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RÉSUMÉ

Le problème de la convection et de la stabilité dans un cylindre est d'un intérêt

théorique et pratique dans les phénomènes de transport en milieux poreux et fluides,

tant en sciences fondamentales qu en ingénierie.

La présente thèse expose les travaux de recherche sur le transfert de chaleur et

l écoulement des fluides en milieux poreux ou fluide, confiné dans un cylindre hori-

zontal en rotation avec une vitesse angulaire rapide, faible et nulle. Les principales

parties développées dans cette dissertation sont:

• but et position du présent problème physique

« modèle mathématique du transfert de chaleur à travers un cylindre

a développement des méthodes numériques

• convection mixte dans un cylindre en rotation lente

• convection naturelle dans un cylindre en rotation rapide

• instabilité dans un cylindre non rotatif

L'écoulement dans le cylindre est supposé bidimensionnel dans le plan (r, 0) et

des conditions périodiques sont prises en considération dans la direction 0. Puisque

les études originales en question dans cette thèse ne peuvent satisfaire la symétrie

par rapport au diamètre vertical, symétrie que l'on oblient quand la gravité terrestre

seule est considérée, le cylindre entier doit être maillé comme domaine physique. Les

trois cas suivants sont étudiés:

D'abord, nous abordons le comportement de la convection naturelle et de la

convection mixte dans un cylindre horizontal en rotation, contenant un milieu poreux
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ou fluide et soumis à la condition pariétale isotherme et à un puits thermique uni-

formément distribué. Ce genre de problème est équivalent au cas où, aucun puit ou

source n étant présent, la température à la frontière est croissante dans le temps à

un taux constant. Un régime de rotation faible est envisagé. Nous nous sommes

proposés d'examiner exclusivement l'interaction entre la rotation autour d'un axe

horizontal et la force gravitationnelle. Quoique les milieux fluide et poreux sont

décrits à l aide des équations de mouvement différentes et possèdent des propriétés

thermiques et dynamiques différentes (par exemple, en milieu fluide, la résistance

au mouvement est engendrée par la paroi solide tandis qu'en milieu poreux, cette

résistance est produite en tout point par la matrice solide), ces milieux répondent

à la même équation adimensionnelle d énergie et possèdent la même configuration

géométrique. Un comportement qualitativement similaire sous les mêmes condi-

tions est donc prévisible. L interaction entre les rouleaux convectifs obtenus pour

la situation standard de la convection naturelle et les effets de la vitesse de rota-

tion est étudiée numériquement et analytiquement. Pour la convection d'amplitude

finie, les résultats numériques basés sur la méthode des différences finies couvrent

une large gamme des nombres de Rayleigh et de Péclet. En outre, une méthode de

perturbations régulières est utilisée pour étudier la rotation et valider les résultats

numériques, ces derniers s accordant bien avec cette solution analytique. Les deux

méthodes de résolution sont appliquées tant au milieu poreux isotrope qu'au milieu

fluide.

Pour le cas, d'un milieu poreux isotrope, les deux méthodes de résolution

révèlent toutes deux qu'une grande partie du fluide saturant ne participe pas à la ro-

tation à faible vitesse. Donc, la fonction de courant au centre peut largement différer

de zéro. Cependant, avec l'augmentation de la vitesse angulaire, un régime de rota-

tion solide se développe, régime pour lequel le transfert de chaleur par convection est

éventuellement réduit à zéro. De même, pour un milieu fluide, un écoulement net
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relatif à la paroi du cylindre est obtenu à faible vitesse de rotation (régime de cisaille-

ment) et une rotation solide apparaît à des vitesses angulaires élevées (régime de

rotation de solide) pour lesquelles les effets rotationnels sur la convection réduisent

presque le transfert de chaleur au niveau de la conduction pure. La différence entre

les deux milieux réside dans le fait que l'écoulement net en milieu fluide enregistre

une chute soudaine drastique à des nombres élevés de Rayleigh, accompagnée d'un

comportement oscillatoire, lequel est occasionné par le terme inertiel du milieu flu-

ide, tandis que la transition au régime de rotation solide apparaît graduellement en

milieu poreux sans qu'aucun comportement oscillatoire (transitoire) ne soit détecté.

Ensuite, nous avons étudié la convection de Bénard dans un cylindre en rota-

tion rapide, dans lequel est confiné un milieu poreux isotrope / anisotrope saturé

par un fluide; le cylindre est soumis à une condition pariétale isotherme et à un puits

thermique uniformément distribué. Nous considérons la situation où la rotation est

rapide et où seule la force centrifuge intervient, la gravité terrestre étant supposée

négligeable. Dans ces conditions, le gradient de densité en conduction est dirigé vers

le centre géométrique du cylindre et la force centrifuge agit sur le fluide saturant dans

la direction opposée. Un tel équilibre de forces est potentiellement instable et des

cellules convectives sont susceptibles d'apparaitre au-delà d'un nombre de Rayleigh

critique. Pour le cas isotrope, une étute anaytique de la stabilité linéaire a permis

de prédire le nombre de Rayleigh critique pour l apparition de la convection et les

résultats sont comparés avec ceux obtenus numériquement. De plus, les résultats

obtenus pour la convection d amplitude finie sont consistants avec ceux concernant

l'apparition de la convection. La présente invertigation définit donc l existence d un

seuil Ra,c = 348 au-delà duquel la convection apparaît et où il est possible d avoir des

solutions multiples pour des nombres de Rayleigh dépassant largement cette valeur

critique. Une structure d'écoulement à quatre cellules est observée à l'apparition de

la convection. Par contre, une solution stable à des nombres élevés de Ra contient
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un plus grand nombre de cellules. L'anisotropie en perméabilité a un grand effet sur

Ra,c, avec la possibilité de seuils au-dessous de 348. En outre, la première configura-

tion de l'écoulement relatif au milieu poreux anisotrope qui apparaît au-delà du seuil

critique contient même six cellules, plutôt que quatre, si le rapport des perméabilités

est suffisamment éloigné de l'unité. Enfin, à la différence du cas isotrope où aucune

condition physique ne peut imposer une quelconque position angulaire à la con-

figuration de l'écoulement, ce dernier en situation anisotrope prend toujours une

position angulaire qui assure la symétrie par rapport aux axes principaux.

Finalement, nous avons étudié les instabilités de Bénard dans un cylindre non

rotatif, contenant un milieu poreux isotrope / anisotrope et soumis à une distribu-

tion sinusoïdale de la température sur sa frontière, et ce en présence de la gravité

terrestre. Une telle distribution de température est équivalente à une stratification

thermique linéaire de l'environnement dans une direction donnée. L'application de

la température maximale au bas du cylindre (60 = 0, chauffage par le bas) constitue

un cas particulier. La stratification thermique imposée sur la paroi circulaire est

alors dirigée verticalement et par conséquent, la direction du gradient de densité est

opposée à celle du champ gravitationnel, donnant lieu à un équilibre de forces poten-

tiellement instable en conduction pure. Pour le cas où le milieu poreux est isotrope

et chauffé pas le bas, la valeur critique du nombre de Rayleigh pour l'apparition

des cellules de Bénard est approximativement égale à 23.3. Les deux types suivants

de configuration de l écoulement sont observés: une configuration de l écoulement

constituée de deux cellules convectives, symetriques rapport au diamètre vertical

et une autre configuration de l'écoulement, centro-symétrique, contenant trois cel-

lules. Aussi, les résultats numériques pour la convection d amplitude finie à OQ = 0

démontrent que les configurations d'écoulement à deux ou trois cellules de convec-

tion sont stables. Des résultats numériques sont aussi obtenus à différents nombres

de Rayleigh pour une position arbitraire de la température maximale sur la frontière.



L'écoulement résultant est unicellulaire, à moins que la température maximum ne se

situe au voisinage de la région instable {0o =0). Un excellent accord est observé en-

tre les résultats donnés par l'analyse de la stabilité linéaire, les résultats obtenus par

la méthode de perturbation régulière et ceux obtenus par les simulations numériques.

Pour le cas anisotrope, la discussion est limitée seulement à la condition de

chauffage par le bas. Le rapport des perméabilités R et l'angle de axes principaux 0k

ont tous deux une grande influence sur les valeurs critiques du nombre de Rayleigh

et les modèle d'écoulement discutés précédemment. La valeur critique minimale

de Ra est atteinte lorsque la matrice poreuse est orientée de manière que l axe

principal ayant la perméabitité la plus élevée corresponde à la direction verticale

[R < 1,0k = 7T/2). De l'analyse de la stabilité linéaire, nous avons trouvé que

le nombre de Rayleigh critique Rdc correspondant à R = 0.125 et 6k = 90 est

d'environ 20, valeur inférieure au seuil correspondant à la situation isotrope. La

structure d'écoulement au seuil de la convection telle que prédite par l'analyse de la

stabilité linéaire comporte 3 cellules ou 2 cellules, selon la valeur 6k- A la différence

du milieu poreux isotrope, le nombre de Rayleigh critique Ra,c n'a pas une valeur fixe

mais est une fonction de 6k et de -R. La convection d amplitude finie est investiguée

numériquement. Les résultats de l'analyse de stabilité linéaire s'accordent bien avec

ceux donnés par l'approche numérique.
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ABSTRACT

The problem of convection and stability in a circular cylinder has a focal interest

following theoretical as well as practical relevance of transport phenomena in porous

and fluid média to fundamental science and engineering applications.

This dissertation présents the research work in the subject of heat transfer and

fluid flow in fluid / porous medium confined in a horizontal circular cylinder rotating

in a fast, low and zéro angular speed. The main contents of the dissertation include:

• motivation and background of the présent study

• mathematical model for heat transfer in a cylinder

• numerical simulation development

a mixed convection in a low rotation cylinder

• natural convection in a fast rotation cylinder

• instability in a non-rotating cylinder

The fiow in the cylinder is assumed to be two-dimensional in a (r, 0) plane,

and periodicity conditions in ^-direction are taken into considération. Since the

particular studies involved in this work preclude any symmetry with respect to

the vertical diameter where terrestrial gravity is involved, the whole cylinder as

computational demain is fully considered in the présent work. The three following

cases are investigated.

The behavior of natural and mixed convection in a low rotation horizontal

cylinder filled with an isotropic porous / fluid medium with isothermal boundary

condition and uniformly distributed heat sink is first studied. This kind of problern
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is équivalent to the case without heat sink or source and with a boundary tempera-

ture increasing at a steady rate with time. Weak rotation régime only is undertaken,

for which the force field is terrestrial gravity only. It is expected to examine closely

the interaction between rotation about a horizontal axis and the gravity force. Even

though the fluid and porous média are described by différent momentum équations

and have différent thermal and dynamic properties (eg., the résistance to motion

for the fluid medium originates frorn the solid boundary whereas that for a porous

medium takes place everywhere of whole matrix, the inertia term is involved for

fluid medium and neglected for porous medium), they still have the same dimen-

sionless energy équations and are confined within the same geometry. Therefore,

a qualitatively similar behaviour under same conditions is expected. The interac-

tion between convective rolls as obtained from standard free convection case and

the effects of rotation speed are studied numerically and analytically. For the finite

amplitude convection, the numerical results based on finite différence scheme cover

a broad range of Rayleigh and Peclet numbers. In addition, a regular perturbation

method is used to study the incipient rotation and validate the numerical approach.

Results from both approaches coincide. Those approaches are applied both to the

isotropic porous medium and to the fluid medium.

For the isotropic porous medium case, both approaches reveal that a large part

of the saturated fluid does not participate to rotation at low rotation speed. Thus

the stream function at the center may difFer largely from zéro. However, with in-

creasing angular velocity, the fluid is gradually entrained and a solid body rotation

régime develops for which the convective heat transfer is eventually reduced to zéro.

Similarly, for the fluid medium case, a net flow relative to the cylinder boundary is

found at low rotation speed (shear flow régime) and a solid body rotation occur at

larger angular velocities (solid body rotation régime) in which the rotational efFects

on convection are found to reduce the heat transfer almost to the pure conduc-
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tion level. The différence between both média is that the net flow in fiuid medium

encounters a drastic drop at high Rayleigh number due to the oscillating behavior

caused by the inertial term in fiuid medium, whereas the transition to solid body ro-

tation régime occurs gradually for the porous medium without oscillating (unsteady)

behavior.

Then Bénard convection in a fast rotation isotropic / anisotropic fluid sat-

urated porous cylinder with isothermal condition on the boundary and uniformly

distributed heat sink is studied. In the situation offast rotation, only the centrifugal

force is involved, the terrestrial gravity being assumed negligible. With those condi-

tions, the direction of the pure conduction density gradient is toward the géométrie

center of cylinder and the centrifugal force field is acting on fluid in the opposite

direction. Such a force balance is potentially unstable and convective cells are ex-

pected to occur beyond a critical Rayleigh number. For the isotropic case, a linear

stability analysis solved analytically was used to predict the critical Rayleigh num-

ber for incipient convection and the results are compared with those from a linear

stability analysis solved numerically. Moreover, results from finite amplitude con-

vection are consistent with those concerning incipient convection. The results of the

présent investigation reveal that there exists a threshold Rdc = 348 beyond which

convection takes place and multiple solutions are possible for Rayleigh numbers well

above this critical value. Only a 4-cell structure flow occurs at the incipient convec-

tion and a stable solution at high Ra numbers will contain more cells. Anisotropy of

permeability is found to have a strong efFect on -Rue, wit.h the possibility of thresh-

olds below 348. Moreover the first flow configuration for anisotropic porous medium

to appear may even contain six cells instead of four cells if the permeability ratio

is far enough from unity. Also, to the différence of the isotropic case where there is

no physical requirement on angular position of the flow pattern, the non-isotropic

flow pattern takes an angular position that ensures symmetry with respect to the
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principal axes.

Final investigation is on Bénard instabilities in a non-rotating isotropic /

auisotropic porous cylinder having sinusoidally distributed température on the bound-

ary in the présence of terrestrial gravity. Such a distribution in température is

équivalent to a linear thermal stratification of the surroundings in a given direc-

tion. A particular case is that the maximum température is at the bottom (0o = 0,

bottom heating). The thermal stratification imposed on the circular boundary is

then in the vertical direction and consequently the direction of density gradient is

opposite to the terrestrial gravity, giving rise to a potentially unstable force balance

in pure conduction. For the isotropic porous medium with the bottom heating, the

critical value of Rayleigh number for Bénard cells to appear is found to be approx-

imately 23.3, with two types of fiow configurations: a flow configuration involving

two convective cells, symmetric with respect to the vertical diameter, and a centro-

symmetric flow configuration containing three cells. Also numerical results for finite

amplitude convection at OQ = Q show that both 2-cell and 3-cell are stable configu-

rations. Numerical solutions are also obtained at différent Rayleigh numbers for an

arbitrary position of the maximum température on the boundary. The flow is then

unicellular unless the maximum température lies somewhere in the neighborhood

of the unstable location (0o = 0). Results frorn linear stability analysis, regular

perturbation and numerical simulation are found to be in good agreement.

For the anisotropic case, the discussion is Umited to bottom heating only. Both

the ratio of permeability R and the angle of the principal axes 6k have a strong

influence on the critical values of Rayleigh number and the initial flow patterns. The

minimum critical Ra is achieved when the porous matrix is arranged sucli that the

principal axis with higher permeability is in the vertical direction (jR < l, 0k = 7T/2).

It is found from the linear stability analysis that Rdc corresponding to R = 0.125,

0^ == 90 is about 20, a value lower than the threshold for the isotropic case. No
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double eigenvalues are obtained. The initial flow pattern predicted by the linear

stability analysis has either a 3-cell structure or a 2-cell structure according to the

value of 6k- To the différence of the isotropic porous medium, the critical Rayleigh

number Ra,c does not have a fixed value but is function of 0k and R. Finite amplitude

convection is investigated numerically and results from linear stability analysis and

numerical approach agrée well.
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CONDENSÉ EN FRANÇAIS

l. INTRODUCTION (Chapitre l)

L'objet principal de cette thèse consiste à étudier le comportement de l'écoule-

ment et du transfert de chaleur dans le cas d'un fluide ou d'un milieu poreux de

forme cylindrique qui peut être en rotation autour d'un axe et de déterminer les

effets relatifs de la convection naturelle et de la rotation.

La convection naturelle et mixte dans une enceinte cylindrique circulaire et le

transfert de chaleur qui s y manifeste ont fait l objet d un grand nombre d'investiga-

tiens jusqu'à maintenant à cause de l'importance de ce problème, tout du point

de vue fondamental que pratique. Beaucoup de ces investigations couvrent les do-

maines des mathématiques appliquées, de la physique de base, de la géophysique de

même que des domaines d'application technologique comme ceux de la croissance

cristalline, de l'industrie alimentaire, des systèmes de refroidissement d'appareils

électroniques, des systèmes de ventilation et de climatisation pour bâtiments sans

compter le domaine des sciences géophysiques et des prévisions météorologiques.

En plus, ajoutons que les écoulements observés sont comparables à ceux que l'on

retrouve dans des modélisations relèvent de l'astrophysique.

Dans le présent travail, nous examinons analytiquement et numériquement la

convection engendrée par un champ de force dans un milieu poreux isotrope ou

anisotrope ou dans un milieu fluide contenu dans un cylindre tournant autour de

son axe (axe horizontal, dans le cas de la gravité terrestre). Nous étudions aussi

l'instabilité de type Bénard dans la cas d un milieu poreux isotrope et anisotrope de

forme cylindrique en rotation rapide ou sans rotation, lorsque le gradient de masse

volumique est opposé à la force massique. Evidemment, en situation anisotrope,

l'instabilité devient plus complexe à cause la variation de perméabilité avec la di-
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rection.

Les problèmes de convection mentionnés précédemment impliquent l'étude du

cylindre tout entier comme domaine d écoulement. Cela, par contraste avec la plu-

part des études précédentes sur le sujet où l hypothèse d'une symétrie par rapport au

diamètre vertical pouvait être invoquée pour réduire le domaine à un demi-cylindre.

Dans le cas du cylindre tout entier, lorsque des différences finies sont utilisées avec co-

ordonnées cylindriques, le centre du cylindre devient une singularité mathématique

qui doit être traitée convenablement de façon à ce que la région centrale devienne

transparente à l'écoulement, peu importe sa direction. Bien que les conditions aux

limites et les milieux considérés varient d'un cas à l autre, les différents sujets traités

dans cette thèse ont une géométrie commune, le cylindre circulaire dans son entier;

les différents sujets sont 1° la convection mixte avec rotation lente impliquant un

milieu poreux isotrope ou un milieu fluide, 2° la rotation rapide d'un milieu poreux

isotrope ou anisotrope, 3 la convection sans rotation dans un milieu poreux isotrope

ou anisotrope avec une distribution sinusoïdale de température comme condition

limite thermique. La bibliographie pour chacun de ces sujets est traitée séparément.

Convection mixte d un cylindre en rotation lente

La convection naturelle dans des systèmes en rotation est impliquée dans de

nombreux procédés industriels où le transfert de chaleur est un facteur important.

En conséquence, on a accordé beaucoup d'attention à ce problème dans les années

récentes. La rotation autour d'un axe vertical a été largement étudiée. Cependant

la rotation autour d'un axe horizontal, l'a été beaucoup moins.

Selon les résultats des édudes passées sur la rotation lente autour d un axe

horizontal, dans le cas d'une géométrie annulaire, une masse importante de fluide

demeure attachée au vecteur gravité terrestre et ni prend pas part à la rotation

solide. La convection libre affecte le transfert de chaleur uniquement aux rotations
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très lentes et le fait d'augmenter la vitesse angulaire du système décroit le transfert

de chaleur jusqu à la conduction pure.

Convection naturelle et rotation rapide

Quelques travaux antérieurs expérimentaux et théoriques ont traité de la con-

vection naturelle dans un cylindre en rotation rapide. L'efFet de la gravité terrestre

était présent. Cependant les résultats de ces travaux donnent la tendance asympto-

tique en rotation très rapide pour laquelle la gravité radiale devient predominante.

Les solutions dépendent grandement des conditions thermiques imposées aux parois

et le transfert de chaleur est augmenté considérablement par la rotation. Un second

nombre de Rayleigh basé sur la gravité radiale est introduit en plus du nombre de

Rayleigh basé sur la gravité terrestre. Quand la gravité terrestre est négligée, des

écoulements permanents se produisent, relativement à un système de coordonnées en

rotation avec le cylindre. Il existe un nombre de Rayleigh critique au-dessus duquel

un écoulement constitué de deux cellules convectives s'installe. Pour des nombres

de Rayleigh beaucoup plus élevés que ce nombre de Rayleigh critique, la structure

de l écoulement peut être nulticellulaire.

Convection naturelle dans un cylindre sans rotation

Dans ce cas, une distribution de température à la frontière sous la forme Tw =

cos(0—0o), où 60 est l angle de phase, est imposée. Cette distribution est équivalente

à celle imposée par un environnement stratifié thermiquement entourant le cylindre.

Il y a une valeur de OQ pour laquelle le grandient de température est vers le haut

(chauffage par le bas) et pour laquelle le système devient potentiellement instable.

Pour le cylindre rempli d'un fluide, l'amorce du mouvement se produit alors pour

une valeur critique de Rayleigh égale à 576. La structure de l'écoulement pour toutes

conditions consiste en une seule cellule de convection.
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Les travaux antérieurs sur le transfert de chaleur convectif d'un milieu poreux

ont porté sur le milieu poreux isotrope et relativement peu études ont été con-

sacrées au milieu anisotrope. Il en existe néanmoins impliquant l'anisotropie dans le

domaine de la géologie. Notons toutefois que la plupart des travaux précédents sur

le milieu anisotrope ont été limités aux géométries comme la cavité réctangulaire

ou les couches horizontales. On y mentionne que l'inclination des axes principaux

influence fortement la structure de l écoulement et le transfert de chaleur.

2. MODELE MATHÉMATIQUE (Chapitre 2)

Nous rappelons que la géométrie considérée est un cylindre circulaire (avec axe

horizontal dans le cas de la gravité terrestre) ayant une longueur théoriquement

infinie. L'écoulement est supposé bidimensionnel dans le plan vertical (r ,0 ). Les

équations gouvernantes du problème considéré peuvent être exprimées dans l'un ou

l'autre de deux systèmes de coordonnées, l'un fixe par rapport au cylindre en rotation

et l'autre fixe par rapport à la gravité terrestre g/. Les équations gouvernantes

basées sur l'un ou l autre des deux systèmes de coordonnées peuvent être utilisées

indifféremment dans l'approche numérique. Quand la vitesse angulaire est faible,

le premier ensemble d équations donne lieu à une solution dépendante du temps

alors que l'autre ensemble produit une solution permanente. Les résultats des deux

approches sont identiques lorsque transformés adéquatement.

Bien que les équations de mouvement pour le milieu fluide et le milieu poreux

saturé impliquent deux champs de force, la gravité terrestre et la gravité radiale,

nous ne voulons pas traiter les cas où les deux forces interviennent simultanément,

mais nous voulons limiter notre investigation aux cas asymptotiques pour lesquels

l'une ou l'autre peut être négligée. Il est en effet préférable de comprendre à fond

ces cas asymptopiques avant d aborder les cas intermédiaires. Par surcroît, les cas

intermédiaires sont dépendant du temps alors que les cas asymtopiques sont perma-
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nents.

Il est avantageux d'aborder numériquement le problème d'un cylindre en rota-

tion lente par un système de coordonnées fixe par rapport à la paroi. On obtient

alors un champ d'écoulement relatif V/. Cet écoulement est produit par la convec-

tion et il correspond au champ d'écoulement tel qu'il se présente pour un observateur

solidaire de la frontière en rotation.

Les équations gouvernantes du milieu fluide sont les équations de continuité,

de mouvement et d énergie, alors que celles du milieu poreux anisotrope sont les

équations de continuité, la loi de Darcy généralisée et les équations d'énergie.

Pour le cas d un milieu fluide, les conditions aux limites de non-glissement sur la

paroi avec température de paroi uniforme et puits thermique uniformément distribué,

sont considérées. Dans le cas du milieu poreux, la condition de non-glissement sur la

paroi n existe pas et nous considérons deux types de conditions limites thermiques:

une température uniforme avec un puits thermique constant et une température

non-uniforme sans puit thermique correspondant à une stratification.

3. APPROCHE MUMÈRIQUE (Chapitre 3)

Une approche numérique basée sur la méthode des différences finies est utilisée

pour résoudre la convection d'amplitude finie. Toutes les dérivées spatiales sont

discrétisées en utilisant un schéma centré de second ordre. Un maillage uniforme

de 18 x 36 est utilisé pour discrétiser l'espace cylindrique. Les équations d'énergie

et de transport de vorticité sont résolues par la méthode implicite aux directions

alternées (A.D.I.). L'équation de Poisson et l'équation de fonction de courant sont

résolues par la méthode de surrelaxation (S. O.K.).

Dans le cas de la géométrie considérée dans cette étude (cylindre), une difficulté

dans la résolution numérique provient de la singularité (non-physique) au centre
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(r = 0) pour des coordonnées cylindriques. Pour contourner la difficulté, un maillage

cartésien est utilisé au centre du cylindre. L application de cette technique dans le

code numérique permet au centre d être transparent au mouvement, quelle que soit

la direction.

La direction implicite 0 comporte une condition limite de périodicité pour

chaque variable physique / et les matrices résultantes ne sont pas tridiagonales.

Une solution directe consiste à utiliser le principe de partition, lequel a pour effet à

ramener les matrices de départ à des forme tridiagonales.

La précision des calculs numériques et la validité du code numérique ont été

vérifiées en comparant nos résultats avec certains résultats publiés dans la littérature.

Une bonne accord est observé entre les résultats numériques, ceux obtenus par la

méthode de perturbation et la méthode de stabilité linéaire pour les deux milieux,

poreux et fluide.

4. CONVECTION MIXTE DANS UN CYLINDRE EN ROTATION

LENTE (Chapitre 4)

On étudie la convection naturelle et mixte dans un cylindre en rotation rem-

pli d'un milieu poreux isotrope / milieu fluide. Des conditions limites isothermes

avec un puits thermique uniformément distribué sont appliquées. Seule la rota-

tion lente est considérée, pour laquelle le champ de gravité terrestre est le seul

présent. Les régimes d'écoulement résultant de la convection naturelle et de la rota-

tion sont obtenus par une approche numérique et par la méthode de perturbation.

Les résultats du programme numérique d'amplitude finie sont donnés en fonction des

nombres de Rayleigh et de Péclet. Une méthode de perturbation est utilisée comme

alternative pour des valeurs basses des nombres de Rayleigh et de Péclet. Ces deux

méthodes servent pour les deux milieux: poreux isotrope et fluide. Pour le cas d'un

milieu poreux isotrope, les résultats révèlent qu une masse appréciable du fluide ne
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participe pas à la rotation. Ce comportement donne lieu à un écoulement autour du

centre c'est-à-dire que la valeur de la fonction de courant au centre devient différente

de zéro. Cependant, pour des rotations relativement importantes, la masse fluide

presque toute entière se comporte comme un solide en rotation et le transfert de

chaleur est réduit à zéro. De la même façon, pour la cas d un milieu fluide, un

écoulement net, relativement à la paroi du cylindre (régime de cisaillement), suvient

à très basse vitesse de rotation; à des vitesse angulaires plus grandes, une rotation

solide du fluide se produit (régime de rotation solide) pour lequel le transfert du

chaleur est réduit à celui de la conduction pure. La différence de comportement

entre le milieu poreux saturé et le milieu fluide est la suivante: l'écoulement net,

dans le cas du milieu fluide, subit une chute drastique à nombre de Rayleigh élevé.

Cette chute s'accompagne d'un mouvement non permanent oscillant, vraisemblable-

ment causé par l'inertie. Pour le milieu poreux saturé, la transition vers le régime

de rotation solide avec diminution de l'écoulement net vers zéro se fait de façon

graduelle quel que soit le nombre de Rayleigh et sans qu'il y ait de comportement

oscillatoire. Ce genre de comportement qui avait déjà été décrit pour le cas d'un

espace annulaire est observé pour la première fois dans le cas d'un cylindre circulaire

et la relation théorique entre l écoulement net et le nombre de Péclet rotationnel est

obtenue pour la première fois dans le cas du milieu poreux saturé. Le nombre de

Nusselt, le cisaillement à la paroi et la fonction de courant au centre sont maintenant

reliés quantitativement à la vitesse angulaire exprimée de façon adimensionnelle par

le nombre de Péclet. Dans le cas d une rotation qui s amorce, la valeur de la fonc-

tion de courant au centre a été établie en partie de façon analytique et en partie de

façon numérique et exprimée en fonction du nombre de Rayleigh; cette fonction de

courant au centre définit la masse de fluide liée à la gravité terrestre.

5. OONVECTION NATURELLE DANS UN CYLINDRE EN

ROTATION RAPIDE (Chapitre 5)
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On considère dans ce chapitre la convection de Bénard à des grandes vitesse

de rotation pour des parois isothermes et pour un puits de chaleur uniformément

réparti dans le domaine. La cavité contient un milieu poreux isotrope ou anisotrope.

Quand la vitesse de rotation est très élevée, la gravité radiale devien très grande et

l'on suppose que la gravité terrestre est régligeable. En régime de conduction pure,

la direction du gradient de masse volumique est vers l'intérieur du cylindre et celui de

la gravité radiale vers l'éxtéreur. L équilibre est donc potentiellement instable et la

convection naturelle peut se déclencher au-dessus d une certaine valeur de Rayleigh

(nombre de Rayleigh critique). Pour le cas d'un milieu isotrope, l'analyse de la

stabilité linéaire permet de prédire le nombre de Rayleigh critique caractérisant

le début de la convection. Les résultats obtenus avec la méthode analytique de

stabilité linéaire sont confrontés à ceux obtenus numériquement. De plus, la con-

sistance des résultats obtenus avec le programme numérique d'amplitude finie avec

les résultats prédits par l'analyse de la stabilité est vérifiée. Les résultats montrent

qu'il existe un nombre de Rayleigh critique Ra,c = 384 au-dessus duquel la con-

vection naturelle peut se déclencher et des solutions multiples se produire pour des

valeurs de Rayleigh supérieures à la valeur critique. Le début de la convection est

caractérisé par quatre cellules de convection mais à des nombres de Rayleigh impor-

tants, la structure de l'écoulement est composée de plusieur cellules. L'anisotropie

de la perméabilité affecte la valeur critique du nombre de Raylrigh. Les résultats ont

montré que la valeur critique, dans le cas d une perméabilité anisotrope, peut être

inférieure à celle prédite pour un milieu isotrope. De plus, pour un milieu poreux

anisotrope ayant un rapport de perméabilité très élevé, les résultats montrent que

la structure de l'écoulement juste au-dessus du seuil critique peut être composée

de 6 cellules au lieu de 4 comme dans le cas isotrope. Pour le cas anisotrope, les

racines doubles définissant les seuils des différentes configurations d'écoulement devi-

ennent distinctes. Enfin, les résultats montrent que la configuration de l'écoulement

prend une position angulaire bien déterminée par rapport aux axes principaux. Ce
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comportement est différent du cas isotrope pour lequel la position angulaire de la

configuration peut être quelconque.

6. CONVECTION NATURELLE DANS UN CYLINDRE SANS

ROTATION (Chapitre 6)

L'instabilité de Bénard est étudiée pour un cylindre fixe, non-poreux isotrope /

anisotrope dont la distribution de la température est sinusoïdale sur la frontière, en

présence du champ gravitationnel terrestre. Une telle distribution de température

est équivalente à une stratification thermique linéaire de l'environnement dans une

direction donnée. Un cas particulier est celui où la température maximum se trouve

au bas (0o == 0, chauffage par le bas). La stratification thermique imposée sur la

frontière circulaire est alors dans la direction verticale et par conséquent la direction

du gradient de masse volumique est opposée à la gravité terrestre en tout point du

domaine, donnant lieu à un équilibre des forces potentiellement instable en conduc-

tion pure. Pour le milieu poreux isotrope avec chauffage par le bas, la valeur critique

du nombre de Rayleigh pour lequel un mouvement convectif apparaît est approx-

imativement 23.3. A cette valeur, deux types de configurations d'écoulement sont

possibles: une configuration contenant deux cellules convectives, symmétriques rela-

tivement à un diamètre vertical, et une configuration centro-symmetrique contenant

trois cellules. De plus, les résultats numériques pour des convections d'amplitude

finie à QQ = 0 démontrent que les configurations à deux et à trois cellules sont stables

pour une plage donnée de Ra. Des solutions numériques ont aussi été obtenues à

divers nombres de Rayleigh pour une position arbitraire de la température maximum

sur la frontière. L'écoulement est alors unicellulaire à moins que les températures

maxima se situent au voisinage de la position instable (0o = 0). Les résultats de

l'analyse de stabilité sont consistants avec la simulation numérique. Pour le cas

anisotrope, les résultats sont limités au cas du chauffage par le bas. Le rapport de

permeabilité R et l'angle des axes principaux 6k exercent une forte influence sur les
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valeurs critiques du nombre de Rayleigh. Le valeur du nombre de Rayleigh critique

est obtenue quand l'axe principal correspondant à la perméabilité maximum est ver-

tical (R < Ï,0k = 7r/2). Ainsi, selon l'analyse de stabilité, le nombre de Rayleigh

critique correspondant à R = 0.125, 0k = 90 est environ 20, une valeur inférieure

au seuil du cas isotrope. La forme de l'écoulement initial prédit par l'analyse de

stabilité comporte soit deux, soit trois cellules de convection, selon la valeur de 0k-

A la différence du milieu poreux isotrope, le nombre de Rayleigh critique Ra,c n'a

pas une valeur fixe mais est fonction de 0k et de R.

7. CONCLUSIONS ET PERSPECTIVES (Chapitre 7)

Dans le cadre du présent travail quelques cas types de convection dans un

cylindre circulaire d'importance fondamentale et pratique ont été étudiés. Pour le

cas d'un cylindre avec rotation lente, l interaction entre la convection naturelle et

la rotation a été déterminée analytiquement de sorte que le lien entre la rotation

et l écoulement net autour du centre est établie sur une base théorique solide et

l effet de la rotation sur le transfert de chaleur est expliqué. Dans le cas d'un milieu

poreux saturé anisotrope nous avons démontré que la valeur du nombre de Rayleigh

critique est modifiée; nous avons aussi déterminé que les configurations d'écoulement

en situation de gravité radiale s'orientent par rapport aux axes principaux de façon

à produire des configurations d écoulement symétriques.
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Chapter l

INTRODUCTION

1.1 BACKGROUND

Natural and mixed convective heat transfer within a cylinder boundary has

been the subject of a great deal of investigations so far because of its consider-

able importance both from fundamental and practical points of view. Numerous

researches reported cover such fields as applied mathematics, basic physics, geo-

physics [l], fluid mechanics as well as technological applications ranging from crystals

growth [2], food industries [3, 4, 5, 6], electronic cooling Systems [7, 8, 9], chemical

engineering process [10, 11], rotating machinery [12], heating, ventilating and air

conditioning engineering of buildings [13, 14, 15], and shifting to the prediction of

meteorological conditions. Moreover, some of the observed flows resemble those in

model problems in astrophysical/planetary fluid dynamics [16, 17, 18]. In particu-

lar, the use of magnetic field has been proposed as a means of reducing the natural

convection in the process of crystal growth. It will be evidenced in this study that

the efFect of anisotropy is analogous, under certain circumstances where the Maxwell

and momentum équations are uncoupled, to the effect of a magnetic field on the flow

behavior.

It is well known that a density gradient not parallel to a body force field will

produce motion no matter how small the gradient may be, since the pressure cannot

balance the variations in the body force so produced. The most common examples

occur in fluids placed in a gravitational field which are heated differentially in the

horizontal direction. If the System to be studied undergoes rotation, however, the

centrifugal accélération may play a rôle analogous to that of gravity in producing



motion.

In this study the convection driven by gravitational force in an anisotropic

porous / isotropic porous / fluid horizontal cylinder rotating about its axis is nu-

merically and analytically examined. The investigation also covers the Bénard in-

stability in an anisotropic / isotropic porous cylinder with fast rotation and without

rotation where the direction of density gradient is opposite to that of the body force

field. The geometry of the problem is illustrated in Fig. 1.1. It is obvious that

convection in an anisotropic porous medium cylinder becomes more complicated

because of varying permeability with respect to the orientation.

Since the particular studies involved in this work preclude any symmetry with

respect to the vertical diameter the whole cylinder is considered as flow domain.

This is in contrast to most previous studies where a symmetry with respect to the

vertical diameter was taken into account. In particular, iffiuite diiFerence techniques

are used in cylindrical coordinates the center represents an artificial or rnathemat-

ical singularity which must be handled properly so that the center région becomes

transparent to flow in all directions. Despite of the varying boundary conditions im-

posed and fluid média considered in this study, a common cylindrical geometry holds

the following cases together, namely, mixed convection in a low rotation isotropic

porous / fluid cylinder, natural convection in a fast rotation isotropic / anisotropic

porous cylinder and natural convection in a non-rotating isotropic / anisotropic

porous cylinder subject to a sinusoïdal température distribution on its boundary.

The background about each part is stated separately in this chapter.

1.1.1 Mixed Convection in a Low Rotation Cylinder

Since natural convection in rotating Systems is involved in numerous indus-

triai processes as a means of transporting thermal energy, it bas received increased

attention in récent years. The rotation about a vertical axis has been intensively
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studied [19, 20, 21, 16, 22] because this kind of configuration is frequently encoun-

tered in engineering problems. Comparatively little work has been done on rotation

about an horizontal axis in which natural convection is combined with rotation.

Some early expérimental investigations of heat transfer between horizontal concen-

trie rotating cylinders were reported [23, 24, 25] in which heat transfer rates were

measured over a wide range of Reynolds (Taylor) numbers. None of them concerned

the efFects of the Rayleigh number on the flow motion and heat transfer, and the

data reported are for cases where the densimetric Fraude nuraber (which expresses

the relative magnitude of buoyancy versus rotation efFects) ^> l.

Free convection between two horizontal isothermal cylinders, with the station-

ary outer cylinder and the inner cylinder rotating about its axis at constant angular

velocity, was considered by Lee [26] and Fusegi et al. [27]. The analysis was restricted

in both cases to the cross-sectional plane and did not allow for the three-dimensional

effects. Lee has studied the combined efFects of natural convection and rotation for

a fluid contained between eccentric cylinders at différent températures and focused

mainly on the results obtained for the low Froude numbers. Whereas Fusegi et al.

did not consider the eccentric case but treated the problem for both high and low

value of Froude number.

Yang et al. [2] investigated the natural convection of fluids inside a single hor-

izontal rotating cylinder with both ends maintained at différent températures, that

is, with an applied axial température gradient. For that case the pure conduction

heat transfer is présent in the horizontal direction and three-dimensional flows were

obtained numerically allowing for both axial rotation and normal gravity. Rotation

was observed to inhibit natural convection and endwall heat transfer. They formu-

lated the problem in both inertial and non-inertial frames and found a steady-state

flow régime in the inertial frame. According to their results, free convection afFects

the heat transfer only at low rotational speeds and increasing the rotational speed



develops almost a rigid body motion for which the heat transfer reduces to their

pure conduction level.

Robillard and Torrance [28] recently investigated the effects of rotation on an

annular saturated porous layer. A net circulating flow around the annulus relative

to the solid matrix was detected and the convective heat transfer was found to de-

crease monotonically to zéro with increasing rotation speed. Subsequently, Ladeinde

and Torrance 29] treated the case of a rotating fluid-filled horizontal cylinder with

constant volumetric heating and fixed wall température for which the heat transfer

and convective motion involve radiai and azimuthal directions exclusively by using

a finite élément solution procédure. Their investigation covers a wide range of rota-

tion speeds. A second Rayleigh number based on radiai accélération in addition to

the usual gravity-based Rayleigh number was introduced. It was found that when

radiai accélération dominâtes over gravity (strong rotation), steady-state flows are

obtained in the rotating coordinate System. There is a critical Rayleigh number

needed to establish the initial two-cell state and the subsequent fiow patterns are

multicellular. For weak rotation, the flow is bicellular and steady in the inertial

coordinate System. When radiai accélération and gravity are comparable, complex

time-dépendent solutions result in both Systems and the largest flow and heat trans-

fer rates are found. For both weak and strong rotation, there is also an optimum

Reynolds number based on the rotation speed that gives the maximum efFect of

gravity. It was once again confirmed that for weak rotation, if the Reynolds number

becomes larger than the optimum value, the flow field approaches solid-body rota-

tion in the inertial frame and the température field approaches the pure conduction

state.

More recently, Prud'homme et al. [30] studied natural convection in an annu-

lar fluid layer confined between two horizontal cylindrical boundaries rotating at

the same angular velocity. The weak rotation régime only is considered for which



centrifugal force is neglected. The results indicate that when the angular velocity

is small a significant mass of fluid far from the boundaries remains tied up to the

gravity vector at first and thus, does not take part in the solid-body rotation. This

créâtes a net circulating flow around the annulus in the rotating System, the intensity

of which is shown analytically to be proportional to Ra Re for incipient convection.

At high Rayleigh numbers, a bifurcation exists between the circulating and solid-

body rotation flow régimes, in contrast with the smooth transition observed at lower

Rayleigh numbers. Hysteresis efFects are observed over a certain range of Reynolds

numbers, provided that the Rayleigh number is high enough.

In this study the behavior of natural and mixed convection in a low rotation

horizontal cylinder filled with an isotropic porous / fluid medium with isothermal

boundary condition and an uniformly distributed heat sink is investigated. As de-

scribed by Vasseur and Robillard [3l], this kind of problem is équivalent to the case

without heat sink or source and with boundary température increasing at a steady

rate with time. Weak rotation régimes only are considered. The flow in the cylinder

is assumed to be two-dimensional in a vertical, (r, 6} plane. It is expected to exam-

ine closely the interaction between rotation about a horizontal axis and the gravity

force. Even though the fluid and porous média are described by différent momen-

tum équations and have diflFerent thermal and dynamic properties (eg., for the fluid

medium, the résistance to motion originates from the solid boundary whereas that

for a porous medium takes place everywhere of whole matrix), they still have the

same dimensionless energy équations and are confined within the same geometry.

Therefore, a qualitatively similar behavior under same conditions are expected. The

interaction between convective rolls resulting from classical Bénard instability and

the efFects of rotation speed are studied numerically. For the finite amplitude con-

vection, the numerical results based on finite différence scheme cover a broad range

of Rayleigh number and Peclet number. In addtion, a regular perturbation method



is adopted to study the incipient convection and validate the numerical approach.

Results frorn both approaches coincide. For the isotropic porous medium case, both

approaches reveal that a large part of the saturated fiuid does not participate to ro-

tation at low rotation speed. Thus the stream function at the center as expressed in

a rotating coordinate System may differ largely from zéro. However, with increasing

angular velocity, the fluid is gradually entrained and a solid body rotation régime

develops for which the convective heat transfer is eventually reduced to zéro. Simi-

larly, for fiuid medium case, a net flow relative to cylinder boundary is found at low

rotation speed (shear flow régime) and a solid body rotation occur at high angular

velocities (solid body rotation régime) in which the rotational effects on convection

are found to reduce the heat transfer towards the pure conduction level.

1.1.2 Natural Convection in a Fast Rotation Cylinder

Regarding the low rotation cylinder, most of studies conceutrated on the mixed

convection confined within a low rotation cylinder in which the gravity force and

centrifugal force are comparable.

Some of previous works treated the centrifugally driven convection in a fast ro-

tating fluid-filled cylinder in which the gravity is considered negligible. Homsy and

Hudson [32] studied natural convection in a cylinder of fluid rotating about a verti-

cal axis and heated from above. Their work contains information about the asymp-

totic tendency reached at high rotation speed where the centrifugal force becomes

predominant. Solutions were found to dépend mainly upon the thermal conditions

assumed at the side walls and the heat transfer was considerably augmented by rota-

tion. Ladeinde and Torrance 29] studied the case of a rotating fluid-filled horizontal

cylinder with constant volumetric heating and fixed wall température. The limit-

ing case that heat transfer and convective motion induced exclusively by the radiai

accélération is of interest to their studies. As mentioned before, a second Rayleigh
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number based on radiai accélération in addition to the usual gravity-based Rayleigh

number was introduced. It was found that when radiai accélération dominâtes over

gravity (strong rotation), steady-state fiows are obtained in the rotating coordinate

system. There is a critical Rayleigh number above which a two-cell state is initiated.

At higher Rayleigh number, subsequent flow patterns may be multicellular.

In the context of fast rotation the présent study is limited to the isotropic /

anisotropic porous layer. The saturated porous rnedium is confined in a cylinder

subject to a centrifugal force field exclusively. An isothermal condition is imposed

on the circulai boundary and a heat sink is uniformly distributed within whole

région considered. With this condition, the direction of density gradient of the fluid

is toward the géométrie center of cylinder and the centrifugal force is acting on the

fluid in the opposite direction. This configuration is potentially unstable and motion

occurs when the Rayleigh number based on the centrifugal force is beyond a critical

value, which is obtained analytically and numerically in this study. It is predicted

that multiple stable solutions difFering by their number of cells exist at Rayleigh

numbers well above the critical value.

1.1.3 Natural Convection in a Non-Rotating Cylinder

The study of Bénard instability in enclosed spaces (under the influence of ter-

restrial gravity) can be traced back to about one century ago. In 1900, Bénard [33]

noted that a fluid contained between infinite horizontal plates would break up into

small convective cells if the lower plane were at a température sufficiently higher

than the upper one. Bénard reasoned that the viscous forces présent at the bound-

ary planes would prevent the onset of motion unless the density gradient was steep

enough. The convective instability in enclosed spaces has been a subject of many

theoretical and expérimental investigations for many years. Most of the past works

dealt with rectangular cavities.



There exists though some literature on convective heat transfer problems within

a flow demain of circular shape. Quack [34] has solved the problem of natural

convection in a horizontal cylinder filled with a fluid and cooled at a constant rate.

The same problem was also considered experimentally by Deaver and Eckert [35] and

numerically by Takeuchi and Cheng [36]. The numerical study took advantage ofthe

symmetry with respect to the vertical diameter that was found in the expérimental

results of Deaver and Eckert [35]. The parallel problem of a fluid-saturated porous

medium bounded by an infinitely long horizontal cylinder was treated analytically

by Nguyen and Nguyen [37] and solutions obtained were found to agrée closely with

finite différence results even at very high values of the Rayleigh number.

The Bénard instability in a fluid-filled cylinder was considered analytically by

Weinbaum [38]. A température distribution of the form Tu, = cos(^-^o), where QQ is

the heating phase angle, was imposed on the boundary. This is équivalent to place

the circular enclosure in thermally stratified surroundings. There is a particular

value of ÔQ for which the température gradient is upward (bottom heating) and the

System becomes potentially unstable. Weinbaum established the onset of motion at

a critical Rayleigh of 576. A single cell flow pattern was found for all conditions.

Moreover, early works on convective heat transfer through porous medium

mainly focused on homogeneous isotropic porous medium and relatively few studies

were devoted to anisotropic medium, although the latter are sometimes encoun-

tered in industrial and geological processes. In addition, most of previous studies

on anisotropic média were confined to such geometries as rectangular cavities or

horizontal layers, among which are the articles of Burns and Tien [39], Nilsen and

Storeslatten [40], Tyvand and Storesletten [4l] and Zhang [42]. It has been found

that the anisotropy in permeability and the inclination of the principal axes influence

the flow patterns and the heat transfer rates significantly.
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In this study, the behavior of a Darcy isotropic/anisotropic porous medium

within a horizontal cylinder having a sinusoidally distributed température on the

boundary with bottom heating is investigated analytically and numerically. The

anisotropy involved concerns exclusively the permeability. The boundary is subject

to a thermal stratification in the vertical direction. Since the pure conduction tem-

perature gradient is in the upward direction, motionless equilibrium is possible in

this circumstance. However this configuration is potentially unstable and motion

will occur when the Darcy Rayleigh number Ra is beyond a critical value. A linear

stability analysis is performed to investigate the criterion and possible flow patterns

for the onset of convection. It is found that the flow pattern at the onset of con-

vection is either a 2-cell or a 3-cell structure, depending on the inclination of the

principal axes of the porous matrix and anisotropy ratio R for the anisotropic case,

and on the initial flow configuration for isotropic case. It is shown that both the

permeability ratio and inclination of the principal axes have a strong influence on

the critical value of Ra and the flow pattern at the onset of convection. Additional

results are obtained for finite amplitude convection, from a numerical approach. A

numerical code is developed to study the finite amplitude convection beyond the

critical Ralyeigh number. Results are analyzed in terms of the ratio of permeability

and the orientation angle of the principal axes.

1.2 OUTLINE 0F THE THESIS

In the présent study the steady state natural and mixed convection in a hor-

izontal cylinder is examined in more détail by means of numerical and analytical

methods. There is a lot of possible combinations in boundary conditions, nature of

the fluid medium, forces exerted on it and motion state of cylinder to be investi-

gated. it is clearly not possible to analyze each one in détail within the limits of the

présent study. Instead, the présent study is focussed on some typical cases described

below. It is nevertheless useful to classify the various configurations according to the
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motion state of cylinder, namely, low rotation, fast rotation and non-rotating. Con-

sistently, the work corresponding to différent motion states of cylinder are presented

in Chapters 4, 5 and 6 respectively.

Chapter 2 présents mathematical models based on the governing équations

with appropriate boundary conditions, which expresses mass, momentum and energy

conservation in the fluid and porous medium layer, respectively. Chapter 3 contains

the numerical scheme used to solve the governing équations given in Chapter 2.

In Chapter 4 the problem of mixed convection in a low rotation isotropic

porous/fluid cylinder with isothermal boundary condition and an uniform distributed

heat sink is considered. It is expected to observe the efFects of rotation on natural

convection in a horizontal cylinder.

Bénard convection in a fast rotation isotropic / anisotropic porous cylinder

with an isothermal condition on the boundary and a uniformly distributed heat sink

is studied in Chapter 5. In the situation of fast rotation, only centrifugal force is

involved, the terrestrial gravity being assumed negligible. Under those conditions the

direction of the pure conduction density gradient is toward the géométrie center of

cylinder while the centrifugal force field is acting on fluid in the opposite direction.

This configuration is potentially unstable and Bénard cells are expected to occur

beyond a critical Rayleigh number. The effects of anisotropy in permeability and

orientation of the principal axis on fluid motion and heat transfer are going to be

researched.

Finally the Bénard instabilities in a non-rotating isotropic / anisotropic porous

cylinder having a sinusoidally distributed température on the boundary is investi-

gated in Chapter 6. A particular case is studied for which the maximum température

was at the bottom (bottom heating). Such a boundary condition'is équivalent to a

thermal stratification imposed to the circular boundary in the vertical direction in
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which case the direction of density gradient is opposite to terrestrial gravity.

The conclusions and recommendations are outlined in Chapter 7. The référence

literature, symbols used in this work are attachée! to the thesis. Furthermore, Ap-

pendices A, B, G and D give more détails about Boussinesq approximation and the

mixed convection, governing équations in non-rotating coordinate System, matrix

partition procédure and coefficients in perturbation solution, respectively.

In summary, the main objective of this thesis is to study the behavior of fluid

motion and heat transfer in a horizontal cylinder and to observe the efFects of rel-

ative strength of natural convection and rotation on the characteristics of thermal

transport of the cylinder.
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Two-dimensional

flow domain

considered

Figure 1.1: Rotating cylinder filled with a fluid or a fluid saturated porous medium
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Chapter 2

MATHEMATICAL MODEL

The geometry considérée! is a circular cylinder with an horizontal axis and the-

oretically infinite length. In most practical cases the extent of the cylinder is so

large that the three-diraensional efFects are assumed to takes place in a small zone

of cylinder near the ends. Concerning the potential three dimensional efFects, the

reader is referred to the study of Caltagirone [43] in which the annular geornetry was

considérée! and three dimensional effects were expected to occur at Rayleigh num-

bers somewhere between 100 and 200, thèse three dimensional efFects originating

from the upper unstable layer between the two boundaries. In the présent study,

no such layer exists and the flow is reasonably assumed to be two-dimensional in

the (r-', 6'} plane of Fig. 1.1. The governing équations for the présent problem may

be expressed in either a rotating or a non-rotating coordinate system. In this text

the rotating coordinate System refers to one fixed with respect to rotating bound-

ary (fluid medium) or to rotating boundary and porous matrix (saturated porous

medium), and non-rotating coordinate System refers to one fixed with respect to the

ground. In the rotating coordinate system, the force fields involved are terrestrial

gravity and radiai gravity (centrifugal force field), and then natural convection takes

place. In the non-rotating coordinate system, the force field is terrestrial gravity only

and mixed convection occurs. Thèse two coordinate Systems are shown in Fig. 2.1

a and b (also in Fig. 2.2 a and &), respectively. A set of équations based on either

coordinate System may be used with equal success in the numerical approach. At

low rotation rates, one set leads to a time-dependent solution whereas the other one

provides steady state solutions. Results from both approaches are identical when

properly transformed.
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Although the momentum équations for fluid and saturated porous média are

given with the two force fields (terrestrial gravity and radiai gravity) together, the

présent study will not treat cases where both force fields are involved simultane-

ously, but the investigation will be limited to asymptotic cases for which one or the

other can be neglected. The reason is that those asymptotic cases need to be thor-

oughly understood before attempting to investigate intermediate cases. Also those

intermediate cases are time dépendent whereas the asymptotic ones are steady.

2.1 GOVERNING EQUATIONS FOR FLUID-FILLED CYLINDER

2.1.1 Rotating Coordinate System

The problem is better approached numerically in the rotating coordinate sys-

tern rotating along with the cylinder shown in Fig. 2. la. Consider a coordinate

system (r/, 0') attached to a horizontal cylinder rotating at a steady angular ve-

locity Cl. A positive value of Çt corresponds to a counterclockwise rotation of the

cylinder. For the geometry of Fig. 2.la, the gravity vector g (ï), when viewed from

the coordinate frame (r/, 0'), moves clockwise at a same angular speed Ci'. The

analysis is carried out in terms of relative flow field V induced by the soie natural

convection efFects, that is, what would appear to an observer fixed with respect to

the rotating boundary.

The Navier-Stokes équation in the rotating coordinate system for a fluid of

constant thermal properties 44, 45] are

rl

p'^- = -Vp/ + p'{g'(t} - Sî' x (îî' x r/) - 2ÎÎ/ x V/} + /^V2V/ (2.1)

In this équation, the third and fourth terms on the right-hand side represent the

centrifugal force and Coriolis force, respectively, and the Laplacian operator can be
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wntten as

72, - l9_^91^ LylV2/=^(r?+^ (2-2)

Defining p' in terms of the température différence p' = p'o— P'oP(T' — To), the

pressure gradient may be split as follows [29]

Vp/ = Vp, + /)o{g/(^) - »/ x ("/ x rQ - 2Î2/ x V/} (2.3)

since 2/?o(0/ x V) is conservative. The first part of right hand side in above équation

is the dynamic pressure and second one the hydrostatic pressure field based on py.

Replacing in Eq. (2.1) the pressure by its expression above, the momentum équation

becomes

{P'o - PW' - To)}^- = -Vp, - pW - T,){g\t) - 0/ x (Î2/ x r/)

-2Î2/ x V/} + fi\72V (2.4)

Now the Boussinesq approximation [Ap' <€ p') is going to be applied. The following

steps will show why the density différence can be neglected everywhere in Eq. (2.4),

except in the source term based on terrestrial and radiai gravity, when free convection

is being considered. It has to be kept in mind, though, that this might not be
A r'-_

the case for mixed convection problems. Since \pQ/3{T — T^)\ <C p'o, there exists

\P(T' — To)\ ~ e, e being in this context a small quantity (6 <C l). Dividing (2.4) by

P'o gives

(l _ e)^X_ = -Z^ _ e{g'(t) -n x (n' x r/) - 2ÎÎ/ x V/} + ^V2V/ (2.5)
Dt' po

V being caused exclusively by the différence in density of fluid, is also of the

order e. Equation (2.5) may be rearranged as

;/ V7n/-

(l - e)^ = —^ - e{s'W - n/ x (n/ x r/) - 20' x e/) + ^V2c/ (2.6)
Po
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and therefore the order of magnitude analysis of (2.6) gives

e _ e2 ~ e - £{g/(^) - Î2/ x (î2/ x r/)} + 62 + e (2.7)

Neglecting the terras with the order of e in (2.7), the continuity, mornentum and

energy équations in the rotating frame for a fluid of constant thermal properties are

written as

V- V = 0 (2.8)

^ = —^ +Î/V2V/ - ^(T/ - Î1o){g/(<) - "/ x (îî/ x r/)} (2.9)
Pb

"'

^-=aV2T/-5" (2.10)

where S' is a, sink term (négative heat source).

Introducing the following dimensionless variables

r = r' TQ

t = t'a/r'o2

(u,v)= (u'^v'Vola

n=n/r-o2/Q -

P = P'd rlSlp'o^

T = (T/ - To)/AT/

AT/ = S'r'o2/k

The problem can be cast in dimensionless form as
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Continuity Equation

V.V=0 (2.11)

Momentum Equation

DV
^ = -Vp + PrV2V - PrT{Rag(t} + Ra^ rr} (2.12)

Energy Equation

=V2T-1 (2.13)
Dt

The non-dimensional groups appearing in the Eq. (2.12) are the gravitational force-

based Rayleigh number Ra = g'fSAT'r^/va, the centrifugal force-based Rayleigh

number Raçi = /3/\T'ro4Çl2/va, and the Prandtl number Pr = v/a. g(f) ==

r cos <f)(t) —6 sin (f)(t) is the unit vector in terrestrial gravity direction, r and 6 are unit

vectors in radiai and azimuthal directions, respectively. (}>(€) is the angle between

unit vector g(^) and r, which may be expressed as

(/){t)= RePrt+0= Pet+0 (2.14)

in which Re = Sî'r^/v is the rotational Reynolds number and Pe == RePr, the

rotational Peclet number.

The pressure gradient can be eliminated by taking the curl of Eq. (2.12), which

yields the vorticity-transport équation

^ = PrV2^ - PrV x {Aarg(^) + AanT rr} • z (2.15)

with the dimensionless relative vorticity

V.V=.=1^-1^ (2.16)
r Or r
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and with the définition of the material derivative for a scalar in a cylindrical coor-

dinate

Df _9f , ^/ , ^/_9/ , l 9 ,_„ , l 9
~Dt=^t+u^+^=~9t+ ~r~ôr[rul) + ^90{vj

The velocity components and vorticity itselfmay be expressed in terms of the relative

stream function i^> as

"=1^, --^ p.")
r 90 ' " Or

V2^ = -c^ (2.18)

Here équation (2.18) is a Poisson équation. Thus the continuity équation

19ru , 19V

r 9r ' r

is automaticaiïy satisfied, and the final form of the vorticity-transport équation

(2.15) is given below together with the energy équation

^ = ^.^^..,^^}.^^ (2.0)

QT . QT . v9T 19, 9T, . l <92T
." ~ } _1_ " " " _
~~^~ ) T —T ci/n — •I- ^•'

T 90 r Qr^ Qr' ' rî

For low rotational speeds, periodic solutions can be obtained in which the flow

and température fields rotate at the angular velocity of the gravity vector.

2.1.2 Non-Rotating Coordinate System

An alternative set of équations may be obtained in a coordinate system (r, 6)

attached to the ground as shown in Fig. 2.1&. Relative velocities, vorticity and
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stream function in the non-inertial frame are simply related to their inertial coun-

terparts by

r = r

0=ô+Pet

p=p

T=r

9 9
9r 9r

9 9
90 ~ 90

(2.22)

9T
T'e~ ~9t

QT
'''" ' " 90

V = V + Pez x rr

ù == u;+ 2Pe

V2^ = V2^ - 2Pe

Pe
^=^+^(l-r2)

QT
9t

the last relationship transforming the time derivative of the température.

It has to be noted that in this coordinate System, the problem becomes of

the mixed convection type. Without density efFects, the motion of the boundary

produces a solid body rotation of the fluid mass. The velocity corresponding to the

solid body rotation is not in général of the order e and would give rise to a term

équivalent to the centrifugal force field of équation (2.9). Appendix A provides the

démonstration.

For weak rotational speeds, steady state solutions are obtained in the non-



20

rotating coordinate System.

2.2 GOVERNING EQUATIONS FOR ANISOTROPIC POROUS

CYLINDER

2.2.1 Rotating Coordinate System

The isotropic porous medium is a particular case of an anisotropic porous

medium. To apply the governing équations to both isotropic and anisotropic porous

média, a generalized form of the governing équations is given below. The momentum

équation for the flow in a rotating isotropic porous medium may be derived from the

Navier-Stokes équation for a continuum fluid [46] in a rotating coordinate System as

^+(V^.V)^ = —v^+.V2^+gW-

n/ x (n/ x r/) - 2Î2/ x V^ (2.23)

In this équation, the last two terms on the right-hand side represent the centrifugal

force and Coriolis force, respectively. V^- is the fluid velocity vector. The geometry

is expressed in Fig. 2.2a.

By volumetric averaging Eq. (2.23) and by neglecting the local and convective

accélération terras on the left-hand side [47, 48], the following momentum équation

for flow in a porous medium results:

^v/ - ^v2v/ = -v?/ + p'g\t) - p'^î' x (n/ x r/) - 2^n/ x V/ (2.24)

where V is the filtration velocity, J<, the permeability and e, the porosity of solid

matrix. The first and second terms on the left-hand side of (2.24) are the Darcy

and Brinkman terms, respectively. The former expresses the viscous résistance of

the solid matrix and the latter accounts for the viscous efFects of the boundaries.

In the rotating coordinate frame, the body force terms include the time-dependent
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external gravity field, g (<), the centrifugal force field, and the Coriolis term, the

volumetric averaging being straightforward for the last term because îî/ is uniform

throughout the medium.

The ratio of the Brinkman term to the Darcy term leads to the Darcy number

Da = K/r'o2

where ro is a characteristic length. The ratio of the Darcy term to the Coriolis term

produces a porous medium Ekman nuraber

Ek = v/Kfl'

Further, the ratio of the third and second terms on the right-hand side of (2.24)

represents the centrifugal/gravity force ratio in the form of a Fraude number

Fr = n'2ro/<7

From a practical point of view, the présent investigation is limited to Darcy

numbers smaller than lO" . Consequently, the Brinkman term is expected to have

a negligible efFect on the results [49], and will not be considered. Equation (2.24)

becomes

—V/ = -Vp' + /?/g/(^) - pW x (ÎT x r/) - 2P-SÎ' x V/ (2.25)

In some cases of the présent study it will be assumed that the angular speed 0/

is small enough so that rotational efFects can be neglected with respect to the viscous

résistance and the gravity field (i.e., large Ek and small Fr are assumed). This is

justified for certain food processing problems. For example, for a porous medium

consisting of sphères of 2 mm diameter, saturated with water, it approximately

results K = 4 x 10-9m2 and v = l x 10-6m25-l. If the cylinder bas a diameter

of about 6 cm or less, and the rotation rate is restricted to 4 rad s-l or less, the



associated Ek and Fr ranges are Ek > 60 and Fr < 0.1. Neglecting rotational

efFects, Eq. (2.25) becomes the well-known Darcy équation

-^V/ = -Vp/ + ^/g/(^) (2.26)

However if the large rotation speeds, for which the centrifugal force field can

not be neglected or ever becomes predominant, are introduced to the présent study,

then Ek may be small and Fr large. Nevertheless, as mentioned in 29 , the présent

study is dealing with two-dimensional cases in the (r, 0) plane for which the Coriolis

terra has no effect on the flow field. The Coriolis term modifies the pressure field so

that the reduced pressure can be redefined to eliminate that term, as it was done

for the fluid medium [5].

Thus, using expression (2.3) for the pressure gradient and applying the Boussi-

nesq approximation, Eq. (2.25) becomes

K
v/ = —{Vp, + w - W{t) + n'V]}

At
(2.27)

For the case of an anisotropic porous medium, the scalar permeability K in Eq.

(2.27) is replaced by a second order permeability tensor Kij. The anisotropy con-

sidered has its principal axes orientée! in the same direction at every part of the flow

domain. Since the geometry involved is of circular shape and cylindrical coordinates

are used, the components of the permeability tensor are function of the position in

the generalized Darcy équations. The relationship (2.27) may be transformed into

Ri,V = - K1K1 w. + w - ww + n'V]}
^

(2.28)

where Darcy resistivity tensor Ri j is expressed as

/ \
Rrr Rr8

Rffr Ree
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/ \
cos2(6 -0k)+R sm2(0 - 6k) sm(0 - 0k) cos(0 - 0k){R - l)

sm(0 - 0k) cos(0 - 0k)(R - l) sm2(0 - 0k) + R cos2(0 - ^)

VR

l 0

0 l

+(-R-1)
sin2(0 - 0k)

sm{0-0k)cos{0-0k)

sin(0 - 6k} cos(0 - 6k)

cos2(0 - 6k)

It is noticed that the symmetrical second tensor Rij can be split to two parts. The

first part stands for the standard case of isotropic permeability, and second takes

care of modification of the équation due to the anisotropy. This second part is

équivalent to the term obtained where a magnetic flux is présent and conditions are

such that the fluid motion does not afFect this flux. R is the ratio of K^ K\ and 6k

represents the angular position of the principal axis corresponding to J<2; KÎ and

KI being extremum permeabilities.

Other goveming équations are the continuity and energy équations

V • V/ = 0 (2.29)

QT , / , , ,QT' , v'9T\ ,,1 ô , ,9T\ , l ô2r/^ ^
(pc)^ + (^(^ + ^) = M ^(^) + ^^-1 - s- (2.30)

(pc) f and {pc)p are the volumetric heat capacities of the fluid and saturated porous

medium respectively. k is the thermal conductivity of the saturated porous medium.

For anisotropic conductivity, the scalar k should be replacée! by a second order

conductivity tensor. In général, anisotropy in permeability is accompanied by

anisotropy in conductivity. However, the efFects of anisotropic conductivity are

small comparée! to thèse of the permeability [50], and the présent investigation

will be limited to the anisotropy in permeability only. By introducing appropriate

dimensionless variables



S4

• r = r /TQ

t = t'a/ar'y2

{u,v}= (u/, v')ro/a

n = fl'r'o2/aa

p=p'dVKiK2/a^

T = (T' - To~)/ÂT'

ÀT/ = 5</ro2/fc

where a = k/ (pc) f is the thermal diffusivity and a- = (/?c)p/(/3c)/, the heat capacity

ratio.

It is worth noticing that the velocity scale defined above is not équivalent to

the length scale divided by the time scale. The dimensional approach used here is

standard and absorbs the heat capacity ratio, o-, in the time scale.

The problem in dimensionless form can be stated as follows

Continuity Equation

V-V=0 (2.31)

Momentum Equation

7?,,V = -Vp - T [ RagÇt) + .Ran rr ] (2.32)

Energy Equation

= V2T - l (2.33)
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In équation (2.32), Ran = /3/\T'r^ \/K\ K'^ï 21 va is the Rayleigh number based on

centrifugal force, and Ra = g'ftr'oAT'^KiK'î/va, the Rayleigh number based on

gravity force. The Rayleigh number Ra defined in this way is more appropriate to

describe the results since the two extremum permeabilities, K\ and K^, are of the

same importance. Consequently, it is possible to isolate in a better way the efFects

of the permeability ratio, R, from other effects normally attributed to a change in

Rayleigh number.

The component forms of Eq. (2.32) that are useful in following chapters are

given as

9p
U Rrr + V RrQ = —Rd, T COS (f) — RdQ, T r — -^—

U Rffr + V RQQ = Ra T sin 4> ~
9p

r96

(2.34a, b)

where

=0+Pe*t (2.35)

This équation difFers from Eq. (2.14) because the form of Peclet number used

here (Pe* = crSî'r^/a) is spécifie to the porous medium; it arises from the fact that

the time scale used here is différent from that of the fluid.

To eliminate the pressure gradient, one bas to take the curl of Eq. (2.32). When

the derivative is taken with respect to 0 in the (r, 0) coordinate System, it should

be taken into account that each élément of Rij is a, function of 6. This opération

éliminâtes the pressure gradient and yields the following stream function équation

•T n o/io —.2Q02 r9r90
l 9 ,^, , 1-R, 9^ _
^(^) + -^[-^ sin2(0 - 6k}
r Or r L r90

+^œs2(0-^)]=-Jîa(^sm^+^cos^)-^^ (2.36)

where ^ is a function of time and given by Eq. (2.35). The stream function, ^, is
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related to the velocity components u,v according to

u =
19^
r 90'

v = —
9^
9r

(2.37)

Thus the continuity équation

l 9ru l 9v
+-^=0 (2.38)

r 9r ' r 90

is automatically satisfied, and the energy équation can be written in full, and ex-

pressed in terms of the stream function

i2T-i
QT_ }_Q^QT_ Q^\_QT_ _ \9_^OT_^ ^ i^
~9t + ~r~Q6~9r ~ ~Qr~r~96 = 'r9r{r~9r:) + ~r2W ~ (2.39)

For an isotropic porous medium, the matrix Rij becomes the unit matrix, J,

'ÎJ — -Lî^ —

/ \
l 0

0 l
\ /

and Eq. (2.36) is simpliûed to

19,9^,, Q^ ^ ,QT . , , QT ,, ^ 9T
ri:(rir) + ^^ = -Ra^ sm (t) + ^ncos ^ - Ra^ ^ (2.40)r Qr^ 9r' ' r'2902 ---v^~--r ' r90 '" J ' ~"~" 90

2.2.2 Non-Rotating Coordinate System

As described in section of 2.1.2, the governing équations in the rotating coor-

dinate System can be easily transformed into the non-rotating coordinate system,

shown in Fig. 2.2&.

It is seen from Eqs. (2.35) and (2.36) that the rotation of the gravity vector

générâtes a time periodic recurrence of the solution equal to 27T/Pe*. The équations
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for the case where the time dependence is eliminated may be obtained by the use of

the following relationships

r = r

e == e+ pe*t

p=p

T=T

9 9
9r 9r

9 9
90 ~ 90

V = V + Pe*z x rr

^ = ^+-^-(1-r2)

V2^ = V2^ - 2Pe*

9T
9t

QT
9t

-Pe'm,
~QQ

(2.41)

where the last relationship is used to transform the time derivative of the tempera-

ture.

The forms of the Eqs. (2.39), (2.40) and (2.37) in this coordinate System are

l Q ,_QT, , l 92T 9T , \,Q^QT 9^9T,
^(^)+ ^^ = ^ + y^s^ - ^^ +1 (2.42)r9r^ 9r ' ' r2 9QÎ 9t ' ry 90 'àr 'àr

l 9 ,_Q^, , l 92^
^(^) + ^Ï = -2-Pe* - R^o^ +

-^QT cos09T 9T
r9r^ 9r 902 9r

^i)-Aa°i <2-43>

19^
U=TQQ v = —

9^
9r

(2.44)



In this System of équations, a does not appear explicitly. It has to be noted

that when one wants to recover a dimensional velocity from v, the product v^afr'Q)

does not correspond to the sum of the (dimensional) filtration velocity and the

(dimensional) azimuthal velocity of the rigid matrix. Appendix B provides another

way to obtain this set of équations.

2.3 BOUNDARY CONDITIONS

The above governing équations must be completed by appropriate boundary

conditions. In other words, a problem is not defined until the boundary conditions

have been properly specified. Spécifie boundary conditions will be applied to each

particular problem.

2.3.1 Hydrodynamic Boundary Conditions

Hydrodynamic boundary conditions for the fluid medium are différent from

those for the porous medium. In addition, those conditions have différent expressions

in the rotating and non-rotating coordinate Systems. Conditions in the rotating

coordinate System only are given below.

A. Fluid Mediurn: The no-slip condition and impermeability at the solid boundary

yields

r = l : u=u=^=0

(2.45)

r = 0 : u, v, i}) < oo

Note that the condition at r = 0 is a mathematical, not a physical boundary

condition.

B. Porous IVIedium: The no-slip condition does not exist for a Darcy porous medium
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but the impermeability of the boundary must be satisfied

r = l : u='0=0, v < oo

(2.46)

r = 0 : u, v, ^ < oo

2.3.2 Thermal Boundary Conditions

Two kinds of thermal boundary conditions for both fluid and porous média are

considered, namely

A. An uniform température on the circular boundary, i.e., T ri=r^ = TQ, can be

written in the following dimensionless forrn

r=l : T=0

r = 0 : T < oo

(2.47)

This boundary condition on T is used together with a non-zero constant heat

sink S uniformly distributed within the whole cylinder.

B. A non-uniform température corresponding to a thermal stratification is imposed

on the circular boundary, namely T r'=T'Q = 2o + ^irT cos{0 — 0o). Its dimensionless

expression reads

r = l : T = cos(0 - 0o)

r ==0 : T < oo

(2.48)

It should be noticed that in the boundary température condition B the refer-

ence température T^ does not stand for a real température on boundary but only

an average value of the boundary température distribution, and the characteristic

température AT' corresponds to the amplitude of the cosine température imposed
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on the boundary. Moreover, no sink term is involved {S' = 0) and the energy equa-

tions corresponding to Eqs. (2.21) and (2.39) are taken without the third term at

their right hand sides.
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(o) Rotating coordinate system
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(6) Non-rotating œordmate System

Figure 2.1: Geometry and coordinate ,

n'

system for fluid medium



sN

X T 6k

(a) Rotating coordinate system

€î

(&) Non-rotating coordinate System

Figure 2.2: Geometry and coordinate System for anisotropic porous medium
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Chapter 3

NUMERICAL APPROACH

The général équations governing the conservation of mass, momentum and

energy in the présent problem have been described in the previous chapter. An

important task we are facing now is to devise numerical techniques for solving thèse

équations subjected to appropriate boundary conditions. As stated in the previous

chapter, the treatment will be limited to two-dimensional incompressible ûow, the

vorticity-stream function formulation is used instead of équations based on primitive

variables.

Aside from numerical techniques, of course, heat transfer and fluid flow pro-

cesses can also be predicted by expérimental investigation or analytical approaches.

Analytical methods are largely pencil-and-paper procédures that attempt to pro-

vide solutions to problems through the use of simplified assumptions. Many of such

assumptions are necessary to rnake the problems tractable, but they severely lirait

the applicability of the approach.

Expérimental investigation can provide information regarding a particular prob-

lem of interest. However, the limitation on hardware required for the model and

the complexity in simulating adequately the prototype, make it an difficult task to

obtain reliable results. Nevertheless, the information obtained from experiments is

extremely valuable in validating the numerical and analytical solutions of the gov-

erning équations. Thus, expérimental data are used along with computational and

analytical solutions of the équations.

The availability of the digital computer has stimulated the rapid growth of

the "numerical" or "computational" approach to solve complex problems in heat
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transfer. With the advent of electronic digital computers, the introduction of newer

numerical techniques are being proposed almost on a daily basis.

There are various numerical techniques to discretize and solve the équations

that we encountered within this pro j ect, among which the finite différence approach

is the most straightforward. This chapter will provide an overview of the rôle and

nature of the numerical techniques in terms of finite différence approach, followed

by a detailed description of a well-tested numerical procédure that can handle the

spécifie problem considered in this work as well as a wide variety of engineering

problems.

3.1 FINITE DIFFERENCE METHODS

3.1.1 Finite Différence Formulation

In the fini te-différence approach, the flow domain is "discretized" so that the de-

pendent variables are considered only at discrète points. The typical two-dimensional

grid System is shown in Fig. 3.1, where (z,j) is the grid point in cylindrical coor-

dinate and the superscript n indicates the marching coordinate. Derivatives are

approximated by différences resulting in an algebraic représentation of the partial

difFerential équation (PDE). The nature of the resulting System of algebraic equa-

tions dépends on the character of the problem posed by the original P D E (or System

of PDEs).

Usually, the second-order central différence approximation is a frequently used

scheme for solving the governing équations described in the chapter 2. However, in

the convection dominated flow (high Péclet, Reynolds, or Rayleigh numbers), using

the second-order central différence approximation to discretize the convective terms

in the governing équations may produce wiggly solution. The upwind scheme and
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its modified schemes can eliminate thèse problems. Table 3.1 summarizes central

différence and différent upwind schemes for a général finite différence représentation

of an arbitrary scalar function having the following form

9uf\
ôa

= A"/,_2 + Bufi^ + Cufi + Duf^ + Eufi^ (3.1)

where A", Bu, C7U, Du and E" are functions of u

Table 3.1 Coefficients of the différent schemes

Scheme

Central différence

Ist upwind

2nd upwind

3rd upwind

A"

0

0

u\ +u

4Aa;

u| +u

12A;r

Bu

u\

u

^x

+u

2Ax

u\ +u

Aa;

d +2u

3Aa;

cu

0

u

Aa;

M
2Aa;Ô.X

u\

_2A.r_

Du

u

îAx

u| — u

2Aa;

u\ — u

Aœ

i\-2u

3Aa;

Eu

0

0

u\ — u

4Aa;

u\ — u
12Aa;

As shown in Table 3.1, the coefficients A" and Eu of the central différence and

the first-order upwind schemes are equal to zéro. The remaining coefficients Bu,

Cu and Du of /,_i , /, and /,-i-i form a tridiagonal matrix. Using the higher order

upwind schemes, the discretized équations are no longer représentée! by a tridiagonal

matrix. Instead, the algebraic équations become a pentadiagonal matrix.

3.1.2 Dlscretization of the Governing Equations

For numerical computation, the governing differential équations have to be

cast in a discretized form. To simplify the démonstration, only the procédure of

discreting the governing équations for a fluid medium in the rotating coordinate

System is discussed in this chapter. Owing to the moderate convection flow of

the présent problem, all the convective and difFusive terms in the équations are
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discretized by the Taylor-based, second order central différence scheme, while the

time derivatives are approximated by forward différences. The energy équation

(2.21) can be discretized as

1n. T.. ..<,, n .Tm+1. _ r-. .iin .Tn+ï. ,1". Tln+ï _ .i,"
i,3 ~J-i,3 , 7't+l'uî+l,ji'-tt+l,J - ri-lui-l,j-ii-Ï,j , 'ut,j+l-t t,J+l - vi,3-ï1 tj-1

(A^) ' 2r;(Ar) ' 2r,(A0)

î+lj - ^J-i,3 ~T-Li-ï,J i J-i+l,j ~-ii-l,j i -t î,j+l — ^-t t'j T-ttj-l

(Ar)2 ' 2r,(Ar) ' r?(A0)2

l+0[(A^)2,(Ar)2,(rA(?)2] (3.2)

This formulation is implicit, since more than one unknown appears in the finite

différence équation, from which it follows that

^•+<+1,, -1 _ _1_1^+1. ^ rl-^-i<-i,, _ l
2r;(Ar) (Ar)2J'l+lJ ' L 2r,(Ar) (Ar)2J't-l'J

l".

'ï->~^ _ ^___1T"-H
>2 ' ^i/\0\Ï^^3 ' L ^^.f\H\ ^1 A/3\2J-L»J-1l(Af) ' (Ar)2 ' r?(A0)2J"'t'J ' L 2r;(A0) r?(A^)2J

)".
î^-j-1

m.
[2r^M) ~ ^K0y!~ii'3+l ~ (Aï)"l'j ~ ' ^

By defining the coefiicients of the unknowns as a, b, e, d and e, and the term in

right-hand side as /, équation (3.3) may be written as

^Tlff:, + b^T^, + c^Ty + di,T^ + e^T^ = f^ (3.4)

It is obvious that the coefficient matrix is pentadiagonal in Eq. (3.4). The solution

procédure for a pentadiagonal System of équations is very time-consuming. One way

to overcome the shortcomings and inefficiency of the method described above, is to

use a splitting method. This method is known as the alteraating direction implicit

method (A.D.I.), which is proposed by Roache [51]. The algorithm produces two sets

of tridiagonal simultaneous équations to be solved in séquence. The finite différence

form of the energy équation in the A.D.I. formulation is then

Tn+2 — Tn. r-...i,n .T"4"2 _ f- ^iin . .T. 2 nn. .T.". . —nn, .7m.
li,j~~-it,j , ri+l'u't+l,j-ii+^j ~ri-Ï-uï-l,jli-^j , ut;j+l-t i,j+l ~ vï,J-l-L i,j-l

(f) ' 2r,(Ar) ' 2r,(A0)
'"+2 OTrin+t i T1"+2 r7in+2 <7i"+t rrn O^pn l Titz
i+Ï~,J ~ Ll-ï,3 ~ ~t~ -ii-ï,j i -l-i+l,j ~ •li-l,j i -tt,j+l — ^-ti,j ~r J-i,j-î.

(Ar)2T 2r.(Ar) ' r?(A^)2 - - vu-
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and

T"+2 T....,," .Tn+2_,p. ,,,n .T'"+2 ,,". T.n+1. _,,". T'.ra+1
'-i,3 " ~~li,3 " i r'+lut+lj-/t+l,j -rt-lut-l,^t-l,J' i vt;j+l-(ij+l-u^-l^^^l

(f) ' 2r,(Ar) ' 2r.(A^)
'n+2 r)rp"+2 l ^"+2 Tl"+2 Tl"+2
t+lj - tJJ-i,j ~r-tt-l,j i J-i+l,j ~ -li-ï,j i •lt,j+l - ^i,j ~TJ-i,j--i

(Ar)2 ' 2r,(Àr) ' r?(A0)2 ' vu"

with the truncation error of order [(A<) , (Ar) , (r A0) ] [52]. This scheme is un-

conditionally stable. Equations (3.5) and (3.6) are written in the tridiagonal form

as

|T71"+t _L RTT"+t _L r<T71"+t _ nT
Ll -l-i-ï',] -t- -DI -tt,j ~ -t- ^i ^,+i,j = -^i ^0.

and

A^T^_\ + B^T^1 + C^T^\ = D^ (3.8)

where

AT = -v^î--—Ll - -:
2r,(À0) r?(A0)2

BT ^ —+—^ - (À<) -r r?(A^)2

çT ^ ^j+1 _ 1

2r.(A^) r?(A0)2

DT = frî-l<-l-J-l l .l^}Tn+A l f.1. ..2.Jî'n+?
^ ~ L 2n(Ar) T(A7-)2J'î-l-JTt(A^)-(Ar)2J"î'J

ri-^+i<+u _ _L_^"+? _.
"2r,(Ar)T ^^ (Ar)2J'l+1^

^ _ l - r.-i<_i,, l

'2 - 2r,(Ar) (Ar)2

BT = -1-+-2-
'2 ~ (À^) ' (Ar)2

.T _ ^+l<+l,j - l l

'2 ~ 2r,(Ar) (Ar)2
l".

)T _ r "'^-i j_ ____-\ïn. _L r__— _ _____IT.".
"1 ~ l2r,(A0) ' 7-?(A^2J't'J-1 ' l(Af) r?(A0)2J'îlJ

l".

/t,j+l _^ ______1T'". _
^fAfi\2^^]+l2r,(A0) ' r?(A^)2J
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The solution procédure starts with the solution of the tridiagonal System (3.7). The

formulation of Eq. (3.7) is implicit in the ^-direction and explicit in the r-direction;

thus the solution at this stage is referred to as the 0 sweep. Solving the tridiagonal

system of (3.7) provides the necessary data for the right-hand side of Eq. (3.8)

to solve the tridiagonal System of (3.8). In this équation, the FDE is implicit in

the r-direction and explicit in the ^-direction, and it is referred to as the r sweep.

Graphical présentation of the method is shown in Fig. 3.2.

Similarly, the vorticity-transport équation (2.20) can be discretized in the tridi-

agonal form as

AÏ^ + B^y + c^y, = D^ (3.9)

and

'*', ,"+1 t D", ,"+1 i n^, ,"+i _ n^
l2^;j-l + JD2a;»;j ' + u2u}i~J+l = uî (6--

with

A- = -^±---pr-
xl ~ 2r,(A0) r?(A^)2

Bï = ^^
c^ =

(A^) ' r,2(A^)2

VW Pr
2r,(A0) r]{MY

^ = ^-^-^-pr i .prj,"+i ir.1. 2prj^
^ - L 2r.(Ar) ' (Ar)2Jwt-l-J ' L(A<) (Ar)2J^'J

rjpr-r<+i<+i,. ^ pr i,"+è

2r,(Ar)"^ + ~(^rY^W +
''." , . — T." , . ma /A T.".., _ T.".

PrRa[ti+ï'^~Li-lv3 sin <f> + cos <p±w^^-1} +
2Ar, "~r ' r, 2A6>

in rpn

^a°îs±^1
,. _ Pr - ri-^-U Pr
'2 - 2r,(Ar) (Ar)2

^ _ l , 2Pr
'2 (Aï) ' (Ar)2
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„ _ r.+i<+i,, - Pr Pr

'2 - 2r,(Ar) ~ (Àr)2

)u _ r ui,j'-i j_ __t_J__\,^n j r_!_ _ ^_/_r__i,.,"

Jî = [2r^K0) ^ ~rj(MY^i'3-1 + l(AÏ) ~ ^(My^i'3

/<J+1 Pr
2JW*J+12r,(A^) ' r?(A0)2

'n rpn __„ j^ T'n T'n

ErRa^u^m^a^T!s±1^^
rpn rnn

PT^'W^-~1

For the Poisson équation (2.18), the central différence scheme produces the repre-

sentation of FDE as

l ^,+lj - ^,_1,J , •0,+ij - 2^,,, + ^<-i,j
"^ = ^'""2Ar" '"+ """ (Ar)2 —— +

l ^,,j+i - 2^,j + ^-j-i

r?(Key ^•1

From Eq. (3.11), a général recurrence formula for the line successive over-

relaxation (L.S.O.R.) can be obtained by introducing the relaxation parameter /5

as

<w = (l-W.'^[((^)î+^)^+

((Ar^ ~ 2^)^-1J + r?(À0)2(^'+1 +

^K^l/((^^) (3.12)

There is no simple way to détermine the optimum value of /3. In practice, a triai and

error approach is used to compute an optimal value (/?opt) for a particular problem.

3.1.3 Boundary Condition Discretization

The A.D.I. method requires bouudary conditions in both r and 0.
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In the implicit r- direction we implicitly sol ve each entire diameter from bound-

ary to boundary with spécial coefficients at center point based on rectangular co-

ordinates. Gare must be taken in dealing with the mathematical singularity that

occurs at the center of cylinder in the polar coordinate System [53]. Following the

approach used by Kee and Mckillop [54], the governing équations at the center point

is cast into a Cartesian form and a square control volume with sides of length Ar and

centered at r = 0 is the basis for re-writing the governing équations in a discretized

form. The application of this technique makes the center point transparent to the

flow in all directions.

In the implicit ^-direction periodic boundary conditions are imposed to any

physical variable J, yielding

f{r,0,t)==f(r,0+2TT,t) (3.13)

and the resulting matrices of the A.D.I. approach is handled by a matrix partition

procédure comparable to the one utilized by Phillips [44]. Détails are given in

Appendix C.

(a) Velocity

Since the no-slip and impermeable bouudary conditions are imposed on the

solid wall for fiuid medium, the corresponding velocity components are set to zéro

and the stream function is set to either zéro or a constant value.

(b) Vorticity

The discretized formula of boundary conditions for the vorticity in the rotating

coordinate system can be obtained by applying Taylor development at the solid wall.

It is expressed in terms of second order forms (Woods method) as follows:

^M = ^M+i - ^.Ar + ^(Ar)2 - ^(Ar)3 4- t?(Ar)4 (3.14)
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with the relations between uj and î/> defined in the previous chapter

^ = 0 (3.15)

-0rr = -^M+l (3.16)

t^M+1
^TTT = :-^-LL-^r (3.17)

ro

and the slope of vorticity at the boundary being given by

<^M+1 — ^M
"r=—^-

replacing derivatives of ^ by their expressions in (3.14)

^M+1-^M _ I^M+1 /,„/-, , Ar^ ,. Ar , .a,/,_,3^_i = -rr^Ar(l + J^) - ^^J- + ^(A.)3

Its final form is

Ar^ _ ^M+I -'0M <^M , .a/A_\2
"M+l(l + i^) = 3mÂ.)^ - ÏL +t9(Ar)2 (3-18)

(e) Température

In the présent study, the boundary conditions for the energy équation are either

an imposed cosine température distribution (2.48) or an isothermal condition (2.47)

with a constant and uniform heat sink.

3.1.4 Program Procédure

The général numerical solution procédure for the fluid mediurn, as described

by the computational flow chart in Fig. 3.3, consists of the following steps.

l. Generate a grid according to an uniform mesh size.

2. Set initial values of all the variables Uij, Vij, ujij, ipij and Tij.

3. Set boundary conditions for velocity, stream function, tem-

perature.
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4. Compute the température field by solving the energy équation

(2.21), alternatively sweeping in 0 and r directions. An A.D.I.

scheme is employed.

5. Compute the source term consisting of gravity and centrifugal

forces in the vorticity-transportation équation (2.20).

6. Compute vorticity on interior grid points by solving the

vorticity-transport équation (2.20) and using velocity and up-

dated température. The A.D.I. scheme is used again.

7. Solve the Poisson équation (2.18) with S.O.R. to obtain the

î/}ij where updated vorticity a^,j is adopted.

8. Calculate the vorticity on the boundary by using the stream

function and vorticity at interior points (3.18).

9. Détermine velocity components from updated stream func-

tion.

10. Numerical computations are carried out until the flow and

température fields reach the steady-periodic (or steady) state

with time increment of 0.0005 for porous medium and 0.00001

for fluid medium. The steady-state is defmed based on the

following criterion

max ~ l V/ l maa; ^ 1 n-3

H n+1
max

< 10-3 (3.19)

In addition to this criterion, visual checks are performed of the flow and tem-

perature fields, as represented by streamlines and isotherms respectively, in order to

verify that they do not change anymore with time.

The procédure for porous medium differs from the one for fluid medium by

replacing the steps 6, 7 and 8 with a single step of computing the stream function

équation (2.36) with S.O.R method. The flow chart illustrating the computational
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procédure for porous medium is shown in Fig. 3.4.

Solutions for the température and flow fields are obtained in this work by the

use of an uniform mesh size 18x36 or 36x72. Différent time increments were tested

to make sure that no efFects of the time increments on the results take place.

3.2 COMPARISON TEST

To confirm the accuracy and reliability of the présent numerical programs, a

séries of comparison tests have been carried out and some of results are analyzed in

the following paragraphs.

3.2.1 Test for Fluid Medium

The results from the présent numerical program for fluid medium was compared

with the ones of Takeuchi et al. [36] for non-rotating cylinder. They developed a

numerical method for the problem and obtained the solutions for Pr = 0.7,1.0,100

and a range of modified Grashof numbers Gïa = 10 to 109. A comparison of results

for the Nusselt number from Ra = 104 to 10 is demonstrated in Table 3.2.

Table 3.2 Comparison with the results of Takeuchi et al. [36]

Gr^

103

104

105

106

Pr

10

10

10

10

Ra = Gra x Pr

104

105

106

107

Nu

9.7

13.0

18.5

28.0

Nu x 8

9.632

12.72

18.38

27.4725

In this table the values from [36] are maked with a dot on top, and the values of

Nu were taken approximately from Fig. 9 of [36]. It should be noticed that the
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relationships of Ra == Gra x Pr and TVu x 8 = Nu rnust be taken into considération

in this comparison.

Fig. 3.5 shows a comparison of the streamline and isotherm patterns for the

case with Ra = 107 {Pr = 10, Gr^ = 106). Fig. 3.5a was taken from [36] with

isotherms on the left and stream functions on the right. Fig. 3.56 shows the results

from the présent study, in which left and right figures are isotherms and stream

functions, respectively.

3.2.2 Test for Porous Medium

The accuracy of the présent numerical program for porous medium was checked

by repeating the computations of Nguyen et al. [37] for non-rotating cylinder, in

which they applied an extended perturbation séries method. The comparison of

results is shown in Table 3.3.

Table 3.3 Comparison with the results of Nguyen et al. 37

Ra

100

200

500

1000

2000

5000

10000

Nu{l)

8.988

10.155

12.847

15.949

20.014

27.133

34.179

Nu(2)

8.988

10.138

12.459

14.803

17.453

21.797

26.749

Nu(3)

8.974

10.109

12.391

14.727

17.672

22.690

27.487

Nu x 8

8.976

10.108

12.393

14.730

17.670

22.666

27.402

Error (%)

0.02

0.01

0.02

0.02

0.01

0.11

0.31
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in which Nu(l), Nu(2) and Nu{3) represented Nusselt numbers from three différent

methods, Le., the direct summation of séries, Levin s u-transform of séries and finite-

différence solutions, respectively. Here again the values from [37] are maked with a

dot on top, and the relationship of Nu x 8 = Nu is also needed in transformation of

both results. The results are found to agrée with Method (3), which was regarded

as the approach with the best results for the problem, within 0.01% to 0.31%.

Fig. 3.6 shows a comparison in streamline and isotherm patterns for the case

of Ra = 5000. Fig. 3.6a gives the results from [37 , in which isotherms are placed

on the left and stream functions on the right. The results from the présent study

is given in Fig. 3.66 with isotherms on the left and stream fun étions on the right,

respectively. It is seen that the présent solutions agrée quite well with those of

Nguyenet al. [37].
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Figure 3.1: Computational grid System
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Figure 3.2: Illustration of the grid system for the ADI method
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No

Overlay the région of interest
with a finite - différent mesh

Set initial and boundary conditions
of all variables

Calculate the température field
using A.D.I. scheme at the new

time t + dt

Calculate the vorticity field for all
interior points, using A.D.I. scheme

at new time t + dt

Calculate the Poisson
équation using S.O.R. method

Obtain new boundary values for
vorticity, using the new interior

point values of ^

Calculate new velocity fields using
new streamfunction value

Détermine whether steady state or
convergence criterion is reached

Yes

Figure 3.3: Computational flow chart for fluid medium
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No

Overlay the région of interest
with a finite - différent mesh

Set initial and boundary conditions
of all variables

Calculate the température field
using A.D.I. scheme at the new

time t + dt

Calculate the streamfunction
équation using S.O.R. method

Calculate new velocity fields using
new streamfunction value

Détermine whether steady state or
convergence criterion is reached

Yes

Figure 3.4: Computational flow chart for porous medium
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Pr = 10, Gva. = 106, ^nax = 34.6, TVu = 28.0

(a) Takeuchi's result

Ra = 107, ^max = 35.2435, Nu = 27.4725

(&) Présent result

Figure 3.5: Comparison with the results of Takeuchi et al. [36]
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Pa = 5000, Nu(3) = 22.690

(a) Nguyen's result

Ra = 5000, Nu = 22.6656

(6) Présent result

Figure 3.6: Comparison with the results of Nguyen et al. [37]
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Chapter 4

MIXED CONVECTION IN A LOW ROTATION

CYLINDER

In this chapter, the effect of a weak rotation imposed to a horizontal cylinder

containing both a fluid medium and a saturated porous medium is studied. Even

though the fluid and porous média are described by différent momentum équations

and have différent thermal and dynamic properties (eg., for the fluid medium, the

résistance to motion originates from the solid boundary whereas that for a porous

medium takes place at every part of the flow domain since the rigid matrix is rotating

with the boundary), they still have the same dimensionless energy équations and

are confmed within the same geometry. Therefore, a qualitatively similar behaviour

under same conditions may be expected. The porous and fluid cases are respectively

discussed in following two parts of this chapter.

4.1 ISOTROPIC POROUS MEDIUM

The mixed convection within a rotating porous medium enclosed in a circular

boundary at an uniform température and characterized by a uniformly distributed

heat sink has been studied numerically and analytically in this section. Weak ro-

tation régimes only are considered. As described by Vasseur and Robillard [3l],

this kind of problem is équivalent to the case without heat sink or source and with

boundary température increasing at a constant rate with time. Thus, it is intended

to examine closely the interaction between rotation about a horizontal axis and the

gravity force. Here the simple case of an isotropic porous medium, for which a

steady fiow may be obtained in the non-rotating coordinate System, is investigated.

No steady conditions are expected when the porous mediurn is non-isotropic. In
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this chapter both numerical results and perturbation solutions are presented. Re-

sults from both approaches coincide. In particular, both approaches reveal that a

large part of the saturated fluid does not participate to the rotation at low rotation

speed. Thus, the stream function at the center as expressed in a rotating coordinate

System may difFer largely from zéro. However, with increasing angular velocity, the

fluid is gradually entrained and a solid body rotation régime develops for which the

convective heat transfer is eventually reduced to zéro.

4.1.1 Mathematical Formulation

A constant uniform température on the circular boundary and a uniforrn heat

sink of intensity S inside is considered here. The flow in the cylinder is assumed to be

two-dimensional in a vertical, (r, 0) plane. The coordinate System (r, 6} is attached

to the rotating porous matrix and the boundary as shown in Fig. 2.2a. Thus, the

gravity vector, when viewed from the coordinate System (r, 0), moves clockwise at

a constant speed fî . The uniformly distributed heat sink is represented by S . The

discussion is limited to low permeability, weak angular velocity and isotropic porous

medium. Consequently the governing équations are Eqs. (2.38), (2.39) and (2.40).

In the last équation the second source term based on the centrifugal force field is

dropped.

As already mentioned in Chpater 2, an alternative set of équations in the non-

rotating coordinate system (r, 0} may be obtained, in which the time dependence is

eliminated. The resulting équations are given in section 2.2.2. Once again, for the

présent problem the source term arising from centrifugal efFect is dropped in Eq.

(2.43).

4.1.2 Methods of Solution

(a) Perturbation Approach
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In addition to the numerical method mentioned in Chapter 3 of this thesis, a

perturbation method was developed in order to validate the numerical program at

low Ra and Pe and in particular to détermine theoretically how Pe increasing from

zéro afFects the symmetry observed when there is no rotation. Neglecting the efFect

of centrifugal force field, the steady forms (9T/9î=0) oî the équations (2.42) and

(2.43) in the coordinate system (r, 0) may be written as follows

l 9 ,_Q^, , l 92^ ,„ . „ / . ^9T , cos0(9T,
^(r:^)+^^ = -2pe* - JRa(sin0:^T + —^ (4J)
r Or ' 'Or ' ri (î^ ' 'or r

l 9 ,_QT^ , l 92T \,Q^QT 9^9T,
" (î," ^~ \ J_ " " ~ — ~ t " r "* _ ^_z___'>

r9rv Qr' ' r2 902 ~ r^ 90 9r 9r 90 ' ' ' ^'"

with the appropriate boundary conditions

r==l: T =ib = u

(4.3)

r = 0 : T, u, v < oo

Eqs. (4.1) to (4.3) define a regular perturbation problem. Expanding the field

variables as

^(f,0) = ^^a"^ (4.4)
n=0

00

T(r,0) == Y,RanTn (4.5)
n==0

and substituting thern into the équations (4.1) and (4.2) yields for n >_ l the séquence

^ = i i(a49-^ - t^) (4.6)
r ^ 90 9r 9r 90

72., _ f^û9Tn-ï , COS09Tn-ï
V^, = _(sin(^+^-^) (4.7)

where each tpn and Tn must satisfy the boundary condition (4.3).

The zeroth-order solution gives the solid-body rotation and the pure conduction

state

^0 = ^(l-^-2)
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.-2-1

To = -T-

The first-order solution is easily obtained for the stream function and reads

^^ = a[r — r )sïîi0

where a = 1/16.

The first-order difFerential équation for température has the form

,<9Ti , l^i
~90 2~90V2Î,=^^ (4.8)

A second expansion in Pe* reads

00

îi = ^ Pe*mç^ (4.9)
m=0

Replacing Ti in (4.8) with the expression (4.9) give the relationships

.=l9t
/° ~~ ^~alT

' 2 9e (25a,&)
9<lm-l

V2g^ = PrrJ^Ti m > l

The solution for go is

a _R a _i a _. ^ , ^
îo = (-7^ro + T?r'1 - ^7r) cos ^ = Ao cos 0

Higher orders Çm(m ^ l) can be easily solved on computer from the recurrence

formula (256) which gives

fm m+3

with

^ = (^ cos 0) E ^r-2fe-1 = (y cos 0)A^ m ^ l

.m—l

^=^y-, (kS2)
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and

b?= - E ^
m+3

;^
k =2

The first-order température solution takes the form

îi = (Ao-A2Pe*2+A4Pe*4-.--)cos^-

(AiPe* - AsPe*3 + AsPe*5 - . - -)sm0 (4.26)

By writing out from Eqs. (4.7) and (4.26) the second order difFerential expression

for ^25 the following form is obtained

V2^ == j[(A/i+Air-l)Pe*-(A3+A3r-l)Pe*3+

(A/5+Asr-l)Pe*5-...]+

{•••)sm20 +(...) cas 20 (4.27)

in which the only non-zero terms at r = 0 are those with no angular dependence.

The value of the stream function at the center is of considérable interest since it

represents the net flow relative to the rigid matrix circulating around the origin,

•0e = Ra ^2
•l

^o == — / v dr = const for any 0
'0

This net flow is related to the degree of asymmetry of the solution caused by rotation.

Thus only the ûrst term on the right hand side of Eq. (4.27) needs to be considered

from now on.

The solution of (4.27) has the form

00

^2 = E(-l)WJB2fc-iPe*2fe-1 +(•••) sin 20 + (...) œs 20
fc=l

with

2(fc+l)
,2fc-l^t

hk-ï = ^ , c,~"- *r'

t'=0
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and

f,2fc-l
.2fc-l _ ui<?-' = ^- (.£1)

e,

2(fc4-l)
,2fc-l _ \-^ î,2fc-l
-0 E bf

t=l

The fact that a value of •0 at the center is sought éliminâtes all the r-dependent

terms. Thus the final expression for the stream function at the center (r = 0), up to

the second order in Ra and to an arbitrary order in Pe*, as expressed in the rotating

coordinate System, is

^ = Ra^Pe" - c^Pe"3 + c^Pe^ - ...] (4.28)

where the first three coefficients are e; = -1.86496 x 10-5, cg = -8.65903 x 10-8 and

c^ = —4.03259 x 10- . By comparison with a fluid medium presented in section 4.2,

a considerably less amount of work is involved here to obtain Eq. (4.28), the stream

function Eq. (4.1) being much simpler in the case of a saturated porous medium.

Perturbation method is also employed in section 6.1 of this thesis. Only the one

leading to the coefficient C for the fluid medium in section 4.2, which involves much

more algebra than the others, is given in more détail in Appendix D for référence

purpose. Readers interested in coefficients for other parts are invited to write to the

author.

Equation (4.28) holds for low Rayleigh numbers and is limited to the range

0 ^ Pc* <~ 13, beyond which it diverges. The heavy line of Fig. 4.1 bas been

obtained from Eq. (4.28) up to the 35 order. The initial slope for Pc* —> 0, is

given by

9^
9Pe^

pe.=o = c^Ra2 (4.29)

Without convection {Ra = 0), the value of the stream function at the center is zéro,

Le., the fluid ratâtes as a solid body with the rigid rnatrix. With convection, a
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part of the ûuid mass is tied to the gravity vector, generating a net flow around the

center.

(b) Numerical Approach

The perturbation approach is valid to the second order in Ra. Also, the séries

in Pe has a limited radius of convergence, as seen on Fig. 4.1. Moreover, it provides

only the value of •0 at the center. In order to obtain more détails about the flow

and température fields and cover a larger range in Ra and Pe a numerical method

based on the finite différence techniques as exposed in Chapter 3 has to be used.

4.1.3 Results and Discussion

The flow and température fields for fixed -Ra=1000 and Pe*=0, 110 and 1256

are shown in Fig. 4.2. The center column displays isotherms, the right column

displays steady state streamlines in the non-rotating coordinate System and the left

column displays streamlines relative to the porous matrix. In the rotating frame

(left column), the flows are steady periodic and are locked with the rotating grav-

ity vector. In the non-rotating frame (right column), the flows are steady and the

streamlines correspond to the trajectories of fluid particles (those trajectories being

based on the filtration velocity). For convenience of observation, the flows in the ro-

tating frame are shown with the gravity vector in the downward position. Without

rotation, the free convection produces a fiow pattern consisting of two symmetri-

cal and counter-rotating cells, the flow pattern being identical for both coordinate

Systems, as shown in Fig. 4.2a. The stream function at the center •0e is equal to

zéro.

When a rotation rate is introduced (Pe* ^ 0), the above mentioned symmetry

does not exist any more. The stream function at the center (^'c) takes a value

différent from zéro, as shown in Fig. 4.2& (left). Both Figs. 4.1 and 4.3 gives

the stream function at the center as a function of Pe*, for various Ra. In Fig.
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4.3, relatively important Ra are involved and the results cover a wide range of Pe*

whereas Fig. 4.1 shows the limiting behavior at low Ra. It is observed in Fig. 4.3

that | ^c l increases rapidly and reach a maximum before decreasing toward zéro.

This behavior holds true for each curve, including Ra = 1000 (partly shown on the

graph). With Pc* increasing further, the fluid motion, when viewed from the non-

rotating coordinate System, becomes more and more of the solid body rotation type.

This is illustrated by the flow pattern on the right in Fig. 4.2c. The solid rotation

component being removed from the stream function leaves an almost symmetrical

flow pattern (shown on the left in the same figure) with •0e approaching zéro.

Figure 4.1 reproduces numerical results for î^c/Rci vs Pe* at relatively low Ra

(jRa=5, 10 and 30). Those results can be compared with the analytical curve ob-

tained from Eq. (4.28) which covers almost entirely the range where '0e is increasing

to a maximum. This curve is valid for low Rayleigh (second order in Ra). It is ob-

served that the numerical results at Ra==5 and 10 follow quite closely the analytical

curve. The maximum value for ^c based on those numerical results is reached at

Pe* w 14. The curve defined by the analytical results and the numerical results at

Ra = 5 and 10 constitutes a limiting case for low Ra. Higher orders in Ra are no

longer negligible for Ra=30 and the numerical results fall below the limiting curve

with the maximum shifted to the right.

The initial slope 9t^c/9Pe*\pef-^o (incipient rotation) is shown in Fig. 4.4 as a

function of Ra. Equation (4.29) from the perturbation analysis is given as an inclined

dashed Une. The numerical results also shown on this graph were obtained by solving

for two différent and very low Pe*(Pe* < l). They agrée with the perturbation

analysis for the low range up to Ra w 30. Beyond this value they separate from

the inclined dashed line and tend asymptotically to a limiting maximum slope at

very high Ra. The horizontal dashed Une in Fig. 4.4 represents the hypothetical

slope \9i/}c/9Pe*\pe*^o = 0.5 for which free convection at incipient rotation créâtes
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through the rigid matrix a net flow around the center équivalent to a solid body

rotation of the ûuid mass with a velocity component v = —Pc* r|pe._»o- It is

observed that the numerical results are approaching the limit shown by the inclined

dashed Une in Fig. 4.3. The fact that the System is approaching that limit at

incipient rotation and high Ra shows how strongly the fluid mass resists to the

entrainment into solid body rotation along with the rigid matrix. At this very limit

and for cr=l, the dimensional filtration (or seepage) velocity component in 0 direction

would be equal and opposite, as a whole, to 0 r , the azimuthal speed imposed to the

system. The intrinsic velocity V == v /e (e being the porosity) would be stronger,

which means that the fluid particles, as seen from a coordinate system tied to the

ground, would even tend to rotate as an average in the direction opposite to the

rotation of the rigid matrix. Again, this situation is approached only for Pe* —> 0.

As soon as Pe* increases from zéro, the slope Q^c/QPe* starts decreasing for all Ra

(see Fig. 4.3).

The Darcy résistance of the net circulating flow around the center of the cylin-

der créâtes a torque on the rigid matrix. This torque is balanced by the gravitational

torque originating from the asymmetric température field. A dimensionless torque

based on Eq. (2.346) may be defined as

•2îr ri ^,/, ^ yl rîv

T=-/ / ^-r2drd6=Ra l l Tsm6r2drd6 (4.î
/o Jo Or Jo Jo

The torque was computed numericallyfrom the température and velocity fields.

Results are given in Fig. 4.5. It is observed in the figure that r follows the trend of

^c shown in Fig. 4.3. To some extent, T is related to •0e. Ifthe fluid mass was moving

through the rigid matrix in a solid body rotation, i.e., with v = —l'^c'r there would

be T =| TT^cl- Actually, however, the net circulating flow does not behave as a rigid

body, being more intense near the center, owing to the présence of a convective roll

of less importance in the flow field, as shown in Fig. 4.26 (left). As a conséquence,
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T is smaller than 7r-0c for a-11 the curves. For instance, r s=; 9.5 at Pc* w 45, for

Ra = 300. It is found from Fig. 4.3 that the corresponding ^c w —4.5, which gives

|7T'0cl ^ 14.1.

To characterize the heat transfer rate, a Nusselt number based on Tavi the

température averaged over the demain, may be defined as

av\ pure conduction

au

Fig. 4.6 gives Nu as a function of Pe* for various Ra. The pure conduction

heat transfer corresponds to unity for Nu (Nu =1). It may be observed that

Nu decreases from a maximum at Pe* = 0 to unity with Pe* increasing. This

behavior follows from the fact that the fluid particle trajectories (corresponding to

the streamlines of Fig. 4.2 on the right) become more and more circular with Pe*

increasing, Le., the radiai amplitude of their motion is reduced and consequently the

radiai convective hear transfer is lowered.

4.2 FLUID MEDIUM

Natural convection in a fluid medium confined in a horizontal circulai cylinder

rotating about its axis, with isothermal boundary conditions and uniform internai

heat sink, is studied by numerical and perturbation methods. Ladeinde and Tor-

rance [29] treated a similar case where the normal gravity is combined with rotation

exclusively by a finite élément solution procédure. In order to obtain a deeper un-

derstanding of the phsycal behavior in low rotation cylinder, flow patterns and heat

transfer rates at incipient convection and for finite amplitude convection are inves-

tigated in more détail by using a numerical approach and a regular perturbation

method. Here also the concentration is on the weak rotation régimes, for which the

centrifugal accélération is negligible compared to gravity. This latter becomes the

main body force of fluid. Governing équations for the two-dimensional flow field

are solved in both rotating and non-rotating coordinate Systems. Results reveal the



62

existence of two steady state flow régimes, one with high shear near the boundary, a

large part of the fluid mass being tied up to the gravity, and the other being almost

équivalent to solid body rotation.

4.2.1 Mathematical Formulation

The geometry for this problem can also be représentée! in Fig. 2.la. After ne-

glecting the efFects of centrifugal force, according to discussion in Chapter 2 of this

thesis, the energy équation and vorticity-transport équation in non-inertial coordi-

nate frame are (2.21) and (2.20), the second source term based on the centrifugal

force field being dropped from this last équation. The governing parameters for

the présent problem are the Rayleigh number Ra, the rotational Peclet number

Pe = PrRe and Prandtl number, Pr.

4.2.2 Methods of Solution

(a) Perturbation Approach

Similar to the isotropic case in this chapter, one of the features to be consid-

ered in a System rotating about a horizontal axis is the effect of incipient rotation

combined with free convection, which locks a large mass of the fluid in the cylin-

der to the gravity vector. How a weak rotation rate afFects the symmetry of the

two convection cells that are found when no rotation is présent can be understood

analytically, by means of a perturbation approach.

Eq. (2.20) is the expression in the local (r, 0) coordinates of the non-inertial

frame. But periodicity of the solution in the rotating frame requires that all field

variables be function of (r, çi>) only. It is possible therefore ta obtain a formulation in

terms of T(r, <^>) and ^(r, <^) that is better suited for perturbation methods. Using

Eqs. (2.14) and (2.18), Eqs (2.20) and (2.21) are transformed into
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^/. _ ^<9V2^ , l ,^ôV2^ ^ÔV2^,
~W ~r ~rPr^~Qr~ ~ ~Qr~W

,9T . , , cos^<9r,
Ra{^-sm(f>+^—!-^} (4.32)

9r ""T ' r 9<f)

^ _ n^T . 1,^0'T Q^9T.
V2T = RePr^ + ^^ - ^^} +1 (4.33)

Q(J) ' r l Q(f> 9r 9r Q(f)

Those last two équations have to be solved with the boundary conditions (2.45) and

(2.47).

Equations of (4.32), (4.33), (2.45) and (2.47) define a regular perturbation

problem. Expanding the field variables as

00

^(r,0)=^Ran^ (4.34)
n=0

00

T(r,0)=^RanTn (4.35)
n=0

and substituting them into the équations (4.32) and (4.33) yields for n ^ l the

séquence

V^ = ^^,1È(^^_^<^) (4.36)
9^> ' r ^ 9(/) 9r Qr 9(f)

^, _ n^^n l v^,ÔV2^_, ^,<9V2^_,,
V4^» = Re ~ ^ / " __ „__ ^J{ ~^; " ' ^T"~' - "^ " ' ^7"-l )} +

rPr L~Q l 9(f) Qr 9r 9(/)

,9T^ , cos<?-i
sin <f)—^ + "~T ~ ~^1 (4.37)

9r ' r 96

where each ^n and Tn must satisfy the boundary conditions (2.45) and (2.47).

The zeroth-order solution gives the pure conduction state, that is,

The first-order équations read

v4^

^0

To

= Re

- ^-

9V2^
9<f>

-l)

^sin^ (4.38)
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^ _^D^T1 , 1^1V2r-=&pr^+2^ t4-39)

Since only the initial efFects of rotation is of interest in this method, it is more

convenient (and considerably simpler) to follow the development done for the porous

medium, Le., to proceed with a second expansion of the forrn •0i = fo + -Re/i + ...

in (4.38) and T\ = go + Régi + ... in (4.39) rather than trying to solve the set of

équations for arbitrary Reynolds numbers. The second expansion gives

V4/o == ^sin^ (4.40)

V<A = ^ (4.41)

^ _ 15/0
V',0 = J^ (4.42)

72„ _ n^go , 10/1v2"1 = PTT^YÉÎ ^

Solutions can be achieved by séparation of variables as before, giving /o, /i,

go, g\ as linear combinations of terms of the form ra (a being an arbitrary integer)

multiplied by either sm<f) or cosçi>. Writing out (4.37) in full for n = 2, an expansion

•02 = ho + -Re/ii +..., done along the same Unes, shows that at any order in -Re,

all the terms in ho will also exhibit a similar angular dependence and, again, vanish

at r = 0. On the other hand, h\ contains terms which are independent of (f> and

therefore do not necessarily vanish at r = 0, giving

^ = CReRa2 + ... (4.44)

From this approach, the second order approximation for the stream function

at the center is found to be

^ = -5.0215 x 10-8 Re Ra2 (4.45)

for Pr = l. The coefBcient C is a function of Pr. For example, C = -5.7254 x 10~8

for Pr = 0.7 and C = -3.6137 x 10~8 for Pr = 7.0. Detailed algebra leading to the

numerical value of C is given in Appendix D for référence purpose.
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(b) Numerical Approach

A numerical program has been developed to obtain detailed flow and temper-

ature fields at finite values of Pe and larger Ra exceeding the second order devel-

opment of the perturbation approach, The détails of finite différence techniques on

which the numerical program is based can be found in chapter 3.

4.2.3 Results and Discussion

In the following discussion and figures, ^c refers the value ofthe stream function

at the center, relative to the coordinate system (r, 0). Here also, the effect of a weak

rotation rate (low Pe) on free convection is to destroy the original symmetry with

respect to the vertical diameter and to reinforce the cell with flow circulating in

the same direction of the imposed rotation. As a conséquence, •0e takes a value

différent from zéro. Fig. 4.7, based on numerical results, gives ^c. as a function of

Pe for différent Ra. It is observed on Fig. 4.7 that î/^c increases first to reach a

maximum value. It then decreases more or less drastically depending on Ra. At low

Ra (Ra w 3 x 10 ), the curve is smooth; with increasing Jîa, the transition from

the maximum ^c to low values becomes more abrupt. For Ra = l x 10 and above,

the transition is characterized by an oscillating régime représentée! by a dashed line.

Elsewhere, the flow and température fields are steady. The parts of the curves for

which ^>c is increasing with Pe correspond to a flow régime with high shear near the

boundary (shear flow régime). The dimensionless shear stress integrated over the

circular boundary gives the dimensionless torque:

-^f^,0
.=i d0 (4.46)

This dimensionless torque in Fig. 4.8 is given as a function of Pe. At high Pe,

it is observed in Fig. 4.7 and 4.8 that ^c and T have dropped to nearly zéro and

that the fiow régime is again steady for curves Ra = 10 and 3 X 10 . This behavior

was also found at higher Pe for the curve Ra = 10 (not shown). Thus the shear
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régime has ceased and for reasons to be explained later in more détail, this new flow

régime corresponds to a solid body rotation régime .

Figure 4.9 represents flow and température fields at various Pe for the same

value of Rayleigh (Re = 105). The température field at center is given by isotherms;

the flow fields relative to (r, 0) and (f, 0) coordinates are given at left and right

respectively. AU flow fields in the non-rotating coordinate System (right) are steady.

Figure 4.9a is given for référence purpose. Figure 4.9& corresponds to the shear

régime. It is observed that the path of the fluid particles given by the steady state

flow field at right column are non-circular within the core. Convective motion is

therefore efBcient in transporting radially the heat and the température field shown

at center by isotherms is quite distorted by comparison to the pure conduction tem-

perature field characterized by circular isotherms. For this shear régime the Nusselt

number is much larger than unity, as observed in Fig. 4.10. Fig. 4.9c corresponds

to a solid body rotation régime (steady state). The flow field at right indicates that

the paths of the fluid particles are nearly circular throughout the whole domain.

The radiai amplitude of the motion is weak and consequently, the convective heat

transfer is much reduced, almost to the pure conduction value (Nu=l) in Fig. 4.10,

the corresponding isotherms shown in Fig. 4.9c being nearly circular and concentric.

It is observed in Fig. 4.7 that the initial slope of ^c (<9'0c/<9-Pe|pe_^o) increases

with Ra. For Ra —r 0, a solid body rotation is obtained at steady state. Thus

•0e = 0 for all Pe. On the other hand without viscosity eiFects (inviscid limit) the

fluid initially at rest would not be entrained by the boundary and would remain at

rest with respect to the gravity vector. Thus, i^c would take the value shown by

the dashed curve in Fig. 4.7. This curve is an asymptotic lirait for the initial slope

(<9?/'c/(9.Pe|pe_>o), which can be easily computed. The value found is 9'^c/9Pe\pe-^o

(inviscid) = 0.5. Fig. 4.11 compares numerical and analytical results for the initial

slope 9i^c/9Pe pe->.o as a function of the Rayleigh numbers. The inclined dashed
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Une corresponds to Eq. (4.45). The inviscid limit is represented by the horizontal

Une. It is seen on this figure that the numerical results agrée with the perturbation

solution for low Ra and approach asymptotically the inviscid limit with increasing

Ra. Thus, for incipient rotation, at high Ra most of the fluid mass is tied to the

gravity and does not participate to the circular motion.
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Eq. (4.29)
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Figure 4.1: -if)c/Ra'2, function of Pe* (low Ra)
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(a) Pe*=0, |^ax= 8.32, ^ = 0

t t l

(&) PC* = 110, | ^ax = 22.44, ^ = 17.10

(e) Pe* = 1256, | î/^ax = 23.90, ^ = 0.30

Figure 4.2: Flow and température fîelds (Ra=ÎOOO)
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(a) Non-rotating, Pc = 0

(&) Shear flow régime, Pe = 457T

(e) Solid rotation régime, Pe = SÛTT

Figure 4.9: Flow and température fields (Ra = 105)
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Chapter 5

NATURAL CONVECTION IN A FAST ROTATION

CYLINDER

This chapter is devoted to the case of a fast rotating cylinder for which the

terrestrial gravity is considered negligible by comparison to the centrifugal force.

A uniform température is imposed on the circular boundary and a heat sink is

uniformly distributed within the flow domain. Under such conditions, the direction

of the pure conduction density gradient is toward the géométrie center whereas the

centrifugal force acting on the fluid is on the opposite direction. This configuration

is potentially unstable and Bénard type cells are expected to occur beyond a given

threshold.

The case of a fast rotating cylinder filled with a fluid has already been studied

by Ladeinde and Torrance [29]. Results from their stability analysis indicate that

at incipient convection, the flow field consists of two symmetric cells. Their study

included also numerical results for finite amplitude convection.

The présent chapter concerns exclusively the saturated porous rnedium and is

divided into two parts. The first part deals with the isotropic case and the last part,

with the anisotropic case.

The investigation is done analytically and numerically and results from both

approaches are comparée!.

5.1 ISOTROPIC POROUS MEDIUM

5.1.1 Mathematical Formulation
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Governing équations (2.38), (2.40) and (2.39) in rotating coordinate system

are considérée! together with boundary conditions of Eqs. (2.46) and (2.47). In Eq.

(2.40) the source term arising from terrestrial gravity is dropped.

Convection can be initiated only when the Rayleigh number Ra (from now

on for this chapter the subscript "ïî" is dropped) is higher than the critical value,

Le., when the buoyancy force is strong enough to overcome the viscous force in

the system. To détermine this criterion for the onset of convection, a linear sta-

bility analysis (both analytical and numerical) and a numerical simulation will be

performed.

5.1.2 Methods of Solution

(a) Linear Stability Analysis (Analytical Approach)

The purpose of this section is to détermine analytically the threshold beyond

which motion will occur. The following development is straightforward.

The energy (2.39) and stream function équation (2.40) for this problem are

l^A-l-^L - _R.9Tr^:(r-s-)+^^ = ~Ra^û (5-1)
r 9r^ Qr ' ' r2<

l Q , QT, . l 92T 9T . ÔT . u<9r
-^-(r:^) + -^^ = ^T+u:^ + :-^ + 1 (5-2)
r 9r^ 9r ' ' r2 902 Qt ' ~ 9r ' r 90

The pure conduction température and stream function fields are described as

^o=0 (5.3)
r2-î

TO = — T— (5.4)

and the solution perturbed from the pure conduction state can be written in the

form of

^ = ^o+ î^=^ (5.5)

T = To+t=r—^-+t (5.6)
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Substituting (5.5) and (5.6) into (5.1) and (5.2) yields

,\ 9 9 , 19\-r, ^9t
'~~^~r~5T~+~î~^)^+ Ra~^ =
r 9r 9r ' r2 902/T ' "" 96

,\Q ^9 , l 9\^ 19^
.2r 9r 9r

with boundary conditions

902' 290

0

9T
9t

r== l : ^=T=0

r = 0 : ?/>, T < oo

(5.7)

(5.8)

(5.9)

Using the variables as

^ = F(r)ept+ine

f = G{r)ept+ine

(5.10)

(5.11)

in which n is an integer related to the number of cells contained in the flow field

(n=(number of cells)/2). Substituting (5.10) and (5.11) in Eqs. (5.7) and (5.8)

yields
l 9 , 9F. n2

(5.12)l^(^)_^=_^ff
r Or ' Or ' r'

n inl 9 ,__QG,
-TT(7"^-) - ~îG ~ ~7TF == PG

hv c'7-/ r^ 2r Or
(5.13)

Assuming that the exchange of stability satisfied: (i.e. p is real), that p = 0 for

neutral stability and defining the operator

l 9 9
'7^~— —

n'

9r 9r
(5.14)

Eqs. (5.12) and (5.13) are written as

LF+inRaG = 0

.n
LG-i^F = 0

(5.15)

(5.16)



with boundary conditions

F(1)=G'(1)=0 (5.17)

F or G may be eliminated from équations (5.15) and (5.16) to yield

or equivalently

LÏG-rLRaG=0 (5.18)

L2F-^RaF=0 (5.19)

Let us consider for (5.18) a solution of the form

G=GoJn{\^r) (5.20)

where Jn is the Bessel function of the first kind. Applying the opération L to (5.20)

gives the following séquence

LG = -\G (5.21)

LGÎ = \2G (5.22)

LG3 = \3G (5.23)

Jn(^2) may be set to zéro for particular values of À so that the boundary conditions

(5.17) may be satisfied. Replacing G by its expression (5.21) in the équation (5.18)

gives

À2 - n^Ra = 0 (5.24)

or

A2
Ra = 2 — (5.^

nÀ

The lowest value of A taken from [55] for a given n is given in the following

table, which satisfies (5.17) and the corresponding Râc
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Table 5.1. Critical Rayleigh number obtained from analytical approach

n

l

2

3

4

Ai

3.8317

5.1356

6.3801

7.5883

A

14.6819

26.3746

40.7061

57.5826

Ra

431.12

347.81

368.22

414.47

Number of Cells

2

4

6

8

The 4-cell pattern corresponds to the lowest Ra. This should be the first

convective pattern to occur when Ra is increased from zéro. Thus the saturated

porous medium difFers from the fluid rnedium where the 2-cell pattern has the lowest

threshold (Ladeinde and Torrance 29]).

(b) Linear Stability Analysis (Numerical Approach)

The linear stability analysis may also be solved through a numerical method.

Equations (5.7), (5.8) and (5.9) in steady state {9T/9t = 0) define a eigenvalue prob-

lem. A finite-difference method is used to solve this eigenvalue problem. Arranging

the discretized stream function and température in two N-component vectors ^ and

©, respectively, the discretized eigenvalue équations can be written out under the

forms

A^+RaBQ == 0

Q+DV = 0

where A, B, C and D are matrices N x N and with

N= (^ - l) x Ne + l

(5.26)

(5.27)

(5.28)
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Nr and Ng are the grid numbers used in the radiai and azimuthal directions, respec-

tively.

The équations (5.26) and (5.27) may be reduced to the following canonical

eigenvalue problem

(\I-E)^=0 (5.29)

where l is the unit N x N matrix and

E = A-1BC~1D (5.30)

A = ^ (5.31)

If

Al ^ À2 ^ • • • ^ A^v (5.32)

are eigenvalues of équations (5.29), then

Ra^ = ^- (5.33)
^1

Equation (5.29) may be solved easily by a standard computer software. Double

roots are obtained (Ai = À2, As == A4, etc.) and corresponding 7îac a-re deduced

from Eq. (5.31). The associated eigen vector }Si represents the corresponding flow

patterns. It is seen in Table 5.2 that the précision of the critical value in Ra dépends

on the grid numbers Nr and Ne and that the value with the mesh size of 14 x 100

agrées to the one from the analytical solution within 0.42% for Râci and within 0.5%

for Ra.c2 with a mesh size of 25 x 105.
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Table 5.2. Critical Rayleigh numbers from linear stability analysis

Mesh size

12 x 24

14 x 33

14x50

15 x 60

14 x 100

25 x 105

27 x 108

Analytical results

Aaci(4-cell)

368.0

357.0

350.5

349.26

346.36

347.81

-Rac2(6-cell)

422.0

394.0

377.4

374.01

370.06

368.22

The flow patterns corresponding to différent pairs of cells, Le., to différent

thresholds are given in Fig. 5.1, where the mesh size used is 15 X 50. The purpose

of thèse figures is to illustrate the type of flow pattern corresponding to différent À;.

The actual mesh size obviously does not provide a great accuracy in the determina-

tion of the threshold (critical Rayleigh). Each pair of eigenvalues générâtes two flow

patterns, équivalent, but out of phase by 7r/2n. From those results, it appears that

multiple finite amplitude solutions are theoretically possible at a given Ra number

well above the first threshold (Raci ?» 348).

(e) Numerical Approach For Finite Amplitude Convection

For Rayleigh numbers higher than the critical value, a numerical prograrn has

been developed to simulate the finite amplitude convection. Finite différence tech-
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niques with regular rnesh sizes of 18 X 36 are used to discretize the entire cylinder.

The détails of finite différence techniques used for the study can be found in chapter

3.

In order to test the stability and existence of multiple cell steady state solu-

tions, initial conditions with flow fields containing various numbers of cells were used

throughout the investigation of the finite arnplitude convection.

5.1.3 Results and Discussion

Firstly it was found that for Ra < Ra,ci » 348, tests with the finite amplitude

numerical program involving various initial conditions always ended up to the pure

conduction solution. At Ra == 360, only a 4-cell structure pattern was found to

occur at steady state, in agreement with the established first two thresholds of

Table 5.1 (-Rcici w 348 and Ra^ w 368). However it was possible to obtain two

différent steady state flow régimes at Ra >_ 400, consistently with the thresholds

tested in Table 5.1. Figure 5.2a, 6, e, and d shows flow and température fields (at

left and right respectively) obtained numerically for two différent Rayleigh numbers

{Ra = 600,1000). The symmetry of convective cells with respect to the vertical

diameter of the cylinder is only for convenience of démonstration, not physically

imposed. As a matter of fact there is no preferred position in the 0-direction for

the isotropic case. Figure 5.2a,& and Figure 5.2c,d illustrate the fact that multiple

solutions, containing différent numbers of cells, are possible at a given jRa well above

the first threshold Ra,ci » 348.

Fluid motion and heat transfer characteristics such as Te (the température

at the center), -0max (maximum stream function) and Nu = îau|pure conduction/Tau

(Nusselt number) are shown as function of Ra in Figs. 5.3, 5.4 and 5.5 respectively.

Among those figures, T<;=0.25, Nu=l and 'i/'max=0 represent the state associated

with the pure conduction solution. The critical Rayleigh number at the onset of
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convection, -Rctci, as inferred from Figs. 5.3, 5.4 and 5.5 is within 3% of the values

obtained by the linear stability analysis approach. It is seen in those figures that

each curve (which corresponds to a given number of cells) has a limited range. A

pure conduction where no convection takes place (Te = 0.25, Nu == l,'0max = 0) is

maintained until Ra reaches the critical Rayleigh number Ra.ci. Consistent with the

analytical solution and linear stability analysis, a 4-cell flow (wavenumber 2) is first

observed at the onset of motion, when Ra is increased from zéro. No matter what

kind of initial flow condition is imposed, as predicted in the analytical solution and

linear stability analysis, only 4-cell pattern is maintained for the range Rûci <: Ra <

Ra.c2. Both 4-cell and 6-cell patterns can be obtained for a part of the range Ra^ <:

Ra <, Ra,c3, provided that the initial condition contains the appropriate numbers

of cells. As already mentioned, multiple solutions for the problem are therefore

possible for high enough Ra. It was found numerically impossible to maintain the

4-cell structure when Ra exceeded the value of 700, beyond which the fiow evolves

always to a 6-cell pattern. In a comparable way, a 6-cell structure will shift to 8-cell

as Ra > 1030.

It is observed in Figs. 5.3 and 5.4 that the fluid is more vigorously mixed with

increasing Ra, leading to higher values of ^'max and lower values of Te. The decrease

of Te ïs accompanied by stronger température gradients on the cylinder boundary,

which produces higher value of Nu^ as observed in Fig. 5.5.

It is noticed in Figs. 5.4 and 5.5 that the value of ^max for the 6-cell pattern

is smaller than for the 4-cell pattern at a given Ra. The behavior of Nu is more

complex. Finally it should be recalled that a stable solution at higher Ra number

requires more cells.

In short, the major findings are the following.

l) The configuration investigated is potentially unstable and Bénard cells are
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found to occur when the critical Rayleigh number is above a threshold of 348 corre-

sponding to the onset of motion.

2) Only 4-cell structure flow occurs at the incipient convection. Furthermore

it is possible to obtain multiple solutions when Ra S>~ 348. Each of the patterns

can be maintained for a wide range of Rayleigh numbers.

3) Heat transfer increases with the Ra increasing.

4) A stable solution at high Ra numbers will require more cells.

5.2 ANISOTROPIC POROUS MEDIUM

The behavior of an anisotropic Darcy porous medium within a horizontal cir-

cular cylinder rotating at high angular velocity is investigated analytically and nu-

merically. Conditions are the same as those described for the isotropic case. Here

again, the configuration is potentially unstable and gives rise to Bénard cells beyond

a critical Rayleigh number.

5.2.1 Mathematical Formulation

The circular cylinder of infinite extent shown in Fig. 2.2a is filled with an

anisotropic porous medium. In this figure K\ and K^ are the extrême permeabilities

along to the principal axes of the anisotropic medium, and 0k is the angle between

the origin and the principal axis corresponding to K-i. As usual it is assumed that the

Boussinesq approximation holds and that all fluid and solid properties are constant

except for the density in the buoyancy term. By neglecting the terrestrial gravity

force, Eqs. (2.38), (2.36) and (2.39) are the governing équations for the problem

with boundary conditions given by Eqs. (2.46) and (2.47).

Here also the convective motion can be initiated only when the Ra is higher

than a critical value, Le., when the buoyancy force is strong enough to overcome the
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viscous forces in the System. To détermine this criterion for the onset of convection,

a linear stability analysis is performed.

5.2.2 Linear Stability Analysis

The linear stability analysis is done exclusively with the help of a numerical

method. The distribution of température and stream function for pure conduction

is described as

^o=0 (5.34)
T-2-l

îo = r-^1 (5.35)

and the solution perturbed from the pure conduction state can be written in the

form of

^ = ^y+^=^ (5.36)
r2 -

T = To+T= '—— + T (5.î
4

Substituting (5.36) and (5.37) into (2.36) to (2.39) yields

{Rrr-^> - ÎRr6-^ + Ree:-i-{ri-} +
rôrôV "r Or' Or

•:[- sin2(0 - 0k) ^ + cos 2(0 - ^)^:]}^ + Ra-^T = 0 (5.38)

J 9 9 , l 9\^ 19^
(-i-rir + -T^)T - ^-^ = 0 (5.39)
r 9r' 9r ' r2 Q62'~ 2 96

together with boundary conditions

r=.l: ^=T=0

(5.40)

r = 0 : '0, T < 00

From now on, the same procédure as was employed for the isotropic case is

applied, i.e., Eqs. (5.26) to (5.33) are also valid for this anisotropic case with matrices

based on Eqs. (5.38) and (5.39).
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Here again, Eq. (5.29) may be solved easily by a standard computer software.

5.2.3 Résulta and Discussion

The présent section is restricted to the linear stability analysis and does not

involve results from the finite amplitude numerical program. As opposed to the

isotropic case there are no more double roots for the eigenvalues À,. Results from the

linear stability analysis are shown in Figs. 5.6, 5.7, 5.8 and 5.9. In Figs. 5.6, 5.7 and

5.8, 4-cell, 6-cell and 2-cell flow pattern have been reproduced, respectively, based

on the eigen vector ^/. It can be found that in those figures that the perpendicular

line segments are placed at the center of cylinder to indicate the orientations of two

extremum permeabilities and their ratio. This will apply to all flow and température

patterns for the anisotropic cases in this thesis. For the anisotropic case the flow

configuration occupies a spécifie position in the 0 direction for which a symmetry

exists with respect to the principal axes. Figure 5.9 gives Râc as a function of

R on a semi-log graph, which produces a symmetry in results together with the

particular définition of Ra for anisotropic porous medium in this thesis. Only the

range 0.2 <, R <, 5 is représentée! in this figure and the 8-cell flow configuration has

been omitted for clearity. It may be first noticed that the values of Ra,c at R = l

correspond to those of Table 5.1. Furthermore, it may be observed that with R

departing from unity each flow configuration séparâtes in two distinct branches. For

the 2-cell configuration, one of the principal axes acts as a separating Une between the

cells, the other crossing the centers of the two cells. This créâtes two possibilities

on each side of R = l, according to the directions of maximum and minimum

permeabilities. Figure 5.8 illustrâtes those two différent types offlow configurations

for varions R below unity. Of course, the same counterpart exists for R larger than

unity and the use of a logarithmic scale for R produces the symmetry with respect

to the vertical line R = l observed for the curves. For the case of the 4-cell pattern

there exist also two possibilities for symmetric flow configurations: as observed in



91

Figure 5.6, the principal axes may correspond to the separating Unes between the

cells or they may cross the centers of the cells. Cosequently for R far from unity

two distinct flow configurations containing four cells do exist on each side of R = l.

With the 6-cell configuration one of the axes serves as a separating Une between

adjacent cells and the other Grosses the centers of the two remaining cells. As for

the 2-cell configurations, this situation provides two possibilities, according to the

directions of maximum and minimum permeabilities.

As a conclusion, all thèse incipient flow configurations imply that multiple finite

amplitude solutions are likely to exist, each one having its own heat transfer charac-

teristics and value of Nusselt number. In particular, at a R departing largely from

unity (for instance, at R = 4) it is seen in Fig. 5.9 that first threshold encountered

is below the isotropic one {Ra Fa 348) and that the first flow configuration to appear

contains six cells. Moreover the modification in the relative values of the various

thresholds encountered with the increase or decrease of R from unity is expected

to modify the range of each fiow configuration shown in Figs. 5.3, 5.4 and 5.5, and

would lead to entirely new graphs.
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(a) Ra,c == 350.5, 4-cell structure

(6) Rdc = 377.4, 6-cell structure

Figure 5.1: Flow patterns (Linear stability analysis)

(Mesh size: Nr = 15; Ne = 50)
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(e) Ra, = 430.0, 2-cell structure

{d) Ra^ = 434.9, 8-cell structure

Figure 5.1 {continued)
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(a) Ra = 600, 4-cell structure

(&) Ra = 600, 6-cell structure

Figure 5.2: Flow patterns (Finite amplitude convection)
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(e) Ra = 1000, 6-cell structure

(d) Ra = 1000, 8-cell structure

Figure 5.2 (continued)
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Figure 5.3: Te, function of Ra
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Chapter 6

INSTABILITY IN A NON-ROTATING CYLINDER

When a non-rotating circular cylinder filled with either a fluid or a fluid satu-

rated porous medium is subject to a non-uniform heating, natural convection takes

place in the présence of terrestrial gravity. A simple form of non-uniform heating is

the case of a cosinoidal température distribution imposed on the boundary, which

is équivalent to a linear thermal stratiûcation of the surroundings in a given direc-

tion. In particular, when the température gradient is in the downward direction

(bottom heating) a potentially unstable situation occurs with the présence of a pure

conduction température field inside the cylinder and motion is expected beyond a

threshold corresponding to a critical value for the Rayleigh number. Weinbaum

[38] has considered analytically the fluid filled cylinder, for various inclinations of

the stratification, including the bottom heating. AU cases were characterized by

a single cell convective flow pattern. The threshold value for bottom heating was

established analytically and corresponds to Rdc ^ 576. The case of a cylinder filled

with a isotropic porous medium was considered by Storesletten and Tveitereid 56 .

Their work was purely analytical and dealt with side heating and bottom heating.

For the bottom heating, they found a critical Rayleigh of 23.13 with two types of

incipient fiow patterns consisting of two and three cells respectively, both structures

being stable.

In this chapter the saturated porous medium is considered exclusively. We

apply the linear stability analysis used in Chapter 5 to reconfirm the results of

Storesletten and Tveitereid 56 at incipient convection for isotropic case and to

establish thresholds for the anisotropic case. Furthermore the finite amplitude nu-
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merical code is used to study in more détail the behavior of natural convection for

Rayleigh numbers well above the established thresholds.

The whole chapter is divided in two parts, devoted respectively to the isotropic

and anisotropic cases.

6.1 ISOTROPIC POROUS MEDIUM

The behavior of a saturated porous medium within a non-rotating horizontal

cylinder with non-uniform heating is investigated in this, section. The boundary is

sub j ect to a thermal stratification of arbitrary inclination with respect to the gravity.

For bottom heating, the pure conduction température gradient is in the downward

direction. This is a potentially unstable configuration, and motion occurs only

when the Darcy-Rayleigh number is beyond a critical value. For bottom heating,

a linear stability analysis is performed in order to establish the threshold value

and the convective pattern at incipient convection. This multi-cell pattern may

be predicted from considérations involving the hydrodynamic circulation on the

boundary. Additional results are sought to obtain the flow and température fields

and heat transfer characteristics at finite amplitude convection, for Darcy-Rayleigh

numbers covermg the range from 0 to 200 and for various inclinations of the thermal

stratification imposed on the boundary.

6.1.1 Mathematical Formulation

The boundary of the horizontal cylinder shown in Fig. 6.1 is subject to an

imposed non-uniform température of the form

T'\^ = To + Arœs(0 - Go) (6.1)

As mentioned in section 2.3.2 of the thesis, in this kind of boundary température

condition the référence température Ty is an average value of the boundary temper-

ature distribution and the characteristic température AT stands for the amplitude
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of the cosine température imposed on the boundary. The extremum températures

on the boundary occur at the opposite ends of a diameter at angle OQ with the grav-

ity. It is again assumed that the Boussinesq approximation holds and that all fluid

and solid properties are constant except for the density in the buoyancy term. The

governing eqations are Eqs. (2.38), (2.39) and (2.40) with the exception that the

Rayleigh numbers based on the centrifugal force in (2.40) and that the heat sink

term S' in (2.39) are set to zéro. Boundary conditions are

r=l: ,/,=^É=o, T=cos{0-0o) (6.2)

One useful relationship is obtained by introducing the hydrodynamic circula-

tion T and by evaluating its value from Eq. (2.346)

p = F ue d6 = Ra l T sin 0d0 (6.î
r Jo ' Jo

The value of F on the boundary is found to be TrRa sm0o.

A motionless equilibrium is possible at OQ = 0, TT. For OQ = 0 (bottom heating),

the configuration is unstable since the density gradient is positive upward. In other

words, there exists a threshold in Ra beyond which disturbances are amplified.

A particularity of a Darcy porous medium, as opposed to a fluid medium, lies in

the fact that a non-zero tangential velocity exists at the boundary. Thus for the

unstable configuration (0o = 0), T = 0 means that a flow reversai must occur near

the boundary, Le., with a non-zero azimuthal velocity on the boundary, a single cell

pattern does not exist, even at incipient convection.

6.1.2 Methods of Solution

(a) Regular Perturbation Method for Qp ^ 0, TT

For all cases where ÔQ ^ O,TT, a fluid motion always occurs when Ra > 0. A

regular perturbation approach, valid at low Ra, may be used to solve analytically
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the steady state form of Eqs. (2.40) and (2.39). Expanding T and if) in powers of

-Ra, according to

T=T^^RanTn

^ = E^O ^«^n

and replacing in (2.40) and (2.39), the following expressions are easily obtained

TQ = rcos{0-0o)

sm0(

16
T, = sl^o(r-r3)sin(0-0o) (6.4)

,3 _|_ ^5-

T, == sin^oF' ;.o ' ' ;sin(^-20o)+

^^-^^^^

^o=0

sm00^ ^
^i = ^—^(1-r.") (6.5)

sin2610,, r,..2 , ..4^ , sm0o^^ __4,
^2 = :::J56-^(l-2^+r4)+::Y^(r'-r4)cos(2^-0o)

(b) Linear stability analysis for 0o == 0

For bottom heating Ç0o = 0), a linear stability analysis was performed numer-

ically by X. Zhang et al. 57 in order to détermine the critical Rayleigh number

(-Rdc). Assuming that '0='0 and 'T = T — rcosff are the perturbed stream function

and température fields from the pure conduction state, the linearized équations of

(2.40) and (2.39) can be written as

V^+A,(8m<^+°^):T = 0 (6.6)

vT-^+^l,)^ = ° (")
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together with boundary conditions

r=l: r=0,^=0 (6.8)

The linear stability analysis amounts to the détermination of the minimum

eigenvalue Ra of the homogeneous Eqs. (6.6) and (6.7) under the homogeneous

boundary conditions (6.8). The approach follows quite closely the one described in

section 5.1 through Eqs. (5.26) to (5.33) and will be omitted here.

Here again,

Ra, = — (6.9)
4

is the critical Rayleigh number and the eigenvector XI/i corresponding to Ai represents

the flow pattern at the onset of convection. As already mentioned, the précision of

the critical Rayleigh number dépends on the grid numbers Nr and Ng. A grid

of 14 x 33 was used. This grid size was adopted after mesh refinement tests had

indicated that the result was affected less than 1%.

From the linearized équations (6.6) and (6.7), it can be proved that if ^/o, ©o is

a solution at a given Ra, there ^o = —RaQo, ©o = lEro is also a solution at the same

Ra. This has been directly observed from the numerical analysis which shows that

all eigenvalues of Equation (5.29) are double eigenvalues with two independent flow

patterns at the onset of convection. The numerical results show that the critical

Rayleigh number is Ra w 23.3 and the flow patterns at incipient convection are

either a 2-cell or a 3-cell flow structure, as shown in Fig. 6.2a and b. Those results

are in agreement with those of Storesletten and Tveitereid [56]. The multi-cell flow

pattern contrasts with the single-cell configuration obtained by Weinbaum [38] for

the fluid medium. As mentioned earlier, the multi-cell flow was expected from the

constraint F = 0 on the boundary in the case of a Darcy porous medium.
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It should be noted that Equations (6.6) and (6.7) are invariant under the trans-

formations

(r^,^,r)-.(r.^+7T,^,-r)

(6.10)

(r,0^,T)-.(r,-0,-^,t)

so that four distinct solutions exist theoretically, Le., the increment between stream-

Unes in Fig. 6.2a, b may be positive or négative. The température averaged over the

demain is zéro for this configuration.

(e) Numerical approach

At low Rayleigh numbers, Equations (6.4) and (6.5) may be used to obtain

approximations of the flow and température fields for cases where OQ ^ 0. Otherwise

a numerical solution is required.

6.1.3 Results and discussion

A comparison is doue in Fig. 6.3 between the values of the stream function

at the center ('0e) obtained numerically for différent heating phase angles OQ and

the analytical curve from équations (6.5). A low value of the Rayleigh number was

chosen (-Ra=5) for which the second order analytical solution is valid.

The numerical results cover the range 0 <: Ra ^ 200 and 0° <: 0o <: 180°.

Fig. 6.4 and 6.5 show the steady state flow and température fields corresponding to

bottom heating (OQ = 0) at three différent Rayleigh numbers, Ra = 25,40 and -Ra =

50. Streamlines (left) and isotherms (cneter) represent the flow and température

fields respectively. The right column represents the perturbed température fields

(actual température field minus pure conduction température field). Thèse results

have been obtained from zéro flow and pure conduction température fields as initial

conditions. In Fig. 6.4, the flow consists of three cells, as in Fig. 6.2b. However,

with finite amplitude convection, the symmetry with respect to the vertical diameter
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found in Fig. 6.26 is lost and the position of the two side cells is tilted.

The solutions shown in Fig. 6.4a, b and e are symmetric with respect to the

center of the cylinder, or centro-symmetric, according to

^(r,6>) =^(r,(?+7r)
(6.11)

T^0)=-T(r,0+7T)

Thus, the heat entering the cavity and the heat going out have identical distributions

in 0 with two extrema in opposite locations. Also, the température averaged over

the demain remains equal to zéro.

It is also possible to obtain numerically a stable steady-state flow pattern con-

sisting of two cells such as the one predicted by the Unear stability analysis (Fig.

6.2a). The results are shown in Fig. 6.5. Starting the computation from initial

conditions that already contain a 2-cell configuration such as the one shown in Fig.

6.2(2. With the increasing of Ra, the two original cells start to move vertically,

downward if the velocity is downward on the vertical diameter as shown in Fig.

6.5. 2-cell flow patterns with an upward velocity on the vertical diameter are also

possible (not shown). In the case of a 2-cell fiow pattern, the température averaged

over the domain difFers from zéro. For a downward velocity on the vertical diarneter,

the averaged température is below the mean température of the boundary. Fig. 6.6

shows how the extrême value of the stream function (^ext) varies with Ra in the

case of 2-cell and 3-cell flow patterns, at QQ == 0. For the 3-cell flow pattern, î/'ext

is at the center (^ext = '0e). For the range 0 <, Ra <: 23.3, there is no flow and

î/>ext = 0. Above the threshold Ra = 23.3, two distinct curves exist for the two types

of flow patterns. A qualitative représentation of the bifurcation shown in Fig. 6.6

had already been provided by Storesletten and Tveitereid [56].

In Fig. 6.7 the extrema of the stream function obtained numerically for the
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3-cell flow pattern are given as functions of jRa, for heating phase angles Go =

0°, 5 ,10 and 15 . Such a perturbation on the heating phase angle is comparable

to the asymmetric perturbation about the vertical diameter done by Storesletten

and Tveitereid [56], which yields a 3-cell flow pattern. In this figure, ^'c is the

value of the stream function at the center and •0s, the other extrema characterizing

the side cells. Steady states only are presented in this figure. When 0o=0 (bottom

heating), no fluid motion can exist unless Ra > Ra,c » 23. Beyond that threshold,

a steady-state non-trivial solution exists. The steady-state convection covers the

range Ra^ < Ra < 93. A Hopf bifurcation occurs at Ra w 93 beyond which the

solution is characterized by strong periodic oscillations. When OQ ^- 0, a 3-cell fluid

motion always occurs for Ra > 0 and the steady-state cover a wider range with 0o

mcreasmg.

Numerical results for the 3-cell flow pattern are shown differently in Fig. 6.8

where ^c is given as a function of 0o for différent values of Ra. With increasing

OQ, it is observed that the Hopf bifurcation occurs at larger Ra. For instance,

steady state results corresponding to Ra = 200 are obtained at ÔQ f» 32 . With

increasing OQ, the side cells are gradually reduced in size (see Fig. 6.7) until they

disappear and a single-cell flow pattern, such as the one shown in Fig. 6.9 {Ra =

80;OQ = 90°) occurs at large heating phase angles. The dashed Une in Fig. 6.8

séparâtes the two types of flow patterns. The curves corresponding to Ra=4:0,

60 and 80 are above the threshold and cover the whole range 0° <: 0o <: 180°.

The extrapolating thèse curves in the négative ÔQ direction would correspond to

"antinatural" solutions, according to Sen et al. [58], i.e., to the "isolated" branches

of an unfolded supercritical bifurcation [59]. It was found impossible to obtain

numerical results that would extend those curves to the left. Various attempts were

made at différent Ra, using the available flow and température fields at OQ =0 and

choosing decrements in OQ as small as —0.5°. In all cases, the flow and température
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fields evolved toward a final steady state that was the symmetric counterpart of the

initial conditions, in agreement with the invariance property (6.10). This behavior

came as no surprise since Storesletten and Tveitereid 56 have predicted that

"antinatural" solutions were unstable.

The finite-amplitude convection enhances the heat transfer across the cylinder.

Figure 6.10 shows the local heat transfer along the boundary at -Ra=25, 40 and 80

for the 3-cell flow pattern. Since the part of the boundary through which heat is

entering is not fixed but varies with jRa, a measure of the heat ex change with the

surroundings consists in integrating the absolute value of the local heat transfer over

the whole boundary. Thus an overall Nusselt number may be defined as

Nu =

l /-27r

2?r Jo
l fîv

27T JQ

9T
9r

9To
9r

l tîv^=1
d6 47°

QT
9r r=l

d6 (6.12)

lr=l

with Nu = l for pure conduction. This Nusselt number is given in Fig. 6.11 as a

function of QQ for différent Ra. Here again, the dashed Une séparâtes the single-cell

(right) from the 3-cell flow pattern (left). For a given -Ra, the maximum Nusselt

number is obtained at a value of OQ slightly below 90 . At OQ=O (bottom heating) the

pure conduction heat transfer (Nu = l) is maintained until Ra reaches the critical

value. Then the Nusselt number starts to increase.

6.1.4 Summary

When the heat is entering from below, i.e., when the maximum température is

at the lowest point on the boundary (bottom heating), a motionless and potentially

unstable equilibrium exists. A linear stability analysis predicts that the critical

Rayleigh number (Râc) for the onset of convection is ?si23.3, in agreement with

Storesletten and Tveitereid [56]. Also according to the linear stability analysis, two

flow configurations consisting of two and three cells are likely to occur beyond the

threshold. The results for finite amplitude convection, as obtained from a numerical
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code specially developed to this end, indicate that both the 3-cell and 2-cell patterns

are stable configurations.

Numerical solutions were also obtained at différent Rayleigh numbers for an

arbitrary location of the maximum température on the boundary. The flow is then

unicellular unless the maximum température lies somewhere in the neighborhood of

the unstable location {OQ = 0).

6.2 ANISOTROPIC POROUS MEDIUM

The behavior of an anisotropic porous medium is studied theoretically for con-

ditions équivalent to those of section 6.1. The anisotropy involved concerns as usual

in this work the permeability. Unlike the isotropic case, only the bottom heating

QO = 0 is considérée! for the anisotropic case. A linear stability analysis is performed

to investigate the criterion for the onset of convection and associated flow patterns.

It is found that the flow patterns at the onset of convection are either a 2-cell or

a 3-cell structure, depending on the inclination of the principal axes of the porous

matrix. It is shown that both the permeability ratio and inclination of the principal

axes have a strong influence on the critical value of Ra and the flow pattern at the

onset of convection. A numerical code is developed to study the finite amplitude

convection beyond the critical Ralyeigh number. Results are analysed in terms of

the ratio of permeability and the orientation angle of the principal axes.

6.2.1 Mathematical Formulation

The problem considérée! is described in Fig. 6.12. In this figure K\ and K^ are

the extrême permeabilities along to the principal axes of the anisotropic medium,

with R = KÎ K\ and 0k is the angle between the gravity direction and the principal

axis corresponding to Kî.

Dropping the centrifugal force term in (2.36) and the heat sink term in (2.39),
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the problem can be stated as follows in dimensionless form

^ ^ ^ , o 1<9^<9^ , 1-^, ^_
Rrr-^ - ÎR^^Q0 + R9e^^ + —t-^ Sm2(0 - ^)

+^cos2(e-ek)]=-Ra^sm0+^cos0) (6.13)

QT 9T vQT 19, 9T ^ . l 92T
-^-4-u^-+ —^ = —^-:{r-^-)+ -7^7 (6.:

r 90 r9r^ 9r ' ' r2

with boundary condition

r=l: u=0, T=cos0 (6.15)

Here also, the Rayleigh number is based on gravity, Ra = g'pAT'r'Q^/K^Kî/vct. Un-

der the conditions imposed to the problem, three governing parameters are involved,

namely Ra, R and Ok-

6.2.2 Methods of Solution

(a) Linear Stability Analysis

A linear stability analysis was performed numerically in a way comparable to

parts 5.1, 5.2 and 6.1 in order to détermine the critical Rayleigh number (Rac). Here

the pure conduction flow and température fields are ijjo = O,TQ = r cas Q.

For the isotropic porous medium {R = l), which was studied by Storesletten

and Tveitereid [56] and by Robillard et al. [57], the critical Rayleigh number was

about 23.3, and the flow pattern consisted theoretically of a 2-cell or a 3-cell structure

at the onset of convection in relation with the existence of double eigenvalues at R =

l. However, some dramatic changes appear for an anisotropic porous medium, i.e.,

no double eigenvalues are obtained and the flow pattern at the onset of convection

is either a 2-cell or a 3-cell structure, depending on the inclination angle 0k. Besides

the stability criterion and the corresponding flow pattern at the onset of convection

which is refered to as the primary mode, the second eigenvalue and its corresponding
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eigenfunction representing a priority fiow is the secondary mode at supercritical

Rayleigh numbers (Ea > -Rcic).

Noticing that -R is always positive, it is observed that

^(Ra, R, 0k) = ^(Ra, R, TT + 6k}
(6.16)

^Ra,R,0k)=-^(Ra,R,-ôk)

and the discussion can be limited to the range of 0 <^ ôk <: 90° while choosing R

either larger or smaller than unity. Moreover, if R is allowed to vary from 0 to oo,

there exists

^(Ea, R, 0k) = -^{Ra, 1/R, 7T/2 - 0k) (6.17)

and consequently the investigation may be limited to the range 0 <, 0k <: 45°.

The critical Rayleigh numbers Ra^ for 0 <, 0k ^ 90°, R = 0.125 and R = 0.5

are graphically présentée! in Fig. 6.13. It is found that for a fixed permeability

ratio R < l, the critical Rayleigh number is a decreasing function of 6^ in the range

of 0 <: 6k <. 90° (the maximum permeability being in the horizontal direction for

0k = 0 and R < l). For R = 0.125, it is also found that the primary and secondary

modes consist of 3-cell and 2-cell vortices respectively as 0 <: 6k ~ 30 , and of 2-cell

and 3-cell vortices respectively in the range of 30° <: 6k < 90°. For R = 0.5 the

primary mode is 3-cell for the range 0 < 0k < 40°. Beyond 0k = 40°, the primary

mode is 2-cell. Furthermore, it is seen by comparing Fig. 6.13a and 6.13& that

Ra,c may be a decreasing or increasing function of R according to the value of the

angle 0k- Physically, the anisotropy in permeability destroys the homogeneity of the

résistance to the flow and favors the flow in the direction of higher permeability,

resulting in a préférence between the 2-cell and 3-cell flow patterns.

The primary and secondary modes (left and right) for R = 0.125 at 0k =

0°, 30°, 60° and 90° are shown in Fig. 6.14. It can be observed that the symmetry
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axis for the flow and température fields deviates from the vertical central symmetric

Une of the cylinder for Of: between 0 to 90 .

(b) Finite Amplitude Convection

The numerical results cover the range 0 <: Ra <: 100 and were obtained for

various permeability ratios R and angles 0k- According to the results from the

linear stability analysis shown in Fig. 6.13a (-R = 0.125), a 2-cell flow pattern is the

primary mode for the range of 30° <: 0k < 90°. That means a 2-cell flow pattern

must exist at least for values of Ra in the small gap between the two curves in

Fig. 6.13a. The results from the nunaerical code for finite amplitude convection

confirmed this fact as seen in Fig. 6.15 which shows flow and température fields

obtained numerically for 0k == 75°,^ = 0.125 and Ra = 20.79. For 0k ^ "7T/2, (n

being an arbitrary integer) and for Ra larger than the values within that gap, it

was found impossible to obtain numerically a steady state flow pattern consisting

of an even number of cells. Various attempts were tried at différent Ra and 6ki

starting the computation from initial conditions that already contain a 2-cell flow

field. With time, even at small angles such as 6k = 0.5°, one of the cells grows to the

détriment of the other and slowly moves toward the center. The other cell gradually

shrinks and moves toward the boundary. A cell appears near the opposite side of

the cylinder and the asymptotic result is the configuration with three cell or cells of

odd number.

When 0k = 0, or 90 , pairs of solutions consisting of 2-cell and 3-cell flow pat-

teras may exist for given Rayleigh numbers and permeability ratios. Fig. 6.16a, 6, e

shows three typical pairs of flow patterns obtained for Ra = 70. The intermedi-

ate pair of flow pattern (-R = l) is given for comparison purpose. The upper pair

corresponds to 0k = 0 and R = 0.125, i.e., the maximum permeability is in the

horizontal direction. The lower pair corresponds to 0k = 90° and R = 0.125 or
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equivalently to 6k = 0 and R = 8. As expected, the 2-cell flow configuration is

symmetric with respect to the vertical diameter and the 3-cell flow configuration is

centro-symmetric. As for the isotropic case, in the case of a centro-symmetric flow,

the heat entering the cavity and the heat going out have identical distributions in

6 with extrema in opposite locations. Consequently, the température averaged over

the domain remains equal to zéro for that type of flow pattern.

In Fig. 6.17, ^ext, the extrême value of the stream function obtained nu-

merically, is given as a function of Ra at -R = 0.125 for 0k = 0 and 0k = 90

respectively. '0ext corresponds to the value of stream function at the center for the

centro-symmetric patterns, and to the value characterizing the side cells closest to

the center for the flows having the symmetry with respect to the vertical diameter.

6.2.3 Summary

Both the permeability ratio and inclination angle of the principal axes have a

strong influence on the critical value of Ra and on the initial flow pattern at the

onset of convection. A minimum critical Ra can be achieved if the porous matrix

is arranged such that the principal axis with higher permeability is in the vertical

direction {R < l, 0k = 7r/2). The initial flow pattern predicted by the linear stability

analysis has a 3-cell structure or a 2-cell structure according to the value of 6k-

No fluid motion exists unless Ra > Rdc. To the différence of the isotropic

porous medium [57], the critical Rayleigh number Rcic is a function of 0k and R.

It is found from the linear stability analysis that Rdc corresponding to R = 0.125,

Ok = 90° is about 20, a value lower than the threshold for the isotropic case.
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T= To + AT cas

Figure 6.1: Définition sketch
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(a) 2-cell structure (6) 3-cell structure

Figure 6.2: Flow patterns at the onset of convection
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Figure 6.3: Comparison between analytical and numerical results (Ra=6)
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(a) Ra = 25, ^c = -1.1879, ^ = 0.1162

(6) Ra = 40, ^c = -3.6482, ^ = 0.6350

(e) Ra = 50, ^c = -4.3942, ^ = 1.0524

Figure 6.4: Flow and température fields (3-cell structure, OQ = 0)
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(a) Ra = 25, ^x = 0.7165

(6) Ra = 40, ^ = 2.7757

(e) Ra = 50, ^nax = 3.5445

Figure 6.5: Flow and température fields (2-cell structure, OQ = 0)
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Figure 6.10: Local heat transfer at QQ = 0 (3-cell flow pattern)
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Figure 6.11: Nu, function of 6>o, for différent values of Ra

(3-cell/l-cell flow pattern)
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Figure 6.12: Définition sketch for anisotropic porous cylinder
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(a) T? =0.125

(&) R = 0.5

Figure 6.13: Critical Rayleigh number (primary and secondary modes),

function of 0k, for R = 0.125 and R = 0.5
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Ra^ = 46.10 Ra^ = 52.89

6k =0

Rdc = 36.77 Ra^ = 36.94

6k = 30°

Ra, = 23.50 Ra^ = 24.18

0k = 60°

Rac = 19.88 Ea, = 21.29

0k = 90°

Figure 6.14: Incipient convection at various angles 6^ {R = 0.125)
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Figure 6.15: Flow and température fields

{R =0.125,^=75°,^ =20.79)
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Chapter 7

CONCLUSIONS AND RECOMMENDATIONS

In this study, the theoretical, Le., numerical and analytical approaches have

been developed to model fluid flow and heat transfer in fluid / isotropic / anisotropic

porous média which confined in a horizontal circular cylinder. The study has been

carried out by the means of numerical simulation, perturbation method and linear

stability analysis. Results from différent approaches have been found to coincide.

Within the présent framework, some cases with fundamental and practical

interests have been studied: A) mixed convection in a low rotation isotropic porous

/ fluid cylinder, B) natural convection in a fast rotation isotropic / anisotropic porous

cylinder and G) thermal stability analysis in a non-rotating isotropic / anisotropic

porous cylinder subject to a sinusoïdal température distribution on its boundary.

By contrast with many previous Works on the same geometry, the whole circular

cylinder was considered as a flow demain for each of thèse three cases. This was of

necessity for the first and last case since no symmetry with respect to the vertical

diameter could be involved. The numerical finite différence approach, based on

cylindrical coordinates had to handle the artificial (or mathematical) singularity

at the center in a way to avoid any bias to the flow. The spécial features of the

numerical approach aimed at solving that difficult are described in Chapter 2. They

were successful in reproducing results from previous studies and some predicted

values from the numerical approach were confirmed by analytical approaches for

case A) and C).

Detailed conclusions for each one of the aforementioned cases are
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A) The behavior of natural and mixed convection in a low rotation horizontal

cylinder filled with an isotropic porous / fluid medium with isothermal boundary

condition and uniformly distributed heat sink is first investigated. This kind of

problem is équivalent to the case without heat sink or source and with boundary

température increasing at a steady rate with time. Weak rotation régime only were

undertaken, for which the force field is terrestrial gravity exclusively. A qualita-

tively similar behavior for both isotropic porous medium and fluid medium under

same conditions were found. The interaction between convective rolls resulting from

standard free convection case and the efFects of rotation were studied numerically

and by perturbation method. For the finite amplitude convection, the numerical

results based on finite différence scheme cover a broad range of Rayleigh and Peclet

numbers. In addition, a regular perturbation method was used to study the incip-

ient rotation and validate the numerical approach. Results from both approaches

coïncide. Those approaches were applied both to the isotropic porous medium and

to the fluid medium.

For the isotropic porous medium case, both approaches revealed that a large

part of the saturated fluid does not participate to rotation at low rotation speed.

Thus the stream function at the center may difFer largely from zéro. However, with

increasing angular velocity, the fluid is gradually entrained and a solid body rotation

régime develops for which the convective heat transfer is eventually reduced to zéro.

Similarly, for the fluid medium case, a net flow relative to cylinder boundary is

found at low rotation speed (shear flow régime) and a solid body rotation occur at

high angular velocities (solid body rotation régime) in which the rotational efFects

on convection are found to reduce the heat transfer towards the pure conduction

level. The différence between both média is that the net flow in fluid medium has a

drastic drop at high Rayleigh number due to the oscillating behavior caused by the

inertial term in fluid medium, whereas the transition to solid body rotation régime
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occurs gradually for the porous medium without oscillating (unsteady) behavior.

By comparison to the study of Ladeinde and Torrance 29 , one has gained better

understanding in the physical behavior of fluid in the same case: Nusselt number,

dimensionless shear stress and stream function at center have been quantitatively

related to the rotating speed expressed by the Peclet number; and the relationship

between incipient rotation and the value of the stream function at center has been

established, characterizing the part of flow mass tied to the terrestrial gravity.

B) Then Bénard convection in a fast rotation isotropic / anisotropic porous

cylinder with isothermal condition on the boundary and uniformly distributed heat

sink is studied. In the situation of fast rotation, only the centrifugal force is in-

volved, the terrestrial gravity being assumed negligible. Under those conditions,

the direction of the pure conduction density gradient is toward the géométrie center

of cylinder and the centrifugal force field is acting on fluid in the opposite direc-

tion. Such a force balance is potentially unstable and Bénard cells are expected to

occur beyond a critical Rayleigh number. For the isotropic case, a linear stability

analysis solved analytically was used to predict the critical Rayleigh number for in-

cipient convection and the results were compared with those from a linear stability

analysis solved numerically. Moreover, results from finite amplitude convection are

consistent with those concerning incipient convection. The results of the présent

investigation revealed that there exists a threshold Ra,c = 348 beyond which convec-

tion takes place and multiple solutions are possible for Rayleigh numbers well above

this critical value. Only a 4-cell structure flow occurs at the incipient convection

and a stable solution at high Ra numbers will contain more cells. This is in contrast

with the case of fluid medium, where a 2-cell pattern appears first. Anisotropy of

permeability was found to have a strong efFect on Ra,c, which can be lower than

the threshold aforementioned. Moreover the first flow configuration for anisotropic

porous medium to appear may even contain six cells instead of four cells if the per-
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meability ratio is far enough from unity. Also unlike the isotropic case, no more

double roots exist at incipient convection. Furthermore it has been observed that

the flow pattern takes an angular position such that it possesses symmetry with

respect to the principal axes, which is différent from the isotropic case where there

is no physical requirement on angular position of the flow pattern.

G) Final investigation of the présent study is about the Bénard instabilities

in a non-rotating isotropic / anisotropic porous cylinder having sinusoidally dis-

tributed température on the boundary in the présence of terrestrial gravity. Such

a distribution in température is équivalent to a linear thermal stratification of the

surroundings in a given direction. A particular case is that the maximum tempera-

ture is at the bottom (0o = 0, bottom heating). The thermal stratification imposed

on the circulai boundary is then in the vertical direction and consequently the di-

rection of the density gradient is opposite to the terrestrial gravity, giving rise to

a potentially unstable force balance in pure conduction. For the isotropic porous

medium with bottom heating, the critical value of the Rayleigh number for convec-

tive motion to appear has been found to be approximately 23.3, with two types of

flow configurations: a flow configuration involving two convective cells, symmetric

with respect to the vertical diameter, and a centro-symmetric flow configuration

containing three cells. Also numerical results for finite amplitude convection at

0o = 0 show that both 2-cell and 3-cell are stable configurations for a given range

of Ra. Numerical solutions were also obtained at différent Rayleigh numbers for an

arbitrary location of the maximum température on the boundary. The flow is then

unicellular unless the maximum température lies somewhere in the neighborhood

of the unstable position {OQ = 0). Results from linear stability analysis, regular

perturbation and numerical simulation were found to be in good agreement. For the

anisotropic case, our discussion was limited to bottom heating only. Both the ratio

of permeability R and the angle of the principal axes 6k have a strong influence
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on the critical values of the Rayleigh number and the initial flow patterns. The

minimum critical Ra is obtained when the principal axis with higher permeability

is in the vertical direction (R < l, 0k = 7r/2). It is found from the linear stability

analysis that Ra,c corresponding to R = 0.125 and 0k = 90 is about 20, a value

lower than the threshold for the isotropic case. The initial flow pattern predicted

by the linear stability analysis has a 3-cell structure or a 2-cell structure according

to the value of 0k- To the différence of the isotropic porous medium [57], the critical

Rayleigh number Ra.c does not have a fixed value but is function of 0k and R. Finite

amplitude convection was investigated numerically and results from linear stability

analysis and numerical simulation agrée well.

For the case where combinée! terrestrial gravity and centrifugal forces are in-

volved simultaneously, further investigations are needed. As mentioned at the be-

ginning of Chapter 2, a better understanding of the asymptotic cases discussed in

this study was a prerequisite to the undertaking of the intermediate cases.

Finally, it can be stated on a général basis that the efFect of anisotropy is equiv-

aient, under certain circumstances where the Maxwell and momentum équations are

uncoupled, to the eflFect of a magnetic field on the flow behavior, as evidenced by

the relevant équations of Chapter 2. It should be recalled that the use of magnetic

field has been proposed as a means of reducing the natural convection in the process

of crystal growth.
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Appendix A

THE BOUSSINESQ APPROXIMATION AND THE

MIXED CONVECTION

In the momentum équation (2.1) for the fluid mediumin the rotating coordinate

System, the body force acting on the fluid medium consists of three parts, i.e., the

terrestrial gravity, centrifugal force and Coriolis force. The fluid velocity V/ is of

order of e since V is exclusively caused by the density différence. When splitting

the density term as p = po-\- A/9 and apply the Boussinesq approximation (A/? <€ p)

to the Eq. (2.1), the product of ^\pD'V'/Dt is of the order of e2 and was dropped

in the magnitude analysis as shown in Chapter 2.

It has been simply specified that the relationships (2.22) could be used in

transforming the momentum équation in the rotating coordinate System to the non-

rotating coordinate System. If the momentum équation is deduced directly in the

non-rotating coordinate System, the terrestrial gravity is the only body force on

fluid.

rl

p^r = -Vp/ + />g/ + /.v2v/ (A.i)

A question arises: how can one obtain from Eq. (A.l) a term équivalent to

that based on the centrifugal force in Eq. (2.1)? To handle this problem, it has to

be considérée! that Eq. (A.l) involves a mixed convection type problem. This means

that the velocity V involved in the accélération term may be expressed as follows

V = V/+Î2/ x r/ (A.2)

in which V/ is the velocity relative to the boundary, Le., caused exclusively by the

density différence of fluid and Sî' x f' (r' = r'), the azimuthal velocity corresponding
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to solid body rotation entrained by the rotating boundary of the cylinder. Among

thèse two terms, only V can be set to the order of e, according to the approach

given in section 2.1.

In order to obtain the équivalent term mentioned above, one needs to explicit

the term D('VI+^î'xr')/dî' in the présent coordinate system. Let us start by looking

at an arbitrary vector A being fixed in a moving frame (œ, y) which is rotating at

an angular velocity î2 with respect to the non-rotating coordinate system (a-, y).

(a;, y) and (a;, y) have a same origin 0. ï and j are unit vectors along with two

coordinate axes x and t/, respectively. Thus A can be expressed in the System {x, y)

as

A = A^i + Ayj (A.3)

The material derivative of A in the coordinate system {x, y) is

dA dAx. dAy. . . d i
^i+r^J+A,^+A,/^ (A.4)dt dt ~ ' dt " ' "'dt ' "y dt

When being viewed from the coordinate System {x, y),i and j are rotating at a same

angular velocity î2 . We therefore have

^ r....— =0 x i
(A.5)

^="xj
dt

Substituting Eq. (A.5) into (A.4) yields

dA d*A
:i=ï+nxA (A-6)

where the first term in the right-hand side stands for the material derivative of A

in the System (x, y)

^-^•^ (A.7)
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Now let us keep (A.6) in mind and come back to the présent problem. Applying

Eq. (A.6) to vector r/ yields

v'=ï=ï+a'xî' (A-8>

where

d" r'
= V/ (A.9)dî'

V being the velocity vector in the rotating coordinate System. It should be noticed

that Eq. (A.8) is identical to Eq. (A.2).

Applying Eq. (A.6) to vector V/ reads

n ^*v/

^=^+"'xv' <A-1»)

Replacing V in (A.10) with the expression (A.8) leads to

dV d^v' d^' _, „, d#r' „, ,d^'
T-/ r^f . . uf JL /~k/

~W = ~d^+~dFxr'+^'x~dT+^x{W+lîlxr':

72*F/ /7*.0/ //*î:/

= S?+'^xr'+"'x("'xr')+2"'x<î <A-U)

Considering a constant angular velocity and multiplying (A. 11) by density p, one

obtains

rl iTV'

puw = pï + /9n/ x ("' x r/) + 2PSÎ' x v/ (A-12)

Equation (A.12) évidences that the accélération terra of the momentum equa-

tion in the non-rotating coordinate System can be split into three parts and that the

last two parts are équivalent ta the centrifugal and Coriolis force terms of Eq. (2.1)

in the rotating coordinate System.

Moreover, when one splits the density terrn as p = /?o + A/o and applies the

Boussinesq approximation (A/o <€ /?) to the Eq. (A.l), the term

Ap^- = Ap [^- + Î2/ x (n/ x r/) + 20' x V/ ] (A.13)
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is not of the order of e2 and can not be dropped in the magnitude analysis as shown in

Chapter 2. Consequently the term A/3Î2/ x (î2/ xr/) is turned into a correspondence

of the centrifugal force-based source term that appears on the right-hand side of Eq.

(2.9) based on the rotating coordinate System.
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Appendix B

GOVERNING EQUATIONS IN THE NON-ROTATING

COORDINATE SYSTEM

Aside from the transformation described in section 2.2.2, the governing equa-

tions (2.42) and (2.43) for isotropic porous medium can be directly expressed in the

non-rotating coordinate System shown in Fig. 2.26.

B.l Darcy Equation

Similar to Eq. (2.27), the Darcy équation in the non-rotating coordinate System

without the centrifugal force reads

V/ =V/+n/ x r/ = -K-[pl3(T1 - To) g/ + Vp/] (B.l)
p-

in which V/ is the filtration velocity and 0 x r , the azimuthal velocity of the rigid

matrix. With the expression of g = rcos0 — OsmG, its component form is

u'=-K-gf3(T'-T,)cos0-K-9^
vy^^ ^^v ^9rl (B.2)

.v'-st'f'=I^T'-T»smë-1^

Taking the curl of (B.2) yields

^(r'u-^) + ^ = -2Î1' - ^^u—^ + ^ïl-,^l (B.3)
r'ôr'^' Qr'' ' r"i QQÎ - v l Or' ' r'

B.2 Energy Equation

In order to deduce properly the energy équation for the non-rotating coordinate

System in which the solid (or rigid) matrix moves, a fixed control volume in a polar
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coordinate system that is tied to the ground is considered, as illustrated in Fig.

BA. The heat flux crossing the border of the control volume will now be discussed

separately. AÇ is used to represent the net heat flux.

Figure: B.l Sketch of the control volume

0-direçtiom

a) Heat transport due to solid body rotation of saturated porous medium (fluid

and solid matrix) in a steady angular speed fî (in counterclockwise direction)

'" - . . .-. . .f)T' . . -.

AÇ^ = {pc)^'r'[T' + ^d0]dr' - {pc^r'T'dr1 = (pc)^l^r'drld01 (B.4)

&) Heat transport due to fluid velocity relative to the solid matrix v\. {v\. is

filtration velocity and v^ = v — Or)
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>/T/ _ _ ^'fi

A^ = {pc}iW + (^-<^-/ - (pc}^fldr1 = {pc),a^r'dr'd0 (B.5)r^ "• \r"7J -,

e) Heat conduction

1/ ?T' _ /)T/ /-. ?rri

^ - [-^ - ^^' - (-^') = -y^w w

r-direction:

d) Heat convection in fluid

^r'îi'T' - _ _ (nr}^r'fi"T'
^Q'd = {P^f[rtu'T1 + ar^-dr'}d0 - (pc)fr'u'Tld0 = wi ori^i ' r'dr'dff (B.7)

7"

e) Heat conduction

" r) f)T' - r)T'

AÇ/e = \-^rl - kW'(r%)dr']d0 - ^k^rld^
v

= -^y-yV-ir'M (B.8)

At last, the rate of heat increase inside the control volume r'dr'dO is expressed as

9T' . - ..-

[pc^r'dr'dO (B.9)

Considering an uniformly distributed heat sink 5" and applying energy conservation

in the control volume, one obtains

:"

(pc)^r'dr'd0 + E AÇ/ + S' = 0 (B.10)

Substituting all the terms into (B.10) and dividing by r dr d6 produce

or , ^ ,9rlu'r , 9^t\, ^ ^^r
(^)^ + (^c)/[r^ + 7^] + (P^^

\ 92T'
=^(^K^]-5' (B.H)
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Since v', = v' - Çï'r'

9T' -Qr'u^IÎ.ITI 9v'T ,9T'
{pcV-^ + WfF^- + ^7] + [{pc), - {pcW^ = k^T' - S' (B.12)9t' 'Qr' r'90' 90

Making use of the continuity équation (2.38)

V ^rpl „/ ^rp, ^rpl

{pc\°-^ + {pc?'^ + ^] + t(^)p - (^)/]0/^- = ^2T' - S' (B.13)

Dividing by (pc)/ and using the définitions a- = (pc)p/(pc)f and a = k/(pc)f yields

9T' _,9T' v'QT' ,9T'

Qî^ +"'^7+ ^^ + (- D"'^ = °^' - S'W,
9r r' 90 90 (B.14)

B.3 Dimensionless Forrn

With the following dimensionless variables

r = r TQ

t = î'a/ar'o2

(u,u) = {u'.v'Vo/a

Pe* = afl'r'Sla

p = p'd Kla^

f = {T'- To)/AT/

AT/ = S'r'^/k

•^ == if^'/a

Equations (B.2), (B.3) and (B.14) become in dimensionless form

9p
= -Ra T cos 0 -

9r

,-w=RaT^0-9^
(B.15)

r90
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l 9 ,_9^, , l 92^ ^Pe* ^ , . ^9T , cosôQT,
~Z'7^{r~^~) + ~^ r,/,, == —^— — -Ko (sin y-7ç— + —r——^-
r 9r^ 9r ' ' r2 902 ~ a- -—v-—- g^ • y QQ

^4^^-i)â=v2?-i
r c)0 ' a ' r<

(B.16)

(B.17)

a appears in ^-component of Darcy équation, energy équation and stream function

équation. In order to eliminate a v and î^ are redefined

v=v+Pe*r{l-1-)
a

,*r2

^-T(1-^'

Finally Eqs. (B.15), (B.16) and (B.17) change to

u = —Ra T cos 6 —
9p
9r

v - Pe*r = RaTsm 6 -
9p

r90

(B.18)

(B.19)

V^=-2^-&(si,4^c^)
9r ' r 90

(B.20)

9T , ^_9T , 5ôT_^^
~9Î+UW+^~90=^T~- (B.21)

Thus the a is incorporated in the définition of v and ^. Equations (B.20) and (B.21)

correspond to Eqs. (2.42) and (2.43) where v instead of v is used. It is obvious that

when one wants to recover a dimensional velocity from v in Eqs. (2.42) and (2.43),

the product v(a/r'Q) does not correspond to the sum of the (dimensional) filtration

velocity and the (dimensional) azimuthal velocity of the rigid matrix.

As a conclusion, an appropriate définition of the dimensionless velocity com-

ponent in ^-direction and of the stream function provides a form of the governing

équations where a does not appear explicitly.
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Appendix C

MATRIX PARTITION PROCEDURE

Let us consider the équation

AX = B (ai)

where X and B are vectors and A is a (m X m) tridiagonal matrix, except for the

non-zero terms ciim and ûmi) which arise from periodicity condition (3.13)

Eq. (C'.l) may be written as

D

F

f

<

x+

-m

+.

X-

0

\

/

G

Gm

(€7.2)

E

where C is a tridiagonal ((m — l) x (m — l)) matrix; D and G are column vectors

and E is a row vector, all of dimension (m — l). Except for its last term Xm, the

unknown vector X is expressed as the sum of two vectors X+ and X" of dimension

(m — l). The vector G corresponds to the first (m — l) terms of B. Xm, F and Gm

are scalars.

The (m — l) vector Xx is defined as
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X' = -X+/X, (as)

The following équations

CX+ = G (ÇA)

and

CX* = D (C'.5)

may be solved easily for X+ and X* by recurrence formulas applicable to tridiagonal

matrices such as the Thomas algorithm. The solution of the last row of (C.2)

provides the value Xm

Xm =
(G^ - E X+)
(F-EX*)

(C7.6)

Finally the solution vector X is given by

x x+

Xm

•m '

X*

0

(C'.7)
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Appendix D

COEFFICIENTS IN PERTURBATION SOLUTION

The coefficients generated in the perturbation method for a low rotation cylin-

der of fluid medium in section 4.2 are given in this appendix.

For practical purposes, the séries (4.34) and (4.35) are approximated by the

first three terms and first two terms, respectively, such that

^ = •0o + Ra^-i + -Ra '02

= ^o + Ra(fo + Re /i) + ^a2(/io + ^e /ii

T = To+RaTi

= îo + Ra(go + Régi)

According to section 4.2,

^o=0

To = (r2 - 1)/4

/o = sin <^(a?r + a°^r3 + ajr5)

/i = cos <f)(a\r + a\r3 + a\rel + a^r7)

go=œsWr+b°,r3+b°sr6+b<ir7)

gi = sin <^(b\r + b^r3 + b^r6 + by + b^r9)

(D.l)

(D.2)

(D.3)

(D.4)

(D.5)
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The term ho vanishes due to its angular dependence at r = 0. Only h-i contains

terms which are independent of 4> and therefore is given

h^=a^+ a\rî + ajr4 + a^r6 + a^r8 + ajr10 + a^r12 (D.6)

At the center of cylinder (r = 0), Eq. (D.l) becomes

^\r=o = ^c = a2oRe Ra2 = CReRa2 (D.7)

The coefficients leading to a^ or C are listed

a2o = aj + 2aj + 3aj + 4aj + 5a

at = -(2aj + 3aj + 4a^ + 5aj + 6a|

aj = ao/64

a j = ai ,576

a\ == 02/2304

aj = as/6400

a| = 04/14400

(D.8)

ao = [8(a? X a\ - a°^+ a\) + b\]/Pr

ai = [48(a? x a| - ^ + aî) + 2^]/Pr

as = (144a^ x a^ + 48a^ x 4 - 48a^ x a^ + 36^/Pr

as == (160a^ x a^ + 4^)/Pr

û4 == (120a^ x a^ + 5&ls)/Pr

(D.9)
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b}=-{bl,+bi++b\+bt)

bi=-ÇPrb°,+ai/2)/8

^=-(Pr^+<4/2)/24

^=-(P^+^/2)/48

6|=-(Pr^+aV2)/80

(D.10)

b°, = -(a;/16 + a^/48 + ag/96)

b°^ = a°,/16

b°, = a^/48

^== a^/96

(D.ll)

a\ == a^/24 + a^/24

a} = -(a^/12 + aJ/16)

a\ = a^/24

4 = a^/48

(D.12)

a? = 1/384

a^ = -1/192

a°3 = 1/384

(D.13)






