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Development of a high-order continuous Galerkin sharp-interface
immersed boundary method and its application to incompressible

flow problems

Lucka Barbeaua, Stéphane Étienneb, Cédric Béguinb, Bruno Blaisa,∗

aResearch Unit for Industrial Flows Processes (URPEI), Department of Chemical Engineering, École Polytechique
de Montréal, PO Box 6079, Stn Centre-Ville, Montréal, QC, Canada, H3C 3A7

bDepartment of Mechanical Engineering, École Polytechique de Montréal, PO Box 6079, Stn Centre-Ville,
Montréal, QC, Canada, H3C 3A7

Abstract

The sharp-interface immersed boundary method is a strategy to impose boundary condition on
complex geometries and, therefore, simplify the meshing process. This method can offer high-order
of accuracy. Most sharp-interface methods have been developed in the context of the finite volume
the finite difference methods. In this paper, we introduce, verify and validate a novel high-order
sharp-interface immersed boundary method in the context of the finite element method. We apply
this method to the incompressible Navier-Stokes equations using a pressure-stabilizing/Petrov-
Galerkin (PSPG) stabilization. We verify that we obtain a high order of convergence using a
Taylor-Couette flow. We validate the results obtained for the drag, lift and Strouhal number of
the flow behind a cylinder at Re = 200. We investigate the flow around a sphere at Re = 100 and
compare the drag force and the characteristics of the recirculating zones with experimental and
numerical work obtained in the literature. Finally, the sharp-interface method is used to study a
packing of 10 spheres at Re = 50 and the results are compared with those obtained with a conformal
mesh. It is shown that the sharp-interface immersed boundary is high-order and accurately predicts
the steady-state and transient flow around particles as well as the force evaluation.

Keywords: Sharp interface method, Finite Element Method (FEM), Immersed Boundary,
High-Order methods, Navier-Stokes Incompressible flow

1. Introduction

Immersed boundary methods (IBM) are a well-established approach to impose boundary con-
ditions on non-matching domains. This strategy has been originally introduced by Peskin in 1972
[1] and was used to analyze the blood flow around a valve within the human heart. This method
has the great advantage of allowing the implementation of the boundary condition of a complex5

immersed (or embedded) topology on a Cartesian structured mesh. This allows the simulation of
moving boundaries on a fixed computational domain. Additionally, it also allows the simulation
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of numerous, possibly deforming, objects that are embedded in the computational domain. Con-
sequently, these methods not only greatly reduce the complexity of the mesh, thus simplifying the
meshing process, but also open up a large range of possibilities for the simulation of moving and/or10

deforming domains. Even though IMB were mostly developed in the context of fluid-structure
interaction (see [2] for an extensive review ), they have also been applied to heat-transfer problems
[3] [4] and mass-transfer problems [5]. Multiple formulations of the IBM have appeared over the
years since the early work of Peskin. IBM have been applied and refined in all the classical finite
numerical methods ( finite difference, finite volume, and finite element methods (FEM)) and have15

been used in numerous engineering fields. Two main categories of IBM have emerged over the years:
forcing (or continous) and reconstruction (e.g. sharp-interface) method [2]. Methods based on forc-
ing function work by locally defining source terms at the boundary or within the immersed object.
In fluid-structure interaction, the source term represents the momentum transferred to the fluid by
the object immersed in it. The original method defined by Peskin in 1972 [1] falls in this category20

as well as the feedback approach proposed by Goldstein et al. in 1993 [6], or the Nitsche methods
exposed by Freund et al. in 1995 [7]. The Lagrange multiplier method presented by Glowinski et
al. in 1999 [7] also fall into this category. In contrast, the sharp method rely on reconstructing the
boundary condition at the position of the degree of freedom (DOF) around the immersed boundary.
The B-spline methods by Mohd-Yusof in 1997 [8] fall in this category and is, to our knowledge, the25

first usage of this kinds of methods. The sharp interface defined through ghost-cell by Mittal et al.
in 2008 [9] also follow this approach.

The two main approaches defined previously have their limitations. The continuous methods are
generally limited to low order of convergence as the solution (and its gradient) must be continuous at
the boundary. This implies that the gradient is not properly defined at the location of the immersed30

boundary. As for the sharp methods, they allow a discontinuity in the gradient of the variables and,
consequently, enable a higher order of convergence. However, they suffer from limitations when the
boundary is moving since the nodes change from being subject to the fluid equation to being a
boundary condition. This may lead to issues regarding mass conservation which, in turn, lead to
spurious pressure oscillations on the boundary [10].35

In recent years, there is an increasing interest in the development of high order methods as
they may increase the precision obtained for the same amount of computation time [11, 12]. Most
immersed boundary methods in the literature are limited to first or second order of accuracy and
only a few allow for higher order [13, 14]. Methods with a high-order of convergence are mostly
available in the context of the finite difference and finite volume methods. In FEM, most methods40

used to represent immersed boundary are based on forcing functions since they can be naturally
introduced [7, 15]. These are generally first order methods. There are also a few methods that rely
on cut cells and element enrichment to represent the immersed boundary directly [16, 17, 18] . The
latter maintains second-order accuracy, but their implementation at higher-order or for elements
which are not simplices (e.g. triangles or tetrahedron) is highly challenging.45

To our knowledge, the sharp-interface method remains unused in the context of FEM. However,
FEM has attractive properties, notably it easily allows for the use of higher order elements, is very
suitable for the simulation of viscous flows and can easily be coupled with dynamic mesh (h) or
order (p) adaptation.

In this article, we extend the work of Peller et al. [19] and Das et al. [20] to allow an application50

of the sharp-interface IBM in the framework of the finite element method within the open-source
CFD code Lethe [11] which is based on the deal.II library [21]. Even though the method can be
used to implement Dirichlet boundary conditions for most partial differential equations (PDE), we
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limit our application to the case of the incompressible Navier-Stokes equations and, in particular,
to the flow around assembly of static or rotating circles (in 2D) or spheres (in 3D). First, we present55

the sharp-edge immersed boundary approach as a general approach to impose Dirichlet boundary
conditions on immersed objects. Then, we introduce the GLS stabilized incompressible Navier-
Stokes formulation with which the sharp-interface IBM is paired. This results in an immersed
boundary scheme for which the order can be controlled at run time. This scheme is verified and
validated in 2D using a Taylor-Couette flow and von Karman vortex street and in 3D using the60

flow around a single sphere or an assembly of spheres. We show that the sharp-edge approach
introduced therein this work can reach high accuracy and can be used not only to predict the flow
around spherical particles, but also precisely calculate the forces and torque acting on them.

2. Sharp-edge immersed boundaries

The objective of the sharp-interface IBM is to allow the solution of the immersed boundary65

problem to have a discontinuous gradient on either side of the immersed boundary on which a
Dirichlet boundary condition is to be imposed. This enables the solution to have a higher order
of convergence than traditional approaches. To achieve this, the interpolation function of the
solution must be removed on cells cut by the boundary as it would enforce a continuous gradient
at the location of the immersed boundary. After the cells cut by the boundary are identified,70

the contribution of the theses cells to the problem is removed. This disconnects both sides of the
problem. The method then replaces the equation of the DOFs located in each cell cut by the
boundary with an extrapolation function. The extrapolation function depends on the properties of
the immersed boundary (velocity, shape, etc.).

We introduce the following notation:75

• We define Ω as the domain in which the PDE is solved using the finite element method.

• We define Γ ∈ Ω as the immersed body on which a Dirichelt boundary condition is to be
imposed.

• We define Ωγ as a cell cut by the interface and ΩΓ as the union of all cells which are cut by
the interface.80

• We define the effective domain ΩE as the domain in which the finite element problem is not
affected by Γ such that ΩE = Ω− ΩΓ.

• We define d as a DOF that lies on the boundary of the effective domain ΩE for which we
want to define a sharp-interface boundary condition :

– Let xd be the location of d.85

– Let n be a vector normal to the boundary Γ that passes through xd. The definition of
the magnitude of n, ||n||, will be discussed when the sharp-interface method is explained.

– Let xγ be the intersection point of n with Γ and uγ the value of the Dirichlet boundary
condition at that location.

– Let Ωn be the cell which contains d and the point xn = xγ + n.90

– Let ei be the other degrees of freedom that are owned by Ωn.
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– Let s(x) =
∑
i φi(x)ui be the function for a field u calculated using the interpolation

function φi within the element Ωn.

Figure 1 presents the domain Ω and the various subdomains as well as their relation to each other.

Figure 1: Representation of the domain Ω, the domain on which a PDE is solved, and its constituents : ΩΓ the cells
intersected by the immersed boundary Γ and ΩE = Ω− ΩΓ the effective domain.

The solution process is defined by the following step:95

1. Define the finite element formulation of each cell of ΩE using the weak formulation of the
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differential equation to be solved.

2. If the cell is cut by the immersed body (Γ), modify the finite element problem using the
sharp-interface method.

3. Solve the modified system of, possibly non-linear, equations.100

As depicted in Figure 2, the sharp-interface method only changes the problem formulation for
the cells cut by Γ. Consequently, the finite element problem is formulated as usual on ΩE . The
sharp-interface modification is applied on top of the system matrix obtained by a regular assembly.
This linear system is solved and yields the solution to the problem directly if the problem is linear,
or using an iterative process (e.g., Newton’s method) in the case of a non-linear system of equations.105

In the case of a non-linear problem, the sharp-edge procedure must be carried out at each matrix
assembly.

2.1. Sharp-interface method

For the elements in ΩΓ, we apply the sharp-interface procedure.
For each d we:110

1. Define the vector n that is normal to Γ and passes through xd (the DOF location).

2. Find Ωn using xn.

3. Define s(x)∗ as an approximation of s(x) along n using s(x).

4. Use s(x)∗ to define the constraint on the value associated with d using uγ .

The only exception to this process is when d lies directly on Γ. In this case the value of d is imposed115

to be equal to uγ and the sharp-interface modification is neglected for this DOF. All the other DOFs
of ΩΓ that do not satisfy the definition of d have their equation replaced by an identity equation
fixing their value to a constant. Henceforth, we refer to those DOFs as dummy DOFs since they
do not affect the problem to be solved and they are essentially discarded.

In the following, we describe in detail each step of the aforementioned procedure to establish120

the sharp-interface boundary method.

2.1.1. Definition of the vector normal to the boundary and finding xn
Using a vector normal to the boundary allows the use of one-dimensional extrapolation functions.

These functions are simpler to implement and can appropriately be used to define a Dirichlet
boundary condition [9, 22]. Defining a vector normal to a boundary and passing through a specific125

point is often not trivial since, in some cases, there are multiple acceptable vectors. Multiple
methods can be used to define the vector n. This choice depends on the strategy used to describe
Γ. The most commonly used approaches to describe Γ in the case of immersed boundaries are
unstructured meshes [9] and level-set functions [23, 17]. When an unstructured mesh is used to
describe the boundary, the normal is found using a search algorithm to find the closest cell to xd.130

As for the level-set method, the gradient of the distance function gives the orientation of the normal
of the immersed boundary at any given point. In the present work, we are interested in the flow
of spherical particles (circles in 2D , spheres in 3D). In this case, the orientation of the normal
vector is directly defined using the center of the circle/sphere. After the orientation of the vector is
established, xΓ can be found easily, as it is the intersection point of the line parallel with n and the135

surface Γ. From there it’s important to fix the norm of n. The vector’s norm is constrained by two
factors: the point xn must be found in a cell that contains d, and must be greater than ||xd−xγ ||.
The following definition of n satisfies these requirements:
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Figure 2: Representation of a Q2 element being cut by an immersed boundary Γ. Present the normal to the boundary
and d the DOFs that forms the boundary of the effective domain. The boundary value of those DOF allow the proper
representation of the Boundary Γ that lies outside of the effective domain ΩE .
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n = (xd − xγ)(1 + εn) (1)

The maximum value of εn is specific to each mesh element. In this study we restrict ourselves to
a Cartesian mesh using continuous Galerkin elements. This allows ε to be bound by the following140

inequality :

0 ≤ εn ≤
1

2
δq (2)

where δq is the smallest distance between the DOFs. For example, in the case of Lagrange’s
polynomials built with equidistant points, δq is equal to 1/m with m the order of the element. In
our case, the polynomials are built either using Lagrange polynomials with equidistant (degree up
to 2) or Gauss-Lobatto (starting from degree 3) support points [21]. Choosing εn and, consequently,145

n in this fashion ensures that xn lies in a cell which contains d if the mesh is sufficiently structured.
Once n is defined, xn can be defined trivially and it is possible to find Ωn using a simple search

algorithm around the cells that contain d.

2.1.2. Definition and use of s(x)∗

As previously defined, s(x)∗ is the approximation of s(x) along n. Since the objective of the150

sharp-interface method is to conserve the order of the underlying FEM scheme, we constrain the
order of s(x)∗ to be equal or higher to that of the finite element interpolation. Since the Lagrange
elements used in this work are defined as the tensor product of polynomial function Qm, we use a
Lagrange polynomial of the same order (m). We note that alternative extrapolation schemes could
be used without altering what follows as long as this constraint is satisfied. We also consider the155

case where an extrapolation with a higher order of accuracy than the underlying scheme is used to
impose the sharp-interface boundary.

In this case, the Lagrange polynomial s(x)∗ is defined using m points along n comprised within
the interval [xd,xn]. Here we define xjs as the jth sample point, with j ∈ [1,m]. From the solution
at s(xjs) and its associated weight, ajs, we get the linear combination of the solution for s(xγ)∗.160

The coefficients ajs can be obtained from the formulation of n and the Lagrange polynomial
approximation of s(x) to generate s(x)∗. Figure 3 present an example of the relationship between
xγ , xd, xn and the sampling point xjs. As an example, Table 1 gives the ajs for εn = 1

8 . In this
table, the sampling points are numbered from the closest to xd to the farthest and it is assumed
that the sampling points are uniformly distributed between xd and xn. This value of εn is chosen165

since it is sufficiently small to allow for elements of interpolation order up to four.
Another option would be to use the finite element interpolation function of the cell s(x) directly

and impose that its extrapolation is equal to the boundary value at xγ . In this case, the support
function of the cell is evaluated at the boundary and the solution at the boundary is set equal to
uγ . This means that s(x)∗ = s(x). For quadrilaterals elements in 2D and hexahedral elements in170

3D, the support function along any vector that does not lie on a face is described by a polynomial
function of order m ∗ dim where dim is the number of spatial dimensions in which the problem is
solved. Since the order of the polynomial that defines s(x)∗ is much higher than the polynomial
order of the scheme, s(x)∗ can be subject to Runge oscillations. Using a polynomial function that is
susceptible to Runge oscillation for an extrapolation could affect the convergence and the stability175

of high order elements.
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Figure 3: Representation of n and the key points along it. Here a second order Lagrange approximation of s(x) is
used to define s(x)∗. This function will then be used to define the boundary condition applied on d

Coefficient Lagrange polynomial order for s(x)∗

1 2 3 4
a1
s 9 153 2925 58905
a2
s -8 -288 -8424 -228480
a3
s 136 8100 332640
a4
s -2600 -215424
a5
s 52360

Table 1: Coefficients ajs that form s(x)∗ when n is defined based on equation 1 with εn = 1/8. The coefficients are
given for a polynomial approximation of s(x)∗ of order lower or equal to 4.
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Both formulations can be used to define s(x)∗ and we assess the impact of this choice within
the present work.

Once s(x)∗ is defined, it can be used to impose the boundary condition at the location of the
boundary xγ . To impose a Dirichlet boundary condition, we use the boundary value uγ and impose
the following :

uγ = s(xγ)∗ (3)

Since s(x)∗ can be expressed as a linear combination of ei and d, the formulation of the boundary
condition take the following form:

uγ =

ndof−1∑
i=1

aiei + add (4)

where ndof is the number of degree of freedom and ai is the weight of the DOF ei in s(x)∗ at the
location of xΓ. The value of ad is defined in the same way but is linked to the DOF d. In the case180

where s(x)∗ 6= s(x) we have :

ai =

m∑
j=1

φi(x
j
s)a

j
s (5)

In the case where s(x)∗ = s(x) we have :

ai = φi(xγ) (6)

This equation is then used for d and, consequently, becomes the boundary condition for the
domain ΩE .

3. Application to the incompressible Navier-Stokes equations

This section links the sharp-interface immersed boundary method defined in Section 2 to its185

application to the incompressible Navier-Stokes (INS) equations. We recall the incompressible
Navier-Stokes equations subject to a Dirichlet boundary condition on an immersed (or embedded)
domain Γ:

∇ · u = 0 (7)

∂u

∂t
+ (u · ∇)u = −∇p∗ +∇ · τ + f (8)

with

τ = ν
(

(∇u) + (∇u)
T
)

(9)

and

u = uγ(x, t) on Γ (10)

9



where u is the velocity vector, p∗ = p
ρ with p the pressure and ρ the density, τ the deviatoric

stress tensor, ν the kinematic viscosity, f a body force, Γ the immersed boundary on which a190

Dirichlet boundary condition of value uγ(x, t) is imposed. In what follows, uγ(x, t) will simply be
noted uγ .

The implementation of the immersed boundary method is done using the Galerkin Least Square
(GLS) approach as it allows the use of equal order finite elements for the pressure and the velocity
components [24, 25, 11]. This results in the following weak formulation for the INS equations:195

∫
Ω

∇ · uqdΩ +
∑
K

∫
Ωk

(
∂u

∂t
+ u · ∇u+∇p∗ −∇ · τ − f

)
· (τu∇q) dΩk = 0 (11)∫

Ω

(
∂u

∂t
+ u · ∇u− f

)
· vdΩ +

∫
Ω

τ : ∇vdΩ−
∫

Ω

p∗∇ · vdΩ

+
∑
K

∫
Ωk

(
∂u

∂t
+ u · ∇u+∇p∗ −∇ · τ − f

)
· (τuu · ∇v) dΩk = 0 (12)

The stabilization parameter τu can take 2 forms which depends on the fact that the problem is
stationnary or transient. For the transient situation we get Eq. (??) and for the stationary case we
get Eq. (13).

τu =

[(
2 |u|
hconv

)2

+

(
4µ

3hdiff

)]−1/2

(13)

where ∆t is the time step, hconv and hdiff are the size of the element related to the convective
transport and diffusion mechanism, respectively [26, 24]. In Lethe, both element size (hconv and200

hdiff ) are set to the diameter of a sphere of a volume equivalent to that of the cell [27, 25, 11].
Since the cells that are cut by Γ are not assembled, the weak formulation of the problem is

not applied to those cells. This ensures that even when we replace the equation for the velocity
DOF, the pressure on both sides of the immersed boundary is not linked through the pressure-
stabilizing/Petrov-Galerkin (PSPG) stabilization. Consequently, both sides of the boundary are205

treated as two separate problems. The pressures DOF that are only part of cells cut are neglected
and are treated as dummy DOFs as they have no impact on the problem. If the boundary is closed,
a pressure reference must be given inside the domain delimited by the immersed boundary Γ.

One interesting use of the IBM is to model the fluid-structure interaction. This implies that it
is often interesting to obtain the force on the boundaries that are represented by Γ. The calculation210

of flow proprieties at the location of Γ is not trivial since the solution of the velocity field and the
pressure field at the location of the boundary are not properly defined. This is because they lie
within cells that are cut and, consequently, the support function for these cells is not the finite
element interpolation. As the boundary is defined by the extrapolation of the neighbouring cell
on either side of it, a natural solution is to use those same cells to evaluate the solution at the215

location of the boundary through extrapolation. This allows the reconstruction of the pressure and
the velocity gradient on the immersed boundary. The boundary is then discretized and sampled at
multiple locations. Once the evaluation points are established, the normal to the boundary at these
evaluation points is defined. Along the normal, the solution is sampled on the effective domain ΩE .
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From those sampling points, it is possible to get an approximation of the solution at the boundary220

evaluation point and to calculate the local force acting on the immersed object.
The steps to calculate the force/torque acting on an immersed objected are:

1. Discretize the boundary Γ into points xγ that represent a part of Γ.

2. Find γn a vector normal to the boundary for each of the xγ .

3. Step in the direction of γn until the point xnγ = xγ + γn is found in ΩE .225

4. Sample the solution in the direction of γn the required number of time for the extrapolation
function used.

5. Use the solution obtained for each of the xγ to obtain the desired derived quantity.

This method does not use the same vector normal to Γ and the same associated points xΓ that
are used to define the sharp-edge boundary condition. This is due to the non-uniformity of their230

distribution on the boundary. Determining the surface area represented by a sampling point on
the boundary when the distribution is not uniform is computationally inefficient. It is much more
effective to discretize Γ into sampling points and to define the solution at those sampling points.

It is also important to note that the error made when evaluating proprieties at the location of
Γ will be function of the discretization used for the evaluation points xγ and the approximation235

function used to evaluate the solution at those points.
The sharp-interface immersed boundary methods and the GLS formulation of the INS equations

are implemented in Lethe, an open source computational fluid dynamics (CFD) software based on
the deal.II library [21]. The full definition of the methods and capability of this CFD solver, notably
regarding the linear and non-linear solver used to solve the INS equations, are detailed in [11].240

4. Applications examples

We now demonstrate the capacity of the GLS sharp-interface method by applying it to the
study of various test cases. The goal is to verify the order of convergence of the proposed IBM and
to validate the results obtained by comparing them to reference values in the literature obtained
either through experimental means or other numerical simulations.245

4.1. Taylor-Couette flow in 2D

The Taylor-Couette flow, or flow between two-concentric cylinders, is a well-established test case
for immersed boundary conditions due to the fact that the geometry is not aligned with the mesh
and that such flow possesses an analytical solution that is sufficiently rich. In the present case, we
consider two co-axial cylinders of radii Ri = 0.25 and Ro = 0.5, with the inner cylinder rotating.
The resulting Taylor number is Ta = 1

256 , which is much smaller than the critical Tac ≈ 1708,
ensuring that the solution those not present Taylor vortices. The cylinders are both discretized
using the immersed boundary method on a square domain Ω = [−1, 1]× [−1, 1]. Assuming that the
flow is laminar, the azimuthal velocity profile between the two cylinders is given by [28]:

uθ (r) = ΩiκRo

(
Ro

r −
r
Ro

)
(

1
κ − κ

) (14)

Where κ = Ri

Ro

11



Since we have access to a non-trivial analytical solution, we can use it to demonstrate the order
of convergence of the velocity field and the force evaluation. Both the inner and outer cylinders are
defined by immersed boundaries. This problem is solved for the following finite element interpolation250

order for velocity-pressure : Q1-Q1, Q2-Q1, Q2-Q2, Q3-Q2, Q3-Q3. As a reminder, the expected
convergence order pf for a finite element scheme is function of the polynomial order used for the
support function of the elements and follow pf = m+ 1 where m is the polynomial order. For each
cell, two stencil formulations are used and compared. They are noted Sn where n is the order of
the Lagrange polynomial used for the sharp-interface stencil. The non-linear equations are solved255

until the residual is inferior to 10−10. The viscous force evaluation is realised for elements of order
equal or lower to Q2-Q2 because the stencils used for force evaluation is limited to second order
of convergence. The mesh size used for all of these cases are: 32X32, 64X64, 128X128, 256X256
elements. Figure 4 illustrates the norm of the velocity field for one of the solutions obtained on a
256X256 mesh. Also the figure 5 a comparison of the azimuthal velocity observed on the 64X64260

mesh using Q1-Q1 S1, Q2-Q1 S2, Q3-Q2 S3 elements and the analytical solution. As we can see
the error is relatively small for all of these cases and the results are in good agreement with the
analytical solution. This leads to the results presented in the tables 2 and 3. These tables present
the L2 norm of the error of the velocity for the various element types and mesh sizes. This table also
presents the average convergence order observed and the convergence order of the last refinement265

as it is theoretically the closest to the asymptotic region. From these results, we draw two main
conclusions.

First, the best average convergence order observed for Q1-Q1, Q2-Q1 and Q2-Q2 elements
is within 10 % of the expected convergence order. This is considered acceptably close to the
theoretical convergence order [29]. If we look at the best, last convergence order observed for270

each of the elements, all of them, except Q2-Q1, present a satisfactory convergence order for the
velocity field. This means that almost all of the elements have a result that is acceptably close to
the expected convergence order. We can conclude that the IBM presented seems to conserve the
expected convergence order of the underlying finite element scheme.

Secondly, the choice of stencils used can have an impact on the error. When using the lower275

bound for the stencil order, the scheme tends to converge to a slightly lower order of convergence
than expected. Q1-Q1 elements present significantly better results using a stencil of higher order.
This indicates that the bi-linear interpolation function of the finite element interpolation has a
significant impact on the accuracy due to it’s higher isotropy. However, for Q2-Q1 and Q2-Q2
elements, the smallest error is extremely close between both stencils used. For both these elements,280

the convergence order was better when using the high order stencil. Q3-Q2 and Q3-Q3 elements
both present a smaller error when using the lower order stencil. The convergence order seems to
reach the asymptotic region faster while using a higher order stencil as for both Q3-Q2 and Q3-Q3
elements, the best last convergence order was obtained using the high order stencil. This leads
to the conclusion that high order stencil lead to higher error for coarse meshes then lower order285

stencils, but have a convergence order that reach the asymptotic region faster. Indeed, only the
Q1-Q1 elements present a lower error for the 32X32 mesh when using a high order stencil. The
error difference between the low order stencil and the high order stencil increases with the element
order.

It is important to note that the order of the polynomial increases rapidly with the dimension290

and the element order when using the direct extrapolation of an element (stencil of order higher or
equal than dim ∗m). This can lead to Runge oscillations which create instability in the non-linear
resolution process. As an example, major instabilities were observed when using Q4-Q3 and Q4-Q4

12



Figure 4: Norm of the velocity field for the Taylor-Couette flow in 2D using 2 sharp immersed boundaries. The flow
is solved on both sides of the immersed boundary for both cylinders. The cylinder radius is Ri = 0.25 and Ro = 0.5
which gives a Taylor number Ta = 1

256
.
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Figure 5: Comparison between the analytical solution and some simulation results of the azimuthal velocity in
function of the radius of the Taylor-Couette case. The mesh used for comparison is 64X64 and the simulation results
presented are Q1-Q1 S1, Q2-Q1 S2 and Q3-Q2 S3. Note : the results of the Q3-Q2 S3 simulation are difficult to
distinguish from those of the Q2-Q1 S2 simulation since they both coincide on the analytical solution.
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Mesh Q1-Q1 Q2-Q1 Q2-Q2

S1 S2 S2 S4 S2 S4
32X32 5.73E-3 4.53E-3 6.37E-4 1.49E-3 7.72E-4 2.70E-3
64X64 1.72E-3 1.19E-3 1.41E-4 1.27E-4 1.75E-4 2.43E-4

128X128 4.67E-4 3.04E-4 2.16E-5 2.08E-5 2.74E-5 2.45E-5
256X256 1.29E-4 7.57E-5 3.48E-6 3.39E-6 4.48E-6 3.53E-6

Average convergence order 1.82 1.96 2.51 2.92 2.47 3.19
Last convergence order 1.85 2.00 2.63 2.62 2.61 2.79

Table 2: Error on the velocity field for the Taylor-Couette cases evaluated in the L2 norm for Q1-Q1, Q2-Q1 and
Q2-Q2 elements, using both formulation of s(x)∗ given in section 2.1.2.

Mesh Q3-Q2 Q3-Q3

S3 S6 S3 S6
32X32 2.61E-4 7.56E-4 1.62E-4 1.05E-3
64X64 1.85E-5 1.11E-4 1.93E-5 1.37E-4

128X128 2.14E-6 7.48E-6 8.21E-6 9.37E-6
256X256 1.75E-7 5.70E-7 3.12E-7 7.29E-7

Average convergence order 3.51 3.46 3.01 3.49
Last convergence order 3.61 3.71 4.72 3.68

Table 3: Error on the velocity field for the Taylor-Couette cases evaluated in the L2 norm for Q3-Q2, Q3-Q3 elements,
using both formulation of s(x)∗ given in section 2.1.2

elements with a stencil of order 8. This is why the results of these two elements were not presented
in this work.295

The solution for the torque acting on the inner cylinder can also be obtained analytically from
the expression of the velocity field [28]:

Tz = −4πΩiµ
R2
o

κ−2 − 1
(15)

Using this solution, we now analyze the the capacity of the sharp-interface IB to accurately
predict the torque acting on the cylinder. The torque were obtained using the procedure described
in Section 3. The number of sampling points on the boundary used to evaluate the viscous torque
was increased until the solution obtained was independent from it. Table 4 presents the error
made on the torque evaluation on the inner cylinder. First we observe that we obtain the proper300

convergence order for the torque for Q1 elements. For Q2 element we observe a slightly lower
then expected convergence rate (1.7 instead of the expected 2). The approximation function uses
a three-point stencil with a non-uniform distribution of the points to retrieve the gradient at the
boundary.

4.2. Vortex shedding behind a cylinder305

The flow around a cylinder is an interesting case to study since it leads to the generation of
complex transient flow patterns known as von Karman vortex if the Reynolds number is sufficiently
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Mesh Q1-Q1 Q2-Q1 Q2-Q2

S1 S2 S2 S4 S2 S4
32X32 2.00E-1 1.76E-1 1.12E-1 7.76E-2 1.17E-1 4.50E-2
64X64 1.01E-1 7.95E-2 3.70E-2 2.86E-2 4.02E-2 2.08E-2

128X128 5.52E-2 4.03E-2 1.09E-2 8.55E-3 1.19E-2 7.49E-3
256X256 2.94E-2 1.95E-2 3.28E-3 2.48E-3 3.46E-3 2.42E-3

Average convergence order 0.92 1.05 1.70 1.65 1.69 1.40
Last convergence order 0.91 1.04 1.73 1.78 1.78 1.63

Table 4: Error on the torque evaluation, for the Taylor-Couette cases, on the inner cylinder for Q1-Q1, Q2-Q1 and
Q2-Q2 elements, using both formulation of s(x)∗ given in the section 2.1.2. The analytical solution for this specific
case is Tz = −π

3

high [30, 31] . The details of the geometry used in this case are described in Figure 6. We study
the evolution of both components of the force ( lift and drag) acting on the cylinder at Re = 200.
We can relate the frequency of vortex shedding to the Strouhal (St) number using the following:310

St =
hD

u∞
(16)

with u∞ the upstream velocity, D the diameter of the cylinder and h the frequency of the shedding.
The values found for the Strouhal number as well as the drag and lift coefficient are compared

with similar studies done with other numerical methods and by a large array of authors. This flow
is studied in transient using a second-order backward differentiation formula (BDF2) time-stepping
scheme and a constant time step 0,05 second for 200 seconds. The mesh is defined by a structured315

mesh of 128 by 64 cells, with 3 orders of refinement in a radius 1.5 times larger than the cylinder.
This gives a total of 11396 elements. We use Q2-Q2 elements and a fourth order stencil to impose
the sharp-interface immersed boundary.

This yields the CD-CL evolution presented in Figure 7. The evolution of the drag and lift is
relatively standard. We see a decrease of the drag coefficient while the flow establish itself and320

as the instability starts to appear, the drag increases and oscillate around a fixed value. The lift
coefficient is constant and null at first but starts oscillating around zero with increasing amplitude
until it reaches a stable oscillation pattern once the von Karman alley is fully formed.

In Figure 8, we used the last 100 seconds of the simulation to define the Strouhal number using
a fast Fourier transform on the lift coefficient. Table 5 present some of the various results found in325

the literature for the CD,CL and St and compares the value of these results to what we obtained
using the sharp - interface methods described here. The results obtained are comparable to the
results found in the literature for both the Strouhal number and the force applied to the cylinder.
The results obtained using the sharp-interface approach are also very close to the results obtain
using a conformal mesh with Lethe.330

4.3. Flow around a sphere

Similarly to the case of the flow around a cylinder in 2D, the flow around a sphere in 3D has been
extensively studied (e.g [39, 40]. We investigate the flow behavior at Re = 100 which is sufficiently
low to ensure that the solution remains steady. The geometry of the domain is a 3D extension of
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Study CD CL St

Lethe sharp interface IBM 1.395 ±0.047 ±0.71 0.200
Lethe Conformal mesh 1.37± 0.05 ±0.69 0.200

Braza et al [30] 1.40± 0.05 ±0.75 -
Bhalla et al [32] 1.39 - 0.2

Choi et al [31] 1.36± 0.048 ±0.64 0.191
He et al [33] 1.356 - 0.198

Bergmann et al [34] 1.35±0.05 - 0.198
Henderson et al [35] 1.341 - 0.197

Wright et al [36] 1.33± 0.04 ±0.68 0.196
Russel and Wang et al [37] 1.29± 0.022 ±0.5 0.195

Table 5: Comparison table of CL, CD and St found in various numerical studies of flow around a cylinder at Reynolds
= 200.

Figure 6: Geometry of the domain for the von Karman vortex analysis around a cylinder at Re = 200. Adapted
from [38].
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Figure 7: Evolution of the drag and lift coefficient for the vortex shedding cases behind a cylinder. The flow as a
Reynold number Re = 200 and is simulated over 200 seconds.
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Figure 8: Strouhal number associated with the vortex shedding behind a cylinder obtained using a fast Fourier
transform of the lift coefficient in the last 100 second of the simulation.
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Figure 9: Streamlines for the flow around a sphere at Re = 100. Also present the key variable for the geometry of
the re-circulation zone.
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Study method xc/d yc/d Lb/d Cd

Present NIB 0.78 0.28 0.88 1.07
Mittal (1999)[39] NCM - - 0.87 1.09
Bagchi et al [42] NCM - - 0.87 1.09

Johnson and Patel [40] NCM 0.75 0.29 0.88 1.09
Marella et al[43] NIB - - 0.88 1.06
Mittal (2008) [9] NIB 0.742 0.278 0.84 -

Cliff et al [44] EXP - - - 1.09
Hao Zhang et al [45] NCM - - - 1.10

Table 6: Table of key results for a flow around a sphere at Re=100, Methods use are classified as follow : simulation
with a conformal mesh (NCM), simulation with immersed boundary (NIB), experimental (EXP).

the domain presented in Figure 6. This give us a hyper-rectangle domain defined by the diagonal335

points (−8,−8,−8) and (24, 8, 8) with a sphere of radius 0.5 centered at (0, 0, 0). The solution is
obtained using an adaptive mesh based on a Kelly error estimator [41]. The final mesh has as 107
732 Q1-Q1 elements with the smallest element having a length of 1

32 the diameter of the sphere.
The number of forces evaluation on the surface of the boundary was increased until independence
of the solution obtain for the drag coefficient is obtained.340

The flow pattern obtained is presented in Figure 9. The value measured for the center of the
re-circulation zone and the drag are in agreement with the value found in the literature as can be
seen in Table 6. This demonstrates the ability of the sharp-interface IBM to accurately describe
3D curved geometries using a Cartesian mesh.

4.4. Flow through packing of sphere345

The flow through swarms of particles is highly relevant to numerous engineering application
related to mass and energy transfer that occur in unit operations such as packed bed reactors.
Mesh generation for such cases is often troublesome because of the necessity of meshing the gap
between the particles.

We consider an assembly of 10 spheres. Table 7 presents the disposition of the spheres in a350

rectangular domain defined by the diagonal points (−6,−3,−3) and (6, 3, 3) . The spheres have
a radius of 0.5. The Reynolds number is set to 50 using a unit speed at the inlet (Y,Z plane at
x = −6). The flow is solved using Q1-Q1 element in steady state. We solve the following case on a
conformal mesh and using the sharp interface IBM. The conformal mesh is unstructured and has
647488 cells with a minimal characteristic length around a sphere of 0.05. The mesh used for the355

immersed boundary case is a structured mesh with local refinement containing 407710 cells with a
minimal cell length of 0.046875.

Figure 10 presents the results obtained using the sharp interface IBM. In this figure the purple
surface represents isosurface at 5% of the upstream velocity. It demonstrates the ability of this
method to represent the presence of multiple objects in a flow without the need to define a complex360

mesh.
From these results we can analyze the force obtained on each of the particle and compare it to

the results obtained using immersed boundaries. This case presents a symmetry on each side of
the X,Z and X,Y planes. This allows us to look for symmetries in the results for the force. For
example, the spheres 2 and 5 should have equal and opposite force in the Y,Z plane.365
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Table 8 present the force obtained with both approaches (conformal and IBM). We observe that
both solutions are in agreement and there is no major difference in the results obtained. The solution
obtained using the immersed boundary seems to respect more the symmetries of the problem. For
example, the force of the spheres 2 and 5 are equal and opposite at 2 decimal places which is not
the case for the results obtain using a conformal unstructured mesh.370

Figure 10: Streamline of a flow through the packing of 10 sphere at Rep = 50. The purple surface is obtained based
on the iso-surface of the norm of the velocity field at ||u|| = 0.05

Sphere ID Px Py Pz

1 -1 0 0
2 0 1 1
3 0 -1 1
4 0 1 -1
5 0 -1 -1
6 1 1.414 0
7 1 0 1.414
8 1 0 -1.414
9 1 -1.414 0
10 1.5 0 0

Table 7: Position of the center of the spheres of radius R = 0.5 for the case of a flow throw the packing of 10 spheres
.
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Sphere ID Fx Fy ·10−2 Fz ·10−2

CM SI IB CM SI IB CM SI IB
1 0.64 0.63 0.03 0.00 0.01 0
2 0.78 0.78 9.35 9.44 9.37 9.51
3 0.78 0.78 -9.15 -9.37 9.18 9.51
4 0.78 0.78 9.28 9.43 -9.36 -9.51
5 0.78 0.78 -9.28 -9.44 -9.29 -9.51
6 0.73 0.73 8.55 8.88 0.04 0
7 0.72 0.73 0.15 0 8.68 8.83
8 0.72 0.73 -0.04 0.02 -8.52 -8.86
9 0.72 0.73 -8.60 -8.88 0.09 0
10 0.52 0.53 -0.04 0 0 0

Table 8: Comparison table of the force on each sphere from table 7 using a conformal mesh (CM) and the sharp
interface immersed boundary method (SI IB).

5. Conclusion

In this work we presented a sharp-interface immersed boundary method in the context of the
continuous Galerkin finite element method. This method was implemented in a GLS formulation of
the incompressible Navier-Stokes equations within the open source CFD software Lethe. Multiple
cases were studied and analyzed in order to verify and validate the model. As can be seen in the375

previous section, the sharp-interface IBM developed is able to reach high order of convergence. The
results obtain using different stencils for the extrapolation function where compared. Using a high-
order stencil formulation for the extrapolation function enables reaching the asymptotic region of
the convergence order faster (i.e using a coarser mesh) but leads to higher error for coarser meshes.

The validation case demonstrated that using a sharp-interface immersed boundary give results380

that are in correspondence with the results found in the literature both in the case of unsteady 2D
flow and 3D steady flow. The implementation in 3D also demonstrated that the method was easily
generalized to higher dimensions. We demonstrated that this method can also lead to simplification
in the mesh generation process in the case where multiple particles need to be represented.

The sharp-interface method presented in this work has a few limitations.385

Two different immersed boundaries cannot be contained in two adjacent elements or in a single
cell as it leads to an over-constraint of the system and a singular matrix. There are a few solutions
to this problem. The simplest approach would be to prioritize one of the boundaries and only
implements the equation related to this boundary in cells that are in conflict. Thus, this is only a
limitation of the implementation and is not inherent to the method.390

In this work we focused on cases where the immersed boundary are stationary. Even though there
are a multiple application for stationary immersed boundaries in cases where the mesh generation
can be complex, moving immersed boundaries are also relevant to multiple applications. However,
mass conservation poses additional challenges when the immersed body is in motion. We consider
that the static sharp-interface approach is highly relevant for numerous engineering application.395

It’s extension to moving geometries be the main topic of future work done on this method.
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