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ABSTRACT A full lumped element-based equivalent circuit model for connected slot antenna arrays
(CSAA) is proposed with three configurations of the CSAA being considered: infinite, semi-infinite, and
finite slots. First, an equivalent circuit model was developed from the available Green’s Function (GF)
based analytical expression of the active impedance of CSAA. It was demonstrated that by combining PI
or T networks with parallel RLC resonant circuits and modeling the higher order modes via the series
inductor, the active impedance and the reflection characteristics of the CSAA can be represented in an
efficient and accurate manner. Secondly, utilizing the proposed equivalent circuit model, a generalized
design procedure was developed to assist the design and analysis of arbitrary configurations of CSAA
at both microwave and millimeter wave (mm-wave) bands. Finally, the effectiveness and accuracy of the
proposed approach are validated by several numerical and measured results. A 2x2 CSAA prototype was
fabricated at 3GHz to validate the proposed equivalent circuit model. For the finite slot case, the proposed
RLC+T network outperforms both the available transmission line-based equivalent circuit model and the
proposed RLC+PI network, in describing the resonance frequencies and the values of the impedances of
the finite slot. It was demonstrated that the proposed equivalent circuit model had a maximum of 4.55%
and 5.27% average errors for the real and imaginary parts of the impedances, as compared with the
full-wave simulator, while the computational time was reduced by more than two orders of magnitude.

INDEX TERMS Active impedance, connected slot antenna array, equivalent circuit.

I. INTRODUCTION

SLOT antennas are very versatile, have numerous appli-
cations, and have been employed both as individual

elements and in array scenarios. Connected antenna arrays
(CAA) are those arrays in which the elements are elec-
trically connected. CAA offers a wide bandwidth, wide
scanning angle, and lower cross-polarization levels [1], [2].
Such connected elements maintain a nearly constant cur-
rent distribution within a wide frequency band. CAA can
be formed with dipoles or slots. The mutual coupling
between the elements enhances the bandwidth and enables
better cross-polarization behavior [1], [2]. Analytical spectral
domain Green’s function (GF) based expressions have been
derived for analyzing the characteristics of the CAA assum-
ing infinite apertures with periodic excitation. The analytical

expressions of the CAA were derived for both the free-space
case and the case where a back reflector (BR) was considered
beneath the CAA [2], [3]. Equivalent networks of infinite
and periodic CAA were constructed for the transmission and
reception modes based on the GF utilizing transmission line
models in [4], [5].

Several works presented equivalent circuit models for res-
onant slots. In the equivalent transmission line model of the
center-fed slot, the feed was described with a shunt gen-
erator, slot arms were modeled by two transmission lines,
and the end terminations were represented by a short cir-
cuit [6], [7], [8]. The reactances associated with the end
terminations were not considered in these equivalent mod-
els [6], [7], [8]. However, the work [9] modeled the shorted
end terminations with inductances to represent the input
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impedance of the slot antenna more accurately. The equiv-
alent circuits, presented in [2], [4] and [5], considered the
end terminations and described the presence of edge-born
waves in finite connected arrays for both the transmission and
reception modes. In addition, the equivalent circuit model of
the CAA from [5] quantified the current present in the loads
and the scattered fields from the structure. Equivalent trans-
mission lines [5] were used to describe the fundamental
wave propagation, and analysis regarding the existence of
the unattenuated and attenuated edge waves was presented.
Using the GF solution for infinite connected slots [2], the

method of moments (MoM) was used to analyze the slot
antenna. In this analysis, the current in the feeding gap and
the current in the end terminations were considered. Basis
functions of the MoM solution included the reactance of
the feed and the diffraction of the waves from the end ter-
minations [10]. A transmission line-based equivalent circuit
model was developed for infinite slots, semi-infinite, and
finite slots [10], [11], [12]. These equivalent circuit mod-
els of slot antennas were modeled with transmission lines
having various characteristic impedances, and impedance
transformers. The end terminations of the slot antennas were
represented by an RL load [10], [11], [12]. However, these
equivalent circuit models based on transmission lines did
not consider the presence of BR beneath the CSAA. It is
worth noting that, in practical applications, CSAA needs
a BR to obtain directional radiation patterns and improve
its gain.
In this paper, a full, lumped-element-based equivalent cir-

cuitmodel is proposed for various configurations of theCSAA.
Compared with the transmission line model that exists in lit-
erature, the lumped-element-based equivalent circuit model
can predict the resonance information, impedance, and reflec-
tion characteristics accurately and effectively. This model will
reduce the simulation and development time and make it pos-
sible to gain more insights about its behavior. This will also
assist in reducing the initial steps (i.e., reduce the number
of iterations) when developing the full wave model. Another
important contribution of the present work is the consideration
of the BR in the proposed equivalent circuit model for infinite,
semi-infinite, and finite slot configurations. The equivalent
circuit model is developed with the help of the spectral domain
GF solution of the CAA reported in [2], which considers the
presence of the BR beneath the CSAA. The parallel RLC
resonant circuit, being the foundation of the developed circuit,
can easily predict the resonance of the structure. The mutual
coupling present between the array elements is accounted
for and modeled by the T and PI networks. Consequently,
with the help of the T and PI networks, an in-depth under-
standing regarding the inter-element coupling effects can be
gained. The higher order modes of the CSAA are modeled
with the help of a series inductor [2], [17], [18] to obtain
an accurate estimation of the input impedance. The lumped-
element-based equivalent circuit model shows an accuracy
of at least 95% for all the real and imaginary impedances
for the infinite periodic CSAA around the resonant frequency

(within ±25% of resonant frequency) compared with the full-
wave simulator. The simulation time is reduced by at least
two orders of magnitude for the infinite, semi-infinite and
finite slot (printed on a dielectric substrate) when compared
with results obtained through full-wave simulations. For the
finite slot printed on a dielectric substrate with a BR, the
full-wave simulator is 600 times slower in calculating the
input impedance than the proposed equivalent circuit model.
The remainder of the paper is organized as follows: after

demonstrating the viability of the proposed equivalent circuit
model for the infinite CSAA in Section II, semi-finite and
finite slots are considered in Sections III and IV, respectively.
The impedance and reflection characteristics of different
configurations are compared with the full-wave simulations
and available results. The effect of various slot parame-
ters (like the width of the slot, length of the slot, etc.) on
the different circuit element values of the proposed circuit
model is analyzed in Section V. A 2x2 prototype was fabri-
cated and measured; its results are compared with both the
proposed circuit model’s and full-wave simulation’s results
in Section VI, showing an overall acceptable agreement. A
general design procedure for any arbitrary configurations
of CSAA at both microwave and mm-wave frequencies is
described in Section VII. And finally, Section VIII concludes
the paper.

II. INFINITE SLOT
The active impedance of the infinitely long and periodic
CSAA is reported in [2]. A typical diagram of the CSAA
is shown in Fig. 1. It is illustrated that the long slots are
oriented periodically in both x and y directions (parallel to
one another representing a planar array). There is a BR at a
distance of hs beneath the slots where the air is the separating
medium. The active impedance for the infinite and periodic
CSAA is expressed as [2], [13]:

Zbrslot = k0ζ0dy
dx

∞∑

mx=∞
sinc2(kxmδs/2)

× 1

(
k2
o − k2

xm

) ∑∞
my=−∞

Jo
(
kym

ws
2

)
(1 − jcot(kzmhs))

kzm
(1)

where ws is the width of the slot, δs is the width of the
source, hs is the height of the BR, dx is the inter-element
spacing in the x direction, dy is the inter-element spacing in
the y direction, k0 is the free space propagation constant, ζ0
is the intrinsic impedance in free space, kxm = k0sinθ0cosφ0,
kym = k0sinθ0sinφ0, J0 is the Bessel function of zeroth order
of the first kind, kzm = (k2

o − kxm2 − kym2)1/2 and mx and
my represent the number of modes present in the CSAA
along x and y directions, respectively. It is considered that
the radiation from the arrays is directed towards the direction
denoted by θ = θ0 and φ = φ0. It is assumed that the width
of the slot ws, the width of the source δs, etc., are small with
respect to the wavelength [2], [13]. These approximations
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FIGURE 1. Infinite and periodic CSAA with back reflector. The separating medium
between them is air. A unit cell is denoted with a dashed line showing the feeding port.

make the Bessel and Sinc functions in (1) go to unity. The
consideration of the dominant mode (mx = my = 0) and
approximation of the quantities like the width of the slot
and width of the source, allow (1) to have the following
reduced expression [2], [13]:

Zbrslot = ζ0dy
dx

cosθ(
1 − sin2θcos2φ

)
(1 − jcot(k0hscosθ)

(2)

As shown by (2), the active impedance of the infinite
CSAA is frequency-dependent through the term k0, and in
the low-frequency regime, the bandwidth is limited by the
BR. The presence of the BR beneath the CSAA acts as a
short circuit and thus reduces its bandwidth [2], [3], [13].

A. FUNDAMENTAL MODE: EXPANSION OF THE
COTANGENT SERIES
Initially, it was considered that the radiation is directed
towards the broadside direction (θ = 0, φ = 0) and it had a
square periodic orientation (dy = dx). These considerations
reduce (2) to have the following expression:

Zbrslot = ζ0

(1 − jcot(k0hs)
(3)

The cotangent series in the denominator of (3) is expanded
according to [14]. This expansion gives us the following
expression:

cot(k0hs) = cot(kh) = 1

kh
− kh

3
− (kh)3

45
− 2(kh)5

945
− (kh)7

4725
. . .

(4)

where k = ω

v
; v is the speed of light and ω is the operating

frequency. Neglecting the higher order terms of the cotangent
series and substituting (4) into (3), we arrive at

Zbrslot = ζ0

1 + j

(
ωh

3v
+ (ωh)3

45v3
+ (2(ωh)5

945v5
+ (ωh)7

4725v7 + · · · − v

ωh

)

(5)

It is well known that the input impedance of a parallel
RLC resonator [15] can be represented as

Zbrslot = R

1 + j

(
ωRC − R

ωL

) (6)

Comparing (5) and (6), the values of R, L, and C of the
parallel RLC resonator can be obtained as follows:

R = ζ0 (7a)

L = Rh

v
(7b)

C = h

3Rv
+ ω2h3

45Rv3
+ 2ω4h5

945Rv5
+ ω6h7

4725Rv7 (7c)

Now, the values of the elements of the parallel resonant
circuit R, L, and C are obtained from (7a)-(7c). The values
are used to calculate the active impedance of the CSAA
after choosing an operating frequency (i.e., 28 GHz for 5G
applications, for example). To check the accuracy of the
derived input impedance expression and its dependence on
the number of the terms of the cotangent series (4), we com-
pared it with the analytical closed-form expression given in
[2, eq. (3.1)], [13]. The impedance of the CSAA calculated
considering the first five terms of the cotangent series is plot-
ted in Fig. 2. The plot shows that the impedance curve does
not overlap well over the entire frequency band. Rather good
agreement is obtained until the resonant frequency. After the
resonant frequency, the deviation is obvious. The potential
reasons for the deviation could be the omission of the higher
order terms of the cotangent series and ignoring the mutual
coupling effects within the CSAA. To check the case of
omission of terms from the cotangent series, the impedance
of the CSAA was plotted again considering higher order
terms in Fig. 2. The results show that the accuracy is not
improved by simply adding more terms. Specifically, the
consideration of the higher order terms (like the first 7th,
9th term, etc.) does not provide an observable improvement
in the impedance behavior as shown in Fig. 2. The reflec-
tion coefficient of the CSAA is calculated from the obtained
circuit element values using the proposed equivalent circuit
approach. The reflection coefficient for different cases is
plotted in Fig. 3, which also shows disagreement with the
analytical one beyond resonance. Thus, it is evident that a
single parallel RLC resonant circuit is not capable of rep-
resenting the impedance and reflection characteristics of the
CSAA.

B. REPRESENTATION OF MUTUAL COUPLING EFFECT
BY PT AND T NETWORKS
To overcome the limitations of a single RLC model and
obtain the full impedance and reflection characteristics
of the CSAA, PI and T networks are added along with
the single parallel RLC resonant circuit. These networks
represent the missing component in the analysis of the
CSAA. As the elements are mutually coupled in the CSAA,
the resulting mutual impedances are not represented by
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FIGURE 2. Active impedance of the CSAA calculated using the analytical expression
[2, eq. (3.1)] and the proposed equivalent circuit (abbreviated as Eq. Circuit) by
considering the first five, seven, and nine terms of the cotangent series. Re represents
the real part and Im represents the imaginary part of the impedance, respectively.

FIGURE 3. Reflection coefficient of the CSAA calculated using the analytical
expression [2, eq. (3.1)] and the proposed equivalent circuit (abbreviated as Eq.
Circuit) by considering the first five, seven, and nine terms of the cotangent series.

a single RLC resonant circuit alone. The addition of PI
and T networks with the RLC circuit can represent the
mutual coupling condition. It can be seen in Fig. 2 that
the active impedance of the proposed equivalent circuit
does not match well with the analytical one in the higher
frequency regime. These PI and T networks work like
frequency selective networks and filter out the undesired
portions from the curve to resemble the analytical one by
capturing the impedance at the higher frequency range.
This behavior is analyzed mathematically in the following
sections.

1) EQUIVALENT CIRCUIT MODEL WITH AN RLC CIRCUIT
AND PI NETWORK

In this section, the analysis of the parallel RLC circuit and a
PI network is presented. The circuit diagram of the RLC+PI
network is shown in Fig. 4. The analytical expression of the
input impedance of the RLC+PI network is derived as shown

FIGURE 4. Parallel RLC resonant circuit and PI network topology.

in (8).

Z3 = jωL2 + 1

jωC1
= 1 + j2ω2C1L2

jωC1
(8a)

1

Z2
= 1

jωL1
+ 1

Z3
= 1 − ω2C1L2 − ω2C1L1

jωL1 − jω3C1L2L1
(8b)

Z = R

1 + jR

(
ωC − 1

ωL
−

(
1 − ω2C1L2 − ω2C1L1

)
(
ωL1 − ω3C1L2L1

)
)

(8c)

2) EQUIVALENT CIRCUIT MODEL WITH AN RLC CIRCUIT
AND T NETWORK

The analysis of the parallel RLC circuit with a T network
is presented following the schematic diagram depicted in
Fig. 5. The analytical expression of the input impedance of
the RLC+ T network is derived in (9).

Z3 = jωL2

1 + j2ω2C1L2
(9a)

Z2 = jωL1 + jωL2 − jω3L1C1L2

1 − ω2C1L2
(9b)

Z = R

1 + jR

(
ωC − 1

ωL
−

(
1 − ω2C1L2

)

ωL1 + ωL2 − ω3L1C1L2

)

(9c)

3) COMPARISON BETWEEN THE RLC+PI AND RLC+T
CIRCUIT MODELS

In the previous subsections, two topologies were presented.
To analyze the performance of these topologies, the values
of all the equivalent circuit elements are calculated first. The
center frequency is set to 28 GHz (again, this is an arbitrary
center frequency, resembling the current interest in 5G bands.
Any other center frequency can be chosen. See fabricated
prototype for example). It is considered that there is a BR
at a quarter wavelength distance beneath the infinite slot to
have a directional radiation pattern [2]. The value of the
resistance of the CSAA is equal to the intrinsic impedance
of free space as discussed in [2]. With this in mind, the
values of L and C of the parallel RLC circuit are calculated
using (7) and found to be L = 3.35nH and C = 9.57fF.
The values of the elements of the PI and T networks are
calculated using (10a)-(10d) [16], which are widely used for
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FIGURE 5. Parallel RLC resonant circuit and T network topology.

calculating the inductance and capacitance of the PI and T
networks:

Lπ = R0

2ωC
(10a)

Cπ = 1

2R0ωC
(10b)

LT = 2R0

ωC
(10c)

CT = 2

R0ωC
(10d)

The impedance and reflection coefficients of the CSAA are
calculated for the following cases: analytical, RLC, RLC+PI,
and RLC+T topologies. The values of the elements of the
RLC+PI and RLC+T networks are tuned to obtain the
desired impedance and reflection coefficient. The impedance
and reflection coefficient results of these cases are plotted in
Fig. 6 and Fig. 7, respectively. The graphs show good agree-
ment with the analytical results. From Figs. 6 and 7, it is
depicted that the RLC+PI and RLC+T network topologies
clearly represent the impedance and reflection character-
istics of the CSAA more accurately than a single RLC
resonator. These two topologies consider the mutual cou-
pling between the elements through the mutual impedances
present in their expressions. These mutual impedances are
present in the denominator of the analytical expressions
in (8c) and (9c). These mutual impedances have nontriv-
ial effects on the impedance and reflection parameters. It
is demonstrated in Fig. 7 that the single RLC circuit shows
wider bandwidth than the analytically (GF based) obtained
bandwidth and it cannot capture the CSAA characteristics
completely over the full frequency band. On the contrary, the
RLC+PI and RLC+T networks provide a better resemblance
to the analytical one in terms of active impedance and reflec-
tion coefficient. These PI and T network topologies are not
unique. The proposed model is one among other possible
meta-models. However, these network topologies have the
properties of shaping/filtering the impedance curves of the
CSAA at the higher frequency region. Any X-type network
might be used to provide a similar type of effect given
that it has two properties: 1) it introduces the mutual cou-
pling present between the elements of CAA through mutual
impedances and 2) it helps in capturing the impedance curve
behavior at higher frequency bands. The values of different

FIGURE 6. The active impedance of the CSAA calculated using analytical
expression [2, eq. (3.1)], RLC circuit only, RLC+PI and RLC+T network topologies.

FIGURE 7. The reflection coefficient of the CSAA calculated using analytical
expression [2, eq. (3.1)], RLC circuit only, RLC+PI and RLC+T network topologies.

inductive and capacitive elements used for the PI and T
networks are tabulated in Table 1.

The percentage of error between the analytical and equiv-
alent circuit (RLC+PI and RLC+T networks) models is
quantified in terms of impedance. The relative error is
calculated using (11):

Error = Zanalytical − Znetwork
Z(@resonance)

× 100% (11)

where Zanalytical is the impedance of the analytical expression
and Znetwork is the impedance obtained from the RLC+PI
and RLC+T networks. The percentage of error between the
analytical and the proposed lumped-element-based equiva-
lent circuit model is plotted in Fig. 8. It is demonstrated
that the percentage of error is within an acceptable range
for most of the values of the frequency. Excellent agreement
between them is observed near the resonant frequency. The
percentage of error around the resonant frequency (within
±25% of the resonant frequency) is less than 4.8% for all the
impedances. However, the differences between them increase
towards the trailing edge of the curves. The maximum per-
centage of error is 20.8%, which occurs at 1.71 times the
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TABLE 1. Values of tuned and untuned L and C elements of the PI and T networks.
The unit of inductance is (nH) and the unit of capacitance is (fF ).

FIGURE 8. Quantification of error between the analytical [2, eq. (3.1)] and the
proposed equivalent circuit approach.

resonant frequency. The average error for the real and imag-
inary parts of the impedances from the RLC+PI network is
5.54% and 3.65%, respectively. On the other hand, the aver-
age error for the real and imaginary parts of the impedances
from the RLC+T network is 6.55% and 4.03%, respectively.

4) TUNING EFFECT OF PI AND T NETWORK ELEMENTS
ON THE PROPOSED CIRCUIT MODEL

In this subsection, discussions are presented about tuning the
elements of PI and T networks on the proposed equivalent
circuit model. It was mentioned in Section II-B.3, that the
impedance and reflection coefficients of the proposed equiv-
alent circuit model were obtained by tuning the values. Now,
it is to be understood what degree/type of tuning is required
to obtain the desired results and how the proposed equiva-
lent circuit model assists in reaching the desired results. So,
the active impedance of the RLC+PI network, which was
plotted in Fig. 6 obtained using tuned values of the circuit
elements, is plotted again in Fig. 9. In parallel, the active
impedance of the RLC+PI network is calculated using the
untuned values and plotted in the same figure. It is evident
from the figure that the untuned values capture the reso-
nance correctly but has a mismatch in terms of bandwidth.
This mismatch can easily be overcome through a few tun-
ing attempts. The untuned and tuned values of the elements
of both the networks are calculated using (10a)-(10d) and
tabulated in Table 1. This table gives us an idea about the
degree/type of the required tuning. So, the discussions on
the tuning effect of PI and T network elements reflect that
the proposed model has mathematical formulas ((10a)-(10d))
to calculate the values of the PI and T network elements.

FIGURE 9. Active impedance of the CSAA calculated using tuned and untuned
lumped elements of the proposed equivalent circuit.

In addition, the proposed model will assist in obtaining the
impedance and reflection behaviors of the CSAA with good
accuracy through a few tuning attempts.

C. HIGHER ORDER MODES: ACTIVE IMPEDANCE OF
THE INFINITE AND PERIODIC CSAA
In the previous subsections, the fundamental mode was mod-
eled by a parallel RLC circuit, and the mutual coupling
between the elements of the CSAA was modeled using PI
or T networks. In this section, the higher-order modes are
modeled as a series inductor for obtaining an accurate esti-
mation of the input impedance. The idea of using a series
inductor to represent higher order modes follows previous
works [2], [17], [18]. So, a fully lumped component-based
equivalent circuit model of the CSAA is presented in Fig. 10,
which represents the fundamental mode (via parallel RLC
circuit), the mutual coupling between the elements (via PI
and T networks), and the higher order modes (as a single
series inductor).
To validate the results of the proposed full lumped

element-based equivalent circuit, the unit cell of the infi-
nite and periodic CSAA is considered as shown in Fig. 1.
The active impedance of the unit cell of CSAA operat-
ing at 28 GHz is calculated in CST. Following geometrical
parameters dx = dy = 0.5λ0, ws = 0.1λ0, hs = 0.25λ0 is
considered similar to [2]. Appropriate boundary conditions
and excitation of the unit cell (CSAA) are used in CST
for obtaining the active impedance of the unit cell. CST
results are compared with the analytical and HFSS results
reported in [2] and are depicted in Fig. 11. The results in
the figure show good agreement. Then, the active impedance
is calculated employing the proposed lumped element-based
equivalent RLC+PI and RLC+T networks. The calculated
active impedance is compared with the analytical, CST, and
HFSS results in Fig. 11. The comparison shows that the
higher order modes representation via a series inductor has
improved the active impedance of the equivalent RLC+T and
RLC+PI networks. The percentage of error between the CST
results and the proposed lumped element-based RLC+PI and
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FIGURE 10. Complete lumped element-based equivalent circuit model of the CSAA:
(a) equivalent RLC+T networks and (b) equivalent RLC+PI network.

FIGURE 11. Active impedance of the infinite and periodic CSAA following analytical
expression [2, eq. (2.39)], HFSS [2], CST, RLC+PI and RLC+T networks.

RLC+T circuits’ results is calculated using (11) and plot-
ted in Fig. 12. It is shown that excellent agreement between
them is obtained near the resonant frequency. The percentage
of error around the resonant frequency is less than 5.3% for
all the impedances. However, the differences between them
increase towards the trailing edge of the curves, where the
maximum percentage of error is 9.2%. The average error
for the real and imaginary parts of the impedances of the
RLC+PI network is 3.35% and 5.27%, respectively. On the
other hand, the average error for the real and imaginary

FIGURE 12. Quantification of error between the CST results and the equivalent
circuit approach.

parts of the impedances of the RLC+T network is 4.55% and
4.91%, respectively. It is understood from Fig. 8 and Fig. 12
that the inclusion of the higher order mode representation via
a series inductor has improved the representation of the active
impedance of the CSAA and has reduced the maximum error
occurring over the entire frequency range.

III. SEMI-INFINITE SLOT
In this section, the applicability of the equivalent circuit
model for the semi-infinite slot antenna is presented. In [10],
an MoM-based numerical solution was developed to find
the input impedance of planar slots. With the aid of the
numerical solution, an equivalent circuit based on transmis-
sion lines was derived to find the input impedance of a
semi-infinite slot and a finite slot. The semi-infinite slot
was modeled with the introduction of a short circuit having
length LSHORT as shown in Fig. 13. The short circuit was
implemented at a distance d so that the magnetic current
induced in that region did not influence the magnetic cur-
rent in region 1. It was demonstrated in [10] that an RL
load could be used to represent the endpoint termination
of semi-infinite slot antennas. The endpoint termination was
described as the RL impedance comprising inductive reac-
tance and another non-zero resistance, which is accountable
for explaining the radiation coming out from the endpoint
of the slot antenna [10].
To the best of the authors’ knowledge, there are no results

or references available for the semi-infinite connected slot
to compare with. The work in [10] presents an MoM-based
solution for modeling the semi-infinite slot considering two
basis functions: one for representing the contribution com-
ing from the source point and another for the contribution
coming from the endpoint. So, the provided solution for a
semi-infinite slot considered a single source only. The input
impedance of slots having multiple sources was not pro-
vided. It was explained that a similar procedure could be
followed to derive the input impedance for planar slots hav-
ing multiple feeds [10]. For this reason, the available results
of the semi-infinite and finite slots from [10], [11], [12] are
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FIGURE 13. Semi-infinite slot in free space with the source. The semi-infinite slot is
terminated by a short circuit of length LSHORT placed at a distance d from the
source. A BR is placed below the slot for directional radiation.

used to compare the performance of the proposed equivalent
circuit model. In the previous section, the infinite CSAA was
presented where air was the separating medium between the
CSAA and the BR. In this section, the semi-infinite CSAA
is considered when it is printed on a dielectric substrate
(i.e., εr > 1). The input impedances of the semi-infinite slot
for both the free space case and the case when the slot is
printed on a dielectric substrate were calculated in [10]. It
was shown that two resonances with narrower bandwidths
are observed for the semi-infinite slot printed on a dielectric
substrate. It is demonstrated in this section that the proposed
equivalent circuit can capture and predict both resonances of
the semi-infinite case when the slot is printed on a dielectric
substrate.
Now, the proposed equivalent circuit is employed to find

the input impedance of the semi-infinite slot. The circuit
diagrams of the two topologies (i.e., PI and T networks),
including the RL load termination, are depicted in Fig. 14.
The RL loads in the figure are represented by R1 and L4.
The operating frequency selected for this case is 1 GHz
to show the applicability of the circuit model over various
frequencies (in Section II, 28 GHz is demonstrated, and in
this section, 1 GHz is selected). First, the values of different
types of R, L, and C elements of the equivalent circuit are
calculated using (7a)-(7c) and (10a)-(10d). The values of the
RLC resonant circuit are L = 37.5nH and C = 670fF. The
tuned and untuned values of different L and C elements used
for the PI and T networks are listed in Table 2.

The input impedance of the proposed equivalent circuit
model of the semi-infinite slot antenna is calculated with
the obtained circuit element values. The element values are
tuned (as previously described), and the input impedance
of the semi-infinite slot is plotted in Fig. 15. The input
impedance is calculated in CST considering the following
associated geometrical parameters, such as d = 0.25λ0,

ws = 0.02λ0, εr = 4, h = .05λd where h is the thickness
of the dielectric substrate, λ0 and λd are the wavelength in
free space and with the dielectric substrate, respectively. The

FIGURE 14. (a) RLC+T and (b) RLC+PI networks with RL load representing the
endpoint of the semi-infinite slot (LSHORT ) in Fig. 13.

TABLE 2. Values of tuned and untuned L and C elements of the PI and T networks for
semi-infinite slots. The unit of inductance is (nH) and the unit of capacitance is (fF ).

impedance of the semi-infinite slot calculated by CST with-
out (W/O) BR is taken from [10, Fig. 5]. The impedance
of the semi-infinite slot along with the BR, which is placed
at a quarter wavelength beneath the slot, is calculated in
CST. The impedance of the RLC+PI and RLC+T networks
is compared with the impedances obtained from CST (with
and without BR) and from the MoM-based transmission line
results presented in [10], [11], [12]. It is seen from Fig. 15
that the proposed equivalent circuit models capture both res-
onances at the lower and higher frequencies. The proposed
circuit models capture the values of the impedance accu-
rately at the lower resonance, while a noticeable deviation is
observed at higher frequencies. On the other hand, there are
discrepancies among the (RLC+PI and RLC+T) networks,
the (CST W/O BR), and the MoM-based transmission line
results. The disagreement is due to the fact that [10], [12]
did not consider the presence of a back reflector within
their CST and MoM-based solutions. However, the proposed
equivalent RLC+T and RLC+PI networks are formulated
considering the presence of a back reflector, which affects the
behavior of the CSAA [2], [3], [13]. The percentage of error
between the CST with BR results and the proposed lumped
element-based RLC+PI and RLC+T equivalent circuit is
calculated using (11). It is shown that excellent agreement
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FIGURE 15. Comparison among the input impedances of the semi-infinite slot for
different cases: CST (with and without BR), MoM based transmission
line [10], [11], [12], and the proposed (RLC+T and RLC+T) networks.

between the real impedances is observed at the lower reso-
nant frequency and a maximum error of 5.8% is present for
the higher resonant frequency. For the imaginary impedances,
the maximum margin of error is 7.07% for the proposed
equivalent circuits, which occur at 1.87 GHz. The average
error for the real and imaginary parts of the impedances
of the RLC+PI network is 2.53% and 3.11%, respectively.
The average error for the real and imaginary parts of the
impedances of the RLC+T network is 3.15% and 2.22%,
respectively.

IV. FINITE SLOT
The semi-infinite planar slot discussed in the previous sec-
tion is terminated on the remaining side to form the finite
slot. A schematic of the planar finite slot in free space with
BR is shown in Fig. 16. For the finite slots, there are two
endpoint terminations. These two endpoint terminations are
represented by two RL loads at the two sides of the slot,
as discussed in the previous section. The equivalent circuit
model of the planar finite slot includes the parallel RLC
resonant circuit, the PI and T networks to denote the mutual
coupling between the elements, the series inductor to rep-
resent the higher order modes, and the two RL loads for
representing the two endpoints. The complete equivalent cir-
cuit diagram of the finite slot is shown in Fig. 17. It shows
both the RLC+PI and RLC+T networks where the RL loads
are represented by R1 and L4, respectively at the left and
right corners of the circuit.
After designing the equivalent circuit for the finite slot,

the impedances are calculated. The values of different ele-
ments are computed. To compare the results of the proposed
equivalent circuit model, 1 GHz is chosen as the operating
frequency. The values of the different R, L, and C are cal-
culated using (7a)-(7c) and(10a)-(10d). The values of the
RLC resonant circuit are found to be L = 37.5nH and
C = 0.67pF. Two cases are considered: one when the slot is
in free space, and the other when the slot is printed on the

FIGURE 16. Planar finite slot in free space with the source. The slot is terminated at
both ends. A BR is placed below the slot for directional radiation.

FIGURE 17. (a) RLC+PI and (b) RLC+T networks with two RL loads representing
the two endpoints of the finite slot.

dielectric substrate. Both equivalent circuit models based on
PI and T networks are implemented and the impedance char-
acteristics are calculated. The impedance of the finite slot in
free space is calculated using CST considering the follow-
ing relevant geometrical parameters, such as Ls = 0.5λ0, and
ws = 0.02λ0, where λ0 is the wavelength in free space at
f0 [10], [12]. Subsequently, the impedance of the finite slot
in free space is calculated in CST taking into consideration
a BR placed quarter wavelength beneath the finite slot with
similar antenna parameters.
The impedances (with and without BR) available from

the CST and the MoM are compared with the impedances
obtained from the lumped element-based equivalent circuits
and are shown in Fig. 18. The impedance calculated by the
MoM and CST without BR (W/O BR) is taken from [12]. It
is understood from the figure that both networks (RLC+PI
and RLC+T) can capture the resonance frequency and the
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FIGURE 18. Comparison among the impedance of the finite slot in free space for
different cases using CST (with and without BR), MoM-based transmission line [12],
and the proposed RLC+T and RLC+T networks.

value of the impedances. The RLC+PI network has better
agreement with the CST-BR-FS results than the RLC+T
network whereas the RLC+T network shows wider band-
width. Disagreement between the results obtained through
our equivalent circuit models (RLC+PI and RLC+T) and
the CST+MoM results is observed. The disagreement of
the results is due to the fact that [10], [12] did not consider
the BR within their MoM-based solution for the finite slot.
Moreover, these are the only available results in the literature
against which the results of the proposed equivalent circuit
model can be compared. The values of various L and C ele-
ments of the equivalent circuits are mentioned in Table 3.
The tabulated values of the elements for the free space and
dielectric substrate cases are different as they are a function
of associated permittivity (ε) and permeability(μ).
Now the considered case is the finite slot printed on

a dielectric substrate. The selected operating frequency is
1 GHz. The impedance characteristics of the finite slot
printed on the dielectric substrate are calculated using the
obtained values from Table 3. The calculated results are
compared with the MoM-based transmission line model
and CST results [10], [12]. Various antenna parameters,
such as Ls = 0.5λ0,ws = 0.02λ0, εr = 4, h = .05λd are
taken similar to [10], [12]. In addition, the impedance of
the finite slot printed on the dielectric substrate with BR
is calculated using CST. The comparisons among the real
and imaginary parts of the impedances of the finite slot
for different cases; CST (with and without BR), MoM-
based transmission line [12], and the proposed RLC+T
and RLC+P networks, are shown in Fig. 19(a) and 19(b),
respectively. It is shown that the RLC+T network-based
equivalent circuit is capable of capturing both resonance
frequencies, and the values of the impedances match the
(CST with BR) results. The RLC+PI network tracks only
one resonant frequency with an impedance value equal to
the (CST with BR) case, while it does not capture the sec-
ond resonance at all. Disagreement exists among the results

TABLE 3. Values of L and C elements of the PI and T networks for finite slots in free
space (FS) and finite slot printed on a dielectric substrate (DS).

FIGURE 19. Comparison among the (a) real part and (b) imaginary part of the
impedance of the finite slot printed on a dielectric substrate for different cases using
CST (with and without BR), MoM-based transmission line [12], and the proposed
RLC+T and RLC+P networks.

of the (RLC+PI and RLC+T) networks, the CST (W/O
BR), and the MoM-based transmission line. The reason is
that [10], [12] did not consider the presence of BR within
their MoM-based solution. Moreover, the conclusion drawn
by the authors [10], [12] is that the transmission line cap-
tured the resonance of the higher frequency well but failed to
capture the lower frequency resonance accurately. This draw-
back of the transmission line-based equivalent circuit is also
demonstrated in Fig. 19. Thus, it is shown that the proposed
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RLC+T network outperforms both the MoM-based transmis-
sion line model [10], [12] and the proposed RLC+PI network
in capturing the resonance frequencies and impedance values.
The times needed to calculate the input impedance by

the proposed equivalent circuit model and its full-wave
counterpart are tabulated in Table 4. The simulations are
performed on a computer with an Intel Core i7-7700 CPU
@ 3.6GHz processor and 16 GB RAM. For both CST and the
Quite Universal Circuit Simulator (QUCS) [19], 1001 sample
points are considered. Different configurations of the CSAA
(with and without BR) in free space and on a dielectric sub-
strate are simulated in CST. The simulation times taken by
CST are compared with the simulation time required by the
proposed equivalent circuits in QUCS. For the infinite CSAA
with BR configuration and the semi-infinite slot printed on a
dielectric substrate (with and without BR), CST needs almost
four hundred times more time than the proposed equivalent
circuit models to give the impedance results. For the finite
slot (with and without BR) in the free space case, CST is
175 times slower than the proposed equivalent circuit mod-
els. For the finite slot printed on a dielectric substrate case,
CST is almost 400 times and 600 times slower than the
proposed equivalent circuit models for without and with BR
cases, respectively. Thus, the computation time advantage of
the proposed circuit model is evident.

V. EFFECT OF VARIOUS SLOT PARAMETERS ON THE
PROPOSED EQUIVALENT CIRCUIT MODEL
The effect of the various slot parameters (like the width
of the slot, length of the slot, etc.) on the different circuit
elements of the proposed equivalent circuit model is analyzed
in this section. Please note that the values of the elements of
the PI and T networks, series inductor (higher order mode
representation), and RL loads (endpoint representation) are
already set in previous Sections (II, III, and IV).

A. EFFECT OF SLOT WIDTH
The effect of the width of the slot,WS on the proposed circuit
model is investigated. WS is varied from 0.05λ0 to 0.2λ0.
The active impedance curves plotted in Fig. 20 show that
the resonance of the CSAA shifts from a lower frequency to
a higher frequency with the increase of the WS. In addition,
the bandwidth becomes wider as WS is increased. WS is
related to the capacitance of the parallel resonant circuit of
the proposed circuit model. Parametric sweeps are conducted
on the value of C from the proposed circuit model for relating
the effect. In Fig. 20, it is illustrated that the higher the value
of C is, the lower the resonance of the proposed circuit model
is. The phenomenon of obtaining wider bandwidth is also
noticeable for lower values of C. Thus, it is understood that
WS is related to the value of C and there exists an inverse
relationship between them.

B. EFFECT OF SLOT LENGTH
The effect of the length of the finite slot, LS on the proposed
circuit model is investigated. LS is varied from 0.45λ to

TABLE 4. The simulation time for different cases.

FIGURE 20. Active impedance of the CSAA for different widths of the slots WS ,
calculated with CST and the proposed equivalent circuit model. The solid lines
represent the impedances calculated by CST, while the dashed and dotted lines are
calculated with the proposed equivalent circuit.

0.55λ. The active impedance curves plotted in Fig. 21 show
that the resonance of the CSAA shifts from higher frequency
values to lower ones with the increase of LS. It is related to
the inductance of the parallel resonant circuit of the proposed
circuit model. Parametric sweeps are conducted on the value
of L from the proposed circuit model to relate the effect. In
Fig. 21, it is shown that the higher the value of L is, the
lower the resonance of the proposed circuit model is. The
resonance of the circuit model shifts to lower frequencies
with the increase of L. Thus, it is seen that LS is related
to the value of L and there exists an inverse relationship
between them.

C. PERIODICITY OF THE SLOTS
The periodicity (dx, dy) of the slots or the spacing between
the elements in both x and y directions was included for
calculating the active impedance of the CSAA in (1). While
developing the proposed circuit model from (1), dx and dy
are taken equal to 0.5λ. This consideration cancels both the
dy and dx from the numerator and the denominator of (1).
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FIGURE 21. Active impedance of the CSAA for different lengths of the slots LS
calculated with CST and the proposed equivalent circuit model. The solid lines
represent the impedances calculated by CST, while the dashed and dotted lines are
calculated with the proposed equivalent circuit.

However, in the case when dx and dy are not equal, the
active impedance of such scenarios can be obtained by a
multiplicative factor based on the value of (dy/dx).

VI. PROTOTYPE VALIDATION
A 2x2 CSAA prototype was designed and fabricated to
validate the results of the proposed lumped element-based
equivalent circuit model of CSAA. The 2x2 CSAA pro-
totype is printed on a RO3003 substrate with a dielectric
constant εr = 3 and a thickness of 1.52 mm. The BR is
placed at a distance λ0/4 below the ground plane [2]. The
schematic view of the 2x2 CSAA prototype designed for
3 GHz operation is demonstrated in Fig. 22(a). The feed-
ing network of the prototype is depicted in Fig. 22(b). It
consists of three T-Junctions, tapered transmission lines, and
radial stubs. The top view and bottom view of the fab-
ricated prototype are shown in Fig. 22(c) and Fig. 22(d),
respectively. The inter-element spacing in the x and y direc-
tions are dx = 0.41λ0 and dy = 0.54λ0, respectively. The
various geometrical parameters of the 2x2 CSAA prototype
are tabulated in Table 5.

The simulated and measured S parameters of the 2x2
CSAA prototype are plotted in Fig. 23, which show good
agreement between them. The 2x2 CSAA prototype has 31%
bandwidth and there is a slight shift between the measured
and the simulated results, which can be attributed to the
effects of the connector, cables, and other fabrication issues.
The simulated far-field gain of the 2x2 CSAA prototype
is 11.9 dBi having an efficiency of 94% and is shown in
Fig. 24. The polar plot of the simulated and measured E-
plane and H-plane is shown in Fig. 25. Very good agreement
is demonstrated between the simulated and the measured
radiation patterns. After this, the input impedance is cal-
culated both from the simulated and measured S parameter
results. The comparison between the simulated and measured
input impedance is shown in Fig. 26. Slight discrepancy
between the measured and the simulated input impedance

FIGURE 22. (a) Schematic view of the 2x2 CSAA prototype, (b) feeding network of
the prototype, (c) fabricated top view of the 2x2 CSAA prototype, and (d) fabricated
bottom view of the feeding network. The feeding network has three T-Junctions,
tapered transmission lines, and radial stubs.

can be seen, which comes from the connector, cables, and
other fabrication issues.
The equivalent circuit model of the 2x2 CSAA prototype is

developed following Fig. 17. The proposed lumped element-
based equivalent circuit model of the 2x2 CSAA prototype is
shown in Fig. 27. The feed network of the prototype has three
T-junctions, tapered lines, etc. TheT-junctions are narrowband
networks that can be represented with the help of an inductor
and capacitor [16] as shown in Fig. 27(a). The complete
lumped element-based equivalent circuit models (RLC+T
and RLC+PI) including the feed network of the 2x2 CSAA
prototype is depicted in Fig. 27(b) and Fig. 27(c), respectively.
The value of the inductance and capacitance are tuned to obtain
the input impedance. The input impedance obtained from this
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TABLE 5. Geometrical parameters of 2x2 CSAA prototype.

FIGURE 23. Simulated (CST) and measured S parameters of 2x2 CSAA prototype.

FIGURE 24. Realized Gain of the 2x2 CSAA prototype.

equivalent circuit model is compared with the measured and
simulated (CST) results. The real and imaginary parts of the
input impedance of the prototype are plotted in Fig. 26(a)
and Fig. 26(b), respectively. The proposed circuit model of
the prototype captures both the lower and upper resonance
frequencies. The discrepancies between the measured and
the proposed equivalent circuit model can be attributed to the
effects of the cable, connector, homogeneity of the permittivity,
and other fabrication-related issues, etc.

VII. DESIGN PROCEDURE
The design procedure of the proposed lumped element-based
equivalent circuit (RLC+T and RLC+PI) is summarized
here for all three configurations of the CSAA. This design
procedure will assist in developing the equivalent circuit

FIGURE 25. Measured and simulated radiation pattern of the 2x2 CSAA prototype
(a) E-plane (φ = 00) and (b) H-plane (φ = 900).

model of any configuration of CSAA at both microwave
and mm-wave bands. The steps are as follows:
a) The center frequency fc is to be selected first. It is

assumed that there is a BR at a quarter wavelength distance
beneath the CSAA to have a directional radiation pattern.
Then, using (7a)-(7c), the values of the parallel resonant
circuit elements such as R, L, and C, are to be calculated
taking the values of fc and hs (height of the back reflector)
into consideration. The resistance value, in this case, is equal
to the free space intrinsic impedance as shown in [2].
b) The values of the elements of the PI and T networks

are to be calculated using (10a)-(10d), after which, a series
inductor is to be added to represent the higher-order modes
present in the CSAA. Then, the input impedance and reflec-
tion characteristics of the infinite and periodic CSAA can
be obtained in a circuit simulator like QUCS [19] (or any
other SPICE-based simulator).
c) To determine the input impedance of the semi-infinite

slot, the previous steps for infinite CSAA should be followed.
In addition, the endpoint termination at one end of the slot
is represented with an RL load. It is to be kept in mind
that the values of the RL load vary depending on the width
of the slots [12]. After obtaining all the values, the input
impedance of the semi-infinite slot can be calculated in a
circuit simulator.
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FIGURE 26. Comparison among the simulated (CST), measured, and proposed
circuit model for the finite 2x2 CSAA prototype (a) real part of the input impedance,
and (b) imaginary part of the input impedance.

d) The finite slot has two endpoint terminations, which
can be represented by two RL loads. The values of the
R, L, and C elements of the parallel RLC resonant cir-
cuit can be found as mentioned in step a). The procedures
for finding the values of the PI and T network elements,
and series inductor are discussed in step b). The RL values
of the endpoints are discussed in step c). After obtaining
all the element values, the input impedance and reflection
characteristics of the finite slot can be obtained in a circuit
simulator.
e) For the finite slot of real-time applications, the

steps from a) to d) should be followed. Other compo-
nents used in the CSAA should be modeled. For example,
the feeding network, transmission lines, stubs, connec-
tors, etc. should be included in the equivalent circuit
model. The input impedance and reflection characteris-
tics of the finite slot can then be obtained in the circuit
simulator.
These steps will provide guidelines for developing the

equivalent circuit for any configuration of the CSAA. As
demonstrated in Table 4, the proposed equivalent circuit
model will allow a quicker analysis of the input impedance
and reflection characteristics of the CSAA. In addition, the

FIGURE 27. (a) Equivalent circuit model of T-junctions [16], (b) proposed full lumped
element circuit model (RLC+T), and (c) proposed full lumped element circuit model
(RLC+PI).

proposed equivalent circuit will help in modeling differ-
ent geometrical parameters of CSAA before simulating the
structure in a full-wave simulator.
The proposed model has a range of validity like any other

meta-model. It is derived based on the analytical expressions
from [2], [3], and [13]. Many approximations (like the width
of the slot, the width of the source, etc.,) were considered to
derive the input impedance curves. Therefore, the first limita-
tion is that the proposed model is valid for narrow slots (i.e.,
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ws = 0.1λ0 as shown in Section II-C) and excited by delta
sources. This model is not applicable for designs with wider
slots. Also, the proposed model is valid for the cases, where
the radiation is directed towards the broadside. It may not be
accurate in finding the impedance curves for slots where the
beam is directed in another direction because the proposed
design procedure and the equivalent circuit are based on
equation (3). In addition, the model is used to design the
CSAA at three different frequency bands. The infinite CSAA
is designed at 28 GHz, the semi-infinite and finite slots are
designed at 1 GHz, and the prototype is fabricated and tested
at 3 GHz. Thus, this model will work with high accuracy
at microwave and mm-wave bands. For higher frequency
bands beyond 40 GHz (see Fig. 3), further investigations are
required because second-order effects will become signifi-
cant, which should not be neglected. Also, practical lumped
element models should be considered. Finally, the proposed
model is developed considering a square (dy = dx) periodic
CSAA. However, the proposed model remains valid for the
case of a rectangular slot, because it will change a constant
multiplicative factor as shown in equation (1). This is dis-
cussed in Section V-C that a multiplicative factor is needed
for rectangular planar CSAA to modify the input impedance
following equation (1).

VIII. CONCLUSION
Complete lumped element-based equivalent circuit models
for three different configurations of CSAA are presented.
The viability and applicability of the proposed equivalent
circuit comprising the RLC (fundamental mode), PI and
T networks (coupling effects), and series inductor (higher
order modes) have been demonstrated for infinite, semi-
infinite, and finite CSAA. The impedance and reflection
coefficient of the CSAAs are calculated and compared with
the results of the GF and MoM-based (transmission line)
equivalent circuits. The results are validated by CST and
measured results. The proposed equivalent circuit of the infi-
nite CSAA describes the resonance accurately and provides
the full impedance and reflection behavior of the CSAA
with 96% accuracy. The proposed circuit model for the
semi-infinite CSAA describes the value of the impedance
accurately at the lower resonance but shows errors (maxi-
mum of 5.8%) in describing the values of the impedance
at higher frequencies. For the finite slot case, the proposed
RLC+T network outperforms both the available transmis-
sion line-based equivalent circuit model from [10], [11], [12]
and the proposed RLC+PI network in describing the reso-
nance frequencies and the values of the impedances of the
finite slot. The effects of various slot parameters, like width
and the length of the slot, etc. on the proposed equiva-
lent circuit model are investigated. To validate the proposed
equivalent circuit model, a 2x2 CSAA prototype was built
and measured. The comparison of the impedances between
the proposed and measured results shows good agreement
and accuracy. Three different operating frequencies (1 GHz,
3 GHz, and 28 GHz) were selected for designing various

configurations of the CSAA to demonstrate the scalabil-
ity of the proposed equivalent circuit model. A generalized
design procedure is presented for constructing and analyzing
any CSAA configuration with the assistance of the proposed
equivalent circuit model at both the microwave and mm-wave
bands. The proposed equivalent circuit model will assist in
the quicker analysis of the input impedance and reflection
characteristics of the CSAA and help in modeling different
antenna parameters before simulating the structure in a full-
wave simulator. It is shown that the equivalent circuit model
achieves 4.55% and 5.27% of maximum average error for
real and imaginary impedances as compared with the full-
wave simulator, while the computational time is reduced by
more than two orders of magnitude.
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