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A proper orthogonal decomposition (POD) method is used to interpolate the ow around an airfoil for various Mach numbers and
angles of attack in the transonic regime. POD uses a few numerical simulations, called snapshots, to create eigenfunctions.  ese
eigenfunctions are combined using weighting coe cients to create a new solution for di erent values of the input parameters. Since
POD methods are linear, their interpolation capabilities are quite limited when dealing with ow presenting nonlinearities, such
as shocks. In order to improve their performance for cases involving shocks, a new method is proposed using variable delity.

e main idea is to use POD to interpolate the di erence between the CFD solution obtained on two di erent grids, a coarse one

anda neone.
di erence is added to predict the ne grid solution.

Results for various Mach numbers and angles of attack are compared to full CFD results.

shows good improvement over the classical approach.

1. Introduction

In spite of continuous improvement in computer resources,
predicting the aerodynamic characteristics of aircra using
high delity computational uid dynamics (CFD) remains
a CPU intensive task. With the con rmed success of CFD
in aerodynamic analysis, CFD technology has become a
candidate for partially replacing wind tunnel testing in order
to obtain aircra stability and control characteristics. is
calls for substantially more CPU capacity, however. For
example, as discussed by Salas [1], a CFD database for use
in 6-DOF ight simulation requires thousands of data points
in the ight envelope. e same type of increase in CPU
demand is observed in the aerodynamic and multidisci-
plinary design optimization communities, where thousands
of CFD solutions are o en required in typical design opti-
mization studies. A viable alternative to meet this demand
is surrogate models. Among the various methods available
for constructing surrogate models from a reduced set of
high delity solutions are reduced-order models which are
based on POD. ese models constitute a powerful tool

en, for any new input parameter value, a coarse grid solution is computed using CFD and the POD interpolated
is allows some nonlinearities associated with the ow to be introduced.

e variable delity-based POD method

for obtaining an approximate CFD solution over the entire
domain. Such tools could be used in preliminary design
phases because of their easiness of implementation and their
low need in computational time. Engineers could easily use
these tools to determine a few promising candidates to be
tested using high delity CFD.

Various authors working in aerodynamics have used the
POD method. In the steady ow regime, examples can be
found for subsonic ows [2-5] as well as for transonic and
supersonic ows [6-11]. Applications of the POD method to
the decomposition of unsteady ows are numerous [12—20].

In the context of using POD methods for the interpolation
of steady ows, LeGresley and Alonso [2] were the rst to
use geometric design variables as the varying parameters.
More recently, Taeibi-Rahni et al. [21] have investigated the
application of POD using Mach numbers and angles of
attack as input parameters. However, since POD is a linear
decomposition method, problems have been experienced
when it is applied to nonlinear ows, such as transonic ows
involving shocks. Attempts have been made to solve this
problem, one of which was proposed by Lucia et al. [13]



and is called domain decomposition. Here, the ow domain
is divided into multiple zones to isolate the portion of the
domain where it is di cult for POD to interpolate. In their
case, this was the shock zone.  eir remedy is to perform full
CFD simulation in the shock zone and use POD interpolation
for the rest of the ow domain, which gives very accurate
results for the 2D blunt body problem. LeGresley [7] uses
the same technique for airfoil analysis, which enables him to
predict the position of the shock using only 5 snapshots. e
disadvantage of this method is that it requires a very exible
CFD solver and is hardly ever applicable when a commercial
CFD solver, such as Fluent, is used. Indeed, such approaches
are using the solver to evaluate the weighting coe cients by
the mean of residuals minimization. To do so, one must have
full control over its solver which is not the case when working
with commercial so ware. Another approach to dealing with
transonic ows is to divide the snapshots into two groups,
relative to the presence of a shock. e idea is inspired by
the snapshot splitting procedure proposed by Cizmas et al.
[19] for unsteady ows. Malouin [22] applied this concept
to transonic ow, and showed some improvement in the
subsonic solutions. In the same vein, Taeibi-Rahni et al. [21]
proposed a Itering approach and reported improved results
in the transonic regime.

In the present paper, an original combination of POD
and the variable delity method is proposed to interpolate
the transonic ow around an airfoil based on a set of
snapshots generated with acommercial CFD solver. e input
parameters are the Mach number and the angle of attack. e
method is based on the creation of a POD decomposition
for the di erence between two CFD solutions obtained on
two di erent grids of di erent resolutions.  en, in order to
retrieve an approximation of the ne grid solution, a coarse
grid solution is computed using CFD, and the POD method
is used to approximate the di erence between the grids and
generate the ne grid solution.

e next section presents the classical POD method and

the concept of our proposed approach based on variable

delity. Results are presented in Section 3 for the interpola-

tion of the ow eld around an RAE2822 airfoil. e results

show that the interpolation accuracy in the transonic regime

of our new method is an improvement over that of the
classical POD method.

2. POD for CFD Interpolation

Inthissection,we rstbrie yreview the theory of POD. More
details can be found in the work of LeGresley [2, 7].  en, we
describe our proposed approach, which combines POD and
variable delity CFD.

2.1. Classical POD Theory. e rst task to perform when
applying the POD method is to compute the eigenfunctions
based on a nite set of CFD solutions. s task is described
in the following algorithm.

(1) Obtain [CED solutions, called snapshots, by varying
the Mach number and the angle of attack.
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(2) Construct the correlation matrix [ak follows:

= 1 O

where [Cisla matrix representing the collection of snapshots
for a state variable CT(IC, LI, T)df the ow solution.
is matrix is of size X1 where [ fdr a cell-centered
scheme, is the number of cells in the mesh and [isthe
number of CFD solutions. Note that [islsymmetric and must
be obtained for each state variable. In our case, we repeat the
procedure for all state variables, but it can be done at once as
described in [23].
(3) Calculate eigenvalues [dnd eigenvectors [af the
correlation matrix [Chy solving

[CEITL] @)

(4) Using [Cand [ sbrt the eigenvalues in descending
order and construct [—eigenfunctions [for each state vari-
able [as follows:

=2 111 3)
(5) Normalize the eigenfunctions, as follows:

Iﬂb_defmalized - L] (4)

Once these steps have been completed, a new solution, [7]
can be computed and expressed in terms of the eigenfunc-
tions, as follows:

(f= > (fp 5)

where [k a weighting coe cient chosen to construct the
new solution, [13 any state variable, and [sdre the associated
eigenfunctions.

In order to obtain the weighting coe cients associated
with anew setof ow parameters (Mach number and angle of
attack), two approaches have been proposed in the literature.

e projection method seeks a least squares minimization
of the residuals of a nite-volume formulation of the CFD
problem, where the unknowns are the weighting coe cients
[7]. e interpolated POD method [9] rst determines the
weighting coe cients associated with the original snapshots
and uses simple spline interpolation to estimate these coe -
cients for adi erent ow condition. In the present work, we
use the interpolated POD approach for its simplicity and for
its greater compatibility with commercial CFD so ware. It is
brie y described below.

In order to compute the weighting coe cients associated
with the original snapshots, we rst rewrite (5) as follows:

M
M= 3 () (6)

where [torrespond to the weighting coe cient multiplying
the eigenfunction [ order to reconstruct the [fA snapshot
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of the state variable [_Multiplying (6) by [é]nd remember-
ing that the eigenfunctions are orthonormal, the weighting
coe cients are obtained as follows:

o o )

e coe cients Care computed for all the original snap-
shots, each corresponding to a given value of the parameters
(Mach number and angle of attack). A two-dimensional
parameter space is then de ned to express the C'toe cients
as a function of the input ow parameters. en, in order to
retrieve the weighting coe cient for a new ow condition, a
simple interpolation in the parameter space is performed. In
the present work, the weighting coe cients are interpolated
with a cubic spline in the two-dimensional parameter space
(Mach number and angle of attack). e reader should notice
that we use all the POD modes to derive a new solution
since their weighting coe cients are simply obtained by a
cubic spline interpolation. In other works [10, 11, 24-26]
these coe cients are obtained by optimization, Galerkin
projection, and residuals minimization. In this case, the
more POD modes you use, the more time consuming the
optimization becomes. One has to choose the proper number
of modes with respect to the desired level of error to minimize
the computational time.  isis not the case here, as all modes
are used.

2.2. Combining POD with Variable Fidelity CFD. As shown
in the Results and Validation section, the classical POD
approach described above is not appropriate for predicting
the position of the shock in the transonic regime, as its
performance is greatly limited by the nonlinearity of the
transonic ow. Our approach is to try to reintroduce some
information about the nonlinearities in the ow, which we
obtain from a coarse grid CFD solution. Our rationale is that
coarse grid solutions are much cheaper to obtain than ne
grid solutions, but could still provide important information
about the ow nonlinearities.  is idea originates from [27],
where oil ow inside a tank was simulated with two di erent
codes of distinct levels of delity.

Furthermore, because we are using commercial CFD
so ware, we do not have full control over it; thus, we cannot
use it to evaluate the weightings coe cients. e aim of our
paper is to propose a method that can be used with any CFD
so ware without any prerequisite knowledge about the solver
itself. In other words, the solver is treated as a black box and
the method is thus solver independent.

Our methodology starts by computing two sets of CFD
solutions: one set on a coarse grid and the otherona ne grid.

e two sets contain the same number of CFD solutions, and
these solutions are computed for the same values of the ow
parameters. For each ow condition, the di erence between
the two CFD solutions (A [ds computed, and the procedure
described in Section 2.1 is applied with the A[Solutions as
snapshots.  is produces a set of eigenfunctions representing
the di erence between the coarse gridand ne grid solutions.

en, following the interpolated POD approach, weighting
coe cients are computed and stored in the two-dimensional
parameter space.

e

Figure 1: RAE2822.

e computation of a new solution CFfe . for dif-
ferent values of the ow parameters follows a two-step
procedure. In order to better capture the nonlinearities of the
transonic regime, a CFD solution, [EP2* is rst computed
on the coarse grid for the given ow condition. en, an
approximation of the solution on the ne grid is obtained by
adding to the coarse grid solution the POD representation
of the di erence between the grids A@D, using weighting
coe cients interpolated in the parameter space. is can be
described by the following equation:

Iﬂrtl.'erpolated = gse +A [%D' (8)

is latter equation requires the evaluation of the coarse
solution on the ne mesh. To achieve this task, a simple
interpolation of “nearest neighbor” type was performed.

e fact that a CFD solution on a coarse grid is now
computed for any new ow condition increases the CPU cost
of the interpolation compared to that of the classical POD.
However, as discussed above, the CPU cost for a coarse grid
solution can be signi cantly lower than the cost fora ne grid
solution. Now, the higher complexity of the algorithm will
only be worthwhile if it is associated with an increase in the
accuracy of the interpolation. In order to determine whether
or not this is the case, we carefully compare the results of
classical POD and our proposed approach in the next section.

3. Results and Validation

3.1. Description of the Problem. e transonic ow over
an RAE2822 airfoil, as illustrated in Figurel, is studied.

e transonic regime is emphasized, since our aim is to
improve the accuracy of POD interpolation for ow solutions
involving shocks. e Mach number and the angle of attack
are varied to generate a set of 9 snapshots, as illustrated in
Figure 2. Inthis gure, the circles represent the position in the
parameter space where the snapshots were generated, and the
square dots represent the positions where the interpolation
performance of the two methods will be compared. is
Mach/Angle of attack plane was chosen in order to represent
a typical transonic range of a commercial plane when ying
at cruise conditions.

e coarse grid contains 13600 cells, and the ne grid
contains 52650 cells. An overview of the coarse grid, pro-
duced with ICEM-CFD, is presented in Figure3. e ne
grid has the same topology and grid concentration. All the
snapshots were computed using the commercial CFD ow
solver, Fluent 12.1.4. For all the computations, the Reynolds
number was 16.5 x 10° in average, and [£1wvas less than 5 on
both grids. e Spalart-Allmaras turbulence model was used,
with a 4% turbulence viscosity ratio at the inlet. e density-
based solver combined with the Roe implicit scheme was
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Figure 3: Partial view of the coarse grid used for the computations.

selected, and second order upwind resolution associated with
the Green-Gauss cell center algorithm was used. Boundary
conditions were set to pressure far eld.

3.2. Validation. A veri cation of the implementation is per-
formed rst. In fact, as represented by (6), the eigenfunctions
are theoretically able to perfectly reconstruct any snapshot
used to derive them. Figure 4 shows a comparison of the
original CFD solution and the reconstructed solution using
(6) for a ow condition found in the snapshot set. We can
see that the two solutions overlap perfectly, which leads us
to conclude that our computer implementation of the POD
algorithm is correct and accurate.

3.3. Results for the Classical POD Method. To provide a basis
for comparing our proposed method with the classical POD
approach, and to better illustrate the di culties encountered
in interpolating ow in the transonic regime using classical
POD, we apply this approach, as described in Section 2.1.
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POD
CFD

re 4: Pressure contours. Reconstruction at Mach = 0.725 and
A. = 3.25.

rring to Figure 2, the case selected corresponds to Mach
ber 0.7125 and angle of attack 3.125. e results of the
polation of the pressure using the classical POD method
eproduced in Figure 5, where they can be compared to
of the full CFD solution for the same ow condition.
an see in Figure 5(b) that two shocks are present in the
ical POD interpolated solution, while the CFD results in
re 5(a) show a single shock. In practice, instead of inter-
polating the position of the shock, the classical POD method
creates two smaller shocks. From a mathematical point of
view, this makes sense, because that solution corresponds to
a combination of the shocks from all the snapshots. However,
from a physics point of view, it is unrealistic to do this. Similar
behavior can be observed in Figures 6(b), 7(b), and 8(b)
for the other ow conditions where values of Mach/Angle
of attack are, respectively, (0.7125; 3.375°), (0.7375; 3.125°%),
and (0.7375; 3.375°). s inability to interpolate the shock
position is the main weakness of the classical POD approach
when applied in the transonic regime. In the next section, we
apply our new method to that speci c situation.

3.4. Results for the Proposed Method. Our proposed approach
aims to predict the position of the shock, which classical POD
is unable to do, by running a CFD case on a coarse grid and
then using POD to interpolate the di erences between the
solutions obtained onthe two di erentgrids, a coarse one and
a neone.

e results of our approach are presented in Figures 5(c)
to 8(c) and 9, again using the pressure eld as the selected
variable for comparison. e performance of our new method
for the case corresponding to Mach number 0.7125 and angle
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0.5 1 1.5
(a) CFD

(b) Classical POD

0.5 1 1.5
X

(c) Variable delity-based POD

Figure 5: Comparison of the 3 contours of pressure at Mach = 0.7125 and A.O.A. = 3.125.

of attack 3.125 is given in Figures 5(c) and 9(a). In Figure 9(a),
we can see that the interpolated solution contains one main
shock, properly located when compared to the full CFD
solution. In Figure 5(a), we can observe some perturbations
on both the upstream and downstream sides of this shock,
but they are weak, and the global behavior of the interpolated
solution with the new method is a great improvement over
that with the classical POD approach.

Results for the three other test points de ned in Figure 2
((0.7125; 3.375°), (0.7375; 3.125%), and (0.7375; 3.375%)) are
presented in Figures 6(c) to 8(c) and 9. Globally, the results
of our new method are always better than the classical POD
results. On Figures 7 and 8, one can see that, as the Mach

number increases, the perturbations located upstream and
downstream of the shock are stronger. However, the pressure
distribution on the airfoil surface shown in Figure 9 clearly
illustrates the superiority of our method over classical POD.

e next section will provide a more quantitative measure of
the interpolation error for the two methods.



(a) CFD
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-0.5 0 0.5 1 1.5
X

(b) Classical POD

0.5 1 15

X

(c) Variable delity-based POD

Figure 6: Comparison of the 3 contours of pressure at Mach = 0.7125 and A.O.A. = 3.375.

From the point of view of CPU requirements, a full CFD
solution on the ne grid requires, on average, 1500 iterations
and 600 seconds for a le-8 convergence level. On the coarse
grid, the required CPU time goes down to 150 seconds for the
same level of convergence. s represents an acceleration by
a factor of 4, considering that the POD interpolation of the
di erences is almost negligible in terms of CPU e ort.

3.4.1. Interpolation Error. To provide a more quantitative
comparison of the two methods, we compare the interpola-
tion errors by computing the di erence between the full CFD
solution and the interpolated solution, using classical POD
and our proposed variable delity modi cation.

Two di erent error norms are computed, each associated
with a di erent region of the ow eld. First, a global error
is calculated over all the cells of the grid and is called the
GE norm. Second, the error is computed only in the cells
adjacentto theairfoil and is called the AEnorm. e GEnorm
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-0.5 0 0.5 1 1.5
(a) CFD

(b) Classical POD

0.5 1 1.5
X

(c) Variable delity-based POD

Figure 7: Comparison of the 3 contours of pressure at Mach = 0.7375 and A.O.A. = 3.125.

provides a good measure of the overall performance of the
interpolation method. e AE norm is useful in that it helps
us understand the impact of the error on the ow properties
close to the airfoil surface, providing a better measure of
the error in the ow-structure interaction. For example,
the accuracy of aerodynamic coe cients, which are based on
surface properties, is closely related to the AE norm.
e error norms [ate de ned as follows:

v B - PR

9
RIS ¥

where [CisSthe number of cells in the whole domain for the
global error (GE) or around the airfoil for the airfoil error
(AE).

Table 1 compares the interpolation errors. When compar-
ing the errors between the two methods, we can conclude
that the proposed variable delity-based POD method always
shows improvement over classical POD, since the errors are
reduced for all cases. In the cases associated with the lower
Mach number, the error reduction is signi cant, and the
errorsare reduced by a factor close to 5. However, as discussed
in the previous section, the improvement is not as good for
the case of the higher Mach number, and the error reduction
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X
(a) CFD (b) Classical POD

(c) Variable delity-based POD

Figure 8: Comparison of the 3 contours of pressure at Mach = 0.7375 and A.O.A. = 3.375.

drops to a factor of less than 2. However, the error reduction 4. Conclusion

is greater on the airfoil surface, which is an asset in many

situations where surface values are needed. In this paper, the performance of the classical proper orthog-
onal decomposition (POD) method is investigated for the
interpolation of transonic ows around an airfoil for various
Mach numbers and angles of attack. e main weakness
of classical POD in the prediction of the shock position in
the transonic regime is clearly illustrated, and the causes of
this weakness are explained. A new variable delity-based
POD interpolation method is proposed, which makes use of
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Figure 9: Pressure distribution over cord line.

Table 1: Comparison of the global error (GE) and airfoil error (AE) on pressure for the classical POD (CL-POD) and the variable delity
POD (VF-POD) methods.

Mach Angle Reynolds GE-CL-POD AE-CL-POD GE-VF-POD AE-VF-POD
0.7125 3.125 16.27 10° 0.0659 0.0877 0.0138 0.0149
0.7125 3.375 16.27 10° 0.0728 0.0944 0.0189 0.0188
0.7375 3.125 16.84 10° 0.0477 0.0529 0.0224 0.0226
0.7375 3.375 16.84 10° 0.0412 0.0395 0.0279 0.0261

CFD solutions on two grids, a coarse one and a ne one.  POD interpolated di erence is added to predict the ne grid
In this new method, classical POD is used to interpolate  solution. e results show that the new variable delity-based
the di erence between the CFD solutions obtained on these POD is always more accurate than classical POD. However,
two grids.  en, for any new value of the input parameters,
a coarse grid solution is computed using CFD, and the
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the improvement tends to diminish as the strength of the
shock increases.

Furthermore, there is no limitation for using this method
in 3D con gurations. e correlation matrix size is only
determined by the number of snapshots, and all operations
are simple matrix multiplications. In no way the method
would become unpracticable because of the high number of
cells associated with a 3D con guration.

Finally, it would be interesting to compare the perfor-
mances of the present method with other approaches recently
developed. For example, Alonso et al. [10] proposed a new
method applied to viscous, transonic aerodynamics.

Nomenclature

1 Error

1 Enthalpy

[C__—_INumber of snapshots

1 Number of cells

[ Static pressure

5P Pressure eld evaluated with CFD

9P Pressure eld interpolated with POD
1 Correlation matrix

5S] Solution vector of one state variable (L,
LI T o 01

R=! New interpolated solution of the state
variable []

LE] Vector of the [TH snapshot of the state
variable []

herpolaed: INterpolated solution of [Cdn the ne grid

CFD solution of [Cdn the coarse grid

arse.

D
1 Static temperature
1 Snapshot matrix
Cak [=and [=vklocity components
1 Matrix of eigenvectors
] Freestream velocity.
Greek Symbols

ATE: Interpolated di erence of CeWaluated on
coarse and ne grids

Weighting coe cients of the [th
eigenvector to reconstruct the [fA
snapshot

Vector of eigenvalues

Matrix of eigenfunctions

[th eigenvector associated with the state
variable []

Density

Freestream density.

3

d0 ei0d
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