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A Markov chain with state space {0, ..., N'} and transition probabilities depending on the current
state is studied. The chain can be considered as a discrete Ornstein-Uhlenbeck process. The
probability that the process hits N before 0 is computed explicitly. Similarly, the probability that the
process hits N before —M is computed in the case when the state space is {-M,,...,0,...,N} and
the transition probabilities p; i1 are not necessarily the same when i is positive and i is negative.

Copyright © 2009 M. Lefebvre and J.-L. Guilbault. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

The Ornstein-Uhlenbeck process { X (t), t > 0} is defined by the stochastic differential equation
aX(t) = —cX(t)dt + dW (1), (1.1)

where {W(t),t > 0} is a standard Brownian motion and c is a positive constant. Discrete
versions of this very important diffusion process have been considered by various authors.
In particular, Larralde [1, 2] studied the discrete-time process {X,,,n =0,1,...} for which

X1 = YXn + Yoe1, (XO = xp), (1-2)

where the random variables Yj.; are ii.d. with zero mean and a common probability
distribution. Larralde computed the probability that {X,,n = 0,1,...} will hit the negative
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semiaxis for the first time at the nth step, starting from X, = 0. The problem was solved
exactly in the case when the distribution of the random variables Y;, is continuous and such
that

fr.(y) = %e—lyl (1.3)

fory e Rand foralln € {1,2,...}.

Versions of the discrete Ornstein-Uhlenbeck process have also been studied by, among
others, Renshaw [3], Anishchenko et al. [4, page 53], Bourlioux et al. [5, page 236], Sprott [6,
page 234], Kontoyiannis and Meyn [7], and Milstein et al. [8]. In many cases, the distribution
of the Y;,’s is taken to be N (0, 6?).

For discrete versions of diffusion processes, in general, see Kac [9] and the references
therein. A random walk leading to the Ornstein-Uhlenbeck process is considered in Section 4
of Kac’s paper.

Next, consider a Markov chain for which the displacements take place every At units
of time. When the process is in state x, it moves to x + Ax (resp., x — Ax) with probability 6(x)
(resp., ¢(x)) and remains in x with probability 1 — 0(x) — ¢(x).

Assume that (Ax)2 = AAt, and let

0(x) = i [a(x) + p(x)Ax], P(x) = i [a(x) - p(x)Ax], (1.4)

where A is a positive constant such that a(x) < A for all x. Then, when Ax and At
decrease to zero, the Markov chain converges to a diffusion process having infinitesimal
mean f(x) and infinitesimal variance a(x) (see [10, page 213]). In the case of the Ornstein-
Uhlenbeck process, f(x) = —cx (with ¢ > 0) and a(x) = 1. Hence, with A = 2, we have
that

0(x) = 411(1 —cxAx), P(x) = 411(1 + cxAx). (1.5)

In the present paper, we first consider the Markov chain with state space {0,..., N}
and

1 . 1 . 1
Piis1 = 1(1 - ci), Pii-1= 4_1(1 + ci), Pii =5 (1.6)

fori=1,...,N —1. Notice that p; i;1 (resp., pii-1) could be denoted by 6; (resp., ¢;). To respect
the condition p; ; € [0,1] for all i, j, the positive constant ¢ must be such that

(1.7)
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This Markov chain with state-dependent transition probabilities may also clearly be
regarded as a discrete version of the Ornstein-Uhlenbeck process. It corresponds to the case
when y =11in (1.2) and

-1 with probability px, x, .,
Yi1=40 with probability%, (1.8)
1  with probability px, x

n+1/

for X, € {1,2,...,N —1}.
In Section 2, the probability

pi =P[X;=N|Xy=1], (1.9)
where
T:=inf{n>0:X,=0o0r N} (1.10)

andi € {1,2,..., N-1}, will be computed explicitly. In Section 3, the problem will be extended
by assuming that the state space of the Markov chain {X,,,n=0,1,...}is {-M,...,0,...,N}.
Furthermore, the transition probabilities p; ; will be assumed to be (possibly) sign-dependent
(see [11]). Finally, some concluding remarks will be made in Section 4.

2. First Hitting Place Probabilities

To obtain the first hitting place probability defined in (1.9), we may try to solve the following
difference equation:

(1—ci) 1 (1 + ci)
pi= ——F—Pix1 T 5Pi T ——Pi-1
4 2 4 2.1)
e, (e (L) ’
pi = > Pi+1 > Pi-1
fori=1,...,N -1, subject to the boundary conditions
po =0, pn =1 (2.2)

For N small, it is a relatively simple task to calculate explicitly p; for all i by solving a system
of linear equations. However, we want to obtain an exact expression for any positive N.
Next, setting x = i — 1 and letting y(x) = p;_1, (2.1) can be rewritten as

(x+1)

[—1_C(x+1) y(x+2)—yxe+1) + [HCT]J/(JC) =0 (2:3)

2
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forx =0,...,N -2 (with y(0) = 0 and y(IN) = 1). This second-order homogeneous equation
with linear coefficients is called the hypergeometric difference equation, due to the fact that its

solutions can be expressed in terms of the hypergeometric function (see [12, page 68]).
Equation (2.3) can be transformed into its normal form, namely,

(x+P1+ P +2)y(x+2) = [(p1+p2) (x + 1) + Pips + Popr] y(x + 1) + prpaxy(x) = 0. (24)

In our case, we have (see [12, pages 68-69])
Pl = 1/ PZ = _1/ ﬂl = _1/ ﬂz = _1 - (25)

so that we must solve
(x—a)y(x+2)+ay(x+1) —xy(x) =0, (2.6)
where

a:= (2.7)

2
-
Furthermore, the variable x now belongs to the set {1+ 1/c,...,N =1+ 1/c} (because the
new argument of the function y is x' = x + 3, where f3 = 1 + 1/¢ in our problem).

Using the results in Batchelder [12, Chapter III], we can state that a fundamental
system of solutions of (2.6) is

yi(x)=yeR,
(2.8)
ya(x) = (_Dxr(l;(a_c)a) F<—a, 1,x-a, %),

where F(.,-,-,-) is the hypergeometric function defined by (see [13, page 556])

(a),(B), ="
F Y 2.9
(@.py.2) = zé 1, n 22
with
(), =a(a+1)---(a+n-1), (and (a),=1). (2.10)

Remarks. (i) The function F is sometimes denoted by ,F;. It can also be expressed as (see,
again, [13, page 556])

& T(a+n)(f+n) 2"
I(y+n) nl’

F(a,p,y,2) = Iy) Z

T(@)T(B) 1= -
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(ii) The ratio F(a, B, 7, z0) /T'(y) is an entire function of &, f, and y if z is fixed and such
that |zo| < 1 (see [14, page 68]).

Now, because of the term (-1)*, the function y,(x) defined previously is generally
complex-valued. Since the function y(x) in our application is obviously real, we can take the
real part of y,(x). That is, we simply have to replace (-1)* by cos(srx). Alternatively, because
[x]=[i+1+1/c] =i+1+[1/c], where [] denotes the integer part, we can write that

(_1)x — (_1)[x]+1/c—[1/c]‘ (212)

With the difference equation (2.6) being homogeneous, we can state that

AT S I GO SR
ya(x) = (-1) F(x—a)F< al,x a,2> (2.13)

is a real-valued function that is also a solution of this equation. Hence, the general solution of
(2.6) can be expressed as

I'(x) 1
_ PNE _ ax
y(x) =11+ 12(-1) F(x—a)P< al,x a,2>, (2.14)
where y; and ), are arbitrary (real) constants.
(iii) We must be careful when the constant c is of the form
1
€= N3 7 (2.15)
where j € {0,1,...}. Indeed, because 1 = -1, (2.6) is reducible. Moreover, it is completely
reducible if f, is also a negative integer (see [12, pages 123-124]), that is, if
2
Po=-1- o= -k (2.16)

with k € {1,2,...}. Since ¢ must be smaller than 1/ (NN —1) (see (1.7)), this condition translates
into
1 2

C=N—+], or C=m/

(2.17)
where j € {0,1,...}. We find that the case when ¢ = 2/[2(N + j) — 1] does not really cause
any problem. However, when ¢ = 1/(IN + j), we can show that although y;(x) = y and > (x)
defined in (2.13) are obviously linearly independent when we consider all possible values of
the argument x, it turns out that in our problem y,(x) always takes on the same value. More
precisely, we can show that

va(x) = ()M Py (x), (2.18)
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where P,(x) is a polynomial of degree a, with

a= % =2(N +7j), (2.19)
given by
Pa(x) = %(—%) ;(—2)"’“:”, (2.20)
with
x® = x(x-1)---(x—i+1) (2.21)

for any natural number i.

Remark. The formula for P,(x) is valid if a = 2(IN + j) — 1 as well, so that we can set a equal
to 2N +j, with j € {-1,0,1,...}, above.

Now, we find that

I
ya(x) = (—1)“”% ifx=12...,a+1 (2.22)
For example, suppose that N = 3, so that the state space of the Markov chainis {0, 1,2,3}, and

that ¢ = 1/3. Because x = i + 4, the possible values of x are 4,5, 6,7. Furthermore, a =2/c = 6.
The solution y,(x) can be written as

ya(x) = (-1) { x® —24x° + %x‘l —1080x> + 2674x> — 3216x + ? } (2.23)

It is a simple matter to show that this function satisfies (2.6) with a = 6. However, we calculate
45
yp_(x)=—z forx € {1,2,...,7}. (2.24)

Thus, y1(x) and y»(x) are both constant for the values of interest of x in our problem.
Actually we easily find that p; = 1/13 and p, = 3/13 in this example. Therefore, we
cannot make use of y;(x) and y,(x) to obtain p;. Nevertheless, because 1, (x) is a continuous
function of the parameter ¢, we simply have to take the limit as c tends to 1/ (N +j) to get the
solution we are looking for.
Next, we have obtained the general solution of (2.6) in (2.14). We must find the
constants y; and y» for which the boundary conditions

y<1+g> =0, y<N+1+g> =1 (2.25)

are satisfied. We can state the following proposition.
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Proposition 2.1. When ¢ #2/[2(N +j) — 1] for j € {0,1, ...}, the probability p; defined in (1.9) is
given by

pi=y<i+1+%), (2.26)

where the function y(-) is defined in (2.14), with

I'(a/2)
[((1-a)/2)
NT(N +1+a/2) a 1\
—(—1) mF(-ﬂ,l,N‘f’l - E’E)} , (227)

T'(a/2)
I'((1-a)/2)

s

a

N

Y1 =Dt

In the case when ¢ = 2/[2(N + j) — 1], the constants y; and y, become

N (N +1-a/2)

T(N+1+a/2)F(-a,1,N+1-a/2,1/2) (2:28)

=0, 2= (-1

Proof. We find (see [13, page 557]) that y,(x) evaluated at x = 1+ a/2 (i.e,, i = 0) can be
expressed as

T(a/2)

F-a/2) 22

a la/21 @
y(1+3) = )M T

This is actually obtained as a limit when ¢ = 1/(N +j) with j € {0,1,...}. Moreover, it follows
that as c tends to 2/[2(N + j) — 1], we have

y2<1 + g) —0. (2.30)

Hence, for any c#2/[2(N + j) — 1], the constants y; and y» are uniquely determined from the
boundary conditions (2.25), while ¢ = 2/[2(N + j) — 1] immediately yields that y3 = 0 and
that y, is as in (2.28). O

Remarks. (i) We see that the case when the difference equation is completely reducible is
rather special. When ¢ = 2/[2(N +j) —1], the constant y; vanishes, while when ¢ =1/(N +j),
the probability p; is obtained by taking the limit of the previous solution when c tends to this
particular value.

(ii) We can obtain an approximate formula for the probability p;, valid for N large, by
proceeding as follows. First, because (by assumption) ¢ <1/ (N — 1), we can write that

! <=>1:N—1+K, (2.31)

C:N—1+K c
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where « > 0. Hence,

TEN-1+[+ 5 =N+ K- (2:32)

Notice that the relative error €, committed by replacing 1/c by its approximate value is such
that

1/2

<=, (2.33)
N-1+x

€

so that it is negligible when N is large. Moreover, for this approximate value of the constant
¢, we can express the solution in terms of the polynomial in (2.20), with a = 2(N + [«]) - 1.
Making use of the boundary conditions, we deduce that

(1) Py ()
= . 2.34
v (-DNP(N +1+a/2) (239
We can simply write that
_ P,(x)
V) 2 N1+ a2 | (2.35)

Since P,(x) is a polynomial of degree a, we find that we have approximated the function y(x)
by a polynomial of degree 2[1/c] + 1.

In the next section, the state space of the Markov chain will be extended to
{-M,...,0,..., N} and the (possibly) asymmetric case will be treated.

3. The Asymmetric Case

We extend the problem considered in the previous section by assuming that the state space
of the Markov chain {X,,n=0,1,...} is the set

S:={-M,...-1,0,1...,N}, (3.1)
where M € {1,2,...}. Furthermore, we set
1
Po1 = Po, Po-1 = 9o, Poo =5, (3.2)

where pg, g0 € (0,1) and po + g0 = 1/2.
When i is a negative state, we define

- _1-di N _1+di ___1
Pz,l+1 = 4 ’ Pz,l—l = 4 7 pl,l = 7

(3.3)
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fori € {(-M +1,...,-1}. In order to respect the condition p; ; € [0,1] for all i, j, we find that
the positive constant d must be such that

1

d< M1 (3.4)
Let
T=inf{n>0:X,,=N or - M}. (3.5)
We want to compute the first hitting place probability
a; = P[X7r =N | Xy =1] (3.6)
forie {(-M+1,...,0,...,N —1}. We have
an =1, a_p = 0. (3.7)
Let us denote the probability p; defined in (1.9) by pn (i) and define
pai(i) = P[Xo = =M | Xo = ], (3.8)
whereie {-M +1,...,-1},and
o:=inf{n>0:X,=-M or 0}. (3.9)
Proceeding as in Section 2, we can show that
pu) =+ ()AL IR (2 1= 2 5), (3.10)
where the constants [ and I, are uniquely determined from the boundary conditions
pm(-M) =1,  pm(0) =0. (3.11)

Again, we must be careful in the case when the difference equation is completely reducible.
Next, we define the events

E; = the process hits N before - M from i€ S;
F; = the process hits N before 0 from i > 0; (3.12)

Gi = the process hits — M before 0 from i < 0.
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Assume first that i is positive. Then, we can write that

I EP[El] = P[EiﬁFi] +P[E10FIC]
(3.13)
= pn (i) +2[1 = pn ()] {1po + 7140}

When i is negative, we have

I =P[EiﬂGi] +P[E10Gf] =P[E,ﬁGf]
(3.14)
=2pm(i){mipo + 7140}

Setting i = 1 (resp., —1) in (3.13) (resp., (3.14)), we obtain a system of two linear
equations for sy and or_;:

a1 =pn(1) +2[1 - pn (D) ]{mipo + 7140},
(3.15)

1 =2pp(-1){mpo + 7190}

Proposition 3.1. The probability sr; defined in (3.6) is given for i > 0 (resp., i < 0) by (3.13) (resp.,
(3.14)), in which

o PN -2q0pm(-1)]
' - 2q0pm (1) —2po[1 - pa(D)]

(3.16)
. 2popm (-1)pn (1)
1-2qopm(=1) = 2po[1 - pn(1)]
Remarks. (i) If po = go = 1/4, the formulas for sr; and 7r_; reduce to
1[2- -1 -1 1
o PYOR=pu D] puCDpn @) (317)
1-pm(-1) +pn(1) 1-pm(-1) +pn(1)
Moreover, if M = N and d = ¢, then (by symmetry) pm(-1) = pn(1) and
m=pn(2-pn@)], 71 =pR ). (3.18)
(ii) The probability
vi=P[Xr=-M| Xo =1 (3.19)

is of course givenby 1 -, fori=-M+1,...,0,...,N - 1.
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4. Concluding Remarks

In Section 2, we computed the probability p; that a Markov chain with transition probabilities
given by (1.6) and state space {0, 1, ..., N'} will hit N before 0, starting fromi € {1,..., N-1}.
If we let ¢ decrease to 0 in (1.6), we obtain that

1 1 .
Pii+1 = Pii-1 = Z, pii = 5 forie {1,2,...,N— 1} (41)

That is, the Markov chain {X,,,n =0, 1, ...} is a (generalized) symmetric random walk having
a probability p;; = 1/2 of remaining in its current state on each transition. The fact that p;; > 0
should not influence the probability p;. Taking the limit as ¢ decreases to 0 (i.e., a — oo) in
Proposition 2.1, we indeed retrieve the well-known formula

pi=§ fori=0,1,...,N. (4.2)

In Section 3, we were able to compute explicitly the probability s; defined in (3.6)
for a (possibly) asymmetric Markov chain with state space {-M,,...,0,..., N}. This type of
Markov chain could have applications in mathematical finance, in particular. Indeed, if one
is looking for the probability that the value of a certain stock reaches a given level before a
lower one, it can be more realistic to assume that the stock price does not vary in the same way
when the price is high or low. Hence, the assumption that the transition probabilities may be
different when X, > 0 and X,, < 0 seems plausible in some applications. In the application
we have just mentioned, 0 could be the centered current value of the stock.

Next, another problem of interest is the determination of the average time D; the
process, starting from i, takes to hit either 0 or N (in Section 2), or —M or N (in Section 3).
To obtain an explicit expression for D;, we must solve a nonhomogeneous linear difference
equation. Finding a particular solution to this equation (in order to obtain the general solution
by using the solution to the homogeneous equation obtained in the present work) is a
surprisingly difficult problem.

Finally, we could try to take the limit of the Markov chain {X,,n = 0,1,...} in such
a way as to obtain the Ornstein-Uhlenbeck process as a limiting process. We should retrieve
the known formula for the probability p; in the case of this process considered in the interval
[0, N] and generalize this formula to the asymmetric case, based on Section 3.
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