far, papers are focusing on Li* mobility during the charging/discharging
of the batteries without mentioning the mobility of iron or manganese ions. In practice, the small
Li* ions are much more mobile than MnZ* and Fe2* ions in the olivine structure. Therefore, during
the charge/discharge processes, the gradient concentration of lithium can be observed while the
concentration ratio Mn/Fe apparently remains unchanged. Hence, the phase transformation within
Li(MnyFey.,)PO, cathodes can be considered as the phase transformation of a para-equilibrium
system in which the ratio of Fe and Mn of all the existing phases remains constant. The phase para-
equilibria of the Li(MnyFe1.,)PO.-(MnyFe1.,)PO, system is actually reported in Yamada et al. [42]
(Figure 2.3) eventhough the authors did not claim that their results are related to para-equilibr ium.
Yamada et al. [42] reported the phases present in the chemically prepared Lix(MnyFe1.,)PO4
samples through the results of XRD, Mossbauer spectroscopy, and X-ray absorption spectroscopy
(XAS) analyses. By oxidizing the prepared olivine Li(MnyFe1y)PO4 (y = 0.2; 0.4; 0.6; 0.8;1.0)
samples, (MnyFe1.,)PO, formed and the reaction between (MnyFe;.,)PO,4 with various amounts of
Lil in acetonitrile resulted in a lithiated phase Lik(MnyFe1y)POs (0 < x < 1) [42]. It means that
the lithiated phases were prepared without changing the Mn/Fe content ratio of the olivine phases
during the synthesis. Therefore, the reported two-dimensional phase diagram at 298 K (Figure 2.3)
[42] should be stated as the para-equilibrium Li(MnyFe;.,)PO4-(MnyFe1y)PO,4 phase diagram. The
authors reported an unstable region of rich manganese-(MnyFe1.,)PO, (y = 0.8) [42]. In the lower
manganese side of the para-equilibrium phase diagram (Figure 2.3), two distinguished regions are
identified containing (i) the two-phase Mn3*/Mn2* redox region (y = x) and (ii) the Fe3+/Fe2* redox
region (y < x) . The Fe3*/Fe2* redox region is formed by a single-phase and a two-phase regions
[42]. In agreement with the experimental work of Yamada et al. [42], Malik et al. [62] showed the
separation of the phase diagram into low-temperature miscibility gaps corresponding to two
Fe2*/Fe3* and Mn2*/Mn3*redox reactions (Figure 2.4). The miscibility gaps were separated by a
solid solution phase centered at Li.,(MnyFe;.,)PO,, at which most Fe ions were oxidized to Fe3*

and most Mn ions were still present as Mn2*. The thermal stability of the partially delithiated
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Lix(MnyFe1.y)PO4 (0 < x,y < 1) sample is dependent on its Fe/Mn content ratio. The higher the
manganese content of the sample, the lower its thermal stability [72]. In summary, the two phase
diagram regions associated with the two redox reactions and the two regions in OCV profiles of
Li(MnyFe,.,)PO, batteries have been shown in a few available studies on the Li(MnyFes.,)PO,-

(MnyFe1.,)PO, phase diagram.
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Figure 2.3: The (X, y) two-dimensional experimental phase diagram of the Li\(MnyFe1y)PO4 (0 <
X, y < 1) system obtained using XRD and Mdéssbauer spectroscopy. The map is divided into four
areas: (a) the unstable region close to the point (X, y) = (0, 1); (b) the two-phase region by
Mn3+/Mn?+ (closed circles; y > x); (d) the two-phase region by Fe3*/Fe2* (open circles; a part of y
> x); and (c) the single-phase region by Fe3*/Fe2* connecting (b) and (d) (open triangles) [42].
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A thermodynamic description of a system should not only describe well its phase diagram but also
include its thermodynamic properties such as enthalpy of formation, Gibbs energy of formation,
enthalpy of mixing, etc. Among the olivines utilized as cathodes, LiFePO, was studied the most.
Its heat capacity was measured experimentally in the range of 2 to 773 K [99, 100]. The heat
capacity of LiFePO, as a function of temperature was predicted in Seifitokaldani etal. [101] by
combining Density functional theory (DFT) to a self-consistent method based on quasi-harmonic
approximation (QHA) and a minimization procedure ensuring the respect of the Maxwell relations
[102, 103]. Result of Seifitokaldani et al. [101] are consistent with reported experimental
measurements [99, 100]. For FePO4, only the measurement of isobaric heat capacity of FePO4from
2 to 300 K done by Shi etal. [104] has been found in the literature. Their experimental data reveals
the transition from antiferromagnetic to paramagnetic at ~25 K [104]. In fact, they used a-FePO,
or berlinite-FePO, with the Neel temperature of Ty = 25 K [104-107] in their experiments. The
Neel temperature of the olivine-FePO, is higher (Ty = 125 K) [108-110]. Like olivine-FePO,4, no
study on the heat capacity of olivine MnPO, and LiMnPO, has been reported. On the other hand,
the enthalpy and Gibbs energy of formation of all the olivine LiFePO,4, FePO4 MnPO, and
LiMnPO,4 compounds are summarized in the first principles simulations of Xie et al. [25]. The
reported values of enthalpy of formation of LiFePO, and FePO, [25] are slightly more negative
than the ones obtained by lyer et al. [111] at room temperature through DSC measurements. The
Gibbs energy of formation of LiFePO,4 at room temperature shown in He etal. [112] is slightly less
negative than the one estimated in Xie et al. study [25]. Only Churikov et al. [113] showed the

entropy of LiFePO, and FePO, at room temperature.

After considering the thermodynamic properties of olivine compounds, it is worth to review the
current thermodynamic knowledge of sub binary systems. The binary FePOy-LiFePO, system is
studied the most among all the olivine battery joins. The enthalpy of mixing measured for a
Lio.47FePO4 sample was estimated to be 0.50 kJ/mol with a peak temperature of 497 K upon heating
and 0.70 kJ/mol with a peak at 409 K upon cooling for a Differential Scanning Calorimetry (DSC)
scanning rate of 5 K/min [28]. According to the authors, the value of enthalpy of mixing should be
higher with a lower scanning rate [28]. According to the DSC measurements of Stevens et al. [114],
the enthalpy of disordering of Lig¢FePOy is 1.40+0.30 kJ/mol. As stated by the authors [114], this
value is too small as the transformation from the two-phase to disordered state is sluggish and
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incomplete by 593 K and only 55% of the sample was transformed. Assuming that the enthalpy
needed to disorder 1% of the sample is unchanged, then the estimated enthalpy of transition is
approximately 2.55+0.55 kJ/mol [114]. The measured enthalpy of mixing at the eutectoid point
Lio.sFePO, [114] is significantly higher than the one estimated by Zhou et al. [63] through DFT.
This value [114] is much lower than the value that used by Lee in his study (~9.2 kJ/mol) [24]. Lee
reported enthalpy of mixing data predicted by Monte Carlo simulations at 0 K with a maximum
value of ~10 kJ/mol without giving any detailed information on his simulations [24]. Unlike the
FePO,-LiFePO, system, so far, there has not been any study reporting the enthalpy of mixing of
the other binary systems, MnPQO,4-LIMnPO,4, FePO4-MnPOy,, and LiFePO4-LIMnPO,. The enthalpy
of mixing of a binary solid phase can be calculated if the enthalpy of formation of the solid solution
at various composition is known. The enthalpy of formation and then enthalpy of mixing of solid
solution can be calculated by Density functional theory (DFT), a computational quantum
mechanical modelling method. DFT simulations are performed under periodic boundary conditions
based on plane-wave basis sets [115-118]. Unlike DFT simulations of metallic systems [119], in
the LiFePO, olivine cathode, electrons involved in the ionization of lithium are the metallic valence
electrons while electrons related to the oxidation change of Fe or Mn ions belong to the MOg
octahedrons of the olivine crystal structure. Therefore, in order to improve the accuracy of the
predicted electronic ground state properties of the LikFePO, solid solution in the DFT simulations,
GGA+U should be considered [120].

In summary, even though the reported thermodynamic CEF model of Lee [24] represents well the
experimental data [28, 29], it is insufficient to describe the supercell microstructure of the
Lip.csFePOy solid solution [35] and to reproduce the experimentally reported enthalpy of mixing
[28, 114]. No thermodynamic model describing the stable olivine (MnyFe;.,)PO,4and Li(MnyFe;.
y)PO4 solid solution and coexistence of two phases LiIMnPO,4 and MnPO, was reported. Unstable
olivine-MnPO,4 was noticed in the literature. The concerned para-equilibrium Li(MnyFe;y)PO4-
(MnyFe1.,)PO, phase diagram reveals the separation of the phase diagram by the two Fe3*/Fe?* and
Mn3*/Mn2* redox reactions [42, 62], corresponding to the two voltage regions observed in the OCV
profiles [16, 19, 37, 49, 51, 56-62]. However, there is lack of knowledge on thermodynamic

properties of olivine compounds and enthalpy of mixing of olivine binary sub-systems.
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2.4 The importance of particle size of LiFePO, cathodes

Since both LiFePO, and FePO, possess an olivine structure, it seems that Li* can be transferred
during charge/discharge operations without spending any energy on forming a new microstructure.
Consequently, the cyclability and high-rate-performance can be improved. However, bulk LiFePO,
is suitable for low-rate applications only. For high-rate applications, nano-LiFePO, is utilized. It
means that the electrochemical properties of LiFePO, are dependent on particle size. Examining
the FePO,-LiFePO, phase diagram, some authors found a systematic shrinkage of the miscibility
gaps with the decrease of particle size [23, 27, 34, 35]. The changes in solubility limits of the two
olivine phasesdue to the particle size effectwere noticed for both chemically and electrochemically
delithiated experiments [23, 27, 34]. When the particle size is smaller than a critical size (~20 nm
[23, 34] or ~10 nm [121]), the miscibility gaps disappear. According to Meethong et al. [23], the
particle size effect can be explained by: (i) the increase caused by the relative contribution of
particle-matrix surface energy and surface stress and (ii) the coherent stresses in two-phase
particles with a coherent interface. Since micro-sized or nano-sized particles are commonly used
for the electrochemical applications of olivine LiFePOy, it is essential to investigate the particle
size effect on the miscibility gap shrinkage. Since the role of particle size effect on Li(MnyFe;.

y)PO4 cathode has not been reported in the literature, it is out of concern of this study.

There has no thermodynamic model introducing particle size effect for LiFePO4 - FePO,4 system
has been ever reported. However, there exist studies which treat the particle size effect on metallic
systems [122-126]. The change of miscibility gaps with particle size can be modeled by the
dependence of the molar Gibbs free energy of the solid solution phase on the particle size. The
thermodynamic assessment for the size-dependent phase diagram of a binary A-B system was
approached and developed by Lee’s group [122-124]. This model was later utilized in studies of
Garzel etal. [125], Ghasemi et al. [126], etc. In order to examine the particle size effect, the surface
energy contribution to Gibbs energy of the phases is considered in Lee’s model [122-124]. The

chemical potential of component i in a nanoparticle system is expressed by the following equation:

r

20V;
ulNP = bk 4 i (2.7
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where uNP and pbutk

4

are chemical potentials of i in nanoparticles and in bulk respectively; o is the
surface (or interface) tension; V; is molar volume of i; and r is the radius of nanoparticles.

Consequently, the total Gibbs free energy of a binary alloy A-B nanoparticle is given by:

Gtotal — gbulk 4 csurface

= [X,GPW* + XpGEW* + RT(X, InX, + Xz InXp)|  (2.8)

20,4V, 205V,
+ [XA ’:' A + XB i B + Gex,nano]

where Gtotal js the molar Gibbs energy of the nanoparticle A-B solid solution; GPuk and Gsurface
are the molar Gibbs energies of the bulk and the surface phase of the system, respectively; Ge*mano
is the excess surface energy. As shown in the Equation 2.7, 2.8, the surface energy contribution is
only significant for small particles. In Lee’s model [122-124], the surface energy is not only
dependent on particle size but also a function of surface energy and particle shape. This model is
formulated based on spherical particles (Equation 2.7, 2.8). However, it can be used for other
particle shapes as a correction factor representing the shape effect is introduced in Equation 2.7,
2.8 [122-124]. 1t is possible to implement Lee’s model in describing the particle size dependent
LiFePO,4-FePO, phase diagram. Note that olivine LixFePQOy is anisotropic, so the particles are likely
non spherical.

2.5 Coherent phase transformation in LiFePO, and Li(MnyFe;.,)PO, cathodes

Although the reduction of particle size canreduce the Li* diffusion path, it is not enough to explain
the high rate capability of LiFePO,. Several mechanistic models of (de)lithiation describing the
phase transformation in LiFePO,4 were proposed (Figure 2.5). As Li diffusion and LiFePO, are
anisotropic [127], the isotropic core shell model [16, 26] (Figure 2.5a) and the mosaic model [128]
(Figure 2.5b) are energetically and kinetically unfavorable. The domino-cascade model [129]
(Figure 2.5¢c) can be used to explain the experimental observation of fully lithiated or delithiated
phases at any (dis)charged states [129, 130]. In the domino-cascade model, the phase boundaries
perpendicular to the (010) direction are claimed to move extremely fast in comparison with the
nucleation rate, so the LiFePO, particle should be either fully lithiated or delithiated [129]. The
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spinodal decomposition process, which is an unmixing process, i.e. phase separation, taking place
in a thermodynamically unstable solid solution, was also reported [18, 131-133] (Figure 2.5d).
Later, the solid solution mechanistic model (Figure 2.5e) was suggested since it avoids nucleation
and growth and allows a rapid (de)lithiation [20]. Both two-phase and a dual-phase solid solution
mechanistic mechanisms were reported to simultaneously occur in the phase transformation of the
LiFePO, cathode [21]. The reported mechanistic models are helpful in explaining the anisotropy

of olivine structures, the movement of Li* ions in its preferred diffusion channels, and the rapid

(discharge) capacity of batteries.
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Figure 2.5: Several phase transformation mechanistic models for LiFePO, suggested in the
literature: (a) core shell model [26]; (b) mosaic model [128]; (c) domino-cascade model [129]; (d)
spinodal decomposition model (generated by using the simulated microstructure of Ichitsubo etal.
[18]); (e) solid solution model [20].
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However, these mechanistic models do not involve any elastic constraints which were observed
experimentally [127, 134-136]. Meethong et al. [23, 127] claimed coherent strains in two-phase
particles during the charge/discharge processes. Coherent strain occurs in the region of a coherent
interface which is observed when the two crystals match perfectly at the interface and the two
lattices are continuous across that interface (Figure 2.6). Coherent interface can only achieve if the
interfacial plane has the same atomic configuration in both phases [137]. Therefore, it is important
to consider the crystals are coherent at which specific crystallographic plane. When the lattice
parameters of the two crystals in the coherent interface are not identical, coherency is maintained
by straining one or both two lattices in the region near the interface (Figure 2.6) [138, 139]. Asthe
differences of lattice parameters of the two crystals (known as lattice mismatch or lattice misfit)
increase, the internal strain energy can become too large for the crystal to hold the coherency,
energy relaxation in form of dislocations, cracks canbe resulted consequently [134]. Meethong et
al. [23, 127] were reasonable for suggesting coherent interface of LiFePO4/FePO, during
electrochemical (de)lithiation since both phases have the same olivine structure with similar lattice
parameters which is the necessary condition for forming a coherent interface. In their
electrochemical experiments, Meethong et al. [127] observed the largest strain in the sample with
the smallest particle size. According to their investigation, this phenomenon is due to the smallest
misfits between the lattice parameters and unit cell volume of LiFePO, and FePO, phases [127].
Coherent nucleation and growth within LiFePO, cathode are also supported by observing the
cathode during battery operations [129, 140]. Coherent strains exist in the aligned phase boundaries
and striped morphologies of LisFePO,4[134-136]. The (100) phase boundaries were favorable [127,
134, 141] asthey allow Li* ions to move in its preferred (010) direction [32, 33]. Wang etal. [142]
showed that the LiFePO4/FePQO, interface moves only along certain preferential sites. As the
coherent strains along the phase boundary becomes large, energy relaxation is resulted [134].
Cracks and dislocations are found during electrochemical Li insertion and deinsertion [143-147].
The coherent strains can be also reduced by reducing the lattice mismatches between the coherent
phases. The observed metastable phase was claimed to reduce the lattice misfits between the
lithiated and delithiated phases [148-151]. Therefore, the coherent phase transformation needs to
be studied for explaining the existence of the elastic strains between LiFePO, and FePO, phases
[127, 134-136], the preferential interfacial planes [127, 135, 136, 141, 144], the dislocations and



24

cracks [142, 144-147] and the metastable phase [148-151] during charging or discharging
processes. Cogswell and Bazant [144] reported that the coherent strain can make the solid solution
stable above 423.15 K. However, their fully anisotropic analysis indicates (101) as the low-energy
direction and they explained the observed (100) phase boundaries as a partial loss of coherency
caused by dislocations or cracks [144]. The theoretical investigation of Cogswell and Bazant [144]
was unsuccessful in describing the reported eutectoid reaction [28, 29, 63] and the existence of the
metastable phase [148-151]. Inaddition, like for LiFePO,, coherence should play an important role
in the phase transformation of the Mn-doped-LiFePO, during charge/discharge. So far, only
Ravnsbzk et al. [152] suggested the coherent phase transformation of Li(Mng 4Feq)PO,4 cathode

material via charging/discharging.
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Figure 2.6: (a) A noncoherent precipitate and (b) a coherent precipitate [139].

2.6 Calculation of coherent spinodal decomposition and coherent miscibility
gaps
As the importance of the coherent phase transformation in LiFePO, and Li(MnyFe1.,)PO, cathodes

was revealed in the previous section, coherency should be taken into account while developing
thermodynamic models for FePO4-LiFePO, and Li(MnyFei.,)PO4-(MnyFe;y)PO,4 olivine joins.



25

Coherent decomposition of a solid solution is obtained when a fully coherent interphase boundary
between the two decomposed phases is achieved for most of or the entire interphase boundary area
[138]. In an heterogeneous incoherent equilibrium miscibility gap, depending on the constitution
of the system in combination with the lattice parameter relations between the two immiscible
phases, coherent miscibility gaps can be distinguished [153] (Figure 2.7a). The storage strain
energy exists near coherent interfaces of the two phases of the coherent miscibility gaps. The elastic
strain energy contribution increases the Gibbs energy of the solid solution and narrows the
equilibrium gaps in order to maintain the coherency relationship (Figure 2.7b). Hence, estimation
of strain energy stored in the coherent interfaces is critical in developing thermodynamic models

for coherent miscibility gaps.

@ — Incoherent miscibility gap

—— Coherent miscibility gap
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Figure 2.7: Schematic of (a) incoherent and coherent miscibility gaps and (b) the corresponding

Gibbs free energy curve for incoherent and coherent miscibility gaps at a specific temperature T.

Coherent phase transformation draws attention mostly for metallic systems with cubic crystalline
structures. Therefore, Cahn’s group developed their method to calculate coherent miscibility gaps
for isotropic systems [154-156]. In Cahn’s approach, the coherent spinodal decomposition is
treated, then the coherent miscibility gap can be estimated consequently. A sinusoidal plane wave

fluctuation in an infinite defect-free cubic crystal was examined. The incoherent spinodal

2~incoherent

decomposition is stable when > 0. Hence, the coherent spinodal decomposition is

dx2
9 Z(Gincoherent +Gelastic)
dx?

the fluctuation of lattice parameters. The coordinate system was chosen in order to make the lattice

stable when > 0. The fluctuation of composition of the solid solution results

changes stay along the z-axis. The only nonzero component of strain is £I,. The elastic energy is
estimated based on the stress-strain relations and the coordinated system is then rotated to coincide

with the cube axes of the crystalline. The elastic energy density is minimized with respect to the
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value of &I,. The limit of coherent spinodal decomposition determined by Cahn’s approach is

expressed as follow:

az Gincoherent

dx?2

+ 202YVp = 0 (2.9)

where n =§% is the linear change in lattice parameter a of the solid solution phase at the

investigated overall composition x per unit composition change; V;, is the molar volume; Y is the
elastic constant of the elastically soft direction. Cahn showed the expressions of Y for (100) and
(1112) soft direction:

(C11 + 2C12)(Cqq — C13)
Ci1

Yioo =
(2.10)

6(C11 +2C12)Cqq
Yi11 =

where C;4, C1,, and C,, are elastic constants. Cahn’s approach has shown the dependence of elastic
energy stored in coherent boundaries on lattice mismatch, stiffness of materials, and habit planes
[154-156].

Cahn’s approach was extended to calculate the coherent miscibility gaps of TiO,-SnO, tetragonal
system [157-159]. Although coherent phase transformation of any orthorhombic systems has not
been modelled in the literatures, it is possible to extend Cahn’s approach for orthorhombic systems.
It means that Cahn’s model can possibly be used to calculate coherent miscibility gaps of LiFePO,-
FePO, and Li(MnyFes. )PO4-(MnyFe1y)PO,4 systems. It must be noticed that Cahn’s approach is
suitable for isotropic systems in which the linear dependence of Cauchy’s strain on Cauchy’s stress
is ensured in every direction. The linear Cauchy’s stress and strain relationship may still be valid
in the LiFePO,4-FePO, system with ~5% lattice mismatch. However, it will be violated for large
deformations like the one obtained in the coherent phase boundaries of Li(MnyFe1.,)PO4/(MnyFe;.
y)PO4 where the lattice mismatch is relatively large ranging from ~5% on the LiFePO4-FePO, side

up to ~8% on the LiIMnPO4-MnPQ, side. It means that even if Cahn’s approach is successfully
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extended for calculating coherent miscibility gap of orthorhombic systems, it will not be suitable
for LiFePO4-FePO, system but not yet applicable for Li(MnyFe1.,)PO./(MnyFe1y)PO,4 systems.

To sum up, developing thermodynamic models describing the equilibrium and coherent FePO,-
LiFePO, phase diagram is essential in understanding the phase transformation during
electrochemical processes. Particle size effect in this system also captures my interest.
Furthermore, investigating the phase para-equilibria and coherent phase transformation in the

Li(MnyFe,,)PO, cathode is important in order to justify the effect of the Mn-doping.
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CHAPTER 3 ORGANIZATION OF THE THESIS

As the importance of understanding the thermodynamic behavior of both LiFePO, and Mn-doped-
LiFePO, cathode materials was shown, thermodynamic models describing the equilibrium and
coherent LiFePO4-FePO, and Li(MnyFe1y)PO4-(MnyFe,)PO, phase diagrams are required. The
objectives of the thesis will then be defined. The structure and organization of the thesis will be
given in the following paragraphs in order to better visualize the research strategy which has been

used to reach the objectives.

3.1 Objectivesof the thesis
The outline of the doctoral research is as follows:
Research domain: Material Engineering

Research subject: Thermodynamic behavior of the cathode material LiFePO, and Mn-doped-
LiFePO,

Research question: Would the thermodynamic knowledge of the LiFePO4-FePO4 and Li(MnyFe;-
y)POs-(MnyFeq1.,)PO, olivine joins help us to understand the electrochemical behavior of the
cathode material LiFePO, and Mn-doped-LiFePO,4?

Main objectives: To develop thermodynamic models describing coherent and particle size
dependent phase equilibria of the LiFePO4-FePO, olivine join and phase para-equilibria and

coherent phase transformation in the Li(MnyFe1.,)PO4-(MnyFes.y)PO4 System.
For achieving the main objectives of my doctoral research, secondary objectives are defined:
Secondary objectives:

1. Develop thermodynamic models of the LiFePO4-FePO, olivine join.

2. Develop thermodynamic models of the para-equilibrium Li(MnyFe1.)POa-(MnyFes.,)PO4

cathode join at room temperature.

3. Extend Cahn’s approach for orthorhombic systems and apply it to calculate the coherent

miscibility gaps of the LiFePO4-FeP Q4 olivine join.
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4. Model the change of the miscibility gaps of the LiFePO4-FePO, olivine join with the

particle size.

5. Develop a new approach (elastic Gibbs energy approach) for calculating the coherent

miscibility gap of cubic systems.

6. Extend the elastic Gibbs energy approach for calculating the coherent miscibility gap of
orthorhombic systems and apply this approach for calculating coherent miscibility gaps of
the Li(MnyFe1.,)PO4-(MnyFes1.,)PO,4 cathode join.

3.2 Organization of the thesis

The following chapters of this thesis are built to achieve the objectives of the research. The present
thesis is in the format of a thesis by articles (Figure 3.1). All secondary objectives defined in the

previous section are achieved in different chapters. Each chapter corresponds to an article.

Chapter 4 presents the thermodynamic models of the equilibrium LiFePO4-FePO,olivine join. In
this chapter, several CEF sublattice models are proposed to reproduce the experimental data. An
extra long-range-order of Fe2+ and Fe3* or Li* and Va in the solid solution LixFePO, is considered
to represent the unique feature of this phase diagram. Developing proper thermodynamic models
of this system is critical since they will later be extended to thermodynamic models of the more
complicated Li(MnyFe1)POs-(MnyFeq.,)PO, system.

Chapter 5 presents the thermodynamic models describing the coherent and particle size dependent
LiFePO,4-FePO, phase diagram. For calculating the coherent miscibility gap, Cahn’s approach is
extended for orthorhombic systems. In addition, the shrinkage of the miscibility gaps as a result of
particle size reduction is modeled through molar surface Gibbs energy of the LixFePO, solid

solution particles.

Note that Cahn’s approach is only valid for systems with small lattice mismatch while the
maximum lattice mismatch of the LIMnNPO4-MnP O, system is up to ~8%. It means that the coherent
miscibility gaps of the Li(MnyFe1.,)PO.-(MnyFe1.,)PO, olivine join are only properly calculated if
there is a valid approach for estimating the coherent miscibility gaps in a large deformation regime.
Consequently, chapter 6 presents the coherent phase equilibria of cubic systems under large lattice
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mismatches (> 5%). The elastic Gibbs energy approach for calculating the coherent miscibility gap
of cubic systems is developed. Several case studies are examined. This chapter is not directly
related to the interested cathode materials, but it provides an effective tool for calculating the
coherent miscibility gap under a large deformation regime where the elastic Gibbs energy is

formulated from Euler’s strain tensor and the second order Piola-Kirchoff stress tensor.
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Figure 3.1: Scheme of the organization of the thesis.

Chapter 7 presents the thermodynamic models and the calculation of coherent miscibility gaps of
Li(MnyFe1.,)PO4-(MnyFe1.,)PO, olivine join at room temperature. First, the para-equilibrium
Li(MnyFe1.,)PO4-(MnyFe1.,)PO, join is described by considering newly developed thermodynamic
models with secondary sublattices. Later, the elastic Gibbs energy approach is extended for

orthorhombic systems and then applied to calculate the coherent miscibility of Li(MnyFe;y)PO4-
(MnyFe1.,)PO, join at room temperature.

Finally, a general conclusion, limitation, and recommendation of my doctoral research are

summarized in the last chapter of the thesis.
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CHAPTER 4 ARTICLE 1: MODELLING OF PHASE EQUILIBRIA OF
LiFePO4-FePO4 OLIVINE JOIN FOR CATHODE MATERIAL

Anh Thu Phan, Aimen E. Gheribi and Patrice Chartrand

Published in The Canadian Journal of Chemical Engineering, volume 97, issue 8, pages 2224-
2233,2019

Abstract:

A thermodynamic model for the FePO,-LiFePO, olivine join has been developed in order to
provide support for the understanding of the charge transport behaviour within the cathode material
during the battery operation. The Gibbs energy model for the olivine solution is based on the
compound energy formalism with long-range-order and has been calibrated using the CALPHAD
method, permitting the computation of phase equilibria by Gibbs energy minimization techniques.
The model can simultaneously reproduce the reported eutectoid reaction, the 3 low-temperature
miscibility gaps, the enthalpy of mixing, and the change of the voltage plateau with temperature
during the delithiation process, in agreement with the available experimental data. The spinodal
decomposition, which is possibly associated with fast charge transport within the cathode material,
involves up to two sub-spinodal decompositions. Hence, the unique low-temperature miscibility

gap of this system is considered as a blend of the two sub-miscibility gaps.

4.1 Introduction

The exhaustion of unrenewable energy sources is one of the biggest issues today. In recent years,
there has been a considerable demand for a high-safety and high-performance large-scale energy
storage system that permits energy obtained from less constant renewable sources to be stored.
LiFePO,4 has opened the door for lithium ion batteries to play an important role in large-scale
applications such as plug-in hybrid vehicles or electrical vehicles [18, 21, 27, 34]. This material
provides several advantages over conventional cathodes: low cost, improved safety performance,
high chemical stability, superior structural stability, low toxicity, high theoretical reversible
capacity (170 mAh/g), and an extremely flat charge-discharge profile atareasonably high potential
versus Li/Li* [16-21]. LiFePO, is one of the safest,and can be the cheapest, battery material since
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it is based on available iron oxides. However, its poor intrinsic electronic conductivity and small
tap density are addressed as major problems to be solved before it could be deployed commercially
[18, 27, 34]. Since areport on LiFePO, published in 1997 by Padhi et al. [16], LiFePO,4 remains a

hot topic in battery material research.

In Li-ion batteries, Li* is transferred through alternative layers of the LiFePO, cathode and the
graphite anode. Reversible movement of lithium ions from one electrode to another is related to
the charging and discharging of the battery. AsLi* is extracted from triphylite (LiFePO,), heterosite
(FePQ,) is formed. Both triphylite and heterosite show the olivine structure (space group: Pnma)
[160]. The coexistence of two phases LiFePO,4 and FePO, leads to the formation of a stable voltage
plateau at ~3.5 V [21]. The open-circuit voltage (OCV) ata very low charging or discharging rate
is dependent on the Gibbs energy of cathode, consequently on the equilibrium FePO,-LiFePO,
olivine join [18, 22-27]. In order to predict OCV or explain the observed OCV of the
electrochemical cell, knowledge of the Gibbs energy change of the cathode due to the material
phase transition during operation is necessary. Therefore, having a better understanding of the

thermodynamic behavior of the cathode material during the battery operation is important.

4.2 Literature review

Important experimental phase diagram and thermodynamic data on the LiFePO4-FePO, system are
available in the literature. Also, density functional theory (DFT) calculations were published to
estimate thermodynamic properties such asenthalpies of formation. In this section, this information
will be reviewed. Firstly, few experimental data of the equilibrium FePQO,4-LiFePO, join has been
published. Solubility limits of FePO4and LiFePO, at 298 K have been estimated by Yamada et al.
[26]. Later, the phase diagram of FePO,-LiFePO4 was determined experimentally up to 623 K [28,
29]. Both papers reported the existence of a miscibility gap at low temperatures, and this miscibility
gap splits into two at higher temperatures. However, discrepancies between the two sets of
experimental data is quite large (Figure 4.1a). While Delacourt et al. [29] showed the existence of
Lio.7sFePO,4 and LipsFePO, at the transition temperature of 423 K, Dodd et al. [28] revealed an
eutectoid transition at LipgFePO,4 at 473 K. The difference of the two set of experimental data

comes from the difference in sample preparation and analysis. In a study by Delacourt et al. [29],
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two-phase mixtures were prepared and examined by a temperature-controlled XRD. The samples
were kept at the investigated temperature for ~30 min [29]. In a different study, Dodd et al. [28]
heat treated their samples under vacuum environment at various temperatures. After heat treated
from 30 min—4 days, the samples were consequently quenched in cooled, blowing air or water [28].
Because their sample heat-treatments were performed over time, and the equilibrium was likely
approached, the reported experimental data of Dodd et al. [28] is considered to be more reliable
and should be utilized to verify any models of FePO,-LiFePO, olivine join. Interestingly enough,
the XRD (X-Ray diffraction) and SAED (selected area electron diffraction) patterns of the
LiosFePO, sample annealed at 623.15 K, confirming the existence of a supercell microstructure
corresponding to long-range-order (LRO) [35]. Furutsuki et al. [35] then proposed short-range-

order (SRO) distribution of Li* and Val only within a supercell.

Zhou et al. [63] previously reported the olivine join by first-principle calculations, however, their
calculated phase diagram does not represent the equilibrium experimental data well, and it needs
improvement [28]. Later, the LiFePO,4-FePO, phase diagram calculated by Lee [24] showed a
suitable agreement with the experimental data reported by Dodd et al. [28] For describing the
FePO4-LiFePO, join, Lee used the CALPHAD method [24]. The CALPHAD (CALculation of
PHAse diagrams) method is an approach to phase diagram computation through the following: (i)
development of Gibbs energy models to represent the thermodynamic properties for various phases
that permit the prediction of the thermodynamic properties of multicomponent phases and systems
(from binary and ternary subsystems) and the computation of phase equilibria by the minimization
of the Gibbs energy of the system respecting the elemental balance; (ii) critical assessment of
experimental data to obtain Gibbs energy model parameters by optimization and the incorporation
of these parameters into self-consistent databases; (iii) optimization of thermodynamic parameters
using software; and (iv) improvement of databanks for calculation to enhance understanding of
various industrial and technological processes [64]. The compositional variation of the Gibbs
energy of a solid phase can be described by compound energy formalism (CEF) [65, 66], a method
to treat the solid based on its crystal structure. In CEF, thermodynamic properties of phases are
described by two or more sub-lattices on which different chemical species mix with variations in
composition. The choice of sublattice stoichiometry and the mixing species on each sublattice

defines a specific model within the formalism, hence the name CEF.
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During the charging and discharging processes, Li* ions move from one electrode to the other, and
the oxidation state of iron in the LixFePO, cathode material changes among Fe?* and Fe3* [160].
Hence, for the olivine solid solution, a 4-sublattice model (M1)1(M2)1(P3+)1(0%)4 was chosen by
Lee [24] with the following ionic species on the sublattices (Li*,Va0);(Fe2+,Fe3+),(P5*)1(0%),. 2-
phase immiscibility can be computed by Gibbs energy minimization at constant temperature (T),
pressure (P), and moles of LiFePO, and FePO, using 2 independent sets of sublattice fractions
Vit = 1= yygeo and ype3+ = 1 —ype2+), one for each phase. A vector of 3 sublattice site
fractions for 3-phase immiscibility at the eutectoid temperature can also be computed, and the
thermodynamic properties of the phases and the system can be derived from their respective Gibbs
energy and their derivatives in the FePO,4-LiFePO, join [24]. Using this approach, and with the
sublattice species model implemented within the CEF, Lee calculated the Gibbs energy function
of the solid solution [24]:

Gm(T,x) = ypi+ * Ypez+ - GLirepo, T Yva® * Yre?+ * Gpepo,~ + Yva® " Yre3*+ * Gpepo,

+ Y1t Yrest Gpipep,t T RT (4.1)

ypi+ - Inyp+ + yygo - INyyao + Yrez+ - I ypez+ + Ypes+ - In ypea+]
+ G (T, x)

o

LiFeP0,* " G;ePO4, and G;ePO4— are the Gibbs energy of the corresponding end-

where G izopo,: G
members; GE is the excess Gibbs energy gained from the mixing of ions and vacancies at the first
and second sublattice; y; is the site fraction of the species i in its sublattice (i canbe Li*, Va, Fe?*,

or Fe3* and yps+ = yo2- = 1); R is the gas constant; and T is the absolute temperature. In Lee’s
model [24], the excess Gibbs energy was given by the Redlich-Kister polynomial [161], with an

additional term:

Gr(T,x) = yuit - yvao - [Yrert - Do Lyt yaoipers * Ot = Yrao) '] + yiit - Yyao
[Vres+ - 2k iLi+,Va0:Fe3+ it = Wva®) ] + Ypert  yrest  [yrie (4.2)
Z?=0Lil,i+:Fe2+'Fe3+ * (Ype2t — yFe3+)i] + Vre2t * Ypedt - [yVaO 'Z?=0Ll;/a°:Fez+,F€3+ '

i . . . . Jex
(VFrez+ — YFes+) ] + Yiit " Yva® " YFe?* * YFed+ ILi+,Va°:Fe2+,Fe3+
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where L;'- are adjustable coefficients; and n is the order of the polynomial expansion.

The last term Ifl.’iyao: re2+ pes+ OF EQuation (4.2) was claimed toimply an SRO interaction between

Li* and Va©° together with Fe2+ and Fe3* via the following pair exchange reaction:
LiFePO, + FePO, 2 LiFeP0,* + FeP0,” (i)

The Gibbs exchange energy of the reaction (i) AGEX is the difference between the Gibbs energy

of reactants and that of products:

o

AGEX = GLiFePO4+ + Grepo,™ ~ GLirepo, ~ Grepo, 4.3

The contribution of SRO between mixing ions on different sublattices represented by
Ifl?iyao: re2+ pe3+ IN Equation (4.2) is known as the Blander’s reciprocal term, although Lee did not
mention it [24, 162, 163]. In fact, Blander’s reciprocal term, which is valid for small deviations
from the random mixing of species on their respective sublattice, should be solely dependent on

the Gibbs exchange energy of pairs cited above [164]:

1e%, = —(AGFX)22ZRT (4.4)

Litva%Fe?t Fe3t —

where Z is the coordination number usually taken as 6. As mentioned in Dessureault and Pelton’s
work [164], if the exchange energy is large enough, or if I3 |, o.p2+ g3+ IS NEgative enough, the
model with the Blander’s reciprocal term predicts that the miscibility gap wrongly splits into two
smaller miscibility gaps. This is a problem for all sublattice models that are using a Temkin (Bragg-
Williams) type of configurational entropy with the Blander reciprocal term. From the molar Gibbs
energy of the end-members reported by Lee [24], at a temperature of 500 K (around the eutectoid

temperature), the exchange Gibbs energy is computed to be -32 kJ/mol; therefore, if Equation (4.4)

. : k
is respected, then the value of Blander’s reciprocal should be I7% |, 0.pp2+ pes+ = — 20.5 (m—(])l

(with Z = 6and T = 500 K). It is less negative than the actual value used in the model of Lee

([ yao.pe2t pes+ = — 33.9 (%) (with Z = 6)). This means that in order to recreate the two

miscibility gaps in FePO,4-LiFePOy olivine join, Lee had to lower the value of Blander’s reciprocal

term to a much more negative value, implying the 2 miscibility gaps above the eutectoid
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temperature are due to SRO. Since the value of I} s+ from Lee’s work [24] was not

Va®:Fe?t Fe
derived directly from the exchange energy, it is then merely a fitting parameter which does not
describe the nature of the SRO if existing in the LiFePO, solid solution. Even if the two-
miscibility-gap-diagram obtained by Lee is consistent with the experimental data [24], it is still an

incorrect feature of the thermodynamic model.

Considering thermodynamic properties of the system, the values of enthalpy of the formation of
pure LiFePO, and FePO,compounds have been measured from the oxides or from the elements
[111]. The heat capacity functions of both LiFePO,and FePO,4were predicted in our previous work
[101] by combining DFT to a self-constant method based on quasi-harmonic approximation (QHA)
and a minimization procedure to ensure that the Maxwell relations are respected [102, 103]. Our
predictions [101] were found to be in very good agreement with the experimental data reported in
the range from 2-773 K and from 2-300 K for LiFePO,4[99, 100] and FePO,4[104], respectively.
Assuming the same agreement at higher temperature, the heat capacity was extrapolated via our
theoretical prediction [101]. In addition, the entropy values of pure solid LiFePO, and pure solid
FePO,at 298 K were calculated from the experimental value of heat capacity in Loos et al. [100]

and Shi et al. [104], correspondingly.

Furthermore, according to Dodd et al. [28], for a DSC (differential scanning calorimetry) scanning
rate of 5 K/min, the enthalpy of mixing measured for a Lig 4sFePO4 sample was estimated to be
0.50 kJ/mol with a peak temperature of 497 K. Upon cooling, the enthalpy of unmixing was found
to be 0.70 kJ/mol with a peak at 409 K [28]. As claimed by the author, the enthalpy of mixing is
expected to be higher than their reported value if they could perform the experiments for a longer
time [28] (Figure 4.2). Another direct DSC measurement of Lio¢FePO,4 gave an enthalpy of
disordering of 1.40 +0.30 kJ/mol [114], a value, according to the authors, that is too small since
the transformation from the two-phase to disordered state is sluggish and incomplete by 593 K.
Since the sample was only transformed at 55 % in the temperature range where the enthalpy of
mixing was measured, the total enthalpy of transition was estimated to be approximately 2.55 +0.55
kd/mol (Figure 4.2), assuming that the enthalpy needed to disorder 1 % of the sample is unchanged
[114]. Because the reported thermodynamic data of this system is very limited, Lee had to adopt
the enthalpy of mixing data predicted by Monte Carlo simulations at 0 K [24]. At the eutectoid
point LipsFeP Oy, the enthalpy of mixing reported in his study is ~9.2 kJ/mol [24] (Figure 4.2),
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which is much higher than the predicted value of 0.83 kJ/mol reported by Zhou et al. [63] and is
about three times higher than the experimentally reported value of 2.55 +0.55 kJ/mol [114] (Figure
4.2). Since Lee did not provide any detailed information on his calculation of the enthalpy of
mixing [24], it is impossible to evaluate his work. Nevertheless, the enthalpy of mixing calculated

by Lee’s model does not describe the measured value well [24, 114].

Up to now, Lee’s work is the only reported thermodynamic model of the FePO4-LiFePO,4 system
[24]. However, his model failed to obtain the experimental enthalpy of mixing and the miscibility
gap was wrongly split by using SRO Blander’s term. Moreover, his intention of considering the
SRO interaction between Li* and Va0 together with Fe2+ and Fe3* disagrees with the experimental
evidence and the first principle calculation of supercell structures of the solid solution LiygFePO4
reported by Furutsuki et al. [35]. Additionally, Lee’s model fails to obtain the experimental value
of enthalpy of mixing. Hence, unlike Lee, in this work we would like to develop a thermodynamic
model with an extra level of LRO that would reproduce at the same time the enthalpy of mixing,

eutectoid reaction, and all the phase solubility of the LiFePO4-FePO, phase diagram.

4.3 Thermodynamic models

In this section, we will describe the thermodynamic models that we tested for the olivine solid
solution between the lithiated (LiFePO,) and delithiated (FePO,) end-member. 4 models based on
different sublattice structures of the CEF were investigated. From a modelling point of view, in the
CEF different levels of LRO can be imposed by dividing a given sublattice into 2 new sublattices.
For example, in the olivine structure, the 2 M, sites can be divided into a M;’and a M; " sites, with
mixing of Li* and Va® on both sublattices providing different site fractions at equilibrium. In this
study, we changed the sublattice description of the model within the CEF in order to introduce an
extra level of LRO, as was hinted in Furutski et al.’s work [35], which opposes to the SRO
suggested by Lee [24]. The aim is to obtain a better description of the phase diagram of the FePO,-
LiFePOy olivine join where the driving forces behind immiscibility are based on LRO rather than
the SRO, which was wrongly induced by the Blander’s term and reported by Lee [24]. The model
and the Gibbs energy minimization technique are implemented in the FactSage [165, 166], and
MATLAB software. Lee’s ionic sublattice structure of the solid solution LixFePO4 (model M4)
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will be re-evaluated without considering SRO effect (i.e., no Blander reciprocal term).
Furthermore, unlike Lee [24] some ionic models taking into account LRO of My, or M, sites by
splitting the 1st, 2nd, or both of the first two sublattices (model M5.L, M5.F, M6) will be tested. The

Gibbs energy function of the solid solution corresponds to a sublattice model and is calculated as

follows:
G, (T, ) _ZZ z © (2) (s)G RTZZn(S)y‘ )lny
+ G,';;(T, x) (4.5)
GE(T,x) = ZZZ y<s)y](s)2 Z (T)L(i,sj):...:k(T) 4o
T ¥+S

where G;:j:__:k is the Gibbs energy of the end-member i: j:...: k formed by species i, j, ..., k from

different sublattices; s is the number of sublattice; yl.(s) is the site fraction of the species i within

the sublattice s; n( are stoichiometric coefficient relating the sublattices; GE(T,x) is the excess

L(S)

Gibbs energy; and _(T) is the binary parameters corresponding to the interaction between

componenti and j on the sublattice s while each other sublattice is occupied by a single specie.
More excess terms can be added such as mixing of three species within a given sublattice or
simultaneous mixing of two pairs of two species on two sublattices while the remaining sublattice
are singly occupied. After finding suitable thermodynamic parameters, boundaries of the spinodal
decomposition will be estimated. Spinodal decomposition is a mechanism where spontaneous
fluctuations in the concentration of a solution of two or more components cause its separation into
distinct regions (or phases) without it being necessary to cross the energy barrier corresponding to
creation of an interface in order to form nuclei [167, 168]. The boundary of spinodal decomposition
is predicted by taking the second derivative of the Gibbs energy of the solid solution versus its

overall composition x [137]:

626m>
=0 (4.6)
< Ox? TP
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In our models, we decided to take the values of the enthalpy of formation of pure compounds from
the elements presented by lyer et al. [111]. The entropy values of pure solid LiFePO4 and pure
solid FePO,4 at 298 K are taken from Loos et al. [100] and Shi et al. [104], respectively. The heat
capacity functions of the pure compounds, which were fully accessed in our previous studies, have
been used [101]. We have then supposed the Kopp-Neuman rule for the solid solution, i.e., a linear
relationship between the heat capacity and the molar composition.

4.3.1 4-sublattice model M4: (Li*, Va°),(Fe?*, Fe**),(P°*)1(0%),

M4 is the same sublattice structure with the same sublattice species as Lee’s model [24]. In this
study, instead of optimizing the Gibbs exchange energy AGEX of the pair exchange reaction (i) for
model M4, we optimized the Gibbs energy of the 4 end-members of the solution. While the Gibbs
energy of pure compounds is calculated directly from their enthalpy of formation at 298 K, their
entropy at 298 K, and their heat capacity functions, the energy of other non-neutral end-members
must be formulated. The Gibbs energy of the two non-neutral end-members are set as follows:

Gpirepo,t = GLirero, T AG

o

LiFePO,*

4.7

GFePO[ = GFeP04 + AGFePO[

where GZiFePO4 and G;epo4 are the free energy function of pure compounds LiFePO,4 and FePOy;
and AG;,iFe POt and AG;eP04— are the corresponding molar energy gained by taking away electrons

from LiFePO, and adding electrons to FePO,4 to form ionic end-member LiFePO,* and FePOy,-.

Consequently, the Gibbs exchange energy of the reaction (i) is as follows:

Therefore, rather than optimizing the Gibbs exchange energy AGEX as normal, AGZiFePO4+ and

AG;eP04— are optimized. This approach, which is equivalent to the optimization of the Gibbs

exchange energy, was developed for later use in our advanced models (M5.L, M5.F, and M6) with

higher number of sublattices.
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Without any addition of excess Gibbs energy (i.e., GF = 0), a single-miscibility-gap phase diagram
is obtained, and it describes the experimental data reasonably well but lacks the details of the
diagram (Figure 4.1a). The Gibbs exchange energy of this model (22 kJ/mol at 298 K) is much
lower than that of Lee’s model (41.6kJ/mol at 298K) [24] and Blander’s reciprocal is not used

(I75 yg0.re2+ pe3+ = 0), 1.e., no SRO effect is taken into account in our optimization. This M.4

model must be improved in order to describe the reported experimental data of LiFePO,4-FePO,

phase diagram [28] better.

Recently, a reported SAED pattern confirmed the existence of a supercell of the LiysFePO, solid
solution [35]. In addition, the authors showed their optimized structure of the solid solution
revealing the long-range-order (LRO) of Li* and Va° [35]. The supercell pattern or LRO in the
crystal structure of the LiysFePO,4 sample inspired us to develop a more suitable thermodynamic
model for LiFePO4-FePO, olivine join taking into consideration an extra level of LRO of the solid
solution. In order to form new sublattice models within the CEF for the olivine structure, we split
each or both of the 15t and the 2" sublattice (M;, M sites) of the model M4 by a ratio of 3:2 in
order to recreate the eutectoid composition at x = 0.6 and we multiply the stoichiometric
coefficients of the model M4 (Li*,Va%),(Fe2* Fe3*),(P5+)1(0%), by the multiples of 5 to obtain
integer stoichiometric coefficients. From a modelling point of view, a 5-stoichiometry-model
represents the array of 5 formula units of LisFePO, solid solution, or 1D LRO. The extra level of
LRO could also be describes in 2D or 3D by using a 10-stoichiometry-model or a 20-stoichiometry-
model, respectively. In reality, the orthorhombic unit cell of the olivine-type solid solution
accommodates four formula units of LixFePO, [31]. As a result, a model consisting of 20 formula
units is the most favourable since it could describe all kinds of the extra LRO, and the supercell of
the model is a multiple of the olivine unit cell. However, from a calculation point of view, any
models with a multiple of 5 formula units can be simplified to a corresponding 5-stoichiometry-
model. Noticeably, the simplification of a thermodynamic model should not change the
optimization, but it could change the interpretation of the model used. Merely 5-formula-unit-

models are considered in this study for simplifying the calculation.
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4.3.2 6-sublattice model M6: (Li*, Va%s(Lit, Va°%),(Fe?*, Fe3*)s(Fe?,
Fe*)2(P**)s(0% )20

o

As mentioned earlier, in this study for model M4, AGLiFePO4+,

and AGp,po,- are optimized to

reproduce adequately the experimental data [28] instead of optimizing the Gibbs exchange energy
AGEX as usual. This approach shows its advantages especially for the model involving many end-
members like our advanced models M5.L, M5.F, or M6. In a model consisting of many end-
members, consequently, many pair exchange reactions and their corresponding values of Gibbs
exchange energy need to be taken into account. The optimization of Gibbs exchange energy
becomes more complicated not only because of the number of the Gibbs exchange energy but also
the constraints among them. Alternatively, for our advanced models, we optimized three Gibbs

energy parameters AG, ;. pn,, ++ AGrepo,~» ANd AGgq st

which are used to determine the energy
gained by forming the end-member from compounds. To make the model even more simple, the

three terms are kept temperature independent.

This 6-sublattice model is obtained by splitting both the (Li*,\Va%) and the (Fe2*,Fe3*) sublattices
of the M4 model. With no excess Gibbs energy (i.e., GE = 0), a phase diagram that contains 3
miscibility gaps is obtained, however, it does not describe both the experimental data and the
eutectoid temperature well (Figure 4.1b). This model consists of 16 end-members, and,
consequently, there are many independent parameters to handle in this optimization, resulting in a
lower quality fit of the experimental phase diagram data. These problems inherent to the M6 model
make it even more unattractive if coherent relationship, doping impurities, or anti-site defects are

taken into account.
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Figure 4.1: Phase equilibria of LiFePO,4-FePO,olivine join calculated by using: (a) model M4; (b)
model M6; (c) model M5.L; (d) model M5.F in comparison with experimental data (o Yamada et
al. [26], o Dodd et al. [28] and A Delacourt et al. [29]). H, T, and D denote FePQO, (heterosite),
LiFeP O, (triphylite) and LixFePO, (disordered) phase, respectively.

4.3.3 5-sublattice model M5.L: (Li*, Va®)s(Li*, Va®),(Fe?*, Fe3*)s(P%*)s(0%),0and
M5.F: (Li*, Va0)s(Fe?*, Fe3*);(Fe?*, Fe3*),(P5%)s(0% )40

Two 5-sublattice-models are obtained by splitting either the first (Li*,vVa® or the second
(Fe?*,Fe3*) sublattice of model M4 by a 3:2 ratio. The optimized thermodynamic parameters used
for both M5.L and M5.F are given in Table 4.1. The value of each Gibbs energy parameter (Table
4.1) used in our models is the optimized value in order to fit the calculated phase diagram with the
experimental point of LiFePO4-FePO, olivine join [28]. In our models, the value of any Gibbs
energy parameters is only around 1 % of the free energy of pure LiFePO, and pure FePO, (Table
4.1). Besides, no excess Gibbs energy term is utilized to keep the number of adjustable parameters

in the model to the minimum.

Consequently, the obtained low-temperature phase diagram by using either model M5.L or model
M5.F describes the experimental data satisfactorily, and the eutectoid composition is successfully
obtained at x = 0.6 and T = 500 K (Figure 4.1c,d). Computation of the FePO,-LiFePO,4 phase
equilibria using either model MS5.F or MS.L is reasonable with Blander’s reciprocal
Ifl?ﬁ,‘Vao:Fey‘Fng, set to O representing no SRO between mixing ions on different sublattices. The
asymmetry of the obtained phase diagram is compatible with other authors [23, 27-29, 169]. The
calculated cathode join shows greater solubility on the FePO, side at298 K . A higher solid solution
formation temperature on the low lithium composition side indicates a higher energy barrier to
form a homogeneous solid solution with low LiFePO, composition. Therefore, it is more likely to

form solid solution near LiFePO,.

Below the eutectoid temperature, the 2-phase immiscibility is mainly driven by the enthalpy of
mixing term as any negative excess entropy of reasonable value could only have a limited impact

at the low temperatures. Our models M5.L and M5.F give an enthalpy of mixing of 3.5 kJ/mol at
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the eutectoid point (x = 0.6and T = 500 K) (Figure 4.2), which is in agreement with the reported
experimental data [28, 114]. Even if it is possible to reproduce the enthalpy of mixing reported by
Stevens et al. [114] using an excess entropy term, it would increase the number of parameters in
our models. Therefore, because of the lack of experimental data on the enthalpy of mixing of this
system, we did not use any excess entropy term to keep our model simple while still reproducing
the reported experimental enthalpy of mixing properly. Additionally, the maximum solid solution
free energy at 298 K was estimated to be ~1.5 kJ/mol by Malik et al. [170], which is in agreement
with our maximum free energy of mixing of ~1.2 kJ/mol (Figure 4a). This value of the Gibbs
energy of mixing is very different from what was estimated by Lee’s model [24]. The Gibbs energy
of mixing of the solid solution at 298 K according to the parameters provided by Lee is non-
positive for any compositions and it reaches its minimum value of -14 kJ/mol at x = 0.55 [24].
Therefore, a solid solution phase with composition of x = 0.55 is always stable at 298 K according

to Lee’s model, proving that the thermodynamic model reported by Lee is unreliable.
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Figure 4.2: The calculated enthalpy of mixing at the eutectoid temperature of 500 K using our

model MS5.L in comparison with that estimated by Lee’s model [24], Zhou et al. [63], the
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experimental lower limit of the enthalpy of mixing suggested by Dodd et al. [28] and the

experimental enthalpy of mixing with its error bar reported by Stevens et al. [114].

So far, we have mentioned the two models M5.L and M5.F together because, from an optimization
point of view, they are equivalent. Model M5.F could produce exactly the same equilibrium phase
diagram of FePO4-LiFePO, as model M5.L. However, from a crystallographic point of view, they
are different. Model M5.L describes the LRO of Li* and Va® while model M5.F describes the LRO
of Fe2+and Fe3*. It is possible that the arrangement of oxidation states of iron (Fe?+and Fe3*) is
more likely than the long-range arrangement of nuclei Li* and vacancy VaO. Vice versa, the LRO
of Li*and Va®, as shown in the ab initio calculation of Furutski et al.[35], might be preferable. If
the LRO of Li* and Va0 exist, it could be detected through electron microscopy (e.g., TEM),
whereas any long-range arrangement of different oxidation states of iron (Fe2* and Fe3*) could be
uncovered through Mdssbauer spectroscopy. In fact, the arrangement of Li*and Va® should involve
the diffusion of the nuclei, while the LRO assembly of Fe2* and Fe3* ion should only require the
adjustment of ionic charge via electron diffusion. In our opinion, since electrons are mobile, the
electron movement is much easier than the nucleus jumps within the microstructure. Therefore, the
LRO of Fe2+ and Fe3* ion or model M.5F seems to be preferable than the long-range arrangement
of nuclei Li* and vacancy Va® of model M.5L. Nevertheless, there has not been any experimental
reports showing crystallographic evidence to prove which of our two models is more appropriate.
Up to now, only Furutski et al. [35] has confirmed the existence of a supercell structure of the
equilibrium solid solution LiggFePO4. Their DFT calculations, which provided their proposed
supercell structure, appears to be the only evidence up to now. As a result, it is impossible to

confirm which one among our proposed models is exact.

Briefly, our thermodynamic M5.L and M5.F models of Gibbs energy sufficiently reproduce the
LiFePO,4-FePO, phase diagram consisting of three sub-miscibility gaps and a eutectoid reaction.
Our two models that consider an extra level of LRO provide a better description of the solid solution
than that reported by Lee since he used SRO represented by a bad Blander’s term that wrongly split
the miscibility gap [24]. Moreover, the models estimate the thermodynamic properties of the

system quite well, such as the enthalpy of mixing and the maximum free energy of mixing.



Table 4.1 Parameters of the thermodynamic model M5.L and M5.F
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-1\ — 298 LiFeP0O4 . 298 _
Grirepo,Jmol™) = AH[irepo, + J295 dT =T - SiiFepo,

LiFeP0Oy4
T C
f298pTdT
AHZE o, Jmol ™) = —1616020 [111]
SERpo, Umol1K~1) = 130.95 [100]

PP Jmol=1K~1) = —41.881336 + 0.78278483 - T + 890694.39 -

T=2—0.0010255433 - T2 + 5.0862948 - 10~7 - T3  (with 250 < T <
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Compounds
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(with 298.15 < T < 2000 [101, 104])

Gibbs energy | AGrero,~ = AGpipepo,+ = 15000
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End-member
(Jmol™1)
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Gpit.pitpezy = 5" GLirepo,
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G

o

Li*: Lit:re3* = O Glipepo, T 5 AG
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o

GLi+: val:Fe?t 3 GZiFeP04 +2- G;ePO4 +2- AG;"eP04_ - AG;djust_l
GZi+:Va°:Fe3+ =2 Gzc;epo4 +3: GLOiFePO4 +3: AGzl‘Fep04+ - AG;djust_Z
Model M5.F:

GZi+:FeZ+:FeZ+ =5 GZiFePO4

Glo/ao: Fed3+:Fe3t = 5 G;"ePO4

GZi+:Fe3+:Fe3+ =5 GZiFePO4 +5- AGZiFeP04+

G;ao: Fe2t.Fe2+ = 5- G;'ePO4 +5- AG;6P04_

Glola‘): Fe3t:Fe2t = 5 G;eP04 +2- AGzc;epol,‘

G2i+:Fe3+:Fez+ =5 GZiFePO4 +3- AGIc:iFePO4+

G[o/ao: Fe2t.Fe3t = 5- G;eP04 +3- AG;'ePO4_ - AGcoldjust_Z

GZi+:Fe2+:Fe3+ =5- GZiFeP04 +2- AGZiFePO4+ - AG(;djust_l

4.4 Cell voltage prediction

The electromotive force and the open-circuit voltage (OCV) at low rates of charging and
discharging of LiFePO,]|Li ion batteries are dependent on chemical potentials, and consequently
on the LiFePO4-FePO, phase diagram as shown in a number of studies [18, 22, 24-27]. The OCV
depends on the chemical potential of lithium in both the lithium metallic anode and olivine-type
lithium phosphate cathode:

cathode _ ;,anode
V(x) = My (x) Hii (4.9)
nF
where p£#thode (1) is the chemical potential of Li in the intercalation compounds LixFePO,; u¢7o%e

is the chemical potential of metallic Li (u4"°4¢ = 0); F is Faraday’s constant; and n is the charge

(in electrons) transported by lithium through the electrolyte (n = 1 in this case). Therefore, the cell
voltage is dependent on the chemical potential of Li in the solid solution LixFePO,4only:



50

Hz;zthode (x) _ 6G(x)

4.10
F F-0x ( )

V(x) =—

where G is the molar Gibbs energy of the cathode LixFePO, calculating from the mixing Gibbs
energy of the solid solution G,,. Considering the lithiation (delithiation) process during battery
operation via equilibrium route, according to the optimized Gibbs energy of solid solution at 298
K, the coexistence of FePO,and LiFePO, should result in a stable voltage plateau at ~3.5 V (Figure
4.3a) as reported previously [21]. As the temperature increases, the voltage plateau increases and
its width decreases. Raising the temperature above the eutectoid reaction should lead to the
formation of the intermediate phase Li-gFePO, during equilibrium delithiation. Two voltage
plateaus correspond to the coexistence of LiFePOy-rich phase and the intermediate phase as well
as the co-occurrence of the intermediate phase and FePOg4-rich phase (Figure 4.3a). According to
our calculation, the voltage difference between the two plateaus is not very significant (AV =
8.6mV at T = 563 K). Such a small voltage plateau separation due to the existence of the

intermediate phase could be difficult to detect through experiments.
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Figure 4.3: Calculated Open-Circuit Voltage (OCV) curves obtained by a/ delithiating a particle
LiFePO4 via equilibrium phase transformation at various temperatures (298 K, 448 K, 563 K)
where the two voltage plateaus at 563 K are marked and b/ delithiating a particle LiFePO4 and
lithiating a particle FePO4via spinodal decomposition and delithiating/lithiating a particle via solid

solution route at 298 K.

A binary phase diagram with two miscibility gaps merging into one, like FePO4-LiFePO, join, is
rather rare. Therefore, spinodal decomposition of this system should be more complicated than the
spinodal decomposition observed in other systems with only a single miscibility gap. In this study,
model M5.L is picked as the basic model to calculate the boundary of spinodal decomposition
(Figure 4.1c). The result of the spinodal decomposition calculation is exactly the same for model
M5.F. The spinodal decomposition of the cathode join might be related to fast charge transport
during the delithiation process [131, 132, 136, 171]. The change of the molar Gibbs energy of
mixing of the solid solution via spinodal decomposition during the delithiation of a LiFePO,
particles at 298 K follows the arrows illustrated in Figure 4.4. The delithiation of LiFePO, initially

moves along the single-phase solid solution route where lithium ions diffuse conventionally. As
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the energy of charging is high enough, the LiFePO, particle can bypass the equilibrium ei/e2 and
the Gibbs energy continues rising toward the point s2>. When the system reaches to any point g:
beyond the spinodal boundary s2’, any local composition fluctuation of the solid solution should
result in a spinodal decomposition. The solid solution phase very quickly decomposes into a
LiFePO,-rich a1 phase and intermediate a> phase, which are parts of a metastable common tangent.
As the charging process continues, the Gibbs energy of the system moves along the a:az line toward
the a2 point by changing the mole fraction of the phases via lithium diffusion. The system continues
to consume phase a: until only phase a; is left, and then it becomes a single solid solution phase.
As lithium diffuses out of the solution, the Gibbs energy of the system arrives at g2, which is beyond
the spinodal boundary si1”. Atthat point, any local composition fluctuation would make the solid
solution decompose quickly via spinodal decomposition. Since there is no metastable common
tangent line like aiay existing in the FePO,-rich region, the decomposition finally reaches to the
equilibrium, i.e., the coexistence of the two equilibrium e1and ez phase. The phase fraction of ey
should increase, and the Gibbs energy moves along the eie: line toward e as delithiation, which
requires lithium diffusion, carries on. When only the e1 phase remains, the system finishes the
delithiation process by driving lithium ions out of the solid solution (Figure 4.4a). It is noticeable
that the delithiation of LiFePO,4 at298 K via spinodal decomposition consists of a metastable and
a stable spinodal decomposition. The metastable spinodal decomposition results the coexistence of
the two metastable a; and a2 phase, while the stable spinodal decomposition finally comes up with

the co-occurrence of the two equilibrium e1 and ez phase.

The lithiation of FePO, at 298 K via spinodal decomposition, however, is dissimilar to the
delithiation process. The system has to follow the single-phase solid solution curve toward point
s1”aslithium ions diffuse and the lithiation progresses. Two possibilities canoccur when the system
reaches point gs beyond the spinodal decomposition boundary si:’. If the driving force of lithiation
is low, any local concentration variation then results in the coexistence of the equilibrium ez ande>
phase. The system finally finishes the lithiation process via equilibrium route (Figure 4.4a). If the
driving force is large enough to maintain the single-phase solid solution transformation, which
requires lithium diffusion, the system could go over the first spinodal region (between s:” and s1”)
and reach g4, a point beyond the spinodal boundary s»”. At this point, any local variation of

composition of the solid solution could cause the spinodal decomposition to decrease the energy
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of the system. Metastable a; and a> phase are formed. The system subsequently reaches a: via
lithiation and it follows the single-phase solid solution routes which involves conventional lithium
ions diffusion to finish the lithiation process (Figure 4.4a). Obviously, the energy barrier for single -
phase solid solution lithiation in an FePO4-rich region is higher than that in a LiFePOy-rich region
(Figure 4.4a). If the system can overcome the first energy barrier in the FeP O4-rich region, it is
likely to overcome the second barrier, and the system should follow the single-phase transformation
rather than spinodal decomposition at any point g4 beyond s.”. Therefore, the second possibility is
less preferable. Noticeably, lithiation via spinodal decomposition (either possibilities) requires the
system to go over a higher energy barrier than that of delithiation, hence lithium insertion becomes
more difficult than lithium extraction process. This agrees with the general knowledge that lithium

insertion is harder to achieve and kinetically lower than lithium extraction [135, 172].
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Figure 4.4: The Gibbs energy of mixing of the solid solution LisFePO,4 ata/ 298K and b/ 478K. ey,
e, are the two equilibrium compositions for the heterosite and the triphylite phase; s1’, s1”, s2’, and
S,” are the boundaries of spinodal decomposition; gi, g, g3, and g4 are any solid solution within
the corresponding spinodal decomposition region; a;, and a, are the two compositions of the
metastable common tangent corresponding to the LiFePO4-rich region; the arrows illustrated the
molar Gibbs energy of the system via spinodal decomposition during the delithiation of LiFePO,.

By tracing the change of the molar Gibbs energy of the system, open circuit voltage (OCV) curves
are calculated by lithiating a particle FePO, and delithiating a particle LiFePO, via spinodal
decomposition in comparison with the OCV via a single-phase lithiation/delithiation process
(Figure 4.3b). As the delithiation progressed to the first spinodal composition, the voltage suddenly
drops to the equilibrium plateau, with an overpotential of 230 mV. The voltage drops even more
to the equilibrium plateau according to the second spinodal decomposition as the lithium continues
to extract from the solid solution (Figure 4.3b). In contrast, as lithium insert in FePO, via

discharging, the voltage curve could fall abruptly to the equilibrium voltage as the overall solid
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solution composition goes beyond the spinodal point s1’. Only one voltage plateau of lithiation via
spinodal decomposition is observed (Figure 4.3b) rather than two voltage plateaus as reported by
Bai et al. [132]. In brief, dissimilar lithiation and delithiation of the battery causes unalike OCV
curves at 298K.

As the temperature increases, the intermediate phase becomes more stable. The metastable
common tangent line of the FePO,-rich region starts to occur at a temperature of 458 K. Thus, at
any temperature higher than 458 K and lower than the eutectoid temperature, there exists two
metastable common tangents and one stable common tangent (Figure 4.4b). Consequently,
delithiation and lithiation become similar, and they both contain two metastable spinodal
decompositions resulting in two voltage plateaus that are different from the equilibrium plateau in
their OCV curves. As the temperature increases further to go over the eutectoid temperature, the
miscibility gap split into two, the two metastable common tangents become stable ones, and,

consequently, two stable spinodal decompositions should be evident.

In short, unlike spinodal decompositions in a conventional system, there exists up to two spinodal
decomposition steps resulting in the two voltage plateaus through the charging/discharging process
of the battery at a low temperature. Therefore, the low-temperature miscibility gap of FePOy-
LiFePO, join is considered as a combination of two miscibility gaps. Moreover, the different
spinodal decomposition steps (metastable or stable spinodal decomposition), the unlike lithiation
and delithiation processes, and consequently, the dissimilar OCV voltage plateaus via discharging
or charging at low temperature reveal the asymmetric behavior of the system. Noticeably, the
discussion of charging or discharging processes in this paper is suitable only at a very slow rate
where atoms have enough time to move. Certainly, having only a thermodynamic description of
the equilibrium transformation of the cathode materials is not enough to understand the behavior
of materials during the battery operation. At last, it is important that we successfully developed an
effective model to describe the FePO,-LiFePO, olivine join. This model will be later extended in
a future work to consider other factors affecting the cathode materials during charging or

discharging.
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4.5 Conclusion

A new formalism of the Gibbs energy of the solid solution LixFePO, bearing in mind an extra level
of LRO is proposed for the thermodynamic description of the LiFePO4-FePO, olivine join. The
optimized phase diagram reproduces, with satisfactory accuracy, the available experimental data,
including the eutectoid reaction, the asymmetry, and the enthalpy of mixing. The present
thermodynamic model canalso predict the increase of the voltage plateau with temperature during
the lithiation or delithiation process. Further temperature rise could split the voltage plateau into
two different plateaus. Besides, spinodal decomposition, which is possibly related to the fast charge
of the battery, reveals the dissimilarity between delithiation and lithiation, hence the distinction of
the corresponding OCV curves at 298 K. As the temperature increases, delithiation/lithiation via
spinodal decomposition could change. Moreover, our thermodynamic model could be extended to
amore advanced model to justify the roles of doping with impurities such as Ni, Co, Mn, Mg, Na,
etc. or anti-site defects, which could affect the charge transport properties within the cathode

material and, thus, the battery operation.
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Abstract:

The effect of coherent strains which is involved during the fast charge/discharge processes and the
influence of particle size reduction which improves the electrochemical performance of the cathode
material are modelled in this study. An extension of the linear isotropic approximation for elastic
energy stored in the coherent boundaries of an orthorhombic system is performed for the first time
to calculate the coherent miscibility gaps of the LiFePO4-FePO, cathode join. Noticeable, this
approach is applicable for any thermodynamic models used for describing the equilibrium
LiFePO4-FePO, join. The coherent miscibility gaps corresponding to various crystallographic
directions, which could explain the occurrence of a metastable phase, favorable phase boundaries
during lithiation (delithiation), and the formation of dislocations or cracks via cycling, are
presented. (100) is considered as the softest direction for coherence to form and the existence of
(110) and (010) habit planes is also possible. Moreover, it is the first time that a model of particle
size effecton both equilibrium and coherent olivine join is developed. Additionally, it is the first
combined coherency-size type of calculation ever reported. The difference between the surface
energies of the pure LiFePO, and FePO,4 and the excess surface energy of the olivine solid solution
are the two important model parameters affecting the equilibrium and the coherent miscibility gaps.
As the particle size decreases, the miscibility gaps shrink favoring the intermediate phase region
between the two miscibility gaps. At nanoscale, coherent phase transformation seems to be more

likely.
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5.1 Introduction

The energy crisis is one of the greatest challenges in the 21st centuries, therefore, development of
environmentally friendly, sustainable and renewable energy supplies becomes more and more vital
for a sustainable modern society [173]. As excellent reversible energy storage devices, lithium-ion
batteries (LIBs), which possess better features than the conventional batteries [174], play an
important role not only in the area of consumer electronics but also in large-scale applications such
as plug-in hybrid vehicles or electrical vehicles [10, 18, 21, 27, 34, 174]. LiFePO, is considered as
apromising cathode material because of its low cost, improved safety performance, high chemical
stability, low toxicity, high theoretical reversible capacity (170 mAh/g) and an extremely flat
charge-discharge profile at a reasonably high potential of ~3.5 V versus Li/Li* [16-19, 175]. The
flat charge-discharge profile is claimed as a consequence of the coexistence of two phases:
heterosite (FePO,) and triphylite (LiFePO,) [18, 23-27]. Hence, reliable thermodynamic
knowledge of FePO,-LiFePO, phase equilibria, which is critical to understand the lithiation and
delithiation of the cathode material during the battery operation, has been shown in our previous
study [133].

Initially, the main drawbacks of the cheap and nontoxic LiFePO, cathode material are its poor
electronic and ionic conductivity. Its electrical conductivity, which is ~10-1© S.cm?® at room
temperature, is extremely low for a cathode material [31, 176]. Consequently, bulk LiFePO, is
considered suitable for low-rate applications [20]. However, its rate performance has been
improved significantly by: 1) reducing the active particle size to the nano-scale; and 2) coating
active particles with carbon [21, 23, 27, 34]. The high capacity and rate capability related to the
LiFePO,/C cathode material was revealed recently [177]. Frequently, the specific capacity
achieved by a LiFePO,/C cell is close to the theoretical specific capacity of LiFePO,4 [175]. C-
coated LiFePO, nanoparticles can remarkably provide high specifications for a power density of
more than 5 kW/kg [18, 27, 34]. Its rate capability is comparable with or better than that of LiCoO ,
[175]. The reason why LiFePO,4 nanoparticles, unlike the bulk, can be considered as a high rate
battery material has not yet been explained clearly. Therefore, the aim of this study is to provide
our understandings of the phase transformation mechanism, thus the lithium intercalation pathway
in LiFePO,, and the importance of particle size since they directly determine the capacity, rate

performance and columbic efficiency. The role of carbon coating will not be considered in the
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present study because carbon is said to improve physical properties of the battery material such as
its electrical conductivity, its tap density, etc. [178] rather than its thermodynamic behavior.
Nanoscale particles exhibited a very high stability during the carbon coating process without

formation of any secondary phases [179].

5.1.1 Coherentphase transformationduring charge/discharge

Several mechanistic models for describing (de)lithiation of LiFePO, during battery operation were
proposed. The isotropic core shell model [16, 26] and the mosaic model [128] appear both
energetically and kinetically unfavorable since both Li diffusion and coherent strain are anisotropic
in LiFePO4 [127], and the entire theoretical capacity (~170 mAh/g) becomes accessible even at
high rate [180]. Delmas et al. [129] proposed the domino-cascade model, in which phase-boundary
propagation perpendicular to the (010) direction is extremely rapid in comparison to the initial
nucleation. It means that at any given snapshot of time, a LixFePO, particle is likely to be either
fully lithiated or delithiated, as observed experimentally [129, 130]. Therefore, the driving force
for domino-cascade phase transformation should be higher than the driving force for initial
nucleation and it should take into account the formation of the coherent phase boundary. The phase
separation could be also dominated by the spinodal decomposition process [18, 131-133]. In brief,
the two-phase coexistence mechanism may change with particle size, morphology and
electrochemical testing conditions [127, 134, 142-144, 181]. Although the knowledge of possible
single-particle (de)lithiation mechanisms has progressed, the exceedingly rapid (dis)charging
capability of LiFePO, had not been explained yet. One phase-phase solid solution mechanistic
model, which might avoid crystalline nucleation and growth and deviate from the equilibrium
phase diagram, was then suggested [20]. This solid solution transformation, especially in nano-
particles, is energetically costlier but kinetically faster [20]. The LiFePO, cathode was claimed to
even experience simultaneously both a two-phase reaction mechanism and a dual-phase solid
solution reaction mechanism over the entire range of the flat voltage plateau [21]. Note that an
implicit assumption of the single-particle behavior mirroring the electrodes-scale behavior was
involved in the traditional analysis of experimentally obtained charging and discharging data. In

an electrode assembly, it is experimentally observed that all LiFePO, particles are not (de)lithiated
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simultaneously but rather sequentially [142, 182-184]. Thus, any proposed mechanistic model for
phase transformation of the cathode material should take into account the multi-particle behavior,

rather than solely single-particle behavior.

Even though the anisotropy of the olivine crystal structure, the rapid charging and discharging
capability are considered in the proposed mechanisms [16, 20, 26, 128, 129], none of them really
puts concerns on the existing elastic constrains evidenced through experiments [127, 134-136]. It
is highly possible to form acoherent interface between the two olivine phases (LiFePO,and FePQOy)
during the battery charging or discharging processes. According to Novikov [185], the coherent
interface is the “phase boundary wherein the atomic positions in adjoining planes of different
crystal lattices coincide perfectly or almost perfectly”. Any misfit between lattice parameters of
the two phases at their coherent boundary should result in the formation of coherent strain.
Undeniably, many existed similarities between LiFePO,and FePO,such asthe same olivine crystal

structure (space group: Pnma), equal to or less than 5% lattice parameter misfits [25, 29, 88, 160,
186-192)(aLirepo, = 10.323 A [88], byipepo, = 6.005 A [88], cLipepo, = 4.693 A [88] and
Apepo, = 98142 A [160], bgepo, = 5.7893 A [160], crepo, = 4.782 A [160]) make them likely

to be coherent. Ina micrometer-sized all-solid-state battery cell, the growth pattern of both LiFePQO,
and FePO,4 was claimed to be clearly dominated by elastic effects rather than transport-controlled
effects [193]. In addition, Meethoong et al. [127] noticed that the largest strain would occur in the
sample with the smallest misfit in lattice parameters and unit cell volume between the triphylite
and heterosite phase. Hence, the existence of coherent strain or compatibility stress in two-phase
particles during charge/discharge was suggested [23]. The in situ observation of crystalline material

during battery operation supports the prediction of coherent nucleation and growth [194].

Furthermore, the observation of a favorable interface, the existence the metastable phase during
charge/discharge, and the presence cracks or dislocations via cycling should favor the coherent
phase transformation hypothesis. Recently, Wang et al. [142] showed for the first time the
coexistence of two phases in individual particles. The delithiation process and the LiFePO4/FePO,
interface were observed to move only along certain preferential sites [142]. The coherent strain is
evidenced by the observation of aligned phase boundaries and striped morphologies in LixFePO,
[134-136]. (100) is considered as the preferred direction [127, 134, 141], consistent with rapid Li
diffusivity along the (010) direction [32, 33]. The origin of striped morphologies [134] was
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explained as a consequence of the characteristic wavelength of spinodal decomposition [136]. In
addition, Malik et al. [20] claimed that a small and flat energetic difference between the phase
separated state and the non-equilibrium solid solution would result in a weak thermodynamic
driving force for solid solution phase to demix heterogeneously. However, as the eutectoid-like
phase diagram of LiFePO4-FeP O, reveals three miscibility gaps [28], the free energy curve should
not be totally flat all over the Li concentration range [141, 195]. A metastable phase, coherent strain
and spinodal decomposition should exist and need to be considered. Besides, dislocations and
cracks formed during electrochemical cycling should be related to lattice misfits in the two-phase
coherent transformation mechanism rather than uniform change of lattice parameters via the one-
phase solid solution mechanism. For nanosized particles, the structural mismatch inducing local
constraints between the two phases makes the deintercalation easier [129]. Hence, a fully lithiated
or delithiated single phase is formed in nano-size particles. In contrast, the lattice mismatch in
micro scale particles generally results in energy relaxation [134]. Cracks and dislocations were
found [142]. Energy relaxation by creating cracks and dislocations decreases the local constraints
and weakens the driving force for boundary displacement. In fact, during electrochemical Li
insertion and deinsertion, the occurrence of dislocations and cracks [143-147] increases the battery
impedance and capacity fade over time. Less likely formation of dislocations and cracks in nano-

LiFeP O, results a long cycle life and reversibility at reasonable C-rates of the battery.

Even though there are many mechanistic models proposed, none of them is reliable to describe all
of the phenomena occurring during battery operation. So far, no mechanistic model could explain
the high kinetic rate of the LisFePO, olivine together with the existence of the strains between the
two olivine phases during charging or discharging [127, 134-136], the presence of preferential
interfacial planes [127, 135, 136, 141, 144], the observation of a metastable phase [148-151] and

the occurrence of dislocations and cracks during cycling [142, 144-147].

In this study, the contribution of the stored strain energy during the coherent phase transformation
within the cathode materials via delithiation or lithiation process will be studied to explain those
phenomena. Cogswell and Bazant [144] showed only asingle calculated coherent miscibility gap
and suggested that the charge and discharge in batteries could follow either coherent transformation
in each nanoparticle or mosaic scenarios where entire particles remain homogeneous with some

particles existing at low concentration and others at high concentration. It appeared to possibly
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suppress coherent nucleation and growth of the second phase in particles at moderately elevated
temperatures. Coherent strain was approximated to stabilize the solid solution at temperatures
above 423.15 K - well below the disordering temperature [144]. Their fully anisotropic analysis
[144] indicated that (101) should be the low-energy direction. They explained the observation of
the phase boundaries along (100) as a partial loss of coherency caused by dislocations (or cracks)
[144]. Although the authors showed the importance of coherent strains and spinodal decomposition
during charge and discharge processes [144], the existence of the eutectoid reaction which could
result the existence of a metastable phase and affect the coherent phase transformation, was totally
omitted.

5.1.2 Effect of particle size during charge/discharge

Recently, a clear and systematic increase of solid solution nonstoichiometry with decreasing
particle size and rising temperature was observed [23, 27, 34, 35]. The miscibility gap shrinkage
was reported for both chemically [34], and electrochemically [23, 27] delithiated samples.
According to the experimental report, miscibility gap reduction is noticeable whenthe particle size
is smaller than ~100 nm. The two-phase region shrinks with decreasing particle size and for each
particle size, and the miscibility gap boundaries shrink with increasing temperature [23, 27, 34,
35]. The solubility limits of both olivine phases, especially heterosite, obtained from the chemical
analysis [34], are just slightly higher than that of electrochemical analysis [23, 27] (Figure 5.4).
Moreover, there exists a critical particle size below which a complete olivine solid solution might
be obtained at room temperature [23, 34, 121]. A certain appropriate particle size is required for
the phase separation [121], and the miscibility gaps disappear below a critical size of ~20 nm [23,
34] or ~10 nm [121].

The reduction of the width of the miscibility gaps originates from particle-size-associated
modifications to the molar free energy of mixing. Meethong et al. [23] suggested two different
origins for the particle size effect: (i) increase due to the relative contribution of particle-matrix
surface energy and surface stress, and (ii) coherency or compatibility stressesin two-phase particles
with a coherent interface. The energy surface portion of the particle should be significant when the

particle size is smaller than 100 nm [27]. On the other hand, the largest strain occurred in the sample
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with the smallest particle size, which gave the smallest misfits between the lattice parameters and
unit cell volume of triphylite and heterosite phases [127]. It is possible that the coherent stress
would rise when the misfits between two phases in a partially transformed particle are small enough
to retain a coherent interface. As the lattice parameter misfits increase, incoherent interfaces and
energy relaxation defects could form to relieve the strain. Chen et al. [134] revealed that phase

boundaries in larger particles would consist of the boundary-dislocation network.

The objective of this study is to model the effect of coherent strains and particle size on the Gibbs
energy of the olivine solid solution hence to report the modification of the LiFePO4-FePO, olivine
join. The appearance of coherent strains will be represented by the molar Gibbs elastic energy. The
metastable phase, which could significantly reduce the internal elastic stress between the lithiated
and delithiated phase, will be considered in our model of the Gibbs energy. Note that we do not
consider the mechanistic model of the reaction within the cathode, i.e. no time parameter is
involved. Moreover, since the LiFePO,4-FePO,olivine join changes by changing the particle size,
the size constrained Gibbs energy which is possibly used to understand the thermodynamic

behavior of the battery nanoparticles, is modeled.

5.2 Coherent miscibility gaps in the FePO,-LiFePO, join

5.2.1 Deformationenergy

In the measurement of phase compositions corresponding to any coherent miscibility gaps, a fully
coherent interphase boundary between the two phases should be obtained for most of or the entire
interphase boundary area [138]. The first condition for coherent decomposition to occur is the
existence of an heterogeneous incoherent equilibrium miscibility gap. The second condition is an
upper limit to the strain parameter & of the second phase in complete analogy to the condition of
coherent heterogeneous ordering reactions [153]. Depending on the constitution of a system in
combination with its lattice parameter relations, coherent and non-coherent miscibility gaps can,
therefore, be distinguished [153]. In an equilibrium miscibility gap, the solid solution demix
heterogeneously to form two different phases which possess the same crystal structure, the same

chemical potential of every end-member but have different lattice parameters, hence, no lattice
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deformation and therefore no elastic induced strain energy. Meanwhile, a coherent miscibility gap
represents the demix of the solid solution into two phases which share the same lattice parameter
at the coherent boundary by lattice deformation resulting in a stored elastic strain within the
structure. This stored elastic energy compensates for the difference of the chemical potential of

each end-member in the two coherent phases.

Coherent phase transformation draws attention in various thermodynamic systems such as alloys,
oxides, alkalis, and lithium transition metal phosphate battery materials. Most of the
thermodynamic systems whose coherent relationship is important, possess cubic crystalline
structures, for example Au-Pt [196], Au-Ni [197], Al-Zn [198], Co-Cu [199], Ag-Cu [200], etc.
Consequently, the most well-known method to calculate a coherent miscibility gap is the linear
isotropic approximation developed by Cahn’s group for cubic systems over 50 years ago [154-
156]. It is applicable only in a linear medium where a strain is linearly dependent on the
corresponding stress in every direction. In this approach, the coherent spinodal is calculated by
considering the elastic energy resulting from the coherent misfit between the two cubic phases. The
coherent spinodal boundary is computed by adding an elastic term which represents the elastic
energy gained through coherent strain to the second derivatives of the chemical Gibbs energy of
the solid solution:

02 Gr%hem
%2 + Eciastic = 0 (5.1)
T,P

where G5he™ is the chemical free energy of mixing of the solid solution Li,FePO, (x is the overall

composition of LiFePO,); E.justic OF a thermodynamic isotropic system which represents the
density of strain energy stored is estimated as follow:

2n%EV,,

1-v 52

Eclastic = ZT]ZYVm =

where 7 =i% is the linear change in lattice parameter a of the solid solution phase at the

investigated overall composition x per unit composition change; V;, is the molar volume; Y is the
elastic constant of the elastically soft direction (e.g. (111) direction in the fcc Al-Zn solid solution;

(100) direction in the fcc NaCI-KCl solid solution); E stands for the Young’s modulus; and v is the
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Poisson’s ratio. The expression of Y is dependent on magnitude and temperature derivatives of
elastic constants [154, 196]. Equation 5.2 is still valid even if the lattice parameter a does not obey
Vegard’s rule. As a result of Equation 5.2, the coherent spinodal temperature corresponding to any

solid solution composition could be determined [201].

In order to take advantage of using the Gibbs energy minimization technique for calculating
coherent miscibility gaps, in the present study, the molar elastic Gibbs energy which describe the
energy contribution of the stored strain to the total Gibbs energy is expressed in terms of the overall
composition rather than phase composition as shown previously [202-204]. Hence, the elastic
Gibbs energy GE! of the olivine solid solution LiFePO,4 could be determined by double integrating

the elastic term E,; 44t Versus the overall composition x (with 0 < x < 1):
X
Gel = fj(; Eelgsticdxdx + x - GLeilFeP04 +(1-x): GlglePO4 (5.3)

where GfilFeP04 and foﬂoo4 are the elastic energy of the two pure end-members of the olivine solid
solution. In the isotropic approach, the E,;,s:c term (Equation 5.2) or density of elastic energy is
always positive when the reference states are the pure olivine-FePO, and olivine-LiFePO,4. Hence,
the elastic Gibbs energy of the two pure compounds should be positive (Gfl-lFePO4 > 0 and G§2P04 >
0). It is noticeable that physically, there should not be any coherent strain existed within a single
phase like pure LiFePQO,, pure FePO, or solid solution LikFePO,. A non-zero elastic energy is
stored in and near the coherent boundary of the two coherent phases. It means that the elastic energy
should exist only inside the miscibility gaps. In our model, the molar elastic energy does not
describe the actual value of elastic energy stored in the coherent structure, but it is rather a
representative of elastic effect on coherent phase transformation from a solid solution to the other
two phases. This approach is selected for simplifying our calculations, even though physically
speaking it is not exact. Our approach is better to use for modeling a wide miscibility gap (i.e.
where the composition difference between the 2 phases is large) rather than a thin one. Utilizing
the elastic Gibbs energy as a function of the overall composition helps us to not only employ Gibbs
energy minimization techniques but also consider the available algorithm of thermodynamic

softwares, e.g. Factsage.
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Noticeably, according to Equation 5.3, the values of GfilFeP04 and Gglepo4 should not change the
value of the second derivative of G¢!, hence the calculated coherent spinodal boundary does not
alter. For convenience, Gfilpepo4 =0 and Gﬁ’epo4 = 0 are chosen as boundary conditions of
Equation 5.3 meaning that the elastic energy occurs only if two phases are co-existing.
Nevertheless, the choice of the boundary conditions of G£! should affect the calculated value of the
open circuit voltage (OCV) of the battery. With ~5% difference in molar volume and elastic
constants of ~150-200 GPa [25], the total free energy of the system, according to Van der Ven et
al. [141], increases by a maximum of nearly ~1000 J/mol when the coherent interface in the (100)
plane forms between the two phases LiFePO, and FePO,. It means that the energy gained by
creating coherent interfaces does not significantly change the voltage profile (< ~10 mV) of the
battery via charging or discharging. Therefore, our assumption of zero boundary conditions of Gg
is reasonable. Moreover, the elastic Gibbs energy G¢! is significantly dependent on the habit plane
[hlk]. The most favorable habit plane should produce the least elastic Gibbs energy and the highest
coherent consolute temperature. Our modification of Cahn’s approach is successfully used for
reproducing the coherent miscibility gap in the Au-Pt system, consistent with that reported by Xu
et al. [196].

Since the solid solution LiZFePO,4 possesses the olivine structure, for the first time, Cahn’s approach
is extended to an orthorhombic system (see appendix A). Egjqstic OF an orthorhombic system is
formulated based on Cahn’s assumption [154-156] that the compositional fluctuation occurs along
the direction of habit plane. It assumed that there is only one non-vanishing strain component
occurring during the compositional fluctuation along the coherent direction. The corresponding
stress and strain tensors based on different habit planes are then used to formulate the E,;qqic term
(see appendix A). Estimation of E,;,.ic, then GE require knowledge of physical properties of the
solid solution. The physical properties such as lattice parameters, molar volume, elastic constants,
etc. are composition and temperature dependent. Our calculations would consume a lot of time and
resources if the composition and temperature dependence of every single physical properties are
taken into account. In order to simplify the calculations, two cases are distinguished. In the first
calculation, the coherent LiFePO,4-FePO, olivine join corresponding to various habit planes is
estimated based on the physical properties which are only overall composition dependent. For the

second calculation of coherent miscibility gaps, instead of adding the temperature effectto all the
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thermophysical properties of the olivine solid solution, a single temperature dependent term ¢ (x, T)
(Equation B.4) which represents the influence of temperature on the calculated Ej,ctic Value, hence
the elastic Gibbs energy G¢!, is used (see appendix B). Consequently, the change of the calculated
coherent miscibility gaps by considering or not considering the temperature variation of all physical
properties pertinent to the model will be revealed. In short, in the present study, the coherent
miscibility gaps of LiFePO4-FePO, join will be calculated by estimating the molar elastic energy
for an orthorhombic system (see appendix A). All physical properties of the solid solution required
for the model of the Gibbs elastic energy will be taken from literatures with suitable assumptions

(see appendix B).

5.2.2 Calculated coherent miscibility gaps of LiFePO,4-FePO,o0livine join

If the differences in lattice parameters are small enough (<~5%) to ensure a linear isotropic
behavior [205], Cahn’s approach is valid [154-156]. Fortunately, the LiFePO4-FePO, system
satisfies this condition in all three directions [25, 29, 88, 160, 186-192], therefore, Cahn’s approach
is applicable. It is the first time the coherent miscibility gaps are obtained by minimizing the
coherent Gibbs energy of the olivine solid solution phase:

X

GEoM = Gghe™ + Ggl = Gghe™ + j] Eelasticdxdx (5.4)
0

In Equation 5.4, GE°™ is the coherent Gibbs energy of mixing. In this study, the boundaries of
coherent miscibility gaps at a specific temperature are estimated through minimization of the
isothermal coherent energy. Substituting Equation 5.4 into Equation 5.1, the coherent spinodal

decomposition can then be calculated as follow:

aZGcoh
( a’;‘ ) =0 (5.5)
x T,P

Equation 5.1 and 5.5 are mathematically equivalent. However, as the temperature reaches the

consolute temperatures, the total Gibbs free energy curve of the solid solution becomes less

concave, consequently, the numerical approach reveals discrepancies when calculating coherent
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spinodal boundaries and coherent consolute temperature by considering either Equation 5.1 or 5.5.
In order to avoid this inconsistency, the coherent miscibility gaps and coherent spinodals are

calculated by minimizing the coherent Gibbs energy (Equation 5.4) and applying Equation 5.5,
respectively.
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Figure 5.1: The consolute temperatures corresponding to various habit planes without considering
temperature effect calculated by using model M4 ((Li+,Va),(Fe?*, Fe3+),(P5+)1(0%),) [133] and
M5.L  ((Li*,Va)s(Li+,Va) (Fezr, Fed3*)s(P5)s5(0%)) [133] (1t and 279 coherent consolute
temperatures correspond to poor-Li and rich-Li coherent miscibility gaps).

The coherent miscibility gaps are calculated based on the incoherent equilibrium miscibility gaps
of the LiFePO4-FePO, phase diagram which was well considered in our previous study [133]. It
means GEre™ of Equation 5.4 is taken from our reported models of Gibbs energy of the olivine
solid solution [133]. In our paper [133], the M4 model ((Li*,Va);(Fe?*, Fe3*),(P5*)1(0%),) [133]

is the simplest model for describing Gibbs free energy of the solid solution phase LixFePO,. The
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M4 model does not well represent the olivine join. Like Cogswell and Bazant [144], the incoherent
equilibrium miscibility gap calculated by the M4 model did not show the eutectoid reaction [133].
However, our calculated coherent consolute temperatures corresponding to various habit planes
using the M4 model [133] and Cahn’s approach (without using the temperature dependent term
t(x, T)) differs from that reported by Cogswell and Bazant [144] (Figure 5.1). Our calculation,
which reveals (100) as the softest direction, disagrees with Cogswell and Bazant [144]. The
expected consolute temperature of ~324 K of (101) coherent miscibility gap from our calculations
is much lower than the consolute temperature of ~423.15 K calculated by Cogswell and Bazant
[144].

In our previous report [133] on incoherent equilibrium phase diagram of LiFePO4-FePO,, both
thermodynamic model M5.L and M5.F take into account an extra level of long-range-ordering of
the solid solution. The thermodynamic model M5.L ((Li+,Va)s(Li+,Va)a(Fe2*, Fe3+)s(P5+)s(02) )
[133], one of our more advanced models, reproduces well the equilibrium miscibility gaps in the
LiFePO4-FeP Oy olivine join. The Gibbs energy GSe™ (x, T) function which possesses 4 inflexion
points at a constant temperature, reveals the existence of the two incoherent equilibrium miscibility
gaps [133]. Consequently, in the present study, the two coherent miscibility gaps and coherent
spinodals are obtained by using Cahn’s approach (without using the t(x,T) term) based on the
thermodynamic model M5.L [133] (Figure 5.1,2). Our calculated coherent miscibility gaps show
that:

Ata constant T, there exists 4 inflexion points in the coherent Gibbs energy GS°*(x, T) curve of
the olivine solid solution which are related to the four coherent spinodal compositions. As a result,
there is a local minimum of the Gibbs free energy curve near the eutectoid composition
Lix-0.sFePO,4. This minimum is corresponding to the possible occurrence of the metastable phase
(Figure 5.2). This metastable phase could play a role in reducing the lattice mismatch between the

olivine-LiFePO, and olivine-FePO, phase.

As the coherent phase diagrams are calculated corresponding to various habit planes, a stable habit
plane should be related to a large coherent miscibility gap in comparison with the others. It means
that the coherent with a stable habit plane is more likely to occur. (100) is the most favorable
coherent habit plane (Figure 5.2) and (110) is stable. The (010) habit plane might appear if the
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supplied energy is large enough to form coherent interface. According to our prediction, it is almost

impossible to find coherent phases with habit planes (111), (001), (101) or (011) (Figure 5.1).
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Figure 5.2: The calculated (100) habit plane coherent miscibility gaps of LiFePO4-FePQO, olivine
join using model M5.L ((Li*,Va)s(Li+,Va),(Fe2+, Fe3+)s(P5+)5(02%),) [133] with and without
considering temperature effect t(x, T). Experimental data (o Yamada et al. [26] and o Dodd et al.
[28]) are related to the equilibrium phase diagram calculated by Phan etal. [133]. The shaded area
is the metastable phase region in the 298 K - 353 K temperature range.

When the effect of change of physical properties with temperature on the stored strain energy Gg£!

is investigated through the temperature dependent term t(x, T), the calculated coherent miscibility
gaps in the LiFePO4-FeP O, olivine join do not change significantly. Let the temperature dependent

term vary within reasonable limits, the calculated consolute temperatures corresponding to
different habit planes modify slightly (less than 5K) and the coherent miscibility gaps are almost

unchanged (Figure 5.2). In fact, the thermal internal stress should be calculated from the elastic
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tensor (AC;;) and the thermal expansion tensor (Aa;;). Since the olivine LiFePO4 and FePO,
possess similar physical properties, i.e. AC;;and Aa;; are small [25, 101], and since every physical
property of the olivine solid solution is reasonably assumed to be linear with composition and
temperature (see appendix B), the temperature effect on the stored elastic energy G£' should not be
significant, as shown in our calculations. For that reason, the amount of entropy caused by the
elastic effect, which is proportional to the change of elastic energy versus temperature, should be

negligible.

5.2.3 Coherent phase transformationin LiFePO, battery

5.2.3.1 Coherent Gibbs free energy and overpotential

In this study, the mentioned overpotential is the part of overpotential or underpotential A, which
is required to charge or discharge the battery via a specific phase transformation pathway of the
LisFePO, cathode. This overpotential can be obtained from the instantaneous slope of the mixing

free energy AG of the cathode material with its overall concentration x:

20 = -z = -5 (55) 56)
where F is the Faraday’s constant; Au;; is the difference of the Li chemical potential in the
crystallite cathode and anode [141]. Figure 5.3 illustrates the voltage curve for LisFePO, derived
from the described free energy model of coherent transformation within the cathode while anode
is pure Li. This voltage curve is strictly for asingle crystallite when the bulk concentration of the
crystallite is controlled externally (e.g. by controlling the electric charge). Upon discharging the
particle, the voltage must be reduced to below the incoherent two-phase equilibrium voltage (dash-
black line in Figure 5.3) to overcome the strain energy incurred by coherent two-phase equilibrium.
As the two coherent phases (FePO4-rich and intermediate) are formed, the first voltage plateau is
reached. The second voltage plateau is created by the co-occurrence of the intermediate and
LiFePOy-rich phase after all the FePOy- rich phase is consumed through lithiation. In a potential-

controlled battery system consisting of an assembly of LisFePO, particles, the voltage vs
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composition profile exhibits a hysteresis, as illustrated in Figure 5.3. Similar to the explanation
given by Malik etal. [20], the applied voltage must be reduced sufficiently below the equilibrium
voltage plateau to create the coherent interfaces via discharging. Once that overpotential has
reached and each particle achieves the critical concentration x., any fluctuation of Li out of an
individual particle could start a coherent nucleation within that particle, as the driving force for
charging increases abruptly. At this potential, the process repeats and the remaining lithiated
particles charge sequentially, accounting for the voltage plateaus belonging to the hysteresis (dash-

dot-red line in Figure 5.3).

Using our model of Gibbs free energy, no overpotential should be obtained for equilibrium phase
transformation, a moderate overpotential (~70 mV) and a high overpotential (>100 mV) should be
obtained for fully (100) coherent phase transformation and solid solution transformation,
respectively (Figure 5.3). Different from our results, the single-particle solid solution
transformation produces ~30 mV overpotential, estimated by Malik et al. [20]. According to the
authors, their estimation could explain the experimentally observed voltage hysteresis of ~20 mV
difference between charge and discharge of nanoparticles in the zero-current limit C/1000 [182].
From our perspective, overpotential measurements done by (dis)charging 17% or 28% of the
theoretical capacity of the cell at various rates like in the experiments of Dreyer et al. [182] cannot
represent the overpotential obtained by (dis)charging completely. Moreover, the overpotential
obtained at avery low (dis)charge rate where Li* ions have enough time to diffuse should be related
to the equilibrium phase diagram and therefore the ~20 mV overpotential obtained at C/1000 by
Dreyer et al. [182] should not be considered as a typical overpotential for any non-equilibrium
phase transformation mechanisms at a very low (dis)charge rate. Despite all the porous LiFePO4
particle surfaces (outer and inner) was claimed to be covered with a 1+2 nm-thick carbon film
[182], the existence of close pores, the crystallographic defects within the porous material and the
incomplete penetration of the electrolyte within the porous particles, which were not examined,
could cause retardation or blockage of Li* ions movement. If a small amount of Li* ions is impeded,
voltage hysteresis between charge and discharge should be visible. Therefore, from our
perspectives, the observation of overpotential at a very low (dis)charge rate [182] is due to the
blockage of Li* ions movement rather than a non-equilibrium phase transformation mechanism.

Besides, phase-field modeling [206] reveals that the lowest overpotential for phase transformation



73

upon fast Li diffusion kinetics in >150 nm-particles would be >70 mV, in agreement with our
estimated overpotential for coherent phase transformation of a multi-particle system (Figure 5.3).
In addition, the dissymmetry between charge and discharge electrochemical properties [132, 207],
which was claimed to be due to the higher kinetics of delithiation than that of lithiation [135], is

also detected through our calculations (Figure 5.3).
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Figure 5.3: Calculated overpotentials of a single crystallite obtained via (100) habit plane coherent
phase transformation in comparison with that obtained via equilibrium [133], solid solution
transformation [133] at 298 K. Red dash-dot line represents the voltage hysteresis when a multi-

particle system follows (100) coherent phase transformation via charging/discharging.

5.2.3.2 EXxistence ofametastable phase during phase transition

According to our calculations, the existence of the metastable phase Li-o¢FePO, is possible when
there are coherent interfaces in the battery operating temperature range of 298+353 K. This result
is supported by a number of researches [149-151, 195, 208-211]. The electrochemically formed

Lio.61-0.66F€PO4 solid solution phase was observed during the charge-discharge reaction [150]. A
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preferred solid solution phase around the eutectoid concentration (Lig g25FePO,4) was also detected
at medium rates of 2-6 C [148]. The presence of the solid solution phase is transient. Its lifetime
was estimated to be ~30 min [150] or ~ 10 min [151]. The metastable phase rapidly transforms into
the stable LiFePO, and FePO, phase through relaxation process [150]. Hence, the amplitude of the
overpotential A¢ decreases during the relaxation time [151]. According to Zhang et al.,
intermediate (dis)charge rates lead to the formation of the Li-g sFePO,4 metastable phase [149]. The
intermediate solid solution zone with no dislocations was observed to be coherent with LiFePO,
and FePO, phase [195, 208-210]. The existence of this intermediate phase allows the particles to
initiate (de)lithiation at low overpotentials and increase rate capabilities for systems undergoing
nucleation and growth. The presence of a thermodynamically favorable intermediate solid-solution
region at the interface leads to a decrease in coherent strain energy. Therefore, it reduces
mechanical damage upon cycling and improves cyclability [211]. If the (dis)charge rate becomes
higher, metastable phase transition could be bypassed, a nonequilibrium solid solution phase
LixFePO, with a composition covering the entire composition between two thermodynamic phases,
LiFePO4 and FePO, could be formed [149, 169].

5.2.3.3 Coherent habit planes

Although sometimes (101) or (311) are shown as the coherent interphases through calculations
[144, 212] or electrochemical experiment [213], (010) and (100) are the most common habit planes
reported in various studies. According to the reported values of lattice parameters of pure LiFePO,
and FePO,4[25, 29, 88, 160, 186-192], the misfit is largest along the (100) direction. Therefore, the
(100) crystallographic plane appears to be the most preferable habit plane in order to minimize the
lattice misfit and hence the elastic energy between the two olivine phases, LiFePO,4 and FePO,[18,
141], in agreement with our calculations and the observation in ex-situ chemically delithiated
particles [134, 136]. For chemically delithiated particles, the observation of the largest strain [34]
and the anisotropic strain broadening [192] in (100) plane indicate the existence of a coherent
interface between the Li-poor and Li-rich phases. However, those results came from insights of
chemical delithiation experiments and they cannot describe exactly the electrochemical lithiation
mechanism [20]. In an electrochemical cell, Li* is incorporated from the electrolyte, and electrons
come from the current collector. Meanwhile, there is no inherent separation of Li* from e-in the

chemical delithiation reaction [143]. For this reason, the habit plane between the lithiated and
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delithiated phase during battery operations should also be affected by the (010) favorable lithium
migration path [32, 33], which typically gives prominent (010) surface facetin LiyFePO, particles
[214, 215]. However, these diffusion channels can be impeded by antisite defects [216].

Based on the common knowledge of the favored diffusion direction of Li* ion in olivine structures,
many authors claimed that (010) would be the favorable phase transition direction during
(dis)charge process. From first principle calculation, the (010) interface was claimed to be
favorable under the thermodynamic two-phase mechanism, since it has a remarkably low chemical
interfacial energy with respect to that of the (100) and (001) interfaces [217]. As stated by the
authors, since the interface orientation with minimum chemical interfacial energy would be
different from that with minimum coherent strain energy, the preferred interface orientation in a
LiFePO, single particle should depend on the particle size and particle morphology. Similarly,
molecular dynamic simulation done by Park et al. [218] demonstrated that (010) direction would
be the most favorable migration path. The delithiated FePO, were observed aligned along this
direction in the chemical delithiated LiFePO, samples [218]. Atomic-scale observations of the
boundary migration mechanism and the anisotropic lithiation in FePO, microparticles at a
discharge rate of ~0.1C presented a phase boundary, which appeared on (010) plane and moved
toward (010) direction [219]. Analogously, the phase boundary propagation along (010) orientation
during electrochemical lithiation (delithiation) was revealed through in situ X-ray measurements
[193]. From another work, electrochemical cycling of LiFePO, particles included the fracture
surfaces predominantly parallel to (100) and (010) planes [220]. The occurrence of the fracture
surfaces could result from the movement of both (100) and (010) coherent habit planes via cycling

process.

Interestingly, Amin etal. [221] showed that in a single crystalline LiFePOy, Li diffusivity values
presented for (010) and (001) direction would be comparable and distinctly greater than that for
(100) direction. This result indicates a preferential chemical diffusion of Li in (100) plane and
consequently, (100) becomes the favorable habit plane not only with the lowest mismatch but also
with favorable Li* ion movement directions. The fast lithium ion movement would explain the
impressive rate capability along with the excellent cycling stability of the synthesized (100)-
oriented LiFePO, nanoflakes [222, 223] during the reversible electrochemical reaction. After

observing the electrochemical deintercalated ~100nm nanoparticle LiFePO,4, Delmas et al. [129]
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proposed the domino-cascade model. According to the authors, it is easier to remove lithium ions
from the (010) tunnels rather than start a new nucleation of the deintercalated phase elsewhere in
the crystal. In the domino-cascade model, the forming boundary plane would move in (100)
direction through the crystal on lithium deintercalation. This displacement could be considered as
a wave going through the crystal without any energy barriers, allowing a high rate of lithium
intercalation/deintercalation. The domino-cascade model could be explained using our (100) habit
plane coherent phase diagram (Figure 5.2). In a single-particle system, charge/discharge could
occur rapidly via (100) coherent phase transformation where the metastable phase could serve as a
coherent boundary region between fully lithiated and fully delithiated phase in order to reduce the
coherent strain. If the (dis)charge rate is not too fast, Li* diffusion is relatively low, thenthe domain
of coherent boundary could be small enough to be neglected and our model becomes the domino-
cascade model. Experimental observation reported by Brunetti et al. [130], in which mostly fully
lithiated or fully delithiated particles were found, strongly supports the domino-cascade model.
Careful observation of the two-phase particles showed that they would be monocrystalline with a
coherent interface boundary between the Li-rich and Li-poor parts [130]. Hence, Brunetti et al.
[130] observation could be explained as a fast movement of the (100) coherent interface with or

without the occurrence of the metastable phase under the effect of elastic energy.

Since the electric field is unidirectional, in athick electrode assembly, all LisFePO, particles should
lithiate (delithiate) sequentially [142, 182-184]. The electrode material could be divided into three
regions: the reactedregion, the active region and the unreacted region. The reactedregion contained
all the particles which finish their (de)lithiation, in contrast, all the particles which has not given or
accepted any lithium ions stay in the unreacted region. The most concern one is the reacted region
where diffusion of lithium ions is taking place. It is possible that there are particles with coherent
coexistence of the intermediate phase and either the FePO,-rich or LiFePOy-rich phase as in the in
situ TEM observation of electrochemically cycled LiFePO4/FePO,4 nanowire given by Niu et al.
[195] Itis also possible that three phase co-occur within a particle of the active region. An ordered
solid solution interface region between the delithiated and lithiated phase was found in a number
of studies [208-210]. A dual-interphase model where three phase LiFePO,/LiysFePO4/FePO,

coexist was used to describe the delithiation mechanism of LiFePO, upon charging [209]. The
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lithium extraction was claimed to favor an alternated layer way rather than sequentially (layer-by-
layer) [224].

In summary, the comparable overpotential between calculations and experiments, the existence of
the metastable phase, and the occurrence of the preferential habit planes make our calculations of
coherent LiFePO,4-FePO, phase diagram reliable.

5.3 Size-dependent phase diagram of LiFePO,-FePO,

5.3.1 Model of Gibbs energy with size constraint

Our thermodynamic model of the Gibbs energy, which has been already used to represent the
equilibrium and coherent miscibility gaps, is then extended for isotropic spherical nanoparticles of
the solid solution LisFePO,. The two main causes of miscibility gap shrinkage are considered in
our study to reproduce the experimental data. The equilibrium LiFePO,— FePO,olivine join was
previously described through the molar Gibbs free energy of the solid solution LixFePO4 (0 <x <
1) [133]. In order to describe this olivine join at nanoscale, the total molar Gibbs free energy of the
solid solution is calculated as a function of a particle size:

Gt (D) = G-/ (0) + G, (D) (5.7)

where GLt (D) is the total molar Gibbs free energy of the solid solution at a particle size D; G35, (D)
is the molar surface energy gained by reducing the particle size to D and G;ff (o0) is the referent
molar Gibbs energy which is independent on particle size. Two cases corresponding to our
proposed scenarios are considered:

If only the surface energy causes the miscibility gap shrinkage, the referent Gibbs energy is purely

chemical Gibbs energy: G'¢/ = Gghem:

If both the surface energy and coherent strain cause the miscibility gap shrinkage, the referent

Gibbs energy is the coherent Gibbs energy: G-/ = GSoh = Gehem + Gel,
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The molar chemical Gibbs energy GS'e™ is taken from our M5.L model [133] and the molar elastic
Gibbs energy G¢! is taken from the coherent Gibbs energy of the most favorable (100) habit plane
as discussed above. The molar surface energy G5, is considered to be dependent on the surface
energies of the particle only. No interfacial energy between different phases is considered since the
interfacial area is smaller than the surface area, and the interfacial energy is about an order smaller
than the surface energy [121, 187, 214, 215, 217]. Moreover, coherency, if it exists, does not change
the surface energy of a particle and reduces the interfacial energy [225]. Therefore, when
considering the molar surface energy G5, the coherent effect is ignored. The molar surface energy
Gy, of one mole LisFePO, nanoparticles is estimated using Lee’s model [122-126]:

. ACY)Vn

s L (5.8)

where C is a correction factor considering the shape effect; (y) is the average surface energy of the
solid solution; and D is the particle size. Since olivine is an anisotropic structure, the LixFePO,
particle is more likely not spherical. However, there is no detailed information about the particle
shape provided in experimental studies [23, 27, 34]. Kobayashi et al. [27] reported the mean
particle size confirmed by two independent evaluations: the coherent length and SEM images. The
study of Wagemaker et al. [34] shows a particle size corresponding to the crystallite size and
Meethong et al. [23] utilized the equivalent spherical particle diameters. Since there are not enough
specific details about the powder used in studies [23, 27, 34], we consider the powder to be formed
of single crystallite spherical particles in our calculation (€ = 1). Our assumption is acceptable
since no significant difference between the reported sets of experimental points [23, 27, 34] is
shown (Figure 5.4). Moreover, any other particle shapes (plate-like particle, rod-like particle, etc.)
could easily be also considered by changing the value of the correction factor C in Equation 5.8.
The molar volume 1V}, of the solid solution is linearly dependent on composition as shown in a
number of studies [29, 189, 191], and the average surface energy of the isotropic solid solution (y)
is a function of the surface composition:

(V) = Wrepo, - (1 —x%) + (V) Lirero, " X° + (¥)&* (5.9)
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where (y)repo, and (y)Lirepo, are the average surface energies of the isotropic pure compounds,
FePO,and LiFePQOy; x5 is the surface composition of component LiFePOy; and (y)¢* is the excess
surface energy of the solid solution. Since any olivine structure material is anisotropic, so are
LiFePO,4, FePO,, and the solid solution LixFePO,. Therefore, different crystallographic surface
planes should possess different surface energies [214, 215]. Consequently, crystallographic planes
do not distribute arbitrarily at the particle surfaces and the particles are not strictly spherical. For
simplifying our calculations, the average surface energy or so-called isotropic surface energy (y)
is chosen to represent the increase of surface energy via LixFePO, particle size reduction and it is
dependent on the surface composition xS (Equation 5.9). The surface composition x5 is equal to
the surface composition taken from the ideal solution model [226] and it is independent on value
of the excess surface energy (y)¢* (Equation C.2). Furthermore, (y)¢* is considered as a function

of surface composition but not temperature:
N = 0 x* - (1 —x°) (5.10)

The excess coefficient w can be a scalar or surface composition dependent (Equation C.4). Note
that, the surface energy of a solid behaves differently from the surface tension of a liquid.
Therefore, the isotropic surface energy (y) of the solid solution LixFePO,4 does not need to follow
Butler’s equation [227].

5.3.2 Size constrained equilibrium and coherent miscibility gaps

5.3.2.1 Scenario (i): Miscibility gap shrinkage due to solely particle surface energy

According to Meethong etal. [23], atasmall particles size, the surface energy could be asignificant
contribution to the molar free energy of heterosite and triphylite phases. Noticeably, the absolute
increase of the total free energy of the two end-member LiFePO, and FePO,is not important. The
driving force of demixing a solid solution inside a miscibility gap is chemical potential difference.
As the chemical potentials of a species in different phases are the same, decomposition stops, and
the two phases are at equilibrium. If small particles are used, the reference states now become

nanoparticle LiFePO, and nanoparticle FePO,, i.e. the reference states translated into higher
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energies. This translation of reference states should not affectthe chemical potential equality hence,
it does not affect the change of miscibility gaps. It should be the deviation from linearity of the
surface energy of the solid solution versus its composition responsible to the shrinkage of the
miscibility gaps of the LiFePO4-FePO, olivine join. Keeping that in mind, we examine the behavior
of the surface energy of the solid solution LixFePO, in order to reproduce the experimental data
[23, 27, 34].
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Figure 5.4: The calculated particle size constrained equilibrium miscibility gaps at 298 K as a
function of particle size according to the scenario (i) in comparison with experimental data taken
from Kobayashi etal. [27], Wagemaker et al. [34], and Meethong et al. [23].

If w is composition-independent, it is possible to reproduce the experiment data [23, 27, 34] of the
miscibility gaps. When the particles are very small (~20 nm), the calculated miscibility gaps are in
good agreement with experimental data. However, the calculated shrinkage rate of the miscibility
gaps via particle size reduction is higher than the reported experimental shrinkage rate [23, 27, 34].

In order to improve our model, more parameters are introduced: the excess term w is then
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considered as a function of the surface composition x* (Equation C.4). The additional parameters
are optimized parameters revealing the asymmetricity of (y)¢*. The excesssurface energy produces
reasonable miscibility gaps, fitting well with experimental data [23, 27, 34] (Figure 5.4, 5.5). A
metastable phase of LiysFePO,4 could occur as the particle size is smaller than 67 nm. The molar
surface contribution could narrow the miscibility gaps from the two ends simultaneously only when
the optimized excess surface energy of the solid solution is roughly symmetrical and deviates
significantly from ideality (Figure 5.6).
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Figure 5.5: The calculated equilibrium miscibility gaps as a function of particle size in comparison
with experimental data taken from and Meethong et al. [23], Yamada et al. [26] and Dodd et al.
[28] The arrow shows the 298 K+353 K temperature range with the corresponding range of the

maximum particle size at which the equilibrium metastable phase starts to occur.

Based on the calculated surface energies of LiFePO,4 and FePO, on different orientations [214,
215], the surface energies of the pure compounds are chosen in the range of 0.5-1.2 J/m2. The

selected values of the surface energies of the two pure compounds are not important in our model



82

for the purpose of calculating the miscibility gaps. However, it is worth noticing that the spinodal

decomposition is very sensitive to the rate of change of the surface energy via the bulk

concentration (Equation D.6). Therefore, a:/)

- o A(y) is very important in optimizing the size
dependent phase equilibria of the LiFePO,4 - FePQO, olivine join. Moreover, A(y) is also used to
determine the surface composition (Equation C.2). The larger the magnitude of A(y) is, the higher
the possibility of mostly one species occupying the particle surface is. It means that the minimum
surface energy is obtained at either rich or poor-Li composition. As a result, the miscibility gaps
will be significantly narrower from one side only. It is likely to obtain the minimum surface energy
at the bulk composition of ~LiysFePO4 to shrink the miscibility gaps from both sides at nanoscale.
Since the surface energy curve should be nearly symmetric, if high magnitude of A(y) is utilized,
composition-dependent excess term w will be used to compensate the asymmetry caused by A(y)
and reproduce the miscibility gaps. However, this scenario does not allow any strains in
nanoparticles as reported experimentally [127]. Therefore, coherent Gibbs energy must be taken

into account.
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Figure 5.6: The calculated surface energy of 40 nm-nanoparticles of LisFePO, solid solution used
in the present study in order to reproduce the experimental data of particle size-dependent phase

equilibria according to scenario (i).
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5.3.2.2 Scenario (ii): Miscibility gap shrinkage due to particle surface energy and coherent
relationship

Since the stiffness of the interatomic bonds represent the elasticity of the system, the moduli of the
crystal seem to be independent from the size of the crystal. Unlike the bulk, the existence of an
effective surface tension on the surface of nanoparticles implies that the atoms within the particles
are under an effective force. Hence, they should have a different equilibrium spacing than the atoms
within the bulk, consequently, the moduli of the crystal of a nano system should be different from
that of a bulk [228]. It means that as the particle size decreases, the elastic constants of LikFePO,
change. The surface effect on the value of elastic constants is not pronounced for nanoparticles
larger than 10 nm [229], and the elastic constants have a small influence on G (see appendix A).
Therefore, the change in the elastic constants has a negligible contribution on the molar elastic
Gibbs energy Gg as particle size reduces. In addition, almost no change in lattice parameters of
the two pure compounds, LiFePO, and FePQO,, was observed [27, 34], and Vegard’s rule was
obeyed even at a small particle size of 40 nm [23, 27, 189]. As a result, no change in Vegard’s
coefficient is considered and consequently considering G¢! independent on the particle size is a
good approximation. If coherency is counted, less excess surface energy is required to reproduce
the phase diagram. We use the (100) habit plane coherent Gibbs energy for our calculations in this
study since it is the lowest energy habit plane.

Similar to scenario (i), in order to best model the particle size effecton the coherent miscibility
gaps, both composition-independent and composition-de pendent w are considered (Table S.1). The
selected excess surface energy of the solid solution in this case is lower than that in the scenario
(i) because of the coherent Gibbs energy contribution. Composition-independent w, as in the
previous case, is not enough to describe the reduction rate of the miscibility gaps. Composition-
dependent w could describe the miscibility gaps better but more parameters are required (Figure
5.7). Coherent phase transformation becomes dominant as the particle size decreases, especially
when the size is lower than 50 nm. The metastable phase should always exist via the coherent phase

transformation.
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Figure 5.7: The calculated particle size constrained equilibrium miscibility gaps and coherent
miscibility gaps of (100) habit plane as a function of particle size according to the scenario (ii) in
comparison with experimental data taken from Kobayashi et al. [27], Wagemaker et al. [34], and

Meethong et al. [23] The metastable phase always exists in coherent phase transformation.

5.3.2.3 Discussion

In our model, the surface energy of the solid solution deviates significantly from ideality. Even the
significant excess surface energy could help us to reproduce the phase diagram, no experiment or
calculation has shown any significant amount of excess surface energy of the solid solution to
support our assumption. Our calculations are based on the assumption that all crystallographic faces
are randomly distributed at the isotropic unrelaxed surface of a solid solution LixFePO, particle.
However, the surface behavior of the solid solution LisFePO, is far from ideal. Its strong
anisotropic crystal structure leads to non-random distribution of the crystallographic faces. Size

distribution, anti-site defects, etc. are minor factors which could affectthe surface energy of the
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solid solution. In addition, there could be surface stresses related to its electronic structure. Hence,
the surface energy of the solid solution considered in this study is the effective surface energy,
taking into account its physical surface energy, anisotropy, electronic structure effect, size

distribution, anti-site disorder, etc.

As the particle size decreases, the intermediate phase becomes more stable. It has been observed
that the solid solution phase of the 26 nm-particle LiyssFePO, is less favorable to decompose into
nano-particle LiFePO,4 and FePO, than the bulk LiyesFePO, is toward decomposition [230]. The
nanoparticle LipesFePO,4 does not unmix in the range of 298 — 643 K [230]. When the particles are
very small (<20 nm), the surface energy and coherent energy reduce the energy barrier for the solid
solution transformation and cause the disappearance of the miscibility gaps. It is noticeable that the
contraction of the miscibility gaps is observed in both chemical and electrochemical samples [23,
27, 34]. Similar solubilities observed through experiments show that the shrinkage of the
miscibility gaps is related to the particle size rather than the delithiation method. According to our
best knowledge, two possible scenarios corresponding to our calculations above canbe interpreted

as follow:

Scenario (i)  No coherency occurs, the miscibility gap shrinkage is only due to the increase of
the surface energy when two equilibrium phases coexist within each particle, or
when Li* ions are allowed to transfer between particles through the surrounding
to reach equilibrium (particles exist with either rich- or poor-Li concentration).
The intermediate phase becomes stable when the particle size is smaller than 60
nm, and consequently, two voltage plateaus occur. One plateau is higher, and the
other is lower than the voltage plateau obtained by charging or discharging a
single crystal LixFePO, particle (Figure 5.8a). The voltage difference between the
two plateaus increases as the particle size decreases (AV = 19.76 mV for D =
42 nmand AV = 30.12mV for D = 34 nm).

Scenario (if) Only when two phases coexist within each particle, coherent phase diagram
becomes meaningful. According to Ichitsubo et al. [121], the solubility of lithium
could change due to the coherent elastic effect caused by the lattice mismatch. In

general, for a large particle size, misfit dislocations are easily introduced for



86

energy relaxation. However, for smaller particles, fewer misfit dislocations occur
in the crystals. Hence, it is reasonable that Li solubility of heterosite increases and
that of triphylite decreases as the particle size decreases. For small particles,
elastic strains due to lattice mismatch could be easily released near the surface.
Consequently, elastic effects are expected to weaken. Therefore, the miscibility
gaps shrink at nanoscale. If the particle size is smaller than the spinodal
wavelength, no miscibility gap can be observed. Since the spinodal wavelength
was estimated to be of 10->30 nm [121], a certain appropriate particle size (>10-
30 nm) is required for the phase separation [121]. On the other hand, a metastable
phase should occur at any particle size via coherent phase transformation.
Electrochemical experiments done by Pongha et al. [151] revealed the existence
of a metastable phase without showing specific composition for 50nm-particles.
An intermediate phase being coherent with both LiFePO, and FePO, was found
in delithiated particles of 70 nm [210]. According to our calculations, as the
charge/discharge process follows the coherent transformation, the intermediate
phase should exist, hence two voltage plateaus should form (Figure 5.8Db).
However, the difference between the two plateaus is significant only at nanoscale
(AV =4037mV for D =42nm and AV = 47.12mV for D = 34nm).
Nevertheless, the voltage plateau separation due to the existence of the

intermediate phase has not been observed or reported in any papers yet.

From our perspective, the scenario (ii) is more proper since it could explain the observed boundary-
dislocation network in large particles [134], and the internal strain within nanoparticles during

battery operation [127].
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Figure 5.8: The calculated open-circuit voltage (OCV) curves a/ via particle size constrained

equilibrium phase transformation and b/ particle size constrained (100) coherent phase
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transformation of a single crystallite as a function of particle size. Metastable phase region by
charging/discharging of a particle of 34 mn via a/ equilibrium and b/ (100) coherent phase

transformation are shown.

5.4 Conclusion

In conclusion, coherent and size dependent phase diagram of LiFePO4-FePO4 has been described
in this study. The coherent elastic energy is estimated by extending the linear isotropic
approximation for an orthorhombic system for the first time. The coherent miscibility gaps of
LiFePO,4-FePO, system are calculated by using the equilibrium Gibbs energy models (M4 and
M5.L) [133] and evaluating the coherent elastic energy. More noticeably, this approach of
calculating the coherent elastic energy is still applicable if another thermodynamic model is used
for the LiFePO4-FeP O, system. The description of the coherent olivine join with respect to various
habit planes brings us some notable ideas. First, the calculation of coherent spinodal gives us a
better understanding of the kinetics of demixing process under elastic stress. If the battery material
goes through the coherent spinodal transformation, it improves its rate and cyclability. Second, the
occurrence of the metastable phase reduces the internal stress, consequently, reduces the
occurrence of dislocations and defects, and improves the cycling properties of the battery. Third,
from our results, if one can control the grain orientation, the coherent phase transformation is more
likely to be obtained. Hence, the rate and cyclability of the battery should be improved
significantly. Furthermore, having a better understating of the coherent behavior of this system

should help people develop a better model of phase transformation during battery operations.

In addition, knowledge of phase equilibria of LiFePO4-FePO, as a function of particle size is very
important to control the lithiation (delithiation) process. In this work, we have provided both size -
dependent phase equilibria and size-dependent coherent phase diagram and their implication on
the open-circuit voltage (OCV). Our calculation of size-dependent coherent phase diagram is the
first ever reported calculation considering the combination of coherent relationship and size effect
The discussion of the two different scenarios is useful in understanding and designing the lithium
iron phosphate battery. The effect of particle shape such as nanoplates, nanowires, etc. in compare

with the spherical one could be considered in the future. Combination of understandings in coherent
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phase transformation and particle size effect on the LiFePO,4-FeP O, olivine joins could help people
to design a better cathode material. For example, according to our calculations, [100]-oriented
nanoplates or nanowires along [100] direction are predicted to provide good electrochemical

behavior during charge (discharge).
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Abstract:

In many metallurgical applications, an accurate knowledge of miscibility gaps and spinodal
decompositions is highly desirable. Some binary systems where the main constituents of the same
crystal structures have similar lattice parameters (less than 15 % difference) reveal a composition,
temperature shift of the miscibility gap due to lattice coherency. So far, the well-known Cahn’s
approach is the only available calculation method to estimate the coherent solid state phase
equilibria. Nevertheless, this approach shows some limitations, in particular it fails to predict
accurately the evolution of phase equilibria for large deformation, i.e. the large lattice parameter
difference (more than 5%). The aim of this study is to propose an alternative approach to overcome
the limits of Cahn’s method. The elastic contribution to the Gibbs energy, representing the elastic
energy stored in the coherent boundary, is formulated based on the linear elasticity theory. The
expression of the molar elastic energy corresponding to the coherency along both directions (100)
and (111) has been formulated in the small and large deformation regimes. Several case studies
have been examined in cubic systems, and the proposed formalism is showing an appropriate
predictive capability, making it aserious alternative to the Cahn’s method. The present formulation
is applied to predict phase equilibria evolution of systems under other stresses rather than only

those induced by the lattice mismatch.

6.1 Introduction

Coherence exists in many processes including phase changes in solids. If two phases are coherent,
they should have the same lattice parameters at the coherent boundary. In order to determine the
phase compositions corresponding to a coherent miscibility gap, a fully coherent interphase
boundary between the two phases should be observed for most of or the entire interphase boundary

area [138]. Coherent decomposition occurs if there exists a heterogeneous incoherent equilibrium
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miscibility gap and an upper limit to the strain parameter o of the second phase is in complete
analogy to the condition of coherent heterogeneous ordering reactions [153]. Depending on the
constitution of a system in combination with its lattice parameter relations, coherent and non-
coherent miscibility gaps can, therefore, be distinguished [153]. In an equilibrium miscibility gap,
the phases coexist when each phase is subjected to the same hydrostatic pressure and temperature
and when the chemical potentials of each component of the coexisting phases are the same.
Meanwhile, a coherent miscibility gap represents the demix of the solid solution into two phases
sharing the same lattice parameters at the coherent boundary by lattice deformation resulting in a
stored elastic strain within the structure of both phases. This stored elastic energy compensates the
chemical potential difference of each end-member in the two coherent phases. Coherent phase
transformation is interesting in various thermodynamic systems such as alloys, oxides, alkali salts,
and lithium transition metal phosphate battery materials. In fact, most thermodynamic systems in
which coherent relationships are important are alloys with cubic crystalline structures, for example,
Au-Pt, Au-Ni, Al-Zn, etc. Consequently, the most well-known method to calculate a coherent
miscibility gap and coherent spinodal decomposition is the linear isotropic approximation
developed by Cahn for cubic systems over 50 years ago [154-156, 231]. This method was later
used for calculating the coherent phase equilibria of tetragonal systems [157-159]. Recently, our
group has extended this approach for calculating the coherent miscibility gap of orthorhombic

systems [232].

In summary, Cahn developed the continuum model through the spinodal concept. In a binary
system possessing a miscibility gap, the spinodal decomposition boundary marks the limit of the
metastability of the homogeneous phase. The so-called chemical spinodal boundary is defined as
the set of locus points where the second derivative of the free energy of the homogeneous phase
versus composition is zero [137]. The coherent spinodal decomposition involves continuous
composition fluctuations around an average composition and reaches a final state consisting of a
two-phase mixture in which the two phases with similar crystal structures remain coherent with
one another. Cahn was the first one to consider the elastic energy corresponding to the coherent
composition fluctuations [154-156, 231]. Cahn’s approach is easybecause the elastic Gibbs energy
can be estimated directly from physical properties of the solid solution. However, there is no

controllable parameter in Cahn’s approach. The stresses are only generated from the lattice
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mismatch, but no exact stress-strain relation has been revealed. Note that the mentioned lattice
mismatch (8) or lattice misfit in this paper is defined as the difference between the lattice
parameters of the two constituents forming the binary system. Moreover, this isotropic approach is
only suitable for linear isotropic systems consisting in weak deformations (6 < ~5%) resulting
from small lattice mismatch between the two constituents [205, 233]. Cahn’s approach [154-156,
231] is valid in a linear medium where a strain is linearly dependent on the corresponding stress in
each direction. If the lattice misfit between two pure compounds forming the binary system is large
(6 > 5%), a higher order term of the elastic energy needs to be introduced. This work aims to
develop another approach in order to overcome the limitations of Cahn’s approach. We propose
the elastic Gibbs energy approach based on the stress tensor variable. We want to employ a stress-
strain relationship to formulate the elastic Gibbs energy in the small deformation regime, then
extend it to use in the large deformation regime (& > 5%). Note that the small and large
deformation regimes mentioned in this paper are associated with the lattice mismatch and are
distinguished by a 5% lattice mismatch. Our approach is subsequently tested on several cubic

binary systems.

6.2 Elastic energy associated with coherent deformation

From the thermodynamic point of view, phase equilibria of a fully relaxed system at constant
temperature and pressure is defined by the equality of the chemical potentials of the system’s
constituents in every phase. The Gibbs energy minimization technique [234-237] can be employed
to compute the phase equilibria. Similarly, the compositions of the two phases forming a coherent
miscibility gap are calculated by minimizing the molar Gibbs energy of the deformed/strained solid
solution, where an elastic Gibbs energy contribution is now added to the chemical contribution of
the relaxed state:

G = Gﬁlhem + Gr%l (6.1)

where G and GS'e™ are the molar Gibbs energy of the deformed and undeformed crystal
respectively; G¢! is the molar elastic Gibbs energy describing the energy contribution of the stored

coherent strain to the total Gibbs energy G. As stated in our previous study [232], the elastic Gibbs
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energy G2l is expressed in terms of the overall composition x of the solid solution rather than phase

composition as shown earlier [202-204]:

X
Gel = fj Eeigsticdxdx (6.2)
0
with the boundary conditions:
G y=,1 = 0 (6.3)

In Equation 6.2, E.;q¢tic represents the density of strain energy stored due to coherency. The elastic
energy occurs only if two phases are co-existing with a coherent interface [232]. The molar elastic
energy in Equation 6.2 describes the maximum elastic energy that the crystal can store to allow a
stable composition fluctuation. Clearly, E.;.s:ic IS dependent on lattice mismatch of the lattice
parameters of the two pure compounds forming the binary system, elastic constants and habit plane.
In Cahn’s approach [154-156, 231], no exact stress-strain relation has been revealed in order to
formulate E,;4stic- IN the present paper, our formalism is developed based on the Gibbs energy
expression of elastic energy as a function of stress since it is the variable describing the Gibbs
energy (Vo(A; + €;) = 0G/do; with X};A; = 1) [238]. The detailed formalism of elastic energy
stored in the crystal is demonstrated in appendix F. Hence, the boundary of the coherent spinodal
decomposition for a molar volume of an isotropic material is calculated as follow:

2

zt 2V, Yn2 =10 (6.4)

Eeiastic = ZVmYTIZ (6.5)

where V,, is the molar volume of the solid solution; n = 1/a - da/dx is the rate of change of the
lattice constant a of the solid solution with its global composition x; and Y is the elastic constant
of the elastically soft direction. Substituting Equation 6.5 into Equation 6.2, the molar elastic

energy is estimated through a double integration:
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X
GE! =ff [2V,,,Yn?]dxdx (6.6)
0

with the boundary conditions stated in Equation 6.3. The expression of Y is dependent on the elastic
constants and strain:
(~ For the (100) habit plane:

1 Sis N iy N e (6.7a)
(S11+ S12) L(S11+S12) (S +S12)(e+1)? 2(e+1)?

—yl _
Y_Y100_

< For the (111) habit plane:

1 (e+2)[(ey; +1)%—¢£?/4]

Y = Y1111 =

48,4 (e+1)3 (6.7b)
1 (e+D(e+1) l2(52+1)2+52/2 l
\ +2544[(€2+1)2—€2/4] [(82"‘1)2—52/4]2_

Please note that & occurred as the elastic Gibbs energy G¢! is formulated based on the stable
fluctuation of the composition via coherent phase transformations (Appendix F), here the elastic
strain, ¢, is defined as the difference between the lattice parameter of the solid solution with the
fluctuated composition and that of the solid solution with the overall composition. It means that,
for a specific binary system, e < §. Even if in theory, the elastic strain ¢ could take the maximum
value of § — the lattice mismatch, the real value of & should be smaller since the coherent phases
are normally not the pure constituents of the binary. Noticeably, when the value of ¢ is small (i.e.

small deformation associated with the small lattice mismatch), Equation 6.7a,b become:

(" For the (100) habit plane:

Y =Y = Gotsy) Yigo™"
For the (111) habit plane:
11 1 (6.80)
Y=Y =—[—+— * YEEm
\ 111 2 Sll 544 111
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In this study, Y is formulated in the large deformation regime only for the (100) and (111) habit
planes since they are the two most common habit planes occurring in cubic binary systems. In
developing the formalism, the coherent stress-strain relations corresponding to the (100) and the
(111) habit planes are first considered in order to calculate the elastic Gibbs energy in the small
deformation regime. Using the assumption stated by Cahn [154-156, 231], we have developed a
stress-strain relation reproducing exactly Cahn’s expression of Y for the (100) habit plane
(Equation 6.8a and Appendix F). According to Cahn [154-156, 231], in a binary system the habit
plane (100) is stable when 2C,, — C;; + C1, > 0. For a material with elastic constants satisfying
the condition 2C4, — C11 + C1 < 0, the habit plane (111) is stable. As in the case of the (100)
habit plane, we would like to find a stress-strain relation to reproduce the elastic Gibbs energy of
the (111) habit plane as reported in Cahn’s approach [154-156, 231]. However, it is impossible to
find such a proper stress tensor which is linearly dependent on the strain tensor corresponding to
the (111) habit plane to reproduce the elastic Gibbs energy reported by Cahn [154-156, 231]
(Appendix F). Since no stress-strain relation could be found, Cahn’s approach is inconsistent with
the basic idea of elasticity. The issue is less severe as systems where the habit plane is (111) are
much less frequent than systems where the habit plane is (100). In order to estimate the elastic
Gibbs energy stored in the (111) habit plane, in this study, we propose another stress-strain relation
for calculating the coherent miscibility gap (Equation 6.8b and Appendix F). Our proposed relation
is applied to estimate the coherent Gibbs energy corresponding to (111) habit plane in the chosen

case studies.

As stated, when ¢ is small, Equation 6.7a,b becomes Equation 6.8a,b, respectively, consequently
£S5 = £} where £5 and £} are the elastic energy stored in the crystal in the small and large
deformation regimes respectively. For a large deformation, we cannot ignore the effect of € on the
value of the polynomial inside the square bracket of Equation 6.7ab. For investigating the
difference between £5 and £}, an artificial strain e is applied. As observed from our calculations,
when e increases, fell becomes smaller than £;. For example, for the AugsPtos solid solution, at
e =0.15, £ is only about 61% of £5 (Figure 6.1). A similar relation is found for other cubic
materials. Therefore, using the formula of elastic Gibbs energy developed in the small deformation
regime for a system with large deformation could overestimate the elastic Gibbs energy, hence

lower the coherent miscibility gap and coherent spinodal of the isotropic system. Notably, it is very
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difficult to find an exact analytical expression of the elastic Gibbs energy G£' when either Equation
6.7a or 6.7b is substituted into Equation 6.6. In order to simplify the problem, in the large
deformation regime, a suitable constant Y’ which is independent from & but still represents properly
the elastic Gibbs energy is found. For a certain composition x of the solid solution, the scalar
value of Y’ is the best fitted coefficient of the calculated values of fell (Equation F.25 and F.32) as

a function of e? in the range of 0 < e < 0.15 (Figure 6.1):
f;zll — Ylez (69)

The value of Y’ is then substituted into Equation 6.6 to calculate the elastic Gibbs energy at the
composition x. It is important to note that the e used to calculate £ and £} in Figure 6.1 and that
used to estimate the value of Y’ is an artificial strain e rather than the elastic strain & with a physical
meaning used for calculating the Gibbs elastic energy Gg'. For the Au-Pt system, the maximum
value of the elastic strain & should be 3.86% (lattice mismatch). A large value for the artificial e
(up to 15%) is used in order to better show the difference between the calculations of f,; in the
small and the large deformation regimes. The artificial range of e chosen for estimating Y’ is well

covered the range of lattice misfits of the case studies that will be discussed later.

Moreover, it is worth mentioning that the values of £5 and £} calculated in this study represent the
elastic energy caused by coherent relationship only. Our assumption of coherent relationship is
kept even in large deformation regimes despite the likeliness of dislocations, reducing the coherent
energy and encouraging semi-coherent or incoherent phase boundaries. Irreversible plastic
deformation related to the movement of dislocations is out of scope of this study. Both the small
and large deformation regimes are elastic, i.e. reversible from the thermodynamic point of view.
The comparison between the value of elastic energy f,; calculated in the small and the large
deformation regimes shows a difference of the two calculations by using two formulae rather than
representing different elastic energies. £ and £} are compared to find which one is better at

representing the real elastic energy f,; related to the complete coherent phase boundaries.

In short, in the small deformation regime, our Gibbs energy approach gives us the same expression
for the elastic energy of the (100) habit plane reported by Cahn [154-156, 231], and a stress-strain

relation is proposed for the (111) habit plane. Our approach is extended to be valid in the large
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deformation regime. Inthe limiting case, where the deformation is small, the formulae of the elastic
Gibbs energy in the large deformation regime becomes the corresponding formulae in the small
deformation regime. The expression of elastic Gibbs energy in the large deformation regime is
more precise but more complicated than that in the small deformation regime. Our approach is
more advantageous than Cahn’s approach since stress is considered as a variable. Normally, the

stress counted in the calculation of the coherent spinodal is induced by the lattice mismatch.

—small deformation (f3))
— large deformation (f)
2.0
---fitting large deformation
=
=)
—
1.0
0.0
0.00 0.05 0.10 0.15

Strain

Figure 6.1: Calculated maximum stress causing the formation of coherent miscibility gap according

to our approach for various systems.

6.3 Casestudy

After developing the formalism of the elastic Gibbs energy in both the small and the large
deformation regimes and for both the (100) and (111) habit planes, in this section, our Gibbs energy
approach is used to calculate the coherent spinodal and coherent miscibility gap of some cubic
systems. Our literature review identified the Au-Pt, MgO-CaO, Cu-Ag, Al-Zn, NaCl-KClI, Au-Ni
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and Cu-Co systems as good candidates for applying our model. For every system, we applied our
calculation in both the small and large deformation regimes. Moreover, the influence of the change
of physical properties upon temperature and the impact of m on the calculation of the coherent
miscibility gap is clarified. We will discuss case by case in details before presenting a general
discussion on the elastic Gibbs energy approach. Note that the calculation of coherent miscibility
gap and coherent spinodal in the large deformation regime is shown for every binary system since
it is more exact. It is later compared with the calculation in the small deformation regime. It is
worth mentioning that our calculation preferencesand the values of the relevant physical properties
of the materials used in this study are listed in the appendices. The chemical component of the
Gibbs energy expression (Equation 6.1) was taken from published CALPHAD [239] evaluations.
We used the previously reported thermodynamic models to describe the equilibrium miscibility
gap appearing in every binary system of interest. Noticeably, in the following figures, we show
only the equilibrium miscibility gap rather than the equilibrium phase diagram and the
extrapolation part of the equilibrium miscibility gap which does not appear in the equilibrium phase

diagram is shown as a dashed line.

6.3.1 Au-Pt

Even if the Au-Pt system has always been considered as an example for the calculation of the
coherent miscibility gap of an isotropic system, there are not many available experimental data on
Au-Pt coherent miscibility gap. Van der Toorn [240] showed that unlike 31.7 and 89.6 at% Pt
polycrystalline samples, 41.8 and 81.2 at% Ptalloys aging at 873 K exhibits sidebands and hence
are inside the coherent miscibility gap [240]. In the same work, sidebands were observed after 2
and 4 min of aging 86.6% Ptsingle crystals at 973 K while they are absentin 90.1% single crystals
under the same condition [240]. The modulated structures were also detected in a temperature range
by x-ray technique [241]. The author pointed out that the stability of a periodically modulated
lattice appears to be dependent on the difference in lattice constants, i.e. the elastic strain energy
[241].
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Figure 6.2: Calculated coherent miscibility gap and coherent spinodal decomposition of the Au-Pt
system for the (100) habit plane in the large deformation regime without considering the
temperature effectin comparison with experimental data [240, 241]. E and Coo) are the incoherent

equilibrium and coherence of the (100) habit plane, respectively.

The Au-Pt equilibrium phase diagram, which describes well the equilibrium experimental data
[196], is modelled using thermodynamic parameters reported by Xu etal. [242]. Physical properties
of Au and Pt, including lattice parameters, thermal expansion coefficients, elastic constants are
well investigated [196, 243-250]. Since the lattice parameter of the solid solution is linearly
dependent on its composition [250], only constant 1 is considered. Elastic constants of the solid
solution in this work are considered to be linearly dependent on composition as in Xu et al. [196].
Our calculations of the coherent miscibility gap using formulae for the large deformation regime
(n = 0.0386) show that the (100) habit plane is more stable than (111). It is consistent with the
declaration that the Au-Pt system appears to be approximate to the ideal (100) coherent structure

[251]. Our calculation shows a similar result to the calculations done by Jantzen & Herman [252]
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which revealed the coherent critical point for (100) modulations at approximately 1373K. Our
calculated coherent spinodal agrees well with the experimental data [240, 241] (Figure 6.2). The
reported occurrence of modulated structure in the 86.6% Pt single crystals [240], which is out of
our predicted coherent spinodal, does not make our model bad since our model is aimed at

polycrystalline material.

6.3.2 MgO-CaO

It is difficult to find any experimental work on coherent miscibility gap of this system due to high
liquidus temperatures, vaporization of MgO and chemical reactivity of CaO. Most of the
experiments related to the MgO-CaO system are based on the epitaxial growth of oxides or solid
solution films. In this case, the MgxCa;xO solid solution is a metastable phase which can exist ata
temperature up to 973K [253, 254]. Spinolo and Anselmi-Tamburini [255] reported the
decomposition of a MgyCa;.xO solid solution into a couple Mg-rich and Ca-rich oxide phases. The

compositions of the two oxide phases are considered in

between the chemical and coherent spinodal decomposition rather than thermodynamic
equilibrium. Later, Li et al. [256] investigated the nonequilibrium epitaxial growth process of
MgxCa; <O solid solution films at 873 K. In the MgO-CaO solid solution region growing on CaO
[001] surface, lattice spinodal lines were observed indicating uprising diffusion causing the

unmixing of the solid solutions after annealing at 1073 K. The lattice structure could be

maintained after spinodal decomposition since the annealing process was very short. Mg s3Cag 470
and Mgo.12Cag.ss0 were estimated as the minimal and maximal compositions corresponding to the
coherent spinodal decomposition after annealing at 1073 K [256]. However, the phases obtained
through coherent spinodal decomposition in the interface of CaO-Mg, ;Cag 3O could not represent
the coherent spinodal decomposition of the solid solution Mg 7Cag 30.

The MgO-CaO equilibrium miscibility gap was reproduced using thermodynamic data for the solid
phase taken from Wu et al. [257] Lattice constants of MgO and CaO are taken from Fiquet et al.

[258]. Vegard’s law is applicable as shown previously [259, 260] and the estimated value of 1 is
0.1332 showing a large difference between the lattice parameters. When considering the
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temperature effect, instead of taking the reported thermal expansion coefficients of both oxides
[261], the lattice parameters are obtained by fitting the experimental data from Fiquet et al. [258]
linearly with temperature. Moreover, experimental data of the elastic constants of the oxides are
well reported [255, 262-268]. We assume a linear dependence of the elastic constants of the solid
solution on its composition. Our assumption is acceptable in comparison to the relation of the

calculated elastic constants and composition reported by Fan et al. [260].
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Figure 6.3: Calculated coherent miscibility gaps and coherent spinodal of the MgO-CaO system
for the (100) habit plane in the large deformation regime without considering the temperature effect
in comparison with experimental data [255, 256]. E and Coo) are the incoherent equilibrium and

coherence of the (100) habit plane, respectively.

As mentioned previously, in the MgO-CaO coherent system, (111) should be the minimal elastic
plane using Cahn’s approach [269]. However, our calculations using Cahn’s approach show that

(100) is preferable. Our calculations of the coherent spinodal decomposition boundary using
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formulae in the large deformation regime (n = 0.1332) are consistent with the reported data of
Spinolo and Anselmi-Tamburini [255] (Figure 6.3). However, despite their claim that these
experimental points were lying in between the coherent and equilibrium spinodal [255], no clear
evidence was shown. Therefore, the calculation of spinodal decomposition in our study is a

prediction more than a description of experimental data.

6.3.3 Cu-Ag

Not many experiments report the existence of coherency in the Cu-Ag system. A cube-on-cube
orientation relationship between the Ag-rich precipitates and the Cu-rich matrix has been reported
in several studies [200, 270-275]. However, the habit plane is not clearly mentioned in those
studies. Repeated misfit dislocations in the binary Cu-Ag (111) interface was observed
approximately every 9 atomic spacings of Cu apart. This agrees with the theoretical calculation
based on the lattice constants of the two metals [270]. Similar observation of semi-coherent habit
planes revealing periodic interfacial dislocations in 9 plane spacing of either (100)Cu or (111)Cu
has been reported by Liu et al. [200, 274]. In another study, the disc-shaped aggregates were
produced in the (100) planes of the single crystal matrix Cu-5.7 wt% Ag in the temperature range
from 673 K to 913 K [273]. Briefly, there is no experimental evidence defining the most favourable

coherent habit plane of the Cu-Ag system.

In this study, the miscibility gap formed by the FCC phase is described using thermodynamic
parameters taken from Moon et al. [276]. The physical properties of pure metals have been well
investigated [245, 247, 249, 277-279]. The lattice parameter of the solid solution is assumed to
obey Vegard’s rule because it does not deviate significantly from linearity as shown in Subramania
and Perepezko [277]. Since no evidence from experiments or calculations has been found, a linear
dependence of the elastic constants on composition is expected for the solid solution.

Calculating the coherent miscibility gap using Cahn’s approach shows that the (100) habit plane is
preferable, contrary to the reported experimental data. However, our calculations of coherent
miscibility gap and coherent spinodal show no considerable difference between the (100) and (111)

habit planes (Figure 6.4). The coherent miscibility calculated in the large deformation regime (n =
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0.1224) is a good description of the available experimental points [200, 270-273] (Figure 6.4).
Because of the lack of the experimental data, it is very difficult to justify our calculation of coherent

miscibility gap for this system. The calculated coherent miscibility gap is considered asa prediction

rather than a description.
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Figure 6.4: Calculated coherent miscibility gaps and coherent spinodal of the Ag-Cu system

corresponding to the (100) and (111) habit planes in the large deformation regime without

considering the temperature effect, in comparison with experimental data [200, 270-273]. E, C(o0)

and Cqu1) are the incoherent equilibrium, the coherence of the (100) and the coherence of the (111)

habit plane, respectively.

6.3.4 Al-Zn

The coherent miscibility gap and coherent spinodal of the Al-Zn system have been investigated in

numerous studies [280-297]. Experimental work related to the coherent phase diagram has been
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reviewed by Murray et al. [280]. According to Simerska etal. [292], the precipitation processes in

Al-Zn alloys can be characterized by the following sequence: spherical GP zones -> ellipsoidal GP

zone - rhombohedral aR’-phase = cubic a’-phase - stable B-phase (HCP-Zn). The GP zone is
considered as a coherent metastable phase while the aR’-phase is a partially coherent metastable
phase. For their part, Murray et al. [280] did not distinguish the GP zones and the rhombohedrally
distorted platelets as two phases. According to them, the formation of rhombohedral platelets was
governed by the coherent solvus which is independent of particle size. The metastable phase is then
thermodynamically a single phase [280]. The coherent miscibility gap is depressed below the
equilibrium incoherent gap because of the additional elastic energy required to maintain coherence
within the matrix. As stated by Schwahn and Schmatz [290], the temperature depression is about
28 K. For this system, the elastic energy is dependent on the shape of the coherent particle
according to Murray et al. [280]. A small spherical particle is undistorted by the matrix and
maintain the FCC structure even in the stress environment. At a critical size, the precipitation
becomes ellipsoidal since the stressapplied by the matrix distorts the FCC lattice to a rhombohedral
structure. Thermodynamically, the ellipsoidal precipitation has an FCC structure if it relaxes in a
stress-free environment [280]. In the ellipsoidal zones, coherency is maintained with the matrix on
the (111) planes. (111) relationship has been found experimentally [284, 288, 292, 297, 298]. As it
can be seen from the reported experimental data in Figure 6.5, the boundary of GP zones and that

of rhombohedral aR’-phase are indistinguishable.

The equilibrium incoherent FCC phase was reproduced using thermodynamic parameters of Sabine
an Mey [299]. Later, Kogo and Hirosawa [198] re-assessedthis binary system and slightly changed
the thermodynamic parameters. They claimed that the new set of parameters describes the FCC
miscibility gap better, however, the calculated phase diagram is not significantly different from
that reported by Sabine an Mey [299]. Hence, for this study, we decided to keep using the
thermodynamic parameters of the FCC phase by Sabine an Mey [299]. The lattice constants of
FCC-AIl and FCC-Zn are taken from Kittel [300] and Muller etal. [301]. The lattice parameter and
molar volume of the solid solution are also assumed to be linearly dependent on its overall
composition. It is reasonable to assume Vegard’s rule for the FCC solid solution since the
experimental data on lattice parameters of the solid solution as a function of composition listed by

Murray [280] does not deviate considerably from the linear relationship. Thermal expansion
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coefficients of Al are taken from Cohen et al. [245] while there has been no thermal expansion
coefficient found for FCC-Zn. For convenience, we assume that the thermal expansion coefficient
of FCC-Zn is similar to that of HCP-Zn reported in Cohen etal. [245]. Inaddition, elastic constants
of FCC-AIl were examined experimentally by a number of authors [302-306]. When comparing
with DTF calculations of Pham et al. [307], experimental data reported by Kamm and Alers [304]
and Gerlich and Fisher [305] are considered to describe well the physical properties of Al. Elastic
constants of the metastable FCC-Zn is calculated (Appendix H) since no experimental data
available. Even if our estimation of Cy, is similar to Magyari-Kope’s calculations [308], the
significant difference between our estimations and their values for C1; and Ca4 needs to be verified
in another study. Elastic constants of the FCC solid solution are assumed to be linearly dependent
on composition. However, since there has not been any calculation or evidence for the linearity of
the elastic constants dependance on composition, this assumption might not be correct. Elastic

anomalies could possibly exist similarly to what was observed in Ag-Zn alloys [308].

The calculated coherent miscibility gap and coherent spinodal using Cahn’s approach do not
describe well the experimental data [281-297]. Previously, Kogo and Hirosawa [198] claimed that
the coherent miscibility gap was reproduced well using Cahn’s approach. Why are there differences
between our calculation and Kogo and Hirosawa [198], even if the same principle was adopted?
First of all, for calculating the elastic Gibbs energy, Kogo and Hirosawa [198] used a value of n
taken from Cahn [155], which is about 2.5 times less than what is estimated by us (n = 0.0614)
(Appendix G). Cahn [155] did not explain how the value was obtained. However, a similar value
of 1 could be obtained under the assumption of similar molar volume between FCC-Zn and HCP-
Zn. Considering an equal molar volume of HCP-Zn and FCC-Zn could raise a significant error in
the calculation of n since, in HCP-Zn, the ratio of a/c is more than 1.85 at a temperature higher
than the room temperature [309], which is very different from the theoretical value of 1.633 [310].
Moreover, from our perspective, the lattice parameter of FCC-Zn, calculated from first-principles
calculations done by Muller et al. [301], is more reliable. Secondly, the authors used different
Young’s modulus of metals [198]. Calculated from our selected elastic constants, Young’s
modulus of FCC-Al is 1.5 times higher than the reported values used in the coherent calculation of
Kogo and Hirosawa [198] and our Young’s modulus of FCC-Zn is only about half of theirs [198].

It is impossible to access the reference in which Kogo and Hirosawa took the value of Young’s
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modulus of FCC-Zn while our value is close to what was obtained by EMTO-CPA calculation
done by Magyari-Kope [308]. In short, using an incorrect value of n and an unreliable value of
Young’s modulus of metals lead Kogo and Hirosawa [198] to an inaccurate calculation of the

coherent miscibility gap.
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Figure 6.5: Calculated coherent miscibility gap and coherent spinodal of the Al-Zn system for the
(111) habit planes using Cahn’s approach or our approach in the large deformation regime without
considering the temperature effect, in comparison with experimental data of coherent miscibility
gap [281-293] and experimental data of coherent spinodal [294-297]. E, Cq11) and Cahngiy are
the incoherent equilibrium, the coherence of the (111) habit plane calculated by using our approach

and Cahn’s approach, respectively.

Using Cahn’s approach, the calculated (111) coherent miscibility gap is slightly less stable than the
calculated (100) coherent miscibility gap. The stability of (100) was also reported in Lasek [311].
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However, Muller et al. [301] showed that the (111) superlattices are the lowest energy coherent
structures in Al-Zn. The coherent plane (111) has been observed experimentally in a number of
studies [284, 288, 292, 297, 298]. Using our proposed formulation for the (111) habit plane, the
calculated (111) coherent miscibility gap describes experimental data sufficiently (Figure 6.5). Our
calculations could be improved by using a better estimation of elastic constants of FCC-Zn taking
into account their changes upon temperature, or using a better description of elastic constants of
the solid solution versus its composition. Results shown in Figure 6.5 are still in very good

agreement with the experimental points reported in the literature.

6.3.5 NaCl-KCl

Itis very hard to find any experimental data on the coherent diagram of NaCI-KCI. According to
Andreev & Buritskova [312], for an equimolar mixed crystal, the coherent spinodal decomposition
took place below 100°C [312] while for the decomposition at130°C and above, it was by nucleation
and growth mechanism [313]. The temperature difference between incoherent and coherent
nucleation and growth of an equimolar crystal is reported to be 400 K [312]. Noticeably, the author
was actually examining the crystal bulk density versus the temperature and time [312], hence, the
results regarding coherent phase transformation did not come directly from any microstructure

observation or elastic strain detection.

Both solid NaCland KCI possess a simple cubic B1 structure. The incoherent phase equilibria of
this system were described by Pelton et al. [314]. This study used their reported thermodynamic
parameters to reproduce the equilibrium incoherent miscibility gap of the NaCI-KCI system.
Lattice parameters of NaCl and KCI are taken from Barrett & Wallace [315]. Besides, according
to their examination, the lattice constant of the solid solution does not obey Vegard’s rule [315].
By fitting their experimental data [315], the lattice parameter of the solid solution can be
satisfactorily expressed as a polynomial function of the second order of the composition. However,
since the deviation from linearity is not significant, we assume that Vegard’s rule is still applicable
in this study. Thermal expansion coefficients of the two compounds are taken from Pathak &
Vasavada [316]. Elastic constants are well reported, both experimentally [266, 317-327] and

theoritically [328-331]. According to the collected experimental data, the elastic constants CN¢!
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and CNA¢t or CKCU and CXC! are consistent among studies and they behave almost as a linear
function of temperature. CI%3¢" or CX 'experimental data vary slightly among studies. Since our
temperature range of interest is 273K-800K (from near room temperature to slightly above the
critical temperature of the miscibility gap) and the excellent agreement in reported measurement
of elastic constants of NaCl [266, 317, 323] and KCI [266, 317, 324] in this temperature range,
elastic constants within this range of temperature are chosen to calculate the coherent miscibility
gap of this system. Specifically, elastic constants at room temperature and elastic constants as
functions of temperature are taken from Slage & McKinstry [317]. In addition, Botaki et al. [319]
measured the elastic constants of the solid solution at various temperatures. Unlike other systems,
the solid solution Na;«KiCl does not show linearity between its elastic constants and its
composition [319]. The elastic constants of solid solution at 300 K repoted by Botaki et al. [319]

were fitted as a function of both temperature and composition.
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Figure 6.6: Calculated maximum stress causing the formation of coherent miscibility gap according

to our approach for various systems.
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According to Cahn’s approach, the favorable habit plane is (111) and the (111) coherent consolute
temperature T,,, = 342 K, which is lower than the experimental values (Figure 6.6). Calculation
of coherent miscibility gap with the (100) habit plane using any approach shows a coherent
consolute temperature lower than room temperature. As mentioned by Wolfson et al. [332],
“spinodal decomposition is highly unlikely in this system” because “the lattice parameter of KCI
is ~10% larger than that of NaCl, the disparity in the sizes of the cations is much larger, 36%”. The
calculated (111) coherent miscibility gap using our approach in the large deformation regime (n =
0.1092), is higher than the experimental data [312, 313]. However, it is very difficult to justify any

approach using only two experimental points.

6.3.6 Au-Ni

The coherent spinodal decomposition in Au-Ni alloys has been studied quite extensively [197, 333-
339]. The modulated structure of Au-Ni alloys has also been observed in various studies [197, 333-
338]. (100) was shown to be the preferable habit plane for these studies [197, 334, 338]. Available
experimental datasets are in good agreement with each other in the Au-rich region. However, there
is a discrepancy in the expected coherent spinodal boundaries among authors (Figure 6.7a). Some
observed a modulated structure only for alloys with a composition between 20 and 60 at.% Ni
[334]. However, Gronsky’s group [335-337] and Wu [338] have found a modulated structure for
the Au-77 at.% Ni sample at 423 K.

Golding & Moss [340] calculated the coherent spinodal using Cahn’s approach. However, their
calculations were performed at a much lower temperature than that of Hofer & Warbichler [197].
More importantly, the calculated coherent spinodal [197, 340] is different from the reported
experimental results. According to Abadias et al. [233], the discrepancy between the coherent
consolute temperature reported in the calculations of Golding and Moss [340] and Hofer and
Warbichler [197] originates from the difference in the experimental value of entropy and the linear
expansion coefficient used to calculate the coherent spinodal. Abadias et al. [233] claimed that
their calculated coherent spinodal is in reasonable agreement with the region where modulated
structures have been observed experimentally. However, according to our observation, their

calculations also failed to predict the coherent spinodal decomposition in the Au-rich region.
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For calculating the coherent miscibility gap, first, the Au-Ni thermodynamic behaviour was
modelled using thermodynamic parameters reported by Wang et al. [341] The magnetic Gibbs
energy of mixing which is shown in Gheribi et al. [342] is dependent on composition and
temperature. For simplicity, the magnetic energy is fitted with an exponential function before
taking the second derivative of the molar Gibbs energy to estimate the spinodal decomposition
curve. Like in previous case studies, the elastic constants of Au are taken from Cagin et al. [247]
assuming a linear temperature dependence. The reported experimental elastic constants of Ni are
in good agreement among studies [343-345] but they are not well described by calculations [247,
346, 347]. Therefore, in this case study, elastic constants are taken from Alers et al. [345]. The
elastic constants of the solid solution are assumed to be linearly dependent on composition as
expected from experimental data of alloys reported by Golding etal. [348]. Lattice parameters and
molar volumes of pure metals are taken from Lubarda [243]. The physical properties of the solid
solution are assumed to be linearly dependent on composition. Thermal expansion coefficients are
taken from Cohen et al. [245], which are in excellent agreement with the reported values of Cverna
[246].

According to our calculations, (100) appears to be the most favourable direction, consistent with
experimental evidence [197, 334, 338]. However, the calculated coherent spinodal decomposition
in the large deformation regime (n = 0.1458) cannot reproduce the experimental points (Figure
6.7a). The critical temperature and composition are different from those expected through
experimental data. Even worse, the composition range of the coherent spinodal is not well

predicted.

In order to reproduce the experimental data of the coherent miscibility gap, we considered some
possibilities. Considering nonlinear elastic constants could not shift the coherent miscibility gap to
match the experimental data. Neither considering third-order elastic constants would help to
improve our calculations since it would make the calculation of the elastic Gibbs energy too
complicated. Even if the lattice parameter of a solid solution is treated to obey the reported
nonlinear relationship [349, 350], the calculated coherent miscibility gap and coherent spinodal do
not change significantly. Later, the magnetism of this system is put into concern. It is well known
that the Curie temperature of metals and alloys is affected by pressure [351]. Also the magnetic

moment could be modified according to the pressure [352]. Therefore, the existence of coherent
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stress could change the magnetic properties of the solid solution of the Au-Ni system. However,
the changes of magnetic properties due to the coherent stress has no significant impact on the
calculation of the coherent miscibility gap. Even not taking into account the magnetic Gibbs energy
does not change the calculated coherent miscibility gap and the coherent spinodal considerably
(Figure 6.7a). So far, no simple explanation could help us to understand the cause of the abnormal

coherent miscibility appearing in this system.

When reproducing the coherent miscibility gap of the Au-Ni system, we believe that there is an
additional unknown effect contributing to the coherent relationship in this system. This effect
should cause a similar stress tensor ¢;/; on the crystal. This stress can be treated similarly as the
stress caused by lattice mistmatch in Equation 6.4. We suppose that ai’j would cause an effective
strain tensor, &; ; and the corresponding effective change of the lattice parameter versus the solid

solution composition n’. Hence, the coherent spinodal boundary should obey:

026
—+ 2V, Y(n +1)2=0 (6.10)

0x?
It means that both lattice mismatch and an unknown effect cause the displacement of the coherent
miscibility gap and coherent spinodal. Then, experimental data of coherent spinodal of the Au-Ni
system [197, 333-335, 353] are well described (Figure 6.7b) by using the optimized effective n':

n' = —0.2226xy; — 0.14734 (6.11)

Here,n' is an adjustable parameter. Itis an empirically linear function of composition. The physical
origin of n' is unclear since no experimental data, first principle analysis or modelling related to
this phenomenon has been found. n’ could arise from the kinetic residual stresses or from the
change of magnetic susceptibility under mechanical stresses (known as magnetoelastic effect or
Villari effect) [354] or from the modification of magnetic properties of Ni under tensile strain on

or near coherent boundaries [355, 356].
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Figure 6.7: Calculated coherent miscibility gap and coherent spinodal of the Au-Ni system for the

(100) habit plane: a/ in the large deformation regime without the temperature effectand with and
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without considering the magnetic properties, in comparison with experimental data [197, 333-335,
353]; b/ in the large deformation regime without temperature effect using our optimized 7’ to

reproduce the experimental data [197, 333-335, 353]. E, Coo), C”?lg’(';;‘g' and C(fcl);)) are incoherent

equilibrium, the coherence of the (100) habit plane with and without magnetism and coherence of

the (100) habit plane using n’, respectively.

6.3.7 Cu-Co

According to Shim et al. [357], because Co has a limited solubility in Cu and a relatively small
lattice mismatch, Co precipitates can form and maintain a coherent FCC transition phase until
losing coherency at larger sizes. Coherent precipitation of Co in the Cu matrix has been observed
in numerous studies [358-365]. Small coherent spherical precipitates were observed early after
aging [358, 360, 363-365]. The coherent spherical precipitates were considered to increase in
volume while changing shape to form cubes [358, 364]. Octahedral FCC-Co-rich precipitates were
also observed by Takeda et al. [361, 362]. The observed habit planes are different among studies
[358, 359, 361, 362, 364, 365]. However, (100) is the most frequently observed habit plane [358,
361, 364, 365] which is in agreement with the observation of typical (100) modulated structures in
the alloys decomposing spinodally during aging [199]. Kozakai et al. [199] determined the coherent
spinodal temperature, Ty, based on the theoretical analysis of their experimental results. Their
calculated coherent spinodal shifts toward the Cu side and it has a broad extension along the

magnetic transformation line [199].

The equilibrium incoherent Co-Cu system is approached by using parameters reported in
Nishizawa & Ishida [366], and magnetic properties are taken from Wang et al. [367] The lattice
parameter of Cu is taken from Subramania & Perepezko [277]. When calculating the coherent
miscibility gap, the FCC-Co phase is considered. The lattice parameter of FCC-Co is taken from
Cerda et al. [368]. Since there is no data for thermal coefficient of FCC-Co, we assume that the
thermal coefficient of HCP-Co is analogous to that of FCC-Co. The thermal expansion coefficients
of both metals are then taken from Cohen et al. [245]. The elastic constants of Cu are taken from
Chang & Himmel. [249]. and the elastic constants of FCC-Co are taken from Strausse et al. [369]
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Even if the values of elastic constants of FCC-Co are consistent among studies [369-371], they are

not yet temperature dependent.

According to our calculations, (100) should be the most stable habit plane in agreement with
experiments [199, 358, 361, 364, 365]. However, the estimated miscibility gap is much larger than
what is observed experimentally. Since the value of 1 of this system is so small (n = 0.0186), the
difference AT between the equilibrium and coherent consolute temperature is also very small. It
means that there is almost no difference between the coherent miscibility gap and incoherent
equilibrium miscibility gap. In fact, our calculations could describe the observed coherent
precipitation in various studies [358-365]. However, it does not describe well the experimental data
of the coherent spinodal boundary reported by Kozakai et al. [199] in which the temperature
difference AT ¢ is expected to be around 400 K (Figure 6.8).

Our calculation of the coherent miscibility gap can be improved by using the temperature
dependence of elastic constants and temperature dependent lattice parameter of FCC-Co. The
calculation canbe improved further if the change of lattice parameters and elastic constants of the
solid solution versus composition are involved. Introducing the 3rd order elastic constants to the
calculation of the elastic energy density would make it too complicated and time-consuming. Even
if all the mentioned factors are taken into account, it is impossible to lower the coherent miscibility
gap to ~400 K below equilibrium because of the very small lattice mismatch between the two
crystals. Considering magnetism involved in the Cu-Co system, unsurprisingly, the change of the
Curie temperature and the magnetic moment via pressure [351, 352] could not help us to reproduce
successfully the experimental coherent spinodal curve [199]. Even worse, the calculated coherent
miscibility gap changes insignificantly even when no magnetism is involved. Hence, like the Au-
Ni system, we optimized an additional n' (Equation 6.10) in order to reproduce the reported
experimental data of coherent miscibility gap [358-365] and coherent spinodal [199] (Figure 6.8):

n’ =0.15 (6.12)
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Figure 6.8: Calculated coherent miscibility gaps and coherent spinodal of the Cu-Co system for
the (100) habit plane in the large deformation regime without temperature effect and with or

without considering our optimized mg, in comparison with experimental data [199, 358-365]. E,
Co0) and C(lg;)) are the incoherent equilibrium, the coherence of (100) habit plane without and

with our optimized my, respectively.

Itis possible that n’ results from the interaction between coherency and magnetism similarly to our
proposed scenario in the Au-Ni system. However, n’ could be caused by another effect. It is
observed that the experimental coherent consolute temperature is in the vicinity of the melting point
of copper. Therefore, thermal vacancies should contribute to the depletion of the consolute
temperature due to coherency. If the molar volume of thermal vacancies is assumed to be 50% of
that of Cu, using the known concentration of thermal vacancies of Cu metals at the fusion
temperature [372], our calculated molar volume of Cu with thermal vacancies increase by less than

0.04%. A slight change of molar volume of Cu makes almost no difference in our calculations of
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the coherent miscibility gap. Hence, thermal vacancies should not be the main cause of n'.
Interestingly, deep undercooling of the Cu-Co alloys into the miscibility gap was allowed [373].
Cao et al. [374, 375] had measured the metastable liquid miscibility gap. The measured critical
temperature of phase separation at a Co concentration of 47 at.% is about 108 K below the
corresponding liquidus temperature [375]. The metastable liquid miscibility gap occurred due to
the influence of both bulk supercooling and cooling rate on the microstructure and phase selection
during solidification of Cu-Co alloys [376]. Lowering the liquidus temperature could consequently
reduce the stability of the solid solution and hence lower the coherent miscibility gap. This kinetics
effect could possibly be the main origin of n’. To sum up, n’ could be a result of the interaction
between magnetism and coherency like in the Au-Ni system or it could be caused by the kinetic
effect. We suggested two scenarios for n’, however, another not-yet-found-effect could be the

answer.

6.3.8 Discussion

In general, our approach shows elastic energy in both the small and large deformation regimes
while Cahn’s approach is only applied in the small deformation regime. To compare our Gibbs

energy approach with Cahn’s approach, the ratio m has been defined and investigated:

Gibbs ener
E gy

__ "elastic
M= ""rpcahn (3.4)
elastic

Gibbs energy

For examining the value of m in this study, E ;.

in Equation 3.4 is calculated using the
formulae in the large deformation regime without considering the temperature effect. The
maximum value of m for different systems at room temperature is shown in Figure 6.9. It is easy
to notice that for systems where no magnetism is involved, the value of m is almost unchanged
versus the overall composition of the solid solution and m < 1, meaning that our estimated elastic
energy density is smaller than that of Cahn’s (Figure 6.9). It is consistent with the idea of
developing the formulae in the large deformation regime. Consequently, our estimated coherent

consolute temperature is lower than the one given by Cahn’s approach. For systems involving

magnetism like Au-Ni and Cu-Co, the occurrence of n' is causing the value of m to differ
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significantly from these of the other systems. Because of the employment of the composition
dependent 1’ in the Au-Ni system, the value of m changes with the overall composition and its
maximum value is higher than 1. The large value of n’ in the Cu-Co system make the value of m

significantly larger than these for other systems.

Considering our Gibbs energy approach, in general, the elastic energy calculated in the large
deformation regime is smaller than the corresponding energy calculated in the small deformation
regime, since a higher order of elastic energy is considered. As a result, the coherent miscibility
gap and coherent spinodal calculated in the large deformation regime are larger than the
corresponding curves in the small deformation regime. The calculated coherent consolute
temperatures using formulae in the large deformation regime is higher than that in the small

deformation regime (Figure 6.10).

35 r

34t

[#8]

2

Maximum m
(—] p— [\ 2V

| [
-

|

|

I

I

I

|

|
-

I

|
I

|

|

|
.

I

I

|

|
o

Figure 6.9: Calculated maximum ratio m of elastic energy density estimated by our Gibbs energy

approach and by Cahn’s approach for various systems at 298 K.



118

The differences between the coherent miscibility gaps and coherent temperatures calculated in the
small and large deformation regimes are very small for systems with small values of n (like Au-Pt
and Al-Zn) but they become significant for systems with large lattice parameter mismatch. The
MgO-CaO system shows the largest difference (Figure 6.10) since the bulk moduli of oxides are
significantly higher than those of metals. To sum up, the formulae of elastic Gibbs energy in the
large deformation regime should provide us more exact coherent miscibility gap, however, it is
simpler to calculate the coherent phase equlibria using elastic energy in the small deformation

regime.

Moreover, the change of physical properties upon temperature and the change of n versus the
overall composition should affect our calculations. Considering the temperature effect of physical
properties in the calculation of the coherent miscibility gap and coherent spinodal does not change
the results significantly (Figure 6.10). Depending on the case study, taking into account the
temperature effect could increase the calculated coherent consolute temperature of a few Kelvin,
up to ~120 K. However, the calculated consolute temperature shift is less than 13% of the
magnitude of the coherent consolute temperature calculated without a temperature dependent term
(Figure 6.10). In addition, it is worth mentioning that the magnitude of n could change the
calculation of elastic energy significantly. That is why aclear and consistent method for calculating
n is provided in appendix G. For every system considered in this paper, since the lattice constant
of the solid solution does not deviate significantly from Vegard’s rule, using either constant 7 or
composition dependent 1 (x) does not significantly change the calculation of coherent miscibility
gap and spinodal.

Besides, the isostatic pressure and non-cubic precipitation due to the coherent stress should not
affect the validity of our Gibbs energy approach. For geological systems like MgO-CaO or NaCl-
KCI, under an isostatic pressure, even the physical properties of the solid solution (such as elastic
constants, lattice parameters, thermal expansion coefficients, etc.) should change, our approach is
still valid for calculating the coherent miscibility gap. Additionally, in our case studies, the non-
cubic coherent precipitation occurring in the Al-Zn alloy is considered as a deformed form of an
equilibrium cubic solid solution phase. Like the Al-Zn system, the coherent miscibility gap of other

systems containing the observed non-cubic coherent precipitation could be calculated similarly.



119

Table 6.1 The group of habit plane for each endmember based on Cahn’s criteria at 298 K

Habit plane End-member
(100) Al, Ag, Au, Co(FCC), Cu, Ni, Pt, MgO
(111) Zn(FCC), Ca0, KClI, NaCl

Criteria for predicting the (100) or (111) habit plane also need to be discussed. According to Cahn
[154-156, 231], the habit plane (100) is stable when 2C,4 — C11 + C1; > 0 and for a material with
elastic constants satisfying the condition 2C,, — C1; + Cy2 < 0, the habit plane (111) is stable. Let
us consider the criteria reported by Cahn [154-156, 231] for all the end-members of our studied
systems at 298 K and categorize them into 2 groups: (100) and (111) which stand for their favorable
habit plane according to Cahn’s criteria (Table 6.1). As we can see from table 6.1, both end-
members of the Au-Pt, Ag-Cu, Au-Ni, and Cu-Co systems belong to the (100) group and both end-
members of the NaCI-KCI belong to the (111) group. The predicted group of habit plane using
Cahn’s criteria for those systems are satisfactory. However, in Al-Zn or MgO-CaO systems, the
two end-members belong to different habit plane group. Therefore, Cahn’s criteria is not good for
determining the favorable habit plane for the systems like Al-Zn or MgO-CaO. In our previous
study [232], Cahn’s approach is extended for an orthorhombic system, and Cahn’s criteria are no
longer valid. We considered that the elastic energy reproducing the highest coherent miscibility
corresponds to the most stable habit plane. In general, for cubic systems, Cahn’s criteria are
consistent with our criteria [232] using Cahn’s approach. However, our criteria [232] are no longer
valid if our proposed stress-strain relationship for the (111) habit plane is used to estimate the
elastic Gibbs energy. Therefore, our stress-strain relation is used only when criteria of the (111)
habit plane of Cahn s applied or if there are available experimental evidence for the (111) coherent
miscibility gap. In fact, for any cubic system, it is easier to form the (100) habit plane as it is
observed in most cases. Therefore, the calculation of elastic energy for the (111) habit plane
becomes less important. Eventhough, our proposed stress-strain relation of the (111) habit plane is
not based on Cahn’s stress-strain assumption. Our (111) stress-strain relation is a suggestion for
calculating the (111) coherent miscibility gap for cubic systems and it could be improved further

in the future.
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Figure 6.10: The calculated coherent consolute temperatures using our Gibbs energy approach in
the small and large deformation with and without considering the temperature effect for various
systems.

From our case studies, we have found that Cahn’s approach cannot be applied directly to a system
including magnetism like Au-Ni or Co-Cu. For such systems, an effective n' representing the
additional effect causing the shift of the miscibility gap by coherency, must be optimized. We have
proposed scenarios causing ' without finding any firm evidences. It is noticeable that the coherent
consolute temperature in both systems are in the neighborhood of the Curie temperature of the
magnetic elements. However, it is possible that ' has no relation with magnetism. As stated, n’ is
the effective change of lattice mismatch versus the overall composition due to the contribution of
additional stresses to the coherency. Therefore, the total maximum stress occurring during the
compositional fluctuation used to calculated the coherent miscibility gaps for the Au-Ni and Co-
Cu systems should change. The calculated maximum stresses due to the composition fluctuation
for the Au-Ni and Co-Cu systems with or without an additional effect have been compared with
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the maximum stresses occurring in other systems (Figure 6.11). Our calculations reveal that the
maximum stresses of various systems are comparable (Figure 6.11). Note that the calculation of
stress does not take into account the temperature effect on physical properties and the stresses do
not change whether the calculation is in the small or large deformation regime. The small and large
deformation regimes define the formulae of elastic energy only. The outstanding maximum stress
of the MgO-CaO system is due to the ionic nature of the compounds, causing their enormous bulk
moduli. The employment of the effective ' in the Au-Ni system does not significantly change the
value of maximum stress, but it does change the composition where maximum stress occurs hence
shifting the composition of the consolute point. On the other hand, the use of the effective n’ in the
Cu-Co system increases the stress, hence decreases the consolute temperature signifcantly.
Therefore, our method for considering additional stressesto the contribution of cohernet miscibility
gap is valid. Consequently, including an effective n’ means that our approach is no longer restricted
to calculating the coherent miscibility gap purely by lattice mismatch. Other kinds of effects due

to kinetics, magnetism, electronic structure, etc. could also be considered.

Maximum stress (GPa)
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Figure 6.11: Calculated maximum stress causing the formation of coherent miscibility gap
according to our approach for various systems.
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6.4 Conclusions

In conclusion, we have introduced the elastic Gibbs energy approach to calculate the coherent
miscibility gap and coherent spinodal decomposition and our proposed approach has been used to

examine a number of case studies. In this paper:

v’ Stress-strain relationships corresponding to the (100) and (111) habit plane have been

revealed.

v’ Elastic energy has been formulated both in the small deformation regime and in the large

deformation regime.

v In general, the coherent miscibility gap and coherent spinodal calculated using formulae in
the large deformation regime is larger than those calculated in the small deformation regime

since high orders of elasticity is considered.

v" The calculation of coherent miscibility gap in the large deformation regime is more precise

but the calculation in the small deformation regime is simpler.

v" We must acknowledge that the original elastic Gibbs energy approach is insufficient to
describe the coherent phase diagram of a system where magnetism is involved (e.g. Au-Ni
and Cu-Co system). The adjustable parameter n’ is used to reproduce the experimental data
on the Au-Ni and Cu-Co systems. It is the self-consistent wayto describe the coherent phase
diagram of the two systems. It means that the elastic Gibbs energy caused only by lattice
mismatch is not enough to describe all coherent phase diagrams. Other additional stresses
which contribute to the coherency could be considered. Therefore, the calculation of the

coherent phase diagram becomes more flexible.

v Our approach gives a smaller value of elastic energy density than Cahn’s approach and for
systems where magnetism is involved, the employment of n' contributes to the significant
difference between the elastic energy density estimated by our Gibbs energy approach and

that of Cahn’s approach.

v" Our proposed stress-strain relation for calculating the elastic energy corresponding to the
(111) coherent plane is suitable only if Cahn’s criteria are applied or experimental evidence

is shown.
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v Temperature dependence of physical properties and compositional dependence of 1 does

not significantly change the calculation of coherent miscibility gap and coherent spinodal.

6.5 Acknowledgements

The authors recognize the support of Natural Science, Engineering Research Council of Canada
and the Canadian Foundation for Innovation through the Automotive Partnership Canada program
and our industry partner Johnson-Matthey. Computations were made on the supercomputer Briaré

at the Université de Montréal, managed by Calcul-Québec and Compute Canada.



124
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Abstract:

Due to the important similarities between olivine-LiFePO, and olivine-LIMnPO,4, manganese
doping has drawn a lot of attention since it can improve the electronic and ionic conductivity of
LiFePO,4, hence enhance the electrochemical properties. The thermodynamic behavior of Mn-
doped-LiFePO, cathodes has been examined through the thermodynamic investigation of
Li(MnyFe1,)PO4-(MnyFe1.,)PO, olivine joins. New sublattice thermodynamic models are
proposed to describe the para-equilibrium in Li(MnyFe1.,)PO4-(MnyFe1y)PO4 joins. Moreover, the
elastic Gibbs energy approach extended in the large deformation regime is used to calculate the
coherent miscibility gaps corresponding to (100) habit plane. The para-equilibrium and coherent
miscibility gaps are calculated providing our prior estimated enthalpy of formation and the elastic
constants of olivine compounds and enthalpy of mixing of binary sub-systems from first principles
simulations based on Density Functional Theory (DFT). The experimental data on the para-
equilibrium join is successfully reproduced, and the system is likely to experience the (100)
coherent phase transformation. Our thermodynamic models of the Li(MnyFe1.y)POs-(MnyFe1y)PO4
join are able to describe most of the features of the electrochemical behavior of Li(MnyFe;)PO4
cathodes including the electrochemically driven phase diagram, open circuit voltage (OCV),
asymmetry of charging/discharging processes, potential shift and favorable coherent phase
transformation.
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7.1 Introduction

7.1.1 Mn-doped-LiFePO, cathode material

LiFePQ,, with its safety, low cost, environmentally friendliness, long-term cycle life, and relatively
high theoretical capacity (170mAh/g) [56, 76], serves as a cathode material in Li-ion batteries [16,
25, 42, 56, 57, 377, 378]. However, LiFePO, has not replaced LiCoO,, who suffers from its toxic
disadvantage, because of its low electric and ionic conductivity values, and limiting high-rate
charge/discharge. The performance of LiFePO,-batteries at high-rates can be improved by carbon
coating, particle size minimization, and doping [19, 49]. In contrast with carbon coating which
improves the electric conductivity on the surface of LiFePO, particles, doping is another efficient
way to enhance the intrinsic conductivity and Li-ion diffusion rate. Bivalent cation doping (for
example Mn2*, Ni2t, Co?*, Cu2*) [16, 39-41] is an easy, low cost method to increase the redox
potentials, the electronic conductivity and the discharge capacity. Among the cations, Mn doping
on Fe-sites has been investigated in the olivine family as the operating voltage of ~3.5V and ~4.1V
of LiFePO, and LiMnPO,, respectively, are not too high to make the organic electrolyte
decomposed but also not too low to scarify energy density [42]. Substitution of iron by larger
manganese cations can substantially increase the lattice parameter c, then enhance the electrical
and ionic conductivity values [19, 379]. The electrical conductivity of the lightly doped compound
is claimed to increase up to 5 orders of magnitude higher than that of the un-doped LiFePO, [51].
Substitution of 25% of Fe2* by Mn2* causes a slight increase of the electrical conductivity [19].
However, further increase of the Mn content deteriorates the electrical conductivity [19, 379, 380].
In general, enhancement of the electrical and ionic conductivity and improvement of the battery
performance due to the introduction of Mn in the LiFePO,4 cathode material has been revealed [19,
43-51].

The promising Li(MnyFe1.,)PO4 cathode material has shown higher energy densities compared to
pure LiFePO,4 [52-54]. According to the study of Li et al. [381] and Wang et al. [55], substitution
of Fe in LIMnPO4 or Mn in LiFePO, improves the rate capability of the cathode material. In
electrochemical experiments using Li(MnyFe1y)PO, as the cathode material, two voltage regions
corresponding to the two redox reactions (Mn3*/Mn2*) and (Fe3*/Fe2*) were observed in many
studies [16, 19, 37, 49, 51, 56-62]. The relative width of the ~4.1 V voltage region (Mn3*/Mn?*)
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increases relative to the ~3.5 V voltage region (Fe3*/Fe2*) as the manganese content increases [16].
As shown in our previous papers [133, 232], having an accurate phase diagram of the studied
cathode join is important when considering the change of the cathode material during
charging/discharging processes and calculating the open circuit voltage (OCV) of the battery.
Therefore, the objective of this paper is to develop thermodynamic models of the Li(MnyFe;.,)PO,-

(MnyFe1y)PO, system usable in electrochemical charging/discharging conditions.

Note that replacing of Fe-sites by Mn up to 100% changes the lattice parameters but it does not
change the olivine crystal structure [16, 42, 56, 57, 70, 97, 382-388]. Mn2* which can coexist with
Fe2* in the tetrahedral 4c site of the olivine structure, is commonly found in the solid solution phase
Lix(MnyFe1.,)PO4 [384]. Mn?* can substitute Fe2*in LiFePO, easily [33] and Mn2* doping is mainly
reported in Mn-doped LiFePO, for battery applications [16, 19, 42, 44, 49, 51, 56, 58, 62, 379,
389]. The Fe?* and Mn?* cations are reported to distribute randomly in Li(MnyFe;)PO4 [51, 390].
In Mn-doped-LiFePO,4, manganese is mainly located on the Fe2* sites, the remaining is found on
the Li*-sites or impurities [51, 391]. Mn anti-site cations on the Li*-sites impede the bulk Li*
mobility [392]. Impurity phases containing manganese are less likely to form [51]. In this study,
only the most important and common manganese doping position, Mn2* doping in the Fe2*
tetrahedral sites, is taken into account. Hence, the concerned olivine with the coexistence of Mn2*

and Fe2* ions in the tetrahedral 4c site is represented as Li(MnyFe1.,)POa..

7.1.2 Importance of para-equilibrium Li(MnyFe;.,)PO,-(Mn,Fe;,)PO., phase
diagram

The knowledge of the full equilibrium state of the Li(MnyFe1.,)PO4-(MnyFe1.,)PO4 join is not much
relevant in the present situation as kinetics play an important role during the charge/discharge of
the cathode material. Indeed, within the Mn-doped-LiFePO, system, the mobility values of both
Mnz*+ and Fe2+ are negligible compared to the one of Li*. Therefore, during the charge/discharge
processes, only the concentration gradient of lithium varies while the concentration ratio Mn/Fe
remains in appearance unchanged. It means that at any moments during the charge/discharge
processes, the system can be considered as a kinetically constrained equilibrium [393, 394]. In

terms of thermodynamic modelling, it is considered a para-equilibrium state, in which the ratio of
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Fe and Mn remains constant in all phases existing in para-equilibrium, especially if an olivine-
olivine immiscibility is occurring. The present research situation is similar to the para-equilibrium
state obtained from a rapidly cooled homogeneous single-phase Fe-Cr-C system, in which the
mobilities of the interstitial element, C, is much higher than those of Cr and Fe [395]. Distinction
of equilibrium and para-equilibrium is important since in austenitic stainless steel, the para-
equilibrium carbon solubility can be orders of magnitude higher than the equilibrium solubility
[396]. Therefore, the thermodynamic behavior of Mn-doped-LiFePO, served as a cathode material

should be considered under the para-equilibrium modelling framework.

We found only a few papers containing data on the phase diagram of the Li(MnyFe1.y)PO4-(MnyFe;.
y)POg olivine join. The most important and systematic work on this phase diagram was performed
by Yamada et al. [42]. The olivine Li(MnyFeiy)PO4 (y = 0.2; 0.4; 0.6; 0.8;1.0) samples were
prepared and (MnyFe;y)PO,4 formed by oxidizing chemically the Li(MnyFe1.,)PO, samples. Other
lithiated samples of Li,(MnyFe1.,)PO4 (0 < x < 1) were prepared by reacting (MnyFe;.y)PO4 with
various amounts of Lil in acetonitrile. A two-dimensional phase diagram at 298 K corresponding
to different lithium and manganese compositions was described based on the X-ray powder
diffraction (XRD), Mossbauer spectroscopy, and X-ray absorption spectroscopy (XAS) analysis
[42]. Noticeably, the reported phase diagram [42] should be stated as the para-equilibrium phase
diagram because the manganese contents of the samples were fixed before the lithiation. Several
features of the para-equilibrium phase diagram were identified [42]. First, the local lattice distortion
induced by a large amount of Mn?* (y > 0.8) makes olivine (MnyFe;y)PO,4 unstable [42]. The
reversible delithiation-lithiation reactions of Li(MnyFe;,)POs (y = 0.8) occurred within the
limited lithium composition x but had very slow kinetics [42]. It is in agreement with other studies
stating that (MnggFeo2)PO, is not able to maintain the olivine framework [56] and the olivine
MnPQ, phase is unstable [56, 72, 73, 75, 76, 78, 79, 81, 98]. Second, in the low manganese content
side of the para-equilibrium phase diagram (y < 0.6), two distinguished regions are identified
including i) the two-phase Mn3*/Mn2* redox region (y = x) with a potential of ~4.1 V vs Li/Li*;
ii) a partial conversion of reaction from two-phase to single-phase with a potential of ~3.5 V vs
Li/Li* in the Fe3*/Fe2* redox region (y < x) [42].

The reported para-equilibrium of the Li(MnyFe;y)POs-(MnyFey,)PO, system by Yamada et al.
[42] is comparable to the results of first principles calculations reported by Malik et al. [62]. The
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phase diagram of Li\(MnyFe1.,)PO, showed two low-temperature miscibility gaps separated by a
solid solution phase centered at x ~ y lithium composition, at which most Fe ions were oxidized
and most Mn ions were not [62]. As stated, in the single-phase region, the unfavorable Li*
coordination causes the Fe3* and Mn2* states to have higher energy than that in their pure FePQO,
or LIMnPQO, phases leading to the formation of two voltage plateaus [62]. The two voltage plateaus
are corresponding to the two miscibility gaps occurring in various equilibrium sections of
Lix(MnyFe1.,)PO4. By substituting Mn on the Fe sublattices, the solid solution phase is stable at
low temperatures, and the isoplethal section consists of two miscibility gaps at low temperatures.
The first miscibility gap is between (MnyFe;,)PO,4 and the solid solution Li,(MnyFe;,)PO,4 and the
second one is between the solid solution Li,(MnyFe;.,)PO,4 and Li(MnyFe1.,)PO, (0 <y < 1) [62].
In another study, Kim etal. [72] examined the thermal stability of Fe-Mn binary olivine cathodes
for lithium rechargeable batteries with temperature-controlled in situ XRD for various Fe/Mn ratios
and state of charges (SOCs). Fully lithiated Li(Mn,Fe1.,)PO4 (0 < y < 1) remained stable up to
high temperatures (>700°C) while the delithiated phases were vulnerable to partial phase
transformation upon heating, in agreement with the reported unstable (MnyFe;y)PO4 (y = 0.8)
phase [42]. Thermal stability of partially delithiated Liy(MnyFe..,)POs (0 <x,y < 1) was
influenced sensitively by the Fe/Mn content in the structure. Moreover, the delithiation mechanism
(one-phase vs. two-phase reaction) was dependent on the Fe/Mn ratio. Generally, the olivines with
a high manganese content exhibited lower thermal stability in charged states and a stronger

preference for the two-phase behavior [72].

In brief, there are very few studies on the phase para-equilibria of the Li(MnyFe;y)PO4-(MnyFe;.
y)P O, battery joins. Among those, Yamada etal. [42] provided the most systematic and consistent
study. However, their reported para-equilibrium phase diagram was derived from their
investigation of chemically synthesized samples. The chemical (de)lithiation in which electrons
swap directly within the material might be different from the electrochemical (de)lithiation of the
electrode material in which electrons are indirectly exchanged through the electrolyte. In fact, the
reported electrochemical-driven phase diagrams of Li(MnyFes.,)PO4-(MnyFe1y)PO4 [397] are
different from the chemical one [42]. However, since there are differences between the charge and
discharge phase diagrams [397], they are not suitable for describing para-equilibrium. Due to the
lack of information, we would like to model the thermodynamic behavior of the Li(MnyFe;y)PO4
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cathode material mainly based on Yamada et al. [42] results assuming similar thermodynamic

behavior of chemical and electrochemical (de)lithiation.

7.1.3 Existence of coherent phase transformations

Mn doping can improve electronic conductivity of LiFePO,4 because it could narrow the band gap
according to the first principles investigation of Xu et al. [398]. However, having good
electrochemical performances requires not only a high electronic conductivity but also fast-ionic
transport, meaning ahigh Li* solid state diffusion coefficient. In olivine Liy(MnyFeq.,)PO4, Li* ions
diffuse rapidly along the 1D channels and only a small fraction of Li* ions cross between channels
[32]. The substitution of Mn for Fe, due to the larger ionic radius of Mn2*, should facilitate a wider
channel for Li* movement. The substitution of 10%Mn (Li(Fep.9Mng1)PO,4) enhances the Li* ionic
transport, therefore, improves the electrochemical performance of the battery at higher rates [399].
No significant difference in the local structure of Mn3* over the entire range of manganese
substitution suggests no intrinsic obstacle for extracting Li* from Li(MnyFe1.,)PO, [386]. Although
doping Mn in LiFePO, or doping Fe in LIMnPO, could improve electrical and ionic conductivity
[19], the values of both conductivities of Li(MnyFe;.,)PO,4 are still much lower than those of
LiCoO,, the most common cathode material [19, 92, 176]. Low conductivities restrict the

applications of this cathode material, especially for high-rate applications.

Notably, like other olivines, the crystal structure of Li(MnyFe;)PO. does not change via charging
process, favoring the coherent phase transformation which should improve the battery
charging/discharging rate and cyclability. The LiFePO, cathode material was shown to be likely to
follow the (100) coherent phase transformation [232]. The coherent phase transformation explains
the existence of the strains [127, 134-136], the favor interfacial planes [127, 135, 136, 141, 144],
the observed metastable phase [148-151] and the formation of dislocations and cracks [142, 144-
147] during charging/discharging of the battery with LiFePO, cathode. A consistent study
concerning coherent phase transformations in LIMnPO, battery material has not been reported yet.
Because of the important similarities between LiFePO, and LiMnPQO,, the coherent phase
transformation should also be favorable in the LIMNPO4-MnPO, system. So far, only Ravnsbak et

al. [152] proposed coherent phase transformations of Li(MngsFeps)PO4 cathode material via



130

charging/discharging. Two voltage plateaus corresponding to two two-phase transformations
during charging processes were identified. According to the authors, the intermediate phase
Lix(Mng 4Feq.6)PO4 breaks the phase transformation into two steps to reduce the misfit strain [152].
Consequently, for small particles, a coherent transformation model has been proposed. As
suggested by Ravnsbak et al. [152], in the Li-poor region, the charging/discharging process occurs
through the first-order phase transformation where Lix(Mng4Feos)PO4 and (Mng 4Feq)POy4 are
coherent. However, in the Li-rich region, the charging process and the discharging one are
asymmetric. The coherent coexistence of Lix(Mng4Feos)PO,4 and Li(Mng4Feqs)PO, is present
during lithium extraction while lithium insertion goes via a solid solution phase transformation
[152]. Up to now, only one paper focusing on coherent phase transformation of Li(MnyFe1.,)PO4

is not enough to understand and then utilize the cathode material for high-rate applications.

To sum up, in this study, we would like to develop thermodynamic models of the para-equilibrium
Li(MnyFe1.,)PO.-(MnyFe1.,)PO, cathode join which is necessary for describing the thermodynamic
behavior of the cathode during battery operations. Moreover, the coherent phase transformation of
the cathode, which favors the high charging/discharging rates and improves cyclability, will also
be treated. Noticeably, since we are dealing with olivine Li(MnyFe;.,)PO, battery materials, the
present study is only focusing on pure compounds and solid solutions with olivine structures. That
is our thermodynamic models are not developed to predict the unstable region of olivine-MnPO4

as a function of the substitution level and temperature.

7.2 Para-equilibriumin the Li(Mn,Fe;.,)PO4-(Mn,Fe;.,)PO, cathode joins

Prior the development of thermodynamic models for describing the para-equilibrium of Li(MnyFe .
y)PO4-(MnyFey.,)PO4 olivine join, knowing the Gibbs energy of pure LiFePO,, FePO4, LIMNPOy,
and MnPQ, is essential. The Gibbs energy is estimated from entropy and enthalpy, which are
calculated from the temperature dependent heat capacity of compounds. Our reinvestigation of the

heat capacity of LiFePO, clarifies the role of the heat capacity produced by magnon-phonon

interactions, C;’ho_mag , the heat capacity induced from structure defects including anti-site defects

and vacancies, Cq.r, and the anharmonic heat capacity induced by those crystal defects, Cgnnqr-
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The antisite defects mentioned here are generated by the exchange of their lattice sites of Li and
Fe atoms to form anti-site pairs Fey;-Lire [216, 400-404]. Vacancies in this study is considered as
the vacancy in Li sites [404]. The contribution of anti-sites and vacancies to heat capacity is
quantified from the DFT calculated formation energy [216, 404] (Appendix J). Based on the
reported heat capacity of LiFePO, [100], our calculated magnetic moment, entropy, enthalpy of
formation and Gibbs energy at room temperature are in agreement with the reported values in other
studies [25, 112, 113, 405-411] (Appendix K). However, unlike LiFePO,, there is no reported
experimental data on the heat capacity of olivine-FePO,4. The heat capacity measurement reported
by Shi etal. [104] was done on berlinite-FePO, with the Neeltemperature of Ty, = 25 K [104-107]
while  olivine-FePO, shows a higher Neel temperature (T = 125 K) [108-110]. As we assume
the average magnetism heat capacity per atom of FePQO, is the same as that of LiFePO, at their
corresponding Neel temperatures, the calculated average magnetic moment of FePO, is
comparable to the reported experimental values [109, 409]. Due to the vast similarities between
olivine-LiFePO, and olivine-FePO, and the lack of knowledge on heterosite-FePOQ,, its average
entropy per atom is assumed to be the same as that of LiFePO, (Appendix K). Subsequently, our
estimated Gibbs energy of FePO, at room temperature is similar to what was obtained by Xie et al.
[25] (Appendix K). As a result, the expected voltage by delithiating LiFePO, is 3.48 V which is
comparable to the ~3.5 V voltage plateau found in electrochemical experiments [16, 17, 19, 23, 27,
88, 127, 130, 136, 160, 180, 183, 189]. Because of the shortage of studies on thermodynamic
properties of LIMnPO, and MnPQO,, the knowledge of their Gibbs energy is limited. According to
our DFT simulations, which will be mentioned in the next section, our estimated enthalpy of
formation of all the olivine compounds are comparable to those reported by Xie et al. [25]
(Appendix K). Hence, we use their reported Gibbs energy of LiMnPO, and MnPO, in our
thermodynamic models of the Li(MnyFe;,)POs-(MnyFe1,)PO,4 olivine join. Note that the
difference of Gibbs energy of LIMNPO, and MnPQO, results the average intercalation voltage of
4.03 V [25], which is close to the reported value of ~4.1 V [16, 78, 83, 86, 88, 91, 92, 97, 412,
413]. After having good Gibbs energy of formation of compounds, the enthalpy of mixing and the

thermodynamic models of the sub-systems need to be accounted for.
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7.2.1 Detailson DFT simulations

To alleviate the lack of experimental data, the first principles Density Functional Theory (DFT)
simulations have been performed to predict on one hand, the enthalpy of formation and the elastic
constants of LiFePO,4, LIMNPO4, MnPO,4 and FePO, compounds with orthorhombic structure
(pnma space group) and on the other hand, the enthalpy of mixing of LiFePO4-FePO4, LIMNPO;,-
MnPO,4, MnPO,4-FePO,4, LIMNPO,4-LiFePO, systems through the enthalpy of formation of the
corresponding solid solution with olivine structure (pnma space group). Note that both the enthalpy
of formation of compounds and the enthalpy of mixing of solid solutions are calculated at0 K, i.e.

neither the heat capacity nor the excess heat capacity were considered in the calculations.
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Figure 7.1: Calculated molar enthalpy of mixing (AH) using DFT for different Li contents (shown
as vertical lines) and the modeled molar enthalpy of mixing (blue dashed line) for the a/ LiFePO,-

FePO, system, b/ LiFePO4-LIMnPO, system, ¢/ FePO4,-MnPQO, system, and d/ LIMNnPO4-MnPQO 4

system.

The DFT calculations in periodic boundary conditions were based on plane-wave basis sets and
were carried out using the Vienna Ab initio Simulation Package (VASP) [115-118]. The projector
augmented wave (PAW) approach was employed to represent the core electrons [414, 415]. The
generalized gradient approximation (GGA) as parameterized by Perdew, Burke and Ernzerhof
(PBE) [416, 417] was used as the exchange-correlation function. In order to improve the accuracy
of the predicted electronic ground state properties in our simulations, GGA+U [120] has been
performed with an effective Hubbard-U parameter of 5.3 and 3.9 for Fe and Mn, respectively, as
proposed by Wang et al. [418]. A plane-wave kinetic cut-off energy of 520 eV and a Monkhorst—
Pack grid of dimension 1x2x2 for solutions to sample the Brillouin zone with a first-order
Methfessel-Paxton smearing parameter of 0.02 eV were used to meet the force and energy

convergence criteria of better than 0.02 eV/A and 0.01 meV, respectively. To take into account the
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magnetism of Fe and Mn at 0 K, spin polarization has been included. We have considered
supercells of 224 atoms for LiFePO,, LiMnPO,, and the Li(MnyFe;.,)PO, solid solution and
supercells of 192 atoms for MnPO4, FePO,and the (MnyFe1.,)PO, solid solution. For the LiFePO,-
FePO,4 and LIMnPO4-MnPQO, systems, the number of atoms of a supercell of the solid solution
LikFePO, or LikMnPO, varies from 224 atoms to 192 atoms corresponding to different Li contents.
To calculate the enthalpy of any solid solutions, for each composition, the ground state total energy
has been calculated for 10 different configurations via either the delithiation of LiFePO,4 or
LiMnPO, or random replacement of Fe in FePO,/LiFePO,4 by Mn or random substitution of Mn in
MnPO,/LIMnPO4 by Fe. The lattice positions of both P and O remained fixed. As the range of
enthalpy of mixing of the binary systems at different compositions is obtained, we have modeled
the enthalpy of mixing of each system to fit our DFT simulations (Figure 7.1a-d). In addition, the
linear dependence of the lattice parameters on the lithium or manganese content of the solid

solution in all sub-binary systems has been verified by our simulation.

Lastly, since the elastic constants of the solid solutions are necessaryto calculate the coherent phase
diagrams, we have determined the 9 elastic constants of the pure compounds. The procedure for
calculating elastic constants of compounds is identical to the one employed in our previous study
[102, 103, 419]. We calculated the energy difference between the equilibrium lattice and an
expanded or compressed lattice, which is achieved by applying very small strains in each
crystallographic direction while ensuring that the deformed lattice remains in the elastic domain.
The elastic constants are then obtained by fitting the energy versus the strain curve by a second
order polynomial (Table K.2). Our estimated elastic constants of LiFePO, and FePO,are similar
to that reported by Xie et al. [25] which were used in our previous investigation of the coherent
phase diagram LiFePO4-FePO, [232]. Among a few studies reporting the elastic constants of
LiIMnPO,4 and MnPOQO4 [25, 186, 420, 421], the results of Xie etal. [25] and Maxisch et al. [186] are
comparable to our calculations. Due to computational resource limitations, we have assumed that
the elastic constants of the Li(MnyFe;y)PO4 solid solutions vary linearly with its lithium and
manganese compositions. This assumption is in agreement with the vast similarities of the crystal
structure and physical properties of the solid solutions at various compositions and consistent with

the observation of elastic constants for most solid solutions of oxides [422].
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7.2.2 Calculated phase diagrams for the binary sub-systems

When studying the Li(MnyFe;y)POs-(MnyFe)PO, olivine join, the parameters of the
thermodynamic models for four binary sub-systems including LiFePO4-FePO,, LiFePO,-
LIMnPO,4, FePO4-MnPO,, and LIMNPO4-MnPO4 must be optimized formerly. Among them, the
LiFePO,4-FePO, join has been well investigated in our previous studies [133, 232]. Four compound
energy formalism (CEF) models were proposed for describing the solid solutions LixFePO,4 [133].
Except M6 (the most complicated model), the other three models including M4 (the simplest
model), M5.L and M5.F (the most suitable models for describing the LiFePO,4-FePO, phase
diagram) can be extended to include Mn in Li(MnyFes.,)PO4-(MnyFe1y)PO4 olivine join. Note that,
our enthalpy of mixing of the LiFePO4-FePO, system simulated by DFT (Figure 7.1a) is
comparable with that calculated by using the reported M4, M5.L and M5.F models [133]. Like the
LiFePO,4-FePOy4 join, the other sub-systems are modeled by CEF.

7.221 LiFePOs-LiMNPO4

Olivine LiMnPQO,, similar to LiFePO,, is stable at up to 683 K without showing any noticeable
changes [75] due to its strong P-O covalent bonding [16, 75, 79, 82-84, 413]. First principles
calculations revealed that olivine Li(MnyFe1.,)PO,, is a stable complete solid solution in the
LiFePO,4-LIMNPO, binary system (discharge state) because of the small lattice distortion brought
by the small ionic radius difference between Fe2* and Mn2* [56]. This result is in good agreement
with Molenda et al. [70], in which synthesized Li(MnyFe;.,)PO. was claimed to exhibit a single -
phase olivine-type orthorhombic structure. The complete miscible Li(MnyFe;.,)PO, solid solution
is stable above 120 K as predicted by Snydacker and Wolverton [71]. No information on the
stability of this solid solution at higher temperatures has been found in the literature. However, due
to the similarities between the crystal structure, the lattice parameters and the other physical
properties of LiFePO,4 and LiMnPO,, the solid solution Li(MnyFes1.,)PO,4 should be quite stable
even at high temperatures. We assumed that the solid solution is stable at up to 623 K (the consolute
temperature of the LiFePO4-FePO,4 system). The stable olivine Li(MnyFe;,)PO,4 phase is modeled
easily as anideal solid solution with random mixing of species in its sublattice using the sublattice
model (Li*);(MnZ*, Fe2+),(P>*),(0%),. Hence, the two pure compounds, LiFePO,4 and LIMNPOQOy,
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are totally miscible in the olivine structure. The assumption of ideal solid solution is suitable with

the ideal enthalpy of mixing expected from our first principles calculations (Figure 7.1b).

7222 FePO4s-MnPOq

Unlike olivine FePO,4 which is stable at up to 873 K without oxygen loss [75], olivine-MnPO, is
unstable [75, 76]. MnPO,4 can decompose into Mn,P,0O; and O, gas at a temperature as low as
483 K [76]. The large particle MnPO, decomposes into Mn,P,0; from 473 K to 523 K while
Mnz(PO,), forms as a product of the decomposition of small particles of MnPQO,4 in the same
temperature range [77]. Nevertheless, Choi et al. [78] showed that MnPQO, starts to reduce into
Mn,P,0; at 763 K and because of the Jahn-Teller effect, MnPO, undergoes amorphization above
453 K. Unstable MnPO, and the occurrence of an amorphous phase above 473 K are also later
reported [72, 79]. However, Aurbach’s group found that MnPO, is as stable as FePO, [80].
Recently, Huang et al. [75] revealed the critical role of carbon coating in the stability of MnPQO,.
Even a small amount of carbon can prevent the amorphization of the delithiated phase and keep it
stable at up to 573 K [75]. In addition, MnPQO, can absorb water easily and change its crystal
structure [75]. In brief, even though there are discrepancies among studies on the stability of the
olivine-MnPQy,, all of them agree that MnPO, remains stable below ~473 K. Therefore, our
developed thermodynamic model for FePO4-MnPO, should only be strictly valid at up to 473 K,
above which only metastable states can be computed.

The single-phase solid solution (MnyFes.,)PO, (0 < y < 0.8) with an olivine-type structure was
observed by Yamada et al. [56]. Unlike the LiFePO4-LIMNPO,4 binary system, in which the solid
solution is stable because of the small difference between the ionic radii of Fe2* and MnZ*, in
(MnyFeq1.,)PO,, the electron 3d* of the ion Mn3*-lattice interaction induces large anisotropic
distortion [56]. Moreover, the accumulation of elastic energy destabilizes the solid solution at large
manganese contents (y < 0.8) [56]. However, the solid solution seems to be more stable in the
investigation of Kim etal. [72]. The fully delithiated phase, (MnyFe1.,)PO,, is stable even at high
manganese contents according to their reported phase stability map [72]. Nevertheless, the thermal
decomposition temperature generally declines with an increase of manganese content [72].
Similarly, Huang et al. [73] reported the phase decomposition of the olivine (MnggFeo2)PO4 to
form sarcopside-(Mng gFeo 2)3(PO4). from 523 K to 623 K. The solid solution (MnyFe1y)POy4 is



138

reported to be stable at up to 673 Kandy < 0.9 [74]. Since the two phases are completely miscible
from 298 K to 473 K according to the FePO4-MnPO, binary join reported by Kim et al. [72] and
the first principles calculations [71], our chosen sublattice model is (Mn2+, Fe2*+),(P5+)1(0%), with
no excess parameter. This model agrees with the ideal enthalpy of mixing expected from our first
principles calculations (Figure 7.1c). Note that because of the stability of the solid solution
(MnyFe1,)PO, and the MnPO, phase, this sublattice model is valid at up to 473 K.

7.22.3 LIMnPO4+-MnPO4

LiMnPO,, belonging to the olivine family, is used as a cathode material [81, 84-87, 91, 423, 424].
As lithium is extracted from LIMnPQy,, an electron is also removed from the Mn site nearby. When
complete delithiation of the LiMnPO, cathode is reached, olivine-MnPQO, is obtained. Delithiation
of LiMnPO, is the only way to produce metastable MnPO, under ambient conditions [81]. In
comparison with LiFePQOy,, olivine-LiMnPO,4 can provide a higher energy density and a higher
voltage plateau due to the higher Mn3+*/Mn2* redox potential (~4.1V versus Li/Li*) with a similar
theoretical capacity (170 mAh/g) [16, 56, 84, 86-90, 95, 388, 413, 425, 426]. The redox potential
of ~4.1V vs. Li/Li* is considered to be the maximum limit accessible to most common electrolytes
[87, 388, 412]. However, the rate capability of LIMnPO, is significantly poorer [91] due to the
poor Li* intercalation/deintercalation kinetics caused by the intrinsically low ionic and electrical
conductivity of LIMnPO,. LIMnPO, has an electronic conductivity of at least 4 orders of magnitude
lower than that of LiFePO,4 [92, 93]. It is a result of the severe Jahn-Teller (JT) distortion and the
mismatched interface of MnPO4/LIMnPQ, [88, 89, 95, 96]. As lithium is extracted from LiMnP Oy,
Mn2* changes into Mn3* charge state [84]. As Mn3* character increases, split of the Mn-O nearest-
neighbor distances and distortion of the MnOg octahedra are found [84, 94]. The large effective
mass of the polarons around the Mn3+ sites coupled with the large local lattice deformation cause

the slow kinetics of Li* during charging/discharging processes [88].

Similarly to the case of LiFePQ,, Piper et al. [84] revealed a two-phase reaction upon delithiation,
in agreement with other authors [85, 89, 97, 98, 388]. The two-phase reaction mechanism results
in a flat two-phase region with OCV ~4.1 V [85, 86, 89, 97] and the voltage plateau exists even at
328 K [89]. Clearly, the voltage plateau due to the two-phase coexistence should be related to the

phase diagram of LiIMnPO4,-MnPQO,. However, there is very little information on this olivine join.
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According to the phase stability reported by Kim et al. [76], two-phase regions are stable at up to
473 K. In addition, Chen & Richardson [98] showed that as lithium is chemically removed from
crystalline LiMnPO,, the two phases LiIMnPO, and LixMnPQO, (a is small and a < 1), not MnPOy,,
coexist. The delithiated phase Li«MnPQOy is claimed to be dependent on the extent of delithiation
and on the crystalline domain size [98]. It is noted that the cell volume of the lithiated phase is
dependent on the domain size while it is independent of the amount of lithium removal. The
dependence of the cell volumes of both the delithiated and lithiated phases could be a result of the
variation of lithium concentration in each phase. The lithium solubility of the two phases could
reflect the miscibility gap shrinkage with the decrease of particle size, like it is in the case for the
LiFePO4-FePO, system [23, 27, 34, 35]. The change of solubility of the delithiated phase
Li«MnPO,4 with the global Li content via electrochemical delithiation or lithiation is caused by the
growth restriction of the lithiated phase LIMNPQy,, as a result of the accumulation of elastic energy
[98]. From our perspective, the more sluggish Li* movement due to lower conductivity [19] and
the higher elastic energy accumulation due to larger lattice parameter changes make the
delithiation/lithiation of LiMnPO4/MnPO,4 more difficult than that of LiFePO,/FePO,. Hence, only
the reported result of Kim et al. [76], rather than that of Chen & Richardson [98], is used for

verifying the equilibrium phase diagram.

To model the LiIMnPO4,-MnPQ, olivine join, the (Li*, Va)i1(Mn2+, Mn3+),(P5+),(0%), sublattice is
chosen. This model is similar to the simplest model M4 of the LiFePO4-FePO4system [133]. The

thermodynamic parameter AGy,po,- and AG, ;..

0t showing the corresponding molar energy
gained by forming non-neutral end-members from the corresponding compounds (Equation 4.7) is

optimized in order to reproduce the miscibility gaps reported by Kim etal. [76] (Figure 7.2):

o

AGypo,~ = AG = 10000 (J /mol) (7.1)

LiMnPo,*
Given that the solubility of Li in the two coexisting phases is very close to LIMNPO,4 and MnPQy,
the thermodynamic parameters (Equation 7.1) are chosen to ignore any significant solubility at
room temperature (Figure 7.2). The model reproduces sufficiently well our enthalpy of mixing

simulated by DFT (Figure 7.1d) while describing well the reported two-phase coexistence samples
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[76]. Note that this model is valid atup to about 473 K because of the stability of MnPQOy [72, 75,
76, 78, 79, 98].
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Figure 7.2: Calculated equilibrium and (100) coherent miscibility gaps of the LiMnPO4-MnP Q4
join using Cahn’s approach and our elastic Gibbs energy approach for a large deformation in
comparison with the calculated incoherent miscibility gap and equilibrium two-phase coexistent
samples reported by Kim et al. [76]. Above 473 K, the miscibility gaps are unstable and they are

shown as dotted lines.

7.2.3 Models of Gibbs energy for Li(MnyFe;.,)PO,-(Mn,Fe,.,)PO, battery joins

After finding the Gibbs energy of compounds and developing suitable thermodynamic models for
all the four olivine sub-systems, we are able to develop thermodynamic models for the para-
equilibrium Li(MnyFe;y)PO4-(MnyFe,,)PO, battery join. In this section, we would like to list all
the thermodynamic models that we have investigated, starting from the simplest one. Since
LiFePO4-FePO, is the most complicate binary join among the four binary sub-systems, our

proposed thermodynamic models of Li(MnyFe1y)PO4-(MnyFe,y)PO, are extended from the
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thermodynamic models of LiFePO4-FePO, developed in our previous study [133]. In every
thermodynamic model of the solid solution Li(MnyFe;y)PO,4 describing the battery join, the
manganese content (i.e. “y”) is prior fixed and the Gibbs energy minimization technique is used
for calculating the equilibrium of the Li(MnyFe1y)PO4-(MnyFe1)PO, isoplethal section ata given
value of y. This ensures that the Mn/Fe and Fe/P content ratios are kept constant, satisfying the
condition of a para-equilibrium. Performing this constrained Gibbs energy minimization and
collecting equilibrium isoplethal sections with various manganese contents allow us to present the
para-equilibrium Li(MnyFe1.)PO4-(MnyFe1.,)PO, battery join which is critical when studying the
thermodynamic  behavior of the Li(MnyFe1,)PO, cathode. We have investigated several
thermodynamic models which are distinguished by how Fe2*, Fe3*, Mn2*, Mn3* cations are put in
the olivine crystal structure at specific sites called sublattice sites (Table 7.1). Two standard CEF
models (M1 and M2) extended from the reported thermodynamic models of LiFePO4-FePQOy join

[133] were tested before we develop new type of models.

Table 7.1: Thermodynamic models investigated for modeling Li(MnyFes.,)PO4-(MnyFe1y)PO4
battery join

Standard CEF models Hierarchical sublattice (HS) models

M1 M1hs

(Lity, Vaiy)1(Mn?*y. 1, Mn3* a1, Fe2r . | (Lity, Vai)1([Mn?* 21, Mn3* 4]y, [Fe?*,, Fedt.
v)22, Fe3* 1y ).a- 2)1(P%)1(0%)4 2]1y)1(P°*)1(0?%)4

M2 M2hs

(Lix, Var)s(Mn?z1y, Mn3* . 1)y, Fe (Litx, Var)s([IMn?*z1, Mnd*y_,1]y, [Fe?* , Fed* ..
201y Fe*a2y1)3(MN?* 5.y, MN3* (g )y, 2]19)3(IMN2* 53, MN3*1_ 3]y, [FE2* 2, FE3*1 ]
Fe2* sy Fe¥* a-zy14)2(P>)s(0%)z0 1)2(P5+)5(02)20

M3hy
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(Lity, Vaix)s(IMn?*,1, Mn3*1_ 1]sy,[(Fe?* 2, Fe3*y.
2)3(Fe?* 23, F€%*1.3)2] (1)) (P>*)5(0%)20

7.2.3.1 Standard CEF models

In the sublattice model M1, manganese and iron occupy the second sublattice and y is the fraction
of iron substituted by manganese. If y = 0, model M1 becomes model M4 for the LiFePO4-FePO,
join in our previous publication [133]. LiFePO4-FePO,is a reciprocal system [133] which includes
the mixing of two entities (Li*, Va) with two cations (Fe2*, Fe3*). The exchange Gibbs energy
which is obtained from the exchange reaction: VaFe2* + LitFe3* - LitFe2* + VaFe3* is an
important parameter in the thermodynamic models for this reciprocal system [133]. A reciprocal
thermodynamic model tends to have a miscibility gap (shown as the largest dashed ring in Figure
7.3) along the stable pair (the pair which has lower Gibbs energy), i.e, LitFe2*-VaFe3* [133], if the
value of the exchange Gibbs energy deviates from 0 (a few kJ/mole at room temperature).
According to experimental data [28, 29], above 500 K, the miscibility gap in the LiFePO,4-FePO,
join should split into two smaller gaps showing as two smaller dashed rings (Figure 7.3). As stated
by Dessureault & Pelton [164], the miscibility gap along the stable pair can split into two
miscibility gaps when the exchange Gibbs energy is large enough. LIMNPO4-MnPO, is a simpler
reciprocal system where only one miscibility gap is found along the stable pair Li*Mn2*-VaMn3+*
(Figure 7.3). Li(MnyFe1.,)PO4-(MnyFe1y)PO, (illustrated as the red diagonal rectangle in Figure
7.3) is not a simple reciprocal system, in which two entities (Li*, VVa) mix with four cations (Mn2*,
Mn3+, Fe2*, Fe3*). FePO,4-LIMNnPO, should be the stable pair since Mn3* is easier to reduce than
Fe3*. The standard CEF M1 is likely to create a miscibility gap along the stable pair if a large
enough exchange Gibbs energy is applied [164] (Figure 7.3). However, according to the
experimental data reported by Yamada et al. [42], at room temperature, miscibility gaps are
separated in relation to the redox pairs, Fe3*/Fe2* and Mn3*/Mn?*. The (de)lithiation of Li\(MnyFe;.
y)POalso reveals the separation of voltage regions caused by the Fe3*/Fe2* and Mn3*/Mn?* redox
pairs along the x = y line [19, 37, 49, 50, 57, 61, 70, 383, 386, 427-432]. Therefore, miscibility
gaps are expected to occur on the two sides of the stable pair FePO,4-LIMnPO, rather than along it.

It means that optimizing this system through Gibbs exchange energy is challenging. Therefore,
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optimization of Gibbs energy model parameters for the end-members is not preferable. Asa second
trial, the excess Gibbs energy in the form of a Redlich-Kister polynomial [67] is introduced in
model M1 to reproduce the phase diagram. It is possible to create two miscibility gaps in the
Li(MnyFe1.,)PO4-(MnyFe1.,)PO, join atan average manganese composition (0.3 <y < 0.5) using
a Redlich-Kister expression of excess Gibbs energy. However, as the site fractions become small
for the solid solution with rich Fe or rich Mn content, the excess terms become very small and their
contribution in the total Gibbs energy is insignificant. A more complicated expression of the excess
Gibbs energy should be involved in order to create two miscibility gaps on two sides of the x =y
line. The difficulties and complexity that we have encountered while dealing with the M1 model
are expected to be intensified if a more advanced model M2 considering the long-range-ordering
of Mn2+*, Mn3* and Fe2*, Fe3* is developed. The troubles that we bump into while modelling the
Li(MnyFe1,)PO4-(MnyFe1.,)PO, phase diagram using standard CEF models encourage us to

develop a new approach for our thermodynamic models.
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Figure 7.3: Schematic of the reciprocal system Li(MnyFe1.y)POs-(MnyFe1.)POs,.
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7.2.3.2 Hierarchical sublattice (HS) models
Model M1hs:

Like in the standard CEF model M1, in our newly developed hierarchical sublattice (HS) model
MLlhs, the four species Mn2*, Mn3+, Fe2* and Fe3* are in the same primary sublattice which
represents the tetrahedral 4c sites in the olivine structure. In this primary sublattice, we define 2
secondary sublattices: [Mn?*, Mn3*] and [Fe?*, Fe3*] with the flexible stoichiometry numbers (“y”
and “1 — y”). The molar Gibbs energy calculated by HS model M1hs is defined differently from
that of model M1. First, the molar Gibbs energy of end-members with secondary sublattice is
defined through the molar Gibbs energy of end-members of primary sublattice. For example, for

the fully lithiated end-member at a fraction of substituted Fe2* by Mn2* of “y”, we have:

o

GL'M 2+pe2+ po = G242t +GPY a2
iMny " Fej_y,P0y LiMny, Fel_yP04 LiMny, Fel_yP04

= YGiyp + (1 = Y)Gpp + RTlyIn() + (1 = y) In(1 ~ y)] (7.2)

ex
+ GLiMn§,+Fefi'yPO4

Here the molar Gibbs energy of the LiMn3* FeijPO4 end-member is defined as the solid solution
of LiIMnPO, and LiFePO, through the sublattice model Li(Mn2*, Fe2*)PQ,. If the excess term
Gex

LiMn3* Fel* PO, = 0, the end-member is considered as anideal solid solution (G,; Mn3FeZt PO, =
GLl.Mn§+Fe12in04). The other end-members are formulated similarly (Appendix L.1). The

configuration entropy at a fixed value of “y” of this system is defined as follow:

AS;IOJ;{S@ = —R{[xInx+ (1 —x) In(1 — x)] +y[z; In(z) + (1 — z;) In(1 — z,)] 7.3)

+ (1 =y)[z;In(z) + (1 — z;) In(1 — 2z,)]}

The boundary conditions to ensure electrical neutrality in models M1 and M1hs are the same:
X — (Z1 — Zz)y — Zy = 0 (74)

We have proven that model M1 and model M1lhs of an ideal solid solution are equivalent
(Appendix L.1). In model M1hs, excess energy canbe introduced as excess Gibbs energy of end-
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members (e.g. G ) or global excess energy G¢*, like in M1. By introducing molar

LiMn3*Fei* PO,
excess Gibbs energy (like in Equation 7.2) for two end-members favoring the coexistence of Fe3*
and Mn2* (Table L.3, Appendix L.2), two miscibility gaps separating atthe x = y line at room
temperature are reproduced using the M1hs model (Figure 7.4a). The maximum magnitude of the
excess energy is only around 1% of the magnitude of the Gibbs energy of the end-member
(Appendix L.2). According to our calculation, at 298 K, as the Li content increases from 0to x =
vy, Mn3* is reduced to Mn2*. When the Li content rises further, x > y, Fe3* starts being reduced.
The calculated results of our HS model show that the single solid solution region related to the
Fe3*/Fe2* redox reaction is still too small in comparison with experimental data [42] (Figure 7.4a).
Moreover, model M1hs does not show the long-range-order present in the LiFePO4-FePO,4 binary
system which is including the split of miscibility gaps above 500 K [133]. Therefore we would like
to extend model M1hs to describe the long-range-order of Fe3+-Fe2* and properly reproduce the

single solid solution region Fe3*/Fe2* redox reaction at room temperature [42].
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Figure 7.4: The para-equilibrium Li(MnyFe;y)POs-(MnyFe1)PO, join at 298 K calculated using
a/M1hs, b/M2hs and c/ M3hy thermodynamic models in comparison with the para-equilibrium
experiment data (o the two-phase coexisted by Mn3+*/Mn2*; o the two-phase coexisted by Fe3*/Fe?*;

e the single solid solution phase by Fe3t/Fe2*) [42] and the corresponding (100) coherent
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miscibility gaps calculated using Cahn’s approach and our elastic Gibbs energy approach in the

large deformation regime.

Model M2hs:

The standard CEF model M2 and the newly developed HS model M2hs are considered as extended
versions of our model M5.F for the LiFePO,4-FePO, olivine join in our previous publication [133].
Similar to the previous case, the two models, M2 and M2hs, are equivalent in describing the ideal
behavior of the Li(MnyFeiy)PO4s-(MnyFe;y)PO, join. Model M2hs is, of course, more
advantageous when describing experimental data [42] due to the flexible stoichiometry of the
secondary sublattices. Note that the Mn content in the two primary sublattices is assumed to be the
same as the global content of Mn for simplicity. By modifying the Gibbs energy of end-members
(Table L.4, Appendix L.2), the experimental points of Yamada et al. [42] are described properly
using our model M2hs (Figure 7.4b). Many variables are involved in the calculations which make
the process of identifying the local and global minima more difficult. More severely, the numerical
approach along with many variables make the calculated Gibbs energy curve rough (accuracy
threshold). Post-treatment of the rough curves in the para-equilibrium phase diagram is necessary.
Therefore, we developed a simpler thermodynamic model for describing this Li(MnyFe;.)POa-
(MnyFe1,)PO, olivine join atroom temperature.

Model M3hy:

Because model M1hs cannot describe the para-equilibrium experimental data [42] properly, and
because model M2hs is numerically heavy, we have developed model M3hy-a hybrid of model
MZ1hs and model M2. Model M3hy (hy stands for “hybrid”) is expected to inherit the flexibility of
M1hs and the long-range-order of Fe2+ and Fe3* of the M2 model. Model M3hy is unique as no
standard CEF model is equivalent to it. In this model, MnZ* and Mn3* reside in a secondary
sublattice and Fe2*and Fe3*are considered in two primary sublattices with site ratio 3:2. If there is
no Mn doped, Fe2* and Fe3* coexist in the solid solution with a long-range-order manner. As Mn
ions replace Fe ions, Mn2+ and Mn3* take the lattice site of Fe2*and Fe3* but they do not inherit the
long-range-order character of the Fe ions in the solid solution which is a weakness of the model
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but for low Mn content, it should have less impact. Within the tetrahedral 4c sites, Mn2* and Mn3*
ions distribute randomly. As the Mn content increases, the Fe content becomes smaller and the
long-range-ordering degree reduces. Consequently, the contribution of long-range-order in the

rich-Mn side of the phase diagram is negligible.

Our sublattice model M3hy describes well the experimental data of Yamada et al. [42] at room
temperature (Figure 7.4c). By separating Mn and Fe ions into different types of sublattice, we can
separate the effect of the two redox pairs and the long-range-order of Fe2+*and Fe3*. Like in model
M2hs, the miscibility gaps separated by the redox reactions are modeled by using the parameter
d;; and dy, (Table L.4,5, Appendix L.2). In M3hy, the thermodynamic parameter dggs Signifies
the affection of manganese content on the long-range-order of the Fe ions (Table L.5, Appendix
L.2). Our model also represents well the fact that as Li content increases, Mn3* is reduced first, and
when all the Mn?* ions are obtained, Fe3* starts to be reduced. Vice versa, in delithiation of the
Li(MnyFe1.,)PO, phase, as Li content decreases, Fe?* is oxidized and as all Fe?* becomes Fe3*, the
delithiation continues by oxidizing Mn?*. Moreover, our calculated Liy4(MnyFei.)POs-
Lio.4(MnyFe,,)PO, phase diagram at room temperature (green dashed line in Figure 7.4c) is
comparable with experiments done by Kim et al. [72] Note that all thermodynamic models of the
Li(MnyFe1.,)PO4-(MnyFe1.,)PO, join developed in this study are valid at room temperature only.
Due to the lack of knowledge on the Gibbs energy of pure compounds at high temperatures and no
reliable experiments at elevated temperatures, it has not been possible to properly predict the

thermodynamic behavior of the cathode at higher temperatures yet.

To sum up, by introducing the “secondary sublattice” in a HS sublattice model, the phase para-
equilibria of the Li(MnyFe;y)PO4-(MnyFe1)PO, join at room temperature are successfully
described. In common sense, primary sublattices describe different types of lattice sites in the
crystal while secondary sublattices consider different entities occupying the same type of lattice
sites in the crystal. In comparison to the standard CEF sublattice models (like M1, M2), formulation
of the Gibbs energy of end-members in the newly developed HS models is more complicated. Our
HS models (M1hs, M2hs) introduce an additional way to implement the excess Gibbs energy and
the excess terms are systematically separated. The hybrid model M3hy is unique since it possesses
the characteristics of both the classic model M2 and the newly developed model M1hs. All the
newly developed models (M1hs, M2hs, and M3hy) show the separation of miscibility gaps by two
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redox reactions (Figure 7.4). M3hy is the best for describing the experimental data of Yamada et
al. [42] as M1hs does not describe well the experimental solid solution regions related to Fe2*/Fe3*
redox reaction and M2hs is mathematically complicated. In this study, the minimization of Gibbs
energy of the solid solution is only considered under fixed manganese contents and hence, para-
equilibrium phase diagram is reproduced. Our HS models are still suitable for describing
equilibrium phase diagram where global minimization of Gibbs energy is required since all the
parameters belonging to a standard CEF model can be implemented in an equivalent HS model

with secondary sublattice.

7.3 Coherent miscibility gaps along a Li(MnyFe;.,)PO4-(MnFe;.,)PO,join

Coherent miscibility gaps of the para-equilibrium Li(MnyFe1.,)PO4-(MnyFe1y)PO4 joins can now
be calculated, provided lattice parameters and elastic constants can be estimated. Based on our
knowledge of the Cahn’s approach for orthorhombic systems [232] and the Gibbs elastic energy
approach for cubic systems [433], in this study, the elastic Gibbs energy approach is considered
for orthorhombic systems for the first time. In the LiFePO4-FePO,4 system, (100) is the most
favorable habit plane because it avoids the largest lattice mismatch in (100) direction [232].
Similarly, (100) lattice mismatch is the largest lattice mismatch of the LIMnPO4-MnPO, and
Li(MnyFe1.,)PO4-(MnyFe1.,)PO, systems and their (100) lattice misfits are even larger than that of
the LiFePO4-FePO, system. According to our calculation of the coherent consolute temperatures
of the LIMNPO4-MnP O, system for various habit planes by using extended Cahn’s approach [232],
(100) and (110) are the two habit planes which produce stable coherent miscibility gaps above
room temperature with the coherent consolute temperature of 511.7 K and 382.3 K, respectively.
Similar to LiFePO,4-FePO,4and LiMnPO4,-MnPO, system, (100) should be the most favorable habit
plane for Li(MnyFe1y)PO4-(MnyFe1y)PO,4. Therefore, in the present study, only the (100) habit

plane for an orthorhombic system is formulated by using the elastic Gibbs energy approach.

7.3.1 Elastic Gibbs energy for an orthorhombic system

Like the stress-strain relation developed for the (100) habit plane of cubic systems [433], the stress-

strain relation for the (100) habit plane of an orthorhombic system, where only ¢, and o5 are non-



150

zero stress components, is proposed (Equation M.1). The boundary of the (100) coherent spinodal
should obey the following condition:

2

G
5zt 2V Y100)152 = 0 (3.1

Subsequently, the elastic Gibbs energy for (100) is considered as a double integration of elastic
Gibbs energy density:

X
65t = || Yooy ?dxd (32)
0

with the boundary conditions: Gf/pepo, = 0 and GgLp,, = 0. The formulation of Yy in both the
small and large deformation regimes is shown in appendix M. Please note that in the small
deformation regime, expressions of Y(15) and Ggl are exactly as what we have developed for
orthohombic systems using Cahn’s approach [232]. The elastic energy is formulated in the large
deformation regime using Almansi-Lagrange strain tensor and the second Piola-Kirchhoff stress

tensor. We did not find the analytical expression of Y4 in the large deformation regime because
of the complexity of the £} expression. Instead, Y(100) is considered as composition dependent
Y{100) Which is the series of coefficients obtained by fitting f} as a function of ,2 at different Li

contents (Appendix M). The fitting of £}, as a function of ,2 is satisfactory (Figure M.1). We have
chosen &, because it is the larger strain. As shown from our calculation of elastic energy, when &,
is small, £} ~ £3. If &, increases, the difference (£ — £ ) becomes significant (Figure M.1).
Noticeably, for calculating (100) coherent miscibility gap, Cahn’s approach eliminates the
contribution of n, while n, is still considered in the calculation of the elastic Gibbs energy
approach for a large deformation. Even though the elastic Gibbs energy in both the small and large
deformation regimes show the ease of fitting the lattice parameters, b and c, of the two coherent
phases on the (100) habit plane, only the approach in the large deformation regime treates the molar
volume change (mainly due to n,) which makes the coherent transformation slightly more difficult.
(100) coherent miscibility gaps of the sub-systems and the Li(MnyFe1y)PO4-(MnyFe1y)PO4 join,
in which the maximum lattice mismatchs go beyond 5%, are therefore estimated by using the elastic

Gibbs energy approach for the large deformation regime.
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7.3.2 Coherent phase diagram

7.321 LiFePOs-FePO4

Although the coherent miscibility gaps of LiFePO,4-FePO,4 were calculated in the small deformation
regime in our previous work [232], they are recalculated by using formulae in the large deformation
regime (Figure 7.5) because the maximum lattice mismatch of this system is 5.11% [232]. All the
parameters needed for calculating coherent miscibility gaps are taken from Phan et al. [232] The
calculated coherent miscibility gaps using the formulae of the large deformation regime are much
larger than the ones calculated by Cahn’s approach and they are just slightly smaller than the
equilibrium ones. Atroom temperature, the coherent phase transformation along (100) habit plane

is very likely to occur.

650

Incoherent

550
- —_— MG (cal )
2
< A Yamada et al.
B
E O  Dodd et al.
= 450
-9
é Cal. (100) coherent

— = MG Cahn

350 — MG Lar. Defor.

250

0 0.2 0.4 in LiXFeP(;:ﬁ 0.8 1
Figure 7.5: Calculated (100) coherent miscibility gaps for the LiFePO4-FePQO, join using Cahn’s
approach [232] and our elastic Gibbs energy approach for the large deformation regime in
comparison with the calculation and the experimental data of the incoherent miscibility gap [26,
28, 133].
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7.3.2.2 LIiMnPO4-MnPQO,4

First principles calculations performed in this work (Section 7.2.1) and obtained by Nie etal. [94]
reveal the linearity of the lattice constants of the solid solution LiMnPO, versus the Li content.
Therefore, for the calculation of the coherent miscibility gap of the LIMnPO4-MnPO, join, we
consider a linear change of the lattice parametersand molar volume of the solid solution LixMnPQO,4
versus its Li content. The three lattice mismatch terms of the LIMnNPO4-MnPQO, system are
calculated by our reported expression [433] and the experimental lattice parameters of pure
compounds shown in Piper etal. [84] (n, = 0.0787; n, = 0.0292; and . = —0.0089). Since 1,
is large, the calculation of coherent miscibility gap should be considered in the large deformation
regime. In addition, elastic constants necessary for calculating coherent miscibility gap are taken
from our DFT simulations. The calculated (100) coherent miscibility gap using the Gibbs energy
approach for a large deformation is much larger than that estimated by Cahn’s approach due to the
large maximum lattice misfit of 7.8% (Figure 7.2). In addition, it is just slightly smaller than the

equilibrium one (Figure 7.2).

Note that for both LiFePO4-FePO, and LIMnPO4-MnPO, systems, the calculation of (100)
coherent miscibility gap in the large deformation regime mainly depends on the two lattice
mismatch terms n, and n. while the largest lattice mismatch n, does not play any significant role
except its contribution to the molar volume change. For both joins, 1, and n. are small. Moreover,
they are of opposite signs meaning that if an extension occurs along the (010) direction,
compression should occur along the (001) direction and vice versa. A simultaneous occurrence of
both the local compression and local extension would therefore lower the overall elastic Gibbs
energy. Consequently, both systems tend to experience the (100) coherent phase transformation.
Lastly, at room temperature, when the miscibility is still wide, the coherent phase transformation
is very likely since the coherent effect is not yet as significant as that at high temperatures. To sum
up, the avoidance of the large lattice mismatch direction, the small elastic Gibbs energy due to the
simultaneous existence of both compression and tension, and the low temperature consideration
are the reasons why the (100) habit plane is favorable and the coherent phase transformation is
likely to occur in the LiFePO4-FePO4and LIMnPO4-MnPQO4 battery joins.
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7.3.23 Li(MnyFe1y)POs-(MnyFe1y)PO4

In order to calculate the (100) coherent miscibility gap of the Li(MnyFe;y)POs-(MnyFeq)PO4
olivine join, the knowledge of its physical properties is critical. The lattice parameters of the solid
solution Li(MnyFe1.,)PO4 show a linear increase of lattice parameters with increased manganese
content [16, 46, 49, 70, 389, 431, 434]. Our first principles calculations show a linear change of
lattice parameters of (MnyFe1y)PO4 versus its manganese content. Due to the vast similarities
among the crystal structure of the Liy(MnyFei.,)PO,4 solid solution with various lithium and
manganese compositions, the lattice parameters are properly assumed to be linearly dependent on
its lithium and manganese compositions. The molar volume is calculated from the estimated lattice
parameters. The elastic constants of compounds are extracted from our DFT simulations and those

of the solid solution are assumed to be linearly dependent on its lithium and manganese contents.

The estimation of the (100) coherent miscibility gaps at room temperature is done on the M1hs and
M3hy thermodynamic models of the Li(MnyFe;.,)PO.-(MnyFe1.,)PO, olivine join. Because of the
complexity of the thermodynamic model M2hs and the accuracy threshold, the calculation of the
(100) coherent miscibility gap was not performed. The (100) coherent miscibility gaps calculated
by the elastic Gibbs energy approach for large deformations are sgnificantly larger than the ones
calculated by Cahn’s approach (Figure 7.4a, c). The differences of the coherent miscibility gaps
estimated using two approaches are more pronounced at a higher temperature, 343 K (at which
common LIB electrolytes are still functional [435]) (Figure 7.6a, b). The calculated coherent
miscibility gaps on the Fe2*/Fe3* redox reaction side of the phase diagram is smaller and more
sensitive to temperature change in comparison with those on the Mn2*/Mn3* side (Figure 7.6a, b).
As shown from our calculation (Figure 7.4a, ¢ and Figure 7.6a, b), the coherent miscibility gaps
estimated by the elastic Gibbs energy approach are just slightly smaller than the incoherent
miscibility gaps. Like in LiFePO4-FePO,4and LIMnPO4-MnPOQOy, joins, 71, and . being of opposite
signs reduce the elastic Gibbs energy, consequently, make the coherent phase transformation more
likely. Moreover, the elastic Gibbs energy seems to have a slightly larger effect on the miscibility
gaps of the Fe3*/Fe2* redox region than that of the Mn3*/Mn2* redox side (Figure 7.4a, ¢ and Figure
7.6a, b). There are three factors which should contribute to this phenomenon. Firstly, when
considering the (100) habit plane, the value of n, does not play a significant role and the

magnitudes of 1, and n. are more important. Therefore, even if nLfP < nLMP (where LFP stands
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for the LiFePO,-FePO, system and LMP stands for the LiMnPO,-MnPO, system), since ni** >
neMPand [nLFP| > |nkMP| the elastic Gibbs energy still have a smaller effect on the calculation of
the (100) coherent miscibility gap in the LIMNPO4-MnPO, system than that in LiFePO,4-FePO,
system. Consequently, the (100) coherent phase transformation is more likely to occur on the
Mn3*/Mn2*+ redox side. Secondly, the elastic constants of Li\MnPO, are generally smaller than
those of LisFePO4 [25]. Finally, the asymmetry of the para-equilibrium Li(MnyFe1y)POs-(MnyFe;.
y)PO4 could lead to the dissimilar contribution of elastic Gibbs energy on the Fe3*/Fe2* and
Mn3*/Mn2+ redox sides. In brief, coherent phase transformation is favorable during
charging/discharging processes of the battery with Li(MnyFe..,)PO, cathode. The lower
magnitudes of n, and 7., lower elastic constants, and asymmetry are the reasons why the coherent

phase transformation on the Mn3*/Mn2* redox side is a little more favorable than that on the
Fe3*/Fe?* redox side.
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Figure 7.6: Calculated para-equilibrium Li(MnyFe;y)POs-(MnyFe1)PO, join at 343 K calculated
using a/M1hs, b/ M3hy thermodynamic models and the corresponding (100) coherent miscibility
gaps calculated using Cahn’s approach and our elastic Gibbs energy approach in the large

deformation regime.

7.4 Electrochemical delithitation/lithiation

7.4.1 Electrochemically-driven phase transformation

Itis well known that the behavior of the open circuit voltage (OCV) of the battery is closely related
to the Li(MnyFes.y)POs-(MnyFe1y)PO, olivine join [18, 25, 42, 133, 232]. Therefore, the (100)
coherent and para-equilibrium Li(MnyFe;y)POs-(MnyFe,,)PO, join can help us understand and
later, predict the electrochemical behavior of the cathode material. First of all, our thermodynamic
models allow the complete reversible change of Fe and Mn ions during charge/discharge processes
as suggested experimentally [386, 436-438]. Contrary to the phase para-equilibrium of Li(MnyFe;.
y)POs-(MnyFe1. )PO,4 joins identified by chemical analyses [42], the electrochemical
delithiation/lithiation of samples with high Mn contents (y > 0.6) is stable [49, 397, 427, 431, 432,
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439]. The electrochemical performance of the Lix(MnyFe;,)PO,4 cathode (y > 0.8) is reported even
better than that of LIMnPO, [439]. Despite the unstable Mn-rich cathode material synthesized
chemically, our thermodynamic models of the Li(MnyFe1.,)PO4-(MnyFes1.,)PO4 join could still be

valid at high Mn content when considering electrochemical applications.

So far, only Ravnbaek et al. [397] reported the electrochemically-driven phase transformation in
Lix(MnyFe1.,)PO,4. Our calculated miscibility gap on the Mn3*/Mn?* side (Figure 7.4) describes
quite well the delithiated experimental data [397]. The Mn3*/Mn2* miscibility gap extends towards
the Li-rich side and even goes beyond the x = y line during lithiation [397]. In the Fe3*/Fe2* redox
side, the reported solid solution regions are quite significant for both charge and discharge phase
diagrams [397], in agreement with our para-equilibrium calculated by model M3hy (Figure 7.4c).
The miscibility gaps related to the Fe3*/Fe2* redox reaction during both charge and discharge [397]
are smaller than our calculation at low Mn contents. The charged Fe3*/Fe2* miscibility gap is larger
than the discharged one and both of them are in the Li-rich regions [397] like the Fe3*/Fe2*
miscibility gap showed in our M3hy phase diagram (Figure 7.4c). The distinct shape of the
Fe3*/Fe2* two-phase regions during discharge [397] is in agreement with our calculated miscibility
gaps using model M3hy (Figure 7.4c). The small two-phase region in the Fe3*/Fe2* redox side at
low Mn content can be bypass and the solid solution phase transformation could occur instead
because of the low Gibbs energy of mixing in this region. In general, our M1hs and M3hy
thermodynamic models are able to reproduce some features yet all the characteristics of the
reported electrochemical charge and discharge Li(MnyFeiy)POs-(MnyFe,,)PO, phase diagram
[397]. Note that Ravnbaek et al. [397] defined their phase diagrams as the systematic screening of
the electrochemical-driven phase transformations, rather than para-equilibrium or coherent ones.
As differences exist between their charge and discharge phase diagrams, they should be close to

but not exact para-equilibrium diagram.

7.4.2 Open circuit voltage (OCV)

In addition, the Gibbs energy of the solid solution taken from the thermodynamic models (M1hs
and M3hy) provides us the OCV curves of the Lix(MnyFe;,)PO, battery corresponding to various

Mn contents (Figure 7.7). At a certain manganese content, two regions related to two redox couples
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are identified, separated by the line x =y (Figure 7.7). In the early research on olivine cathode
materials [16], two voltage plateaus of almost equal width on both discharging and charging curves
were revealed for Li(MngsFegs)PO4. The ~4.1 V plateau is associated with the Mn3+/Mn2* redox
couple while the Fe3*/Fe2* redox couple is responsible for the plateau with the average voltage of
~3.5 V. In between the two plateaus, there is a single-phase transition region [16]. The separation
of the voltage profile into two regions related to two redox couples and the relation of the width of
voltage regions with Mn content have been reported in numerous studies [19, 37, 49, 50, 57, 61,
70, 383, 386, 427-432]. Such features are well described by our models (Figure 7.7). Ata low Mn
content (y = 0.05), the Fe3*/Fe2* voltage plateau is expected during delithitation/lithiation for both
thermodynamic models. At high Mn content (y = 0.6), the voltage plateau related to the
Mn3+*/Mn2* redox reaction occurs, the solid solution phase transition on the Fe3*/Fe2* redox side is
shown. For materials with an average Mn content (y = 0.3), two voltage plateaus related to
Mn3*/Mn2*+ and Fe3*/Fe2* redox pairs are revealed using both thermodynamic models. Asignificant
single solid solution phase exists on the Fe3*/Fe?* redox side when model M3hy is considered,
while the single solid solution regions shown by considering model M1hs is the transition phase
between the two two-phase transformations corresponding to two voltage plateaus (Figure 7.4,
7.7). Several phase transformation mechanisms during delithiation/lithiation directly associated

with the phase diagram, have been considered among studies.

Two miscibility gaps:

Similar to the measurement reports done by Padhi et al. [16], electrochemical delithiation/lithiation
reveals two voltage plateaus of ~3.5 V (Fe?*/Fe3*) and ~4.1 V (Mn2*/Mn3*) in a wide range of
manganese content (0.25 < y < 0.75) [47, 50, 429, 431]. The delithiation of Li(MngsFeq 4)PO4
also revealed a solid solution domain in the intermediate state, 0.55 < x < 0.67, where the
Fe2*/Fe3* electrochemical reaction is replaced by Mn2*/Mns* in between the two two-phase regions
[429]. Meanwhile, the simultaneous redox reactions of Fe2*/Fe3* and Mn2*/Mn3* in the narrow
single phase transformation was found in another study [430]. The OCV curves calculated by using
model M1hs also reveal two voltage plateaus for the samples with low and average Mn contents

(Figure 7.7). However, since model M1hs was developed based on experiments of Yamada et al.
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[42], the calculated OCYV for the delithiation of Li(MngsFeo.4)PO,4 shows a voltage plateau related
to Mn2*/Mn3* and a solid solution phase transformation on the FeZ*/Fe3* side rather than two
voltage plateaus as reported by Bramnik et al. [429]. However, our calculated OCV curve is
actually in agreement with the electrochemical delithiation of Li(MnggFeo.4)PO, performed by
Yamada etal. [57].

Mn3+/Mn2+ miscibility gap and Fe3*/Fe2* solid solution:

Roberts etal. [432] stated that iron oxidation always begins by the two-phase mechanism with an
approximately constant onset potential of ~3.5 V. However, with Mn substitution, the reduction
Fe3* - Fe2* is increasingly pre-empted by the one-phase reaction. In the investigation of the
electrochemical behavior of the Li(MnyFe1.,)PO, battery material with intermediate Mn contents,
rather than two voltage plateaus [61, 429, 430], a single voltage plateau corresponding to the
Mn3*/Mn2* redox pair and a solid solution transition related to the Fe3*/Fe2* redox pair have been
found [57, 383, 427, 428, 432]. Inagreement with Yamada etal. [42], the reported OCV of charging
or discharging Lix(MnggFeq.4)PO4 revealed two distinct regions [57]. The first region is a ~4.1 V
voltage plateau which is based on the two-phase reaction between (Mn3tFe3t)P0, and
Ligs(MngtFe3t)P0, with fixed lattice constants. The second region with an average voltage of
~3.5V shows an S-curved profile which is related to a single-phase solid solution
Liy(MnitFel)PO, (with 2 < a < 3) with continuous lattice constants. In the second region, an
iron ion changes its oxidation state among Fe2* and Fe3* [57]. This electrochemical behavior of
Lix(MngeFeo.4)PO4 is well described using both of our models (Figure 7.7). A similar
electrochemical behavior of Li(MngFe3)PO4 and Li(MngsFeqs)PO, were later reported [383,
427, 428]. In contrast to the para-equilibrium reported by Yamada et al. [42] and our calculation
of cell voltage (Figure 7.7), in the charging/discharging of Li(MngsFeo.5)PO4/(MngsFeqs)POs, a
single phase transformation with continuous changes of lattice parameters instead of a voltage
plateau in the “iron side” is found [427, 428]. The intermediate range (0.4 < x < 0.7) where
simultaneous FeZ*/Fe3+* and Mn2*/Mn3* redox reactions were included [428] is wider than that
reported by Nam et al. [430]. According to the cyclic voltammograms reported by Hashambhoy

and Whitacre [383], a distinct potential separation between Mn anodic and cathodic current peaks
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characterizes a two-phase regime with an increased degree of irreversibility and a slight overlap of
Fe anodic and cathodic peaks represents a “more reversible” reaction associated with a single phase
transition. The authors [383] proposed a mechanistic model. The domino-cascade model [129] is
applied to the Mn redox regime. Assuming that half of the lithium ions are associated with the
Fe2*/Fes3* sites and the other half are associated with the Mn2*/Mns3* sites, delithiation experiences
a single phase transformation on the Fe2*/Fe3* sites until x = 0.5, then it continues with dual phase
transformation on the Mn2*/Mn3* redox sites [383]. However, this model is insufficient since the
solid solution transition region, where the redox reaction is changing among Fe2*/Fe3* and
MnZt/Mn3* [428, 430], is totally omitted. The operando 5’Fe Mossbauer and XRD investigation of
Lix(Mng sFeq.s)PO, done by Perea et al. [434] revealed a complex three steps mechanism during
the charge. During delithiation, the material experiences a biphasic reaction (0.7 < x < 0.95), then
a solid solution transformation (0.5 < x < 0.7) and finally a biphasic reaction until x~0.1 [434].
The existence of an intermediate solid solution and a miscibility gap on the Fe2*/Fe3* redox reaction

side of the phase diagram at y = 0.5 [434] is consistent with our calculations using model M3hy
(Figure 7.4, 7.7).
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Figure 7.7: Calculated open circuit voltage (OCV) curves obtained by delithiating a Li(MnyFe;-
y)PO4 particle via equilibrium and (100) coherent phase transformation with various Mn contents
(v = 0;0.05;0.3; 0.6; 1) by using either a/ M1hs or b/M3hy thermodynamic models. The (100)

coherent OCV curves are obtained from the elastic Gibbs energy approach for the large
deformation regime.

Solid solution (de)lithiation:

Alternatively, Li(MnyFe;,)PO4 samples could reveal a single-phase mechanism of deintercalation
in the whole range of lithium concentration in contrary to the LiFePO,4and LIMnPO, [70]. The low
reversibility of the lithium extraction process in the high-voltage Mn2*/Mn3+ range and high
reversibility in the FeZ*/Fe3* range were characterized through voltammetric cycles [70].
Nevetherless, the charge/discharge curves were obtained under constant load of C/25 [70] which
is much higher than the charge/discharge rate in the experiments of Bramnik et al. [429] or
Hashambhoy & Whitacre. [383]. A high current provides a large driving force for the
deintercalation/intercalation of lithium ions, which allows the samples to follow the single-phase

solid solution transformation [133]. In addition, particle size has not been mentioned. As known,
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nanoparticles decrease the Li* movement path and relax strain energy at the particle surfaces, hence

favor the solid solution phase transformation like in the case of LiFePO, [232].

In brief, there is discrepancy among studies of electrochemical behavior of the Li(MnyFe;)PO,4
cathode material with an average amount of manganese (0.5 < y < 0.6). For such material, the
two-phase transformation related to the MnZ*/Mn3* redox reaction and the single-phase
transformation where sequential or simultaneous redox reactions occur are identified. These two
regions can be described using our models. However, the phase transformation in the iron side is
unclear. Some studies [16, 61, 429-431] claim a two-phase transformation while the others [57,
383, 427, 428, 432] suggest a single-phase transformation corresponding to the Fe2*/Fe3+ redox
reaction. The similarities of the phases occurring during delithiation/lithiation are numerous,
especially for the phases with different oxidation states of iron. The massive similarities between
phases make the experimental analysis very difficult. For example, upon delithiation of
Lix(MngsFeg5)PO4 at up to x = 0.7, only one phase was observed. Its lattice parameters
insignificantly change: parameters a and b decrease by ~0.5% and ~0.1%, respectively and
parameter c increases by ~0.4% [428]. However, the authors did not exclude the possibility of the
coexistence of the two-phases with very close lattice parameters [428]. Although the delithiation
of Lix(Mng¢Feo.4)PO4 up to x = 0.67 is characterized by a two-phase transformation, the reported
molar volume difference is only 1% [429]. In addition, numerous parameters affecting the phase
transformation including the charge/discharge rate, particle size, the number of defects or the
amount of carbon coating, etc., have not been stated clearly. Furthermore, our thermodynamic
models of the Li(MnyFe1.y)PO4-(MnyFe1,)PO4 join were developed based on chemical delithiation,
which could not describe the electrochemical behavior precisely. Hence, more experimental
evidence and systematic analysis on the electrochemical behavior of this cathode material,
especially the one with an average amount of manganese, are necessary. Nevertheless, such
controversy on the phase transformation mechanism is not found among studies considering low -
Mn-doped-LiFePO,.
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7.4.3 LowMn-doped-LiFePO,

First principles investigation done by Xu et al. [398] showed that only a small amount of Mn?* ion
doping could narrow the band gap, and consequently improve LiFePO, electronic conductivity.
Moreover, a high Li* solid state diffusion coefficient is required for good electrochemical
performance. The substitution of 10%Mn enhances Li ionic transport, therefore, improves the
electrochemical performance of the battery at a higher rate [399]. The diffusion of Li* increases
significantly with Mn?*-substitution degree for the Li(MnyFe1.,)PO, (y < 0.2) olivine compounds
[46]. Therefore, low-Mn-doped-LiFePO, is promising for an effective improvement of the

electrochemical properties of LiFePO,.

Among the investigated Li(MnyFei.,)PO4 (y = 0; 0.25; 0.5; 0.75) materials, the one with low
manganese content, LiMng xsFeq 7sP04, reveals the highest capacity and the best cyclability [49].
As the manganese content increases (y > 0.25), both the capacity and cyclic performance decrease
[49]. A noticeable capacity loss was observed as y > 0.25, mainly in the Mn2*/Mn3* range, due to
the loss of electronic mobility [431]. Meanwhile Li(MngsFeq7)PO4 shows a similar or worse
charge/discharge capacity than that of LiFePO, [43, 60, 440], LiMnyiFeooPO,4 and
LiMng oFeo sP O, reveal better conductivities, charge/discharge capacities, and cyclabilities [43, 60,
381]. The effective improvement of the electrochemical performance of olivine LiFePO4by only a
small amount of Mn2*-doping, especially at high charge/discharge rate, was also observed [44, 48,
381, 441, 442]. Manganese substitution widens the solid solution in Li-poor region and a two-phase
transformation was still detected [44, 48, 61, 442]. Actually, our para-equilibrium thermodynamic
models show either a solid solution or a two-phase phase transformation on the Mn redox side
(Figure 7.4, 7.7). Even if a miscibility gap exists in the Mn2*/Mn3* redox side, ata low Mn content,
the energy barrier for the solid solution transformation should be small since the two phases
(Mn3*Fei*,)POjand Li.,(Mn3+Fel*,) PO, are very similar in terms of physical properties and

the lattice mismatch is negligible.
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7.4.4 Asymmetry of charging/discharging processes

Like LiFePQOy,, an uneven charging/discharging performance of Li(MnyFe;,)PO4 wasalso reported.
First of all, the phases are more favorable to experience a solid solution phase transformation on
the Fe2*/Fe3* redox side rather than that on the Mn2*/Mn3* side [42, 62, 72, 397]. Our calculated
para-equilibrium and (100) coherent phase diagrams (Figure 7.4) and the OCV curves (Figure 7.7)
are able to demonstrate this asymmetry. Additionally, delithiation and lithiation are asymmetric.
The compositional phase diagrams for Li\(MnyFeq.,)PO, measured during charge and discharge
are different [397]. Interestingly, even if Li(FeosMngs)PO,4 experiences two two-phase transitions
separated by a single solid solution region during both delithiation and lithiation, at discharge, a
noticeable increase in the extent of the single-phase region is detected [61]. LiMng sFeq.75PO4
undergoes two two-phase transformations during delithiation, however, the phase transformation
during lithiation is different, becoming a two-phase (MnZz*/Mn3*) reaction and single-phase
(Fe2*/Fe3*) reaction [47]. If electrochemical (de)lithiation obeys the para-equilibrium phase
diagram, the asymmetry of charging and discharging processes should not be present. No clear
answer explaining why asymmetric phase transformations were observed for delithiation and
lithiation of Li(MnyFes1.,)PO4. Ravnshek et al. [152] suggested that the phenomenon would be due
to the non-symmetric character of coherency strains. Drozhzhin et al. [61] proposed a more direct
explanation. The asymmetric phase transformation in Liy(MngsFeos)PO, is caused by the no-
association of the transformation upon changing lithium content with dramatic structural variation,
the accompaniment of phase transformation with significant changes of unit cells, and the
simultaneous reduction and oxidation of Fe and Mn due to the random distribution of Mn and Fe
cations in the lattice of the intermediate solid solution LixMngsFeqsPO4 (0.4 < x < 0.6) [61].

7.4.5 Potential shift

Early work of Padhi etal. [16] revealed the destabilization of the redox potential of the Mn3*/Mn2*
couple from over 4.3 to 4.1 V in the presence of Fe. The shift of redox potentials was later observed
in many studies [37, 46, 49, 50, 58, 59, 62, 70, 431, 434, 443, 444]. As Mn content changes, linear
shifts of the redox potentials (OCV) of the Fe2*/Fe3* and Mn?*/Mn3* couples in Li(MnyFe1y)PO4
were reported [37, 46, 62, 431, 434, 443, 444]. Our calculations of OCV curves using both the
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M1hs and M3hy thermodynamic models are able to predict the shifts of the redox potentials. The
redox potential of Mn2*/Mn3+ decreases and that of Fe2*/Fe3* increases with the increase of Mn
content of Li(MnyFe1.,)PO, (Figure 7.7) in compatible with experiments [37, 46, 49, 50, 58, 59,
62, 70, 431, 434, 443, 444]. Noticeably, the reported unchanged difference between the average
redox voltages of Fe2*/Fe3* and Mn2*/Mn3* in the whole manganese concentration range [431] is
observed clearly in the calculated M1hs OCV curves (Figure 7.7).

According to Malik etal. [62], because Lit-Fe3* and Li*-Mn?* interactions are unfavorable, Fe3*
and Mn2* states in the solid solution have higher energy than in their pure FePO,4 or LiMnPO,
phases. Consequently, higher and lower plateau voltages for Fe3*/Fe2* and Mn3*/Mn2* respective ly
are observed. On the other hand, Padhi et al. [16] explained the voltage shift phenomenon on the
basis of the Fe3*-O-Mn2* super-exchange interaction. On the word of Kobayashi et al. [443] and
Muraliganth & Manthiram [37], Mn substitution increases the molar volume, then increases the
average Fe-O bond length, consequently, lowers the Fe2*/Fe3* redox energy and increases the
voltage of Fe2*/Fe3* couple. Similarly, the shortening of the Mn-O bond due to the substitution of
the smaller Fe increases the covalence of the Mn-O bond, raises the Mn?+*/Mn3* redox energy and
decreases the voltage of the Mn2*/Mn3* couple in Li(MnyFe1)PO4 [37, 443]. The small voltage
shift in a single cell would become significant in a large-scale battery containing a large number of
series connected single cells [443].

7.4.6 Coherent phase transformation during charging/discharging processes

Since coherent miscibility gaps of Li(MnyFe;y)POs-(MnyFey,)PO, olivine join are just slightly
smaller than the corresponding para-equilibrium gaps, the OCV curves following the coherent
phase transformation are almost identical to the para-equilibrium ones (Figure 7.7). The strain,
which should be related to coherence, is found during the phase transformation of Li(MnyFe;.,)PO4
[445]. The intermediate phase in the middle of the two voltage regions should help to reduce the
misfit strain [152]. Ravnsbak et al. [152] suggested a coherent phase transformation for small
particles. As known previously, particle size is one factor affecting the miscibility gap of the
LiFePO4-FePO, olivine join [23, 27, 34, 35, 232]. Small LiMnPO, particles show better
electrochemical performances [412, 446-448]. Although this effect has not been systematically
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investigated in Li(MnyFes.,)PO4-(MnyFe1y)POy, the role of particle size is still recognized [152].
In electrochemical measurement of micrometer-sized particle Li(MnyFe1,)PO,, the two distinct
peak potentials in cyclic voltammetry (CV) corresponding to the two redox pairs Fe3*/Fe2* and
Mn3*/Mn2*+ were observed. On the other hand, asingle broad peak was detected in CV from ~10nm-
platelet LiMng sFeqsPO4. In the nanoplatelets, Fe and Mn cations were homogeneously distributed
causing a synergetic effect on the redox potentials [449]. Similar to LiFePQOy, for Li(MnyFe1y)PO4
cathode, the smaller the particle size is, the more favorable the coherent phase transformation is
expected since the lattice mismatches are smaller and the elastic strain could easily be relaxed at

the particle surfaces.

To sum up, even though some studies show electrochemical charging/discharging in agreement
with the phase diagram of Yamada et al. [42], other studies showed two two-phase transformations
of intermediate manganese cathode materials. It means that for electrochemical applications, the
Fe3*/Fe2* miscibility gap can be larger than the reported chemical miscibility gaps [42] especially
in the range of 0.4 <y < 0.6. Up to now, model M3hy describes well the experimental data of
Yamada et al. [42] and model M1hs describes the OCV two-voltage plateaus better. Our models
could distinguish the voltage regions related to two redox reactions with the Mn/Fe content ratio.
Noticeably, the massive resemblances of the phases which could occur during phase transitions
make the voltage plateaus and solid solution curves more difficult to distinguish and the
experimental phase analysis more challenging. Asymmetry and potential shift are properly
described using both our models. As shown in our thermodynamic models, the (100) coherent
phase transformation which allows Li ions to move in its favorite (010) channels [32, 399] is
promising. Therefore, it is preferred to fabricate Li(MnyFe;,)PO,4 cathodes as (100) wires or (100)
plate-like nanoparticles, etc. in order to promote the (100) coherent phase transformation and

improve the charge/discharge rates and cyclability of the cathode materials.

7.5 Conclusion

In summary, the thermodynamic behavior of the Mn-doped-LiFePO, cathode material was
investigated by considering the para-equilibrium and (100) coherent Li(MnyFe;.,)POs-(MnyFe;.
y)P Oy battery join. It is the first time that:



166

» the phase diagrams of the LiFePO4-LIMnPO,4, FePO4-MnPO, and LIMNPO4-MnPO,
olivine joins were modeled atup to 473 K;

» the concept of secondary sublattice in a HS model is introduced to the compound energy
formalism (CEF);

> the hybrid model M3hy is unique however it skips the possible LRO character of the Mn2*
and Mn3* in the solid solution which has never been reported in any works up to now;

> the para-equilibrium Li(MnyFes.,)PO4-(MnyFe1y)PO, olivine join at room temperature is
successfully modeled, describing well the experimental data[42];

» the (100) coherent miscibility gap of an orthorhombic system is formulated using the
elastic Gibbs energy approach in both the small and large deformation regimes;

> and the (100) coherent Li(MnyFe1.,)PO4-(MnyFe1y)PO, olivine join at room temperature

is shown.

Using our thermodynamic models, the electrochemical properties of Li(MnyFe;.,)PO, including
electrochemical phase transformation, OCV, potential shift, asymmetry and favorable (100)
coherent phase transformation, are well described. Nevertheless, discrepancy still exists in
electrochemical delithiation/lithiation experiments among studies. Therefore, more systematic
investigations and electrochemical experiments along with advanced analysis techniques are
required for verifying and improving our thermodynamic models of the Li(MnyFe;.,)PO4-(MnyFe ;.
y)PO, olivine join. Another contribution worth to mention is that typical thermal behavior of
LiFePO,4 was explained via second order phase transition induced by magnon-phonon interactions,
the appearance of “antisite” defects and thermally activated vacancies, and anharmonic behaviors

of the lattice vibrations.

7.6 Acknowledgments

The authors recognize the support of Natural Science, Engineering Research Council of Canada
and the Canadian Foundation for Innovation through the Automotive Partnership Canada program
and our industry partner Johnson-Matthey. Computations were made on the supercomputer
Graham at University of Waterloo managed by Compute Ontario and Compute Canada and on the

supercomputer Cedar at Simon Fraser University managed by WestGrid and Compute Canada.



167

CHAPTER 8 GENERAL DISCUSSION

In this chapter, the synthesis and the limitations of this research will be discussed. The synthesis of
this work emphasizes the contribution to computational thermochemistry and electrochemistry.
The discussion on the limitations of the present study gives the audience the scope of research to

help them avoid any extrapolation beyond its fundamental limits.

8.1 Synthesisofthework

In this doctoral project, the thermodynamics of the LiFePO4-FePO,4and Li(MnyFe1y)PO4-(MnyFe ;.
y)PO olivine cathode joins is investigated in order to understand the thermodynamic behavior of
the LiFePO,4 and Mn-doped-LiFePO, cathode materials during charge/discharge processes. As the
title of the thesis suggests, the thermodynamics of the cathode joins is examined by describing the
corresponding solid solution with various amounts of lithium. The Gibbs free energy of the
LikFePO, solid solution is modeled by CEF and the Gibbs energy minimization technique is
utilized to describe the low-temperature miscibility gaps of the LiFePO4-FeP Oy join. An extra order
of long-range-order introduced in the thermodynamic models of LiFePO,4 helps us to describe the
eutectoid reaction existing in the LiFePO4-FePO, phase diagram. Using our thermodynamic
models, the voltage plateau of OCV can be illustrated. Analysis of the spinodal decomposition
during lithiation/delithiation reveals that the low-temperature miscibility gap is the blend of two

sub-miscibility gaps (paper 1 presented in Chapter 4).

LiFePO, is said to be still suitable for high-rate applications since lithium ions can transfer without
changing the olivine crystal structure. The unchanged crystal structure is achieved during
lithiation/delithiation only when a coherent phase transformation is ensured. The extended Cahn’s
approach is used for calculating the coherent miscibility gaps of the LiFePO4-FePO, join. (100)
appears as the most stable habit plane for coherent phase transformation while (110) and (010)
habit planes may also occur. The presence of a metastable phase, the existence of the preferred
phase boundaries during lithiation/delithiation and the creation of cracks and dislocations are
explainable by a coherent phase transformation. In addition, two scenarios of the contraction of

miscibility gaps due to particle size effect are proposed. The combined coherency-size effect is
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calculated for the first time. Both coherence and particle size effects on the LiFePO,4-FePO, phase

diagram are reported in our second paper (presented in chapter 5).

Further improvement of the electrochemical properties of the LiFePO, cathode can be achieved by
Mn-doping. Similar to the previous chapters concerning thermodynamic modeling of equilibrium
and coherent LiFePO4-FePO, phase diagram, the para-equilibrium and coherent Li(MnyFe;y)PO4
- (MnyFe1y)PO4 olivine joins are described. Note that the maximum lattice mismatch of the
Li(MnyFe1.y)PO4 - (MnyFe1.y)PO, system is beyond 5%. Therefore, the extended Cahn’s approach
formulated in paper 2 (presented in chapter 5) is not applicable for this system. Hence, an
alternative approach for describing the coherent phase diagram must be formerly developed. The
elastic Gibbs energy approach describes the elastic energy stored in the coherent boundaries as an
elastic contribution of the total Gibbs energy of the solid solution. This approach is firstly
formulated for cubic systems based on the linear elasticity theory in both the small and the large
deformation regimes. The formula of (100) elastic Gibbs energy developed by the elastic Gibbs
energy for the small deformation is the same as that of Cahn’s approach for cubic systems. A new
stress-strain relationship, i.e. a new formula of elastic Gibbs energy for the (111) habit plane is
reported. This elastic Gibbs energy approach is applied to various cubic systems, and it shows an
appropriate predictive ability when calculating the coherent miscibility gaps (paper 3 presented in

chapter 6).

Before describing the coherent Li(MnyFe1.,)PO, - (MnyFe1.,)PO,4 phase diagram, it is necessary to
first, develop a thermodynamic model of the Li(MnyFe;y)PO4 - (MnyFe.y)PO, phase para-
equilibria and second, extend the elastic Gibbs energy approach for orthorhombic systems in the
large deformation regime. As Li* ions diffuse much faster than metallic ions (Fe?*, Fe3*, Mn2*, and
Mn3*) do in the olivine structure, the Fe/Mn content ratio is unchanged during
lithiation/de lithiation. Hence, not equilibrium, but the para-equilibrium Li(MnyFe;y)PO, -
(MnyFe1.,)PO, phase diagram is modeled. By introducing hierarchical sublattices, the miscibility
gaps of this system are produced, illustrating well the experimental data. The miscibility gaps are
not only separated by the redox reactions, Fe2*/Fe3* and Mn2*/Mn3*, but also by the Fe2*/Fe3* long-
range-order. Our thermodynamic models can be used to explain the electrochemically driven phase
diagrams, OCV, asymmetry of charge/discharge and potential shifts of this system. The calculation
of the coherent Li(MnyFe1.y)PO4 - (MnyFe1y)POy4 join by using the elastic Gibbs energy approach
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for orthorhombic systems reveals the likelihood of Mn-doped-LiFePO, cathodes to experience a

(100) coherent phase transformation during charge/discharge (paper 4 presented in chapter 7).

8.2 Limitationsofthe work

Like other researches, this doctoral research has its own limitations. First, the thermodynamic
behavior of cathodes was considered in comparison with electrochemical experiments in which the
carbon coating of the particles always exists. The role of carbon coating is ignored in this study
since carbon can improve the physical properties of the cathode material such as electric
conductivity, tap density, etc. [178] rather than its thermodynamic behavior. Nano LiFePQO,

particles are highly stable during the carbon coating process with no secondary phase formed [179].

Secondly, our developed thermodynamic models are mainly based on chemical experiments.
Consequently, our thermodynamic models might not describe well electrochemical behaviors of
the cathode material precisely since electrons and ions exchange directly in chemical

lithiation/de lithiation while they transfer indirectly in electrochemical experiments.

Thirdly, this study concerns only the thermodynamic behavior, hence, kinetics related phenomena
such as degradation of capacity and cyclability with high charge/discharge rates are out of scope.

Finally, the reported OCV curves obtained from thermodynamic models describing equilibrium,
spinodal or coherent phase transformation during lithiation/delithiation are likely applied for one
particle or simultaneous lithiation/de lithiation of particles within the cathode. Our models have not
been suitable for illustrating the consecutive lithiation/delithiation of particles yet.
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CHAPTER 9 CONCLUSION

In summary, the main objective of the thesis to develop thermodynamic models describing (i) the

coherent and particle size dependent phase equilibria of the LiFePO4-FePOg4; and (ii) the coherent

and para-equilibrium phase transformation of the Mn-doped-LiFePO, cathode material is

successfully achieved. All the secondary objectives are attained in the four scientific papers related

to this thesis. Some future perspectives are brought to demonstrate the potential of this work after

the presentation of the originality of the thesis.

9.1 Originality of the thesis

The originality of the thesis is summarized as follows:

In the context of the thesis, the combination of coherence-size is first ever calculated. The

size-dependent coherent LiFePO,4-FePO,4 phase diagram is shown.

In this thesis, for the first time, CEF models with secondary sublattices are introduced to
describe the miscibility gaps separated by two redox reactions, Fe2*/Fe3* and Mn2*/Mn3*,
in the Li(MnyFeq.y)PO4-(MnyFe1y)PO, system. Unlike the classical sublattice (primary
sublattice) which describes the different types of lattice sites, the secondary sublattice
designates different species on the same type of lattice site. Therefore, in the case of
Li(MnyFe1.,)PO4-(MnyFes1.,)PO, join, by using both primary and secondary sublattices, it
is possible to simultaneously obtain the miscibility gaps which are separated by the two

redox reactions and long-range-order of Fe2*/Fe3*.

In addition, Cahn’s approach for calculating the coherent miscibility gaps of orthorhombic

systems is formulated and applied for the first time.

Last but not least, in order to overcome the limitation of Cahn’s approach, the elastic Gibbs
energy approach is first ever developed for both cubic systems and orthorhombic systems
in both small and large deformation regimes. So far, in the elastic Gibbs energy approach,
only the (100) and (111) coherent habit planes are formulated for cubic systems and only

the (100) habit plane is considered for orthorhombic systems.
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9.2 Future development

This discussion of the future development will be limited to two main proposals of extension and
improvement of my doctoral research: (1) development of the thermodynamic understandings of
cathode materials and (2) development and applications of thermodynamic models with secondary
sublattices and thermodynamic models of coherent elastic Gibbs energy. Firstly, for improving our
knowledge of the thermodynamic behavior of LiFePO4 and Mn-doped-LiFePO, cathode materials,
electrochemical experiments and systematic analysis are necessary. Since all phases possibly
occurring during charge/discharge have an olivine structure with similar lattice parameters,
experimental techniques for analyzing the phases are important in order to distinguish them and
their relations. In addition, according to our prediction, the (100) habit plane is the most stable one
in both LiFePO4-FePO, and Li(MnyFe1y)PO4-(MnyFe1)PO4 joins. Therefore, cathodes consisting
of particles with shapes encouraging a (100) coherent phase transformation such as (100) platelets,
(100) wires, etc. should improve electrochemical properties of cathode materials such as high-rate
performance, cyclability, etc. Moreover, the thermodynamic models reported in this work can be
utilized in integrated computational materials engineering for LiFePO, and Li(MnyFe;y)PO4
cathode materials.

On the other hand, the hierarchical sublattice thermodynamic models with secondary sublattices
can possibly be applied to other systems. For example, Co doping of LiFePO, also reveals two
voltage plateau regions corresponding to two redox reactions, Co2*/Co3* and FeZ*/Fe3+ [450].
Hence, a thermodynamic model with secondary sublattices might be useful when considering the
Li(CoyFe1)PO4-(CoyFe1,)PO, join. The idea of secondary sublattice could also be applied in other
olivine cathodes such as Li(NiyFe1.,)POs, Li(NiyMny.y)PO4, Li(NiyCo1y)PO4, Li(CoyMniy)POs.
Moreover, this idea should not be restricted within olivine solid solutions. It is suitable for any
solid solutions where it is necessary to separate the effects of different types of species of the same
kind of lattice. Besides, this study provides a new tool for estimating coherent miscibility gaps.
The elastic Gibbs energy approach is applicable for predicting the coherent phase diagram of cubic

systems and orthorhombic systems. This approach should be expanded to more habit planes.

Hopefully, this thesis has demonstrated that classical thermodynamics still have their roles in the

range of tools available to scientists. Although this approach seems to be rudimental in comparison



172

with other simulation techniques (DFT, molecular dynamics), traditional approaches like the one
presented in this doctoral thesis should not lose their value in the modern literature. From my
perspective, in the future, modeling should persist to incorporate the three big fundamental
dimensions of science: phenomenology, numerical simulations and experimental analysis. Only

with this triple dependence, researches on modeling are reliable and stand out with innovations.
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APPENDIX A ELASTIC ENERGY FOR ORTHORHOMBIC SYSTEMS

An extension of Cahn’s approach for calculating the coherent phase diagram of a tetragonal system
was previously reported [157, 158]. However, no one has derived the expression of elastic Gibbs
energy of an orthorhombic system using this approach yet. The general expression of the elastic

energy density f,; of a crystal belonging to an orthorhombic system is known [451]:

1 1
==C116112 4+ =Crr6992 + =C226222 + C12611E99 + C12611 €
fel 5 L11€11” + 50228227 + 5 C33€33 12611822 T (13611633 (A1)

+ Co362633 + 2C44823% + 2Cs5613% + 2C 68127

where ¢;;is the strain on the corresponding direction (1 stands for x-, 2 stands for y-, and 3 stands
for z-direction); and C;; is the elastic constant. Similar to Cahn, let us consider x, y, and z to be a
coordinate system aligned along the axes of an orthogonal crystal, where x-, y-, and z- are the a-,
b-and c- axis respectively. Let x’,y’, z’be a coordinate system where the z” axis is parallel to the
fluctuation in concentration and let &;;" be the strain in this coordinate system. Then, the only non-

vanishing strain component is e33’. The strain tensor is then expressed as a function of the stress
tensor [159, 452, 453]:

€11 r 0 7 Ea

€22 0 |[8b1|

€33 _ g3l lecl

£] = T * 5 I 0 I (A.2)
€13 0 lOJ

LE12 Lol 1O

where €., €5, and &, are elastic strain corresponding to a-, b- and c- axis after deformation on and

0 0 2 0 0 0]
0 0 m> 0 0O
stress tensor T =9 9 n* 0 0 0 . Hence, it is possible to obtain the elastic free energy
0 0O mm 0 0 O
0 0 In 0 O O
‘0 0 Im 0 0 O

density of an orthorhombic structure under Cahn’s assumption. The elastic free energy density is
then given by:
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1 ) 2 )
fer = 5611[14533 - 2123a€33 + Saz]
1

+3 Coo[mel,” — 2m2e, €5y + £42]

1 2
+5 Cas [n%el,” — 2n2e el; + £.2]
(A3)
2
+ Cpp[12m2el,” — (126 + m2eg)ehy + €4
+ Cyi3 [lznzeé32 — (12ec+ n2eg)ehs + g8
+ 623[m2n2£§32 — (m2e. +n2ep)ely + ep el

2 2 2
+ 2C4ym?n?e;” + 2Css512n?ey;” + 2Cg6l2m?el,

where |, mand n are the direction cosines of the z’ axis with the X-, y- and z-axis, respectively, and
€a, €p and &, are the stress-free strains along the a-, b- and c-axis, respectively. The value of &3,
which could minimize the elastic energy density in Equation A.3, is given by:
€33

[(Clllz + ClZ mz + C13n2)8a + (C22m2 + C1212 + ngnz)gb + (C33n2 + C23 mz + Clglz)gc]

B [C1114 + C22m4 + C33 n4 + (2C12 + 4C66)12m2 + (2C13 + 4C55)12n2 + (2(:23 + 4C44_) mznz]
(A.9)

The minimum elastic free energy density in the crystal system is calculated by substituting
Equation A.4 into Equation A.3. Similar to Cahn [154-156], we consider a concentration
fluctuation in the form of a sinusoidal plane wave and compute the total free energy of a certain

volume V of the solid solution, then the coherent spinodal is given by:

aZGchem aZGchem
Tmz + Eelastic = axLz + Hlimnl . Vn=20 (A.5)

where H is the stored strain energy E;4stic Per unit volume and the expression of H corresponding
to various [lmn] crystallographic directions is shown in Table A.1. The obtained results are

consistent with the reported formulae for both cubic and tetragonal crystals.
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Table A.1 Expressions of H corresponding to various crystallographic directions of an

orthorhombic system

Direction | Expression of H

[100]

(Ci2mp + Ci3nc)?
Ci1

HU100! = €, np2 4 Ca3n 2 + 2C031mp0e —

[010]

(C12nq + C231mc)?
C22

HIOW0 = C11no? + C33nc2 + 2C13nqne —

[001]

(C13nq + Ca37mp)*

H100 = ¢, 1002+ Conp? + 2C1onanp — s

[110]

Ny = [(C11 + Ci2)na + (Cop + Cidnp + (Co3+ Ci3)n.]
33 [Ci1 + Cop + (2C13 +4Ce6)]

g 110l = Cn(’lég - 77a)2 + Cy (Uég - TIb)Z + 63377c2 + 2Cy; (77:,;3 - Wa)(ﬂég —1p)

I r ;) 2
— 2C131: (M35 — Na) — 2C23n:(M53 — Mp) + 4CeeN33

[101]

Ny = [(C11 + Ci3)na + (Cip + Co3)np + (C33+ Ci3)n.]
33 [Ci1 + C33+ (2C13 +4C55)]

HI10U = ¢ (45 — N1a)? + Coonp? + C33(Mhs — 1e)? — 2C1mp (Mhz — Na)

1A ! 1A I 2
+2C3 (7733 - 77a)(7733 —Nc)— 2C2377b(7733 —nc) + 4C55M33

[011]

nay! = [(C1z2 + Ci3)na + (Cop + Co3)np + (C33+ Co3)n]
33 [Ca2+ C33+ (2C23 + 4C44)]

HIOM = C11na% + Co(h3 — 15)% + C33(n3 — 1e)? — 2Ci20m0 (33 — 1p)

! li ! li 2
—2C13na(M53 — M)+ 2C3(M35 —np) (33 — 1) + 4Caam5g

[111]

[(C11 + Ciz2 + C13)ng + (Coz + Ciz + C3)np + (C33 + Co3 + C13)1,]

N33 =

111l —

[Ci1 + Coz+ C33 + (2C15 +4Ce6) + (2C13 + 4Cs5) + (2C53 + 4C44)]
C11(33 — Ma)? + Co2(M33 — Mp)* + C33(n33 — 1c)?
+2C12(33 —Ma) (33 — Mp) + 2C13(033 — ) (33 — 1)
+2C23(n33 = M) (s = 11e) + 4Caans” + 4Cssns;” + 4CeaTls”
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APPENDIXB THERMO-PHYSICAL PROPERTIES OF Li,FePO, SOLID
SOLUTION AS A FUNCTION OF COMPOSITION (x) AND
TEMPERATURE (T)

In the literature, there are various experimental and an initio data of lattice parameters and molar
volumes of LiFePO, and FePO, [25, 29, 88, 160, 186-192]. The solid solution LiFePO, obeys to
Vegard’s rule [29, 189, 191]. The changes of the lattice constants versus composition of the solid
solution are considered as ng4, np, N It is worth noticing that the selection of the n,, 1, n. values
influences our coherent calculation significantly. In fact, it is well noticed that first principle
calculations slightly overestimate the molar volumes of both LiFePO, and FePO, [25, 187].
Obviously, the overestimation of the molar volume of FePQO, is significantly larger than that of
LiFePO,. As a result, n; obtained from reported calculations is not reliable. It can be due to the
stronger magnetism effect on FePO, compared to LiFePO,. Clearly, n; is temperature dependent.
However, in this work, those parameters are considered as constants and taken from Andersson et

al. [160] since the thermal expansion coefficients of FePO,and LiFePO, are very similar.
The molar volume of the solid solution LixFePQOy is also assumed to be linearly dependent on the
composition of the two substances [29, 189, 191]:

LiFePO,
Vm

x + VFePos. (1-x) (B.1)

m

Vm =

with VLiFePO4 = 43 821 -1076 (m3mol~1) and V,EFePO4=40.911 1076 (m3mol~1)[160].
Moreover, the molar volume of LiFePO, and FePO, is temperature dependent. The temperature
dependent molar volume of LiFePO, and FePQO, is estimated despite the fact that the estimation
for FePOy, is larger than the experimental data reported by Anderson et al. [160] and Padhi et al.
[16] The molar volume is assumed to be linearly dependent on temperature. The following
expressions are derived by fitting the data of our estimated molar volume in the temperature range
of 270K to 650K [101], covering the miscibility gap of LiFePO, - FePOy:

VEFePOs — (43,413 + 0.0025 - T) - 10~6 (m3mol~1)

" (B.2)

FePO,
Vm

= (42.692 + 0.0024 - T) - 10~¢ (m3mol~?)
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The elastic constants of LiFePO,4 and FePO, are estimated [25, 186]. In this work, the most recent
elastic constants of pure compounds reported by Xie et al. [25] are used. Each elastic constant of

solid solution is assumed to be linearly dependent on the composition of the two substances:

'L'iF6P04 Cx + CF'€P04 . (1 _ x) (B3)

Cij = Cl] ij

The temperature dependent term is used to represent the influence of temperature on
thermophysical properties then on E,j,sic Value. The temperature dependent term of each
compound LiFePO, and FePOy, is calculated as follow:

EX(T)
~ / (1-9¢(D)
~ EY0K)
/(1 —91(0K))

where i is either LiFePO,4 or FePO,. The temperature dependent term, which is obtained from our

ti

(B.4)

estimation of Young’s modulus and Poison’s ratio in the range 270K - 650K [101], is given as:
tLiFePOs = (104.5236 — 0.0207 - T) - 1072 and tLiFePOs = (105.4905 — 0.0272 - T) - 1072,
Again, the temperature dependence of the solid solution is assumed to be linearly dependent on
that of the two compounds:

t(x, T) = tLiFePOs . x 4 tFePOs. (1 — x) (B.5)

The coherent spinodal is given by Equation A.5with
g [imn] (T) =t g [tmn] (0K) (B.6)

When studying the temperature effect, both temperature dependent terms (B.5) and temperature
dependent molar volumes (B.2) should be considered together. When ignoring the temperature
effect, the molar volumes should be taken from the experimental values [160] in order to avoid the
overestimation of the molar volume of FePO,and LiFePO,. The linear dependence of the physical
properties of the solid solution on the composition and temperature is generally a good assumption
for many ionic systems.
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APPENDIXC MOLARSURFACEENERGY OF THE ISOTROPIC SOLID
SOLUTION LixFePO,
Molar surface energy is utilized to calculate the size-dependent phase equilibria of LiFePO4-FePO,

system. The average molar surface energy (y) of the isotropic solid solution LisFePO, is given in

Equation 5.8.
V) =W repo, (1 — x°) + V) Lirepo, - X° +(¥)¢* (C.1)

where x5 is the surface composition of the component LiFePO,4 which is independent on the excess
surface energy (y)¢* and the surface compositions of FePO,4and LiFePO, are estimated from the

ideal solution model [226]:

b
X
xiiFeP04 xb+ (1—xP)- S, (C.2)
s . 1—xP
Xpepo, = 1 — x° = b
(1 — xb) + <
0

where x? = x is the bulk composition of component LiFePOy; S, is the surface segregation factor

_ o Am'(<Y>LiFePo4—<Y>FePo4) AmAy) . ]
which is given by So=e RT =e RT ; R is the gas constant, and T is the

2 1

temperature; A,, = 1.09 - V,,;3- Np3 is the average molar surface area; and N, is Avogadro’s

constant.

The excess surface energy of the solid solution is considered as a function of composition

y)e*=w-x5-(1 —x%5) (C.3)

With the excess term w:

0= wy @) A= x2) (C.4)
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APPENDIXD METHOD OF CALCULATION OF SPINODAL
DECOMPOSITION ASA FUNCTION OF PARTICLE SIZE

The differential equation governing spinodal decomposition is given by:

926Gt

(ax—b)z =0 (D-l)

9%(Gr" + G3,)

_ D.2
0x0)z 0 2
Then,
4C'(V>'Vm
aZG;feraz(—D )_0 (D.3)
(0xP)? (0xP)? B
Later,
aZG”’f 4 92V, v, y) 92(y)
@xb)2 " <<V) @xP2 T % 9xb GaP m'W>:0 4

When the solid solution obeys Vegard’s law (as LiFePO, does [23, 27, 189]), Equation D.4
becomes:

226G, LA a(y) 92(y) D5
Gzt <2-AVm-a—+V xP)? ) 0 (D.5)
Finally,
a2cres li2% 92xS
o X [z WV (B4y) - 2 4 200 )+Vm-<A(y)-W+ o

aZ(V)ex):I ~0
(9x?)”
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The difference between the surface energies of the two compounds A(y) = (y)Lirepo, — V) repo,
are important to calculate the spinodal compositions since it exist in the final equation and it is the

only parameter which affects the surface concentration.
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APPENDIXE MODEL PARAMETERS OF CALCULATION OF
SPINODAL DECOMPOSITIONAS A FUNCTION OF PARTICLE SIZE

Table E.1 The parameters used for calculating molar surface energy of the isotropic solid solution

LisFePOy:

) Equilibrium phase | [100] coherent phase
Parameter | LiFePO4 | FePO4 . )
diagram diagram
(y) [Im?] 0.6 0.6015
w [I/m?] - - -1.546 -1.05
—-0.75—-1.7-(x5)?-21 | =05-0.95 - (x5)2—-1.1
w(xs)[Im?] | - -
.(1_xs)2 .(1_xs)2
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APPENDIXF FORMULATION OF THE ELASTIC GIBBS ENERGY FOR
A CUBICSYSTEM

1.  Small deformation regime

a. The [100] habit plane

According to the assumption stated by Cahn [154-156, 231], two elastic strains related to the

difference of the lattice parameter (a’) of the solid solution with the fluctuated composition (x) and

a'-ag

that (ay) with the overall composition (xy)are e, = &3 =€ = ,and the corresponding stresses

ao

al’eO'Z = 03 = 0.

[51] S11 S12 S12 O 0 017 roj
| & | 512 522 512 0 0 0 o
I & I _ 512 512 533 0 0 0 ] o
i 0 |_ o 0 0 S, 0 ollo (F-1)
lOJ 0 0 0 0 S4u O 0
0 L 0 0 0 0 0 Syl Lo

where S;; are the elastic compliance of the cubic material and where i and j are Voigt notations.

Solving Equation F.1, we obtain:

_ & _ &1
(S11+ S12)  2Sp,

o (F2)

The elastic energy stored in the crystal in the small deformation regime is estimated as follows:
s 21N (F.3)
fa =73 ), 5ij0i9; '
Substituting Equation F.2 into Equation F.3, the elastic energy stored becomes:

fer = Yioo " g2 (F.4)

with:
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1 (€11 —C12) - (Cyq +2Cy,)
(S11 + S12) C11

Y1Soo = (F.5)

where C;;are the elastic constants of the cubic material. Note that the expression of Y7, in Equation

F.5is exactly what was reported by Cahn [154-156, 231].

b. The [111] habit plane

In order to reproduce the elastic Gibbs energy of [111] plane reported by Cahn [154-156, 231], we
will consider a general stress-strain relation in an isotropic material:

r € -Sll 512 512 0 0 0171 01 1

&y 512 522 512 0 0 0 k20'1

es| [Siz Sz Sz 0 0 0] [ksoy o
€4 0 0 0 S4 O O O4 '
sl lo 0o o o s, 0llksa

el Lo 0 0 0 0 Sl lk

where k,, k3, k4, ks are real numbers.

So, the elastic energy stored in the crystal within the small deformation regime is estimated as
follow:

el _2 1j=it=]

1
=5 {81100:2(1 + k2% + k3?)

+ 2512012(k2 + k3 + kzkg) + 5440_4_2(1 + k52 + kez)}

(F.7)

€
(S11+k2S12+k3S12)

Substitute o, = derived from Equation F.6 and o, = mao; (where m is a real

number) into Equation F.7, we obtain:
82
(S11 + k2812 + k3512)?
+ 2512(k2 + k3 + k2k3) + m2544(1 + k52 + k62)}

{S1:(1+ k% + k35?)

s 1
fo = 2
(F.8)

_vS .2
=Y11€
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Yfll
S (L% + k3?) + 251, + kg + kpky) + m2S,, (14 ks + k?)} - (F9)
B 2(811 +k2S1p + k3512)?

If the expression of Y7, in Equation F.9 is equivalent to Y7, obtained from Cahn’s approach [154-
156, 231], we should have:

{S11 (14 ko + k3®) + 2S1,(ky + kg + kyks) + m2Se, (14 ks + kg*)}
2(S11 + k3S12 + k3S15)?
~ 6
 4(S11 + 2512) + Saa

(F.10)

If there exists an exact stress-strain relation for the calculation of the elastic energy corresponding
to the [111] habit plane, there exist values of k,, ks, k<, k¢ satisfying Equation F.10 for every S,
Si12, and S4,. However, since no set of k,, ks, ks, and k satisfying Equation F.10 is found, it is
impossible to find a suitable stress-strain relation which could reproduce the elastic Gibbs energy
of Cahn’s approach for the [111] habit plane [154-156, 231]. In order to estimate the elastic Gibbs
energy stored in the [111] habit plane, in this study, we propose another stress-strain relation for

calculating the coherent miscibility gap as follows:

[8 'l _511 512 512 0 0 0 1 [O'l-l
|€2| 512 511 512 0 0 0 | 0 I
le2| 1512 S12 Su 0 0 0] 10]
| £ |_ 0 0 0 S, 0 0 ia4i (F.11)
of 1o o 0 0 s, olio
ol lo o o o o sullo

This stress-strain relation is proposed to reproduce the experimental data of the [111] coherent
miscibility gap in our case studies (shown in part 3). Like the [100] habit plane, the elastic energy

stored in the crystal for small deformation is estimated as follows:
for =Yi1g " € (F.12)

with:
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+ Cay (F.13)

1 L [(Cn C12) - (C11 +2C13)
€11+ Co2

After obtaining the formulae of Y depending on the elastic constants C;; corresponding to the [100]

or [111] habit plane, in a similar way to Cahn’s approach [154-156, 231], we consider a sinusoidal

plane wave fluctuation of the composition, then the elastic strain can be written as:
e =n(x — xy) =nAcos(B-r) (F.14)

where x is the overall composition and x is the local composition of the solid solution and the

composition fluctuates as x — xy = Acos(B-1); n = %Z—z is the rate of change of the lattice

constants with composition. If a—z is a constant, it is called Vegard’s coefficient. According to Cahn

[154-156, 231], the total free energy of volume V of an isotropic solid solution free from

imperfections in which the molar volume is independent of both composition and pressure is:
F = f{f’(x) +YSn2(x — x0)2 + k(Vx)2}dV (F.15)
14

where f’(x) is the Helmholtz free energy of a unit volume of homogeneous materials of
composition x and k(Vx)?is the first term of an expansion representing the increase in free energy
due to the introduction of a gradient of composition. Expanding f'(x) in a Taylor’s series with x —
xo = Acos(B - r) and integrating the above equation, we obtain the change in free energy per unit
volume between the initial homogeneous solution of concentration x, and the inhomogeneous
solution of concentration x:

AF 1, { ;f ' 24 ZKﬁZ} (F.16)

Vv 4

If the free energy change AVF IS negative for some wave vectors g, then the solution is unstable to

infinitesimal fluctuations with those wave vectors. Otherwise, the solution is stable to all

infinitesimal fluctuations. The spinodal curve for a particular direction of the wave vector is given
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by the condition that the solution just be unstable to fluctuations of infinite wavelength but stable

to fluctuations of finite wavelength in that directions, that is, the spinodal is given by:

o2f’
dx?2

+2Y5n2=0 (F.17)
Equation F.17 is applied for a volume unit of the solid solution. Hence, for a molar volume of an
isotropic material under coherent spinodal decomposition:

2

02F
5zt 2V, YSn2 =0 (F.18)

where F is the molar Helmholtz free energy. In fact, the molar Gibbs energy G = F — PV. Since

the second derivative of PV versus x is neglected, Equation F.18 becomes:

2

G
7t 2V,,YSn2 =10 (F.19)

2. Large deformationregime

a. The [100] habit plane

Corresponding to the stress-strain relation developed for calculating the elastic Gibbs energy of
[100] coherence in the small deformation regime in Equation F.1, the Cauchy stress tensor is

0 0 0 &g 0 0
[0 o 0| and the strain tensor is [0 e 0]. The elastic energy stored in the crystal is estimated
0 0 o 0 0 ¢

from the Almansi strain and the second Poila-Kirchhoff stress. The deformation matrix is:

g+1 0 0 ke+1 0 0
[Fl=]| o cs+1 0 [=] o c+1 0 (F.19)
0 0 e+1 0 0 c+1
2812

Where & = ke with k = is a real number. Hence,

(S11+512)

J=|detF|=(ke +1)-(e+1)2 (F.20)
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The right Cauchy-Green deformation tensor

(ke +1)2 0 0
[C] = [F]T - [F] = 0 (e 4+ 1)2 0 (F.21)
0 0 (e + 1)2
The Almansi-Lagrange strain tensor:
1 -1
le] = 5 (U1 =[]
! 0 0
(ke +1)° (F.22)
= l 0 1- ! 0
S 2 (e + 1)?
0 0 1 !
(e +1)2]
The second Piola-Kirchhoff stress tensor:
5 0 00
[T]=[F1-J-[T)-[F1T=(ke +1) 0 [o 1 0] (F.23)
0 0 1
Similarly, the elastic energy stored in the crystal is estimated as follow:
1 - 1 1
fi = EZ ejj Tij = 5 (ke + Do [1 - m] (F.24)

Substituting Equation F.2 into Equation F.24, we obtain the expression for the stored elastic energy
in the crystal in large deformation regime:

fi = Yigo €2 (F.25)
with:

1 S12 n S11 n €
(S11 4 S12) L1 +S12) S+ Si)e+1D)? 2(e+1)2

l
YlOO -

(F.26)

b. The [111] habit plane
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c 0 O e 0 0
Similarly, using the Cauchy stresstensor [T] = [0 0 ka] and strain tensor [O &, &/ 2]
0 ko O 0 €/2 &
in Equation F.6, where o, = kay = ko = ¢/S44 With k = % is a real number, the deformation
44
matrix is:
e+1 0 0
[Fl=] 0 &+1 ¢/2 (F.27)
0 ef2 e +1
Hence,
J=IdetF|=(e+1)-[(e +1)%—e?/4] (F.28)
The right Cauchy-Green deformation tensor
(e+1)2 0 0
[Cl=[F]"-[F]=] © (e,+1)2+ €2/4 ele, + 1) (F.29)
0 (e, + 1) (e, +1)%+ £2/4
Then, the Almansi-Lagrange strain tensor:
1 -1
lel = > (U] - [¢1])
1 ! 0 0
(e +1)2 (F.30)
_ 1 (e +1)%2+ £2%/4 (e, +1)
(e, +1) (e,+1)%+ £2/4
0 —p7 1— D2

With D = (e, + 1)% — £2/4.

And the second Poila-Kirchhoff strain tensor:
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[T| =7 [F1]-[1] - [F1]"

=(+1o-D
—1 0 0
(e + 1)2 (F.31)
. —ke (e, + 1) k((e2 + 12+ €2/4)
D? D?
k((ep + 1)2+ €2/4) —ke(ey+ 1)
0 D? D?

Then the stored elastic energy in the crystal is estimated as follow:
fell = Y1111 g2 (F.32)
with:

1e?2 (e+2)D
4‘511 (£+1)3

1e2(e+1(e,+1) l(z(ez +1)2+ £2/2 >l
+o— —1
2Sm D D2

Y{n =
(F.33)
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APPENDIXG CALCULATION PREFERENCES

1. Calculation ofn

As mentioned earlier (Equation F.14), n = %Z—z is the rate of change of the lattice constants with

composition. If % is a constant over the entire composition range, it is called Vegard’s coefficient.

From the definition, it is easy to see that n is not a constant. Actually, in studies [155, 201, 454], n

is defined to be equal to n = ai * g—‘; with a is the lattice constant of the interested solid solution.
0

The definition of n makes it become flexible by changing the unit of composition and the reference
value a,. However, in many studies reporting the calculation of coherent miscibility gap using
Cahn’s approach, n is considered as a constant. The unclear explaination of the calculation
procedures of n value makes us confused. Because n is an important parameter in the calculation
of coherent miscibility gap, in this study, we would like to first, consider n as a paramenter
represent the lattice misfit between two lattices and second, explain how n alters with changing
reference value a,. The variation of m corresponding to the reference a, of either two pure
compounds is not significant, e.g. ~6% in Al-Zn system. However, in order to avoid any consfusion

in the calculation of n value, we consider two kind of 7:
Constant n should be suitable for the solid solution which obeys Vegard’s rule or slightly deviates
from Vegard’s rule:

1 da _ 1 a, — aAO_SB

n = — % — = *
Ao 0x aAO‘SB 0.5

ay— ap

(G.1)

ay + ap
where A and B are two pure which form the solid solution A, B. The absolute value sign is used
since only the magnitude of n is important.

Composition-dependent 7 is appropriate for the solid solution which significantly deviates from

Vegard’s rule:

1 da
Wt
a(x) ox

n(x) = (G.2)
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2.  Temperature dependence of physical properties

For calculating the coherent miscibility gap and spinodal, we need to use some physical properties
such as lattice parameters, molar volumes, elastic constants, etc. Clearly, they are temperature
dependent. In this study, for showing the effect of temperature dependence of physical properties
in our calculation of coherent miscibility gap of various system, two kinds of calculation namely

calculation of coherent miscibility gap with or without temperature effect are performed:

For calculation without temperature effect, all physical properties are taken from available data at

or near room temperature.

For calculation with temperature effect, all physical properties need to be calculated at different
temperatures. The elastic constants are considered as functions of temperature by fitting available
data of elastic constants with temperature. If there are available data of lattice parameters with
temperature, we could do the fitting process to obtain a temperature dependent function of lattice
parameters. If no data is available, the lattice parameters are considered as a function of thermal

expansion as follow:
a=a(1+a-(T-T) (G.3)

with a and a* are the lattice constants at temeprature T and T, respectively; « is the thermal

expansion coefficient. Then, n, V,,, etc. are calculated correspondingly.

3. Physical properties of the solid solution

The experimental data of elastic constants, lattice parameters of the solid solution are not always
available in all systems. If experimental or modeled data are available, it is easy to fit the elastic
constants, lattice parameters of the solid solution as afunction of its compositions. For many cases,
the function is linear. In our following case study, we would do the fitting of the reported physical
properties with the composition of the solid solution. However, if there is no reported data
available, we assume that elastic constants, lattice parameters of the solid solution are linearly

dependent on its compositions.
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APPENDIXH ELASTIC PROPERTIES OF CUBIC MATERIALS

In this study, the values of elastic constants near room temperature are used in the calculation
without temperature effect of elastic properties. The expression of elastic constants as a function

of temperature is resulted from fitting the reported elastic constants at various temperatures.

Notice that in order to estimate the elastic constants of the FCC Al-Zn solid solution, we first
calculated the elastic constants of the metastable FCC Zinc as no experimental data are reported in
literature. The elastic constants were calculated Ab initio via Density Functional Theory (DFT). In
the present study, DFT are based on the Plane-Wave basis sets and are done using the Vienna Ab
initio Simulation Package (VASP) [115-118] using periodic boundary conditions. The Projected
Augmented Wave (PAW) approach is employed to represent the core electrons [414, 415].
Generalized Gradient Approximation (GGA) parameterized by Perdew, Burke and Ernzerhof
(PBE) [416, 417] was used as the exchange-correlation functional. Plane-Wave kinetic cut-of
energy of 520 eV and Monkhorst Pack grid of 13x13x13 dimension to sample the Brillouin zone
with a first order Methfessel-Paxton smearing parameter o of 0.02 eV are used to ensure the force
and energy convergence criterion are better than 0.02 eV/A and 0.01 meV, respectively. The
procedure to determine the elastic constants C;; is well established and is detailed in our prior
publications [102, 103]. Basically, it consists in calculating the energy difference between the
equilibrium lattice R and distorted lattice R’, by applying very small strains (&) in each
crystallographic direction, in order to make sure we stay within the elastic domain. The relation
between the equilibrium and distorted lattice is linear and defined as: R' = RD (&) where D is the
distortion matrix. For the FCC structure, there are 3 independent elastic constants and many
distortions matrices can be found in Ravindran et al. [455] C;; are obtained by fitting the 3 energy

curves El(e) by a second order polynomial.

Table H.1 List of elastic properties collected from the literature

Material/ Elastic constants
T[K] Reference
Structure Cu [GPa] C12 [GPa] Cus [GPa]
Gerlich & Fisher
Al 293 106.49 60.39 28.28
[305]
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Kamm & Alers

117.6243 63.0013 32.5909 .
0-925 [304] and Gerlich
—0.0392-T —0.0094 - —0.0151 - .
& Fisher [305]
Chang & Himmel
300 124 94 46.5
[249]
Ag -
134.6136 99.6409 52.2209 Chang & Himmel
300-800
—0.0350-T | —0.0192 - +0.0191 - [249]
300 158.24 131.56 34.92 Cagin etal. [247]
Au 300- 185.92 151.97 42.881 )
Cagin etal. [247]
1000 —0.088-T —0.0648 - —0.0257 -
710 223 186 110 Strausse et al. [369]
Co (FCC)
Chang & Himmel
300 170.0 122.5 75.8
[249]
Cu -
181.7955 128.5000 83.9645 Chang & Himmel
300-800
—0.0405-T | —0.0200 - —0.0271 - [249]
300 250.80 150.00 123.50
Ni 270.1 152.52 135.38 Alers et al. [345]
280-760
—0.0625 T —0.0075 - —0.0392 -
300 289.63 239.55 65.07 Cagin etal. [247]
Pt 300- 319.2 261.43 73.223 .
Cagin etal. [247]
1500 —0.0926 - T —0.0686 - —0.0271 -
Zn Our first priciple
0 106 70 11 )
(FCO) calculation
300 220.53 57.67 80.3 Oda etal. [264]
CaO 300- 234.39 57.4884 82.4079
Oda etal. [264]
1200 —0.0471-T | +0.0015 - —0.0075 -
MgO 273 298.96 96.42 157.13 Isaak et al. [263]
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Sumino et al. [262]

300- 314.7003 96.5851 161.0125
and lIsaak et al
1800 —0.0597 -T | —0.0008-T | —0.0151T
[263]
Slagle &
298 40.69 7.11 6.31 _
McKinstry [317]
41.54 —31.88 | 6.96 + 4.36 6.34 — 1.2
KCI -10-3 1073 103
298- (T —273.15) |- (T — 273.15) | - (T — 273.15) | Slagle &
1073 +347-1076 | —423-10"% |—0.88-10"6 | McKinstry [317]
(T (T (T
— 273.15) 2 — 273.15)2 — 273.15)2
Slagle &
298 49.47 12.88 12.87 _
McKinstry [317]
12.69 +12.78
50.39 — 37 12.86 — 3.08
. 10—3
. 10—3 . 10—3
NaCl - (T — 273.15)
298- - (T — 273.15) 1900 - (T — 273.15) | Slagle &
+ . )
1073 +4.36-107° ] —1.58-10~¢ | McKinstry [317]
10~
. (T . (T
(T
—273.15)2 — 273.15)2
— 273.15)2
C'-x) | ' - | €0 —-x)
298 +CEx + CEx +CKx Botaki etal. [319]
—25x(1—x) | —11x(1 —x) | —10x(1 — x)
CNaCl(l _ x)
NayxKxCl il -» | cEcta-x | M
+C
298- | +CKClx + CKClx “ _
— (14.394 Botaki etal. [319]
1073 —25x(1—x) | —13x(1 —x)
—0.0147

‘T)x(1—x)
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LATTICE PARAMETERS, MOLAR VOLUMEAND

THERMAL EXPANSION COEFFICIENTS

Table 1.1 List of lattice parameters and molar volume used in this study

229

Material/ | Lattice parameter | Molar volume
Reference
Structure | [m] [m3/mol]
Al 403 - 10712 9.78189 - 106 Kittel [300]
Ag 408.57 - 1012 10.2696 - 10~¢ | Subramania & Perepezko [277]
Au 407.84 - 10712 1.0215 - 105 | Lubarda [243]
Co 354.8 - 10712 6.7252 - 107° Cerda etal. [368]
Cu 361.46 - 10712 7.111-107° Subramania & Perepezko [277]
Ni 352.4 - 10712 6.5888 - 10~6 | Lubarda [243]
Pt 392.38 - 10712 9.0951 -107¢ | Arblaster [244]
Zn
3.79-10°10 8.65149 - 10~° Muller etal. [301]
(FCC)
4.811 - 10710 16.764 - 10~¢ | Fiquet et al. [258]
CaO (4.7866 + 7.6 .
Fiquet et al. [258]
. 10—5 . T) . 10—10
4210 -10710 11.228-107° Fiquet et al. [258]
MgO (4.180459 + 7.3 .
Fiquet et al. [258]
. 10—5 . T) . 10710
KCI 6.2916 - 10~10 37.5004 - 10-¢ | Barrett & Wallace [315]
NaCl 5.64-10710 27.0141-10-¢ | Barrett & Wallace [315]

Table 1.2 Thermal expansion coefficient of substances

Material/

Structure

Linear thermal expansion

coefficient

Reference
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[109/K]
Al 23.1 Cohen etal. [245]
Ag 18.9 Cohen etal. [245]
Au 14.2 Cohen etal. [245]
Co (HCP) 13 Cohen etal. [245]
Cu 16.5 Cohen etal. [245]
Ni 13.4 Cohen etal. [245]
Pt 8.8 Cohen etal. [245]
Zn (HCP) 30.2 Cohen etal. [245]
KCI 36.2 Pathak & Vasavada [316]
NaCl 39.8 Pathak & Vasavada [316]
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APPENDIXJ HEAT CAPACITY OF LiFePO,

The Debye temperature is a fundamental parameter used to describe the vibrations of atoms within
a crystal, its isochoric heat capacity C,, and isobaric heat capacity C,. The Debye temperature can
be estimated from the physical properties of the crystal [372, 456, 457]. The estimated Debye
temperature of LiFePO, is about 550 K using the reported formulae [456] and elastic constants
[25]. According to our previous study [101], unlike most of the crystal substances, only one Debye
temperature is not sufficient to describe the experimental data of isobaric heat capacity C, of
LiFePO, reported by Loos et al. [100]. A significant contribution of vibrations induced by
magnetism was claimed [101]. According to the authors [101], beyond a critical temperature, the
Debye temperature would reach a plateau. However, as the temperature continues to increase, a
decrease of Debye temperature is found in our analysis. Hence, a more suitable analysis of heat

capacity of LiFePO, is necessary.

1. Magnetism heat capacity

In the isobaric heat capacity of LiFePO,4 measured by Loos et al. [100], the peak of heat capacity
observed at a low temperature should be considered as the Neel peak which is related to the second
phase transition from the antiferromagnetic phase into the paramagnetic phase. The Neel
temperature of LiFePO, is reported at 50+2 K [108, 406, 458-460] which is accepted in this study.
It is possible to approximate the peak of the specific heat that the phase transition of LiFePO,4 with
a power law like other compounds [461]:

Cpy ™ =aylt|"+b (J.1)
with
T —Ty
t = J.2
T (0:2)
where a4; b; and a are optimized parameters and (ay = —33 for T > Ty; a_ = —80 for T <

Ty; a = 0.4; b = 25). For simplicity, we considered C,"*’ which is significant in the vicinity of

the Neeltemperature (25 K < T < 52.5 K) and in other temperature range, it is negligible (Figure
J.1). Obviously, here the short-range-ordering of electron spins is negligible.
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Figure J.1: Magnetic heat capacity of LiFePO, extracted from experimental data of Loos et al.

[100] in comparison with the optimized magnetic heat capacity according to Equation J.1.

2.  Debye model

The magnetic heat capacity is used for describing the additional contribution on total specific heat
capacity by phase transition in the vicinity of Neel temperature only. The Debye model is used for
describing the heat capacity of a crystal substance in a wide temperature range excluding the
magnetic heat capacity contribution. However, we have found that the Debye model fails to fit

experimental heat capacity of olivine LiFePO, [100] with temperature. First, the Debye

temperature 6, is estimated as follow [372, 456, 457]:

1
o Li h [3nN, p]§
LiFePo, _ Nt [3n Nap (1.3)
% kg [4n M|
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where h is the Plack’s constant; kg is Boltzmann’s constant; N4 is Avogadro’s number; p is the
density; M is the molecular weight of the compound; and n is the number of moles of atoms per
mole of chemical formulation; and v,,, which corresponds to the average sound velocity in the

polycrystalline material, is approximately given by:

1
11 2 11\ 3
) (3.4)
Vm (3 [v53 +1713])
with,
G
Vg = ;
(1.5)
B +%G
v =
P

where G is the shear modulus and B is the bulk modulus. Using the reported elastic constants of
LiFePO, [25] and the formulae for calculating B and G [456], the bulk modulus B and the shear
modulus G are considered as the average of the corresponding Voight and Reuss moduli (Table

J.1). The molar volume is taken from the experimental work of Andersson et al. [160] and the

density is calculated as p = Vﬂ (Table J.1). The Debye temperature estimated by Equation J.3 is

HgLiF PO+ — 548 K. Please notice that the physical properties are considered as average values at
room temperature. The isochoric heat capacity C,, is then calculated using Debye’s model:

6°,LiFePO4
o —onr (T 3fJ—T xter (3.6)
v A*B 9; 0 (ex—l)z X
According to Debye model, the isobaric heat capacity of LiFePO, should be described as:

Cy = Cp+ 2BV, T (.7)

The term a?BV,,T in Equation J.7 corresponds to the difference in specific heat capacities at

constant volume and constant pressure. All three parameter a, B and V;,, are temperature dependent.
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The consideration of average value or temperature-dependent value of a, B and V,,, would affect
the calculated C,,. For simplicity, at first, only temperature-independent physical properties are
considered (Table J.1). The thermal expansion « is considered at room temperature using the
reported molar volume change V;,,(T) of LiFePO,4 upon temperature [462]. However, C;, calculated
from Equation J.7 could not describe the reported experimental data of Loos et al. [100] (Figure
J.2). Considering the temperature effect on physical properties, the molar volume is fitted linearly

with temperature using experimental data of Rao et al. [462]:

3

V,,(T) = (0.002 - T(K) + 43.285) - 1E — 06 (m_) J.8)
mol

Then the thermal expansion coefficient is calculated as follow:

1 ov..(T)
a(T) = i J.9)
Vm(T) aT P

200

150 |
=
g
<
=
e
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S
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Figure J.2: Calculation of isochoric heat capacity C,, using the Debye model and the isobaric heat

capacity with (C,,(T)) and without (C,) considering the temperature effect on physical properties.

The elastic Grineisen parameter, in this case, is considered as the Dugdale and Macdonald one:
112

1., _ = _ l -
Yy = EB =3 ap)T > [463] where B’ = 4.3 [101, 464]. Hence, the temperature dependent

B(T) is calculated as follow [465]:

2y? T
= J.10
B(T) = B(0 K) +Vm(0 K)fo deT ( )
Even if temperature dependent terms «(T), B(T) and V,,,(T) are considered, the calculated C; D)
is still insufficient in describing the isobaric heat capacity of LiFePO, (Figure J.2). Moreover,
considering temperature-dependent terms a(T), B(T) and V,,(T) does not have significant impact

on calculation of C;,. So far, unlike most crystal substances, C;, calculated from Equation J.7 could

not describe the reported experimental data of Loos et al. [100].

Table J.1 Physical properties of LiFePO, and FePO, used in our calculation

LiFePOg4 FePO4
Parameter Value Reference Value Reference

0.157755 0.150815

M kg/mol ] kg/mol )

p 3601 kg/m3 - 3687 kg/m3 -

B 95 GPa use C;1 "0*[25] | 68 GPa use ;1" 7*[25]

G 47 GPa use Cj1 o *[25] | 45 GPa use ;7 O*[25]

0, 548 K - 512K -

v 4.381E-05 Andersson et al. | 4.091E-05 Andersson et al.

" m3/mol [160] m&/mol [160]
a 4.557E-05 Rao etal. [462] | 4.557E-05 -
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Shang et al

[464] and Seifitokaldani et
B’ 4.3 . . 4.2

Seifitokaldani et al. [101]

al. [101]
Y 165 - 16 -

3.  Extended Debye model

As observed from Figure J.2, the Debye model is not sufficient in describing the heat capacity of
LiFePO,. There should exist other contribution to its heat capacity. We have shown that one Debye
temperature is not enough to cover the heat capacity values over a wide temperature range [101].
The Debye temperatures from which the predicted heat capacity values fit the experimental data
for LiFePO,4 [99, 100] (exclude the magnetic heat capacity C;"“g contribution mentioned in part
J.1) have been recalculated (Figure J.3). As we know, phonons are waves that make the molecule
oscillate while magnons are what controls the movement of spins. According to our previous paper

[101], the phonon-magnon interactions, which caused the vibrations induced by magnetism,

represented as Cgho_mag should be responsible to the change of Debye temperature. As we

consider the change of Debye temperature 6, with temperature T, a noticeable peak is also
observed in Neel temperature range (Figure J.4). It means that the change of Debye temperature

6p should be related to magnetic properties of LiFePO,4. Therefore, our prediction of the

pho—mag
CP

contribution of should make sense. For simplicity, we would like to model the change

of Debye temperature with temperature and this Debye temperature should correspond to the sum

pho—mag-.

of C, + Cgho_mag where C, is heat capacity contribution of phonon vibrations and C; is

heat capacity contribution of phonon-magnon interaction. The phonon-magnon coupling effect

LiFePO,
6,

should be saturated at some point meaning that the Debye temperature should reach a

critical value ata certain temperature. The Debye temperature HéiF PO of LiFePO, is described by

a critical function of ¢ where t is defined in Equation J.2:
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6.7 F% = 880 — 44004 if T > Ty

_ (3.11)
0770 = 440 + 230t if T < Ty
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Figure J.3: Calculated Debye temperature function aimed at reproducing the experimental heat

mag

capacity values[99, 100] excluding the magnetic heat capacity contribution C,,™.

At low temperature (T < Ty), the calculation of Debye temperature is very sensitive to the
accuracies of heat capacity. It means that a small change of heat capacity could cause a significant
change of Debye temperature. Therefore, for a small temperature range, T < Ty, for simplicity, it

is reasonable to consider Debye temperature as a linear function of temperature. The modeled

Debye temperature is then used to calculate the sum of C,, + Cgho_mag

using Equation J.6. Using

the Equation J.11 to calculate the Debye temperature, we would find the heat capacity contribution

Cp=Cy+ Cgh"_mag + a?BV,,T (Figure J.5). The heat capacity contribution C; could reasonably
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reproduce heat capacity up to 370 K. However, the increase rate of experimental heat capacity is
much higher than the calculated one when T > 370 K.

6

2

0 100 200 30 0 500 600 700

0 T(K) 40

Figure J.4: Ratio of the calculated Debye temperature to temperature versus temperature. The
calculated Debye temperature is taken from Figure J.3 which aimed at reproducing the

experimental heat capacity values [100] excluding the magnetic heat capacity contribution C,**“.

Noticeably, unlike the typical reported behavior [101], instead of reaching a plateau, the Debye
temperature decreases for temperature higher than the critical temperature. Similar behavior is
found with the reported experimental heat capacities of Nanda et al. [99] (Figure J.3). Although
the reported heat capacity values of Nanda et al. [99] are considering a LiFePO,4-3wt%C mixture,
the study confirms the tendency of a decrease of the Debye temperature at high temperature for the
olivine-LiFePQO,. It means that even with magnon-phonon interaction, the heat capacity values are
predicted insufficiently at high temperatures (Figure J.5). Structure defects, which normally

significant at high temperature, should be another contribution to heat capacity. The most common
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intrinsic defects found in LiFePO, crystals are anti-site defects, in which Fe atoms stay in Li sites
while Liatoms occupy Fe sites [33, 466, 467]. Depending on experimental conditions, the anti-site
defects range from 1-10% [403, 424, 468, 469]. However, it is noticeable that uncertainties exist
in the quantitative measurement of the concentration of anti-site defects. The simulated high-angle
annular dark-field (HAADF)-STEM images shows up to 15% of anti-site defects while the high
resolution neutron diffraction measurements reveals 1% anti-site defects on the same sample [400].
The discrepancy could be explained by the non-homogeneous distribution of anti-sites through the
whole lattice [400, 401]. In fact, the concentration of anti-site defects increase slightly with
temperature and the anti-site defects are abruptly eliminated almost completely when the post-heat
treatment temperature reaches about 700 K [403]. For the LiFePO,4 samples synthesized with solid
state reaction, the higher annealed temperature, the lower the concentration of anti-site defects
[400]. The anti-site defects could also reduce at room temperature via an electrochemical annealing
process [402]. Loos etal. [100] prepared LiFePO, samples by asolvothermal method. The samples
were heat treated at 773 K for 2h in anargon gas flow for minimizing lattice defectsand especially,
avoiding anti-site defects. The author did not perform any experiments to estimate the anti-site
concentration and the anti-site effect was neglected in the measurement of heat capacity. From our
perspectives, even the synthesized LiFePO, was free from anti-site defects before heat capacity
measurements, the anti-site could be created during DSC measurements and those anti-site defects

should be responsible for the increase of heat capacity at high temperatures.

Theorical calculation reveals the formation energy of the Li-Fe interchanged anti-site pairs Fey;-
Lire of 0.74eV [33]. Lower defect formation energy,~0.51+0.55eV, has been found by ab initio

DFT calculations [216, 404]. The molar heat capacity contribution of anti-site defects, Cgcy, are

estimated thought the formation energy, E4., and the entropy of defects, Sq. 7 [372]:
E 2
Caef = nRe(Sder/ks) (_kd?:) o(~Edef/kpT) (J.12)
B

where n is the number of atoms per formula, R is gas constant, kg is Boltzmann’s constant. In

Equation J.12, 22/

p is hard to estimate. For close pack structure like metals, SZ—ef = 3 for Cu and
B B

S"j_ef = 2.4 for Al [372]. For LiFePOy, S:ef should be smaller than that for metals and the value is
B B

put as 2 in the present study. With those parameters, the concentration of anti-sites which is
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negligible at room temperature (canti—sice = 2 * 1078), become significant at high temperatures
(canti-site = 0.0045 at 800 K). In addition, there are other intrinsic defects in LiFePO, crystals.
The average formation energy of vacancy in Li sites is 0.91 eV [404], which is relatively high in
comparison with anti-sites defects and makes the vacancy defects less likely in the crystal. The
contribution of vacancy in heat capacity can be also estimated by Equation J.12. Other possible
defects mentioned in the work of Hoang & Johannes [404] is out of our interests since they should
be corresponding to any charge related processes rather than a pure compound. According to our
calculation, the contribution of heat capacity caused by defect is significant at high temperatures
(T > 370 K) (Figure J.6). Since structure defects like anti-sites and vacancies exist in the crystal,
an anharmonic vibrations induced by those defects should further increase the heat capacity value
at high temperatures. The anharmonic contribution is only significant at high temperature when

there are nonnegligible number of defects:

0 forT <370K

_ 1.13
Cannar {0,3 (T =370)95 for T > 370 K o)

The anharmonic heat capacity, C,nnq function was chosen to reproduce the experimental data

[100]. Then Ctotal = C + X Cges + Cannar could reasonably reproduce the heat capacity of
LiFePO, up to 770 K. To sum up, the isobaric heat capacity C,, of LiFePO, could be calculated as

the quasi-harmonic approximation (QHA) combined with the Debye model as follow:

ciotal = €99 + ¢, + BT 4 a2BV, T + Z Caer + Cannar  (3.14)

mag

where Cp

is the heat capacity contributed by magnetism; C, is the isochoric heat capacity

pho—mag

induced by phonon; C,,

is the heat capacity induced by the phono-magnon interaction; and
Caer is the heat capacity induced from structure defects including anti-site defects and vacancies

and Cunqnar 1S the heat capacity contribution of anharmonic vibrations caused by the imperfect

crystal structure.

From the knowledge of the heat capacity, we could estimate the change of the enthalpy of formation
upon temperatures. Moreover, the entropy contribution, then the Gibbs energy of mixing could be

found. For calculating the molar Gibbs energy of LiFePO,, the heat capacity experimental data of
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Loos etal. [100] without magnetism contribution of LiFePOy, is fitted as a function of temperature

(Appendix K). Consequently, its entropy at room temperature is estimated as follow:

§29815
LiFePO, — A

2 gr4smas (3.15)

298.15 CLiFePO4
j T LiFeP04

where 7725, is the molar entropy of LiFePO, at room temperature, and ;727 is the molar

magnetic entropy calculated from the magnetism heat capacity:

o c™Mag
mag P _
SLiFePo, = jo T dT =R1In(1 + ) (J.16)
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Figure J.5: Calculation of heat capacity C; = C,, + Cf,’h"_mag + a?BV,, T and C5°*%!in comparison

with experimental data [100].
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Figure J.6: Calculation of heat capacity caused by defects (anti-sites and vacancy) according to
Equation J.12.
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APPENDIX K GIBBSENERGY AND ELASTIC CONSTANTS OF
OLIVINECOMPOUNDS

For modeling the para-equilibria of the Li(MnyFe1.,)PO4-(MnyFes1.y)PO,4 battery join, first, Gibbs
energy of pure LiFePO,4, FePO,, LIMNPO,4, and MnPO, are necessary. Their Gibbs energies are
calculated from the enthalpy and entropy at room temperature and the change of the Gibbs energy

versus temperature is estimated through the heat capacity of the substances.

1. LiFePO,

Among the olivine substances, LiFePO, draws the most attention. The heat capacity of olivine
LiFePO, is well reported by Loos et al. [100] and the vibration induced by magnetism is

investigated [101]. We have shown that beyond the normal contribution of isobaric heat capacity

including C,, a?BV,,T and €'Y, the heat capacity contribution induced by phonon-magnon

interaction Cgho_mag , the heat capacity induced from anti-site defects and thermally activated
vacancies Cq.r, and heat capacity contribution of anharmonic vibrations caused by those defects

C annar are significant for olivine — LiFePO, (Appendix J). The heat capacity of LiFePO, is
presented as a function of temperature by fitting the experimental data of Loos et al. [100] with
temperature:

C,’;iFePO“(]. mol~1.K~1)

= —2.08612524E03 — 1.06550805 - T

+ 4.67344530E06 - T2 +4.08265171E — 04 - T2
+ 4.27762581E02 -logT

with 292 K < T <800 K
. (K.1)
C;lFePO‘*(].mol‘l.K‘l)
= 2.26443429 — 1.02819746-T — 2.51384702E
—03:T? —2.22335032E — 06 - T3+ 7.31991238E

—09-T*+ 3.83157327E —01-T -logT + C,'*’

with0 K < T <292 K



244

From the values of heat capacity, the molar magnetic entropy of LiFePO, is Sz'l.fegpm =

4.646 (J.mol"*.K~') and our calculated absolute entropy value SZF. =

131.09(J.mol~1.K ~1)is about the reported values in Churikov etal. [113] (Table K.1). Moreover,
the average magnetic moment per atom estimated from Equation J.16 is § = 0.7485. It means that
the average magnetic moment of LiFePQO, is 5.24 Bohr magneton in agreement with other studies
[405-411]. Additionally, the enthalpy of formation of LiFePO, estimated from our DFT simulation
is similar to that of Xie et al. [25]. However, even taking into account the integration of heat
capacity, the calculated enthalpy of formations at room temperature are still more negative than the
one estimated through the high-temperature melt solution calorimetry [111]. Furthermore, our
estimated Gibbs energy of formation of LiFePO, is similar to the reported value of Xie et al. [25].
Nevertheless, both values are slightly more negative than Gibbs energy of formation of LiFePO,
shown in He etal. [112] (Table K.1).

2. FePO,

For FePQOy, only one experimental set of isobaric heat capacity is measured by Shi et al. [104]. In
fact, a-FePO,or berlinite-FePO, with the Neel temperature of Ty = 25 K [104-107] which belongs
to the trigonal group, is used in Shi etal. [104]. The olivine-FePO, shows a higher Neeltemperature
(Ty = 125 K) [108-110]. Due to the lack of experimental data of heat capacity of orthorhombic-
FePQy, it is very difficult for us to formulate the molar Gibbs energy of olivine-FePQO,. Since the
vibration induced by phonon-magnon interaction is significant in triphylite-LiFePO, and berlinite -

FePO,[101], the phonon-magnon interaction should also be considered in heterosite-FePO,4. The

Debye temperature of olivine FePO, calculated by Equation J.3 is H;F ¢P0s — 512 K (Table J.1),
similar to that of LiFePO,. Because of massive similarity between orthorhombic LiFePO,4 and

orthorhombic FePQO,, we assume that the average heat capacity per atom and entropy per atom are

298.15

. FePO, 6 (29815 _LiFePO. 6 .
the same. ie [y~ C,° rdT = [T C,"THdT and SE2Ro; = - Siirepo, This assumed

P p
value of entropy atroom temperature is comparable to that estimated from the data for the crystal
hydrate FePO,4.2H,0 [113] (Table K.1). Noticeably, if we assume the magnetism heat capacity per
atom of FePO, is the same as that of LiFePO, at their corresponding Neel temperatures, the
calculated average magnetic moment of FePO, will be 3.7 Bohr magneton which is in agreement

with the reported experimental values [109, 409]. Like in the case of LiFePO,, our estimated
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enthalpy of formation and Gibbs energy of orthorhombic-FePO, is similar to those of Xie et al.
[25] (Table K.1). lyeretal. [111] reported a less negative value of enthalpy of formation. From our
calculated Gibbs energy of both LiFePO,4 and FePO,4 at room temperature, the expected voltage by
delithiating LiFePO,4 is 3.48 V which is analogous to the ~3.5 V voltage plateau found in
electrochemical experiments [16, 17, 19, 23, 27, 88, 127, 130, 136, 160, 180, 183, 189].

3.  Gibbsenergy of compounds

Table K.1 Thermodynamic properties of compounds

Compound Thermodynamic properties Reference

C;lFepO“(/.mol‘l.K‘l)

= —2.08612524E + 03

—1.06550805 T + 4.67344530F

+06-T~2 +4.08265171E — 04

-T2+ 4.27762581E +02-InT
with 292 K < T <800 K

e (RUTTREN b Present study -
= 226443429 —1.02819746 -T | fitting
— 2.51384702E — 03 - T2 experimental

data of Loos et
al. [100]

— 2.22335032E — 06 - T3
+ 7.31991238E — 09 - T*
+ 3.83157327E —01-T-InT

LiFePO4

magnetism
p

with0 K < T <292 K

298.15

LiFePO,

j C,n T
0

+C

= 20537.4050349274(J .mol~1)

Churikov et al.

Stepo, = 136.75 (J.mol~*. K1) (113]

Slirepo, = 4646 (J.mol=1.K~1) Present study
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298.15 o LiFePUs
298.15 _ 14 mag
SLiFeP0, = fo T dT + SLirepo,

=131.09 (J.mol~L.K™1)
ASHE po, = —376.427 (J.mol~L.K~1)

AH[ ¥ po, = —1616.02 £ 2.1 (kJmol™?)

lyer etal. [111]

AHppopo, = —1682.36 (kJmol ™) Xie et al. [25]
AI'ILOiFePo4 = —1702 +16.9 (kJmol™1)
SAHES R, = Hlipepo, + f0298'15 C,rerodr = Present study

—1702 +20.5374 = —1681.4626 (kJmol™1)

Grirepo, = —1517.7 (kjmol ™)

He et al. [112]

Glirepo, = —1569.47 (kJmol~1) Xie et al. [25]
°29815 __ . .
Gyirepo, = MHLirepo, — T Siirero,
= —1681.4626 — 298.15 Present study

- —0.376427
= —1569.23088995 (kJmol~1)

FePO4

SE3%5% =108.51 (J.mol1.K~1)

Churikov et al.
[113]

SZZ;%‘; = SZ}gfp% =3.9823 (J.mol~1.K™1)

6
Sieso, = 5553,86;}3%4 = 112.3629 (J.mol~1.K~1)

ASZe8,, = —366.069 (J.mol 1K)

Present study

AHER,, = —1267.56 + 1.44 (kjmol~1)

lyer etal. [111]

AHP po, = —1343.13 (kjmol™) Xie et al. [25]
AHR,po, = —1360 +14.5 (kJmol~1)
SBHERS = Mifopo, +J5 - €y aT =
Present study
~1360 +2-20.5374 =
—1342.39651428571 (kJmol~1)
GpRepo, = —1230.24 (kjmol™?) Xie et al. [25]
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Grepo, = AHPopo, — T - ASZopo,
= —1342.39651428571 — 298.15
Present study
- —0.366069
= —1233.25304193571 (kJmol™1)
AHPvmpo, = —1835.11 (kJmol ™) Xie et al. [25]
LiMnPO4 AHPpmpo, = —1810 +16.9 (kjmol ™) Present study
GLivmpo, = —1722.21 (k] mol™) Xie et al. [25]
AHypo, = —1446.58 (kjmol™1) Xie et al. [25]
MnPO4 AHpypo, = —1435 +14.5 (kjmol™) Present study
Ghmpo, = —1333.69 (kJmol~1) Xie et al. [25]
4.  Elastic constants of compounds
Table K.2 Elastic constants of compounds
Compoun Refere
CCu |Cun Ci Ca Coa3 Css Cua Css Ces
d nce
140.2 187.4 174.1 Xie et
69.87 | 58.84 49.76 39.04 | 45.70 |44.99
2 0 6 al. [25]
Maxisc
138.9 198.0 173.0
LiFePO4 0 72.80 | 52.50 0 45.80 0 36.80 | 50.60 [47.60 | h et al
[186]
Present
140 |65 49 185 53 173 |43 40 42
study
182.3 115.5 131.6 Xie et
27.62 | 66.65 13.34 31.49 | 48.26 |44.15
8 3 0 al. [25]
FePOy4 Maxisc
175.9 153.6 135.0
0 29.60 |54.00 0 19.60 0 38.80 | 47.50 | 55.60 | h et al
[186]
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Present
177 27 52 124 20.3 [135 42 46 51
study
127.4 156.7 151.1 Xie et
68.87 | 48.24 42.60 32.82 | 37.24 | 39.52
9 3 6 al. [25]
LiMnPO4
Present
131 66 47 173 49 163 39 38 41
study
- 166.0 | —10.6 Xie et
99.62 21.19 73.57 |16.96 | 48.71 | 17.93
36.09 7 0 al. [25]
MnPO4
Present
104 12 19 153 -4 98 23 41 29
study
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APPENDIXL THERMODYNAMIC MODELS OF Lix(MnyFe;.,)PO,

First, since our thermodynamic models are quite complicated, for simplicity, we would use our
abbreviations for expressing end - members and other thermodynamic parameters more
conveniently (Table L.1). Using table L.1, the excess Gibbs energy of the end - member
LiMn?*Fe?tP0, is expressed as Giagzp is or the ideal Gibbs energy of the end - member

VaMn?*Fe2+P0, is considered under the term Gy, p.

Table L.1 Abbreviations of entities and thermodynamic parameters

Lit L
Va -
Mn2* M
Mn3+ M3
Fe2* F
Fes+ F3
PO, P

G; : Gibbs energy of the end - member i
G; = G; + G¥* G; - ideal Gibbs energy of the end - member i

G7*: excess Gibbs energy of the end - member i

Sm Global configuration entropy of mixing of model m

G Ideal Gibbs energy of the solid solution calculated by model m

1. M1 and M1hs are equivalent for describing an ideal solid solution
Model M1: (Li*x,Val-x)l(Mn2+y.zl,Mn3+y.(1_zl),Fe2+(1-y).22,Fe3+(1-y).(1-22))1(P5+)1(02')4

Note that the parameter x, y, z; and z, used for describing the site fractions of ions should satisfy
the constraint of electric neutrality (Equation 7.4). The molar configurational entropy and ideal
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Gibbs energy of the solid solution Li,(MnyFe;.,)PO4 defined from the model M1 are expressed as

follow::

ASyq = —R{[x Inx+ (1 —x) In(1—x)]
+[zryIn(z;y) + 1 = z)yIn((1 - z)y)
+2,(1 =) In(z,(1 — y))
+(1-2z)A -y I(1-2z)1 -]} (L1)
=—R{[xInx+ (@ —x)In(1 —x)]
+ylz1In(z) + (1 — z) In(1 — z;)]
+ (1 — ylzzIn(zy) + (1 — z) In(1 — z,)]
+yIn() + (1 -y) In(1 - )1}

AG;,,1 = XZ1y " G;MP +x(1—2z)y- G£M3P +(1-x)zy" G;,,P
+(1-x0=-2z)y- G;,BP + xz,(1 —y) - GLOFP +x(1—-2,)A —-y)
" GZF3P + (1 - x)ZZ(l _y) " G;'P + (1 —X)(l _Zz)(l - y) - G;'3P
— TASyy

(L.2)

Model M1hs: (Li+x, Val_x)l([M n2+21, Mn3+1_21]y, [F92+22, Fe3+1-22]1-y)1(P5+)1(02')4

The molar configurational entropy the solid solution Li(MnyFe;,)PO, defined from the model

M1hs is expressed as follow:

ASyins = —R{{xInx+ (1 —x)In(1 —x)] + y[z; In(z;) + (1 —z)In(1 — z;)]
+ (1 —=y)[z,In(z,) + (1 — z,) In(1 — z,)]} (L.3)
=ASy1+RlyIn(y) + (1 —y) In(1 - y)]

The ideal energy of end-members are defined as follows:
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g Gy = Gypp = YGiyp + (1= Y)Grpp + RT[yIn(y) + (1 — y) In(1 — )]

Gy = Grapzp = YGimp + (1= Y Grpzp + RTlyIn(y) + (1 — ) In(1 — )]

G3 = Goyzrp = YGiuzp + (1 = ¥)Gpp + RT[yIn(y) + (1 — ) In(1 — )]

Gy = GZM3F3P = yGZMBP +(1- y)GLOF3P +RT[yln(y) + 1 -y)In(1 - y)] »
A Gs = Gypp = YGyp + (1 =¥)Grp + RTlyIn(») + (1 —y) In(1 — y)] =
G = G;/IF3P = }’GI;IP +@ _Y)G;GP +RT[yIn(y) + (1 —y) In(1 — )]

Gy = Gyyapp = YGyap + (1 = ¥)Gpp + RT[y In(y) + (1 —y) In(1 — y)]

6o = Guarsr = YGuzp + (1 =) Grzp + RTIyInG) + (1 = y) In(1 = y)]

Then, the ideal molar Gibbs energy the solid solution Liy(MnyFes.,)PO,4 defined from the model

M1hs is calculated:

Grans = X222 " Grypp + X(1 = 20025 Grpgapp + %21 (1 = 22) * Gpagpeap
+x(1 —2)(1 = 23) * Gy pyzpzp + (1 — X)21 25 * Gyypp
+ (A=) =22y Gyzpp + (1 — 0)2z (1 — 23) * Gyrezp
+ (1 =) —2)(1 = 25)* Gyzpsp + RTAS 3
=x21y* Gpyp + X(1 = 2)y - G pyap + (1 = X)21y * Gyp
+ (1= DA =2y Gzp + 22,01 =) - Gpp + x(1 = 2)(1 = )
Grpap + (1= 2)2,(1 = y) - Gop+ (1 —x)(1 —2,)(1 — y) - Gpsp
+ RT[yIn(y) + (1 =) In(1 — y)] = TASy1ps

(L.5)

Compare the Equation L.2 and Equation L.5, we obtain:

G;41 = G;/Ilhs (L.6)

2.  Parameters of thermodynamic models

All the thermodynamic models of the Li(MnyFei.,)POs-(MnyFei.,)PO,4 battery join containing
secondary sublattices in this study are considered with the Gibbs energy of endmembers of primary

sublattice taken from our models of subsystems (Table L.2). All the thermodynamic parameters
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used in model M1hs, M2hs and M3hy are listed on table L.3-5 (here, the unit of Gibbs energy is
J/mol).

Table L.2 Gibbs energy of endmembers of primary sublattice

Primary endmember (J/mol) Reference
Gipzp = Gy pp + 11000 (Model M4) Phan et al. [133]
Grp = Grap + 11000 (use for model M1hs)
Gypap = Gryp + 10000 Present study
. . (used for model M1lhs and
Gyp = Gyyzp + 10000 M3hy)
AG.rp = 15000
Grrr = 5" Grpp
G;3F3 =5 G;3P
Grrzps =5 Grpp + 5 AGLpp (Model M5.F) Phanet al. [133]
Grp =5+ Gpap + 5 AGpp (used for model M3hy and
Gpsp =5 Gpzp + 2 AGppp Mzhs)
Gypsp =5 Grpsp +3 - AGyep
Grpz =5 Gpap +1.05 - AG pp
Grprs =5 Grsp + 0.7 - AGLpp
AGyyp = 10000
GZMM =5" GZMP
GIT/I3M3 =5 G;/lsp
Guwams =5 Guwp + 5 AGuup Present study

Gyy =5 Gyap +5°AG
MM M3P LMPp (used for model M2hs)

Gusy =5 Gyzp + 2+ AGpyp

o

Gryam =5 GL°M3P + 3 AGymp

Gyms =5 Gyzp + 3 AGyp

Goums =5 * Grap + 2+ AGpyp
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GZMF =3 GZMP +2- GZFP

GZMF3 =3 GLOMP +2- GZFP + 2-AGppp

Grmsr = 3" Goyp + 3+ AGLup +2 - Gppp

GZM3F3 =3 GZMP +3-AGrmp+ 2- GLOFP +2-AGrp

GZFM =3 GLUFP +2- GZMP

T

Grryz =3 GZFP +2- GZMP +2-AGyp

o

Grpay = 3° GzFP +3-AGrp+ 2+ GZMP

Gopayz =3 Grpp + 3 AGrep +2 - Gy yp + 2+ AGryp

Gyp = 3° Gyzp +3 - AGryp + 2 Guzp + 27 AGyrp

Gyps = 3 Gyzp + 3 AGyp + 2 - Grgp

GIT/13F3 =3 G;43P +2- G;3P

Grig =3 Grap +3-AGLpp + 2 Gyzp +2 - AGpyp

Grys =3 Gpsp +3 - AGrep + 2+ Gysp

Gray =3 Gpsp + 2 Gyzp + 2 AGyp

G;'3M3 =3 G;'3P +2- G;43P

Model M1hs: (Li+x, Val_x)l([l\/l n2+21, Mn3+1_21]y, [F62+22, Fe3+1-22]1-y)1(P5+)1(02')4

Table L.3 Thermodynamic parameters of model M1hs (J/mol)

d,; = 50000 dyq = 200000 - y(y — 0.8)

o

Gy = Gimrp = Grypp

o

Gs = Gyrp = GMFP

Gz = Gursp = Gpypzp — dpi -y —y) G = Gyrzp = Gypzp—dya y(1—y)

o

Gz = Gryzrp = GLM3FP

°©

G7 = Guyzrp = GMBFP

Gy = Gry3spsp = GLM3F3P

Gg = Gy3zpsp = GM3F3P
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Model M2hs: (Li+x, Val-x)s([Mn2+21, Mn3+1-21]y, [F92+ 72, Fe3+1- 22]1-y)3([Mn2+z3,
Mn3+1-z3]y, [Fez+z4, F93+1-z4]1-y)2(P5+)5(02')20

Table L.4 Thermodynamic parameters of model M2hs (J/mol)

d,; = 50000

dyq = 20000

dFF3 = 120000

G, = GLMFMFP

Gi7 = GMFMFP

G2 = Grypypap— 2 dy-yA —y)

Gis= Gypmpsp— 2" dya - YA —y) — dpp3
y(1 - y)?

G3 = GLMFM3FP

Gio = GMFM3FP

Gy = G yry3F3p

Gy = GQMFM3F3P —dppz-y(1— Y)z

Gs = Gpypayrp— 3 dii-y(1—y)

Gz1= G;VIFBMFP —3:dy,-y1-y)

Go = Grypamrsp— 5 dri-yA—y)

G22 = Gypayrzp — 5 "dya ' y(1 —y)

G7 = Gypamzpp— 3 dri-yA —y)

G23 = Gypamzrp — 3 "dyva - y(1 —¥)

G = Gyypaysrzp— 3 - dpi-y(1—y)

G24 = Gypayspzp—3 " dva YA —y)

T

Gy = GLM3FMFP

T

Gys = GM3FMFP

Gio= G;,MSFMFSP —2-dyi-yd-y)

G26 = GUMSFMFSP —2-dyg-y1-y)
—dppzy(1—y)?

G = GLM3FM 3FP

Ga7 = GM3FM3FP

Gz = GLM3FM3F3P

G28 = Gyzpysrzp — drrs - y(1 — y)?

G13 = GLy3r3mFp

T

G29 = Gy3r3mrp

Gis = GULM3F3MF3P —2-d,-yd-y)

G3o = G;V13F3MF3P —2-dy, y1-y)

Gis = GLy3r3m3rp

G31 = Gy3p3msrp

T

Gis = GLM3F3M3F3P

T

Gs2 = Gyzpamsrap

Model M3hy (Li+x, Val-x)s([Mn2+21, Mn3+1-21]5y,[(|:92+22, Fes+1-22)3(|:62+ 73, Fe?’+1_

23)2] 1)) (P**)s(0*)20
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In the hybrid model M3hy, even secondary sublattice is shown slightly different in compassion
with that in other models (M1hs and M2hs), the Gibbs energy of endmembers is still considered

from the Gibbs energy of primary sublattices. For example,

o

2

LisMng}Fe; 3

S(1—y)Ps020 = Gomsrrsp = YGimzp + (1= Y)Gprpsp (L.7)

(+1—y)Fe

Note that because our proposed thermodynamic models M3hy consider 5 formula units, therefore,

G, 3p and Gy p are 5 times the value reported in table L.2 and for adjust the solubility of lithium

in the Li-poor end, one of the primary end-member is modified:

G, ysp (J/mol) = 5(G;,p +10000) + 200000 -y - (1 —y)

(L.8)
Gyp(J/mol) = 5(Gyyzp +10000)
Table L.5 Thermodynamic parameters of model M3hy (J/mol)
d.; = 50000 dya = 20000
drrz = 78000
Gy = GZMFFP Gg = G;/]FFP
Gy = Gyyppzp—2-dyi - y(1—y) G10= Gyppzp =2 dyva- Y1 —y) — dpp3
-y -y)
G = GOLMF3FP— 3-dyi-y1-y) G11= G;VIFSFP —3-dy, y1-y)
Ga= Gypapzp— 5 di-y(1—y) G12 = Gypzpzp— 5 dya - y(1—y)
Gs = GLDM3FFP Gz = GIT/ISFFP
Ge = Gyu3rrap G14 = Gyzppzp— drrz- y(1 —)
Gy = GZM3F3FP Gi5 = G]T/[gFgFP
G8 = GLUM3F3F3P Gl6 = GI:I3F3F3P
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APPENDIXM GIBBSELASTIC ENERGY APPROACH FOR AN
ORTHOGONAL SYSTEM

1. In the small deformation regime

For orthohombic systems, the stress - strain relation for (100) habit plane should be formulated

similar to that of cubic systems [433]:

07 [Ci1 Ciz Ci3 O 0 0 7 [€1]

0, Ciz Cyp Cp3 O 0 0 |€2]

o3l _|C13 C3 C33 O 0 0 | les|

olTlo o 0o ¢, 0 o0 IOI M.1)

0 0 0 0 0 Cs5 O lOJ

Lod LO 0 0 0 0 Cel L0

Solving Equation M.1, we got:
Ciz’ C12Crs

02 (sz—c_ll>€2 (Czs— (i1 ) 3

(M.2)

The elastic energy stored in the crystal in small deformation regime is estimated as summation of
the products of stress and strain:

1 1
fesl =§Z Eio; = 5(820'2"' 8303) (MS)

Substitute Equation M.2 into Equation M.3, then

2

1 C1,° C1,C C
for = 5 l(czz —i) g%+ 2 (Cz3 - %)5352 + <C33 —Cl—3> €3zl (M.4)

Cll 11 11

Consider a sinusoidal plane wave fluctuation of the composition, then the elastic strain should be

expressed as:
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g2 = np(x — x¢) = npAcos(B - 1)
(M.5)

g3 =n.(x —x9) = ncAcos(B- 1)

where x is the overall composition and x is the local composition of the solid solution and the
composition fluctuates as x — xy = Acos(B - r). According to Cahn [154-156, 231], the total free
energy of volume V of an isotropic solid solution free from imperfections in which the molar

volume is independent of both composition and pressure is:

1 Cip° C1,C
F=j{f’(x)+—[<C22—i>nb2+2<CZ3—ﬂ)nbnc
2 Ci1 C11
v (M.6)
2

+ (633 - C1—3) nczl (x —x0)? + K(VX)Z}dV
Cll

where f’(x) is the Helmholtz free energy of a unit volume of homogeneous materials of

composition x and x(Vx)?is the first term of an expansion representing the increase in free energy

due to introducing a gradient of composition. Expanding f'(x) in Taylor’s series with x — xy =

Acos(B-r) and integrating the above equation, we obtain the change in free energy per unit

volume between the initial homogeneous solution of concentration x, and the inhomogeneous

solution of concentration x:

AF 1, (3
V 4

0x?2
2

C C,C
+ [(sz—_;z )Ub2+2(C23— 162' 13) NpNc (M.7)
11 11

C 2
+ (633 - C1_3) Tlczl + ZK,BZ}
11

If the free energy change AVF is negative for some wave vectors B, then the solution is unstable to

infinitesimal fluctuations with those wave vectors. Otherwise, the solution is stable for all
infinitesimal fluctuations. The spinodal curve for a particular direction of the wave vector is given
by the condition that the solution is just unstable to fluctuations infinite wavelength but stable to

fluctuations of finite wavelength in that directions, that is, the spinodal is given by:



258

(M.8)

Equation M.8 is applied for a volume unit of the solid solution. Hence, for a molar volume of an
isotropic material under coherent spinodal decomposition:
’F

where F is the molar Helmholtz free energy. In fact, the molar Gibbs energy G = F — PV. Since

the second derivative of PV versus x is neglected, Equation M.9 becomes:

2G
557 + ViYoo) s* = 0 (M.10)
X
.e.
Eelastic = VmY(Smo)an (M.11)
with
UY
C Ciz7—=
N DA o e\ P (12+ 1377b) (M.12)
Qo) =38z o tay,) T, T T G

Consequently, the molar elastic energy is estimated through a double integration:

(C12mp + Ci37¢) 2] dx? (M.13)
1

X
Gl = ﬂ; Vn lsznb2+633nc2+Zsznbnc— )

with the boundary conditions: Gfl-lMDO4 =0 and G,‘iépo4 = 0. The expression of Gg in Equation

M.13 is exactly like Cahn’s approach for orthohombic system [232].
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2. Inthe large deformationregime

Corresponding to the stress - strain relation developed for calculating the elastic Gibbs energy of
(100) coherence in the small deformation regime in Equation M.1, the Cauchy stress tensor is

0 0 0 &g 0 0
[0 0> 0] and the strain tensor is [0 g, 0. The elastic energy stored in the crystal is
0 0 o3 0 0 &

estimated from the Almansi strain and the second Poila - Kirchhoff stress. The deformation matrix

is:
g+1 0 0
[F]=| O g2 +1 0 (M.14)
0 0 &y +1
Then,
J=I|detF|=(g;+ 1) (e,+1)-(e5+ 1) (M.15)
The right Cauchy - Green deformation tensor is expressed as follow:
(g1 + 1)2 0 0
[c] = [F]T - [F] = 0 (e, +1)2 0 (M.16)
0 0 (53 + 1) 2
Consequently, the Almansi - Lagrange strain tensor is obtained:
1 -1
le] =S U= 1C™D
-1 ! 0 0
T (e £ 1)2
(& +1) (M.17)
_1 0 1 ! 0
) (e, +1)2
0 0 1 !
(e5+1)2

Next, we find the second Piola - Kirchhoff stress tensor:
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[T] = [F~1]-J-[T]-[F 1"
=(g+1) (241 (e34+1)

I[O (92 0 1| (M.18)
0 —— 0

. | (82 + 1) 2 |

|0 o3 |

|- (83 + 1) 2J

Hence, the elastic energy stored in the crystal is estimated as follow:

el_z l 1

(62 +2)ey0,  (e3+ 1esos
(e, + D* (e3+1D*

For small deformation,(e; +1) =~ 1;(e, +1) = 1; (e5+1) = 1; (e, +2) = 2; (e5+2) = 2,
then:

1
fell =5 [e207 + £303] = [ (M.20)
Since ? = Z—” £}, can be expressed as a function of &,2:
3 c

f = Y0012 (M.21)
with

1
Y[lloo] =2 (e14+1) (g4 1) (e5+1)

M.22
(2 +2)ez0; | (634 Dezos ( )

2(e,+ 1* 7 £,%(e5+ 1)

As discussed previously in our paper on the calculation of coherent miscibility gap for cubic
systems [433], as Y[lloo] is a function of composition, it is very difficult to take integration and

calculated the elastic Gibbs energy Gg. Therefore, similar to what we have done for cubic systems
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!

[433], for a specific composition, the £ is fitted asa function of &,2 with a scalar coefficient Y100)-
It means that Y[, is a serie of scalars and it is composition dependent. The fitting of £} as a
function of &,2 is satisfactory especially in the range of 0.0 < &, < 0.05 (the range covers the
lattice mismatch in the (010) direction of Li(MnyFe;y)PO4-(MnyFe,y)PO4 system) (Figure D.1).
We have chosen ¢, because |e;| > |e3] for LiFePO4-FePO4, LIMNPO,4-MnPO,, and Li(MnyFe;.

y)PO4-(MnyFey.,)PO4 battery joins. As shown from our calculation of elastic energy for Lio.sFeP O,
fh < £5. The difference (£5 — £.;) become more significant when &, is large (Figure D.1). When
g, = 0.05, £} ~ 0.9048f5 and when &, = 0.15, £, = 0.7773£5. Hence, the elastic Gibbs energy

should be expressed through the fitting parameter Yy, oq:

X
Gl = —Uo VmY[’1oo]77b2dx2 (M.23)

0.20
- fesl
0.15 |
— fa
---  Fitting fh
=
co.10 }
-
0.05 |
0.00 .
0.00 0.01 0.02 0.03 0.04 0.05

Strain (g;)
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Figure M.1: Comparison of the calculated elastic energy f.; stored in the crystal structure of

LiosFePO, at room temperature for small deformation and large deformation. The fitting large

deformation curve is used for estimating Y(;4q).
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